MAT 540 : Problem Set 6

Due Sunday, November 3

We make the following useful convention: if (zg,...,z,) is some list and if i € {0,...,n},
then (xo,..., &, ..., 2y) means (To, ..., Ti—1, Titl,---,Tn)-

Also, if S is a set and Z(9) is the free Z-module on S, we denote the canonical basis of this
free module by (es)ses-

1 Salamander lemma (5 points)
Prove the salamander lemma (Theorem IV.2.1.3 of the notes).

Solution. If we turn the complex of (ii) 90 degree to the left and see it as a complex in the
opposite category of <7, then we are exactly in the situation of (i). So it suffices to prove (i).

We give names to some morphisms of the complex

We check the exactness of the sequence at each object. By the Freyd-Mitchell embedding
theorem (Theorem III.3.1 of the notes), we may assume that <7 is a category of left R-modules.
(Hence take elements in the objects of .27.)

In _A = Kere/Im~, the subobject Im(1) is the image of ((Kery) < A, and
Ker(2) = (KereN(Im¢+Im¢))/Im¢. SoIm(1) C Ker(2). Conversely, take an element of Ker(2),
lift it to 2 € Kere, and choose y € C such that = € ¢(y) +Im (. Then y(y) € e(z) +€e(Im () =0,
so y defines an element of Ch = Ker+y/(Ima 4 Im 3), so y € Im(1).

In Ag = Kerf/(Im¢ 4+ Im (), the subobject Im(2) is the image of Kere C A, and Ker(3)
is the set of elements that have a lift © € Ker# such that e(z) € Im(y). So we clearly have
Im(2) C Ker(3). Consider an element of Ker(3), choose a lift x € Kerf of that element such



that e(x) = v(y), for some y € C. Then = — «(y) and x have the same image in Ag, and
e(x —1(y)) =0, so the image of = in Ap is in Im(2)

In B = (Ker AN Ker 1)/ Im v, the subobject Im(3) is the image of ¢(Ker §) C B, and Ker(4)
is the set of elements of "B that have a lift z € (Ker A N Keru) NIme. So we clearly have
Im(3) C Ker(4). Conversely, consider an element of Ker(4), and choose a lift z € Ker AN Ker p
of this element such that we can write x = €(y), with y € A. Then 0(y) = p(z) = 0, so
r € €(f(y)), and its image in ©B is in Im(3).

In —B = Ker A\/Ime, the subobject Im(4) is the image of Ker AN Keru C B, and Ker(5) is
the set of elements of — B that have a lift © € Ker A such that u(x) € Im(#). So we clearly have
Im(4) C Ker(5). Conversely, consider an element of Ker(5), and choose a lift x € Ker A of this
element such that we can write u(xz) = 6(y), with y € A. Then A(xz — €(y)) = 0, the elements x
and x —e€(y) of Ker A have the same image in =B, and u(x—e¢(y)) = 0, so z—€(y) € Ker A\NKer p,
and its image in —B is in Im(4).

O
2 Some bar resolutions
(a). (3 points) Let S be a nonempty set. We define a complex of Z-modules X*® by:
o X" =0anddy =0ifn > 2;
e X! =7 and d = 0;
o X0 =27 and d())( : X0 5 X! =7 sends every e to 1;
e if n > 1, then X" = 7" and dm 2 ZG" 5 705" sends €(50,.5m) 1O

Z?:O(—1)’6(507”.751.7_”,%), for all sq,...,s, € S.
Show that X* is indeed a complex (i.e. that dy'' o d% = 0 for every n € Z), and that
it is acyclic. (Hint: Fix s € S. If n > —1, consider the morphism ¢t : X" — X n~!
Sending 6(507~~~:3n) to e(s:SOa“-»sn)')
(b). Let G be a group. For every n > 0, let X,,(G) = Z(@""). By (a), we have an acyclic

complex of Z-modules X®, where X! =7, X" = X,,(Q) if n > 0, X" = 0 if n > 2, and
the differentials are as in (a).

(i) (2 points) We make G act as Xp,(G) by g €(gy,....9.) = €(ggo,...g9,)> a0nd We make G
act trivially on Z. Show that X*® is an acyclic complex of Z[G]-modules.

(ii) (2 points) Show that X,,(G) is a free Z[G]-module for every n > 0. E|

Let I, be the Z-submodule of X, (G) generated by the e,
some i € {0,...,n —1}.

..gn) Such that g; = g;41 for

(iii) (2 points) Show that I, is a free Z|G]-submodule of X, (G) and that d=" (1) C I;,—1
for n > 0, with I_; = {0}.

(iv) (2 points) By the previous question, we get a complex of Z[G]-modules Y* such that
Y"=0for >2 Y'=7Z Y "= X,(G)/I, if n > 0 and d¥ is the morphism induced
by d% for every n € Z. Show that Y'*® is acyclic. (Hint: Try to imitate the method

of (a).)

!The complex X* is called the unnormalized bar resolution of Z as a Z[G]-module.



Solution.

(a). If we set S® = {()} (the set whose only element is the empty sequence of elements of S),
then we can see X' as the free Z-module on S°, with basis element 1 = ey In this way,
the formula for d=" also works if n = 0.

We prove that X*® is a complex. If n > 0, then d"t! o d” = 0 because d"™! = 0. We

assume that n > 1 and we calculate d"*1 ood ™" : 75" 5 75" | Let S0y---,8n €S.
Then

n
dinJrl © din(e(so,“.,sn)) = Z(_1)idin+1(eso,...,§i,...,sn)

i=0

n 1—1

I
(]
(]

i+j E § Z+ 1
(_1) Je(SO""»gj:"wgi"' »Sn + ] 6 807 75’“ 7‘9]7 S TL)

=0 7=0 =0 j= 7,+1
n n
— _1)\i+J E § z+] 1o
- ( 1) 6(80,...,§j,...,§i,.. ,Sn + 50,..‘,.§¢,...,§j,..,,sn)
Jj=01i=j+1 i=0 j=i+1
= 0.

We fix s € S. We define t™ : X™ — X™ 1 by ¢t = 0 for m > 2, and
R/ C RN RN Z(S"H), €(s0ymssn) T €(s,sosn) L M > —1. We want to
prove that (t™)y,ez is a homotopy between idxe and 0. We have to check that
idym =t od™ 4 d™ ! o t™ for every m € Z. If m > 2, then both sides are equal
to 0. If m = 1, then we want to check that idz = d” o t; the right hand side sends e to
d%(es) = e(), so we get the desired identity. Suppose that m > 0, and write n = —m. Let
(50,...,8n) € 8" Then (t7"tlod™+d ™ to t7")(e(so,...,5n)) 18 equal to

t"od™m+d o ") (€(s0,.008m) )

(_l)ie(s,so,...,§i,...,sn) + d_n(e(s,so,...,sn))

Il

N
Il
=)

7 1+1
(1) €(5,50,185r98n) T €(50,005n) T § : (8,50,+-584,.-,5n)

Il
-
I M:
o

6(50:"-7571) :

Sot ™l od™™4d " Lot ™ =idy n.

(b). (i) As the formation of kernels and cokernsl commutes with the forgetful functor from
zic)Mod to Ab, and as we know that X*® is an acyclic complex of Z-modules by (a),
it suffices to show that X* is a complex of Z[G]-modules, i.e. that its differentials
are Z[G]-linear. But this is clear from the definitions of the differentials and of the
action of Z[G].

(ii) It suffices to find a Z[G]-basis of X,(G). If (g1,...,9,) € G", then the
morphism Z[G] — X, (G), a = @ - €19, g1go...9190..9n) 15 injective with im-
age Virog, = Span({euomops hihhi = giforl < i < m}.  As
Xn(G) = Dy,...9n)ecm Vigr,..gn) (because these subspaces are generated by mu-
tually disjoint subsets of the canonical basis of X, (G)), we deduce that the family
(€(1.91.0192,.9192..90)) (@1 .gn)eGn 18 & Z[G]-basis of X (G).

2The complex Y* is called the normalized bar resolution of Z as a Z[G]-module.



(iii) We have found a Z[G]-basis (€(1,g,,g1g2,....9192...90)) (g1,...gn)eGn Of Xn(G) in (ii), and
the calculation of Vi, .. = Z[G] - en g gigs,..9190...9,) 10 the proof of that ques-
tion show that V,, 4. is included in I, if one of the g; is equal to 1, and that
Vai,ongn N In = {0} otherwise. So I, is the Z[G]-submodule of X,,(G) generated by
the €(1.g1.9192,....9192...9n) Such that at least one of the g; is equal to 1, and in particular
it is a free Z[G]-submodule of X,,(G).

We check that d="(I,,) C I,_1. Let (go,...,gn) € G™, and suppose that d; = d;1
for some i € {0,...,n — 1}. Then

d_n(e(go,--wgn)): Z (_1)je(go ----- Gjreer gn)+(_1)16(907---7gi—179i79i+2 ----- gn)
7€{0,...,n}—{3,i+1}

it
+ ( 1) e(goz"'vgifl7gi+1’gi+27~~~7gn)

- Z (_]‘)je(go’“ng"“)g")'

§€{0,...,n—{i,i+1}
The last sum is clearly in I,_1.

(iv) It suffices to show that Y'® is acyclic as a complex of Z-modules. Let t™ : X™ — X™~1
be the morphisms of (a), for example for s = 1 (the unit element of G). Then,
ifn >0, t": X,(G) - Xp41(G) sends I, to I,+1, so it induces a morphism
T, : Y™ = Y1 We also denote by ' the morphism ¢! : Y = Z — Y° = X,(G)
(note that Ip = {0}) and set "' = 0 for m > 2. Then, by (a), the family (t™),,ez
defines a homotopy between idy. and 0.

O

3 Cech cohomology, part 1

This problem uses problem 1 of problem set 5.

Let € be a category that admits fiber products, and let 2" = (f : X; — X);er be a family
of morphisms of €. 1If i, ... i, € I, we write X, ;, = Xjy Xx Xy Xx ... xx X;,. For every
p € Z, we define an abelian presheaf €,(2") € Ob(PSh(%,Z)) in the following way:

e if p <0, then €, = 0;
e if p >0, then

10,...,p €1

We also define a morphism of presheaves d, : €,(Z") = €¢,—1(Z") in the following way:
e if p <0, then d, = 0;
eif p > 1, then d, is given on the component ZXiovip) by the morphism

7 Xig,vip) @ 7, Xiouvig_tigi1omip) Cp-1(27) equal to > 0_(—1)95] where

yeunslp?

. )
Xioyosip = Xig,ooyig_1yiqe1,..ip DY the functor € i PSh(%) Zy PSh(%,Z).

(a). (4 points) Show that Ker(dp) D Im(d,1) for every p € Z and that this is an equality for
p#0.



Hint: For every object Y of %, we have

Home (Y, Xiy.i,) = J[ = Homg(Y, X x ... x Home (Y, X, ),
h€Home (Y,X)

where, for every ¢ € I, Homg (Y, X;)p, = {9 € Homyg (Y, X;) | fiog = h}. Set
Sh = [1;c; Homg (Y, X;)p, and think of question 2(a).

(b). (1 point) Let € : 65(Z) — ZX) be the morphism that is equal on the component Z(X:)
)
to the image of f; : X; — X by the functor ¥ heg PSh(%) Z—(> PSh(%,Z). Show that
Ker(e) = Im(dy).

For every p € Z, we define a functor ¥P(2,-) : PSh(¢,Z) — Ab
by €M ,.F) = Hompgy¢,z)(¢P(27),#), and a morphism of functors
P EP(X,) — €PN ,) by dP = Hompgy(#,z)(dpt1,-). The family (‘fp(%,f),dp)pez
is called the Cech complex of F (relative to the family 2 ). For every p > 0, we set
0P(%2,.7) = Ker(dP(F))/Im(dP~ (F)). This is called the pth Cech cohomology group of
F (relative to the family 2 ). Note that the definition of HP(2,.%) is functorial in .%, so
HP(Z,-) is a functor from PSh(%,Z) to Ab.

(c). (2 points) Show that, for every abelian presheaf .# and every p > 0, we have

CP(X,F) = H F(Xig,iip)s
§0roensip

and that the definition of H(2",.%) given here generalizes that of Definition I11.2.2.4 of
the notes.

(d). (1 point) If .% is an injective object of PSh(%,Z), show that H?(2",.%) = 0 for every
p=1L

(e). (2 points) Suppose that we have a Grothendieck topology 7 on ¥, that 2 is a covering
family, and that .% is an injective object of Sh(€#,Z). Show that HP(2",.%) = 0 for
p > 1 and that HY(2",.%) = .Z(X).

(f). (2 points) Let .# € Ob(PSh(%,Z)), let % — #° be an injective resolution of .# in
PSh(%,Z). Show that we have canonical isomorphisms

HYI(2, .9%) ~ (2, F).
Bl

Solution.

(a). If p = 0, then d, = 0, so Ker(dy) D Im(dpy1). If p < —1, then €,(2)(Y) = 0, so
Ker(dp(Y)) = Im(dp41(Y)) = 0. To treat the other cases, it suffices to prove that, for
every Y € Ob(%), we have Ker(d,(Y)) = Im(dp+1(Y)) for p > 1.

We fix Y € Ob(%), and we use the notation of the hint. For every h € Homg (Y, X), let
Sh = [1;e; Homg (Y, X;)p,. Fix p > 0. The fact that

Home (Y, Xip.,) = J[ =~ Home(Y, Xi)n x ... x Home (Y, Xy, )n
h€Hom« (Y,X)

3In other words, H" (2", -) is the nth right derived functor of H*(2", ).



. The €»(2,.7) =]

for all 7o, ...,1%p is obvious, so we get

H Home (Y, X4,...i,) = H S,’ZH,
(’io,...,ip)elp+l h€Home (Y,X)
and
(gp(%)(Y) = @ Z(Hom%(Y,Xio ..... ip))

(io,...,’ip)efp+l

= P &

heHom (Y,X)

So €,(Z)(Y) is the direct sum indexed by h € Homg (Y, X) of the terms of degree —p of
the complex of Problem 2(a) for S = S, and d,, : €,(Z)(Y) = €p—1(Z")(Y) is the direct
sum of the differentials of this complex if p > 1 (this follows immediately from the defini-
tion of d,). As the complex of 2(a) is acyclic, this implies that Ker(dp(Y)) = Im(dp4+1(Y))
if p>1.

. Let Y € Ob(%). We use the same notation as in the solution of (a). Then

w2)Y)= Pz,
h€Home« (Y, X)
7 X)(y) = zHome(V.X)) — @ Z,
h€Hom« (X,Y)

and £(Y) is the sum of the morphisms dy : Z(°») — Z from Problem 2(a). So the result
follows again from Problem 2(a).

i0snsiy 2 (Xig,....i,) Tollows immediately from the definition of %;,(2"),
the universal property of the direct sum and question (b) of Problem 1 of problem set 5.

In particular, we have €°(2,.7) = [[,c; Z(X;) and €1(2,.7) = [l jer 7 (Xi xx Xj),
and (by definition of dy : €1(Z°) — 6o(2Z)) d°: €2 X ,.F) — €Y(X ", F) sends a family
(Si)iel to (p;-iijsi —p;}iij)i’jej, where Piij - XZ‘ Xx Xj — Xi and Pjij - Xz' XX Xj — Xj are
the two projections. So H(2", #) = Ker(d°) is equal to the set H*(2",.%) of Definition
I11.2.2.4 of the notes.

. If # is an injective object of PSh(%’,Z), then the functor Hompgy,(¢ 7)(, %) is exact, so

the statement follows from (a).

. The fact that HY(2",.#) = .Z(X) follows from the end of (c) and from the definition of

a sheaf (see Remark II1.2.2.5 of the notes).

The inclusion functor ® : Sh(¢#,Z) C PSh(¥,Z) is right adjoint to the sheafification
functor and the sheafification functor is exact, so ® sends injective objects of Sh(%7,Z)
to injective objects of PSh(%,Z) by Lemma I1.2.4.4 of the notes. So the fact that
HP(%,.7) = 0 for p > 1 follows from (e).

. Applying the functors €7(.2",-) to the complex .#F — .#°, we get a double complex in

PSh(¢,Z), whose pth row is CX,F) = CP(X,I°), whose (—1)th column is the
complex €°*(Z",.#) and whose nth column is the complex €°*(Z2",.#") for n > 0 (the
other columns are 0).

We consider the double complex, where we write €P(-) and H°() for ¢P(2,-) and



0—>FUF) —=C(I) = (I) —= N (I?) —— ...

0—=CHF) —=CHI) —=C*I) —=C*(I?) —— ...

Every column of this double complex except for the first one is exact by (d). Also, every
row except for the first one is exact, because the functor PSh(%,Z) - Ab, ¥ — 4(Y) is
exact for every object Y of %, and direct products of exact sequences in Ab are exact.
So the 0o x 0o lemma (Corollary 1V.2.2.4 of the notes) gives a canonical isomorphism
between the cohomology of the first row and the cohomology of the first column, which is
exactly what the question is asking for.

O

4 The fpqc topology is subcanonical

Let A be a commutative ring and B be a commutative A-algebra. For every n > 1, we write
B®" for the n-fold tensor product B ®4 B ®4 ... ®4 B. We consider the following sequence
/A of morphisms of A-modules:

4 _ gt 42
0AS BS B2, B®3

where the morphism szg A = A = Mé A = B is the structural morphism and
d": o,y = B = oy = B s defined by

n+1
(01 ®...Qby) = Z(—l)”lbl®...®bi_1®1®b,-®...®bn.
=1

For example, d'(b) = 1®@b—b® 1 and d?(b) @ b2) =1 R@b; @by — b1 @1 @by + by @by @ 1.
(a). (1 point) Show that @/p,4 is a complex. H

(b). (2 points) Suppose that the morphism of A-algebras A — B has a section, that is, that
there exists a morphism of A-algebras s : B — A such that sod’ = id4. Show that .o/ /A
is homotopic to 0 as a complex of A-modules.

41t is called the Amitsur complez, hence the notation.



().

(d).

1 point) Under the hypothesis of (b), show that o7/p,4 ® 4 M is acyclic for every A-module
/
M.

(1 point) We don’t assume that A — B has a section anymore. Let M be a A-module.
Show that we have a canonical isomorphism

B®a (g4 @a M) = dpg, 5508 (M ®4B),

where we see B ® 4 B as a B-algebra via the morphism b —— b ® 1.

. (2 points) Suppose that the morphism A — B is faithfully flat. Show that the complex

Apja ®a M is acyclic fo every A-module M.

Remark If (f;)ic; is a family of elements generating the unit ideal of A, then
B := [lic; Ay, is a faithfully flat A-algebra, and, for any A-module M, the complex
Apja ®a M is the Cech complex of the quasi-coherent sheaf on Spec A corresponding to
M for the open cover (Dy,)icr. Applying the result of (e), we see that the Cech cohomol-
ogy of any quasi-coherent sheaf on Spec A for the open cover (Dy,)icr is zero in degree
> 1.

Let A — CAlg be the the category of commutative A-algebras, and ¥ = (A — CAlg)°P;
to distinguish between objects of A — CAlg and %, we write Spec B for the object of ¥
corresponding to a commutative A-algebra B. We consider the fpqc topology on %’; this means
that covering families in € are morphisms Spec C' — Spec B such that B — C' is a faithfully
flat A-algebra morphism; also, if B = 0, then the empty family covers Spec B.

().
(8)-

().

(1 point) Show that this is a Grothendieck pretopology on %

(1 point) Let M be a A-module. We define a presheaf ), on % by
Fn(Spec B) = B® g M; if Spec C' — Spec B is a morphism of %, corresponding to a mor-
phism of A-algebras u : B — C, then .%);(Spec B) = B4 M — F;(SpecC) = C @4 M
sends b ® m to u(b) ® m. Show that .#)/ is a sheaf.

(2 points) Show that every representable presheaf on € is a sheaf.

Solution.

(a).

This is very similar to the beginning of 2(a). If a € A, then 1® a=a® 1 in B®4 B, so
d' od’(a) = 0. Suppose that n > 1, and let b1,...,b, € B. Then

n+1
"o d (b @by) =d" (Y ()@ @b @10 @ ... by)
=1
n+l ¢
=D (D). .0 alebe.. bia®lebo.. b,
i=1 j=1
n+1n+1
DY DT @ @b @1ebie.. b ®1lebe...
i=1 j=i
n+1n+1
=3 (D). @b a1k, b 1®leb®.. b,
j=1 i=j
n+1n+1
Y DY DT @ @b 1 @1ebe.. b ®lebe...
i=1 j=i

=0.



(b).

We write C" = B®" forn > 1, C° = A4, C* = 0 for n < —1, and we denote
d" : C™ — O™ the morphism defined in the beginning. We define s" : C" — C"~!
in the following way:

e if n <0, then s = 0;
e sl=5:B— A;

e if n > 2 then s : B®" — B2~ sends by ®...®by, to (—1)" Ls(by)(b1®...@s,_1)
(this is A-linear in each b;, hence does define a morphism on the tensor product).

We claim that (s"),ez is a homotopy between idce and 0. To prove this claim, we have
to calculate the morphism ¢" := d"~! o s + s"*! o d" for every n € Z. If n < —1, then
¢" =0 =1idcn. If n = 0, then ¢" = sod” = id4. Suppose that n > 1. Then, for all
bi,...,b, € B, we have that ¢"(b; ® ... ® by,) is equal to

n+1

()" s(b)d™ M1 @ .. @by1) + 5" O (DT @ @b 1 ®10he. .. @by
=1

= s(by,) Z(—l)””bl ®..0b_1R1Rb;®...®bp_1

=1
) (D) (b)) (1 ® .. @b ®1 b ® ... @ by1) + s(1)(b1 ® ... @ by)
=1
=01 ®...Qb,.
So g" =iden.

Note that the homotopy that we just constructed is A-linear, so @z, is homotopic to 0
as a complex of A-modules.

. As the functor (1) ®4 M : sMod — 4Mod is additive and the complex of A-modules

/4 is homotopic to 0, the complex @/,4 ® 4 M is also homotopic to 0, and in particular
acyclic.

. In degree 0, this isomorphism is the isomorphism B ®4 (A ®4 M) ~ B ®p (M ®4 B)

sending B (1@m) tob®@ (m®1) =1® (m®©>b). If n > 1, we have morphism
u:B®A(JZ/£/A®AM)—>%§®AB/B®BMandU:%éL@AB/B@BM%B@A(%g/A@AM)
defined by

ubo @M ®...0bp,om))=((100)®...0 (1®b,)) ® (M by)
and
(V] ®@b1)@...0 (b, @by) @ (M ®@by)) = (bod} ... b)) @ (b1 @ ... R b, @m)
if by, b1, b}, ..., by, b, € Band M. It is easy to check that these morphisms are well-defined

nyYn
and inverses of each other.

. Note that the structural morphism B -+ B®4 B, b— b® 1 has a section B®4 B — B,

by ® be —— b1by which is a morphism of B-algebras. So, by (c) and (d), the complex of
B-modules B®4 (g4 ®4 M) is acyclic. As B is a faithfully flat A-algebra, this implies
that the complex of A-modules @/g/4 ®4 M is acyclic.

. We check the axioms of Definition I11.2.1.1 of the notes. Axiom (CF3) is clear, because

an isomorphism of rings is faithfully flat. Axiom (CF2) says that the composition os two
faithfully flat morphisms of A-algebras is also faithfully flat, which is also true. Axiom
(CF1) says that, if B — C and B — D are faithfully flat morphisms of A-algebras, then
B — C ®p D is also faithfully flat, which is also true.



(8)-

(h).

The sheaf condition says that:
(1) If B =0, then the sequence 0 — B ®4 M — 0 is exact, which is certainly true.

(2) For every faithfully flat A-algebra morphism B — C, the sequence

0= ML cogM % (CopC)op M

is exact, where M’ = B®y M, f sends m € M’ to1®@m € C ®g M, and g sends
comeC®pM to (1®c)®@m— (c®1)®m. This exactness follows from question

(€).

Let D be a commutative A-algebra. We want to show that the presheaf Hom (-, Spec D)
is a sheaf. If we consider the empty cover of Spec(0), the sheaf condition says that
Homg (Spec(0), Spec(D)) = Homa_caig(D,0) should be a singleton, which is true. Let
u : B — C be a faithfully flat morphism of commutative A-algebras. The sheaf condition
for the covering family Spec C — Spec B says that:

1) The map Hom_caie(D, B) — Homg_caie(D,C), v —> w o v is injective; this is
g g y
true because u, being faithfully flat, is injective.

(2) If f: D — C is a morphism of A-algebras such that f(c) ® 1 =1® f(¢) in C ®@p C
for every ¢ € C, then there exists a morphism of A-algebras v : D — B such that
f=uow.

We prove (2). By (e), the kernel of the morphism g : C - C®pC,cr— 1®c—c®1
is u(B). The condition on f says that g o f = 0; as u is injective, it implies that we can
write f = u ow, for a uniquely determined A-linear morphism v : D — B. As u is an
injective morphism of A-algebras and f is a morphism of A-algebras, the map v is also a
morphism of A-algebras.

O

5 Cech cohomology, part 2

Let X be a topological space.

(a).

(2 points) Let 0 - % — ¢ — 2 — 0 be a short exact sequence of abelian sheaves on X,
and let U be an open subset of X. Suppose that every open cover of U has a refinement
% such that H' (% ,.%#) = 0. Show that the sequence

0—-FU)—-9%U)—#U)—0

is exact.

. Let £ be a basis of the topology of X, and Cov be a set of open covers of open subsets

of X, such that:

(1) If (Ui)ier is in Cov, then | J;c; Us and all the Uy, N...NU;, are in %, for p € N and
io,...,ipef.

(2) If U € &, then any open cover of U has a refinement in Cov.

Let .# be the full category of injective objects in Sh(X,Z), and € be the full category
whose objects are abelian sheaves .# such that H"(%,.%) = 0 for every % € Cov and
every n > 1.

SFor example, if X is a scheme, we could take % to be the set of open affine subschemes of X and % to be the
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(i) (2 points) Show that € contains .# and is stable by taking cokernels of injective
morphisms.

(i) (2 points) If .Z is an object of €, show that, for every U € %, we have H' (U, .#) = 0.

(iii) (2 points) Show by induction on n that, for every n > 1, every U € # and every
object .# of €, we have H"(U, %) = 0.

(iv) (2 points) Let .# be an object of ¢ and 2 = (U;)icr be an open cover of X such
that, for every p € Nvand all dg, ..., iy, we have U;; N...NU;, € #. Show that the
canonical morphism H"(2",.#) — H"(X,.%) of Example IV.4.1.12(2) of the notes
is an isomorphism for every n > 0.

Solution.

(a). We give names to the morphisms of the exact sequence: 0 — .7 Lo % 4 0. Let
U be an open subset of X. We know that the sequence 0 — F(U) - 4(U) — H(U) is
exact, so it suffices to show that ¥ (U) — H(U) is surjective.

Let s € #(U). Choose an open cover % = (U;);cs such that, for every i € I, there exists
s; € 9(U;) such that g(s;) = sy,. By the hypothesis, after replacing % by a refinement,
we may assume that H (% ,.#) = 0. For i,j € I, let s;; = sivinu; — Sjiuinu,- As g(si)
and g(s;) are equal on U; N U;, there exists t;; € #(U; N Uj) such that f(t;;) = s;5. If
1,7,k € I, then we have

8ij|UiﬂUjﬂUk - 8ik|UiﬂUjﬁUk + Sjk‘UiﬂUjﬂUk = Si\UmUjﬂUk - Sj‘UiﬂUjﬂUk
- (SilUiﬂUjﬁUk - SklUiﬂUijk) + Sj|UiﬂUijk - SklUiﬂUjﬁUk
— 07

so the family (tij)q ez € €\ (% ,F) is in the kernel of d'. As HY(%,Z) = 0,
there exists (t;)ic; € €% ,.F) = [Tic; -7 (Us) such that d°((ti)rer) = (tij)), that is,
tij = tijvinu, — tjjuiny;- For every i € I, let s} = s; — f(t;). Then, for 4,j € I, we have

S;|U¢ﬂUj - Sg\UmUj = sij — f(tij) = 0.
So there exists s € ¢(U) such that 5\,U1- = s, for every ¢ € I. Moreover, we have
g(s’)|Ui =g(s}) =g(si) = sy, for every i € I, so g(s') =s.
(b). (i) Let .Z be an object of .#. We know that HP(%,.#) = 0 for every covering family

family % of an open subset of X and for every p > 1 by question (e) of problem
so 7 isin €.

Now let 0 - &% — ¢ — # — 0 be an exact sequence of abelian sheaves
on X, and suppose that # and ¥ are in ¥. By question (a), the sequence
0= % -9 — A — 0 is also exact as a sequence of abelian presheaves. Let

% € Cov By problem [2| the functors H*(%,-) are the right derived functors of
HY(%,-) on the category PSh(X,Z), so we have a long exact sequence

o= YU, 9) - AW (U, ) - AN U, F) - BTN w,9) — ...

If n > 1, then H*(%,%) = 0 and H**(%,.%) = 0 by the hypothesis on .# and ¥,
so H"(% , ) = 0. This shows that J# is an object of €.

set of open covers of open affine subschemes of X by principal open affines, and then % would contain all the
quasi-coherent sheaves on X.

SIf X is a scheme, this shows that, for every quasi-coherent sheaf .# on X, the cohomology of .# is isomorphism
to its Cech cohmology relative to any open affine cover of X.
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(i)

(iii)

Let .# be an object of €, let f : % — ¢ be an injective morphism of abelian sheaves
with ¢ an injective object of Sh(X,Z), and s = Coker(f). Let U € . Then we
have an exact sequence

0—.ZU)—-9U) - #U)—-H\(U,Z) - H(UY) - ...

But HY(U,¥) = 0 because ¥ is injective, and the morphism 4(U) — #(U) is
surjective by (i), so HY(U, .#) = 0.

We already know that the result holds for n = 1 by question (iii). Suppose that it
holds for some n > 1. Let let .% be an object of ¥. Choose an injective morphism
f ¥ — ¢ with &4 an object of .Z, and let 7 = Coker f. Let U € #. We have a
long exact sequence of cohomology

LLHY U, ) - BTN UL 7)) - BTN U, Y) - L

By question (ii), the sheaf .7 is an object of ¢, so H"(U, .%°) = 0 by the induction hy-
pothesis. Moreover, as ¢ is an injective object of Sh(X,Z), we have H"*(U, %) = 0.
So H** (U, #) = 0.

We use the notation of Example IV.4.1.12(2) of the notes. By question (iii), for
every p € N, all ig,...,ip € I, and every ¢ > 1, we have

RI®(F) (Ui N...NU,) = H (U N...NT,

ip)

F)=0.
By definition of Cech cohomology, this implies that, for every p € N and every ¢ > 1,
we have HP (2", R1®(.7)) = 0. Let

EY = HP(%Z, R1®(F)) = HPY(X, 7)

be the Cech cohomology to cohomology spectral sequence for the open cover 2 .
By the calculation we just did, we have F}? = 0 if ¢ > 1, so the spectral sequence
degenerates at Ey and E5 = E? is zero unless ¢ = 0. So for every p € N, the
subobject ERY = Eg’o = HP(Z,.F) of HP(X,.F) is actually equal to HP(X,.Z),
which shows that the morphism HP(2",.%) — HP(Z,.%) is an isomorphism.

0
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