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Abstract

In this paper we show a new inequality that generalizes to the unit sphere the
Lebedev-Milin inequality of the exponentiation of functions on the unit circle.
It may also be regarded as the counterpart on the sphere of the second inequal-
ity in the Szegd limit theorem on the Toeplitz determinants on the circle. On
the other hand, this inequality is also a variant of several classical inequalities
of Moser-Trudinger type on the sphere. The inequality incorporates the devia-
tion of the center of mass from the origin into the optimal inequality of Aubin
for functions with mass centered at the origin, and improves Onofri’s inequal-
ity with the contribution of the shifting of the mass center explicitly expressed.
© 2021 Wiley Periodicals LLC.

1 Introduction

Let S? be the unit sphere and for u € H!(S?) define

(1.1 Fyo(u) :(x/ |Vu2dw+2/
SZ

where the volume form dw is normalized so that [ dw = 1. The well-known
Moser-Trudinger inequality [13] says that Fy, is bounded below if and only if oz >
1. Later on Onofri [14] sharpened Moser-Trudinger inequality and showed that
for o > 1 the best lower bound of Fy is equal to zero. Onofri’s inequality was
based on an inequality established earlier by Aubin [1], who proved that if Fy, is
restricted to

udo — log/ e dw,
S2

2

M :={ueHY(S?: / eMx; =0, i =1,2,3),
S2

then for o > %, F,, is bounded below and the infimum is attained in M. All these

inequalities play crucial roles in “Nirenberg’s problem” of prescribing Gaussian

curvature, in particular, in the work of Chang and Yang [4, 5]. In their effort to
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prescribe Gaussian curvature without additional assumptions on the symmetry of
the curvature, Chang and Yang have further improved the above Aubin-Onftri in-
equality by showing that (see proposition B in [4]) for « sufficiently close but less
than 1, the lower bound of F,, again is equal to zero for u in the class M. Their
work led to the following conjecture:

CONJECTURE A
inf F, = 0.
ulen/\/l a(u)

In 1998, Feldman, Froese, Ghoussoub, and Gui [7] proved that this conjecture is
true for axially symmetric functions when o > é—g — €. Later the second author and
Wei [11] and independently Lin [12] proved Conjecture A for axially symmetric
functions. In [8] Ghoussoub and Lin showed that Conjecture A holds true for
o > % — € for some € > 0. Finally, Gui and Moradifam proved in [10] that
Conjecture A is indeed true. Actually they [10] obtained something stronger than
the conjecture, by showing the following uniqueness result for the corresponding

Euler-Lagrange equation for the functional Fy:*

THEOREM 1.1. The equation
e2u

_ 2
(12) OlAM—i-j.Szez—udw—l—O onS

has only constant solutions for % <a<l

2 A Refined Aubin-Onofri-Type Inequality

The main result in this paper is to establish a variant of Aubin-Onofri inequal-
ity. To motivate the study of such type of inequalities, we first recall the classical
Lebedev-Milin inequality on the exponentiation of functions defined on the unit
circle S', which is in spirit similar to that of the Moser-Trudinger inequality for
functions defined on S2.

Assume on S! ¢ R2 ~ C

x o0
u(z) = Zakzk, @) = Z Brzk.
k=1 k=0

Then the Lebedev-Milin inequality on the unit circle [6] states

@1 log(Z |.3k2) <3 klag P
k=0 k=1

if the right-hand side is finite, and equality holds if and only if a; = vk /k for
some y € C with |y| < 1. This is well-known in the community of univalent
functions, in particular in connection with the Bieberbach conjecture.

Denote D the unit disc on R?. For any real function u defined on the unit circle,
we recall that the right-hand side of (2.1) is indeed the H Y 2(S1Y) norm of u, which
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can also be identified as the H!(D) norm of the harmonic extension, which we
denote again by u, on the disc D. Then the classical Lebedev-Milin inequality
may be written as

1 1 1
22 log( =— | €"df ) ———[ udb < —|Vul/72p).
e g5 [ ean) - o[ wds < vl g,

It turns out Lebedev-Milin inequality is the “first step” of a string of monotonically
increasing inequalities in the Szegd limit theorem [9, 5.5a] on Toeplitz determi-
nants. Here we will just quote the second inequality in the Szeg6 limit theorem:

1 u 1 u i 2 1
log{ |— | e"d6 — | e*e’’df| | —— | udf
(23) 27 sl 2w sl T Jst

2
<
< - 1Vul} -
One notes that in the special case when [ etet? df = 0, as a direct consequence
of the above inequality we have

1 1 1
2.4 log| — “de ) — — df < —||Vu|?,, .
9 Og(zn /Sl ¢ ) 2 /Sl ndf = g IVl o)

Indeed, this special form of the inequality was independently verified by Osgood,
Phillips, and Sarnak [15] and was used in their study of isospectral compactness
for metrics defined on compact surfaces. It was later pointed out by H. Widom [16]
that it is a direct consequence of the Szegd limit theorem. We remark that actually
Widom also has pointed out that for all integer k, there is a string of such inequali-
ties for functions u with fSl e"eli? 4o = O forall 1 < j < k. Inarecent work [3],
Chang and Hang have further explored this angle and established a weaker form of
such inequalities for functions defined on the 2-sphere with vanishing higher order
of moments.

The relevance to us is the apparent comparison of the inequality of (2.4) on S!
as compared to Conjecture A in the introduction for functions defined on S?. This
leads us to ask the question if there is a corresponding inequality on S? similar to
that of (2.3), which in the special case when u is in M reduces to the statement in
Conjecture A.

Motivated by this, we consider the following family of functionals in H !(S?):

Ia(u)za/ |Vu2da)+2/ udw
S2 S2

3

b (s $ [ 0]

i=1

2

2.5)

where o« > 0.
The question we are asking is what is the minimum value of « for which the
functional F,(u) stays nonnegative for all functions u € H'(S?). One notices
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that if such a minimum value « is %, then we would recover the statement in Con-
jecture A. But to our surprise, the answer of the question is actually no, and the
minimum value of such « is actually % We will present here our analysis and state
the following result as our main theorem.

THEOREM 2.1. For any a > 0, we have
2
(2.6) Io(u) > (a — 5)/ |Vul?dow Vu € H'(S?).
SZ

In particular, when o > % we have

(2.7 Io(u) >0 Yue H'(S?).
Furthermore, for 0 < a < %, ianl(Sz) Iy (1) = —oc.

In the rest of this section, we will present the proof of the above theorem. Due
to the invariance of /(1) by a constant addition, we may confine our discussion in
the normalized space
(2.8) H:%ueHl(Sz): 2e2"dw=1}.

S

The strategy is to first study the Euler-Lagrange equation of the functional /,,
assuming the critical point is obtained. It turns out for the special value o = %, for
each point d in the unit ball B; C R3, there is a unique solution u € H, which we
can write down explicitly, of the Euler-Lagrange equation, with the center of mass
of ¥ being at d. Based on this analysis, we then study the minimum of I, ()
over the class of u with a fixed center of mass and verify that it is achieved for
each o > % Although the infimum of I, (u) tends to negative infinity as a goes
to the unit sphere S? = 9By when % <a< %, it turns out that I, (u) > 0 for all

u € H'(S?) when o > %, due to the complete understanding of the critical points

of I5/3(u) in H with the center constrained.

We now begin the analysis. For each u € H, denote
2.9) a;j = / e*xidw, =123
S2

PROPOSITION 2.2. The Euler Lagrange equation for the functional 1, in H is

=53 aixs
(2.10) alu + Mﬁ" —1=0 onS2
=314}
We now study the solution of equation (2.10).

PROPOSITION 2.3.

(1) Whena € (0,1) and o # %, equation (2.10) has only a zero solution in H.
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(i) When o = § forany a = (ay,az,a3) € By, there is a unique solution
u to equation (2.10) in H such that (2.9) holds. In particular, u is axially
symmetric about d if a # (0,0,0). After a proper rotation, the solution u
is explicitly given by the formula in (2.17) below.

PROOF. Toinvestigate (2.10), recall the Kazdan-Warner condition for the Gauss-
ian curvature equation:

2.11) Au + K(x)e*™ =1 onS?;

then

(2.12) / (VK(x)-Vxj)e**do =0 foreach j =1,2,3.
S2

If u satisfies (2.10), then
1(1=Y2_a;x; 1
(2.13) mm:—( Z§12J+O—y4%
@ (1-35_qa;) o
Substituting (2.13) into (2.12), we obtain for each j = 1,2, 3,

|
= (—2)(1 — a) /SZ(Vu -Vxj)dw.

Integrate by parts the last term, and substitute the term Au in equation (2.10) and
simplify. We then get

Zai/ Vx; -ijezu dw
i 2

1 1
= 2(1 — a) Xi:ai /SZ xixj-ezu dw —2(1 — a)aj.

| 2

We now notice that Vx; - Vx; = —x;x; wheni # j, |Vx;

get
3—z a~/ e dw = 3—z E a~f x;x;je?w
o J §2 o ; ! S2 Y ’

Multiplying the above formula by a; and summing over j, we get

(3 — ;) /SZ(;aJZ. — ‘Xi:aixi

This implies that if o # %, there holdsa; = 0,i = 1,2, 3, since

3 2 3
(Zaix,-) SZaiZ on S?

i=1 i=1

=1- x]?; thus we

2
)eZ” do = 0.
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1308 S.-Y. A. CHANG AND C. GUI

and the equality only holds when a = (a1, ay, a3) is the zero vector or x is parallel
to the vector (ay,a,as) if it is not the zero vector. Therefore, we conclude that
when o € (0, 2) U ( % 1), the equation (2.10) has only the zero solution, in view of
Theorem 1.1.

For o = %, we assume that u is a solution to the coupled equations (2.9) and
(2.10). Without loss of generality, we may assume that (aj,az,as) = (0,0,a)
with a € (0, 1) and consider

1_
ax362u —-1=0 onS$S>%

2
2.14 A
(2.19) SR g

We shall use the stereographic projection to transform the equation to be on R?.
Let TT be the stereographic projection S> — R? with respect to the north pole

N = (0,0,1):
X1 X2
y =I(x) := , .
1*)63 1*)(3

Note that
v B dy

==, w=—7->7—.
Iy +1 m(|y[> +1)?
Suppose u is a solution of (2.14), and let

X3

_ 3
w(y) = u(@™(y) = S In(l +|y?) fory R
Then w satisfies

6
(2.15) Aw + T(;ﬁ +y%)e?™ =0 inR?
a

where//,2 = % >1,bh >0, and

(2.16) /z(u2 + |y»e?¥ dy = (1 +a)n.

R
Now it is easy to verify directly that

3, 1 2
w(y):—zln(u —I—|y|)—i—21n/1—|—§1n]_i_u2

is a solution to (2.15) and (2.16), and hence u(x) defined by

_ 3. 1+y)? 1 2
2.17 u(x) =u(M(y)):=-In——— +2Inpu+ -In——
(.17 (x) =u(T(y) = 5 PR wt o a

is a solution to (2.14). It is also easy to compute that sz e?dw =1 and

2
/ 2y dw :/ eZu(H_l(y))(|y| —1) dy _a
§2 R Y2 +1)m(y? + 1)?

and therefore u is a solution to (2.9) and (2.10) with (a1, a»,as) = (0,0, a).
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A SHARP INEQUALITY ON SPHERE 1309

To show the uniqueness of the solution to (2.14), we will recall a general result
regarding the radial symmetry of solutions. Assume u € C?2(R?) satisfies

(2.18) Au+ K(lyDe* =0 inR?,

and

219 o [ Krhe dy = p <o

where KC(y) := K(]y]) € C?(R?) is a nonconstant positive function satisfying
(KT) Aln(K(y))) >0, yeR?
(K2) lim WIKAyD _ 21 >0, yeR>2

lyl—>oo  K(|y])

The following general symmetry result is proven in [10].

PROPOSITION 2.4. Assume that KC(y) = K(|y|) > 0 satisfies (K1)-(K?2), and u is
a solution to (2.18)-2.19) withl + 1 < B < 4. Then u must be radially symmetric.

Applying Proposition 2.4 to (2.15) and (2.16) with [ = 1, 8 = 3, we conclude
that the solution to (2.15) and (2.16) must be radially symmetric. Furthermore,
such a radial solution must be unique by theorem 1.5 of [12]. Therefore we have
finished the proof of Proposition (2.3). g

PROOF OF THEOREM 2.1. Forany a = (ay,as,as) € By := {|a] < 1} C R?,
let us define

(2.20) Mz:={ueHc H (S?: / eMx; =a;, i =1,2,3).
S2
First we consider a constrained minimizing problem on M :

m(a,ad) == uren./l&ll_ 1o (1)

and recall the following compactness result:

PROPOSITION 2.5. For any a > 1 a= (ai,a»,as) € By, there exists Coz €R

such that
(2.21) Io(u) > Cyz YueM;.

Furthermore, there is a positive constant My, 2 ¢ > 0 depending only on a,
- . C .

< - =
lal < 1, and C such that ||u||g1(s2)y < My z),c in the sublevel set Ia,a ={u €
M[jvla(u) S C}'

PROOF. This result may be known to researchers in the area, although it seems
not stated or proven explicitly in the literature. Here we will give a sketch of the
proof following proposition 2.1 of [3].
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1310 S.-Y. A. CHANG AND C. GUI

Assume that for some o > %, a = (ai,az,as) € By, there is a sequence
ur € Mz, k =1,2,... such that /o (ug) — —oo as k — oo. Then

U :=/ Uy dow — —oo, k — oo.
S2
By the classical Moser-Trudinger inequality, we have
/ Vug|? do > =2, — oo, k — ooc.
S2
Let my = (fg» [Vug|? dw)'/? and

U — U
mi )

Vf =

Then, when k is sufficiently large, by the assumption vy satisfies

ln(/ e2MkVk da)) = 2y > oz/ |Vug|? do = ozm,zc.
S2 S2

Assume that v converges weakly to v in H'(S?) as k — oo and

5 s e2MkVk g
Vg |“do — |Vv|"dwo +06 and ——5——— —v, k — o0.
sz ekavk dw

in measure, where 0 (S?) = v(S?) = 1. Then, by proposition 2.1 in [3] we have
{(xeS?:o(x)>a}={P} and v=2_§p

for some P € S? since a > % Note that here we have a normalized area of the
unit sphere being 1 with the measure @ while in [3] the area of the unit sphere is
4.

This leads to a contradiction that
2my v d
S se xdw
azfezu"xa’a)zfS 5 — P, k— oo.
52 Jeo €2MkVk dw

The argument also shows that ||Vu||2(s2) is bounded in the sublevel set / Ca =
{u € Mg, Iy(u) < C} for any fixed C € R. The Jensen inequality and the
convexity of the exponential function as well as (4.2) lead to the boundedness of
u= sz u dw in the set ICa

Therefore, Proposition 2.5 holds. g

From here it is standard to show that there exists a minimizer u, ; € M; of
(2.20) satisfying

3
(2.22) aAu + e (p - Z,Bix,-) =1, xeS°

i=1

for some p € R and f = (B1, B2, B3) € R3.
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A SHARP INEQUALITY ON SPHERE 1311

To be more precise, for a fixed o > % there is a minimizing sequence of u; €
Mz, k = 1,2,... of Iy such that uy is bounded in H'(S?) and ug converges
weakly to uy z in H'(S?) and u, ; € M. (See, e.g., the proof of theorem 5.1
of [3].) Hence Uy 5 1s a minimizer of minye; /o (u). It is easy to see that

3
p=1 +Z,Biai-

i=1

Using the Kazdan-Warner condition (2.12), we obtain

3
1 3 5 1 .
(2.23) 2(5—5) i§_1:5,~ /Sz xixje do = 2(5— l)paj — B j=12.3

In particular, when o = %, we have

aj .
=, =1,2,3.
ﬁ J 1 . |a |2 /
Then equation (2.22) is equivalent to (2.10) when @ = %
After a proper rotation so that @ points to the north pole and using the stereo-
graphic project IT : S> — R2, the solution is uniquely determined by

3. 1+ |y? 1
5 =-In—5—— +21 =1
u%"al(x) 5 nM2+|Y|2 +2Inp + > nl_i_M2

where u? = 11J_r|“3‘| > 1. Hence, by direct computations we have
L[oow?—1)? 2
Vusz -2 do = — dy
24) 19y dnfee 4 (WP 2P 2P
_ 9+ DIn(p?) —2(u? = 1)
=7 i ’
and

/Sz M%J&' da)

1 31 (l—i—y2)
= n
w2+ 1y2) (14 1y2)?

1 2

E RZE

32 In(p?) + u? -1 b 1 2
= 1 —1 .

2 21 IS+ S In{ T

Then we can calculate

Join To () = I30uz)5) = 0.
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1312 S.-Y. A. CHANG AND C. GUI

Furthermore,

. 2 2
rénn_ Iy(u) < ]a(”%,\m) = (a — 5) /Sz |Vu%’|a|\ dw

2\ 9 . 1 a
=|la— - — | —2la] + In —Hi” )
3/ 4|a] 1—|a

In particular, if o < % we have that miny e, /o (4) — —00 as |a| — 1. This
establishes the proof of Theorem 2.1. O

(2.25)

3 Uniqueness and Symmetry

For a better understanding of I, (1), particularly for o # % we need to consider
the minimizer u,, ; in (2.22) more closely.

First, we can rotate the coordinates properly so that §; = B> = 0. From (2.23)
we see that 3 # 0if a # (0,0,0). Without loss of generality, we assume that
as > 0. In view of (2.23), we have in particular p = 1 + B3a3 and (2.22) becomes

(3.1) aAu + e (1 + Bs(az —x3)) =1, xeS=
Also, (2.23) is reduced to

1 3 1
(3.2) 2(— — —),33/ (x3)2e?Mei do = 2(— - l)pa3 — Bs.
a 2 S2 o
Using (3.2) and the fact that

2
(az)? = (/ Xsé’zu”‘-‘"‘) do < / (x3)2e?Med do < 1,
S2 S2

we can obtain

as 2(1_ 1)613 . 1 2
33 < <« - 1fa €5, 5%
(3.3) o shET o (1.2]
and

1

as 2(—— 1)a3 s
34 > P —A I |
( ) l_a% _,83 - l—a% [3 ]

We first show that when @ € (1/2,1) is fixed, the solution set {u, ;} with

parameters d has a simple structure near the trivial solution u = 0 with (@,a) =
(o, (0,0,0)).

PROPOSITION 3.1. Fix « € (1/2,1). There is a constant §(a) > 0 sufficiently
small such that when 0 < |a| < 8(a), (3.1) has a unique solution Uy g in Mg 1=
Mg, which is therefore axially symmetric around a.

PROOF. We only need to consider the special case @ = (0,0, a3) after a proper
rotation. From (3.3) and (3.4), we know that 8 — 0 as a3 — 0 and hence Uy i
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A SHARP INEQUALITY ON SPHERE 1313

converges to the trivial solution ¥ = 0 as as goes to zero. Furthermore, from (3.2)
we obtain
B

lim — = 3(1 — ).
az—>0as

Suppose there is a sequence of {a®) := agk), k=1,2,...} with |a®| - 0 as
k — oo such that minyep; 1o (1) has two distinct solutions ugk) 2
(3.1) with ,ng), gk), respectively.

From (3.3) and (3.4), we know that ,ng), ék) — 0 as k — oo and hence

ugk), ugk) converge in C2(S?) to the trivial solution u = 0 as k goes to infinity,
due to the uniqueness result Theorem 1.1. Furthermore, from (3.2) we obtain

that satisfy

(k)
kll)n;o al(k) =31l-w), i=12.
Let wy := ugk) — ugk) and my, 1= ||u§k) —U, )||Loo(sz) Note that wy, satisfies
aAwy + (e 2 ezu(Zk))(l + ,ng)(a(k) ~ x3))
2u§k)(ﬂ(k) ﬁfk))(a(k) — x3).

Multiplying the above equation by a® — x5 and integrating on S, we can obtain
(k) (k) (k) (k)
87 =B = Clui” — ”2 HLoo(sz)
for some positive constant C.
Hence, after taking a proper subsequence, we know that wy /my converges in
C?(S?) to some nontrivial function ¢ € C2(S?), and (B ik) — ﬂgk)) /my, converges
to a constant wo € R. Furthermore, we have

/S2¢da):/§)2¢x3da):0

aAp +2¢ + uox3 =0, x e S

Multiplying the above equation by x3 and integrating on S?, we obtain pg = 0.
Since a € (1/2, 1) and the first and second eigenvalue of the Laplacian on S? are
A1 = 2, A» = 6, respectively; this leads to a contradiction. The proposition is
proven. O

and

Next we shall show a uniqueness result for « close to % when a is fixed.

PROPOSITION 3.2. Fix a € By. There is a constant §(a) > 0 sufficiently small
such that when |o — %| < 6, (3.1) has a unique solution in My := M, which is
therefore axially symmetric.
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PROOF. We only need to consider solutions to (3.1) in My with a possibly
different B3. Assume the contrary that there is a sequence of g, k = 1,2, ...
such that o — % as k — oo, and (3.1) has distinct solutions uy g, u5 ; corre-
sponding to possibly distinct values of 3 = B Ii’ ,B,% and distinct rotations a ]i, Eii
of a, respectively. It is well-known that these solutions are smooth and uniformly
bounded. By the uniqueness of the solution to (2.14), it is easy to see that a ]1€ 5%
converge to a = (0,0, a3), and /3,1, ,3,3 converge to

ja| as

1@ 1-a2

In view of (2.23), it is also easy to see that

B — Bz| < C(lal)

B3

X ur kg —uzkllpeo(s2)

2
a__
3

for some positive constant C depending only on |a| € (0, 1).

Let
Uy — U2k

16 — Uz k|l Loo(s2) .
It is standard to verify that uy . us  converges to uy 3 ; in C*(S?) with a =

(0,0,a3) as k — oo, and ¢, converges after passing to a subsequence in C2(S?) to
¢ with ||@|| o (s2)y = 1. Furthermore, ¢ satisfies (5.2) and the linearized equation

Pk

2 2(1 —a?)
35 “Ap+ —— 3¢ =0, xeS%
G 3 T T wn)? "
Now consider the eigenvalue problem
A1 —a?
(3.6) Ap+ 2= o ves?
(1 —ax3z)?

forafixeda € (0, 1). Note that for any a € (0, 1), the transformation T, : S — S?

given by
Ta(x)z(vl—a2x1 V1 —a?x; X3—a)
l—ax3 =~ 1—axz 1 —axs
is a conformal transformation. Indeed,

Ta:I'Il( 1an):82—>82

1+a
and 5
(1—a”)
det(dT,) = ————.
et(dTa) (1 —ax3)?

Then we observe that P(7,(x)) is an eigenfunction to (3.6) if and only if P(x) is
a spherical harmonics. Therefore, (3.6) has only eigenvalues A = m(m + 1) for a
nonnegative integer m. This leads to a contradiction to (3.5) since A = 3 is not an
eigenvalue of (3.6). The proof is complete. U
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We can show the axial symmetry of a minimizer to minyeaq, /o (1) for most
cases, though it is still not completely resolved whether a given minimizer is always
axially symmetric.

PROPOSITION 3.3. Fix a € By, assume that for « > 1/2, Uy g is a solution

to (3.1) in Mg = M. Then u, ; must be axially symmetric when either (i)
@ € (1/2.2/3] or (i) @ = 1 or (iii) & € (2/3,1) and |d| < 5%

PROOF. For this purpose, we choose the stereographic project IT : S? — R?
from the north pole N = (0,0, 1). By (3.3) and (3.4), we have

1
0<B3< , p—pB3>0.
1—613

Set
() = g 0N = L in(1+ ) + 5 (P2 pory e w2

_ ptBs

Let 4 be a positive constant with 2 =g > L Then w,, ; satisfies
(3.7) Aw + K(y)e*® =0 in R?
and
G o [ Ksheay =
where

Kyl o= u® + [y + 1y1»)a 3,

(1) When 1 5 < @ < 3,itis easy to see that K(|y|) satisfies (K1)—(K2) with

[ ==2-2 By Proposmon 2.4, we know that w,, ;(y) is radially symmetric and
hence Uy 5(y) must be axially symmetric and a; = az = 0.

(ii) When « > 1, then JC > 0 is not constant and decreasing in r = |y|. The
standard moving plane method can lead to the radial symmetry of w,, ;(y). Indeed,
the radially symmetric solution is also unique (see theorem 1.4 of [12]).

When « = 1, by (3.2), we know that 83 = 0 and hence (3.1) becomes (1.2)
with @ = 1. It is well-known that there is a unique solution to u, z; € M; which
is axially symmetric about a.

(ili) When 2 < < L,if u?(3 — 2) < 1 we have

4[u(r2 +1) + @(rz + pﬂ)}

(r2 + 1)2(r2 + p?)2

X (u(rz—i— 1) — 3—2(7‘2—1—#2)) >0

AlnK(|y]) =
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and hence (K1)—(K?2) are satisfied. In particular, in view of (3.4), (K1) — (K2)
hold when
(3.9) = i = -2

. a3 = |d| = 20— 1 .

By Proposition 2.4 with [ = % — 2, under the condition (3.9), w, z(y) must be
radially symmetric and hence u,, ;(x) must be axially symmetric, a1 = a» = 0.

g

4 Estimates of the Minimum of 7, on M

In this section, we shall estimate fora € (1/2,1)

4.1) m(a,a) := inf Io(u) Vae]0,1).

UeEM;g,ldl=a

In view of Proposition 2.5, we know that m(«, @) is a continuous function of
a € [0,1) for any fixeda € (1/2,1).
We have the following estimates.

THEOREM 4.1. There hold pointwise in a € [0, 1)

(2-3)In(1 —a?). «ae(1/2.2/3)
(+2) m(@.a) 2 ga(g — 31 —a?). «e(2/3.1).
and
(2 —3)In(1 — a?), a e (2/3.1),
(43) m(@,a) < ;g—g L 3)(in(1 —a?) — 2(In(1 +a) —a)). Vo € (1/2.1).

There also holds asymptotically as a — 1
(4.4) m(a,a) < (2 —3)In(1 —a®)(1 +o(1)) «e€(1/2,1).

PROOF. We first recall Onofri’s inequality

4.5) Fi(u) :/ |Vu2da)+2/ uda)—log/ eXdw >0 ue HYS?.
s2 s2 s2

In view of (2.6) and (4.5), it is easy to see by interpolation that for « € (2/3, 1]
(4.6) Io(u) > a(L — 3)In(1 —a®) Vue M.

As we know from the previous discussion, there is a minimizer uy 4 to the min-
imization problem (4.1), which is a solution to (3.1) with az = a, B3 = B3(a)
satisfying (3.3) and (3.4). Also, from Proposition 3.1, the solution uy , forms a
smooth curve parametrized by a € (0, §(«)). Furthermore, the linearized operator
of (3.1) is a Fredholm operator on the tangent space of M at any solution u of
(3.1) on M. By the compactness of solutions of (3.1) foraz = a € [0, 1 — €]
for any fixed € € (0, 1) and the analyticity of equation (3.1) in term of u, it can be
shown by the global bifurcation theory (see, e.g,, theorem 9.1.1 in [2]) that any so-
lution set of (3.1) can be extended globally with either a — 0, 1 or being a closed
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loop. In particular, by Proposition 3.1 there exists a branch of the solution set that
extends to a = 0 in one direction and to a = 1 in the other. Note that we do not
know in general the uniqueness of the solution for a fixed a € (0, 1)—there might
be more branches, and each branch of solutions might contain portions that are not
minimizers of (4.1).

Nevertheless, by the compactness result Proposition 2.5 again, there are only
finite numbers of smooth branches of solutions to (3.1) for a € [0, 1 — €] with
€ > 0, and we can find a piecewise smooth solution curve Uy 4(z), T € (0,00) to
(3.1)in Mg := Mg witha = (0,0, a) such thata(z) < 1 fort > 0anda(z) — 1
as T — oo. We note that such a solution curve has only finite smooth pieces for
any finite interval t € [0, 7], however, it may have infinite pieces in [0, co0) with
only one possible accumulate point on M. Furthermore, the singular set

S := {r : d’(r) does not exist or a’(r) = 0 or % does not exist in C?(S?)}

does not have an accumulative point. For a fixed a € (0, 1), there is some 7 > 0
depending on « such that a(7) = a. Since

/ ePMaa® doy = 1, f eMeamxydw = a(r), ©el0,TI\S,
S2 S2

by differentiation we have
ou
d() | ePraaw %D 40 g 10, T]\ S,
S2 da

and

ou
a' (1) 32"“-“‘f’x3ﬂ do =a'(r), €0, T]\S.
S2 da
Now using (3.1) and the above equalities we obtain

8la(ua,a(r)) _ B a(r)
— 5, = 2(B(7) T—a2(0)

Using similar arguments, we can find a solution curve of (4.1), still denoted by
Ug,a(x). T € [0,T], which is piecewise smooth, but may have finite discontinuous
points 7;,7 = 1,2,..., N with tg = 0, 7y = a. Moreover, it can be chosen that
a(t) is continuous, Uy 4(r) May not be continuous at 7; but has both left limit and
right limit at 7, i = 0,1,2,..., N, in C*(S?) and I (g q(r) = m(a.a(7)) is
continuous. Furthermore, we can choose a(7) such that a’(t) > 0,7 € (1;, Ti+1),
i =0,1,2,..., N. since we can cut off the portion of ug 4(y) Where a’(r) < 0
while still keep the above other properties (keep in mind that uy ,4(r) may not be
continuous at ;).

Hence, using (3.3) with as = a(r) and B3 = B3(1), in view of Iy (ug,0) = 0
we have for @ € (1/2,2/3]

T 01y (ugy a(r)) d o0ly(uy a(t))
eeaw) g — e\ Ta,alz))
t Z/r ot

Ya'(r), T€[0,T]\S.

0> Ig(ug,q) = / 97 dr >
0 i=17%i-1
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N om0 2a(1)d' ()
_l;/r,.l(E_3) e

1

= _ i:(; - 3) (In(1 = a*(zi—1)) = In(1 - a*(x)))

= (% — 3) In(1 — a?).
o

Similarly, using (3.4) we have for a € (2/3, 1]

A%

T dly (ua,a(r)) dt
a0t

0
_ 31«1% Mo(taaw) ;- AL 2a(t)d(7)
Z/n | _;/ﬁ-l(a_3) e
(2~ b= (3

i=1

0 < Iy(toa) = /

Hence the first inequalities in both (4.2) and (4.3) are proven.
Next, we will estimate m(«, a(t)) from above by using suitable auxiliary func-
tions. Define

_ - Lo 14+ yP
4.7 ua,u(x) = ua,u(n 1()’)) = aln m, € R2,
Direct computations show that
- 1
& Vitaul?do = 1 | [Viieu(T () dy
1
=— (20 -p? 2+ DIn(u?),
az(/ﬂ—l)( (1 —p?) + (u* + D In(p?))
1
Ug pdo = — T, (TT71 ————d
\/S:zua,,u w . - MU,M( (Y))(1+|y|2)2 y
1
- (12 2 1n(12)).
a(,uz—l)(( 1) + 1> In(p?))
and
2—4
/ o2a gy — b ezﬂa,u(nil(y))#],dy = e ,
52 4 Jg2 (1 +y1*)? (Z-Dp2-1)
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2
f ey do = [ e2Tan@ on 4] —212 dy
52 4 Jr2 (I+1y?)

Gt G- - -2
- (G —DG -2~ 1)?

Hence, we have

3 1

(4.8) Toy (g ) = (E — E) In(?) (1 + o(1))

asa — 1 and u — oc.
Now we compute the center of mass of Uy ;-

o Penxs dow 22 = (1 —p?) +2(ua 2= 1)
Ao = o 2o d =l D2 —(pa2-1)
§? (G =2 =D(pe""-1

It is easy to see that fora € (1/2,1)

Qg —> 1 aspu — 00 agyu — 0 aspu — 1.

Hence for any fixed a € (0, 1) there is at least a positive number p(a) such that
A pu(a) = a and

12 (a) = (I_a;‘ﬁ(l +o(1)) asa — 1.

Letting . = p(a), we can choose a constant ¢ = c¢(a) such that vy 4 := Ug i (q) +
c(a) € M, and

1 3
Iy (Vo q) = (— — 5) In(1 —az)(l + 0(1)) asa — 1.
o
Hence (4.4) holds.
Therefore, the proof is complete. U

Remark 4.2. In view of (4.5), we can then derive a lower bound of the gradient L?
norm of a minimizer uy 4 of (4.1) asymptotically

/ Vg al® do > — ( )(1—{—0(1)) asa — 1.

While for « € (1/2,2/3), using (2.7) a better lower bound can also be obtained:
~3In(1 -
/ |Vitg | do n( )(1+0(1)) as a — 1.

By (2.6) and the above gradient estimates, we can obtain for « € (2/3,1) an
asymptotical lower bound

3

m(a,a) > (a%) /SZ |Vua,a|2dw > %(éi) ln(l—az)(H—o(l)) asa — 1.

However, this energy lower bound is not as good as (4.6). When « € (1/2,2/3),
a similar energy lower bound does not follow immediately from the gradient lower
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bound. If it did, it would be a sharp one as it would coincide with the upper bound.
Nevertheless, it is expected that

m(a,a) = (é - %) In(1 —az)(l + 0(1)) asa — 1.

Similarly, using (4.5) and (4.3), we can obtain, when « € (2/3,4/5), a lower
bound of the gradient 1.2 norm of a minimizer ug 4 of (4.1) pointwise in a

4 — S5«
/Sz |Vitg ol do > —mln(l —a?) Vaelo1],

which leads to the following lower bound pointwise in a
2 4 —50)2a —3
m(a,a) > a—= / \Vuaa\zda)z—( @) Qe )ln(l—az).
3 S2 ’ 4a(1 — C()

We note that the upper bound in (4.3) is not optimal, which leads to the technical
condition & < 4/5 in the above estimates instead of the natural range up to o« < 1.

On the other hand, using (2.7) and (4.3), we can also derive an upper bound of
the gradient 22 norm of a minimizer 1, of (4.1) pointwise ina whena € (2/3. 1)

3
/Sz Vg q|* do < —aln(l —a?) Vaelo1].

Similarly, using (2.7) and (4.4), we can derive an upper bound of the gradient 1.2
norm of a minimizer uy 4 of (4.1) asymptotically in @ when o € (2/3,1)

3
/S2 |Vua,a\2da) < —Eln(l —az)(l + 0(1)) asa — 1.

Similar upper bounds seem not to follow immediately when « € (1/2,2/3).

Remark 4.3. The following technical questions still remain open:

(1) Should u,, ;(x) always be axially symmetric for all & € (%, l)and a €
B1?

(2) Is the minimizer u, ;(x) unique determined? In particular, is 8 uniquely
determined? We know that if 3 is uniquely determined by « and a, then the axially
symmetric solution u,, ;(y) is unique.

(3) Fixed a € (%, 1),a € By, for any given B = Biza/lal.0 < B3 <
1+|a|, p = 1 + B3lal, there is a unique axially symmetric solution u to (2.22) with
the corresponding w solving (3.7)—(3.8), following theorem 1.5 of [12]. However,
it is not clear whether the center of mass Ad/|a| of u is still @ and whether the total
mass M is still 1 or not. Certainly for some such 3, p, we should have A # |a|,
M # 1 since otherwise (3.3) or (3.4) should hold. This implies that a solution
to (3.7)—(3.8) may not be a solution to the minimizing problem miny e, Lo (u).
Nevertheless, we note that M[1 + B3(|d| — | A|)] = 1 still holds.
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(4) Can we compute or estimate more accurately m(o«,a)? We need to get
more information on the minimizer. In particular, what is the asymptotic behavior
of the solution u,, ; as a € By goes to the unit sphere? If we have a detailed profile
of the solution in different regions, we might get an optimal asymptotic estimate of
m(a, a).

We note that the answers to all the above questions are known for o = % as
shown in Theorem 2.1. The technical questions and other related problems will be
studied in a forthcoming paper.

5 Second Variation of I,

Now we consider another technical aspect of I, the second variation of /4 in
H'(S?), in an effort to understand /, better.
Fixing a solution u € H to (2.10) and (2.9), for any ¢ € H'(S?) we have

D> Iy (u) (. $)
_ 2 8 2ul 4. ’
_2a/82|V¢| dw+m(/;2€ (1 a X)(pd(l))
4 ) 2
- m(/szezu(l —d-x)prdow + (/Szezuq&dw)

3
. 2u ... 2
;(/Sze xi¢pdw) )

In particular, at u = 0 for any ¢ € H'(S?),

2
D?1,(0)(¢, ¢) = 2 [ﬁz IVo|? dw —4/82 $?dw + 4(/S2¢da))

3 2
idd .
+421:(/;2x¢ a))

Let ¢ = Y o2 o buthn where {¢,}5° is an orthonormal basis of H 1(S?) formed by
spherical harmonics in an increasing order of eigenvalues A,. Note that ¢g = 1,
¢ = 3xi,i =1,23,andA; =0,A; = Ar = A3 = 2,and A4 = 6.

Then V¢ € H'(S?)

fole} fole} 3
4
D[ (0)(p.§) =20 Y Aub} —4 Y b7 +4b3 + 2 )b
n=0 n=1

n=0

3 o0
8 2 2
> (4a — 5) n;bn + (12cx 4)’;19”.
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In particular, the linearized equation of equation (2.10) atu = 0 is

(5.1) aA$ + 2¢ — 2/ ddw— 2le/ xipdw =0 onS%

i=1

It has a kernel Ky, = {¢o} if @ # % and Kp/3 = {¢;,i = 0,1,2,3} whena = %
Hence, it is easy to conclude from the above discussion the following:

PROPOSITION 5.1.

(1) Whena € (%, 1), D?21,(0)(¢.¢) > 0 and the equality holds only when ¢
is a constant function; In particular, D?14(0) is positive definite when restricted
toH;

(i) When a = %, D?1,(0)(¢,¢) > 0 and the equality holds only when ¢ is
expanded by ¢o = 1, ¢; = /3x;,i = 1,2, 3.

(iii)) When a < % D?14(0) is not nonnegative. In particular, Io(u) < 0 for
some u € H'(S?)..

This fact gives a simple explanation of the critical value of o being 2/3, compared
to Theorem 2.1.

Finally, we shall look at the second variation of /, at the nontrivial explicit
solution when o = % We can rewrite the solution as

3 i -
Uz 4(¥) = =2 In(l=d-x) +In(l—al*), xes

Then, for any ¢ € H'(S?), from Theorem 2.1 we have
Dzlz(uz )©@.9)

22 2
74(1f|a|2) / = x)2
2
=123
—4(1 —|al?) ((/ —(1—5-)6)3 da))

‘Z( i) =0

In particular, if we consider the second variation of / 2 at Uy /3 z on My 3z, we
only need to deal with ¢ € H'(S?) with

¢ Xi¢ .
5.2 ——————dw =0, ———dw =0, =1,2,3.
(5-2) 2 (1—a-x)3 @ 2 (1—a-x)3 @ :
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In this setting, it also holds that

Hence we have

2 — 4 2 =12 ¢2
D233 ). 9) = 5 [ 1VoPdo—s01—aP) [ s do =0

6 Monotonicity

In this section, we shall discuss and prove the first monotonicity formula of the
analogue of the Szegd limit theorem on S2. Following [9, secs. 2.1-2.2, chap. 2],
for any given function f > 0, f # 0, we denote a measure dv = f dw on S?

and orthogonalize the functions fo = 1, fi = ~/3x1, f» = V/3x2, f3 = V/3x3
with respect to this measure. Note that fp, f1, f2, f3 form an orthonormal basis
for spherical harmonics of order less than or equal to 1 with respect to the measure
dw.

Differing from the case on S 1 as discussed in [9], we only construct ¢, ¢1,
¢2, ¢3 such that ¢g, ¢1 form an orthonormal basis for functions generated by fo, f;,
respectively, fori = 1,2, 3.

Denote the inner product on L2(S?, dv) by (-, -). We define

Do = (oo fo) = [ 1 dw

and

_ (fo. fo) (Jfo. fi) .
Do = det(m,fo) <fl-,fl->)’ i=123

and
1 3
D :—E Dy ;.
1 3i=1 0,i

It is easy to see that ¢pg = Dal/zfg and

¢ = (DoDo,,-)—l/z((f“j’,of“) <f°]:iﬁ)) —liofo +lirf;

where

lio = —(DoDoi) V*(fo. fi), i =123,

li1

- Do \'/?
(DoDo.i) 1/2(.fo,fo))=(DOO_) Ci—123
i

Now we state the following stage one monotonicity relation on S?, which may
be considered as the counterpart on S? of the Szegé monotonicity theorem on S1.
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PROPOSITION 6.1. We have

2 3 2
Dy = (/Szfda)) —;(fszfx,-dw) >0
and
6.1 In Do — fdo<InD; -2 | fdo.
s2 s2

PROOF. It is easy to see that
3

;( Szfxidw)zfgfszfdw'/;zfxizdw5 (/Szfda))z‘

1

To show (6.1), we shall follow the proof of theorem a of [9] and prove

Wi = mf/ lai + fi|*dv

a;€R
is attained at @; = 5’—? and
1,
D .
=2 _ o .
i =11 = Dy i=1,2,3.
This can be seen from the following two facts. First,

/
1L < / 7,0
S2|ti,1

—= 4+ fl
Second, if we write a; + f; = bo¢o + bi¢; where b;[; 1 = 1, then we have

2
dv < I i i) = 17

s

I

/Sz lai + fil?dv =bg + b7 = b} =1 ].

Therefore
3

3
D4 1
D_o:§;“i:§afréf1%/ Z|a,+f,| dv = 1nf /SZlZ|c,+xl| dv

1

For any (cq,c2,c3) € R3, let

3
nix) = Z lei + xi1%, x €S2
i=1
We know that
3 3
nx)=1+ Zc,z +Z2cix,~ >0
i=1 i=1
and

ln(/Szndv) =ln(/sznfdw) z/Szln(nf)da)z/gzln(n)dw—i-/gzlnfda).
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We claim that for any (cy, c2,c3) € R3,

/ In(n)dw > 0.
S2

For this purpose, we assume without loss of generality that
(c1,¢2,¢3) = (0,0,1), t>0€R

after a possible rotation, and define

€0 = [ n(ndo

1

1
= / In(1 + 12 + 2tx3)dw = 5/ In(1 + 12 + 2tx3)dxs.
Ng -1

Straightforward computations lead to

2 +1 12+ 1
g(t)zln(l+t)(1+ Y )+ln(|t1|)( % 1)1,

t € (0,1)U(1,00),

and g(1) = 21In2 — 1. It is easy to check that
lim g(f) and lim g(¢) = o0
t—0+ t—00
and g(¢) is continuous in (0, o) and g € C (0, 0c). Indeed, g’(1) = 1 and

1+¢
1—1¢

2
g/(t):417(4t+(tz—l)ln( )) te(0,1)U(1,00),

is continuous in (0, 00).

It is easy to check by differentiation again that g’(¢) > 0, ¢ € (0, 00), and hence
g(t) > 0,t € (0, 00). This proves the claim.

Hence,

1H(D1/D1) > / In f dw
S2
and (6.1) follows. This completes the proof.

Remark 6.2. If we choose f = e?*, (2.7) is equivalent to
4 2
InD; -2 fdw<- IVul|“dw.
S2 3 S2

The factor % in the above inequality makes the inequality weaker than the Szego
limit theorem on S', where the factor is 1 for the corresponding term. Given the
optimal constant in (2.7), we may not expect that the Szego limit theorem on S?
holds fully in its original S! form. O
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