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Introduction

For a simply connected domain 2 in C C 9H?, let
Dome(£2) denote the boundary of the convex hull of
OH? . Q. The surface Dome(2) is hyperbolic in its
intrinsic metric (|5]). The following result of Sullivan
is of interest.

Sullivan’s Theorem

Theorem. There exists a universal constant
K > 1 such that for any a proper simply con-
nected domain () in C and the group I' of

Mobius transformations preserving €, there is
a I'-equivariant K -quasiconformal homeomor-
phism fo : Q@ — Dome()) extending contin-
uously to the identity map on the common

boundary of Q) and Dome(S2).

Let K., denote the best such K. Epstein, Marden
and Markovic [3] have shown that 2.1 < K., <
13.88. If the condition for equivariance is dropped,
Bishop showed that the optimal K is less than 7.88

1|. Expanding of previous techniques, we have been
able to show that K., < 7.12.

Pleated Surfaces

Definition. Let G(H*) we the space of unoriented
geodesics in H?. A measured lamination (A, p) is
a pair where p is a Borel measure on G(H?), A =
supp( ), and no two distinct geodesics in A intersect.

We refer to elements of A as leafs and components
of H* . UA as flats.

Fix a real ¢ > 0. If A is finite, then we may choose
orientations for the leafs of (A, ) and define the
earthquake map E,, : H* — H* by taking trans-
lations along each leaf [ € A by amount cu({l}).
Under E,,, (A, i) is carried to a new measured lam-
ination (A*, ©*). We also define the pleating map
P, : H* — H’ by fixing an embedding of a flat
in H’ and mapping all other flats by bending along
every [ € A by the amount cu({l}). These maps
can be defined for general (A, 1) and are continuous
except for possibly at elements of A, see |2, 3].

Figure 1: An example of Dome(£2) in the upper halfspace model,
where () is the domain below all the hemispheres. Notice that

this is also a pleated plane for some finite measured lamination.

For a given z = x 4+ 1y € C, we define the complex
earthquake map CE, : H* — H° by CE, = P, o
E,,. From this, we obtain a continuous family of
pleated surface parametrized by z. Further, CE.
extends to a holomorphic motion of OH? in OH? [3].

In 3], Epstein, Marden and Markovic show given
Dome(€2), one my find a measured lamination such

that im CE; = Dome(£2). Further, they show that
this measured lamination, and the corresponding

families of pleated surfaces, can be effectively ap-
proximated by finite measured laminations.

Bending and Roundedness

For an arc (' transverse to a measured lamination

(A, ), we define

pl(C) =p({l e ATINC #0}).
The L-norm of (A, u) is

|| = Sup 1|(C),

where the supremum is taken over all arcs transverse
to A of length L. We have the following new result
about the L-norm of p given that P, is embedded.

Theorem. Let B : |0,2sinh —1(1)] — |7, 27| be
given by B(L) = 2cos™'(—sinh(L/2). If P, is
embedded, then ||u|p < B(L).

There is also a result in another direction, which
gives a bound on ||u||; that guarantees that P, is
embedded. From an unpublished manuscript of Ep-
stein and Jerrard we have:

Theorem. There exists a well defined mono-
tonic function G : (0,00) — (0,7) such that if
|| < G(L) then P, is embedded.

Following Epstein, Marden and Markovic in |2|, we

use these results to find a region T& C C such that
CE. if embedded for all z € T+ and (A, p) with

|||, = 1. For L € |0,2sinh —1(1)] and z € R, we
define the functions

- Fi(z, L) = min(Le!*!/? sinh (el sinh(L))

« Fy(z, L) = max(Le /2 sinh (e~ *Isinh(L))

« Q(x, L) = max <[F1(if£>>/m, G(Fy(x, L))> .

Then the region €4 is given by

Ty ={z+iy |yl <Qx, L)},
We also define the region

T ={z+iy|y>—-Q(z,L)}.

Main Results

Let 7 be the universal Teichmiiller space defined as
the space of all quasisymmetric homeomorphism ot
S' modulo the action of the group of Mobious trans-
formations by lett composition. A straightforward

ceneralization of the results and techniques of Ep-
stein, Marden and Markovic used in [3] give us the
following theorems.

Theorem. There is a holomorphic map &
T — T such that if P, if a pleated surface cor-
responding to Dome()) with |||, = 1, then the
class B(ic) recovers the map in Sullivan’s Theo-
rem.

Main Theorem

Theorem. The optimal equivariant quasicon-
formal constant K., satisfies the inequality

log(K.y) < dr(8(iB(L)),0) < dzi(iB(L),0).
In particular, taking L = 1.5 we attain
Koy < 7.12.
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Figure 2: The graph of the function —Q(x, L) for L = 1.5. The
area above the graph is the region T%. The hyperbolic distance

between the two points 0 and B = B(L) determines the upper
bound for K.

We used MATLAB to construct a polygonal approx-
imation of infinite area for the region T". Using
the Schwarz-Christoffel mapping toolbox by Toby
Driscoll [4], we computed the images of the points 0
and B under a Riemman mapping of T to the up-
per half plane. Computing the hyperbolic distance
between the images provides the result.
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