MAT 540 : Problem Set 4

Due Thursday, October 10

1 Cartesian and cocartesian squares

(a). (4 points) Consider a commutative square

A*f>B

|

in an abelian category /. Consider the morphisms u = (g) : A - B& C and
v=(h —k:) :BeC = D.
Prove that the following statements are equivalent :

(i) The canonical morphism A — B xp C' is an epimorphism.

(ii) The canonical morphism B L4 C' — D is a monomorphism.

(iii) The complex A % B @ C % D is exact.

(b). (2 points) Let A % B 1, € be morphisms in 7. Show that g~!(Ker f) = Ker(f o g).

(c). (2 points) Keep the notation of the previous question, and suppose that g is surjective.
Show that g(Ker(f og)) = Ker f.

(d). (2 points) Keep the notation and assumptions of the previous question. If u : D — B is
a morphism such that f ou = 0, show that there exists a commutative diagram

D/LD
o)

such that ¢’ is surjective and fogou' = 0.

Solution.

(a). We claim that the canonical morphism B xp C — B x C = B & C identifies B xp C to
Kerwv. Indeed, we have, for every E € Ob(&/),
HomQ/(E,B XD C) = {(wl,wg) (S HOIHM,/(E, B) X HOIHM/(E,C) | ho w1 = ko ’UJQ}
={w € Hom(E,B x C) |vow =0}
= Hom(E, Kerv).



So (i) is equivalent to the fact that the morphism A — Kerv induced by u is an epimor-
phism, which implies that the canonical morphism Im(u) — Ker(v) is an epimorphism,
hence an isomorphism (because it is automatically injective), which is (iii).

We prove that (ii) and (iii) are equivalent. Let ¢ : B@® C' — B @ C' be the morphism with
matrix <(1) _01> Note that ¢ o+ = idpgc, and in particular ¢ is an isomorphism. Let
u' =touwand v =vor Then v ou =vowu=0, and we have a commutative square
Im(u) —— Ker(v)
Llw Llw
Im(u") —— Ker(v')
so (iii) is equivalent to the condition that the complex () A “ B e C ” D be exact.

We claim that the canonical morphism B @& C — B L4 C identifies B L4 C to Coker(u’).
Indeed, for every E € Ob(«),

Hom, (Coker v, E) = {w € Hom, (B ® C,E) | wou' =0}

= {(wy,w2) € Homy (B, E) x Hom(C, E) | w; o f =wy 0 g}

= Homy(BU4 C,E).
So (ii) is equivalent to the injectivity of the morphism Coker(u’) — D induced by v'; if
p: B®C — Coker(u') is the canonical surjection, this means that (ii) is equivalent to the
fact that, for every object E of &/, we have

{f €eHomy(E,B®C) | v of=0}={f € Homy(E,B&C) |po f =0}
= {f € Hom,(E,Im(u")},

where the last equality is because Im(u’) = Ker(p). This shows that condition (ii) is
equivalent to Ker(v') = Im(v’), that is, to the exactness of the complex (*).

. By definition of g~ (Ker f), we have a commutative diagram, where the square is cartesian

g Y (Ker f) L’>Kerf

J l iz

A 5 B ; C
In particular, fogoj = foiog =0, so g~'(Ker f) C Ker(f og). Conversely, let C
be an object of & and h : C' — A a morphism such that fogoh = 0. Then we have
a unique morphism h’ : C' — Ker f such that i o h’ = g o h, and this in turns defines a
unique morphism k : C — g~ !(Ker f) such that jok = h and ¢’ ok = h’. Applying this to
the inclusion Ker(f o g) — A, we see that this inclusion factors through ¢~!(Ker f) — A,
that is, Ker(f o g) C g~ '(Ker f).

. By (Db), it suffices to show that g(g~!(Ker f)). In fact, this is true for any subobject of

B, so let B C B. We want to show that the morphism ¢~!(B’) — B’ induced by g is
surjective. By definition of g~!(B’), we have a cartesian square

g '(B)—=B

|

C B

and then the conclusion follows from Corollary 11.2.1.16 of the notes.



(d). Let B' = Im(u) € B. The morphism u factors as D - B’ % B with v surjective and ¢
injective, and we take D' = g~!(B’) x g D. We have a commutative diagram where both
squares are cartesian

D—Y% . p
g '(B)—
b

C

.

~ O
<

B

and we take u’' = b o a. The morphism ¢’ is surjective by Corollary 11.2.1.16 of the notes,
and fogou = foiovog = fouog =0.

0

2 A random fact

(2 points)

Let &/ be an abelian category and f : B — A be a morphism of . Show that, for every
object C' of 7, the morphism Homg (Im(f),C) — Homgy(B,C) (induced by B — Im(f))
induces an isomorphism

Hom,, (Im(f), C) = Ker(Hom,, (B, C) — Hom, (Ker f,C)).

Solution. The statement is saying two things :

(1) The map Hom (Im(f),C) — Homg (B, C) is injective; this follows from the fact that
B — Im(f) is surjective.

(2) A morphism g : B — C factors through the quotient Im(f) of B if and only if g(Ker f) = 0,
or, in other words, the morphism B — Im(f) is the cokernel of the morphism Ker(f) — B.
This follows from the fact that Coim(f) = Im(f). (Remember that Coim(f) is by defini-
tion the cokernel of the morphism Ker(f) — B.)

0

3 More sheaves on an abelian category

We use the notation of problem 6 of problem set 3 : We fix an abelian category, and we denote
by Sh the category of sheaves of abelian groups on &/ for the canonical topology. It is a full
subcategory of the catgeory of presheaves PSh = Func(47°P, Ab). Both Sh and PSh are abelian
categories, and the forgetful functor Sh — PSh is left exact but not exact; this functor admits
a left adjoint F' — F*P which is exact.

(a). (2 points) Let f : A — B be a surjective morphism in 7. Show that, for every morphism



(b).

(c).

u : C' — B, there exists a commutative square

with f/: C" — C surjective.
(3 points) Show that the Yoneda embedding hy : & — Func(@/°P,Set),

A +— Homy (-, A), factors as o s Sh&Func(ngOp,Set) , where For is the for-

getful functor and h is a fully faithful left exact additive functor.
(2 points) Show that the functor h : &/ — Sh is exact.

Solution.

(a).

(b).

We take C' = A xg C and [’ : C' — C equal to the second projection. The surjectivity
of f follows from Corollary 11.2.1.16 of the notes.

For every A € Ob(&7), the functor Hom (-, A) : &/°P — Set factors through the forgetful
functor Ab — Set, so we can see Hom/ (-, A) as an object of PSh; also, if f: A — B
is a morphism, then f* : Hom,(-,B) — Homg(:, A) is a morphism of presheaves of
abelian groups (and not just of presheaves of sets), because composition is bilinear. So

the Yoneda embedding factors as .o M. pSh-for Func(«7°P, Set) , where For is the

forgetful functor. The functor h’ is additive and left exact because Hom, (-, -) is additive
and left exact in both variables (and in particular the second). Also, for every A € Ob(</),
the representable presheaf Hom, (-, A) is a sheaf for the canonical topology by problem
6(c) of problem set 3, so we get the factorization of the statement. Finally, the functor h
is left exact because the sheafification functor PSh — Sh is exact and isomorphic to the
identity functor on Sh, so any complex of sheaves 0 — Fy; — F5 — Fj that is exact in
PSh is also exact in Sh.

. By question (b) and Lemma I1.2.3.2 of the notes, it suffices to show that h sends sur-

jections to surjections. Let f : A — B be a surjective morphism, and let C' € Ob(«).
Let u : C — B be an element of hp(C). Choose a commutative diagram as in question
(a). Then f' : C'" — C is a covering family for the canonical topology of <7, and the
morphism v : ¢/ — A gives an element of h4(C") whose image by f*: ha(C’') — hp(C")
is fou' = f"(u). This shows that f*: hp — hga is surjective in the category Sh.

O

4 Other embedding theorems

If we weaken the assumptions in Morita’s theorem, we can still get interesting results. There
are many variants, we will prove two here.

Let o/ be an abelian category, @) an object of & and R = End.(Q). As explained in the
paragraph before Theorem I1.3.1.6 of the notes, we can see the functor Hom, (Q,-) as an
additive left exact functor from & to Modg.

Note that we are not assuming that @ is projective for now.



We assume that &/ admits all small colimits. From now on, we assume that «/ admits all
small colimits. (You can mostly ignore the smallness condition. It basically means that you can
take colimits indexed by all sets that are built out of sets like Hom,,/ (A, B). The rigorous way
to say it is that & is a # -category, with # a universe, and that it admits limits indexed by
# -small categories.)

(a). (3 points) Show that, for every right R-module M, the functor &/ — Set,
A +—— Homp(M,Hom, (Q, A)) is representable. We denote a pair representing this func-

tor by (M ®r Q,n(M)).
(b). (1 point) Show that the functor G = Hom(Q,-) : &/ — Modpr admits a left adjoint F.

(c). (2 points) If M is a free right R-module, show that n(M) : M — G(F(M)) is injective,
and that it is bijective if M is also finitely generated.

(d). Let &/’ C o be a full subcategory of & that is stable by taking finite limits and finite
colimits.

(i) (1 point) Show that <’ is an abelian category and that the inclusion functor &/’ — &/
is exact.

From now on, we assume that the category &7’ is small. Suppose that @ is a generator of
/. For every object A of &7, consider the surjective morphism ¢4 : @Homﬂ(Q’ A) Q— A
of Proposition I1.3.1.3(i)(e) of the notes. Let P = €D 4con(wr) Prom,, (,4) @; for every
A € Ob(&’), we have a surjective morphism p4 : P — A, which is given by g4 on the
summand of P indexed by A and by 0 on the other summands. Let S = End, (P), and
consider the functor G’ = Hom/(P,-) : &/ — Modg.

ii) (2 points ow that 1s faithtul, and that 1t 1s exact 1 1s projective.
(ii) (2 points) Show that G’ is faithful, and that it i if Q is projecti

111 points 1s projective, show that the restriction o to 1s fully raithiul.
iii) (3 poi IfQi jecti h hat th icti f G’ to &' is fully faithful

From now on, we also assume that small filtrant colimits are exact in &/ and that Q is a
generator of 7. E| We do not assume that @ is projective.

(e). The goal of this question is to show that G is fully faithful. Let % be the full sub-
category of & whose objects are finite direct sums of copies of P, and Z the full sub-
category of Modpr whose objects are finitely generated free R-modules. We denote by
h: o — PSh(%) the functor A —— Hom (-, A)¢, and by h' : Modr — PSh(Z) the
functor M +— Hompg(-, M)|4.

(i) (1 point) Show that G induces an equivalence of categories ¥ — Z.
(ii) (1 points) Show that ' : Modg — PSh(2) is fully faithful.

(iii) (1 points) Assuming that h : & — PSh(¥) is fully faithful, show that
G : o/ — Modp, is fully faithful.

(iv) (3 points) Show that h is left exact and faithful, and that, for any morphism f of <7,
if h(f) is surjective, then f is surjective.

(
(

(v) (2 points) For any object B of ¢, any morphism f: B — A in &/ and any object C
of &7, show that the map

Hom, (Im f, C) — Hompgy, ) (Im(h(B) — h(A)), h(C))

is an isomorphism. (Hint : problem 2.)

In other words, 7 is a Grothendieck abelian category.



Let A be an object of 7. Denote by %'/A the category of pairs (B, f), where B € Ob(%)
and f : B — A is a morphism of &; a morphism u : (B, f) — (B, f’) is a morphism
u: B — B’ such that f = f' ouw.

Let I be the set of finite subsets of Ob(%"/A), ordered by inclusion; the correspond-
ing category is clearly filtrant. Define a functor £ : I — % by sending a finite set
J ={(B1,f1),.--,(Bn, fn)} to B @ ... ® By; note that £(J) comes with a morphism
to A, given by (f1 fn)

(vi) (1 point) Show that the canonical morphism lim h(&(J)) — h(A) is an epimor-
phism.

(vii) (1 point) Show that the canonical morphism lim Im(h(§(J)) = h(A)) — h(A) is
an isomorphism.

(viii) (2 points) Show that the canonical morphism lim ¢ (J) — A is an epimorphism.

(ix) (1 point) Show that the canonical morphism limg Im(¢(J) - A) — A is an iso-
morphism.

(x) (2 points) For C another object of &, show that
Hom,/ (A, C) % Hompgy¢) (h(A), h(C)) is bijective.
(f). The goal of this question is to show that F' is exact.
(i) (2 points) Show that it suffices to prove that F' preserves injections.

Let f: M — N be a morphism in Modg.

(ii) (2 points) Suppose that M is finitely generated free and that N is free. Show that
the composition of n(Ker f) : Ker f — G(F(Ker f)) and of the canonical morphism
G(F(Ker f)) = Ker(G(F(f))) is an isomorphism.

Hint : Use the commutative diagram

M ! N
n(M)i ln(N)
G(F(M))Gm)G(F(N))

(iii) (3 points) Suppose that M is finitely generated, that N is free and that f is injective.
Show that F'(f) is injective. (Hint : question 1(c).)

(iv) (1 point) Suppose that N is free and that f is injective. Show that F'(f) is injective.
(Hint : M is the union of its finitely generated submodules.)

(v) (1 point) Suppose that f is injective. Show that we can find a commutative diagram
with exact rows :

0 K M’ M 0
b
0 K N’ N 0

such that f’ is injective and N’ is free.

(vi) (3 points) Suppose that f is injective. Applying F' to the diagram of (v) and using
1(a), show that F'(f) is injective.

In conclusion, here are our embedding results so far :



(1)

(2)

Solution.

If & admits small colimits and a projective generator, we have shown that every
small full abelian subcategory &’ of & such that &/’ C & is exact admits a fully
faithful exact functor into a category of modules over some ring.

If o/ is a Grothendieck abelian category (it admits small colimits, small filtrant
colimits are exact, and &/ has a generator), then we have shown that </ admits a
fully faithful left exact functor into a category of modules over a ring, with an exact
left adjoint. This is known as the Gabriel-Popescu embedding theorem.

We also have Morita’s theorem (Theorem II1.3.1.6 of the notes) : If &/ admits small
colimits and has a projective generator P such that the functor Hom g (P, -) commutes
with small direct sums, then &7 is equivalent to a category of modules over a ring.

(a). This is similar to what happens in the proof of Theorem II1.3.1.6 of the notes, with a
few changes to reflect the fact that n(M) is not an isomorphism anymore. We denote by

Dy
(1)

(2)

: &/ — Set the functor A — Hompg(M,Hom(Q, A)).

If M = R, then the functor ®5; : A — Homp(M,Homy(Q, A)) ~ Homy(Q, A) is
representable by @, and the morphism (M) € Hompg(R, Hom(Q, Q)) = Homg(R, R)
is the identity of R.

If M = R¥) with X a set, then we have isomorphisms of functors

@), = Homp(M,Hom(Q, ")) =~ HHOHIR(R7HOTH,Q/(Q7 1) ~ HHom,Q{(Q, )
X X

= Homﬂ(Q(X)a ‘)7

so the functor ®,; is representable by Q&) and the morphism
n(M) € Homp(R™) Hom,(Q,Q™X))) is the canonical morphism
RX) = Homy(Q,Q)™) — Homu(Q,Q™)) of Subsection 1.5.4.2 of the notes
(which might not be an isomrophism).

In general, we chose an exact sequence RX) % R(Y) — M — 0, with X and Y sets.

This induces morphisms of functors ®p; — ®pv) CNY rx), and the second of these
comes from a morphism f : Q) — Q(Y) between the objects representing ® R(X)
and ® vy such that the following diagram commutes :

(X)
(*) R M Hom,(Q, QM)

u iHomd(Qﬂf)

RO T Hom,, (Q.Q)
Let B = Cokerf. By Subsection 1.5.4.2 of the mnotes, there is a
canonical morphism M = Coker(G(f)) — G(Cokerf) = G(B)B, which
might not be an isomorphism. This induces a morphism of functors

Homy (B,:) - Hompg(G(B),G(-)) — Hompr(M,G(-)) = ®p. To show that this
morphism is an isomorphism, we use, as in the proof of Theorem I1.3.1.6 of the notes,



(b).

(d).

that we have a commutative diagram with exact columns for every A € Ob(&/) :

0 0

Ppr(A)

Hom (B, A)

‘I)R(Y) (A) $- Homggf (Q(Y), A)

u*(A) Hom g (f,A)

® pix) (A) —= Hom, (QX), A)

(The fact that the columns are exact only uses the left exact of the Hom functors.)
We get the morphism n(M) : M — Hom,(Q, B) by taking the morphism between
the cokernels of the vertical maps in the commutative square (*).

This follows from (a) and from Proposition 1.4.7 of the notes; in fact, we have
F(M) = M ®pr Q. Also, by the proof of that proposition, the morphisms
n(M) : M — Homy(Q,M ®r Q) = G(F(M)) define a morphism of functors
idMoa, — G o F', which is the unit of the adjunction.

. If M = RY) with X a set, we saw in the solution of (a) that M @x Q = QW)

and that n(M) : RY = Homy(Q,QW) is the canonical morphism
Hom,,(Q,Q)"™) — Hom,(Q,Q%)). If X is finite, this morphism is an isomorphism
because Hom,(Q, -), being an additive functor, commutes with finite coproducts. In gen-
eral, we claim that n(M) is injective. Let Q¥ = [[x Q; we have a family of morphisms
(qa : QW) — Q)zcx, such that the composition of g, with the morphism @ — QWX
corresponding to y € X isidg if y = x, and 0 if y # . This gives a commutative diagram

Hom,, (Q, Q)X M Hom,, (Q, QW)

o |

Homﬂ{(Q, Q)X — HOmﬂy(Q, QX)

where the map (1) is the inclusion of the direct sum into the direct product (in the category
of abelian groups), hence an injection. So n(M) is injective.

(i) The category &’ is clearly preadditive. It is additive, because finite products in <
of objects of &/’ are in &/’ by hypothesis, and they are finite products in &/’ by
the fullness of &/’. For the same reason, every morphism in ' has a kernel and
a cokernel, which are its kernel and its cokernel in <. If f is a morphism in &/,
then the canonical morphism from its coimage to its image in &/’ is the same asthe
canonical morphism from its image to its coimage in @7, so it is an isomorphism. This
shows that 7’ is an abelian. We have seen in the construction of finite products,
kernels and cokernels in &7/ that the inclusion functor from &7’ to &/ commutes with
these, so it commutes with finite limits and colimits, so it is exact.

(ii) By the universal property of the direct sum, the functor G’ is isomorphism to

[Lacon) Huom,, (@,4) Home (Q, ). As Q is a generator, the functor Homy(Q, )
is faithful; so G’ is also faithful.

If Q is projective, then, by Lemma I1.2.4.3 of the notes, P is also projective, and
then the functor Hom,, (P, -) is exact.



(iii) Let A and B be objects of «/’, and let u : G'(A) — G'(B) be a morphism of right
S-modules. We want to show that there exists g € Hom (A, B) such that G'(g) = u.
By construction of P, we have surjective morphisms p4 : P — A and pg : P — B.
As G’ is exact, we get a diagram with exact rows

S pa) Hom,, (P, A) 0
\

lv lu

\' /

5 %2 Hom,, (P, B) 0

As S is a projective in Modg, there exists a morphism v : S — S making the diagram.
This morphism is of the form g — fog, with f = v(1) € S = Hom (P, P). Consider
the diagram with exact rows :

00— Ker(psg) ——>P -2~ A 0

[
|
\i

To show that there exists a morphism g : A — B making this diagram commute,
it suffices to show that pgo foi = 0. As G’ is faithful, it suffices to show that
G'(pB) o G'(f) o G'(i) = 0; as G'(pB) o G'(f) = G'(pB) ou = vo G'(pa), we have
G'(pp) 0 G'(f) 0 G'(i) =vo G'(paci) = 0.

To finish the proof, it suffices to prove that G'(g) = w. We know that
G'(9) oG (pa) = G'(pp) ov =uoG'(pa), so the equality G'(g) = u follows from the
fact that G'(p4) is surjective.

(e). The idea of this seemingly strange procedure is that we are showing that teh subcategory &
(resp. ), that contains a generator, “generates” 7 (resp. Modg) in some precise sense
(this notion is called being strictly generating, see Definition 5.3.1 of Kashiwara-Schapira);
so the equivalence ¢ — 2 of (i) will extend to a fully faithful functor &/ — Modpg. The
proof of this fact is a specialization to our case of the proof of Theorem 5.3.6 of Kashiwara-
Schapira.

(i) If X is a finite set, then the canonical morphism
R™X) = Hom(Q,Q)™) — G(Q™)) = Hom (Q, QX)) is an isomorphism. Just as
in the second paragraph of the proof of Theorem I1.3.1.6 of the notes, we deduce that,
if X and Y are finite sets, then the map G : Hom,, (QX), Q")) — Homp(R™X), R(Y))
is bijective. (As Y is finite, we only use the fact that additive functors commute
with finite direct sums, and so we don’t need @) to have the extra property of that
theorem.)

We have just shown that the restriction of the functor G to % is fully faithful, and
that its essential image is . So G induces an equivalence of categories from € to
by Corollary 1.2.3.9 of the notes.

(ii) Let H : PSh(2) — Modp be the functor sending a presheaf .# to .#(R) (and a
morphism u : # — ¢ of preasheaves to u(R) : #(R) — 4(R)).

For every right R-module M, we have a canonical isomorphism
H(W(M)) = Hompg(R,M) = M, u — wu(1). This defines an isomorphism
of functors H o b/ = idMmody- Let M and N be right R-modules. Then we get a
sequence of morphisms of abelian groups

Hompg(M, N) LR HompSh(@)(h'(M), h'(N)) K2 Hompg(H (W' (M)), H(W'(N)) ~ Hompg(M, N),



(iii)

(vi)

whose composition is equal t0 idpom ,(ar,n)- S0 the first map is injective. Also, as the
functors Hom (-, M) and Hom,, (-, N) are additive, the presheaves h'(M) h'(N) com-
mute with finite direct sums, so they are determined by their sections on R; this shows
that the second map in the sequence above is also injective; as it is surjective, it must
be bijective, and this implies that i’ : Hompg(M, N) — Hompgpg)(h' (M), ' (N)) is

bijective.
We have a diagram of categories and functors

o — Y~ Modp

l |

PSh(¢) <2— PSh(2)

where @ is the equivalence of categories induced by the equivalence € — Z of (i).
This diagram is not necessarily commutative, but we have an isomorphism of functors
®ohoG ~h. We already know that ® and h’ are fully faithful, so, if h is fully
faithful, we can conclude that G is fully faithful.

The functor h is left exact because A — Hom/ (-, A) is.

Let f: A — B be a morphism in « such that h(f)

h(A)(Q) = Hom,(Q, A) 53 Hom,(Q, B) = h(B)(Q) is 0; in other words, we have
G(f) = 0. As G is faithful (by Proposition II1.3.1.3 of the notes, we get that f = 0.
So h is faithful.

Let f: A — B be a morphism in 7 such that h(f) is surjective. Let g1,92 : B — C
be two morphisms such that g; o f = g2 o f. Then h(g1) o h(f) = h(g2) o h(f), so
h(g1) = h(g2) by the surjectivity of h(f); as h is faithul, this implies that g; = go.
So f is an epimorphism.

= 0. Then the R-linear map

By problem 2 and the left exactness of h, we have isomorphisms
Hom,, (Im f,C) = Ker(Hom,, (B, C) — Hom, (Ker f,C))
and

Hompgy () (Im(h(B) — h(A)), h(C))
= Ker(Hompgy () (h(B), h(C)) — Hompgp () (Ker(h(f)), h(C)))
= Ker(HomPSh(%)(h(B)v h(C)) — HomPSh(%)(h(Ker(f))a h(C))).

By these isormophisms, the map that we are trying to understand corresponds to
the map

u : Ker(Hom,/ (B, C) — Hom (Ker f,C))
— Ker(Hompgy, ) (h(B), h(C)) — Hompgy ) (h(Ker(f)), h(C)))

induced by h. As h : Hom (B,C) — Hompgyg)(h(B),h(C)) is an isomorphism
(by Yoneda’s lemma, applied to the representable presheaf h(B) on %) and the map
Hom,, (Ker f,C) — Hompgyg)(h(Ker f), h(C)) is injective (because h is faithful),
the map u is bijective.

Let € be an object of 4. Then applying the morphism lim , _, h(&(J)) — h(A) to C
gives the map

liﬂHomﬂ(C,ﬁ(J)) — Hom, (C, A).

Jel
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(vii)

(viii)

(ix)
(x)

(i)

(i)

(iii)

Saying that this is surjective means that every morphism f : C — A factors as
C — &(J) — Afor J € I, which is true : just take J = {(C, f)} and C' — £(J) equal
to idg. So lim h(&(J))(C) — h(A)(C) is surjective for every C' € Ob(%), which
implies that lim h(&(J)) — h(A) is an epimorphism.

As I is filtrant, we have Im(lim , _ h(£(J)) — h(A)) = lim ,_ Im(h(£(J)) — h(A)).
So the result follows immediately from (vi).

Note that lim h(&(T)) — h(A) factors as
lim h(&(J)) — h(hﬂJejf(J)) — h(A), where the first morphism is that of
Subsection 1.5.4.2 of the notes and the second is the image by h of the canonical
morphism hﬂ Je If (J) — A. By (vi), the second morphism is an epimorphism, so,
by (iv), the morphism ligl‘]el ¢(J) — A is an epimorphism.

As in (vii), this follows immediately from (viii) and from the fact that I is filtrant.

The map h : Hom (A, C) — Hompgy ) (h(A), h(C)) is equal to the composition

Hom,y (4, C) = Homy (lig Im(¢(J) — A), C) by (ix)
~ Jyglrsp Ho‘r]ri;(lm(&f) — 4),0)
= Tgl Hompgp«) (Im(A(£(J)) = h(A)), h(C)) by (v)
~ Iﬁn};sm) (lim Im(A(£(J)) — h(A)), h(C))
~ HompSh(cg)(zzlél), h(C)) by (vii).

We already know that F'is right exact, because it is a left adjoint (Proposition 11.2.3.3
of the notes.) So the statement follows from Lemma I1.2.3.2 of the notes.

We have a commutative diagram with exact rows :

0 Ker f M N
n(Ker f)l
G(F(Ker f)) n(M) n(N)

|

0— Ker(G(F(f))) — G(F(M)) = GF(N))

where the unmarked vertical one is the canonical morphism. So the result follows
from a diagram chase in Modg.

As M is finitely generated, there exists a surjective R-linear map g : M’ — M,
with M’ free of finite type. As F is right exact, the morphism F'(g) is also
surjective.  So, by question 1(c), we have Ker(F(f)) = F(g)(Ker(F(f o g))).
Hence, to prove that Ker(F(f)) = 0, it suffices to show that the composition

Ker(F(fog)) — F(M') 19 F(M) is 0. As G is conservative, it suffices to prove
this after applying G, and as G is left exact, it suffices to prove that the composi-

tion Ker(G(F(f o ¢))) — GF(M')) "I G(F(M)) is 0. We have a commutative

11



(vi)

diagram

Ker(G(F ——GF(M") —G
We know that g o u = 0 because 0 = Ker f = g(Ker(f o g)) by question 1(c),
so n(M)ogou = 0. As the morphism (1) is surjective by (ii), this implies that
G(F(g)) ov =0, as desired.

Let I be the set of all the finitely generated submodules of M for ¢ € I, we denote
the corresponding submodule by M;. Then [ is filtrant, and M = ligie I M;. As F
is a left adjoint, the canonical morphism lim, _, F(M;) — F(M) is an isomorphism
by Proposition 1.5.4.3 of the notes, and F(f) corresponds to ligniel F(fia,) by this
isomorphism. For each i € I, the morphism F'(f|,) is injective by (iii). As filtrant
colimits are exact in Modpg by Corollary 11.2.3.4 of the notes, this implies that F'(f)
is also injective.

Let g : N’ — N be a surjective R-linear map with N’ free, let M’ = N’ x y M and let
f':M' — M and g’ : N’ — N be the two projections. The morphism ¢’ is surjective
by Corollary I1.2.1.16 of the notes. As f is injective, so is f’ (it is true and easy to
prove that in any abelian category the pullback of an injective morphism is injective,
but in the category of R-modules it is immediate). Let i : K = Kerg — N’ and
i’ : Ker(¢g') — M’ be the canonical injections. We have a commutative diagram with

exact rows
!

0 —— Ker(g') Ny Yy 0
!
ul f’i fl
Y
0 K , N’ N 0
% 9

As go f'oi' = fogoi' =0, there exists a unique morphism u : Ker(¢') — K such
that i ou = f' o¢. We want to show that u is an isomorphism. As f’ is injective,
the map f’ o7’ is injective, hence u is also injective. To prove that u is surjective,
we can do a bit of diagram chasing : Let x € K. Then g(i(z)) = 0 = f(0), so
y = (i(x),0) € N’ x M is actually in M’, and we have f'(y) =i(x) and ¢'(y) = 0. In
particular, there exists z € Ker(g') such that y = #/(2). As i(u(2)) = f'(i'(2)) = i(x)
and 17 is injective, we get that z = u(z).

Applying F' to the diagram of (v) gives a commutative diagram with exact rows

F(K)——> F(M") F(M) 0
F(f’)l (+) F(f)i
F(K) —= F(N') F(N) 0

By (iv), the map F(f’) is injective. Also, as F is a left adjoint, it commutes
with colimits, so the square (*) is cocartesian. By question 1(a), the morphism
F(M') — F(N') xpvy F(M) is surjective. As F(f) is injective, this morphism is
also injective, so it is an isomorphism; in other words, the square (*) is cartesian. By
Corollary 11.2.1.16 of the notes, the morphism F'(f) is injective.

i
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