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Abstract

In this paper we show a new inequality that generalizes to the unit sphere the
Lebedev-Milin inequality of the exponentiation of functions on the unit circle.
It may also be regarded as the counterpart on the sphere of the second inequal-
ity in the Szegö limit theorem on the Toeplitz determinants on the circle. On
the other hand, this inequality is also a variant of several classical inequalities
of Moser-Trudinger type on the sphere. The inequality incorporates the devia-
tion of the center of mass from the origin into the optimal inequality of Aubin
for functions with mass centered at the origin, and improves Onofri’s inequal-
ity with the contribution of the shifting of the mass center explicitly expressed.
© 2021 Wiley Periodicals LLC.

1 Introduction
Let S be the unit sphere and for S define

(1.1)
S S

log
S

where the volume form is normalized so that S . The well-known
Moser-Trudinger inequality [13] says that is bounded below if and only if
. Later on Onofri [14] sharpened Moser-Trudinger inequality and showed that

for the best lower bound of is equal to zero. Onofri’s inequality was
based on an inequality established earlier by Aubin [1], who proved that if is
restricted to

M S
S

then for , is bounded below and the infimum is attained in M. All these
inequalities play crucial roles in “Nirenberg’s problem” of prescribing Gaussian
curvature, in particular, in the work of Chang and Yang [4, 5]. In their effort to
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prescribe Gaussian curvature without additional assumptions on the symmetry of
the curvature, Chang and Yang have further improved the above Aubin-Onfri in-
equality by showing that (see proposition B in [4]) for sufficiently close but less
than 1, the lower bound of again is equal to zero for in the class M. Their
work led to the following conjecture:

CONJECTURE A
inf
M

In 1998, Feldman, Froese, Ghoussoub, and Gui [7] proved that this conjecture is
true for axially symmetric functions when . Later the second author and
Wei [11] and independently Lin [12] proved Conjecture A for axially symmetric
functions. In [8] Ghoussoub and Lin showed that Conjecture A holds true for

for some . Finally, Gui and Moradifam proved in [10] that
Conjecture A is indeed true. Actually they [10] obtained something stronger than
the conjecture, by showing the following uniqueness result for the corresponding
Euler-Lagrange equation for the functional :‘

THEOREM 1.1. The equation

(1.2)
S

on S

has only constant solutions for .

2 A Refined Aubin-Onofri-Type Inequality
The main result in this paper is to establish a variant of Aubin-Onofri inequal-

ity. To motivate the study of such type of inequalities, we first recall the classical
Lebedev-Milin inequality on the exponentiation of functions defined on the unit
circle S , which is in spirit similar to that of the Moser-Trudinger inequality for
functions defined on S .

Assume on S R C

Then the Lebedev-Milin inequality on the unit circle [6] states

(2.1) log

if the right-hand side is finite, and equality holds if and only if for
some C with . This is well-known in the community of univalent
functions, in particular in connection with the Bieberbach conjecture.

Denote the unit disc on R . For any real function defined on the unit circle,
we recall that the right-hand side of (2.1) is indeed the S norm of , which

 10970312, 2023, 6, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/cpa.22034 by Princeton U

niversity, W
iley O

nline L
ibrary on [04/08/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



A SHARP INEQUALITY ON SPHERE 1305A SHARP INEQUALITY ON SPHERE 3

can also be identified as the norm of the harmonic extension, which we
denote again by , on the disc . Then the classical Lebedev-Milin inequality
may be written as

(2.2) log
S S

It turns out Lebedev-Milin inequality is the “first step” of a string of monotonically
increasing inequalities in the Szegö limit theorem [9, 5.5a] on Toeplitz determi-
nants. Here we will just quote the second inequality in the Szegö limit theorem:

log
S S S(2.3)

One notes that in the special case when S , as a direct consequence
of the above inequality we have

(2.4) log
S S

Indeed, this special form of the inequality was independently verified by Osgood,
Phillips, and Sarnak [15] and was used in their study of isospectral compactness
for metrics defined on compact surfaces. It was later pointed out by H. Widom [16]
that it is a direct consequence of the Szegö limit theorem. We remark that actually
Widom also has pointed out that for all integer , there is a string of such inequali-
ties for functions with S for all . In a recent work [3],
Chang and Hang have further explored this angle and established a weaker form of
such inequalities for functions defined on the 2-sphere with vanishing higher order
of moments.

The relevance to us is the apparent comparison of the inequality of (2.4) on S
as compared to Conjecture A in the introduction for functions defined on S . This
leads us to ask the question if there is a corresponding inequality on S similar to
that of (2.3), which in the special case when is in M reduces to the statement in
Conjecture A.

Motivated by this, we consider the following family of functionals in S :

S S

log
S S

(2.5)

where .
The question we are asking is what is the minimum value of for which the

functional stays nonnegative for all functions S . One notices
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that if such a minimum value is , then we would recover the statement in Con-
jecture A. But to our surprise, the answer of the question is actually no, and the
minimum value of such is actually . We will present here our analysis and state
the following result as our main theorem.

THEOREM 2.1. For any , we have

(2.6)
S

S

In particular, when we have

(2.7) S

Furthermore, for , inf S .

In the rest of this section, we will present the proof of the above theorem. Due
to the invariance of by a constant addition, we may confine our discussion in
the normalized space

(2.8) H S
S

The strategy is to first study the Euler-Lagrange equation of the functional ,
assuming the critical point is obtained. It turns out for the special value , for
each point in the unit ball R , there is a unique solution H, which we
can write down explicitly, of the Euler-Lagrange equation, with the center of mass
of being at . Based on this analysis, we then study the minimum of
over the class of with a fixed center of mass and verify that it is achieved for
each . Although the infimum of tends to negative infinity as goes
to the unit sphere S when , it turns out that for all

S when , due to the complete understanding of the critical points
of in H with the center constrained.

We now begin the analysis. For each H, denote

(2.9)
S

PROPOSITION 2.2. The Euler Lagrange equation for the functional in H is

(2.10) on S

We now study the solution of equation (2.10).

PROPOSITION 2.3.

(i) When and , equation (2.10) has only a zero solution in H.
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(ii) When , for any , there is a unique solution
to equation (2.10) in H such that (2.9) holds. In particular, is axially

symmetric about if . After a proper rotation, the solution
is explicitly given by the formula in (2.17) below.

PROOF. To investigate (2.10), recall the Kazdan-Warner condition for the Gauss-
ian curvature equation:

(2.11) on S
then

(2.12)
S

for each

If satisfies (2.10), then

(2.13)

Substituting (2.13) into (2.12), we obtain for each ,

S

S

Integrate by parts the last term, and substitute the term in equation (2.10) and
simplify. We then get

S

S

We now notice that when , ; thus we
get

S S

Multiplying the above formula by and summing over , we get

S

This implies that if , there holds , , since

on S
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S.-Y. A. CHANG AND C. GUI1308  6 S.-Y. A. CHANG AND C. GUI

and the equality only holds when is the zero vector or is parallel
to the vector if it is not the zero vector. Therefore, we conclude that
when , the equation (2.10) has only the zero solution, in view of
Theorem 1.1.

For , we assume that is a solution to the coupled equations (2.9) and
(2.10). Without loss of generality, we may assume that
with and consider

(2.14) on S

We shall use the stereographic projection to transform the equation to be on R .
Let be the stereographic projection S R with respect to the north pole

:

Note that

Suppose is a solution of (2.14), and let

ln for R

Then satisfies

(2.15) in R

where , , and

(2.16)
R

Now it is easy to verify directly that

ln ln ln

is a solution to (2.15) and (2.16), and hence defined by

(2.17) ln ln ln

is a solution to (2.14). It is also easy to compute that S and

S R

and therefore is a solution to (2.9) and (2.10) with .
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A SHARP INEQUALITY ON SPHERE 1309A SHARP INEQUALITY ON SPHERE 7

To show the uniqueness of the solution to (2.14), we will recall a general result
regarding the radial symmetry of solutions. Assume R satisfies

(2.18) K in R

and

(2.19)
R

K

where K K R is a nonconstant positive function satisfying

ln K R

lim
K
K

R

The following general symmetry result is proven in [10].

PROPOSITION 2.4. Assume that K K satisfies - , and is
a solution to (2.18)-(2.19) with . Then must be radially symmetric.

Applying Proposition 2.4 to (2.15) and (2.16) with , , we conclude
that the solution to (2.15) and (2.16) must be radially symmetric. Furthermore,
such a radial solution must be unique by theorem 1.5 of [12]. Therefore we have
finished the proof of Proposition (2.3). �

PROOF OF THEOREM 2.1. For any R ,
let us define

(2.20) M H S
S

First we consider a constrained minimizing problem on M

min
M

and recall the following compactness result:

PROPOSITION 2.5. For any , there exists R
such that

(2.21) M

Furthermore, there is a positive constant depending only on ,
, and such that S in the sublevel set

M .

PROOF. This result may be known to researchers in the area, although it seems
not stated or proven explicitly in the literature. Here we will give a sketch of the
proof following proposition 2.1 of [3].
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S.-Y. A. CHANG AND C. GUI1310  8 S.-Y. A. CHANG AND C. GUI

Assume that for some , , there is a sequence
M , such that as . Then

S

By the classical Moser-Trudinger inequality, we have

S

Let S and

Then, when is sufficiently large, by the assumption satisfies

ln
S S

Assume that converges weakly to in S as and

and
S

in measure, where S S . Then, by proposition 2.1 in [3] we have

S and

for some S since . Note that here we have a normalized area of the
unit sphere being 1 with the measure while in [3] the area of the unit sphere is

.
This leads to a contradiction that

S

S

S

The argument also shows that S is bounded in the sublevel set
M for any fixed R. The Jensen inequality and the

convexity of the exponential function as well as (4.2) lead to the boundedness of

S in the set .
Therefore, Proposition 2.5 holds. �

From here it is standard to show that there exists a minimizer M of
(2.20) satisfying

(2.22) S

for some R and R .
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A SHARP INEQUALITY ON SPHERE 1311A SHARP INEQUALITY ON SPHERE 9

To be more precise, for a fixed there is a minimizing sequence of
M , of such that is bounded in S and converges
weakly to in S and M . (See, e.g., the proof of theorem 5.1
of [3].) Hence is a minimizer of min M It is easy to see that

Using the Kazdan-Warner condition (2.12), we obtain

(2.23)
S

In particular, when , we have

Then equation (2.22) is equivalent to (2.10) when .
After a proper rotation so that points to the north pole and using the stereo-

graphic project S R , the solution is uniquely determined by

ln ln ln

where . Hence, by direct computations we have

S R

ln
(2.24)

and

S

R
ln ln ln

ln
ln ln

Then we can calculate

min
M
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S.-Y. A. CHANG AND C. GUI1312  10 S.-Y. A. CHANG AND C. GUI

Furthermore,

min
M S

ln
(2.25)

In particular, if we have that min M as . This
establishes the proof of Theorem 2.1. �

3 Uniqueness and Symmetry

For a better understanding of , particularly for , we need to consider
the minimizer in (2.22) more closely.

First, we can rotate the coordinates properly so that . From (2.23)
we see that if . Without loss of generality, we assume that

. In view of (2.23), we have in particular and (2.22) becomes

(3.1) S

Also, (2.23) is reduced to

(3.2)
S

Using (3.2) and the fact that

S S

we can obtain

(3.3) if

and

(3.4) if

We first show that when is fixed, the solution set with
parameters has a simple structure near the trivial solution with

.

PROPOSITION 3.1. Fix . There is a constant sufficiently
small such that when , (3.1) has a unique solution in M
M , which is therefore axially symmetric around .

PROOF. We only need to consider the special case after a proper
rotation. From (3.3) and (3.4), we know that as and hence
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A SHARP INEQUALITY ON SPHERE 1313A SHARP INEQUALITY ON SPHERE 11

converges to the trivial solution as goes to zero. Furthermore, from (3.2)
we obtain

lim

Suppose there is a sequence of with as
such that min M has two distinct solutions that satisfy

(3.1) with , respectively.
From (3.3) and (3.4), we know that as and hence

converge in S to the trivial solution as goes to infinity,
due to the uniqueness result Theorem 1.1. Furthermore, from (3.2) we obtain

lim

Let and S . Note that satisfies

Multiplying the above equation by and integrating on S , we can obtain

S

for some positive constant .
Hence, after taking a proper subsequence, we know that converges in
S to some nontrivial function S , and converges

to a constant R. Furthermore, we have

S S

and
S

Multiplying the above equation by and integrating on S , we obtain .
Since and the first and second eigenvalue of the Laplacian on S are

, , respectively; this leads to a contradiction. The proposition is
proven. �

Next we shall show a uniqueness result for close to when is fixed.

PROPOSITION 3.2. Fix . There is a constant sufficiently small
such that when , (3.1) has a unique solution in M M , which is
therefore axially symmetric.
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S.-Y. A. CHANG AND C. GUI1314  12 S.-Y. A. CHANG AND C. GUI

PROOF. We only need to consider solutions to (3.1) in M with a possibly
different . Assume the contrary that there is a sequence of ,
such that as , and (3.1) has distinct solutions corre-
sponding to possibly distinct values of and distinct rotations
of , respectively. It is well-known that these solutions are smooth and uniformly
bounded. By the uniqueness of the solution to (2.14), it is easy to see that
converge to , and converge to

In view of (2.23), it is also easy to see that

S

for some positive constant depending only on .
Let

S

It is standard to verify that converges to in S with
as , and converges after passing to a subsequence in S to

with S . Furthermore, satisfies (5.2) and the linearized equation

(3.5) S

Now consider the eigenvalue problem

(3.6) S

for a fixed . Note that for any , the transformation S S
given by

is a conformal transformation. Indeed,

S S

and

det

Then we observe that is an eigenfunction to (3.6) if and only if is
a spherical harmonics. Therefore, (3.6) has only eigenvalues for a
nonnegative integer . This leads to a contradiction to (3.5) since is not an
eigenvalue of (3.6). The proof is complete. �
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A SHARP INEQUALITY ON SPHERE 1315A SHARP INEQUALITY ON SPHERE 13

We can show the axial symmetry of a minimizer to min M for most
cases, though it is still not completely resolved whether a given minimizer is always
axially symmetric.

PROPOSITION 3.3. Fix , assume that for , is a solution
to (3.1) in M M . Then must be axially symmetric when either (i)

or (ii) or (iii) and

PROOF. For this purpose, we choose the stereographic project S R Should “project” be
“projection”?from the north pole . By (3.3) and (3.4), we have

Set

ln ln for R

Let be a positive constant with . Then satisfies

(3.7) K in R

and

(3.8)
R

K

where
K

(i) When , it is easy to see that K satisfies – with
. By Proposition 2.4, we know that is radially symmetric and

hence must be axially symmetric and .

(ii) When , then K is not constant and decreasing in . The
standard moving plane method can lead to the radial symmetry of . Indeed,
the radially symmetric solution is also unique (see theorem 1.4 of [12]).

When , by (3.2), we know that and hence (3.1) becomes (1.2)
with . It is well-known that there is a unique solution to M which
is axially symmetric about .

(iii) When , if we have

lnK
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S.-Y. A. CHANG AND C. GUI1316  14 S.-Y. A. CHANG AND C. GUI

and hence – are satisfied. In particular, in view of (3.4),
hold when

(3.9)

By Proposition 2.4 with , under the condition (3.9), must be
radially symmetric and hence must be axially symmetric, .

�

4 Estimates of the Minimum of on M
In this section, we shall estimate for

(4.1) inf
M

In view of Proposition 2.5, we know that is a continuous function of
for any fixed .

We have the following estimates.

THEOREM 4.1. There hold pointwise in

(4.2)
ln

ln

and

(4.3)
ln

ln ln

There also holds asymptotically as

(4.4) ln

PROOF. We first recall Onofri’s inequality

(4.5)
S S

log
S

S

In view of (2.6) and (4.5), it is easy to see by interpolation that for

(4.6) ln M
As we know from the previous discussion, there is a minimizer to the min-

imization problem (4.1), which is a solution to (3.1) with ,
satisfying (3.3) and (3.4). Also, from Proposition 3.1, the solution forms a
smooth curve parametrized by . Furthermore, the linearized operator
of (3.1) is a Fredholm operator on the tangent space of M at any solution of
(3.1) on M . By the compactness of solutions of (3.1) for
for any fixed and the analyticity of equation (3.1) in term of , it can be
shown by the global bifurcation theory (see, e.g„ theorem 9.1.1 in [2]) that any so-
lution set of (3.1) can be extended globally with either or being a closed

 10970312, 2023, 6, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/cpa.22034 by Princeton U

niversity, W
iley O

nline L
ibrary on [04/08/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



A SHARP INEQUALITY ON SPHERE 1317A SHARP INEQUALITY ON SPHERE 15

loop. In particular, by Proposition 3.1 there exists a branch of the solution set that
extends to in one direction and to in the other. Note that we do not
know in general the uniqueness of the solution for a fixed —there might
be more branches, and each branch of solutions might contain portions that are not
minimizers of (4.1).

Nevertheless, by the compactness result Proposition 2.5 again, there are only
finite numbers of smooth branches of solutions to (3.1) for with

, and we can find a piecewise smooth solution curve , to
(3.1) in M M with such that for and
as . We note that such a solution curve has only finite smooth pieces for
any finite interval T , however, it may have infinite pieces in with
only one possible accumulate point on M . Furthermore, the singular set I added “one”. Please

check.
S does not exist or or does not exist in S

does not have an accumulative point. For a fixed , there is some T Text is faulty after the
display. Please correct.
Also, I think you want
“accumulation point”
here.

depending on such that T . Since

S S
T S

by differentiation we have

S
T S

and

S
T S

Now using (3.1) and the above equalities we obtain

T S

Using similar arguments, we can find a solution curve of (4.1), still denoted by
T which is piecewise smooth, but may have finite discontinuous

points , with . Moreover, it can be chosen that
is continuous, may not be continuous at but has both left limit and

right limit at , , in S and is
continuous. Furthermore, we can choose such that ,

since we can cut off the portion of where
while still keep the above other properties (keep in mind that may not be
continuous at ).

Hence, using (3.3) with and , in view of
we have for

T
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ln ln

ln

Similarly, using (3.4) we have for

T

ln ln ln

Hence the first inequalities in both (4.2) and (4.3) are proven.
Next, we will estimate from above by using suitable auxiliary func-

tions. Define

(4.7) ln R

Direct computations show that

S
R

ln

S R

ln

and

S R
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S R

Hence, we have

(4.8) ln

as and .
Now we compute the center of mass of :

S

S

It is easy to see that for

as as

Hence for any fixed there is at least a positive number such that
and

as

Letting , we can choose a constant such that
M and

ln as

Hence (4.4) holds.
Therefore, the proof is complete. �

Remark 4.2. In view of (4.5), we can then derive a lower bound of the gradient
norm of a minimizer of (4.1) asymptotically

S

ln
as

While for , using (2.7) a better lower bound can also be obtained:

S

ln
as

By (2.6) and the above gradient estimates, we can obtain for an
asymptotical lower bound

S
ln as

However, this energy lower bound is not as good as (4.6). When ,
a similar energy lower bound does not follow immediately from the gradient lower
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bound. If it did, it would be a sharp one as it would coincide with the upper bound.
Nevertheless, it is expected that

ln as

Similarly, using (4.5) and (4.3), we can obtain, when , a lower
bound of the gradient norm of a minimizer of (4.1) pointwise in

S
ln

which leads to the following lower bound pointwise in

S
ln

We note that the upper bound in (4.3) is not optimal, which leads to the technical
condition in the above estimates instead of the natural range up to .

On the other hand, using (2.7) and (4.3), we can also derive an upper bound of
the gradient norm of a minimizer of (4.1) pointwise in when

S
ln

Similarly, using (2.7) and (4.4), we can derive an upper bound of the gradient
norm of a minimizer of (4.1) asymptotically in when

S
ln as

Similar upper bounds seem not to follow immediately when .

Remark 4.3. The following technical questions still remain open:

(1) Should always be axially symmetric for all and
?
(2) Is the minimizer unique determined? In particular, is uniquely

determined? We know that if is uniquely determined by and , then the axially
symmetric solution is unique.

(3) Fixed , for any given
, there is a unique axially symmetric solution to (2.22) with

the corresponding solving (3.7)–(3.8), following theorem 1.5 of [12]. However,
it is not clear whether the center of mass of is still and whether the total
mass is still or not. Certainly for some such , we should have ,

since otherwise (3.3) or (3.4) should hold. This implies that a solution
to (3.7)–(3.8) may not be a solution to the minimizing problem min M .
Nevertheless, we note that still holds.
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(4) Can we compute or estimate more accurately ? We need to get
more information on the minimizer. In particular, what is the asymptotic behavior
of the solution as goes to the unit sphere? If we have a detailed profile
of the solution in different regions, we might get an optimal asymptotic estimate of

We note that the answers to all the above questions are known for as
shown in Theorem 2.1. The technical questions and other related problems will be
studied in a forthcoming paper.

5 Second Variation of
Now we consider another technical aspect of , the second variation of in
S , in an effort to understand better.

Fixing a solution H to (2.10) and (2.9), for any S we have

S S

S S

S

In particular, at for any S ,

S S S

S

Let where is an orthonormal basis of S formed by
spherical harmonics in an increasing order of eigenvalues . Note that ,

, and , , and .
Then S
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In particular, the linearized equation of equation (2.10) at is

(5.1)
S S

on S

It has a kernel K if and K when .
Hence, it is easy to conclude from the above discussion the following:

PROPOSITION 5.1.
(i) When , and the equality holds only when

is a constant function; In particular, is positive definite when restricted
to H;

(ii) When , and the equality holds only when is
expanded by , , .

(iii) When , is not nonnegative. In particular, for
some S .

This fact gives a simple explanation of the critical value of being , compared
to Theorem 2.1.

Finally, we shall look at the second variation of at the nontrivial explicit
solution when . We can rewrite the solution as

ln ln S

Then, for any S from Theorem 2.1 we have

S S

S

S

S

In particular, if we consider the second variation of at on M , we

only need to deal with S with

(5.2)
S S
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In this setting, it also holds that

S

Hence we have

S S

6 Monotonicity
In this section, we shall discuss and prove the first monotonicity formula of the

analogue of the Szegö limit theorem on S . Following [9, secs. 2.1–2.2, chap. 2],
for any given function , we denote a measure on S
and orthogonalize the functions , , ,
with respect to this measure. Note that form an orthonormal basis
for spherical harmonics of order less than or equal to with respect to the measure

.
Differing from the case on as discussed in [9], we only construct

such that form an orthonormal basis for functions generated by ,
respectively, for .

Denote the inner product on S by . We define

S

and

det

and

It is easy to see that and

where

Now we state the following stage one monotonicity relation on S , which may
be considered as the counterpart on S of the Szegö monotonicity theorem on .
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PROPOSITION 6.1. We have

S S

and

(6.1) ln
S

ln
S

PROOF. It is easy to see that

S S S S

To show (6.1), we shall follow the proof of theorem a of [9] and prove

inf
S

is attained at and

This can be seen from the following two facts. First,

S

Second, if we write where , then we have

S

Therefore

inf
S

inf
S

For any R , let

S

We know that

and

ln
S

ln
S S

ln
S

ln
S

ln
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We claim that for any R ,

S
ln

For this purpose, we assume without loss of generality that

R

after a possible rotation, and define

S
ln

S
ln ln

Straightforward computations lead to

ln ln

and ln . It is easy to check that

lim and lim

and is continuous in and . Indeed, and

ln

is continuous in .
It is easy to check by differentiation again that , , and hence

, . This proves the claim.
Hence,

ln
S

ln

and (6.1) follows. This completes the proof.

Remark 6.2. If we choose , (2.7) is equivalent to

ln
S S

The factor in the above inequality makes the inequality weaker than the Szegö
limit theorem on S , where the factor is for the corresponding term. Given the
optimal constant in (2.7), we may not expect that the Szegö limit theorem on S
holds fully in its original S form. �

 10970312, 2023, 6, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/cpa.22034 by Princeton U

niversity, W
iley O

nline L
ibrary on [04/08/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



S.-Y. A. CHANG AND C. GUI1326  24 S.-Y. A. CHANG AND C. GUI

Acknowledgement The research was partially done when the second author
visited Princeton University; he wishes to thank the department of mathematics
of Princeton University for the hospitality. Research of the first author is partially
supported by NSF grant DMS-1607091; research of the second author is partially
supported by NSF grants DMS-1601885 and DMS-1901914 and Simons Founda-
tion Award 617072.

Bibliography
[1] Aubin, T. Meilleures constantes dans le théorème d’inclusion de Sobolev et un théorème de

Fredholm non linéaire pour la transformation conforme de la courbure scalaire. J. Functional
Analysis 32 (1979), no. 2, 148–174. doi:10.1016/0022-1236(79)90052-1

[2] Buffoni, B.; Toland, J. Analytic theory of global bifurcation. An introduction.. Prince-
ton Series in Applied Mathematics. Princeton University Press, Princeton, NJ, 2003.
doi:10.1515/9781400884339

[3] Chang, S.-Y. A.; Hang, F. Improved Moser-Trudinger-Onofri inequality under constraints.
Preprint, 2019. arXiv:1909.00431 [math.DG]

[4] Chang, S.-Y. A.; Yang, P. C. Prescribing Gaussian curvature on . Acta Math. 159 (1987), no.
3-4, 215–259. doi:10.1007/BF02392560

[5] Chang, S.-Y. A.; Yang, P. C. Conformal deformation of metrics on . J. Differential Geom. 27
(1988), no. 2, 259–296.

[6] Duren, P. L. Univalent functions Grundlehren der mathematischen Wissenschaften, 259.
Springer, New York, 1983.

[7] Feldman, J.; Froese, R.; Ghoussoub, N.; Gui, C. An improved Moser-Aubin-Onofri inequality
for axially symmetric functions on . Calc. Var. Partial Differential Equations 6 (1998), no. 2,
95–104. doi:10.1007/s005260050083

[8] Ghoussoub, N.; Lin, C.-S. On the best constant in the Moser-Onofri-Aubin inequality. Comm.
Math. Phys. 298 (2010), no. 3, 869–878. doi:10.1007/s00220-010-1079-7

[9] Grenander, U.; Szegö, G. Toeplitz forms and their applications. California Monographs in
Mathematical Sciences, University of California Press, Berkeley–Los Angeles, 1958.

[10] Gui, C.; Moradifam, A. The sphere covering inequality and its applications. Invent. Math. 214
(2018), no. 3, 1169–1204. doi:10.1007/s00222-018-0820-2

[11] Gui, C.; Wei, J. On a sharp Moser-Aubin-Onofri inequality for functions on with symmetry.
Pacific J. Math. 194 (2000), no. 2, 349–358. doi:10.2140/pjm.2000.194.349

[12] Lin, C.-S. Uniqueness of solutions to the mean field equations for the spherical Onsager vortex.
Arch. Ration. Mech. Anal. 153 (2000), no. 2, 153–176. doi:10.1007/s002050000085

[13] Moser, J. A sharp form of an inequality by N. Trudinger. Indiana Univ. Math. J. 20 (1970/71),
1077–1092. doi:10.1512/iumj.1971.20.20101

[14] Onofri, E. On the positivity of the effective action in a theory of random surfaces. Comm. Math.
Phys. 86 (1982), no. 3, 321–326.

[15] Osgood, B.; Phillips, R.; Sarnak, P. Extremals of determinants of Laplacians. J. Funct. Anal. 80
(1988), no. 1, 148–211. doi:10.1016/0022-1236(88)90070-5

[16] Widom, H. On an inequality of Osgood, Phillips and Sarnak. Proc. Amer. Math. Soc. 102
(1988), no. 3, 773–774. doi:10.2307/2047262

Received August 2020.

 10970312, 2023, 6, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/cpa.22034 by Princeton U

niversity, W
iley O

nline L
ibrary on [04/08/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense


