MAT 449 : Problem Set 4

Due Thursday, October 11

Vector-valued integrals

Note : You are allowed to use without proof the following results :

The Hahn-Banach theorem.

The fact that every continuous linear functional on a Hilbert space V' is of the form (., v),
with v e V.

Holder’s inequality.

The fact that, if (X, ) is a measure space, and if 1 < p < 400 and 1 < g < +o0 are such
that p~! + ¢=! = 1, then the map LP(X,u) — Hom(L4(X, u),C), f + (g — Jx fgdw)
is an isomorphism that preserves the norm (LP norm on the left, operator norm on the
right). 1

. Let (X, u) be a measure space and V be a Banach space. We write Vv for Hom(V, C).

We say that a function f : X — V is weakly integrable if, for every T' € V'V, the function
Tof:X — Cisin L'(X,pu). If fis weakly integrable and if there exists an element v of
V such that T'(v) = [ T o f(z)du(x) for every T € V'V, we say that v is the integral of f

on X and write v = [y f(z)du(z) = [y fdu.
a) (1) Show that the integral of f is unique if it exists.

b) (2) Let W be another Banach space and v € Hom(V,W). If f : X — V is weakly
integrable and has an integral v, show that uo f : X — W is weakly integrable and
has an integral, which is equal to u(v).

c) (1, extra credit) Give an example of a weakly intergrable function that doesn’t have
an integral.

Solution.

a) By the Hahn-Banach theorem, for every v € V, there exists T € Hom(V,C) such
that T'(v) = ||v|| and ||T||sp < 1. In particular, an element v of V' is zero if and only
if T'(v) =0 for every T' € Hom(V, C), or, in other words, two elements v,w € V are
equal if and only if T'(v) = T'(w) for every T' € Hom(V,C). This implies that the
integral of f is unique if it exists.

!Technical note : This is not true in general for p = 1, ¢ = +oc if p is not o-finite, but it can be salvaged for a
regular Borel measure on a locally compact Hausdorff space by slightly modifying the definition of L*°. You
can ignore this.



b) We first show that wo f is weakly integrable. Let 7" € Hom(W,C). Then T ou €
Hom(V, C), so the function Touo f: X — C is integrable.

Now suppose that f has an integral v. Then, for every T € Hom(W,C), we have
T oHom(V,C), so [y Towuo fdu =T ou(v). This means that u(v) is the integral of
uo f.

c) Let X = N with the counting measure p, and

V = co(N) := {(#n)n>0 € CV| ngrfoo 2, = 0}.

We will use the fact that ¢*(N) is the continuous dual of cy(N), via the map ¢! (N) x
co(N) = C, ((zn), (Yn)) = >_,50TnYn, and that the continuous dual of ¢!(N) is
¢>(N) (by a similar map). The map from co(N) into its bidual is the usual embedding
co(N) C £>°(N).

We define f : X — V by f(n) = 1y,;. Then, for every (zn)n>0 € N(N), if T :
¢o(N) — C is the corresponding linear functional, we have

/X T(f(@)dp(z) = 3,

n>0

which converges because (x,),>0 is in £1(N). Hence f is weakly integrable. But f
does not have an integral (at least in ¢o(N)), because the continuous linear functional
it defines on £!(N) is representable by an element of £°°(N) which is not in co(N) (the
constant sequence 1). As evaluating on points of ¢/!(N) separates the elements of
¢>*(N), there cannot be any element of ¢o(N) giving the same linear functional on

/H(N).
]

2. In this problem, X is a locally compact Hausdorff space and p is a regular Borel measure
on X. Let V be a Banach space, and let f : X — V be a continuous function with
compact support.

a) (1) Show that f is weakly integrable.
b) (1) If p(supp f) = 0, show that [y fdu exists and is equal 0.

The goal if this problem is to show that:

(i) f has an integral v;

(i) ol < [ 1£(@)lldpa);

(iii) if p(supp f) # 0, then p(supp f)~'v is in the closure of the convex hull of f(X).
By question (b), we may (and will) assume that u(supp f) # 0.

c¢) (1) Show that we may assume that X = supp f (in particular, X is compact) and
that pu(X) = 1.

From now on, we assume that X is compact and that p(X) = 1.

d) (2) Let T1,...,T,, : V — R be bounded R-linear functionals (we see V' as a R-vector
space in the obvious way), and define ay,...,a, € R by a; = fX T; o fdu. Show that
(a1,...,ay) is in the convex hull of the compact subset ((T1,...,7,) o f)(X) of R™.
(Hint : What happens if it is not ?)



Let K be the closure of the convex hull of f(X). This is a compact subset of V' by problem
6. For every finite subset 2 of Homg(V,R) (the space of bounded R-linear functionals
from V to R), we denote by Iq the set of v € K such that, for every T" € Q, we have

T(v) :fXTofd,u.

e) (1) Show that I is compact for every Q C Homg(V,R).
f) (1) Show that Ig is nonempty if € is finite.
g) (1) Show that the integral of f exists and is in K.
h) (2) Show that :
I/ saul < [ 1r@lau)
b's X
(Hint : Hahn-Banach.)
Solution.

a) Let '€ Hom(V,C). Then Tof : X — C is a continuous, and its support is contained
in supp(f), hence compact. Hence T o f is integrable.

b) Suppose that p(supp f) = 0. If T € Hom(V,C), then T'o f : X — C is continuous
and p(supp(To f)) =0, so fX T o f(f)du = 0. This shows that 0 is the integral of f.

c¢) Suppose that we know the conclusion if X = supp f and pu(X) =1. Let f: X -V
be continuous with compact support. We have already seen that we may assume
p(supp f) # 0, so let’s do that. Let X’ = supp f, and consider the measure p’ on X’
that is p(supp f)~! times the restriction of . By our assumption, Jxr fixrdp' exists,
let’s call it v, we have ||v|| < [y, [|f(2)||dy'(z) and v is in the closure of the convex
hull of £(X').

Let’s show that w := p(supp f)v is the integral of f. Note that u(supp f) 'w is in
the convex hull of f(X’) = f(X) and that

ol < utsuwp 1) [ £l @) = [ 1f@)ldute

so this proves the conclusion for f.
Let T € Hom(V,C). Then supp(T o f) C X', so

/ To f(z)du(z) = p(supp f) / To f(a)dy(z) = w.
X X'

So w = fX fdu.

d) Let L = ((Th,...,T) o f)(X). Suppose that (a1,...,a,) is not in the convex hull
of L. Then, by the hyperplane separation theorem, there exists a linear functional
A:R" - R and ¢ > 0 such that A(aq,...,a,) > ¢+ A(v), for every v € L. Let
Al, ..., Ap € R be the images by A of the vectors of the canonical basis of R®. Then
we have, for every z € X,

Z)\iai =Nai,...,apn) > c+ Ao (Th,...,T,) o f(z) :c+Z)\iTi(f(x))

Taking the integral over X (and using u(X) = 1) gives

ZA@Z20+Z)\/Tof —c—i—Z)\aZ,

a contradiction.



e) For every T € Homg(V,R), the set of v € K such that T'(v) = [ T o fdu is a closed
subset of K. As the set I is an intersection of sets of thls form, it is also a closed
subset of K, hence compact because K is compact.

f) If Q is finite, write Q@ = {T1,...,T,} and T = (T1,...,T,) : V. — R". We have
seen in question (d) that a := [y To(f())du(z) is in the convex hull of To(f(X)),
so there exists v € V such that v is in the convex hull of f(X) (hence in K) and
Ta(v) = a= [, To(f(x))du(x). The second condition says exactly that v € Iq.

g) The subsets (I{71)7cHom(v,r) Of K have the finite intersection property by question
(f). As K is compact, this implies that Npepomg(v,r)[{r} is nonempty. Choose a
vector v in it. Let T'€ Hom(V,C). As Re(T') and Im(7T') are in Homg (V,R), we have

T(v) =Re(T(v)) +iIm(T'(v))
- / Re(T(f () dp(x) + i / T (T(f (x))) dpa(z)
X X

- / T(f () dpu(x),
X

SO v = fX fdp. Also, v € K because all the I;7y are contained in K by definition.

h) By the Hahn-Banach theorem, there exists T' € Hom(V, C) such that T'(v) = ||v|| and
|T)|op < 1. Then

Joll = 1) =1 [ T(@)du@)l < [ TG@)duta) < [ 15@)lduta

O

3. In this problem, X is a locally compact Hausdorff space and pu is a regular Borel measure
on X. Let V be a Banach space, let f : X — C be a function in L'(X,u), and let
G : X — V be a bounded continuous function.

The goal of this problem is to show that :

(i) the function fG : X — V has an integral v;
(i) [lv]l < (supgex IG@)ID) (fx 1f(@)ldu());
(iii) v € Span(G(X)).

a) (1) Show that fG is weakly integrable.

)

b) (1) Let (fn)n>0 be a sequence of functions of C.(X) that converges to f in L'(X, p).
Show that [ f,Gdp exists for each n > 0, and that ([y fnGdp)n>o is a Cauchy
sequence.

c) (2) Prove assertions (i), (ii) and (iii) above.

Solution.
a) Let T'€ Hom(V,C). Then, for every z € X,

T(f(2)G(2)] < [f(@)IT(G(2))] < [f@)T]lopl|G(2)]| < If(fv)\HTllopsg)g IGW)II-

As sup,ey |G(y)|| < 400 and f € L*(X, mu), the function T o (fG) is integrable.
So fG is weakly integrable.



b) For every h € C.(X), the function hG : X — V is continuous and has support
contained in supp(h), hence compact. By problem 2, this function is integrable, and
we have

H / (hG)(@)du(2)]| < / @) IG@) du(z) < sup [GE) 7]
X X yeX

Applying this to f,, shows that f,G is integrable, and applying it to f,, — f;, shows
that

I [ (Ginta) ~ [ (FaGral < sup IGINS ~ fulls

because (f,)n>0 converges in L'(X, p).

c¢) As V is complete, the Cauchy sequence ( [y (f,G)dp) has a limit in V, that we’ll call
v. For every T' € Hom(V, C), we have

n—-+o00 n—-+o0o

70 = tiw 7 ( [ (h6)in) = tim_ [ T (@G,
As in (a), we have
H/ T(fn(2)G(2))dp(x) —/ T(f(2)G(x))du(@)| < sup (G [lopllfn = fl1,
X X yeX
so this converges to 0 as n — 400, and we get

T(v) = /X T(f(2)G(x))du(x).

This shows that x is the integral of fG.

Moreover, by problem 2, [ (f,G)dp is in the closure of the span G(X) for every
n > 0. As v is the limit of these vectors, it is also in the close of Span(G(X)).

Finally, to show the bound on ||v||, we could use the Hahn-Banach theorem and the
property characterising v as in question 2(h), or use the fact that

I [ (5@l < [ 15@)IG() dna) < sup |G

for every n > 0 and that this sequence of integrals converges to v.
O

4. Let G be a locally compact group, u be a left Haar measure on G, and L'(G) = LY(G, ).
Let f,g € L}(G).

a) (1) Show that the function G — L(G), y — f(y)Lyg is weakly integrable and has
an integral.

b) (2) Show that
fxg= / () Lygdu(y).
G

Solution.

a) Note that the function G — L'(G), y = Lyg is continuous and that sup,cq || Lygll1 =
llgll1 < 4o0. So the conclusion follows from problem 3.



b) Let F = [ f(y)Lygdu(y) € L'(G). By definition of the intergral, for every h €
L*°(G), we have

/ h(a) F(2)dp(x) = / W) £ (9)g(y~ " 2)dpu(y)dpu(z) = / W) (f * 9)(@)du(z).
G GxQG G

As L*®(Q) is the continuous dual of L'(G), we have f * g = F by question 1(a).
O

5. Let G be a locally compact group, i be a left Haar measure on G, and L'(G) = LY(G, ).
Let 7 be a unitary representation of G on a Hilbert space V', and let f € Ll(G)

We would like to define a continuous endomorphism 7( f) of V' by setting n(f) = [, f x)du(z),
but we cannot apply problem 3 because the map z — pi(x) is not Contlnuous in general

So we define 7 (f) as we did in class, but with more details : Let v € V. Then the function
G — V, x — m(x)(v) is continuous, and it is bounded by |[v|| because all the 7(z) are
unitary, so problem 3 implies that [, f(x)7(z)(v)dz exists, and that its norm is bounded
by [ [f(@)[l|7w(x)(v)|du(z) = || fll1]|lv] (again using the fact that 7 (z) is unitary for every
z € G). So we define a map 7(f) : V.— V by sending v to [, f(z)m(x)(v)du(z). It is easy
to see that m(f) is C-linear, and we have just seen that ||7(f)(v)|| < ||f]l1]|v|| for every
v € V, which means that 7(f) is bounded and that ||7(f)||op < || f]]1-

Let v,w € V. Then T +— (T'(v),w) is a continuous linear functional on End(V'), and we
have

() (v), w) = ( /G F(@)m(2) W) du(z), w).

By question 2(b), this is equal to [ f(z)(m(z)(v), w)du(z). Finally, it is easy to see that
fG x)dp(z) is linear in f. (If you want to check it rigorously, you can the use
contmuous linear functionals on End(V') defined in the previous paragraph, and then it’s
a straightforward calculation.) Also, we saw above that || [ f(z)7(z)dp(z)| < [|f]l1, so
the linear map L'(G) — End(V) is continuous and its operator norm is < 1.

Unfortunately, the linear functionals 7' +— (T'(v),w) do separate points on End(V'), but
they don’t generate a dense subspace of Hom(End(V'),C) if V' is infinite-dimensional, so
the calculation above is not enough to prove that 7(f) is the integral of the function
G — End(V), 2 — m(x). (In fact, I am not sure whether this is true or not.)

Let’s denote the span of the functionals 7' +— (T'(v),w), v,w € V by MC (for “matrix
coefficients”). I will try to prove that M C is not dense in Hom(End(V'),C). Let End(V).
be the closure in End(V) of the space of operators of finite rank.? Then End(V). C
End(V) if V is infinite-dimensional (see problem 6 of problem set 5). So, by the Hahn-
Banach theorem, we can finite a nonzero bounded linear functional A on End(V') such
that A(End(V).) = 0. Let’s show that A cannot be in MC.

Choose a Hilbert basis (e;);er- Then I claim that MC' is exactly the space of A of the
form A(T) = 3_,; jeyaij(T'(e:), e;) with a;; € Cand 3, laij|* < +oc. First, every linear
functional of this form is in M C', and the space of functionals of this form is closed. So we

just need to prove that every functional 7' +— (T'(v),w) is of this form. Let v,w € V, and
write v =Y, ; a;e; and w =Y, bie;. We have Y, |a;* < +oo and >, [b;]* < 400,

SO
D laibil® = <Z Iail2> D b | < +o0.

ijel icl jel

2This is the space of compact operators, hence the notation.



As (T(v),w) =3, jer a;ib;(T(e;), e;), we get the result.

Now suppose that A € MC, and write A(T) = > ijer@ij(T'(e;), ;) as above. For every
i € I and every j € J, we can find T € End(V) such that T'(e;) = 0 unless i/ = i,
and T'(e;) = e; (just take T' defined by T'(v) = (v,e;)e;); then T' € End(V). because
dim(Im(T")) = 1, so 0 = A(T) = ai;. This implies that a;; = 0 for all 4, j € I, which
contradicts the fact that A # 0.

. (extra credit) Let V' be a normed vector space. A subset A is V' is called totally bounded
if, for every neighborhood U of 0 in V, there is a finite set F' such that A C F'+ U.

a) (1) Show that the convex hull of a finite subset of V' is compact.

b) (1) Show that every compact subset of V' is totally bounded.

c¢) (1) If A C V is totally bounded, show that A is totally bounded.
)

d) (2) If Ais a totally bounded subset of V', show that its convex hull is totally bounded.
(Hint : Open balls are convex.)
e) (2) If V is complete and A is totally bounded, show that A is compact.
f) (1) If V' is complete and K C V is compact, show that the closure of the convex hull
of K is compact.
Solution.

a) Let F' be a finite subset subset of V. Then its convex hull is contained in Span(F),
which is finite-dimensional. In a finite-dimensional vector space, the convex hull of
any compact set is compact, so the convex hull of the finite set F' is compact.

b) Let K be compact subset of V, and let U be a neighborhood of 0 in V. We may
assume that U is open. Then K C |J,cx (2 + U). As K is compact, there exists a
finite subset F' of K such that K C J,cp(z+U) =F +U.

c) Let A C V be a totally bounded subset, and let U be a neighborhood of 0 in V. We
may assume that U is an open ball centered at 0 and of positive radius, say c. Let
U’ be the open ball centered at 0 of radius ¢/2. As A is totally bounded, there exists
a finite set I such that A C F 4+ U’. As F is finite, the set F + U’ is closed, so it
contains A. But U D U’,s0 AC F+U.

d) Let U be a neighborhood of 0 in V. Choose a convex open neighborhood U’ of 0 (a
ball for example) such that U'4+U’ C U, and let F be a finite set such that A C F+U’.
Let K be the convex hull of F, then A ¢ K +U’. As K and U’ are convex, so is
K + U’, so the convex hull of A is contained in K + U’. On the other hand, the set
K is compact by question (a), hence totally bounded by question (b), so there exists
a finite set F’ such that K ¢ F/ +U’, hence K +U' Cc F/'+U' +U' c F' +U. So
we have found a finite set F” such that the convex hull of A is contained in F’ + U.

e) Write K = A. For every € V and ¢ > 0, let B(z,¢) be the closed ball of radius c
center at x.

Let (Ui)ier be a family of open subsets of K such that K C J;c; U;, and assume
that no finite subfamily of (U;);cr covers K. We know that K is totally bounded by
question (c). We will construct by induction on n a decreasing sequence (Kp)p>1 of
nonempty closed subsets of K such that K, is contained in a ball of radius 1/n and
K,, cannot be covered by a finite subfamily of (U;);er.

First, as K is totally bounded, there exists a finite set F' such that K C F+B(0,1) =
Uzer B(x,1). We choose = € F such that K N B(z,1) is nonempty and cannot be
covered by a finite number of the U;, and take K1 = K N B(x,1).



Now suppose that we have constructed Ki,...,K,, with n > 1. Then, as K, is
totally bounded (as a subset of K), there exists a finite set F' such that K, C
F + B(0,(n+1)71). Again, as K,, cannot be covered by a finite number of the U;,
there must exist x € F such that K, N B(x, (n+1)~!) is nonempty and can also not
be covered by a finite number of the U;, and we take K, 11 = K, N B(z, (n +1)71).
Choose z,, € K,, for every n > 1. By the condition that K, is contained in a ball of
radius 1/n, the sequence (zy)n>0 is a Cauchy sequence. As V' is complete, (2 )n>1
has a limit, say z. As x € K, there exists ¢ € I such that U;. But then B(x,c) C U;
for ¢ > 0 small enough, so K,, C U; for n big enough, which contradicts the properties
of K,,.

f) By question (d), the convex hull of K is totally bounded, so its closure is compact
by question (e).
]

7. (extra credit) Let (X, u) and (Y,v) be measure spaces, which we will take o-finite to
simplify. 3 Let p € (1,+00). 4 Let ¢ : X x Y — C be a measurable function. We assume

that 1
L ([ etnran) v < .

a) (1) Show that the function ¢(.,y) is in LP(X, u) for almost every y € Y.

b) (2) Let Y’ be a measurable subset of Y such that (Y —Y’) = 0 and ¢(.,y) € LP(X, p)
for every y € Y’. Show that the function Y' — LP(X,pu), v — ¢(.,y) is weakly
integrable.

c) (2) Show that the integral h € LP(X, u) of the function of (b) exists, and that we
have

hz) = /Y oz, y)dv(y)

for almost all z € X.
d) (1) Show Minkowski’s inequality :

([ |[ v aw) " < [ ([ oeoram)” aw

a) The function y — ([ |¢(z,y)[Pdu(x)) P i integrable by hypothesis, so it must take
finite values for almost all y € Y, which means that [y [p(z,y)[Pdu(z) < +oco for
almost every y € Y.

b) Let ¢ € (1,+00) be such that % + %. We want to check that, for every f € LI(X, p),
the integral [y, [y f(z)¢(z,y)dp(z)du(y) converges. Let f € (X, u). By Hélder’s
inequality, for every y € Y, [y f(x)¢(x,y)du(z) converges absolutely, and

/ @)@, ) ldu(@) < | FlllloCn)

Solution.

As [y Hcp )del/ y) converges by hypothesis, this gives the convergence of
[y [x F(x)e(z,y)du(z)du(y), and even its absolute convergence.

3There is a way to extend the results to not necessarily o-compact locally compact groups with their Haar
measures.

“Minkowski’s inequality is still true for p = 1, but it follows immediately from the Fubini-Torelli theorem in
that case.



¢) We have in question (b) that [y [, [f(x)¢(z,y)|du(x)dv(y) < +oo for every f €
LY(X, pu). By Fubini’s theorem, this implies that, for every f € LYU(X, p), [y |f(2)¢(x,y)|dv(y) =
|f(@)] [y le(z, y)|dv(y) < 4oo for almost all x € X. As f is arbitrary (and p is o-
finite), we get that [, |¢(x, y)|dr(y) < +oo for almost all z € X, say for € X' with
u(X — X" =0.

We define a function h : X’ — C by h(z) = [, ¢(x,y)dv(y). We want to show that
this is the integral of y — (., y). If f € LI(X, u), we have

/ F(@)h(a)du(z) = / F(@)o(z, y)du(z)du(y),
X X

so, using Holder’s inequality as in question (b),

' | tmadutz)

c=[ (/. \so(x,ynp)l/pdu(y).

This shows that f — [y f(x)h(x)du(x) is a bounded linear functional on LI(X, 1),
and that its operator norm is bounded by C. As the continuous dual of L9(X, u) is
LP(X, p), we must have h € LP(X, 1) and ||h|[, < C. The first property, together with
the formula for [ f(x)h(x)du(x), says that h is indeed the integral of y — ¢(.,¥).

< / £z, )ldu(z) < Ol
XxY

where

d) The second property of h proved above is exactly Minkowski’s inequality.
O



