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1 Introduction and notations

Let A be an abelian variety defined over a number field F' and let
p:Gal(F/F) — GL,(C)

be a finite dimensional representation of the Galois group of F'. Then the
Birch and Swinnerton-Dyer conjecture predicts the following identity

ords—; L(s, p, A) = dim(A(F) ® p)Gal(F/F)‘

Here L(s, p, A) denotes an Euler product over all places of F:

L(s,p,A) := H Ly(s,p, A), (Re(s >>0)

with good local factors given by
Ly(s, p, A) = det(1 — g, *Froby, |t,(a)ep)

where ¢ is a prime different than the residue characteristic of v, and Z,
has been embedded into C. Moreover precisely, Birch and Swinnerton-Dyer
conjecture predicts that the leading term of L(s, p, A) in the Taylor expan-
sion in (s — 1) is given in terms of periods, Tate-Sharfarevich groups, and
Mordell-Weil group. We refer to Tate’s Bourbaki talk [9] for the details of
the formulation.

In this paper, we will restrict ourself to the following very special situa-
tion:



e A/F is an abelian variety associated to a Hilbert newform ¢ over a
totally real field F' with trivial central character;

e pis arepresentation induced from a ring class character y of Gal(K/K)
where K/F' is a totally imaginary quadratic extension;

e the conductor IV of ¢, the conductor ¢ of x, and the discriminant dg,r
of K/F are coprime to each other.

In this case, L(s+ 1/2,p, A) is a product of the Rankin L-series L(s,x, ¢7),
where ¢7 are the Galois conjugates of ¢. Moreover, L(s, x, ¢) has a symmetric
functional equation:

L(37X7 ¢) = 6(X7¢) : NF/Q(ND)l_QS : L(l - SaX>¢)

where
E(X: ¢) = +1, D= Csz/F-

The main result in our papers in Asia Journal and Annals [16, 17] is to
express L'(1,x,¢) (resp. L(1,x,¢)) when €(x,d) = —1 (resp. €(x, ¢) = +1)
in terms of Heegner cycles in certain Shimura varieties of dimension 1 (resp.
0) of level ND. This result is a generalization of the landmark work of Gross
and Zagier in their Inventiones paper [6] on Heegner points on X, (N)/Q with
square free discriminant D.

The aim of this paper is to review the proofs in our previous papers
[16, 17]. We also take this opportunity to deduce a new formula for Shimura
varieties of level N. In odd case, the formula reads as

/ 29+1 2 2
L'(1/2,x,¢0) = ——==oI"llz4|

VN(D)
where x4 is certain Heegner point in the Jacobian of Shimura curve. See
Theorem 6.1 for details. In even case, the formula reads as

29

L(1/2,x,¢) = WWHQ\(& PyI?

where (;5, P,) is the evaluation of ceratin test form on a CM-cycle P, on a
Shimura variety of dimension 0. See Theorem 7.1 for details. These results
have more direct applications to the Birch and Swinnerton-Dyer conjecture



and p-adic L-series and Iwasawa theory. See papers ([1, 11]) of Bertolini-
Darmon and Vatsal for details.

To do so, we need to compute various constants arising in the comparisons
of normalizations of newforms or test vectors. This will follow from a com-
parison of two different ways to compute the periods of Eisenstein series. One
is an extension of the method for cusp form in our Asia Journal paper [16],
and another one is a direct evaluation by unfolding the integrals. Notice that
the residue and constant term of Dedekind zeta function can be computed
by the periods formula for Eisenstein series. Thus, the Gross-Zagier formula
can be considered as an extension of class number formula and Kronecker
limit formula not only in its statement but also in its method of proof.

Notice that Waldspurger has obtained a formula (when x is trivial [12])
and a criterion (when x is non trivial [13]) in the general situation where

e K/F is any quadratic extension of number fields, and
e ¢ is any cusp form for GLy(AF), and

e Y is any automorphic character of GL;(Af) such that the central char-
acter is reciprocal to x| A%

We refer to papers of Gross and Vatsal ([5, 10]) in this volume for the ex-
planation of connections between our formula and his work. There seems to
be a lot of rooms left to generalize our formula to the case considered by
Waldspurger. In this direction, Hui Xue in his thesis ([15]) has obtained a
formula for the central values for L-series attached to a holomorphic Hilbert
modular form of parallel weight 2k.

This paper is organized as follows. In the first part (§2-7), we will give the
basic definitions of forms, L-series, Shimura varieties, CM-points, and state
our main formula (Theorem 6.1 and Theorem 7.1) in level N. The definitions
here are more or less standard and can be found from our previous work
as well as the work of Jacquet, Langlands, Waldspurger, Deligne, Carayol,
Gross, and Prasad. Forms has been normalized as newforms or test vectors
according to the action of uniportant or torus subgroup.

In the second part (§8-10), we will review the original ideas of Gross-
Zagier in their Inventiones paper ([6]) on Xo(N) with square free D and its
generalization to Shimura curves of (N, K)-type in our Annals paper ([17]).
The central idea is to compare the Fourier coefficients of certain natural
kernel functions of level N with certain narural CM-points on Shimura curves



X (N, K) of (N, K)-type. This idea only works perfectly when D is square
free and when X (IV, D) has regular integral model but has essential difficulty
for the general case.

In the third part (§11-16), we review the basic construction and the proof
in our Asia Journal paper ([16]) for formulas in level N D. The kernel function
and CM-points we pick are good for computation but have level ND. Their
correspondence is given by local Gross-Zagier formula which is of course
the key of the whole proof. The final formulas involve the notion of quasi-
newforms or toric newforms as variations of newforms or test vectors.

In the last part (§17-19) which is our new contribution in addition to our
previous papers, we will deduce the formula in level N from level ND. The
plan of proof is stated in the beginning of §17 as three steps. The central
ideal to is use Eisenstein series to compute certain local constants. This is
one more example in number theory that local questions can be solved by
global method, as in the early development of local class field theory and in
the current work of Harris-Taylor on local Langlands conjecture.

The first three parts (§2-18) are simply review of ideas used in our pre-
vious papers. For details one may need to go to the original papers. For an
elementary expository of the Gross-Zagier formula (or its variants as Gross
formula or Kohen-Gross-Zagier formula) and its applications to Birch and
Swinnerton-Dyer conjecture, we refer to our paper for Harvard-MIT confer-
ence on current developments of mathematics ([18]).

I would like to thank N. Vatsal and H. Xue for pointing out many inaccu-
racies in our previous paper [16] ( especially the missing of the first Fourier
coefficient of the quasi-newform in the main formulas); to B. Gross for his
belief of the existence of a formula in level N and for his many very useful
suggestions in preparation of this note; to D. Goldfeld and H. Jacquet for
their constant supports and encouragements.

Notations

The notations of this note are mainly adopted from our Asia Journal paper
[16] with some simplifications.

1. Let F' denote a totally real field of degree g with ring of integers Op,
and adeles A. For each place v of F', let F, denote the completion of of F
at v. When v is finite, let O, denote the ring of integers and let 7, denote a
uniformizer of O,. We write O for the product of O, in A.

2. Let 1 denote a fixed nontrivial additive character of F\A. For each



place v, let 1, denote the component of ¢ and let §, € F) denote the
conductor of t,. When v is finite, §;'0O, is the maximal fractional ideal of
F, over which 1, is trivial. When v is infinite, 1,(x) = €2™**. Let § denote
[16, € A*. Then the norm |§|~' = d is the discriminant of F'.

3. Let dz denote a Haar measure on A such that the volume of F\A is
one. This measure has a decomposition dr = ®dzx, into local measures dzx,
on F, which are self-dual with respect to characters v,. Let d*x denote a
Haar measure on A* which has a decomposition d*z = ®d*x, such that
d*x, = dx,/x, on F) = R* when v is infinite, and such that the volume of
O, is one when v is finite. Notice that our setting of multiplicative measures
is different than those in Tate’s thesis, where the volume of OX is |d,|'/2.

4. Let K denote a totally imaginary quadratic extension of F' and T
denote the algebraic group K*/F* over F. We will fix a Haar measure dt
and its decomposition dt = ®dt, such that T'(F,) has volume 1 when v is
infinite.

5. Let B denote a quaternion algebra over F' and let G’ denote the alge-
braic group B*/F* over F. We will fix a Haar measure dg on G(A) and a
decomposition dg = ®dg, such that at an infinite place G(F,) has volume
one if it is compact, and that when G(F,) ~ PGLy(R),

drd
ng:Myl

3y O

with respect to the decomposition

[y = cosf sin@
Fo=2\0 1) \=sinf cosf)"
In this way, the volume |U| of the compact open subgroup U of G(Ay) (or

G(F,) for some v t 00) is well defined. We write (f1, f2)y for the hermitian
product

(f1, f2)v =0 )fldeg

G(A
for functions fi, fo on G(A) (or G(Ay), or G(F,)). This product depends
only on the choice of U but not on dg.

2 Automorphic forms

Let F be a totally real field of degree g, with ring of adeles A, and discrim-
inant dp. Let w be a (unitary) character of F*\A*. By an automorphic
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form on GLy(A) with central character w we mean a continuous function ¢
on GLy(A) such that the following properties hold:

* ¢(279) = w(2)9(g) for z € Z(A), v € GLy(F);
e ¢ is invariant under right action of some open subgroup of GL2(Ay);

e for a place v | oo, ¢ is smooth in g, € GLy(F,), and the vector space

generated by
¢(9Tv), Ty € SOQ(FU) C GLQ(A)

is finite dimensional;

e for any compact subset €2 there are positive numbers C', t such that
a 0 —1\¢
(8 1) a)| < ctal+1a)

Let A(w) denote the space of automorphic forms with central character
w. Then A(w) admits an admissible representation p by GLo(A). This is a
combination of a representation p; of GLo(Ay) via right action:

pr(h)d(g) = ¢(gh),  h e GLy(Ag), ¢ € Alw), g € GL2(A),

for all g € Q.

and an action p,, by pairs
(My(F,), O2(F,)), v | o0.

Here the action of Oy(F,) is the same as above while the action of My (F,) is
given by

_ %

= (90, 7€ M(F,), 6 € Aw), g € GLa(A), v | o0,

Poc(2)9(9)
An admissible and irreducible representation II of GLy(A) is called automor-
phic if it is isomorphic to a sub-representation of A(w). It is well-known
that the multiplicity of any irreducible representation in A(w) is at most 1.
Moreover, if we decompose such a representation into local representations
IT = ®II, then the strong multiplicity one says that II is determined by all
but finitely many IL,.



Fix an additive character ) on F\A. Then any automorphic form will
have a Fourier expansion:

2.) ot =cuta+ S wa((3 1)),

acFX

where Cj is the constant term:

(22) cuta= [ o((6 1)o) e

and Wy(g) is the Whittaker function:

(23) Wale) = [ K ((5 7))

It is not difficult to show that a form with vanishing Whittaker function
will have the form a(det g) where « is a function on F*\A*. Every auto-
morphic representation of dimension 1 appears in this space and corresponds
to a characters p of F*\A* such that y? = w.

We say that an autmoprhic form ¢ is cuspidal if the constant term Cy(g) =
0. The space of cuspidal forms is denoted by Ay(w). We call an automorphic
representation cuspidal if it appears in Ag(w).

An irreducible automorphic representation which is neither one dimen-
sional nor cuspidal must be isomorphic to the space II(u, o) of Eisenstein
series associated to two quasi characters iy, o of F*\A* such that pps = w.
To construct an Eisenstein series, let ® be a Schwartz-Bruhat function on
A?. For s a complex number, define

(24)  fa(s,g) = ul(detg)\detgls“ﬂ/A O[(0, t)glpmps (1)t F2d .

Then fs(s,g) belongs to the space B(p1 - | - |°, p2 - | - |7%) of functions on
GLy(A) satisfying

a T a|l/2+s
2 (s () 3)e) mm@nn]f]" e
The Eisenstein series E(s, g, ®) is defined as follows:

(2.6) E(s,9.9)= Y fa(s,79).

YEP(F)\GL2(F)
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One can show that E(s, g, ®) is absolutely convergent when Re(s) is suf-
ficiently large, and has a meromorphic continuation to the whole complex
plane. The so-defined meromorphic function E(s,g, ®) has at most simple
poles with constant residue. The space II(uq, p2) consists of the following
Eisenstein series:

(2.7) E(g,®) := Sli_r)nO (E(s, g, ®) — (residue)s™) .

3 Weights and levels

Let N be an ideal of Op and let Uy(N) and U; (V) be the following subgroups
of GLy(Ay):

(31)  Up(N) = {(Z Z) €GLy(Op): ¢=0 (mod N)},

(3.2) Uy(N) := {(ﬁ Z) €UN): d=1 (mod N)} .

For each infinite place v of F, let k, be an integer such that w,(—1) = (—1)*.

An automorphic form ¢ € A(w) is said to have level N, weight k = (k, :
v | 00), if the following conditions are satisfied:

o ¢(gu) = ¢(g) for u € Uy (N);
e for a place v | 0o, '
o(gro(0)) = ¢(g)e*™*
where 7,(0) is an element in SOy(F,) C GL2(A) of the form
ro(6) = ( cos 6 sin&) '

—sinf cosf

Let Ag(N,w) denote the space of forms of weight k, level N, and central
character w. For any level N’ | N of N and weight & < k by which we mean
that k& — £’ has non-negative components, we may define embeddings

A}C/<N,7 w) — Ak(N, w)



by applying some of the following operators:

-1

¢F»pv(ﬁ; $)¢, (v} 00)

¢Hm<1j0¢- (v] )

The first operator increases level by order 1 at a finite place v; while the
second operator increases weight by 2 at an infinite place v. Let AQY(N,w)
denote the subspace of forms obtained from lower level N’ or lower weight k'
by applying at least one of the above operators.

For any ideal a prime to N, the Hecke operator T, on A(N,w) is defined
as follows:

(3.3) Tap(9) = Y ¢(9 (g ;))

af=a
z mod «

where a and ( runs through representatives of integral ideles modulo 6;
with trivial component at the place dividing N such that af generates a.
One has the following formula for the Whittaker function:

(3.4 wo (o () 0)) = lalrsto

where g € GLy(A) with component 1 at places vt N - c0.

We say that ¢ is an eigenform if for any ideal a prime to N, ¢ is an
eigenform under the Hecke operator T,. We say an eigenform ¢ is new if all
k, > 0, and if there is no old eigenform with the same eigenvalues as ¢. One
can show that two new eigenforms are proportional if and only if they share
the same eigenvalues for all but finitely many T,.

For ¢ € Ai(N,w), let’s write I1(¢) for the space of forms in

A(w) = Uk’N.Ak(N, w)

generated by ¢ by right action of GLg(A). Then one can show that II(¢)
is irreducible if and only if ¢ is an eigenform. Conversely, any irreducible
representation IT of GLy(A) in A(w) contains a unique line of new eigenform.
An eigenform ¢ with dimII(¢) < oo will have vanishing Whittaker function
and is a multiple of a character.

10



It can be shown that an eigen new form ¢ with dimI1(¢) = oo will have
Whittaker function non-vanishing and decomposable:

(3.5) W(b(g) = @W.,(9,)

where W, (g,) at finite places can be normalized such that

(3.6) W, (‘56_1 (1)) ~ 1.

Each local components 11, is realized in the subspace
W(Hvawv) = H<Wv)

generated by W, under action right action of GLy(F,) (or (Ma(F,), O2(F,))
when v is infinite.)

4 Automorphic L-series

For an automorphic form ¢, let us define its L-series by

L(s,0) s = dy”™ / (6= Cs) (8 (1)) la]*/2d*a

FX\AX

(4.1) :d}f“/ W (a 0) ja|*~2d"a
wo 2\0 1

which is absolutely convergent for Re(s) >> 0, and has a meromorphic
continuation to the entire complex plane, and satisfies a functional equation.

Assume that ¢ is an eigen new form. Then its Whittaker function is
decomposable. The L-series L(s, ¢) is then an Euler product

(4.2) L(s,¢) = [ [ Lo(s, 0)
where
_ s—1/2 a 0 s—1/2 3%
(4.3) Ly(s,0) = |6,] W, |a| d*a.
o 0 1
For a finite place v, the L-factor has the usual expression:

(1 — Ny |mo|® + w(my)|m|?) 7Y, ifvf N,

(4.4) L,(s,¢) = {(1 — Nl if v | N,

11



where \, € C is such that \,|m,|7*/2 is the eigenvalue of T, if v { N.

For an archimedean place v, the local factor L, (s, ¢) is certain product
of Gamma functions and is determined by analytic properties of ¢ at v. For
the purpose of this paper, we will only consider new forms such that at an
infinite place which is either holomorphic or even of weight 0, i.e. invariant
under Oy (F,) rather than SOy(F},). More precisely, at an infinite place v lets
consider the function on H x GLy(A") defined by

(4.5)  f(z,g") = |y| B2 ((g 313> ’gv) SR

where w, = 0 or 1 is such that w,(—1) = (=1)*». Then we require that
f(z,g") is holomorphic in z if k, > 1, and that f(z,¢") = f(—2,¢") if k, = 0.
If ¢ is of weight 0, then ¢ is an eigen form for the Laplacien

0? 0?
4.6 A= 2 =— 1+ =)
(4.6 7 (5 * )
We write eigenvalues as 1/4 + t2 and call ¢, the parameter of ¢ at v. Let’s

define the standard Whittaker function at archiemdean places v of weight k,
in the following way: if k, > 0,

(4.7) W (a 0) o
' N0 1) 0 if a <0,
and if k£, = 0, then
(48) W’U (g 2) = ’a‘1/2/ efﬂ-'a'(y‘i’yil)yitvdxy'
0

In this manner, (up to a constant ¢ # 0,) ¢ will have a Whittaker function
decomposable as in (3.5) with local function W, normalized as in (3.6), (4.7),
(4.8). We say that ¢ is a newform if ¢ = 1. Equivalently, ¢ is a newform if
and only if L(s, ¢,) has decomposition (4.2) with local factors given by (4.4)
when v { 0o, and the following when v | co:

if
@9)  Lsg= ot
Gi(s + it,)Gy(s —it,), if k, =0,
where

(4.10)  Gi(s) = 7m*/*T'(s/2), Ga(s) = 2(2m)7°T'(s) = G1(s)G1(s + 1).

If IT is an automorphic representation generated by a newform ¢, we write
L(s,II) and L(s,II,) for L(s,¢) and L,(s, ¢), respectively.

12



5 Rankin-Selberg L-series

Let K be a totally imaginary quadratic extension of F', and let w be the non-
trivial quadratic character of A* /F*NA%. The conductor c(w) is the relative
discriminant of K/F. Let x be a character of finite order of A% /K*A*. The
conductor ¢(x) is an ideal of Op which is maximal such that x is factorized
through R

A}((/KXAXOX KX = Gal(HC(X)/K),

c(x)” oo

where O, = Op+¢(x)Ok and H, is the ring class filed of conductor ¢(x). We
define the ideal D = ¢(x)%c(w), and call x a ring class character of conductor

c(x)-

Let ¢ be a newform with trivial central character and of level N. The
Rankin-Selberg convolution L-function L(s, x, ¢) is defined by an Euler prod-
uct over primes v of F':

(51) L(37X7¢) ::HL’U(S7X’ gb)

where the factors have degree < 4 in |m,|®. This function has an analytic
continuation to the entire complex plane, and satisfies a functional equation.
We will assume that the ideals ¢(w), ¢(x), N are copprime each other. Then
the local factors can be defined explicitly as follows.

For v a finite place, lets write

Lv(sa ¢) = (1 - al’ﬂvvls)il(l - a2’7TU’S)71’

I LGsixw) = (1= Bulm ) (1 = Bl )

wlv

then

(5.2) Ly(s,x, ) = [ J(1 = aifBy|mal’) "

i,
Here for a place w of K, the local factor L(s, x,,) is defined as follows:

(1 — x(mo)|m0|®)™t, ifwtc- oo,
(5.3) L(s, xw) = { Gafs), if v | o0,
1, ifv]ec

13



At an infinite place v, using formula Gy(s) = G1(s)G1(s + 1) we may
write

Ly(s,0) = Gi(s + 01)G1(s + 02),
Ly(s,x) = Gi(s + 11)G1(s + 72).
Then the L-factor L, (s, x, ¢) is defined as follows:
(5.4) Ly(s,x,¢) = [ Gi(s + o: + 7))
0,
_JGa(s+ (k, —1)/2)%, if k, > 2,
| Ga(s +it,)Ga(s — it,), if k, = 0.

where ¢, is the parameter associated to ¢ at a place v where the weight is 0.
The functional equation is then

(5.5) L(1 = s,x,0) = (=1)"*Npjo(ND)'""*L(s, x, ).

where 3 = ¥(N, K) is the following set of places of F"

(5.6) X(N,K)= {v

v is infinite, and ¢ has weight k, > 0 at v, or
v is finite, and w,(N) = —1.

6 Odd case

Now we assume that all k, = 2 and that the sign of the functional equation
(5.5) is —1, so #3 is odd. Our main formula expresses the central derivative
L'(1/2,x, ¢) in terms of the heights of CM-points on a Shimura curve. Let
7 be any real place of F', and let B be the quaternion algebra over F' which
ramified exactly at the places in ¥ — {7}. Let G be the algebraic group over
F', which is an inner form of PGLy, and has G(F') = B*/F*.

The group G(F,) ~ PGLy(R) acts on H¥ = C—R. If U C G(Ay) is open

and compact, we get an analytic space
(6.1) My (C) = G(F),\H x G(Ap)/U

where G(F) denote the subgroup of elements of G(F') with totally positive
determinants. Shimura proved these were the complex points of an algebraic
curve My, which descends canonically to F' (embedded in C, by the place
7). The curve My over F' is independent of the choice of 7 in X.

14



To specify My, we must define U C G(Ay). To do this, we fix an embed-
ding K — B, which exists, as all places in X are either inert or ramified
in K. One can show that there is an order R of B containing Ok with re-
duced discriminant N. For an explicit description of such an order, we fix a
maximal ideal Op of B containing Ok and an ideal N of O such that

(62) NK/FN : diSCB/F = N,
where discg,/r is the reduced discriminant of Op over Op. Then we take
(6.3) R=0g+N-0p.

We call R an order of (N, K)-type. Define an open compact subgroup U, of
G(F,) by

(6.4) U, = RXOX.

Let U = [, U,. This defines the curve My up to F-isomorphism. Let X
be its compactification over F', so X = My unless F' = Q and X = {oo},
where X is obtained by adding many cusps. We call X a Shimura curve of
(N, K)-type. We write R(N, K), U(N, K), X(N, K) when types need to be
specified.

We will now construct points in Jac(X), the connected component of
Pic(X), from CM-points on the curve X. The CM-points corresponding to
K on My(C) form a set

(6.5) GF)\G(F)y - ho x G(Ay) /U = T(F)\G(Ay)/U,

where hy € H is the unique fixed point of the torus points T'(F) = K*/F*.
Let P. denote a point in X represented by (hg,?.) where i. € G(Ay) such
that

(6.6) Up =i Ui, NT(Ay) ~ OX/OF.

By Shimura’s theory, P. is defined over the ring class field H, of conductor ¢
corresponding to the Artin map

Gal(H,/K) = T(F)\T(Af)/T(F.)Ur.

Let P, be a divisor on X with complex coefficients defined by

(6.7) Po= > xR

c€Gal(H:/K)

15



If x is not of form x = v - Ng/p with v a quadratic character of F*A*,
then P, has degree 0 on each connected component of X. Thus P, defines a
class = in Jac(X) ® C. Otherwise we need a reference divisor to send P, to
Jac(X). In the modular curve case, one uses cusps. In the general case, we
use the Hodge class £ € Pic(X) ® Q: the unique class whose degree is 1 on
each connected component and such that

T = deg(Tm)g

for all integral nonzero ideal m of Op prime to ND. The Heegner class we
want now is the class difference

(6.8) x = [P, — deg(P,)¢] € Jac(X)(H,) ® C,

where deg(P,) is the multi-degree of P, on geometric components.

Notice that the curve X and its Jacobian have an action by the ring
of good Hecke operators. Thus z is a sum of eigen vectors of the Hecke
operators.

Theorem 6.1. Let x, denote the ¢-typical component of x. Then
g+1

) 2 2
<57 1 el

L'(1/2,x,¢) =

Here,
o [|9||? is computed using the invariant measure on
PGLy(F)\H? x PGLy(A;)/Us(N)
induced by dzdy/y* on H;
e ||zy||? is the Neron-Tate pairing of x4 with itself.

To see the application to the Birch and Swinnerton-Dyer conjecture, we
just notice that x4 actually lives in a unique abelian subvariety A, of the
Jacobian Jac(X) such that

(6.9) (s, 49)= [ L(s,¢").

0:Z[¢]—C
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Y. Tian [14] has recently generalized the work of Kolyvagin and Bertolini-
Darmon to our setting and showed that the rank conjecture of Birch and
Sweinnerton-Dyer for A in the case ord,—1/2L(s, x, ¢) < 1.

Notice that ||¢||* is not exactly the periods of Ay appearing in the Birch
and Swinnerton-Dyer conjecture, but it has expression in L-series:

(6.10) l¢ll* = 2N(N) - dp - L(1, Sym*¢)

where L(s,Sym®¢) is the L-series defined by an Euler product with local
factors L,(s, Sym?¢) given by

(6.11) Ly(s,Sym?¢) = Ga(s +1/2)2G4(s) 7,
if v | 0o, and by
(6.12)  Ly(s,Sym*¢) = (1 — o®|m, [*) 7' (1 = |m ") 7 (1 — aflm[*)
if v{ 00, and o and 3 are given as follows:
Ly(s,0) = (1 = alm|") 7 (1 = Blm,[*) 7.

It will be an interesting question to see how this relates the periods in A.

7 Even case

We now return to the case where ¢ has possible nonholomorphic components,
but we assume that all weights be either 0 or 2 and that the sign of the
functional equation of L(s,x,¢) is +1, or equivalently, > is even. In this
case, we have an explicit formula for L(1/2,y, ¢) in terms of CM-points on
locally symmetric varieties covered by H"™ where n is the number of real
places of F' where ¢ has weight 0.

More precisely, let B be the quaternion algebra over F' ramified at >, and
G the algebraic group associated to B*/F*. Then

(7.1) G(F @ R) ~ PGLy(R)" x SO ™
acts on (H*)". The locally symmetric variety we will consider is

(7.2) My = G(F)\H" x G(Ag)/U,

17



where U = [[U, was defined in the previous §. Again we call My or its
compactification X a quaternion Shimura variety of (N, K)-type. We will
also have a CM-point P, and a CM-cycle P, defined as in (6.6) and (6.7) but
with Gal(H./K) replaced by T(F)\T(Ay)/T(Fs)Ur.

By some results of Waldspurger, Tunnel, and Gross-Prasad ([17], Theo-
rem 3.2.2), there is a unique line of cuspidal functions gg on My such that for
each finite place v not dividing N - D, qg is the eigenform for Hecke operators

T, with the same eigenvalues as ¢. We call any such a form a test form of
(N, K)-type.

Theorem 7.1. Let 5 be a test form of norm 1 with respect to the measure
on X induced by dzdy/y* on H. Then

99+n -
L(1/2,x,¢) = JND) 16]1* - (6, P)I.
Here N N
(¢, Py) = X H(t)p(tPe).
teT(F)\T(Ay)/Ur
Remark

There is a naive analogue between even and odd cases via Hodge theory which
is actually a starting point to believe that there will be a simultaneous proof
for both cases. To see this, lets consider the space Z(Q%) of closed smooth
1-forms on a Shimura curve X of (N, K)-type with hermitian product defined

by |
(@8) = [ ab.

The Hodge theory gives a decomposition of this space into a direct sum

Z(Q%) = EB Ca @(continuous spectrum)

where « runs through eigenforms under the Hecke operators and the Lapla-
cien. Each « is either holomorphic, anti-holomorphic or exact. In either case,
a corresponds to a test form ¢ of weight 2, —2, or 0 on X in the following
sense _
¢dz, if a is holomorphic,
o= adi, if « is anti-holomorphic,

do, if a is exact.
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We may take integration ¢ — fga to define a map

Ay ®C, if a is holomorphic,

C, if « is exact.

7o : DIVV(X)® C — {
Here ¢ is an 1-cycle on X with boundary ¢. In this manner, we have
Ta(Py) = 2 ?f o %S holomorphic,

(¢, Py), if ais exact.

Thus we can think of C as an abelian variety corresponding to ¢ in the even
case with Neron-Tate heights given by absolute value. This gives a complete
analogue of the right hand side of the Gross-Zagier formulas in the even and
odd case.

On the other hand, in the even case, one can define L-series L(s, x, 0¢/0z,)
by (4.1) where v is the only archimedean place where k, = 0. It is not diffi-
cult to see that this L-series is essentially (s — 1/2)L(s, x, ¢). Its derivative
is given by L(1/2,x,®). Thus we have an analogue of the left hand side as
well!

8 Idea of Gross and Zagier

Let us describe the original idea of Gross and Zagier in the proof of a central
derivative formula (for Heegner points on Xo(/N)/Q with square free discrim-
inant D) in their famous Inventiones paper. For simplicity, we fix N, x and
assume that 3 (N, K) is odd. For a holomorphic form ¢ of weight 2, we define

its Fourier coefficient a(a) at an integral idele a by the equation

(8.1) W, (““"55_1 (1)> = B(a)Wee (yg’ ?) ,

where W, =[]
fined in (4.7).

With the notation of §6, there is a cusp form ¥ of level N whose Fourier
coefficient is given by

W, is the standard Whittaker function for weight 2 de-

vfoo

(8.2) U(a) = |al(z, Toz).

This follows from the following two facts:
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e the subalgebra T’ of Jac(X) ® C generated by Hecke operators T,
is a quotient of the subalgebra T in End(S2(N)) generated by Hecke
operators T,. Here Sy(N) is the space of holomorphic cups forms of
weight (2,---,2), level N, with trivial central character;

e any linear functional ¢ of T is represented by a cusp form f € Sy(IV)
in the sense that |a|¢(T,) = f(a).

(This form W is not unique in general. But it is if we can normalize it to be
a sum of new forms.)
It is then easy to see that

(8.3) (0, W) = (24, 79) (¢, D).

Here (¢, V) is the inner product as in Theorem 6.1 which is the same as
(¢, ¥)y,(wv) in our notations in Introduction.
Thus, the question is reduced to showing that

(8.4) D12 v, 6) = —— (T, ).

On the other hand, one can express L(s, x, ¢) using a method of Rankin
and Selberg:

d1/2—s

8.5 L S 0(g)FE dg.
(8.5) (s,X,0) To(ND)] PGLZ(F)\PGLQ(A)cb(g) (9)E(s,g)dg

We need to explain various term in this integration.

First of all, € is a theta series associated to y. More precisely, € is an eigen
form of weight (—1,---,—1), level D, and central character w such that its
local Whittaker functions W, (g) produces the local L-functions for x:

(8.6) ywl/?/ W, <‘O“ ?) jal*~2d*a = T L(s, xu).
EY

wlv

Here L(s, xw) is defined in (5.3). It follows that the automorphic representa-
tion II(x) := I1(#) generated by @ is irreducible with newform 6, (g) = 6(ge)

-1 0
Wheree_(o 1>.
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Secondly, E(s,g) = E(s,g,F) is an Eisenstein series (2.6) for the quasi-
characters | - [*~'/2 and | - |/?7*w with following specific F = ®F, € S(A?).
If v is a finite place, then

, if vfc(w), [z] < |NDl, Jy| <1,
(8.7) Folz,y) = qwy ' (y), ifv|c(w), [z] < INDly, |yl =1,
0, otherwise.
If v is an infinite place, then
(8.8) Folz,y) = (fiz + y)e ")

where we take + sign (resp. -) if k, = 2 (resp. k, = 0).
Taking a trace, we obtain a form of level V:

(8.9) Oi(g) = trpPi(g) = Y. dlP0(g7) E(s, 97).
YE€Uo(D)/Uo(ND)

This form has the property:

(8.10) L(s,x,¢) = (¢, cI)S)UO(N)'

The idea of Gross and Zagier (in the odd case) is to compute the derivative
il /9 of &, with respect to s at s = 1/2 and take a holomorphic projection
to obtain a holomorphic form & so that

(8.11) L'(1/2,x,¢) = (&, ®)uy(v)-

(See [4] for a direct construction of the kernel using Poincaré series instead
of Rankin-Selberg method and holomorphic projection.) Now the problem is
reduced to proving that
29+1

N\
N(D)

is an old form. In other words, we need to show that the Fourier coefficients
of @ are given by height pairings of Heegner points on Jac(X):

(8.12) ®(a) = |a|(z, Tox)
for any finite integral ideles a prime to ND.
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One expects to prove the above equality by explicit computations for both
sides respectively. Theses computations have been successfully carried out by
Gross and Zagier [6] when F' = Q, D is square free, and X (N, K) = Xy(N).
The computation of Fourier coefficients of ® is essentially straightforward
and has been carried out for totally real fields [17]. For the computation of
(x, T,z), Gross and Zagier represented the Hodge class £ by cusps 0 and oo
on Xo(N):

(8.13) (@, Tox) = (P, — hy0, Ta(Py) — hy.a00)

where h, and h, , are integers to make both divisors to have degree 0. The
right hand side can be further decomposed into local height pairing by de-
forming self-intersections using Dedekind n-functions. These local height
pairings can be finally computed by a modular interpretation in terms of
deformation of formal groups.

When F' is arbitrary (even when D is square free), the computation of
heights has a lot of problems as there is no canonical representatives for the
Hodge class, and no canonical modular form for self-intersections. In §9-10,
we will see how Arakelov theory been used to compute the heights.

When D is arbitrary (even when F = @Q), the computations of both
kernels and heights for Theorem 6.1 seem impossible to carry out directly
because of singularities in both analysis and geometry. Alternatively, we
will actually prove a Gross-Zagier formula for level ND (§11-16) and try to
reduce the level by using continuous spectrum (§17-19).

9 C(Calculus on arithmetic surfaces

The new idea in our Annals paper ([17]) is to use Arakelov theory to decom-
pose the heights of Heegner points as locally as possible, and to show that
the contribution of these terms which we don’t know how to compute are
negligible.

Let F' be a number field. By an arithmetic surface over SpecOp, we mean
a projective and flat morphism X — SpecOp such that that X is a regular
scheme of dimension 2. Let Div(X) denote the group of arithmetic divisors
on X. Recall that an arithmetic divisor on X is a pair D:= (D, g) where D
is a divisor on X and ¢ is a function on

x(©) =[] x(©)
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with some logarithmic singularities on | D|. The form —?r—‘? gon X (C)—|D| can
be extended to a smooth form ¢;(D) on X (C) which is called the curvature

of the divisor D. If f is a nonzero rational function on X then we can define
the corresponding principal arithmetic divisor by

(9-1) divf = (divf, — log |f).

An arithmetic divisor (D, g) is called wvertical (resp. horizontal) if D is sup-
ported in the special fibers (resp. D does not have component supported in
the special fiber).

The group of arithmetic divisors is denoted by ﬁ(% ) while the sub-
group of principal divisor is denoted by 1/3;(/1’ ). The quotient C1(X) of these
two groups is called the arithmetic divisor class group which is actually iso-
morphic to the group Pic(X) of hermitian line bundles on X'. Recall that a
hermitian line bundle on & is a pair £ = (£, || - ||), where £ is a line bundle
on X and || - is hermitian metric on £(C) over X (C). For a rational section
¢ of L, we can define the corresponding divisor by

(9.2) div(e) = (dive, —log ||¢])).

It is easy to see that the divisor class of CTR/(E) does not depend on the choice

of ¢. Thus one has a well defined map from f/’l\c(z\f ) to Cl(x ). This map is
actually an isomorphism.

Let D; = (D;, ¢;) (1 = 1,2) be two arithmetic divisors on X with disjoint
support in the generic fiber:

|Dip| N |Dap| = 0.

Then one can define an arithmetic intersection pairing

9.3 By-By=Y(B,- Do),

v

where v runs through the set of places of F'. The intersection pairing only
depends on the divisor class. It follows that we have a well defined pairing
on Pic(X):

(9.4) (L, M) — (L) -e(M) eR.



Let V(X) be the group of wvertical metrized line bundles: namely £ €
Pic(X) with £ ~ Ox. Then we have an exact sequence

0 — V(X) — Pic(X) — Pic(Xp) — 0.

Define the group of flat bundles P/’i\co(é‘( ) as the orthogonal complement of
V(X). Then we have an exact sequence

0 — Pic(Or) — Pic (X) — Pic®(Xz) — 0.

The following formula, which is referred as Hodge index theorem, gives a
_— —~~0
relation between intersection pairing and height pairing: for £, M € Pic (X),

©.5) (Lr, My) = —&(L) - & (M),
where the left hand side denotes the Neron-Tate height pairing on Pic’(X) =
Jac(X)(F).

For X a curve over F, let P/’l\c(X ) denote the direct limit of P/’l\c(z‘( ) over all
models over X. Then the intersection pairing can be extended to P/)I\C(X ). Let
F be an algebraic closure of F' and let P/)I\C(X 7) be the direct limit of Pic(X)
for all finite extensions L of F', then the intersection pairing on 151\C(X 1) times
[L: F]7! can be extended to an intersection pairing on P/’l\c(XF)

Let £ € Igi\c(X)@ be a fixed class with degree 1 at the generic fiber. Let
x € X(F) be a rational point and let Z be the corresponding section X (Op).

Then Z can be extended to a unique element z = (x + D, g) in ]SF/(X)@
satisfying the following conditions:

o the bundle O() @ £ is flat;

e for any finite place v of F', the component D, of D on the special fiber
of X over v satisfies
Dv G <£) - 07

e for any infinite place v,

/ g (L) = 0.
»(C)
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We define now Green’s function g,(z,y) on
X(F) x X(F) — diagonal
by

(96) gv(xay) = (/f 3//\)11/ lOg Qv

where log g, = 1 or 2 if v is real or complex. It is easy to see that g,(z,y) is
symmetric, and does not depend on the model X of X, and is stable under

base change. Thus we have a well-defined Green’s function on X (F’) for each
place v of F.

10 Decomposition of Heights

We now want to apply the general theory of the previous section to intersec-
tions of CM-points to Shimura curves X = X (N, K) over a totally real field
F' as defined in §6. Recall that X has the form

(10.1) X =G(F)4\H x G(Ay)/U(N, K) U {cusps}

which is a smooth and projective curve over F' but may not be connected.
To define Green’s function we need to extend the Hodge class & in Pic(X)q

to a class in P/’;:(X) ® Q. Notice that £ € Pic(X)g is Eisenstein under the
action of Hecke operators:

(10.2) Tl =01(a)-&,  o1(a) :=deg T, = > N(b),
bl

for any integral idele a prime to the level of X.

It is an interesting question to construct a class £ to extend & such that the
above equation holds for . But in [17], Corollary 4.3.3, we have constructed
an extension fA of £ such that

(10.3) T = 01(a) + ¢(a)
where ¢(a) € ISEZ(F) is a o1-derivation, i.e., for any coprime o, a”

¢(a'a") = o(a)p(a") + o (a")p(d).

We have the following a general definition.
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Definition 10.1. Let Ng denote the semigroup of nonzero ideals of Op. For
each a € Np, let |a| denote the inverse norm of a:

la| ™ = #Or/a.

For a fized ideal M, let Np(M) denote the sub-semigroup of ideals prime to
M.
A function f on Np(M) is called quasi-multiplicative if

flaraz) = f(a1) - f(a2)

for all coprime ai,as € Np(M). For a quasi-multiplicative function f, let
D(f) denote the set of all f-derivations, that is the set of all a linear combi-
nations

g=cf+h

where ¢ 1s a constant, and where h satisfies
h(aiaz) = h(a1) f(az) + h(az) f(a1)
for all ay,ay € Np(M) with (a1,as) = 1.

For a representation 11, the Fourier coefficients ﬁ(a) is defined to be

~ ad~t 0
fitw) =W ().

where Wiy s is the product of Whittaker newvectors at finite places. In other
words, I(a) is defined such that the finite part of L-series has expansion

Ly(s,10) = 3" Ti(a)al* /2

Then ﬁ(a) is quasi-multiplicative.

We can now define Green’s functions g, on divisors on X (F') which are
disjoint at the generic fiber for each place v of F'. Let’s try to decompose the
heights of our Heegner points. The linear functional

a — |a|(z, Tox)
is now the Fourier coefficient of a cuspform ¥ of weight 2:

(10.4) U(a) = |a|(z, Tox).
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In the following we want to express this height in terms of intersections
modulo some Eisenstein series and theta series. R

Let ﬁx be the arithmetic closure of P, with respect to . Then the Hodge
index formula (9.5) gives

al(z, Toz) = — la] (P, = deg(P)E, ToPy - deg(T.PB)E)
(10.5) =~ |al(P. TuPy) + E(a),

where E is a certain derivations of Eisenstein series.

The divisor P, and T,P, have some common components. We want to
compute its contribution in the intersections. Let 7, (a) denote the Fourier
coefficients of the theta series associated to x:

(10.6) r(a) =Y x(b)
bla

Then the divisor
(10.7) TOP, := TP, — 7 (a)P,
is disjoint with P,.

It follows that \f’(a) is essentially given by a sum of local intersections

9o(Ta Py, Py)lal log g,

a” x’

v 1eGal(H./F)

modulo some derivations of Eisenstein series, and theta series of weight 1.
We can further simplify this sum by using the fact that the Galois action of
Gal(K®*/F) is given by the composition of the class field theory map

v: Gal(K™/F) — Np(F)\Nr(A;),

and the left multiplication of the group Nr(Af). Finally we obtain the fol-
lowing:

(10.8) = —|a|ZgU P, T°P,)logq, (mod D(cy)+ D(ry)).

Assume that D is square free, and that X (/V, K) has regular canonical
integral model over O, which is the case when ord,(/N) = 1 if v is not split
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in K or v | 2. We can use the theory of Gross on canonical or quasi-canonical
lifting to compute g,(Py, TYP,) and to prove that the functional

9g-+1
N(D)

o — v

vanishes modulo derivations of Eisenstein series or theta series. It then fol-
lows that this functional is actually zero by the following lemma:

Lemma 10.2. Let f,- - f, be distinct quas-multiplicative functions on Ngp(N D)
then the sum

D(f1) +D(f2) +---+D(f:)

1s a direct sum.

Thus we can prove the Gross-Zagier formula in the case D is square free
and X (N, K) has regular canonical model over Ok. This is the main result
in our Annals paper [17].

11 Construction of the kernels

From this section to the end, we want to explain the idea to prove the Gross-
Zagier formula in §6-7 for the general case. We will start with a construction
of kernels. As explained early, there is no good construction of kernels in
level N. The best we can do is to construct some nice kernel in level ND in
the sense that the Fourier coefficients are symmetric and easy to compute,
and that the projection of this form in II(¢) is recognizable.

Recall from (8.5) that we have an integral expression of Rankin-Selberg
convolution:

Nk 1/2
(1) Ls.x.0) = ey [ #09@)Els.0)dy

To obtain a more symmetric kernel we have to apply Atkin-Lehner op-
erators to 0(g)E(s,g). Let S be the set of finite places ramified in K. For
each such set 7" of S, let hy be an element in GLy(A) which has component
1 outside 7" and has component (_Ot (1)) where ¢, has the same order as
¢(w,) and such that w,(t,) = 1. Now one can show that

(11.2) L(s,x,¢) = |U0 ND ’/cﬁ 0(ghy'e)E(s, ghz')dg



where 7 is certain exponential function of s. Finally we define the kernel
function

O(s,9) = 271> " yr(s)0(ghs' ) E(s, ghy").

By our construction,

L<S7 X ¢) = (¢7 6(87 _)>U0(ND)-

Now the functional equation of L(s, x, ¢) follows from the following equa-
tion of the kernel function which can be proved by a careful analysis of
Atkin-Lehner operators:

(11.3) O(s,g9) =€(s,x,9)O(1 — s,9).

Assume that ¢ is cuspidal, then we may define the projection of O in
II(¢) as a form ¢ € II(¢) such that

/f@dg:/f@dg, Vf eIl

Since the kernel ©(s, g) constructed above has level N D, its projection onto
II will have level DN and thus is a linear combination of the forms

(11.4) Ga = p (aol ?) ¢, (a|D).

Proposition 11.1. The projection of ©(s, g) on Il is given by

L(s,x,9)
(05, 08 vo(v)

where ¢¢ is the unique nonzero form in the space of I1(¢) of level ND satis-
fying the following identities:

(¢§7¢a) = V*(a)(¢§7¢g)7 (a | D),

¢u7

where

2 0, otherwise.

v (a)e — T B el {y@, if ale(w),

v|S
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Write ¢f = qbﬁ /o and call it the quasi-newform with respect to y.
The function O(s, g) has a Fourier expansion

(11.5) O(s, g) QZFX W( (0 1) g) .

Since O(s, g) is a linear combination of the form
$,9) = Z 0:i(9)E

with 0; € II(x) and E;(g) € II(|-]*~/2,]-|"/27%w), the constant and Whittaker
function of O(s, g) can be expressed precisely in terms of Fourier expansion
of ;) and E;(g).

More precisely, let

(11.6) 0i(g) => Wi, (&9),  Eilg) =Y Wg (&),

EF ¢eF

. . : . 1
be Fourier expansions of #; and E; respectively into characters ( m) —

01
(&x) on N(A). Then

(11.7) C(s,9) = > C(s,,9),

{er
(11.8) W(s,g)=> W(s,&g),
{er
where
(11.9) C(s,€,9) ZWe ~£.9) W, (§.9),
and
(11.10) W (s, &, g) ZWe (1-&9)Wg, (& 9).

The behavior of the degenerate term C(s,&, g) can be understood very
well. The computation shows that the complex conjugation of ©(s, g) is finite
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at each cusp unless x is a form v o Ng/p in which case, we need to remove
two Eisenstein series in the space

EveII(| -5 1) @v,  Exe (- (I 11177 @ we.
We let (s, g) denote ©(1/2,g) if x is not of form v o Ny, or

@(Sag) - El - E2

if it is. Then (s, g) is a form with following growth:

O — —S —€la
o (s (5 7)) =@l gl + 0, )

where ¢1(g), c2(g), and Oy term are all smooth functions of g and s. It follows
that the value or all derivatives of ®(s,g) at s = 1/2 are L?-forms.

With our very definition of ©(s,g) in the last section, we are able to
decompose the non-degenerate term:

(1111) W(Sagag) = ®WU(S7€U;9’0)'

An explicit computation has given the following local functional equation:

(11.12) W (s, o, go) = wy(1 — 1) (= )#FFI (1 — 5,6, 9).
If ¥ is even, then we can compute the Fourier coefficients of ©(1/2,g)
-1
for g = aci) 1) very explicitly. The computation of non-degenerate term

W (s, &, g) is reduced to local terms W,(s,&, g). By the functional equation,
we need only consider those £ such that Equivalently,

(11.13) 1-¢TeNK)) <= v

The form @ is holomorphic of weight 2 at infinite places where II is of weight
2.

If ¥ is odd, then by functional equation, ©(1/2,¢9) = 0. We want to
compute its derivative ©'(1/2,¢g) at s = 1/2. Let’s now describe the central

1
ao O). Recall that W (s, &, g) is

derivative for W (s, &, g) for g of the form 01
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a product of W, (s, &, g), and that W,(s, &, g) satisfies the functional equation
(11. 12). It follows that

(11.14) W'(1/2,9) ZW’ 1/2,g

where v runs through the places which are not split in K with

(11.15) W'(1/2,9). ZW” (1/2,€,9°) - W'(1/2,€, g).

Here
e W is the product of W, over places ¢ # v, and

o W! is the derivative for the variable s, and

¢ € F—{0,1} satisfies
(11.16) 1-¢TeNK)) <= w¢, %,
with X given by

5 YU{v}, ifvgk,
Tl {v}, ifvex

All these terms can be computed explicitly. We need to find the holomor-
phic projection of ©'(1/2, g). That is a holomorphic cusp form ® of weight
2 such that ©'(1/2, g) — ® is perpendicular to any holomorphic form.

Proposition 11.2. With respect to the standard Whittaker function for holo-
morphic weight 2 forms, the a-the Fourier coefficients ®(a) of the holomor-
phic projection ® of ©'(1/2,g) is a sum

®(a) = A(a) + B(a) + > _ Dy(a)
where R
A€ D(l(x) ® a'?),
B e D(I(a' v, a %)) + D(II(a'?vw, o uw)),

and the sum s over places of F' which are not split in K, with @U(a) given
by the following formulas:
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1. if v is a finite place then ZI\Dv(a) is a sum over £ € F with 0 < ¢ <1 of
the following terms:

avla-gewy (126 (Y 0))w(v2e (Y 1))

2. if v is an infinite place, then @v(a) 1s the constant term at s = 0 of a
sum over & € F such that 0 < &, < 1 for all infinite place w # v and
& < 0 of the following terms:

. _ /2 1% aé‘l 0 ) o —dz
avlen- o2 w (126 (Y V) [ s

12 Geometric pairing

The key to prove the Gross-Zagier formula is to compare the Fourier coeffi-
cients of the kernel functions and the local heights of CM-points. These local
heights are naturally grouped by definite quaternion algebras which are the
endomorphism rings of the supersingular points in the reductions of modular
or Shimura curves. Furthermore, the intersection of two CM-points at su-
persingular points is given by a multiplicity function with depends only the
relative position of these two CM-points. In this section, we would like to
abstractly define this kind of pairing with respect to an arbitrary multiplic-
ity function. We will describe the relative position of two CM-points by a
certain parameter ¢ which will relate the same parameter in the last section
by a local Gross-Zagier formula.

Let G be an inner form of PGLy over F'. This means that G = B*/F*
with B a quaternion algebra over F. Let K be a totally imaginary quadratic
extension of F' which is embedded into B. Let T" denote the subgroup of G
given by K*/F*. Then the set

(12.1) C:=T(F)\G(Ay)
is called the set of CM-points. This set admits a natural action by T(Ay)
(resp. G(Ay)) by left (resp. right) multiplications.

There is a map from C to the Shimura variety defined by G

(12.2) L:C— M :=G(F):\H" x G(Ay)
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as in §6-7 which sending the class of g € G(Ay) to the class of (hg, g), where
ho € ‘H" is fixed by T'. This map is an embedding if GG is not totally definite.
The set of CM-points has a topology induced from G(Ay) and has a
unique G(Ay)-invariant measure dz induced from the one on G(Af). The
space
S(C) = S(T(F)\G(Ay))
of locally constant functions with compact support is called the space of CM-

cycles which admits a natural action by T'(Af) x G(Ay). There is a natural
pairing between functions f on Shimura variety M and CM-cycles « by

(12.3) (f,a):/ca(x)f(m)dx.

Thus CM-cycles may serve as distributions or functionals on the space of
functions on M. Of course this pairing is invariant under the action by
G(Af).

Since T'(F)\T'(Ay) is compact, one has a natural decomposition
S(O) = &xS(x, €)

where the sum is over the characters of T'(F)\T(Ay). There is also a local
decomposition for each character y:

(12.4) S(x,C) = 2,8 (xe, G(F)).

In the following we will define a class of pairings on CM-cycles which
are geometric since it appears naturally in the local intersection pairing of
CM-points on Shimura curves . To do this, lets write CM-points in a slightly
different way,

(12.5) C = GFNG(F)/T(F)) x G(Ay),

then the topology and measure of C' is still induced by those of G(Af) and
the discrete ones of G(F)/T(F).

Let m be a real valued function on G(F') which is T'(F')-invariant and
such that m(y) = m(y~!). Then m can be extended to G(F)/T(F) x G(Ay)
such that

(12.6) m(y,95) = {mm’ if gy =1,

0, otherwise.
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We now have a kernel function
(12.7) Fry)= Y mlz ')
YEG(F)

on C' x C. Then we can define a pairing on S(C') by

(125) (@.0) = [ a@lk(z.0)3wdsdy

=lm [ alz)ky(z,y)0(y)dedy
.

where U runs through the open subgroup of G(Af) and
ku(z,y) = Vol(U)_2/ k(xu, yv)dudv.
UQ
This pairing is called a geometric pairing with multiplicity function m.

For two function o and 3 in S(T(F)\G(Ay)), one has

(12.9) (@, B) = > m(y){e, B),

YET(F)\G(F)/T(F)

where
(12.10) (@6 = [ o(19)B(y)dy,
Ty (F)\G(Af)
and where
T if N
(12.11) T, = 'TyNT = Y & A
1 otherwise,

and where Ny is the normalizer of 7" in G. The integral («, (), is called the
linking number of o and (3 at ~.

Since both a and f are invariant under left-translation by 7'(F'), the
liking number at v depends only on the class of v in T(F)\G(F)/T(F). Lets
define a parameterization of this sets by the following function by writing
B = K + Ke where € € B is an element such that ¢2 € F* and ex = Ze.
Then the function N(be)

€
Sla+be) = N(a + be)
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defines an embedding

(12.12) ¢ T(IENG)/T(F) — F.
Write
(12.13) (a, B)y = (@, Be.

Notice that £(y) = 0 (resp. 1) iff £ € T (resp. £ € Ny — T'). The image
of G(F) — Nr is the set of £ € F such that £ # 0,1 and where for any place
vof F,

N(K) if B, is split,
(12.14) 1-¢te { (K5), 1 is spli

FYX —N(K)) if B, is not split.
We may write m(&) for m(vy) when £(v) = &, and extend m(&) to all F'

by setting m(£) = 0 if £ is not in the image of the map in (12.12). Then we
have the following:

(12.15) (@, 8) = m(&){a, Be.

ger

Let x be a character of T(F)\T(Ay). The linking number is easy to
compute if &€ = 0 or 1. The difficult problem is to compute («, 3)¢ when

£#0,1.
If both o and (3 are decomposable,

a = Ry, ﬁ = ®5v7

then we have a decomposition of linking numbers into local linking numbers

when £ # 0, 1:

(12.16) (o, B)e = [ [ (e Bo)es
where
(12.17) (@i = | el

Notice that when 7 ¢ Np, these local linking numbers depend on the
choice of v in its class in T(F)\G(F)/T(F) while their product does not.
This problem can be solved by taking + to be a trace free element in its class
which is unique up to conjugation by T'(F').
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Notations

For a compact open compact subgroup U of G(Ay) (or G(F},)) and two CM-
cycles a and 3, we write (o, §)y and (a, 5)¢ s for

<O‘vﬁ>U = ’U|71<a76>7 <O‘7ﬁ>§,U = ‘U’71<O‘7ﬁ>§‘

Similarly, for a CM-cycle o and a function f on M, we write

(f,@)o = U7 (£, ).

13 Local Gross-Zagier formula

In this section, we would like to compute the linking numbers for some special

CM-cycles and then compare with Fourier coefficients of the kernel functions.

The construction of CM-cycles is actually quite simple and is given as follows.
We will fix one order A of B such that for each finite place v,

(13.1) Ay = Ok + Ok wroc(X0),
where A\, € B such that

e \,x =1\, forall z € K, and

e ord(det \,) = ord, (V).

Let A be a subgroup of G(Ay) generated by images of A* and K for v
ramified in K:

(13.2) A= [T AsF;/Fy- [ ArK;/F).

vie(wy) v|e(wy)

The character can be naturally extended to a character of A. The CM-
cycle we need is defined by the following function:

(13.3) n=1]n
with 7, supported on T'(F},) - A, and such that

(13.4) m(tu) = xo(t)xo(u),  t€T(F,) u€A,.
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Take an a € AJT integral and prime to ND. We would like to compute
the pairing (T,n,n). The Hecke operator here is defined as

(13.5) Tan = HT%%, Ta,mo(x) = /( )m(Ig)dQ,
vla H(ay

where

(13.6) H(a,) = {g € Ms(O,) = |detg| = |a]} .

and dg is a measure such that GLy(O,) has volume 1. Then we have the
following decomposition:

(Tan, m)a =vol(T(F)\T'(Af)A) (m(0)Tan(e) + m(1)Tan(€)dy2-1)
(13.7) + 3 m(& [ [(Tano mo)eans
40,1 v
where € € Np(F) — T(F).

Let v be a fixed finite place of F. We want to compute all terms in the
right hand side involving 7,. Notice that we have extended the definition to
all ¢ € F'— {0,1} by insisting that (Tyn,, 7)ea, = 0 when £ is not in the
image of (12.12).

The computation of degenerate terms is easy. The non-degenerate term
is given by the following local Gross-Zagier formula:

-1
Proposition 13.1. Let g = <a% (1)) Then

WU (%’gag) = |c(wv)|1/2 ’ E(an¢v)Xv(u) ) |(1 - €)€|111/2|a| ’ <Ta77va77v>§7ﬂu7

where u is any trace free element in K*.

Corollary 13.2. Let (-,-) be the geometric pairing on the CM-cycle with
multiplicity function m on F such that m(§) = 0 if £ is not in the image of
(12.12). Assume that §, = 1 for v | co. Then there are constants ¢y, ¢y such
that for an integral idele a prime to ND,

(@) [al(Tan, nya =(crm(0) + cym(1))|a]* W (g)
PN (1= OPW(1/2,€, g)m(€).

¢eF—{0,1}
-1
where g = (aéof (1))
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Remarks

If the kernel © had level N as in the original approach §8, the CM-cycle
we should consider is P, as in §6 corresponding to the function ¢ supported
in T'(Ay)i.U(N, K) such that ((ti.u) = x(¢). The computation of linking
numbers for this divisor seems very difficult!

Our local formula is the key to the proof of the Gross-Zagier formula.
But the formula is only proved under the condition that ¢(x), ¢(w), and N
are coprime to each other. One may still expect that this local formula is
still true in the general case considered by Waldspurger but with more than
one term on the right hand side. The main problem is to construct elements
in

S(xv, G(F,)) and W(II(xw), ) @ W(II(] - ’371/2’ E ‘1/2,5(&)'
More precisely, we need to find an element
W= Z Wil ® W2i € W(H(Xv), ¢v) X W(H(‘ . ’5_1/2’ ‘ . ‘1/2_8(.4))
which satisfies the following properties:

e Let ®; be the element in S(F?) such that Wy = Wg,. Then for any
representation I, of GLo(F,) with a newform W, € W(II, v,),

L(s, Xv, $0) = Y W(s, Wy, Wiy, ®;)
with notation in [16] §2.5.

e Let’s define

Wi(s. & 9) :Z:Wu ((165 (1)) g) W ((g ?) g).

Then W (s, &, g) satisfies the following functional equation
W(s,&,9) = wo(1 — e, (T, @ X0, )W (1 — 5,€, g).

The next step is to find elements ¢; € S(xv, G(F},)) such that the above
local Gross-Zagier formula is true with (Ty7,,7,)¢ replaced by

> (Tags, gj)e.
J
We may even assume that ¢ = 1 in time. Thus, what really varies is the
parameter &.
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14 Gross-Zagier formula in level ND

The study of kernel functions, geometric pairing, and local Gross-Zagier for-
mula in the last three sections suggests that it may be easier to prove a
Gross-Zagier formula in level ND instead of level N directly. This is the
main result in our Asia Journal paper [16].

Let’s start with the case where ¥ is odd. Thus, we are in the situation of
§6. Let U be any open compact subgroup of A over which y is trivial. Let
Xy be corresponding Shimura curve or its compactification over F'.

Recall that the CM-points corresponding to K on Xy (C) form a set

Cur = GF)\G(F) s - hy x G(Af) U = T(F\G(A)/U,

where hy € HT is the unique fixed point of the torus points K*/F*. Let ny
be a divisor on Xy with complex coefficient defined by

Nu = Z n(x)[z].

The Heegner class we want now is the class difference

y = [nu — deg(nu)é] € Jac(Xy)(H.) ® C.

Notice that this class has character ya under the action by A on Jac(H,).
Let y, denote the ¢-typical component of y. The main theorem in our Asia
Journal paper [16] is now the following

Theorem 14.1. Let ¢ be the quasi-newform as in §11. Then

o~

—1/2
SF(L(L,x,6) = 27 d, - 161wy - Nuslla

where

di/r 18 the relative discriminant of K over F';

HgbﬂHZUO(ND) is the L*-norm with respect to the Haar measure dg as in
Introduction normalized such that vol(Up(ND)) =1

llyslla is the Neron-Tate height of ys on Xy times [A : U]™' which is
independent of choice of U;

ngAﬁ(l) is the first Fourier coefficient of ¢* as defined (8.1).
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We now move to the situation in §7 where ¢ has possible nonholomor-
phic components, but we assume that the sign of the functional equation of
L(s,x,®) is +1, or equivalently, ¥ is even. We have the variety Xy which
is defined in the same way as in odd case. Then we have a unique line of
cuspidal functions ¢, on Xy with the following properties:

e ¢, has character xa under the action of A;

e for each finite place v not dividing V- D, ¢, is the eigenform for Hecke
operators T, with the same eigenvalues as ¢.

We call ¢, a toric newform associated to ¢. See [16], §2.3 for more details.
The CM-points on Xy, associated to the embedding K — B, form the
infinite set

Cur 1= G(F) \G(F) 4 ho x G(Ag) /U ~ H\G(Ay)/U,

where hg is a point in H" fixed by T and H C G is the stabilizer of z in G.
Notice that H is either isomorphic to T if n # 0 or H = G if n = 0. In any
case there is a finite map

t: Cy=T(F)\GAy)/U — My.
The Gross-Zagier formula for central value in level ND is the following:

Theorem 14.2. Let ¢, be a toric newform such that ||¢y||a = 1. Then

~

G(L)L(L, X, 0) = 27 d i i 61wy - 1@ m)a

where c@i(l) is the first Fourier coefficient by the same formula as (8.1) with
respect the standard Whittaker function defined in (4.7) and (4.8), and where

(Som)a = [A:UT" Y i) (u(x)).

zeCy

15 Green’s functions of Heegner points

In this section we want to explain the proof of the central derivative formula
for level N D stated in the last section. Just as explained in §8, the question
is reduced to a comparison of the Fourier coefficients of the kernel and heights
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of CM-points. We need to show that, up to a constant and modulo some
negligible forms, the new form ¥ with Fourier coefficient

(15.1) U(a) = |al(n, Tan)

is equal to the holomorphic cusp form & defined in §11 which represents the
derivative of Rankin L-function L'(1/2, x, ¢). Thus we need to show that the
functional ¥ on Np(ND) is equal to the Fourier coefficient ®(a).

As in §9, we would like to decompose the height pairing to Green’s func-
tions. It is more convenient work on the tower of Shimura curves than a single
one. Let’s first try to extend the theory of heights to the projective limit X
of Xy. Let Pic(X«) denote the direct limit of Pic(Xy) with respect to the
pull-back maps. Then the intersection pairing can be extended to lgi\c(Xoo)
if we multiply the pairings on Pic(Xy) by the scale vol(U). Of course, this
pairing depends on the choice of measure dg on G(A) as in Introduction. For
some fixed open compact subgroup U of G(Ay), we write (21, 29)y for the
measure

<Zla 22>U = |U|_1<Z17ZQ> = [U : U,]_1<217Z2>XU/'

where 21, 29 are certain elements in Isi\c(Xoo) realized on Xy for some U’ C U.
So defined pairing will depends only on the choice of U and gives the exact
pairing on Xy.

Similarly, we can modify the local intersection pairing and extend the
height pairing to Jac(Xs) = Pic’(X,.), which is the direct limit of Pic’(X{)
where Pic’(Xy) is the subgroup of Pic(Xy) of classes whose degrees are 0 on
each connected component.

We can now define Green’s functions g, on divisors on X, (F) which are
disjoint at the generic fiber for each place v of F' by multiplying the Green’s
functions on Xy by vol(U). Notice that for two CM-divisors A and B on Xy
with disjoint support represented by two functions o and 5 on T'(F)\G(Ay),
the Green’s function at a place v depends only on « and (3. Thus, we may
simply denote it as

gv(A7 B)Uv = gv(Oé, ﬁ)Uv'

Recall that 1 is a divisor on X defined by (13.3). As in §10, with P,
replaced by 7y, we have

(15.2) V=3 ¥, modD(o1)+D(ry),
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where v runs through the set of places of F', and

(15.3) U, (a) = —|alg, (1, Tn)a, log .

Thus, it suffices to compare these local terms for each place v of F. We
need only consider v which is not split in K, since <I> =0 and \IJ is a finite
sum of derivations of Eisenstein series when v is split in K.

Our main tool is the local Gross-Zagier formula in §13 for quaternion
algebra , B with the ramification set

)X u{v}, ifvgX,
(15.4) ”Z_{Z—{v}, if v € .

Let ,G denote the algebraic group ,B*/F*.
Lemma 15.1. For v an infinite place,
D, (a) = 29T c(w) |2V, (a).

The idea of proof is to use the local Gross-Zagier formula to write both
sides as the constant terms at s = 0 of two geometric pairings of divisors T,n
and 7 with two multiplicity functions:

I dx [ (1—-2)dx
ms@‘/l PR QQS@_/l (1T [E)

It follows that the difference of two sides will be the constant term of a
geometric pairing on T'(F')\,G(Af) with mutiplicity function

mg - 2@3

which has no singularity and converges to 0 as s — 0. Notice that the Leg-
endre function ); appears here because an explicit construction of Green’s
function at archimedean place.

We now consider unramified cases.

Lemma 15.2. Let v be a finite place prime to ND. Then there is a constant
c such that

P, (a) — 277 |e(w)|/* ¥, (a) = clog |al, - |a*TI(x)(a).
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The proof is similar to the archimedean case. Write a = 7l'a’ (7, 1 @').
Since the Shimura curve and CM-points all have good reduction, using Gross’
theory of canonical lifting, we can show that W,(a) is the geometric pairing
of Ty and n on on T'(F)\,G(A) with multiplicity function

sord, (§my ™), if € # 0 and ord,(£n7) is odd,
mp(§) =< n/2, if £ #0 and n is even,
0, otherwise.
On other hand, by using the local Gross-Zagier formula, we may also write
®, up to a multiple of |a|*?II(x) log |a|,, as a geometric pairing (Tyn,n) with
multiplicity
_Zmn (g) 1Og Qu-

It remains to treat the case where v is place dividing N D. In this case we
will not be able to prove the identity as in the archimedean case, or in the
unramified case, since there is no explicit regular model of Shimura curves
we can use. But we can classify these contributions:

Lemma 15.3. For v a finite place dividing ND, we have
B, (a) — 2" |e(w)| W, (a) = clal *T(x)(a) +,

where ¢ is a constant, and ,f is a form on +G(F)\vG(Af). Moreover, the
function  f has character x under the right translation by K.

Using the local Gross-Zagier formula, we still can show that CTDU is equal
the geometric local pairing

29|¢(w))["/?|al (n, Tan)
for a multiplicity function m(g) on ,G(F') with singularity

log ],

On other hand, it is not difficult to show that Green’s function

~

Vy(a) = —gu(n, Tgﬂ) log ¢,

is also a geometric pairing for a multiplicity function with singularity
1
—lo -
5 108 [¢]
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(This is equivalent to saying that £!/2 is a local parameter in the v-adic space
of CM-points). Thus the difference

P, (a) — 27" [e(w)[* W, (a),

is a geometric pairing without singularity. In other words, it is given by
/ () k(. y) Tan(y)dady,
[T(F)\oG(Af)]

for k(z,y) a locally constant function of (,G(F)\,G(A;))? which has a de-
composition

k(z,y) = Z ci(x) fi(y)

into eigenfunctions f; for Hecke operators on ,G(F)\,G(Ay). It follows that
the difference of two sides in the lemma is given by

. i(z)dz (y)n(y)dy,
Z /F)\v (Af)ﬂ(x)c (z)dx /T(F)\UG(Af)f(y)n<y) Yy

where \;(a) is the eigenvalue of T, for f;. Thus, we may take

of = Z/

In summary, at this stage we have shown that the quasi-newform

dx - J(y)n(y)dy.
Jei) /()\U()f(y)n(y)y

\vG(Af

® — 29T c(w) |2
has Fourier coefficients which are a sum of the following terms:
e derivations A of Eisenstein series,
e derivations B of theta series II(y) ® a'/?,

e functions ,f appearing in ,G(F)\,G(As) with character x under the
right translation of K¢, where v are places dividing DN.

By linear independence of Fourier coefficients of derivations of forms in
Lemma 10.3, we may conclude that A = B = 0.
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Let II now be the representation generated by the form ¢, then all the
projections of , f’s in II must vanish by some local results of Waldspurger,
Gross-Prasad. See §2.3 in [16].

In summary we have shown that ® — 297! |¢(w)|*/?¥ is an old form. By
Proposition 11.1, the projection of this difference on I1(¢) is

L'(1/2,x,¢)
(gbﬁ? qbu)Uo(ND)

This is again an old form and has vanishing first Fourier coefficient. Theorem
14.1 follows by taking the first Fourier coefficient.

¢ — 29 e(w) V2 (ys, yo)a - .

16 Spectral decomposition

In this section we want to explain the proof for the central value formula,
Theorem 14.2. The idea is copied from the odd case. Thus, we need to
define a height pairing of CM-cycles. Since there is no natural arithmetic
and geometric setting for heights corresponding to non-holomorphic forms,
we would like to use the local Gross-Zagier formula to suggest a definition
of height. Indeed, by corollary 13.2, modulo some Einstein series of type
(|| - [|1V2, ] - [I7Y?) ® i with 5 quadratic, the kernel ®(g) := ®(1/2, ) has a
Whittaker function satisfying

ao) W (g () 1)) = e T (0.,

where go, € GLo(F) is viewed as a parameter, and a is a finite integral
idele which prime to N D, and the pairing (-, -) o is defined by the multiplicity
function

(16.2) (€. goo) = [ (€. 00):

v]oo

with each m, (&, g) the Whittaker function of weight &, whose value at <8 (1)>

given as follows:

0 4|ale=2m, if1>¢>0,a>0,k, =2,
(163)  m, (5’ (8 1)) = 4 4]ale?™®=D - if a¢ < min(0, a), k, =0,
0, otherwise.
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This suggests a definition of the height pairing for CM-cycles by the above
multiplicity function. This height pairing is no long valued in numbers but
in Whittaker functions. In the case where all k£, = 2, then this Whittaker
function is twice the standard one. Thus, we can get a pairing with values
in C. We would like to have a good understanding of decomposition of this
height pairing according to eigenforms on Xy. By (12. 8), we need only
decompose the kernel ki defined in (12. 7). This decomposition is actually
very simple: As Whittaker functions on GLg(FL.),

(164) k@, y)(g00) =20y " Wilgoo) - 0i(2)di(y)

b;
| olFQ+n / Wi (goo) Ew(2) B () dim
m

where n is the number of places where k, = 0, and the sum is over all
cuspidal eigenforms ¢; of Laplacian and Hecke operators on G(F)\G(A)/U
such that ||¢;]|a = 1, and W; are standard Whittaker function for ¢;. Here
the integration is nontrivial only when n = g then 91 is a measured space
parameterizing an orthogonal basis of Eisenstein series of norm 1. (See §18
for more details). Thus for a cuspidal eigenform ¢,

1

— k(z,y)o(y)dy = 25T W, (9o )b ().
Al Jarnao

It follows that for any two CM-cycles o and 3 on Xy, the height pairing has
a decomposition

(16.5) (, B) =2 N " Wi(g0c) - (65, @) (61, B)a
b

48P [ W (g) (B @) (B ) s
m
This leads to define the following form of PGLy(A) of weight k, at v:

(16.6) H(a, B) =270 Y 42 (g0) - (65, @) a (65, B)a

?i
+2[F:@Hn/ B (9o0) (B, @) a(Ew, B) adm,
om
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where ¢V (resp. EY*V) is the newform of weight (2,---,2,0,---,0) in the
representation II; of PGLy(A) corresponding to the representation IT; of G(A)
generated by ¢; (resp. Ey) via Jacquet-Langlands theory. With « replaced
by T,a in (16.5), one obtaines the usual relation between height pairing and
Fourier coefficient:

[F:Q]+n ad~' 0
Let ¥ denote the form 27U+ |c(w)['/2 H (n, n) which has a decomposition:

(16.8) W =207 ()12 g | (¢, m) a

(2

+ AP () 2 [ B (B ) i
m

Since 1 has a character xy under the action by A, we may require that ¢;
(resp. Ew,) has character y under the action by A. For a given ¢"*" of level
N, then ¢; with ¢;'*V = ¢"°" must be the toric newform as in §14.

The equations (16.1) and (16.7) shows that, modulo certain Eisenstein
series in the space II([| - |/, || - | 7"/?) @ 7 with n* = 1, the forms ® — ¥ has

—1

vanishes Fourier coefficient at g such that g = 0 0 “ (1)
prime to ND. Thus & — ¥ is an old form.

Let ¢ be the newform as in Theorem 14.2. By Proposition 11.1 and

formula (16. 6), the projection of & — W in II(¢) is given by

L(1/2,x, ¢)
1617 ()

) with integral a

¢F — 25 ()2 |(n, ¢y ) a0

Thus, we have proven the Gross-Zagier formula, Theorem 14.2, by computing
the first Fourier coefficient of the above form.
17 Lowering levels

Now it is remains to deduce GZF(N) (the Gross-Zagier formulas for level N
in §6-7) from GZF(ND) (formulas in §14). Our plan is as follows:

1. show GZF (N) up to a certain universal function of local parameters.
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2. prove GZF(ND) for Eisenstein series for level N D thus get GZF(N) for
Eisenstein series with the same universal function.

3. prove GZF(N) for Eisenstein series directly by evaluating the periods
thus get the triviality of the universal function.

In this section we are doing the first step.

Proposition 17.1. For each v | D, there is a rational function Q,(t) € C(t)
depending only on x, which takes 1 at t =0 and is reqular for

[t] < o] 2+ |72,

such that both Gross-Zagier formulas in §6-7 are true after multiplying the
left hand side by

cx) I @O,

ord, (D)>0

where C(x) is a constant depends only x, and X\, the parameter appeared in
the L-function:
1

L,(s,0) = .
(5,¢) 1= Ay|mol® + |mo]?

The idea of proof is to show that, in the comparison of GZF (N) and GZF
(ND), all 4 quantities

f1]12
Z) 19"y [UX2NG [EAI

[ i (@))>  9sllEyo

Y

are universal functions described in the Proposition, and that the last two
quantities have the same functions. Here the last two fractions are considered
as ratios since the denominators may be 0.

Lets try to localize the definition of quasi-newform in §11. For each finite
place v, let TI, be the local component of II(¢) at v. Then II, is a unitary
representation as Il = ®II, is. Lets fix an Hermitian form for the Whittaker
model W(II,, ,) such that the norm of the new vector is 1 for almost all v.
The product of this norm induces a norm on II which is proportional to the
L?norm on II. Now we can define the quasi-newform

(17.1) Wi e W(IL,, ¥,)
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to be a certain form of level D,. Recall that the space of forms of level D,
has a basis consisting of forms

T 0

(17.2) Wai(g) = W, (g < 5 1)) ,  0<i<ordy(D,),

where W,o = W, is the newform. Then Wj} is the unique nonzero form of
level D, satisfying the following equations:

(17.3) (WE Wy —viWH) =0, (0 <i < ordy(D,)),

where v, = 0 if v is not ramified in K; otherwise v, = x,(7Tk,). It is not
difficult to show that if we write

Wi = Z CoiWoi,
then c¢,; is rational function of quantities
Ay 1= (in7 Wv)/<Wvu Wv)

Notice that quantities «,; does not depend on the choice of pairing (-,-) on
Whittaker models. On other hand, it is easy to show that ¢* has Whittaker
function as product of W¢.

It follows that both quantities

5, wa 1ln [

_ Uo(1) : Up(DY],
P o o) LD

are the products of some rational functions at v of quantities ;. It remains
to show that v, are rational functions of A\,. Let U, = GLy(O,). Then we
have

s =(Wy, W) Wvol(U,) ! / () Wi, pl() W)

:(p(tvi)an Wv)/(an Wv)a

where t,; is the Hecke operator corresponding the constant function vol(H,;) ™

on '
" 0
H,,=U, ( 0 1) U,.
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It is well known that W, is an eigenform under ¢,; with eigenvalue a rational
function of A\,. This shows that «,; are rational function of A\,. Since we have
used only the unitary property of local representation I, for v | D, the so
obtained rational functions as in theorem for these quantities are regular for
any A\, as long as II, is unitary. In other words, these functions are regular

at \, satisfying

1/2 ’—1/2.

’/\v’ < |7Tv| + |7Tv

It remains to compare the last two quantities in both odd and even case
respectively. Obviously the ratio of normalizations of measures is given by

[U(N, K)|/]A|

which equals a product of constants at places dividing D. Thus we may take
the same measure in the comparison. Let’s define a function ¢ on CM-points

T(F)\G(Ay) supported on T'(A)i.U(N, K) such that
C(ticu) = x (), teT(Ay),uec UN,K).

Then the CM-Points in GZF(N) (resp. GZF (ND)) is defined by (¢ (resp. 7).
The key to proving our result is to compare these CM-cycles.

Recall that for a finite place v, and a compactly supported, and locally
constant function h on G(F,), one defines the Hecke operator p(h) on CM-
cycles by

p(h) = /G . Ml

Let Uy and U, be the compact subgroup of G(Ay) defines as products
U; =[] Ui, and
Ulv - (Ocv + C’UOK,’UAU)X

Uy, =U(N,K).

Lemma 17.2. For each finite place v let h, denote the constant function
vol(Ur,) ™" on G(F,) supported on Usyi,. Then

Cv = p(hv>77v-

Before we prove this lemma, let us see how to use this lemma to finish
the proof of our Proposition. First assume we are in the even case. Then we
have

(CZ, P = (57 Cuw,K)-
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Here the product is taken as pairings between CM-cycles and functions. Let
U, be the form H((,() defined in (16. 6). Then ¥, has a decomposition

(17.4) U, = Z V| (¢, #:)|* + Eisenstein series,

where ¢; is an orthornomal basis of eigenforms on X (N, K). For ¢V = ¢

with level N, ¢; must be the test form gz~5 as in §7.
Now the equation (16. 7) implies that the Hecke operator the adjoint of
p(h) is p(hY) with hV(g) = h(g™'). Tt follows that,

H(C,C) = H(p(h)n, p(h)n) = H(p(h" * h)n,n).

Since 1 has character xy under the action by A, we may replace hY * h by a
function hg which has character (, x ') by actions of A from both sides and
invariant under conjugation. Now

We = 3 (p(ho)n, &) (1, &) + -+

Since n and p(ho)n both have character x under the action by A, we may
replacing ¢; by functions ¢; , which has character x under x. For ¢}V = ¢"°¥
with level N, ¢; , must be the toric new form ¢, as in §14. Of course,

(17.6) p(ho)dy = [ [ Po(\)éy
v|D
as ¢, with P, some polynomial functions. From (17.4 -6), we obtain
(GOl | EACO RIS

v|D

In the odd case, the proof is same but simpler with H((,() defined as
a holomorphic cusp form of weight 2 with Fourier coefficients given by the
height pairings of (T2, z) for two CM-divisors after minus some multiple of
Hodge class. Then we end up with expression:

\IIC = Z ¢Z||x¢z
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where ¢; are newforms of level dividing N. The same reasoning as above
shows that

Ve = H(p(ho)y,y) =D i+ (Yo, plho)ys,).

Thus we have

251 = (s, p(ho)ys) = [ T 2o lysll*.

v|D

It remains to prove the lemma. By definition,

p(h)n(g) = vol(U,) / no(guizt)du.
U2'u

If p(hy)ns(g) # 0, then
gULUiCj c T(FU>U1,U

or equivalently,
g € T(Fv)Ul,vic,vUZ,v-

By (iii) in the following lemma, we have g € T(F})i.,Us,. Lets write g =
ticptg. 1t follows that

Pl 19) = X(OVI) " [ lipic i

By (iii) in the following lemma again, the integral is the same as

/U . 1o (u)du.

P(hv)nv = Co.

Lemma 17.3. For v split in B, there is an isomorphism

Thus we have

J MQ(FU) — El’ldFv<Kv)
with compatible embedding of K, and such that

(M2(0,)) = Endo, (Ok)-
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Moreover, let in € GLy(F,) such that

(i) (Okn) = Opn = Oy + 1O .

Then

(i) GLy(F,) = [ K. innGL(O,),
n>0

(ii) i GLo (O, )izn N K = OF,

(ii1) ianUspin N KUy, = Uy,

Proof. Indeed for any given embedding K, — Ms(F,) such that Ok, maps
to My(O,), then F? becomes a K,-module of rank 1 such that O? is stable
under Ok ,. Then we find an isomorphism O? ~ Ok, as Ok, module. This
induces the required isomorphism p : B, — Endpg, (K,).

Now, for any g € GLy(F}), let t € g(Ok,) be the elements with minimal
order. Then u(t™'g)(Ok,,) will be an order of O, say Orn. Thus

N(t_lg)(oK,v) = Opn = N(iﬂ”)<0K7v)'

It follows that
g c tlﬂ—nGLQ(Ov)

The first equality follows.
For the second equality, let t € K,,. Then

iatin, € GLy(O,)

if and only if
M(i;&tiﬂn)oK == OK,

or equivalently,
toﬂ—n — Oﬂ—n.

This is equivalent to the fact that ¢t € O)..
It remains to show the last equality. First we want to show

ley Ul picw C Usy.
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To see this, we need to show that
M(i;iUic,v)OK,v - OK,U
for each v € Uy ,. This is equivalent to

N(Uic,v)OK,v = ic,’UOK,’Ua
or equivalently,
M(U)Oc,v = Oc,v-
Thus is clear from the fact that u = t(1 + ¢M(O,)) for some t € OF.
Now the last equality follows easily: since
iy Un iy MK = Oy
and
iﬂ{} UQ,UZ.;;'}} D Ul,’LM
it follows that
by Us iy MK Uy = Uy

)

18 Continuous spectrum

In this section, we would like to extend GZF(ND) (the Gross-Zagier formula
in level ND, Theorem 14.2 ) to Eisenstein series in the continuous spectrum.
Recall that the space of L?forms on PGLy(F)\PGLy(A) is a direct sum
of cusp forms, characters, and Eisenstein series corresponding to characters
(1, 1= 1). We say two characters iy, f15 are connected if pi -y is trivial on the
subgroup A! of norm 1. Thus each connected component is a homogeneous

space of R or R/ £ 1. See [3] for more details.

We now fix a component containing a character (u, ). Without loss
of generality, we assume that p? is not of form | - |* for some ¢t # 0. Then
the space Eis(u) of L2-form corresponding to this component consists of the

forms

(18.1) Elg) = / " Elg)dt

[e.e]
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where E;(g) is the Eisenstein series corresponding to characters (u - |, u=!]-
|~*). For the uniqueness of this integration we assume that E,(g) = 0ift <0
and p? = 1. Now the two elements F;(g) and Fy(g) has inner product given

by

(18.2) (EL, Ey) = /OO (E1t, By )edt,

where (-, -); is some Hermitian form on the space
Iy i= (] - [, )

This Hermitian norm is unique up to constant multiple as the representation
is irreducible. The precise definition of this norm is not important to us.

Now we want to compute the Rankin-Selberg convolution of E € Eis(u)
with 6 as in §8. Assume that x is not of form v-Ng/p. Then 6 is a cusp form
and the kernel function © is of L?-form as its constant term has exponential
decay near cusp. Thus it makes sense to compute (E, ©).

For ¢ a function on R (or Ry when p? = 1), lets write Ey4 for element
in Eis(u) with form Ei(g) = ¢(t)E}*V(g) with EP*V(g) a newform in IT(u| -
1°, 571 - ]7*) and ¢(s) € C, then we still have

(B0 = [ LisiT @00t
= /000 L(s +it,u® x)L(s +it, =" @ x)b(t)dt.
If s =1/2, we obtain
(18.3) (Es,010) = / L(1/2 4 it, 11 @ x)2o(2)dt.
The form © has level D. For any a dividing D, lets define

at 0
E(p,a =p ( 0 1) E¢.

Then the space of Eisenstein series is generated by Ej,. We can define so
called quasi-newforms by the formula

(18.4) Ef = /OO Elo(t)dt.

0
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One can show that the projection of ® := 6, /2 on the continuous spectrum
corresponding to p is Eg) with ¢ given by

|L(1/2 +it, p @ x)|?

18.5 =
(18.5) (1) BIE

Now let us study the geometric pairing in §16. The formula (16.8) shows
that the continuous contribution for representation II; in the form W is given
by

2% c(w)|*Ey

where

(18.6) b(t) = (Eix,n)-

Here E, is a form toric form of norm 1 with respect to A.
Again Eg) —2%|c(w)[*?E,, will be an old form. Its first Fourier coefficient
vanishes. Thus the Gross-Zagier formula can be extended to Eisenstein series:

Proposition 18.1. Assume that x is not of form voNg,p with v a character
of F*\A*. Then

—

E{()IL(1/2 + it, x)[* = 2%|c(w) [V - | B} |*| (Bys, m) .

Also the proof of Proposition 17.1 is purely local, thus can be extended
to Eisenstein series:

Proposition 18.2. Assume that x is not of form voNg,p with v a character
of F*\A*. Let

Ao(t) = Uv(ﬁv)lﬁv‘it + UU(WU)_l‘eritv and Ef = || E| 'Eta

then
2

cx) [ @)=

2% ‘ (B, Py)
ordy (D)>0

N(D) | L(1/2 +1it, x)

Notice that when g is unramified then R is conjugate to MQ(@F) The
form E} is obtained from E; by p(j) for a certain j € G(A) satisfying (19.1)
and (19.2) below. Thus the formula does not involve the definition of hermi-
tian forms on II;.
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19 Periods of Eisenstein series

In this section we want to compute the periods of Eisensetin series appearing
in the GZF(N) (up to a universal function), Propositon 18.2. Our result
shows that all the universal functions are trivial, and thus end up the proof
of GZF(N).

First lets describe the main result. Let y be a unramified quasi-character
of F*\A*. Let R be a maximal order of My(F') containing Ok. Let E be
the newform in IT(u, u~'). Let 7 € G(A) such that

(19.1) JS0:2(R)j' = T(R)
and
(19.2) jrGLy(0)j;' = R.

Then the form E*(g) := E(gj) is invariant under T'(R) - R*. Let A € K be a
non-zero trace free element. Then one can show that ord,(A/D) for all finite
place v is always even. We thus assume that 4\/D has square root at finite
place and that D, = —1 when v | co.

Proposition 19.1. Assume that x # pg := pro Ng/p. Then

(E*,P,) =27 (5‘1\/4>\/D> 4N/ DIYAL(1/2,% - 1)

Before we go to the proof of this result, let’s see how to use Proposition
19.1 to complete the proof of GZF(N). Combined Propositions 19.1 and 18.2
with pu(z) = |z|" (t € R), we obtain the following

cx) I @@ =1, VvieRr

ordy (D)>0

Notice that each \,(t) is a rational function of p* where p is prime num-
ber divisible by v. Since functions p* for different primes p are rationally
independent, we obtain that for each prime p

H Q, (A (1)) = const
ordy (Dp)>0

where D), =[], Do.
It is not difficult to show that for each y, we can find a finite character
X' of Ax/K*A* such that the following conditions are verified:

58



e ¢(x') is prime to N, c(w);
e \/ is unramified at all w | p,w # v;
e \'is not of form v o Ng/p.

If we apply the above result to x’ then we found that @), is constant thus is
1. Thus we have shown the following:

Proposition 19.2. All polynomials Q,(t) and C(x) are constant 1.
Now GZF (N) follows from Proposition 17.1.

We now start the proof of Proposition 19.1 from the following integral:

(E*,P,) — / (@) B (i) da
T(F)\T(Ay)

where z,, € HY is fixed by T'(R) and i, € G(Ay) is an element such that
iRi,'NK = O..

Here we pick up a measure dt on T'(A) with local decomposition dt = ®,dt,
such that T'(R) and T(O.,) all have volume 1. Write h = i.j. It follows that

(B R)= [ x(@)BGah)de.
T(F)\T(A)

Since E is obtained by analytic continuation from the newform in the
Eisenstein series in TI(u| - |*, u™!| - |*) with Re(s) >> 0, we thus need only
compute the periods for quasi-character p with big exponent. In this case,

E(g)= Y. flv)

YEP(F)\G(F)

with
f(g) = n=(6) fa,

where ® = ®@®, € S(A?) is the standard element: ®, is the characteristic
function of O2 if v { co, and ®,(x,y) = e "@*+¥°) if v | co. It is not difficult
to show that the embedding T" — G defines an bijective map

T(F)~ P(F)\G(F).
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Thus
(E",P,) = / v (@) f (ah)de.
T(4)

This is of course the product of local integrals

ixo (fo) :/ Xv(xil)fv(xhwdx'
T(F,)
Recall that f, is defined as follows:

fulg) = (65" - det )| det g|/2 / B0, g (1)t

X
v

It follows that

iy (fo) :/T(F)Xv(xl)u((Svldet ychv)]detavhv\l/z/X @[(O,t):chv]uz(t)ﬁldxtdx

Fy

:M(cs;ldethv)|dethv|1/2/
K

—u(0; 1 det hy)| det hy|V2Z(1/2, % - ik, Pr,)

Xtz ()] 1 e, ()

where for r € K\,
O, () = D,[(0,1)xh,].

Thus the computation of period is reduced to compute the local Zeta func-
tions.

Let v be a finite place. The map x — (0, 1)z defines an isomorphism
between K and F? with compatible actions by K. Thus we have two lattices
O% and O, in K. The element h; as a class in

RK*\GLy(Af)/GLy(Op)
is determined by the property that

hyMy(Op)h;' N K = O..
We may take hy such that

(0,1)0.h; = O%.
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It follows that @ , is the characteristic function of @c. Now the Zeta function
is easy to compute:

Z(1/2,% - e, ®rc.) :/ \ - (@) |2
O,

Cv

We get the standard L-function if ¢ = 0.

We assume now that ¢ > 0 thus K, /F, is an unramified extension. First
we assume that K, is a field. We decompose the set O, into the disjoint
union of O, of subset of elements of order n. Then

202, e, i) = Yol ml” [ (o)
’I’LZO Oc,n
Write Ok, = O, + O, then
O = O, + O\

If n > ¢, then O,,, = 7"Oj. The integral vanishes as x has conductor 7¢. If
n < c then
Oen = |m|"OF (1 + 7, "Ok).

The integration on O, . vanishes unless n = 0 as x has conductor 7¢. Thus
the total contribution is
vol(O) = 1.

We assume now that K,/F, is split. Then K, = F? and O, consists of
integral elements (a, b) such that a = b (mod 7¢). Write x = (v,v~!) then v
has conductor 7¢. It follows that

2025 e e = [ vla/Dlad)lab] "o
(a,b)eO.

For a fixed b € O,, the condition in «a is as follows:

a € 1Op, if b € O,
acb(l+r"0,), ifben"O)f withn < c.

Since v has conductor ¢, the only case gives nontrivial contribution is when
be O and a € b(1 + 7°O,). The contribution is given by

vol(O7) = 1.
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To compute det h,, we write K = F 4+ Fv/ and make the following
embedding K — My (F):

(19.3) a4 b\ — (Z bj) .
Then O% corresponding to the lattice
Or + Of \/X

Thus hy satisfies
(0,1)(Oy + O,VA) = (0,1)O,, Iy

It follows that
disc(O, + O,VA) = disc(O,,) det k2.

det h, = \/4\/D,

for a suitable D, in its class modulo O} such that 4\/D, does have a square
root in F*. In summary we have shown that

(19.4) o(f2) = L(1/2,X ® p)u(8,7/2N/D,) 4N/ D, .

It remains to compute the periods at archimedean places v. For equation

(19.1), we may take
_ (20
h,,_( 170y

Thus

Then it is easy to see that

Assume that p(x) = |z|*, x = 1, and notice that the measure on K = C* is
induced from the standard d*z from R* and one from C*/R* with volume
one. Thus the measure has the form d;fe for polar coordinates re®. It follows
that

—7r? T2t+1 d?"d@

Z(1/2,% - ux, ®x.) =
(1/2,X - ik, Px,) /Cxe p—
=n V(4 1/2)

=p(2)27L(1/2,X - pxc)-
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The period at v is then given by

(19.5) in(fo) = 27 o (JAAV2) [N [ VAL (12, Xpuse)-

Let us set D, = —1 for archimedean places, then we obtain the same

formula as (19.4). The proof of the Proposition is completed.
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