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Preface

This note is based on 12 lectures given by the second author at a summer school in “algebra
and number theory” at the Chinese Academy of Sciences in 2019. It is conceived as the
first course in abstract algebraic geometry for college student with some basic knowledge in
commutative algebra and homological algebra. The main part of the book covers the basics
of schemes, sheaves and their cohomology, and background materials for Borel-Serre’s paper
on the Grothendieck—Riemann—Roch theorem.

In Chapter 1 and 2, we will review the basic concepts in commutative algebra about
rings and modules, then introduce the language of ringed spaces and sheaves. After these
preparation, we will introduce in Chapter 3 the affine schemes which are the building blocks
of the general scheme introduced in Chapter 4. Then in Chapter 5 and 6 we introduced the
most useful objects in algebraic geometry, the projective schemes and most useful tool in
algebraic geometry, cohomology. In Chapter 7, we specialize our study to the most classical
object in algebraic geometry: curves and Riemann-Roch. In Chapter 8, we define Chow
groups and Chern class, followed by the Grothendieck-Riemann-Roch theorem, which is our
focal point of this book.

Because of our limitation of times and pages, we will not spend much time to review the
classical algebraic geometry of varieties over complex numbers or general algebraic closed
fields. We simply used them as examples of our more general spaces.

This book can be used as a textbook for a quick start tutorial in algebraic geometry,
especially for understanding Grothendieck-Riemann—Roch theorem. The exercises are in-
terspersed with the exposition in this book. Some of them are trivial, and some of them are
tough as readers needs to study more background materials in appendix or elsewhere.



1 Rings and Modules

1.1 Rings

Let R be a ring. We have an object (R, +,-). This object contains a set R with 2 operations
+,-. The operations are maps from R x R - R. The pair (R, +) is a commutative group, and
the pair (R,-) is a semi-group or monoid. In the ring we require the 0 element in the abelian
group satisfies the property Ox = 20 = 0 for all x € R . We also require an identity element 1,
with the property that 1o = 21 = x for all  in R . The ring R also satisfies a distribution
law with respect to the operations of addition and subtraction.

Examples of rings:
1. Z,Q, R, C (note Q, R, and C are fields);

2. Zlz], Q[x], R[z], C[z]

Now we come to the category of commutative ring. The objects are commutative rings,
and the arrows are homomorphisms of rings.

Definition 1.1.1. If R is a commutative ring, then R[z] is the ring of polynomials over R:
R[z] = {Z a;x" | a; € R, with operations + and - }
i=1

Definition 1.1.2. Let Ry, Ry be two rings. A homomorphism from Ry to Ry is a map
¢: Ry~ Ry
which preserves the operations:

o(x+y)=o(z)+o(y),  o(zy) = o(x)d(y)

Definition 1.1.3. The kernel of a homomorphism ¢ : Ry — Ry is defined to be the preimage
of 0 and it is denoted by Ker(¢p). It is and ideal of Ry

Ker(¢) =¢7(0) = {z e M| ¢(z) =0}.
And if Ker(¢) =0, then ¢ is injective
Definition 1.1.4. Let [ < R be a subset. We say I is an ideal if I satisfies two properties:
1. xel,yel impliesx+yel;
2. xel, ye R implies xy e .
Example 1.1.5. The kernel of a homomorphism ¢ : Ry - R, is an ideal in R;.

Ezample 1.1.6. Given an ideal [ in a ring R, the quotient R/I is a ring.
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1.2 Modules

Definition 1.2.1. Let R be a ring, an R-module is an abelian group endowed with a homo-
morphism R - End(M), i.e. A map

RxM—M
(a,m) ——am

where a,b e R saitisfying
(ab)ym =a(bm), a(my+msz) =amy+amsy,
(a+b)m=am+bm, 1lm=m.

Definition 1.2.2. Let My, My be two R-modules. A homomorphism from M to My is a
map
¢ My — M,

which preserves the operations:
¢(mi +mz) = ¢(m1) + ¢(ma), ¢(am) = agp(m),

where a € R;m,my, mg € My Denote the set of R-homomorphisms from M to N by Homg(M, N).
Then this set has a natural R-module structure: let ¢, € Homg(M,N), and let x € M

(@) +(x);
e(ax), acR.

—~
%
+
Q
s =
N N
8 8
N N
1 ]

Similar to a subspace and a quotient space of a vector space, we can define a submodule
and a quotient module of an R-module.

Definition 1.2.3. Let ¢ : M1— My be a homomorphism.

1. The kernel of ¢ is defined to be the preimage of 0 and it is denoted by Ker(¢). It is
R-module

Ker(¢) =¢7(0) ={z e My | ¢(z) =0}.
And if Ker(¢) =0, then ¢ is injective

2. The image of ¢ is defined to be the set {¢(m)|lm € My} ¢ My, and it is denoted by
Im(¢). It is a submodule of My. If Im(¢) = My, then we call ¢ is surjective.

3. The cockernel of ¢ is defined to be the quotient module My/Im(p), and it is denoted
by cokerg. It is also an R-modules

Thus, all R-modules together form an abelian category Modgr with morphisms given by
homomorphisms.



Example 1.2.4. Consider the commutative ring Z. Then the category of Z-modules is exactly
the category Ab of abelian groups.

Definition 1.2.5 (Tensor Products). Let A be a ring and let M, N be A-modules. Define
Q4 to be the functor from Mody x Moda to Mody with (M, N)~ M @4 N.

The tensor product of M and N, denoted by M @ 4 N is defined to be the A-module along
with an A-bilinear map f : M x N - M @4 N, with universal property, i.e given any A-
bilinear map f': M x N — L, there is a unique A-linear map g : M @4, N — L such that
fr=ge°Ff.

f

M x N M®y N

f L

L

Proposition 1.2.6. The tensor product M @ 4 N is actually the free A-module generated by
M x N, quotiented by the submodule generated by

(mq +mg,n) - (my,n) - (mg,n), (1.2.3)
(m,ny +ng) - (m,ny) — (m,nay), (1.2.4)
a(m,n) - (m,an),a(m,n) - (am,n). (1.2.5)

where a € A, m,my,mo € M,n,ny,ny € N.
Equivalently, the elements of the tensor product M @ 4 N are the finite A-linear combinations
of symbols m@n(m e M,n e N), subject to relations

(my+ma)@n=miQn+ms@n (1.2.6)
m@ (ny +n2) =m@ni +mns (1.2.7)
a(m@n) = (am)Qn=m)(an). (1.2.8)

where a € A, my,ms € M,ny,ny € N. The image of (m,n) in this quotient is m@n.

The following exercise showing that tensor functor can be recovered from Hom functor
as a left adjoint:

Exercise 1.2.7. Let R be a commutative ring and L, M, N three R-modules. Show that there
is a canonical isomorphism of R-modules

HOIIIR(L, HOIHR(M, N))—N>H0mR(L ®Rr M, N)
Ezample 1.2.8. Q/Z ®7 Q/Z = 0.

Definition 1.2.9 (Tensor product of algebras). Let R be a commutative ring. If A and B
are R-algebras, the tensor product A®r B is an R-algebra by putting

(CL1 ® bl) . (CLQ ® bg) = (a1 : CLQ) ® (bl . bg)



tensor-hom

where ay,as € A, by, by € B. For example, if f(x) € R[x] be a polynomial, then

Rlz]/f(x) ® g B—B[z]/ f(z).
Let L be any R-algebra. Note that A®gr B also have the universal property:

FExercise 1.2.10. Let R be a ring and let M, N be two R-modules. If M and N are finitely
generated then Hompg (M, N) is finitely generated.

Restriction of scalar and base change

Let ¢ : A - B be a ring homomorphism. Then B is an A-algebra and also an A-module.
Let N be a B-module. Then N can be equiped with an A-module structure via ¢, denoted
by N A-

Conversely, given an A-module, how to make a B-module? There are two possible ways:

1. “base change” Mp := B®4 M, where the tensor product B ®4 M is defined by viewing
B as an A-module. The multiplication on B defines a B-module structure.

2. “induced module”: MB :=Homu (B, M), with bp(zx) = ¢(xb) where x,be B, ¢p € MP.
The functor -® 4 B and Hom4(B,+) are functors from Mod4 to Modp.
Exercise 1.2.11. Prove that there are natural bijection of A-module M and B-module N:
Hom (M, N4) 2 Homp(M ®4 B, N),
Hom s (N4, M) 2 Homg(N,Homy (B, M)),
Consequently, M ® 4 B and Hom 4 (B, M) are uniquely determined by these property.
e M ~ Homy (B, M) is the right-adjoint of N — Ny;

o M~ M ®4 B is the left-adjoint of N — Ny4.

Ezample 1.2.12 (Analogue of vector spaces). Let C; be the category of R-vector spaces and
Cy be the category of C-vector spaces. If V € Cy, then V @r C =V @1V is a vector space over
C. Also, Homg(C,V) =V @iV is the same vector space over C

Remark 1.2.13. If B/A is free of finite rank, then B®4 M = Hom4(B, M). In general their
dimention are different.

Ezample 1.2.14. Let A=R, B =R[z], Then as A modules,

A®ABﬁ@A, HOIHA(B,A)ﬁnA.
1=1

i=1



1.3 Short exact sequence
Let R be a commutative ring.

Definition 1.3.1. Let Vi 5 V; L V3 be a sequence of homomorphisms of R-modules. We
say that this sequence is exact at Vo if Im(«) = ker(/3).
A short exact sequence of R-modules is a sequence of R-modules of following form
0>V 515150
such that it’s exact at Vi, Vo and V3, i.e « is injective, 5 is surjective, and Im(«) = ker([3).
Ezample 1.3.2 (Split sequence). Let V;, V5 be R-modules, then there is a short exact sequence:
0—Vi—VieV,—Vo——0 (1.3.1)
vy — (v1,0)
(’Ul7 ’UQ) — V9
Such a sequence is called split sequence.
In the category of R-modules, denote the isomorphism object class of R-module V' as
[V]. In some sense, short exact sequence gives a relation [Vi] @ [V3] = [V2]. If R is a field,
then the isomophism class is uniquely determined by the dimension of the vector spaces. As

a consequence, the short exact sequences is always split. But this is not true if R is a general
ring.

Definition 1.3.3. An additive functor F : Mods—>Ab is called exact if it preserves the
short exact sequence. i.e. For any short exact sequence of A-modules

0> M S M2 My -0, (1.3.2)
the sequence
0> F(M) S F(M) 5 F(M) > 0 (1.3.3)

18 also exact;
A functor is called left exact if

0> F(M) S F(M) % F(M;)
s exact. A functor is called right exact if

F(M) S F(My) 5 F(My) - 0
15 exact.

Proposition 1.3.4. The functor Homa(M,-) is left exact.

Ezercise 1.3.5. Prove the above proposition.

Proposition 1.3.6. Let A be a ring. A sequence of A-modules M 2 M, LA M5 — 0 is exact
of
0~ Homu(Ms, P) > Homu(Ms, P) %> Homa(M,, P).

is exact for all A-modules.



Questions on exactness.
Let A be a ring and let N, My, My, M3 be A-modules. Given short exact sequence

0> M S M2 M0 (1.3.4)
we get a sequence

0->Mi®N —>My®N - M;® N — 0. (135)

In general, it is not exact. For example, consider the sequence 0— Z 7 Z]27 — 0, the

functor ®,7Z/27 is not exact. Since the morphism Z ®z Z /27 7o Z7,[27 is clearly zero
morphism
But one can show that

Proposition 1.3.7. For any short exact sequence of A-modules
a B
0—>M1—>M2—>M3—>0,

the sequence

Mia N e N Mo N -0

15 exact.
Proof. By applying Hom (-, P) to &.3.4 we get the left exact sequence
0 - Homa(Ms, P) > Homa(Ms, P) - Homy (M, P), (1.3.6)
and by applying Hom4(N,-) we get the left exact sequence
0 - Hom4 (N, Homa(Mj, P)) - Homa(N,Hom (Mo, P)) — Hom (N, Hom, (M, P))
then by applying the natural isomorphism in Exercise E_(.a%._slglr—m
Hom, (M ® N, P) 2 Hom4 (M, Homu4 (N, P)),
we get the left exact sequence
0 - Homu(Ms® N, P) -» Homu(M; ® N, P) - Homu(M; ® N, P). (1.3.7)
Then we use the fact about the above lemma, then
Mi®@N—->My® N> M;®N -0 (1.3.8)
is exact O]

Definition 1.3.8. Let N be an R-module.



1. N is called a projective R-module if the functor Homg(N,-) is exact.
2. N s called a injective R-module if the functor Hompg(—, N) is exact.
3. N s called o flat R-module if the functor —®r N s exact.

Theorem 1.3.9. Let N be an R-module. Then N projective if and only it’s a direct summand
of a free R-module, i.e. there exists an R-module N' and a free R-module F such that
NeN'zF.

Sketch of proof. “<": it’s easy to see that a free R-module is projective. From this it’s easy
to see that a direct summand of a free R-module is also projective. O]

Ezercise 1.3.10. Prove the “=" part.
(Hint: for any R-module N, we can always find a free R-module F' with a surjective
R-module homomorphism F' - N.)

Exercise 1.3.11. The N is an injective R-module if and only if for any ideal I of R, the
natural map N = Homg(R, N) - Homa(I, N) is surjective. (This is called Baer’s criterion.)

Ezercise 1.3.12. The N is a flat R-module if and only if for any ideal I of R, the natural
map [ ®g N - N is injective (equivalently, I ® 4 N =1-N c N).

Exercise 1.3.13. Classify these modules when R is a PID.

1.4 Noetherian condition

Definition 1.4.1. Let R be a ring, and let M be an R-module. We say M is noetherian,
if for any increasing chain of submodules 0 & My < My — ..., there is a maximal My such
that M,, = My forn > 0. We say R is noetherian, if R is noetherian as R-module(submodule
becomes ideals of R).

Ezxample 1.4.2. The polynomial ring R[] is noetherian. Since the ideal in R[z] is of the form
(f(x)), where (f(x)) is the polynomial of finite degree in R[z]. Then for any increasing
chain (fi(z)) < (fo(z)) = (f3(x) = ...), we have ...|f3|f2|f1. Thus the chain is stable.

Theorem 1.4.3 (Hilbert base theorem). If a ring R is noetherian, then R[x] is also noethe-
Tiamn.

Proof. Let I be an ideal of R[z]. We want to prove that I is finitely generated. Let J - R
be an ideal of leading coefficients of polynomials in /. Since R is Noetherian, J is finitely
generated. Let fi, fo,..., fn € I be elements whose leading coefficients generate J. We write
fi = cix™ + ... with n; the degree of f; and a; the leading coefficient of f;.

Let f € I. We can write f = a,z" + ... + ag with a, non-zero. As a, € J, we can write
an = 2. b;-c;. If n 2 n; for every ¢ we can write g = f — Y. b; fz™ ™ where the n-th coefficient
of g is zero. By induction on n, we have proved that every polynomial f € I can be written
as f =% gifi + f' where deg (f') < max (n;).
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iski lemma

Let m = max (n;) and

I'={f eI where deg(f)<m} (1.4.1)
Then I’ is not an R[z]-module but it is a R -submodule of ¥, R;z? ¥ R™. Since R is
Noetherian, I’ is finitely generated. There are elements f{, f5,..., f; in I’ generating I’ as
an R -module. Thus fi, fa,..., fi, fi, f3,- .., f, generating I. O

Theorem 1.4.4. Let R be a ring, then the following conditions are equivalent.
1. R is a noetherian ring;
2. Any ideal of R is finitely generated as R-module;
3. For any finitely generated R-module M, every submodule N of M 1is finitely generated.

Proof. (1) = (2): Let I be an ideal of R, and let X be the set of all finitely generated
ideals contained in /. Then ¥ is not empty(since 0 € ¥) and thus by (1) and Zorn’s lemma
it has a maximal element, say Iy. If Iy # I, consider the ideal Iy + Rx where x € I — Ij; this
is finitely generated and strictly contains Iy, contradiction! Hence Iy = I and therefore [ is
finitely generated.

(2) = (1): let I; c I c ... be an ascending chain of ideals of R. Then I = U, I, is an
ideal of R, hence is finitely generated. Suppose the generators are z1,...,x,. lf x;€I,,., let n
be the maximal number among n,;. Then each each x; € I,,. Thus I = I,, therefore the chain
is stable.

(1) = (3): Write M as the quotient of R" for some n, then submodules of M are
quotients of submodules of R®. Thus it suffices to prove the assertion for M = R". Take
an exact sequence 0—> R"'— R"— R—0 by projection onto the first fact. Then for any
submodule N € R", we have an exact sequence 0—> N;— N—Ny—0 with N; ¢ R and
N, ¢ R*~1. By induction, N; and N, are finitely generated. Now it is easy to see that N is
finitely generated.

(3) = (2): It is clear when replacing M by R. O

f.9 € k2]

Ezercise 1.4.5. Let k be a field. Prove that the rational function field k(x) = {g 8))

is not a finitely generated k-algebra.

Ezercise 1.4.6. Let R be a Noetherian ring, M be a finitely generated R-module. Let
p: M — M be a surjective R-module homomorphism. Prove that ¢ is an isomorphism.

Lemma 1.4.7 (Zariski’s lemma). Let A - B < C be injective ring homomorphisms of
Noetherian rings. Assume that

1. C is finitely generated A-algebra,
2. C is finite B-algebra (i.e. C is finitely generated as a B-module).
Then B is finitely generated A-algebra.

Proof. Strategy: let us construct B’ ¢ B such that

11



1) B’/A is finitely generated as an A -algebra.

2) C/B' is finitely generated as a B’ -module.
This will imply
3) B’ is Noetherian.
4) B/B' is finitely generated as a B’ -module (consider B as a B’ submodule of C').
Then 1 ) and 4) imply B/A is finitely generated as an A -algebra. Write
C=A[r,...,z,], C:iByi
=1

with z;,y; in C. Let b;;;, 's be elements of B such that

TiYj = Z bz’jkyk (1-4-2)
k=0

where yo = 1.

Claim: Let B’ = A[b;;]. Then B’ satisfies 1 ) and 2 ).
Obviously, B’ satisfies 1). For 2 ) we need only show that C' is generated by y; 's as a
B’-module. Let C" denote this B’ -module: C’" = ¥}y B'yx. Then

z;C" = Z B'zy, c C' (1.4.3)
k=0

In other words, C" is closed under multiplication by x; ’s. As C'is generated by z; s, C’
is closed under multiplication by C. Since C' contains yg = 1, it follows that C' ¢ C". This
concludes the proof of Lemma.

O

1.5 The Grothendieck group over rings

Let C be an additive category. If X is an object in C, then denote the isomorphic class of
X by [X]. Let F'(C) be the free abelian group on the group of isomorphism classes, i.e. an
element in F'(C) is a finite formal sum of the isomorphism classes:

Y nx[X] (1.5.1)
where ny is an integer and is zero for almost all [ X].
Definition 1.5.1. Define E(C) to be the subgroup generated by all expressions
[40] - [A1] - [A5] (1.52)
whenever there s an exact sequence
0> A > Ay > Ay >0 (1.5.3)
in C.

12



Remark 1.5.2. If A= A; & A,, it induces an exact sequence

Thus we have [A] =[A1] +[A42].

Then the Grothendieck group of C is defined by the quotient F'(C)/E(C).
Let R be a noetherian ring. Now Let C; be the category of finitely generated R-modules
and Cy be the category of projective R-modules of finite type.

Definition 1.5.3. Define
Ko(R) = F(C1)/E(Cy), K%(R) = F(C2)/E(Cy) (1.5.5)
Remark 1.5.4. (K°(R),+,-) is a ring with multiplication given by [E]-[F] =[F ® F] and
(Ko(R),+) has K°(R)-module structure given by tensor product.
Question. How to describe K(R) and K'(R)?
Ezample 1.5.5. if R =k is a field, then K(R) = K'(R) 2 Z given by [V ]~ dim; V.

Ezxample 1.5.6. If R is PID, then we can describe the structure of finitely generated R-
module. Let M be a finitely generated R-module, then M = R" ® &% ; R/a; for some integer
r and some non-zero elements a; € R, we define the rank of M to be r, denoted by rankzM.
Thus in K'(R), we have

[M]=r[R]+ Zt:[R/aiR] -0

i=1
where the second equality follows from the following exact sequence:

0—R—R—R/a;—>0.

Thus we have shown that K°(R) = Ko(R) ~Z by map [M] - rankM.

The next example shows that the Grothendieck group of category of all R-modules is
trivial.

Example 1.5.7. Let C be the category of R-modules; it is a very large category; in this
category, M @,z M = &,z M, thus [M] = [@,zM ] - [®nezM] =0 in K'(C).

In general, the map K°(R)— Ky(R) is not isomorphism. In fact, we will prove this is
an isomorphism when R is Noetherian and regular. Here is one example that this map is
not an isomorphism when R is not regular.

Ezample 1.5.8. Let k be a field, A = k[x,y]/(zy) and m = (x,y) ¢ A. Then consider the
infinite resolution of free A-modules for k= A/m

YL L LI LAY R ) (1.5.6)
with
f:(s,t)y»sz+ty, g:(s,t)~ (sy,tx) and h:(s,t)~ (sz,ty). (1.5.7)

This fact can be used to show that the element [k] € Kq(A) is not in the image of K°(A).

13



Exercise 1.5.9. If A —» B is a ring homomorphism between Noetherian rings, prove that there
is a well-defined natural map K(A) - K(B) given by [M] ~ [M ®4 B]. If moreover B is
a finite A-algebra, prove that there is a well-defined natural map K'(B) - K’(A) given by
[N]+ [Na].

2 Sheaves and ringed spaces

2.1 Sheaves

Definition 2.1.1 (Presheaves). Let X be a topological space. A preshef F of abelian
groups is a pair of assignments U — F(U) to each open subset an abelian groups, and
yov € Hom(F(U),F(V)) to each inclusion V c U of open sets an homomorphism such that
following conditions are satisfied:

1. F(2) =0, where @ is the empty set,

2. yyu is the identity map F(U) - F(U), and

3. if W<V cU are three open subsets, then yyw = yww © Yuv -
We will also use notation T'(U, F) for F(U).

In other words, a presheaf on X is a contravariant functor from the category of open
sets whose morphisms are embedings to the category 4b of abelian groups. The collection of
presheaves on X for a category PreSh(X') whose morphism are natural transform of functors.
Many notions about abelian groups can be extended to presheaves. So we can define the
notion of kernel, image, cokernel for morphisms of presheaves. In particular, the category of
presheaves is an abelian categories. We can also define the notion of sheaves of rings, and
modules, the tensor product, etc.

For each = € X, we can define a functor PreSh(X)—.Ab by sending a presheaf F on X
to

Fp=lm F U).

zeU

Thus for each open subset U of X, we have a map

FO)— T[] F: s+ (8z)zer-

zeU

Definition 2.1.2 (Sheaves). Let X be a topological space. A sheaf F of abelian groups is a
presheaf which satisfies following glueing conditions: the sequence

0 F(U) =TT F () - T1F (Uy) (2.1.1)

defined by dy: s~ (s|y,)i and dy : (s;), ~ (5i|Uij - 5j|Uij) s exact.

1,]
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for sheaf

Definition 2.1.3 (Morphisms of Sheaves). Let F, G be presheaves on topological space X,
a morphism ¢ : F — G is defined to be the natural transformation.

Proposition 2.1.4. Let X be a topological space, let U = {U;} be an open cover of X. And
suppose we are given for each i a sheaf F; on U;, and for each i,j an isomorphism

i Filvou; = Fj (2.1.2)

UinU;
such that

(1) for each i,p, =id;

(2) for each i, j,k, i = pjropi; on UnU;nUy.

Then there exists a unique sheaf F on X, together with the isomorphisms ; : ‘F|Ui = F
such that for each i,7, V¥; = pi; 0, on U;nU;. We say loosely that F is obtained by glueing
the sheaves F wvia the isomorphisms p;;.

All sheaves on X and their morphisms form an additive category Sh(X). tIn the next
section, we want to show that this is actually an abelian category.

Proposition 2.1.5. Let o : F — G be a morphism of sheaves on a topological space X . Then
@ 15 an isomorphism if and only if the induced map on stalk ¢, : F, = G, is an isomorphism
for every P e X.

Remark 2.1.6. The condition ‘Let ¢ : F - G be a morphism of sheaves on a topological space
X7 in the above proposition is very important, and the map on stalks must be induced from
. For example, you can find two sheaves such that there exists an isomorphism between
their stalks, but there is no isomorphism between themselves. Let F = (@,Z/pZ) @ Q and

G =7, then .7:p—~>gp on every prime p, but F and G are not isomorphic.

Remark 2.1.7. The surjectivity of ¢ : F - G doesn’t imply the surjectivity of ¢ : F(U) -
G(U). We will give an example to explain this and give a criterian of surjectivity of sheaves.

Example 2.1.8. Let X = C* and let F be the functor from the category of the open subsets
in X to the category of holomorphic functions. i.e for any open subset U c X, F(U) is the
set of holomorphic functions on U. Suppose G is another sheaf such that G(U) is the set of
invertible holomorphic functions on U. Then the exponential map exp: F — G is surjective.
But F(X) — G(X) is not surjective.

Lemma 2.1.9. Let ¢ : F - G be a morphism of sheaves on X. Then ¢ is surjective if and
only if the following condition holds: for every open subset U c X, and for every s € G(U),
there is a covering {U;} of U, and there are elements t; € F(U;) such that o(t;) = s|y, for all
i.

Proof. exercise O
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2.2 Sheafication

Given a topological space X, we have a natural embedding functor Sh(X)—PreSh(X) from
the category of sheaves on X to the category of presheaves. This functor has a left adjoint
called a sheafication defined as follows. For any presheaf F on X, its sheafication F* is
defined as follows: for any open subset U of X, the space F*(U) of sections of F*(U) is
defined as elements s € [],.. F. such that there is a open covering U = u;.;U; by opens U,
and sections s; € F(U;), such that for any z € U;,

Sz = (8i)z-
Thus we have a natural morphism F—F"* which induces isomorphism on stacks:
Fo=F;

for any x € X.

The functor sheafication allows us to extend notions from abelian groups to sheaves,
including subsheaves, quotient sheaves, kernel, image, cokernel, sheaves of rings, modules,
tenso products, etc.

Definition 2.2.1. A subsheaf of a sheaf F is a sheaf F' such that for every open set U c X,
F'(U) is a subgroup of F(U), and the restriction maps of the sheaf F' are induced by those
of F. 1t follows that for any point P, the stalk Fp is a subsheaf of Fp.

Ezample 2.2.2 (Kernel and Image). Given a morphism ¢ : F — G of sheaves, we define the
kernel of ¢, denoted ker ¢, to be the presheaf kernel of p(which is a sheaf). Thus ker ¢ is a
subsheaf of F.

Ezample 2.2.3 (Quotient Sheaf). Let F’ be a subsheaf of a sheaf F. We define the quotient
sheaf F/F' to be the sheaf associated to the presheaf U — F(U)/F'(U). It follows that for
any point P, the stalk (F/F')p is the quotient Fp/Fp.

Definition 2.2.4 (Exact Sequence of Sheaves). We say that a sequence
-1 7
. _)‘7_—1'71 ‘P_> fi f)}—iu e

of sheaves and morphisms is exact if for every i, ker @' = im 1. Thus a sequence 0 - F 5
s exact if and only if ¢ is injective, and F %G -0 is exact if and only if ¢ 1s surjective.

it o ) . .
Lemma 2.2.5. A sequence -+ - Fi=t ' Fi 5 Fitl — ... of sheaves and morphisms is eact

if and only if for each P € X the corresponding sequence of stalks is exact as a sequence of
abelian groups.

16



op for f_x*

2.3 Push forward and pull back

Definition 2.3.1. Let f: X - Y be a continuous map of topological spaces. Then given an
open subset V. c Y, f~Y(V') is an open subset in X. Then we can define the push forward
functor f. from the category of sheaves on X to the category of sheaves on'Y as follows.
For any sheaf F on X, and any open subset V 'Y, define f.F(V)=F(f~1(V)). And
we can define the functor f=' from the category of sheaves on 'Y to the category of sheaves

on X as follows:
For any sheaf G on'Y', and any open subset U c X, define the sheaf f~1G on X to be the
sheaf associated to the presheaf U — VlifI(IlU) G(V'), and the limit is taken over all open subsets

V cY containing f(U).
It is easy to prove that the functor f, is left exact and f~! is right exact.

Proposition 2.3.2 (Adjoint property). Let f : X — Y be a continuous map of topological
spaces. Then for any sheaf F on X and sheaf G on'Y, there is a canonical isomorphism

Homy (f7'G, F)—Homy (G, f..F).

This means that the functor f, is a right adjoint of f~! and f~! is a left adjoint of f,.

Proof. Let V' be open subset of Y and U be open subset of X. Since f~!f,F is the sheaf
associated to the presheaf
. -1
Ue i F(UV)).
Ucf~1(V)
Then as a presheaf, it has a natural morphism to F induced by direct limit. After sheafication
we get a morphism « : f~1 f, F - F. Since we have f(f~1(V)) c V, then for any V c Y, we
have
Gg(V)— lim  GV') - fHG(H(V)) = ff1G(V)
fUH(V))ev?
which defines a morphism 5:G - f, f~1G.
Thus we can define

¢: Homx(f7'G,F) Homy (G, f.F)
(p: fT1G > F)——=(fopB:G > [ f'G > [.F)

and
Y : Homy (G, f.F) Homy (f~1G,F) )
(V:G > fF)——=(af: f1G > [ . F > F)
Clearly ¢ o1 =1d and 9o ¢ = Id. O]

17



2.4 Some special sheaves

Ezample 2.4.1 (Constant Sheaves). Let A be an abelian group. We define the constant sheaf
A on a topological space X determined by A to be the sheaf associated to the presheaf
U ~ A for any nonempty open subset U c X, with restriction maps the identity.

Ezample 2.4.2. For any open subset U c X, the functor I'(U,-) is a left exact functor from
the category of sheaves to the category of abelian groups.

Example 2.4.3. Let X be a topological space and let F and G be sheaves on X. For any
open set U c X, then the set Hom(F|y,G|y) has a nature sturcture of abelian group. The
functor U » Hom(F|y,G|y) denoted by Hom(F,G) is a sheaf.

Ezxample 2.4.4 (Direct Limit.). Let {F;} be a direct system of sheaves and morphisms on
topological space X. For any open subset U c X, we have direct limit of abelian groups
lim 7;(U). Let lim F denote the sheaf associated to the presheaf U ~ lim 7;(U). Then lim F
is the direct limit of {F;} in the category of sheaves on X.

Note that if X is a noetherian topological space, then the presheaf U ~ h_H)lf;(U ) is
already a sheaf.

Ezample 2.4.5 (Inverse limit.). Let {F;} be a inverse system of sheaves and morphisms on
topological space X. Then the presheaf U @E(U ) is already a sheaf. Denote this sheaf
by 1(131]—}, then it is the inverse limit of {F;} in the category of sheaves on X.

Ezample 2.4.6 (Skyscraper Sheaves.). Let X be a topological space and P € X is a point.
Let A be an abelian group and A the constant sheaf on the closed subspace { P}~ determined
by A. Consider the embedding i : { P}~— X, then the sheaf i,.4 has the following property:
for any open subset U c X,

| (A itPeU (2.4.1)
AU = { 0 otherwise. (2.4.2)
(A iQe{P)y (2.4.3)
(i A)g = { 0 otherwise. (2.4.4)

This sheaf is called the skyscraper sheaf with value A at P.

2.5 Ringed space

In the following we want to generalize the notion of functions on a topological space. We
will use the language of sheaves.

Definition 2.5.1. A ringed space is a pair (X,0Ox) of a topological space X with a sheaf
Ox of rings such that for each x € X, the stack Ox , is a local ring. Let m, be the maximal
ideal of Ox . The field Ox ./m, is called theresidue field of x which is denoted by k(z).

A morphism of ringed spaces f = (f, f7): (X,0x) = (Y,Oy) consists of a continuous
map f: X =Y and a morphism of sheaves f# : Oy — [,Ox, here f,Ox is a sheaf on'Y,
called the direct image of Ox, and is defined by (f.Ox)(V) := Ox(f~1(V)) for any open
subset V' of X.

18



on formula

The rigned spaces with morphisms form the category RS of ringed space

Intuitively, a ringed space is a topological space equipped with the ring of functions
Ox (U) for each open subset U, and for each open subset U. At each point z, the local ring
Ox ., is the ring of functions defined in a neighborhood of z; the map Ox,—k(z) is the
valuation of these functions at . The difference with the usual definition of functions is that
we don’t require that the “values” of these functions are in a single field.

Remark 2.5.2. The functions in Ox , are not determined by values at points. In other words,
if a section f € Ox(U) has zero value at every point x € U, then it is possible that f # 0.
For example, let X = SpecZ/4Z. Then X has only one point x = (2) and 2 € (2), thus the
section 2 has zero value in the residue field of x. But 2 # 0.

Ezrample 2.5.3. Let X =R, U is an open subset in X,

C(U)  continuous functions on U
Ox(U)={ C"(U) the differenciatable functions on U
C>(U)  holomorphic functions on U

Push forward and pull back

By same way, we define the abelian category of Ox-modules on a ringed space (X,Ox). In
this category, we have operators ®, and Home, using sheafication and they satisfies the
usual adjoint property:

Hom(&, Homo, (F,G)) ~ Hom(€ ®p, F,G).

Let f: X - Y be a morphism of ringed spaces, and £ an Ox-module over X, and F
an Oy-module over Y. Then f.(£) is an f,(Ox)-module, and thus an Oy-module through
homomorphism Oy — f,Ox. But f~1F is only an f~!Oy-module. We define an Ox-module
by

f*f = OX ®f—1@Y f_lf.

Lemma 2.5.4 (Projection formula). Let f: X—Y be a morphism of a ringed spaces and
E and F are sheaves of Ox and Oy respectively. Assume that F is locally free. Then there
18 a canonical isomorphism

f*(g) R0y f;f*(g R0y f*(f))

Proof. By definition of tensor sheaves, the left hand side is the sheafication of the presheaf
G on Y defined by

G(U) = f.(E)U) ®oy vy F(U).

Using defintion of f*, we may write the last term as

E(fU) ®oywy F(U) =E(f1(U)) ®ox (s1v) (Ox(fU) ®0y ) F(U))
=E(fNU)) ®ox(r1v) (Ox(f'U) @510y 510y fHF(fTIU)).
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This term has a natural map to

E(SHD)) ®ox 10y [P F(fHU)),
and thus to
(E®oy [(F)U) = fu(E®oy f*(F))(U).

By university of sheafication, we have a morphism of sheaves

f(€) @0y, F—f(E @0y [7(F)).

To show that this is actually an isomorphism, we need only check in level of stacks. In this
case, we may assume that F is free: F = O%/. It then reduce to the case F = Oy. In this
case, the assertion is clear. O

3 Affine schemes

3.1 Spectrum

The term “Spectrum” comes from the use in operator theory. Given a linear operator 7" on
a finite-dimensional vector space V', one can consider the vector space with operator as a
module over the polynomial ring in one varieble R = K[T']. Then the spectrum of K[T'](as
a ring) equals the spectrum of T(as an operator). The theory of Jordan form follows from
in the structure theorem for finitely generated modules over a PID.

Definition 3.1.1. Let R be a commutative ring. The spectrum the spectrum of R to defined
to be the set

SpecR = {p g R| p is prime ideal}. (3.1.1)

Remark 3.1.2. For connection with classical algebraic geometry, let K be a algebraic closed
field, and A & K™ a set of zeros of some polynomial functions f,..., f,,, one considers the
commutative ring R = K[z, ...,x,]/(f1...fm) of all polynomial functions A - K. Then the
maximal ideals of R correspond to the ponits of A and the prime ideals of R correspond to
the subvarieties of A. In the above definition of spectrum, we include all prime ideals.

Given f: R - K a homomorphism from R to a field K, we can show that ker f is a prime
ideal in R, thus Imf is an integral ring.

Exercise 3.1.3. An ideal p is a prime ideal in ring R < p is kernel of a homomorphism from
R to a field.

FExercise 3.1.4. A ring R is integral< R is the subring of a field.
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3.2 Topology

Now let R be commutative ring, we will define a topology of on X = Spec(R) with closed
subsets V(1) defined as follows:

Definition 3.2.1. For any ideal I ¢ R, define
V(I)={peSpecR|p21} (3.2.1)

For an ideal I of R, we define the radical the ideal of elements a which has a positive
power a” belonged to I and denote it by /1.

Lemma 3.2.2. Let R be a commutative ring.
1. If Iy and Iy are two ideals of R, then V(I113) =V (I;)UV (I3).
2. If I (seS ) be any set of ideals of R, then V(X seqls) =NV (I).
3. If I, and I, are two ideals, V(1) c V(1) if and only if \/Iy c /T,

4. V() =Ngr V()

Proof. 1. Clearly if a prime ideal p 2 I;, ¢ = 1,2, then p 2 I;I5. Conversely if p 2 I 15.
Suppose p 2 I1, then there is an a € I; such that a ¢ p. Since for any b € I3, ab € p. Thus
b € p, therefore I € p.

2. Since Y I,, is the smallest ideal containing all I,,, thus p 2 Y I,, if and only if p 2 I,, for
any n.

3. Since /I, = N5y, so V(1) € V(1) if and only if /T, ¢ VT,

By (1) and (2) of Lemma, we arrive to a topology on SpecR:

Definition 3.2.3. The Zariski topology of SpecR s a topology on SpecR with closed subsets
V(I) indexed by ideals I of R. For each f € R, the complement of V(fR) is called a principle
open set and denoted by D(f). Thus naturally we have SpecR =V (0), @ =V (R).

Remark 3.2.4. For connection with classical algebraic geometry for the algebraic set A with
ring R of algebraic functions, one can view the topological space SpecR as an erichment of
the topological space A: for every subvariety of A, one additional non-closed point has been
introduced, and this point “keeps track” of the corresponding subvariety. One thinks of this
point as the generic point for the subvariety. Furthermore, the sheaf on SpecR and the sheaf
of polynomial functions on A are essentially identical. By studying spectra of polynomial
rings instead of algebraic sets with Zariski topology, one can generalize the concepts of
algebraic geometry to non-algebraically closed fields and beyond, eventually arriving at the
language of schemes.
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Proposition 3.2.5. If ¢ : A - B is a homomorphism of rings, then ¢ induces a natural
morphism of ringed spaces

¢, : SpecB — SpecA, (3.2.2)

and this morphism is continuous.

Proof. Let q be a prime ideal of B, then ¢ induces a inclusion A/¢~'q = B/q. Since B/q
is integral, then A/¢~1q is integral. Thus ¢~'q is prime ideal in A. Let I be an ideal in B.
Given a closed subset V(I) ¢ SpecB,

o (VD) ={o @I caf =V(67'D).
Thus ¢, is continuous. [

Ezxample 3.2.6. Let A be a ring, given an ideal I ¢ A, the ring homomorhism ¢ : A - A/l
is surjective. Since any prime ideal ¢ - A/I is the prime ideal in A that contains I. then

¢* : SpecA/I — SpecA is injective. And Im¢* =V (I).

Definition 3.2.7. Let A be a ring, and S a semi-multiplicated subgroup of A. Define the
localization Ag of A on S to be the quotiont Alz,,s € S]/(zss - 1), denoted by A[%].

It 1s equally to say that A[%] is a ring generated by symbols < module the following
relation for a,be A,s,teS:

g=—<:>uta—usb=0
s t

for some u € S.
If S ={f" neN} is generated by one element, we also denote Ag= Ay = A[%]

Then A[$] #0 if and only if 0 ¢ S.

Lemma 3.2.8. let A be a ring, then the ring homomorphism ¢ : A — Ay induces a morphism
between topological spaces ¢, : SpecAy - SpecA and Im¢, = D(f)

Proof. By definition, D(f) = {p € SpecA|f ¢ p}.

Let ¢ € SpecA; be a prime ideal. Since ¢ is a ring homomorphism then p = ¢71(g) is a
prime ideal in A. If f € ¢1(q), it follows that ¢(f) € ¢. Then feqc Ay = Alz]/(zf-1) is
invertible, thus ¢ = A, contradiction. Therefore Im¢, c D(f).

Conversely, for each p € D(f), we have an ideal ¢ := pAy of Ay. It is each to see that this
is a prime ideal, and that the induced map D(f)—SpecA); is continuous and inverse to
the map ¢. : SpecA;—D(f). ]

Let A be a ring and fi, fo € A, then D(f1) n D(f2) = D(f1f2). More general let S - A

be nonzero semi-group, then we have a morphism

(OE SpecA[%] — SpecA. (3.2.3)
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It is easy to see that Im¢, = nres D(f).
If p € SpecA, take S = A—p. Then the localization of A at S is defined by A, := A[%].
We also have a morphism of topological spaces

¢ : SpecA, - SpecA (3.2.4)
The image is the intersection of all open neighborhoods of p.

Definition 3.2.9. Let A be a ring. For any p € SpecA, let A, be the local ring at p, and pA,
its mazimal ideal. We define the residue field of p on SpecA to be the field k(p) = A,[pA,.
And it is isomorphis to the fraction field of A/p.

Naturally we have a sequence of homomorphism of rings
A— Alp—k(p) (3.2.5)
which induces a sequence of morphisms of topological spaces

Speck(p) - SpecA/p — SpecA. (3.2.6)

Speck(p) SpecA/p SpecA (3.2.7)

T ———— generic point ———p

where x is the only point in Speck(p).
Ezercise 3.2.10. Show that 1 : SpecA/p - SpecA is injective and Imi)= the closure of {p}.

Remark 3.2.11. As a topological space, SpecA is Ty. But the good thing is only SpecA is
compact. Which means if ny.a V() = @, then there exists a finite subset A’ = A such that
OAEAV(I)\) = .

Proof. txeaV (1)) =V (Xsea In) =@, let I =¥ o . Then for any prime ideal p, p 2 I. By
Zorn’s lemma, [ = A. O]

Ezample 3.2.12. A prime ideal p c A is maximal ideal if only if the set {p} is closed.

Definition 3.2.13. Let R be a ring, S a subset of R. We say S is a multiplicative subset of
R if 1€ S and S is closed under multiplication, i.e., s,s" € S = ss’ € S.

Proposition 3.2.14. The local ring A[5] is flat as an A-module.

Proof. 1t is enough to prove it preserves short exact sequences: 0 > M - N - P — 0. As the
tensor product is right-exact, and S™'M ~ M ® 4 S~1 A, it is even enough to prove it preserves
injectivity:
Consider an injective morphism ¢ : M — N and suppose S~1y (%) =0 in S~'N. This means
there exists t € S such that tp(m) = p(tm) = 0. But then

m _tm 0

oo 3.2.8
S ts ts ( )

which shows S~ is injective. O
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3.3 Structure sheaves

Let X = SpecA. We will define structure sheaf on X so that O(D(f)) = Ay for all f € A.
Thus for any open subset U with an open covering U = Usep D(f) we have the following short
exact sequence

Ox(U) %erAAf ﬁ)Hf,geAAfg (331)

We may use this exact sequence to define O(U). But then we have to check that the definition
doesn’t depend on the choice of any U = Usea D(f). We will give another definition and then
prove above as a theorem.

Definition 3.3.1. Given a ring A, and Let X = SpecA, U be an open subset in X. Define
the stalk of Ox at the point p to be the direct limit:

Ox P

h_I)HAf (3.3.2)
fép
lim Ox (D(/)) (3.33)
fép
= Ap (3.3.4)

The elements of the stalk Oy, are called the germs of sections of Ox at the point p.
Now we come to the following definition:

Ox(U):= {(Sp)p € ler Ay

3 a covering U = U;er D(a;) 3.3.5)
such that onD(a;),3s; : Ag, = Ay, sp is the image of f; [
It is clear that Ox is a sheaf of rings on SpecA.

Remark 3.3.2. Let X be a topological space, Y be any set, let x € X. Given two maps
fig: X =Y. Then f and g define the same germ at x if there is a neighborhood U of x
such that the restriction of f and g on U are equal. In this way, A, is the analogue of germ
of functions at p.

Example 3.3.3. Let D be a domain in C. Let C'(D) denote the set of continuous functions
on D. Define

Cholo(D) = {f e C(D)|Vp e D, f is analytic at p} (3.3.6)
to be the set of holomorphic functions on D. i.e. fe Cholo(D), f =¥ a,(z - z,)", where

ay,,z€C.
Vpe D, define

Opp={feC"|f=>" a,(z-z,)" convergent in neighborhoods of p}
n=0

to be the set of germs of analytic functions on D.
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Theorem 3.3.4 (Main theorem). Let A be a ring, and O is the sheaf of rings on SpecA
defined as above.

(a) For any p € SpecA, the stalk O, of the sheaf O is isomorphic to the local ring A,
(b) For any element f € A the ring O(D(f)) is isomorphic to the localized ring Ay.
(c) In particular, A—T(SpecA, O).

Proof. (a) First we define a homomorphism

p: O,——A4, (3.3.7)

s+—=3s(p)

where s is a local section in a neighborhood U of p, and by definition of O, s(p) is the image
ofpby s:U —-TIA,.

The map is surjective: any element of A, can be represented as a quotient a/f, where
a,f € Aand f ¢ p. Then D(f) will be an open neighborhood of p, then we get a section
$:D(f) = pep(r) Ap With p—>a/f, f ¢p.

To show the map is injective, let U be an open neighborhood of p. We need to show that
given a local sections : U - [T A, if s(p) = 0, then s(q) = 0 for every g € U. By shrinking U
if necessary, we may assume that s =a/f on U, where a, f € A and f ¢ p. Since the image of
a/f in A, is zero, then there exists an h ¢ p such that ha =0 in A. Therefore a/f =0 in every
local ring A, such that f,h ¢ ¢. Hence s = 0 in a whole neighborhood of p, so they have the
same stalk at p. So ¢ is an isomorphism.

b. We define a homomorphism

v Ap—=0(D(f))
s
where s is the section which assigns each p the image of fin in A,.

First we show that ¢ is injective. If ¥(a/f"™) = 1(b/f™), then for every p € D(f),
here is an element h ¢ p such that A(f™a = f7b) = 0 in A. Let a be the annihilator of
fma = frb. Then h € a, and h ¢ p, so a ¢ p. This holds for any p € D(f), so we conclude that
V(a)ND(f) = @. Therefore f € \/a, so f! € a for some integer [, then f!(f™a - f7b) =0,
which shows that a/f™ =b/f™ in A;. Hence 1 is injective.

Second we need to show that 1 is surjective. So let s € O(D(f)). Then by definition of
O, we can assume that D(f) is covered by opensubsets D(h;) and s is represented by a;/h;
on each D(h;)

Observe that the cover {D(h;)} is finite. Indeed, D(f) c UD(h;) if and only if V((f)) 2
NV ((h;)) =V (X(h;)). This is equivalent to say that f e+/>.(h;), then f* e ¥ (h;) for some
integer n. This means that f" can be expressed as a finite sum f" = Y b;h;, where b; € A.
Hence a finite subset of h; will do. So we suppose that D(f) = U, D(h;).
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Note that D(h;) N D(h;) = D(h;h;). By the property of sheaves, the restriction of s on
D(h;) and D(h;) , namely a;/h;,a;/h; have the same image on D(h;h;). Then from the
injectivity of ¢ we know that a;/h; = aj/h; in D(h;h;). Hence there exists an integer n such
that

(hihy)"(hja; — hiag) = 0. (3.3.8)

Since there are only finitely many D(h;), we may pick n sufficiently large such that it works
for all 7, j. Rewrite this equation as

hq]ﬂl(h?al) _ h?”(h?aj) =0. (339)

Replace each h;, hj by A1 b+ and a;,a; by hla;, ha; respectively. Then hja; = h;a; for
all 7,7, a;/h; represent s.
Since D(f) =Ui_; D(h;). Now write f* =Y b;h; as above, let a = ¥, b;a;. Then for each j

we have
hja = Zblazhj = szajhl = fn(lj. (3310)
i=1 =1

This means that a/f" = a;h; on D(h;). So ¢ (a/f") = s everywhere, which shows that 1 is
surjective, hence an isomorphism.
c. Let f=11n 1, D(f) is the whole space.
O

Proposition 3.3.5. Let A be a ring and let X = SpecA. Then f € A is nilpotent if and only
if D(f) is empty.

Proof. Since the nilradical of A is the intersection of all prime ideals of A, say Nil(A) =N, p.
Then f € Nil(A) if and only if f € p for all prime ideals p ¢ A if and only if D(f) = @. O

3.4 Affine Schemes

In the last section we defined a functor from the opposite category of rings to ringed spaces:

Spec: Ring°?? —— Ringed spaces (3.4.1)
Ar——— (SpecA, Ogpeca)

Definition 3.4.1. A covariant functor F : C — D is called faithful if for all Ci,Cs € C,
the map Home(Ch,Cs) — Homp(F(Ch), F(Cs)) is injective, and full if it is surjective. A
functor that is full and faithful is called fully faithful.

Definition 3.4.2. Let A be a ring. The local ringed space (SpecA, Ospeca) is called an affine
scheme.

Proposition 3.4.3. The functor Spec is fully faithful.
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Proof. Given two rings A, B, and let X = SpecA,Y = SpecB. Given a homomorphism ¢ :
A - B, in last chapter we have defined the induced map f : SpecB — SpecA by f(p) = ¢ (p)
for any p € SpecB. And we have proven that f is continuous. Since O(D(f))=A; for any
open subset D(f), and D(f) form a basis of SpecA, and for any p € SpecB ¢ induces a
local homomorphism ¢, : A1) = B,. Considering the stalks on each p, then for any open
subset V' of X we obtani a homomorphism of rings ft: Ox(V) - Oy (f~1(V)). Then we
have diagram

Ox (V) —L 0y (51(V))

| |

Pp
Ox P OY,p

This gives the morphism of sheaves ft: Ox — f.(Oy).
Conversely, Given a morphism f:Y — X taking global sections it induces a homomorphism
of rings ¢ : Ox(X) - Oy(Y). But we know that Ox(X) = A and Oy (Y') = B, so we have
p: A — B. For any p € Spec B, we have an induced local homomorphism on the stalks,
Ox t(p) = Oy,p. Then there is a commutative diagram:

A—2 . B
||
Af(P)—>Bp

since f” is a local homomorphism, it follows that ¢=*(p) = f(p), which shows that f coincides
with the map B pec B - Spec A induced by ¢ . Now it is immediate that f* also is induced
by ¢, so that the morphism (f, f*) of locally ringed spaces does indeed come from the
homomorphism of rings . ]

Lemma 3.4.4. Let ¢ : A - B be a homomorphism of rings, and let f:Y = SpecB - X =
SpecA be the induced morphism of affine schemes. Then

(1) ¢ is injective iff ft:Ox — f.Oy is injective. And in this case [ is dominant.

(2) If ¢ is surjective, then f is a homeomorphism of Y onto a closed subset of X and f!
18 surjective

Proof. (1) Let p € SpecA and a € A, for any open subset D(a) — X, since
(1.0v)y = lim Oy (F1(D(a))) = lim Oy (D(¢(0))) = B

peD(a) agp
Then consider the map on stalks:
i 0p = Ay = Begay.

Note that B,y = B® A, = S7'B, where S = A/p. Then it is easy to check that ¢ is injective
iff f} is injective. To prove that f is dominant, we only need to prove that for any nonempty
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X_f

principle open subset D(a) c X, f(Y)N D(a) + @, or equivalently, D(¢(a)) = f~1(D(a)) # 0.
But it is clear as ¢(a) is not nilpotent if ¢ is injective.

(2) Since ¢ is surjective then A/kerp = B. Denote ker¢ by I. Then Y = SpecA/I =
V(I) c X. The map on stalks

fl:0,= A, > AlT @4 A
is clearly surjective. O

Example 3.4.5. Let k be a field. Then Speck is an affine scheme whose topological space
contains only one point. And whose structure sheaf consists of the field k.

Ezample 3.4.6. SpecZ = {(p)| p is prime number}. Since Z is PID, and an ideal (a) c (p) if
and only if pla. Thus a closed subset of SpecZ is a finite set.

Ezxample 3.4.7. Let k be a field, then Speck[x] = {(0), (f)| f is monic irreducible polynomial}.
Similarly, since k[x] is PID. Then let p be a point in Speck, suppose p = (f), f is an poly-
nomial. An ideal (g) c p if and only if f|g. Thus the closed subset of Speck[z] is a finite
set.

If % is algebraic closed, then Speck[x] = kK U{(}, where ( is generic point. The correspon-
dence k — Speck[x] is given by a — (z — a)k[x]

Speck[z] is compact. Every open cover has a finite subcover.

Example 3.4.8. Let k be an algebraic field. A} = Speck[z;...x,] is affine scheme of dimension
n.

Theorem 3.4.9 (Hilbert-Nullstellensatz). Let k be an algebraically closed field. Then the
set of closed points in A} is isormorphic to k"

Proof. Let A = k[tq,....t,], I an ideal of A and V' the common zeros of I in k. Clearly,
VIcI(V). Let f¢ \/_ Then f ¢ p for some prime ﬂeal gk_ Lin A Let R=(A/p)[f™]
and m a maximal ideal in R. Apply Zariski’s lemma < k/m, where B is
k(z1,...,x,) with {z1,..,x,} is a transcendental basis of k/m over k. R/m is a finite extension

of k; thus, is k since k is algebraically closed. Let x; be the images of ¢; under the natural
map A — k. It follows that x = (z1,...,2,) € V and f(z) #0. O

Ezercise 3.4.10. Let f : X - Y be a morphism of schemes, and suppose that Y can be covered
by open subsets U;, such that for each 4, the induced map f~'(U;) — U; is an isomorphism.
Then f is an isomorphism.

Lemma 3.4.11. Let X be a scheme, let f e I'(X,Ox), and define Xy = {z e X| f, ¢ m,O,},
then

(a) Xy is an open subset of X;
(b) assume that X is quasi-compact. Let A=T(X,0x), and let a € A be an element whose

restriction to Xy is 0. Then f"a =0 for some integer n,
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(¢c) Now assume that X has a finite affine open covering {U;} such that U;NU; = Uy
is compact, Vi,j, and a section b of Ox, can be extend to a global section. i.e. let
be'(Xy,Ox,). There is an integer n such that f*b is the restriction of an element of
A.

(d) F(Xf,OXf) = Af.

Proof.  (a) Let U = SpecB be an affine open subset of X and let f € B be the restriction
of f. Then z € D(f) if and only if the stalk f, ¢ m,;Op,. Then UNX; = D(f), thus
Xy is an open subset.

(b) Let {U; = SpecA;} be an open affine cover of X. Since X is quasi-compact, assume that
X=U"U,. E € A; be the restriction of f on U;. Since the restrictoin of a on Xy is 0,
then a; = a|y, restricts on D(f;) = Spec(A;)7 is 0. Then for each 4, there is an integer
n; such that Emai = 0. Denote n = max{n;} we have Enai = 0 on each U;. By the
property of sheaf, we get f"a = 0.

(c) On every U, since bly,nx, = b|pf;), there exists integers n; such that A p(f;) can

be extended into U;. Denote n = maz{n;} we get f; bl p(F) can be extended into
U; as some b;. On every U;;, we may assume U;; = Ukex,; Uik for some finite index
set K;;. Since on every Ujjp, bi|Uijk - bj|Uijk = 0, there exists some m;jk such that
(flo, )™ 7%bilu,,, = bjlu,,, = 0. Then take m = maz{mg} we get f™bv,,, —b;
So fr*™mp can be extended to some global section by property of sheaf.

Uijk = 0.

(d) Consider morphism Ay - I'(Xy,O,,) defined by 7 ~ alx,. (b) means injection and
(c) means surjection.

O

affineness| Theorem 3.4.12 (A Criterion for Affineness). A scheme X is affine if and only if there is
a finite set of elements fi,..., fr € A =T(X,0x) such that the open subsets Xy, are affine,
and f1,..., f» generate the unit ideal in A.

Proof. The identity map A - Ox(X) induces a morphism ¢ : X - SpecA. Since fi,..., f;
generate the unit ideal in A, {D(f;)} forms an open covering of SpecA. Since clearly
eI (D(f;)) = Xy, we have Ox(Xy,) 2 Ay,. Since ¢ is ismorphic on ¢~1(D(f;)), by the
exercise, ( is an isomorphism. O
3.5 Dimension Theory
We have our usual notion of dimension:

e a line is 1 -dimensional

e a plane is 2-dimensional

e a space is 3 -dimensional.
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The dimension measures how much freedom do you have, or equivalntly, how many constrains
you may have. If a space X has dimension n, then for generic n + 1 functions fi,..., f,.1 the
system f; = fo = ... = 0 should not have solutions, but any n of them will have solutions.
Note that A} = Speck[z;...x,] has dimension n. And we have a chain of closed subsets

A" 2V (x1) 2V (22) 2... 2 V(21...,).

Definition 3.5.1. A topological space X s called noetherian if any decreasing chain of closed
subsets Yo 2 Y1 2 .... 2 ... 1s stable. i.e there is an integer r such that Y, =Y,,1 = ....

Definition 3.5.2. A topological space X is called quasi-compact if any open cover of X has
a finite subcover.

Ezercise 3.5.3. If a topological space X is noetherian then it is quasi-compact.

Definition 3.5.4. Let A be a ring, and let I be an ideal in A. The radical of I is defined as
VI={feAl frelforsomer>0}

Ezample 3.5.5. Let A, and X = SpecA. If {I;} is an family of ideals in A, Y; = V(I;). We
say I; is radical if /I; = I;. Then Yy 2Y,2..2... = I, ¢, ... ¢ ...

Exercise 3.5.6. If a ring A is noetherian, then SpecA is noetherian as a topological space.
But conversely it is not true. Give an example such that SpecA is noetherian but A is not
noetherian.

Definition 3.5.7. A nonempty subset Y of a topological space X 1is irreducible if Y cannot
be expressed as the union Y =Y, UYs of two proper subsets, each one of which is closed in
Y.

Theorem 3.5.8. In a noetherian topological space X, any nonempty closed subset Y c X
can be expressd as a finite union of irreducible closed subsets Y;. If Y; 2Y; for any i, j, then
Y; are uniquely determined. They are called the irreducible component of Y

Proof. Suppose that C is the set of nonempty closed subsets of X which cannot be expressed
as a finite union of irreducible closed subsets. If C is not empty, since X is noetherian, then
it has a minimal element, say Y. Then Y is not irreducible, thus we can write Y =Y'UY",
where Y’ and Y are proper closed subsets in Y. Since Y is minimal, Y’ and Y are
not contained in C. Then each of Y’ and Y” can be expressed as a finite union of closed
irreducible subsets, hence Y also, contradiction. Now suppose Y =Y, U...UY,, where Y; are
closed irreducible subsets.

Assume Y; 2 Y for any ¢,7 and Y = Y/U...UY] is another such expression. Then
Y/cY =Y1U...Y,. so Y/ =U(Y{ nY;). But Y/ is irreducible, so Y/ c Y; for some 7, say i = 1.
Similarly, Y7 c Y} for some j. Then Y/ c Y}, so j=1. Thus Y; =Y{. Now let Z = (Y - Y;)".
Then Z =Y,U...UY, and also Z =Y U...UY,. So preceeding by induction on r, we obtain
the uniqueness of the Y. n
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Definition 3.5.9. Let X be a topological space. We define the dimension of X, denoted by
dimX to be the maximal length of the chain Yy c Y, c ... c Y, of distinct irreducible closed
subsets of X. We define the dimension of an affine or quasi-affine variety to be its dimension
as a topological space.

Proposition 3.5.10. Let X = Spec A where A is Noetherian. Then dim X is equal to the
maximal length of chains p1 2 P22 ... 2 P,,, where p; is a non-mazimal prime ideal of A.

Proof. The proof is left to the reader as an exercise. O

Ezample 3.5.11. We have dim Spec Z = 1, dim SpecZ [x1,...,Tp_1] = n.

Ezample 3.5.12. Let k be a field and k[x] be its polynomial ring. Then dim k =0, dim k[z] =
1, dimSpeck [x1,...,x,] = n.

Corollary 3.5.13. Let A be a ring, I be an radical ideal in A. In SpecA, V(I) is irreducible
if and only if I is an prime ideal. Then the dimension of A equals the mazimal length of
chain of prime ideals. Furthermore, if A is noetherian then A has finitely many minimal

prime ideal p;, (; pi = N

Proof. Let I be a prime ideal in A. If V(1) = Y7 UY; for some proper closed subsets Y;, i = 1,2.
Then there are ideals Iy, I such that Y; = V(;). Then V(I) = V(L) UV (l2) = V([115),
which implies I 2 I1I5. Since [ is prime, either I 2 Iy or [ 2 I5. Then V(I;) c V(1) or
V(I3) c V(I), contradiction.

Conversely if V(1) is irreducible. Suppose that there are elements a,b € A such that
a,b ¢ I but ab e I. V(I) = V(a)UV(b). Thus V(I) c (V(I)NV(a))UWV(I)NZ(b).
Since V/(I) is irreducible, then V(I) = V(I)NV (a)or V(I) = V(I)NV(b), which implies
V(I)cV(a) or V(I)cV(b). Assume that V(I)c V(a). Thus ae1 =1 O

3.6 Some Classical Algebraic Geometry

Definition 3.6.1. Let L/K be an extension of fields. Let x € L. We say x is algebraic in K
if © saitisfies an equation a,x™ + ...+ ag =0 with a, #0, ag,...,a, € K, otherwise we say x
18 transcendental over K.

Definition 3.6.2. Let L/ K be a field extension. A subset S of L is a transcendence basis of
L/K if it is algebraically independent over K and L/K(S) is algebraic. The dimension of
the subset S is the transcendence degree of L over K, denoted by trdeg, (L)

Recall that if an element o € L is algebraic over K iff there is an intermediate field
K c F c L such that a € F and [F : K] < oo.

Lemma 3.6.3. If ay,...,a, € L are algebraic over K then

[K(aq,...,q,): K] <00 (3.6.1)
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Definition 3.6.4. The transcendental dimension of X = Spec(A) relative to k, denoted
by trdimy X is the transcendental degree of K[k which is the cardinality v of any subset
{x1,-, 2.} of K with the following properties:

1. x,...,x, are algebraically independent.
2. every element x € K is algebraic over k(xq,-,x,).
Such a set {x1,-+,x,} is called a transcendental base of K [k.
This definition makes sense because r does not depend on the choice of zq, ..., z,.

Theorem 3.6.5. Let k be a field, and let A be an integral domain which is finitely generated
k-algebra. Then:

1. The dimension of A is equal to the transcendence degree of the quotient field K(A) of
A over k.

2. For any prime ideal p in A, we have

heightp + dim A/p = dim A (3.6.2)
Proof of part 1. .

Step 1: dim A < trpdim X

If we have a maximal sequence of prime ideals

0CPoEPIEP2E ... &Py (3.6.3)

We have a sequence of surjections A - Afpg - A/p; — .... It is easy to see tr deg A; >
trdeg A;,1, where A; = A/p;. We need only to show that tr deg A; # tr deg A;1. So the first
step is reduced to the following

Lemma 3.6.6. Let A be an integral k-algebra of finite type. Let p € A be a non-zero prime
ideal. Then trdegA + trdegA/p.

Proof. Assume tr deg A = trdeg A/p = r. Write A = k[z1,...,z,] with xq,..., x, algebraically
independent over k. Let S = k[x1,...,2,.]-(0). The assumption implies Snp = @. Therefore

STAS S A, STA=k(x1,... ) [@ea, . 2] (3.6.4)

Claim: S-'A is a field.

Lemma 3.6.7. Let L be a field with A/L an integral algebra which is finite dimensional as
an L-vector space. Then A is a field.
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Proof. Let x € A-{0}. The set {1,z,22,..., 2", ...} must be linearly dependent so ¥, a,z" =
0 for some m >0 and a,, € L which are not all 0. By eliminating minimal power of x we may
assume ag * 0. We have

x(a; +asx+...)

ag+z(a;+asxr+...)=0 or =1 (3.6.5)

Therefore x is invertible so A is a field. Now since S7'A is a field, the homomorphism to
S~1(A/p) must be injective as it is nonzero, so must be bijective as it is already surjective.
This is a contradiction! m

Exercise 3.6.8. Let S be a multiplicative system of R. Let p be a prime ideal of R such that
S np=0. Prove that

(a) S7H(Afp) = STA[Sp
(b) S-!p is a prime in S~'A
(c) S'pnA=p

Moreover, every prime in S~ A has the form S='p as above.

Step 2: dim X > tr dim X

We will do this by induction on trdim X. If dim X =0 then we are done. Assume trdimX =
n >0 and trdim X < dim X is true for varieties with dimension less than n. Write A =

k[xi,...,x,] and assume z; is transcendental over k. Let S =k [x1] - (0), k' =k (x1), and
B=S"A=FK[xg,...,7] (3.6.6)
then
trpydim B = trydimA-1=n-1 (3.6.7)
By the induction hypothesis there is a chain of primes in B of length n -1
0GQ1EQE - §Qn (3.6.8)

Intersect this chain with A :
0¢PeRg...¢P, P=0Q;nA (3.6.9)
Exercise 3.6.9. Show that P, # P,.1,S™'P,=Q;,P,nS =02

Claim: P,_; is not maximal (This will imply dim X > n).
Otherwise, A/P,_; is a field then by the Hilbert Nullstellensatz A/P,_; = k. By exercise,
P, 1nS =@, thus the composition map

/{:[x] — A — A/p =k (3.6.10)

is injective. This is impossible as x is transendental over k. The second step is proved
O
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Proof of part 2. Take a transcendental base {x1,..,z,} of A as in part 1 with r =dim A, and
put p’ =pNk[y1,...,y-]. Then

dim(A/p) = dim(k[x1, ...,z ]/p"), heightp = height p'.
As k[xy,...,x,] is isomorphic to the polynomial ring in r variables, we have
height p" + dim(k[zy, ...,z ]/p") = r
by the theorem. O]

Exercise 3.6.10. Let B be noetherian and integral ring. Let A be a finitely generated integral
algebra over B. Then A is a field= B is a field

Exercise 3.6.11. If A is integral of finite type over Z, 0 # f € A is a non-invertible element,
then dim A/fA=dimA -1

3.7 Sheavs of Modules

Definition 3.7.1. Let (X,0Ox) be a ringed space. An Ox-module over X is a sheaf F on
X together with an Ox(U)-module structure on F(U) for each open subset U on X such
that for each inclusion of open sets V c U, the restriction homomorphism F(U) - F(V) is
compatible with the module structures via the ring homomorphism Ox(U) - Ox (V).

Let A be a ring and X = SpecA. Consider the affine scheme (X, Ox).
We define a functor ~ from the category of A-modules(denoted by M4 ) to the category
of sheaf of Ox-modules(denoted by Me, ):

v My —= Mo, (3.7.1)
M+—M

Definition 3.7.2. We define M to be the sheaf associated to M on SpecA.

For each prime ideal p c A, define the localization of M at p to be the tensor product
M ® A,, denoted by M,,. Since localization is exact, it is easy to see that:

M, = {@‘ g ¢p}/{@ N (gam1 — g1ms)g3 = 0 for some g3 ¢p}, (3.7.2)
g g1 92
where me M, g; ¢p,i=1,2,3.
If fe A, we can also define the localization of M at f, denoted by M[%] or , to be
M ® A[].
Similar as the definition of Oy, we can define the global sections of M to be the function
s from SpecA to [] M, gluing by My, fe A.

peSpecA
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amma tilde

Ezercise 3.7.3. Write the definition of M.

Proposition 3.7.4. Let ¢ : A - B be a ring homomorphism and let f: SpecB — SpecA be
the correponding morphism of spectra. Then:

(a) If M and N are two A-modules, then (M @4 N)~ = M@ox N;
(b) if {M;} is any family of A-modules, then (&M;)~ = ®M;;

(¢) for any B-module N we have f.(N)——Na, where Ny means N considered as an A-
module.

Proof. The functor ~ commutes with tensor product and direct sum, since these commute
with localization.

To prove (c), we cover SpecA with principle open subsets {D(f)} fea. Then f~1(D(f)) =
D(p(f)). Since (Na)j—>Nys) and (Na); = Na(D(f)) then we have an isomorphism
NA(D(f))=>N(D(¢(f))). By construction of N we can glue D(f) so f.(N)—>N,. O

Proposition 3.7.5. Let A be a ring, let M be an A-module, and let M be the sheaf on
X =SpecA associated to M. Then:

(a) M is an Ox-module;

(b) for each pe X, the stalk (M)p of the sheaf M at p is isomorphic to the localized module
M,

P

¢) for any f € A, the As-module M(D(f)) is isomorphic to the localized module M;;
! !

(d) in particular, M——T'(X, M).

Proof. Recalling the construction of the structure sheaf Ox from E.S.l, it is clear that M is
an Ox-module. The proofs of (b), (c),(d) are identical to the proofs of the main theorem
E.S.Zl, replacing A by M at appropriate places. O

By part (b), we have the following:

Corollary 3.7.6. The functor ~ is exact: the exactness of sequence of A-modules

0— My — My — M3 —0 (3.7.3)
implies the exactness of the sequence of Ox-modules:

0 — M, — My — Ms — 0 (3.7.4)

Definition 3.7.7. Let (X, Ox) be an affine scheme. A Sheaf F on X is called quasi-coherent
if there is an affine covering {U; = SpecA;} of X such that for every i, Fly, = M; for some
A;-module M;. We say that F is coherent if A is noetherian and furthermore each M; is
finitely generated.
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qui def qc

lem affine

Question 3.7.8. Given any quasi-coherent sheaf F on a scheme X, can we construct an
A-module corrsponding to F ¢

Proposition 3.7.9. Let F be a quasi-coherent sheaf on a scheme X. Let U = SpecA be any
open affine subscheme. Then Flspeca = M for some A-module M.

It suffices to show the following

Proposition 3.7.10. Let X = SpecA be an affine scheme. Let F be a quasi-coherent sheaf
on X. Then F ~ M for some A-module M.

(This means the functor ~: M4 - Mg, is fully faithful. And the image is the subcategory
of quasi-coherent category.

Proof. Let M =T'(X,F). Then there is a morphism M — F. It suffices to show that for any
f € A, the homomorphism Q:M ® Ay - I'(X, F) of Ap-modules is an isomorphism. This
follows from the following lemma. O

Lemma 3.7.11. Let X = SpecA and let F be a quasi-coherent sheaf, X; € SpecA; - X.

1) If se (X, F), s|x; =0 then frs =0 for some n.

2) If s e I'(Xy, F) is a section then there is a section t € I'(X,F) such that t|x, = f"s for
some n.

Proof. Let M =T'(X,F). For part 1, suppose s € M maps to 0 e I'(Xy, F). We want s =0 in
M®Ap. We know s =m/f", me M. Cover X by affines Xy, i=1,...,n, where g1,...,g, € A
such that F|X9i = M;, M; is Aj,-module.

X<—Xf
T 7

HX, «— LX,nX;=1X,;
Let s; = S|Xgi then s; € M; ® Agy, then s, =01in M; ® Ay, ,
m;
- 1
Thus some multiple of f™-m; =0, so fV-s=0in every X,,. Therefore f¥-s=0on X.

For part 2, let s; = s|x, ., Flx, = M;. We want to lift s; to some section in Fly, = M.
But this is obvious:

S|Xgi

"F|Xgif :Mi@)Af.

Thus we have sections ¢; € I'(X,,, F) such that ti]Xgif = f"s]Xgif. Can we glue t; to obtain a
section of F on X? We want to check (¢; - tj)|X9igj =0. But

(ti - tj)|X9i9jf = (f”s - fn5)|Xgigjf =0.

Therefore by the first part of the lemma f™(t;~t;) = 0 on X, for some m > 0. This yields
that we can glue f™t; and we are done. O]
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The proposition B75 and E% %.U) gives the following theorem:

Theorem 3.7.12. Let A be a ring, and Let X = SpecA, then the functor ~ Ms - Mo,

amma exact

induces an equivalence of categories. The converse of ~ is given by F — T'(X,F), where F
s any quasi-coherent sheaf on X.

Lemma 3.7.13. Let X be a scheme. The kernel, cokernel, and image of morphism of
quasi-coherent sheaves are quasi-coherent.

Proof. This question is local, so we may assume X = SpecA is affine. Sinc% Ellle kernel,
cokernel, and image of morphism of A-modules are A-modules, by the theorem t?. 712 we get
this lemma. ]

Remark 3.7.14. By this theorem, the exactness of a sequence 0 - & - F - G — 0 of quasi-
coherent sheaves on X is equivalent to the exactness of the sequence of global sections

0-I1(X,€)->T(X,F)->T(X,G)-0.
ugly lem affine .
In fact, we can use B-7-TT, we can strength this statement as follows.

Proposition 3.7.15. Let X be an affine scheme and let 0 - & - F - G - 0 be an exact
sequence of Ox-modules, and assume that £ is quasi-coherent. Then the sequence

0-T(X,&)»>D(X,F) 5 1(X,6) >0 (3.7.5)

15 exact.

Proof. We know already that I' is a left-exact functor so we only need to show that the last
map is surjectiv?éu%%tfgre gh(e%{f G) be a global section of G. Since the map of sheaves F - G
is surjective, by Z.T.9 we know that for any = € X there is an open neighborhood D(f) of z
such that s|p(s) lifts to a section ¢t € F(D(f)).

Claim: for some n >0, f"s lifts to a global section of F.

Indeed, we can cover X with a finite number of open subsets D(g;) such that for each i,
s|p(g,) lifts to a section t; € F(D(f;)). On D(f)ND(g;) = D(fg;), we have two sections
t’t"hfg;l‘%: (Ilgrg I a%f)j)ng)oth lifting s. Therefore t —t; € £ (D( fg:)). Since €& is quasi—cohgrent,
by B-7IT for some n > 0, fm(t—t;) extends to a section u; € £(D(g;)). As usual, pick n
sufficiently large to work for all 7. Let tr,h;l J"ltéer Ui ; Now on D(g;g;) we have two sections
t; and t} are equal on D(fg;g;), so by B7TT we have f™(t; - ;) = 0 for some m > 0 and
independent 7, j. Now the sections f™t! of F glue to give a global section " of F over X,
which lifts f**™s. This proves the claim.

Now cover X by a finite number of open sets D(f;), i =1,2,...,r such that s|p(y) lifts to
a section of F over D(f;) for each i .Then by the claim, we can find an integer n > 0 and
global section s t; € I'(X, F) such that t; is a lifting of f*s. Since X = U]_; D(f;), so the
ideal (f', ..., f*) unit ideal of A. Then we can write 1 =Y\ ; a; f" with a; € A. Let t = Y a;t;.
Then ¢ is a global section of F whose image in I'(X,G) is Y. a;f*s = s. This complete the
proof.

]
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Exercise 3.7.16. Let A be a noetherian ring and let F be quasi-coherent sheaf. Then F is
coherent if and only if for any f e A, F(D(f)) is finitely generated over Ay.

Remark 3.7.17. Let F be a quasi-coherent sheaf on a topological space X. If for any p € X,
the stalk F, is finitely generated, we can not conclude that F is finitely generated. Here
is an example: ®,Z/pZ is finitely generated on every local places, but itself is not finitely
generated.

Exercise 3.7.18. Let A be a ring and let M be a finitely generated A-module. Then M
is projective if and only if M is locally free. In particular, if A is local ring, then every
projective module of finite rank is free.

Proposition 3.7.19. Let f: X =Y be a morphism of schemes. Assume that X is noethe-
rian, then if F is a quasi-coherent sheaf of Ox-module, f.F s a quasi-coherent sheaf of
Oy -module.

Proof. Since X is noetherian, then we can cover X by a finite number of open affine subsets
U;. Since an open subset of a noetherian topological space is noetherian, then we can cover
Ui; = U;NU; by finite number of open affine subsets U;;,. Now given any open subset V' of
Y, Flr1(v) saitisfies gluing condition with respect to U; and Uy, Thus there is an exact
sequence of sheaves:

Oﬁf*f_)@f*(fUz)_)@f*(fUzgk)7 (376)
% 1,
. odule . .
now f.(Fly,) and f.(Fly,, ) are quasi-coherent by 572 Thus f,F is also quasi-coherent as
a kernel of morphism quasi-coherent sheaves on affine schemes. O

Remark 3.7.20. We sometimes use words 'vector bundles’ and ’locally free sheaves’ inter-
changeably, if no confusion seems likely to result.

3.8 The Grothendieck group on affine schemes

Definition 3.8.1. Let A be a ring, let C be the category of coherent sheaves on SpecA and
let D be the category of locally free sheaves. With the definition of Grothendieck group in
chapter 1, we can define the Grothendieck groups on affine scheme is by quotient:

Ko(SpecA) = F(C)/E(C)  K°(SpecA) = F(D)/E(D). (3.8.1)

Ezercise 3.8.2. Let A be a ring, prove that K°(SpecA) = K°(A), and Ky(SpecA) = Ky(A)

Remark 3.8.3. The above result shows the close connection among finitely generated projec-
tive modules on a ring A and locally free sheaves on SpecA and vector bundles on SpecA.
This can be made precise by stating that the following map is an equivalence of categories:

(3.8.2)

finitely generated projective N locally free sheaves
modules over A on SpecA
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4 Schemes

4.1 Schemes and quai-coherent sheaves

Affine schemes are building blocks of schemes.

Definition 4.1.1. A scheme X is a locally ringed space (X,Ox) in which every point has
an open neighborhood U such that the topological space U, together with the restricted sheaf
Oxl|u, is an affine scheme. All schemes together form a category Sch with morphisms defined
as morphisms of ringed spaces.

On each scheme X, we have a category QCoh(X) of quasi-coherent sheaves F which are
defines to be Ox-modules so that on each affine open subset U = SpecA of X, Fl|y = M for
some A-modules. If f: X—Y be a morphism of schemes, then we have pushforward and
pullback functors

f+ : QCoh(X)—QCoh(Y), 1+ QCoh(Y)—QCoh(X).

They are adjoin to each other in the following sense: for any F € QCoh(X), G € QCoh(Y"),
there is a canonical isomorphism

Hom(f*G, F)—Hom(G, f..F).

Moreover f, is left exact, and f* is right adjoint.
The category QCoh(X) is closed under operator ®, and Hom with adjoint formula and
adjunction formula.

Definition 4.1.2. A scheme X 1is called noetherian if and only if X is covered by finitely
many affine open subset U = SpecA with A a noetherian ring.

Definition 4.1.3. Let X be a Noetherian scheme. A Sheaf F on X is called coherent if there
is an affine covering {U; = SpecA;} of X such that for every i, Fly, = M; for some finitely
generated A;-module M;. All coherent sheaves on X form an abelian category Coh(X).

All results for quasi-coherent sheaves hold for coherent sheaves, except push-forward
morphism. We will show that f, can be defined for projective morphism in future section.
Here is a standard way to construct a quasi-coherent sheaves:

Theorem 4.1.4. Let X be a scheme. For each open affine subset U = SpecA of X, let M(U)
be an A-module such that for each f e A, M(Uy) = My. Then there is a quasi-coherent sheaf

F of Ox-modules with isomorphism ay : M(U)—Fy of Ox(U)-modules. Moreover the
collection (F,ay) is unique up to isomorphisms.

Sketch of proof. For each point x € X, we define the stack M, as the direct limit of My for
affine neighborhood of x. For each open subset U of X, we define a module F(U) as the
subset of elements m € [, M, so that there is an affine covering U = UJ; V; and elements

39



m,; € My, such that for z € V;, m, = m;,. It is clear that F is a sheave of Ox-modules on X.
and that there is homomorphism ay : ]\’/[_(U/)—xTU of Ox(U)-modules for each affine subset
U of X.

We want to prove that ay is an isomorphism. Thus we are reduce to the affine case
X = SpecA. Write M = My. Since ops, ens D(f) form a fundamental system of open
subsets of X, we may replace affine subsets of X by D(f) in the construction of M, and F.
Thus we obtain that F = M. Thus oy is an isomorphism.

The uniqueness of (F,ay) is clear. O

Exercise 4.1.5. Let U be an open subset of a scheme X, denote i : U - X the natural
inclusion. Let F be a coherent sheaf on U. Then there exists a coherent sheaf G on X such
that *G = F.

4.2 Open immersion and closed immersion.

Definition 4.2.1. Let X - Y be a morphism of schemes. We say f is an open immersion
if

1) f is a homomorphism from Xi,, to an open subset of Yiop.

2) The induced morphism of schemes

(f(Xt0p)7 O|f(me)f(Xt0p)) - (Xtozn OX)

1s an isomorphism. In other words the induced morphism of schemes is isomorphic.

We say f is a closed immersion if the image of Xiop 5 a closed subset of Y and the
induced morphism ft: f~1(0,) - O, is surjective.

If X =Y is a closed morphism then we call X -Y is a closed subscheme (embedding).

Example 4.2.2. Let X =SpecA, Y =SpecB and let f: X — Y be given by B - A.
1) A= B,, where g € A. In this case X — D(f) = X is an open morphism.
2) A=B/I. Here X - Z(I) - Y is a closed immersion. B - B/I.

Remark 4.2.3. Let X be a scheme and Y be a closed subspace of the topological space X.
Then there is at least one closed subscheme structure on Y. This means Ox|y has a quotient
sheaf Oy such that (Y, Oy) is a scheme.

Ezample 4.2.4. Let k be an algebraically closed field. Let X = Speck[z,y] = A? and let
ideal I = (y — 22 — ). Then suppose Y is the subspace defined by the zeros of the function
y=x%+ux,ie.

Y ={(z,y) € k*|ly = 2* + z}.

Thus for any positive integer n, Y has a scheme structure Y = Speck[x,y]/I", with Oy 2
(klz,y]/ 1)

Definition 4.2.5. Let X be a scheme and let Y c¢ X be a closed subscheme. Leti:Y — X
be the inclusion morphism. We define the ideal sheaf of Y, denoted by Iy, to be the kernel
of the morphism it : Ox - i, Oy.
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sheaf prop| Proposition 4.2.6. If Y is a closed subscheme of an affine scheme X = SpecA, then the
tdeal sheaf corresponding to Y 1is a quasi-coherent sheaf of ideals of X. Moreover, there is
an ideal I ¢ A such that Y —SpecA/I

Proof. Let 7 :' Y - X be the closed embedding, and let Z be the kernel of corresponding
morphism of structure sheaves it : Ox - i,Oy. Then we have an exact sequence of sheaves:

0-Z—-0x—1,0y = 0. (4.2.1)

Since Z is the kernel of morphism of two quasi-coherent sheaves, thus Z is quasi-coherent.
Since X is affine. Apply the functor I'(X,-), there is an exact sequence of A-modules

0->T(X,7) > A->T(X,i,0y) > 0. (4.2.2)

it follows that I = T'(X,Z) is a submodule of A thus an ideal. And I'(X,i.Oy)—A/I.
Moreover, Z—1I. Clearly Y —SpecA/I ]

Remark 4.2.7. If X is any scheme, and Y c X is a closed subscheme, then the ideal sheaf
corresponding to Y is also a quasi-coherent sheaf of ideals.

Remark 4.2.8. If as topological space, Y|iop is a closed subspace of a scheme X, then Y may
have many closed subscheme structures. If we define J to be the sheaf associated to the
presheaf

Ur{seOx(U)s=0onY}, (4.2.3)
where U is an open subset of X. And
Y = (Yop, Ox/J), Y, = (Ylop, Ox/T"). (4.2.4)

Then Y is a closed subscheme of the Y,’s. Actually, Y is the smallest subscheme of X with
given Yiop.

Definition 4.2.9. We say a scheme X is reduced if for any open subset U, the ring Ox(U)
has no nilpotent elements.

Corollary 4.2.10. A scheme X is reduced if and only if the topological space Xy, has no
smaller closed subscheme structure.

Remark 4.2.11. Let X be a reduced scheme. Then for any open affine subset U = SpecA,
suppose that the section f € Ox(U) has zero value at every point x € U, then we have for
any prime ideal p c A, f e p. Tt follows that D(f) = @, thus f can only be zero since X is
reduced.

Definition 4.2.12. A scheme X is called irreducible if X|;,, is irreducible; is called con-
nected if X|iop is connected.

41



Definition 4.2.13. We say a scheme X is integral if for any open affine cover {SpecA;},
the rings A; are integral domains. Or equivalently, for any open set U c X, the ring Ox(U)
18 an integral domain.

Proposition 4.2.14. An integral scheme X 1is integral if and only if it is both reduced and
wrreducible.

Proof. Clearly an integral scheme is reduced. Since this is a local question we assume that
X = SpecA is affine. If X is not irreducible, then there is two open subset U; and U, such
that X = U; UU,. There exists nonzero elements e;,es € A such that ej|y, = 1, esly, = 0 in
O(Uy) and eq]y, = 0, es|y, =1 in O(Us) by the property of sheaves. Thus clearly ejes = 0. So
A =0(U;) x O(Usy) which is not an integral domain.

Conversely assume that X is reduced and irreducible. If there exists f,g € A such that
fg =0, we want to show that f =0 or g =0. Consider

X¢={reX| foem,}, XS={reX|g,em,}

where for any = € X, m, is the maximal ideal of O,. We have shown that X; is open,
then both Xj'i and X¢ are closed and X = XgUXJ‘i. Without loss of generity we assume
that X = X¢. Then D(g) = X, = @, it follows that g is nilpotent. But X is reduced, thus
g = 0 D

4.3 Fibre product and Base change

Now we start with the category of schemes. This category has a final object SpecZ. Indeed,
since for any scheme X, there is a morphism

Z—T(X,0x). (4.3.1)
This induces a morphism of topological spaces:
X —SpecZ. (4.3.2)

Let S be a scheme. A scheme X over S means there is a morphism of schemes X — S.
Let Sch/S denote the category of schemes over S. Then the object of this category is X — S.
Let Y be any other scheme. The morhism in Sch/S is naturally defined by a commutative
diagram:

)f —>]S|’ . (4.3.3)

Y —5S

Then we show that the category of schemes has fibre product.
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Definition 4.3.1. Let C be a category. Let X, Y be two objects in C. A product of X and
Y is defined as an object Z with two morphisms

N

which saitisfy the universal property: if there is an object Z' with morphisms Z' - X and
Z" =Y, then the diagram below commutes

/Z’\ (4.3.5)
\ Y
Z
Definition 4.3.2. Let C be a category. Let X, Y, Z be objects in C. Suppose we have

morphisms X — Z and Y — Z. Then the fibered product of X and Y over Z, denoted
X xzY, is an object such that the diagram

(4.3.4)

X

Xx, Y —=Y. (4.3.6)
| |
X Z

commutes, and has the universal property: if there is an object W saitisfies the same con-
dition, then there is a unique morphism W — X xz Y such that the following diagram
commutes:

W~ (4.3.7)

Theorem 4.3.3. There exists fibered product in the category Sch/S, and the fibered product
1s unique under universal property.

Proof. By glueing property we need only prove the theorem for affine schemes. Let S =
SpecR, X = SpecA, Y = SpecB, where R, A, B are commutative rings. Since we have
morphism X — S and Y — S, by considering the underlying homomorphism of rings R - A
and R - B we have the following commutative diagram:

a®1 A®rB 1®b
A A N N
a A B b .
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By definition of tensor product it has universal property. This diagram induces a commuta-
tive diagram of schemes:

SpecA ®pr B
4 N
SpecA SpecB .
N 4
SpecR

To show that SpecA ®r B is a fiber product of SpecB and SpecA over S is equivalent to
showing that A ® g B is the co-product of A, B over R in the category of algebras over R.
But this is exactly the universal property of the tensor product A ®r B. O]

Ezample 4.3.4. Let X =Y = SpecQ[v/2], S = SpecQ. Then

X xgY = SpecQ[v?2]®g SpecQ[v2] (4.3.8)
= SpecQ[V2] &g g[f]z (4.3.9)
= Spec% = SpecQ[V2] ® Q[V2] (4.3.10)

SpecQ[V2] ] [Q[V2] (4.3.11)

Remark 4.3.5. Let XY be schemes over a scheme S. If S = SpecC, let X (C) = Hom(SpecC, X).
Then
(X x5 Y)(C)—X(C) xY(C).

Definition 4.3.6. Let S, S’ be schemes and suppose there is a morphism S" - S. Let X be
a scheme over S. A base change of X is defined to be the fibre product X' = X xg S'. In
other words, we have the commutative diagram with niversal property:

X xg 5 — S
| |
X s

Notice that the base change defines a fuctor from the category Sch/S to the category Sch/S’
which is the right adjoint of the forgetful functor Sch/S" - Sch/S

Proposition 4.3.7. Let C be any category. If we have morphisms X1 - Y, Xo = Y and
Y - Z. Then Xy xy X5 is the fibered product of Y and X1 xz Xo overY xzY:

X1 xy Xo——= X xz Xy

| |

Y YXZY
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Proof. The map X7 xy Xy - X xz X5 corresponds to a pair of maps X; xy Xy - X; and
X1 xy X9 - X5 whose composition to Z are the same. Take the projections from the fibred
product and notice that there composition to Y are the same, then the same is true for Z.

The map X; xz Xo - Y xz Y is induced by two maps X; - Z and Xy - Z. The map
Y - Y xz Y is the diagonal map which is defined to be Idy in both factors. Finally, the
morphism X; xy Xy - Y is the natural map factor through X; and X5. Thus every morphism
in the diagram is canonical and the diagram commutes. O

Finiteness conditions

Definition 4.3.8. A morphism f: X =Y of schemes is called finite type if for every open
affine subset V- = SpecB of Y, f~1(V) can be covered by a finite number of open affines
U; = SpecA; and A; is finitely generated B-algebra.

Remark 4.3.9. A scheme X is called finite type over a field k if the morphism f : X — Speck
is of finite type.

Definition 4.3.10. A morphism f: X =Y of schemes is called finite morphism if for every
open affine subset V =SpecB of Y, f~1(V') = SpecA is affine and A is finite B-module.

FEzample 4.3.11. The morphism f : SpecZ, - SpecZ is not of finite type.

Definition 4.3.12. Let X,Y be schemes. A morphism f: X =Y is called quasi-compact if
for any open subset V cY, f~Y(V') is quasi-compact. i.e. every cover has a finite subcover.

Proposition 4.3.13. A morphism of finite type is stable under base change.

Proof. Let f:Y — X be morphism of schemes. Suppose there is a morphism of schemes
p: X' = X. Let Y=Y xx X’. We only need to show that the morphism f’:Y’ - X’ is of
finite type.

First we have the following commutative diagram:

y L xr (4.3.12)
¢¢ f W
y Lo x

where Y has the universal property. For any affine open subset V' = SpecA c X, f~1(V') can
be covered by finite U; = SpecB; c Y, where B; is finitely generated A-module. Assume that
SpecA’ = V' c p(V') is an affine open subset of X’. Since ¢, f’ are projections and

fHV) = V) xx VY, ¢(U;) = Ui xx V' =Spec(B; @4 A').
Since {U;} cover f=1(V') thus {U; xx V'} cover f~txx V.

The rest part is to show that B; x4 A’ is finitely generated A-module. Assume that the
generators of B; over A is by,---,b,, then by ® 1,---,b, ® 1 generate B; ® 4 A’ over A’. O
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4.4 Separaness and Properness

We will only consider Noetherian schemes in this section.

Separaness

Definition 4.4.1. Let f: X - S be a morphism of schemes. We say f is separated if
A = (id,id): X—X x5 X

1s a closed morphism.

Proposition 4.4.2. Let f: X — S be a morphism of affine schemes. The f if separated.

Proof. Let X = SpecA, S = SpecB then X xg X = SpecA®p A. The diagonal moprhism is
induced by AQp A - A.
Separatedness is equivalent to surjectivity of A®p A - A. This is obvious. O

A criterion of separatedness. Let f: X — S be a morphism of schemes. Then f is
separated if and only if for any discrete valuation ring R with a fraction field K and any
commutative diagram morphism

Spec(K) —>)L(
Spec(R) —— S
there is at most one extension Spec(R) - X.

Proposition 4.4.3. Separatness is closed under the base change. In other words, for any
base change diagram (X' =X xgS")

X' —X

lsep lsep

S —— S
if XS is separated, then X'[S" is separated.

Proof. We apply the separatedness criterion. Consider the following diagram with R a DVR
with fraction field K,
Spec(K) —= X x5 ' —= X

]

Spec(R) S’ S

Since X/S is separated, there is at most one extension SpecR - X. Thus there is at most
one extension SpecR - X'. n
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Proof. This is a local question. So we suppose that f: X = SpecA - Y = SpecB is finite
morphism. Let R be a valuation ring and K be its quotient field. consider the base change

X xy SpecR —— SpecR .

| |

X Y

Then reduce to the case Y = SpecR, thus A is free of finite rank over R. n

Proposition 4.4.4. 1) Closed immersions and open immersions are separated.
2) Composition of separated morphism is separated.

Exercise 4.4.5. Prove the above proposition.

Ezercise 4.4.6. Prove that if a scheme X is separable, then for any affine open subset U,V c
X, UNYV is also affine.

Properness

Definition 4.4.7. a) f: X — S is called closed if for any closed subscheme Z < X, f(Z)c S
15 closed.

b) f is called universally closed if for any g:S" — S the base change f": X' - S’ of f is
closed.

Definition 4.4.8. Let f: X — S be a morphism. We say f is proper if
1) f is separated;
2) [ is universally closed.

Theorem 4.4.9 (Criterion for properness). Properness of f is equivalent to the the fact that
any diagramm of the following type

Spec(K) —= X

|k

Spec(R) —— S
has a unique extension: SpecR — X.

Proposition 4.4.10. 1) Properness is closed under the base change.
2) Closed immersion is proper.

Recall P* = ProjZ[z1,...,x,]. For S-scheme, the projective space of dimn over S is
P =S X SpecZ P

Theorem 4.4.11. Let S be a scheme. Then the morphism P* — S is proper.

47



sed proper

Proof. 1t suffies to show P* — SpecZ is proper.
P — P
S —— SpecZ

It reduce to the following situation. Let R be a discrete valuation ring, K the fraction field
of R. Let
¢: R — P} =Proj R[x,...,T,]

be a morphism over R. Then ¢ extends uniquely to SpecR. Now ¢ is given by an R-
homomorphism.

Spec(K) ]T
Spec(R) —— SpecZ

Replace n by some m < n if necessary, we may assume that ¢(SpecK) is not included any
hyperplane z; = 0. In otherwords, ¢(SpecK) is represented by homogeneous coordinates

[ag, -, an], a; € K -{0}.

Let min(vg(a;)) = m, © be a uniformizer and b; = a;7~™. Then [bg,--,b,] will define a
morphism
SpecR — P%.

Ezercise 4.4.12. Show that a finite morphism is proper.

Exercise 4.4.13. Let f: X - Y be a morphism of separated schemes of finite type over a
noetherian scheme S. Show that the image of the proper closed subscheme Z c X is also
closed in Y and proper over S.

4.5 Affine morphism

Definition 4.5.1 (Affine morphisms.). A morphism f: X — Y of schemes is called affine
morphism if there is an open affine cover {V;} of Y such that f~1(V') is affine for each i.

Remark 4.5.2. There is an equivalent definition of affine morphisms. A morphism f: X - Y
is an affine morphism if and only if for any open affine subset V c Y, f~1(V) is affine.

Proposition 4.5.3. A morphism between affine schemes is affine.

Proof. Let f : SpecA — SpecB be a morphism of affine schemes. Suppose that the corre-
sponding morphism of rings is ¢ : B - A. This question is local. Then let b € B, since

D)) = D((b)) = SpecA,w),
thus f is affine. |
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e morphism

Lemma 4.5.4. Let Y be a closed subscheme of a scheme X, then the closed embedding
1:Y - X s an affine morphism.

. . ideal sheaf prop
Proof. This result comes directly from 1-270. O

Corollary 4.5.5. A finite morphism is affine.

Ezample 4.5.6. Let Y be a closed subscheme of an affine scheme X = SpecA. Let i:Y - X
be the inclusion morphism. If there is an ideal I ¢ A such that I corresponding to the ideal
sheaf of Y, then ¢, Oy = (A/I).

Proposition 4.5.7. An affine morphism is quasi-compact and separated.

Proof. Let f: X =Y be an affine morphism. For any affine open subset V c Y, since f~1(V)
is affine, thus quasi-compact, then f is quasi-compact.

For separaness, choose an open affine cover {V; = SpecB;} of Y such that U; = f~1(V;) =
SpecA; are all affine. Then U; xy, U; = SpecA; ®, A;. Since the morphism

a®a +——aa'

is surjective, then U; — V; is separated. Since we have gluing condition, it follows that f is
separated. O

. [affine morphism . .
Remark 4.5.8. Proposition A5 7 shows that if f: X — Y is a morphism of schemes, then for

any quasi-coherent sheaf F on X, f,F is also quasi-coherent

Lemma 4.5.9. Let X be a scheme and let

be an eract sequence of quasi-coherent sheaves on X. If f: X - Y 14s an affine morphism,
then the sequence of quasi-coherent sheaves on'Y

0> f.&—- f,.F->f.G—-0
1s also exact.

Proof. O

5 Projective Schemes

5.1 Graded ring and modules

Definition 5.1.1. A graded ring is a ring together with a decomposition A = ®450Aq of A
into a direct sum of abelian groups Ag, such that for any d,e >0, Agx A, € Agse. An element
in Aq is called a homogenuous element of degree d. An ideal I c A is a homogeneous ideal if
I =®40l N Ay
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Then Ay is a subring. For any integer d, Asq = ®,54A4, is an ideal. Then A is an algebra
of AQ.

Definition 5.1.2. Let A be a graded ring. A graded A-module is an A-module M, together
with a decomposition M = @, M, such that Agx M, c M, .q. For any graded A-module M,

and for any integer |, we define the twisted module M (1) by shifting | places to the left, i.e,
M(l)n = Ml+n'

For a given graded ring A, we have a category GradMod, of graded A-modules with
morphisms given by usual homomorphisms which respect the graded. In this category, we
can define the usual notion of kernel, image, and cokernel.

For two graded modules M and N, we can define a graded module Hom™ (M, N') with
Hom™ (M, N),, = Hom(M, N(n)). we can also define the tensor product M ® 4 N with degree
n given by image of ) M; ® 4, Nj.

Exercise 5.1.3. Prove that for a graded ring A and graded modules M, N, L, the isomorphism

1+j=n

Hom(M ® N, L) = Hom(M,Hom" (N, L)).

Ezample 5.1.4. Let R be a ring, and A be the polynomial ring R[x1,...,x,]. Then A =
EBdZORl:-rla ---axn]degd~

Proposition 5.1.5. Let ¢ : A - B be a morphism of graded rings. Then I = kery is a
graded homogeneous ideal.

Now we want to define a scheme Proj A

e Set: We define the set Proj A to be the set of all homogeneous prime ideals of A not
containing all of A, = ®4.0A4.

e Topology: For any homogeneous ideal I = &1, the closed subset of Proj A is

V(I):={peProjA| pcontains I} = | J V(f). (5.1.1)
feUaso La

For any homogeneous element f € A, = ®4.9A4, define

V(f):={peProjA| p contains f}. D.(f)=ProjA-V(f). (5.1.2)

For each p € Proj A, we define the ring A,y to be the ring of elements of degree zero in
the localized ring S~'A, where S is the multiplicative system consisting of all homogeneous
elements of A which are not in p.

Proposition 5.1.6. For f € Ugs0 Aa, D+(f) is affine as topological set and form fundamental
system of open sets.
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Consider two homogeneous elements f1, fo € Proj A with deg fi = deg f.

D (f1) =—— D (fifo) —5;— D+ (f2) (5.1.3)

‘ | H ‘

SpeCA(fl) i SpeCA(ﬁfz) T SpecA(fQ)

Ezercise 5.1.7. Show that Imi; = SpecAy, [%], Imiy = SpecAfQ[%].

By the exercise we can define structure sheaf on Ox for X = Proj A such that Ox|p, ) 2
go‘l(QSpecA(f), where ¢ : D, (f) > SpecA(y).
For any open subset U c Proj A, we define O(U) be the set of maps

s:U—>UA(p)

such that for any p € U, there is a neighborhood V c U of p and homogeneous elements
a, f € A of same degree such that for all eV, f ¢ q,

s(q) =alfeAy.

Proof of the proposition. Suppose f is homogeneous of degree d. D, (f) = {p € Proj A| f ¢ p}.
Since elements of Proj A are those homogeneous prime ideals p of A which do not cantain
all of A,, it follows that the open sets D, (f) cover Proj A.

Refine A by A[4]. Then A[4], = {4
homogeneous ideal I € Proj A, there is a natural ring homomorphism

dega — kd = n} Since localization is flat, for

p: A A[4], (5.1.4)

i
I—I[}]acgo = ()

In particular, for p € D.(f), ¢(p) € SpecA(sy. The properties of localization show that ¢ is
bijective as a map from D, (f) to SpecAy.

If I is a homogeneous ideal of A, then I c p if and only if ¢(I) c ¢(p). Hence ¢ is
a homeomorphism. Note that if p € D,(f), then the local ring A,y = (A(s))ep). Then ¢
induces a morphism between sheaves

Pt : Ospeca sy = ¢+ (Oproj alp. () (5.1.5)

which is an isomorphism. O

Question

Let A =®450A4 be a graded ring. We know that there is a morphism

f: Proj A—— SpecA,
p———>pn A
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obtained from ¢ : Ay - A. But if there is a graded ring B and a graded ring homomorphism
¢ : A — B, can we obtain a morphism f : Proj B - Proj A? The answer is no. Since in general
not every point of Proj B have a well-defined image. But what we know is p(A,) = B,. Let
A* denote the union of homogeneous elements of A of positive degree Ugsq Aqg-

Proposition 5.1.8. Let ¢ : A - B be a homomorphism of graded rings. Let U = Uzea+ D+ (¢(9)),
then there is a morphism

f:U—ProjA (5.1.6)
which 1s well-defined.

Proof. Take covering Proj A = Usea+ D4 (f), Proj B = Ugep+ D+(g). ¢ induces morphism of
affine schemes A(y) — B,(y) for each homogeneous element f € A,. Then we have a morphism
of affine schemes:

D, (o(f)) = SpecBys) = D.(f) = SpecAy.

Since D, (f1f2) = Dy(f1) n Dy fo, Di(o(f1f2)) = Di(p(f1)) N Dip(f2), these morphisms can
be glued together to get a morphism

U D.(e(f)) > ProjA

feA*
[

Exercise 5.1.9. Suppose that ¢, : Ay = By is an isomorphism for all d > 0, then show that
U = Proj B and the morphism f : Proj B - Proj A is an isomorphism. This exercise shows
that f can be an isomorphism even when ¢ is not.

Proposition 5.1.10. Let R be a ring and let A be a graded ring with Ag = R, A, =0 for
some n > 0. Then ProjA=0. More general, Proj A = @ if and only if every element in A,
18 nilpotent.

Proof. Assume Proj A = @, then for any homogeneous element fe A,

D.(f)={peProjA| f ¢p}=0.

Then SpecAsy = @, it follows that Ay = 0. For any homogeneous prime ideal p € A,

Yas0PMNAg cpis prime. so all homogeneous prime ideal contains f, thus f is nilpotent.
Conversely, if Vf € A, is nilpotent then f* =0 fro some integer n. Then the element f"

is of degree 0. For every p € ProjA, f €./p=p, thus ProjA=g. O

Ezxample 5.1.11. Let k be a field. Then Projk[T] = {0}. If R is a ring, then Proj R[T'] =
SpecR

Remark 5.1.12. Let R be a ring, Proj R[xy, ..., z,,] = P is Projective space of dimension n on
R. Let A be a graded ring, then Proj A = Ufea+ D.(f) = Upes D+ (f) if A, is generated by a
set 3 of homogeneous element f. If k is an algebraically closed field, then Proj k[xo, ..., z,] =
UiLo D+ (2i), where D, (x;) 2 Speck[z, ..., ,]s, = Speck[%2,..., 5] = A". Each w; is called
homogeneous coordinates and each i—ﬂ is called affine coordinates.
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Ezample 5.1.13. Let CP* = (C™*! - {0})/C* be the complex projective n-space, then there
is a natural embedding

CP" < ProjClxy, ..., z,] = P¢ (5.1.7)
such that the image of this map is the set of closed points in P.. The point (ay, ..., a,) € CP"
corresponds to the maximal ideal (z;a; — z;a;) in ProjClzo, ..., z,].

Ezample 5.1.14. If R is a ring, we define projective n-space over IR to be the scheme P, =
Proj R[xy, ...,x,]. In particular, if R is an algebraically closed field k, then P is a scheme
whose subspace of closed points is naturally homeomorphic to the variety called projective
n-space.

Remark 5.1.15. Proj A is not necessarily compact.

5.2 Quasi-coherent Sheaf

Definition 5.2.1. Let X be a scheme, and let F be an Ox module. Then F is quasi-coherent
if on every affine open subset U = SpecA c X, Fly =M for some A-module M.

Remark 5.2.2. There is a equivalent definition for quasi-coherent sheaf on a general scheme:
Let X be a scheme, and let F be an Ox module. Then F is quasi-coherent if there is an open
affine covering {U; = SpecA;} such that for each i there is an A;-module M; with F|y, = M,.

Ezercise 5.2.3. Prove the e gi%%ngglgg these two definitions of quasi-coherent sheaf on a
general scheme. (Hint: use E P and teduce to the case when X is affine)

_ Let A be a graded ring. For any graded module M on A, there is a quasi-coherent sheaf
M on Proj A using some constructions on Ox. Let f be a homogeneous element in A.

A A[l]
| {

Ay == Al7laego

If M is an A-module, then the diagram above induces

M —— M ® A[4]
l ¢
My == M[$]aego

In this way we get sheaves ]\’T(f/) on D,(f). Since D,(fif;) = D+(fi) N D.(f;), then we can
glue these sheaves to get a sheaf M on Proj A.

From definition, it is easy to see that the functor M ~ M from GradMod(A) to the
QCoh(X) is exact and respect to tensor product.

Definition 5.2.4. Let A be a graded ring, and let X = Proj A. For any integer n, we define

the sheaf Ox(n) to be A(n). We call Ox(1) the twisting sheaf of Serre. For any sheaf of
Ox-modules F, denote F(n) to be the sheaf F ®o, Ox(n).
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Proposition 5.2.5. Let S be a graded ring and let X = ProjS. Assume that S is generated
by S as an Sp-algebra.

1. The sheaf Ox(m) is locally free of rank 1.

2. For any graded S-module M, M(d) = M ® Ox(d). In partikular, Ox(d,) ® Ox(dy) =
OX(dl + dg)

3. For homogeneous degree 1 element f €S, Ox(d)|p,r) = S(d)(y), where

a
S(d)y = {f—‘ dega =n+ d} =S - f*

n

Proof. 1. Cover X by Xy, feS;. Xy=5pecS(y). We have

Ox(n)|x, =S(n)),

where
Sy = {5 deas()-n =0} (5.2.1)
= {%f” degazm} (5.2.2)
= S(f)-f™ (5.2.3)

S(n) (s 2 S(f) as an S(f)-module, therefore Ox(n)|x, = S(f) = Ox,.

2. This follows from the fact that (M ®g N)~ 2 M ®p, N for any two graded S-modules
M and N, when S is generated by S;. Indeed, for any f € S, we have (M ®g N) ) =

My ®s;) Nipy-
Ox(n) ®o, Ox(m) = §(n) ®z §(m) = §(m +n).

Note that Ox(0) = Ox.
[

Ezample 5.2.6. Let X = Proj Alto,...,t.] and let S = A[to,...,t.]. Compute I'(X,O0x(n)).

Ox(n)lx,, =5(n)y,  T(w,,0x(n)) = S(n),),
which is equal to the degn part of S,. Let s e I'(X,0(n)),
S|Xti = Z Clio__.iTtéO Ll tff, 1 >0
10+...+ip=n

(Laurent polynomial). Therefore I'(X,O(n)) = polynomials of to,...,t,. of degree n. It
follows that I'(X,0(n)) =0if n< 0. T'(X,0x) = A,

rank4I'(X,Ox(n)) = (n;r)’ n > 0.
In particular Ox(n) are not isomorphic to each other.
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5.3 Noetherian Condition
Proposition 5.3.1.

1. If a graded ring A is noetherian, then Proj A is noetherian.

2. If a graded ring A is noetherian if and only if Ay is noetherian and A, is finitely
generated Ag-algebra.

Proof of 2. (<) Hilbert base theorem

(=) if A is noetherian, then A, is finitely generated over Ay and Ag = A/A, is noetherian
O

Ezercise 5.3.2. Show that if a graded ring A is noetherian, then A = Ag[xy, ..., z,] for some
integer n.

Remark 5.3.3. 1. Let S be a Noetherian graded ring which is generated by homogeneous

elements zg,...,xq. Assume Sy =k is a field. Then one can show
. Q(T)
dim S, -1 = :
2 S = ()

2. Assume then deg(x;) = 1. That is z; € S;. Then dim S,, = P(n) for n > 0, where P is
a polynomial.

Exercise 5.3.4. Let S be a noetherian graded ring and let X = ProjS. Show that dim X =
dim S - 1.

We want to show deg P = dim X
We also want to define a third invariant §(.5).

Definition 5.3.5. 0(S) is the minimal number of elements y,...,y; € S1 such that S| ¥, ;S
s a finite dimensional k-vector space.

Theorem 5.3.6. dim S =deg P +1=0(5).

A generalization: Let M /S be a module of finite type with M graded, we define Sy, to
be S/Ann(M) where Ann(M) = {x € S:zM =0}, and 6(M) to be the minimal number of
X1, .., Tm €S such that M/Y x;M is of finite length.

Theorem 5.3.7. dim Sy = deg Py + 1 =6(M).

Lemma 5.3.8. There is a filtration 0 ¢ My ¢ My & ... € M such that M;/M;_1 = S[p, where

p is a prime ideal.
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Proof. We'll do the proof in three steps:
Step 1: deg Py; + 1 > dim .S),.
Step 2: (M) > deg Py + 1.
Step 3: dim Sy > 0(M).

Step 1 deg Py +1 > dim S);: First let us consider the case M = S. We use induction on
deg Pyy. If deg Pyy = -1 (i.e., Py=0), dim S,, = 0 for large enough values of n. Therefore

S=PS, =S, S.=PS, S=0.
n=0 n=0 n>0

So S, is nilpotent and this is the only prime ideal so dim S = 0. Now assume deg Py, > 0. If
dim S = 0 we are done. Assume dim S > 0. Let p; & po & ... & p, be a chain of prime ideals
in 51, r-1=dimS >0. Let x € ps — py,

0—S/p1 — S/p1—S/ (xS +p1)—0.
Because r - 1 =dim S,
dim S/(p; +xS) =dimS -1 =dim S/p; - 1.
From the above exact sequence,
dim(S/p1), = dim(S/p1), 4., +dim(S/(zS +p1)),.
Thus

PS/p1 (T) = PS/m (T - dega:) + PS/(xS+p1 (T)

So
deg PS/(p1+xS) <deg PS/pl -1<degPs-1.

Now by induction deg S/(p1 + x5) > dim S/(p; + xS). So now
dim S =1+dimS/(p; +xS) <1+degS/(p1+25)<1+degS-1=degS.

So step 1 works for the case M = S. For general M we use the exact sequence 0 - M; —
M — Ms; - 0. If Step 1 works for M, M,, then it works for M as well. Notice that
dim Sy, = max(dim Sy, ,dim Sy, ) and deg Py = max(deg Py, ,deg Py, ). (Recall that Sy, =
S[Ann(M)). This will reduce to the case M = S/p.

Step 2: §(M) > deg Pyy + 1. We use induction on 0(M). If §(M) =0, M is of finite
length so M,, =0 for n large enough, so Py; = 0 and deg P); = —1. We are done. Now assume
6(M) > 0. There are elements x1,...,25) € Sy such that M/Y x;M has finite length.
Consider the exact sequence:

M = M—(M [zM)—0
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We have (M [x1M) =5(M) -1 and
dim(M/le)n > dim M,, — dim M,,_geg -
It follows that deg Prs/zas > deg Py — 1. From induction §(M/x1) > deg Pasya, + 1, we have

(5(M) =5(M/£L‘1M)+]_ ZdegPM/zl +22d€gPM+]_.

Step 8: dim Sy > 0(M).

Again we use induction on dim Sy,. If dim Sy, = 0 then Sy, is the only maximal ideal.
So it is own nill radical. Thus some power of Sy, is zero, as Sy is finitely generated.
Thus Sy + = 0 for n sufficiently large. So Sy, therefore M, has finite length. It follows that
(M) =0.

So now assume dim Sy, > 0. Let p; (i = 1,-n) all minimal ideals of S);.
Exercise 5.3.9.

1. Show that there is an = € Sy, — Ui, ps.
2. For such x, dim Sy > dim Syszar + 1 and 6(M /2 M) > 6(M) - 1.

Now the inequality follows from the exercise and the induction dim Sys/z, p > 0(M /21 M).
]

Definition 5.3.10. The degree of X is a number such that the leading coefficient of P(T)

X
has the form degd(' )Td.

Exercise 5.3.11. Compare the degree and leading coefficient of the Hilbert polynomial for
k[xo,...,z,]/(F) =S, where F is a homogeneous polynomial of degree d, dim S,, = P(n).

5.4 Sheaves on Projective Schemes

Given a graded ring S = ®,45054, which is generated by S; as an Sp-algebra. Then S gives a
pair (Proj.S,O(1)). In other words , there exists a special sheaf on projective schemes which
has many saitisfying properties. We want to recover S from (Proj.S,O(1)).

An important fact is that if S(@) = GBWOST(Ld) is the graded ring with S = nd, then there
is an isomorphism

(Proj S, 0(d))—(Proj S 0O(1)) (5.4.1)

We will state this fact as a theorem later.
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Question

Let A be a ring and let S be a graded ring. In previous chapters we have shown the
equivalence between the category of A- modu]les and the category of quasi-coherent sheaves
on affine scheme SpecA. Later we will see in b5 3 tnat e tan prove a similar result about
quasi-coherent sheaves on projective schemes.i.e given a quasi-coherent sheafF on Proj S we
can find an S-module M such that M = F. Last section we have proved that Then the
question is that can we prove a similar result about coherent sheaves on Proj S and finitely
generated S-modules? Unfortunately it is not a trivial question. The difficult part is, if M,
N are two graded S-modules, M = N can not imply M = N. But if M and N is finitely
generated, then M = N implies that M, = N,, for n > 0.

Remark 5.4.1. We can not easily conclude the equivalence of category of S-modules and
category of quasi-coherent sheaves on Proj.S. Even if a quasi-coherent sheaf can be recovered
from a graded S-module, we will then show that even different S-modules can induce a same
quasi-coherent sheaf.

5.5 Quasi-coherent sheaves on projective schemes

Let A be a graded ring. In this section we can show that the category of quasi-coherent
sheaves on projective schemes is equivalent to the category of graded A-modules.

Definition 5.5.1. Let A be a graded ring, and let X = ProjA. Let F be a sheaf of
Ox-omdules. We define the grade A-module associated to F as a group, to be T',(F) =
Dzl (X, F(n)). Then it becomes a graded A-module naturally: any section in Ay deter-
mines a global section in T'(X,0x(d)); and since F(n) ® Ox(d) = F(n +d), then we can
difine the product in I'(X, F(n +d)) by taking the tensor product in F(n) ® Ox(d)

Ezample 5.5.2. Let R be a ring and let A be the polynomial ring R[z, ..., z,]. By definition
of projective space, Proj A = P%. Then Proj A is covered by affine open subsets D, (z;) =
SpecA,y, © = 0,1,...,n. Now consider I'(IP};, O(d)) for a given integer d, since A, =
R[3®, ..., 22], from the definition of O(d) we get

O(d)|p. (z;) = (Agzy) ® zd)”. (5.5.1)
Then

f= Zako...knx’é . xﬁ"a
{feR[xo,...,xn] Shied ey 0if j i [ (5.5.3)

By the property of sheaf we have the exact sequence

(X, 0(d)) HF(D (2:),0(d)) — HF(D (z:2;), 0(d)), (5.5.4)
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v for proj

which implies I'( X, O(d)) = R[xo, ..., Tn |degd-
Finally,
@zzOF(X, O(d + m)) = EB;.;:OR[[BQ, ceny xn]degd+m~

Theorem 5.5.3. Let A be a graded ring which is generated by Ay as Ag-algebra and X =
ProjA. Let F be a quasi-coherent sheaf on X. Then there is a canonical isomorphism

L (F)—F

Proof. Step 1

Let M =T,(F), cover X by D,(x), where z runs through the elements of A;. Then
~ —_— m 1
M|D+(x) = M(:z:)|SpecA(z), M(gg) = {ﬁ’ m e Mn} = M[;]deg& (555)
. . . =gamma tilde .
Since F is quasi-coherent, then by E% 5 s FiD,(z) 2 (D (), F)in any case (locally Flp, (z) 2
N for some A(,)-module N). We want to construct a canonial isomorphism

~ > 1
My==>T(Do(2).F), M=) M@ —. M, =T(X,F(n)). (5.5.6)
n=0

Remember that F(n) is the sheaf O(n) ® F and F(n)|p, ) 2 Flp,(z) ® 2"
Then we have
M, =T(D(z),F(n)) =T(D.(x),F) ® z".
So at least we have a natural map

i M, ® = - I'(D.(x),F) (5.5.7)

n=0 x"

Step 2
%
We need to show that the natural map }5.5.7 is bijective. This means that :

(a) For any n, let s € I'(X,F(n)) be a global section. If % =0 in I'(D.(g), F), then there
exists an integer n’ such that s = 0. This shows the injectivity of l5.5.7.

(b) Given a section s € I'(D,(x), F), there exists an integer n such that z"s extends to a
section of I'(X, F(n)). This shows the surjectivity of 5.5.7.

We will later state these two facts as a lemma. But first let us give some definitions and
properties of the sheaf F(n). O

Definition 5.5.4 (Globally generated). Let X be a scheme, and let F be a sheaf of Ox-
modules. We say that F is generated by global sections if there is a family of global sections
{Si}ier, si € U(X,F), such that for each x € X, the images of s; in the stalk F, generate that
stalk as an Ox-module.

Note that F is generated by global sections if and only if F can be written as a quotient
of a free sheaf. Indeed, the generating secions {s;}icr define a surjective morphism of sheaves
®,c;O0x — F, and conversely.
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ugly lemma

Lemma 5.5.5 (Ugly lemma). Let X be a noetherian separable scheme. Let L be invertible
sheaf on X and F a quasi-coherent sheaf on X. Let f e I'(X, L) and Xy be the nonzero locus
of X, i.e. the set of points x € X such that the stalk f, ¢ m,L, where m, is the maximal
tdeal of L. Then:

(a) If the restriction of s e I'(X, F) in I'(Xy, F) is zero, then there exists a positive integer
n such that sf* =0 in I'(X,F ® L").

(b) Given a section s € I'(Xy, F), there exists a positive integer n and a sectiont € I'(X, F®
L") such that t|x, = sf".

Proof. (a) Let U; = SpecA; be an affine open cover of X. Since X is noetherian, it follows
that X is quasi-compact. Then suppose a finite number of U; cover X. Since L is invertible
then for any U; we can pick an isomorphism:

Ly, - Ox|u, (5.5.8)

and suppose a; € A; is the im)z(%gfe of flu, = fi by this isomorphism. Then ai%.

Since we have showed in IB?I.II that X;NU; = SpecAi[ali], then X;=U SpecSpecAi[a%].

Since F is quasi-coherent, by Igi.:z_slll%a}?fere is an A;-module M; such that F|y, = M; for each
i. let s e I'(X,F) be a global section, then restrict s to U; give an element s € M;. Similarly,
since Fx,nu, & (m) and s restrict to Xy is zero. Then the image of s in (M;)(,) is
0. Thus there exists an integer n,; such that sa;" = 0 for each i. Take n = max(n;) we get
s®f”=s(%)"®fi”=sa?®fi”=0

To prove (b), consider the commutative diagram

[(X,F)—-T(X,FeLr (5.5.9)

| |

DXy, F) —=T(X;, F)® f»

Given a section s € I'(Xy,F) a section a? ® s of I'(Xy, F) ® fm can be lift to a section
t; e T'(U;, F ® L™) for n sufficiently large. Then we only need to check the gluing condition:
given s; € I'(Us, F), suppose that s|y,nv; = 55lu,00,

By (a) since U; nUj is quasi-compact. s;|u,nu; = tjlv,nu, = 0 in I'(U; n Uj, F), then there
exists m > 0 such that f™(s|v,nu; — tjlvav;) = 0 in I'(X, F ® L™), glue together to give a
global section t of F ® L™ whose restriction to Xy is sf™*™ O

Remark 5.5.6. Let A be a graded ring which is generated by A; as Agp-algebra. We can only
show that given a quasi-coherent sheaf F on Proj A, we can find a graded A-module M such
that M = F. But the choice of such M is not unique. To explain it more precisely, we give
some propositions and examples.

Proposition 5.5.7. Let A be a graded ring which is generated by A; as Ag-algebra, let M
be a graded A-module, and let X = ProjA. Show that there is a natural homomorphism
ay M - T (M).
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Proof. Since A; generate A, then cover X by affine open subsets {D,(a;)}a,ea,. For all m e
M, it must be contained in some M, hence m has degree 0 in M (d)q,) = M(d)(D.(a;)) for
all a; € Ay. Since D, (a;) N D, (a;) = D, (a;a;), then the sections in M D, (a;) and M D, (a;)
agree on ]\7[D+((zl-aj). Hence they can be glued together to be a section of @,,I'(X, ]\7[)
Then we have a morphism

apr s M - T (M).

For any m € M of degree di, a € A of degree dy, we have a x a(m) is the image of m x a in
I(X, M(dy) ® Ox(dy) =T(X,M(dy +dz)). Then « is a homomorphism. O

By the above theorem and proposition, we see that I', is the right adjoint of the functor
M—M. Thus for any A-module M and quasi-coherent Ox-module F, we have a canonical
isomorphism

Hom (M, T, (F))—>Home, (M, F), Q- Q.

The inverse is given by ¢ — ', (1)) o av.
From the proposition above, o induces an exact sequence:

0-kera - M ST, (M) - cokerar - 0. (5.5.10)

Apply the functor ~ on this exact sequence:

0 - keraw > M 5 T, ( M)— cokera — 0. (5.5.11)

we get ker o = 0 and cokera = 0, but this cannot imply kera = 0 or cokera.

Example 5.5.8. Let A = k[xo, ..., z,,] where k is a field. Let M? = A/(xo,...,z,)" be the graded
A-module. Then @ M? =0 but @M? + 0.

Ezercise 5.5.9. If M =0, describe M. (answer: A, c /AnnM)

Embeddings between projective spaces

Note that we have defined projective n-space over a ring to be Proj A[zo, ..., z,], denoted P".
If A— B is a homomorphism of rings, and SpecB — SpecA is the corresponding morphism
of affine schemes. Then we can easily see that P = P} xgpeca SpecB. In particular, for any

ring A, we have P} = P xgpecz SpecA. This motivates the following definition for any scheme
Y.

Definition 5.5.10. IfY is any scheme, we define projective n-space over'Y , denoted Y. to
be ]P)% XSpecZ Y.

Definition 5.5.11. For any scheme Y, let g : P}, — P, be the natural map. We define
the twisting sheaf O(1) on P} to be g*(O(1)). Note that if Y = SpecA, this is the same
as the O(1) already defined on P", = Proj A[xo,...,x,]. We call a morphism f: X —-Y is
projective morphism if it factors into a closed immersion i: X — Py for some n, followed by
the progection Py — Y.
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Definition 5.5.12 (The Veronese Embedding). The Veronese embedding of degree d > 0 is
the map

Pd: P PN (5.5.12)

(w0, Tn) == (-, T] osri<a T}'5+)
Yiori=d

where N = ("+d) -1.

n

Theorem 5.5.13. Let S be a graded ring, generated by Sy as an Sy-algebra. For any integer
d>0, let S = GBWOST(ld) be the graded ring where SS9 = 8.4, Then Proj S@® = Proj S and
the sheaf O(1) on Proj S corresponds via this isomorphism to O(d) on Proj S

Proof. It Sy is generate by o, ..., ¥, corresponding to an embedding X — Pg . Then consider
the Veronese embedding:

Y Py, ]P’]S\g (5.5.13)
(l’o, ...,SL’T) P (M(), ey MN)

where N = n; d -1 and M; are monic polynomials of degree d. Then M, ..., My is a set of

generators of Sfd) = Sq corresponding to the embbeding Proj S « Pg .

Since Py = Imgp, then Proj .S = Imyp M Proj S = Proj S(4). Now we have an isomorphism
given by the Veronese embedding ¢ : X = Proj.S — Proj S(® =Y. Choose f € S, then f¢ is
a homogeneous degree 1 element in Proj S, and D, (f?) form a basis for Y, D,(f) form a
basis for X.

Since
Ox(D.(f*) = Ox(d) (¢~ (D+(f))) = ¢.(Ox(d))(D+(f9)),
Oy (1)(D. (1)) = SO 1)(*) = S{)
it follows that Oy (1)(D,(f%)) 2 ¢.Ox(d)(D,(f%)), thus ¢.Ox(d) = Oy(1). O

5.6 Coherent sheaves
Question

Let A be a graded ring, generated by A; as an Ag-algebra and let X = ProjA. If F is
coherent sheaf on X, can we prove that M = I',(F) is finitely generated and M = F? First
consider a weak condition: if 7 = M then F is generated by all M(n). Now state the main
theorem of this section.

Definition 5.6.1. Let A be a graded ring, We call an A-module M the quasi-finitely gener-
ated module if there exists some finitely generated graded A-module N such that M, = N,, for

n> 0. We define a equivalence relation denoted by’ ~" as follows: we say graded A-modules
M ~ N if M, 2 N, for n> 0.

62



Theorem 5.6.2. Let A be a graded ring, generated by Ay, as an Ag-algebra. Then the
category of coherent sheaves on X = Proj A is equivalent to the category of quasi-finitely
generated A-modules module the relation ' ~' by the functor I'y(:), and the converse functor
18 ~.

We will return to this after introducing cohomology.

Theorem 5.6.3. Let R be a ring and let A = R[xy,..,x,] be a noetherian graded ring, let
X =ProjA. If F is a coherent sheaf on X, then there exists ng > 0 such that for any n > ng,
the sheaf F(n) can be generated by finite number of sections in I'(X, F(n)).

Proof. Sin§e F is coherent. fhefle mflgg any i, f D, (20) 18 genera?:ed by .ﬁnitely many Sectiogs
sij. Applying ugly lemmz%l.b X by replacing f in the lemma with z;, it follows that there is
an n > 0 such that x;s;; can be lifted to global section in I'(X, F(n)). O

Remark 5.6.4. We say that F is generated by global sections is equivalent to say there is
a surjective morphism of sheaves @,.; Ox — F. Indeed, the generating sections define this
morphism

Corollary 5.6.5. Let X = Proj A be a projective scheme, where A is a noetherian graded
ring. Assume that F is a coherent sheaf on X and n; are integers, then there is a surjective
morphism:

Do) —7F. (5.6.1)

Definition 5.6.6 (Very ample). If X is any scheme over Y, i.e. there is a morphism
X =Y. Aninvertible sheaf L on X is called very ample relative to'Y if there is an immersion
i: X = P for some r, such that i*(O(1)) 2 L. We say that a morphism i: X — Z is an
immersion if it gives an isomorphism of X with an open subscheme of a closed subscheme

of Z.

Remark 5.6.7. The theorem c?h. f is actually true for any projective scheme X over a
noetherian A. Since there is closed immersion 7 : X — P’ such that ¢*(O(1)) = Ox(1).
Then the push forward of the coherent sheaf F through i is still coherent on P, and
iv(F(n)) = (i+F)(n), then F is generated by global sections if and only if i,(F(n)) is.
So we can reduce to the case when X is projective n-space.

Definition 5.6.8 (Ample line bundle). Let X be a scheme over a ring A. Let L be a line
bundle (invertible Ox-module). We say L is ample if for any coherent sheaf F on X there
is an integer n >0 such that F ® L™ is generated by global sections.

This means f(X ,F QL") - F® L is surjective or equivalently for any x € X, the
following morphism is surjective:

T(X,F&L") > F(z), (]—"(x) - Fx/mx £ )
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coh f
Remark 5.6.9. The theorem 503 shows that a very ample sheaf £ on a projective scheme
X over a noetherian ring A is ample. But the converse is not true.

Example 5.6.10. 1) Ox(n) is not generated by global sections if n < 0. Therefore, Ox(n)
can’t be ample.

2) Ox(0) = Ox is generated by global section 1. But O% ® Ox(-1) = O%(-1) can not be
globally generated. Thus, Ox can’t be ample.

Proposition 5.6.11. Let X be a projective scheme. Then Ox(n) is ample for any n > 0.

Proof. First reduction. We need only show n = 1. Let X = Proj(S), define S™ = @45054,
where deg S™ = deg S/n. Then X = Proj(S™), Oxs(n) = Ox sn(1). O

Theorem 5.6.12. Let X be a scheme of finite type over a noetherian ring A, and let L be
an invertible sheaf on X. Then L is ample if and only if L™ is very ample over SpecA for
some integer m.

6 Cohomology

6.1 Cech cohomology

Let X be a topological space, F be a sheaf on X. The functor I' maps sheaves over X into
Abelian groups, i.e.F — ['(X,F). this is a left exact functor. If 0 > F; - F5 - F3 - 0 is
exact then

0—TI(X, F)—T(X, F)—T(X, F3)

is exact as well. If X is affine and JF; are quasi-coherent then I' is exact.
0-I(F)->T(F)->T(F) 0.

Cover X by a set of open subsets U = {U;, i € I}, I is ordered.
Let i, = {igp < i1 < ... < ip} be any ordered subset of I whose cardinality is p + 1, let

P
Uzp = Usy..ip, = izo Ui,. Thus U;; = U;nUj, Uy, = UynU; n Uy, and so on. Then we get a
sequence:
0 1
0 I(X,F)— [T, F) 5 T[T (U4, F) 5 ] T(Uije, F) > ... (6.1.1)
7 i<j i<j<k

Let s; € I'(U; ,F) be a section, let s = (s; ); cr denote a section in[]; I'(Ui,,F). The
maps d*, a=0,1,.... are defined as follows:
d°: HiF(Uiaf)—>Hi<jF(Uijv:F) 3 (6-1-2)

(8i)ier —— ((5i - Sj)

Usj )7,<j

d”: I1; T'(Us,, F) [, T(Us,,. F) . (6.1.3)

Ipv1?

U,

Lp

1
(Sz’p)z’pcl S (ZZ:()(_1)k3i0...i;...ip+1 )z'p+1cl
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Here the notation zAk means omit 7;. Then since s;
to get an element of F(U;

is an element of F (U,

Q- B oerptl 0...ik...ip+1)7

we restrict to U;

0---Ip+1 0---ip+1)'

Notation. Let CP(U,F) = Hzp F(Uzp,}"), then we have a complex of abelian groups

U, F) L o' U, F) L U, F) > (6.1.4)

The complex defined above, denoted by (C*(U,F),d*) is called Cech complex of abelian groups
associated to U and F. The fact is that kerd® =T'(X,F).

Exercise 6.1.1. Prove that dP*'dP =0
It is clear that d' o d® =0, but d'(s;;) = 0 does not necessary imply s;; € Im(d?).

Definition 6.1.2. Define the pth Cech cohomology of (X, F) with respect to the covering
U, to be

HZiI(X? ‘F) = ker(dl)/lm(dl_l)

If V is a refinement of U, then we have a morphism of topological subset V; - U;, it
induces homomorphisms:

C'(U,F) - C'(V,F) ~ H,(X,F) - H,(X,F) (6.1.5)
Lemma 6.1.3. For any X, U, F as above, we have Hy(X,F) 2T'(X,F).

Proof. H))(X,F) =kerd". Let s = (s;)e; be a section in C, then for each i < j, (d°(s));j =
s; — si. S0 d°(s) = 0 implies the sections s; and s; agree on U; N U;. From the sheaf axioms

it follows that kerd® = I'(X, F). O
Ezample 6.1.4. Let X be the circle S! covered by two open sets U; and U, and let F = Z.
We have H))(X,Z) =T'(X,F) =ker(d"),

D(Uy, Z) @ T(Us, Z) <2 T(Uy 0 Uy, Z) 25 0.
In this example I'(U;,Z) = 1'(Us,Z) = Z and I'(Uy n Uy, Z) = Z2. Since

72 7?2 0 (6.1.6)
(a,b) ——=(b-a,b-a)

Therefore H*(X,F) =7 and H' (X, F) =Z%/Z(1,1) = Z.

Ezample 6.1.5. Let X = P!, covered by Uy = P! \ {c0o} and U; = P' \ {0} and let F = QL,
where for open subset U c P! we denote by Q% (U) the space of holomorphic 1-forms on U.
We have Uy = C! = Al = SpecC[z] and U; 2 C! = Al = SpecC [%], so Q1(Up) = C[z] dz, while
QY(U;) =C[2] d(2). Note also that Q'(UynUy) = C[z,2] dz. Since d (1) = -2 dx we can
choose dx as a generator. The sequence becomes

Clz]dz ® C [1] d(l) -, (C[x, 1] d,
x x

X
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where d% (a, ) = (8- «). Thus H(X,F) = ker(d®) = {(o,8), B = a} = 0. Indeed, if
a=P(x)dr and B=Q (L) d(L) then the condition

rom-af2)(- )

implies P(z) = -%Q (2) which may be true only for P(z) = Q(z) = 0. Next,

C[m, %] dx

=C
Clz]dz+C[L](-%) da

HY(X,F) =

(generated by %). Finally, H(X,0%) =0, H'(X,Q}) = C. Remark: Q% = Ox(-2).

Theorem 6.1.6. Let X be a separated scheme, F be a quasi-coherent sheaf on X. Let U be
an affine cover of X. Then:

1. If X is affine, then H},(X,F) =0 fori>0.

2. If0 > & - F - G — 0 s an exact sequence of quasi-coherent sheaf, then it induces a
long exact sequence

0—I(X,&)—T(X,F)—I'(X,6)—
—HYX,&)—H (X, F)—H"(X,G)—
—H*(X,8)—H*(X,F)—H*(X,G)—
—H}(X,E)—....

(6.1.7)

3. H}(X,F) doesn’t depend on U.
4. If X is noetherian, then H},(X,F) =0 fori sufficiently large.

6.2 Cech complex of sheaves

Let X be a topological space. Let F be a sheaf on X. Let U = {U; }is be a cover of X, where
I is an ordered set. We want to study is the Cech complex resolution.

Step 1: Construct complex of sheaves

Similarly, Let i, = {ip <i1 <... <i,} be any ordered subset of I whose cardinality is p+ 1, let
Us, = Usy..ip = kUi, Uij = U;nU;. Thus Uy, = U; nU; n Uy and so on. Then we always
have the inclusions:

jip : Uip - X. (621)

Restrict 7 on the open subset U; . Then (j; ). |Uzp is a sheaf on X.
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Definition 6.2.1. Define the Cech complex of sheaf F on a scheme X associated to U,
denoted C*(U,F), as follows:

0)- (6.2.2)

5)
P

', F)=T1G:,)- (F

Thus a section of CP(U,F) can be written as s = (s )i c1 where s; € (ji )« (.7:
Define the morphisms as before:

COU,F) S e, F) S U, F)- - cPU, F) S v\ (U, F)-- (6.2.3)
& Co(U, F) CrLU, F) (6.2.4)

1
(Sip)ipd > (ZZ:O(_l)kSiO,,,i}c,.,iml U, )g’mlcl

ip

Ezercise 6.2.2. Prove that dP*1dP =0 and d? = 0.

Remark 6.2.3. Recall that in last section we have defined C*(U, F) = TI; I'(U; , F), this is an
abelian group. In this section CP(U,F) is a sheaf.

Remark 6.2.4. CP(U,F) =T'(X,CP(U,F)).
Remark 6.2.5. The sequence

(X, F)—C°(U, F)—C' U, F)—C* U, F)— ...
may not be exact and the cohomology groups may be obstructions with obstructions.

toCC exact Ijroposition 6.2.6. Let X be a topological space and F be a sheaf on X, C*(U,F) is the
Cech complex of F, together with the chain of complex

COWU,F) S CH U, F) S U, F)- — cPU, F) S e (U, F)-- (6.2.5)
then kerd® = F and the following sequence
0—F—C(U, F)—C' U, F)—C*(U,F)— ...
is exact. In other words, H°(C*(U,F)) =F, and HP(C*(U,F)) =0 for p> 0.

Proof. The exactness at F and CO(U, F) is clear. We need only check the exact sequence at
CP for p> 0. So we have to study morphisms of two complexes. O
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Step 2: Homotopy of morphisms of complexes

Definition 6.2.7. Given two Cech complexes of abelian groups C* and D* and two mor-
phisms of complexes f*:C* — D*, g*:C* — D*. Then we have a diagram:

| P o o] .y, R — o (6.2.6)
ey aud
0 po__ pr_d_p2 & . Dp

A homotopy of f*—g* is a collection of maps C* — D=t such that fi-g' = k*lodl, +d ok,
re. f-g=dk+kd.

Exercise 6.2.8. If f* is homotopic to g*, then f* and g* induces a same homomorphism of
cohomological group:

H(f):H(C*)—H'(D*),  H'(g):H(C*)—H'(D"). (6.2.7)
We would like to ask ourselves when does Hi(f*) = H'(g*) for all 7 The answer is given

by the following:

Lemma 6.2.9. Hi(f) = Hi(g) for alli if f* and g* are homotopic. This means that there
are homomorphisms k: C* — D! such that f' - g = k"l o dl, + di5t o kP

Proof of the Lemma. H'(f* - g*) defines H{(C*) - HY(D*), x € H'(C*®) represented by
T e kerd;, while (H(f*) — H'(¢%))(x) is represented by

(f'=g)@) = (k™' +d7EK')(F) = ~d' kT = d'7H(-k'T) e Im(d™"),
therefore H'(f*-g*)(x) =0. .
CFtoCC
Now we can go back to prove the proposition lb‘.éc%eﬂ

. FtoCC exact
Step 3: Proof of the proposfmonE%.Q.?’;

To prove the exactness of F — C*(U, F), it is sufficient to show that its stalk is exact at any
point x € X. Fix a point z € X, consider F, - C:. We need only show shat two morphisms
Id: C2 - C2 and 0: C2 — C2 are homotopic. In other words we need to construct k% : C* — Ci~1
such that kd + dk = Id.

Note that CL = Hz-p (Fx)Uzp7 where

fx iffL‘EUip
(ﬁﬁmp={ 0 ifrels (6.2.8)

Suppose x € U, for some open subset U, ¢ X. For s, € CP(U,F,), there exists a small
neighborhood V' c U, of x such that s, is represented by a section s € I'(V,CP(U,CF')). For
any p, define

kP CP(U, F)—CP (U, Fo), (6.2.9)
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by
KP(8)i..ip-1 = Srig..iipr- (6.2.10)
=V NUri...i,-1. Then talk the stalk of kP(s) at = to get

-1

This is well defined since V' N Uz-p
the required map k.

Ezercise 6.2.10. Check that for any p> 0, s € C, (kd + dk)(s) = s.

Thus £ is a homotopy operator for the complex C?, and the identity map is homotopic
to the zero map. Showing that the sequence is exact.

Now we have shown a very important consequence: Suppose C*(U, F) is the Cech complex
of sheaf F on a scheme X with respect to affine covering U/, then the sequence

0—F—C' (U, F)—C' (U, F)—C*U,F)— ... (6.2.11)
is exact.

Corollary 6.2.11. Let X be a noetherian separated scheme and let F be a quasi-coherent
sheaf on X. Let & =CO(U,F). Suppose U = {U, }ics is any affine cover of X, then:

(a) If X is affine, then H; (X,F) =0 fori>Q0.
(b) Let W be any another affine cover, then H},,(X,€) =0 fori>0.

Proof. (a) Since X is separated, then for any Ly Uz-p is affine. Since X is noetherian, then
Cr = 0 for p sufficiently large. If X is affine, then the exactness of F—C*® implies the
exactness of global sections I'(X,F)—T'(X,C*) = C*. This means no cohomology when
1> 0.

(b) Since & = I1,(jk)«Flu,, to show £ has trivial cohomology for i > 0, it is sufficient to
show that every piece has no cohomology when 7 > 0. Suppose W is any another affine cover
of X, then WNUy is an affine cover of Uy. By (a), for any i > 0, we have

H)l/V(Xa (]k)»ﬂUk) = H{/VﬂUk(Ukaf|Uk) =0. (6.2.12)
Then we have
Hy (X, €) = [T Hw(X, ()« Flu,) = 0. (6.2.13)
k
O]

6.3 Long exact sequence

Let X be a noetherian separated scheme and F be a quasi-coherent sheaf. Let U be an affine

covering of X. coh thm
In this section we will show the second property in LS [.0: H,(X,F) form a long exact
sequence for every exact sequence of quasi-coherent sheaves on X:

0>E->F—-G-0. (6.3.1)
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Let 0 - & - F - G - 0 be any exact sequence of quasi-coherent sheaves on X. Then we
have the following diagram:

0 £ F G 0. (6.3.2)

0 —>CO(E) —— CO(F) —=COG) — 0

0 ——CY(E) — CH(F) —=C1(G) —=0

Apply the functor I'( X, ) we have the diagram:

0—=T(X,&) —=T(X,F) —=T(X,6) —=0. (6.3.3)

0— C(E) — CO(F) —— CO(G) ——0

0— = CY(E) —= CY(F) — CHG) ——0

Remark 6.3.1.
5
1. The vertical sequences of LS.S.S defines cohomology of £, F and G.
2. 0—I'(X,&)—T(X,F)—I'(X,G)—0 is in general not exact.

3. U is an affine cover and X is noetherian and separated, then for all i, Uz‘,, is affine
subscheme of X, the product is also affine.

Claim. 0—Ci(U,E)—CH (U, F)—Ci(U,G)—>0 is exact for all i > 0.

Proof. The restriction of the exact sequence %.3.1 on each Uip is also exact. From the remark
we know that for all 7,

Ji, 1 Uy, = X (6.3.4)
are affine morphisms. Thus (j; ). is an exact functor. O

Claim. 0—C(U,E)—Ci(U,F)—C*(U,G)—0 is exact for all i > 0.
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Proof. For all i, Ci(E), C/(F) and Ci(G) are quasi-cohernet sheaves on affine schemes. We

have proved that
0—C(E)—CY(F)—C"(G)—0

is exact for all ¢ > 0, then by the equivalence between category of quasi-coherent sheaves on
affine schemes and category of Oy, -modules,
P

0—C(E)—CY(F)—C(G)—0
is also exact. [l

Now we introduce the general way to define long exact sequences.

Lemma 6.3.2 (Snake lemma). Let A, B, C' and Ay, By, Cy be abelian groups. Assume
there are homomorphisms a: A - Ay, B : B - By and v : C - C,. Suppose we have the
following commutative diagram.:

ker o ker 8 ker . (6.3.5)
A B C 0
«@ B ¥
0 Al Bl Cl
cokera coker3 cokery

Then there is an exact sequence relating the kernel and cokernels of a, B and ~.

ker o — ker 3 — ker~y 4 cokerar — cokerf3 — coker-, (6.3.6)

where d is a homomorphism, called connecting homomorphism
Exercise 6.3.3. Prove the snake lemma.

Proposition 6.3.4. Let A*, B* and C* be complezes in the same abelian category which fits
in an exact sequence

0->A*->B*"->C*"->0 (6.3.7)
Then we have long exact sequence
0—H(A*)—H"(B*)—H°(C*)—
s HY(A")— HY(B*)— H'(C*")—>
—H*(A*)—H*(B*)—H*(C*)—
—H3(A%)—....

(6.3.8)
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Proof. Since for any i we have d'y : A*—A™!, consider the morphism
a: Ai/lmdfgl_) ker(dyt) (6.3.9)

Notice that kera = Hi(A*), cokera = H*1(A*). The same is for B*, C*. Then apply the
snake lemma to the following commutative diagram:

Hi(A®) Hi(B*) Hi(C*) . (6.3.10)

Al B i)
Imd;! /Imdgl C/Imdgl 0

o B ¥

0 — ker(dj') —— ker(diz') —— ker(d3*)

Hi+1(A*) H#Y(B*) H#Y(C®)
Thus we get
= H'(A*) - H(B*) - H'(C") 4 H*(A*) - H*Y(B®) - H*(C®) » - (6.3.11)
O

Let X be a noetherian separated scheme and F be a quasi-coherent sheaf. Let I/ be an
affine covering of X. Assume that 0 - £ - F - G — 0 is any exact sequence of quasi-coherent
sheaves on X. Then we have

0—C'(U,E)—C' U, F)—C"(U,G)—0

is exact for all i > 0. Let A*, B* and C* in the above proposition be C*(U,£), C*(U,F) and
C*(U,G) respectively, it follows that 0 - & - F - G — 0 induces a }:%Egtﬁ;ﬂ(act sequence of
cohomology. In other words, we have proved the second property in |6 0.

6.4 Independence of U
h thm
In this section we will prove the third property in %c?l .0:

Proposition 6.4.1. The Cech cohomology H}(X,F) doesn’t depend on U whenever U is
finite cover of affine open subsets.
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If U’ = {U!};er is another affine covering, then we have a common refinement
W= {Ui N Ui,'}(i7i’)ef><1’

of coverings which actually an affine cover since X is separated. Thus we have morphisms
of cohomology groups:

Hy(X,F) » HW(X, F),  Hp(X,F) > Hy (X, F). (6.4.1)
We will prove that for any 1,
Hj (X, F)—Hj,(X,F).

Step 1: construct morphism

Let W = {W,}jes, U = {Ui}ieg and o : J - I such that W; < U,(;). Let s be a section in
CP(U,F). Define

¢:CP(U,F)—C*OW,F) (6.4.2)
by restriction
() (Wis..ji) = $WUoio) o) MW - (6.4.3)
This defines a morphism:
¢*:C* (U, F)—C* W, F) (6.4.4)
which induces
H*(¢*): H*(U,F)—H* OV, F). (6.4.5)

We need to show that H*(¢*) is an isomorphism.

Step 2: induction

Let V be any affine cover and let £ = C%(V, F). We have proved that £ is quasi-coherent and
H}(X,€) =0 for any affine cover U and i > 0.

Let G be the quotient sheaf 5/ F then G is also quasi-coherent and there is an exact
sequence of quasi-coherent sheaves on X:

0—F —E—G—0. (6.4.6)
This induces a long exact sequence:

0= Hy (X, &) — Hji (X, G) — Hy (X, F) — H}(X,£) = 0 (6.4.7)

R T

0= Hi; (X, E) —= Hiz (X, G) — Hi\ (X, F) —= Hi, (X, ) =0
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for any i > 1. It follows that HiN(X,G)— Hi (X, F) and Hj'(X,G)—H; (X, F).
We can induct on i
(1) Note that H(X,F)=T(X,F) for any affine cover U.
(2) If i = 1, In this case we have the exact sequence

0—=T(X,F) —=T(X,€) —T(X,G) —= H\(X, F) —=0 (6.4.8)

]

0—TI(X,F) —I'(X,£) —T(X,§) — H),,(X,F) —=0

Then it is easy to see that H} (X, F)—H}, (X, F). .

(3) If ¢ > 1, suppose that H'(X,F)—H;'(X,F). By the diagram 16.4.7 we have
Hi (X, F)—>Hi, (X, F).
6.5 Cohomology on projective schemes

Let R be a ring and X = Proj R[z, ..., x,] = P%. Recall that O(d) = (R[zo,...,z,](d))"~ is

vector bundle on X, where

(R[SU(J, ey an] (d))degi = R[l’m ey xn]degi+d-

Let D, (x;) be principle open subset of X, then O(d)|D+(xi)—N>A[zii]degd
Theorem 6.5.1. Let X =P, then
ZTiZOR-xSO...xZ”, if p=0
HP(X,0(d)) = ZT,<OR~x6°...xZ", if p=n
0 if p+0,n
In all sums above we assume that Y. r; =d, and there is a duality pairing
HY(X,0(d)) x H(X,0(-1-n-d))—H"(X,0(-1-n))—R-zg*z,". (6.5.1)

Proof. (1) If p=0, HY(X,0(d)) =T'(X,0(d)) = R[z0, ..., Tn]deg d-
(2) If p = n, take standard affine cover U = {D,(x;)}7,, and let A = R[xy, ..., z,]

O(d)]p. @) = (A @)™ (6.5.2)
The Cech complex of abelian groups is given by
COU, O(d))—C U, O(d))—>-—C™ U, O(d)) T C(U, O(d))—0.  (6.5.3)

Then
H™(X,0(d)) = C"(U, (9(d))/hm o1
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Note that

C Y (U,0(d)) =—= B}, T'(D:(xg...%;...x,),0(d)) . (6.5.4)
C"(U,0(d)) =—=T(D.(z0...x,),0(d))

Suppose that (s;)r, is a section in C"1(U,O(d)). Then the map d"! is given by

Ccr (U, 0(d)) a (U, O(d)) . (6.5.5)
[T} R[wo, R 56517 ooy T deg R[xo, .oy Tny 25, ooy T3 |dega
(8:)io ! Yio(=1)'s;

Since for every ¢, x; has non-negative power in s;. Thus Imd"! is the set of linear combina-
tions of degree-d monomials with no totally negative powers(i.e. [Tj_oz’, r; <0). Then

H"(X,0(d)) = cokerd"" = " R-[] . (6.5.6)
=0

T <0

(3) If p #0,n, we will using induction on n.

—

Let F = @4z O(d) = Bgez, A(d), we know that F is quasi-coherent. Consider the hyper-
plane V' (x,) = {z,, =0} in P". Since there is an isomorphism

pr-1 V() (6.5.7)

(IEO, ...,l‘n_l) B ([Eo, ...,$n_1,0)

Then let i : P»~! - P be the embedding defined above. Note that F(-1) = @4z O(d-1) =2 F,
let x,, € Opn(1) we have an exact sequence:

0—F(-1) =5 F—F[ r—s0. (6.5.8)
Since I', (Ox)—A, apply the functor I'(X,-) we get the sequence

0—A 2 AT(X, T, p). (6.5.9)

Thus F / o Flsa quasi-coherent sheaf of A/ . A-module.
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Exercise 6.5.2. Let F be a quasi-coherent sheaf on a scheme X, then there is a natural
isomorphism:

HOm@X(Ox,}—)—>F(X,f) (6510)
(1)
Claim:

i(i"F)=F[, £ (6.5.11)

projection formula

Now let € = Opn-1 = Az, A and F = M. Then projection formula .51,

i i*(F) = F ®0, ixOpnt = M ®7 Az, A= M|z, M = F|z,F.
8
Denote +*F by Fpn-1. Now the exact sequence %.5.8 becomes

0—F(-1) =5 F—si, Fpn1—>0. (6.5.12)

Ezercise 6.5.3. Let f: X - Y be an affine morphism and F be a quasi-coherent sheaf on X.
Show that there is an natural isomorphism for each ¢ > 0:

H{(X,F)-H\Y, f.F). (6.5.13)

Since i : P»~1 < P is affine morphism, then the functor ¢, is an exact functor. The
cohomology of F on X is stable under ,.

HP (X, i, Flpna) = HP(P"Y, Flpna). (6.5.14)
9
So we have an long exact sequence induced by 16.5.12:
HP Y (P, Fpnr) » HP(X, F(-1)) 3 HP(X, F) » HP (P, Fpnr). (6.5.15)

We want to show HP(X,F) =0 for 0 < p <n. We can use induction on n.
Claim: H?(X,F(-1)) 3 H?(X,F) is an isomorphism for 0 < p < n.
(1) 1 <p<n-1, by induction HP-H(P*=1, Fpun-1) = HP(P* !, Fpn-1) = 0. Thus

HP(X,F(-1))—H"(X,F). (6.5.16)
(2) p=1, consider the exact sequence
0 — HO(P", F(-1)) == HO(P", F) — HO(P""!, Fpnr) — (6.5.17)
—— H'(P", F(-1)) = HY(P", F) —= HY (P!, Fpn-1) —

bu induction H!(P*! Fpu-1) = 0. Therefore H(P*, F(-1)) —» H'(P", F) is surjective.
Note that the corresponding morphism of rings of the first row is

0->A(-1) B3 A - AJz, A0, (6.5.18)
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which is already exact. Thus H!(P", F(-1)) —» H'(P",F) is injective.
(3) p=n-1, there is an exact sequence

0 —— H= (P, F(=1)) Zm H (B, F) — HL (P, Frot) — ;- (65.19)

—— H"(P", F(-1)) —— H"(P", F)

Hn(}P)n_17F]P>n*1) e
Note that F = @ O(d), then

HY(X,F)=T(X,F) =4, H™(X,F) = R[zg*, -+ x; gt x, L (6.5.20)

n n

Moreover, FV = @4z O(-d) ~ F and FQ O(-1-n) ~ F. Thus the duality paring for F
is
HY(X,F)x HY(X,F)—H"(X,0(-1-n))—R-x5*z;". (6.5.21)

n

And this paring is also hold for P!
HY(P Y F)yx H* Y (P F)—H" Y (P, O(-1-n))—R- x5z} (6.5.22)

n-1-

%Qr
Then the exact sequence 6.5.19 becomes
00— H™ (P, F(-1)) Zs H*Y(P", F) — HO(P*L, Fpna )V — . (6.5.23)

H(X,F)Y ——— H(X,F)" 0

This implies the last three terms is exact, thus x,, must be surjective.

The claim implies x,, is invertible in HP(X,F) when 0 < p < n thus for all ;. Since in
every affine chart D, (x;) the cohomology is trivial for p > 0, then we have an exact sequence
of Cech complex:

CP U F) b,y = CPU F)p, iy = CP U F) (o) (6.5.24)
But since z; is invertible, localizing at x; does’t change anything, then
HY (X, F) = H'(X, F)p, ) = 0.
O

Remark 6.5.4. The above theorem implies that if F equals O(d) or the direct sums of O(d)’s,
and if £ is an ample line bundle over X =P}, then

1. H{(X,F) is finitely generated over A.
2. H(X,FQLN)=0 for i >0 and N sufficiently large.
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But we want to get the general results for the case when F is coherent sheaf on a
noetherian projective scheme X:

Theorem 6.5.5 (Serre). Let A be a graded Noetherian ring generated by A; as an Ap-
algebra. Assume Aj is finitely generated Ag-module and let X = Proj A. Let F be a coherent
sheaf on X, and suppose that L is an ample line bundle over X. Then:

1. H(X,F) is finitely generated over A.
2. H(X,FQLN)=0 fori>0 and N sufficiently large.
3. T.(X,F)=@ns0HY X, F ® L) is a finitely generated module over A.

Proof. Step 1:

To prove the theorem, note that it sufficients to reduce to the case X =P*, L =0(1).
(1) Let R = Ay, assume that a; € A; generate R, i =0,1,--,n. Then A = R[aq,,a,]/I
for some homogeneous ideal I, there is a surjective morphism:

Rlzg,  x,] —= A . (6.5.25)

Ti————a;
It induces an affine morphism:
i: Proj A—P%}. (6.5.26)
Thus we know that for any p and any coherent sheaf F on X,
HP(X,F(d)) = H? (P}, i,.F(d)) (6.5.27)
So HP(X,F) is finitely generated A-module if and only if HP(P%,i.F(d)) is finitely
generated A-module. Thus reduce to the case X =P%,.

(2) By definition £ is ample if and only if there is an embedding i : X — P" such that
i*O(1) = L™ for some m > 0. Let N =mt +r, where 0 <r <m. Then

HP(X, FQLY)

HP(P",i . (FQRLY)) (6.5.28)
= HP(P",i (FRL R(i*O(1))")) (6.5.29)
= HP(P"i.(i"Ot) RQFRL")) (6.5.30)
= H(P",0(t) Qi.(FRL). (6.5.31)

Since N > 0 is equivalent to r > 0, let G = i, (F ® L"), then the theorem for (P*, O(1),G)
is equivalent to the theorem for (X, L, F).
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Step 2:
Since F is coherent, then there is an integer d such that F(d) is generated by finitely many

global sections s; € I'(X, F(d)), i =1,2,...,m. So we have an exact sequence:

0— ker p—OT —2 F(d)—>0. (6.5.32)
Tensor the exact sequence with Ox(—d) we have the exact sequence
0—G—> O (~d)—>F—0, (6.5.33)

where G = ker ¢(—d) is also coherent over X.
This exact sequence induces a long exact sequence

> HI(X,0m(-d)) S HI(X,F) > H™(X,G) 5> H*\(X,00(-d)) > ...  (6.5.34)

Step 3

Now we try to use this exact sequence to prove all assertion in the theorem.

For part 1, since Ay is Noetherian, H* (X, O%(-d)) and H*'(X, O%(-d)) are both finitely
generated over Ay, both Im(«) and Im( () are finitely generated Ag-modules. Thus Hi (X, F)
is finitely generated over Ay if and only if H*1(X,G) is finitely generated. Thus we can use
backward induction on i to reduce to the case i > n where H* (X, F) = 0.

For part 2, we twisted the above sequence by O(N) to obtain

L= HI(X,00(N - d)) S H(X, F(N)) > H™ (X, G(N)) & H*'(X,0%(N - d)) > ...

If N>d,i>0, both H/(X,O%(N-d)) and H' (X, O¢(N-d)) vanishes, Thus H*(X,F(N)) =
0 if and only if H*1(X,G) = 0. Again we use backward induction to reduce to the case i >n
where all cohomology vanishes.

For part 3, we twisted the above sequence by all O(N) for N > 0 and then take the sum.
Then we get an exact sequence:

o TU(X,0x(-d)®" ST.(X,F) S enH (X,G(N)) - ...

From computation before, we know that I', (X, Ox(-d)) = A(=d). Thus I',(X, Ox(-d))®™
is finitely generated over A. Also by part 1 and 2, @y H'(X,G(N)) is finitely generated
over Ay and thus over A. Since A is Noetherian, both Imu and Imv are finitely generated
A-modules. Thus I', (X, F) is finitely generated over A, as it fits in an short exact sequence

0—Imu—T, (X, F)—Imv—0.
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From part 3 of the theorem, we have a functor T', : Coh(X)—FMod, if X = Proj A.
It is clear that T, is the right adjoint of the functor M—M, and the the functor M—M
is the left inverse of I'y. Moreover we have a morphism oy, : M —>F*(]’\\/[I ) with ker ap; and
cokeray; with only finitely many non-vanishing components. Let define a category CMod A
of coherent A-modules with same objects as the category of finitely generated A-modules
but homomorphism is given by

Homewod, (M, N) = lim Hompnod , (Mzd; Naa)
d

where for a graded A-module M, M4 denote the sub module &,,54M,,. Then I', and M —M
define an equivalence of categories between Coh(X) and CMod 4.
By theorem, we can define charateristic in the Grothendieck group Ky(X):

Definition 6.5.6. Let X be a projective scheme over a field k. Let F be a coherent sheaf
on X. We define the Euler characteristic of F by

X(F) =Y (-1)"dim H (X, F).

Proposition 6.5.7. If there is an exact sequence of coherent sheaves on projective scheme
X/k

0-&->F—-G-0, (6.5.35)
then we have x(F) = x(&) + x(G).
Proof. Since we have long exact sequence
HY(X,£) - H'(X,F) - H'(X,G) » HY(X,E) » HY(X,F) —» -,

and since F, G, £ are all coherent, X is finite dimensional, then the sequence is finite. So
the sum

Z(—l)i(dimHi(X,f) —dim H(X,€) -dim H(X,G))

(2

is a finite sum and equals 0. O

6.6 Relative cohomology

Let f: X—Y be a morphism of schemes and F a sheave of quasi-coherent Ox-module. For
each open subset U = SpecA of Y, let Xy = fU denote the open subset of X which is an
A-scheme. Let Fy denote the restriction of F on Xy. Then we can define Cech cohomology
groups H'(Xy, Fy) which are A-modules.

Lemma 6.6.1. Let f € A. The inclusion Uy c U induces an isomorphism
Hi(Uf7f|Uf) = Hl(Uw,'r)f
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Sketch of proof. By definition, H( Xy, Fy) is calculated using a Cech complex C*(U, F) for
an affine covering U = {U; = SpecA; } of Xy. Since U is an affine covering of Uy, we may use it
to calculate H'(Xy,, Fy,). In other words, H'(Xy,, Fy,) is calculated using C*(U, F)®4 As.
Since Ay is flat over A, the cohomology is calculated by localization. m

|guasi-coherent
Now we are applying Theorem A.T.Z t0 get quasi-coherent sheaves R!f,F such that for

affine subset U:

Rf.F(U)=H(Xy,Fv).

Notice that ROf,F = f,F, and that R'f,(F) =0 for ¢ >0 iff f is affine.
The functors Rif, : QCoh(X)—QCoh(Y") forms a cohomolgy theory: for any short
exact sequence of quasi-coherent sheaves on X:

0—E—F—G—0
we have a long exact sequence:
0—fub—f F—f.G— R [.E—R'f.F—R'f.G—.
Let Bun(X) denote the category of locally free sheaves on X. Then we have pull-back:
£ :Bun(Y)—Bun(X).

This functor is exact.
The two functors are related as follows: for a quasi-coherent sheaf F on X and locally
free sheave on Y, we have an canonical isomorphism

Rif.(f*E®0, F)=E®0, Rf.F.

projection formula
This follows from projection formula 2-5.2 and definition of Cech cohomology.
Now we assume that both X and Y are Noetherian, and that f is projective with a

relative ample line bundle £, and that F is coherent. Then we have Serre’s theorem:

1. Rif,(F) is coherent;

2. Rif.(F)=0 fori>>0;

3. Rify(FQLN)=0 for i >0 and N sufficiently large.

Thus we have a homomorphism f, : Ko(X)—K(Y") defined by

Z( )[R f.F].

Notice that we can define pull-back f* : K°(Y)—K%(X) on locally free sheaves. We
have the following projection formula:

[l € ®ox F1=[€]- f[F].
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7 Curves

In general a curve means a projective subvariety of dimension 1. So first we study schemes
of dimension 1 and their propositions.

7.1 Grothendieck groups over Dedekind domains

Now we fix a field k. Assume that X is a noetherian separated integral regular scheme of
dimension 1 which is finite type over k. Then there is a structure morphism X — Speck
and the corresponding morphism of rings is & - Ox(X). Note that Ox(X) is a finitely
generated integral k-algebra. We assume that k is the maximal subfield in Ox (X).

Question

1. How to complete X7
2. How to describe the structure of Ky(X) and K°(X)?

3. How to define the Euler characteristic map y : Ko(X) - K°(k)?

Consider a simple case: Let A be a Dedekind domain and Let X = SpecA. We will study
the Grothendieck K-group of X. We need to study the structure of Dedekind domain and
the structure of finitely generated modules on Dedekind domain.

Grothendieck groups of a Dedekind domain

Let A be a Dedekind domain. We are going to describe the structure of Grothendieck
groups in terms its ranks and determinants. First, we show that two Grothendicek groups
are isomorphic to each other as a consequence of structure theorem of modules.

Lemma 7.1.1. Let A be a Dedekind domain. Then Ko(A)—KO9(A).

Proof. For any prime ideal p — A, there is an exact sequence
0—p"i—A—A/p"—0.

Then we have [A/pmi] = [A] - [p™]. Using the structure theorem, any finitely generated
A-module M has the decomposition

Arole(er,Alp™),,

for some integer r,n and ideal I. Thus

(M) = [A7] + +i (A (1] - Y.

i=

Note that [A/p™] e Ko(A) is equal to [A] - [p™] e KY. O
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Determinants of modules

Definition 7.1.2. Let A be a ring, and let M be an A-module. We define the tensor algebra
of M, denoted T(M), to be the algebra of tensors on M with multiplication being the tensor
product. In other words, T(M) = @2, T"(M), where @, T"(M) is the tensor product
MeM®---® M of M with itself k times.

We define the exterior algebra A(M) = @0 A¥(M) to be the quotient algebra of T(M)
by the two-sided ideal I generated by all elements of the form x ® x for x € M. The ideal I
contains the ideal J generated by elements of the form

reyt+tyer=(x+y)®(x+y)-r@r-Yy®UY.

Remark 7.1.3. Note that the k-th component A*(M) of A(M) is called the k-th exterior
power of M. When k =2, A%(M) is the wedge product defined earlier. If u € A*(M) and
v € A*(M), denote the multiplication in this algebra by A, then u A v = (=1)*v Au. Let
my,---,my € M, then the image of m; ® ---® my, in A¥(M) is denoted by my A - A my,.

Definition 7.1.4. Let K be a field and let V' be a K -vector space of dimension k. We define
the determinant of V', denoted det(V) to be the k-th component N*(V) of A(V). Assume
that V has a K-basis ey, e, and if

k
vi=Zaijej i=1,2"',k (IijGK,
i1

then
VI AN ANV = det(aij)el N N Eg.

Where det(a;;) is the determinant of the matriz (a;;).

Let A be a Dedekind domain, then Ky(A)—K9(A). We want to describe the structure
of Ko(A), first we have two invariants of K9(A):

e Let K be the fractional field of A. Let M be a projective A-module of rank r. Then
M ® K is a K-vector space of dimension r. Define the rank of M, denoted rankM, to
be the dimension of M @ K over K. Then we have a map:

co: KO(A) Z (7.1.1)
[M ] +———rankM

Let M be a projective A-module. Then M & L = E for some free A-module. Then
[M]=[FE]-[L], rankM = rankE —rankL. We can see that ¢ is surjective.

e Since M ® K is a K-vector space of dimension r, suppose that M Q K = Y|, k;e;,
where k; € K and e; is a basis of M @ K over K. Then we have

det(MQ K) = Key /\ -+ \ Ke,.
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Consider the natural map M— M ® K. We can define the determinant of M, denoted
det M as follows:

det M = \NM ={mq A--Amy| mq,---,;m, e M} - det(M Q) K).

Lemma 7.1.5. If there is an exact sequence
0—M;— M — Msy—0
then there is an isomorphism det M — det M; @ det M,.

Proof. Let My, M, M, have ranks rq, r, 79 respectively. Since M, is projective, the above
sequence is split. Thus M = M; & M. It follows that

/T\M = /T\(Ml ® M) = E:%(/n\Ml ®7XM2)-

But if n > 7 or 7 = n > ry then we have A" M; = 0. Then det M— det M; ® det Ms. O
Lemma 7.1.6. The det M s a invertible projective module of rank 1.

Proof. Reduce to the case M = I for some fractional ideal I < A. Since [ is invertible, we
have
R=I'T=det(ReIl")=det(/®I"')=detI®detI

]

Recall that Pic(A) = CI(A) =14/P(A) and two fractional ideals I, J € 4 are isomorphic
if and only if I = (z)J for some x € K. Then

Pic(A) = {isomorphism classes of non-zero fractional ideals of A} .

Since for any finitely generated A-module M we have the structure theorem:
M;WEBIEB(@ Alp™),
and every surjective map M — [ has a section. Then we have
Pic(A)— {isomorphism classes of invertible projective A — modules} .

Finally we get a map

¢1: K°%(A) ——Pic(A) (7.1.2)
[M]+———det M

Finally, we are going to state the structure theorem for Grothendieck group K°(A). First,
we define a group structure on Z @ Pic(A) by

(a,[I])- (b, [J]) = (ab,b[I] +a[J]),  abeZ, I, Jel,.
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. thm curve

Theorem 7.1.7. The map (co,c1) : K°(A)—Z @ Pic(A) is an isomorphism.

Proof. Since for any I,J € I, we have [@J = A@ IJ, then denote by [/] the isomorphic
class of I, we have
[1]+[J]=[A]+[1J]

Define

¢ 7 —— KO(A) (7.1.3)

n+——[A"]

W+ Pic(A) —— KO(A) (7.1.4)
[]——[I]-[A]

It is easy to check that cyot) =0, cgo ¢ =1dz, ¢; 09 = Idpic(ay., c1 0 ¢ =0. Thus (¢,7) is an
inverse of (cg,c1). So we have (cg,¢;) : KY(A)—Pic(A) @ Z is an isomorphism. O

7.2 Regular projective curves

In this section, we want to construct projective regular curves from their function fields as
a coverings of projective line. Here by a curve over field we mean a scheme X over a field of
finite type dimension 1. We will assume that X is geometrically integral in the sense that
X ®, k is integral.

Let X is geometrically integral scheeme over k of dimension 1. Then it is clear that X is
integral. Let k(X)) = K = Ox¢ be the function field of X. Then it has transcendence degree
1 over k, and since X is geometrically integral, k(X3) = K ® k is still a field.

Conversely, if given a transcendence degree 1 field K over k such that K & k is still a
field, can we find a suitable curve C' such that the function field of C' is K7 Last time we
proved that for separated scheme X = SpecR of finite type over k, there is an injection

{closed points} . {non—trivial discrete k—valuation} (7.2.1)

in SpecR on K

Here a valuation on K is a k-valuation it is vanishes on £*. But we wish to find a regular

scheme X such that the points of X are in 1-1 correspondence to the discrete valuations of
K.

Example 7.2.1. Let K be a finite extension of Q and let Ok be the ring of integers. Then
1. O is a Dedekind domain.
2. the closed points in SpecOy are in 1-1 correspondence to discrete valuations of K.

Theorem 7.2.2 (Main Theorem). Let K be a transcendence degree 1 field over k such that
K ®y k is still a field. Then there exists a reqular projective curve C'[k which is unique up to
canonical isomorphism such that k(C') = K. Moreover, the following assertions hold:
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1. The correspondence in17.2.1 is injective with image consisting of all discrete valuations
with trivial restriction on k.

2. If X is a reqular curve such that k(X) = K, then there exists a unique open embedding
X = C which induces k(C) = k(X) = K.

We wish to construct a one to one corresponding
{ points of C'} — {all k-valuations v on K}. (7.2.2)

Now consider the right hand side set V' = {all valuations v on K}, define the open subsets
of V' to be the finite intersections of the sets of form {v| v(f) > 0 for some f e K*} It is easy
to check that under this construction, V' becomes a topological space. For any v € V', define

={feK |v(f)>0},

for any open subset U c V' is an open subset, define O to be the sheaf associated to the

presheaf
U~ 0OWU):=()0,.

velU
We will prove that (V, Q) forms a scheme.

Ezample 7.2.3. Let K be a finite separable extension of k£(7"), then K is transcendence degree
1 over k. The main theorem is true for k£ with P! = Projk[x,y] and T = y/:z:

ain thm curve
The ideal of proof of I/ Z.Z1s to make a finite separated morphism C R P!, where f € K.

Theorem 7.2.4. Let K be a transcendence degree 1 field over k such that K &y k is still a
field. Then there exists an element t € K which is transcendental over k such that K [k(t) is
separable extension.

Proof. We can choose t € K transcendental over k such that the inseprable degree [K :
k(t)sep] is minimal. If [K : k(t)sep] > 1, then k has positive characteristic p, and then there
exists an element « € K such that ¢’(«) = 0, where g(X) € k(¢)[X] is the minimal polynomial
of a over k(t). After clearing denominators we may assume that

g(X) = B(t, X) = Y a,;t' X7

note that ® is chosen so as to have minimal degree in X. If ® contains an nonzero term
a;;t° X7 where p + j, then % is not identically 0. So « is separable over k(t). Thus we

can supose that ®(¢, X) = (¢, XP).
Claim that W is not a polynomial in ¢7: otherwise

W(t, XP) = h(t?, XP) = h(t, X)?

for some polynomial h(t, X) € k[t, X]. Thus in k ®; K, we have a nilpotent element h(t, ),
thus ¢ is separable over k(). We have k(t)sep € k(a)sep and

[K: k(a)sep] <[K: k(t)sep]v

contradiction. ]
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Ezercise 7.2.5. Let k be a field. Let f(X,Y) € k[X,Y] be an irreducible polynomial. Then
f(X,Y) is also irreducible in k(X)[Y].

Therefore we obtain a ﬁr‘liteé Separable ﬁelid'extension k(t) = K : Note that i.f K = k(t),
then we can choose C' = P} in 72T And it saitisfies all the assertions in the main theorem.
And note that Speck[t] and Speck[1/t] are affine covers of P;.

main thm curve

Proof of 722 Let A and B be the integral closure of k[t] and k[1/t] in K, then they are
Dedekind domains. We obtain finite separated morphisms

SpecA — Speck|[t]

and
SpecB — Speck[1/t].
. . |[dedekind-extension
Let C' = SpecAUSpecB, then the morphism f: C' - P} is separated. By Theorem X271,

both A and B are Dedekind domain. Thus C' is regular.
To prove that C' is projective, we consider the diagram

S K[x]

T T

k[, y] —k(T)[]

where S is the integral closure of k[x,y] in K[x]. Since K/k(T) is separable, one can show
that S is noetherian.

Define a grading on k[z] where dega =0 if a € k, and degz = 1. Then S is a graded ring.
We claim C' is isomorphic to ProjS. In deed let

f : Proj S—P! = Proj k[, ]

be the natural projection and cover P! by affine open subsets U = Speck[T] and V =
Speck[1/T]. From the construction we know that since S[x7!]gego is the integral clo-
sure of k[T'] in K, and S[y~']4ego is the integral closure of k[1/T"] in K,. Thus we have
f7H(U) = SpecS[a7 gego and f~1(V) = SpecS[yqego. It is clear that S[z7!]geg0 = A, and
S[y_l]dego = B. Thus Proj5=C. . . [valuation-extenstion

To prove that part 1 about valuation, we use exercise [A.4.22Z. The points of SpecA
(resp. SpecB) correspond to discrete valuations v of K such that v(z) >0 (resp. v(x) <0).
Combined together, points of C' correspond to whole set of k-valuations image.

To prove the last part, from the identity k£(X) = k(C'), we have a rational morphism
f: X--~—>C. We claim that this is defined at every point of X. Let x be a point of X
corresponding to valuation v, of K. Then f actually sends x to the point in C' corresponds
to valuation v,.

]
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7.3 Grothendieck groups over curves

Now we consider the structure of K°(C') and Ky(C') for a projective nonsingular curve C
over a field k. Let n be the generic point of C' and K = O¢, the function field of X. First
we claim that K9(C) = Ko(C). In fact, if F is a coherent sheaf over C', we define

Fiors := ker(F - F @, K)

to be the torsion subsheaf of F. Equivalently, Fios(U) = {s € F(U) | s, = 0} for any open
subset U of C. Then we have a short exact sequence

0_)~7:tors_>]:_)]:/‘7:t01‘5_)0

with F/Fiors torsion-free sheaf.
Ezercise 7.3.1. The F[Fios is locally free.
Therefore [F/Fiors] € K°(C). On the other hand, the Fioy is of form
> (ia) M,

zeC
closed point

for some M, finitely generated torsion O¢ ,-module, which must be of the form @;', O¢ . /my’
since O¢,, is a discrete valuation ring. This means that [Fios] € K°(C). So [F] = [Frors) +
[F[Fiors] € K°(C).

We define the group of divisors of C

Div(C):== @ Z-z
clos:dggoint

which consists of formal Z-linear combinations of closed points of C'. For a closed point x of
C, there is a short exact sequence

0— Ia: - OC’ - (Zx)*ox - Oa

here O, is the structure sheaf of Spec(k,), Z, is a sheaf of ideals, locally generated by 7,
a uniformizer of O¢,. The Z, is also denoted by O¢(-z), which is an invertible sheaf. In
general, if D =Y n,-x is a divisor of C, then we may define the sheaf O (D) to be the
subsheaf of the sheaf K of rational functions on C' by

Oc(D)(U) :={f e K(U) | vz (f) 2 —ny for all z e U}.
Similar to Z,, For an integer n > 1, the O¢(—nz) fits into the following short exact sequence
0= Oc(-nz) > Oc = (iz)«(Oce/mz) =0,
which means that [(i,).(Oc./m2)] = [Oc] - [Oc(-nz)] in Ko(C).
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Similar to the affine case, we define
Co: KO(C) - Z,
[F] - dim(F ®, K),

and

c1: K°(C) - Pic(0),

[F] '+ det(F) := adimFenk) ()

here Pic(C) is the group of isomorphism classes of invertible sheaves on C'.
Theorem 7.3.2. The map (cy,c1) : K°(C) - Z & Pic(C) is an isomorphism of rings.

FEzercise 7.3.3. Prove it.

7.4 Riemann-Roch theorem

Still let C' be the projective nonsingular curve in the last talk. A divisor of C is called a
principal divisor if it is of form div(f) := ¥ .o v.(f) - x for some f e K*. The divisor class
group CI(C) of C is the Div(C') modulo the principal divisors. We have the isomorphism
Cl(C) = Pic(C) induced by the natural map Div(C') — {invertible sheaves on C'}, D ~
Oc(D).

If £ is an invertible sheaf on C, then we have ¢o(£) = 1 and ¢;(£) = [£]. Therefore the
preimage of (0,[L]) € Z ® Pic(C') under the map (cg,c1) is [£] - [O¢].

We define the degree map

deg : Div(C) - Z,

an-xH an'degx,

where degz := [k, : k]. It’s known that a principal divisor have degree zero, hence the degree
map factors through CI(C). If [F] e K°(C), define deg([F]) := deg(c1([F])). If [F] is of
form [F] = [O¢] - rankF + ¥, n,[Oc/m.Oc ], then we have deg([F]) = ¥, n. - deg .

Theorem 7.4.1 (Riemann-Roch). Let
x: K%C) » K°(k) = Z,
[F] +~ dimy H°(C, F) - dimy, H'(C, F).
Then x([F]) = x([Oc]) - rankF + deg([F]).
Proof. This is by the above discussion and x([O¢/7,O¢.]) = degx. O
Definition 7.4.2. The (arithmetic) genus of C is g(C') := dimy H(C,O¢).
Ezample 7.4.3. If C' =P} then ¢g(C) =0.
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7.5 Serre duality

Definition 7.5.1 (Differential form). Let A < B be rings. The set of differentials Qg4 is
a free B-module generated by “dB” modulo the following Leibniz relations: for all a,be B,

d(ab) =adb+bda, d(a+b)=da+db, dr=0ifzxeA

Now let C' be a projective regular curve as above. We define the canonical bundle Ql

on C, or called sheaf of differential forms | to be Qc/k\gpeC(A )= QA e O =U; Spec(A4; ) is
an affine open cover of C.

Definition 7.5.2. A curve C' over a field k is smooth zfQ Clk is locally free of rank one.

) main thm curve
Theorem 7.5.3. Let C be the curve as in Theorem I/.Z.Z. Then C is smooth.

main thm curve
Proof. Consider C ER P} in the theorem [TZ7Z It induces the short exact sequence

00— Q,lc(t)/k K — Q}(/k - Q}(/k(t) - 0.

Note that Q! =0, so we have Ql/ o K =0Q!

Kkt Kk = K -df. On the other hand, Qc/k is
torsion-free, hence it is locally free of rank one. O
This means that Qlc is an invertible sheaf, and X(QC/k) =1-g+deg Qc/k

Ezample 7.5.4. Let C = P;. Then we have Z = Pic(P;), n ~ [O(n)]. Now it’s easy to see
that Q%ﬂ/k ~ O(-2) and Hl(]P’1 Q]%ﬂ/k) k.

In the following we fix an isomorphism H*' (P}, QL, /k) k.

Theorem 7.5.5 (Serre duality). Let k be a field. Let C be a projective smooth curve over
k, we have dim H'(C,Q¢) = 1. Moreover any coherent sheaf F on C, we have a canonical
perfect pairing

Hom(F, Q) /k)le(C' F)— HY (C,Q! o) 2k

Sketch of proof. Step 0. Reduce to the case that F is torsion-free. In this case we have
Hom (F, Q) /k) HY(C, fV®Qlc/k)

Step 1. We prove that it holds for C' = P;. By induction we only need to prove it for
F invertible sheaf case. The invertible sheaf on Pj is of form O(n), n € Z, it’s easy to prove
that the theorem holds for it.

Step 2. Consider C' ER P} in the last talk. Then we have

HY(C,F @ Q) 2 HY(Py, fu(FY Q). HY(C,F) =z HY(By, f.F).
Apply Serre duality for P!, we are reduced to construct a perfect pairing of sheaves on P!:

f(F @ Qp,) @ f. F—>Qpl/k
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1
k(P1)/k
and trace map trycyper) @ k(C) - k(P'). To show that this induces a perfect pairing as
above, we need only work on local case: let x € C' with image y € P! with local rings B and
A respectively. Then we may assume that F, = B®. Thus we are reduce to the case where

F, = B. It remains to prove that the trace map induces a perfect pairing of A-modules:

First we define this map at the generic point of P! using identity Q}C(C)/k = k(C)Q

Qi ®4 B—Q 4.

Let s,t be a local parameter of C' and P! at z,y respectively, such that B = A[s]. Then
Qux = Adt and Qpyy, = Bds = Ddt for a fractional ideal D = B/(%) of B in k(C). Thus the
above pairing is

D ey B—A, (z,y) ~ tr(zy).

To show this pairing is perfect, it suffices to show that D is equal to the dual BY of B under
the trace pairing. Now we use two exact sequences.
The first one is

0 dp/4 = BS Qpa—0,

where 9p/4 ¢ B is the relative different of B/A, namely, the inverse of BY. To see the
exactness, let f be the minimal polynomial of o over A, then we have 0g/4 = f/'(«) - B.
On the other hand, we have an exact sequence

0_’QA/k ® 4 B—>QB/k—>QB/A—>O.
From these two exact sequence, we get an identity of two ideals of B:

0p/a = QA/k: ®a Q;/k
This identity is equivalent to the perfectness of the pairing

Qi ®4 B—Q .

Exercise 7.5.6. Fill in the details and complete the proof.
The Serre duality has the following consequences: Let C' be a smooth curve over a field
k with genus g.

e Take F =01

o We obtain

H'(C,Q%),) 2 H(C,00)"

which is of dimension 1.

e Take F = Oc we obtain
HY(C,00) = H(C, Q)"

which is of dimension g.
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e If F is torsion free, we have
dim H(C, F) = dim H°(C, F¥ ® we) = (1 - g)rankF + deg F,
dim H(C, F ® we) - dim H°(C, F) = (1 - g)rank(F” @ we) + deg(FY @ we).

Therefore take F = Qlc n in Riemann-Roch theorem we obtain
deg Qlc/k =2g-2.
Applications of Serre’s Duality

The first application of serre’s duality is Hurwitz genus formula.
Let f: X — Y be a finite morphism between smooth projective curves over k. Denote
the function field of X by K(X). Then f induced an injection of function fields fixing k:

e K(Y)— K(X).

t———tof

Theorem 7.5.7. Let f : X - Y be a non-constant map between smooth projective curves
over k, then K(X) is a finite field extension of K(Y').

Proof. Si ce S)g disrsomé)roth, then X is regular, f(X) must be closed in Y and proper over
Speck by EI.ZI. T3 And since f(X) is irreducible, Thus if f(X) =Y since f is non-constant.
Now f induced an inclusion K(Y) c K(X). Since K(X), K(Y) are of transcendence
degree 1 over k, K(X) must be a finite algebraic extension of K(Y'). We only need to show
that f is a finite morphism. Let SpecB c Y be an OpeR &:@lne subset..ghet A be the integral

. . . nd-extensi . .
closure of B in K(X). Then A is a finite B-module by [A"Z.ZT, consider the following diagram

B———=A

L

K(Y)—K(X)

We have SpecA = f~1(SpecB), thus f is a finite morphism. O

Definition 7.5.8. Let f: X = Y be a finite morphism of curves over k. Define the degree
of f, denoted deg f, to be the degree of field extension [K(X) : K(Y)]. If f is a constant
map, then definte deg f = 0.

If the field extension K(X)/f*K(Y) is separable or has other field extension properties,
then we also say that f is separable or has other field extension properties.

Definition 7.5.9. Let f : X =Y be a finite morphism of smooth curves. Let Q) € Y be a
closed point and suppose that t € K(Y') has order 1 at Q. (i.e ordg(t) =1 where ordg is the

valuation corresponding to the discrete valuation ring Og.), and we call t the local parameter
at Q). We define the ramification index of f at P, denoted ef(P), to be

er(P) =ordp(t).
Note that e;(P) > 1. We say f is unramified at P if e;(P) =1, say f is unramified if it is
unramified at all points of X; we say f is tamely ramified at P if char(k) + ef(P).
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Remark 7.5.10. Note that f*(Q) is independent of the choice of ¢t. Indeed, if ¢ € K(Y) also
has order 1 in @, then suppose that ¢’ = ut, where u is an unit. For any point P € f~1(Q),
since u is also a unit in K(X), so ord,(t) = ordp(t’).

Corollary 7.5.11. Suppose that f(P)=@Q. Lettp e K(X), tg € K(Y) such that ordp(tp) =
1 and ordg(tg) = 1. A direct calculation shows that

dt
ordp (ﬁ) >er(P) -1,

and if x is tamely ramified, then “=” holds.

Exercise 7.5.12. Let f: X — Y be a finite morphism of smooth curves. Show that for every
Q € Y7 degf = ZPef—l(Q) ef(P)

Definition 7.5.13. Let f : X - Y be a finite morphism of smooth curves. Then f also
induces a map on the divisor groups as follows:

£ Div(Y) Div(X)
(Q) ZPef‘l(Q) €f(P) -P
Note that f is a finite morphism then f* is well-defined.

Ezercise 7.5.14. Show that f* preserves linear equivalence of divisors, so it induces a homo-
morphism f*: L(Y) - L(X).

FEzercise 7.5.15. Show that for any divisor D € Div(Y'), we have deg f*D = deg f - deg D.

In the following we denote the local parameter at a point P by tp.

Proposition 7.5.16. Let f : X — Y be a finite separable morphism between smooth projective
curves over k. Then we have the induced map

f*:Div(Y) - Div(X)
and the exact sequence:
Oef*Q;/keﬁk/ker/Y—ﬂ). (7.5.1)

Remark 7.5.17. Note that for any P € X and () € Y, we have dtg is a generator of the free
Og-module (Q%//k)Q and dtp is a generator of the free Op-module (Qﬁc/k)p. then there is a
unique element u € Op such that f*dtg =u-dtp.

Proposition 7.5.18. Let f : X = Y be a finite separable morphism between smooth projective
curves over k. Then

1. The sheaf Qi(/y is a torsion sheaf on X with support equal to the set of ramification

points of f.
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2. The sheaf Q. . is a finite Ox-module and

X/Y
dt
cl(Qﬁ(/Y) = > ord, (ﬂ) - P.
PeX dip
note that for each P € X, the stalk (Qﬁ(/y)p 1s a principle Pp-module of length c“dft—(:).

Proof. 1. Since Q3. Omegal,, are locally free of rank 1, then from the exact sequence
diff "exact seq ; / . / .

[F5.T we have (2} sy 18 torsion sheaf. Now we need to prove that for all P € X such that f is
unramified at P, (Qﬁ(/y)p = 0. Suppose that ef(P) =1, we have tp = t(py, then f*dt f(P))

IiCPigféc:*f,erlel"atggqof (Qx/x)p, thus (Qk/y)p =0. 2. Let @ = f(P), then from the exact sequence
I

exact
.1 we have an exact sequence on stalks, which implies

(Qﬁc/y)P = (Qif/k)P/f*(Q;/k)Q;)OP/dtQ/dtp'
O

From the exact sequence above we have deg Qk/k = deg Q;/k -deg f + deg Qﬁ(/y, that is,

Theorem 7.5.19 (Hurwitz Formula).

29(X)-2=(29(Y)-2)-deg f+ > ord, (dﬂ) -deg P.

PeX dip

The Riemann-Roch theorem allows us to do the classification of curves.

For example, if C'is a curve of genus 0 with C'(k) = {points on C whose values are in k} #
@, fix a point p € C'(k) and take line bundle £ = O¢(p), then dimy, H°(C, L) = 2. The global
sections of £ allows us to construct an isomorphism C = P;. In general, if C' is a curve of
genus 0, then we can take £ = (Qlc/k)‘l, it allows us to find a closed embedding of C' into IP%.

Remark 7.5.20. If C is a smooth projective curve of genus g, £ is an invertible sheaf on C'.
If degL >2g -1, then H'(C,£) =0 and dimy H°(C,L) =1-g+degL. If degL > 2¢g then
it is generated by global sections. If degL > 2g + 1 then it is “very ample”, i.e. gives an
embedding of C' into a projective space.

8 Grothendieck—Riemann—Roch Theorem

As a generalization, we define the divisors on schemes whose dimension is higher than 1.

Definition 8.0.1. We say a scheme X 1is regqular in codimension 1 if every 1-dimensional
local Ting of X is reqular local ring.
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Definition 8.0.2 (Weil divisor). Let X be a noetherian integral separated scheme which is
reqular in codimension 1. We call a subscheme Y c X the prime divisor if Y is a closed
integral subscheme of codimension 1. We define the Weil divisor on X to be the finite free
sum of prime divisors

D= Z?’LyY,
Y

where ny are integers. If ny are all positive then we call D effective. We define the divisor
group of X, denoted by Div(X) to be the free abelian group generated by the prime divisors.

Let X be any scheme. For each open subset U c X, let S(U) denote the elements that
are not zero divisors in ['(U,Ox). Let K(U) denote the localization of I'(U,Ox) by the
multiplication system S(U). Then let K be the sheaf associated to the presheaf U » K (U).
So we have an exact sequence

00—y — K —K* /O —0.

Definition 8.0.3. A Cartier divisor on a scheme X is a global section of the sheaf K*[O%.
We say a Cartier divisor is principle if it is in the image of the natural map

D(X, ) —T (X, K*|O%).

8.1 Preliminaries

rteg'gs section we are going to introduce Grothendieck-Riemann-Roch theorem. Reference:
e following a scheme is always Noetherian, separated, finite type over a field k£ or

Z.
Theorem 8.1.1. Let X be a Noetherian separated reqular scheme. Then K°(X) = Ko(X).
Recall that a scheme is regular if for any x € X we have dimy, m,/m2 = dim Ox .

Proof. Let X =U; U; be a cover of X by finitely many affine open subsets. We may assume
that for each i, the X \ U; is a union of codimension one integral subschemes ( “effect Cartier
divisor” D;). Let F be a coherent sheaf on X. We only need to find a finite length resolution
of F by locally free coherent sheaves.

Let U; = Spec(A;) and let F|y, = M; for some finitely generated A;module M;. Let
{mi;}i2, be a set of generators of M;. Wﬁ n@%mwrlte U; = X, the non-zero locus of s; for some
Si € F(X Ox(D;)). Then by Lemma E%Wmay find a (common) ¢; > 0 such that s‘m;;
extends to a section of F ® Ox(¢;D;) for any 1 < j < n;. Therefore we defined a morphlsm
Ox (¢;D;)®" — F which is surjective on U;. Hence we can define & := @; Ox (¢;D;)®™ with
surjection & — F. Repeat this process on its kernel, we obtain a resolution of F by locally
free coherent sheaves

—>(€2—>51—>50—>.7:—>0

A theorem in commutative algebra tells us that ker(&,-; — &,-2) is a locally free sheaf,
here n = dim X. Hence we can find a finite length resolution of F by locally free coherent
sheaves. [
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roj bundle

Recall that if A is a ring, let M be an A-module. The tensor algebra of M, denoted
T(M) =52, T*(M), is defined to be the algebra of tensors on M with multiplication being
the tensor product.

Definition 8.1.2. Let A be a ring and M an A-module. We define the symmetric algebra
Sym* (M) = @aso Sym?(M) to be the quotient of T(M) by the two-sided ideal generated by
all expressions t @y -y x, for all z,y e M.

Remark 8.1.3. If M is a free A-module of rank r, then Sym* (M) = A[xq, -, x,].

Definition 8.1.4. Let X be a scheme and F be a sheaf of Ox modules. We define the
tensor algebra, symmetric algebra, and exterior algebra of F by taking the sheaves associated
to the presheaf, which to each open set U assigns the corresponding tensor operation applied
to F(U) as an Ox(U)-module. The results are Ox-algebras, and their components in each
degree are Ox-modules.

Exercise 8.1.5. Let X be a noetherian scheme and £ be a locally free sheaf on X. Then
the symmetric algebra Sym* (&) is a quasi-coherent sheaf of Oy-modules which has a graded
Ox-algebra structure. And Sym*(€) is locally generated by Sym'(€) as an Ox-algebra.

Definition 8.1.6. Let £ be a locally free coherent sheaf of rank n+1 on a noetherian scheme
X. Let Sym*E = @uso Sym®E be the sheaf of symmetric algebra of £, which is a sheaf of
graded Ox-algebras on X. Then define the projective space bundle P(&) to be the projective
space Proj (Sym*E) with a morphism

m:P(€) > X

and an invertible sheaf O(1).
In other words, if X =U; U; is an affine open cover, U; = Spec(A;), define

Proj (Sym™(&)(U;)) - U

(note that Sym™*(E)(U;) is a graded ring with subring of degree 0 equals A;), and glue them
together. For each i € 7 there is a sheaf Ops)(i) on it, defined by the glueing of O(i) on
each Proj (Sym*(€)(U;)).
Remark 8.1.7. If &€ is locally free of rank n + 1 over an open subset U, then 7~1(U) = P},.
Remark 8.1.8. P(€) is the moduli space of quotient line bundles of £.
Theorem 8.1.9. We have

(i) m[Ope)(1)] = [Sym*€] fori >0,

(i) 7 [Ope)(i)] =0 for -1 -n<i<Q0.
Exercise 8.1.10. Prove it.

Exercise 8.1.11. Can you calculate m,[Op(g)(2)] for i < -1 -n? You may need to study
relative Serre duality.
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of K group| Theorem 8.1.12. Let X be a Noetherian scheme.
(1) Let i:Y < X be a closed subscheme, U := X \Y, j:U < X be an open subscheme,
then

Ko(Y) 5 Ko(X) L5 Ko(U) » 0

15 exact.
(2) Let m : Y - X be an affine bundle (i.e. locally of form Spec(A[Xy,-, X,]) —
Spec(A)), then
T Ko(X) = Ko(Y)

18 an isomorphism.
(3) Let P =P(£) 5 X be a projective bundle with rankE = n + 1, then

B Ko(X) > Ko(P).

1=0

([FDio = 2[0p()] - 7" [F]
i=0
18 an isomorphism.

Sketch of proof. (1) j* is §urjective: ofe icglmz}&;a cohereni? sheaf on U can be ex %%?Lgelp?e
coherent sheaf on X by using Lemma ﬁ%.b 5=For the details, see first few pages of [Z].

Im(i,) c ker(j*): trivial.

ker(j*) c Im(i,): if F is a coherent sheaf on X such that j*[F] =0, i.e. [F|y] =0, then
Fu is a finite sum of short exact sequen esloflsehm?naaves on U, each of them can be extended
to coherent sheaf on X by using Lemma S5 Mote precisely, we can find coherent sheaves
&, Fi,G; on X with injective morphisms & < F; and surjective morphisms F; - G;, such
that [F] = X;([Fi] - [&]-[G:]) and such that 0 — &|y - Fily = Gily = 0 is exact. Then we
have [F;] - [&] - [Gi] = [ker(F; = G;)/Im(E; - F;)] € Im(iy).

(2) We prove 7 is surjective. By (1) and diagram chasing, we may assume X is affine
and Y = A%. By induction, we may assume n = 1. By intersect all open subsets, we may
assume X = Spec(A) for A Artinian. Then A =[], Ox,, for n runs over generic points of X.
Hence Ko(Y') =TI, KO(A}%) = Z[7. Ospec(i,) | 1 € X].

The injectivity of 7* is easy when X = Spec(k) for a field & and Y = A?. In the general
case, it is a consequence of (3).

(3) Surjectivity: similar to (2) we may assume X = Spec(k) for a field k and P = P}.

Induction on n. Note that j : AP - P? is an open subscheme, with Py~ A7 = Pp! & Pz,

hence by (1) we have

Ko(Bi) = Ko(Py) = Ko(A7) - 0.
We have Ky(A}) = Ko(k) = Z, and by the surjectivity of (2),

Ko(PZ) = i*K()(PZ_l) + W*Ko(k).
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By induction hypothesis,
n—1
Ko(Py™) = X Z- Opna(d),
d=0

note that Opp-1(d) = i.O0pp(d), and 0 — Opp(-1) > Opp — ©.O0pp1r > 0 with ,Opp-1 =
1:1*Opr, we have

n—1 n—-1
L Ko(Pp ) = Y Z-ii* Opy(d) = . Z- Opy (d + 1),
d=0 d=0

Injectivity if ([FiDr, are not all zero such that Y7 ([Op(i)] - 7*[F;] = 0, let j be the

maxh %lglvn‘% 8L sucél that [F;] # 0, taking 7. (-®Op(-j)) of this element, utilizing Theorem
BLT wo may Shtam a contradlctlon O

Corollary 8.1.13. Let n be a positive integer. Then Ko(P") is generated by the classes of
line bundles [O(d)].

8.2 Chow group

Let X be a Noetherian scheme of pure dimension n. For an integer p > 0 let Z,(X) be the
free abelian group generated by all closed integral subscheme Y of X of dimension p. Let

Z.(X) = Z,(X).

p=>0
Note that such Y is determined by its generic point, hence Z,(X) is also the free abelian
group generated by all the points of X. An element of Z,(X) is called a cycle in X; and
element of Z,(X) is called a p-cycle in X.
If Y is a closed subscheme of X, with Y = |J;Y; the irreducible components, let Y; ;cq ¢ Y;
be the maximal reduced part of Y;, then Y, 4 is a closed integral subscheme of X. Let 7,

be the generic point of Y;, then Oy, ,, is an Artinian local ring with residue field £(»;), and
that the length legnthy, Oy, ,, is finite. We define the class of Y in Z.(X) to be

Zlegnthk Oy, i * [Yired]-

If Y is a closed integral subscheme of X, let n be the generic point of Y, then the function
field of Y is k(Y') = Oy, = k(n). For a non-zero rational function f € k(Y)*, define

div(f) := 3 ordz(f)-[Z],

ZcY closed integral
subscheme of codimension 1

where for f € Oy,,,~{0} (note that Oy, is of dimension 1), define ordz(f) := legnthy, Oy, /(f).

Ezercise 8.2.1. The definition of ordz can be extended to non-zero elements of the function
field k(YY) = Frac(Oy,,,), and which is well-defined.
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Definition 8.2.2. Let Z1(X) c Z,(X) be the subgroup generated by all such div(f). The
elements of it are called “rational equivalent to zero”. Define the Chow group

Ch.(X) = Z.(X)/Z.(X).

Remark 8.2.3. Let X be a scheme of dimension n. For integer p < n, the Chow group of
index p is defined by :
Chy(X) := Z,(X)/ Z,(X)

and Z/(X) ¢ Z,(X) is the subgroup generated by div(f), where 0 # f is in the function field
of arbitrary closed subscheme Y’ c X of dimension p— 1.

Ezample 8.2.4. If X is a variety of dimension n, the Chow group Ch,,_1(X) = Div(X). When
X is smooth over a field k, this is isomorphic to Pic(X).

Remark 8.2.5. If f: X - Y is a proper morphism, for [Z] € Ch,(X), then we can define
f+:Ch,(X) - Ch,(Y) by

£17] - {0, it dim f(Z) < dim Z,
TN R2) s R(F(2)] - [f(2)], i dim f(Z) = dim Z.

If f is a flat morphism, i.e. for any = € X, the local ring Ox, is flat over the local ring

Oy, f(z)- Then we can define f*: Ch,(Y) - Ch.(X) by
121=11(2))

If X is regular then we have intersection theory on Ch,(X).

8.3 Chern class for line bundle

Let £ be a line bundle on X. Let Z & X be a closed integral subscheme of X, and denote
the generic point of Z by 7. Assume that ¢ is any non-zero rational section of i*L, . If the
dimension of Z is p, then by trivilization div(¢) — Z has dimension p— 1. So we get a map

ZP(X)—)ZP*I(X)

which preserves Z;(X)—Z] ;(X). Then for each p, we can define the first Chern chass to
be a map

(L) Chy(X) —= Ch, (X)), (8.3.1)
[Z]——[div({)]

The Chern class has the following properties:

e Projection formula: if f : X — Y is proper, £ is a line bundle on Y, then for « € Ch, (X)),

filar(f L) (a)) = cr(L)(f(@)).
Note that here f, is the map Ch(X) - Ch(Y).
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o If £ and L’ are line bundles on X, then

c1(L)ocr(L) =c1(L)ocr(L).

. .. prop of K group
The Chow group has the properties similar to Kq-group (Theorem B T.1Z):

Theorem 8.3.1. Let X be a Noetherian scheme.
(1) Let i : Y - X be a closed subscheme, U := X \Y, j:U < X be an open subscheme,
then } .
Ch,(Y) % Ch,(X) 5 Ch,(U) - 0

18 exact.

(2) Let m : Y - X be an affine bundle of relative dimension n, then for each p, 7* :
Ch,(X) = Chy.n(Y) is an isomorphism.

(3) Let P =P(£) 5 X be a projective bundle with rankE = n + 1, then

Gn}Ch*(X) = Ch,(P),
(00)y gcl(opm)@'(w*(ai))

18 an isomorphism.

Proof. (1) Obvious.

(2) We first prove that 7* is surjective. Let U — X be an affine open subset and Z = X -U
the closed subscheme of X. By (1) we need only to prove the assertion for YU — U and
Y NZ - Z. By induction on dim X we may assume that X is affine and Y = X x A". By
induction on n we may assume that n =1 and Y is a trivial line bundle over X. Let Y’ &Y
be a closed integral subscheme. We want to prove that Y’ is rationally equivalent to m,(«)
for some cycle a in X, assume that the closure of 7(Y"’) is X. Let n be a generic point of
X and Y, the generic fibre of Y over . Then Y, = Y’ x Y, is a divisor of Y, it must be
equivalent to 0. We can extend Y, to a cycle 8 in Y which is equivalent to 0. Now the
closure of the image of support of 7(Y” - () is a proper subscheme of X.

The injectivity will follow from (3).

(3) First we prove this map is surjective. By (1) and induction on dim X we may assume
that Y is affine and & is trivial. So we have a projective subbundle 7 : P/ - P if rank n -1
such that P — P’ is an affine bundle over X. The assertion follows from (2) and the fact

¢1(0(1))Ch.(P) ¢ i (Ch. (P")).

The injectivity follows from the fact that for a € Ch,(X), 7(c1(O(1))"n*(a)) = a and
T (c1(O(1))im*(a)) =0 for 0 < i < n. We may assume that o = [X] and X is a point. The
assertion follows from the fact that ¢;(O(1))"[P] is represented by any section of P over
X. O
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8.4 Chern classes for a vector bundle

Let £ be a vector bundle on a noetherian scheme X of rank n + 1, and
P(E) S X
the corresponding projective bundle of relative dimension n, endowed with
O(1) = Ope)(1).

Recall that there is an isomorphism
@ Ch.(X) - Ch.(P),
i=0
(ai)ig = Y c1(Op(1)) (77 (n))
i=0

Then we have

Ch*(IP’(S))—Ué%cl((D(l))i(w*Ch*(X)).

Hence for an element o € Ch, (X)), we have
c1(0(1))" (7 (a)) = 2(—1)i01(0(1))”i(ﬂ*(am))

for unique oy, -+, apy1 € Ch,(X).
Definition 8.4.1. For each p and 1 <i<n+1, we define the map
() : Chy(X) — Chy 4 (X)

by a— «;, and define

(E)[t] = £ + D (~1)" e, (€)™ € End(Ch (X))[¢].

1=0

We have c(E)[c1(O(1))] = 0, namely, c¢(E)[t] is the characteristic polynomial of ¢1(O(1))
acting on Ch,(P(£)).

Definition 8.4.2. Let £ be a vector bundle on a noetherian scheme X of rank n+1. We
can define the flag variety Flag(E) which classifies the filtrations of €

0=¢,c&,1cc&cé=E&
such that &;/&;+1 are line bundles.

Remark 8.4.3. The flag variety is constructed by the following way:
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1. First construct the projective bundle P(&) 5 X, then there is a surjective morphism

of sheaves
’/T*g —>> Op(g)(l)

on P(€), whose kernel is a vector bundle & of rank n, then we get a projective space

P(51)§

2. repeat this process on its kernel, then the rank of the bundle decreases, finally we
obtain

Flag(&) » - = P(&) - P(&) - X.
Note that Flag(€) — X is a flat morphism.

bundle ch2| Theorem 8.4.4. Let £ be a vector bundle on a noetherian scheme X. If
0=¢,c&,.1ccé&=¢&

is a filtration of € such that &/, is line bundle for every i, then

()] - ’ij(a(&/sﬂn[tb _ H(t Ca(EJEn)).

Proof. The above equation is equivalent to
n—-1
[1(c(&/6)* P @ 0O(1)) = 0.
i=0

We prove this equiation by induction on n.
Consider the map ¢ : "1 - O(1), for any cycle o in P =P(E/E,-1),
c1(0(1) ® (£0-1)°C) ()

represents an element 4 in Ch,(P). By induction we have

ﬁ(c(&/&‘u)@(_l) ®0(1))(a) = ﬁ(c(&/&ﬂ)w—n & O(1))lp(8) = 0.

O

bundle chl| Corollary 8.4.5. If0 - & — & — & — 0 is a short exact sequence of vector bundles on X,
then

c(&2)[t] = c(&1)[t] - c(&s)[t].

Proof. Let £ be a vector bundle of rank n + 1 on a noetherian scheme X, the construction
of flag variety implies that 7*& to Flag(€) has universal filtration. If we have a short exact

sequence
0'9'81—965'9'83—*0,
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we consider the flat morphism
f : Flag(&,) x Flag(&) - X,

which induces

f*: Ch,(X) = Ch, (Flag(€,) x Flag(&s)),

then the pullback of & and &3 have filtrations, hence the pullback of & also have filtration.
This technique is called “splitting principle”. O

Remark 8.4.6. Let X be a noetherian scheme over a field k. From the above theorem we
know that ¢ is a group homomorphism from K°(X) to End(Ch(X))[t] by € = ¢(&E)[t].

Remark 8.4.7. In particular, using the splitting principle to reduce to the case that the
bundles have complete filtrations. So in K(X), & = @I, L; is a direct sum of line bundles,
then ¢(E)[t] = [Tiv, (t — ¢1(£;)), hence by simple calculation

ca@) =Y JlalL).

1<i1<<ig<n j=1

8.5 Chern character

Let X be a regular scheme. We define the chern class as a ring homomorphism
ch: K°(X) - End(Ch,(X)) ® Q,
which is contravariant in X, such that if £ has a filtration
0=E,c&,1cc&=E

of line bundles,

[ay

n—

(€)= Y expler(E:/Em)) = 2% a(L)!

1=0

i=
with coefficients in Q.

Note that the right hand side is symmetric in 4, hence the chern class ch() can be
expressed by ¢4(€) for d > 1.

Theorem 8.5.1. If X is reqular and is of finite type over a field or Z, then there is an
1somorphism

K°(X)®Q = Ch,(X) & Q,
[F] = ch([FDAXT).-
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GRR

8.6 Todd class

Let £ be a vector bundle on a noetherian regular scheme X such that [£] = Y7 [£;] in
KO9(X). We define the Todd class to be the map

Td: K°(X) - End(Ch.(X)) ® Q,
n Cl(ﬁi)
€]~ g 1 -exp(-ci1(Ly))’

Remark 8.6.1. Note that if let = ¢;(L£;) we have

T 1 > Bk
=1+= -1 k-1 2k
1-e= +2x+,;1( et

where Bj, is the Bernoulli number.

Remark 8.6.2. If we have an exact sequence 0 - & - & — £3 — 0, then

TA(&) = TA(E)TA(E).

8.7 Grothendieck-Riemann-Roch theorem

In this section we will state the Grothendieck -Riemann-Roch theorem(namely GRR), and
then reduce GRR to the case for projective space. Finally we finish the proof for general
cases.

Definition 8.7.1. Let f: X =Y be a flat morphism of schemes of finite type over k. Then
we have a Ox-module Qx vy of relative differentials. We say f is a smooth morphism if Qx y
18 locally free of rank dim X —dimY’ .

Definition 8.7.2. Let f: X - Y be a morphism of schemes. We define the relative tangent
bundle to be the dual space of the relative differential form, namely

Tx/y = (Qk/y)v

Proposition 8.7.3. If both of X and Y are regqular varieties over a field k, let f : X =Y
be a smooth morphism, then there is an exact sequence

00— Tx/y g TX g f*Ty - 0. (871)

Note that
’Hom(TX/y, Ox) = Qx/y.

Now we state the Grothendieck-Riemann-Roch theorem:

Theorem 8.7.4 (Grothendieck-Riemann-Roch). Let f: X - Y be a smooth projective mor-
phism of reqular schemes. We have induced map f,: Ch,(X)®Q — Ch(Y)® Q. Then for
any a € K°(X),

fe(ch(@)Td(Tx)yv)) = ch(fi(e)).
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Example 8.7.5. Let X be a smooth projective curve over a field k. Let £ be a vector bundle
on X. Suppose that f: X - Y =Spec(k) is a smooth morphism. Then we have

ch(&) =rank€ + ¢, (&)

since
c(L£)=0 for i > 1, £ is line bundle
and
Td(Tx/y) =1+ Cl(Tx/y)/2 =1- Cl(Qﬁ(/k)/Q

Hence by applying Hurwitz formula

fo(ch(E)TA(Txyy)) = fu([ranke +ci(E)]- [1-er(Qyp)/2]) (8.7.2)
__rankE e nl o +deg€ (8.7.3)
= (1-g(X))rank€ + degé, (8.7.4)

we can calculate the chow group of a point:

Ch, (Speck) = Chy(Speck) = Z[Speck]—Z.
Then on the left hand side we have

ch(f.€) =dimy, H*(X, €) - dim;, H' (X, ),

which recovers Riemann-Roch theorem on curves.

Remark 8.7.6. From the exact sequence %fa%%ve
Td(Tx) = f*Td(Ty) - Td(Tx )y ),
therefore the Grothendieck-Riemann-Roch theorem can be rewritten as
filch(a)Td(Tx)) = ch(f.a) - Td(Ty),

which is more symmetric and is Grothendieck’s original formulation. This also means the
following diagram commutes:

K9%(X) ®Q -~ Ch,(X) QX Ch, (X) © Q

| |

Td(Ty)

KO(Y)®Q—2> Ch,(Y) ® Q —=Ch,(Y) ® Q.

Remark 8.7.7. When X is a smooth projective variety over k and Y = Spec(k), this is
Hirzebruch-Riemann-Roch theorem.
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Lemma 8.7.8. Given f: X -Y and g:Y — Z smooth morphism between reqular schemes,
if Grothendieck-Riemann-Roch theorem holds for f and g, then it also holds for go f.

Proof. Since
fi(ch()Td(Tx)) = ch(fear) - Td(Ty),

then apply GRR for g on this equation again we get

g« fo(ch(a)Td(Tx)) = ch(g. fi (@) - Td(T%).
Since (go f). = g« f+, hence we have GRR for go f. ]

GRR
Now we introduce important techniques to prove the theorem 18_74

GRR for projective line bundles

Theorem 8.7.9. Let X be a regular noetherian scheme over a field k. Let £ be a vector

bundle on X of rank 2. Then GRR is valid for f: X =P(£) > Y.

prop of K group .
Proof. by theorem B.T.TZ we have Ky(X) ® Q is generated by Ox and O(-1) as a module

over Ko(Y) ® Q. We have f,Px = Oy, and all other higher direct image vanish. Note that

in K(X), &=Ly Ly is a direct sum of line bundles.
Let h=c1(O(1)) - 2¢1(€). Since we have the exact sequence

0—>OX—>5V®O(1)—>T)(/Y_>0

and ¢1(€) = ¢1(L1) + c1(L2), by simple calculation we get TX/Y = det(£)~' ® O(2) and
Cl(Tx/y) = 2h. Since

h -h
-2 1-¢2’

2h
Td(Tx/y) = 1——6_2h =1+ h+even powers of h.

=

SO

Since h? = c2(&) + 1¢1(€)?, so f.h?" = 0 for any non-negative integer n and f.h = 1. Then
finally
f*(Td(TX/Y)) =1
Since HL_% contains only even powers of h, we have
f[(O(-1))] = 0= f.(Ch(O(-1)) - Td(Txy).
O

GRR
Idea of proof of Theorem |8_74 Utilizing normal cone construction, we can reduce it to the
case that X = P(€) with £ a vector bundle on Y of rank 2, hence f: X - Y is of relative

dimension 1. In this case we have the isomorphisms induced by the projective bundle X > Y
K°(X)—K°(Y) + K°(Y)[O(-1)],
Ch,(X)——=Ch,(Y) + ¢ (O(~1))Ch,(Y).
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The X is the moduli space of quotient bundles of £ of rank 1, and the tangent space T'x/y
classifies the deformation of 0 - & - & - £/& — 0. We have

0— OX - f*gv(l) - Tx/y - 0,

hence
Tx/y = (f* det 8)\/(2)

Now the Grothendieck-Riemann-Roch theorem can be checked in this case by explicit com-
putation. ]

A Appendix

A.1 Category theory

First we review some basic in category theory.

A category C contains a collection of objects Ob(C) and a set of morphisms Hom (X, Y") for
every pair of objects (X,Y) of C, and it has two basic properties: the ability to compose the
morphisms associatively, and the existence of an identity arrow for each object. A morphism
f:X - Y in C is called an isomorphism if there exsits a morphism ¢ : ¥ - X such that
gf =1dx and fg = Idy. The morphism ¢ is unique and is called the inverse of f, denoted

by f1.
Example A.1.1. Here are two basic examples:

1. Set: the category of sets. The objects are sets, and morphisms are maps between sets.

2. Ab: the category of abelian groups. The objects are abelian groups, and morphisms
are homomorphisms between abelian groups.

Given two category C and D, we can define the product category C x D in the obvious
way, and a category Fun(C, D) of follows.
A functor F:C—D is a pair of assignments on objects

Ob(C)—Ob(D), X~ F(X)eObD
and on sets of morphisms Fx y for two objects X,Y of C:
Fry s Hom(X,V)—Hom(F(X), F(Y)),  fr F(f)
such that for three objects X,Y, Z of C
1. F(idx) = idz(x) for every object X in C,
2. F(go f)=F(g)oF(f) for all morphisms f: X =Y and g:Y - Z in C
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The functor F is called faithful (vesp.full, resp. fully faithful) , it Fx y are all injective (resp.
surjective, resp. bijective).

For two functors F,G from C to D, a natural transformation T'(X) € Hom(F(X),G(X))
is collection for objects X in C so that the following diagram is commutative for any ¢ €
Hom(X,Y') of two objects in C:

F(x) L g(x)

lf(so) Jg(so)
F(Y) 2 g(Y)

All natural transforms from F and G form a set Hom(F,G).

All functors from C to D form a category Fun(C, D) with homomorohisms given by natural
transformations.

If € is a third category, then we can define the composition of functors

o:Fun(D, &) x Fun(C,D)—Fun(D,€) : GxFrGoF

in an obvious way. A functor F € Fun(C,D) is called an equivalence functor if there is a
functor G € Hom(D,C) such that the compositions

GoF e Fun(C,C), FogGeFun(D,D)

are isomorphic to the identity functors on C and D respectively. The F and G are inverse to
each other.

The opposite category of a category C, denoted by C is defined by Ob(C) = Ob(C)
and Homeop (X,Y) = Home (Y, X). A cotravariant functor from category C to D is a functor
Co? - D.

A.2 Homological algebra
Abelian category

By an additive category , we mean a category C with the following properties:

1. For X,Y € Ob(X), Hom(X,Y') has an abelian group structure such that the composi-
tion law is bilinear.

2. There is a zero object O in C such that both Hom(X,0) and Hom(0, X') are both zero
group.

3. For any two object XY, we have a direct sum X @Y with projections and embeddings
px eHom(X @Y, X), pyeHom(XaVY,Y)
which induces an isomorphism of abelian groups for any Z € ObC:

Hom(Z, X @Y) =Hom(Z,X) ®Hom(Z,Y): o+ (px oY,py o).
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ral closed

A functor F : C—D between two additive categories is called an additive functor , if it
preserve the zero element, fiinite direct sums, and such that for any X,Y € Ob(C), the map

Fxy : Hom(X,Y)—Hom(F(X),F(Y))

is a group homomorphism.

An additive category C is called an abelian category if for any morphism f : X—Y
between objects X and Y, there are kernel, kernel, and images as follows.

By the kernel of f, we mean a morphism « : Ker(f)—X such that for any object Z of
C the induced morphism Hom(Z, Ker(f))—Hom(Z, X) is the kernel of the homomorphism
of Hom(Z, X)—Hom(Z,Y") of abelian groups.

By the cokernel of f, we mean a morphism [ : Y —scoker(f) such that for any object Z
of C, Hom(coker(f), Z)—Hom(Y, Z) is the kernel of Hom(Y, Z)—Hom(X, 7).

If both kernel and cokernel exits, then there is unique morphism

7 : coker(a)— ker ()
such that f is the composition
X —>scoker(a)— ker(3)—Y.

An additive category C is called abelian categpry, if the following two conditions hold:

1. for any morphism f: X—Y, the kernel « : ker(f)— X and cokernel 5 : Y —coker( f)
exit.

2. the induced morphism ~ is an isomorphism.

The ker(/3) is called the image of f.

FExample A.2.1. Let Vectr be the category of R-vector spaces, and let Vi, V5 be two objects
inside it. Then Homg(V, V3) is the group of R-linear maps from V; to V5 as we have studied
in linear algebra. Moreover, one can see that

Homg (R, R™) = M, (R) (A2.1)

A.3 Commutative algebra
Integral dependence

Theorem A.3.1. [Finiteness of Integral Closure] Let k be a field. Let A be an integral
domain which is finitely generated k-algebra. Let L be a finite algebraic extension of the
fractional field of A. Then the integral closure A of A in L is a finitely generated A-module,
and is also a finitely generated k-algebra.

Proof. Zariski-Samuel [1, vol. 1, Ch. V., Thm. 9, p. 267.] ]
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Preliminary field theory

Definition A.3.2. Let k be a field. A polynomial f(x) € k[x] is called separable if it has no
multiple root. In other words, it is coprime to its formal derivative f'(x).

Definition A.3.3. Let k be a field. An algebraic extension L 2 k is called separable if for
every x € L, the minimal polynomial f(X) € k[ X] of x is separable. Otherwise, it is said to
be inseparable. It is called purely inseparable if f(X) has only one distinct root on k

Remark A.3.4. By definition, it is easy to see that the following are equivalent:
(1) L/k is purely inseparable.
(2) If x € L is separable over k, then x € k.

(3) Suppose that k has characteristic p, where p is a prime. Then the minimal polynomial
f(X) of any element « € L has the form X?" —q for some positive integer n and a € k.

Ezample A.3.5. The extension F,(x) - F,(z'/P) is purely inseparable.
FEzercise A.3.6. If L/k is finite separable field extension of degree n, then L ® k=%

Proposition A.3.7. Separability is stable under base change.

Definition A.3.8. Let k be a field and k an algebraic closure of k. The separable closure k,
of k is defined by B
kg = {:c ek | x 18 separable over k}

Lemma A.3.9. Let L]k be an algebraic field extension. Then there is a unique intermediate
field

ksep = {x € L | x is separable over k}

such that ke, ts separable over k and L purely inseparable over kgep.

From the lemma we know that an arbitrary algebraic extension L/k can be decoposed
into a separable extension followed by a purely inseparable one. Then we can define the
degree [L : ks,| to be the inseparable degree and [ks, : k] to be the separable degree.

Definition A.3.10. A field k is called perfect if any algebraic extension of k is separable.

Remark A.3.11. A field which has characteristic zero is perfect. But pefect does not imply
characteristic zero. For example, the finite field I, is pefect, but has characteristic p, where
p is a prime.

Lemma A.3.12. Let k be any field, then there exists a purely inseparable extension k, which
is unique up to isomorphism such that k, is perfect. We call k, the perfect closure of k.
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Proof. Suppose that chara(k) = 0. Then k is perfect, k, = k is unique.

If chara(k) = p > 0. For every positive integer n, consider ki = k(xp%,x € k) where n is
a positive integer. Claim that the extension kv ok s purely inseparable. Indeed, the p"-th
power of every element x € k7 lies in k and for any a € k, its p-th root a'/r" € k7 . Thus the
minial polynomial of x € k7 has the form X?" - for some m < n and a € k. Since we have

1 1
ka N kpn+1
Tr—->2xP
So just take &k, = Upso ki n

Remark A.3.13. By definition, if k is a perfect field then kg = k. In particular, if k has
charateristic zero then k, = k.

Remark A.3.14. Let k be a field. From the discussion above we can conclude two chains of
field extensions:

1. k< ks < k, where k < kg is separable and ks — k is purely inseparable.
2. k=ky— k, where k < k, is purely inseparable and k, < k is separable.
3. k=ks® k.

Recall that a field extension L/k is separable if and only if for any a € L, let f(z) be the
minimal polynomial of « over k, then f/(«) # 0.

Definition A.3.15. Let K be Galois extension of k. Denote the Galois group of K[k by
Gal(K/k). For any a € L, define the trace of o to be the sum of Galois conjugates of a:

TTL/k(Oé) = Z o(a)

oeGal(K/k)

Define a pairing:
( , ):LxL k

(z,y) — Trp(xy)

It is called the trace form of L]k.
Proposition A.3.16. For any a € L, Trp;(«) € k and the trace is an additive map.

Proof. Let K be a Galois extension of k containing L, Let G = Gal(K/k). Then there is a
subgroup H c G corresponding to L. Let awe L. The sum Y, o(a) runs over representatives
o for the left cosets of H in G. And o : L - K is the embeddings of L in K by the
fundamental theorem of Galois theory. Note that o(«) depends only on the left H-cosets of
o: Since H fix L it follows that if o H = 0’H, then o’c(«a) = h(«a) = « for some h € H. Thus
o(a) =0'(a)
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From above we know that the action of G by left multiplication permutes the left H-
cosets. For all 0 € G, o(Tr(a)) = Tr(«). Since the elements that fixed by any o € Aut(K/k)
all belong to k, we have Tr(«) € k.

By definition of trace,

Tr(a+B) = Y o(a+pB)=> ola)+a(B) (A.3.1)
= Y o(a)+ Y o(B) = Tr(a) + Tr(B) (A.3.2)
O]

Lemma A.3.17. Let L/k be a finite extension of fields, and [L: k] < oo. The extension L]k
is separable if the trace form is non-degenerate, i.e. the pair (xz,y) =0 for all y implies x = 0.

Proof. Assume the trace form is non-degenerate. If o € L is separable, Let f be the minimal
polynomial of a over k. then f’# 0. Consider f = (z —a1)(x - a,), where a; are the roots
of f in k.

f’ 1 1
- A3.3
f T—a T T —a, ( )
Y G L (A.3.4)
i, S oL z"
1 & Tria "
_ L5 Tuan(en) (A.3.5)
T 20 x"

So f"# 0 if and only if Trya)/k(a”) # 0 for every integer r. Now suppose that the trace form
is non-degenerate, if L/k is not separable, choose an inseparable element « € L, then we have
Trrk = Trijkea) © Trra)n = 0, contradiction. O

Corollary A.3.18. If L[k is finite separable field extension then Trp (L) = k.
Ezercise A.3.19. Let L/k be a finite extension of fields, and [L : k] < co. Then
1. chara(L) = p >0 where p is a prime.
2. p|[L:k].

Theorem A.3.20. Let K/k be a finitely generated extension of a perfect field k. Then there
exists a transcendence basis T such that the finite extension K/[k(T') is separable. In this
situation, we call the transcendence basis T the separating transcendence basis.

Proof. Dummit and Foote[Ch. 14.9]. O

Remark A.3.21. From the discussion above we can conclude that any field extension K/k
can be decomposed into a purely transcendental extension k(7") of k followed by a separable
extension K7 of k(T') followed by a purely inseparable extension K/K;. But K; is depended
on the choice of the transcendence base T'.
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A.4 Dedekind domain

Local rings
We begin with the local rings of dimension 1.

Definition A.4.1. Let R be a noetherian local ring and m be its maximal ideal with residue
field k = R/m. We say R is a regular local ring if

dimy™/, 2 = dim R.
Our first main result about a regular local ring is the following:

Proposition A.4.2. An Noetherian local ring A is reqular if and only if its maximal ideal
m 1s principle. Moreover if ™ is a generator of m.

To prove this theorem, we first need the following

Lemma A.4.3 (Nakayama’s lemma). Let A be a local ring with maximal ideal m. Let M
be a finitely generated A-module such that mM = M. Then M = 0.

Proof. Let z; (i =1,---,n) be some generates of M over A. Since mM = M, each x; can be
written as a linear combination of x;’s with coefficients in m: thus there are a; ; € m such
that @; = 3, a;;z;. Let A denote the matrix of (a;;). Then

(I-4) xl = 0.

Tn
Multiplying both sides by the adjoint matrix of (I — A), we obtain
det(l - A)zx; =0, i=1,-mn.

Now det(I — A) is of form 1-a with a € m. As m is maximal, 1 —m is invertible, then z; = 0
for every 7. It means that M = 0. ]

Proof of Theorem Eﬁ%%me A is regular of dimension 1, then dimm/mg =dimA =1.
Let x € m whose image mod m? generates m/m?. Then m = Az +m?. So m/Ax =m-m/[Ax
where we consider m/Az as an A-module. It follows from Nakayama’s lemma that m/Az =0
which implies m = Ax. Thus m is principle.

Conversely, assume that m is principle, then m/m? has dimension at most 1 over k = A/m.
If it is zero, then m = m?. By Nakayama’s lemma, m = 0. Thus A is a filed and dim A = 0.
A contradiction! Thus dimg m/m? =1 and A is regular. O

Proposition A.4.4. Let A be a reglar local ring of dimension 1. Let m be its maximal ideal
generated by an element w. Then every nonzero element x € A can be written uniquely in the
form x =wu-7", where u is an invertible element in A and n is a positive integer.
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We first need the following:

Lemma A.4.5. Let A be a noetherian local ring and m be its maximal ideal. Then N,y m" =

0.

Proof. Let N =N;2;m" c A. Then N must be finitely generated since A is noetherian. By
Nakayama’s lemma, m/N = N implies N = 0. O

regular-unif
Proof of Proposition }717%2._14_%_@ be a nonzero element in A. Then there is an n such that
a €m”, and a ¢ m"*1. Since A is regular, it follows that m is principle. Suppose m = ()
for 0 # x € A, since N2y m" = 0, then a = b-z" for some b ¢ m (if b € m then a € mn*+!,
contraiction), thus b is invertible and we are done.
Now suppose that there is a ¢ ¢ m such that a = c-m™ for some integer n’. Then m" = m™.
If n <n', we have a filtration

m"cm™tc..cm”. (A.4.1)
Thus m” = m™**! = m-m", by Nakayama’s lemma, m™ = 0, contradiction. O
. regular-unif
By Proposition A.E.ZI, A1s integral and we have a map:
v: A-{0} —=7Zs . (A.4.2)

T=unrtt——n

Let K = Frac(A) then we can extend v to K: v : K - Z. This map has the following
property

L. v(zy) =v(z) +v(y).
2. v(xz+y) 2 min{v(z),v(y)}.
3. v is surjective.

Definition A.4.6. Let F be a field. A map from F* = F - {0} to Z is called a discrete
valuation if it saitisfies the above three properties.

Lemma A.4.7. Ifv: F - Z is a discrete valuation then
1. R:={zxeF:v(x)>0} is a local ring;
2. m:={xeF:v(zx)>0} is a maxzimal ideal of R. Moreover m is principle.

We call R the discrete valuation ring for the valuation v. With all the facts above we
can write:

Corollary A.4.8. A local ring of dimension 1 is reqular if and only if it is a discrete valu-
ation Ting.
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In the following we will give another equivalent condition which is very useful when we
compare different regular rings.

Definition A.4.9. Let A be an integral ring. Let Rc A be a subring. Let x € A. We say x
15 integral over R if x saitisfies an equation

"+ a "+t a, =0, a; € R. (A.4.3)
Definition A.4.10. Let A be an integral ring and R c A a subring. Then the set of elements

that are integrally over on R forms a subring of A. We call this subring the integral closure
of R in A.

Exercise A.4.11. Let A be an integral ring and R c A a subring. Show that the element x
which is integral over R if and only if the polynomial ring R[z] is an R-module of finite type.

Definition A.4.12. Let R be an integral ring. We say R is integrally closed or normal if
R coincides with its integral closure in its field of fractions.

Here is the main theorem about equivalent different descriptions of regular local ring of
dimension one.

Theorem A.4.13. Let R be an integral local ring of dimension 1. Then the following
conditions are equivalent:

1. R s regular.
2. R is a discrete valuation ring.
3. R is integrally closed.

lar-d
Proof. (1) We already shown 1 is equivalent to 2 in Corollary v —
(2) We now show that 2=3. Let K be the fraction field of R, suppose z € K saitisfies an
equation

" +a "+ a, =0, a; € R. (A.4.4)
We want to show that x € R, or equivalently, if we write x = un™, where n € Z, u € R*,
we need to show that n > 0.
Assume that n <0, r = =%. So:

7r"’7" :

()" + (o

) a0, (A.4.5)
Multiply both sides by 7!"l¢ we have u? + "l . @ = 0, where a € R. Now u is a unit, therefore
7"l @ is a unit which is impossible.

(3) Now show that 3=>1. We need only show that the maximal ideal m of R is principle.
Let 0 # a € m, then we know that R/(a) is dimension 0, because m/(a) is the only prime
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ideal. Thus it is clear that the nilpotent radical of R/(a) is m/(a), it follows that m/(a) as
an ideal of R/(a) is nilpotent.

So we know (m/(a))™ = 0 for some integer n or m™ c (a). Taking n minimal with this
property, i.e. m™ ! c (a). Let bem"! - (a). Let x = §. We want to show that m = (z), or
x7'm = R as an identity of subsets in K. Notice that

rim = ém cm"t-mja=m"jlacR (A.4.6)
a

Thus we have two choices:
(a) 7lm = R which implies m = xR and we are done.
(b) x7'm cm.

If z='m c m, we claim that x~! is integral over R. Thus z~! ¢ R which is a contradiction
since b/a € R implies b € Ra which contradicts our choice of a,b. To prove the claim we need
the following lemma:

Lemma A.4.14. Let () be an endomorphism of a finitely generated module over a ring R.
Then @ saitisfies an equation of the form

Q"+ Q¥+ +a, =0, a; € R. (A.4.7)
The lemma above completes our proof. O

FEzercise A.4.15. Prove the lemma I%.4.14.

Dedekind domain

Definition A.4.16. An integral noetherian ring R of dimension 1 is called a Dedekind
domain if R saitisfies one of the following equivalent conditions:

1. Let p be the mazimal ideal of R, R, is discrete valuation ring.
2. R is integrally closed.

FEzxercise A.4.17. Let R be a Noetheriam integral ring of dimension 1. Show that the following
conditions are equivalent:

1. R is regular.
2. R is integrally closed.
3. R, is integrally closed for every maximal ideal p.

Exercise A.4.18. Let R be a regular ring of dimension 1 with fractional field K Define a
ma lgléo_g‘l,rthe set of primes p in R to valuations v, of K using equivalence in Corollary

8. show this is map is injective with image consisting all discrete valuations v such that
v(R) ¢ Zsyp.
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Example A.4.19. Let k be a field, then

k[[E](z) = {%| g(O) * O} (A48)

is a discrete valuation ring.

Ezample A.4.20. Let p be a prime ideal in Z, then the localized ring Z, is a discrete valuation
ring.

One important property using integral closed condition is about construction of Dedekind
domains in a separable extension of fields L/ K. Recall that a field extension L/K is separated
if one of the following three conditions holds:

1. tr: L— K is surjective;
2. every element x € L have a minimal polynomial P with P’(x) # 0.

Theorem A.4.21. Let L/K be a finite separable field extension. Let A be a Dedekind do-
main with fractional field K. Let B be the integral closure of A in L. Then B is a Dedekind
domain.

Proof. Let n = [L : K] and ey,---,e, € L be a base of L as K vector spaces. After an
multiplication by an element in A, We may assume that all ¢; € B. Let C = ) Ae; be the
free module of B of full rank. Now we have a pairing

C®4s B—A, (c,a) = tr(ca).
This pairing defines an injective morphism of A-modules:
B—Hom(C, A) ~ A™.
Since A is Noetherian, B is finitely generated A-module. Thus B is a Noetherian ring. [

Exercise A.4.22. With notation in the above theorem. D fgnlel}l%rrp%g from the set of primes ¢
in B to valuations v, of L using equivalence in Corollary %58 Show this is map is injective
with image consisting all discrete valuations v such that v(A) c Zso.

Ideals

Theorem A.4.23 (Unique Factorization Theorem). Every ideal I in a Dedekind domain A
can be decomposed in a unique way into a product of prime ideals.

Proof. Let p be any prime ideal in A, denote the maximal ideal of the localized ring A, by
m,. Since A, is discrete valuation ring, we can suppose that n, is the maximal integer such
that I, cm,”. If n, >0, then I c p. Consider A/I, the prime ideals in A/I corresponding to
the prime ideals in A which contains [. If I is prime thus maximal, then A/I is a field; if
I is not prime, then A/I is not integral. Thus dim A/I =0, A/I is Artinian. It follows that
A/I has only finitely many prime ideals containing /. In summary we have proven:
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(1) For every prime ideal p c A, I, cm,”, n, > 0.

(2) n, # 0 for only finitely many p.

. Local property . .
Let J =[]p". Claim: I = J. By IA74732,1t is equivalent to I, = J, for every p. To prove this,

we need the following lemma:

Lemma A.4.24.

(1) If I, Iy are two ideals of A then (I112), = (11),(12),-
(2) If p, q are distinct prime ideals, then the discrete valuation of q at p is 0.

Thus I = J =[]p™. This proves the theorem.

Ideal classes

Definition A.4.25. Let A be a Noetherian domain and let K be the fractional field of A.
A fractional ideal of A is a finitely generated A-submodule of K. Thus a fractional ideal can
be written as

Q;

E, Qj, B@ €A (A49)

I:ZaiA, a; =

By taking a denominator I = % > a; A so equivalently a fractional ideal of A is an A-submodule
I of K with the form I =~J where ye€ K and J c A is an ideal.

Remark A.4.26. Let A be a domain and let K be the fractional field of A. Fractional ideals
of A can be defined more generally. In this case they are A-submodules I of K for which
there exists an element v € A such that v/ ¢ A. When A is noetherian this coincides with
our definition.

Erample A.4.27. Let I = {§ : n € Z}, then I is a fractional ideal of Z. It is generated by
% € Q as an Z-submodule, and we have 3I c Z.

Define two operations of two fractional ideals I1, I of a noetherian domain A as follows:
o Il+12 = {a+b|a€]1,befg}.
° Il'IQ = {Zaibi|aiell,bie[2}.

Definition A.4.28. Let A be a noetherian domain. A fractional ideal I is called invertible
if there is an unique fractional ideal J such that I-J = A.

Definition A.4.29. Let A be a noetherian domain. And let K = Frac(A). Denote the set
of invertible fractional ideals of A by 1. It is called the ideal group of A. A fractional ideal

I of A is principle if it is generated by only one element x € K. Denote the set of principal
fractional ideals of A by Pa.
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1 property

Remark A.4.30. Let A be a noetherian domain. And let K = Frac(A). Then it is easy to see
that I 4 form an abelian group under multiplication. Since every nonzero principle fractional
ideal () has an inverse (1/x), where z € K, and a product of principle ideals is principle, so
P4 form a subgroup.

Definition A.4.31. The quotient C1(A) =14/P4 is called that ideal class group of A, and
also called the Picard group of A and denoted Pic(A).

One can show that if A is a Dedekind domain, then acturally all the fractional ideals are
invertible. Thus 4 is the free abelian group generated by its nonzero prime ideals. But first
we need some localization theory:

Proposition A.4.32 (Local property). Let A be a commutative ring and M a finitely gen-
erated A-module.

(1) M =0 if and only if M, =0 for every prime ideal p.

(2) Let ¢ : My — My be a homomorphism between A-modules of finite type, then ¢ is
bijective if and only if @, : (My), - (Ms), is bijective for every prime ideal p.

(3) Let Ny, Ny be finitely generated submodules of M, then Ny = Ny if and only if (N1), =
(N2), for every prime ideal p.

Proof. (2) We have proved that the equivalence between the category of A-modules and
the category of quasi-coherent Ogpeca-modules. Then the bijectivity of the morphism of
sheaves ¢ : M, — M, is equivalent to the bijectivity of ®. Since ]\;[p;Mp, and M, — M, is
isomorphism if and only if ¢, : ]\7[1p - sz is isomorphism. Thus ¢ is bijective if and only if
¢, is bijective. The (1) and (3) strictly induced from (2). O

Lemma A.4.33. Let A be a Dedekind domain and K the fractional field of A. Let I be an
tdeal of A. Then there is a fractional ideal J of A such that I-J is principle ideal in A.

Proof. Let J be a fractional ideal defined by J={ze€ K:2I c A}. So I-J c A. We want to
show [ -.J = A, we need only to show that 1,.J, = A, for every prime ideal p. Note that:

Jpz{%,aeJ,bsép}={:veK,xIpcAp}.

Now A, is discrete valuation ring. If 7 is a uniformizer of A, then I, = (7") for some integer
n. It follows that J, = {x € K : 21, c A,}. Let u be a unit in A,. Suppose that z = ur™ € K
for some integer m. Then we have urm+1¢€ A,, m+n > 0. Take m = -n so J, = (7).
Thus I,,J, = A, and we are done. O

Corollary A.4.34. If A is a discrete valuation ring with uniformizer w then its nonzero
fractional ideals are the principal fractional ideals (7"), where n € Z. Then Iy—Z under
addition. We have Py =14, thus Pic(A) is a trivial group.
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Theorem A.4.35. Let A be a Dedekind domain. Then the multiplication makes 15 a free
group over prime ideals with unit A.

Proof. Since for every prime ideal p - A, A, is a discrete valuation ring. Suppose each p
defines a valuation v,. Note that if I,J € I4 and v,(I) = v,(J) for every p, then I, = J,,
using the local property we know I = J. Write [ = I_Ippvp(l). Then it is easy to see that the
map

I, ®,Z (A.4.10)
J— ("',Up([),“')

has a inverse

®,Z T (A.4.11)

[, pr = (o np, )
such that their composition is identity. O]

But when are two fractional ideals of a Dedekind domain A isomorphic? Let ¢ : [} —1I,
be an isomorphism between two fractional ideals. Localize with respect to 0-ideal of A, then
we have a commutative diagram:

©(0)
(11)0) — (L2)(0)

.

K K

where K is the fractional field of A. And ¢y is K-linear. So ¢y is given by multiplication
of a =¢(1). Thus ¢ is also given by multiplication. Notice that al; = (a)I; for some a € K.
So there is an exact sequence:

1—Pr—I1—Cl(A)—1. (A.4.12)

Then I,—1I, if and only if there is a nonzero fractional principle ideal (a) such that

Il = (CL)IQ.

On sums of two ideals

Lemma A.4.36 (Moving lemma). Let A be a Dedekind domain. Let py,--,ps be a finite set
of prime ideals. Then for any ideal I — A, there is an ideal J € I which can not be divided
by any p; for 1<i<s, such that I—.J.

Proof. By the Unique Factorization Theorem, write I = [],p". By the Chinese remainder
theorem, there is an a € K* such that a € I7!, a ¢ I~'p; for every i. Now it is easy to see that
al saitisfies the requirement of the lemma. n
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Lemma A.4.37 (Projective property). Let A be a Dedekind domain. Let M be an A-module,
I be an ideal. Let ¢ : M — I be a surjective map, then there is a homomorphis m: 1 — M
such that p o 1s the identity map and in this condition, we say ¢ has a section.

Proof. 1t is easy to see that the lemma is equivalent to the surjectivity of the following
homomorphism of A-modules:

Hom (I, M)—Hom (I, I).

Since locally Homy, (1, M,)—Homuy, (I, I,,) is urjegtive fé)rrtany prime ideal p, and local-
ization is flat. We know from the local property ;LK.ZI.BZ that [:jomA(I, M)—Homyu(I,1) is
also surjective. O]

Lemma A.4.38. Let I and J be two fractional ideals of a Dedekind domain A, then [ & J ~
Ao llJ.

Using the moving lemma, we may reduce to the case that I = []p;” is an ideal, where
n; > 0. And assume J is an ideal, with p; + J for every i. Now (I +.J), = A, for every prime
ideal p, then I + J = A. Define a map:

p:loJ——=A . (A.4.13)
(z,y)—=x+y

Clearly this map is surjective, using the projective property it has a inverse homomorphism.
Then I & J = A& L for some ideal L.
So we reduce the lemma to proving that L = I.J. Here we need some small trick:

The wedge product

Definition A.4.39. Let A be a ring. Let V be an A-module such that V;,;>A1% for every
prime ideal p. (We call V' has rank n if it is locally a free Ay-module of rank n). Define a
free A-module generated by V x V', denoted by det(V') := V AV, with the following relations
for all z,yeV,ae A:

(az,y) = (z,ay) =a(z,y); (A.4.14)
(z.y) = -(y,2), (A.4.15)
We call V x V' the wedge product of V.

Remark A.4.40. The second relation just shows that (x,ax) = 0 for any 2 € V, a € A in
det (V).

Proposition A.4.41. Let A be a ring. Let V' be an A-module of rank 2. Then

1. There 1s a homomorphism V xV 2, VAV such that for all x,y eV, ae A,

¢(az,y) = o(z,ay) = ad(z,y); (A.4.16)
o(z,y) = -o(y,z), (A.4.17)
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2. VAV has the universal property: if ¥ : V x V—W saitisfies Property 1 then there is
a unique f:V ANV—W such that 1y = f o ¢, where W is an A-module.

I+J=A+1J
We use this proposition to show A 238

I+J=A+1J
Proof of [177-55. We have already shown I @ J = R @ L for some ideal L. If we show that
det(I @ J) = IJ, then the special case is when I = A, thus det(A® L) = L, we are done. Now
we prove that there is an isomorphism from det(/ @ J) to I.J. Define a morphism
v (IeJ)NIaJ) I-J : (A.4.18)
>((a,b), (c,d)) = det((2}]))

Where det((‘cl 2)) means the determinant of the matrix (‘; Z)
Since if ¢¥((a,b), (¢,d)) = 0, then the vector (a,b) = r(c,d) for some r € A, ((a,b), (¢,d)) =
(r(c,d),(a,b)) =0. Thus 1 is injective. The surjectivity is clear. O

Corollary A.4.42. Let A be a Dedekind domain. Then every ideal I of A is generated by
two elements.

Proof. I® I"'-5R& 11! = R® R. Thus there is a surjective morphism R2 - I. O]

Modules of finite type over a Dedekind domain

Theorem A.4.43 (Structure Theorem of Modules). Let M be a finitely generated mod-
ule over a Dedekind domain A. Then M = N & A" @ I where N is a torsion module
N— @, A/p" (summation over prime ideals) and I is an ideal of A.

Let M be a finitely generated module over a Dedekind domain A and let K = Frac(A).
The torsion submodule of M is defined to be:

Mior ={z e M| Jac A,a+0,ax=0}.

Equivalently, the M, is the kernel of the natural homomorphism M — M), we have an
exact sequence:
0—> Myor—>M —=> M.

Then Mg is a K-vector space of finite dimension, say n.
Let M’ be the image of 7, then we have the exact sequence:

0—> Moy—> M — M'—0, M = K"

And M’ has no torsion. If M is not torsion, then n # 0, then we have the projection K™ - K
onto the first factor. Let N be the image of M’ of this projection. Then N is a nonzero
fractional ideal of R. We have

Lemma A.4.44. If M) #0 (i.e. M # Mo, ) then there is a surjective map M — N with N
a fractional ideal of R.
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Since N is projective, M - N has a section, whence M = M; & N.
Continuing this argument for M;, Eventually, after n steps (n = dimg My)) we have

M~MyolLolho.. ol,

Now apply the fact I; ® I, = R & I, I, then we may assume M ~ M., ® R* ! & I, where I is
an ideal of R (if M is not torsion).

What remains is to study the structure of M;,.. Since M., is finitely generated, there
exists z € R, x # 0 such that £ My, = 0. Therefore (Mo, ), =0 if x ¢ p (equivalently, p + (z)).
It follows that (Mo ), = 0 for all but finitely many p ((z) = [Tp™). Now by localization
principal, the natural homomorphism

Mtor—) @(Mtor)p
p

is actually an isomorphism. This is because p; # po implies py +p2 = R whence ((Mior)p, ), =
M(O) = 0
It remains to study the structure of (Mo, ),. It is an R,-module, R,=DVR.

Lemma A.4.45. Let R be a discrete valuation ring. Let N be a finitely generated torsion
R-module, then

k
NZ@R/TFT”, n; 2 0.
1=0

Proof. Let k= R/m, (m) = maximal ideal of R, then N /7N is a finite dimensional k-vector

space. Let x1,...,z; be elements of N such that their images in N/7N generate N /7w N over
k. By Nakayama’s lemma z1,...,x; generate N. Thus we have a surjective map
RS NS0,

then ker ¢ is an R-module without torsion.
By what we have proved for non-torsion modules over Dedekind domain: ker ¢ ~ R™*1 &1,
I an R-ideal but R is PID, hence [ ~ R. Thus we have an exact sequence

0—R™ % Rt—sN—0.
Claim: m =t
Proof. Localize at (0)-ideal. Since N is torsion, Ny = 0, R’(%) = REO) and Ry = k (vector
spaces). Thus m = t. O

t
Putting R = ZR(%, a is given by a ¢ x t matrix A with entries a;; in R: a(e;) = Y a;je;.
i=1
Now, for two automorphism u and v of R, one has commutative diagram:

0—> Rt —2+ R N 0. (A.4.19)

0 Rt Y Rt N 0
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If w,v are given by invertible ¢ x ¢ matrices B and C' in R, then uawv is given by BAC.
In summary,

1. The structure of N is determined by A (it is the cokernel).

2. The abstract structure of N doesn’t change if A is replaced by BAC' where B, C are
invertible ¢ x t matrices over R.

Three operations for rows (and columns) are thus allowed to determined the structure of NV:
(i) Switch row. (ii) Multiply one row by an element in R*. (iii) Add R-multiple of one row
to another row.

Lemma A.4.46. There exist matrices B, C such that

0 ... 0
BAC = (:) W?Q ? : n<ng<. .. <my
0 0 .. am
Moreover, {ny,...,n;} are uniquely determined.
Proof.

a1 Q2 ... Aip
A= CL.21 a.22 . a?n
ap1 Gp2 ... Adpp

Note that A may not be invertible in R but it is invertible in K, where A has a non-zero
entry.

Let ny; = minv(a;;) = v(a;yj,). After switching rows and columns, we may assume that
ip = 1, jo = 1. Thus every a;; is a multiple of ay; (in R!), a3 = w- 7™, multiply row 1 by
n~!, then may assume ay; = 7. Performing operation (iii) on rows and columns, we may
assume that aq, = 0 = ag; for every k. So A is transformed to

a0 ... 0
0 A929 ... QA9p
0 ap2 ... Gun

a;; € R, ™ | a;;. Continue this argument.

Ezercise A.4.47. Prove the uniqueness of ny <ng <... < ny.

Apply the above lemma to find the structure of N

0—R! LN RI—N—0
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with A = diag(7™,...,7™), i.e. Ae; = e;.

We obtain
R o o R
CamR T R
and we are done. O
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morphism of sheaves, 15

natural transofrmations, 108
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separated, 46

sheaf, 14
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