MAT 449 : Problem Set 8

Due Sunday, November 18

Let (X, u) be a measure space. and let E be a closed linear subspace of L% (X) containing
the constant functions and closed under the map ¢ — ®. A mean on E is a linear functional
M : E — C such that :

(i) M(1x) =1;
(i) if f > 0 (locally) almost everywhere, then M (f) > 0.

If X = @ is a locally compact group, we say that a mean M on E is G-invariant if for every
f € FE and every z € G, we have L, f € E and M (L, f) = M(f).

The group G is called amenable is there exists a G-invariant mean on L™ (G).

Let V be a locally convex topological vector space (see definition B.3.5 of the notes), let K
be a convex subset of V. We say that a map f: K — K is affine if, for all v,w € K and every
t € [0, 1], we have f(tv+ (1 —t)w) =tf(v) + (1 —t)f(w). Let G x K — K, (x,v) — x-v be a
continuous left action of G on X. We say that this action is an affine action if, for every x € G,
the map K — K, v+ x - v is affine.

We say that the group G has the fixed point property if every affine action of G on a nonempty
compact convex subset of a locally convex topological vector space has a fixed point.

Note : The Hahn-Banach theorem is your friend in this problem set. Also the fact that, if V'
is a topological vector space, then any weak® continuous linear functional on Hom(V,C) is of
the form A — A(v), for some v € V. (See theorem 3.10 of Rudin’s Functional analysis.)

1. (Some basic properties.)

a) (2) If (X, p) is a measure space and F is a subspace of L°°(X) containing the constant
functions, show that any mean M on F is automatically continuous (for the topology
given by the norm ||.||) and that || M|, = 1.

We now suppose that G is a locally compact group.

b) (1) If G is compact, show that left invariant means on C(G) are in natural bijection
with normalized Haar measures on G.

¢) (3) Let L'(G)1,+ be the convex subset of f € L'(G) such that f > 0 almost every-
where and [|f|j; = 1. We identify L'(G) to a subspace of the continuous dual of
L>(G) in the usual way (i.e. a function f € L'(G) corresponds to the continuous
linear functional ¢ — [ feodu on L®(G)). Show that Lj ,(G) is weak* dense in
the set of means on L>(G).

d) (2) Let UCB(G) be the subspace of L>°(G) composed of the left uniformly continuous
bounded functions on G. For every z € G, we write 6, for the linear functional
C(G) — C, f — f(x). Show that the set of convex combinations of functionals d,
(that is, the set of sums )" | a;dg,, with 1,...,2, € G and a1, ..., ay, € [0,1] such
that a; + ...+ ap = 1) is weak™ dense in the set of means on UCB(G).



Solution.

2)

Let M be a mean on E. Let ¢ € E, and suppose that ¢(z) € R for almost every x.
We have ||¢|loc1x € E, because it is a multiple of the constant function 1y, and the
functions ||¢|leclx — ¢ and ||¢|/sclx + ¢ are > 0 almost everywhere, so their image
by M is > 0, that is, M(¢) € R and

—llelloo < M(p) < [[¢]loo

ie. |M(0)] < 1|¢]loo-

Now let ¢ be any element of E. Choose ¢ € C such that |¢] = 1 and M(cp) € R.
Let 1 = %(ccp + ¢cp) and @y = %(cg@ — ¢p). Then 1,y have real values and
cp = @1 + 2. We have

)| = Ver(2)? + p2(2)? 2 max(|p1(2)], lp2(2)))

for every z € X, s0 ||¢]lcc > max(||¢1]loc, [|¥2]loc). On the other hand, M(cy) =
M (p1) +iM(p2) and M (1), M(p2) € R, so M(p2) =0, and

(M ()| = [M(cp)| = [M(p1)] < lloilloo < [#loo-

This shows that M is continuous and that | M|, < 1. As M(1x) =1 = ||1x|~,
we have || M||op = 1.

This is just the Riesz representation theorem and proposition 1.2.6 of the notes.

Let M be the set of means on L>(G). It is clearly a convex subset of Hom(L*(G), C).
By question (a), the set M is contained in the closed unit ball of Hom(L*°(G), C).

Also, as the conditions characterizing a mean are all closed for the weak* topology,
the set M is weak™ closed in Hom(L>®(G),C). So M is weak™® compact.

By definition of L'(G); 4, for every f € L'(G); +, the corresponding linear form on
L>®(G) is an element of M. Note also that L'(G)1 4 is a convex subset of L(G),
so its image in Hom(L*(G), C) is also convex. Let M’ be the weak* closure of this
image. We have M’ C M, so M’ is convex and weak* compact. Suppose that
M’ # M. Then, by the Hahn-Banach theorem (second geometric form), there exists
M € M and a weak* continuous R-linear operator A : Hom(L*(G),C) — R such
that A(M) > supypepp A(M'). Note that the linear operator A’ : M' — A(M) +
2A(iM’) is weak* continuous and C-linear, so there exists ¢ € L>(G) such that
N (M) = M'(p) for every M' € Hom(L>*(G),C), which gives A(M’) = Re(M'(p)).
Then we have

ReM(p) >  sup <Re/Gf<,0dp) :

FELY(G)1,+
Write ¢ = @1 + ip2, with ;1 = Rey and ¢ = Im . Then

M(p1) > sup / ferdp
fELY(G)1,+

(because M (1), M (p2) € R by the solution of question (a)). Let
¢ = inf{d € R|¢1 < dl locally almost everywhere}.

If o1 < dlg locally almost everywhere, then M (1) < M(dlg) =d. So M(¢1) < c.
Let 6 > 0 such that M(p1) — 4§ > SUPfer1 (@), fG fe1dp. By definition of ¢, there
exists a measurable subset A of G such that pu(A) > 0 and ¢4 > (¢ + §)1a.
Let f = u(A)"'14. Then f € L' (G)1+ and [o1fdu > c+6 > M(p1) + 0, a
contradiction.



d) Let M be the set of means on UCB(G). We see as in the solution of (c¢) that M
is a convex and weak* compact subset of Hom(UCB(G),C). Let M’ be the weak*
closure of the convex hull of the d,, z € G; then M’ C M because each ¢, is in M. If
M’ #£ M, then, by the Hahn-Banach theorem (second geometric version), there exists
an element M of M and a continuous R-linear functional A : Hom(UCB(G),C) — R
such that

A(M) > sup A(M').
M'eM
As in the solution of (c), we see that we can find a function ¢ € UCB(G) having
real values and such that A(M') = M'(p) for every M’ € M. So we have

M(p) > sup M’'(p) > supd.(p) = sup p(z).
M'eM’ zeG zeG

Let 6 > 0 be such that M () — 3§ > sup,cq p(x). Then ¢ < (M(p) — )1, and so
M(p) < M(p) — §, a contradiction.

O

2. Let G be an amenable locally compact group. The goal of this problem is to prove that
G has the fixed point property.

So let V' be a locally convex topological vector space, let K be a nonempty compact convex
subset of V', and let G x K — K, (z,v) — z - v be a continuous affine action.

a) (1) Show that there exists a left invariant mean on UCB(G).

b) (3) Fix a point vg € K and define t : G — K by t(z) = z - vg. If M is a mean on
UCB(G), show that there exists a unique regular Borel measure p5; on K such that,
for every f € C(K), we have

/ fdune = M(f ot).
K

) (2) Show that the integral bys = [, vdpps(v) exists and that by € K.

(
) (1) Let M be the set of all means on UCB(G), equipped with the weak™ topology
(where the topology on UCB(G) is given by ||.||s). Show that, for every continuous
linear functional A : V' — C, the map M — K, M — A(bys) is continuous.

c
d
e) (1) If M = 6, for some z € G, calculate byy.

f) (3) Show that, for every M € M and every z € G, we have byjor,_, =2 - by
g) (1) Show that the action of G on K has a fixed point.

Solution.
a) Just take the restriction of a left invariant mean on L*°(G).

b) We first show that fot € UCB(G) for every f € C(K), and that the linear operator
C(K) - UCB(G), f + fotis continuous. So let f € C(K). Note that the function
t: G — K is continuous by assumption, so f ot is continuous. Also, we clearly have
|f otlloo < ||flloo- It remains to show that f ot is left uniformly continuous. We
denote by a : G x K — K the action map. Let € > 0. For every v € K, there
exists an open neighborhood ) of a~!(v) such that |f(z - w) — f(v)| < & for every
(z,w) € Q; as (1,v) € a~(v), we may assume that Q = U, x V,,, with U, an open
neighborhood of 1 in G and V,, an open neighborhood of v in K. As K is compact,



we can find vq,...,v, € K such that K = J;"; V,,. Let U = (., Uy,. Let x € U
and v € K. Then there exists i € {1,...,n} such that v € V,,,, and we have

[f(@-v) = )] < [f(z-v) = floi) |+ [f (i) = F(1-0)] <2

So, for every x € U and every y € (G, we have

|fot(zy) — fot(y)l=[f(z-t(y)) — f(t(y))] < 2e.

This shows that f ot is uniformly continuous.

Let M be a mean on UCB(G). Composing M with the continuous linear operator
C(K) - UCB(G), f+ fot, we get a mean on C(K). By the Riesz representation
theorem, there is a unique regular Borel measure pps on K such that M(f ot) =

Jr fdpns for every f e C(K).

c¢) Note that u(K) = [, ldug = M(1g) = 1. The function idg is a continuous function
with compact on K, so, by problem 2 of problem set 4, its integral by; = |, K vdpnr

with respect to ups exists, and pu(K )fle = bys is in closure of the convex hull of
K,ie. in K.

d) By definition of the integral, for every A € Hom(V,C) and every mean M on
UCB(G), we have

Albar) = / Aw)dpas = M(A o).
G
This is continuous in M for the weak* topology by the very definition of the weak*
topology.
e) Let z € G, and let M = §,. Then, for every f € C'f(K), we have

/ fdpng = M(fot) = f(x - vp).
K

Taking f = idg, we get
bM:/ vduy = x - vg.
K

f) Let M be the set of means on UCB(G). Fix M € M. Let z € G, and let A €
Hom(V,C). The map L, -1 sends UCB(G) to itself, so M o L,-1 makes sense. For
every M € M, using the fact that the map K — K, x — =z - v is continuous and
affine, we get

Alx-bpy) = A </ x - vduM> = / Az -v)dppry = M(A(z - t))
K K
— M(L,1(Aot))
= A(bMoLz,l )
As continuous linear functionals separate points (by the Hahn-Banach theorem), this
implies that x - by = bMoszl.

g) Let M be an invariant mean on UCB(G) (this exists by question (a)). Then, by
question (f), the point by; € K is a fixed point for the action of G.

O

3. (extra credit) Let G be a locally compact group, and let dz be a left Haar measure on G.
Let f € LY(G) and ¢ € L*>(Q).



a) (2) Show that f * ¢ exists and is left uniformly continuous and bounded.

b) (2) If ¢ € UCB(G), show that the integral [, f(y)Lypdy exists and is equal to f*p.

Solution.

a) Let € G. Then the integral defining f * ¢(x) is

/f oy L) du(y),

which converges because |f(y)e(y12)| < ||¢lloolf(y)| for every y € G. This also
shows that

[f o) < llellooll £llx
for every x € G, so f * ¢ is bounded and

1 * lloo < llpllooll.fll1,

Now we show that f * ¢ is left uniformly continuous. Let x € G. By proposition
1.4.1.3 of the notes, we have L, (f * ¢) = (L f) * ¢, so

[La(f * @) = [ @lloo = |(Laf = f) * plloc < [|Laf — fll1llolloo-

By proposition 1.3.1.13 of the notes, this tends to 0 as x tends to 1 in G, which
exactly means that f * ¢ is left uniformly continuous.

b) Suppose that ¢ € UCB(G). Then the map G — UC’B(G), y — Ly is continuous
(see remark 1.1.13 of the notes), so the integral fG y)Lypdu(y) exists in UCB(G)
by problem 3 of problem set 4. Let h = [, f ) <,0d,u( ).

For every g € L'(G), the map v fG gwdu is a continuous linear functional on
UCB(G). So, by definition of the integral, we have

/ ghdyt = / W) f () () dpa () dpy) = / o(f * 9)dp
G GxG G

As the linear functionals defined by the elements of L' (G) separate points on L*>(G),
this implies that h = f * .

O

4. Let G be a locally compact group, and suppose that G has the fixed point property. The
goal of this problem is to show that G is amenable. (You will need problem 3, so at least
read it.)

a) (3) Let M be the set of all means on UCB(G). Show that this is a nonempty weak*
compact convex subset of the continuous dual of UCB(G), and that the action of
G on M given by = - M(f) = M(L,-1f) forx € G, M € M and f € UCB(G), is
continuous and affine. (For the weak™ topology on M.)

b) (1) Show that there exists a left invariant mean m on UCB(G). !
¢) (1) Show that, if f € LY(G)1 4+ and ¢ € UCB(G), then m(f * ¢) = m(y).
d) (2) Show that, if £, f/ € L'(G)1 .+ and ¢ € L®(G), then m(f * p) = m(f' * ¢).

'If G is a general topological group, it is called amenable if such a mean exists. One of the things we prove in
this problem is that, for G locally compact, this is equivalent to the other definition.



)

(2) Let fo € LY(G)14+. Show that the formula ¢ — m(fy * ) defines a mean m
on L>®(G), and that we have m(f * ¢) = m(p) for every f € L(G); 4 and every
p € L™(G).

Let £ = HfELl(G)1,+ L'(G). We consider two topologies on E :

- The product of the weak* topology on L'(G) (that we get by seeing L!'(G) as a

subspace of the continuous dual of L*°(G)). We will call this the weak topology on
E.

The product of the topology on L'(G) defined by the norm ||.|[;. We will call this
the strong topology on E.

f) (2) Let
S={(f*9—9)rerr @+ 9€L(G)1 4} CE.
Show that the closure of ¥ in the weak topology contains 0.

g) (3) Show that the closure of ¥ in the strong topology contains 0. (Hint : Any
strongly continuous linear functional A on E can be written as A((g7)fer1(q), ) =
ZfeLl(G)1,+ Jo 9r@pdu, with the o in L*(G) and ¢y = 0 for all but a finite number
of f.)

h) (2) Let Q@ 3 1 be a compact subset of G, ¢ > 0 and f € L'(G); 4. Show that there
exists g € L*(G)1,+ such that

sup [[(Lef) * g — glh <e.
z€EQ

i) (1) Find a function h € L'(G); 4 such that

sup || Lyh — b1 < 2e.
z€Q

j) (2) Show that there exists a left invariant mean on L*°(G). (If you are uncomfortable
with nets, you may assume that G is o-compact, i.e. a countable union of compact
subsets.)

Solution.

a)

We already saw that M is a weak® compact convex subset of Hom(UCB(G),C) in
the solution of 1(d), and M is not empty because it contains all the linear functionals
0z, ¢ € G.

If x € G, the morphism A — Ao L, -1 from Hom(UCB(G),C) to itself is linear, and
it clearly preserves M, so its restriction to M is affine.

It remains to show that the map G x M — M, (z, M) — M o L -1 is continuous.
As we are using the weak™* topology on M, this means that, for every ¢ € UCB(G),
the map G x M — C, (x, M) — M(L,-1) is continuous. Fix ¢ € UCB(G), and
let € > 0. As ¢ is left uniformly continuous, there exists an open neighborhood U of
1 in G such that, for every y € U, we have ||L,-1¢ — ¢||cc < . Note that, for every
y € U and every z € GG, we have

HL:E*ly*lSO - LI*NPHOO = HLy*WD - SOHOO <E&.

Let (z,M) € Gx M. Let V. = {M" € M||M(L,-1¢) — M'(L,—1¢)| < e}. This is
weak™® neighborhood of M, so Uz x V is a neighborhood of (z, M) in G x M. If



y €U and M’ € V, we have

|M(L:r:—190) - M/(L(yx)—W)\ < |M(Lx—1¢) - M,(Lx—“p” + |M/(L:L‘—1§0) - M/(Lx—ly—lspﬂ

<e+ M ||opll L1 — Ly-1-19]|00
< 2¢

(using 1(a) to see that || M'||,p = 1). This shows the desired result.

A left invariant mean on UCB(G) is exactly a fixed point of the action of G on M
defined by x - M = M o L,-1. So the existence of such a mean follows from (a) and
from the fact that G has the fixed point property.

By problem 3, we have f * ¢ = [ f(y)Lypdy. By problem 1, the linear functional
m on UCB(G) is continuous. Applying the definition of the integral and the left
invariance of m, we get

ww*@:LﬂwM%@@zéﬂwmwwzmw[ngmw»

Let (¥y)uey be an approximate identity on G. Note that vy € LY(G)1 4 for every
U€U. Let p € L®(G) and f, f' € LY(G)1.+. By question 3(a), we have ¢y x ¢ €
UCB(G) for every U € U, so, by question (c), we get

m(f =y * ) = m(Yy * ) = m(f * Yy * ).

Also, by proposition 1.4.1.9 of the notes, we have limy_, (1) fx¢y = f and limy_, (1) f'*
Yy = f'. Taking the limit as U — {1} in the equality above (forgetting the mid-
dle term) and using the fact that the convolution product from L'(G) x L>®(G) to
UCB(G) is continuous in both variables (by the solution of 3(a)) and that m is
continuous, we get that m(f * ¢) = m(f’ * ¢).

The map m is well-defined by 3(a), and it is clearly C-linear. If ¢ = 1, then, for
every = € G,

hw@zéh@@@=L

so m(p) = m(lg) = 1. If ¢ > 0 locally almost everywhere, then fy * ¢ > 0 almost
everywhere, so m(y) > 0. This shows that m is a mean on L>*(G).

Let f € LY(G)1+ and p € L*°(G). Then
m(fx @) =m(f*foxp) and m(p) =m(fo*ep).

By (d), to show that these are equal, it suffices to show that f * fo € L1(G)1 . We
already know that f * fo € L'(G) by proposition 1.4.1.2 of the notes, and the fact
that f * fo > 0 almost everywhere is clear from the formula defining f * fo. Finally,
we have

[ folx)de = FW)foly ' w)dzdy = | f(y) | [ foly 'w)dz | dy
G GxG G G
= /Gf(y)dy =1

A piece of useful notation : for every f € L'(G), we will denote by My the linear
functional ¢ — [ fedp on L®(G).



We want to show the following statement : For every n > 1, for all fi,...,f, €
LY (G)1 4, if Uy,. .., U, are weak* neighborhoods of 0 in Hom(L>(G), C), then there
exists g € L'(G)1,4 such that My,., — My is in U; for i € {1,...,n}.

If f € LY(G)1,4, themap ¢f: A — A(f +(.)) from Hom(L*>®(G),C) to itself is weak*

continuous (because ¢ — f*¢ is continuous on L>°(G) by 3(a)). Moreover, if A = M,
with g € L'(G), then, for every ¢ € L>(G), we have

(epA)(p) = /G o) (7' * 0)(y)dy
— /G WAE) @ pla ) dady
— [ A@) Y glen)p(2)dudz

GxG

= / (f *g)pdu  (see proposition 1.4.1.3 of the notes),
G

where f' € LY(G) is defined by f'(z) = A(z)~'f(z™!). In other words, cp My =
My,

Fix n, f1,...,fs and Uy,...,U, as above. Then U := U; N...NU, is a weak™®
neighborhood of 0 in Hom(L*°(G),C). Choose another weak™ neighborhood V of 0
such that V= -V and V+V CU.

Then m + V is a weak™ neighborhood of m, so, by 1(c) and the previous paragraph,
there exists g € Ll(G)LJr such that My, —m and all the My,., — cfi/ﬁz, 1<¢<n,are
in V. Note that Cfi/ﬁ”L =m by (e), so, for 1 <i <n, we have

Mfi*g—Mg:(Mfi*g—ﬁ”b)—l—(ﬁ”b—Mg) eV -V cU,.

Note that ¥ is a convex subset of E. Let 3 be the closure of ¥ for the strong topology.
If 0 ¢ ¥, then, by the Hahn-Banach theorem (second geometric version), there
exists a strongly continuous R-linear functional A’ : E — R such that 0 = A’(0) >
sup,ex; A'(z). As in the solution of 1(c) and 1(d), we can write A" = Re A, for A :
E — C astrongly continuous C-linear functional (defined by A(z) = A’(z)+ 1A/ (iz)).

Now an important remark is that, as we are using the product topology on FE, the
direct sum D rer1(ay, LY(G) is dense in E.

For every fo € L'(G)1 4, consider the linear functional Ay, : L*(G) — C that is the
composition of A and of the inclusion of the factor indexed by fo in ]| FELNG)1n LYG) =
E. This is a continuous linear functional on L!(G), so there exists a unique ¢ fo €
L>(G) such that Ay, is integration against ¢y, .

Now consider an increasing family (X, ),>0 of subsets of L' (G) 4+ such that L (G); 4+ =

U0 Xn. For every x = (g97)ser1(q), . € E, the sequence ((gy)rex, )n>0 converges
to x in the strong topology, so

A(z) = lim A((g9f)fex,) = lim Z /QfSOfdﬂ_ > /gf@fdu

n—-+o0o n—-+o0o
FELY(G)1,+

As the sum converges for any (gf) € E, we must have ¢y = 0 for all but a finite
number of f € L*(G)1 4.

But then, if we consider any real number ¢ such that 0 > ¢ > sup,cy Re(A(x)), the
set {x € E|Re(A(x)) < ¢} is weakly closed in F, hence contains the weak closure of
¥, hence contains 0 by (f), contradiction.



h)

For every x € @), let U, be a neighborhood of z in G such that, for y € U,, we
have ||Lyf — L. f|l1 < e/2. (See proposition 1.3.1.13 of the notes.) As @ is compact,
we can find z1,...,2, € Q such that @ C |J;_; Uy, By question (f), there exists
g € L'(G)1 + such that, for every i € {1,...,n}, we have ||(Ly, f) * g — gl <&/2.

Let’s show that this g works. Let € Q). Then there exists i € {1,...,n} such that
z € Uy,, and we have

[(Laf) % g —glli < [(Laf) * g — (La, f) * gllt + [[(La, f) * g — glla
S NLaf = La, fllallgll + [[(La, £) * g = glha
<e.

(The second equality uses proposition 1.4.1.2 of the notes.)

Let h = fxg. We have h € LY(G)1 4 (see the solution of question (e)), and, as 1 € @,
for every z € @,

|Loh = hlly < [ Zsh — gl + llg = blls < |(Laf) * g — glls + [ (Z1) * g — glls < 2.

Suppose that G'is o-compact, and write G =C,,>0, where each @), is a compact subset
of G containing 1. For every n € Zx>q, we can find by (h) a function h,, € L'(G); +
such that sup,cq, [[Lahn — halli < 27" The sequence (Mp, )n>o of elements of the
weak* compact subset of means on L*°(G) (we have seen in 1(c) that this set is weak™*
compact) has a convergent subsequence, so we may assume that it is convergent. Let
M = lim,>9 M}, . We show that M is left invariant. Let 2 € G. Then e qQ, for

n >> 0, so, for every ¢ € L*(G),

M(Lyp) = lim Mhn(Lz‘P)

n—-+oo

= lim [ hy(y)e(z"'y)dy

n—-+o0o el

= lim [ hp(zy)e(y)dy

n——+00 G

= lim L,—1hyedpy,

n—+00

and

|M(Lyp) — M(¢)] = lim

n——+o00

[ (et o)
G

< lm [|Ly-1hn = a1 ]l@]lo

n—-+o0o

=0,

that is, M (Lyp) = M (p).

Assume that G is not o-compact. Then we write G = UQeQ { Q, where @ is a family
of compact subsets of G such that, if Q1,Q2 € Q, then Q1 UQ2 € Q. That is, Q is a
directed set for the order relation given by inclusion. For every @ € Q, we can find
by (i) a function hqg € L'(G)1,4 such that sup,cq || Lahg — holli < (1+p(Q)) 71 If
G is not compact, then u(G) = +o0, so limgeg(1+ u(Q))~! = 0. Let M be a weak*
limit point of (Mj,)geo, which exists because the set of means on L*°(G) is weak*
compact. Then we see exactly as above that M is left invariant.

O



5. Let G be a locally compact group. Remember problem 6 of problem set 7.

2)

(3) If G is amenable, show that the trivial representation is weakly contained in the
left regular representation of G. (Hint : For all a,b € R, we have |[a—b|? < |a®—b%|.)

b) (3) If the trivial representation is weakly contained in the left regular representation
of G, show that G is amenable. (Hint : For all a,b € C, prove that ||a|> — |b]?| <
la + b||a — b].)
Solution.

a)

Let’s first prove the inequality in the hint. Let a,b € R>g. We may assume that
a > b. Then

la —b)* = (a — b)? = a® +b* — 2ab < a® +b* — 2b* = a® — V* = |a® — .

Suppose that G is amenable. Let K be a compact subset of G and let ¢ > 0. By 4(i),
there exists h € L'(G)1,+ such that sup,c g || Loh — b1 < ¢®. Let f = vh. Then, by
the inequality above, for every x € K, we have

ILof — fI3 = /G Faly) — f()Pdy

< /G Ih(z~1y) — h(y)|dy
— ||Zoh — Ay
< 2,

o |Laf — fll2 < c.

By 6(d) of problem set 7, this implies that the trivial representation of G is weakly
contained in the regular representation.

We check that the result of 4(i) holds, i.e. that, for every compact subset @ of G and
every € > 0, there exists h € L'(G)1 4 such that sup,cq [[Loh — hy < e. Indeed, we
have seen in 4(j) that this implies the existence of a left invariant mean on L>(G).

Let @ be a compact subset of G and € > 0. By 6(c) of problem set 7, there exists
f € L*(G) such that |fll2 = 1 and sup,cq [Lof — fll2 < €/2. Let h = |f%
Then ||h|l; = ||flI3 = 1, so h € L'(G)1+. Note that, for all a,b € C, we have
la? — b?| > ||a|? — |b|?| by the triangle inequality, so

la+ b2l — b2 = (a® — 1)(@® — B%) = [a® — 122 > [jal? — b2,
Now, if x € @), we get
|Loh — By = /G Laf ()] — |f () Pldy

< / (Lot (W) + F@))ILaf () — F(u)ldy
G

<||Lof = fll2llLs + fll2 (Cauchy-Schwarz)
<e

(because | Lof + fll2 < |Zofll2 + 1 f]l2 = 2/ 7]l = 2).
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6. Let G be an abelian locally compact group. The goal of this problem is to show that G
has the fixed point property (hence is amenable).

Let V be a locally convex topological vector space, K be a nonempty compact convex
subset of V and G x K — K, (x,v) — x - v be an affine action of G on K.

For every n € Z>o and every x € G, we define a continuous affine map A,(z) : K — K
by

Ane)(0) = - i St
i=0

Let G be the semigroup of continuous affine maps K — K generated by all the A, (x),
for n > 0 and « € G. (That is, the semigroup whose elements are finite compositions of
morphisms A, (x), where the semigroup operation is the composition of maps K — K.)

a) (2) Let v € (), ¢gv(K). Show that v is a fixed point of the action of G. (Hint : For
every continuous linear functional A on V' and every x € G, show that A(v) = A(z-v).)

b) (2) For all v1,...,7, € G, show that (), v(K) # .

c¢) (1) Show that G has a fixed point in K.

Solution.

a) Let z € G. Let A be a continuous linear functional on V. As K is compact,
C :=sup,ex |A(w)| < +oo. If n > 0, we have z € A, (x)(K), so there exists w € K
such that v = A, (x)(w). As the action of G is affine, this implies that

n

1 i+1
Jj’l):n—i_lgx s w,

SOV—T-v= n%rl(w—x”Jrl -w), so |A(v —x~v)|n2—fl. As this is true for every n > 0,

we have |A(v) — A(z - v)|, i.e. A(v) = A(z-v). As continuous linear functional on V
separate points, we finally get z - v = v.

b) Note that, if x,y € G and n, m € Z>, then, for every v € K,

An(@) © An(m)(®) = —— 50" Ap(y)(v)
=1

n—+14

1 nom . ;
~ G 2 2 W)

i=0 j=0

1

T A 1) Z Z Z/j : (l"z -v) (because G is commutative)
(n+1)(m+1) = <

= Am(y) o Ap(z)(v).

This implies that the semigroup G is commutative.

Now let v1,...,7 € G. Then, for every ¢ € {1,...,n},

Yi(K) Dyi(y10...09-10...07(K)) =710...07,(K).
So .
ﬂ%‘(K) Dyro...0v(K) #@.
=1
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c) As K is compact and each v € G is continuous, the subset v(K) of K is compact,
hence closed in K, for every v € G. By (b), the family (v(K)),eg has the finite
intersection property. By compactness of K, we have ﬂ,yeg v(K) # @. By (a), any
point of this intersection is a fixed point of G on K.

O

7. (extra credit)

a) (3) Let G be a group acting on a set X. Suppose that we have subgroups G, Gy of
G and subsets X7, Xo of X such that :

The sets X7 and X5 are not empty, and X; # Xo;
For every = € G; — {1}, we have z - X1 C Xp;

For every z € Go — {1}, we have - Xo C X1;
The cardinality of Go is at least 3.

Show that we cannot have an equality 1 = hy ... h, with h; in G; — {1} for ¢ odd, h;
in Go — {1} for i even and n > 1.

b) (3) Let a1,a2 € C such that |a;| > 2 and |ag| > 2. Define x,y € SLy(C) by

= 1 al and i 1 0
—\o 1 Y= \a 1)
Show that the subgroup of SLy(C) generated by z and y is isomorphic to the free

group on two generators. (Hint : Let SLy(C) act on C? in the usual way. Look at
the subsets {(21,22) € C?||z1] > |22|} and {(21, 22) € C?||z1| < |22|}.)

c) (3) Let G = SLy(R) with the discrete topology. Show that G is not amenable.

Solution.
a) If G; = {1}, the result if obvious. So we may assume G; # {1}.

Suppose that we have 1 = hy ... h, with h; in G; — {1} for i odd, h; in Ga — {1} for
7 even and n > 1.

We first assume that n is even. As |Ga| > 3, we can find h € G2 — {1} such that
h # h,. Note that 1 = hh™' = hhy...(h,h™Y), with h,h™' € Gy — {1}. Let
g € G1 — {1}. We also have 1 = gg~! = ghhy ... (h,h 1 )g™1. So, for every x € Xo,
we have

z=hhy... hp_1(heh™Y)(z) € X1,

hence X9 C X;. On the other hand, for every y € X1, we get
y = ghhy...(hoah gl (y) € Xo,

so X1 C Xs. This contradicts the fact that X1 # Xo.

Now suppose that n is odd. Let h € G5 — {1}. Then 1 = hh™! = hhy ... h,h~!. So,
for every x € X, we have

z=hh"t=hhy.. . h,hH(z) € X1,
hence Xs C X;. On the other hand, for every y € X1, we have
y:hlhn(y) EXQ,

so X1 C Xs. Again, this contradicts the fact that X; # Xo.
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b)

We want to apply question (a) with X = C2, X1 = {(z1,22) € C?||z1] < |2al},
Xo = {(21,22) € C?||z1| > |22]}, G1 = (z) and G2 = (y). We have to check that
these subsets and subgroups satisfy the conditions of (a).

Let g € G; — {1} and (z1,22) € X1. We have ¢ = 2", with n € Z — {0}, so

g = <(1) nfl), and g - (21, 22) = (21 + najz2, z2). Hence

|21 +narzz| > |nlla1||ze] — 21| > 2|z2] — [21] > |22],

that is, g - (21,22) € X3. (We have used the fact that |n| > 1.) The proof that
g (21,22) € X; for g € G2 — {1} and (z1, 29) € Xo is similar.

Let G be the subgroup of SLo(C) generated by = and y, and let F' be the free group
on two generators a and b. We have a surjective morphisms of groups ¢ : FF — G
sending an element a™ 0™ ... a" 0" of F' (with r > 0 and ny,m1,...,n.,m, € Z)
to z™ty™ . x™ry™r € G. We want to check that ¢ is injective. This means that its
kernel is trivial, i.e. that it sends reduced words in F' to nontrivial elements of G.
But this property is exactly the conclusion of (a).

Suppose that G is amenable. Then, by problem 5, the trivial representation 1 of G
on C is contained in its regular representation n;. Let H be a subgroup of G. It
follows immediately from the definition of weak containment that the representation
1y of H (which is just its trivial representation) is weakly contained in T - Let
7 be the regular representation of H, and let’s show that 7z is weakly contained
in 7. This will imply that the trivial representation of H is contained in its regular
representation.

Let (2;)icr be a system of representatives of the quotient H\G'; we have G = [[,.; Hu;.
Let ¢ be a function of positive type associated to 7y ;. This means that we have
f € L*(G) such that, for every z € H,

o(x) = (Lo f, fr2(c)-

For every i € I, let f; = fipa, € L?(G). Then the series > icr fi converges to f in
L?*(@), and, if i # j, then (L, f;, fi)r2(qy = 0 for every z € H (because L, f; and f;
have disjoint supports). In particular, || f||3 = >,/ || fill3. So, for every = € H,

p(z) =Y (Lafi, i) 126

el

and this sums converges uniformly on x € H (because (L. fi, fi) 2| < |I£ill3)-
For every i € I, we define g; € L?*(H) by g;(y) = fi(yx;). Then (L2Gis 9i)2(m) =
(Lzfis fi) 12y for every z € H. So we have written ¢ as a limit of finite sums of
functions of positive type associated to the regular representation of H, which is
what we wanted.

In summary, we have shown that, if G is amenable, then, for every subgroup H of
G, the trivial representation of H is contained in its regular representation (i.e. H
is also amenable). Note that we only used the fact that G is discrete so far.

Now if G = SLy(R), question (b) says that G has a subgroup H isomorphic to the
free group on two generators (just take aj,as € R in (b)). Then the result above
contradicts problem 10 of problem set 7.

]
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