
MAT 449 : Problem Set 5

Due Thursday, October 18

1. a) (2) Let V be a finite-dimensional C-vector space such that dimC(V ) ≥ 2. Show that
σ(End(V )) = ∅.

b) (2) Let V be an infinite-dimensional Hilbert space. Show that σ(End(V )) = ∅.

(Hint : Look at nilpotent endomorphisms.)

2. Let V be a finite-dimensional Hilbert space. The goal of this problem is to relate the
spectral theorem of the notes (theorem II.4.1) with the usual finite-dimensional spectral
theorem (which says that a normal endomorphism of V is diagonalizable in an orthonormal
basis).

Remember that, if R is a commutative ring, we say that x ∈ R is nilpotent if there exists
an integer n ≥ 1 such that xn = 0, and we say that R is reduced if the only nilpotent
element of R is 0.

a) (2) Show that the usual finite-dimensional spectral theorem (as stated above) implies
theorem II.4.1 for V .

b) (2) Let T ∈ End(V ), and let A be the unital subalgebra of End(V ) generated by T
(i.e. the space of polynomials in T ). Show that T is diagonalizable if and only if A
is reduced.

c) (3) Let A be a commutative unital subalgebra of End(V ). If A is reduced, show that
there exist subspaces V1, . . . , Vr of V , uniquely determined up to ordering, such that
V =

⊕r
i=1 Vi and that

A = {T ∈ End(V )|∀i ∈ {1, . . . , r}, T (Vi) ⊂ Vi and T|Vi ∈ C · idVi}.

d) (2) Let A be as in question (c). Show that A is stable by the map T 7→ T ∗ if and
only the Vi are pairwise orthogonal.

e) (1) Show that theorem II.4.1 implies the usual finite-dimensional spectral theorem
(as stated above).

3. In this problem, you are not allowed to use any of the results from section II.3 and II.4.

Let X be a locally compact Hausdorff topological space. Let X be the Alexandroff com-
pactification of X. This means that X = X ∪ {∞}, and that the open sets of X are the
open subsets and the sets of the form (X −K)∪{∞}, where K is a compact subset of X.

a) (3) Show that X is a compact Hausdorff topological space, that X is open in X, and
that X is dense in X if and only if X is not compact.

b) (2) Show that C(X) is isomorphic to the Banach ∗-algebra that you get by adjoining
a unit to C0(X). (Don’t forget to compare the topologies.)
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c) (2) If X is compact, show that every proper ideal of C(X) is contained in one of the
ideals mx = {f ∈ C(X)|f(x) = 0}, x ∈ X.

d) (3) In general, show that the map X → σ(C0(X)), x 7→ (ϕx : f 7→ f(x)) is a
homeomorphism.

Let A be a commutative Banach algebra. If I is an ideal of A, we set

V (I) = {x ∈ σ(A)|∀f ∈ A, f̂(x) = 0}.

If N is a subset of σ(A), we set

I(N) = {f ∈ A|∀x ∈ N, f̂(x) = 0}.

e) (extra credit, 3) Suppose that X is compact. Show that, for every closed ideal I of
C(X) and every closed subset N of σ(C(X)) ' X, we have

I(V (I)) = I and V (I(N)) = N.

4. Consider the Banach ∗-algebra `1(Z) (i.e. L1(G) for the discrete group G = Z, with the
convolution product and the involution defined in class). We write elements of `1(Z) as
sequences a = (an)n∈Z in CZ.

a) (1) Show that `1(Z) is not a C∗-algebra.

b) (3) Show that there is a homeomorphism σ(`1(Z))
∼→ S1 such that the Gelfand

transform of a = (an)n∈Z is the function S1 → C, eiθ 7→
∑+∞

n=−∞ ane
inθ. 1

c) (extra credit, 3) More generally, if G is a commutative locally compact group,
show that the map Ĝ → σ(L1(G)) sending χ to the morphism L1(G) → C, f 7→∫
G f(x)χ(x)dx is a homeomorphism. (Hint : What is the dual of L1(G) ?)

5. (3) Let A be a unital C-algebra with an involutive anti-isomorphism ∗. Show that there
is at most one norm on A that makes A into a C∗-algebra.

6. The goal of this problem it to prove I.3.2.13 of the notes, i.e. the fact that every irreducible
unitary representation of a compact group is finite-dimensional.

Let G be a compact group, let dx be the normalized Haar measure on G, and let (π, V )
be a nonzero unitary representation of G. Fix u ∈ V − {0}, and define T : V → V by

T (v) =

∫
G
〈v, π(x)(u)〉π(x)(u)dx.

a) (2) Show that T is well-defined and that T ∈ End(V ).

b) (1) Show that T is G-equivariant.

c) (1) Show that 〈T (v), v〉 ≥ 0 for every v ∈ V .

d) (1) Show that T 6= 0.

e) (2) Show that T is in the closure (for ‖.‖op) of {T ′ ∈ End(V )|dimC(Im(T ′)) < +∞};
in other words, T is in the closure of the space of endomorphisms of finite rank. (Hint
: G→ V , x 7→ π(x)(u) is uniformly continuous.)

f) (2) Let B be the closed unit ball in V . Show that T (B) is compact. (In other words,
the operator T is a compact operator. Problem 5 of PS4 can help shorten the proof.)

1This means that the Gelfand transform is a ∗-homomorphism, i.e. the Banach ∗-algebra L1(G) is symmetric,
even though it is not a C∗-algebra.
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g) (1) If V is an irreducible representation of V , show that V is finite-dimensional.

7. (extra credit) Let A be a C∗-algebra. Then Ae is a Banach ∗-algebra, but it is not always
a C∗-algebra with the norm defined by ‖x + λe‖ = ‖x‖ + |λ. (See question 3(b) for an
example of this phenomenon.)

We define a new norm ‖.‖′ on Ae by :

‖x+ λe‖′ = sup{‖xy + λy‖, y ∈ A, ‖y‖ ≤ 1}.

We now suppose that A does not have a unit and that A 6= {0}.

a) (2) Show that ‖.‖′ is a submultiplicative norm on Ae.

b) (3) Show that ‖.‖′ agrees with ‖.‖ on A, that A is closed in Ae and that Ae is complete
for ‖.‖′.

c) (2) Show that Ae is a C∗-algebra for the norm ‖.‖′.
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