MAT 449 : Problem Set 1

Due Thursday, September 20

In this problem set, N is the set of nonnegative integers.

Examples of topological groups

1. Let V be a Banach space over C. (That is, V is a normed C-vector space which is
complete for the metric given by its norm.) We denote by L£(V') the space of bounded
linear operators from V' to itself, equipped with the operator norm. Remember that, if
||| is the norm on V', then the operator norm ||.||op is defined by : for every f € L(V),

[fllop = inf{c € Rxo[Vv € V, [[f(v)| <clvll} = sup  [[f(v)]]

ve, foll=1

Let GL(V) be the group of invertible elements in £(V'), with the topology induced by
that of L(V).

You can do this problem assuming that V is finite-dimensional. You’ll get one point
of extra credit for every question where you treat the general case (i.e. without any
assumption on the dimension of V).

a) (1) Show that GL(V) is an open subset of L(V).
b) (2) Show that GL(V) is a topological group.
¢) (1) Show that GL(V') is locally compact if and only if V' is finite-dimensional.

Solution.

a) Note that, by definition of the operator norm, we have ||zy||op < ||z]/oplly|lop for all
x,y € L(V). (This property is called “submultiplicativity”.) So, if x € £L(V) is such
that ||2|lsp < 1, then the series Y, <, 2™ converges (we take 2° = idy by convention),
and we have (idy — z)(Y, 50 2") = (3,50 2")(idy — 2) = idy. Hence, if ||z]/op < 1,
then idy —x € GL(V). -

Now let z € GL(V). We want to show that GL(V) contains a neighborhood of
zin L(V). Let y € L(V) be such that ||y|op < |27 op- Then [z y[lop < 1, so
idy — o1y is invertible, hence so is x — y = z(idy — 27 'y). So every element 2’ of
L(V) such that ||z — 2'||p < ||z ||op is in GL(V), which proves the result.

If V is finite-dimensional, we can also use tha fact that the determinant is a contin-

uous map det : £L(V) — C, and that GL(V') is the inverse image of the open subset
C* of C.

b) Let’s show that multiplication is a continuous map from L£(V) x L(V) to L(V).
(This implies immediately that multiplication is continuous on GL(V').) This follows



immediately from the submultiplicativity of the operator norm. Indeed, if z,2’, 3,1y €
L(V), then we have

lzy = 2"y lop = l2(y = 4') + (@ = )y lop < llzlloplly — ¥/ llop + 12 = 2 lop ]l llop-

Using the fact that

19 op = lly + (" = Wllop < lyllop + Iy = ¥/'llop,

we see that, if we fix z and y, then [|zy — 2"y/||op tends to 0 as (|2 —2'||op, [y — ¥ ||op)
tends to (0,0).

Let’s show that inversion is continuous on GL(V'). Let z € GL(V). Let y € L(V
and write h = x —y and ¢ = ||h|p/lz 7 |lop. Then y = x — h = z(idy — 2~ 'h
We have seen in the answer of (a) that, if ¢ < 1, then y is invertible and y~! =

(ano(x_lh)”)a}_l =zl 4 Zn21(1:_1h)”a:_1; in particular, we also have

),
).

ly™ =2 M lop < D ™ 1) " Hlop = o™ llop ) e = 15512 lop-

n>1 n>1

This shows that, if « is fixed, then ||z™* — y 7|, tends to 0 as ||z — y||op tends to 0,
which implies the result.

There is another way to prove the second point if V' is finite-dimensional. Indeed, in
that case, we may assume that V' = C" for some n € N, so GL(V') = GL,(C). Then
we use the fact that, if z € GL,(C), the inverse of = is equal to (detz) 'y’ where
y is the matrix of cofactors of z. As the coefficients of y are continuous functions of
x (because they are +1 times determinants of submatrixes of x), this shows that the
coefficients of 27! are continuous functions of .

c) By (1)(a), a topological group is locally compact if and only its unit has a compact
neighborhood. As GL(V) is open in £(V') by question (a), this implies that GL(V")
is locally compact if and only if e has an open neighborhood in £(V'). As the topology
of L(V) is defined by a norm, this is equivalent to the fact that closed balls in L(V')
are compact. By Riesz’s lemma, this is equivalent to the fact that £(V') is finite-
dimensional. If V' is finite-dimensional, then £(V') is also finite-dimensional. If V'
is infinite-dimensional, then it follows from the Hahn-Banach theorem that £(V) is
also infinite-dimensional.

0

2. Let (Gi)ier be a family of topological groups.

a) (2) Show that [],.; G; is a topological group (for the product topology).

b) (2, extra credit) If all the G; are locally compact, is []
? (Give a proof or a counterexample.)

ser Gi always locally compact

Solution.

a) Let’s show that multiplication is continuous. Let (x;),(y;) € [[;c; Gi- Let U be a
neighborhood of (z;y;) in [[;c; G;. By the definition of the product topology, there
exists a finite subset J of I and open neighborhoods U; of x;y; in G, for ¢ € J, such
that U D ([[;c;Ui) % (Ilic;—; Gi)- By continuity of multiplication on the G for
1 € J, we can find, for every i € J, open neighborhoods V; and W; of z; and y; such
that V;W; C U;. Let V = ([[;c; Vi) X (I Lies—y Gi) and W = (T ;c; W) x (I Lics— s Gi)-



Then V and W are open neighborhoods of (z;) and (y;) in [[,c; Gi, and we have
VW cU.

Let’s show that inversion is continuous. (The proof is similar.) Let (z;) € [[;c; Gi-
Let U be a neighborhood of (z; ') in [[;.; G;. By the definition of the product
topology, there exists a finite subset J of I and open neighborhoods U; of z;y; in G,
for i € J, such that U D ([[;c; Us) % (Il;c;—; Gi)- By continuity of inversion on the
G, for i € J, we can find, for every ¢ € J, an open neighborhood V; of z; such that
Vit c Ui Let V = ([1;e; Vi) X (ILic;_ys Gi). Then V is an open neighborhood of
(z;) in [[;e; Gi, and we have V-1 C U.

The answer is “no”, as soon as infinitely many of G; are not compact. Indeed, let
us denote by p; : [[,c; Gi — Gj the projection maps. These are continuous maps,
so they send compact sets to compact sets. Now suppose that the set of ¢ € I such
that G; is not compact is infinite. If [[,.; G; is locally compact, then its unit has
a a compact neighborhood K. By the definition of the product topology, K must
contain a set U of the form ([[;c;Us) x (I[;c;_; Gi), where J is a finite subset of
I and, for every ¢ € J, U; is a neighborhood of e in G;. By hypothesis, there exists
i € I — J such that G; is not compact. But we have G; D p;(K) D p;(U) = G, so
G; = pi(J) is compact, which is absurd.

Conversely, suppose that there exists a finite subset J of I such that G; is compact
for every i € I — J. Then [[,.; G; is locally compact. Indeed, we have [[,.; G; =
(ILics Gi) x (ILier—s Gi) and [[;c;_; Gi is compact by Tychonoff’s theorem, so it
suffices to prove that [[;.; G; is locally compact. In other words, we may assume
that I is finite. But then, if (z;) € [[;c; Gi and K is a compact neighborhood of z;

for every i € I, the product [[;.; K; is a compact neighborhood of (x;).
O

3. Let (I,<) be an ordered set. Consider a family (X;);e; of sets and a family (u;; : X; —
X;)i>j of maps such that :

e For every i € I, we have u;; = idx;;

e For all i > j > k, we have w;;, = u;; o uji.

This is called a projctive system of sets indexed by the ordered set I. The projective limit
of this projective system is the subset @ie s X of [[,c; Xi defined by :

a)

b)

lngl = {(ﬁi)z’el € HXZW/Z,] € I such that 7 > j, ul](xl) = I‘j}.
el iel
(1) If all the X; are Hausdorff topological spaces and all the u;; are continuous maps,

show that 1&1 1 X is a closed subset of [[,.; X;. From now on, we will always put
the induced topology on L X;.

(1) If all the X; are compact Hausdorff topological spaces and all the u;; are con-
tinuous maps, show that @ie s X is also compact Hausdorff. (Hint : Tychonoft’s
theorem.)

(2) If all the X; are groups (resp. rings) and all the w;; are morphisms of groups
(resp. of rings), show that @iel X is a subgroup (resp. a subgroup) of [[,.; X;
(2) If all the X; are topological groups and all the u;; are continuous group morphisms,
show that l'&lie I X, is a topological group.

(2) Let p be a prime number. Take I = N, with the usual order, X,, = Z/p"Z and
Unm : Z/p"Z — Z/p™Z be the reduction modulo p™ map. Show that Z, := @ie[ X
is a ring, and a compact topological group for the addition.



Solution.

a) We write X = Hz‘eIXi and X' = l'&liaX@-. For every ¢ € I, let p; : X — X, be
the projection; this is a continuous map. Hence, if 7,5 € I are such that ¢ > j, the
subset {z € X|u;;j o pj(x) = pj(x)} of X is closed (because it is the inverse image of
the diagonal by the continuous map (u;; o p;,pj) : X — X; x X;, and the diagonal
of X; x X is closed as X; is Hausdorff). But, by definition of the projective limit,
we have

X' = ﬂ {z € X|u;j o pi(x) = pj(x)}.

o
9. -
i,jeIL, 1>7
So X' is also closed.

b) If all the X; are compact Hausdorff topological spaces, then X is compact Hausdorff
by Tychonoft’s theorem. By (a), the projective limit is a closed subspace of X, so it
is also compact Hausdorff.

c) We keep the notation of (a). Then all the projections p; are morphisms of groups
(resp. rings), so, for all ¢, j € I such that i > j, the subset {x € X|u;;op;(x) = pj(x)}
of X is a subgroup (resp. subring). By definition of the projective limit, we have

X'= (1 {zeXuyopi(x)=p;)}
i,jel, i>j
So X' is also a subgroup (resp. subring).

d) By (3)(a), the direct product is a topological group. By question (c), the projective
limit X’ is a subgroup of X. Hence X' is a topological group.

e) The set Z,, is a ring by question (c) and a topological group by question (d). It is
compact by question (b) (note that finite sets with the discrete topology are compact
Hausdorff).

0

4. Let p be a prime number. We define the p-adic norm |.|, on Q in the following way :
e |0], =0;
e if x is a nonzero rational number, we write x = p™y with y a rational number whose
numerator and denominator are prime to p, and we set |z|, = p~".
a) (2) Show that we have, for every x,y € Q :
o |z + y|p, < max(|z|p,|ylp), with equality if |x|, # |y|p;
o |zylp = [z|plylp-

In particular, the p-adic distance function d(z,y) = |z — y|p is a metric on Q. We denote
by Q, the completion of Q for this metric.

b) (4) Show that the p-adic norm |.|,, the addition and the multiplication of Q extend
to @, by continuity, that Q,, is a field (called the field of p-adic numbers), and that
the statements of (a) extend to Q.

c¢) (1) Show that the additive group of Q, is a topological group.
d) (1) Calculate the subset |Q,|, of R.

e) (1) Show that every open ball in Q, is also a closed ball, and that every closed ball
of positive radius in Q,, is also an open ball.

f) (1) Show that Q, is totally disconnected (i.e. its only nonempty connected subsets
are the singletons) but not discrete.



g) (1) Show that a series }_ oy is convergent if and only if limy,— oo |[2n|p = 0.

h) (1) If m € Z and (¢y)n>m is a family of integers, show that the series Y o, cpp"
converges in Q,, and that its p-adic absolute value is < p~™, with equality if ¢, is
prime to p.

i) (2) Let x € Q, — {0}. Show that there exists a unique m € Z and a unique family
(¢n)n>m of elements of {0,1,...,p — 1} such that z,, # 0 and z =} - c,p", and
that |z|, =p~™.

j) (2) Let B = {z € Qpl||z||, < 1}. Show that this is a subring of Q,, and the closure
of Z in Q.

k) (2) We define a map u from B to [[,,~,Z/p"Z in the following way : If x € B, then,
by question (e), we can find a Cauchy sequence (z,,),>0 of elements of Z converging
to z. After replacing it by a subsequence, we may assume that | — x,|, < p~" for
every n. We set u(z) = (z, mod p"Z)p>o.

Show that u is well-defined, a homeomorphism from B to Z,, and that it is also a
morphism of rings. We will use this to identify B and Z,,.

1) (2) We identify M,,(Q,) with QZQ, we put the product topology on it, and we use the
induced topology on GL,(Q,). Show that GL,(Q)) is a locally compact topological
group.

m) (2) Show that GL,(Z,) is an open compact subgroup of GL,(Q,). (Hint : Show
that Z is closed in Z,.)

Solution.

Dan : I tried to be very thorough in the solution. If they are a bit sketchier but got the
idea, you don’t have to take points off.

a) We first note that, if x € Z— {0}, then we can write x = p™a’ with m > 0 and 2’ € Z
prime to p, so |z|, = p™ < 1. Of course, if z = 0, we also have |z[, < 1.

We also note that it follows immediately from the definition of |.|, that, if € Q*,
we have |27, = [z[1.

Let z,y € Q,. If z = 0, then x + y = y and 2y = 0, so both points are obvious;
the case y = 0 is similar. So we assume that both z and y are nonzero, and we
write z = p"2’ and y = p™y/, with 2’ and 3’ rational numbers whose numerator and
denominator are prime to p. Then the numerator and denominator of x’y’ are also

prime to p, and zy = p" ™2’y so

[yl =p™" " =77 = |zlplyly-
To prove the first identity, note that, as the identity is symmetric in  and y, we
may assume that n < m. (Note that then we have p™™" = |z|, = max(|z|,, |y|p).) We

a

write o' = ¢ and 3 = §, with a, b, c,d € Z prime to p. Then

__nad+p™ "cb
y) =p" =,

hence, by what we already proved,
[+ ylp = [p"[plad + p™ " belp|bd], .

As bd is prime to p, we have |bd|, = 1 (by definition of |.|,). As ad+p™ "bc € Z, we
have |ad 4+ p™"cb|, < 1 by the remark at the beginning. Finally, we get

|z + y|p < |pn|p =p "= max(|x]p, |y|p)'



Finally, if |z|, # |y|p, we have n < m, hence ad + p"™ "cb is prime to p, and the
definition of |.|, gives |z +y|, =p™™.

By definition, @, is the set of Cauchy sequences (z,)n>0 of elements of Q (for the
metric given by the p-adic distance), modulo the equivalence relation ~ defined by :
(Zn)n>0 ~ (Yn)n>o0 if and only if |z, — yn|, — 0 as n — 4o0.

Note that the second identity of (a) imply the triangle inequality : for all z,y € Q,
we have |z +y|, < |z]p + |ylp.

Let z € Qp, and let (xy,)n>0 be a Cauchy sequence representing . By the triangle
inequality, we have, for all n,m € N, ||z,]p — |Zmlp| < |20 — Zmlp. So (|znlp)n>0
is a Cauchy sequence in R, and, as R is complete, it has a limit. Let (yn)n>0
be another Cauchy sequence representing x. By the triangle inequality, we have
1Znlp = [Ynlp| < |Zn — ynlp for every n > 0, so the limits of (|y|p)n>0 and (|ynlp)n>0
are equal. Hence we can define |z|, by ||, = limy— o0 |Zn]p-

Now let z,y € Q,, and choose Cauchy sequences (z,)n>0 and (yn)n>0 representing
x and y. First note that the sequences (|zy|p)n>0 and (|yn|p)n>0 are bounded (for
example because they converge, as we have seen above). Now, using (a), we get for
all n,m € N :

|(Zn + Yn) — (Zm + ?/m)|p < max(|z, — xm|p, |Yn + ?Jm‘p)

and

|$nyn_$mym|p = |$n(yn_ym)+($n_$m)ym’p < max(|xn|p\yn—ym|p, ‘?Jm|p|3’3n_l‘m|p)-

Hence the sequences (2, +yn)n>0 and (2,yn)n>0 are Cauchy sequences (for the second
one, we use the fact that (|z,|p)n>0 and (|yn|p)n>0 are bounded), so they represent
elements of Q,. We want to call these elements x + y and zy, but first we have to
check that they are independent of the choice of the Cauchy sequences representing
x and y. So let (z],)n>0 and (y),)n>0 be two other Cauchy sequences representing
and y respectively. Then we have, for every n > 0,

|(@n + yn) = (@5 + ) |p < max(|zn — 27, |ps [Yn, Yoln)

and

| T yn — w%y;‘p = |@n(yn — y;z) + (zn _m;)y;‘p < max(]mn]p\yn - yg’pa ‘y;’pmn _xlrL’p)-

So both sequences ((zn + yn) — (3, + Y ))nz0 and (Znyn — 23,95 )nz0 converge to 0,
which means that the sequences (2, + yn)n>0 and (2, + v, )n>0 (resp. (ZnpYn)n>0 and
(@] Y}, )n>0) have the same limit, and so the definition of 2 4+ y and zy makes sense.

The ring axioms for Q, follow immediately from the definition of the operations. Let’s
check that Q) is a field. Let z € Q, — {0}, and choose a Cauchy sequence (xy)n>0
representing x. As x # 0, the sequence (|zp|p)n>0 cannot converge to 0, so its limit
(which is |z|,) is nonzero. So we have |z, — x|, < |z|,/2 for n, m big enough, and,
up to replacing (z,)n>0 by an equivalent Cauchy sequence, we can assume that it is
true for all n,m > 0. Let n,m > 0. By (a), we have |z, |, < max(|zm|p, |[Tn — Zmlp)-
Going to the limit as m — 400, we get |z,|, < |z|,. Similarly, going to the limit
as n — oo and using the fact that |z|, > |z[,/2 > limp,i00 |Tn — Tm|p gives
|z|, < |Zm|p. This implies that |z|, = |z,|, for every n > 0. Now, if we can show
that the sequence (z,!),>0 is a Cauchy sequence, then the element of Q, that it
represents will clearly be an inverse of . But we have, for all n,m > 0,

|5'37;1 - 93;11|p = |$fr:193;11|p’93m — Tplp = ’33|;2|l‘m — Zn|p,



so |zt — 2}, does converge to 0 as n,m — +o00.

We finally prove that the identities of (a) stay true in Q,. If z,y € Q, — {0}, then
we just saw that we can find Cauchy sequences (z,)n>0 and (yn)n>0 converging to
x and y such that, for every n > 0, |z|, = |zn|p and |y| = |yn|p- Of course, this is
also true if z or y is 0. Then the identities follow immediately from (a) and from the
definition of the operations on Q.

The addition on Q, is continuous by definition (it is defined as the extension by
continuity of a map). The inversion map z — —z is continuous because |z|, = | —x|p.

We have seen that, if x € Qp, then there is a Cauchy sequence of Q converging to x
and such that |z|, = |z,|, for every n > 0. So |Q,|, = |Q|, = {0} U p~.

If x € Q, and r € R, we write B(z,7) and B(z,r) for the open and closed balls of
center x and radius r.

Let z € Qp. Let r € R. If r <0, then B(z,r) = @ = B(z,—1). Suppose that 7 > 0,
and let n be the unique integer such that p” < r < p"*!. By the previous question,
if a € Qp is such that |a|, < r, then |a|, < p", and obviously the converse is true.
So B(x,r) = B(z,p"). Now let m be the unique integer such that p™ < r < p™+i.
Then we see similarly that B(z,r) = B(x,p™"!).

Let z,y € Q, such that z # y. Then |z — y|, > 0, so we can choose r > 0 such that
r < |z —yl|p. Then B(z,r) is an open and closed subset of Q, containing  and not
y, so x and y cannot be in the same connected subset of Q,. This shows that Q,, is
totally disconnected.

To show that Q, is not discrete, it suffices to show that its subset {0} is not open.
This follows from the fact that the sequence (p™),>o converges to 0 in Q,, and that
p" # 0 for every n € Z.

Define a sequence (Sy)n>0 of rational numbers by S,, = Z?:o T,. Then the series
Y50 n converges if and only if the sequence (Sp)n>0. In particular, if the series
converges, then |z,|, = [Sp+1 — Snlp tends to 0 as n — +oo.

Conversely, suppose that lim,, ||, = 0. For all n,n’ € N, if n < n/, then (using

(b)) :

!

n

St = Shlp = | E Tilp < Lo |zilp < sup |zifp.
i=n+1 == izntl

This tends to 0 as n — +00, so (Sp)n>0 is a Cauchy sequence, hence it converges in

Qp, and so does the series ano Tn-

The convergence follows from the previous question and from the fact, noted in the
proof of (b), that |c[, < 1 for every ¢ € Z. Let x =) -, cmp™. By definition, we

have
n

r = lim Z cp'.
n—+00 *

=m

For every n > m, we have

n
| Z cip'lp < mrg?%(n cilplp'lp =p7™,
=m
so |z|, < p~™. Suppose that ¢, is prime to p; then |cp|, = 1. Hence |cpp™|, =
p~™ > |eip'|p for every i > m, so, using (b) again, for every n > m,

n
> 'l =p"
i=m



—m

This gives |z|, =p

Let’s show existence. We may assume x # 0 (otherwise the result is trivial). We know
that |z|, = p~™ for some m € Z. Choose a Cauchy sequence (z,),>¢ converging to
x. After replacing (z,)n>0 by a subsequence, we may assume that | — x|, < p™"
for every n > 0.

Let n > 0. We write z,, in base p as z, = Z?;an cmpi, with a,,b, € Z and

cin €40,1,...,p —1}. We may assume that c,, , # 0. Then ¢,, , is prime to p, so
|Can D™ |p = D™ > |c;np'| for every i > ay, and so (b) gives

p "= |Talp=p7",

hence finally m = a,.
Also, we can replace b, by +o00 in the expression for z,,, by setting ¢;,, = 0 for ¢ > b,,.

Let n,n’ € N, and suppose that n > n’. Then |z, — x|, < max(|z,—z|p, [x—zy|p) <
p~™. On the other hand, we have z,, — z,y = > iom(Cim — cin)p'. Note that the
Cin — Cin arve in {1 —p,...,p— 1}, so they are either 0 or prime to p. By (h), this
implies that |z, —,/|, = p~", where r is the smallest integer such that ¢, ,, — ¢, ,» # 0.
This implies in turn that n’ < r, that is, that ¢, = ¢; v for m <i <n/.

We now define integers ¢;, i > m, by ¢; = co; if ¢ <0 and ¢; = ¢;; if i > 0. By the
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previous paragraph, ¢; = ¢;, if 0 < i < n. For every n > 0, let y,, = Ei:m cp'.

Then ' '
Tp — Yn = E(Ci,n —c)p' = Z (Ci,n —ci)p's

i>m i>n+1

80 |Zn — ynlp < p~™ ! by (h). Hence the sequence (yn)n>0 also converges to z, and
this shows that z =Y. ¢p'.

Let’s show uniqueness. Suppose that we have two sequences of integers (cn)n>m,
(dn)n>m such that z = 37 o cup™ = > 5, dnp"™ and ¢, dy, € {0,...,p — 1} for
every n. Then0=>" .. (¢,—d,)p". Also, for every n, ¢, —dyisin {1—p,...,p—1},
so it is 0 or prime to p. If we had a n such that ¢, — d,, # 0, then this would imply
|0, # 0 by (h), and this is impossible. So ¢, = d,, for every n.

The fact that B is a subring follows from (b) (and the fact that | — x|, = |z|p, which
is obvious on the definition), and we have seen in the proof of (b) that Z C B. Also,
B is a closed ball, so it is closed in @, and so it contains the closure of Z.

Let x € B. By (i), we can write x = ) -, cup", with ¢, € {0,...,p — 1}. This
means that z is the limit of the sequence of integers (Y I, c;p')n>0, hence that z is
in the closure of Z in Q.

We show that u is well-defined. Let x € B, and let (,)n>0, (2},)n>0 be two sequences
as in the statement. Let n > 0. Then |z, — z},|, < max(|x, — z|p, |z — z,],) < p~",
which means that p™ divides x,, — 2},, and so z,, and z] have the same image in
Z/p"Z. This proves that u(x) is well-defined.

The fact that u is a morphism of rings follows immediately from the definition of the
ring operations on Q, and the fact that reduction modulo p" is a morphism of rings

from Z to Z/p™Z for every n.

We show that w is injective. Let z,y € B such that u(z) = u(y), and choose
sequences (Zpn)n>0, (Yn)n>0 converging to z,y and satisfying the conditions of the
statement. Then, for every n > 0, we have x,, =y, mod p™, so p" divides x,, — yp,
ie., |xn — ynlp < p~". Going to the limit as n — 400, we get |z — y|, = 0. But we
have seen in (b) that the only element of Q, with p-adic norm 0 is 0, so x = y.



We show that u is surjective. Let (z, + p"Z)n>0 be an element of Z,. For every
n > 0, we choose a representative in {0, ...,p" —1} for z,, +p"Z, and we denote it by
T,. We also write x,, in base p as z,, = Z?:_ol ci,npi, with 0 < ¢, <p—1. Let m > n.
We know that z,, = x,, mod p", so ¢;m = ¢;pn for 0 <7 < n. We define a sequence
(Glisobyci=cio=ci1=...=cij,and weset x =) .- cpt € Qp. Then z € B by
(c), and it is easy to check that (z,)n>0 is a Cauchy sequence of integers converging
to « and satisfying the conditions of the statement. Hence u(x) = (zy, + p"Z)p>o0.

We show that u is continuous. Every open set in Z, is a union of open sets of
the form Zy N (([1,>me1 Z2/P"Z) X {(®m;...,20)}), With m > 0 and z; € Z/p'Z
for 0 < i < m. So it suffices to show that the inverse image of a set of that form
is open in B. Write A = ([],5,,41%Z/P"Z) X {(¥m,...,z0)}. Choose x € Z such
that x = x,, mod p™. Then we have z = x, mod p” for 0 < n < m (because
Ty, = Ty, mod p"). We will show that y € B is in u=*(A) if and only if |z — y|, <
p~ ™% which shows that u~'(A) is open. First note that, as the values of |.|, are
always 0 or integer powers of p, the condition that |z — y|, < p~ "+ is equivalent to
|z —yl, <p™. ! Let y € B, and let (y,)n>0 a Cauchy sequence converging to y
as in the definition of w. Suppose that |z — y|, < p™™. Then, for n € {0,...,m},
we have |y, — x|, < max(|y, — ylp, |y — z|p) < p~", hence y,, = = = x,, mod p".
So u(y) € A. Conversely, suppose that u(y) € A. Then y,, = x,, = 2 mod p™, so
|Ym — x|p < p™™. As |y — yml|p < p~™, this implies that |z —y|, < p™™.

Finally, we show that u is open. As w is bijctive, it suffices to show that the image of
an open ball is open. We have more or less already done this : let x € B, let r € Ry,
and let A’ be the open ball of center x and radius r. If m is the smallest integer such
that p~™ < r, then A’ is also the closed ball of center x and radius p~™ (because
||, has values in {0} U p%). Let y be an integer such that |z — y|, < p~™. Then the
second identity of (a) implies that, for z € Q,, we have |z — 2|, < p™™ if and only
if |y — 2|, < p~™, which means that we can replace z by y in the definition of A’.
Then we have already seen above that w(A’) = ([,>me1 Z/P"Z) X {(Zm, .., 20)},
where x, =y + p"Z for 0 <n < m.

1) The proof that GL,(Q)) is a topological group is the same as in (2)(b) (the finite-
dimensional case). It is also open in M,(Q)), because it is the inverse image by the
continuous function det of the open subset Q of Qp. So to show that GL,(Qp)
is locally compact, it suffices to show that M,(Q)) is locally compact, which will
follow if we know that Q) is locally compact. But for every x € Q, the closed ball
of radius 1 centered at x, which is 4+ Z,, is a compact neighborhood of z : it is
compact because Z, is compact and translation by z is continuous (by definition of
the metric), and it is open because it is equal to the open ball of center x and radius
.

m) First, GL,(Z),) is open in GL,(Q,) because it is the intersection of GL,,(Q,) with
the open subset M,,(Z,) of M,(Q,) (we have seen in the previous question that Z,
is open in Q). As M, (Z,) is compact (because Z,) is, to show that GL,(Z,) is
compact, it suffices to show that it is closed in M,,(Z,). As it is the inverse image of
Z, by the continuous map det; M, (Z,) — Zy, it suffices to show that Z;‘ is closed
in Zy. But Z; = {z € Zy||z|, = 1} (which implies that it is closed). Indeed, let
& € Zp. If 2 has an inverse in Z,, then [z, = |z]; <1, so |z[, > 1, hence |z, = 1.
Conversely, if |z|, = 1, then |z71|, = 1, so 7! € Z,,.

O

S0, in Q,, every open ball is a closed ball and vice versa.



Examples of Haar measures

5. (6) Let G be a topological group. Suppose that we have a homeomorphism of G with an
open subset of some RY (not necessarily compatible with any groups structures), such
that left translations on G are given by affine maps. That is, if we identify G with its
image in R (as a topological space only !), then, for every z € G, there is a N x N
matrix A(z) € My(R) and an element b(z) € RY such that, for every y € G, we have
xy = A(x)y + b(z).

Show that | det A(z)|~'dz is a left Haar measure on G, where dr denotes the Lebesgue
measure on RY. (Hint : The change-of-variable formula. Also, start by proving that

uniquely determines A(x) and b(x), and that x — A(x) is a morphism of groups from G
to GLy(R).)

Solution. Let x € G. Suppose that we have A, A’ € My(R) and b,b’ € RY such that, for
every y € G, zy = Ay+b= A'y+b'. Then (A— A")y = b —b for every y € G. But the set
of solutions the equation (A — A’)y = b’ — b is an affine subspace of RY (i.e. a translate
of a linear subspace), so it has empty interior unless it is equal to RY. As G is open in
RY, this means that we must have (A — A")y = b’ — b for every y € RY. The only way
this is possible is if Ker(4 — A’) = RY, hence A = A’, and then we also have b =b'. So x
determines A(z) and b(z).

We prove that A(z) is invertible for every € G. Indeed, if A(x) is not invertible, then
the image of the map G — G, y — zy is contained in b(z) + Im(A(x)), which is the
translate by b(x) of a proper linear subspace of RY, and hence it has empty interior. But
this image must be equal to G, hence be an open subset of RV, so we get a contradiction,
and so A(x) must be invertible.

We prove that x — A(z) is a morphism of groups. Let z1,z2 € G. For every y € G, we
have
A(z122)y + b(z122) = 21202y = A(21) A(22)Yy + A(21)b(22) + b(27).

By the first paragraph, this implies that A(z122) = A(z1)A(22) and b(x122) = A(z1)b(22)+
b(l‘l)

Now remember that the change of variable formula implies that, if U is a measurable subset

of RV, if A € GLy(R) and b € RV, and if V is the image of U by the transformation

y +— Ay + b, then we have, for every f € L(V),

/ f(v)dv = | det A\/ f(Ay + b)dy.
1% U

Applying this to U =V = G, A = A(y) and b = b(y) for some y € G, we get, for every
feLlG),

| fde=detaw)| [ fge)da.
G G

Let f € C.(G). Then the function = — | det A(x)| =1 f(x) is also in C.(G), so we can apply
the previous paragraph to it. We get, for every y € G,

/ﬂwmeMHMﬂ@M@N/NM®M@Nm
G G

Using the fact that det(A(xy)) = det(A(z))det(A(y)), we can divide both sides by
|det(A(y))]~!, and we get

/ﬂwwmmmlmzjﬂw®mwnwa
G G
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which is the desired result.

6. In this problem, dx will always be the Lebesgue measure on R.

a)
b)

)

d)

(1) Show that |dxl| is a Haar measure on the multiplicative group R*.

(1) Show that x%x_f;@ is a Haar measure on the multiplicative group C*, with coordi-

nates z = x + 1y.

(3) Let dT be the Lebesgue measure on M, (R). Show that | det T|~"dT is a left and
right Haar measure on GL,(R).

2|2

(2) Let G = {(g z) |z, z € RX,y € R}. Show that 9289 ig g left Haar measure

on (. Is it a right Haar measure 7

Solution. Of course, we will use the previous problem to solve every question.

a)

b)

The obvious inclusion R* C R makes R* an open subset of R. Let z € Rx. Then,
for every y € R*, we have 2y = A(z)y+b(z) with A(x) = z € GL;(R) and b(z) = 0.
So the result follows from the fact that det(A(x)) = x.

We embed C* into R? by the map z +— (Re(2),Im(z)). This makes C* into an open
subset of R?. Let z = x + iy € C*, with z,y € R. Then left translation by z on C*

is given by left multiplication by the 2 x 2 matrix A(z) = <;j _a;y> (this is just the
formula (z +iy)(a+1ib) = (xa —yb) + i(ya+ xb)). So the result follows from the fact
that det(A(2)) = 2% + 32

The group GL,(R) is an open subset of M, (R) ~ R (because it is given by the
equation det(z) # 0). Let 2 € GL,(R). Then left translation by x on M,(R)
is a linear transformation, and we need to calculate its determinant. Note that
M,(R) =R"®...®R", where we have n summands, correponding to the n columns
of a n x n matrix. Left multiplication by x preserves this decomposition, and the
determinant of its action on each summand is the determinant of the usual action of
x on R™i.e., det(x). So the determinant of left translation by x on M,,(R) is det(z)™.

To see that | det(T")|~™dT is also a right Haar measure, we use the obvious analogue
of the previous problem with left translations replaced by right translations, and we
see as above that the determinant of the action of z € GL,(R) by right translation
on M, (R) is det(x)".

We embed G as a open subset of R? by sending <30: ’Z) to (z,y,2z). Let g =

<:1; g) € G. Using the fact that

0
z y\[({a b\ [xa xb+yc
0 z)J\0 ¢/ \O ze '
we see that we are in the situation of the previous problem, with

0 0

Alg) = y

S O R

x
0

and b(g) = 0. So det(A(g)) = 2z, and we get the result.
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As in (c), using the analogue previous problem for right translations, we see that the
action of g on G by right translation is linear and given by the matrix

n O O

0
z
0

ow &

dxdydz
|z[2?

with ¢ a constant, hence

is a right Haar measure on G. It is not of the

dxdydz
2?2

whose determinant is zz2. So

dxdydz
2?2

form ¢ cannot be a right Haar measure.

O

7. (extra credit) Consider the group G = (Z/27Z)N.

a)
b)

c)

(1) Show that there exists a Haar measure p on G such that u(G) = 1.

(2) Show that every open subset of G is a countable union of set of the form U =
V x (Z/2Z)N>n+1, withn € Nand V C (Z/22)"}, and that we have u(U) = S

(4) Consider the map u : G — [0,1] sending (zp)neny € G to Y, 50 Tn2 "1 (We
identify Z/27 with {0, 1} in the defintion of u.) Show that u is measurable and maps
w to Lebesgue measure A on [0, 1]. That is, show that, if B C [0,1] is a Borel set,
then u~!(B) is a Borel set and A\(B) = u(u~!(B)). (Hint : Show that the half-open
intervals of the form [j27%, (j + 1)27*] generate the Borel o-algebra on [0,1], and
calculate their inverse images by u.)

Solution.

a)

b)

Let p be a left Haar measure on G. As GG is commutative, p is also a right Haar
measure. Also, by problem 3(b), the group G is compact, so u(G) < 00, and, after
multiplying p by p(G)™!, we may assume that u(G) = 1.

By definition of the product topology, every open subset of G is a union of sets U of
the form V x (Z/2Z)N~!, with I C N finite and V' C (Z/27Z)!. As every finite subset of
N is included in a set of the form {0, 1,...,n}, we may assume that I = {0,1,...,n}
for some n € N. We still need to show that we can the union to be countable. Suppose
that we have an open set 2 of G of the form J;.; U;, with U; = V; x (Z/2Z)N2"i+1
and V; C (2/27)%0-"}, For every n € N, let I,, = {i € I|n; = n}. Then

U Ui = Vi x (z/22)"=r1,

1€lp
with
Vo= |J Vi c (z/22)0m.
i€ly
Hence Q = {J,,cpy Vi X (Z)2Z)Nzn+1,

Now we calculate p(U), for U = V x (Z/2Z)Nzr+1, with V' C (Z/22)1%"}, We write
W = (2/2Z)Nzn+1, If 0,0 € (Z/22)1%™} then {v} x W = (v/ —v) 4+ {v'} x W, so

.....

hence p({v}) = 5. On the other hand, we have U = [[, .\ {v} X W, so we get
1%
u(U) = Fk.
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¢) Write I; = [j27%, (j + 1)27%]. We first show that the [, for K > 0 and 0 < j <
2F —1, generate the Borel o-algebra on [0, 1]. Every open subset of [0, 1] is a countable
union of open intervals (a,b) with 0 < a < b < 1, and optionally of one or both of
the half-open intervals [0,b), 0 < b < 1, and (a,1], 0 < a < 1. So we just need to
check that any of these can be written as a countable union of I;’s.
Suppose that 0 < a <b < 1. Ifb—a > 2% and ifi = 1+ |2¥a] and 7/ = —1 + [2Fb]
(where |.] and [.] are the floor and ceiling functions), then 0 < i27% —a < 27% and
0 <b—i27% <27% This implies that

—2+[2Fb]

(a,b) = U U Lk

k>—logy(b—a)  j=1+|2ka]

(where log, is the base 2 logarithm). Similarly, if 0 < b <1 and 0 < a < 1, then

—2+[2Fb]
k>—logy(b) =0
and
2k_1

(a, 1] = U U I k-

k>—logy(1—a)  j=1+|2%a]

This proves the statement about the Borel o-algebra of [0, 1]. To finish the problem,
we just need to prove that, for all k < 0 and all j € {0,...,2*¥ —1}, the inverse image
u~1(I;x) is a Borel set in G and p(u=1(I;1)) = 27*. So we calculate these inverse
images.

First note that, if z € [0,1], then «~!(z) is a singleton unless z is of the form j27%
for 0 < j < 2%, in that last case, = as second expression in base 2, where all the
coeflicients are 1 after a certain rank.

Now let k > 0 and j € {0,1,...,2¥ —1}. If k = 0, then j = 0 and [;; = [0,1], so
w1 (I;1) = G and u(G) = A([0,1]) = 1 by the choice of y. Suppose that k > 1. As
0 <j <2F—1, we can write j in base 2 as j = E?:_ol ap_1-4:2%, with the a; in {0,1}.
If 0 < 7, we also write j — 1 = Y"1 b1 ;2. with the b; in {0,1}. Tf j +1 < 2, we

also write j + 1 = Zf:_ol cp—1-42%, with the ¢; in {0,1}. Then we have

k-1
jok = Zaﬂ—(i—i—l)’
=0

k—1 ‘ +00 4
G2 =Y b2t £y a7 if i >0
=0 i=k

and

=
—

G+1)27F =3 ¢27 0 if j 41 <2k,

i

Il
o

sou1(Ij5) = X UY, where

V= ({(ao, o apo1)} X (Z/QZ)NZk)
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and

{(bo,...,bx_1,1,1,...),(co,...,cx1)} ifO<j<2F—1

X =< {(bo,...,bp_1,1,1,...)} if j=2F—1

{(Co,...,ckfl)} 1f] = 0.
As X is closed and Y is open, this is a Borel subset of G. We also know by question
(b) that u(Y) = 27% = X(I; 1), so it remains to show that x(X) = 0. That is, we
want to show that singletons in have volume 0 in G. As all singletons are translates
of each others, it suffices to treat the case of {0}. This follows from the fact that

{0} ¢ ({op{Otmb x (z/27)N2ni1

for every n > 0, because the right-hand side has volume 2"+ by question (b).
O

8. For z € Q, and r € R, write B(z,7) = {y € Qp||z — y|, < r} (the closed ball of center x
and radius 7). Let A be the Haar measure on Q, such that A\(Z,) = 1.

a) (1) If 2 € Q, and m € Z, show that \(B(z,p™)) = p™.
b) (2) For every Borel set X C Q,, show that

AMX) = inf{mei]Elxg,xl, ... €Qp, with X C U B(z;,p™)}.
i>0 i>0

Solution.

a) First we note that, if x,y € Qp, we have B(z, p™) = B(y, p")+x—y, so A\(B(z,p™)) =

A(B(y,p™)). Note also that
B(0,p™) ={z € Qllzlp <p™} ={z € Qpllp" x|, <1} =p™ "%,
for every m € Z. So, for every x € Q, and evey m € Z, we have
B(z,p™) =x+p " Zp.

Also, by question (i) of problem 4, we have

p—1
Z, = [ + pZy).
=0

Multiplying by p~"" gives
p—1
B(0,p™) =[] Bpr~™4,p™ ),
i=0

hence A(B(0,p™)) = pA(B(0,p™1)). As A(B(0,1)) = A\(Z,) = 1 by hypothesis, the
result follows by an induction on |m|.

First, by question (f) of problem 4, the balls B(x,r) form a base of (open !) sets
for the topology of Qp, so every open subset of Q, is a union of balls B(z,r). As
Q is dense in Q, and countable, every open subset of Q, is a countable union of
balls B(x,r) (and we can take the x in @Q, but it doesn’t matter). Also, note that,
by question (b) of problem 4, if y € B(x,r), then B(y,r) = B(x,r). Hence, if two
closed balls of Q, intersect, then one of them must contain the other. This implies
that every open subset of Q, is a countable disjoint union of balls B(z,r). The result
now follows immediately from (a) and from outer regularity of A.

0
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