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Abstract: This paper discusses three basic issues related to the design of finite
difference schemes for unsteady viscous incompressible flows using vorticity formulations:
the boundary condition for vorticity, efficient time-stepping procedure, and the relation
between these schemes and the ones based on velocity-pressure formulation. We show that
many of the newly developed global vorticity boundary conditions can actually be written
as some local formulas derived earlier. We also show that if we couple a standard centered
difference scheme with 3rd or 4th order explicit Runge-Kutta methods, the resulting schemes
have no cell Reynolds number constraints. For high Reynolds number flows, these schemes
are stable under the CFL condition given by the convective terms. Finally we show that the
classical MAC scheme is the same as Thom’s formula coupled with second order centered
differences in the interior, in the sense that one can define discrete vorticity in a natural way
for the MAC scheme, and get the same values as the ones computed from Thom’s formula.
We use this to derive an efficient 4th order Runge-Kutta time discretization for the MAC
scheme from the one for Thom’s formula. We present numerical results for driven cavity

flow at high Reynolds number (10°).
§1. Introduction

In this paper we discuss three basic issues related to the design of finite difference
schemes for unsteady viscous incompressible flows using vorticity formulation: the boundary
condition for vorticity, efficient time-stepping procedure, and the relation between these
schemes and the ones based on velocity-pressure formulation. Our interest will be mainly
in the unsteady and possibly turbulent behavior at intermediate time scales, not the ultra

long time behavior at low Reynolds number. Therefore most of our discussion will not be



relevant to steady state calculations. Although throughout this paper we will use mostly
forward Euler to illustrate our point, extension to Runge-Kutta schemes is straightforward.

The subject of vorticity boundary condition in the context of finite difference schemes
in vorticity formulation has a long history, going back at least to the 30’s when Thom’s
formula (see(2.4)) was derived [20]. Thom’s formula is generally referred to as being local
since vorticity at the boundary is given by a local relation which does not involve coupling
to other points at the boundary. There was a resurgence of interest in the 60’s and early
70’s when many variants of Thom’s formula were derived (see Section 2 and [18]). But
the application of these formulas in actual computations met with only limited success.
It was not clear for example whether high order formulas such as Pearson’s were actually
better than lower order ones. Since most of the computations at the time were steady state
calculations, these formulas were used in an iterative procedure, and choosing the right
relaxation parameter for the iteration was an issue that caused a great deal of confusion.
The status as of 1974 was summarized in the review article of Orszag and Israeli [12].

The point of view that has been heavily favored in the last decade is that the vorticity
boundary condition has to be global, i.e. one has to solve a system of equations coupling all
points on the boundary together to be able to get the boundary value of vorticity. Several
ways of obtaining such global vorticity boundary conditions were proposed, most notably
the methods of Quartapelle et.al. [15] and Anderson [1]. A comprehensive review of all
these issues can be found in [8].

The main purpose of Section 2 is to show that in the context of finite difference schemes,
many of these newly developed global vorticity boundary conditions can actually be written
as some local formulas such as Thom’s. As examples we will look at Quartapelle’s vorticity
boundary condition and several versions of Anderson’s. We show that the simplest form
of Quartapelle’s vorticity boundary condition is the same as Thom’s formula. The one
given by Anderson in [1] is the same as Fromm’s formula. We also give a general recipe
for converting a discrete form of Anderson’s global vorticity boundary condition into local

ones. This raises serious doubt on the usefulness of these global boundary conditions since



they are much more complicated than the local ones.

Although in Quartapelle’s method vorticity at the boundary is given by a local formula
in terms of the stream function, the effect is still global since the the viscous term is insisted
to be treated implicitly. Consequently at each time step a coupled system involving vorticity
and stream function has to be solved. Much of the confusion and complexity in this subject
comes from solving this coupled system. We will discuss this briefly in Section 2. For more
details, we refer the reader to the review articles [12, 8] for early work which resulted in a
great deal of confusion, and [8, 15] for the more recent treatment which overcomes these
earlier problems at the expense of introducing complicated methods. It is remarkable that
all these confusions and complications can be avoided entirely by treating the viscous term
explicitly.

In Section 3 we discuss the issue of cell Reynolds number constraint in connection with a
centered difference scheme. It is well-known that for the simple advection equation, centered
difference in space and forward Euler in time result in an unconditionally unstable scheme.
Although a diffusion term stablizes the scheme, the cell Reynolds number has to be less
than 2 to avoid stability constraints even more severe than the diffusive one. This has often
been used as an argument against using centered difference and explicit methods. We show
in Section 3 that these problems can be overcome simply by resorting to 3rd and 4th order
explicit Runge-Kutta methods. This way we avoid all cell Reynolds number constraint
caused by stability. For high Reynolds number flows, these schemes are stable under the
standard CFL condition given by the convection term. Indeed in the calculations presented
in Section 4 and [4]. the cell Reynolds number was as high as 10? and even 103.

In Section 4 we make a few remarks on the relation between the methods discussed
here and the MAC type of schemes using primitive variables. We show that Thom’s for-
mula coupled with standard second order centered difference scheme in the vorticity-stream
function formulation is the same method as the classical MAC scheme in the sense that
there is a natural way to define the discrete vorticity in the MAC scheme, which will have

the same values as the ones computed using this centered scheme coupled with Thom’s



formula in the absence of rounding error. We explore this equivalence between different
formulations by translating a straightforward Runge-Kutta method in the vorticity-stream
function formulation to an explicit Runge-Kutta procedure for MAC scheme.

Before ending this introduction let us remark that the main obstacles for designing
efficient finite difference methods using the vorticity variable have been the global vorticity
boundary condition and the implicit time-stepping, both introduce complicated coupling at
the boundary. Once these are cleared, we can design very simple and efficient methods for
both 2D and 3D that are high order accurate and have good stability properties. These will

be presented in subsequent papers [4, 5].
82. Global vs. Local Vorticity Boundary Conditions

2.1. Local Vorticity Boundary Conditions

The 2D Navier-Stokes equation in vorticity-stream function formulation reads: (u =

(u,))

Ow + (u-V)w = vAw,
u=—=0yp,  v=0x1

with the boundary condition

o _

o 0.

Y =0,

Here we used the no-slip boundary condition. Adding inhomogeneous terms to the boundary
condition only amounts to minor changes in what follows. At the grid points, (2.1) is

discretized using standard centered difference formulas:

(fi—c: - [)yl/} Dyw + Bzw ijw =vAjw,
(2.2)
App =w,

where D, ﬁy are the standard centered differences and Ay, is the standard 5-point Lapla-

cian. We will use ¢ and j to number the grid lines in the « and y directions respectively, with



¢ = 0 at the boundary I'y and j = 0 at I';. The no penetration boundary condition ) = 0
is imposed on I' in the solution of the discrete Poisson equation. The no-slip condition is

imposed (say on I';) via:

Pi1— Vi1

(2.3) 3hy

=0.

where (i, —1) refers to the “ghost” grid point outside of the computational domain. Since

Yio = Yi—1,0 = Yi+10 = 0, (2.3) implies

_ Yit10 = 2%io + Pic10 + Vi1 — 2950 + i1

2
24 i0 = (A i = i
( ) Wi 0 ( hw) ,0 Aa:2 Ay2 Awa )1

which is the well-known Thom’s formula.

Reference w — 1 formulation MAC scheme
L 2 ) —
Thom 1933 wo,j = xo 1, Vo1 = v
Y15 =YL
Woods 1954 Woj = gt j — swij v 1, =—3v1 .+ lus
O’] AIQ 1’] 2 1’] _57] 2 57] 2 57]

Fromm 1963 wo,j = ﬁwl,j V-157 0
P15 =0
Wilkes 1963 woy = 5az (801 — 12 Vo1, = "3Vt 3vs
Pearson 1965 Vo1, =31y — 3t
Orszag-Tsracli 1974 | woj = 533 (1001; —v25) | v_i; =201+ 303
Vo1 = gUi — 5¥2
Orszag-Israeli 1974 wo,j = —13i$2 (3541, — ¥35) Vo1 = —%U%J + 1—1321%7]- + %Ug,j

_ 22 1
Vo1 = 33015 — 13¥35

Many variants of Thom’s formulas have been proposed. For later reference we summarize
them here in the following table. In the spirit of Section 4, we will list the equivalent

formulas in the velocity variable when MAC scheme is used in the interior. To understand




how these formulas were derived, we also provide the interpretation of these formulas in
terms of the boundary condition g—ﬁ = 0. The vorticity boundary conditions are obtained
from the Neumann boundary condition for v together with the second order formula: wg ; =
(Apt)o,j. Woods’ formula appears special in this table since it involves interior values of
vorticity.

High order formulas can also be found in the literature. For example a fourth-order accu-
rate formula can be obtained by using one-sided difference approximation for the Neumann
boundary condition for v,

1
Y1, =091, — 25 + ngm'

together with the one-sided formula

1
wo,; = (024)0; = m(lhﬁ—m + 63h1; + dhoj — b3 ;) + O(RY).

The combination gives

1

This formula was derived in Briley (1971) [2].
We implemented these formulas for the unsteady Stokes equation on the domain [—1, 1] x
[0, 27] with no-slip boundary condition in the z-direction and periodic boundary condition

in the y-direction. An exact solution of this problem is given by [13]:

u(z,y,t) = a(z) e v(z,y,t) = () eV, p(a, y,t) = px) VT,

where
() cosh z
u(x) = cos uxr — cos ———
H 'ucosh 1
. B 1 sinh x
o(z) = 7 sinpe + PRl el
() sinh x
T) = o cos
p 'ucosh 1

p = 2.8833556585893, 0 = —v(u? + 1). Time step was chosen to be sufficiently small so

that the error in time discretization is negligible. The relative error for v at time ¢ = 1 with



v = 0.01, Az = 0.01 is given in Figures 1 and 2 for Fromm’s, Thom’s, Wilkes-Pearson’s,
and Orszag-Israeli’s (the first of the two) formulas. As expected, Fromm’s formula performs
poorly since it is only first order accurate. The other three give more or less comparable

results. Orszag- Israeli’s formula does slightly better at the boundary.

2.2. Quartapelle’s Vorticity Boundary Condition.
In the spatially continuous form we can state the constraint on vorticity as follows: w

is such that the over-determined problem

AY =w,

(2.5) -

-0 2l =0
¢|F Y 81’1 r )

has a solution. The key idea, due to Quartapelle and Valz-Gris [16], is the following: (2.5)
has a solution if and only if w is orthogonal (with respect to the standard L? inner product)
to H, the space of harmonic functions on ).

Quartapelle and co-workers have suggested several ways of implementing this idea, with
the viscous term treated implicitly. One attractive feature of this formulation is the flex-
ibility of spatial discretization: finite difference, finite element, and spectral methods can
all be used. In the context of finite difference schemes, the simplest implementation of

Quartapelle’s method amounts to the following:

n+1 n

% + (u" - V)" = vApw™ fori, 7 >1,
(2.6) Apyrtt=wrtt, ford,j>1,

" =0,

an"+1|p =0.

(Dy, is a finite difference approximation to %). The key here is that at the time step n+ 1,
both boundary conditions on ¥ *! are satisfied. Quartapelle et.al. suggested the following
procedure to implement this [15]:

Step 1. Form a system of the form

(2.7) Aot =3



for the boundary values of vorticity at the new time step by requiring that w™*! be orthog-
onal to all discrete harmonic functions.

Step 2. Solve (2.7) to obtain the boundary value of w™*!, wr+1i.

Step 3. Solve the first equation in (2.6) to get w™*!.

This method requires knowing all discrete harmonic functions and/or discrete Green’s
function at all boundary points. These are linear spaces with dimension N equal to the
number of grid points at the boundary. This might not be too bad for 2D but it is pro-
hibitively expensive for 3D. Knowing all discrete harmonic functions, one can construct the
matrix A (which is a full matrix) at the pre-processing stage. Then forming (2.7) at each
time step only requires the computation of 8. This is still quite expensive though, since it
requires the evaluation of N volume integrals. For details see [15].

If Dy, is approximated by centered difference, then it follows from the derivation pre-

sented in the beginning of this section that

2 2
1 +1 1 +1 .
(2.8) WZBL = A—y2¢21 ) w{}j = A—xgl/}fj ) i,j > 0.

which is the same as Thom’s formula.

If on the other hand D, is approximated by first order one-sided difference: i.e.,

(2.9) (Dnt)io = w%yd’o on T,

then a similar derivation gives:

1 1 o
(2.10) wigh = A_y2¢31+1, wott = mwﬁ, i,5>0.

which is Fromm'’s formula.

Remark:  Although (2.8) and (2.10) seem local, they are not truly local since )™ *!
is affected by w"t! everywhere, due to the implicit treatment of the viscous term. Since
Y"1 and w™*! are coupled together by the boundary condition, a coupled system (2.6) has
to be solved at each time step. This is where difficulties arise.

The old approach, widely used in the 60’s, is to solve (2.6) using an iterative procedure.

10



A simple example is the following: Set w19 = w", and for m =0,1,2,--- use

wn+1,m+1 I ()

w ~ ~ ~ ~
At — D" Dyw™ + D™ Dyw™ = VAhwn+1’m )
n+1lm+1 _ , n+lm+1
(2.11) At =w )
1 1
¢n+ ym+ ‘F — 07
n+lm+1l 2 n+1m+1 n+lm+1l 2 n+1m+1
i,0 = A2 ¥id v Wog ~ A2V :

until convergence is reached. As it turns out, this is not such a good method for solving the
coupled system (2.6). It may even diverge [12] and some kind of relaxation is necessary to
get convergence. Furthermore it appears that for higher order formulas such as Pearson’s,
convergence is more difficult to reach. This is the main reason for the difficulties described
in [12].

In the last decade or so, new approaches such as the influence matrix techniques are
developed to solve (2.6). Typically a key step in these new methods is to form and solve
(2.7) for the boundary value of vorticity. While overcoming the difficulties mentioned earlier,
these new nethods are troubled by their complexity, overhead and storage requirement. We
refer to [8, 15] for details of these new methods.

In contrast, if had treated the viscous term explicitly, i.e. replacing (2.6) by

n+1 n

: A;w + (u" - Vp)o" = vAp™,  fori,j>1,
(2.12) Apy"tt =Wt fordj > 1,

wn-}-lh_‘ — 0’

Dn¢n+l|r =0.

Then the resulting scheme can be realized by a simple three-step marching procedure: Given

{ijL {w:fj_l} is computed by:

Step 1. Update the vorticity at the interior grid points by

wn—l—l L _ " = " B - . .
(2.13) —Ar D" Dyw™ 4+ Dpp™ Dyw™ = vApw™ .
Step 2. Solve
(2.14) Apyp™ Tt =Wt

11



with the boundary condition: ¥"*!|p = 0.

Step 3. Update the vorticity at the boundary using

2 2
+1 +1 +1 _ +1
(2.15) w;'o —A—y2¢21 Wy, = A$2¢?,j :

It is important that (2.14) can be solved without knowing the boundary value of w™*!.

Hence there is no need to iterate between Y™t and the boundary value of w™t. At every

time step, only one standard Poisson solve is required.

2.3. Anderson’s Vorticity Boundary Condition.
At the continuous level, Anderson’s method can be formulated as follows: If Dyt|r =0

at t = 0, then Dyt|r = 0 is equivalent to Dn%—lé}h" = 0. Since

oY _10w _
i Aola = Ag (—(u-V)w + vAw).

(the subscript 0 means homogeneous Dirichlet boundary condition is taken), we can write
the boundary condition Dyt|r = 0 as

(2.16) DAy (—(u-V)w 4+ vAw) =0

When a spatial discretization is taken, this becomes

(2.17) DA, (= (w-Viy)w + vApw) = 0

Writing w = w;y, + w,q Where wyy vanishes at the interior grid points and w;, vanishes at

boundary grid points, we get
(218) DnA}:})(—(U‘Vh)wbd + VAhwbd) = —DUAE})(—(U'V}Z)QHU + VAhwin)

This is Anderson’s formulation of vorticity boundary condition.

In the following, we present several examples of implementing (2.18) in a fully discrete
scheme, and show that in all these cases, (2.18) can be written as local formulas.

The first example is the original Anderson’s method presented in [1]. Here Ay is the
standard 5-point Laplacian. Let Apow be the discrete Laplacian of w using zero as the

. . 1
boundary value of w. Given {w/;};;>1, Anderson’s method for computing {w;'}"}ij>1

12



consists of the following three steps [1]. The purpose of the first and second step is to
compute the boundary value of w", wy.

Step 1. Solve Ap o™ = w", compute u" = (—Dyl/}n, szp") at the interior mesh points,
and then compute F = (u™Vp)w"™ —vAp ow™ at the interior mesh points. At the boundary
the nonlinear convective term is computed using one-sided difference. Therefore this step
does not involve the boundary value of w™.

Step 2. Determine the boundary value of w™ by solving
(2.19) DnAj, (vApwy') = DalAj o F .

Here wy' is identified as been extended to all interior mesh points with the value zero, Dy, is
a finite difference approximation of % on I'. In [1], Anderson chose the first order one-sided
formula (2.9).

Step 3. Compute
(2.20) Wt = 4 At(—(u” Vi)™ + Z/Ahw”)

at all interior mesh points, where the boundary value of w™ is taken as wj'.

The effect of Steps 1 and 2 is to ensure that
(2:21) Dpytt =0, gt = Attt

+1

when w"*! is computed from (2.20). In particular, we have 1)"*! = 0 not only on I' but

also at the grid points next to I'. We can write Anderson’s method as
wn—l—l —wn
—Q (u" - V)" = vApw™, at interior grid points,

2.22
( ) Ah,O Qpn—i—l — wn-i—l ,

Dpy"tt =0, at I'y and Ty,
Anderson’s three step formulation can be stated as: Given {wgfj }ij>1, there exists a unique
wy' = w"|r, namely the solution of (2.19), such that (2.22) has a unique set of solutions

{w;‘;rl}i,jzl, {1#2;1}1,3'20' Notice that wj' is just an auxiliary variable used in order to

obtain {wzjl}i,jzl, {¢2;r1}z‘,j20-

13



There is a much simpler way of implementing (2.22), without even thinking about wj' =
w™|r. In this formulation, it is helpful to think of the lines Iy, = {i = 1} U{j = 1} as the
numerical boundary, even though the method is exactly the same as (2.22).

Initialization: Given {w;};j>1, define ¢¥°|p = 0 and solve

App? = W0 | 1,7 > 2
0, _
¢, =0.
Modify wo\p;l such that
0
2y

w

L o
1= Aygl/}i,za Wi = Axgl/}z,j'
This is to ensure that 1 is a solution of

A =0, dj>1,

YOr =0.

(2.23)

In other words, the solution of (2.23) actually satisfies ¢0|F2 =0, i.e., Du)%|p = 0.
Time-stepping procedure. Given {w;:‘j}i,jzl, such that ¢™ = A;Bw” also satisfies
Do |r =0, ie., "], = 0.

Step 1. Compute
(2.24) +(u"- V)" =vApw",  fori,j > 2.

Step 2. Let 1" "!|p = 0 and solve

Appmtt =t g > 2,
"y =0,
and set
et A L L S LN P S}

which is Fromm’s formula. This last step has the effect of ensuring that "1 is also a

solution of
Ah¢n+1 = wn+1 5 27] Z 1)

Y =0,

14



ie., Yntl = A,:%]w”“ satisfies both the Dirichlet and Neumann boundary conditions:
¢n+1|1" =0, Dn¢n+l|1" =0.

The Neumann boundary condition is the same as w"+1|p% = 0.

It is obvious that the numerical solutions obtained through this procedure satisfy (2.22).
Therefore this is exactly the same method as Anderson’s. The global vorticity boundary
condition (2.19) is replaced by Fromm’s formula. In other words, the effect of implementing
Anderson’s global boundary condition on I is exactly the same as implementing Fromm’s
formula on T,. To make the connection more transparent, let us remark that after
obtaining {w;‘;rl}mzl, one can find wy' by requiring that (2.19) also holds for ¢ or j =1, i.e.
on I'},. This gives the solution of wj'. However, it is important to realize that the method
can be implemented without using wj;'.

In the method discussed above, it is straightforward to replace the forward Euler by
higher order explicit Runge-Kutta and require that the no-slip boundary condition be sat-
isfied at each stage of the Runge-Kutta method. A second order time discretization was
presented in [17]. The same argument as we presented above can then be applied to each
stage, proving that in this case Anderson’s vorticity boundary condition is still the same as
Fromm’s formula.

If we replace the first order accurate formula (2.9) by a second order one-sided difference:

(2.25) (Dath)io = Ain _;/Zz— 3thio

we can still write Anderson’s method as (2.22) with Dy, replaced by Dy,. To understand the

connection with local formulas in this case we break

A wn-i—l — wn—i—l ,
(2.26) 0

Doyt =0 at ', and T,

into several pieces

1. Set ¢¢t =0, ¢itt=0, i,j>0.

15



2. Solve

n+l _  n+l
Ahw =w )

(227) 4wn+1 wn‘i‘l 711+1 wn‘i‘l
— d »J —
2Ay 0 an 2Ax =0
for {wg;_l}i,]él'
3. Compute
(2.28) Wit = (A" in, W = (AR

As before, this is just a different way of implementing (2.26). Using (2.27) and (2.28), we

get
Wit = (A )in = @+ eny +ertl — derh
1 1
(2.29) = gz (Ve + 7,)

1 1 n+l n+1
= Zw 16h2 Vi 4h2 Vi -

This can be viewed as the following formula:

1
(2.30) Wi, = Wil + Wwi,l - Wl/}i,z

imposed on I". (2.30) is analogous to Woods’ formula but is slightly more complicated.

This can be formulated as a general recipe for converting Anderson’s vorticity boundary
condition into local formulas. To explain this, let us take the example of a fourth order
spatial discretization in which 8‘9—; is approximated by the standard five point 4th order
formula D2 (1— %D%), and the boundary condition Dyt|r = 0 is used twice at the boundary
with one-sided 4th order approximation for Dy. In [17], a 4th order implementation of
Anderson’s method was outlined but no details were given. The above strategy is the
closest we can think of to fit the outline. Again we will use forward Euler as an illustration
since extension to high order explicit Runge-Kutta is straightforward.

Because of the wide stencil used, vorticity boundary conditions are needed at two rows

of grid points near the boundary. Written in terms of w = w;, + wyq, Anderson’s vorticity

16



boundary conditions are

(2.31) Du(Aj ™) =0 Dn(A, ") =0

where Dy, and Dy, are two one-sided (4th order) approximations to Dy, Ay = D2(1— %D?EH—
D;(l — %Dg) except at i, or j = 1 where it has to be modified to make it slightly one-sided.
To obtain the equivalent local formulas, we can proceed as follows. For concreteness we
concentrate on I',:

We split (2.31) into several pieces:

(1). Set w%rl = 0.

(2). Solve

Apyptt = ontl for i > 3

using Dpy"|p = 0, Dpy" | = 0 as boundary conditions for {1/121“, :‘;1 )

(3). Define
(2.32) wal = (Apy™)in, w{‘;l = (Apy™)is

(1)-(3) is equivalent to

Ah,0¢n+1 — wn—l—l

Dyy" | =0, D" r =0

which is the same as (2.31).
(2.32) is the local formula we are looking for. This seems to be far more complicated

than Briley’s formula mentioned earlier which is also 4th order accurate.

§3. Cell Reynolds Number Constraint and High Order Runge-Kutta Meth-

ods

It is well-known that if we use second order centered difference in space and forward

Euler in time for the simple advection equation
(3.1) u +au, =0

17



the resulting scheme is unconditionally unstable. This has the consequence that for the

advection-diffusion equation
(3.2) Up + AUy = Vlgy

this scheme is stable only under the constraint

a? 2v
. At | —+ —= 1
(3.3) <21/+Aa:2> <

Therefore we must have

At 1 2u
@ < 5, and At < ﬁ

(3.4) v
The first condition in (3.4) is the standard diffusive constraint on time steps. The second

one reflects the fact that the scheme is unstable if v = 0.

We can rewrite this second condition as

alt 2
3.5 — < =
(3:5) L Re
where L is the size of the computational domain, and Re = % is the Reynolds number.

The spatial resolution should be chosen to resolve the smallest active scale in the flow.
This means that at high Reynolds number we should take % = O(Re~Y/?) for 2D, and
% = O(Re=3/%) for 3D. Consequently we have from (3.5)

alt

adt aht _
Ax

(3.6) =

< O(Re™1/?), O(Re™ %)

for 2D and 3D respectively. This is a severe constraint, since ideally we want ‘Z—Axt =0(1)
for Re >> 1.

From a slightly different point of view, if we demand the second condition in (3.4) to be
less restrictive than the standard diffusive condition, we should take

2w Az? . alAx
— > = i,e. Rc=
a 2v 1%

<2

(3.7)

Rec is called the cell Reynolds number. (3.3) and this stability caused cell Reynolds number
constraint has often been used as an argument against using centered differencing for the

convection term at high Reynolds number.

18



It is important to realize that these constraints still remain even if we discretize the
diffusion term implicitly, keeping the advection term explicit. Since the problem comes
from the advection term, at high Reynolds number the diffusion term is of very little help.
Although such constraints do disappear if we discretize the advection term implicitly also,
this is far too expensive. As we show below, there is a much simpler solution to this problem.

What causes this instability and the subsequent cell Reynolds number constraint is the
fact that the stability region of the forward Euler method does not contain any part of
the imaginary axis. Same is true for the second order explicit Runge-Kutta methods, but
not for 3rd and 4th order ones. The Fourier symbol for the centered difference operator
—aD, +vD2%is C(€) = iaSiA—nf - %sinQ%. Therefore if we use 4th order Runge-Kutta in

time, the two stability conditions are

alAt At
(38) A—aj‘ < Cl, 41/@ < 02

where Cy and Cy are some constants (for example, they can be taken as 1.5). There is
no cell Reynolds number constraint imposed by stability considerations. Same conclusions
can be drawn for the 3rd order Runge-Kutta method. From the point of view of accuracy,
for Re >> 1, Rc = Re% = O(Re'/?) for 2D and O(Re'/*) for 3D. This does not present
a constraint on the cell Reynolds number either. Indeed in the calculations presented in
Section 4 and [4], the cell Reynolds number was as high as 10? and even 103. In particular
for Re = aATx > 4%2, the size of At is controlled only by the CFL condition coming from

the convection terms.
84. MAC Scheme and Thom’s Formula

4.1. MAC Scheme.
MAC scheme [14] uses the velocity-pressure formulation of the incompressible Navier-

Stokes equation:

ou+ (u-V)u+ Vp = vAu,
(4.1) t ( ) p

Vau=0
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u = (u,v). A special feature of the MAC scheme is the use of staggered grid (Figure 3).
One such grid is displayed in Figure 3 where the pressure variable p is defined at “0” points,
the first and second component of the velocity v and v are defined at “A” and “Q” points
respectively. Define

~ u(z + Az, y) —u(z — Az, y) u(z + Ax/2,y) —u(z — Az/2,y)

D:Bu(a:‘?y) = 2A$ b DIU(Q:? y) = AZ‘ 9
~ w(x + Az, y) + u(x — Ax, w(x + Azx/2,y) + ulx — Az /2,
Bz, y) = ( y) ! ( y) C Bauley) = ( /2,y) ! ( /2,y) ’
and similarly for Dyu, E'yu, Dyu, Eyu; and
Apu = (D? + Dz)u,

we can write the MAC scheme as

du 2 2 13 7 :

a +uDyu+ E Eyv Dyu+ Dyp = vApu, at “A” points,
(42) W B BuDyw+ vDyo+ Dyp = vA “O poi

: a + B Eyu Dyv +vDyv + Dyp = vARv, at “Q” points,
D,u+ Dyv =0, at “0O” points.

The simplest way of treating the boundary is to use the reflection technique. On the
segment I', (see Figure 3), the boundary condition v = 0 is imposed exactly at the “O”
points: v;_1/90 = 0, the boundary condition u = 0 is imposed approximately at the “e”

points by letting

(4.3) Ui —1/2 = —Ui1/2-

Similarly on I'y, we have

Vo125 = —Vij25,  Upj-1/2 =0

Some doubts on the consistency of the reflection technique near the boundary were expressed
n [14]. We show in Appendix 2 that while a naive truncation error analysis does seem to
suggest that (4.3) leads to inconsistency near the boundary, a more careful analysis showes

that there is still overall second order accuracy, even at the boundary.
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The fully discrete MAC scheme, with viscous term treated explicitly, is given by

un—i—l —u ~ ~

—Ar +u" Dyu" + E,E0" Dyu™ + Dypp™ = vApu™, at “A” points,
4.4 vt — " nw o,n nry ,n n n N :
(4.4) AL + E,EByu” Dyv™ + 0" Dyv™ 4+ Dyp™ = vApv" at “Q” points,

Dyu™t 4+ Dyttt =0, at “0” points.

Applying the discrete divergence operator on the momentum equations, we obtain an equa-

tion for p™ in the form:
(4.5) App" = terms involve u".

The boundary condition is already included in (4.5). We denote the solution of this equation
by p" = F(u").

4.2. The MAC scheme and Thom’s formula.

Let us first examine the MAC scheme in the linear case and return to the mesh in Figure

3. Define the discrete vorticity at “e” points as

Ui j+1/2 — Wi 5—1/2 n Vit1/2,5 — Vi—-1/2,5

(4.6) Wi,j = (Vh X U)Z‘J = — Ay A

Applying the discrete curl operator to (4.2) (dropping the nonlinear terms), we get
— =vApw, at “e” points.

On I';, we have

2
(4.7) wi0 = _A_yui,l/Z-

On the other hand, if we define 9 at the “®” points by

Yij — Vij-1 .
(48) wi,o = 07 ui,j—1/2 = _JTyJ7 J > ]-7
then from (4.2), we have
Yij—bio1
(4.9) Vio1/25 = #a o, =0,
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and

App = w, at “e” points.

Going back to (4.7), we get
wio = Aiy2¢i,l

which is Thom'’s formula. This shows that for the unsteady Stokes equation, MAC scheme
and Thom’s formula coupled with standard centered difference for the stream function-
vorticity formulation are the same method. The same is true for the fully discrete schemes.

There are other ways of treating the boundary for the MAC scheme. For convenience,
we summarized these in the table in Section 2 and listed the equivalent vorticity boundary
conditions. In particular, we note that the improved formula of Peyret and Taylor ([14]
(6.2.20a)) corresponds to the first formula of Orszag and Israeli.

When the nonlinear terms are taken into account, (2.2) and (4.2) are not exactly the
same any longer. They differ by a quantity of O(Az%+Ay?). However, a tedious calculation

shows that (4.2) is the same as

do 1. = - 1= - -
d_‘;’ ~ 5Dy Dow + Do(Dytp w)] + 5[Dath Dyw + Dy (Dot w)] = vy,
(4.10)
Ahlﬁ = w

at the “o” points. The details of that calculation is presented in Appendix 1. There is also
an obvious analogous statement for the fully discrete schemes.

It is instructive to further explore this equivalence between vorticity-stream function and
primitive variable formulations with forward Euler replaced by the classical Runge-Kutta
method. In the vorticity-stream function formulation the resulting method is the following;:

Given {w", ¥}, j>0, compute {w" "1}, .~ by

wp —w" Rvi n_ A W™ — AL
7%At + (u"-Vp)w" = vApw", Y1 = A Wi
wy — W .
7%At + ('Ufl'Vh)wl =vApwt, Po = Ah,0w2
w3 — w" .
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k4 = —At((u;),'vh)wg - I/Ahw;),)

1 1
wn+1 — g(—u}n + w1 + 20(}2 + W3) + 6k47 /lpn—i_l = A}:,%)wn—‘rl

At every stage, the boundary value of vorticity is given by Thom’s formula. The corre-

sponding fully discrete MAC scheme is then

_U11—_ WMV Vit = v, py = Fw)
AL

uy —u”

— At (u1-Vip)uy + Vippr = vApur,  p2 = F(uy)
2

uz —u”
3At + (u2-Vip)ug + Vipp2 = vAjus, p3 = F(us)

ky = —At((U3-Vh)U3 + Vips — I/A;{Ug)

1 1
utl = g(—’u,n + uy + 2ug + u3) + 6k47 it = f(un+l)

Here we have written the nonlinear terms loosely as (u-Vj)u. The full expression should
be the one in (4.2). Of course, for these two methods to be exactly the same, we have to
use the more complicated discretization for the convection term as in (4.10).

This time-stepping procedure is very similar to the one proposed by Johansson [11].

To illustrate the efficiency of these methods and the importance of the high order Runge-
Kutta procedure, we present some numerical results for a canonical problem: the driven
cavity flow. The flow domain is [0,1] x [0,1]. We impose the no-slip condition. The upper
boundary moves with the velocity: up(z) = 1 or 1622(1 — 22). The initial data is chosen to
be: Yo(z,y) = (y2 — y3)up(x).

First in Figure 4 we show the numerical results for the case u(z) = 1 at Reynolds num-
ber 10%,¢ = 100. This is a standard test problem. There is a vast amount of numerical work
on this. Most of them, however, solves the steady state equation directly [6, 19]. Although
the methods presented above should not be advertized for steady state calculations, they
perform reasonably well for this problem. At ¢ = 100, the flow has all the characteristic
features of the steady state [6]. However at this point, it is not entirely clear whether the

flow eventually reaches steady state in such an unsteady calculation.
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In Figures 5-8 we show our numerical results with the boundary condition uy(z) =
1622(1 — 22) at Reynolds number 10°. These were computed on a 10242 grid with viscosity
v = 107°. We verified these numerical results using the 4th order scheme designed in [4] on
5122 and 10242 grids. Notice the extremely unsteady turbulent behavior as a result of the
boundary layer separations.

The calculation reported here took approximately two hours on the C-90 machine with
a single processor at Pittsburgh Supercomputing Center. A similar calculation on a smaller
mesh 5122 with a smaller Reynolds number (v = 3 x 107°) was done on a SPARC-10 work-
station, and that took about three days. Obviously there is a lot of room for improvement.

We will return to this in a separate paper [4].
85 Conclusions

Let us summarize the issues discussed in this paper.

The first issue we discussed was the local and global vorticity boundary conditions.
We showed that Anderson’s global vorticity boundary condition can always be realized by
local formulas, the simplest case being Fromm’s formula. The non-locality of Quartapelle’s
vorticity boundary condition comes from the fact the viscous term is insisted to be treated
implicitly. Therefore even the seemingly local vorticity boundary condition turns out to be
global.

A majority of the discussions in the literature on global vorticity boundary conditions
resemble Quartapelle’s, so the global nature of the vorticity boundary condition is really a
result of the implicit treatment of the viscous term.

The second issue we discussed is the cell Reynolds number constraint in connection with
the fact that the convection terms are treated using centered differences. We explained that
while there is a severe constraint on the cell Reynolds number given by stability when first
and second order Runge-Kutta methods are used in time, such constraints disappear for
higher order Runge-Kutta methods. This is a significant fact with regard to the efficiency

of centered schemes.
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The third issue we discussed is the relation between MAC scheme and second order cen-
tered difference schemes in the vorticity- stream function formulation coupled with various
local formulas for the vorticity boundary condition. We showed that MAC scheme is the
same as the standard second order centered difference scheme in the vorticity-stream func-
tion formulation, and the local formulas for vorticity boundary condition can be translated
into local formulas for velocity boundary condition and vice versa. In particular, Thom’s
formula translates to the reflection boundary condition for the MAC scheme.

From these discussions we arrive at the following basic design principles. (1). The
viscous term should be treated explicitly for finite difference schemes in the vorticity-stream
function formulation. If one insists on treating the viscous terms implicitly, then it is much
better to use the projection method [3]. (2). One should use at least third order Runge-
Kutta methods in time in connection with centered differences in space for high Reynolds

number flows.

Appendix 1. Nonlinear Terms.

Applying the discrete curl operator to (4.2), we get

dw

’n + N(u,v) = vApw, at “e” points,
where
N(u,v) = =Dy (uDu + E,EyvDyu) + Dy(Ey EyuDYv 4+ vDiv) .
Using
D, (uv) = Dyu Eyv + Eyu Dy,
we have
N(u,v) = —EyuD, Dyu— Eyv D,Dyu+ (I — E2)E,v D,Dyu

+FEyuD;Dyv + Eyv DyDyv + (B2 — I)Eyu Dy Dyv
—Dyu E,EyDyu — E,EyDyv E2Dyu+ (I — E})Dyu E, E,Dyv

+E,EyDyu E2D,v + Dyv EyEyDyv + (E2 — I)Dyv E,EyDyu.
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Since
h? K2

N(u,v) = EyuDyw+ EvDyw
+h§ (—D;Ezv DyDyu+ D2EyuDyDyv — D2Dyu E, E,Dyv + D2Dyv E, E,, Dmu) ,

From (4.6-7) and

we have
N(u,v) = =Dyt Dyw + Dyptp Dyw
+ (Dif?xw DyDjtp = DDy Do D3t + Dyib Do Dytp — Dy f)xﬁw) .
Direct computation gives us

N(u,v) = —Dyth Dyw + Dytp Dyw
+4 (Diﬁw DyAny — D2Dyy Dy Aptp + D2Ayp D, Dytp — D2Ay0) Dx[)ylgj)

= —Dytp Dypw + Dytp Dyw
+4 (Dif?w Dyw — D2Dy) Dyw + D2w Dy Dytp — D2w DmDyzp) .
Similarly, using
ﬁz(uv) = DyuEyv + EyuDyv
B, —I=%D E,~I=4D}
we have

—Dy(Dyp w) + Dy(Dyp w)
—Dyt Dyw + Dytp Dyw + (I — E)Dyb Dyw
+(Ey — )Dytp Dyw + (I — Ey)w Dy Dyab + (E, — I)w Dy Dy

= —Dyl/J Dyw + Dyt ﬁyw
+2 <—D?El~)y¢ Dyw + D2Dytp Dyw — D2w Dy Dytp + D2w D, wa) '
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Therefore

N(u,v) = —Dyth Dyw + Dytp Dyw + %[Dgﬂﬁ Dyw — Dy(Dytpw)] — %[Dz¢ Dyw — Dy (D, w)]

= —3[Dyv Dyw + Do(Dyp w)] + 3Dyt Dyw + Dy(Dytpw)] .

Appendix 2. Consistency near the boundary for the reflection technique

If we use the reflection boundary condition wu, + u,

1 1
T 275

= 0 in the MAC scheme, a
simple truncation error analysis at x1 gives
2

h
"

suggesting that the operator D? is not consistent with the Laplacian near the boundary.
This issue has been raised in several places, including [14]. We show here that a more
sophisticated error analysis reveals that the overall scheme still has second order accuracy.

We explain this by a simple example

with standard centered difference applied to grid points z;, 1 = (i+ %)Aw,i =0,1,---n—1
2

and the boundary condition v_1 +u1 = 0, Uyl +u, 1= 0. Let
2 2 2 2

Uipr = u(z; 1) = %Q[U”(O) + (W'(1) = u"(0)zir10],  fori=0,1,---n-1
and
Uy =—Uy, Uyl =T,
Clearly
Druz+1—u(xz+%)—|—0(h2), fori=1,...,n—2
At T,
D%a% _ us ;2311% _ u(a:%) ;2311(33%) +le ")
= %u”(x%) + 24"(0) — 2u”(0) + O(h?) = u”(a:%) + O(h?).
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Similarly, we have

This gives

u(ajz+%) U= O(h?).
The boundary condition mentioned in [14],

u

1
= g(u% —6u% + 8ur)

=

corresponds to the first formula of Orszag and Israeli (see the table in Section 2).
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Figure Captions

Figure 1. Relative error in v for the Fromm’s formula (solid line), Thom’s formula
(dashed line), Wilkes-Pearson’s formula (dotted line), and Orszag-Israeli’s formula (dot-
dashed line). Time is discretized using mid-point rule. The errors for Thom’s formula,
Wilkes-Pearson’s formula and Orszag-Israeli’s formula are too small to be seen on this
graph. Parameters: viscosity=0.01, At = 0.001, Az = 0.01.

Figure 2. Relative error in v for the Thom’s formula (dashed line), Wilkes-Pearson’s
formula (dotted line), and Orszag-Israeli’s formula (solid line). Parameters: viscosity=0.01,
At =0.001, Az = 0.01.

Figure 3. Staggered grid in the interior and at the boundary.

Figure 4. Driven cavity flow with u,(x) = 1 at Reynolds number 10%, ¢ = 100, computed
with the explicit MAC scheme with 4th order Runge-Kutta in time. Shown here is the
contour plot of stream function. Parameters: viscosity=10"%, CFL = 1.25, Az = 1/128.

Figure 5. The driven cavity problem at ¢ = 5 and Reynolds number 10° computed using
the explicit Thom’s formula with 4th order Runge-Kutta in time. Shown here is the contour
plot of vorticity. Vortices are shed at the lower right corner as a result of the boundary
layer separation. Parameters: viscosity=10"°, CFL = 1.25, Az = 1/1024.

Figure 6. Same as Figure 5, but for the stream function. At the lower right and upper
left corners, the primary vortex has induced two generations of secondary vortices.

Figure 7. The driven cavity problem at ¢ = 8. Plotted here is the vorticity at the
lower left quadrant. The contour lines are severely stretched. A mushroom-like structure
forms as a result of the collision of vortices. Parameters: viscosity=10"°, CFL = 1.25,
Az =1/1024.

Figure 8. The driven cavity problem at ¢ = 10. The flow is now considerably more
turbulent than in Figure 5-6. A lot of small vortices form. Parameters: viscosity=107>,

CFL =1.25, Ax = 1/1024.
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