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ABSTRACT. We establish the following family version of Habegger’s bounded height theorem
on abelian varieties [28]: a locally closed subvariety of an abelian scheme with Gao’s ¢! de-
generacy locus [20] removed, intersected with all flat group subschemes of relative dimension
at most t, gives a set of bounded total height. Our main tools include the Ax—Schanuel theo-
rem, and intersection theory of adelic line bundles as developed by Yuan—Zhang [51]. As two
applications, we generalize Silverman’s specialization theorem [48] to a higher-dimensional
base, and establish a bounded height result towards Zhang’s ICM Conjecture [52].
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1. INTRODUCTION

Let S be a normal quasi-projective variety defined over a number field K with the function
field F', and let 7 : A — S be an abelian scheme with generic fiber A.

1.1. Scenario one. Consider the specialization map for the Mordell-Weil group
sp, - A(S) — A

defined by restricting a section to the fiber A, over any s € S. A well-known result of
Silverman [48, Thm. C] states that when S is a curve and A has no constant part, the
specialization maps are injective for all closed points of .S, except for a set of bounded height.
Naturally, this raises the question of whether analogous results hold for higher-dimensional
bases.

By the Lang—Néron theorem [34], the group A(F) is finitely generated. Let oq,--- ,0, €

A(S) C A(F) be linearly independent generators for A(S)g. Consider the section g :=
1
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(01, -+ ,0,) embedded in the fibered power A%. For A := (A,---,\,) € Z", denote by H,
the flat group subscheme of A} given as the kernel of

AEHAv Ez(xb"'7xr>'_>A'£:)\1xl+"'+)\rxr-

Observe that a linear relation A - o(s) = 0 corresponds to an intersection ¢ NHy over s € S.
In other words, nontrivial linear relations among oy, - - - , 0, are encoded in the intersection
any 0 Ha- In general, one can not expect the intersections to be rare. The following is
our first result, which recovers Silverman’s theorem in the curve case:

Theorem A (Theorem . If all nontrivial simple abelian subvarieties of Apaie have max-
imal variation (i.e., the period maps are generically finite) and dimension at least dim S,
then the set of closed points s € S where sp, fails to be injective, or equivalently the set of
closed points of the intersection g N U/\ﬂ) H,, is contained in the union of a strict Zarisk:
closed subset and a set of bounded height of S.

We will see that the maximal variation assumption ensures that the subvariety ¢ is op-
timally nondegenerate, while the dimension assumption restricts the intersection to being,
at most, just likely. Notably, the above theorem represents a specific instance of a broader
phenomenon applicable to sufficiently nondegenerate subvarieties.

1.2. Scenario two. For this subsection, we assume S = C'is a curve. Let (-,-) be the
canonical height pairing associated to a relatively ample line bundle £ on A/C. Take a
finitely generated torsion-free subgroup A C A(C) with linearly independent generators
o1, -+ ,0.. Define the following function

ha(s) = det ((0:(5), 95(5))s)
for any s € C(K®8). In his ICM notes [52], S. Zhang made the following conjecture:
Conjecture 1.1 (S. Zhang). Let A — C be an abelian scheme on a curve over a number

field K whose generic fiber is geometrically simple of dimension > 2. Let A C A(C) be a
finitely generated torsion-free subgroup. There is € > 0 such that

{s € O(K™8) | hy(s) < ¢}
is finite.
As observed by Poonen, Conjecture(l.1]is not true without the dimension assumption, since
a section of an elliptic surface can easily have infinitely many torsion points. Nevertheless,

we can obtain the following bounded height result with no restriction on the dimension of
abelian varieties in the non-constant case.

Theorem B (Theorem [0.5). Let m : A — C be an abelian scheme on a curve C defined
over a number field K, and assume A/C has no constant part. Let A C A(C') be a finitely
generated torsion-free subgroup. There is € > 0 such that

{s € O(K™8) | ha(s) < €}

is a set of bounded height. In particular, there are only finitely many points s € C(K*8) of
bounded degree with ha(s) < e.

For the proof, we shall reduce the question by linear algebra to study the intersection of
o= (o1, -+ ,0,) C A with a certain e-height neighborhood of |, o Ha-
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1.3. Scenario three. Now, assume S is a point so that A is an abelian variety over K.
Consider a subvariety X C A. For ¢t € N, let A<, denote the union of all group subschemes
H C A with dimension < ¢t. One would like to understand when the closed points of

XNAs

are contained in the union of a strict Zariski closed subset and a set of bounded height in
X. Guided by the general principle of unlikely intersection, we should remove those positive
dimensional subvarieties Y C X if Y has codimension < ¢ inside a coset (i.e. translate of a
group subvariety). Such Y’s are expected to result in an unbounded height for the dimension
reasons, at least when A is a power of elliptic curves as verified by Viada [50]. The union
of all such Y’s is called the t-anomalous locus of X, which is shown to be Zariski closed
by Rémond [46]. Denote the locally closed subvariety deprived of the t-anomalous locus by

X2t Fix a Néron—Tate height function h on A and let the e-height neighborhood of A<, be
CQ;ASQx:{x—%y|x6149(KM%,yE/MK?@%ﬁ@)<enﬂm{Lﬁ@ﬂ}}.
Habegger establishes the following bounded height theorem [28] on abelian varieties:

Theorem 1.2 (Habegger). Let A be an abelian variety over a number field K with a fized
Néron—Tate height and let X be a subvariety of A. There exists € > 0 such that the closed
points of the intersection X' N C(e, A<;) form a set of bounded height.

Our main result is a family version of Habegger’s theorem, implying the three scenarios
above, which we now describe.

1.4. Main result. Let S be a normal quasi-projective variety over a number field K and
let 7 : A — S be an abelian scheme, with its relative dimension denoted by g. For t € N,
let A<; denote the union of all flat group subschemes H C A with relative dimension < .
Consider an embedding of A in a projective space. The induced naive height function h on
the closed points of A is called a total height. Fix a fiber-wise Néron—Tate height A on A/S.
Define, for € > 0, the e-height neighborhood of A<; as

Cle, A<t) == {x +ylz e Aq(K™8),y € Aﬂ(x)(Kalg), iz(y) < emax{l,h(m)}} .
We are interested in understanding for a subvariety X C A when the following intersection
XN C(G, Agt)

is sparse for sufficiently small e. Now it seems less transparent in this family setting on
what is anomalous; for instance, a horizontal constant section could also lead to unbounded
height. Nonetheless, the analogue of a coset in this mixed setting is called a weakly spe-
ctal subvariety, defined in Definition , which is, roughly speaking, a translate of a (not
necessarily dominant-over-S component of) group subscheme by a constant section.

To present the result concisely, we adopt an alternative approach compared to the main
body of the paper.

Definition 1.3. For simplicity, assume that End(A) = End(Apag ), and consider a subvariety
X of A which is not contained in any strict group subscheme of Alf]

n particular, X is dominant over S by considering the (possibly non-flat) group subscheme given as the
union of Al(x) with the identity section.
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For t € Z, the subvariety X is called t-nondegenerate if, for any abelian subscheme B with
relative dimension gz, the composition

e A— A/B — Ay g

where the first map is the quotient, and the second map is a mixed period map to the
universal abelian variety, satisfies

dim X — dim ¢ /5(X) < max{0, gg — t}.
Moreover, define the degeneracy threshold of X to be
T(X) = min {g5 — (dim X — dim ¢,5(X)) }

where the minimum is taken over all abelian subschemes B of A with the property that
dim X — dimp/p(X) > 0. It is immediate to check that X" is 7(X’)-nondegenerate but
(T(X) + 1)-degenerate. By taking B = A, we see that 7(X) < g — dim X

We remark that the fibers of ¢, are weakly special of relative dimension g by Lemma 3.5]
Indeed, the t-nondegeneracy condition above ensures that the union of those positive-dimensional
subvarieties Y C X which have codimension < ¢ inside a weakly special subvariety is not
Zariski dense in X. Such )’s have the potential to lead to unbounded height when inter-
sected with A<, for dimension reasons. We have the following main result, as a consequence
of our main Theorem R.4] and the criterion

Theorem C. Let S be a normal quasi-projective variety over a number field K, and let
m: A — S be an abelian scheme equipped with a fized fiber-wise Néron—Tate height h and
a total height h. Let X be a subvariety of A with 7(X) > 0. There exists € > 0 and a
Zariski dense open subset U C X such that the closed points of U N C(e, A<(xy) form a set
of bounded total height.

In fact, we may take U as the complement of the degeneracy locus X8(t) for t = 7(X),
first introduced and studied by Gao [20, Def. 1.6], which is the union of those “t-anomalous”
subvarieties ). For a precise statement, we refer to Theorem [8.4, Additionally, Theorem
establishes the connection between nondegeneracy and the degeneracy locus. When the base
S is a point, Theorem is exactly Habegger’s Theorem [I.2] This work builds upon and
extends his ideas to the relative setting.

1.5. Previous work and Pink’s conjecture. The study of bounded height results for the
intersection of subvarieties with subgroups traces back to 1999, with the work of Bombieri—
Masser—Zannier [6]. They demonstrated that the intersection of a curve C' in the algebraic
torus G, with all algebraic subgroups of codimension > 1, though not finite, is of bounded
height—provided C' is not contained within a strict coset. Intersections where the dimensions
of the involved varieties complement each other will hereafter be referred to as just likely.
Their height upper bound is used in combination with Lehmer-type lower bounds in the
same paper to further show that if the intersection is altered to an wunlikely situation, i.e.,
where C intersects algebraic subgroups of codimension > 2, then the result is finite.

In subsequent work [7], Bombieri-Masser—Zannier propose a general bounded height con-
jecture on GJ , suggesting that the bounded height analogue in the just likely setting still
holds if C' is replaced by a more general variety X, excluding its anomalous locus. They
demonstrated the Zariski-closed nature of the anomalous locus in the same work. Moreover,
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[8] showed that in the unlikely setting, the bounded height conjecture leads to finiteness,
even in scenarios analogous to the curve case.

The bounded height conjecture was later resolved by Habegger [29] in an innovative way.
In parallel to the case of tori, related questions have been explored for (semi-)abelian vari-
eties. Notably, in a separate paper [28], Habegger established the bounded height theorem
(Theorem for abelian varieties. Kiihne [33] extended this result further to cover general
semiabelian varieties.

Now consider the abelian scheme A/S as before. For d € N, denote by A>% the union
of all codimension > d group subschemes of the fibers of A — S. A conjecture of Pink in
the preprint [43] Conj. 6.1], as an implication of his general conjecture on mixed Shimura
varieties in the same paper, predicts the following in the unlikely situation:

Conjecture 1.4 (Pink). Consider an abelian scheme A — S over a number field K and

an irreducible closed subvariety X of dimension d that is not contained in any strict group
subscheme of A. Then X N AP is not Zariski dense in X.

Conjecture [1.4] is a profound and widely open problem in general. It is known to imply
various arithmetic results, including Faltings’ theorem [16] in the special case where S is
a point; see Zilber [53, Prop. 3] and Pink [42, Thm. 5.4]. Several known cases for the
non-constant setting of A/S are as follows:

(1) The relative Manin-Mumford conjecture, which focuses on torsion points. This con-
jecture was initially investigated by Masser—Zannier [36] and has recently been proven
in full generality by Gao—Habegger [24].

(2) The case where S is a curve over a number field, and the curve X C A intersects
with the union of flat group subschemes of relative codimension at least 2. This is a
combined result of works by Rémond [45], Habegger—Pila [30], and a series of papers
by Barroero-Capuano [2, [3] [4].

In both cases above, establishing height upper bounds is crucial. The cited works of Masser—
Zannier and Barroero—-Capuano rely on Silverman’s specialization theorem [48, Thm. C] as
a key input for deriving the height bounds. While in the cited work of Gao-Habegger,
the height bound comes from the height inequality of their joint work with Dimitrov [14].
The robust Pila-Zannier method [41] serves as a replacement for Lehmer-type height lower
bounds to ensure finiteness.

The main theorem in this paper studies the just likely setting, focusing on the portion
of group subschemes arising from the generic fiber of A/S as in the above two cases. We
will formulate a more general Conjecture at the conclusion of this paper, complementing
Pink’s Conjecture [I.4]

1.6. Outline of the strategy. We now provide an overview of the proof of the main results.

In §2] we introduce the pullback of symmetric R-line bundles via R-homomorphisms be-
tween two abelian schemes, laying the groundwork for continuity arguments.

In the first part (§ of the paper, we establish several geometric results using functional
transcendence. We begin by defining Gao’s degeneracy locus in the complex analytic set-
ting. We include for completeness the proof of the algebraicity of the degeneracy locus [20),
Thm. 1.8] in a general abelian scheme A/, following Gao’s idea in his proof of the universal
abelian variety case. We establish the finiteness result for types of vertically optimal subva-

rieties (Theorem . The algebraicity (Theorem follows immediately as a consequence
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of upper semi-continuity. Along the path, we derive Theorem as a robust equivalent
criterion for (non)degeneracy.

Furthermore, we apply the Ax—Schanuel theorem to establish a necessary condition (Theo-
rem for a subvariety X C A to achieve vanishing of the volume form associated with the
pullback of a Betti form by a surjective R-homomorphism f : A --+ B of abelian schemes.
Specifically, if the ¢ degeneracy locus of a subvariety X is not Zariski dense, we deduce
positivity for any f of relative dimension < ¢. These positivity results are interpreted later
as the positivity of the self-intersection number of a geometric invariant adelic line bundle.
We emphasize that it would be crucial to allow R-homomorphisms and R-line bundles, and
it seems necessary to use Ax—Schanuel type results.

In the second part §§6H3, we prove the main theorem using intersection theory. While
drawing inspiration from Habegger’s approach, generalizing his ideas presents notable chal-
lenges. These difficulties stem from addressing the subtleties and complexities involved in
extending the methods beyond abelian varieties to this broader framework. To overcome one
of these issues, we use the intersection theory of adelic line bundles over quasi-projective va-
rieties, as developed by Yuan—Zhang [51]. This allows us to avoid unnecessary and unnatural
compactifications, which often arise when working on non-complete general abelian schemes.
After recalling the invariant adelic line bundles on abelian schemes, we connect the Betti
forms to the Monge—Ampere measure. This connection helps us relate the self-intersection
of the invariant adelic line bundle in Corollary [6.14]

For the proof, the starting observation is that flat group subschemes of relative dimension
< t are contracted by surjective homomorphisms ¢ : A — B of relative dimension < ¢.
By Poincaré’s complete reducibility, there are finitely many possible choices of B up to
isogeny. Consider one such B. A key result (Proposition , motivated by Habegger’s [28]
Lem. 2|, states that there exists a compact subspace K(.A, B) of the open locus of surjective
R-homomorphisms in Hom(A, B)g. This subspace includes a set of representatives under
the left action of End(B)g. Using this compact subspace, we derive uniform upper bounds
and lower bounds for intersection numbers on pullback adelic line bundles by
continuity. These bounds on intersections, combined with Siu—Yuan’s bigness theorem, give
a height upper bound (Proposition for the total height of a general point of X under
the positivity assumption. On the other hand, the total height of a B-Null point, that
is, a point that can be killed by a surjective homomorphism A — B, has a lower bound
(Proposition by height properties. When taking the intersection and choosing constants
properly, these two height bounds compete with each other and give the desired height bound
(Theorem , over a Zariski dense open subset of X.

To complete the proof of Theorem [8.4] we need first to show that the degeneracy locus,
initially defined over C, is defined over the base number field. Using the positivity properties
of the t-nondegenerate subvariety X, we apply Theorem to the finitely many possible
B’s. A Noetherian induction argument then enlarges the Zariski open subset to include the
complement of the t'" degeneracy locus.

1.7. Plan of the paper. In §§3}[5 we work within the complex analytic category. For the
remaining sections, we use the scheme-theoretic language.

e §2t We collect general facts about abelian schemes and make some basic deductions.
Pullbacks by R-homomorphisms are discussed.

e 3 We review the setup of bi-algebraic geometry for the universal abelian variety,
following [21]. Some notions are slightly rephrased for clarity. We also present the
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weak Ax—Schanuel theorem and a Finiteness a la Bogomolov-Ullmo result of Gao,
both of which will be used later.

e J4t Betti forms are constructed carefully. Compared to the available literature,
we are also interested in Betti forms associated with general nef line bundles. An
integrability property of those Betti forms arising from pullbacks is given at the end.

e 5 Gao’s notion of degeneracy locus over C is defined here. We include a proof of
the Zariski closedness for the degeneracy locus on general abelian schemes. Along
the way, we obtain the criterion for degeneracy. Finally, the Ax—Schanuel theorem
is applied to derive the necessary condition for the vanishing of the volume measure
attached to the pullback Betti form.

e 6t We briefly introduce the language of adelic line bundles on quasi-projective vari-
eties [51]. The properties of intersection theory and heights are discussed.

e 71 We show the main arithmetic result by intersection theory.

e §8 The degeneracy loci are shown to be defined over the base field, and the main
theorem is proved using all previous results.

e §9 The applications to Theorem [A] and Theorem [B] are discussed in detail. At the
end, we state a conjecture as a potential strengthening of the main theorem.

Acknowledgments. The author would like to thank Ziyang Gao and Shou-Wu Zhang for
constant discussions, for their encouragement, and for the comments on the first draft;
Dan Abramovich and Joseph Silverman for reading the first draft and for their suggestions;
Philipp Habegger for answering a related question and for his beautiful work [28], which
motivates this result; Laura DeMarco for explaining Silverman’s proof to the author; and
Niki Myrto Mavraki for bringing [13] and another proof of Theorem [Bf to the author’s
attention.

Notations and conventions

(1) We work in characteristic zero exclusively. Unless otherwise stated, K denotes either a
number field or C, and K*# denotes an algebraic closure of K.

(2) Schemes are noetherian. Varieties are separated, geometrically irreducible, and reduced
schemes of finite type over the field. Subvarieties are Zariski closed unless otherwise
specified, such as locally closed subvarieties, which are open subsets of subvarieties.
Images of varieties under a morphism are taken in the scheme-theoretic sense.

(3) An inclusion X C Y is called strict if X # Y.

(4) We follow the standard definition of abelian schemes and group schemes. Abelian
schemes are by definition flat over the base. Group schemes may have components that
are not dominant over the base. Group subschemes (or subgroup schemes) are assumed
to be Zariski closed throughout. Note that each component of flat group subschemes of
abelian schemes is dominant over the base variety by properness and flatness.

(5) Tensor products of (adelic) line bundles are written additively, e.g. 2L := £L%2.

(6) Intersection products of adelic line bundles are written multiplicatively with a square
bracket and subscript, e.g. [Lx means the d-th self-intersection of L on X.

(7) For an abelian group V and a ring R = Q or R, we write Vi := V ®z R. For a variety
X over Sand T — S, we write X7 := X xgT.

(8) The symbols A, B are reserved for abelian schemes. The symbols S, 7T are reserved for
the base varieties, which are normal and quasi-projective over the field.
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(9) The symbols X, Y, U are reserved for (locally closed) analytic or algebraic subvarieties
of abelian schemes. When X is equipped with a natural projection map 7, denote the
relative dimension by rel. dim X := dim X — dim 7(X).

(10) Finite dimensional real vector spaces such as Hom(A, B)g are equipped with the Eu-
clidean topology and a fixed norm | - |.

(11) For a complex manifold Y, the real (resp. holomorphic) tangent bundle is denoted by
TY (resp. T'Y).

2. PRELIMINARIES ON ABELIAN SCHEMES

In this section, we define basic terminology and fix notations in the language of schemes.
Let S be a normal variety over a field K of characteristic 0 with generic point . An abelian
scheme m : A — S is a group scheme which is smooth and proper with geometrically
connected fibers. The zero section of A is denoted by e : S — A. The relative dimension of
A/S is denoted by ¢. For any [ € Z, let [I] : A — A be the multiplication by [. For s € S,
let A, be the fiber of A over s.

2.1. Picard group. The Picard functor Pic(A/S) of A/S is a functor from the category of
schemes over S to the category of groups defined by

Pic(A/S)(T) := Pic(Ar)/ms Pic(T)
for any S-scheme T'. We define the Picard group for A/S as
Pic(A/S) := Pic(A/S)(S) = Pic(A) /7" Pic(S).

A rigidified line bundle on A/S is a pair (£,e*L = Og) with £ € Pic(A) such that e*L €
Pic(5) is trivial and the fixed rigidification e*£ = Og is an isomorphism of line bundles. We
usually leave out the rigidification when there is no ambiguity. An isomorphism of rigidified
line bundles is an isomorphism of line bundles that is compatible with the rigidification. One
checks immediately:

Pic(A/S) = {Rigidified line bundles on A/S}/ ~isom -

Thus, we shall regard an element in Pic(A/S) as a rigidified line bundle up to isomorphism.
Two R-line bundles £y, Lo € Pic(A/S)r are said to be numerically equivalent, denoted as
L1 = Lo, if deg(Ly|c) = deg(Ls|c) for any curve C' in a fiber of A — S. If £ € Pic(A/S)r
is numerically equivalent to O 4, we say L is numerically trivial. The Néron-Severi group of
A/S is defined as
NS(A/S) := Pic(A/S)/=.

A rigidified line bundle £ € Pic(A/S) is called symmetric if [-1]*£ = L. Let Pico(A/S)
be the subgroup of Pic(A/S) consisting of the rigidified symmetric line bundles on A. Any
Q-line bundle £ can be written as the sum of a symmetric line bundle %(ﬁ + [-1]*L) with a
numerically trivial line bundle (£ — [~1]*£). So we may equivalently define NS(A/S)q as
the quotient Picy(A/S)g/ =.

An R-line bundle on a projective variety is called ample if it is a positive linear combination

of ample line bundles. R-ampleness is a numerical property; see [35, Prop. 1.3.13]. An R-line
bundle £ € Pic(A/S)g is defined to be ampleﬂ resp. nef, if Ly := L] 4, is ample, resp. nef,

2This is usually called “relatively ample”. However, we believe “ample” is more suitable here when
discussing relative classes, and is compatible when .S is a point.
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for any s € S. Since ampleness and nefness are numerical, such definitions also make sense
for a class in NS(A/S)r. We use the notation £ > 0 to mean L is nef.

According to Raynaud [44, Cor. VIIL.7], a line bundle £ € Pic(.A/S) is ample if L, is
ample for one point s € S. Since S is a normal variety, by a result of Grothendieck [44],
Thm. XI.1.4], given any ample line bundle £,, € Pic(A4,), there is a symmetric line bundle
M € Picy(A/S) such that M, = 2L,. Then M is ample. In particular, the abelian scheme
A/S is projective.

The following proposition summarizes some basic numerical properties of the rigidified
line bundles on abelian schemes.

Proposition 2.1. The following holds true:

(1) The specialization map sp, : NS(A/S) — NS(Ay) is injective for any s € S. More-
over, sp, o : NS(A/S)g — NS(A,)q is an isomorphism.

(2) An R-line bundle £ € Pic(A/S)r is ample, resp. nef, if Ly is ample, resp. nef for
one point s € S.

(3) A numerically trivial R-line bundle £ € Pic(A/S)r can be written as a linear combi-
nation of numerically trivial integral line bundles. In other words, there is a natural
isomorphism

(Pic(A/S)/ =) @z R =: NS(A/S)p — Pic(A/S)r/ = .

(4) An ample R-line bundle L € Pic(A/S)r can be written as a positive linear combina-
tion of ample integral line bundles.

Proof. (1) Assume L € Pic(A/S) with £, numerically trivial. Since A/S is projective, there
exists an ample Ly € Pic(A/S). For any rational number ¢ > 0, the Q-line bundle £ + €£,
restricted to the fiber Ay is ample. Then £ + €Ly is ample by the result of Raynaud. So L,
being the limit of £ + €Ly as € — 0, is nef. Similarly, —£ is nef. Thus, £ is numerically
trivial. The “moreover” part follows from the extension result of Grothendieck, since any
line bundle can be expressed as a difference of two ample line bundles.

(2) Assume £ € Pic(A/S)r such that £, is ample for s € S. Then the Néron-Severi
class [L] lies in the open convex ample cone Amp(Ay) of As. Also, [L,] is in the R-vector
subspace sp,(NS(A/S))r. So

Amp(As) N spy(NS(A/S))r

is a nonempty open convex subset of sp, zr(NS(A/S)r) containing [L,]. By openness, there
exists [L£1], [L2] € NS(A/S) such that [Ls] = ¢1[L1s] + ca[Las] for ¢1,¢o > 0. By (1), we have
(L] = ¢1[L1] + e2[Ls]. Note that L1, Lo are ample by Raynaud’s result. Thus, £ is ample.

For nefness, one can use the same limit argument as in (1).

(3) Assume £ = ). ¢;L; is numerically trivial with £, € Pic(A/S) and ¢; € R. By (2),
this is equivalent to the condition that L, is numerically trivial for a point s € S. The
condition that ). ¢;L; s is numerically trivial, is given by finitely many integer-coefficient
linear homogeneous equations in ¢;’s, determined by intersecting with a set of generators of
the subgroup of Hy( A, Z) spanned by algebraic 1-cycles. It follows from linear algebra that
the solution space is generated by vectors with integer coefficients. Hence, we can formally
rewrite D, ¢;Lis = > ;L) where £ is an integer linear combination of £; and L is
numerically trivial. By (2) again, £ is numerically trivial. Thus £ = ) ;¢;L5 s a linear
combination of numerically trivial integral line bundles.
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(4) The basic observation is that for any real number ¢ and two line bundles M, M,
letting ¢/, ¢’ be rationals with ¢ < ¢ < ¢, there exists 0 < ¢t < 1 such that

M+ My =t(My + I Ms) + (1 — t)(M; + " Ms).

We first use the proof of (2) to express £ = ¢1L£; + oLy with ample £y, Ly € Pic(A/S)
and c;,co > 0. Now by (3), we can write £ — ¢;£; — L9 as a linear combination of
numerically trivial integral line bundles. The observation allows us to merge those with ¢;.£;
and conclude. 0

2.2. Polarization and level structure. The identity component Pic”(A/S) of the Picard
functor Pic(.A/S) is representable by an abelian scheme A" /S, known as the dual abelian
scheme to A/S. Given L € Pic(A/S), define A(L) : A — Pic(A/S) as

WL —piL—p3L e Pic(A)S)(A) = Pic(A x5 A/ A)

where 1, p1,p2 1 A Xg A — A are respectively the addition map, the first projection and the
second projection. One readily checks that the image is in the identity component; that is,
A(L) is a homomorphism from A to A".

A polarization of an abelian scheme is defined as a homomorphism A : A — A" such that
for any geometric point s of S, A\; = A(L;) for some ample line bundle £z on Az;. Any ample
line bundle £ € Pic(.A4/S) defines a polarization A(L). Conversely, A is not in general of the
form A(L). However, 2\ = A(L) for some ample £ € Pic(.A/S) by [39, Prop. 6.10]. The
polarization is called principal if it is an isomorphism. In general, the kernel of a polarization
is a finite étale group subscheme over S, which over any geometric point, is isomorphic to

(Z)d\Z % -+ x Z]d,Z)?

for fixed positive integers di|---|dy. The diagonal matrix D := diag(dy,...,d,) is called
the type of the polarization. Observe that polarization types are stable under base change.
Because any abelian scheme over the normal base S is projective, polarization always exists
in our setting.

A level-n-structure on an abelian scheme in this article means a principal level-n-structure,
i.e., an isomorphism « : (Z/nZ)%* = Aln], where n € N. Its existence thus requires all n-
torsion points of A, to be rational, and the converse clearly holds as well. In particular, if
A/S has a level-n-structure, then so does any abelian subscheme B C A, or the quotient
abelian scheme .A/B. We have the following convenient lemma for later use:

Lemma 2.2. For an abelian scheme A/S and any n € N, there exists a finite étale cover
S"— S such that A" := A x5 S" has a level-n-structure.

Proof. Indeed, let T' be an irreducible component of .4[n| which is not a section. Then T is
finite étale over S, of degree > 1. Then A7 has an n-torsion section given by the natural map
T — Ar. After repeating this finitely many times, we can get a finite étale cover S’ — S,
such that all irreducible components of A’[n] are sections. O

2.3. Homomorphisms. Let B be another abelian scheme over S. A homomorphism of
abelian schemes A — B restricts to a homomorphism of abelian varieties on the generic fiber
A, — B,. Conversely, a homomorphism A, — B, spreads out uniquely to a homomorphism
A — B by normality of S; cf. [I7, Prop. 1.2.7]. Thus, there is a natural isomorphism of
homomorphism groups

Hom(A, B) = Hom(A,, B,).
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In particular, End(A) = End(A,).

We will sometimes make the following innocuous extra assumption in the later discussion
(2.1) End(A,) = End(A;).

This ensures that all abelian subvarieties of Aj; are defined over K(S). Since End(Aj) is
finitely generated, the assumption can be achieved by base changing A, to a finite extension
of K(S), which corresponds to taking a finite cover of S. Alternatively, one can apply a
more precise result of Silverberg [47, Thm. 2.4] to say it suffices to assume that there exists
a level-n-structure on A/S for some n > 3. By Lem. 2.2 above, we may achieve by
base changing to a finite étale cover of S.

Now suppose B is an abelian subvariety of A,. Then by Poincaré’s complete reducibility
[38, Prop. 12.1], there exists another abelian variety B’ and an isogeny A, — B x B’. By
composition with the projection and embedding, we get an endomorphism ¢, : A, — A,
with ¢,(A,) = B. Consider the corresponding homomorphism ¢ € End(A). Note that, for
any ¢ € End(A), the image of ¢ is an abelian subscheme of A; see [I] for a very general
recent result. Thus p(.A) is an abelian subscheme of A with generic fiber B. As an immediate
consequence, there is a bijection between

{abelian subschemes of A} < {abelian subvarieties of A, }.

By the complete reducibility of A,,, we have an isogeny decomposition

where A;’s are simple abelian subschemes of A which are pairwise non-isogenous with
r1,-- .1 € N\ {0}. Here, A]" denotes the r;-th fibered power over S. If we assume
, then each A; is also geometrically simple.

A significant portion to us is the fixed part (or constant part) of A,. Denote the function
field of S by F'.

Definition 2.3. Let A be an abelian variety over F. The F/K-trace of A is a final object
(trp/x(A),7) in the category of pairs (B, f) where B is an abelian variety over K and
f : Bp — A is a homomorphism.

Since varieties are assumed to be geometrically connected, the extension F'/K is primary.
The trace exists for the primary extension F'/K, and in characteristic 0, the homomorphism
7 is an embedding; cf. [I0, §6]. Denote by Ay the abelian subscheme of A corresponding to
7(trp/k (Ay) ). Note that Ay = trp/x(A,) xx S. The following definition is for later use:

Definition 2.4. A constant generic point is defined to be a closed point x € A, such that
there exists a closed point ' € trp)x(\A,), with base change still denoted by 2’ € trp/x(A)r,
and N € N\ {0} with [N]z = 7(2'). If 2’ = 0, such a constant generic point is called a torsion
generic point. A constant (resp. torsion) multi-section is defined as the Zariski closure in A
of a constant (resp. torsion) generic point in A,,.

If the constant (resp. torsion) generic point is F-rational, then the corresponding constant
(resp. torsion) multi-section is called a constant (resp. torsion) section.

For later purposes, we are mostly interested in surjective homomorphisms. Suppose ¢ :
A — B is a surjective homomorphism. Then B is isogenous to A? Xg " Xg AZ;“ with
0 < r! < r;. In particular, we get the following lemma, which allows us to consider only
finitely many targets eventually.
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Lemma 2.5. There are only finitely many isogeny classes of abelian schemes B over S which
admit a surjective homomorphism from A to B.

For the rest of the section, we fix B to be an abelian subscheme of A from one of the
isogeny classes in Lem. 2.5 Let Hom(A,B)° C Hom(A,B) be the subset of surjective
homomorphisms. Let Hom(A, B)g € Hom(A,B)g be the subset of f such that Nf is a
surjective homomorphism for some integer N € Z. To use continuity arguments later, we
also need a more general notion of surjective R-homomorphisms in Hom(.A, B)g.

Note first that the composition of homomorphisms extends linearly to a pairing

Hom(B, A)r x Hom(A, B)g — End(B)g
(0, f) — fob
Define the subset of surjective R-homomorphisms algebraically as

Hom(A, B)g :={f € Hom(A, B)g | 30 € Hom(B, A)g s.t. f o6 =idg}.

This is consistent with the previous definition of surjective Q-homomorphisms due to com-
plete reducibility.

We would like to study the union Uker ¢ for all ¢ € Hom(A, B)°, which is equivalently
the union of torsion translates of abelian subschemes of A of fixed type isogenous to A/B.

Definition 2.6. A point x € A is called B-null, if there exists a surjective homomorphism
¢ : A — B that sends x into the zero section.

Equip the finite-dimensional vector space Hom(A, B)g with the usual Euclidean topology.
The following compactness result is one of the key ingredients to our main theorem, motivated
by the analogous result of Habegger [28, Lem. 2] on abelian varieties. We assume K is a
number field below for simplicity.

Proposition 2.7. Assume the hypothesis (2.1)). There exists a compact subset K(A,B) of
Hom(A, B)y with the property that for any B-null point x € A, there is a Q-homomorphism
f € K(A,B) and a nonzero N € N such that x lies in the kernel of N f.

Proof. For any s € S(K®*#), specialization gives an injection End(A) — End(A,). Under
the assumption (2.1)), such specialization is indeed an isomorphism for“most” of s € S(K®#)
by the main result of [37] (or by Hodge theory). We still denote such a point by s €
S(K®e). By our assumption, B C A. The isomorphism End(A) = End(A,) also implies
that End(B) = End(B;), Hom(A, B) = Hom(A;, Bs) and Hom(B5,.4) = Hom(B;, As). By the

purely algebraic definition of surjective R-homomorphisms, this means that we can identify
Hom(A, B)y = Hom(Aj, Bs)g.

Now by [28, Lem. 2] and its proof, there is a compact set K(Ag, Bs) € Hom(As, Bs)g with
the property that for any f, € Hom(A,, B;)p, there exists 0, € End(B;)g such that 6,0 f, €
K(As, Bs). Here, the rationality of 6, follows from the construction of 6 in the proof of [28|
Lem. 1]. Let IC(A, B) be the corresponding set in Hom(A, B)g. If x is B-null, there exists
a surjective homomorphism ¢ : A — B which kills . Let § € End(B)g with f := o ¢ €
K(A, B). Then for any nonzero N € N such that N6 is a homomorphism, N f = N6 o ¢ kills
T. U
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2.4. Pullback by R-homomorphisms. For any ¢ € Hom(.A, B), there is a pullback map
©* : Pic(B/S)r — Pic(A/S)r which is a linear map preserving symmetry of line bundles.
By abuse of notation, we also write ¢* : Pico(B/S)r — Pico(A/S)r for the map restricted
to symmetric line bundles. First, we extend it to Q-homomorphisms. Let f € Hom(A, B)g.
Suppose N f € Hom(A, B) for nonzero N € N. Define the pullback
f*: Pico(B/S)r — Pico(A/S)r
as (N f)*/N?. This is well-defined since [N]*£ = N2L for a symmetric line bundle £ on an
abelian scheme. Therefore we have
*g : Hom(A, B)g x Pico(B/S)r — Pico(A/S)r

sending (f, L) to f*L.
Lemma 2.8. The mapping g is a Q-quadratic form on Hom(A, B)g. Specifically, for any
f1, fo € Hom(A, B)g, £ € Picy(B/S)r and t € Q, it is

(1) homogeneous, i.e., (tf1)*L =t*f;L, and

(2) quadratic, i.e., (fi + tfo)*L is a quadratic polynomial in t with coefficients from

Proof. 1t is clearly homogeneous of degree 2. We show by induction that
(2.2) (fi+nfo) L= =n)f5L+n(fr+ f2)'L—(n—DfL

for any n € N. It holds trivially for n = 0,1. Assume it holds for n. By the theorem of the
cube [I7, Thm. I.1.3], there is linear equivalence:

(fitnfat f2) L= (frtnfe) L+ nfat o) L+ (i+ ) L= fTL—(nf) L—-f5L+0°L.

Note that 0*£ = 7*e*L is trivial. Using the induction hypothesis and the symmetry of L, it
is immediate to verify that

(it (n+ 1)) L=0"+n)f5L+(n+1)(fi + fo) L —nfiL.
Meanwhile, we have
(i =nfo) L=[(fr+fo) + (n+ (=)' L= 0" +n)fsL+n+ DL —n(fi + fo) L.
Thus holds for any n € Z, or n € Q by homogeneity. O
As a consequence, we have
Proposition 2.9. There is a unique map
(2.3) * : Hom(A, B)r x Pico(B/S)r — Pico(A/S)r

sending (f,L) to f*L extending the pullback g, which is a real quadratic form in the first
input and linear in the second input. Moreover, if L € Pico(B/S)r is nef, then f*L is nef
for any f € Hom(A, B)g. In particular, x descends to

(2.4) * : Hom(A, B)g x NS(B/S)r — NS(A/S)k.

Proof. Let L € Pico(B/S)r. Let fi,---, f. € Hom(A,B)g and ny,---,n, € Q. We use
induction on r to show that a quadratic form satisfies the following generalization of (2.2)):

(2.5) (Z nifi) L = % S g [(fi+ f)° L~ fIL — f1L).

ij=1
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Indeed, the cases with r = 1, 2 follow from homogeneity and . Assuming holds for
r, to prove it for (r + 1), it is easy to check that by and homogeneity, we only need to
show for the situation where n; = --- =mn,,; = 1. By taking n = —1 in (2.2)), we have
the identity

(it ) L—fiL—fiL=—( = f) L+ [IL+ [
Thus the induction hypothesis gives

> fre- <i<fi + %m) c

=1

=—Z{ BV L it ) £ (3 o)

i,j=1

Finally, the desired equation follows by applying several times to expand the terms
above. This completes the induction.

Now, x can be uniquely defined by taking fi,--- , f. as a Q-basis of the finite-dimensional
space Hom(A, B)g and allowing n; € R. One checks that implies * is a real quadratic
form in the first input. The “moreover” part follows from continuity, since f*L is nef for any

f € Hom(A, B)g. O

3. BI-ALGEBRAIC GEOMETRY OF 2,

In this section, we present the framework of bi-algebraic geometry for the universal abelian
variety and the associated functional transcendence result. The primary goal is to introduce
the necessary notations for subsequent sections. For an elegant introduction to bi-algebraic
geometry, we refer to the survey by Klingler-Ullmo—Yafaev [32]. For a detailed account of
the Ax-Schanuel theorem in this context, we refer to Gao’s original paper [21].

3.1. Universal abelian variety and its uniformization. Let g,n > 1 be integers. Let
D := diag(d,...,d,) denote a poloraization type with positive integers d;|-- - |d,. Denote
by Ay p, the moduli space of complex abelian varieties of dimension g of polarization type
D with level-n-structures, which admits a uniformization map from the Siegel upper half
space
s ={2€ M,(C)| Z=2"TIm(Z) >0}
denoted by ugpn : g — Ay prn. When n > 3, the moduli space Ay p , is a fine moduli space,
that is, there exists a universal abelian variety 7y p., : Ry pn — Ay pn; see [39, Thm. 7.9
and its remark. We note that 2, p,, and A, p,, are defined over Q2.
The fiber product in the category of complex analytic varieties gives a diagram

Aﬁg :: ngzD»n XAQ ‘69 ngvD7n

| J

Ug
Ny

The fiber of Ay, over Z € §), is the complex abelian variety C9/(DZ9 + ZZ9) with the
obvious polarization and level structure. There is a natural uniformization of Ag, given by
CI x $Hy — As,, such that, over Z € §,, the map reduces to exp : C¢ — C9/(DZI + Z79).
The composed map

> Ag pn

Ug,Dna : € X g — Ag, — Ay py
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is a uniformization of the universal abelian variety.

The polarization and level structure are not central to our discussion, as our primary
focus is on dimension theory, which is stable under finite coverings. While some flexibility
in polarization is needed to handle abelian subschemes or quotients, the specific choice of
polarization is not crucial. Therefore, for the rest of this paper, we fit n = ny > 3 and omit
the indices of polarization and level structure from the notation.

The uniformization maps u, and u,, are complex analytic and transcendental. However,
the targets have natural algebraic structures, as do the sources, which we now describe. For
£y, the embedding

9y = {Z € My(C) | Z = 2"} = Coor D

realizes §), as an unbounded semi-algebraic subset of the algebraic variety ColetD)/2 A
closed analytic subset Y C §), is said to be irreducible algebraic if Y is a component of the
intersection of an algebraic subvariety of C9¢0+1/2 with $g. Similarly, we define the algebraic
structure on C¢ x £, by inheriting algebraic structure from C9 x C99+Y/2 One goal of bi-
algebraic geometry is to understand the interplay between the two algebraic structures of
the source and the target for such uniformization maps. The closed analytic subsets that
are algebraic both on the source and the target, are of particular importance.

Definition 3.1. A closed analytic subset U C ), (resp. U C CY9 x ﬁg) is called bi-algebraic
if U (resp. U) is irreducible algebraic and wu,(U) (resp. u,q(U)) is algebraic. In this case,
we also say ug(U) C A, (resp. uy.(U) C 2A,) is bi-algebraic.

3.2. Weakly special subvarieties. Let 7 : A — S be an abelian scheme over a normal
complex algebraic variety S. We also assume A has a level-ng-structure and hence .
Since C(9)/C is a primary extension, the trace (tre(s)/c(Ay), 7) exists and constant multi-
sections as defined in Def. 2.4l make sense.

Definition 3.2. Let ) C A be a subvariety.
(1) We say Y is generically weakly special (resp. generically special) if Y = B + o where
B C A is an abelian subscheme and ¢ is a constant (resp. torsion) multi-section.
(2) We say Y is weakly special (resp. special), if ) is generically weakly special (resp.
generically special) as a subvariety of the abelian scheme Ax(y).

Our definition of weakly special subvarieties differs slightly from the definition of weakly
special subvarieties in the context of mixed Shimura varieties by Pink, but is in conformity
with Klingler’s convention [31] in the context of variation of mixed Hodge structures; see
Prop. 3.7 Note that generically weakly special subvariety is called “generically special
subvariety of sg type” in Gao [20], Def. 1.5].

Lemma 3.3. Let ¢ : A — A be a base change corresponding to S" — S. We have

(1) If V' is weakly special in A’, then ¢(Y') is weakly special in A.

(2) If Y is weakly special in A, then any irreducible component of o= () is weakly special

in A

Proof. (2) is clear by definition. We prove (1). Suppose, without loss of generality, that
S’ — S is dominant and )’ = B’ + ¢’ is generically weakly special in A’. Let A, A", B, Y’ be
the respective generic fibers of A, A’,5',)’. By Chow’s theorem [10, Cor. 3.21], the abelian
subvariety B’ x¢(g) C(S9)™# is the base change of an abelian subvariety B; C Aggyms- By
assumption (2.1), By = Bgg)me for some abelian variety B C A. Let B be the abelian
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subscheme of A with generic fiber B. By a similar argument, the fixed part of A" is mapped
to the fixed part of A, and the constant generic point of ¢’ is mapped to a constant generic
point, which gives a constant multi-section o. Then ¢()’) = B + o is weakly special. O

Before going on, let us introduce the following terminology to avoid mentioning the specific
choice of polarization and level structure:

Definition 3.4. Let g = dim(A/S). A moduli sieve (or mized period map) for A/S is a
morphism A — A, = A, pn, induced from the period map S — Ay p -

The following lemma describes weakly special subvarieties as those that can be contracted
by quotients followed by moduli sieves.

Lemma 3.5. Assume A/S has a level-ng-structure.

(1) Let B C A be an abelian subscheme with dim(B/S) = ¢'. Let A/B — A,y be a
moduli sieve of the quotient abelian scheme. Then an irreducible component Y of any
fiber of the composition A — A/B — A,_, is weakly special of relative dimension ¢'.

(2) Conversely, if ¥ C A is a weakly special subvariety, then there exist abelian sub-
schemes By C A; C .A|,,(y) together with a positive integer N, such that [N]Y C A;
and [N]Y is an irreducible component of a fiber of the composition Ay — A, /By —
Uy, g, where g1, gy are the relative dimensions of A1, By, respectively, and A, /By —
A, g 15 a moduli sieve.

91—91
Proof. Indeed, we have the following diagram

A1 A/B 2 Ay

NI

S —— A,y

Note that for any ¢ € «(S), an irreducible component 7" of ¢7'(t) C S gives rise to an
isotrivial abelian scheme A/B xg T — T. Suppose z € A, , is a point over ¢. Then
1,1 (z)|r is a constant section of the above isotrivial abelian scheme. By Poincaré’s complete
reducibility , there exists a homomorphism ¢ : A/B — A such that g is an isogeny. Then
q (¢, (z)|7) is the translate of B x g T by the constant section (i, ' (z)|r). Therefore, any
irreducible component of ¢~ (¢! (x)|7), which is also an irreducible component of (1,0q) ™! (z),
is weakly special. We stress that it is, in general, not generically weakly special.
Conversely, if ) C A is weakly special, by definition, there exists a positive integer N
such that [V]Y is a translate of an abelian subscheme B; C A|(y) by a constant section o.
Let A; be the abelian scheme which is the sum of B; and the constant abelian subscheme
in Aly) generated by o.. Then it is clear that A, By, NV satisfy the requirement. O

3.3. Characterization and the Ax—Schanuel theorem. First, we note that an arbitrary
intersection of algebraic subvarieties is algebraic. It follows formally that any intersection of
bi-algebraic subvarieties is bi-algebraic.

Definition 3.6. Suppose Y C C9x §, (resp. Y C ) is a closed analytic irreducible subset.

(1) The Zariski closure U*™ C C9 x §, (resp. Y% C 2,) is defined to be the smallest
algebraic subvariety containing U (resp. )).

(2) The bi-algebraic closure U C CI x §, (resp. Y% C 2,) is defined to be the
smallest bi-algebraic subvariety containing U (resp. ).
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The relevant bi-algebraic subvarieties for u, (resp. uy,) are characterized in Ullmo-Yafaev
[49] (resp. Gao [18,19]). We have the following characterization of the bi-algebraic subvari-
eties by Gao in terms of the weakly special subvarieties:

Proposition 3.7. The bi-algebraic subvarieties of A, are exactly those weakly special sub-
varieties of A,/A, which dominate bi-algebraic subvarieties of A,. Moreover, if S C A,
and A=A, 5 = Aylg, then the weakly special subvarieties of A/S come from restriction of
bi-algebraic subvarieties, i.e.,

{Y CA|Y is weakly special} = {Y C A |V is an irreducible component of Y N A}.

Proof. The first statement follows from [I8], Prop. 1.1]. Note that a weakly special subvariety
has a different meaning in the loc. cit. and is equivalent to a bi-algebraic subvariety by [19]
Cor. 8.3]. The second is [I8] Prop. 3.3]. O

One of the most powerful tools in studying bi-algebraic geometry is a functional transcen-
dence result called the Az—Schanuel theorem. Here, we recall a weak version [21, Thm. 3.5]
of the Ax—Schanuel theorem in the context of the universal abelian variety, which is sufficient
for our purpose:

Theorem 3.8. Let u,, : CI x H, — A, be the uniformization map, and let U C C9 x §, be
a closed analytic 1rreducible subset. Then

dimU%™ — dimU > dim ug o (U)"Z" — dim g o (U)*™.

Since 7, (g, (U)P%T) contains u,(p(U™)), where p : C9 x §, — §, is the projection, we
immediately have the following consequence:

Corollary 3.9. Let uy, : CI x H, — U, be the uniformization map, and let U C CI x §, be
a closed analytic irreducible subset. Then

rel. dim Y% — dimU > rel. dim u, o (U)"* — dim u, , (U) "

3.4. Finiteness a la Bogomolov—Ullmo. The weakly defect of a locally closed subvariety
Y C 2, is defined as
Sws(Y) := dim YP?" — dim Y.

Let X C 2, be a locally closed subvariety. A subvariety Y C & is called weakly optimal in
X if, for any subvariety )’ C X strictly containing ), one has §,,()") > 0us()).

Later we need the following Finiteness a la Bogomolov—UHm(ﬂ result of Gao for weakly
optimal subvarieties, which is itself an application of Ax—Schanuel, reformulated into our
language as follows:

Theorem 3.10. Suppose X C R, is a locally closed subvariety. There exists a finite set
= X(X) of triples (Ay, By, N) with abelian schemes By C Ay € Ug|ra,) and a positive
integer N with the following property.
For any weakly optimal subvariety Z of X, there is a triple (A1, By, N) € X(X) such that
[N]Z C Ay and ([N]Z)P% 4s an irreducible component of a fiber of the composition

.Al — Al/Bl — ngl—gi

where the first map is the quotient map and the second is a moduli sieve with gy, g} being the
relative dimensions of Ay, By. [

3Anaulogous results are also termed “Geometric Zilber—Pink” in the literature.
4Note that [N]Z does not need to dominate m(.A;), unlike the construction in (2) of Lem.
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Proof. The result [21, Thm. 1.4] (or [22, Thm. 3.2.4]) claims that there are finitely many
pairs
(Q.Y7),H) e X' =¥'(X)

where (@, Y*) is a connected mixed Shimura subdatum and H is a normal subgroup of @
with semi-simple reductive part, such that the bialgebraic closure of any weakly optimal
subvariety Z is equal to uy.(H(R)"y) for one of the triples with some § € Y*. By [20,
Prop. 5.6], a connected mixed Shimura subdatum (@, Y") corresponds to a torsion translate
of an abelian subscheme A; over a special subvariety of A;,. Let N € N be an integer that
kills the torsion. By §5.4 of loc. cit., H gives rise to an abelian subscheme B; C A; such that
the quotient of (), V") by H corresponds to a moduli sieve of the quotient A4, /B;. The fact
that ZP%r =y, ,(H(R)Tg) means that ([N]Z)P% is an irreducible component of a fiber of
A — Ay /By — Ay, _g. So we are done. 0

4. BETTI FOLIATION AND BETTI FORM

In this section, we define the notions of Betti foliation and Betti forms, and establish basic
relations between them. A good supplement to our exposition is [9, §2]. Here, S is a smooth
complex quasi-projective variety viewed as a complex manifold, and 7 : A — S is an abelian
scheme.

4.1. Betti map and Betti foliation. Let A C S be a simply connected analytic open
neighborhood of s € S. The local system Vy := (R'7,Z)" is trivial on A and there are
trivializations Vz A = Z% x A, and Va = C? x A as holomorphic vector bundles. Denote
the induced Hodge filtration on C?¢ x A by F’*. The composition map

R¥ x A — C% x A — C¥ x A/F"

is a real analytic diffeomorphism which restricts to a group isomorphism over any s € A.
Taking the quotient by Z29 x A, it induces a real analytic diffeomorphism

(4.1) T? x A = A

which restricts to a real Lie group isomorphism of tori T?¢ = A, for any s € A. The
composition of its inverse with the projection

B Ax 2T x A — T%

is called a Betti map associated to the data (A/S,A). The Betti map [ is uniquely
determined up to an action of GLy,(Z) on the target. To further remove the ambiguity, we
can use the isomorphism S|4, : As — T?9 to define the composition

-1
Bas: A Ba, pag Bala)™ 4
which is called the Betti map associated to the data (A/S, A, s).

The Betti map is real analytic but, in general, not holomorphic. On the other hand, any
fiber of Sa, being the image of

{e} x A CCY %A = (2 x A\(C¥ x A)/F"

for some ¢ € C?9, is complex analytic, and gives rise to a local complex analytic foliation on
Aa. These local foliations patch together to a global foliation Fge; on A, which is called
the Betti foliation. A Betti leaf is a path-connected piece of the Betti foliation, and a path-
connected component in the Betti foliation is called a maximal Betti leaf. We denote the
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maximal Betti leaf passing through x by Fpei,. For instance, a constant multi-section is
a finite union of maximal Betti leaves. In general, a Betti leaf can be dense in A under the
analytic topology. The Betti foliation induces a splitting of the holomorphic tangent space

(4.2) Ty A =T, Foewi ® T, As
at a point z € A, with s € S. Pulling back via the identity section, the splitting gives
(4.3) T'Als :=e*T"A=T'S @ Lie(A/S)

where Lie(.A/S) represents the Lie algebra of A/S.

4.2. An interlude to complex geometry. Before defining Betti forms, let us quickly
review a few concepts from complex geometry. Let Y be a complex manifold and let w be
a real C* (1,1)-form on Y. One way of thinking about the real C* (1,1)-form w is as an
alternating R-bilinear pairing w, : T,,Y ®r T, — R on the real tangent bundle 7Y of Y,
varying smoothly in y € Y, which satisfies w,(Jv, Jv') = wy(v,?’) for any v,v" € T,)Y with
J :TY — TY the almost complex structure. If we view w as a C° map of vector bundles
TY — T*Y, then its kernel ker w is given by

(kerw), :=kerw, :={v € T,Y : wy(v,v") = 0 for any v' € T,Y'}.

Clearly, kerw is stable under J. The kernel ker w is a vector bundle if and only if the rank
of kerw is locally constant. Assume moreover w is semipositive, i.e., w(v, Jv) > 0 for any
v €TY. Then

kerw, = {v € T,Y : w(v, Jv) = 0}.
Indeed, for the less obvious direction with w(v, Jv) = 0, notice that for v" € T,)Y’, we have
wy(v+ kv, J(v+ kv')) = k2w, (v, JV') + 2kw, (v, Ju') >0 (Vk € R)

from which we derive wy(v,Jv') = 0. If Z C Y is a complex submanifold and z € Z,
then the volume form w4™Z|, £ 0 if and only if w, is positive on T,Z, if and only if
kerw, NT.Z = {0}.

The next thing we recall is the first Chern class of line bundles. It is well-known that
there is a first Chern class map for holomorphic line bundles

¢, : Pic(Y) = HY(Y, 0%) — H*(Y,Z).

There is an analogous map for C*> complex line bundles. The exact sequence

0—7Z— Ry =2 Ry — 0
where Ry (resp. Rj3) is the sheaf of C*° complex functions (resp. nonzero C*° complex
functions), gives rise to an injective homomorphism

(4.4) ¢ HY(Y,RE) — H(Y,Z)

such that ¢, factors through c; cf. [25, pp. 140]. Here H'(Y, R} ) is canonically identified as
the group of C* complex line bundles L up to isomorphism using transition functions. Via
the de Rham theory, we also regard the first Chern class ¢(L) as an integral class of real
2-forms in H*(Y,R) = H3z(Y,R); a representative in the class can be given by *é—?@(D),
called the Chern form of (L, D), where ©(D) is the curvature form of a hermitian connection
D with respect to a hermitian metric on L; see [12], § V.9.
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4.3. Betti form. Now let £ € Pic(A/S). For s € S, there is a unique translation-invariant
closed (1,1)-form w, on A, representing the Chern class ¢;(Ls) on A,. The Betti form
associated to L is the (1, 1)-form w = w(L) on A such that

(1) for any s € S, the restriction w|r4, = ws, and
(2) the form w is rigidified along the Betti foliation, namely, w|rz,.,,, = 0.

This uniquely determines w since it specifies the pairing w, : T,.A x T,.,A — R at any point
x € A by the splitting (4.2).

To see the continuous structure of Betti forms, we give a local construction. Let [a s, :
Aa — A, be a Betti map and let wa = S} , ws,- By definition, wa satisfies (2) as fibers
of Bas, are the Betti leaves. To see (1), we regard L as a C™ complex line bundle on Ax,
and consider the corresponding line bundle £\ on T x A via the C* diffeomorphism (4.1]).
Given any hermitian metric on £y and a hermitian connection D, the association of Chern
forms on £/, restricted to T? x {s} induces a continuous map

A — H2,(T% R) = H*(T% R).

It factors through the lattice H?(T?,Z) and hence must be constant. This implies that for
any s € A, the invariant form w, when viewed on T? is independent of s. In particular,
walra, = ws for any s € A. Patching together by uniqueness, we obtain the desired Betti
form.

By definition, the Betti form of £ only depends on its class [£] € NS(.A/S). Linearity
allows us to extend the definition to NS(.A/S)g. It is not hard to establish the following
properties of Betti forms.

Proposition 4.1. The association of Betti forms
w: NS(A/S)r — T(A*T*A)

is an injective linear map. Here, T'(A*T*A) denotes the set of global sections of alternating
2-forms on A. For [L] € NS(A/S)g, we have

(1) w(L) is a closed, real C* (1,1)-form,

(2) w(L) is semipositive if L is nef,

(3) INJ'w(L) = N*w(L),

(4) kerw(L) is a C* complex vector bundle on A.

Proof. Injectivity of w follows from the fact that the Chern class ¢;(Ls) = 0 if and only if

L, is numerically trivial. All the listed properties are immediate consequences of the local
description of w(L). O

Next, we discuss pullback of Betti forms under R-homomorphisms. One concrete way
to understand R-homomorphisms in the complex analytic setting is via Hodge theory. Let
Vz = Vg4 := (R'7.Z)" be the ZVHS induced by 7 : A — S. Let V be the associated
holomorphic vector bundle to V¢ with Hodge filtration F'*). Then we can identify

Lie(A/S) = V/F° and A = V,\V/F°V.

The quotient map exp : Lie(A/S) — A is called the exponential map.
Now an R-homomorphism f : A --» B can be regarded as a map of RVHS

fr: Vg 4 — Vgp.
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Note that f is integral if and only if fgr maps Vz 4 to V5. Taking into account the Hodge
filtration, we have a commutative diagram

ex’

Vo — Lie(A/S) =25 A

P
lf R ldf
exp

VR,B — Lle(B/S) —— B

f

This defines a functorial embedding
(4.5) d : Hom(A, B)g — Hom(Lie(.A/S), Lie(B/S))

into the group of global sections of the Hom-bundle. If f is surjective, then df is surjective
since a left inverse exists by functoriality.

Alternatively, we can regard df as the essential component of the differential map of f
on tangent spaces over the identity sections. Namely, under the decomposition , the
differential of f is identity on 7"S and df on the Lie algebras.

Define the pullback of a Betti form w(L) for [£] € NS(B/S)r by f € Hom(A, B)g as

frw(l) = w(fL)
with f*£ defined in (2.4). This is consistent with the usual pullback of differential forms
when f is integral. By continuity, we have (df)* exp*w(L) = exp* f*w(L).

Definition 4.2. An analytic subgroup H/S of A/S is defined as the image of a flat C*>
complex vector subbundle W C Lie(A/S) on S under exp : Lie(A/S) — A.

Proposition 4.3. Let [£] € NS(B/S)g be ample, let f € Hom(A, B)g. There exists an
analytic subgroup H such that for any x € A, the complex manifold H, obtained from
translating H by Fpewir is an integral manifold of ker f*w(L) at x. Indeed, H is given by

exp(ker(df)), where df : Lie(A/S) — Lie(B/S) is the lift of f by (4.5).

Proof. Let W := ker(df). Then W is a C*° complex vector bundle since df has constant
rank by surjectivity. Moreover, W is flat by the identification W = ker(fg) forgetting the
complex structure, as fr is a map of local systems. We check that the analytic subgroup
‘H := exp W has the required property. Because of the translation-invariance of Betti form,
it suffices to compare the tangent space of H and ker f*w(L) over the zero section of A.
Note first kerw(L)|s = T"S on the identity section of B by ampleness. Then ker f*w(L)|s
consists of the tangent vectors which are mapped to 7S by the differential of f. But the
differential of f is identity on 7"S and df on the Lie algebras under (4.3)). Hence

ker frw(L)[s =T'S @ W

is identical to the tangent space of YW or H on the zero section, and we are done. O

5. NONDEGENERACY

We continue the discussion within the complex analytic category. Let A, B be abelian
schemes over a normal complex quasi-projective variety S of relative dimension g, ¢’, and
let f € Hom(A, B)g. Denote by w := w(f*Lp) the Betti form of the pullback of a fixed
ample line bundle Lz € Picy(B/S). Let X C A be a locally closed algebraic subvariety of
dimension d. The wedge product w”¢|y is a volume form on X. Since w is semipositive, the
volume form induces a nonnegative measure.
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The main objective of this section is to provide a geometric criterion, utilizing the Ax—
Schanuel theorem, for determining when this measure is nontrivial, i.e., when the following
nondegeneracy condition holds on X

(5.1) Wy #0.
For simplicity, we assume A has a level-ng-structure and hence ([2.1)).

5.1. Degeneracy loci. We defined earlier in Def. the notion of a weakly special (resp.
special) subvariety of A/S. Components of intersections of (weakly) special subvarieties are
(weakly) special.

Definition 5.1. Let ) C A be a locally closed subvariety.

(1) The weakly special closure () (resp. special closure) of ) is defined as the smallest
weakly special (resp. special) subvariety containing ).

(2) The wvertical defect §,()) is defined as the difference of the relative dimension of its
weakly special closure () with the dimension of ). That is,

5,(Y) :=rel. dim(Y) — dim Y.
We have the following lemma:
Lemma 5.2. Let 1, : A — R4, be a moduli sieve. For a subvariety Y C A, we have
rel. dim(Y) = rel. dim(¢,())).
Proof. The pullback of (1,())) is weakly special and contains ). So
rel. dim()) < rel. dim(¢,())).
The reverse inequality follows from Lem. [3.3] U
The following definition is introduced by Gao [20] to study Betti maps.

Definition 5.3. For t € Z, the t"* degeneracy locus of a locally closed subvariety X C A,
denoted by X48(t), is defined to be the union of all positive-dimensional subvarieties ) C X
with 6,(Y) < t.

A subvariety Z C X is said to be wvertically optimal in X if, for any subvariety ) C X
strictly containing Z, one has §,()) > 6,(Z). Note that the degeneracy locus X&(t) can
be viewed as the union of positive-dimensional vertically optimal subvarieties with vertical
defect < t.

As a possibly infinite union of subvarieties, the degeneracy locus is indeed algebraic by
[20, Thm. 1.8]. Gao’s proof works for subvarieties of 2(,. For the reader’s convenience, we
give a proof below following a similar idea. First, we make a convenient definition.

Definition 5.4. Let Y C A be a locally closed subvariety. A type of ) is a triple (A, By, N)
consisting of abelian subschemes B; C A; C Alx,) and N € N>, such that

(1) [N]Y C Ay, and
(2) ([N]Y) = Bilr) + o1 for a constant multi-section oy C A |(y)-
In this case, we shall say Y belongs to the type (Ay, By, N).

The idea is to first generalize the finiteness result in Thm. to the finiteness of types
of vertically optimal subvarieties.
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Theorem 5.5. Let X C A be a locally closed subvariety. There exists a finite set 3(X) of
types such that every vertically optimal subvariety Z of X belongs to a type in %(X).

Proof. | Case A = 2, | Claim: vertically optimal implies weakly optimal. Assuming the claim,

the result follows directly from Thm.|3.10, To prove the claim, if Z C X is vertically optimal,
and let Y C X contain Z, by definition and Prop. [3.7, we have

rel. dim V"% — dim Y > rel. dim ZP%* — dim Z.
Since 7(ZP%r) = 7(Z)P%r and similarly for ', we derive from 7()) 2 n(Z) that
dim 71_(3)biZar) Z dim W(zbiZar)‘

Combining the two inequalities, we see that dys()) > dyws(2).

| General Case| Claim: if X = U U X, with U Zariski open, and the result holds for
U, Xy, then we can take 3(X) := S(U) U X(AX;). To show this, if Z is a vertically optimal
subvariety of X', then Z must be Zariski closed. If Z C X}, then Z is vertically optimal in
X1 by definition. Otherwise, Z NU is vertically optimal in #. So the union 3(U) U (X))
takes into account all possible vertically optimal subvarieties of X.

Now take a moduli sieve ¢ : A — 2(,. By Chevalley’s upper semi-continuity theorem [26),
Thm. 13.1.3], there exists a nonempty open subset of 4 C X such that for any scheme-
theoretic point x € U, the fiber of ¢|x over «(x) has pure dimension dim X — dim¢(X). By
the claim, it suffices to work on U/ using Noetherian induction. Without loss of generality, we
assume (|y has pure dimension r over any point of «(X). In particular, if )’ is a subvariety
of 1(X) and Y is an irreducible component of ¢|3!()”), then using Lem. ,

6,(Y) = rel. dim())) — dim Y = rel. dim(}’) — dim Y’ —r = §,()') — .

Next, we observe that if Z is vertically optimal in X', then Z must be a component of
(|74 (1(2)). Indeed, let Y be a component of ¢|3'(¢(Z)) containing Z. By Lem. [5.2]

rel. dim(Z) = rel. dim(:(Z)) = rel. dim(}).

Since 6,(Y) > 0,(Z), we must have dim) = dim Z and ) = Z.
As a consequence, the vertically optimal subvarieties of X correspond to those of ((X) in
the following way:

(1) If Z is vertically optimal in &, then ¢(Z) is vertically optimal in ¢(X).
(2) If Z' is vertically optimal in ¢(X), then any irreducible component of ¢|3'(2’) is
vertically optimal in ¢(X).

Finally, we construct 3(X) by pulling back the triples in the set 3(:(X')), which is defined
in the case A = A,. More precisely, let X(X) be the set of (A, By, N) with the property
that (¢(Ay),¢(B1), N) € (¢(X)) and A; is a component of t7*(¢(.A;)). Then it is immediate
to check that ¥(X') has the required property. This completes the Noetherian induction. [

With the above result, we can conclude the proof as in [20, §7.2].
Theorem 5.6. Fort € Z, the degeneracy locus X&(t) for a locally closed subvariety X C A

s Zariski closed in X .
Proof. Take a type (A;, By, N) € £(X) as defined in Thm. 5.5 Consider the composition

o IN] LA S Ay — A /By — Y,y
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where [N]71 A, is the preimage of A; under [N] : A — A, g1, g, are the respective relative
dimensions of Ay, By, and the last morphism is a moduli sieve. Irreducible components of
fibers of ¢ are weakly special of relative dimension gj by Lem. . Denote the restriction of
@ onto X N [N]1A; as ¢|r. Let

Z=7(A,B,N)={xeXxn [N]_lAl | dimxgp|;(1(gp(x)) > max{0,g; — t}}

which is Zariski closed by Chevalley’s upper semi-continuity theorem [26], Thm. 13.1.3]. Then
7 C X9%8(t) since the vertical defect of any (positive-dimensional) irreducible component of
fiber ¢| 3! ((z)) is less than

gll - maX{Oagll - t} < mln{glbt} <t
Now the union of such Z’s for the finitely many triples (A;, By, N) € X(X) is also Zariski

closed, and is indeed X'9°8(¢) since all vertically optimal subvarieties have been taken into
account. 0

Along the path, we obtain the following natural generalization of Gao’s criterion [20,
Thm. 8.1] for the case ¢t < 0 and [23, Thm. 2.4] for the case A = 2,.

Theorem 5.7. Suppose X is not contained in a strict group subscheme of A. The following
are equivalent:

(1) X = xdes(t).

(2) There exists an abelian subscheme B of relative dimension g’ such that the composition

o A— A/B— Ay y
where A — A/B is the quotient map and A/B — 2,_, is a moduli sieve, satisfies
dimp(X) < dim X — max{0, ¢’ — ¢}.

Proof. For sufficiency, note that irreducible components of the fibers of ¢ are weakly special
of relative dimension ¢’ by Lem. [3.5] By assumption, any irreducible component ) of a fiber
of ¢|x has dimension dim Y > max{0, ¢’ — t}. Thus, ) is positive dimensional and

5,(¥) = dim(Y) —dimY < ¢' — max{0, ¢ — ¢t} = min{g’, t} < t,

which means ) C Xd°e(¢).

To prove necessity, by the proof of Thm. , we can express X'9°8(¢) as a finite union of
Zariski closed sets of the form Z(Ay, By, N). If X9°(t) = X, then there is one (A;, By, N) €
Y(X) with Z(Ay, By, N) = X. In particular, we have X C [N]71A;, which implies A; = A
by assumption. Moreover, by definition of Z (A, By, N), the fiber dimension of |y is greater
than max{0, ¢’ — t} at any point x € X. Hence we have

dim p(X) < dim X — max{0, ¢’ — t}.
Thus we are done. U

We remark that the assumption above ensures that X is necessarily dominant over S,
since the union of A|(x) with the zero section of A is a group subscheme of .A. On the other
hand, such an assumption is minor as in Pink’s Conjecture [[.4l In defining the degeneracy
locus, the choice of the ambient abelian scheme is immaterial, and we may replace A with
the smallest group subscheme of Ay containing X'. This will yield an abelian subscheme
A’ of Alx(x) if we further replace X with [N]X for some positive integer N. Then Thm. [5.7
applies in the setting [N]X C A’
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5.2. The criterion. We keep our setup and notations from the beginning of the current
section. Let X C Lie(A/S) be a connected component of exp™!(X). We have the following
diagram

X C Lie(A4/S) —L Lie(B/S)

Let B : Ba — T% be a Betti map on B associated to the simply connected open neighborhood
A C S. Consider the composition

/

Ua : Lie(Aa/A) L Lie(Ba/A) 22 By 22, T2,
Note that ¥ has complex analytic fibers.
Lemma 5.8. The volume form w"|y is nonzero at x € X™ N Aa if and only if
Yalg: X — T
15 an immersion at T, where T € X is a point above x.

Recall that a C*°-map ¢ : M — N between two differentiable manifolds is an immersion
at p if the differential dy, : T,M — T, N is injective.

Proof. Note that ker(dia);z is exactly the lift of kerw,. Thus
ker(dia| )z = ker(dia)s N T:X
d]

is isomorphic to kerw, N T,X. The equivalence follows by the discussion in §4.2| since we
know w/|y # 0 precisely when ker w, N T, X = 0. O

Now we can give a necessary condition for the vanishing of the volume form.

Theorem 5.9. Let X C A be a subvariety of dimension d, and w = w(f*Lg) as above. If
W'y =0, then X¥%(g — ¢') = X.

Proof. First assume S C A, and A = ,|s. Let W := ker(df), and let W be the pullback of
W to S, where S is a component of uil(S ). We need the following algebraicity lemma:

Lemma 5.10. If S is bi-algebraic, then the flat C> complex vector bundle W viewed as a

subset of C7 x §), is algebraic. In general, the vector bundle VW is the restriction onto S of
an algebraic vector bundle of the same rank.

Proof. For the first statement, by o-minimal Chow’s theorem [40, Cor. 4.5], it suffices to
show that W is definable in Ry, exp (or any o-minimal structure). This follows from the

algebraicity of S and local triviality of w by Prop over the simply connected definable

open subsets of S. For the second statement, Prop.|[3.7|implies that the endomorphism groups
of A and A% coincide. In particular, the R-homomorphism A --» B can be extended to
an R-homomorphism of abelian schemes f; : A; --+ B; over SP%2" and we have

W = ker(df) = ker(df1)|s.

The conclusion follows. O
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For z € A" the fiber of 1o | 3 over ¥)a(Z) is positive-dimensional by Lem. and complex
analytic. Let F' be a connected component of the fiber containing & and F := exp(F) C A.
We lift F' to an analytic irreducible subset of C9 x $, by lifting A C S to ACS , and by
slight abuse of notation, still denote it by F. By Cor., we get

5,(F%r) < rel. dim F#* — dim F'.

But F' is contained in W + o for some horizontal section o = (rg,s) € R% x § = C9 x §
with ry fixed. Since W is algebraic by Lem. , we get F'Z9" C W + o. This implies

rel. dim F7%" < rankW = g — ¢'.

Thus, 6,(F%) < g — ¢' and x € F% C X9°(g — ¢'). Therefore X*™ C X4€(g — ¢') and by
Thm. we conclude that X9°¢(g — ¢') = X.

For a general abelian scheme A/S, take a moduli sieve ¢ : A — 20,. If ¢|x is not generically
finite, then X4(0) = X and hence X8(g — ¢') = X. Assume without loss of generality
that ¢|x is quasi-finite. Consider the corresponding abelian schemes ¢(A), ¢(B). It is easy to
see that the particular choice of ample Lz does not matter. So we take a relatively ample
L,z on +(B) and use Lp := 1*L,5). Then the corresponding Betti form on «(.A) pulls back
to the Betti form w on A. The measure w"?|y = 0 implies the same for the corresponding
measure on ¢(X). So we get 1(X)%5(g — ¢') = ¢(X). As in the proof of Thm. [5.5 we have
that for a vertically optimal Z’ of +(X), any irreducible component of ¢|3'(Z’) is vertically
optimal of the same vertical defect. From this we conclude that X4%(g — ¢') = X. O

6. ADELIC LINE BUNDLES ON ABELIAN SCHEMES

In this section, we give a brief account of adelic line bundles in the sense of Yuan—Zhang
[51], with a focus on abelian schemes, to introduce the notations for the sequel. We refer to
their foundational paper for definitions and more details.

6.1. Overview. The Yuan—Zhang theory, which builds upon classical Arakelov theory, pro-
vides a unified framework for intersection theory on line bundles over general quasi-projective
varieties defined over a field. It begins with the category of metrized line bundles on the
Berkovich analytic space associated with a quasi-projective variety over a field equipped with
a set of valuations, and then trims this eventually to the subcategory of integrable adelic line
bundles. Specifically, metrized line bundles that arise directly from geometric models—such
as hermitian line bundles on projective arithmetic varieties—are referred to as model adelic
line bundles. In general, adelic line bundles are conceived as limits of model adelic line
bundles, with the limits taken in an appropriate boundary topology. The most important
subcategory of integrable adelic line bundles consists of those adelic line bundles that are
applicable in intersection theory. These are defined as the difference between two nef adelic
line bundles, analogous to the construction of Lebesgue integrals, where nef adelic line bun-
dles play a role similar to that of non-negative functions. Furthermore, the association of
the category of adelic line bundles to the quasi-projective variety has natural functoriality
under morphisms of the underlying varieties, maintaining compatibility with all relevant
substructures.

Now let us delve into more details. Let K := (K, X) denote a pair consisting of a field K
and a set X of valuations on K in one of the following cases:

(1) geometric: K is a field and ¥ consists of one element, the trivial valuation on K.
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(2) archimedean local: K is the field C of complex numbers and ¥ consists of one
element, the usual norm on C.

(3) arithmetic: K is a number field and ¥ is the set of all normalized valuations of K,
including the trivial valuation.

Let X be a quasi-projective variety over the field K and let L be a usual line bundle on X.
For a pair K = (K,Y) as above, there is an associated Berkovich analytic space X = X&»
and the natural extension of L to L* on X*". A metrized line bundle is a pair (L, [|-]|)
with a continuous metric ||-|| on L**. We shall not give a precise definition of adelic line
bundles here. Roughly speaking, an adelic line bundle extending L is a metrized line bundle
which can be regarded as a suitable completion of L at various places in Y. If there is no
ambiguity, such an extension is denoted by L. The group of isomorphism classes of adelic
line bundles is denoted by Pic(X/K), with group law given by tensor products and written
additively. The subset consisting of nef (resp. integrable) adelic line bundles is denoted by
P/’i\cnef(X/[_() (resp. P/’i\cint(X/I_()). Given a morphism f: X — Y over K, the pullback map
f*: 151\C(Y/ K) — 151\C(X /K) is naturally defined and preserves nefness and integrability.

There are also natural relations among three cases above. To introduce these, we need to be
more careful with the notation for K. By slight abuse of notation, we simplify the pair (K, %)
in three cases as K (geometric), O¢ (archimedean local), Ok (arithmetic), respectively.
There are natural localization maps from arithmetic to archimedean local (K = number field
and o : K — C is an embedding)

Pic(X/O0x) 2 Pie(X,/O¢)
and from arithmetic/archimedean local to geometric (K = number field/C)
Pic(X/Ox) 2% Pic(X/K)

given by forgetting the metrics over the irrelevant places. There is a base change map in the
geometric setting (K = number field and o : K — C is an embedding)

Pic(X/K) — Pic(X,/C).

In the rest of the article, we shall only use the notation K if a uniform treatment is possible.
Intersection theory is developed in the geometric and arithmetic contexts:

(1) geometric: In this case, adelic line bundles arise as limits of ordinary line bundles
on projective models of X over K. The intersection number is obtained via this
limiting process. This framework generalizes the traditional intersection theory of
line bundles in algebraic geometry to a quasi-projective setting.

(2) arithmetic: Here, adelic line bundles are limits of hermitian line bundles on pro-
jective models of X over Og. The intersection number is similarly derived through
a limiting process. This theory extends Arakelov’s intersection theory of arithmetic
line bundles to a quasi-projective context.

Denote the dimension of a relevant model of X by d, whence in the geometric (resp. arith-
metic) case, we have d = dim X (resp. d = dim X + 1). We call d the model dimension of
X. By extending R-linearly, intersection theory gives a symmetric multi-linear pairing

[x lsijint(X/K)% — R

(6.1) (Ly,-++,Lg) — [L1-++ Lq)x.
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The pairing satisfies the following basic properties:
(1) If Ly, - , Ly € Picaet(X/K), then [Ly - -+ Lg]x > 0.
(2) When K is a number field and ¢ : K — C is an embedding, geometric intersection
theory on P/’i:int(X /K) agrees with that on P/’i\cint(XU /C) through base change.
(3) Projection formula |51, Prop. 4.1.2]: Let f : X — Y be a dominant morphism of
quasi-projective varieties over K. Let Ly,--- ,Lq € P/’i\Cint(Y/ K ). Then

(6.2) [f*Ly--- f*La)x =deg f - [L1--- Lqly.
Here, if f is generically finite, deg f is the degree of the extension of the function
fields of X and Y; otherwise, deg f = 0.
When f : X — Y is clear in the context, and L, ,Lq € lgi\cint(Y/.f(), we shall write
[Ll s Ld]X fOI‘ [f*Ll v f*Ld]X'
Definition 6.1. Let K be a number field. The height function associated with an arithmetic
adelic line bundle L € Piciy (X/Ok)r is a function hz : X (K*2) — R defined by
[z]x/
h7 =
1) = L - K]
where z € X (K?®8) is an algebraic point and 2’ € X is the scheme-theoretic point of .
For instance, on a projective space PV over a number field K, the naive adelic line bundle

O(1) is the adelic metric on O(1) whose associated height function gy is the usual naive
height function.

6.2. Volume and bigness. We work in the geometric/arithmetic setting for this subsection.
Let L € Pic(X/K) and let ||-|| be the associated metric on L.

Definition 6.2. The set of effective sections, denoted by ]TIO(X, L), is defined to be the
subset of global sections s € H°(X, L) such that |[s*(x)|| < 1 for any = € X®", where s is
the section on L*" corresponding to s. Define the quantity

(X, L) := dimy ﬁ()(X, L) in geometric setting
T \log #H (X, L) in arithmetic setting

The existence of nontrivial effective sections has the following implication on height.

Lemma 6.3. Let K be a number field and let L € P/’i\cint(X/OK). If there is a monzero
effective section s € H°(X,mL) for nonzero m € N, then hz(z) > 0 for any v € X(K*8)
with s(x) # 0.

Proof. Let z € X(K®™#) be a point with s(z) # 0 and let 2/ € X be the scheme-theoretic
point of . By definition, we have

7\X) = [mL]xl = L — |k : ogl|s

vEX K YET),

where X j denotes all the places of K and ! is the finite set of points of X*" given by the
image of 2’ Xgpec xk Spec K, in Xk, . Then we have hy(x) > 0 since ||s(y)|| < 1. O
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Definition 6.4. The volume of L € Isl\cz(X/I_() is defined as
—~ = dl ~
vol(X, L) := lim —hO(X mL)
m—00 m
where the limit exists by [51, Thm. 5.2. 1] More generally, the volume of a Q-adelic line bun-
dle L € Plc(X/K) is defined as Ndvol(X NL) for any N € N such that NL € Plc(X/K)
If Vol(X, L) >0, we say L is big.

For integrable adelic line bundles, volume is closely related to intersection theory in the
following way by [51, Thm. 5.2.2]:

Theorem 6.5. For L, M € P/’i\cnef(X/I_()@, the following holds:

(1) The arithmetic Hilbert-Samuel theorem: \751(X, L) =[LYx

(2) Siu-Yuan’s Bigness theorem: vol(X,L — M) > [LY|x —d [LY'M] .
Corollary 6.6. Let f : X — Y be a dominant morphism of quasi-projective varieties over
K. For L € Picyt(Y/K), the pullback f*L is big if and only if f is generically finite and L
s big on Y.

Proof. This follows directly from the arithmetic Hilbert—-Samuel theorem and the projection
formula (6.2)). O

6.3. Invariant metrics. Now let A/S be an abelian scheme over a quasi-projective normal
variety S over K. We are interested in a certain metric on symmetric line bundles that is
invariant under the group structure. The starting point is the following existence result

Theorem 6.7. For any L € Pico(A/S), there is a unique integrable adelic line bundle
L € Picin(A/K) extending £ such that [[|*L = L. If L is ample, then L is nef as an adelic

line bundle.

Proof. In the geometric/arithmetic case, the existence and uniqueness are stated in [51]
Thm. 6.1.3] with e = 1. It is proved by Tate’s limiting argument, and the second statement
is given in Thm. 6.1.1 of loc. cit. Localization gives the archimedean local case. 0J

By extending linearly, we can associate a unique invariant integrable R-adelic line bundle
to any symmetric R-line bundle £ € Picy(A/S)g. If B/S is another abelian scheme and
f € Hom(A, B)g, define f*L := f*£. The following lemma concerning the continuity of
intersection numbers with respect to R-pullbacks will be useful to us:

Lemma 6.8. Let X C A be a subvariety of model dimension d. Let Lq,--- ,L; € Pico(B/S)r
and My, -+, M; € Piciw(A/K)g with i+ j = d. In the geometric/arithmetic setting, the
function given by intersection numbers
Hom(A, B)r — R
fr=I(f"La) - (f LMy Mjla

1s continuous and homogeneous of degree 2i.

Proof. The intersection pairings are continuous by definition when restricted to the subspace
spanned by {f*L;, M; : f,i,j}, which is finite dimensional by (2.5). So the result follows

from the continuity of the pullback map as a quadratic form (2.3). It is homogeneous of
degree 2i since (nf)*L; = n®>f*L; for any n € R. d
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For later purposes, we use the following convention to avoid ambiguity:

(1) geometric: the invariant adelic line bundle is denoted by £ € 151\0(./4/ K)g.
(2) archimedean local/arithmetic: the invariant adelic line bundle is denoted by

L € Pic(A/ Ok )x.

In the arithmetic case, the height hz is the fiber-wise Néron—Tate height associated to L,
and can be equivalently defined by Tate’s limit argument. Specifically, if £ € Picy(A/S) is
ample, embedding A in some projective space PV such that [O(1)|4] = [£]™ € Pico(A/S)
for some n € N, then

n-hs(x) = llim 172 hpn ([l]2)
where hpn is the naive height and x € A(K®#). Extending linearly gives the definition for
general £. We have the following convenient lemma

Lemma 6.9. For L € Pico(A/S)r, £ > 0 if and only if hz > 0.

Proof. If L is nef, taking an ample £y € Picg(A/S), then L. := L + €Ly is ample for any
e > 0, and hence can be written as a positive linear combination of ample integral line
bundles by Prop. (4). Then hz_ > 0. Letting € — 0, we get hz > 0.

Conversely, if £ is not nef, then there is a curve C' on a fiber such that deg(L|c) < 0.
Then the height hz|c = hz), on C can be arbitrarily negative since —L|¢ is ample. O

As a consequence, if £ = L' for L' € Picy(A/S)gr, then hy = hp. In other words, the
association of Néron-Tate height function to Picy(A/S)r factors through NS(A/S)g.

In the next lemma, we show that a total height function on A dominates other height
functions in a suitable sense.

Lemma 6.10. Let ¢ : A — PV be an embedding and denote the naive height function
restricted to A by h. For M € Picy(A/Ok), there exists ¢ > 0 such that hi; < cmax{1,h}.

Proof. We give a proof in the case where M is model adelic line bundle. The general case
follows by a limit argument. Let Ay be the generic fiber of a projective model of A over Ok
where both *O(1) and M are realized. The divisor on the generic fiber for :*O(1) can be
taken as D + F where D is ample and F is an effective divisor supported away from A. Let
D; be a divisor for M. Then for sufficiently small € > 0, D — eD; is ample. In particular,
the base locus of O(D — €Dy + E) is in the complement of A. Thus, h — ehy; is bounded

below by a constant on A. This concludes the proof. 0

As an immediate corollary, we see that the choice of total height functions is irrelevant for
our purpose of bounded height results.

Corollary 6.11. For i = 1,2, let h; be the restricted naive height functions on A induced
by embedding into projective spaces. There exists ¢ > 0 such that

¢ 'max{l, h} < max{1,hy} < cmax{l, h}.

Moreover, we can equivalently use a sum of the fiber-wise Néron—Tate height with an ample
height on the base as the total height, if we use a result of Silverman-Tate [48, Thm. A].
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6.4. Monge—Ampere measure. We work over K = C in this subsection. Classically, when
X is a complex projective variety of dimension d and Ly, --- , Ly are smooth hermitian line
bundles, the intersection number [L; --- Ly]yx is equal to the integral over X" of ¢;(L;) A
-+ A c1(Lg), where ¢;(L) denotes the Chern form of L, as a special case of the fact that
the intersection of cycles in homology is Poincaré dual to the wedge product in cohomology.
In general, for quasi-projective X, there is a canonical Radon measure associated to any
(L1, , Lg) € Piciy(X/O¢)?, called the Monge-Ampére measure, on the complex analytic
variety X®, denoted by ¢;(L1) - --c1(Lg), which can be defined by a limit process using [5,
Thm. 2.1]. A basic property is that the integral of ¢;(L1)---ci(Ly) over any strict Zariski
closed subvariety of X*" is 0. We refer to [51l, §3.6] for more details and a discussion of the
more general Chambert-Loir measure over any complete field with nontrivial valuation.

The following allows us to compute the geometric intersection number via integration by
the Monge-Ampere measure:

Theorem 6.12. Let Ly, , Ly € Picins(X/O¢) and let Ly, -+, Ly € Picins(X/C) be the
localization tmage. Then

@yumk:/;q@ﬁmq@ﬂ

Proof. For the current general version, see Guo [27]. See also [51), Lem. 5.5.4] for the special
case when the involved adelic line bundles are localized from a number field. U

Now let Ly,---, Ly € Picg(A/S). Let X C A be a subvariety of dimension d. The
Monge-Ampere measure ¢1(Lg|x) - - - ¢1(Lq|x) has a particularly nice description in terms of
the Betti forms.

Theorem 6.13. For Ly, -+, L, € Picy(A/S) and a subvariety X C A of dimension d,
c1(Lilx) - er(Lale) = w(La) A= Aw(Ly)
as measures on X",

Proof. The result is stated without proof in [51] §6.2.2]. We assume that £;’s are ample; the
general case follows by linearity. We also assume that S is smooth since the measure is zero
on the strict Zariski closed non-smooth part. The idea is to go back to the construction of
the invariant metrics by Tate’s limiting argument. Start with any hermitian metric ||-|; o on
L; and construct inductively ||-||;x on £; for k > 1 by the following rule:

21" (Lay 1 llie—1) = (Lo ]l .
Then (L£;,||-||ix) tends to £; with the invariant metric ||-||. Take nonzero rational sections s;

of £;. By ampleness, g;; := — logHsiH?’k are sequences of pluri-subharmonic (psh) functions
converging locally uniformly to g; := — log||s;||>. By [L1, Cor. 2.6], we know the weak limit

_ _ V=1 - V=1 -
c1(Lilx) - e1lLalx) = lim ——=00(gu) A -+ A —5—00(ga)

as a measure on X" can be given by the form

gag(gl) A A %55(%)

restricted to X**. On the other hand, the Chern form %85(%) of (Li,||-]]) is the unique
invariant form w(£;). So we are done. O
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Corollary 6.14. For a nef £ € Pico(A/S)r and a subvariety X C A of dimension d, the
self-intersection number [L%x > 0 if and only if w(L)"|yan Z 0.

Proof. According to Thm. and Thm. [6.13, we have
L%y = / w(L£)] yan.

By nefness of £, we know w(£)"¢| yan is semipositive. Hence the above is positive if and only
if the form is nontrivial as a measure. U

7. HOMOMORPHISM APPROXIMATION

In this section, B C A are nontrivial abelian schemes, of respective relative dimension g, ¢/,
over a normal quasi-projective variety S defined over a number field K. We fix ample line

bundles £4 € Picy(A/S) and Lz € Picy(B/S). Fix Mg € lsi?nef(S/OK) and let M := L4+

7 Mg € Picnes(A/Ok). In particular, hyy(z) = hz  (x) + hyy, (n(2)), for any = € A(K™¢).

We refer to hz, as the relative height and hy; as the total height.

Definition 7.1. Let 0 < € < 3. The e-neighborhood of a point 2 € A(K™#) is defined by
Cle,z) = {z+y € A(K") | hz , (y) < emax{1, hy(z)}} .

The e-neighborhood of a subset ¥ C A is defined by C(€,X) := ([, cxgas) C(€, 7).

The set of all B-null K*&-points in A is denoted as 91(B). The main result of this section
is
Theorem 7.2. Let X C A be a subvariety of dimension d. Assume that [(f*fg)d];( > 0 for

any f € Hom(A, B)g. Then there exists €,c > 0 and an open dense subset U C X such that
for any p € U(K™8) N C(e, M(B)), its total height hyz(p) < c.

It will be shown later in Thm. that the hypothesis [(f*£z)%x > 0 holds under some
generic conditions on the nondegeneracy of X.

Note that we can and will assume ({2.1) without loss of generality by possibly passing to
an étale cover of S using Lem. 2.2]

7.1. Height lower bound. In this subsection, we shall establish a lower bound for the
total height of a point p € A(K®8) that is close to being B-null. We need to approximate
the general Q-homomorphisms in the compact set (A, B) from Prop. by finitely many
Q-homomorphisms. Denote the subset of (A, B) consisting of Q-homomorphisms by

Kn(A, B) := K(A, B) N Hom(A, B)g.
Denote the finite subset consisting of Q-homomorphisms with denominator N € N by
Kn(A,B) :=K(AB)N N 'Hom(A,B) = {f € K(A,B) | Nf € Hom(A, B)}.
Fix any (equivalent) norm |- | on the finite-dimensional vector space Hom(A, B)g. We
observe three basic facts:
(1) By compactness, there is v > 0 such that v~ < |f| < for any f € K(A, B).
(2) Let 6 > 0. By compactness, there exists N5 € N such that the J-neighborhood of the
set Kn, (A, B) covers (A, B).
(3) There exists A > 0, such that f*Lz < N\?|f|*L4 for any f € Hom(A, B)g. Here, we
use the notation £; < L5 to mean that £5 — £y is nef.
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We give a proof of (3). By continuity of (2.4]), there exists an open neighborhood A of
0 € Hom(A, B)g such that [L4 — f*Lp] € Amp(A/S) C NS(A/S)g for any f € A. Take
A > 0 such that A contains the ball centered at 0 of radius A=!. Then (A|f])~1f € A for
any f € Hom(A, B)g and the required property follows from quadraticity.

We shall fix the meaning of v, A, J, N5 as above for the rest of the section and the exact
choice of § will be given later.

Proposition 7.3. Let x € A(K™8) be a B-null point. There exists f € Ky,(A, B) such that
Wiz (@) < N26%hz ().

Proof. By Prop.[2.7, let f’ € Kn(A, B) with N’ € Hom(A, B) such that (N f')(z) = 0. Let
[ € Kn, (A, B) such that |f — f'| < 0. Note that NNy is a common denominator for f, f’.
Write ¢ := NNs(f — f'). Then ¢(x) = (NNsf)(x) and |p| < NNsd. By the fact (3) above,
we have

' Ls < NJplPLa < N(NNO)La

This implies by Lem. [6.9] that h .z, (x) < A*(NNsd)*hz , (x). Since
(NNs)*hgezy () = hz (NNsf)(2)) = hz,y(p(2)) = hoez, (¥) < X(NN50)*hz  (2),
we are done by canceling (N Ns)? on both sides. O

We can relax the condition on x and get a height bound for points that are merely close
to be B-null. Fix 0 <€ < % to be determined later.

Corollary 7.4. Let z € A(K¥#) be a B-null point. Let p=x +y € C(e,x). There exists
f € Kn; (A, B) such that hy.z, (p) < 12X%(6% + €9?) (1 + hyy(p))-

Proof. Take f as in Prop. [7.3 We apply the quadraticity of Néron-Tate heights multiple
times. First of all, we have

hz (x) < 2hz , (p) + 2hz , (y) < 2Rz, (p) + 2€ + 2¢ehzy (7).

Since € < %, we deduce that

(7.1) hz (x) < 6hz , (p) + 2+ 2hg; (7(p)) < 6(hy(p) + 1).
By definition, we also get
(7.2) hz , (y) < € (6hz, (p) + 2+ 3hy,(7(p))) < 6e(hy(p) +1).

Now, by Prop. and Facts (1) and (3) we have
< 2)\252th () + 2/\272th (y).
Combining it with the other two inequalities ([7.1]) (7.2), we are done. O

7.2. Height upper bound. Let X be a subvariety of A of dimension d. We are going to
establish a height upper bound in this subsection for the total height of a general point on
X. By Lem. [6.8, we derive two immediate consequences on intersection numbers:

(1) There exists ¢1, co > 0 such that for any f € K(A, B), we have
(7.3) (f*Ls)" - Mlx < ey and [(f*Lg)"" - Mlx < 2.
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(2) Assuming that [(f*Lz)%x > 0 for any f € Hom(A, B)g, there exists ¢; > 0 such that
for any f € K(A, B), we have

(7.4) [(F*Ls)%x > cs.

Using these, we have the following uniform height inequality:

Proposition 7.5. Let X C A be a subvariety of dimension d. Assume that [(f*Lg)%x > 0
for any f € Hom(A, B)%. Then there exist o, B > 0 such that for any f € Kn(A, B), there
is a dense open subset Uy C X satisfying

hizs(p) > ahgzy(p) — B
for any p € Up(K™®).

Proof. Take any rational numbers 5 > 0 and

c3f3
d(cr +dey3)

Let f € Kn(A,B). Let N be a hermitian line bundle on Spec Ok with d/(%(ﬁ) = 1. By
slight abuse of notation, we view AN as an adelic line bundle on A via pullback. One basic
property of A is that if £, -+, L4 € Picy(A/Ok), then

(7.5) (L1 La- Ny =[L1-+ Lalx

where £; is the localization of £; in P/’i\cmt(A/K); cf. [51, Lem. 4.4.4].
Let £ = f*Lz+ N € Picher(A/Ok)g. We claim that

(7.6) vol(X, L' — aM) > 0.

As a consequence, it implies the existence of a nonzero Q-effective section sy of L —aM,
whence by Lem. [6.3] we have

0 <hzoqi(p) = hypz,(p) — @by (p) + hgre(p) = hpz, () — ahgg(p) + B

for any p € U;(K™8) with Uy := X \ div(s;), as required.
To prove the claim ([7.6]), we apply first Siu—Yuan’s bigness theorem :

(7.7) vol(X, L' — aM) > [LYy — (d + V)a [LM] .
Note that using with the lower bound , we have
LMy = [(f*Le)™Mx + (d+ DB [(f*Ls)" - N,
= (/L) Y+ (@d+ D8 [ (F L] |
> (d+1)Bcs.
Meanwhile, for a similar reason, we have by that
(L) Mlx = [(F*Le) M]x +dB [(f* L) - N - M]
= (/" Zo)" Ml +d3 |(FLa)"" - M|
< ¢ +deyfs.
Combine the inequalities into and we are done. O

I<a<

X

X
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7.3. Proof of Thm. [7.2] Now we are ready to prove the main result of this section. The
idea is to let d,€ tend to 0 so that the height bounds in Cor. [7.4] and Prop. lead to
constraints on the total height of p in the intersection. Specifically, pick sufficiently small
0,€ > 0 such that

o = 1203 (0% + ey?) < a.
Since Ky, (A, B) is a finite set, let

U= mfeICNé(.A,B)uf CX.
Then for any p € U(K*8) N C(e, N(B)), we have

ahyy(p) = B < hyog (p) < a'hg(p) + 0.

Therefore, we get hy;(p) < ¢ with ¢ = (o/ + )/(o — &’). Hence, we are done.

8. PROOF OF THE MAIN THEOREM

In this section, we assemble various parts to finish the proof of the main theorem. Let S
be a normal quasi-projective geometrically connected variety over a number field K and let
A/S be an abelian scheme of relative dimension g. Let X C A be a subvariety of dimension
d. Fix an embedding K& C C.

8.1. Descent of degeneracy loci. The following is a consequence of Chow’s theorem.

Proposition 8.1. Assume A/S has a level-ng-structure. For t € Z, the degeneracy locus
X(geg(t) is defined over K. Namely, there exists a Zariski closed subset X%8(t) C X such
that X2 (t) = X8 (t)c.

Proof. By Thm. , there exists a finite set X(X¢) of triples (A;, By, N). By Chow’s Theorem
[10, Cor. 3.21] for the primary extension C(S)/K*#(S), the generic fibers of abelian schemes
Ay, By are defined over K*2(S). Meanwhile by assumption, all abelian subvarieties of the
generic fiber of A are defined over K (.5), whence all abelian subschemes of A are defined over
K; cf. Thus in the proof of Thm. , each set Z(Ay, By, N) is defined over K®# since
the quotient map is defined over K and the moduli sieve is defined over a field containing the
reflex field and K, whence K*8. So X9%(t) is defined over K®&. Notice that if J C Ay
and 0 € Gal(K*8/K), then ¢()) and Y have the same vertical defect. So X9%(t) is stable
under the action of Gal(K®8/K). This concludes the proof. O

We make the general definition of degeneracy loci over a number field as follows.

Definition 8.2. Take a finite étale cover S” — S by Lem. such that the base change
A’ — S’ has a level-ng-structure. Let X C A be a subvariety and t € Z.

(1) The ¢*" degeneracy locus X%°¢(¢) is defined as the image of X"4°¢(t), given in Prop.[8.1]
under the natural map A" — A. It is independent of the choice of the cover.

(2) The subvariety X is said to be nondegenerate (resp. t-nondegenerate), if X9%(0) # X
(resp. Xd8(t) £ X).

Define 7(X) to be the largest integer ¢ such that X’ is t-nondegenerate. If the vertical defect
of X is tg, then 7(X') < t;. When the equality holds, we say X is optimally nondegenerate.
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8.2. Main theorem and its proof. We can now reap the fruits of our labor from the
previous sections. Combining Thm. [5.7, Thm. and Cor. we obtain the positivity
of the geometric self-intersection number of a class of invariant adelic line bundles assuming
nondegeneracy:

Theorem 8.3. Lett € N. Given any

(1) abelian scheme B/S of relative dimension g > g —t,
(2) ample Ly € Pico(B/S), and
(3) f € Hom(A, B)g, i.e., a surjective R-homomorphism f : A --» B.

If X C A is a t-nondegenerate subvariety of dimension d, then [(f*EB)d]X > 0.
The main theorem of this paper is deduced below.

Theorem 8.4. Let m: A — S be an abelian scheme on a normal quasi-projective variety S
defined over a number field K. Let La € Pico(A/S) be ample and let M := L4+ 7*Mg €

PlCnef<A/OK) with Mg € PlCnef(S/OK) Fort € N and a subvariety X C A, there ewist
€,c > 0 such that for any K*&-point

pE (X \ Xdeg(t)) NC(e, A<y)
the total height hyz(p) < c.
As explained in Cor.[6.11], we may replace the height hy; by another arbitrary total height.
Proof. Assume without loss of generality that X" is t-nondegenerate. By Lem. [2.5] there are

finitely many possible abelian schemes By, - - - , B, of A that admit surjective homomorphisms
from A and have relative dimension > g — ¢t. By Thm. [8.3] the conditions in Thm. are
satisfied for any B € {By,--- ,B,}. Thus for each 1 <i < r, we find ¢;, ¢; > 0 and open dense

subsets U; C X such that the total height of K®8-points in U; N C(e;, M(B;)) is bounded by
C;.

If H is a flat group subscheme of A of relative dimension < ¢, there exists N € N such
that NH is an abelian subscheme. The quotient A/N7H is an abelian scheme of relative
dimension > g —t, which is hence isogenous to some B from {By,--- ,B,}. Then H C 0N(B).
Thus A< = U<, N(BY).

Let U := N, € := min{¢;}; and ¢ := max{c;};. Then we get that the total height of
K®*&points in U N C(e, A<;) is bounded by c.

For the rest, we show that we can enlarge U to contain X'\ X&(¢). Indeed, if X" is a closed
subvariety of X, then X"4°8(¢) C X9°(¢) by definition. In particular, if X’ is not contained
in Xde(t), then X’ # X'48(¢t) and A’ is t-nondegenerate. Now suppose X’ := X \ U is not
contained in X8 (¢), then replacing X by X”’, we can find U’, €, ¢ as above with the required
property. We can enlarge U to U’ UU after replacing e by min{e, €'} and ¢ by max{c, ¢'}. By
Noetherian induction, we can thus assume X'\ X9€(¢) C Y. The proof is now complete. []

9. APPLICATIONS

In the first part, we apply the main theorem and criterion to study the specialization of
Mordell-Weil groups. After some simple observation, we restrict attention to a particular
case, and present a specialization theorem generalizing Silverman’s theorem [48, Thm. CJ.

In the second part, we establish a bounded height analogue of Conj. using basic linear
algebra on quadratic forms.
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In the end, we propose a conjecture aligned with the philosophy of Pink’s Conj.[1.4] as an
optimal hope to generalize the main theorem.

9.1. Specialization theorem. Let S be a normal quasi-projective variety over a number
field K with function field F, and let A/S be an abelian scheme with generic fiber A. The
group of sections A(S) is identified with the group A(F'), which is finitely generated by the
Lang—Néron theorem [34]. For any s € S, we have a specialization map

sps » A(F) — A,

which associates to any section o € A(F') the point o(s) € As. If S — S is an étale cover
and ¢ is a point above s, then Ay = A, and sp, factors through sp,,.
Note that sp, is injective on the subgroup of constant sections. One can ask in general

Question 9.1. Given a subgroup A C A(F'), what can be said about the set of closed points
s € S where sp, : A — Ay fails to be injective?

For the abelian variety A/F and a subgroup A C A(F'), define
S(A,A) = {s € S(K™8) | sp, : A — A, is not injective.}
We start with the following basic observation.

Lemma 9.2. Let A, B, Ay, Ay be the generic fibers of respective abelian schemes A, B, A1, As
over S. Suppose N C A(F),N' C B(F) are subgroups. The following holds true:

(1) S(A,A) = Z(A, A), where
A:= {0 € A(F)|3N e N\ {0}, No € A}.

(2) If ¢ : A — B is an isogeny, then $(A, ) = X(B, p(A)).
(8) X(AXx B,AxA)=%(AAN)UX(B,N).
(4) If (p1,p2) : A — Ay X Ag is an isogeny, then

S(A, A) € S(Ay, pi(A)) US(Ag, ps(A)).

Proof. (1) Suppose sp, : A — A, is not injective for a closed point s € S, and o is a nonzero
section in the kernel. Then o is non-torsion. Let N € N\ {0} with No € A. Then No is
nonzero and in the kernel of sp, : A — A,.

(2) We clearly have (A, A) C X(B,¢(A)). For the other direction, take an isogeny
¥ : B — A such that ¢) o ¢ = [N] and use (1).

(3) By definition.

(4) It suffices to assume A = A; x A, by (2). Note that A C p;(A) x pa(A). The result
hence follows from (3). O

Due to (4), it is essential to study the case where A is simple. In the following, we will
consider a particular case.

Definition 9.3. An abelian variety A/F' is said to have mazimal variation if the induced
period map S — A, is generically finite.

Theorem 9.4. If all nontrivial simple abelian subvarieties of Apas have mazximal variation
and dimension at least dim S, then X(A, A(F)) is contained in the union of a strict Zariski
closed subset and a set of bounded height in S(K?#).
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The maximal variation assumption on the simple components is equivalent to A having no
constant part if dim.S = 1; so the above result implies Silverman’s theorem in the number
field case. The dimension assumption ensures the intersection is at most just likely.

Proof. Without loss of generality, we assume by possibly passing to a finite étale cover
using Lem. 2.2 Let oq,--+,0, € A(F) be a basis of A(F)g and let X be the image of
g = (o1, ,0,) : S — AL Let B be the smallest (necessarily flat) group subscheme
containing ¢. Replacing o1, -+ ,0, by Noy,---, No, if necessary, we can and do assume B
is an abelian subscheme of Ajg. Write

g :=rel.dimB, d:=dim S, t := g —d.

Claim: X is t-nondegenerate (or optimally nondegenerate). Indeed, take any nonzero
abelian subscheme B; of B and any surjective homomorphism ¢ : B — B;. Let ¢, : By — 20y
be a moduli sieve with base map ¢ : S — Ay. Since B; has maximal variation, ¢ is generically
finite. So

(9.1) dim ¢4 (p(X) = dim X > dim X — max{0,g — ¢’ — t}.
For the zero map B — 0, we also have
0 > dim X — max{0,g —t} = 0.
By Thm. 5.7 these imply that X is t-nondegenerate.
Now we consider the following types of flat subgroup schemes of A%:

Hy={(z1, @) €AY | Ny = 0}

where A = (A\q,--+,\;) is a nonzero sequence of integers. Note that X" is not contained in
H by the choices of g;’s. So H, N B is a strict flat group subscheme of B. The assumption
on dimension of the simple factors ensures that the relative dimension of H, N B is at most
g — d. Hence Thm. tells us that the K®&-points of

Sy = (X X)) NULVH,
form a set of bounded total height.

If the specialization map sp, : A(F) — A,(K®#) is not injective, then there exists a
nonzero A € N” such that >, \;o; specializes to 0 € A (K™8) for s € S(K#), which means
(01, ,00)s € X NH,.

Let 7 : Ay — S be the structure map. Then
S(A,A(F)) C o (X98(1) Um(Sy).
Here 7(%;) is a set of bounded height. The proof is now complete. U

9.2. Towards Zhang’s conjecture. Let us first recall the setup of Shou-Wu Zhang’s con-
jecture. Let A — C be an abelian scheme on a curve C defined over a number field
K. Let (-,-) denote the Néron—Tate height pairing associated to an ample line bundle
L € Picy(A/C). Consider a finitely generated torsion-free subgroup A C A(C') with linearly
independent generators o1, --- ,0,. In his 1998 ICM talk, S. Zhang [52] defined the function

ha(s) := det ({o4(s), 05(s))i;)
for any s € C(K*8), and proposed Conj. . This conjecture, in the case of a constant
abelian scheme, is particularly noteworthy as it implies both the Mordell conjecture and the
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Bogomolov conjecture for curves. We discuss the non-constant case below. It is also worth
mentioning that the so-called relative Bogomolov conjecture [15] originates from Con]. in
the special case where rank A = 1.

As noted in the ICM address, Zhang’s conjecture was initially stated without a dimension
assumption. However, Poonen soon found a counterexample involving a section of an elliptic
surface. In this example, the section could possess infinitely many torsion points, yielding
infinitely many points with ha(s) = 0. The picture here nowadays is clear: the dimensions
of the section and the torsion sections add up to the total ambient dimension, which made
the intersection more than wunlikely. From this perspective, the bounded height result that
follows is seen as optimal.

Theorem 9.5. Let 7w : A — C be an abelian scheme on a curve C defined over a number field
K, and assume A/C' has no constant part. Let A C A(C) be a finitely generated torsion-free
subgroup. There is € > 0 such that

{s € C(K™8) | hp(s) < €}
1s a set of bounded height.

In particular, by the Northcott property, there are only finitely many closed points s € C'
with [k(s) : K] < d and ha(s) < €

Proof. Let o1, ,0, be linearly independent generators of A, and let ¢ be the image of
(01,-++,0.): S — A7. Let B be the smallest (necessarily flat) group subscheme containing
o. Replacing o1,--- ,0, by Noy,---, No, if necessary, we can and do assume B is an abelian

subscheme of A%, with relative dimension denoted by g. We also fix an isogeny decomposition
¢ : A — BxB such that p; op|p is the identity map where p; : Bx B — B is the projection.
For convenience, we take the fiber-wise Néron—Tate height on A to be induced from two
fiber-wise Néron—Tate heights on B, B’ through pullback by . By abuse of notation, all
Néron-Tate heights are denoted by h.

As in the proof of Thm. [0.4] the curve o is optimally nondegenerate. Therefore, by
Thm. there exists ¢y > 0 such that the closed points of

Y:=7(aNC(e,B<y-1))

have bounded height.

Set € := (e0/2y/7)". Claim: if s € C(K™¢) with hy(s) < e, then s € . Let s be such
a point. To simplify notation, denote the matrix ({o;(s),0;(s)));; by M. Consider the
quadratic form ¢(z) := x Mz for x € R". For any A = (A1, -+, \.) € Z", notice that

q(A) = (A-a(s),A-a(s)) = E(Z Aigi(s)) = 0

Hence ¢(z) is positive semi-definite by continuity.

By linear algebra, we know that if ||z|| = 1 where ||| is the standard norm, then ¢(x) has
a minimum equal to the smallest eigenvalue (or equally singular value) t, of M,, achieved
by a corresponding eigenvector o € R". Since tj < hy(s) < €, we derive ty < €/24/r. By
approximating zy using vectors in Q", we can at least find p € Z" \ {0} such that

< € max{,uz}2

q9(p) < \/—HMH
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Without loss of generality, assume max;{p;} = p1. This implies that the point

b= (ZMZO—Z(S)/Mh(L 70) S "4;

has height h(Py) < €. Define Q; := p; o (P;) € B. Then h(Q1) < €.

Consider the flat subgroup scheme
HH = {(al,-- . ,ar) € Ag’ | Zﬂlﬁl = 0}

Since 01, - -+, 0, are linearly independent, ¢ is not contained in H,. Hence H, N B is a strict
group subscheme in B. In particular, H, C B<, ;. Notice that P := o(s) — P, € Hy
Consider the projection Q2 := p1 0 p(FP») = a(s) — Q1 € H, N B. Then we see that

Q(S) == QQ + Ql S C(GU,HHQ B) Q O(€D>B§g—l)-
In particular, s € 3. The proof is now complete. 0

After the initial draft was publicized, N. M. Mavraki kindly brought to our attention that
a similar linear algebra technique had already been employed in her collaborative work with
L. DeMarco [13, Prop. 4.3]. Moreover, Thm. also follows from Silverman’s result [48]
Thm. B]. One advantage of the proof presented here is therefore that it does not rely on
Silverman’s result and allows an extension to higher-dimensional bases under assumptions
analogous to those in Thm. [0.4]

9.3. A conjecture. The general Conjecture of Pink suggests considering not only flat
group subschemes of A. Denote by

A(gt) = U U H

seS HCAg
dim H<r
with the union taken over all points s € S and all group subschemes H C A, of dimension
at most r. Note that A<, C A(<; and the inclusion is strict in general. We propose the
following conjecture, which is an idealistic extension of Thm. |8.4

Conjecture 9.6. Fort € N and a subvariety X C A, the closed points of
(X \ X)) N A<y
form a set of bounded total height.

An analogue containing an e-neighborhood can be stated as well. One heuristic reason for
the conjecture is that X'9°8(¢) already takes into account all the group subscheme structure in
A. For instance, in Thm. [8.4] it is totally valid to consider a subvariety X in a fiber of A/S,
and the theorem in this form provides a weaker result, since only the more coarse subgroup
structure of A, is considered. We expect a certain generalization of the compactness result
in Prop. to be a key step towards the conjecture.
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