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VICTOR WANG

ABSTRACT. We discuss problems with a hard rather than soft aesthetic. “Hardness” refers
only to style, not to difficulty; the problems here vary wildly in difficulty.

1. ELEMENTARY NUMBER THEORY

Problem 1.1 (MIT Problem-Solving Seminar). Can you find two positive integers a, b with
b —a > 1 such that for all integers a < k < b, we have ged(a, k) > 1 or ged(k, b) > 17

Problem 1.2 (Nagell-Ljunggren equation, special case). Find all integers x,n > 1 such
that (z" —1)/(x — 1) is an even perfect square.

Problem 1.3 (David Yang). Find all £ > 2 such that there exist infinitely many pairs
(z,y) € N? such that (z +1i)(y + ) is a perfect square for each i =1,2,... k.

Problem 1.4 (MIT Problem-Solving Seminar). Let f(z) = ap + a1z + --- € Z[[z]] with
ag # 0. Suppose that f'(z)f(x)~! € Z[[z]]. Prove or disprove that aq | a, for all n > 0.

There are at least three approaches to the following problem.

Problem 1.5 (Artin—Hasse exponential). For p a prime, prove that the coefficients of
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are rational numbers with denominators coprime to p.

Remark 1.6. An equivalent combinatorial formulation is that the number of elements of S,
(permutations on n letters) of p-power order is divisible by p”(). More generally, a finite
group G has #{r € G : 29 =1} =0 (mod ged(d, #@G)) by a theorem of Frobenius.

2. ELEMENTARY FIELD AND GALOIS THEORY

Problem 2.1. Find a field K and a linear recurrence ag, ai, as, ... valued in K such that
the set of zeros {n : a,, = 0} is not eventually periodic.

Remark 2.2. If K O Q, then the Skolem—Mahler—Lech theorem| gives eventual periodicityE]
Problem 2.3. Prove the fundamental theorem of algebra algebraically.

Problem 2.4 (Vandermonde, Galois). Let a be an algebraic number and let 5 € Q[a] be
a Q-coefficient polynomial expression P(«) in « that remains invariant when « is replaced
with any conjugate of a. Prove that 5 € Q.

Problem 2.5. Solve a general cubic and quartic equation in radicals, using finite Fourier
analysis on certain abelian group quotients of S3 and Sy, respectively.

ISee Tao’s blog exposition if you’re interested.


https://artofproblemsolving.com/community/c313h554434p3225182
https://artofproblemsolving.com/community/c125h242327_problem_57_on_team_contestthe_number_theory_one
https://artofproblemsolving.com/community/c6h355867_square_products
http://math.stackexchange.com/q/606449/43100
https://en.wikipedia.org/wiki/Artin%E2%80%93Hasse_exponential
https://en.wikipedia.org/wiki/Frobenius%27s_theorem_(group_theory)
https://en.wikipedia.org/wiki/Skolem%E2%80%93Mahler%E2%80%93Lech_theorem
https://en.wikipedia.org/wiki/Fundamental_theorem_of_algebra#Algebraic_proofs
https://en.wikipedia.org/wiki/Vandermonde_matrix
https://en.wikipedia.org/wiki/Fundamental_theorem_of_Galois_theory
https://terrytao.wordpress.com/2007/05/25/open-question-effective-skolem-mahler-lech-theorem/
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There are at least two different ways to solve the following problem.

Problem 2.6 (Heard from Yang). Find all integers n > 2 such that /2 can be written as
a finite Q-linear combination of roots of unity.

For the next problem, let K /Q be a number field with a Q-algebra automorphismﬂ o: K —

K that is cyclic Galois of order d, so that ¢ = Id and for any element o € K, the list
a,oaq,...,0% 'a contains all the roots of the minimal polynomial of o over Q.

Problem 2.7 (Hilbert’s theorem 90). If K/Q is cyclic as specified above, prove that a € K
satisfies HZ;(l) oFa =1 if and only if there exists nonzero z € K such that a = z/02.

3. ELEMENTARY ALGEBRAIC NUMBER THEORY

Problem 3.1. Prove that ag | a, (affirmatively) in Problem [1.4]if f € Z[z].
Problem 3.2 (USA TST 2010/9). Determine whether or not there exists a positive integer
k such that p = 6k + 1 is a prime and (3:) =1 (mod p).

Problem 3.3 (W.). For w = (5 and p > 5 a prime, show that éig;}p + (izz,p €2+ p°Z.

Problem 3.4. Prove that [],c /.2~ (CF + (%) is £2¢ for some integer e > 0.

Problem 3.5 (Ring of integers, Og(,), in pth cyclotomic field is Z[(,]). Let p be a prime.
If ap +aiCp + -+ ap_gCI@’*2 is an algebraic integer, where a; € Q, then a; € Z for all 4.

Theorem 3.6 (Gauss). Y 7_¢ (;2 is /P if p=1 (mod 4), and i\/p if p=3 (mod 4).
4. ELEMENTARY ALGEBRAIC GEOMETRY
Let K be a field. In scheme theory, a closed point of A = K[X;,...,X,] is a (surjective)
K-linear ring map A — L from A to a field L containing K. Why is this a good definition?
Problem 4.1 (Hilbert’s nullstellensatz). L/K is finite for any closed point A — L.

Problem 4.2 (Liiroth’s theorem). If E is a field between K and K(T'), then £ = K(U) for
some U € E. (Here K(T') denotes the field of rational expressions in 7'.)

5. SOME COMBINATORICS AND GEOMETRY FOR GEN Z

Problem 5.1 (Reference: Newman). If X C Z and ay,...,a, € Z are such that the
translated “tiles” X +ay, ..., X +a, partition Z, prove that X is periodic. If n = p is prime,
prove that {ai,...,a, (mod p®)} = p*~'Z/p°Z for some integer e > 1.

Problem 5.2 (USA Dec TST for IMO 2014: Neighbors of neighbors). Let G = (V, E) be a
graph with no isolated vertices. Show that Y _,/|N?(v)| > 3 /I[N (v)|.

Problem 5.3 (Heard from Allen Liu). Let A be a (rectangular) matrix with all entries 0 or
1. If p is a prime such that p > 4(ranky, A)?, then show that rankg A < 2rankg, A.

Problem 5.4 (Robi Bhattacharjee, inspired by sphere packing?). Let e,...,e, be the
standard basis of R™. Let V be a subspace of R"™, and for each 7, choose v; € V such that
the distance between v; and e; is as small as possible. Must vy, vy, ..., v, span all of V7

Problem 5.5. Let L be a set of lines in R3. A point p € R? is called a [joint|if p lies on (at
least) three non-coplanar lines ¢y, (5, {5 € L. Prove that there are at most 2017|L|*/? joints.

2rneaning a Q-linear isomorphism preserving multiplication and the identity


https://artofproblemsolving.com/community/c6h358783_3kck_equivalent_to_1_mod_6k1_usa_tst_2010_9
http://www.artofproblemsolving.com/Forum/viewtopic.php?f=57&t=392901
https://math.stackexchange.com/a/108950/43100
https://scholar.google.com/scholar?cites=13172483305060016768&as_sdt=5,39&sciodt=0,39&hl=en
https://www.sciencedirect.com/science/article/pii/0022314X77900543
https://artofproblemsolving.com/community/c6h568277_minimizing_amicable_pairs_in_a_graph_with_n24_edges
https://www.expii.com/t/linear-multilinear-algebra-10805?type=problem&id=20442
http://math.mit.edu/~lguth/PolyMethod/lect4.pdf
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