NOTES ON RECENT WORK ON THE ERDOS-HAJNAL CONJECTURE

TUNG H. NGUYEN

1. INTRODUCTION, THE ALON-PACH-SOLYMOSI THEOREM, AND RODL’S THEOREM

A cornerstone of Ramsey theory due to Erdds—Szekeres [15] states that every n-vertex graph contains
a clique or stable set of size at least %log n; and random graph examples show that this cannot be
substantially improved: indeed, Erdds [14] showed that a typical n-vertex graph has no clique or stable
set with at least 2logn vertices. The picture, however, seems to change dramatically when one considers
graphs with a forbidden induced subgraph. Formally, for a graph G, an induced subgraph of G is a
subgraph obtained from G only by removing vertices. For a graph H, say that G is H-free if H is not
isomorphic to any induced subgraph of G. Erdés and Hajnal [11], about five decades ago, posed the

following problem which remains open:

Conjecture 1.1 (Erdés-Hajnal). For every graph H, there exists ¢ > 0 such that every H-free graph G

has a clique or stable set of size at least |G|°.

In other words, this conjecture asserts that in stark contrast to general graphs, graphs with an excluded
induced subgraph behave very differently. Conjecture 1.1 lies at the intersection of graph Ramsey theory
(diagonal Ramsey numbers under additional restrictions) and structural graph theory (general properties
of H-free graphs), and exhibits a sharp local-global phenomenon in graph theory.

Say that H has the Erdds—Hajnal property if it satisfies Conjecture 1.1. Until now only a few graphs
are known to have this property; simple examples include the complete graphs (via Ramsey bounds),
the four-vertex path Py (Exercise 1.1), and the four-cycle Cy. The following fundamental result of Alon—
Pach—Solymosi [1] gives a way to build graphs with the Erdés—Hajnal property from smaller graphs:

Theorem 1.2 (Alon—Pach—Solymosi). If Hyi, Hy have the Erdés—Hajnal property, then the graph H
obtained from Hy by substituting Ho for v also has the Erdds—Hajnal property.

Here, the graph H obtained from H; by substituting Ho for v € V(H;) is the graph obtained from the
disjoint union of H; \ v and Hs by adding all edges between Ny, (v) and V(Hs). In what follows, a copy
of H in G is an injective map ¢: V(H) — V(G) such that for all distinct u,v € V(H), uv € E(H) if and
only if p(u)p(v) € E(G); then G is H-free if and only if there is no copy of H in G. Also, for S C V(G),
let G[S] denote the subgraph of G induced on S.

Proof of Theorem 1.2. Let f(G) := max(a(G),w(G)) for every graph G, and let f(S) := f(G[S]) for
every S C V(G). Then, H has the Erdés—Hajnal property if and only if there is some positive integer
k = k(H) such that every H-free graph G satisfies f(G)* > |G|, which means that there is a copy of H
in G whenever f(G)* <|G).

Now, for i € {1,2}, let k; be such that every H;-free graph G satisfies f(G)¥ > |G|. Let hy := |H|;
we claim that

k= k(H) = kihy + ko

verifies that Conjecture 1.1 is upheld for H. To this end, let G be a graph with f(G)* < |G| =: n; we
need to show that there is a copy of H in G. Put r := f(G)¥* < f(G)* < |G, then for every S C V(G) of
size r we see that f(S)¥ < f(G)¥* =r = |S|, so there is a copy of H; in G[S]. By counting the number
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of pairs (¢, S) where ¢ is a copy of H; in G and S C V(G) such that p(V(H;)) C S, it follows that the
number of copies of Hj in G is at least
(n)/(n—hl) _ nn—1)---(n—hy +1) - (E)hl'
r r—h r(r—1)---(r—h1+1) — \r

Now, observe that the number of copies of Hy \ v in G is at most n1~1,

Hence, by double counting
#(p,¢'), there is a copy ¢ of Hy \ v in G such that there are at least (n/r)" /n1=1 = n/rh copies ¢’ of
Hy in G with ¢'|y(g\0) = ¢ Let F:= Glp(V(H1)\v)], and let T be the set of vertices u € V(G)\ V(F)
such that there is a copy ¢’ of Hy in G with ¢'|y(g,\») = ¢ and ¢'(v) = u; then |T| > n/r"1. Thus

n f(G)k _ k k
|T‘ZT712W—JC(G) 2> f(T)"%,
so there is a copy of Hy in G[T]. Therefore there is a copy of H in G, as desired. |

Theorem 1.2 says that graphs with the Erdés—Hajnal property are closed under substitution. Thus,
an approach to Conjecture 1.1 is to verify the Erdés—Hajnal property of prime graphs, where a graph
H is prime if there do not exist graphs Hy, Hy with |H;|,|H2| < |H| such that H can be obtained by
substituting Hs for any vertex of Hy. For example, Py, known to have the Erdés—Hajnal property, is the
smallest prime graph with at least two vertices and also the only prime graph on four vertices. What
about prime graphs with at least five vertices? Proving the Erdés—Hajnal property of all five-vertex

(prime) graphs remained a challenge for a few decades which was only finished very recently:

e the bull \\7/, proved by Chudnovsky-Safra 2008 [8] (with optimal exponent 1/4, see Exercise 1.2);
e the five-cycle C5, proved by Chudnovsky—Scott—Seymour—Spirkl 2023 [9]; and
e the five-vertex path Ps, proved by Nguyen—Scott—Seymour 2024+ [22].

Regarding prime graphs, there was also a question of Chudnovsky [7] that asks whether there is a
prime graph on at least six vertices that satisfies the Erdés—Hajnal property. This was answered recently

in the positive [23] via a construction that builds a sequence of infinitely many such graphs.

Exercise 1.1. A cograph is a Py-free graph. Show that for every cograph G, either G or G is discon-
nected; then deduce that a(G)w(G) > |G| and max(a(G),w(G)) > /|G|.

Exercise 1.2. Show that for every ¢ > 0, there is a bull-free graph G with max(a(G),w(Q)) < |G[V/*+e.

Exercise 1.3. Show that H has the Erdés—Hajnal property if and only if there are c,n > 0 such that
every H-free graph G satisfies max(a(G),w(G)) > n|G|°.

Regarding the general properties of H-free graphs, perhaps one of the most well-known results in this
topic is a theorem of R6dl [27] on the edge distribution of such graphs. To state the result, for € > 0,
say that a graph G is e-sparse if it has maximum degree at most £|G|, e-dense if its complement G is

e-sparse, and e-restricted if it is e-sparse or e-dense. Then Rodl’s theorem says:

Theorem 1.3 (R3dl). Let ¢ € (0,%) and let H be a graph. Then the following hold:

e there is some 6 = 0(H,e) > 0 such that every H-free graph G has an e-restricted induced subgraph
on at least §|G| vertices; and

e there is some § = 0(H,e) > 0 such that for every H-free graph G, there exists X C V(G) with
| X| > 0|G| and G[X] having at most €| X|? edges.

Sketch of proof. To see how the second statement implies the first statement, we apply the second
statement with &’ := /4 and get &' = §(H,e’). Put § := §'/2. Let G be an H-free graph. We may
assume without loss of generality that there is some X C V(G) such that |X| > ¢'|G| and G[X] has at
most /| X|? < €|X|?/4 edges. Let Y be the set of vertices in X with degree at least ¢|X|/2 in G[X].
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Then |Y] - ¢|X|/2 < €| X|?/4 which implies |Y| < |X|/2, so | X \ Y| > |X|/2 > §|G|/2 = §|G|. Tt follows
that G[X \ Y] has maximum degree at most ¢|X|/2 < ¢|X \ Y|, as desired.

Here is a sketch to prove the second statement. Given an H-free graph G, we apply the regularity
lemma with parameter ¢’ = ¢'(H,¢) and lower bound m = m(H,¢) to obtain an ¢’-regular partition
of V(G) into k subsets where m < k < T(H,e). We then apply Turdn’s theorem to obtain R(n,n,n)
pairwise ¢’-regular subsets among them where n = n(H,e). Then by Ramsey’s theorem, there are n
subsets among these such that either every pair of them has density at most €, or every pair of them
has density at least 1 — e, or every pair of them has density between € and 1 — . The first case gives
some X C V(G) with |X| > |G| such that G[X] has at most £|X|? edges, the second case gives some
X C V(G) with |X| > §|G| such that G[X] has at most €| X|? edges, and the third case gives a copy of
H (cf. the embedding lemma). [ |

It is not hard to see that the last step of the above proof sketch actually gives more than just one copy

of H. By working out the numbers one can recover the following theorem of Nikiforov [26].

Theorem 1.4 (Nikiforov). For every € € (0, 3) and every graph H, there exists § > 0 such that every
graph G with indy (G) < (|G| has an e-restricted induced subgraph on at least |G| vertices.

How much does § depend on € in Theorems 1.3 and 1.47 The regularity argument sketched above
gives tower-type dependence which perhaps will only be useful when ¢ is a fixed constant. Fox and
Sudakov [17] conjectured that in Theorem 1.3, 6 can be taken as a power of ¢ (whose exponent depends
solely on |H|); and recently in [23] it was conjectured that the same conclusion holds for Theorem 1.4
as well. More precisely, let us say that H has the polynomial Rédl property if there exists d > 1 such
that for every ¢ € (0, %), every H-free graph G contains an e-restricted induced subgraph on at least
8|G| vertices; and that H is viral if there exists d > 1 such that for every € € (0, 3), the same conclusion
actually holds for every graph G with indg(G) < (6|G|)!¥l. Then it is not hard to check that the viral
property implies the polynomial Rédl property, which in turns yields the Erdés—Hajnal property. Here we
present an argument by Bucié¢—Fox—Pham [4] that shows the equivalence of all of these three properties.
We start with a primitive version of the Kleitman—-Winston graph container method [2, 20].

Lemma 1.5. Let 0 < £ < k be integers, let € € (0,1), and let G be a graph. Let r > (1 — &)*|G|, and
assume that G has no e-sparse induced subgraph on at least v vertices. Then G has at most r*~¢|G|*

stable sets of size k.

Proof. Induction on ¢ + |G|. If £ = 0 then the lemma is true. Now, assume that 0 < ¢ < k and the
lemma is true for £+ |G| — 1; we shall prove it for £+ |G|. Since G is not e-sparse, there exists v € V(G)
with degree at least |G| in G. Let S be the set of nonneighbours of v in Gj; then |S| < (1 —¢)|G| and so
(1—e)1S| < (1 —¢)¥|G| < r. Since G[S] has no e-sparse induced subgraph on at least r vertices, by
induction (with &, £ replaced by k —1,¢—1), G[S] has at most r*=D=(=1|§|6=1 < k=G|~ stable sets
of size k — 1; and so G has at most 7*~¢|G|*~! stable sets of size k that contain v. Now, by induction,
G\ (SU{v}) has at most r*~¢(|G| — 1) stable sets of size k. Thus, since |G|*~' + (|G| —1)* < |G|* because
(1-1/|G))* < 1—1/|G|, the number of stable sets of size k in G is at most r*~¢|G|*~1 +rF=¢(|G| — 1)f <
rk¥=fG|¥=*. This proves Lemma 1.5. [ |

Putting r := |G|, £ := [% log %1, and k := 2¢ in Lemma 1.5 gives the following.

Lemma 1.6. Let £,6 € (O,%), and let k = 2(% log %1 Then every graph G has either an e-sparse

induced subgraph on at least §|G| vertices or at most (5'/2|G|)* stable sets of size k.

The following is a product of Lemma 1.6 and an Alon—Pach—Solymosi type argument (see Theorem 1.2).
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Lemma 1.7. Let f: [2,00) — [2,00) be an increasing function. Let n > 2 be an integer, and let G be a
graph such that at least half of the n-vertex induced subgraphs of G contain a clique or stable set of size
at least 8f(n)logn. Then G has a 1/f(n)-sparse or 1/ f(n)-dense induced subgraph on at least n=4|G]

vertices.

Proof. Suppose not. Let € :=1/f(n) and k := 2[4f(n)logn]| < [8f(n)logn]; then by Lemma 1.6 (with
§ = n~%), there are at most (n~2|G|)* cliques of size k and at most (n~2|G|)* stable sets of size k in G.
Now, for n = E] < %, at least half of the n-vertex induced subgraphs of G contain a clique or stable set
of size at least [8f(n)logn]| > k. Therefore

—2 i (1GI=FY o L(IG]
2(nIG)) <nk:> 2 2(71)

Since (‘g':,f)/('gl) < (n/|G|)¥, it follows that 2n™" > 1 a contradiction since n > 2 and k > 2. This
proves Lemma 1.7. |

Now, to see how a graph H would be viral if it has the Erdés—Hajnal property, let ¢ > 0 be such that
every H-free graph G satisfies max(a(G),w(G)) > |G| let f(n) be any sufficiently small power of n
such that 8f(n)logn < n¢ for all large n, and let n be a suitable power of 1. We remark that the same
trick can be applied to the Erd8s-Hajnal bound 2¢vgn (see Theorem 2.1) to show that in Theorems 1.3
and 1.4 one can take § = 26098 2)* for some suitable C' = C(H) < 0 which was previously proved by
Fox—Sudakov [17]; and with the loglog improvement (see Theorem 3.1) this can be strengthened further
to § = 2C0og 2)*/1oglog & We omit the details.
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2. THE ERDOS-HAJNAL BOUND AND THE DENSITY FOX-SUDAKOV THEOREM

Qualitatively, Conjecture 1.1 implies that H-free graphs have much larger cliques or stable sets than
a typical graph does. If one does not ask for strict polynomial bounds as the conjecture predicts, then
Erd6s and Hajnal already verified this qualitative statement when they first posed the problem. In
more details, the bound 9V18IG was claimed in their 1977 paper [11] where Conjecture 1.1 was first

introduced, and was later proved rigorously in a 1989 paper [12].

Theorem 2.1 (Erdés—Hajnal). For every graph H, there exists ¢ > 0 such that every H-free graph G
has a clique or stable set of size at least 2V 1°8lGI,

To achieve this, Erdés and Hajnal employed the following “density” result for H-free graphs:

Theorem 2.2 (Erdés—Hajnal). For every graph H, there exists d > 1 such that for every x € (0, %) and
every H-free graph G with |G| > x~¢, there are disjoint A, B C V(G) with |A|,|B| > x%|G| such that A
18 x-sparse or r-dense to B.

Let us see how this lemma implies Theorem 2.1. In what follows, for a graph G let u(G) := maxp|F|
where the maximum ranges through all induced subgraphs F' of G that are cographs. Note that u(G) >
max(a(G),w(G)) > /u(G) (cf. Exercise 1.1); and so Theorem 2.1 is equivalent to the following.

Theorem 2.3. For every graph H, there exists ¢ > 0 such that every H-free graph G satisfies u(G) >

2c\/1og\G\'

Proof of Theorem 2.3, assuming Theorem 2.2. Let d > 1 be given by Theorem 2.2; we shall prove
by induction on |G| that ¢ := 1/(2d) satisfies the theorem. Assume that |G| > 2, and that the theorem
holds for all induced subgraphs of G with fewer than |G| vertices. Note that u(G) > 2 since |G| > 2.

Let p:= pu(G), and let 2 := p=2 < 1/4. If G < 2% then p? > |G|V so p > |G|Y/?D > |G| and we
are done; and so we may assume |G| > x~¢. By the choice of d, there are disjoint A, B C V(G) with
|Al,|B| > 2G| > 1 such that A is z-sparse or z-dense to B. By the symmetry, let us assume that A is
x-sparse to B. Since |A| < |G|, the induction hypothesis gives S C A such that G[S] is a cograph and
|S| > QCM, which is equivalent to (log|S|)? > c?log|A|. Thus log|S| > c?log|A|/log u; that is

5] > | A|/ T8,

Let B’ be the set of vertices in B with no neighbour in S; then since |S| < p=2~1/2 < s~ 1, we have
that |B'| > |B|—|S|-z|B| > 3|B| > 32 G|. Again by induction and in a similar manner as above, there
exists T C B’ such that G[T] is a cograph and

7| > |B|/ o,

Now, G[SUT] is a cograph of G since G has no edge between S, T. Hence, because |A4|, |B'| > 12%|G| >
|G| > 224|G|, we deduce that

p(G) 2 [SUT| = |A|7/ 1080 4 B[/ 1080 = oG o8 = |G| s

where the last inequality holds since (224)¢*/logn = (y2d)=2¢*/logz — 9—dc*d — 9—1/d > 1/9 by the choice
of c. Thus pu > 2°V l0glG| * completing the induction step and proving Theorem 2.3. |

It is not hard to see from the above proof that one would only need a u(G)~2-sparse or u(G) 2-dense
pair of size at least |G|/u(G)?? in order to make the induction step work. It is still open whether one
can completely get rid of the “noise” between such a pair; that is, every H-free graph G with |G| > 2
contains a pure pair of size at least |G|/u(G)" for some b > 1 depending on H only. It is worth noting
that this is a direct consequence of Conjecture 1.1.

Another well-known weakening of Conjecture 1.1 is the following “one-sided Erdés—Hajnal” theorem
of Fox—Sudakov [18] which was first proved by the dependence random choice method.
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Theorem 2.4 (Fox—Sudakov). For every graph H, there exists ¢ > 0 such that every H-free graph G
either has a stable set of size at least |G|¢, or a complete bipartite subgraph whose parts each have size
at least |G|°.

In what follows we will present a proof of a common generalization [24] of both Theorem 2.2 and
Theorem 2.4:

Theorem 2.5 (Nguyen—Scott—Seymour). For every graph H, there exists d > 2 such that for every
x € (0, %) and every H-free graph G, either:

e G has an z-sparse induced subgraph on at least z?|G| vertices; or

e there are disjoint A, B C V(G) with |A|,|B| > x%|G| such that A is x-dense to B.

We shall in fact relax the condition “H-free” into “not too many copies of H”. Formally, let indy (G)
denote the number of copies of H in G; then our goal in the remainder of this section is the following.

Theorem 2.6. For every graph H, there exists d > 2 such that for every x € (0, %) and every graph G
with indg (G) < 2G|, either:

e G has an z-sparse induced subgraph on at least x?|G| vertices; or

e there are disjoint A, B C V(G) with |A|,|B| > x%|G| such that A is x-dense to B.

The key idea behind the proof of Theorem 2.6 is to “fill in” the missing edges of H one at a time;
more precisely, if G has too few copies of H but enough copies of H with a missing edge added then

there has to be a dense pair of polynomial size. This idea is made rigorous by the following lemma.

Lemma 2.7. Let H be a graph with at least one nonedge, and let e € E(H). Let x € (0,3), and let G
be a graph. Then for every a,b > 1, one of the following holds:
e indpy.(G) < z%|G|1H;
e indy(G) > 2205 G| 1 and
e there are disjoint A, B C V(G) with |A|,|B| > x%*3|G| such that G has at most z°|A||B| nonedges
between A and B.

Proof. Assume that the first and the third outcomes do not hold. Let u, v be the endpoints of e, and let
H':= H\{u,v}. For every copy ¢’ of H' in G, let S, be the set of copies ¢ of H in G with p|y ) = ¢
Let T be the set of copies ¢’ of H' in G with |S,| > 12%|G|%. Since the first outcome of the lemma does
not hold, we have that

2G| < indprie(G) < [T |GP + G172 - §2°|G? = |T||G)? + §a |G|
and so |T| > %az“|G|'H‘_2. We claim the following.
Claim 2.8. For every ¢’ € T, there are at least x**T4|G|? copies ¢ of H in G with Ylyy = ¢
Subproof. Let X := {¢(u) : ¢ € Sy}, and let Y := {p(v) : ¢ € Sy }.

If u,v are twins' in H then X =Y. Then, since G[X] = G[Y] has at least 1[S,/| > 129|G|* edges,
there is a partition (4, B) of X =Y such that G has at least S| > $2%G|? edges between A, B.
Thus |A||B| > £2%|G[*; and so |4[, |B| > £2¢|G| > 2*T3|G|.

If u,v are not twins in H then X NY = (. In this case let A := X and B :=Y; then G has at least
|Se| > 327%|G| edges between A, B. Thus |A||B| > $2%|G|?; and so |A|,|B| > 32°|G| > 2°T|G|.

Hence, since the third outcome of the lemma does not hold, in any case G has at least x°|A||B|

nonedges between A, B; and so the number of copies ¢ of H in G with ¢(V(H')) = ¢’ is at least

% -xb|AHB\ > 17161,11—i-la|cg|2 > xa+b+4|G|2
which proves Claim 2.8. O

1Two vertices u,v € V(H) are twins in H if they have the same neighbourhood in V(H) \ {u,v}.
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Now, Claim 2.8 implies that
indH(G) > ]T| X $a—f—b—i—4|G‘2 > %x2a+b+4|GUH| > x2a+b+5|G|‘H|.
This proves Lemma 2.7. |

Lemma 2.9. Let x >y > 0. Let G be a graph with nonempty disjoint A, B C V(G) such that G has at
most y|A||B| edges between A and B. Then there are at least (1 — £)|A| vertices in A each with at most
x| B| neighbours in B.

Proof. This is because there are at most 2| A| vertices in A each with at least z|B| neighbours in B. W

Lemma 2.10. Let H be a graph with at least one edge, and let e € E(H). Let x € (0,3), and let G be
a graph. Then for every a, one of the following holds:

e indy.(G) < z%|G|17;

e indy(G) > 227G, and

e there are disjoint A, B C V(G) with |A|,|B| > 2%t4|G| such that A is x-dense to B in G.

Proof. Assume that the first two outcomes do not hold. Then by Lemma 2.7 with b = 2, there are
disjoint A, B C V(G) with |A|,|B| > 2%"3|G| such that G has at most 22| A||B| nonedges between
A and B. Let A’ be the set of vertices in A with at most 2z%|B| < z|B| nonneighbours in B; then
|A’| > 1|A| > 294G and A’ is 2-dense to B. This proves Lemma 2.10. [ ]

We are now ready to prove Theorem 2.6.

Proof of Theorem 2.6. Let {e1,...,e.} be the edges of H. Let Hy := K|p, and for every i € [k] let
H;:= Hy\ {e1,...,e;}; then H = Hy. By Exercise 2.1, there exists s > 1 such that every graph G with
indg 4 (G) < 2°|G|H! has an 2-sparse induced subgraph with at least 2°|G| vertices. Let s := s; and
for every i € [k], let s; :=2s;_1 + 7.

We claim that d := sy, satisfies the theorem. To this end, let G' be a graph with indg(G) < 2¢|G|/H!,

and suppose that none of the outcomes of the theorem holds. We claim the following.
Claim 2.11. indg, (G) > 2% |G|l for everyi € {0,1,...,k}.

Subproof. The claim is true for ¢ = 0 by the choice of s. For ¢ > 1, assume that the claim is true for
i — 1; let us prove it for ¢. Since H;_1 = H; + ¢;, Lemma 2.10 with a, H, e replaced by s;_1, H;_1,¢€;
respectively implies that one of the following holds:

e indy, ,(G) < z5-1|G|H!,

e indy, (G) > x?51+7|GQ|H| = 2% |G|, and

e there are disjoint A, B C V(G) with |A|,|B| > x%-173|G| > 2%|G| such that A is z-dense to B.
Since the first bullet cannot hold by the induction hypothesis and the third bullet cannot hold by our
supposition, the second bullet holds. This completes the induction step, proving Claim 2.11. U

Now, Claim 2.11 with i = k gives indg(G) = indg, (G) > z%|G|IHl = 2G|l contrary to the
hypothesis. This proves Lemma 2.10. |

Exercise 2.1. Without using the equivalence of the Erdés—Hajnal property and the viral property, show
that for every x € (0, %) and every complete graph K, there exists s > 1 such that every graph G with
indg (G) < 2°|G|'K! has an z-sparse induced subgraph with at least z°|G| vertices.



8 TUNG H. NGUYEN

3. A loglog STEP TOWARDS ERDOS—HAJINAL

The goal of this section is the following result [5], which improves Theorem 2.1 by a loglog factor.

Theorem 3.1 (Buci¢-Nguyen—Scott—Seymour). For every graph H, there exists ¢ > 0 such that every
H-free graph G has a clique or stable set of size at least 26V 108lGlloglog|G|,

In order to approach the bound in Theorem 3.1, Conlon, Fox, and Sudakov [10] proposed the following

“polynomial versus linear” conjecture.

Conjecture 3.2 (Conlon-Fox—Sudakov). For every graph H, there exists d > 2 such that for every
e €(0,3) and every H-free graph G with |G| > 2, there are disjoint A, B C V(G) with |A| > 2?|G| and
|B| > |G| such that B is x-sparse or x-dense to A.

This remains open even when H is a triangle, but is known to be true when H = C5. If Conjecture 3.2
is true, then by taking = to be a suitably small power of |G|, one could obtain the following which is

still open also when H = Cs.

Conjecture 3.3 (Conlon-Fox—Sudakov). For every graph H, there exists ¢ > 0 such that every H -free
graph G with |G| > 2 contains a pure pair (A, B) with |A| > |G|¢ and |B| > ¢|G].

For a graph G, a blockade in G is a sequence (B, ..., By) of disjoint (and possibly empty) subsets of
V(G); its length is £ and its width is min;c[q|B;|. For k,w > 0, this blockade is a (k,w)-blockade if its
length is at least k and its width is at least w; and for x > 0, it is x-sparse in G if B; is z-sparse to B; in
G for all 4, j € [¢] with i < j, and x-dense in G if it is z-sparse in G. While Conjecture 3.2 is open, the
following weakening is sufficient to deduce Theorem 3.1 in the same manner that Theorem 2.2 implies
Theorem 2.1.

Theorem 3.4. For every graph H, there exists b > 2 such that for every x € (0, |H|™2) and every H-free
graph G, there is an z-sparse or x-dense (3log L, |2b|G|])-blockade in G.

The rest of this section will be devoted to proving Theorem 3.4. The heart of its proof is the following

“bipartite” lemma, which extends the idea behind Lemma 2.7 by using a more “local” counting scheme.

Lemma 3.5. Let H be a graph, and let x € (0, %) Let G be a graph with nonempty disjoint A, B C V(Q)
such that every vertex in A has at least x| B| nonneighbours in B. Let a,b >0, and let ¢ := (a + 2)|H| +
b— 1. Then for every g € V(H), one of the following holds:
e there exists v € A with ind g 4(G[B,]) < 2| B, |#1=1 where B, is the nonneighbourhood of v in B;
e indy(G) > z¢|A||B|H1=1; and
e there are A" C A and B' C B with |A'| > 2¢|A| and |B'| > z¢|B| such that G has at most z*|A’||B’|
edges between A’ and B’.

Proof. Assume that the first and the third outcomes do not hold; it suffices to prove the second outcome.
To this end, let h := |H|, let {g1,...,gr} be the neighbours of g in H, and for 0 < i < k, let H; be the
graph obtained from H by removing the edges g¢i+1,99i+2,-- ., 99k Then Hy = H and Hj is the graph
obtained from H \ g by adding an isolated vertex. For every i, a copy ¢ of H; in G is split if ¢(g) € A
and p(¢') € Bforall ¢ € V(H\g). Let d:==a+1; thenc= (d+1)h+b—1>kd+b+h— 1. We shall

prove the following claim by induction.
Claim 3.6. For every 0 < i <k, there are at least ' "= A||B|"=1 split copies of H; in G.

Subproof. Since the first out come of the lemma does not hold, for every v € A we have

indyp o (G[B,]) > a?|B,[*~" > a(a| B)" ! = ob 1| B,
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Thus there are at least 2%+ =1 A||B|"~! split copies of Hy in G, proving the base case i = 0.

Now, assuming that the claim holds for ¢, we prove it for i4+1. Put y := %ajid+b+h_1; then by induction
there are at least 2y|A||B|"~! split copies of H; in G. Let H] := H \ {g, gi+1}; and for every copy ¢’ of
H] in G[B], let Sy be the set of split copies ¢ of H; in G with @[y ) = ¢ Let T' be the set of copies
¢ of H! in G[B] with |S,| > y|A||B|. Since there are at most |B|"~2 copies of H/ in G[B], there are at
most y|A||B|"~! split copies ¢ of H; in G with @lv(my) ¢ T; so there are at least y| A||B|"~1 split copies
¢ of H; in G with |y ) € T Hence

D 1Sl = ylAlBI"

©'eT
Fix ¢’ € T. Let A’ be the set of vertices v € A for which there exists ¢ € Sy with ¢(g) = v; and let
B’ be the set of vertices u € B for which there exists ¢ € Sy with ¢(gi11) = u. Then |Sy/| counts the
number of nonedges of G between A’ and B’, and so |A'||B'| > |S,/| > y|A||B| which gives |A’| > y|A]
and |B’| > y|B|. Thus, since (note that = < 3)

y = Laidtbrh=l > gidtbth > o

and the third outcome of the lemma does not hold, G has at least z%|A’||B’| edges between A’ and
B'. Therefore, by definition, there are at least z*|A’||B’| > 2%|S,/| split copies ¢ of H;y1 in G with
elv( H) = ¢. Since this holds for every ¢’ € T', the number of split copies of H;1 in G is thus at least

Z $a|S¢/’ > xay’AHB‘hfl > l_axid+b+h‘AHB‘h71 _ x(i+1)d+b+h71|AHB’h717
o'eT

completing the induction step. This proves Claim 3.6. U

Now, by Claim 3.6 with i = k, there are at least 2*¢t0+th=1|A||B|*~1 > 2¢|A||B|"~! split copies of
H, = H in G. This proves Lemma 3.5. |

Here is a refinement of Lemma 3.5 that strengthens Theorem 2.6 (see Exercise 3.1).

Lemma 3.7. Let H be a graph, and let x € (0, %) Let G be a graph with nonempty disjoint A, B C V(G)
such that every vertex in A has at least x| B| nonneighbours in B. Let a,b > 0, and let ¢ := (a+3)|H|+b.
Then for every g € V(H), one of the following holds:

e there exists v € A with ind g 4(G[B,]) < 28| B, [1=1 where B, is the nonneighbourhood of v in B;
e indy(G) > z¢|A||B|"11; and
o there are A" C A and B' C B with |A’| > z¢|A| and |B'| > x¢|B| such that A" is z%-sparse to B'.

Proof. We may assume the first two outcomes do not hold; then Lemma 3.5 gives Ag C Aand BC B
with [Ag| > 2¢71|A| and |Bo| > x°~ ! B| such that G has at most z%*1|A4g||B’| edges between Ay and
B’. Let A’ be the set of vertices in Ay with at most x%|B’| neighbours in B’; then |A’| > (1 — z)|Ag| >
x|Ap| > x¢|A|. Thus the third bullet holds. This proves Lemma 3.7. [

For graphs G, H with V(H) = {g1,...,9r} and > 0, an x-blowup of H in G is a sequence (A1, ..., Ap)
of nonempty disjoint subsets of V(G) such that for all 4, j € [h] with i < j,
e if gig; € E(H), then A; is x-dense to A;; and
o if gig; ¢ E(H), then A;j is z-sparse to A;.

Lemma 3.8. If x > 0 and there is an x-blowup (Ay,...,A) of H in G, then there are at least (1 —
(g):c)|A1\ -+ |Ap| copies ¢ of H in G with ¢(g;) € A; for all i € [h].

Proof. For each i € [h], let v; be a uniformly random element of A;, such that vq,...,v, are chosen
independently. Since (Ai,...,Ap) is an z-blowup of H, for every distinct i,j € [h], v;,v; have the
same adjacency type in G as g;,g; in H with probability at least 1 — x. Hence by a union bound,
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p: V(H) — V(G) defined by ¢(g;) := v; for all i € [h] is a copy of H in G with probability at least
1-— (g):z: This proves Lemma 3.8. |
Lemma 3.9. Let H be a graph with V(H) = {g1,...,9n}. Then for each b > 0, there exists d > 2 such
that for every graph G and every x € (0,h™2), one of the following holds:

e indsp g, (G[B']) < 2P| B'[""! for some B' C V(G) with |B'| > 2°|G|;

e indy(G) > (z°|G|)"; and

o there are disjoint A, B C V(G) with |A| > |z¢|G|| and |B| > 1}:_hf|G] such that B is x-sparse or

z-dense to A.

Proof. Let aj, := 1; and for k = h,h —1,...,1 in turn, let ¢ := (ar + 3)b + h and ax_1 := a + cx. Let
dy :=2; and for k =2,3,...,h in turn, let di := max(cg + dip_1, (kK — 1) + 2). Finally, let ¢ := dj, + 3.

Now, let G be a graph, and let = € (0,h~2). If 2¢|G| < 1 then the third bullet trivially holds; so we
may assume z¢|G| > 1, in particular |G| > 1/x. Suppose for the sake of contradiction that all three
bullets do not hold. Let Hy := H[{g1,...,gx}] for all k € [h]; we prove by induction the following claim.

Claim 3.10. For every k € [h], G contains an x® -blowup (Ay, ..., Ag) of Hy, with x%|G| < |A;| < z|G|
for all i € [K].

Subproof. The case k = 1 holds since |z|G|] > 1z|G| > 2?|G|. For k < h, assume that G contains
an x%-1-blowup (Ai,...,Ax_1) of Hp_1 with 2%-1|G| < |4;] < z|G| for all i € [k —1]. Put A :=
Ay U---U Ag_q; then |A| < (kK — 1)z|G|. For every i € [k — 1], let C; be the set of vertices in V(G) \ A
such that

e if g;gr € E(H), then every vertex in C; has fewer than x|A;| neighbours in A;; and

e if gigr ¢ E(H), then every vertex in C; has fewer than x|A;| nonneighbours in A;.

Then |C;| < 122|G| < 17E2|G] for every i € [k — 1] by the hypothesis. It follows that

Gl = [Al = (IC1] + - + [Cra]) > |G] = (k = Dz|G| = (1 = ka)|G] = z|G,

and so there exists B C (V(G) \ A) \ (C1 U---UCy_1) with |B| = |z|G|] > }z|G| > 2*|G|. Note that
o if gigr € E(H), then every vertex in B has at least x|A;| neighbours in A;; and
o if g;gr ¢ E(H), then every vertex in B has at least x|A;| nonneighbours in A;.

Let By := B. For i =2,3,...,k in turn, assume that we are given B;_; C B with
|Bi1| 2 22| B| > 2 ED9H2G) 2 2| 2 276,

In particular, there is no B’ C B;_y with |B'| > #|B;j_1| and indy 4, (G[B']) < 2b|B'|"~!. Since z|4;| >
x%=1+1|G| > 271G and

indg (G) < (2°|G)" = 2*(=“ |G < a1 A" By,

Lemma 3.7 with (a,b) = (a,b) gives A, C A; and B; C B;_; with |A}| > z%|A;| and |B;| > 2% |B;_|
such that

e if gigr, € E(H), then every vertex in B; has at most 2 |A}| nonneighbours in A’; and
e if gigr ¢ E(H), then every vertex in B; has at most 2 |A}| neighbours in A’.

For every i € [k — 1], we have
AL > 2| A4y] > 29+ |G| > 24|G).
Let A} := By; then since z|G| > |B| > 22|G| and | B;| > 20~V%|B;| = 2=V |B| for all i € [k], we have
2G| > |B| > | 4] = |Bi| > D% B] > o~ Dat2 6] > G|

For all 4,5 € [k — 1] with ¢ < j, since x®-1|4;] < z%-17%|4;| = z%|A}| and (Ai,...,Ak_1) is an
x%-1-blowup of Hj_1,
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o if gigj € E(H), then every vertex in A’ has at most 2%-1|4;| < x%|A]| nonneighbours in A}; and

o if gigj ¢ E(H), then every vertex in A} has at most 2%-1|4;| < % |Aj| neighbours in A;.
Therefore (A, ..., A, |, A}) is an 2%-blowup of Hy in G with z%|G| < |Al| < z|G| for all i € [k],
completing the induction step. This proves Claim 3.10. O

Now, Claim 3.10 with k = h yields an z-blowup (Ay, ..., Az) of H in G with |4;| > z%+2|G| for all
i € [h]. Thus, since 1 — (g)x > 1> g for all i € [h— 1] (recall that z € (0, h2)), Lemma 3.8 implies that

indg(G) 2z - (z*2|G)" > (@*F|G)" = (2°|a))",
a contradiction. This proves Lemma 3.9. |

For x > 0, an z-threshold blockade in a graph G is a blockade (Bi, ..., By) in G such that for every
i € [{], Bit+1U---U By is z-sparse or z-dense to B;. (This is related to the notion of threshold graphs,
where a graph F' is threshold if every induced subgraph J of F' contains v € V(J) that is complete or
anticomplete to V(J) \ {v}.) We now iterate Lemma 3.9 to obtained the following “symmetric” result.

Lemma 3.11. For every graph H with h = |H| > 1, there exists d > 2 such that for every graph G and
every x € (0,h72), if indy (G) < (24|G|)" then G contains an x-threshold (log 1, |29|G|])-blockade.

Proof. We proceed by induction on h. For h = 1 we can choose d = 1; so let us assume h > 2. Let
g € V(H), and let d’ > 0 be chosen for H \ g by induction. Let ¢ > 0 be chosen from Lemma 3.9 with
b=d(h—1),let s:=logh, and let d := d' + ¢+ s. We claim that d satisfies the theorem.

To this end, let = € (0,h~2), and let G be a graph with indg(G) < (z4|G|)". If 2¢|G| < 1 then we are
done since G contains an z-threshold blockade of any given length and width at least zero. Thus we may
assume 2¢/G| > 1. Let ¢ > 0 be maximal such that G contains an 2-threshold blockade (B, ..., By_1, By)
with |B;| > |2?|G|| for all i € [¢ — 1] and |By| > h'¢|G|. If £ — 1 > log(1/x) then we are done; so we
may assume ¢ — 1 < log(1/x). Then

|Bg| > h'Y G| > h~'80/D)|q| = 2°|G).

By Lemma 3.9, one of the following holds:
e ind;,(G[B']) < a*|B'|"1 = (z?|B'|)=! for some B’ C By with |B'| > z°|B,| > 2°t%|G;
o indy(G) > (z°|G|)" > (27|G])"; and
e there are disjoint A, B C By with |A| > |z¢|By|| and |B| > 1{_h11|Bg| such that either every vertex
in B has at most x|A| neighbours in A or every vertex in B has at most x|A| nonneighbours in A.

The second bullet cannot happen since indg (G) < (z%|G|)"; and the third bullet cannot happen by

the maximality of ¢ and

Al > 2Bl ] = [2°7°IGl) = [2|G],
1—hx
h—1
where the last inequality holds since lh_ f‘f > % (note that = € (0, h=2)). Thus the first bullet holds, and
so the choice of d’ gives an z-threshold blockade in G[B’] of length at least log(1/z) and width at least
|24 |B'|| > |2 *¢"*|G|] = |2%G||. This completes the induction step, proving Lemma 3.11. [ ]

|B| > |Bel > h*|G,

It is now not hard to derive Theorem 3.4 from Lemma 3.11 by noting that every n-vertex threshold

graph has a clique or stable set of size at least %n

Exercise 3.1. Deduce Theorem 2.6 from Lemma 3.7.



12 TUNG H. NGUYEN

4. GRAPHS OF BOUNDED VC-DIMENSION AND ULTRA-STRONG REGULARITY

For a family F of subsets of a ground set V', a subset S C V is shattered by F if for every A C S
there exists F' € F with A = FNS. The VC-dimension of F (with respect to V') is the largest size
of a subset of V shattered by F. For a graph G, its VC-dimension is the VC-dimension of the family
{N¢(v) : v € V(G)} with respect to V(G). We start with the following simple characterization of graphs
of bounded VC-dimension; and in what follows, a bigraph is a bipartite graph H with a fixed bipartition.

Lemma 4.1. For every bigraph H, there exists d > 1 such that every graph of VC-dimension at least d
contains a bi-induced copy of H. Conversely, for every d > 1, there is a bigraph H such that every graph
with a bi-induced copy of H has VC-dimension at least d.

Proof. The second statement is trivial. To prove the first statement, it suffices to show that for every
bigraph H with bipartition (X,Y’) where |X| = |Y| =: k, there is a bi-induced copy of H in every graph
G of VC-dimension at least k + log(2k). To see this, let S C V(G) with |S| > k + log(2k) such that S is
shattered by {Ng(v) : v € V(G)}. Let AU B be a partition of S with |A| = k and |B| > log(2k); then
there are distinct subsets By, ..., Bgg of B. Let ¢ be a bijection from X to A. For every u € Y and every
i € [2k], there exists v} € V(G) such that Ng(vj') NS = ¢¥(Nu(u)) U By; then o}, ..., vy are distinct
and so at least k of them are not in A, say v{,...,v}! ¢ A. Now it is not hard to greedily construct an
injective map ¢: Y — V(G)\ A such that ¢(u) € {v{,...,v}} for all u € Y. Then ¢ and ¢ together give
a bi-induced copy of H in G, as desired. This proves Lemma 4.1. |

For two bigraphs F' with bipartition (A, B) and H with bipartition (X,Y’), say that (F, A, B) bi-
contains (H,X,Y) if there is a bi-induced copy ¢ of H in F with ¢(X) C A,¢o(Y) C B. To refine
Lemma 4.1 into a “proper” forbidden induced subgraphs characterization of graphs of bounded VC-
dimension, we need the following two results, the first of which was proved by Erdés—Hajnal-Pach [13]

and the second of which results from a simple random bipartite graph argument.

Theorem 4.2 (Erdés-Hajnal-Pach). For every bigraph H with bipartition (X,Y), there exists a > 1
such that for every bigraph F with bipartition (A, B) where |A|,|B| > 2% and (F, A, B) does not bi-contain
(H,X,Y), there is a pure pair (C,D) in F with C C A, D C B, |C|* > |A|, and |D|* > |B].

Lemma 4.3. For every integer n > 2, there is a bigraph F with bipartition (A, B) such that |A| = |B] =n
and there is no pure pair (C,D) in F with C C A, D C B, and |C|,|D| > 2logn.

Exercise 4.1. Prove Theorem 4.2 and Lemma 4.5.

A split graph is a graph whose vertex set is the disjoint union of a clique and a stable set. Via an
application of the Erdés—Hajnal theorem 2.1, a graph missing a bi-induced copy of a bigraph if and
only if it avoids a bipartite graph, the complement of a bipartite graph, and a split graph as induced
subgraphs. The following proof can also be found in [3].

Lemma 4.4. For every two bipartite graphs Hy, Ho and every split graph J, there is a bigraph F such
that there is no bi-induced copy of F in any {Hy, Ha, J}-free graph.

Proof. Let ¢ > 0 be given by Theorem 2.1 with H = H;. Let (X1, Y1) be a bipartition of Hy, (Xs,Y3)
be a bipartition of Hy, and U UV be a partition of V(J) such that U is a clique in J and V is stable in
J. Let H) be the bigraph obtained from Hy by making X, Y5 stable, and let J’ be the bigraph obtained
from J by making U stable. By Theorem 4.2, there exists a > 1 such that for every bigraph F with
bipartition (A, B) for which |A|, |B| > 2% and (F, A, B) does not bi-contain at least one of (Hy, Xi,Y1),
(H}, X9,Y2), (J',U,V), and (J',V,U), there is a pure pair (C,D) in F with C C A, D C B, |C|* > |A],
and |D|* > |B|.
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Now, let n > 1 be such that 2¢viosn > (2logn)®, and let F' be a bigraph with bipartition (A, B)
and |A| = |B| = n given by Lemma 4.3; we claim that F' satisfies the lemma. To this end, let G be a
{Hy, Hy, J}-free graph; and suppose that there is a bi-induced copy of F' in G. Thus we may assume
V(F) C V(G). By the choice of ¢, since each of G[A], G[B] is Hi-free, there are P C A,Q C B with
|P|,|Q| > 2¢V1og™ > (21og n)® > 29 such that each of P, Q is a clique or stable set in G. Let F' := F[PUQ];
then since G is {Hy, Ha, J}-free, (F’, P, Q) does not bi-contain at least one of (Hy, X1,Y7), (H, X2, Y2),
(J',U,V), and (J',V,U). Hence, by the choice of a, there is a pure pair (C, D) in F’ (and so in F and
G) with C € P, D C @, |C|* > |P|, and |D|* > |Q]; but then |C|%,|D|* > 2¢VIog™ > (2]ogn)® which
yields |C|, |D| > 2logn, contrary the choice of F'. This proves Lemma 4.4. [ |

By combing Lemmas 4.1 and 4.4, we obtain the following forbidden induced subgraphs characterization
of graphs of bounded VC-dimension.

Lemma 4.5. For every bigraphs Hy, Ho and every split graph J, there exists d > 1 such that every
{Hy, Hy, J}-free graph has VC-dimension at most d. Conwversely, for every d > 1, there are bigraphs
Hy, Hy and a split graph J such that every graph of VC-dimension at most d is {Hy, Ha, J }-free.

For £ > 0 and a graph G, an ultra-strong e-partition of G is an equipartition (Vi,...,Vr) of G such
that all but at most an ¢ fraction of the pairs (V;,V}) are e-pure. The rest of this section deals with
the following partitioning result of Lovasz—Szegedy [21] for graphs of bounded VC-dimension, which
significantly strengthens the regularity lemma for these graphs.

Theorem 4.6 (Lovész—Szegedy). For every d > 1, there exists K > 2 such that for every e € (0, %),
every graph G of VC-dimension at most d admits an ultra-strong e-reqular partition into L parts for

some integer L € [e71 K],

We shall present a proof of this result by Fox—Pach—Suk [16]. First, we require the well-known Sauer—
Shelah—Perles lemma [28, 29].

Theorem 4.7 (Sauer—Shelah—Perles). Let F be a family of subsets of VC-dimension d > 1 of a ground
set V.. Then for every S CV,

d
{FNS:FeF} <), <“j_‘> < 2|84

j=0
Next we require a simple application of Theorem 4.7, which is a weaker version (with an additional

polylog factor) of Haussler’s packing lemma [19].

Lemma 4.8. For every d > 1, there exists Cy > 1 for which the following holds for every ¢ > 1. Let F
be a family of subsets of VC-dimension at most d of a ground set V, such that |AAB| > |V|/q for all
distinct A, B € F. Then |F| < Cq(qInq)? < Cyq*?.

Proof. Let k := [2¢In|F|] < 4¢In|F|. Let vi,...,v; be uniformly random elements of V' chosen
independently with repetition. For every two distinct A, B € F, the probability that AAB contains
none of vy, ..., v is at most

(1-1/g)f <e M1 < |F|2
Thus, with positive probability, AAB contains at least one of v1, ..., v for all distinct A, B € F. Hence
there exists S C V with |S| < k such that (AAB) N S # () for all distinct A, B € F; and so

|Fl=|{FNS:FecF} <2k <22 (gn|F|)?
where the second equation is due to Theorem 4.7. Thus there exists C; > 1 such that

|F| < Ca(glng)* < Cag*
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as was to be shown. This proves Lemma 4.8. |

Intuitively, a bigraph with not too few edges and not too few nonedges should have one side with a
decent number of vertices of not too small degree and antidegree. This intuition is made rigorous by the

following lemma.

Lemma 4.9. Let G be a bigraph with bipartition (A, B). Let € € (0,1), and assume that G has at least
e|A||B| and at most (1 —¢)|A||B| edges between A, B. Let a denote the number of pairs (e,e’) such that
e € E(Q), ¢ ¢ E(G), andene C A, and let b denote the number of pairs (e,e’') such that e € E(G),
¢ ¢ E(G), andene’ C B. Then a|A|+b|B| > ¢(1—¢)|A|?|B]? and so a+b > e(1—¢)|A||B| min(|A|, | B]).

Proof. Let ay, as be random vertices of A chosen independently and uniformly with repetition, and let

b1, by be random vertices of B chosen independently and uniformly with repetition. Then
Plaib € E(G), azbs ¢ E(G)] = (|A||B]) " E(G)| - (|A|B)HE(G)| = (1 —¢).

Observe that if a;by € E(G) and agby ¢ E(G) then either a1b; € E(G) and a1bs ¢ E(G), or a1b2 € E(G)
and asby ¢ E(G). Therefore, since a = |A||B|? - Plaiby € E(G),a1by ¢ E(G)] and b = |A|?|B| - Plaibs €
E(G),a2by ¢ E(G)], the proof of Lemma 4.9 is complete. [ |

We are now ready to prove Theorem 4.6.

Proof of Theorem 4.6 by Fox—Pach—Suk. Let C; > 1 be given by Lemma 4.8; we claim that K :=
log Cq 4+ 18d + 5 satisfies the theorem. To see this, let G be a graph with VC-dimension at most d.
We may assume |G| > ¢~ X for otherwise letting L := max(|G|, [¢~!]) would work. In what follows,
let N(v) := Ng(v) for all v € V(G). Let ¢ := 2772, and let k > 1 be maximal such that there exists
S = {v1,...,} C V(G) with |N(v;)AN(v;)| > |G|/q for all i,j € [k]. Then k = |S| < Cyqq®? =
Cy2'49=44 by the choice of Cy. By the maximality of k, there is a partition (Ay, ..., Ag) of V(G) with
IN(v)AN(v;)| < |G|/q for all i € [k] and v € A;; then |N(u)AN(v)| < 2|G|/q for all u,v € A;. Let
L := [8ke™1]; then e 7! < L < 16ke™! < Og2Md+4e=4d=1 < =K gince ¢ € (0, %) and by the choice of K.
Let (u1,...,u|q) be an ordering of V(G) such that for all 1 <i < j < |G, if there exists £ € [k] with
uj,uj € Ay then u, € Ap for all p € {4, +1,...,5}. Let (V4,...,VL) be an equipartition of V(G) such
that for all 1 <1i < j < |G|, if there exists ¢ € [L] with u;, u; € Ay then u, € Vy for allp € {i,i+1,...,j}.
Let I be the set of indices ¢ € L for which V; C A; for some i € [k]|, and let J := [L] \ I; then |J| < k.
Thus there are at most kL pairs (V;, V;) that are not e-pure and satisfy j € J.

Now, let @ denote the set of pairs {i,j} € (;) such that (V;,V}) are not e-pure. Let R := {(e,€’) :
e € E(G),e € E(G),lene€| = 1}. By Lemma 4.9, for each {i,j} € Q, since |V;|,|V;| > ||G|/L] >
[|G|/L] — 1> L[|G|/L, there are at least

e(1 = e)IGI/LJ® > 27%[|G|/LT?

pairs (e,€’) € R with e, e’ € V; x V;. On the other hand, by the definition of I, for every ¢ € I there are
at most

el (1Y) < qovarirzr

pairs (e,e’) € R with [eNV;| = |e’NV;| =1 and eNe’ € V;. Hence there are at most L(|G|/q)[|G|/L]?
pairs (e,e’) € R such that there exists i € [ with [eNV;| =]/ NV;| =1and ene € V;. It follows that

QI - 27%[|GI/LT? < L(G/) |G| /L1?

and so |Q| < 2%¢71L2/q. Therefore, since ¢ = 27¢~2 and L = [8ke~!], the number of pairs {i,5} € ([g})
such that (Vj,V}) are not e-pure is at most

297 2 Jq+ kL < (2571 /g + 4k /L) (g) = g<§> :
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This proves Theorem 4.6. |

Exercise 4.2. Show that Theorem 4.6 is no longer true without the bounded VC-dimension assumption.
More precisely, show that if C is a hereditary class of graphs such that for every d > 1 there is a graph
in C of VC-dimension at least d, then for every K > 2 there exist G € C and ¢ € (0, %) so that G admits

no ultra-strong e-reqular partition into L parts for any integer L € [e71, E_K].

Theorem 4.10. For every bigraph H, there exists K > 2 such that for every ¢ € (0, %) and every

graph G with no bi-induced copy of H, there exists L € [e~1, e K] for which there is an equipartition

V(G) =V U---UVy such that all but at most an e fraction of the pairs (V;, V}) are e-pure.

We use Theorem 4.10 to obtain a blockade that is (strongly) e-pure and large (more specifically, we
want the length and width to have polynomial dependence on €). This will be useful in the proof of the
Erd6és-Hajnal conjecture for graphs with bounded VC-dimension (Theorem 5.1).

Theorem 4.11. For every bigraph H, there exists b > 1 such that for every e € (0, %) and every graph
G with |G| > e and no bi-induced copy of H, there is an (71, % G|)-blockade (B, ..., By) in G such
that

o |Bi| == |By| <¥G|; and

e for all distinct i,j € [{], B;, Bj are e-sparse to each other in G or G.

Proof. Let K > 2 be given by Theorem 4.10; we claim that b := 5K satisfies the theorem. To this end,
by Theorem 4.10 with ¢* in place of ¢, if G is a graph with no bi-induced copy of H, then there is an
equipartition V(G) = V4 U--- UV, with L € [¢7*,e7*K] such that all but at most an &* fraction of the
pairs (V;,V;) are weakly e*-pure. By Turdn’s theorem, there exists J C [L] with |J| > 2c7* such that
(Vi, V;) is weakly e-pure for all distinct i, € J. Then there exists I C J with [I| > 3|J| > 674 > 7!
such that |V;| = |V} for all distinct 4,5 € I. Let £ := [¢~']; it follows that there exists I C J with I = [{]
such that |V;| = |Vj| for all distinct i,j € I. For every i € I, let B; be the set of vertices v in V; such
that for every j € I\ {i},

e v has at most %5]VJ| neighbours in V; if (V;, V;) is weakly e%-sparse in G; and

e v has at most %e|V;| nonneighbours in V; if (V;, V;) is weakly e'-sparse in G.
Then

|Bil > [Vil = (€ = 1) - 2e°[Vi] > [Vi| — &7 - 2¢%|Vi| = (1 = 26%)|Vi| > [Vi]/2

and by removing vertices if necessary we may assume that |B;| = [|V;|/2] = [m/2] where m = |V;|. It

follows that for all distinct 4, j € I, B;, B; are e-sparse to each other in G or G. Also, since
m > [|G|/L] = |G|/(2L) = "G
(as |G| > e7? = ¢75K) it follows that for each i € I,
|B;| > m/2 > 54K+2|G\ > €5K]G| = Eb\G]

and
|Bil <m < [|G|/L] < 2|G|/L < 2¢YG| < |G,
This proves Theorem 4.11. |
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5. ITERATIVE SPARSIFICATION AND ERDOS—HAJNAL FOR GRAPHS OF BOUNDED VC-DIMENSION

The goal of this section is to prove the following theorem [25], which was conjectured independently
by Fox—Pach—Suk [16] and Chernikov—Starchenko-Thomas [6].

Theorem 5.1 (Nguyen—Scott—Seymour 2024+). For every d > 1, there exists ¢ > 0 such that every

graph G of VC-dimension at most d has a clique or stable set of size at least |G|°.
Via Lemma 4.1, Theorem 5.1 is equivalent to the following result.

Theorem 5.2. For every bigraph H, there exists ¢ > 0 such that every graph G with no bi-induced copy

of H has a clique or stable set of size at least |G|°.

The proof of Theorem 5.2 uses the framework of iterative sparsification, which was introduced in [23, 24]
and later also employed in [22]. Recall that a graph is e-restricted if either the graph or its complement
is e-sparse. The goal is to find an e-restricted induced subgraph of size at least poly(¢)|G|. Rather than
doing this in one step, we will instead attempt to move through a sequence of induced subgraphs that are
successively more restricted: given a y-restricted induced subgraph F', we search for an induced subgraph
that is poly(y)-restricted and is at most a poly(y) factor smaller. Provided we can start the process, and

it does not get stuck on the way, the following lemma shows that the process gives the required subset.

Lemma 5.3. Let c€ (0,1), a > 2, and t > 1. Suppose that x € (0,¢), and G is a graph satisfying:

e there is a c-restricted induced subgraph of G with at least c'|G| vertices; and
o for every y € [x,c] and every y-restricted induced subgraph F of G with |F| > y?!|G|, there is a
y®-restricted induced subgraph of F with at least y*|F| vertices.

Then G contains an x-restricted induced subgraph with at least %G| vertices.

Proof. By the first condition of the lemma, there exists y € [x%, ¢| minimal such that G has a y-restricted
induced subgraph F with |F| > y?!|G|. If y > z, then by the second condition of the lemma and since
a > 2, F has a y%restricted induced subgraph with at least y%|F| > y®*+2|G| > y?%|G| vertices; but
this contradicts the minimality of y since z* < y* < y. Thus 2% < y < x; and so F' is x-restricted, and
|F| > y*|G| > 2?*|G|. This proves Lemma 5.3. [

We will find a subgraph satisfying the first bullet by using Rédl’s theorem 1.3, with a suitable ¢t = ¢(c).
However, finding a subgraph that satisfies the second bullet is more challenging, and we need to allow
for an alternative “good” outcome. We will show in Lemma 5.8 that if we get stuck then we can instead
find a large complete or anticomplete blockade (note that this is much stronger than being pure; and
the blockades given by Theorem 4.11 are only e-pure). Let us show that, if we can find sufficiently large
complete or anticomplete blockades, then we can obtain the Erdés—Hajnal result (see [30] for an early

version of this idea).

Lemma 5.4. Let C be a hereditary class of graphs. Suppose that there exists d > 2 such that for every
z € (0,27 and every G € C, either:
e G has an x-restricted induced subgraph with at least 2%|G| vertices; or

e there is a complete or anticomplete (k,|G|/k?)-blockade in G, for some k € [2,1/x].

Then there exists a > 2 such that every n-vertex graph in C has a clique or stable set of size at least n'/®.

Proof. A cograph is a graph with no induced four-vertex path; and it is well-known that every k-vertex
cograph has a clique or stable set of size at least k'/2. Thus, it suffices to prove by induction that
every G € C contains an induced cograph of size at least |G|/ 24). We may assume |G| > 22¢°. Let
x:= |G|~V ¢ (0,27%). By the hypothesis, either:

e there exists S C V(G) with |S| > 2¢|G| such that G[S] is z-threshold; or
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e there is a complete or anticomplete (k, |G|/k?)-blockade in G, for some k € [2,1/x].

If the first bullet holds, then since |S| > 24|G| > #~!, Turdn’s theorem gives a clique or stable set in
G|[S] of size at least (2z)~' > 2=%/2 = |G|*/(9), If the second bullet holds, then by induction and since

k > 2, G contains an induced cograph of size at least

k(|G|/k4) Y 28 = p1-1/Cd)| g1/ @) 5 g1/ )
This proves Lemma 5.4. -

The key step in making the iterative sparsification strategy work is therefore to show that if the second
bullet of Lemma 5.3 does not hold then we can find a sufficiently large complete or anticomplete blockade.
We will show this in Lemma 5.7: given a y-restricted graph F' with no bi-induced H, we will prove that
we can either pass to the desired poly(y)-restricted subgraph or find a complete or anticomplete blockade
whose length and width depend polynomially on y. We will argue by induction on |H|, and grow the
blockade one block at a time. The first step (Lemma 5.5) is to find a complete or anticomplete pair
(A, B), where A has size poly(y)|F| and B contains all but a small fraction of the rest of F'; we then
(Lemma 5.7) repeat the argument inside B, continuing until we obtain a blockade that is long enough.
Restricted graphs can either be dense or sparse: we will assume for the moment that our restricted graph

is sparse, and handle the dense case later by taking complements.

Lemma 5.5. Let H be a bigraph, and let v € V(H). Let b > 1 be given by Theorem 4.11. Assume there
exists a > 2 such that every n-vertex graph with no bi-induced copy of H \ v contains a clique or stable
set of size at least n'/*. Let y € (0,1/|H|), and let F be a y-sparse graph with no bi-induced copy of H.
Then either:

o F has a y*®-restricted induced subgraph with at least y3ba2|F| vertices; or

e there is an anticomplete pair (A, B) in F with |A| > y?*|F| and |B| > (1 — 3y)|F|.

Proof. We have a sparse graph, and want to find an anticomplete pair (A, B). We will do this by first
using ultraregularity to find a large, nearly-pure blockade and then looking at how the rest of the graph
attaches toit. Solet ¢ := y3“2, and suppose that the first outcome does not hold; then |F| > y*?’ba2 =¢eb

By Theorem 4.11, F has a (¢!, % F|)-blockade (Bj, ..., By) with £ = [¢71], such that:

o |By|=---=|By| <2 F|; and
e for all distinct 4,5 € [¢], B;, B; are e-sparse to each other in F or F.

Let D :=V(F)\ (B1U---UDBy) and m := |By|. For i € [{], a vertex v € D is mized on B; if it has a
neighbour and a nonneighbour in B;.

Claim 5.6. FEvery vertex in D is mized on at most yl of the blocks By, ..., By.

Subproof. Suppose there is a vertex w € D mixed on at least yf of the blocks B, ..., By, say Bi,..., B,
where r > yl > ye~! = y1_3“2. Let J be the graph with vertex set [r] where for all distinct 4,5 € [r],
ij ¢ E(J) if and only if B;, B; are e-sparse to each other in F.

We claim that there is no bi-induced copy of H \ v in J. Suppose that there is; and we may assume
V(H\v) CV(J). We assume that v € V4 (H) without loss of generality. For each u € Vo(H), let w,, be a
neighbour of w in B, if uv € E(H) and a nonneighbour of w in B,, if uv ¢ E(H). For each z € V1(H)\{v}
and u € Vo(H), since uz ¢ E(H) if and only if uz ¢ E(J) if and only if B,, B, are e-sparse to each
other in F', w, is adjacent in F' to at most ¢|B,| vertices in B, if uz ¢ EF(H) and nonadjacent in G to
at most ¢|B,| vertices in B, if uz € E(H). Thus, for each z € Vi(H) \ {v}, there are at least (note that
e <y<1/|H)

|B.| — Va(H)[el B| > |B| — |H]y|B.| >0
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vertices 2z’ € B, such that for every u € Y, w,z’ € E(F) if and only if uz € E(H); let w, be such a
vertex. It follows that {w} U{w, : z € Vi(H) \ {v}} U{w, : v € Y} forms a bi-induced copy of H in F,
a contradiction.

Thus, there is no bi-induced copy of H \ v in J. By the choice of a, J thus contains a clique or stable
set I with [I| > |J|Y/e > (yi=30*)Va = y=3atl/a e § = Uicr Bi; then |S| = |I|m since |B;| = m for

all i € I. If I is a stable set in J, then F[S] has maximum degree at most
m+ |Tlem = (1/|I] +&)|Tjm < (%7 + y*)[S| < 25> 71|S] < y™|S];

and similarly, if I is a clique in J, then F[S] has maximum degree at most y?*|S|. Thus F[S] is y*%-
restricted which is the first outcome of the lemma, a contradiction. This proves the claim. O

Now, by the claim, there exists i € [¢] such that there are at most y|D| vertices in D that are mixed

on B;. Since F' is y-sparse, there are at most y|F'| vertices in D that are complete to B;. Thus, since
|Bu| +--- + Byl < e°|F| < 2¢|F| = 2™ |F| < y| F),

there are at least
[Fl = ylDl = ylF| = (|B1] +--- + [Be]) = (1 = 3y)|F]
vertices in F with no neighbour in B;. Because | B;| > eb|F| = 3%’ |F|, the second outcome of the lemma

holds. This proves Lemma 5.5. |

We now apply Lemma 5.5 repeatedly to move from an anticomplete pair to an anticomplete blockade.

Lemma 5.7. Let H be a bigraph, and let v € V(H). Let b > 1 be given by Theorem 4.11. Assume there
exists a > 2 such that every n-vertex graph with no bi-induced copy of H \ v contains a clique or stable

set of size at least n'/%. Let 0 < y < 2712 and let F be a y-sparse graph with no bi-induced copy of
H. Then either:

e F' has a y*-restricted induced subgraph with at least yzba2|F\ vertices; or

e there is an anticomplete (y=/2,y?0*|F|)-blockade in F.

Proof. Suppose that the second outcome does not hold. Let n > 0 be maximal such that there is a
blockade (By, By, ..., By,) in F with |B,| > (1 — 3y"/2)"|F| and |Bi_1| > y?**|F| for all i € [n]. Since

1/2

the second outcome does not hold, n < y~!/2; and so, since y < 27'2,

[Bal 2 (1= 3y!2)" | 2 47 0 F| > 479\ F| > 42|,

Hence F[B,,] has maximum degree at most y|F| < y'/2|B,|; and so Lemma 5.5 (with y'/2 in place of y,
note that y'/2 < 2761#1 < 1/|H|) implies that either:

o there exists S C B, with |S| > ¢3%°/2|B,| such that F[S] is y*restricted; or

e there is an anticomplete pair (4, B) in F[B,] with |A| > y3%%°/2|B,| and |B| > (1 — 3y'/2)|By|.
If the second bullet holds, then (By, By, ..., B,—1, A, B) would be a blockade contradicting the maximal-
ity of n since |A| > y309°/2|B,,| > 30@*/2+1/2|F| > 4209’ | P|. Thus the first bullet holds; and so S C V(F)
is yo-restricted in F and satisfies |S| > y30@°/2|B,,| > ¢30e*/2+1/2|G| > y2°|F|. Hence the first outcome
of the lemma holds. This proves Lemma 5.7. |

For a bigraph H, its bicomplement is the bigraph H with the same bipartition and edge set {uv : u €
Vi(H),v € Va(H),uv ¢ E(H)}. We can now prove that the conditions of Lemma 5.4 are satisfied.

Lemma 5.8. For every bigraph H, there exists d > 2 such that for every x € (0,27%) and every graph
G with no bi-induced copy of H, either:

e G has an x-restricted induced subgraph with at least x%|G| vertices; or
e there is a complete or anticomplete (k,|G|/k?)-blockade in G, for some k € [2,1/x].
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Proof. We argue by induction on |H|. We may assume that |[H| > 2. Choose v € V(H). By Lemma 5.4
and the induction hypothesis applied to H \ v, there exists a > 4 such that every n-vertex graph with no

1/a_ By taking complements, it

bi-induced copy of H \ v contains a clique or stable set of size at least n
follows that every n-vertex graph with no bi-induced copy of H \ v contains a clique or stable set of size
at least n'/%. Let ¢ := 2712H| and let b > 1 be given by Theorem 4.11. By Rédl’s theorem 1.3, we can
choose some ¢ > ba? such that every graph G with no bi-induced copy of H contains a c-restricted induced
subgraph with at least c!|G| vertices. We claim that d := 2max(at, |H|) > 8t satisfies the theorem.

To show this, let 2 € (0,27¢) C (0,¢), and suppose that G has no bi-induced copy of H. Suppose
that the second outcome of the lemma does not hold; that is, there is no k € [2,1/x] such that there is

a complete or anticomplete (k, |G|/k?)-blockade in G.

Claim 5.9. For every y € [z,c| and every y-restricted induced subgraph F of G with |F| > y?!|G|, there

is a y®-restricted induced subgraph of F with at least y*|F| vertices.

Subproof. We claim that either:

e F has a y“restricted induced subgraph with at least 42| F| > y|F| > yo|F| vertices; or

e there is a complete or anticomplete (y~1/2, y2%*| F|)-blockade in F.
If F is y-sparse, then one of the bullets holds by Lemma 5.7. If not, then F is y-sparse and H-free, and
contains no bi-induced copy of H \ v, and so one of the bullets holds by Lemma 5.7 applied to F.

If the second bullet holds, then since y2°|F| > y*|G| > y%2|G| by the choice of d, there would be a

complete or anticomplete (y~1/2,4%2|G|) blockade in G, which contradicts that the second outcome of
the lemma does not hold (note that y'/2 < ¢'/2 < %) Thus the first bullet holds, proving the claim. [

Lemma 5.3 and the claim imply that G has an z-restricted induced subgraph with at least 22%|G| >
2?%|G| vertices, which is the first outcome of the theorem. This proves Lemma 5.8. |

Proof of Theorem 5.2. Combine Lemmas 5.4 and 5.8. |
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