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§1. Introduction

Projection method was introduced years ago by Chorin [4] and independently by Temam
[21] as a way of computing efficiently the solutions of incompressible Navier-Stokes equations
(NSE). It is getting increasingly popular in applications to viscous incompressible flows at
moderate Reynolds number. With periodic boundary conditions, the performance of the
projection method is well-understood from the work of Chorin [5]. However, much less
is known when physical boundary conditions such as the no-slip boundary conditions are
used. It has been a mystery for twenty-five years that the projection method seems to
perform better than expected. There are still controversies with regard to the optimal
choice of boundary conditions at the projection step. Furthermore, although it is clear that
numerical boundary layers must be present, little is known about their structures.

It is the purpose of this series of papers to fully clarify these issues. Besides being able
to answer all these questions, we find that the effect of solid boundaries is not restricted
to creating numerical boundary layers, they can also give rise to high frequency oscilla-
tions in the leading order error term, reducing the order of accuracy even in the interior of
the domain. But when formulated appropriately, projection method is indeed an efficient
numerical procedure for viscous incompressible flow calculations. Before our work, com-
parison of different formulations of projection method was only possible through careful
numerical experiments. These numerical experiments are made difficult by the fact that in
actual computations, the effect of time and space discretizations, as well as the numerical
boundary conditions are all mixed together. Moreover, they usually involve a systematic
study of 2-dimensional problems for which the resolution power of modern computers are
still quite limited. In our work, we have developed procedures of studying separately the
effect of different components of the projection method. In forthcoming papers, we will
also make extensive use of 1-dimensional models which capture much of the computational
difficulties for incompressible flow calculations.

The present paper is devoted to the explicit characterization of the numerical boundary

layers. As a consequence, we also get optimal convergence and error estimates for both



velocity and pressure up to the boundary. The boundary layer structure is strongly influ-
enced by the boundary condition for pressure at the projection step. We will study different
choices of the pressure boundary conditions and compare their performance in terms of the
accuracy of the numerical solutions. Our analysis favors strongly the choice of Neumann
boundary conditions.

Roughly speaking, projection method was based on the following philosophy: In incom-
pressible flows, pressure does not carry any thermodynamic meaning and is present only as
a Lagrange multiplier for the incompressibility constraint [4]. This observation motivated a
time-splitting discretization scheme which decouples the computation of velocity and pres-
sure, a key feature of the projection method. In the first step, an intermediate velocity field
is computed using the momentum equation and ignoring the incompressibility constraint.
In the second step, the intermediate velocity is projected to the space of divergence free
vector fields to get the next update of velocity and pressure. This procedure is much more
efficient than solving a coupled system of Stokes equations for velocity and pressure which
would arise from a straightforward time discretization of the NSE (see §2). The price been
paid, as we will see below, is that it introduces a numerical boundary layer on the pressure
approximations and the intermediate velocity fields. This also signifies the main difficulty
in the design and implementation of more efficient projection methods: treatment of the
boundary conditions.

Over the years projection method has played a dominant role in the computation of vis-
cous incompressible flows based on the primitive variable formulation . It has also acquired
other names such as the splitting scheme, fractional step method, etc. Recently there has
been a flourish of interest on the application of projection methods for the direct simula-
tion of viscous incompressible flows at moderate Reynolds numbers [2, 3, 12, 13, 17, 24,
etc]. Notable in these applications are the various spatial discretizations used, including
flux (slope)-limited finite difference methods [2, 3|, upwind differencing [17], and spectral-
element methods [12].

The analysis of the projection methods was also initiated by Chorin and Temam. In the



case of periodic boundary conditions Chorin proved the convergence of a projection method
which uses backward Euler in time and centered-differencing in space. His analysis can be
easily extended to other methods of a similar nature as long as the periodic boundary con-
dition is retained. Chorin’s analysis was facilitated by the fact that with periodic boundary
conditions, the projection operator and the laplacian commute. This no longer holds for
other types of boundary conditions. As a result, it is much more difficult to study the pro-
jection methods when the boundary condition is changed to more physical ones such as the
no-slip condition, especially when it comes to the issue of accuracy. Indeed a crude analysis
indicates that there is a real danger that the numerical boundary layer in pressure could
pollute the numerical solutions in the interior and significantly reduce the overall accuracy
(even for velocity) [2, 5], although numerical evidence seems to indicate otherwise.
Considerable progress was made in the recent papers of Shen [18, 19]. For no-slip
boundary condition, Shen proved convergence together with some error estimates for various
projection methods. Although the estimates obtained were not able to resolve the mystery
mentioned earlier, Shen did realize that the key is to understand the time-discretization.
One result of the present paper is a proof that the numerical approximation of velocity
indeed has the maximum accuracy. The proof is based on a systematic asymptotic analysis
of the numerical solutions. The numerical method is viewed as a singular perturbation of
the original NSE, and boundary layer analysis is used to construct approximate solutions
which satisfy the numerical scheme to high order accuracy. This, plus the linear stability
of the scheme implies the convergence results. This line of thought is often used in applied
analysis and was first used by Strang [20] in the context of numerical analysis, although
Strang only dealt with a regular perturbation problem. By using similar ideas, Michelson
[14] extended Strang’s argument to initial-boundary value problems for hyperbolic systems.
The advantage of this approach is that the numerical boundary layers are explicitly
characterized. This enables us to propose simple ways of removing the numerical boundary
layer by post-processing the numerical solutions. The disadvantage, however, is that it

requires far more regularity of the exact solutions than necessary. This translates to a



Reynolds number dependence of the error estimates that are far from being optimal. This
is an important issue since very often in actual computations, the smallest mesh size is set
by the memory of the machine, and the issue is to resolve flows with the largest possible
Reynolds number. In the second paper of this series, we will give an entirely different proof
based on Godunov-Ryabenki analysis which not only gives the optimal convergence results
with minimum assumptions, but also exhibits clearly the effect of noncommutativity of the
various operators involved.

We add here a few general remarks before ending this introduction. There appears to
be considerable amount of confusion in the subject of physical and numerical boundary
conditions for incompressible flows. Part of this is due to the lack of a well-established
model problem which can be used as a benchmark test problem for the various proposals.
Very often tests are done for a few selected physical problems and conclusions are drawn
from results of these particular runs with a fixed set of numerical and physical parameters
(grid size, CFL number, Reynolds number, etc), instead of the asymptotic limit as these
parameters vary. It is not surprising that these conclusions often contradict each other.

Also responsible to the state of the confusion is some of the crude and sometimes irrele-
vant analysis presented in the literature. Extrapolated conclusions based on crude analysis
may very well contribute more to the confusion rather than understanding. The numerical
phenomena involved in the projection method is sufficiently complex that soft arguments
can hardly touch the heart of the matter, neither does a simple convergence theorem or
crude error estimates.

For convenience, we list here the content of the rest of the paper:

Section 2. Review of the projection methods

Section 3. Summary of results and outline of proofs

Section 4. First order schemes without spatial discretization
Section 5. Effect of numerical boundary conditions

Section 6. Second order schemes without spatial discretization

Section 7. Generalizations



Appendix 1. First order schemes with spatial discretization
Appendix 2. Second order schemes with spatial discretization

Appendix 3. Post-processing for the pressure.

§2. Review of the Projection Methods

In primitive variables, NSE takes the following form

du+ (u-V)u+ Vp = Au,
(2.1)
V-u=0.

Here u = (u,v) is the velocity, and p is the pressure. For simplicity, we will only consider

the case when the no-slip boundary condition is supplemented to (2.1):
(2.2) u=0 on 0f)

where  is an open domain in R? with smooth or piecewise smooth boundary.

§2.1. Time discretization
As a first step toward the construction of an efficient numerical scheme for (2.1)-(2.2),

we discretize (2.1) in time using backward Euler:

n+l _ . ,n
2 A Ll (u"-V)u" + Vp"t = Aut,
(2.3)
V-u"tl =0.

We do not hesitate to use implicit schemes since the NSE is intrinsically implicit anyway. Al-

ternately we can discretize (2.1) using the trapezoidal rule, resulting in the Crank-Nicholson

scheme:

un+1A; u” N (un+l/2.v)un+l/2 N Vpn+1 _ Aun+12—|— u” |
(2.4)

V-urtl =0.

It is not important at this point to specify the discretization for the convection terms. (2.3)

and (2.4) are solved together with the boundary condition :

(2.5) u =0 on 0f}.



However, both schemes are highly inefficient since they require, at each time step, the
solution of (2.3) or (2.4) which are coupled systems of Stokes-like equations for (u"*1, pnt1).
This is precisely the reason for proposing the projection method, as a numerical device to
decouple the computation of u”*! and p"*! [4, 21]. Instead of simultaneously satisfying
the momentum equation and the incompressibility constraint, projection method proceeds
by first ignoring the incompressibility constraint, compute an intermediate velocity field
u* using the momentum equation and then project u* back to the space of incompressible
vector fields to obtain ™! and p"*!. The actual realization of this procedure for the first
order scheme can be summarized as :

First order scheme:

Step 1:
(2.6)
u* =0, on 0f2.
Step 2:
@7 w = w4 AV

V-u"tl =0.

The boundary condition for w* in (2.6) is rather natural, at least for the first order scheme.
The agonizing decision to be made is the boundary condition for (2.7). If we take the inner
product of (2.1) with the unit normal and tangent vectors at 02, n and t respectively, we

arrive at

9 _
on

n-Au, @:t-Au, on 0.

(2.8) at

So both the Neumann and Dirichlet boundary conditions seem plausible for the pressure
in (2.7). The prevailing point of view for resolving this ambiguity is the following [6]. The
boundary condition in (2.7) is part of the specification of the projection operator. If one
requires that the space of divergence-free vector fields be orthogonal (with respect to the

usual L? inner project) to the space of irrotational vector fields, then the divergence-free



fields has to satisfy the boundary condition :
(2.9) un=0, on 0f).

Therefore for (2.7) one has

n+1
(2.10) u"ln =0, or 82; =0, on 0.
n

In this case (2.7) is none other than the standard Helmholtz decomposition. This boundary
condition is strongly favored in the literature. The question to be addressed then is whether
orthogonality is really important.?

The bottomline is that in most situations, large errors will be introduced at the bound-
ary, either on velocity or on pressure, because of the inconsistency of the boundary condi-
tions. The hope is that these large errors will be restricted to a boundary layer and not
affect the accuracy in the interior. Whether this actually happens is precisely the question
to be addressed here.

To give an indication that the numerical solution contains boundary layers, let us con-
sider the linear case. Without the nonlinear term, (2.6), (2.7) and (2.10) combine to give

(I — AtA)Ap™+1 =0,

(2.11) e

on

=0, on 0f).
In contrast, the linear Stokes equations implies
Ap=0

without boundary condition on p. Therefore if p"*!(x) has any chance of being close to
p(x, (n + 1)At), there must be numerical boundary layers in p"*! with thickness O(At'/?).
This is indeed the case as will be seen in §3 and §4.

Second order schemes:

3Here and in the following, the term “projection” should be understood in a more general sense than the

Helmholtz decomposition since more general boundary conditions are allowed.



There are at least three different ways to decouple the system (2.4) to get a formally
second order scheme. These are respectively projection methods bases on: (1) accurate
boundary conditions for the intermediate velocity field [13]; (2) accurate pressure boundary
conditions [16]; (3) pressure increment formulation [2, 24]. Below is a summary of these
methods.

(1) Projection method based on accurate boundary conditions for the intermediate ve-

locity field (Kim and Moin’s method [13]):

u* — u" n+1)2 n+1/2:Au*—|—un
NS + (u V)u —
u* +u” = AtVpr Y2, on 0f),
(2.12) ut = w4 AtVpr /2
V-aurtt =0,
n+1/2
apaT = 0, on 0.

In this formulation, homogeneous Neumann boundary condition for pressure is retained. An
inhomogeneous boundary condition for u* is introduced so that the slip velocity of u™*! at
the boundary is of order At%.

Remark.  The nonlinear convection term (u"'/2.V)u"+/2 can be treated in many
ways. In Theorems 2 and 4, we use an explicit Adams-Bashforth formula, %(U”V)u” -
$(u"™1-V)u"~!, which is the one used by Kim and Moin.

It is readily seen that the projection step enforces

optt _opt _ o’ _
on  on  On

(2.13) 0, ondQ

for the numerical solution. In general this is not satisfied by the exact solution of (2.1).
Therefore we expect that g’% has O(1) error at the boundary. As will be seen in §4, this

causes u* and p” to have numerical boundary layers.



(2) Projection method based on accurate pressure boundary condition [16]:

ut —u" n+1/2 gy ntlje _ AW U
e + (u V)u A72 ,
u* =0, on 0,
(2.14) w* = ut o+ AtVpr
V-urtl =0,
B n+1/2
p@n = —n-[Vx(Vxu*)],  ondQ.

In this formulation, the homogeneous Dirichlet boundary condition for the intermediate
state u* is retained. An inhomogeneous Neumann boundary condition for pressure is in-
troduced so that the slip velocity of u™! at the boundary is of order O(At?).

The boundary condition for pressure in (2.14) is motivated by the first relation in (2.8).

Notice that imposing (2.8) directing may not be consistent with the Poisson equation for

pressure

1
2.1 ApTl — — V.t
(2.15) p AtVu
which implies

8p"+1

2.16 ds=0.
(2.16) | s

However, the revised form of the pressure boundary condition is guaranteed to be consistent
with the above relation. For more discussion see the end of §5.
(3) Projection method based on the pressure increment formulation: [2, 3, 24]

“*;tun 4 (W22 g2 Au* ‘;un 7

u* =0, on 0},

(2.17) u* = u"t 4 Ap(Vpr /2 — ypn—1/2)
V-urtl =0,
B n+1/2
p@n =0, on 0Q).

10



Again the spurious slip velocity of u™*! at the boundary is of order At?, and the numerical

solutions satisfy (2.13). If we let @ = u* — AtVp™~ /2 in (2.12), then we have

a—u” u+u At

o NN DL A Vs + AV,
u+u"=0, on 01,
(2.18) ut = w4 AH(VpT2 - pn—l/2)
V-au"tt =0,
829;7-:/2 =0, on 02 .

Except the last term is the first equation, this is basically the same as (2.17). This suggests
that (2.17) should behavior similarly to (2.12). Surprisingly enough, (2.17) exhibits some
peculiarities not shared by either (2.12) or (2.14). This will be the subject of a subsequent
paper [8].

§2.2. Spatial discretization

The remaining task is to solve the Poisson type equations in (2.6)-(2.7) etc, instead of
the coupled system of Stokes-like equation in (2.3) and (2.4). Any of the popular methods,
such as finite difference, finite element, spectral, or spectral element, can be used for this
purpose. In many cases, fast Poisson solvers or domain decomposition methods can be used
to drastically speed up the calculation. When the Reynolds number is large, the NSE are
effectively convection-dominated. Omne can then borrow the techniques developed in the
numerical solutions of hyperbolic equations or compressible flows. Such examples can be
found in [2, 3, 17].

As an example of how the fully discrete schemes can be analyzed in the same fashion
as the spatially continuous schemes, we will consider in the Appendices the well-known
spatial discretization scheme: centered difference on a staggered grid (also known as the
MAC mesh), coupled with the time-splitting schemes.

An illustration of the MAC mesh near the boundary is given in Figure 1, following the
presentation of [1]. Here pressure is evaluated at the square points (4,j), the u velocity

at the triangle points (i & 1/2,j), and the v velocity at the circle points (7,5 + 1/2). The

11



D D D D D
Jtlm A m A m A B A m
D D D D D
i,j+1/2
J 1 A0 A0 A0 A0
Pij  Wit1/95
:) L/ L/ L/ L/
j-lg—aAn B3 A B A B A 8
1—1 7 1+1

Figure 1: The MAC mesh

discrete divergence is computed at the square points:

Uir1/2,5 — Wi—1/2,5 4 Vi j+1/2 = Vij—1/2

(2.19) (VU)ZJ = AQS‘ Ay

Other differential operators are discretized as:

(2.20)
W3y — 22 T Uic1y2  Wik1/2,+1 — 2Uik1/2,5  Uit1/25-1
(Au)it1/25 = Ap? + Ay? ,
A _ Uit1+1/2 — 2ui,j+1/2 T Ui—1j+1/2  Vij+3/2 — 27}i,j+1/2 T Vi -1/2
(Av); jp1/2 = Al + Ay2 ,
_ Pit1,j —Pij
(Pz)z‘+1/2,j Y
(2.21)
(Py)i s _ Dij+1 — Dij
y)i,j+1/2 Ay )
(2.22) Ujj+1/2 = %(uz‘+l/2,j + w125 + Wig1/2,541 + Uic1/2,541) 5
Vit1/2,j = %(Uz‘+1,j+1/2 + Vip1j-1/2 T Vig+1/2 + Vij—1/2) -

12



Qi43/2,5 — @i—1/2,5 Qit1/2,5+1 — Ai+1/2,5-1

(w-Va)it1)2; = Uit1/2,5 N T Vit1/2,5 20y
(223) e bi+l,j+1/2 — bi—l,j+1/2 bi,j+3/2 - bi,j—1/2
(U'vb)i7j+1/2 = Ujj4+1/2 N +'Uz',j+1/2 2Ay
(2.24) Ni(u, @) = (w-Va)ip1/2,5, (wVb);j112)

Clearly the truncation errors of these approximations are of second order.

The boundary condition v = 0 is imposed at the vertical physical boundary, whereas
v = 0 is imposed at the “ghost” circle points which are Axz/2 to the left or right of the
physical boundary. Similarly the boundary condition v = 0 is imposed at the horizontal
physical boundary, but u = 0 is imposed at the “ghost” triangle points with a distance of
Ay/2 away from the physical boundary.

Notations: We will use C' to denote generic constants which may depend on the norms

of the exact solutions. Norms will be taken over the entire domain 2.

83. Summary of Results and Outline of Proofs

For simplicity of presentation, we will concentrate on the situation when Q = [—1,1] X
[0, 27] with periodic boundary condition in the y direction and no-slip boundary condition
in the z-direction: w(z,0,t) = u(x,27,t),u(—1,y,t) = 0,u(l,y,t) = 0. We will use XY
to denote the part of the boundary at x = +1. We will always assume that Az ~ Ay
and h = min(Ax, Ay). Extensions to general domains will be discussed in §7. We will
concentrate our discussions on the spatially continuous schemes since the main issue is in
the time-discretization, as we have illustrated above.

The main results of this paper are the following (the constants are independent of At
and h):
Theorem 1. Let (u,p) be a smooth solution of the Navier-Stokes equation (2.1) with
smooth initial data u®(x) and let (uas, pat) be the numerical solution for the semi-discrete

projection method (2.6), (2.7) and (2.10). Then we have
(3.1) lu — watllpoeo,rL2) + A2 ||p — patllrzo,rey < CAL,

13



Furthermore, if u®(x) satisfies the compatibility condition
(3:2) w(@) =0, dyp(w,0) =d3,p(@,0)=0, ondQ,

then we have

(3.3) lu — wnrl e + AY2|p — patllre < CAL,
(3.4) P — pat — pellLe < CAL
where

e e 1/2
pe(,1) = A2 WA gp (o — A2,y 1)

e _ /
+At1/2;e HUAEE 5 pag(e + A2y, 1),

Remark. It is rather common to require compatibility conditions on the initial data
for the convergence of numerical schemes, although here we require more than necessary.
We refer to the work of Heywood and Rannacher [11], and Okamoto [15] on discussions of
minimum compatibility assumptions.

Theorem 2. Let (u,p) be a smooth solution of the Navier-Stokes equation (2.1) with
smooth initial data u®(x) and let (uas, pat) be the numerical solution for the semi-discrete

projection method (2.12). Then we have

(3.5) lw —unllpoe(o,m;02) + Otp — patll Lo o,m;2) < CAt?,
Furthermore, if u®(x) satisfies the compatibility condition

(3.6) 8?18;‘21&0@) =0, ondQ, fora;+a<6,
then we have

(3.7) 1w — wnillpe + At32|p — padllpe < OAE?,

(3.8) max Ip— patl < CAL?,
dist(x—8'Q)>Nt1/?

14



(3.9) lp — pat — pellpe < CAL,

where
At V2 s e
pe(@l) =5 A TC VR g p (= A2y, )
At V2 s 1/2
g e VA i+ 582 0),

Remark. Appendix 3 contains a discussion on how to remove the next order boundary
layer errors in the numerical approximations of pressure to get uniform O(At?) convergence
rate.

Theorem 3. Let (u,p) be a solution of the Navier-Stokes equation (2.1) with smooth initial

data u®(x) satisfying the compatibility condition
(3.10) u(x) =0, 9p(x,0)= Ogyp(m,O) =0, ondQ,

Let (up, pp) be the numerical solution of the projection method (2.6), (2.7) and (2.10) coupled

with the MAC spatial discretization. Assume that At << h. Then we have

(3.11) w —wp|| o + A2 |p — prllze < C(AE+ R?),
(3.12) [P —pn — pellre < C(At+R?),
where

pe(x,t) = INE Be—

ex —1

e~ele= WA pr gy (2 — AEY2 g, 1)

(3.13) @ Al/2
+AL2 fo T VAT D py (2 + ALY,y 1),
At1/2 A;p2 Ax —alz/Nt2\—1
o= — arccosh(l—l—QAt), ﬁ:Atlﬂ(l_e / )

Theorem 4. Let (u,p) be a smooth solution of the Navier-Stokes equation (2.1) with smooth

initial data u®(x) satisfying the compatibility condition

(3.14) 83?1852u0(m) =0, ondQ, fora;+ay <6,

15



Let (up,pn) be the numerical solution of the projection method (2.12) coupled with the MAC

spatial discretization. Assume that At? << h. Then we have

(3.15) [w — wp L + A ||p = phll Lo + Atllp — pallpesorr2y < C(AL2 + h?).
(3.16) 1P — ph — Pellpe < C(At+ h?),
where
e —a|z— / z

pe = At/? 660‘——16 o=t/ At 2D+ph(m_At1/27yut)

(3.17) oo ”
+At? | e~ letU/AEE DT gy (2 4+ A2y, 1),
At/? Az? A
a= ! arccosh (1 + —w), B = _33(1 - e_an/Atl/Q)_l .

ANz At

Remark. We refer to §7 for extensions to general domains.
There are three major steps in the proofs of these results. Here we illustrate these steps
for the first order scheme (2.6), (2.7) and (2.10).
Steps 1:  Using boundary layer analysis, we construct approximate solutions of the
form (t" = nAt):
U*(x,t") = wiy (e, 1) + A2 wi(e, (z £ 1)/ A2 47) + -
(3.18) U™, t") = ug(x, ") + AtY2 wy (e, (z £ 1) /A2 17) 4 -+

P (x,t") = po(w, t") + AtY? p(z, (x £ 1)/ ALY2 ) + -

satisfying the numerical scheme to high order accuracy:
v-uvt + (U™ V)U™ = AU* + At*f",
At

U*=0, on 0,

Un-l—l _U*

V.Ut =0,

Urtl.n =0, on 09,

U = u® + At*w?

16



where « is a pre-determined number.
Step 2: The L?-stability of these numerical schemes can be proved using energy esti-

mates. Together with (2.6), (2.7), (2.10) and (3.19), we get

[um — U2 < C* ALY,
(3.20) [u* — U*| 2 < CF AL*,

lp" — P2 < C* At

where the constant C* depends on either
lw"llze = sup flu"(:,t)[Le~
0<t<T

or
I llwr0e = sup flu™(,)[lwr.oe -
0<t<T

Step 3: To complete the proof, we need to:

(1) Establish a priori estimates on ||u" |z or ||u"|y1.00;

(2) Convert the L? estimates in (3.20) to L> estimates.

The standard way of achieving (1) and (2) in fully-discrete methods is to use the inverse
inequality:

Junllee < h™Y2||lug| 2

where h is the spatial mesh size, d is the dimension. This is also the major component of
Strang and Michelson’s analysis. This standard trick is used to prove Theorems 3 and 4 for
the fully-discrete schemes. However, this trick cannot be used to prove Theorems 1 and 2
which deal with the spatially continuous schemes. In this case, we get (1) and (2) directly
by using careful a priori estimates and the regularity theory for elliptic equations.

The actual proofs are quite complicated. In the next section, we provide the detailed
proof of Theorem 1. The proof of Theorem 2 is analogous although some details in estimates
are different. This is done in §6. The fully-discrete schemes and the proofs of Theorems 3

and 4 are left to the Appendices.
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84. First Order Schemes Without Spatial Discretization

We will concentrate on the following version of the first order projection method:
* n

u —u

n' n:A*
i + (u"-V)u u”,

u* =0, on 02,

(4.1) w* = u"t + AtVpn,
V-au"tt =0,
8 ‘o
% =0, on 0f).

The corresponding fully discrete scheme with the standard MAC spatial discretization
will be studied in Appendix 1. Many variants of (4.1) are possible. Some of them are

discussed in the next section.

§4.1 Asymptotic Analysis of the Numerical Solutions
Denote the solutions of (4.1) as (ua¢, wh,, pat). Motivated by the discussions in §2, we

make the following ansatz, valid at " = nAt, n=1,2,---

up(@,t) = ug(a,t) + Y e’ [uwj(@,t) +aj(§,y,0)],
j=1

(4.2) upi(x,t) = ug(x, t) —I-Zsjuj(m,t),
j=1

pAt(mvt) = pO(mvt) + ()00(57y7t) + Zaj[pj(m,t) + ij(fayat)] .
j=1

Here ¢ = AtY? ¢ = (z + /e, u; = (u},vj),a; = (aj,b7),u; = (uj,v;) . We assume
that the £-dependent functions decay super-algebraically as & — 4o00. In doing so, we have
committed our attention to the left boundary at x = —1. Clearly a similar analysis can
be done at the right boundary {x = 1}. Our purpose is to find the coefficients in this
expansion such that the truncated series satisfies (4.1) to high order accuracy. Using the
notation V¢ = (0¢,0), V, = (0,09y), we have

(4.3) Auj, = Agug+ > Ej(Amu; + 5_28526137 + 83,20,;) ,
j=1
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(4.4) V-uAt:Va;-uo—i-ZsjVa;-uj,
j=1

(4.5) Voar = Vapo + 5_1V5g00 + Vypo + Z €j(Vmpj + 6_1V5g0j +Vy95),
j=1

u"t(z) =wug(z, ") + Zsjuj(m,t"+1)
j=1

= Z L s%ugk (x,t") +ZEJ Z g-k)(m,t”).

j=1 kO

(4.6)

In the following we will omit the subscript @ for differential operators with respect to x.
Next we substitute these relations into (4.1) in order to determine the coefficients of ¢/
n (4.2). We get hierarchies of equations by collecting equal powers of e.

The first equation in (4.1) gives:

(4.7) ug = uo ,
(4.8) ul +a] —u; = 8520f{ ,
(4.9) wh 4+ ab — uy + (up-V)ug = Auf + Ag as.
For j > 1,
’ 2
(4.10) Uiio+ Q59— Ujro+ Z(uk'V)uj_k = Auj + 8 ajo+0,aj.
k=0

The second equation in (4.1) implies

(4.11) Uy = Ug,
(4.12) ul +aj =u; + Vepo,
(4.13) us + a3 = ug + dug + Vpo + Vepr + Vypo

For j=20—1,0>1,

(4.14) ]+2 + a]+2 =ujr2 + O + Vpj + Vet + Vyp; + Z ] 2k:+2
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For j =20, 0> 1,
, , 1 (£+1) ‘1 (k)
(4.15) ujio+ajio=ujro+0uj+Vpj+Vep;1+Vypi+ muo + Z T Wi—2k+2
! = k!
From the third equation in (4.1), we obtain

(4.16) V=0, =01,

The boundary conditions become

(4.17) uy =0, Otpo=0, at z=-1, £=0,
(4.18) u;+a; =0, Owpj1+0p;=0, at z=-1, =0,
for j > 0.

Our next task is to analyze these equations to see whether they are solvable. We begin

by noticing that (4.8) and (4.12) imply

(4.19) ul = ug,

(4.20) aj = dfaj = Vepo

since u} and u; do not depend on £. From (4.17), we get

(4.21) a] =0, ¢ =0.

Next we collect the ¢-independent part of (4.9), (4.13) and (4.16) to obtain

8{&0 + Vpo + (’U,O'V)’LLO = A’u,o,
(4.22)

V"u,() =0

The remaining part of the these equations give

(4.23) a3 = 02aj,

(4.24) as = Vepr + Vypo .
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Not surprisingly, the leading order terms in (4.2) satisfy the original NSE (4.22), with the
boundary condition: g = 0 on &'Q. It is natural to associate (4.22) with the initial

condition: ug(x,0) = u’(x). It is easy to see that (4.23)-(4.24) are satisfied if we choose

(4.25) b; = 0, a§ = 85@1 5

(4.26) o1 =071
The boundary condition for (4.26) can be obtained from (4.18) with j = 1:
(4.27) Ocp1 +0zpo =0, at =0, z=-1.
(4.26) and (4.27) imply
(4.28) 1(&,y:1) = Ozpo(~1,y,1) e

So far we have obtained solutions for ug, ug, po, aj, po,as, 1. Let j =1 in (4.10), j = 3 in

(4.14) and j =1 in (4.16), we get:

(4.29) Gpur + Vpr + (uo-V)ur + (u1-V)ug = Auy,

V~u1 ZO,

ai = 02ak,
(4.30) ST
az = Veps + Vypr .

The boundary condition for (4.29) is ui|y = 0. The initial data for (4.29) is u; |[—¢ = 0.

Therefore we have

(4.31) u =0, p=0.

From (4.18) and (4.30), we have

(4.32) Ocpr =0, at xz=-1, &=
The solutions of (4.30) and (4.32) are given by:

(4.33) w2=0, b3=0yp1, az=0.
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These give us (u}, u1,p1, a3, 2). Similarly, we have the next set of equations:

(4.34) drua + Vpa + (uo-V)ug + (u2-V)ug = Auy + A(dyug + Vpo) — 30 uo,

V"u,g :0,

a; = 02a’ + 02a},
(4.35) R A
ay = Vepz + Vyps.

The boundary conditions can be obtained from (4.18) and (4.13):

(4.36) uz +Vpyg+Vep1r =0, at (=0, z=-1,

(4.37) Ocps +0zp2 =0, at (=0, xz=-1.

However, choosing the right initial data for (4.34) is a rather subtle issue. We will defer the
discussion to the end of this subsection.

Notice that (4.36) and (4.27) imply that uy -1 = 0 on §'Q. In general, (4.14), (4.15)
and (4.18) imply that this is true for all u;.

Solutions of (4.35), (4.37) are given by

(4.38) bZ = 0, az = 85@3 .

1 1
(4'39) 903(671%75) = (axPQ + iaxafpo) ‘x:—l et + §axay2po ‘x:—l fe_f.

This set of equations determines (w3, ug, p2, aj, ¢3). If we now look at the next equation in

each of the groups (4.10), (4.14) and (4.16), we obtain

Orus + Vps + (uo-V)us + (us-V)ug = Aug + AVps,

(4.40)

V'U3 = O,
(4.41) a; = 0laj + 0] a3,
(4.42) a; = 85(,04, bg = 8yg03 .
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Usually one would expect that (us,p3) = 0, since they are the coefficients of A2 terms.
But the boundary layer in p gives rise to a nonzero boundary condition for (4.40). This is

seen from (4.14) which for j = 3 reads:

(4.43) uz + a3z = uz + 0w + Vp1 + Veps + Vypr = uz + Vypr .
Therefore (4.18) implies that

(4.44) Us+Vypr =0, at z=-1, £=0.

(4.40) and (4.44), together with a suitable initial condition that matches (4.44) at t = 0,

determine (w3, p3). This in turn determines the boundary condition for ¢y
(4.45) 85(,04 =—0p3 at £&=0, xz=-1.

(4.41) and (4.45) can be solved for ¢4, etc. This set of equations determines (uj, us, ps,

at, p4). Obviously this procedure can be continued and we obtain

(4.46) aj = Ogpj—1, b =0ypj2,

(4.47) ;= 080; + 002
/2]

4.4 =3 Faletet

(4.48) Yj = Z se(y)ETe s,
k=0

Now if we let
2N

U* = uS—l—ZE](u; +aj),
j=1

2N

(4.49) U =up+) el
j=1

2N

P*=po+ Y el(pj+ o)+ oana,
j=1
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then we have
u*-un

UV = AU+ AN f

U*=0, on 9'Q,

(4.50) U* = UL 4 AtV P 4 AtV 2g,
vV.Urtt =0,
op"

=nU"' =0, ondQ

on

where the coefficients f 5 and g, are functionals of (ug, pg). They are bounded and smooth
if (ug, po) are sufficiently smooth.

We now come to the choice of initial conditions. If we do not require extra compatibility
conditions for the initial data u" (), then to have solutions (us, p2) that are smooth at ¢ = 0,
we need to choose an initial data for us that matches (4.36). While there is no difficulty in

doing this, it restricts the approximation of the initial data to

(4.51) U(zx) = ug(x,0) + Atw’(x)

0

where w? is a bounded function. This is enough for proving the L? estimate, but not enough

for proving the L* estimate.
However, if we assume that the initial data u®(x) for NSE (2.1) satisfies the following

compatibility condition

(4.52) u’(x) =0, po=0, ondQ,

then we can choose

(4.53) uz(x,0) =0

since

(4.54) U2 |z=—1,t=0= — VD0 |z=—1,t=0 —Ve@1 ¢=0,t=0 = (0, =0ypo [z=—1,1=0) = 0.
Likewise, if we assume

(4.55) 8,0,p0 =0,  on dQ
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then we have
(4.56) uz(x,0) =0.
Hence we have

(4.57) U(x) = ug(x,0) + At*w’(x)

0

where w" is a bounded function.

84.2. Proof of Theorem 1

Proposition 1.  Let u”, u* and p™ be the solution of (4.1). Let U™, U*, and P™ be the

constructed approrimate solution satisfying
us-un

ur-v)u" = AU* + At f"
e+ (U") -8 p,

U*=0, on 0},

Un+1 _U*
T + VP" = At? n’
(4.58)
V.Ut =0,
oP"
=U""ln =0, on 0N,
on
U =u + At* w’
and
(4.59) max U™ () e < CF, a>1/2.

ogng[m}ﬂ

Then for 0 <t < T we have

1/2
(4.60) [u™ — U™|| 2 + A2 <Z p" — P”Hf{lAt> <Cp At?
and
(4.61) |w” — U"|| g + At ||p" — P"|lyrice < Cy At™H?
where
1/2
(4.62) Cy =C |w’|r2 + C(CY) <Z At F M7 + g™l 2 + Atlla”ll#)) :
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Here C and C* are constants and n < [%} + 1.

Proof:  Assume a priori that

4. e < C.
(4.63) Ogg@llu [Le <C

In the following estimates, the constant will sometimes depend on C* and C. Later on we
will estimate C'.

Step 1. Basic Energy Estimates.  Let
(4.64) e"=U"—u", e =U"—u", qg" = P" —p".

Subtracting (4.58) from (4.1) we get the following error equation

e* —e”

At

+ (" V)U" + (u"-V)e" = Ae* + At f",

e =0, on 99,

en—l—l —e" n a, n
V-ertl =0,
e"tln=0, on 99,

e’ = At* wP.
Taking the scalar product of the first equation of (4.65) with 2e* and integrating by parts,

we obtain

(4.66)
le*||2 = [le™]| > + |le* — e™|| > + 2t | Ve*||

< APTH 2+ At ||let]|? — 24t /Qe*-(e”-V) U"dx — 2/t /Qe*'(u"-V) e"dx
<AL 2+ At |ef||2 4+ C At Jlet|] e + 24t /Qe”~(u”~V) e dx
< ALY 2 4 CF At [le¥]| 2+ (CF + C2) At |len]| 2 + At || Ve*| 2.

Taking the scalar product of the second equation of (4.65) with 2e"*! yields

(4.67) le™ 12— fle”[|* + [le"™! —e*||* < At e" | + At lg™| 2.
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Combining (4.66) and (4.67), we get

le™ H|? — [le™]|* + [le* — ™| * + [le"*! — e[ + At ||[Ve*|?
(4.68)
< C AL (eI + [ler]|?) + A1 + g™

Applying the discrete Gronwall lemma to the last inequality, we arrive at

1/2
(4.69) le™ || + At (| Ver|| + <Z(Ile* —e"[[? +[le" ™ — e 2)) < A,

n

Hence, from the second equation of (4.65), we have
1/2
le|| + A2 <Z g™ | 71 At) < O A

We have proved (4.60), assuming that C in (4.63) is bounded independent of At.

Step 2. L*°-norm Estimates.  Taking the divergence of the third equation of (4.65)

we obtain
V-e*
Ag" = — AOV.g"
q N V-g",
(4.70) n
% =0, on 0.
on

Without lose of generality, we can normalize the pressure, such that [, ¢" de = 0. Applying

standard regularity theorems to the above Neumann problem, we arrive at

(4.71) lg" | > < C AT Ver ||+ C A" < CLt* /2.

From the second equation in (4.65) we also have

(4.72) Ve | < |[Ver| + At (g™ gz + At g™ < CrA T2,

From the first equation of (4.65) and (4.71), (4.72), we obtain

(473) A < Atler — e+ C (€] + Ve + A7) < Craet
This implies

(4.74) le*|| gz < CLAtT.
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Using Sobolev inequality, we get

(4.75) el < [le*[[/2 [le*|lyfz < Crstnt2.

From (4.70), we have

(4.76) 1A < A el + At g™ a2 < CLAE2,
This implies

(4.77) lg" [l s < CLOE 2.

Notice that the second equation of (4.65) gives

(4.78) IVg"l 2 < At e — e[| + At g2 < CrAt !
Therefore with Sobolev inequality, Poincare inequality and (4.77) we have
(4.79) I¥a" |z < V"M 1V4" [ < Crosee=™".
Using the second equation of (4.65) one more time, we get

(4.80) €™ poe < [l€¥[|zoe + At [|Vg" ||z + At |g" | < CLALTY2,
Since a > %, if we choose At small enough, we will always have

(4.81) " ||pe < 1.

Therefore in (4.63) we can choose

(4.82) C=14+ max |[|[U"()|r>
n<1+[ %]

which depends only on the exact solution (u,p). This proves (4.61) and (4.62).

Proof of Theorem 1: Now, we simple use the above proposition and chose N = 3 in

the expansion (4.49) we have

(4.83) [ = U™ oo 0,72y + A8 2" = P 20,7512y < CAL
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But the boundary layer terms in P™ can be estimated as

(4.84)
1/2
Ip(t) = PMlz2orinyy < (ZHN”%’{‘IIQN>

1/2

1/2
= At (Z [ ) = A3/ (Z BN QAt) < OAB/A,

Combining (4.83) and (4.84) we obtain (3.1). Clearly (3.3) is a directly consequence of
Proposition 1.

Recall the expansion
(485) pAt(:Ba t) = pO(:Ba t) + Atl/Qapo(_]_’ Y, t)e_5 + O(At)

To get a uniform approximation for the pressure we need to subtract from pa,; the second
term in the right hand side. Note that this term involves py which is not known. We need
to approximate it by the numerical solution pa;. This can be done using (4.85) evaluated

at © = —1+ AtV/2:

(4.86) 10upnt(—1 4+ A2y t) — (1 — e Hapo(—1,5, )] < AtH/?

Hence we get

(4.87) pac(x,t) = po(zx,t) + Atme_% ar(—1+ A2y e + O(At)

This proves (3.4).

§5. Effects of Numerical Boundary Conditions

In this section we focus on the issue which is that main source of confusion in the
subject of projection methods: the boundary condition for pressure at the projection step.
We will examine the effect of different boundary conditions on the accuracy of the numerical

approximations using the explicit asymptotic analysis presented in the last section. As we
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have seen earlier, the Neumann boundary condition for pressure leads to numerical solutions

with the following asymptotic form (¢t = nAt):
u(x) = u(zx, t) + Atug(x,t) + AtPug + - - -
(5'1) u*(m) = u(m7 t) + At [UE(% t At) + a;((x + 1)/At1/27 Y, t)] to
p" (@) = pla,t) + A2 o1 (x4 1) /A2y, 1) + At py(m, ) + -
We see that boundary layer terms of the order AtY? and At appear respectively in the
pressure approximation and the intermediate velocity field, whereas the projected velocity

field does not have numerical boundary layers.

Let us now replace the Neumann boundary condition (2.10) by a Dirichlet boundary

condition:
a n
(5.2) %:0, on 0f2,
or more specifically
(5.3) p" =0, ondf.

To analyze the boundary layer structure of the resulted scheme, we proceed as in §4.1 and
make the same ansatz as (4.2). Equations (4.7)-(4.16) remain valid. However, the boundary

conditions are changed to

(5.4) uy =0, po+eo=0, at z=-1, £=0,
(5.5) u;+a; =0, pj+¢;=0, at z=-1, =0,
for j > 1.

We still have (4.22), which together with the boundary condition ug |go= 0 and initial

condition determines ug and pg. This in turn gives the boundary condition for ¢q:

(5.6) @0 le=0 = —P0 |le=—1 -
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Going back to (4.20), we obtain

(57) CLT = 85900 5 bT = 0)

(58) @0(5,:{/,1&) = _pO(_lvyvt) €—§ )

Although (w;,p;) still satisfies the same equations (4.29), u; no longer vanishes at the

boundary. Instead, we have

(5.9) (u1,v1) lz=—1 = (=00 l¢=0,0) = (=po(—1,9,1),0).

This implies that in general, we will have (u1,p;) # 0. Therefore the numerical solution

with the boundary condition (5.3) will have the following form (¢t = nAt):

u(x) = u(x, t) + At 2w (@, t) + - - -
(5.10) u* (@) = u(@,t) + At (uj(x,t) + aj(&,y,1) + -

p(x) = p(@, 1) + o (&, y,1) + A2 (pr(, 1) + po(&, y, 1) + -+

As a result of using the Dirichlet boundary condition (5.3), not only the accuracy of the
pressure approximation deteriorates to order zero because of the appearance of O(1) nu-
merical boundary layer, the overall accuracy of the velocity approximation is also reduced
to O(Atl/ 2). Note also that the leading order error term in the velocity is not of boundary
layer type. Clearly the boundary condition (5.3) is a bad choice.

A potentially better choice is suggested by (2.8):

(5.11) 88% =t-Au", on 092 .

This may not be consistent since §;, %Lgds = 0, whereas the line integral of t-Au"™ over 052

may not be zero. Therefore we replace (5.11) by

op™ 1
5.12 — =t-Au" — —— t-Au")d o)
(5.12) o u Eq) aQ( u")ds, on

whereas |02 denote the total length of 0f). For the geometry we are considering, this
becomes

27
(5.13) (41, y,t / Av"(£1, 2, 1) dz—Qi Av"(£1, 2, ) dz .

™ Jo
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To see the effect of this boundary condition, we follow the same procedure as described

above. Again, (4.7)-(4.16) remain valid whereas (4.17)-(4.18) are changed to
(5.14) uy=0, wui+a=0, at z=-1, £=0,

2m
(5.15) (pj +¢)(—1,y,t / Avj(—1,2,t)dz — 2i Avj(—1,z,t)dz,

™ Jo

for j > 0. The leading order (wo,po) still satisfies (4.22) which in turn determines the

boundary condition for ¢g. Notice that at x = —1, (4.22) implies
(5.16) Oypo = Avg
Consequently we have (from the periodicity in y)
27
(5.17) ; Avg(—1,y,t)dy =0, —1,y,t / Avg(—1,z,t)dz
Hence we obtain
(5.18) wo=0 at £=0.
Going back to (4.20), we get
(5.19) a; =0, ¢y =0.
We now turn to the next order terms. Obviously we still have
(5.20) u; =0, p=0.
Hence we get from (4.23), (4.24) and (5.15)
(5.21) v1=0, a3=0.
In general we will have
(5.22) w2 #0, a3#0,
so are the higher order terms.
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We conclude that with the boundary condition (5.12) or (5.13), the numerical solutions

take the following form (t = nAt):

u* () = wo(x, t) + At us(x, t) + O(ALY?),

(5.23) w'(x) = ug(, t) + At ug(x, 1) + O(AL?),

—

p"(@) = po(®, 1) + At [pa(@,t) + pa(, 1)) + O(AEY?).
We see that the effect of (5.13) is to suppress the leading order boundary layer terms in
(5.1).
To obtain an improved Neumann boundary condition based on the first relation in (2.8),

let us observe that p™ satisfies the Poisson equation

n 1 *
(5.24) Ap" = - V-u

which implies

op™ 1 * _
(5.25) /{)Q%ds——m/aQu-nds—O.

Direct imposition of

op™

(5.26) o

=n-Au*, or n-Au", on 02
may not be consistent with (5.25). However, since

(5.27) Au=V(V-u) - Vx(Vxu)

and V-u" =0, V-u* ~ 0, we can use instead

(5.28) aa% = —n[Vx(Vxu")], on 99,
or
(5.29) aain =-—n[Vx(Vxu")], on 0.

It is easy to check that both (5.28) and (5.29) are consistent with (5.25) and lead to (5.23).

However, to rigorously justify these asymptotic analysis is still an open question.
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86. Second Order Schemes without Spatial Discretization

In this section we carry out the same program as in §4 for Kim and Moin’s method,
(2.12). Again, we will concentrate on the time-discretized version and leave the fully dis-
crete scheme to Appendix 2. The second order projection method with pressure increment
formulation will be dealt with in a subsequent paper [8]. Analysis for the improved pressure

boundary conditions still remains open.

86.1. Asymptotic Analysis of Kim and Moin’s Method

Here we will leave out the nonlinear term since it does not affect the major steps but
complicates substantially the presentation. The reader can readily fill in the missing terms
when any standard second order approximation of the nonlinear term is added in.

We begin with the following ansatz:

u*(x) = uj(x,t") +Z€J i(x,t") +aj (&, y,t")],

un(m) = uO(m¢tn) + Zsjuj(m,tn) )
j=

P (@) = ol ")+ 30l 1) g )

(6.1)

Here again we set ¢ = At'/2 € = (x4 1)/e, " = nAAt, t"71/2 = (n — 1/2)At, n = 1,2, -
Substituting (6.1) into (2.12) and collecting equal powers of €, we get the following equations:

From the first equation in (2.12), we get

(6.2) uy = o,

(6.3) uj +aj —u = ;07 aj,

(6.4) us +a; —up = %(Aug + aga; + Auy) .

For 7 > 1,

(6.5) Wiy s — ujen = (M) + 025, + 0703 + Auy).
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From the third equation in (2.12), we get

(6.6) ul +aj =uy,
(6.7) uE + a§ = ug + Orug + Vpg + Vggol ,
(6.8) u3 + a3 = uz + dur + Vp1 + Vepa + Vypr .

For j = 20,0 > 1,
Uit aj, =ujiot Oyuj + Vpj + Vet + Vyp;

1 wiH)
+(£+ +Zkl J= 2k+2+2£g| +22kkl J 2k

¢
1 k k
+ kz—:l M(szgfzm + Vy%og'—)%) .

For j=20+4+1,0>1,

uiiotai, =ujp+ Oyuj + Vpj + Vepir1r + Vyp;

1 041
(6.10) + ®

+Z A )2k+2+ Z 2kk.| Vp§ )2k+V£SDJ *) )

okt1 T VP o) -

From the incompressibility condition, we get
(6.11) Vaul=0, for j>0.

The boundary conditions imply that for z = —1, £ =0,

(6.12) up +uy =0,
(6.13) u; +uj+a; =0,
(6.14) uy +uy +ay = Vpo + Vepr .
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(6.15) uz +uj + a3 = Vpy + Ve + Vypr;

for j =20, £ > 2

. (-~ 1 (¢-1)
ujt+uj+a; =Vpio+Vepj1+Vypj o+ 20-1 (1 — 1)IVP0
(6.16) 22 L)k =1 k
-1) i (-1) k k
+ Ll Vpg»_)zk_2 + Z 2k—k!(vé¢§'_)2k_1 + Vng_)qu)?
k=1 k=1
for j=20+1,0>2
uj+uj+aj =Vpjo+ Vepj1+Vypo
(6.17) = (—k
k k k
+ Z 7ol (Vpg-_)gk_g + vﬁ@g'_)gk_l + vy(pg'—)Zk—Q);
k=1
and for 7 >0
(6.18) Ozpj + Ogpjv1 = 0.

Next we go through all these equations, order by order, to see if they are solvable. Since
this is very similar to what we did in §4.1, we will only give a summary of results.

The coefficients in the expansions (6.1) can be obtained successively in the following

order:

(6.19) uy(x,t) = ug(x, t),
(6.20) uj(x,t) = uy(x,t),
(6.21) a; =0,

Orug + Vpo = Auy,
(6.22) Vg =0,

ug =0, 0n8,Q,

36



(6.23) uy = uz + dyuo + Vpo,

_ 192
(6 24) Y1 = §a§ ©1,
Ot le=0 = —02D0 |a=—1,
1 —V32e
(625) Y1 = ﬁaxpo |z:—1 € 5
(6.26) a = depr, b =0,
Our + Vpr = Auy,

Uy |yq=0, wui(x,0)=0.
This implies
(6.28) u; = O, pP1 = 0.
We next have:

(6.29) u3 = uz,

(6.30) w2 =0, a3=0, b3=0,p1,

at’UQ + Vpg = AUQ + %A(@tuo + VPQ) — %8t2u0 — %atVPo y
(6.31) V-uy =0,
U [5q=0, wua(z,0)=0.

This also implies

(632) U = 07 p2 =V,

1 2 2
w3 = 5(0¢ps + 0, ¢1),
(6.33) 2 v

Ot 3 |e=0 =0,
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(631 ea(€.901) = G0 o=t (55 +8) eV,
(6.35) 0} = degs + 50, B =0,
(6.36) uy = ug + %u((f) + %Vp((]l) ,

(6.37) uz =0, p3=0,

(6.38) 01=0, at=0, b:=0yps+ %aycpgl) ,
(6.39) us = us,

Orby + Vpy = Auy + %A(u((f) + Vpél)) — %u((]?)) - %Vpém )

(6.40) Veouy =0,

Uy |o——1= =50 (Vpo + 5Vep1) [o——1,6—0 -
In the last equation, there is a similar boundary condition at x = 1. With a suitable initial
data, (6.40) has a smooth solution. Again we will defer the discussions on choosing the
initial data until the end of this subsection.

Continue in this fashion, we obtain

s = 3(0205 + 023) ,

(6.41)
85905 |§:0 = —0uP4 |z=—1,
* 1 3
(6.42) ag = Ogps + 5353&037 bg =0,
" w1 @ lo @)
(6.43) Ug = Ug + Uy + gl + Vpy + ngo ,
Oyus + Vps = Aus
(6.44) Veus — 0,

U5 |p=—1= —30:Vyp1 lo=—1,6=0 -
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Notice that as in the case of the first order scheme, we generally have (us, ps) # 0, because

of the contributions from the boundary.

w6 = 5(02¢p6 + 0 ¢4) ,

(6.45)
85906 |§:0 = —0zPs |m:—1,
. . Ly
(6.46) ag = Ogpe, by = Oyps + 533/903 )
(6.47) uz = ur + dyus + Vps,
By + vpﬁ — Aug + 1 A(@tu4 + Vps + 2ul? + Lvpl)
u® L 2 (3) (1)
e = gl gl -
(6.48)
V"u,ﬁ = 0,
Ug |z=—1= in((?) |lz=—1 —‘v6901 |£ 0 -
o7 = 5(02 07+ 02¢s) ,
(6.49)
85907 |§:0 = —O0zPs6 |m:—1>
3
(6.50) Z 2%,85% oks D5 = Oy6,
1 1
(6.51) uf = us +ug’ + Sl + g + Vps+ Vp(l) - 48Vp83) ,

drur + Vpr = Aur + SA(Ohus + Vps) — Jul? — Lvpll)
(6.52) Veur =0,

1y, M 5,

ur |:c:—1 = w5 — @3 + 5P ) |r:—1,§:0 :

In general, if we let

(/2]
1
(6.53) (D Z 2]%'905 )2k ©j + 3t§0g 2+ 83,52903'—4 4+
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such that {v;};>4 satisfies

1752 2
©j = 3(0¢p; + 9y pj-2),
(6.54) i = 3(0¢p; + 0 pj—2)
O0cpj le=0 = —0xPj—1 |a=—1

and ¢; decays exponentially as § — +o0o. Then we have
(6.55) a;f = 8§¢j_1 s b; = 8y¢j_2 .

Clearly aj also decays exponentially as { — +0c0. On the hand (uj,pj) solves a system of
linear Stokes equations with source terms.

Now if we let
2N

U* = uo—kz.ej(u;f +aj),
j=1
2N

(6.56) U =ug+ ) elu;,

J=1

2N
P2 = o+ 3 el (py + ) + e M pana
=1

then we have

Ur—-ur U 4 U" N-1/2
o =AT— A s

U*+ U™ = AtVP1/2 on 99,

(6.57) U* = UL 4 AtV P2 4 AN 2g
V'Un-i-l - 07
aPn+1/2

=n-U" =0, on 0f)
on

where fy, gy are bounded and smooth if (ug,pg) is sufficiently smooth.
As in §4.1, if we do not assume any compatibility condition for «°, then the smoothness
of (u4,p4) at t = 0 requires us to choose initial data for (6.40) such that it matches the

boundary condition in (6.40). This restricts the approximation at t = 0 to

(6.58) U(x) = u(z) + At (z)
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0 is a bounded function.

where w
However, it is straightforward to check that under the compatibility conditions stated

in Theorem 2, we can choose
(6.59) ug(x,0) = us(x,0) = ug(x,0) = ur(x,0) = 0.
Consequently, we have

(6.60) U(x) = u’(x) + At*w’(x)

0

where w" is a bounded function.

86.2. Proof of Theorem 2
As in the proof of Theorem 1, Theorem 2 is a direct consequence of the following result,

together with (6.56) with N = 5.

Proposition 2.  Let u", u* and p" be the solution of (2.12) with initial data u®. Let U™,
U*, and P™ be the constructed approximate solution satisfying

Ux—un U+U" 3 1. .
z - A7 _Z(n. ny —(yrnL. n AN A

: 5 2(U V)U—|—2(U V) U™ + At f™,
U +U"=At VP Y2 onoQ,

Un-l—l _U*

n+1/2 _ o n

V-Urtl =0,
Urtlin =0, on 0f2,

U = u® + At*w?

and

(6.62) max UM |lwie <C*,  a>T/4.
0sn<[Z]+1

Then we have

(6.63) ™ — U2 + At||p™ — P < C1 AL
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and
(6.64) |u™ — U™ oo + At ||p"™ — P"||pprice < C1AEYT/4

where Cy is same in Proposition 1.

Proof: As in the proof of Proposition 1, we assume a priori that
(6.65) (e

for n < {%} + 1.
Step 1. Equation for Error Functions. We first reformulated the Kim and Moin’s

scheme (2.12) by introducing the following new intermediate variables

w4+ ut — At Vpl/2 - 2q*
(6.66) .
U*+U" — At VP12 20

(2.12) becomes

2(a" —um) n—1/2 1 n—1/2)
N +V <p QAt Ap

= Au* — §(u"V) u" + L

n—1 n—1

=0, ondQ,
(6.67)

u" T u — 24
At

+ v(pn—i-l/Z _ pn—l/2) =0,

Vaurtt =0,

u

"tlp =0, ondQ.

The approximation solution (6.57) changes similarly. Let functions
(6.68) e=U"—u", e =U"—a*, =P _pnl2

Subtracting the reformulated form of (6.57) from (6.67), we get an equation for the error
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functions:

(6.69) e"tl L en — 2e*
n+l _ n = A o n
A + V(g q") t*g",
V-e"tl =0,
e"l.n =0, onodN,

e = Atw?.

Step 2. Basic Energy Estimate.  Taking the scalar product of the first equation of

(6.69) with e* and integrating by parts, we get
le*]| — ™ + [le* — e[| 2 + At [[Ve*|?
1
(6.70) < _At/g e* V(¢ — iﬁtAq") dz + C AL £7|2
+CO A ([le™]|* + e 1% + [le*||?) + gt [Ver| %
Taking the scalar product of the second equation of (6.69) with e"*!, we obtain
le™ ™12 — llex]|* + [le"™ —e*[|* — z(lle"™|* — [[e"]|?) — zlle" ! —e||?

(6.71)
< C AL gn||2 + C At [len 2.

Combining the these two estimates we obtain
1
SUe™ I = llem][%) + le” — ]| * + [le™ ! — e

4l —en|2 4 Ve

(6.72)
1
< -At / e*-V(q" - §AtAq”)dw + C AT 2 + g™ P)
Q
+C At ([[e]|* + [le™ 2+ [le*]| 2 + [le" ] 2).
Since
(6.73) 2le* —e™||2 4 2||e" ! —e*||2 = ||e"T! — e"||? + ||e"T + e — 2e*| 2,
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we get
le™ 12— lle™ | + [le™* + e — 27|12 + At [ Ve |2
1
(6.74) g-&ﬁw./efﬁﬂdl—§ﬁnAdﬁdm+%7AtﬂkﬂHQ+He”4H2+HeWHH%
Q

+O AT 2 + [lg™ %) -

To estimate the first term on the right hand of (6.74), we let
* n 1 n
I E—2At/ e*-Viq —§At Aq") dx
Q

(6.75)
= —2At/ e*-Vq"dr — At? / (V-e"Aq"de =1, + I» .
Q Q

Using the second equation and integrating by parts, we can write the first term as
I = —QAt/ e*-Vq" dx
Q

= —At2/ V(g — ¢")Vq" da — Ato‘+2/ g"-Vq¢'dx
Q Q

(6.76) .
= =5 A (Ve 2 = IVe|?)
1
5 A2V = )2 = o172 [ g7V de
Since
1 1
§At2||V(qn+l _ qn)||2 — §||en+1 +en— 26*”2
(6.77) )
+§At2a+2”gn”2+Ata+l/ gn'(€n+1+6n—26*)dm.
Q
We have
(6.78)
L = —%AtQ(HVq"‘HHQ _ ||Vq"||2) + %Hen—kl +em— 2e*||2

1
+§At2a+2”gn”2 —i—Ata—H/ gn‘(en—i-l +en —26*)dm o Ata+2/ gn'vqn de .
Q Q
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Next we rewrite the second term as
I, = —At2/(V~e*)Aq”da¢
Q
1 3 n+1 n n 1 a+3 n n
_ A /A(q — A de — = At /(V-g )Aq" dx
2 Q 2 Q
1 n n 1 n n
= = AP (IAH* = [Ag"1%) + ;A A - ¢")]?
(6.79) 1
——Ata+3/(v-g”)Aq”dm
2 Q
1 n n * 1 (6% n
= = AP(|1AGH 2 = |AGM%) + At [[V-€]|* + A2V -g7||®
1
—Ata+2/(v-g")(v-e*)dm— §Ato‘+3/(v-g")Aq"dm.
Q Q
Combining these two terms we arrive at

1 n n 1 n n
I= =3 AL2(IVg" 1P = Va"|%) — ; A8AG 1 — |Ag”1%)

1
+—|le"t + e —2e*||2 + At | Ve + AtO"H/ g"-(e"! 4 e — 2e*) dx
Q

2
(6.80)
—Ato‘”/gg"-Vq"dm—Ato‘”/g(v-g")(v'e*)dm
1 a+3 n n 1 20+3 ni 2 1 a+l _n| 2
— St [ (V-gAG dz -+ AP IV-g" 2 4 S| A g2
2 Q 4 2
This gives
I < —5A2(IVg 12 = V™| %) — 32851 A¢™H1? — [|Ag™ 1)
(6.81) +3]lentl +em —2e*||2 + At |[Ve*||2 + At|le"t! + e — 2e*|?

F2A8| V|2 + 2081 Agn(|? + 2887 (g™ % + Atllg™ | 7)) -
Going back to (6.74) we obtain
le™ 112 — llem]|* + 5lle"*! + e — 2e*||* + At || Ve*|
FAAL(IVH2 - V7)1 2) + LAR (1A — [Aq])
(6.82)

< APV |12+ A A + O At ([le™]]* + [le™ % + [le™t|?)

FO A £ + Atllg™ || 20) -
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Gronwall lemma gives
(6.83) || + |le*|| + At Vg™ || + A2 ||Ag|| + At || Ve || < CLAte.

Step 3. L°°-norm Estimate.  Taking the divergence to the second equation of (6.69),

we obtain
V-e*
A n+1_n:2 AN v
(g q") . HAVgt,
(684) n+l1 _ n
o™ —=d") _ . onda.
on

We can always normalize pressure such that fQ(q”‘HL — ¢")dx = 0. Applying standard

regularity theorem to (6.84) and using (6.83), we have
(6.85) g™ = q" |2 < CIAQG™ = g™ < Cate2.

The second equation of (6.69) implies directly

[V(emt +em)|| <2|Ve*|| + Atllg"t = ¢"lg2 + At g™ |
(6.86)

< CAtTVRC + AP g" ) -

Obviously, we have

(6.87) Ve < Y |V(eX + e | < &y a2,
k=0

From the first equation of (6.69) we obtain can derive

|Ae*|| < AtHle* — e[+ Clle™|| + [[Ver|| + C At £

(6.88)
< CL A2
Consequently, we have
(6.89) le¥|lg2 < CLAt™32 |le*|lne < CrAte™34,

From the second equation of (6.69), we have
(6.90) IV(g"™" = ¢ < Lot
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and

1A =g g < AT e + At g™ |2
(6.91)

< C A0 + A2 g™ a2) -

Hence, we have

(6.92) lg" ™ = ¢"|gs < CLAETP?
and
(6.93) V(g™ = ¢") e < CrAETT/,

Using the second equation of (6.69) once more, we get

le"™t +eM[re < [ler|lroe + At [[V(g"H = ¢l + At g™ L

(6.94)
< CLAt34
Hence we have
(6.95) ™|z < CLAt*T/4,

As in §4.2, if we chose At small enough, we have ||e"|[p~ < 1. Hence in (6.65) we can
choose

C=1+ max [U"()|z~

nS[%]-i—l
which depends only on the exact solution (u,p). Combining (6.66), (6.68) and (6.95), we

get
(696)  [ju" = U"l|pe + |[u* = U*[[zoe + At|p" = Py < Crost2"7/4,

This completes the proof of the proposition.
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87. Generalizations

Our goal is not to prove the most general theorems possible, but rather to elucidate
the numerical phenomena involved. Nevertheless, we will mention here briefly some pos-
sibilities of generalizing the main results. The proofs of these statements are more or less
straightforward, following the ideas presented above, although the actual details can be very
tedious.

(1).  There is no difficulty in generalizing Theorems 1-4 to three dimensional problems.
Only obvious changes are required for the statement of the results and their proofs. This
also marks an advantage of the projection method: In going from two to three dimensions,
the formulation basically remains the same.

(2). More general spatial discretizations can be considered, such as the spectral
method, finite element method, or more general finite difference method. However, one

has to be careful in the projection step since it is in the mixed formulation:

untl 4 Athn+1 = u*
(7.1) V-uttt =0

8pn+1
o loan =0

The basic stability criteria for mixed problems such as the inf-sup condition has to be
satisfied. In other words, the null space of the discrete Laplacian for pressure may contain
functions other than the constant functions. These so-called “parasitic modes” have to be
subtracted to obtain the pressure approximation (see [1]).

(3).  More interesting is the generalization to general domains. Obviously the stability
and a priori estimates in §4.2 and §6.2 require no change. The changes required for the
asymptotic analysis are described below.

Let € = R(s) + epn, where R(s) is a point at 02, s is the arclength of 0 from a
reference point to R(s), n is the inward normal of 92 at R(s). We will use (s, p) as our
coordinates for the boundary layer terms, and denote by e; and e, the unit coordinate

vectors. This is a well-defined coordinate system near the boundary. It is an orthogonal
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system. The scaling factors h; and ho are given by

Js Os

(7.2) hi = ( 3 op

= Lepr(s), b= (n ) =

where k is the curvature of 92 at R(s), positive for a convex curve. In this coordinate

system, the differential operators take the following form:

1 9, & du @

1+Ep/i%

(7:3) Auls,p) = e(1+¢epr) Os 1+5pﬁa) 8p( 5 8/))]
__ 1 op,  10p
(74) Vp= 1+epr s + 68pep
1 ou
: - (ues - %
(7 5) V (ue +Uep) E(l—’—EpK/){gaS + a [( +5p/€)’0]}

Now we can repeat the analysis in §4.1 and §6.1 using these formulas. Here we will only
outline the necessary changes for the first order scheme analyzed in §4. The interested
reader can fill in the details for the other cases.

The ansatz remains the same as (4.2), with £ replaced by p, y replaced by s in the
boundary layer terms. We should keep in mind that (4.2) is only valid near the boundary
and the vectors are decomposed using the basis {es, e,}. In the interior of the domain, the
numerical solution admits a regular perturbation expansion.

It is easy to see that u}, u;, p;j, j = 0,1,2,--- still satisfy the same equations as in §4,

whereas the equations for the boundary layer terms are changed as follows:

(7.6) at =0

(77) a’; - 8[)2 y Qg = 8—p p
dip1 Opo
7.8 ey 2
Therefore we have
0 _
(7.9) e1(p,s) = 52 lon ¢



For a3 and ¢2 we have

. _ Opo dip1 . 00%a} da}
1 = ——€s, =
(7.10) a; o e, + s a; 902 K o,
dpa
(7.11) B lp)=0=0

From (7.10) and (7.11), we get

1 0
(7.12) 0a(p, s) = iu(s)% o0 (1+ p)e.
We next have
. Op3 O0po dp1
(713) a, = a—pep + (E - pﬁg)es

0a} n daz o2 oas n 0%a}

14 * =
(7.14) % 0p? " p p 0s2

Ops | _ Op2

(7.15) 9 lp=0=— o |90

In a priori, it is not clear whether (7.13) and (7.14) are consistent (which means that we
might have to introduce boundary layer terms in w"). But if we write a} = aje, + bjes,

and use the fact that 8(% = Kep, % = —Keg, we see that (7.14) is equivalent to:

32@Z+ Ppr 0% | Pt 500

1 = _
(7.16) ay a2 K a2 PR 72 + 9905 K 9
(7.17) b = 0%b; P %1 n 9, 01

Op? ﬂ@p@s g(ﬁ Op )
(7.16) serves as the equation for ¢3, together with the boundary condition (7.15). (7.17) is
satisfied by b} = %‘% — pm%%. This procedure can obviously be continued to as high order
as we wish.

In summary, we obtain the following extension of Theorem 1.
Theorem 5. Let (u,p) be a smooth solution of the Navier-Stokes equation (2.1) with

smooth initial data u®(x) and let (way, pa¢) be the numerical solution for the semi-discrete

projection method (2.6), (2.7) and (2.10). Then we have
(7.18) lu — warllpoe o2y + A2 ||p — patllrzo,rey < CAL,
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Furthermore, if u®(x) satisfies the compatibility condition

Op

(7.19) u’(xz) =0, B

(x,0) =0 on 09.
then we have
(7.20) Ju —warllne + A2 |p — padine + 0 — par — pellie < CAL.

where

_ apAt
(@) = At2E

(s,p+ OV 1).

The required change for the extension of Theorem 2 to general domains is more or less
the same.

(4).  One can also consider the generalization to other type of boundary conditions,
including inhomogeneous ones. These generalizations are more or less standard. Of course
if the boundary condition is too exotic, then the analysis becomes nearly impossible.
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Appendix 1. First Order Schemes with Spatial Discretization

We will concentrate on the following version of the first order projection method with

the standard MAC spatial discretization:
* _ om
% +Nh(u”, u") = Ahu* s
u* =0, on §'Q,
(8.1) u* = u"tl 4 AtVp",

1 _
Vh~u”+ = 0,

!
n-u"t! =0, on 0
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where notations N}, Ap, Vi, Viis defined in (2.19-24) and the means of u* |5q = nu™! |5
= 0 is also defined in §2.2.

For a = (a,b),c = (¢,d),u = (u,v), we define the following discrete inner products on

the grid:
(8.2)
N-1 N N N
((017 C)) = AxAy Z Z @i+1/2,jCi+1/2,5 T AzAy Z Z bi,j+1/2di,j+1/2
i=1 j=1 i=1j=1
N-1 N N N
(w, Vip) = Dy Y0 Y ugpiyoj(pisry — pig) + A2 v j1/2(pije1 — Pig)
i=1 j=1 i=1j=1
N-1 N N N
(Vhu,p) =Dy Z(ui+1/2,j - ui—1/2,j)pi,j + Az Z Z(Ui,j+1/2 - Ui,j—1/2)pz‘,j
i=1 j=1 i=1j=1
and discrete norms
(8:3) uf = (w,u)?, e = max |wi ;]

Denote h = min(Azx, Ay).

Lemma 8.1 We have the following

(i) Inverse inequality:
1

(8.4) [flloo < ZIIFI
(ii) Poincare inequality: suppose [ |z—+1 =0, then

(8.5) 1A < VLI
(iii) Suppose n-u |,—+1 =0 ,then we have

(8.6) (w, Vip)) = (Vi-u,p)
(iv) Suppose u |z—+1 =0 ,then we have

(8.7) 2((u, Apu) < [ Vaul® — [|Vh-ul®
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(v) Suppose a |z—+1 =0 and c¢-n |g=11 =0, then we have

(8.8) (@, Nu(u, )| < llell[Vrallllwllwre

Proof :  The proof of (i-iii) is standard. We first show (iv). Summation by parts gives
(8.9)

(u, Apu)) = —||Vu||2 + Z[Uo,j+1/2(vl,j+1/2 - Uo,j+1/2) - UN,j+1/2(UN+1,j+1/2 - UN,j+1/2)]
J

Since v |y—+1= 0, we have

(8.10) Ulj+1/2 = —V04+1/25 UNj+1/2 = —UN41,j+1/2

Hence

(8.11) (w, Apw) = =[[Vaul* + 23 (051172 = 0% j412)
J

But

IVhul® > [Vhull® + ) [(vij412 = voj1/2)* + (On+1 4172 — UNj11/2)°]
J
(8.12)

= [Va-ull® +4D [(vo41/2)* + (vn4154172)°)
j

Combination of (8.11) and (8.12) gives (8.7).
To show (v), denote I = ((a, Ny(u,c))). We have

I = Ag;'Ay Z Ai11/2,5 (ui_f_l/sz(a):Ci_i_l/g,j + 5i+1/27ngCz‘+1/2,j)
4,
(8.13)

+AzAy Z bij+1/2(W; j41/2D0d; j1/2 + Uz’,j+1/2ngz’+1/2,j)
4,J
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Summation by parts gives

I =—Azly)  civ12,51D8 (wir1)2, i1 /2,5) + DY (0is1/2,j0i41/2.5)]
,J

— Az Ay d; 1o DF (U 11720 j4172) + DY (Vi j11/2bi j+1/2)]
,J

(8.14)

1 _ _
+ZA$AZ/ > (lns1,j41/2dN 54172 — UNj+1/2AN11,541/2) DTN 41 j41/2
J

1 _ _
—ZAUCA?J > (14120, j4+1/2 — Uoj+1/201,j+1/2) DT bo j 112
J
Here we have used the fact that

(8.15) bij+1/2 = —bojt+1/25s Onjr1/2 = —bny1jt1/2

Now, (8.8) follows directly. This completes the proof of the lemma.
Again we set e = At!/? ¢ = (x+1)/e, z; = —1+ilx, & = iANE, NE = Ax/e, t" = n/\t,
tn=1/2 = (n—1/2)At, n=1,2,---. Clearly, we have

_ a’(éi-ﬁ-laijt) - a(éluyjut)
a’(xi-i-l/ga Yjs t) - a({Ei/E, Yi, t)

=€ N =eD%a(x;/e,y;,t)

Dﬁ-a(élu Yj, t)

(8.16)

This shows that Di = eD%. We will use the notation

(8.17) D2 =D'D}, D2=D'DY,
and
(8.18) Ve =(D%,0), V,=(0,DY),

Denote the solutions of (8.1) as (up,u},py). Motivated by the discussions in §4, we

54



make the following ansatz, valid at t" = nAt, n=1,2,---

up (@, ) = mt+ZsJ (. t) + al(€, 1),
(8.19) up(@,t) = uo(z,t) + Y elu;(w,t),
=2

pr(x,t) = po(,t) + > el [pj(x,t) + ¢ (&, y,1)] .
j=1

Note that the functions involved are defined only on the numerical grid. So these formulas

and the following ones should be understood as being valid on the grid. We have

(8.20) Apuj, = Apug + Z Ej(Ahu;f + 6_2D§2a}‘ + Dia;) ,
=2
(8.21) Vh'uhzvh'UQ—i-ZEjvh-uj,
=2
(8.22) Vipn = Vapo + € 'Vepo + Vypo + Y e? (Vipj + 7' Vep; + Vi)
j=1

uptH (@) = (@, ") + Y (")
j=2

= Z kls%u(()k x,t") + 25] Z §-k)(m,t").

7j=2 kO

(8.23)

Next we substitute these relations into (8.1) in order to determine the coefficients of ¢/
n (8.19). We get hierarchies of equations by collecting equal powers of e.

The first equation in (8.1) gives:

(8.24) ub + ay — uz + Ny(uo, uo) = Ajug + Diaj.
For 7 > 1,
J
(8.25) Uiio+ @0 — Ujia+ Z Ni(ug, wj_y) = Apuj + D§2a;7+2 + D;a; .
k=0

The second equation in (8.1) implies

(8.26) uy + ay = ug + 0yug + Vipo + Vepr + Vypp .
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For j=20—1,0>1,
¢
\ \ L ®
(8.27) Wiyo+ a9 = wjr2 + Ouj+ Vip; + Vepi + Vyps + Z T i2kr2 -
k=2 "'
For j =20, (> 1,

¢
* % 1 0+1 1 &
(8.28) ujiotaj g = uj+2+3tuj+Vhpj+v§<ﬂj+1+vy¢j+7(£+ 1),“((3 )+Z QUE--)QHQ-
! = k!

From the third equation in (8.1), we obtain
(8.29) Vi-u; =0, j=0,1,---
The boundary conditions become

(8.30) ui+al=0, Dipj_1+Dip;j=0, at z=-1 £=0,

for 5 > 0.
Next we go through all these equations, order by order, to see if they are solvable. Since
this is very similar to what we did in §4.1, we will only give a summary of results.

The coefficients in the expansions (8.19) can be obtained successively in the following

order:
Oruo + Vipo + Ni(uo, wo) = Apug,
Vh-uo =0
(8.31)
ug =0, at o ==+£1,
ug (-, 0) = u(")

Using the following lemma, we know that (8.31) has a smooth solution in the sense that
the divided difference of various orders are bounded. The lemma itself, as well as Lemma

8.3, belongs to the folklore of classical numerical analysis.

Lemma 8.2. Let (u,p) be a solution of the Navier-Stokes equation (2.1) with smooth initial
data u°(x) satisfying some compatibility conditions. Let (uo,po) be a solution of (8.31).
Then (wo,po) is smooth in the sense that its discrete derivatives are bounded. Moreover, we

have
(8.32) | — wo||z~ + ||p — pollpe < Ch?
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We next have

(8.33) uy = uz + yuo + Vipo,
¢1 = D21,
(8.34) ¢
Diﬁﬂl le=o = —D¥po [e=—1,
This gives
(8.35) p1(&,y,t) = BDLpo(—1,y, 1) e
where
1
(8.36) a= A—garccosh (14 AE2/2), B=AE1 —e @087,
(8.37) ay=DSp1, b5=0,
(8.38) us = us,
(8.39) @2=0, a3=0, b3=DY%¢1,
dyuz + Vipa + Np(uo, uz) + Np(u2, uo)
= Apuy + Ap(dyuo + Vipo) — 50 u0,
(8.40) 2

Vh-ug = 0,

U2 [z=—1= —Vppo ls=—1 —Vep1 |e=0, on 00
With a suitable initial data, we know from the following lemma that (8.40) has a smooth

solution.

Lemma 8.3. Let (u,p) be a solution of the linear ODE

w4+ Vip + Np(ug, w) + Np(u, up) = Apu + f,
Vh~u = O,
(8.41)
u=g, at o ==+£1,
u(-,0) = u(:)
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where f, g and u® smooth and satisfies some compatibility conditions. Then (u,p) is smooth
in the sense that its divided differences of various order are bounded.

Continue in this fashion, we get

@3 = DZp3+ D21,
(8.42) ¢ v

Di% le=o = —D¥p2 [o=—1,

The solution for (8.42) is

(8.43) 03(&,y,t) = BDY pae™ + B1(E +7) DY D] po la=—1 €%
where

1 e~ oA
(84) = (1 — emabg)(e-aht — gahl)” 1= AT e—alé
(8.45) by =0, aj=D5eps.

Oyus + Vpps + Np(ug, uz) + Np(us, ug) = Apus + ApVips,
(8.46) Vius =0,

U3 [p=—1= —Vy¥1 |e=0

o1 =D2oy,
(8.47) ¢

D5¢4 Jemo = —D%p3 [o=—1,
(8.48) ai = DSps, b5 =DYgp;.

Obviously this procedure can be continued and we obtain

wj = Df%‘ +DJpj 2,

(8.49)
Di%‘ le=o = =D¥pj—1 |z=—1,
[3/2]
o . F. k _—af
(8.50) pj= > Fir(y)cte s,
k=0
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(8.51) a;=Dipj_1, b =Dy,

Now if we let

2N
U* = uo—l—Zs](u; +aj),
j=1
2N
(8.52) U =up+) eluj,
j=1
2N
P" =po+ ZEJ(pj + SDj) + 52N+1902N+1 )
j=1
then we have
u*-umr
BN +NL(U™,U™) = AU + At f
U*=0, at r==+1,
(8.53) U* = U™ 4 ALV, P + At*Tlg,
Vi U =0,
DiP"=n-U"" =0, at x =+1,

where o = N — 1/2, f and g are bounded and smooth if (ug,po) is sufficiently smooth. It

is easy to see that

(8.54) ax [[U"()llwre < €.

For the initial data, we have
(8.55) U%x) = u'(z) + Atw’(x)

0

where w" is a bounded function. Furthermore under the compatibility condition (3.10), we

can construct a better approximate initial data
(8.56) Ux) = u'(z) + At?w’ ().
Proof of Theorem 3: Assume a priori that

. .
. o0 < .
(8.57) oax [u" [y <C
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In the following estimates, the constant will sometimes depend on C* and C. Later on we

will estimate C. Let
(8.58) e"=U"—u", e =U"—u", q" = P" —p".

Subtracting (8.53) from (8.1) we get the following error equation

x _ on
¢ Ate + Np(e™,U™) + Np(u", e") = Ape* + At 7,
e =0, at ©==+1,
en—i—l —e*

(8.59) At V" = Lt

Vh-e"+1 = O,

Drq"=e"n =0, at =41,

e’ = At wP.
Taking the scalar product of the first equation of (8.59) with 2e* and integrating by parts,
we obtain
le*] = ™1 + [le* — e™[|* + At [ Vhe||?
< AT 2+ At (|e[|? = 248 (e, N (e, U™))
(8.60)
=2/t (e*, Np(u",e™)))

< AT+ CAt(ller]| 2 + len]?) + 5Ot [[Vie®||?.

Here we have used Lemma 8.1. Taking the scalar product of the second equation of (8.59)

with 2e"*! yields
(8.61) [e" % = lle||? + [le"t —e*[|2 < At e |2 + At g 2.

Combining (8.60) and (8.61), we get

le" H|? = lle™]|* + [le* — e[| * + [le"*! —e*||? + At [ Ve ?
(8.62)
< O AL (eI + [len]]?) + A1 + lg™1?)-
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Applying the discrete Gronwall lemma to the last inequality, we arrive at

(8.63) e + |le* — ™| + |le™t — e*|| + At/? | Vhe'|| < CLAt".
Using the second equation of (8.59) we have

(8.64) le™ || + At[[Vig"|| < C1At”

Now by inverse inequality (8.4) we have

(5.69) "l + AV + Rl e < AL

Chose N = 3 and At® << h?, if we choose At small enough, we will always have
(8.66) le™ Iy < 1.

Therefore in (8.57) we can choose

(8.67) C=14 max [[U"(")|lwre
n< [%]—i—l
which depends only on the exact solution (u,p). This proves
(8:68)  lluo — unllz + Ilpo — pallr2 + A% |lpo — palle + lpo — pr — pelloe < C A
But we also have from Lemma 8.2
(8.69) lu — uol| L + ||p — pollLe < Ch?
Thus

(8.70)  fluw —wunlz +|lp — pullr2 + AY2|p — pallree + Ip — pr — pelle < C(At+ h?)

This completes the proof of Theorem 3.
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Appendix 2. Second Order Schemes with Spatial Discretization

In this section we carry out the same program as in §4 for Kim and Moin’s method,

(2.12) with the standard MAC spatial discretization:

u* —u” u* + u"
- T A=
At Ty
ut +u” = AtVph /2, at =41,
(9.1) w' = w4 ALVt

Vh~u”+1 = 0,

n-u"t =0, at ©==£1.

Here we leave out the nonlinear term since it does not affect the major steps but complicates
substantially the presentation.

We begin with the following ansatz:

uw¥(x) = uo(ax, t") +Zaf x t") +al(,y, "),

u"(x) = ug(x,t") + Z Ejuj(m,t”) ,
(9.2) =

P2 (@) = po(, tVY2) + e (€, 4, 1Y) + 3p3(6, y, t7?)

—I-Zsj (x,t"~ 1/2)+<pj(§,y,t”_1/2)].

Here again we set ¢ = At'/2, ¢ = (z +1)/e, t" = nAt, "2 = (n —1/2)At, n=1,2,---.
The formulas are to be understood as being valid at the grid points. Substituting (9.2) into
(9.1) and collecting equal powers of e, we get the following equations:

From the first equation in (9.1), we get

1
(9.3) u; +ay —ug = §(Ahu3 + Dga; + Apuyg) .
For j > 1,
* * 1 * 2 % 2 %
(94) Uj+2 + aj+2 — 'U;j+2 = E(Ah’u] + Df aj+2 + Dy CLJ + Ahuj) .
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From the third equation in (9.1), we get

(9.5) u; + ay = uz + dyug + Vipo + Vepr
(9.6) u3 + a3 = uz + Our + Vip1 + Veps + Vyor .
For j =2¢,

(9.7)

Uiot+ajy =ujre+ 0w+ Vip; + Vepip + Vyp;

€+1
+(g_|_ + Z ] 2/f-i-2 + Qéglvhp + Z 2kk|vhpj 2k

1 k &
+ Z W(VESOE'—)%H + vng_)Qk) .

For j =20 +1,

uj+2 + a§+2 = Ujq2 + 8tu]' + Vipj + Vepirr + Vyp;

(08) SEN0 () (k) (*)
+ Z -2kt T Z Qkkl (Vipj—op + Ve, Zopi1 + Ve Zop) -

From the incompressibility condition, we get
(9.9) Viu;=0, for j>0.

The boundary conditions imply that for z = —1, £ =0,

(9.10) up =0,
(9.11) uz +uj + a3 = Vppo + Ve,
(9.12) uz +u3 + a3 = Vpp1 + Veps + Vypr ;
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for j =20, 0> 1

(1

(f 1)
201 (1 — )vh

uj +uj+a; =Vppj_o+Vepj_1+ Vypj_o+

9.13 —
E_ kk' hp] Qk; 2 E: 2’“1{:' EPj—2k—1 yPj—2k—2

for j=20+1,0>1

u; + 'u,;k + a; = Vupj—2+ Vepj_1+ Vypj_o

(9.14) =1y " " "
+Z Qkk; Vhpg 2Ue— 2+V£% 2%— 1+Vy% ok—2);
k=1
and for 7 >0
(9.15) Dipj+ Dipjar = 0.

Next we go through all these equations, order by order, to see if they are solvable. It
can be checked that the coefficients in the expansions (9.2) can be obtained successively in

the following order:

Orug + Vippo = Apuyg

(9.16) Viug =0,
ug =0, at r==£1.
(9.17) uy = uz + Orug + Vipo,
1
(9.18) 1= 3D¢pr,

DiSOl le=o = —D¥po [o=—1,

(9.19) o1 = BDpo [a=—1 €,
where
1
(9.20) o= A—farccosh (14 AE?), B=AE(1 — e B!
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(9.21)

We next have:

(9.22)

(9.23)

(9.24)

w2 =0, a§:07 b?;:Dg—SOlv

p3 = %(Dgwg + Dy2¢1) ,

Dﬁ—¢3 |§=0 =0,

The solution for (9.24) is

(9.25)
where

(9.26)

(9.27)

(9.28)

(9.29)

(9.30)

(9.31)

e3(y,&,t) = B1(& +7)DI D po la=—1 e ok,

1 e—aA§
L= 2(1 — emanE)(emabt — eaht)” T A61 — el

* 1 *
ay = §D§_at(,01 +D§_(p3, by, =0,
. 1., 1
U4=U4+§3t Uo+§3tvhpo,
* s Loy y
p4=0, a3=0, b5:§D+8t901+D+9037
u; = us,

Ous + Vips = Apug + 1AL(0 w0 + 0 Vipo) — §0u0 — §0Vipo
Vh"u,4 = 0,

Uy [g=—1= —2(0:Vipo + 30:Ve01) |o=—1,6=0 -

Now if we let

(9.32)

2N
. ,
U'=ug+ Y clu;,
=1

P2 = py + E?gl el (pj + ;) + 2N oanya,
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then we have

Us —yn Us+un N

Tar STy tend

U* +U" = AtV P 1/2 at z==+1,
(9.33) U* = U™ 4 AtV PP H2 4 Aot

VUt =0,

DEPMY2 —purtl =0,  at 2z =+1,

where « = N — 1/2, f and g are bounded and smooth if (ug,pg) is sufficiently smooth. It

is easy to see that

ng. o < *
(9.34) ax [[U"()llwre < €,

For the initial approximation, we have
(9.35) U(x) = u(z) + At (z)
without the extra compatibility condition, and
(9.36) U%x) = u®(x) + Attw(x)

with the compatibility condition (3.14).

Proof of Theorem 4. Assume a priori that

. .
. o < C.
(9.37) oax [u" w1 <C

As in the proof of Theorem 2, we let
(9-38) " =U"-u", e =U"-a", O =p2_pnl/2

where

2U* = u* + u — At Vyp /2,
(9.39) )
QU* =U* + U™ — At VP12,
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From (9.1) and (9.33), we get

2(e* —e™) 1 1 1 1
- " At A" ) = Ape* + = n "
N, —i—Vh(q 5 t hq) he +2Nh(e U )
1 n—1 _n—1 3 n n 3 n _n aen
+§Nh(u ,e )—iNh(e,U)—§Nh(u,e)+Atf ,
e"=0, at x==+1,
9.40 n+1 n_ 9e*
40 & e i - ) = Bt

Vh'€n+1 = O,

Df;q"“/2 =e"tln=0, at o =41,

e’ = At*w’.

Taking the scalar product of the first equation of (9.40) with e* and integrating by parts,
we get

"2 = fle”12 + [le” — em[2 + 3¢ [Ve[[2 + 3t [ V-7

(9.41) < —At/ e V(g — %AtAq”) da + C AL 7|2
Q

+CO O ([le™]|* + e 1% + [le*||?) + gt [Ver|?.
Taking the scalar product of the second equation of (9.40) with e"*!, we obtain

le™* 1% — lle*]|® + et — e[| — 5(lle™ | — le"]|?) — 3lle™** —em|?

1
2
(9.42)

< C AT g™||12 + C At |len 1] 2.

Combining the these two estimates, we get
€712 = len? + lem+1 + e — 272 4+ At [Vpe™|* + At [Ty
(943) <20 (€, Vala" — 5A6A"N) +C At (e + €2 + e
+O AT 72 + [lg™)1%) -
To estimate the first term on the right hand of (9.43), we let

1
I = -2At(€e*,Vi(q" — §At Apg™)))
(9.44)
= —2At(€e*, Vig") — At (Vie*, Apg™) = L + 1.
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Using the second equation and integrating by parts, we can write the first term as
I = —2At(€", Vig"))

= A (V@™ = "), Vag") — AT (g", Vig™)

(9.45) 1., Lio )
= —§At (VR = VR 1%
1 n mn (0% n n
+5 A2 Va(g™ = ¢")|* = A2 (g", Vag") -
Since
1 2 n+1 ny| 2 1 n+1 n *|| 2
SANVR(E™ = ¢")II7 = Slle™ + e — 27|
(9.46) 1
_|_§||Ata+lgn||2 + Ata+1((gn’en+1 e — 26*)) )
We have
L= —5At2([Vag™ 12 = [[Vag” ] ?) + Llle" ! + e — 2¢72
(9.47)

1
+5 1At g 2 AT (g" et et —2et) — At (g™, Vg™

Next we rewrite the second term as

Iy =—=At*(Vp-e*, Apg")

1 1
= —§A153((Ah(q"+1 —q"), Ang") — §Ata+3((vh'9"a Ang")

1 1
= AR A A1) + SAP AL - )
(9.48) 1
—EAt‘”?’ (Vi-g" Ang™)
1 n n * 1 16% n
= AP~ ARg"?) + AL (Ve[ 4 T AR,

1
—Ata+2((Vh'gn, Vh‘e*)) o EAtoz-i-?)((vh,gn’ Ahq")) .
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Combining these two terms we arrive at
1 1
I= —§A752(||thn+l||2 —IVra"I?) - Zﬁt?’(HAhanH 2 — [|Ang"]1?)

1
3 llem o em = 2et|2 4 A [Tpee’|? + At (g", e 4 e — 2e”)

2
(9.49)
_Aa+2 nvn_Aa+2v.nv.*
(9" Vrg") = At (Vi-g", Vi -€Y)
1 a+3 n n 1 2a+3 nil 2 1 a+l _nj 2
58 (Vae g™, Ang™) + 787 [Va-g™| = + S A g7 7
This gives
I < —3AL(|VRg" |12 = Vg [1?) = 1885 ([ Ang™ 2 = [[Ang™(|?)
(9.50) +yllemtt et — 2% + At [ Vy-e*||? + At [l + e — 272

208 Vg™ || ? + 2884 Apg™ | + 2885 (g™ * + Atllg™ | 7) -

Going back to (9.43) we obtain
le™* M| — le™]|* + 5lle"*! + e —2e*||* + At [|[Vie|?
LAV 17 = 190712 + AR 12 = |80g"1)
(9.51)

< AP Vg™ |2 + At Ang"||? + C At ([le™]]* + lle™ % + [lemF|?)

+O AP 712 + Atllg™ | 7) -
Gronwall lemma gives
(9.52) le™[| + e[| + At [[Vag™|| + A2 | Ang™| + At Vie*|| < C1Ate.
Now by inverse inequality (8.4) we have
(9.53) lle™ ||z + hlle™ lwro + At Vag" || Lo < C’lT.

Chose N = 5 and At™ << h?2, if we choose /At small enough, we will always have

(9.54) e e < 1.
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Therefore in (9.37) we can choose

(9.55) C=1+ max _{|U" () 1.0

n<[L
which depends only on the exact solution (u,p). This proves
(9:56)  fluo — wnllze + llpo = pallz + At72lpo = prlle + [Ipo — pr — pellze < CAL
From Lemma 8.2, we have
(9.57) |lu— wnllzoe + [lp — pallze + A8 |lp = pullee + P — P — pellze < C(AL? + 1 ?)

This completes the proof of Theorem 4.

Appendix 3. Post-processing for the Pressure

Theorem 2 tells us how to correct the leading order boundary layer error in the numerical
approximations of pressure. Here we will show how the next order boundary layer terms

can also be corrected. The asymptotic analysis in §6.2 gives

(10.1) pat = po+ed1 + e3¢5 + O(AL)
where
1 v
(10'2) o1 = ﬁe 8rpO |x:—1
11 Ve
(103) ¢3 = _(_ + 5)6 aryypo |z:—1

2°V2

All these and the following formulas are evaluated at (n — 1/2)At. From (10.1) we have

—V2
NN |:c:—1+At1/2 = OzPo ‘x:—l-i—Atl/Q —€ \[a:cpo |lz=—1

- ﬁe_ﬂaxyypo lo——1 +O(AEY/?)

Hence we have

V2

(105) 8myyp0 |m:—1 - NG

m%ymt ey apis2 FO(AEY?)
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Taylor expansion gives

Oxpo |:c:—1+At1/2 = OzPo |z:—1 _5692;]90 |:c:—1+At1/2
(10.6) 2 ; 4
—Earpo |:c=—1+At1/2 +O(At / )

Again from (10.1) we have

(10.7)
e02pny = c02po + 2dy + 202 hs + O(LEP?)

_ 1.
= £82po + V2 V2 0,po |ae—1 +E2(€ — ﬁ)e V20,0000 lae—1 +O(AE?)

(10.8)
e2 93 e® 3 1 3 e® s 3/2
2
€ _ _
= —agpo —€ V2 Oxpo |93:—1 ‘1‘52(1 - i)e V2 893yyp0 |a::—1 +O(At3/2)
2 V2
Evaluating these expressions at © = —1 + AtV 2 we get
Eag%pﬁt ‘$:—1+At1/2 = Eaipo |I:—1+At1/2 +\/§€_ﬁ8xp0 ‘I:—l
(10.9) 1
2 - 3
(1 = =)™V Onypo =1 +O(AEY?)
2 a3 52 3 —V2
SO0PAL |y 1 iprr2 = Eaxpo loe— 1 ngrrz =€ V7 02p0 [a=—1
(10.10) , 1 /s 4o
+e7(1 - 5)6_ DryyPo |z=—1 +O(AL / )

Combining (10.4), (10.6), (10.9) and (10.10), we obtain
(10.11)
2
£ _
(0y + 585 + Eai)pm ‘$:_1+At1/2 =[1-(2- \/5)6 ﬂ]axpo le=—1

2v2 -3
+At\/_T€_\/§azyyp0 le=—1 +O(At3/2)
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Or

(10.12)
eV? 5 €2 4
00 |o=—1 = m(&c +e0; + Eax)pAt |x:—1+At1/2
_Ap 2v/2 — 3
V2eV2 +2 - 3V2 4+ 2(v2 —1)e~V2

aryypﬁt |I=—1+At1/2 +O(At3/2)
Finally, using (10.5) and (10.12) in (10.1), (10.2) and (10.3), we get

(10.13) pat = po — pe + O(AF)

where

At
pe = alt2e V% (9, + A2 + 5 0Pt loe 1 a2

(10.14)
+(6+ ’Yf)At?’/%_ﬂ5 OryyP At o1 pg1r2
where
2 —2v2 + /2eV2
5 - 1 oV2 - 2v2 -3
(10.15) 2v22eV2 -2 \/2eV2 42 - 3V2+2(v/2 —1)eV2
e
T T oevr o
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