MAT 449 : Problem Set 3

Due Thursday, October 4

Van Dantzig's theorem

1

1. (extra credit,3) In this problem, X is a compact Hausdorff totally disconnected topological

space. (Remember that “totally disconnected” means that the only nonempty connected
subsets of X are the singletons.)

Let z € X, and let A be the intersection of all the open and closed subsets of X containing
x. Show that A = {z}. (Hint : This is equivalent to showing that A is connected. And
remember also that disjoint closed sets can be separated by open sets in any compact
Hausdorff space.)

Solution. Note that A is closed in X. Suppose that we have A = A; U Ao, with A; and
A closed in X and disjoint and x € A;. As any compact Hausdorff space is normal, we
can find open subsets U; D Ay and Uy D Ay of X such that Uy N Uy = @. Let’s find a
closed and open neighborhood V' of x such that V N oUs = @. For every y € 0U,, as
y & A, we can find a closed and open neighborhood V,, of = such that y ¢ V;,. Note that
the X =V}, y € OUs, form a family of open subsets of X covering dUs; as OUs is compact,
this family has a finite subfamily that still covers 0Us, say (X — Vy,,..., X =V, ). Let
V=V,Nn...NV,; then V is still open and closed, x € V and V N 9oU; = &. The last
property implies that B := V — Uj is also equal to V — Us, so it still open and closed.
Also, we have x € B (because z ¢ Us), and Ay N B = @&. But A must be contained in B
by definition, so As = @&. This proves that A is connected, hence a singleton, hence equal
to {z}.
O

. (extra credit) In this problem, G is a locally compact totally disconnected topological

group.
a) (1) Show that the unit of G has a compact open neighborhood K.

b) (2) Show that there exists an open subgroup G’ of G contained in K. (Hint : Any
open subset of G will generate an open subgroup. Choose your open subset wisely.)

c) (1) Show that the compact open subgroups of G form a basis of neighborhoods of 1
in G.

d) (2) Let G be the group GL,(Q,) of problem 4 of problem set 1. Find a basis of
neighborhoods of 1 in G that is composed of compact open subgroups.

Solution.

!Shamelessly lifted from Terry Tao’s blog.



2)

Let V be a compact neighborhood of 1. Then 0V is also compact and doesn’t contain
1. By problem 1, for every y € 9V, there exists an open and closed neighborhood
By of 1 such that B, N0V = @. As 9V C U cpy (X — By) and the X — B, are
open, there exist yi,...,y, € OV such that 9V N B = &, with B = (", By,. Note
that B is still open and closed, and that 1 € B. Also, as 0V N B = &, we have
BNV =BnN f/, and so K := BNV is open and compact (because it is closed in V)
and contains 1.

Let U be an open symmetric neighborhood of 1 such that UK C K, and let G’ be
the subgroup of G generated by U. Let’s show that G’ is an open compact subgroup
of G and that G’ C K. First we show that G’ is open. Let g € G’; then gU C G’
and gU is open in G, so G’ contains a neighborhood of G. As every open subgroup
of a topological group is also closed, we also get that G’ is closed. So, to show that is
compact, it suffices to show that it is contained in K. Note that, as U is symmetric
and contains 1, we have G' = |J,,~; U". As U C K (because 1 € K) and UK C K,

an easy induction shows that U" C K for every n > 1. So G' C K.

The argument in the solution of question (a) actually shows that every compact
neighborhood of 1 contains an open compact neighborhood of 1, and then question
(b) implies that it also contains a compact open subgroup of G. Hence, as G is locally
compact, every neighborhood of 1 in G contains a compact open subgroup of G.

Let’s choose a norm on M,,(Q)) that induces the product topology. For example, the
norm |.|| defined by

I(aij)i<ij<n = (bighi<ij<all = sup |aij —bijly
1<i,j<n
works. For every integer m > 1, let K,,, = I, + p"™ M, (Z,). With our choice of norm,
this is just the open ball of center I, and radius p~™! in M, (Q,) (and also the
closed ball of center I,, and radius p~™). In particular, the sets K,,, for m > 1, form
a family of open neighborhoods of I,, in M,,(Q)), and hence the sets K, for m >> 0
form a family of open neighborhoods of I,, in GL,(Q)) (because GL,(Q,) is open in
Mp(Qp), as the preimage by the continuous map det of the open subset Q' of Q).

Note also that K, is homeomorphic to M, (Z,) ~ Z;LQ (by the map I, +p" X — X),
so it is also compact.

At this point, we have our basis of neighborhoods consisting of compact open sub-
groups. We can actually be more precise and show that K,, C GL,(Q,) for every
m > 1 (and not just for m big enough), which just means that K1 C GL,(Q,). In
fact, we even have K1 C GLy(Z,). Indeed, it is clear that Ky C M,(Z,). Moreover,
if X € Ky, then it is easy to see that det(X) € 1+ pZ, C Q,, which implies that
|det(X)|, = 1 (by question 4(a) of problem set 1), hence that det(X)~! is also in
Zyp, i.e., that det(X) € Z;.

O

(1) Let G be a compact subgroup of GL,,(C). Show that there exists x € GL,,(C)
such that Gz~ C U(n).

(3) Put your favorite norm on M, (C) (they are all equivalent anyway). Show that
there exists ¢ > 0 such that the only subgroup of GL,(C) included in the ball
{z € GL,(O)||||x — I,,|| < c} is the trivial group.

(2) Show that, for every continuous representation of GL;,(Q)) on a finite-dimensional
C-vector space, there exists an integer m > 0 such that the subgroup I, + p" M, (Z,)
of GL,(Q,) acts trivially.



Solution.

a) Consider the representation p of G on C" given by the inclusion G C GL,(C). We
have seen in class (theorem 3.2.8 of the notes) that there exists a Hermitian inner
product on C™ for which this representation is unitary. Let A be the matrix of this
Hermitian inner product in the canonical basis of C". Then A is a Hermitian positive
matrix, so we can write it A = B*B with B € GL,(C). (This is an easy consequence
of the spectral theorem. As A is Hermitian, we have a unitary matrix P and a
diagonal matrix D such that A = P*DP. As A is positive, the diagonal entries of D
are positive real numbers, so we can write D = C? with C' another diagonal matrix
with positive diagonal entries. Take B = P*CP, then B is Hermitian positive and
A= B?=DB*B)

The fact that p is unitary for A means that X*AX = A for every X € G. As
A = B*B, this is equivalent to (BXB~1*(BXB™1) = I,. So BGB™! c U(n).

b) Let G be a subgroup of GL,(C) contained in a ball of the form {x € GL,(C)||||z —
I,|| < c}. Then the closed subgroup G is contained in the closed ball {z € GL,,(C)||||z—
L,|| < ¢}, so it is compact, so it is contained in a subgroup of the form PU(n)P~!
by question (a). In particular, every element of G is diagonalizable and has all its
eigenvalues of modulus 1.

Fix any norm on C", and consider the corresponding operator norm ||.|| on M, (C).
We will use this norm. Note that, if X € M,(C) and if A is an eigenvalue of X,
then we have a norm 1 vector v € C" such that Xv = Av, hence || X > |A]. Now
let’s show that every subgroup of GL,(C) included in the open ball B := {z €
GL,(O)|||z — I,,|| < v/2} is trivial. Let G be such a subgroup, and let X € G. Let
AL, ..., Ap be the eigenvalues of X. We just saw that |A\;| = ... = |A\,| = 1. Suppose
that we have ar € {1,...,n} such that A, is not equal to 1, then we can write \, = et?
with —7/2 < 0 < 7/2, because |\, — 1| < || X — I,|| < v/2; but then, if we choose an
integer m > 1 such that 7/2 < m|f] < 7, we'll have | X™ — L,|| > [\ — 1| > V2,
which contradicts the fact that X™ € G. So we must have \; = ... = X\, = 1, which
means that X = I,,.

c) We have seen in the solution of question 2(d) that K, := I, + p" M, (Z,) is indeed a
subgroup of GL,(Q,). (Note that problem 3 does not actually ask you to (re)prove
this fact.) We have also put a norm on M,,(Q,) such that K,, is the open ball with
center I,, and radius p—™*1.

Let p : GL,(Qp) = GL(V) be a continuous representation of GL,(Q,) on a finite-
dimensional vector space V. By proposition 3.5.1 of the notes, the morphism p is
continuous. Let U be an open neighborhood of idy in GL(V') such that the only
subgroup of GL(V) contained in U is {1} (this exists by question (b)). Then p~(U)
is an open neighborhood of I, in GL,,(Q)), so it contains K, for m >> 0. But K,
is a subgroup of GL,(Q,), so p(K,) is a subgroup of GL(V), so p(K,,) = {1} as
soon as p(K,) C U.

O

Haar measure on SU(2)

4. Let G = SU(2).

a) (2) Show that every element of G is of the form (Z ab>, with a,b € C and |a|? +
b]2 = 1.



If we identify C and R? in the usual way, the previous question gives a homeomorphism
a between SU(2) and S® (the unit sphere in R%).

b)

(1) If g € SU(2), show that left translation by g on SU(2) corresponds by a to
the restriction to S? of the action of an element of SO(4) on R* (i.e. there exists
A € SO(4) such that, for every h € SU(2), we have gh = Aa(h)).

(2) Let p be the usual spherical measure on S%; that is, if A is Lebesgue measure on
R*, we have by definition, for every Borel subset E of S3,

W(E) = ZA({tet € [0,1],2 € B})

(note that the volume of the unit ball in R* is %2)

Show that the inverse image by « of p is a left and right Haar measure on SU(2).

d) (2) We use the following (hyperspherical) coordinates on S : if (x1, 22,73, 74) € 53,
we write
x1 = cosf
To = sinf cos Y
x3 = sinfsin 1 cos ¢
x4 = sin #sin 1) sin ¢
with 0 <0 <7, 0<% <7and 0 < ¢ < 2r. Show that, for every f € C.(S%), we
have [g fdp =
L [m e . P o : .9
32 f(cos @, sin @ cos 1, sin § sin 1 cos ¢, sin O sin 1) sin @) sin” 0 sin 1 dOdipdep.
o Jo Jo
(Feel free to use a computer to calculate any big determinants.)
Solution.

a)

It is clear that every matrix as in the statement is in SU(2). Let’s show the converse.
Let A = Z cci € M5(C). Then A € U(2) if and only if A*A = I, which means
that the two column vectors of A are orthogonal and norm 1 for the usual Hermitian
inner product on C?. As the orthogonal of a line in C? is one-dimensional, it implies

that there exists A € C* such that (2) = A <_b>. The condition on the norm of
the columns gives aa+bb = AX(a@+bb) = 1, and the condition that det(A) = 1 gives
Aaa + bb) = 1. So we get A = 1, as desired.

Let V be the space of matrices of the form <Z

to a C-linear isomorphism from V' to C?, hence to a R-linear isomorphism from V to

R?, sending (a ab> to (Re(a),Im(a),Re(b),Im(b)). If A € SU(2), then the action

_ab>, with a,b € C. Then « extends

b

by left multiplication of A on V is the usual action of A on C2, so it corresponds
to a linear automorphism of R* which preserves the usual Euclidian norm, i.e. is in
O(4). Also, the determinant of this action is just det(A) = 1, so the corresponding
automorphism of R* is in SO(4).

First, note that y is a regular Borel measure on S? (a subset E of S? is a Borel subset
if and only {tz,t € [0,1],z € E} is a Borel subset of R*, it is compact if and only if
{tx,t € ]0,1],x € E} is compact and openif and only if {tz,t € (0,1],z € E} (which
has the same measure as {tz,t € [0,1],z € E}) is open).



By the change of variables formula in R?*, the measure p is invariant by the action of
SO(4) on S3. By question (b), its inverse image by « is invariant by left translations
on SU(2), hence a left Haar measure. But the group SU(2) is compact, so every left
Haar measure is also a right Haar measure.

d) Let B* be the closed unit ball in R*. Let f € C.(S®). We define a function g € L'(B*)
by
g(rcos,rsinf cosp, rsinfsinip cos ¢, rsin @ sin sin ¢) =
f(cos @, sin @ cos 1, sin  sin 1 cos ¢, sin 6 sin 1 sin ¢)

for 0 <r < 1. (Note : g might not be well-defined at 0, but it doesn’t matter because
{0} has volume 0.) Then, by definition of y, we have [g; fdu = 7%2 Jg1 gdX. We can
calculate this last integral using the change of variables formula (and avoiding the set
where this change of variables is not bijective, which is of volume 0 anyway). If 3 is the
map sending (7, 0, ¢, 1) to (r cos @, r sin 6 cos 1, r sin 0 sin 1) cos ¢, r sin 6 sin 1) sin ¢), then
we have

DB(r,0, ¢,0) = r°(sin6)*sin 1),
SO f pa 9dA is equal to

1 T T 2w
/ / / / f(cos @, sin @ cos 1, sin 6 sin 1 cos ¢, sin O sin 1) sin ¢)r3 sin? 6 sin Ydrdfdydp =
o Jo Jo Jo

1 T s 2
1 / / / f(cos B, sin @ cos 1, sin § sin 1 cos ¢, sin @ sin 1 sin ¢) sin? @ sin YdOdipde.
o Jo Jo

We get the result by multiplying by 7%2
O

The dual of a locally compact abelian group

5. Let G be an abelian topological group. We write G for the set of continuous group
morphisms G — S!.

As the product of two continuous morphisms from G is S! is also a continuous morphism
from G to S' (because S! is commutative), the set G has a natural group structure.
We put the topology of compact convergence on @; that is, if xy € é, then a basis of
neighborhoods of  is given by {¢ € G| sup,ex |x(x) —(z)| < c}, for all compact subsets
K of G and all ¢ > 0.

a) (1) Show that Gisa topological group.
b) Suppose that G = R.

i. (2) Let p : G — GL,(C) be a continuous group morphism. Show that there
exists a unique A € M, (C) such that, for every t € R, p(t) = exp(tA). (There
are several ways to do this. One way is to notice that, if the conclusion is true,
then ¢/(0) must exist and be equal to A, and to work backwards from there.)

ii. (2) Show that the image of p is contained in U(n) if and only if A* = —A.

iii. (2) Show that the map R — G sending = € R to the group morphism G — S,
t > '@ is an isomorphism of topological groups (i.e. a group isomorphism that
is also a homeomorphism).

¢) (1) Show that there is an isomorphism of topological groups ST~ 7 that sends id g1
to 1.



d) (1) What is the topological group 77
e) Suppose that G = Q,, (cf. problem 4 of problem set 1). We define a map x; : Q, — S*

in the following way : If z € Q,, we can write x = :Zo_oo cpp”, with 0 < ¢, <p-—1

and ¢, = 0 for n small enough, and this uniquely determines the ¢, (see problem 4(i)
of problem set 1). We set

-1
x1(z) = exp <2m' Z cnp"> :

n=—00
i. (3) Show that x; : Q, — S! is a continuous group morphism and that Ker(y;) =
Zp.
ii. (2) For every y € Q,, we define y, : Q, — S by x,(z) = x(xy). Show that this
is also a continuous group morphism, and find its kernel.
iii. (1) Let x € @,. Show that there exists k € Z such that x = 1 on {z € Qp]|z|, <
p~*}.
iv. (2) Let x € @, such that y(1) = 1 and x(p~!) # 1. Show that there exists a

sequence of integers (¢;)y>0 such that 1 < ¢y <p—1and 0 <¢ <p—1 for
r > 1 and that, for every k € Z>1,

k
X(p~") =exp (2772‘ > Ckrpr> :

r=1

v. (1) Let x € @; such that x(1) = 1 and x(p~!) # 1. Show that there exists
y € Qp such that |y|, =1 and x = x,.

vi. (3) Show that the map Q, — @), Yy — Xy is an isomorphism of topological
groups.
vii. (extra credit, 4) Show that x,z, = x|z, if and only y —y' € Z, and that the

map y — X, induces an isomorphism of topological groups Q,/Z, 5 i;, where
Qp/Zy has the discrete topology.

Solution.

a) We need to check the group operations of G are continuous. Let’s start with mul-
tiplication. Let x1,x2 € @, and choose a neighborhood U of xix2 of the form
{v € @|supw€K Ix(z) — ¥(z)| < ¢}, with K C G compact and ¢ > 0. We need to
find neighborhoods Uy of x1 and Us of x2 such that UyUs C U. Take

Ui ={¢ € G| sup xi(@) — ¥ (z)] < c/2}
xe
for i = 1,2. Let 11 € Uy and 99 € Uy. Then, if x € K, we have

|(Y192) () — (x1x2) (@)] = [P1(2) (Y2(2) — x2(z)) + x2(z)(P1(z) — x1(2))]
< 1 (@)|[Y2(x) — x2(2)| + [x2(@)[|P1(z) — X1 ()]
= |[p2(x) — x2(@)| + [¥1(2) — x1(x)| (because 11 and X2 are unitary)
< c.

So Y19 € U.

The proof for inversion is similar. Let x € é, and choose a neighborhood U of
X! of the form {¢p € G|sup,eg [x (z) — ¥(x)| < ¢}, with K C G compact and



¢ > 0. We need to find a neighborhood V" of x such that VtCcU. TakeV ={y €
G|sup,ex |x(x) —¥(x)| < ¢}. Let ¢ € V. Then, for every z € K, we have

[ 2) = x7 @) = [T @) I THIx(@) = v(@)] = [x(2) - (@) <c.

Soy~leU.

b) i. Choose a norm |.|| on M,(C). As GL,(C) is open in M, (C), we can choose a
nonempty open ball B center of I,, such that B C GL,,(C). We only care about
the fact that B is a convex subset of M, (C). As p is continuous and p(0) = I,
we can find ¢ > 0 such that p([0,¢]) C B. Then

/01 plcx)dx = C/OC p(x)dx € B,

so X := [; p(x)dz € GL,(C). For every ¢t € R, we have

c t+c
Xp(t) = / plz +t)dx = / p(x)dz.
0 t
In particular, p is continuously differentiable, and

F() = X (p(t + ) - p(t) = X (p(e) — L)p(0).

The only solution of this differential equation satisfying the initial condition
p(0) = I, is p(t) = exp(tA), with A = X~Y(p(¢) — I,). Finally, the matrix is
uniquely determined by p, because we must have A = p/(0).

ii. If A* = —A, then, for every t € R,
p(D)p(t)" = exp(tA) exp(tA®) = exp(t(A + A7) = exp(0) = I,
(we use the fact that tA and tA* commute to get the equality exp(tA) exp(tA*) =
exp(tA + tA*)), so p(t) € U(n).

Conversely, suppose that p(R) C U(n). Note that A = lim;—g +(p(t) — I), so
A* =limy 0 1(p(t)* — I,). As

p(t) = Iy =p(t) ™t — I, = —p(t) L (p(t) — L)

and p(t)~! — I,, as t — 0, this implies that A* = —A.
iii. Let’s denote by a the map R — G of the statement.

We have seen in (i) and (ii) that every continuous group morphism p : R — St is
of the form p(t) = e*, for a unique z € C such that Z = —z; that last condition
means that z = ix for some x € R. This means that « is bijective. It is also
easy to see that a is a morphism of groups, so we just need to show that « is a
homeomorphism.

We first show that « is continuous. Let z € R, and consider a neighborhood U
of a(z) of the form {p € G|Vt € K, |a(x)(t) — p(t)] < c}, where K C R is a
compact subset and ¢ > 0. Then, for every y,t € R, we have

(@) () —aly)(B)]? = |e! —eM'|? = 1" = (1—cos(t(x—y)))*+(sin(t(z—y)))*.

Choose ¢ > 0 such that, for every t € K and z € (—¢,¢), we have (1 —cos(tz))?+
(sin(tz))? < c2. Then, if |z — y| < €, we have a(y) € U.



)

e)

Now we show that « is open. Let € R, and choose a neighborhood V' of x of
the form (z — e,z + ¢), with £ (these form a basis of neighborhoods). We want
to show that a(V') contains a neighborhood of a(z). Choose 6 > 0 such that the
functions t — sin(¢) and ¢t — 1 — cos(t) are both increasing on [0, 20¢], and let

U={peGVteK, |ax)(t)—pt) <c},

where K = [—§,6] and ¢ = (supte[o,e(;/Q](l —cos(t))? + (sin(t))z)l/2 (note that
this is also the sup on [—€d/2,£6/2], because the function we are bounding is
even). Let y € R such that |x — y| > e. We want to show that a(y) ¢ U. We
can find ¢t € K such that ¢§ < t(z —y) < 2ed. Then we have

la(z)(t) — ay) ()] = ((1 — cos(t(z — y))? + (sin(t(z — y)))2)1/2 > el

by the choice of § and ¢. So a(y) ¢ U.

Note that we have an isomorphism of topological groups R/27Z = S! given by
t — €. So we get an isomorphism of groups

S~ {p e Rlp(27Z) = {1}} ~ {z € RVt € 27Z, ™' =1} = Z

(where the second isomorphism comes from question (b)). It remains to show that

—~

this is an isomorphism of topological groups, i.e. that S! is discrete. If you have read
ahead, you know that this is a particular case of question 6(e) (and I don’t know a
simpler proof in the case of S1).

As Z is discrete, a continuous group morphism from Z to S' is just a group morphism
from Z to S'. As Z is the free abelian group generated by 1 € Z, the map p ~ p(1) is
an isomorphism between the set of group morphisms Z — S! and S'. So, as a group,
7 is isomorphic to S'. Let’s denote this isomorphism by 3 : S! — 7 (so B sends
z € S' to the morphism Z — S!, n — 2"). If we show that 3 is continuous, then
it will automatically be a homeomorphism because S is compact. But the compact
subsets of Z are its finite subsets, so the continuity of 8 follows immediately from
the continuity of the maps S' — S, z — 2.

i. Let z,2’ € Qp, and write x = >/ _¢c,p" 2’ = 37 ¢ p" (with the same

conditions on the ¢, and ¢}, as in the statement). Then, by 4(h) in problem set
1, we have, for every N € Z, |z — /|, < p~V if ¢, = ¢, for every n < N — 1. In
particular, x1(z) = x1(2') if |z — 2'|, < 1, so x1 is continuous and sends every
x € Zp to 1 = x1(0).
We still need to show that i is a morphism of groups. Let G’ be the subgroup
of Q, whose elements are the z € Q, that can be writte x = :fﬁoo anp",
with a,, € Z and a,, = 0 for |n| big enough. This is a dense subgroup (because
:fﬁoo cnp™ is the limit as N — 400 of Z,]y:foo cnp™), and it is contained in Q.
As we know that x is continuous, it suffices to prove that x1(z+vy) = x1(x)x1(v)
x,y € G'. But note that, if z € G’, then y;(x) = exp(2wix), where we see x as
an element of Q. This implies the result.

Finally, we have to show that Ker(x;) = Z,. We have already seen that Z, C
Ker(x1). Conversely, let z € Q,, and write x = :;io_oo cnp™ as above. Suppose

that & Z,, then there exists m < 0 such that ¢, # 0. Choose such a m. We
have

—1
P emp < D e <(p—1)) pT =1

n=—00 r>1



ii.

iii.

iv.

(the second inequality is strict because the ¢, are 0 for n small enough). So
Z;i_oo enp™ € (0,1), and x1(z) = exp(2mi ZT_L;_OO enp™) # 1.

The map ), is a continuous group morphism because it is the composition of
the continuous group morphisms x; and m, : Q, — Q,, * — xy. An element
xz € Q, is in the kernel of y, if and only zy € Ker(x1) = Z,. So, if y = 0, we
have Ker(xy) = Qp, and if y # 0, we have

Ker(xy) =y Zp = |ylpZp = {z € Qp|lz|, < |yl '}.

Choose a neighborhood U of 1 in C* such that the only subgroup of C* contained
in U is the trivial group. (See 3(b).) Then x~*(U N S') is a neighborhood of 1
in Qp, so there exists k € Z such that x~1(U N S1) D {z € Q,l|z|, < p*}. But
as {z € Qpl|z|, < p*} is a subgroup of Q,, its image by x is a subgroup of S*
contained in U, hence is equal to {1}.

Write, for every integer r > 0, z. = x(p~"). Then 2, € S! and, for every r > 0,
we have

Za=x@TT =x(07") =z

We will construct the integers ¢, by induction on r > 0. Note first that z; # 1 =
20 by hypothesis, so we can find cg € {1,...,p—1} such that z; = exp(2micop~?).
Suppose that we have found c¢y,...,c,—1 (with 7 > 1) such that, for 1 < s <,
we have

X(p~*) = zs = exp(2mi Z co_kp ).
k=1
We have to find ¢, € {0,...,p — 1} such that

r—+1 r
Zrp1 = exp(2mi Y crp1-kpF) = exp(2mip” T Y " ep?).
k=1 5=0

P
As 2z, = 2, we have

r—1 p
(zm exp(2mip ") csps)> =1,

s=0
so there exists ¢, € {0,...,p — 1} such that

r—1
Zep1exp(2mip 1Y eap®) = exp(2mipler),
s=0

1.e.
T

Zrp1 = exp(2mip” T " ep?).
s=0

. Let (c;)r>0 be as in (iv), and set y = > %0 ¢,p". As ¢p € {1,...,p— 1}, we have

lylp = 1. Also, for every r > 1, we have

~1
X(p~") = exp(2rip ") > cep®) = xa(py) = xy(1),

k=—r
because
+oo
p_Ty = E Cspr_s = Z Cr+npn-
s>0 n=-r



vi.

On the other hand, if » > 0, then

As x and x, are continuous morphisms of groups, and as the family (p"),ez
generates a dense subgroup of QQ,,, this implies that x = x,.

Let us denote the map Q, — @), Yy — Xy by a. It is easy to see that a is a
morphism of groups (this follows immediately from the fact that y; is a morphism
of groups and the distributivity of multiplication on @Q,.)

We first show that Ker(o) = {0}. Let y € @, — {0}. Then we have y =
too epwithmeZ,0<c¢, <p—1ande¢y,>1. So

n=m

Py =cenp T 4+ Cngmap”,
n>0

and xy(p~™ 1) = exp(2mip~tcy,) # 1. This shows that y € Ker(a).

Now we show that « is surjective. Let y € @3. If x = 1, then x = xo,
so we assume that xy # 1. By (iii), there exists k € Z such that x = 1 on
{z € Qpl|z|, < p~*}. Choose k minimal for this property (this is possible because
otherwise x would be 1 on all of Q,, which contradicts our hypothesis that x # 1).
Then there exists a € Q, such that |a], = p~**! and x(a) # 1. Define 1 € @D
by ¥(z) = x(paz). Then t(p~!) = x(a) # 1 and (1) = x(pa) = 1 (because
Ipal, = p~*). By (v), there exists y € Z, such that ¢ = Xy- In other words, for
every x € Qp,

1

x(@) =v(pta ) = x1(p o ya),

ie. x =a(p~lta~ly).

We show that « is continuous. Let y € Q,, and choose a neighborhood U of
a(y) of the form

U={xeQlvz €K, |x(z)—xy(z)| < c},

where K is a compact subset of Q, and ¢ > 0. We are looking for a neighborhood
V of y in Q, such that a(V) C U.

As Q, = Ukezkap, we may assume that K = pNZp for some N € Z. We
know that x1 is constant on the cosets of Z, in Q,, so, if z € pv Zy, then x is
constant on the cosets of p~V Zp in Qp. Hence, ify’ € y+ p N Zy, then, for every
re K= pNZp,

Xy (2) = xy(@)| = [x2(¥) — xa(y)| =0 < c.

In other words, a(y +p VNZ,) C U.

Finally, we show that « is open. Let y € Q,, and let V' be a neighborhood of y.
We may assume that V is of the form y +pVZ, = {y/ € Q,||y' —yl, < p~} for
some N € Z. We want to show that (V') contains a neighborhood of a(y). As
« is a morphism of groups, we may assume that y = 0. Let

U={xeQlveep Nz, |x()—xy@)| <c},

where ¢ = minj<,<p 1|1 — e2™?"'|, and let’s show that a(pNZ,) D> U. Let
y & pNZ,, we want to show that x,, ¢ U. We write v/ = > ¢,p" with

n=m
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cn € {0,...,p—1} for every n > m and ¢, > 1. Then the hypothesis on y’ says
that m < N. Let x = p~™ . Then = € p_NZp, and

1

Xy () = x1(zy') = exp(2mip™ cm),

0 [xy(z) = 1] > cand x, € U.

vii. As the map y — X, is a morphism of groups, the first statement is equivalent
to the fact that x,z, = 1 if and only if y € Z,. We know that Ker(x1) = Zp,
so Ker(xy) D Z, for every y € Z,. Conversely, let y € Q, — Z,. Then |y[, > 1,

50 lylp > pyso [pyly > 1, and p7ly™h € Zpo As xy(07'y7Y) = a7 =
exp(2rip 1) £ 1, Ker(xy) 5 Z,

So the map y — x, induces an injective morphism of groups from Q,/Z, to Z\p.
We know (or will soon know) that Z, is discrete by 6(e), so it just remains to
show that every element of Z,, is of the form x,z, for some y € Q.

Let x € Z,. As in (iii), we can find k& € N such that Ker(x) D p*Z,. Let
z = x(1). Then 2" = x(p*) = 1, so we can find ¢ € {0,...,pF — 1} such that
2 = e2™ier™" Write ¢ = Zf;é ¢p”, with ¢, € {0,...,p —1}. Then

k-1 -1
x(1) = exp(QWiZcrpr_k) = exp(2mi Z ChnD").
r=0 n=—k

Let y = Z;i_k CrnP”. Then x(1) = xy(1). As x,z, and x are continuous
group morphisms on Z,, and as 1 generates a dense subgroup of Z,, this implies
that x = xyz,-

O

6. We use the notation of the previous problem, and we suppose that G is an abelian locally
compact group and fix a Haar measure 1 on G.

Remember that we have an isomorphism L*(G) — LY(G)Y := Hom(L'(G),C) sending
f € L*(G) to the bounded operator g — [ fgdp on LY(G). (This does not use the
fact that GG is an abelian group.) So we can consider the weak® topology (or topology
of pointwise convergence) on L*(G) : for f € L>(G), a basis of neighborhoods of f is
given by the sets Uy, . g..c = {f € L(G)|| Jo(f = f)gidu| < ¢, 1 <i < n}, for n € Zsy,
g1,---,9n € LY(G) and ¢ > 0.

a) (242 extra credit) Show that G C L(@), and that the topology of G is induced by
the weak™ topology of L*(G).

b) (2) Show that the subset G U {0} of L*°(G) is closed for the weak* topology. (Hint
. Identify it to the set of representations of the Banach *-algebra L'(G) on C.)

¢) (1) Show that Gisa locally compact topological group. (Hint : Alaoglu’s theorem.)
d) (2) If G is discrete, show that G is compact.
e) (2) If G is compact, show that G is discrete.

Solution.

a) Dan : This turned out to be harder than I expected. You can give them the 2 points
if they get the easy direction (= the first one below) right, and 2 extra credit if they
can do the other direction.
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An element of G is a continuous function from G to S I hence a continuous bounded
function on G, hence an element of L>°(G). Now we have to show that the two
topologies on G coincide.

Let ¥ € G. First, let f1,...,fn € LY(@), and let ¢ > 0. This defines a weak* open
neighborhood

U={welNic{l,. n} \/foidu—/awfidm«}

of x. We want to find an open neighborhood V of x for the topology of compact
convergence such that V' C U. Let ¢ > 0. Choose a compact subset K of G such
that [, . [fildu < e for every i € {1,...,n} (this is possible by inner regularity of
w). Let R

V={veGVz e K, [x(z)—v(z)| <e}.

Then, if » € V and i € {1,...,n}, we have
[t [ vsin < [ 1@ —v@idn@) + [ 5@ - vl
<e [ @i +2 [ 1f@)dut)

<e(llfillr +2)

So, if we take € small enough, we’ll get V C U.

Now we prove the converse. Let y € CA;', let K be a compact subset of G and let
¢ > 0. We consider the neighborhood

V={y €GNz e K, |x(z) — ()| <}

of x in the topology of compact convergence. We have to find a weak™* neighborhood
included in it. Let n > 0 (to be fiddled with later), and choose a compact neighbor-
hood A of 1 such that, for every y € A, we have |x(y) — 1| <n. Let f = 14; this is
in L'(G) because A is compact. Note that, for every = € G,

u(A)x() — f* x(a |—\/ Ay ))dy

< /A 11— x(y)ldy

< nu(A).

Now we try to find a weak™ neighborhood of y in @Awhose elements ¢ will satisfy a
similar inequality, but for z € K. Note that, if v € G and x € G, then

f () = /A Xy z)dy
=x(w)/Ax(y)dy

=/w(y1
/w Lo £y

(we use that G is commutative and that 1 is a morphism of groups from G to S%).
Now remember that the map G — L'(G), z + L,-1f is continuous (proposition

12



3.1.13 of the notes). As K, we can find z1,...,z, such that, for every = € K, there
exists i € {1,...,n} with |[[L,-1f — L_-1 f[1 < nu(A). Consider the following weak*
neighborhood of x :

U={yeGvre{la. . o'} '/ )L f(y)dy — /Gw(y)fo(y)dy’ < nu(A)}.

Let ¢ € U. First, we have, for every z € G,

A6 - 16l = | [ ) - ww-l:c)dy'

<|f (1—x(y))dy'+
< 2nu(A).

/ <x<y>—w<y>>dy\

Second, we want to bound |f * x(z) — f *x¢(z)| for x € K. So fix v € K. Let
i€ {l,...,n} besuch that ||L,-1f — L_-1f[j1 < nu(A). Then :

f o x(@) — frb(a |—‘/ TN L 1)

[ - DL )y
\ / TONL 2 00) ~ Lo S )y

< () +2 /G L1 £(5) — L f(y)ldy
< 3nu(A).
Putting everything together, we get, for x € K,

lu(A)x(x) — p(A)Y(z)| < 6nu(A),

ie. |x(z)—v(x)| < 6n. Choosing 1 at the beginning such that 6n < ¢, we get U C V,
as desired.

We have seen in class that G C L>(G) ~ LY(G)V is the set of nondegenerate repre-
sentations of the Banach x-algebra L'(G). Let 7 : L'(G) — C be a representation of
LY(G) on C, and assume that it is not nondegenerate. Then there exists v € C — {0}
such that 7(f)v = 0 for every f € L'(G). But this implies that 7 = 0. So we see
that G U {0} C L°°(G) is indeed the set of representation of L!(G) on C. But the
conditions saying that a bounded linear functional A : L'(G) — C is a representa-
tion are all closed conditions in the weak™ topology (because they all assert that the
values of A at some points of L!(G) are equal), so the set of representations of L!(G)
is a weak™ closed subset of L>°(G).

Alaoglu’s theorem says that the closed unit ball of L>°(G) (for the operator norm
coming from ||.||;, which is just ||.||s) is compact Hausdorff for the weak* topology.
But G U {0} is clearly included in this closed unit ball (this is easy even if we don’t
know that the operator norm is ||.||«), so is compact Hausdorff for the weak* topol-
ogy. Hence its open subset G is locally compact for the weak* topology, and we
have seen in (i) that the weak™ topology on G is equal to the topology of compact
convergence, so we are done.
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d) Consider the map « : G — (S1)¥ sending x to the family (x(z))zeq. This is obviously
injective. As G is discrete, its compact subsets are exactly its finite subsets, so the
topology of compact convergence is exactly the topology induced by the product
topology on (S1)@. Also, by Tychonoff’s theorem, (S')¢ is compact Hausdorff. So,
to get teh result, we only need to show that the image of « is closed in (S'). But
the image of « is the intersection of the subsets

{(ax)a:GG € (SI)G|aonayo = awoyo}

for all xg,yo € G, and each of these subsets is closed, so Im(a) is closed.

e) Suppose that G is compact. Then the topology of G is the topology of uniform
convergence (induced by the norm ||.]js). To show that G is discrete, it suffices to
show that its subset {1} is open (because Gisa topological group). Let ¢ > 0 be
such that the only subgroup of C* included in {z € C*||1 — 2| < ¢} is the trivial
group (see 3(b)). Let U = {x € Glllx = 1o < c}. This is an open neighborhood of
1in G. On the other hand, if x € U, we have x(G) C {z € CX||1 — 2| < ¢}; as x(G)
is a subgroup of C*, this means that x(G) = {1}, i.e. x =1, and so U = {1}.

O

Remark We have seen in (a) that the topology of compact convergence and the weak™
topology coincide on G. This is not the case for {0} UG.

For example, take G = R and consider the elements x, :  — ¢ of G. T claim that the
family (xy)yer converges weakly to 0 when |y| — +o00. (Obviously, it does not converge
to 0 for the topology of compact convergence; in fact, it has no limit in this topology.)
Remember the this statement means that, for every f € L'(R), we have

lim /f(q:)emyd:z: = 0.
R

ly| =00

Suppose first that f is the characteristic function of a compact interval [a,b]. Then

. 1 . .
/ f(x)e™dy = ;(e’by — %) —— 0.
R

ly| =00
So, if f is a (finite) linear combination of characteristic functions of compact intervals,
the conclusion still holds. Now let f be any element of L!(R), and let £ > 0. We can
find a linear combination g of characteristic functions of compact intervals g such that

If = glli <e. By what we just saw, we can also find A € R such that | [, g(x)e™¥dy| < e
for |x| > A. Then, if |y| > A, we have

_l’_

/ f(x)e™Ydx
R

< ] [ @) +| [ (7() - gta)eis
<e+ /R (@) - g(2)|da

< 2e.

So fR f(x)e®Ydx converges to 0 as |y| — +oc.
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