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Preface

This note is based on 12 lectures given by the second author at a summer school in “algebra
and number theory” at the Chinese Academy of Sciences in 2019. It is conceived as the
first course in abstract algebraic geometry for college student with some basic knowledge in
commutative algebra and homological algebra. The main part of the book covers the basics
of schemes, sheaves and their cohomology, and background materials for Borel–Serre’s paper
on the Grothendieck–Riemann–Roch theorem.

In Chapter 1 and 2, we will review the basic concepts in commutative algebra about
rings and modules, then introduce the language of ringed spaces and sheaves. After these
preparation, we will introduce in Chapter 3 the affine schemes which are the building blocks
of the general scheme introduced in Chapter 4. Then in Chapter 5 and 6 we introduced the
most useful objects in algebraic geometry, the projective schemes and most useful tool in
algebraic geometry, cohomology. In Chapter 7, we specialize our study to the most classical
object in algebraic geometry: curves and Riemann–Roch. In Chapter 8, we define Chow
groups and Chern class, followed by the Grothendieck-Riemann-Roch theorem, which is our
focal point of this book.

Because of our limitation of times and pages, we will not spend much time to review the
classical algebraic geometry of varieties over complex numbers or general algebraic closed
fields. We simply used them as examples of our more general spaces.

This book can be used as a textbook for a quick start tutorial in algebraic geometry,
especially for understanding Grothendieck–Riemann–Roch theorem. The exercises are in-
terspersed with the exposition in this book. Some of them are trivial, and some of them are
tough as readers needs to study more background materials in appendix or elsewhere.
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1 Rings and Modules

1.1 Rings

Let R be a ring. We have an object (R,+, ⋅). This object contains a set R with 2 operations
+, ⋅. The operations are maps from R×R → R. The pair (R,+) is a commutative group, and
the pair (R, ⋅) is a semi-group or monoid. In the ring we require the 0 element in the abelian
group satisfies the property 0x = x0 = 0 for all x ∈ R . We also require an identity element 1,
with the property that 1x = x1 = x for all x in R . The ring R also satisfies a distribution
law with respect to the operations of addition and subtraction.

Examples of rings:

1. Z, Q, R, C (note Q, R, and C are fields);

2. Z[x], Q[x], R[x], C[x]

Now we come to the category of commutative ring. The objects are commutative rings,
and the arrows are homomorphisms of rings.

Definition 1.1.1. If R is a commutative ring, then R[x] is the ring of polynomials over R:

R[x] = {
n

∑
i=1

aix
i ∣ ai ∈ R, with operations + and ⋅ }

Definition 1.1.2. Let R1, R2 be two rings. A homomorphism from R1 to R2 is a map

φ ∶ R1 → R2

which preserves the operations:

φ(x + y) = φ(x) + φ(y), φ(xy) = φ(x)φ(y)

Definition 1.1.3. The kernel of a homomorphism φ ∶ R1 → R2 is defined to be the preimage
of 0 and it is denoted by Ker(φ). It is and ideal of R1

Ker(φ) = φ−1(0) = {x ∈M1 ∣ φ(x) = 0}.

And if Ker(φ) = 0, then φ is injective

Definition 1.1.4. Let I ↪ R be a subset. We say I is an ideal if I satisfies two properties:

1. x ∈ I, y ∈ I implies x + y ∈ I;

2. x ∈ I, y ∈ R implies xy ∈ I.

Example 1.1.5. The kernel of a homomorphism φ ∶ R1 → R2 is an ideal in R1.

Example 1.1.6. Given an ideal I in a ring R, the quotient R/I is a ring.
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1.2 Modules

Definition 1.2.1. Let R be a ring, an R-module is an abelian group endowed with a homo-
morphism R → End(M), i.e. A map

R ×M //M

(a,m) � // am

where a, b ∈ R saitisfying

(ab)m = a(bm), a(m1 +m2) = am1 + am2,

(a + b)m = am + bm, 1m =m.

Definition 1.2.2. Let M1, M2 be two R-modules. A homomorphism from M1 to M2 is a
map

φ ∶M1 →M2

which preserves the operations:

φ(m1 +m2) = φ(m1) + φ(m2), φ(am) = aφ(m),

where a ∈ R;m,m1,m2 ∈M1 Denote the set of R-homomorphisms from M to N by HomR(M,N).
Then this set has a natural R-module structure: let ϕ,ψ ∈ HomR(M,N), and let x ∈M

(ϕ + ψ)(x) = ϕ(x) + ψ(x); (1.2.1)

aϕ(x) = ϕ(ax), a ∈ R. (1.2.2)

Similar to a subspace and a quotient space of a vector space, we can define a submodule
and a quotient module of an R-module.

Definition 1.2.3. Let φ ∶M1Ð→M2 be a homomorphism.

1. The kernel of φ is defined to be the preimage of 0 and it is denoted by Ker(φ). It is
R-module

Ker(φ) = φ−1(0) = {x ∈M1 ∣ φ(x) = 0}.

And if Ker(φ) = 0, then φ is injective

2. The image of φ is defined to be the set {φ(m)∣m ∈ M1} ⊂ M2, and it is denoted by
Im(φ). It is a submodule of M2. If Im(φ) =M2, then we call φ is surjective.

3. The cockernel of φ is defined to be the quotient module M2/Im(φ), and it is denoted
by cokerφ. It is also an R-modules

Thus, all R-modules together form an abelian category ModR with morphisms given by
homomorphisms.
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Example 1.2.4. Consider the commutative ring Z. Then the category of Z-modules is exactly
the category Ab of abelian groups.

Definition 1.2.5 (Tensor Products). Let A be a ring and let M,N be A-modules. Define

⊗A to be the functor from ModA ×ModA to ModA with (M,N) ↦M⊗AN .
The tensor product of M and N , denoted by M⊗AN is defined to be the A-module along

with an A-bilinear map f ∶ M × N → M⊗AN , with universal property, i.e given any A-
bilinear map f ′ ∶ M × N → L, there is a unique A-linear map g ∶ M⊗AN → L such that
f ′ = g ○ f .

M ×N
f //

f ′ ##

M⊗AN

∃!g
zz

L

Proposition 1.2.6. The tensor product M⊗AN is actually the free A-module generated by
M ×N , quotiented by the submodule generated by

(m1 +m2, n) − (m1, n) − (m2, n), (1.2.3)

(m,n1 + n2) − (m,n1) − (m,n2) , (1.2.4)

a(m,n) − (m,an), a(m,n) − (am,n). (1.2.5)

where a ∈ A, m,m1,m2 ∈M,n,n1, n2 ∈ N .
Equivalently, the elements of the tensor product M⊗AN are the finite A-linear combinations
of symbols m⊗n(m ∈M,n ∈ N), subject to relations

(m1 +m2)⊗n =m1⊗n +m2⊗n (1.2.6)

m⊗(n1 + n2) =m⊗n1 +m⊗n2 (1.2.7)

a(m⊗n) = (am)⊗n =m⊗(an). (1.2.8)

where a ∈ A, m1,m2 ∈M,n1, n2 ∈ N . The image of (m,n) in this quotient is m⊗n.

The following exercise showing that tensor functor can be recovered from Hom functor
as a left adjoint:

Exercise 1.2.7. Let R be a commutative ring and L,M,N three R-modules. Show that there
is a canonical isomorphism of R-modules

HomR(L,HomR(M,N))
∼
Ð→HomR(L⊗RM,N).

Example 1.2.8. Q/Z⊗Z Q/Z = 0.

Definition 1.2.9 (Tensor product of algebras). Let R be a commutative ring. If A and B
are R-algebras, the tensor product A⊗R B is an R-algebra by putting

(a1 ⊗ b1) ⋅ (a2 ⊗ b2) = (a1 ⋅ a2) ⊗ (b1 ⋅ b2).
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where a1, a2 ∈ A, b1, b2 ∈ B. For example, if f(x) ∈ R[x] be a polynomial, then

R[x]/f(x) ⊗R B
∼
Ð→B[x]/f(x).

Let L be any R-algebra. Note that A⊗R B also have the universal property:

L

��

&&

∃!

##
A⊗R B

��

// A

��
B // R

Exercise 1.2.10. Let R be a ring and let M , N be two R-modules. If M and N are finitely
generated then HomR(M,N) is finitely generated.

Restriction of scalar and base change

Let ϕ ∶ A → B be a ring homomorphism. Then B is an A-algebra and also an A-module.
Let N be a B-module. Then N can be equiped with an A-module structure via ϕ, denoted
by NA.

Conversely, given an A-module, how to make a B-module? There are two possible ways:

1. “base change”MB ∶= B ⊗AM , where the tensor product B ⊗AM is defined by viewing
B as an A-module. The multiplication on B defines a B-module structure.

2. “induced module”: MB ∶= HomA(B,M), with bφ(x) = φ(xb) where x, b ∈ B, φ ∈MB.

The functor ⋅ ⊗A B and HomA(B, ⋅) are functors from ModA to ModB.

tensor-hom Exercise 1.2.11. Prove that there are natural bijection of A-module M and B-module N :

HomA(M,NA) ≅ HomB(M ⊗A B,N),

HomA(NA,M) ≅ HomB(N,HomA(B,M)),

Consequently, M ⊗A B and HomA(B,M) are uniquely determined by these property.

• M ↦ HomA(B,M) is the right-adjoint of N ↦ NA;

• M ↦M ⊗A B is the left-adjoint of N ↦ NA.

Example 1.2.12 (Analogue of vector spaces). Let C1 be the category of R-vector spaces and
C2 be the category of C-vector spaces. If V ∈ C1, then V ⊗RC = V ⊕ iV is a vector space over
C. Also, HomR(C, V ) = V ⊕ iV is the same vector space over C
Remark 1.2.13. If B/A is free of finite rank, then B ⊗AM = HomA(B,M). In general their
dimention are different.

Example 1.2.14. Let A = R, B = R[x], Then as A modules,

A⊗A B ≃⊕
i=1

A, HomA(B,A) ≃
∞
∏
i=1

A.
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1.3 Short exact sequence

Let R be a commutative ring.

Definition 1.3.1. Let V1
α
Ð→ V2

β
Ð→ V3 be a sequence of homomorphisms of R-modules. We

say that this sequence is exact at V2 if Im(α) = ker(β).
A short exact sequence of R-modules is a sequence of R-modules of following form

0→ V1
α
Ð→ V2

β
Ð→ V3 → 0

such that it’s exact at V1, V2 and V3, i.e α is injective, β is surjective, and Im(α) = ker(β).

Example 1.3.2 (Split sequence). Let V1, V2 beR-modules, then there is a short exact sequence:

0 // V1
// V1 ⊕ V2

// V2
// 0

v1
� // (v1,0)

(v1, v2)
� // v2

(1.3.1)

Such a sequence is called split sequence.
In the category of R-modules, denote the isomorphism object class of R-module V as

[V ]. In some sense, short exact sequence gives a relation [V1] ⊕ [V3] = [V2]. If R is a field,
then the isomophism class is uniquely determined by the dimension of the vector spaces. As
a consequence, the short exact sequences is always split. But this is not true if R is a general
ring.

Definition 1.3.3. An additive functor F ∶ ModAÐ→Ab is called exact if it preserves the
short exact sequence. i.e. For any short exact sequence of A-modules

0→M1
α
Ð→M2

β
Ð→M3 → 0, (1.3.2)

the sequence

0→ F (M1)
α
Ð→ F (M2)

β
Ð→ F (M3) → 0 (1.3.3)

is also exact;
A functor is called left exact if

0→ F (M1)
α
Ð→ F (M2)

β
Ð→ F (M3)

is exact. A functor is called right exact if

F (M1)
α
Ð→ F (M2)

β
Ð→ F (M3) → 0

is exact.

Proposition 1.3.4. The functor HomA(M, ⋅) is left exact.

Exercise 1.3.5. Prove the above proposition.

Proposition 1.3.6. Let A be a ring. A sequence of A-modules M1
φ
Ð→M2

ψ
Ð→M3 → 0 is exact

if

0→HomA(M3, P )
ψ∗
Ð→HomA(M2, P )

φ∗
Ð→HomA(M1, P ).

is exact for all A-modules.
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Questions on exactness.

Let A be a ring and let N,M1,M2,M3 be A-modules. Given short exact sequence

0→M1
α
Ð→M2

β
Ð→M3 → 0 (1.3.4)

we get a sequence

0→M1 ⊗N →M2 ⊗N →M3 ⊗N → 0. (1.3.5)

In general, it is not exact. For example, consider the sequence 0→ Z ×2
→ Z → Z/2Z → 0, the

functor ⊗ZZ/2Z is not exact. Since the morphism Z ⊗Z Z/2Z ×2
→ Z ⊗ Z/2Z is clearly zero

morphism
But one can show that

Proposition 1.3.7. For any short exact sequence of A-modules

0→M1
α
Ð→M2

β
Ð→M3 → 0,

the sequence

M1 ⊗N
α⊗Id
ÐÐ→M2 ⊗N

β⊗Id
ÐÐ→M3 ⊗N → 0

is exact.

Proof. By applying HomA(⋅, P ) to
11
1.3.4 we get the left exact sequence

0→ HomA(M3, P ) → HomA(M2, P ) → HomA(M1, P ), (1.3.6)

and by applying HomA(N, ⋅) we get the left exact sequence

0→ HomA(N,HomA(M3, P )) → HomA(N,HomA(M2, P )) → HomA(N,HomA(M1, P ))

then by applying the natural isomorphism in Exercise
tensor-homtensor-hom
1.2.11

HomA(M ⊗N,P ) ≅ HomA(M,HomA(N,P )),

we get the left exact sequence

0→ HomA(M3 ⊗N,P ) → HomA(M2 ⊗N,P ) → HomA(M1 ⊗N,P ). (1.3.7)

Then we use the fact about the above lemma, then

M1 ⊗N →M2 ⊗N →M3 ⊗N → 0 (1.3.8)

is exact

Definition 1.3.8. Let N be an R-module.
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1. N is called a projective R-module if the functor HomR(N,−) is exact.

2. N is called a injective R-module if the functor HomR(−,N) is exact.

3. N is called a flat R-module if the functor − ⊗R N is exact.

Theorem 1.3.9. Let N be an R-module. Then N projective if and only it’s a direct summand
of a free R-module, i.e. there exists an R-module N ′ and a free R-module F such that
N ⊕N ′ ≅ F .

Sketch of proof. “⇐”: it’s easy to see that a free R-module is projective. From this it’s easy
to see that a direct summand of a free R-module is also projective.

Exercise 1.3.10. Prove the “⇒” part.
(Hint: for any R-module N , we can always find a free R-module F with a surjective

R-module homomorphism F ↠ N .)

Exercise 1.3.11. The N is an injective R-module if and only if for any ideal I of R, the
natural map N = HomR(R,N) → HomA(I,N) is surjective. (This is called Baer’s criterion.)

Exercise 1.3.12. The N is a flat R-module if and only if for any ideal I of R, the natural
map I ⊗R N → N is injective (equivalently, I ⊗AN = I ⋅N ⊂ N).

Exercise 1.3.13. Classify these modules when R is a PID.

1.4 Noetherian condition

Definition 1.4.1. Let R be a ring, and let M be an R-module. We say M is noetherian,
if for any increasing chain of submodules 0 ↪ M1 ↪ M2 ↪ ..., there is a maximal M0 such
that Mn =M0 for n≫ 0. We say R is noetherian, if R is noetherian as R-module(submodule
becomes ideals of R).

Example 1.4.2. The polynomial ring R[x] is noetherian. Since the ideal in R[x] is of the form
(f(x)), where (f(x)) is the polynomial of finite degree in R[x]. Then for any increasing
chain (f1(x)) ↪ (f2(x)) ↪ (f3(x) ↪ ...), we have ...∣f3∣f2∣f1. Thus the chain is stable.

Theorem 1.4.3 (Hilbert base theorem). If a ring R is noetherian, then R[x] is also noethe-
rian.

Proof. Let I be an ideal of R[x]. We want to prove that I is finitely generated. Let J ↪ R
be an ideal of leading coefficients of polynomials in I. Since R is Noetherian, J is finitely
generated. Let f1, f2, . . . , fn ∈ I be elements whose leading coefficients generate J. We write
fi = cixni + . . . with ni the degree of fi and ai the leading coefficient of fi.

Let f ∈ I. We can write f = anxn + . . . + a0 with an non-zero. As an ∈ J, we can write
an = ∑ bi ⋅ ci. If n ≧ ni for every i we can write g = f −∑ bifixn−ni where the n-th coefficient
of g is zero. By induction on n, we have proved that every polynomial f ∈ I can be written
as f = ∑

n
i=1 gifi + f

′ where deg (f ′) ≦ max (ni) .
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Let m = max (ni) and
I ′ = {f ∈ I where deg(f) ≦m} (1.4.1)

Then I ′ is not an R[x]-module but it is a R -submodule of ∑
n
i=1Rixi ≅ Rm. Since R is

Noetherian, I ′ is finitely generated. There are elements f ′1, f
′
2, . . . , f

′
` in I ′ generating I ′ as

an R -module. Thus f1, f2, . . . , fl, f ′1, f
′
2, . . . , f

′
` generating I.

Theorem 1.4.4. Let R be a ring, then the following conditions are equivalent.

1. R is a noetherian ring;

2. Any ideal of R is finitely generated as R-module;

3. For any finitely generated R-module M , every submodule N of M is finitely generated.

Proof. (1) Ô⇒ (2): Let I be an ideal of R, and let Σ be the set of all finitely generated
ideals contained in I. Then Σ is not empty(since 0 ∈ Σ) and thus by (1) and Zorn’s lemma
it has a maximal element, say I0. If I0 ≠ I, consider the ideal I0 +Rx where x ∈ I − I0; this
is finitely generated and strictly contains I0, contradiction! Hence I0 = I and therefore I is
finitely generated.

(2) Ô⇒ (1): let I1 ⊂ I2 ⊂ ... be an ascending chain of ideals of R. Then I = ⋃∞
n=1 In is an

ideal of R, hence is finitely generated. Suppose the generators are x1, ..., xr. If xi ∈ Ini , let n
be the maximal number among ni. Then each each xi ∈ In. Thus I = In therefore the chain
is stable.

(1) Ô⇒ (3): Write M as the quotient of Rn for some n, then submodules of M are
quotients of submodules of Rn. Thus it suffices to prove the assertion for M = Rn. Take
an exact sequence 0Ð→Rn−1Ð→RnÐ→RÐ→0 by projection onto the first fact. Then for any
submodule N ∈ Rn, we have an exact sequence 0Ð→N1Ð→NÐ→N2Ð→0 with N1 ⊂ R and
N2 ⊂ Rn−1. By induction, N1 and N2 are finitely generated. Now it is easy to see that N is
finitely generated.

(3) Ô⇒ (2): It is clear when replacing M by R.

Exercise 1.4.5. Let k be a field. Prove that the rational function field k(x) = {f(x)g(x) ∣ f, g ∈ k[x]}

is not a finitely generated k-algebra.

Exercise 1.4.6. Let R be a Noetherian ring, M be a finitely generated R-module. Let
ϕ ∶M →M be a surjective R-module homomorphism. Prove that ϕ is an isomorphism.

zariski lemma Lemma 1.4.7 (Zariski’s lemma). Let A ↪ B ↪ C be injective ring homomorphisms of
Noetherian rings. Assume that

1. C is finitely generated A-algebra,

2. C is finite B-algebra (i.e. C is finitely generated as a B-module).

Then B is finitely generated A-algebra.

Proof. Strategy: let us construct B′ ⊂ B such that

11



1) B′/A is finitely generated as an A -algebra.

2) C/B′ is finitely generated as a B′ -module.

This will imply

3) B′ is Noetherian.

4) B/B′ is finitely generated as a B′ -module (consider B as a B′ submodule of C).

Then 1 ) and 4) imply B/A is finitely generated as an A -algebra. Write

C = A [x1, . . . , xn] , C =
m

∑
j=1

Byi

with xi, yj in C. Let bijk ’s be elements of B such that

xiyj =
m

∑
k=0

bijkyk (1.4.2)

where y0 = 1.
Claim: Let B′ = A [bijk] . Then B′ satisfies 1 ) and 2 ).

Obviously, B′ satisfies 1). For 2 ) we need only show that C is generated by yj ’s as a
B′-module. Let C ′ denote this B′ -module: C ′ = ∑

m
k=0B

′yk. Then

xiC
′ =

m

∑
k=0

B′xiyk ⊂ C
′ (1.4.3)

In other words, C ′ is closed under multiplication by xi ’s. As C is generated by xi ’s, C ′

is closed under multiplication by C. Since C contains y0 = 1, it follows that C ⊂ C ′. This
concludes the proof of Lemma.

1.5 The Grothendieck group over rings

Let C be an additive category. If X is an object in C, then denote the isomorphic class of
X by [X]. Let F (C) be the free abelian group on the group of isomorphism classes, i.e. an
element in F (C) is a finite formal sum of the isomorphism classes:

∑nX[X] (1.5.1)

where nX is an integer and is zero for almost all [X].

Definition 1.5.1. Define E(C) to be the subgroup generated by all expressions

[A2] − [A1] − [A3] (1.5.2)

whenever there is an exact sequence

0→ A1 → A2 → A3 → 0 (1.5.3)

in C.

12



Remark 1.5.2. If A = A1 ⊕A2, it induces an exact sequence

0→ A1 → A→ A2 → 0. (1.5.4)

Thus we have [A] = [A1] + [A2].

Then the Grothendieck group of C is defined by the quotient F (C)/E(C).
Let R be a noetherian ring. Now Let C1 be the category of finitely generated R-modules

and C2 be the category of projective R-modules of finite type.

Definition 1.5.3. Define

K0(R) ∶= F (C1)/E(C1), K0(R) ∶= F (C2)/E(C2) (1.5.5)

Remark 1.5.4. (K0(R),+, ⋅) is a ring with multiplication given by [E] ⋅ [F ] = [E ⊗ F ] and
(K0(R),+) has K0(R)-module structure given by tensor product.

Question. How to describe K(R) and K ′(R)?

Example 1.5.5. if R = k is a field, then K(R) =K ′(R) ≅ Z given by [V ] ↦ dimk V .

Example 1.5.6. If R is PID, then we can describe the structure of finitely generated R-
module. Let M be a finitely generated R-module, then M ≅ Rr ⊕⊕si=1R/ai for some integer
r and some non-zero elements ai ∈ R, we define the rank of M to be r, denoted by rankRM .
Thus in K ′(R), we have

[M] = r[R] +
t

∑
i=1

[R/aiR] = 0

where the second equality follows from the following exact sequence:

0Ð→R
⋅ai
Ð→RÐ→R/aiÐ→0.

Thus we have shown that K0(R) =K0(R) ≃ Z by map [M] ↦ rankM .

The next example shows that the Grothendieck group of category of all R-modules is
trivial.

Example 1.5.7. Let C be the category of R-modules; it is a very large category; in this
category, M ⊕n∈ZM ≅ ⊕n∈ZM , thus [M] = [⊕n∈ZM] − [⊕n∈ZM] = 0 in K ′(C).

In general, the map K0(R)Ð→K0(R) is not isomorphism. In fact, we will prove this is
an isomorphism when R is Noetherian and regular. Here is one example that this map is
not an isomorphism when R is not regular.

Example 1.5.8. Let k be a field, A = k[x, y]/(xy) and m = (x, y) ⊂ A. Then consider the
infinite resolution of free A-modules for k = A/m

...
g
→ A2 h

→ A2 g
→ A2 h

→ A2 g
→ A2 f

→ A→ k → 0 (1.5.6)

with

f ∶ (s, t) ↦ sx + ty, g ∶ (s, t) ↦ (sy, tx) and h ∶ (s, t) ↦ (sx, ty). (1.5.7)

This fact can be used to show that the element [k] ∈K0(A) is not in the image of K0(A).
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Exercise 1.5.9. If A→ B is a ring homomorphism between Noetherian rings, prove that there
is a well-defined natural map K(A) → K(B) given by [M] ↦ [M ⊗A B]. If moreover B is
a finite A-algebra, prove that there is a well-defined natural map K ′(B) → K ′(A) given by
[N] ↦ [NA].

2 Sheaves and ringed spaces

2.1 Sheaves

Definition 2.1.1 (Presheaves). Let X be a topological space. A preshef F of abelian
groups is a pair of assignments U ↦ F(U) to each open subset an abelian groups, and
γUV ∈ Hom(F(U),F(V )) to each inclusion V ⊂ U of open sets an homomorphism such that
following conditions are satisfied:

1. F(∅) = 0, where ∅ is the empty set,

2. γUU is the identity map F(U) → F(U), and

3. if W ⊆ V ⊆ U are three open subsets, then γUW = γVW ○ γUV .

We will also use notation Γ(U,F) for F(U).

In other words, a presheaf on X is a contravariant functor from the category of open
sets whose morphisms are embedings to the category Ab of abelian groups. The collection of
presheaves on X for a category PreSh(X) whose morphism are natural transform of functors.
Many notions about abelian groups can be extended to presheaves. So we can define the
notion of kernel, image, cokernel for morphisms of presheaves. In particular, the category of
presheaves is an abelian categories. We can also define the notion of sheaves of rings, and
modules, the tensor product, etc.

For each x ∈ X, we can define a functor PreSh(X)Ð→Ab by sending a presheaf F on X
to

Fx ∶= lim
Ð→
x∈U
F(U).

Thus for each open subset U of X, we have a map

F(U)Ð→∏
x∈U
Fx ∶ s↦ (sx)x∈U .

Definition 2.1.2 (Sheaves). Let X be a topological space. A sheaf F of abelian groups is a
presheaf which satisfies following glueing conditions: the sequence

0→ F(U)
d0
Ð→∏

i

F (Ui)
d1
Ð→∏

i,j

F (Uij) (2.1.1)

defined by d0 ∶ s↦ (s∣Ui)i and d1 ∶ (si)i ↦ (si∣Uij − sj ∣Uij)i,j
is exact.
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Definition 2.1.3 (Morphisms of Sheaves). Let F , G be presheaves on topological space X,
a morphism ϕ ∶ F → G is defined to be the natural transformation.

Proposition 2.1.4. Let X be a topological space, let U = {Ui} be an open cover of X. And
suppose we are given for each i a sheaf Fi on Ui, and for each i, j an isomorphism

ϕij ∶ Fi ∣Ui∩Uj → Fj ∣Ui∩Uj
(2.1.2)

such that

(1) for each i, ϕu = id;

(2) for each i, j, k,ϕik = ϕjk ○ ϕij on Ui ∩Uj ∩Uk.

Then there exists a unique sheaf F on X, together with the isomorphisms ψi ∶ F∣Ui ⇒ Fi
such that for each i, j, ψj = ϕij ○ψi on Ui ∩Uj. We say loosely that F is obtained by glueing
the sheaves F via the isomorphisms ϕij.

All sheaves on X and their morphisms form an additive category Sh(X). tIn the next
section, we want to show that this is actually an abelian category.

Proposition 2.1.5. Let ϕ ∶ F → G be a morphism of sheaves on a topological space X. Then
ϕ is an isomorphism if and only if the induced map on stalk ϕp ∶ Fp → Gp is an isomorphism
for every P ∈X.

Remark 2.1.6. The condition ‘Let ϕ ∶ F → G be a morphism of sheaves on a topological space
X’ in the above proposition is very important, and the map on stalks must be induced from
ϕ. For example, you can find two sheaves such that there exists an isomorphism between
their stalks, but there is no isomorphism between themselves. Let F = (⊕pZ/pZ)⊕Q and

G = Z, then Fp
∼
Ð→Gp on every prime p, but F and G are not isomorphic.

Remark 2.1.7. The surjectivity of ϕ ∶ F → G doesn’t imply the surjectivity of ϕ ∶ F(U) →
G(U). We will give an example to explain this and give a criterian of surjectivity of sheaves.

Example 2.1.8. Let X = C× and let F be the functor from the category of the open subsets
in X to the category of holomorphic functions. i.e for any open subset U ⊂ X, F(U) is the
set of holomorphic functions on U . Suppose G is another sheaf such that G(U) is the set of
invertible holomorphic functions on U . Then the exponential map exp ∶ F → G is surjective.
But F(X) → G(X) is not surjective.

surj for sheaf Lemma 2.1.9. Let ϕ ∶ F → G be a morphism of sheaves on X. Then ϕ is surjective if and
only if the following condition holds: for every open subset U ⊂ X, and for every s ∈ G(U),
there is a covering {Ui} of U , and there are elements ti ∈ F(Ui) such that ϕ(ti) = s∣Ui for all
i.

Proof. exercise
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2.2 Sheafication

Given a topological space X, we have a natural embedding functor Sh(X)Ð→PreSh(X) from
the category of sheaves on X to the category of presheaves. This functor has a left adjoint
called a sheafication defined as follows. For any presheaf F on X, its sheafication F+ is
defined as follows: for any open subset U of X, the space F+(U) of sections of F+(U) is
defined as elements s ∈ ∏x∈U Fx such that there is a open covering U = ∪i∈IUi by opens Ui,
and sections si ∈ F(Ui), such that for any x ∈ Ui,

sx = (si)x.

Thus we have a natural morphism FÐ→F+ which induces isomorphism on stacks:

Fx = F
+
x

for any x ∈X.
The functor sheafication allows us to extend notions from abelian groups to sheaves,

including subsheaves, quotient sheaves, kernel, image, cokernel, sheaves of rings, modules,
tenso products, etc.

Definition 2.2.1. A subsheaf of a sheaf F is a sheaf F ′ such that for every open set U ⊂X,
F ′(U) is a subgroup of F(U), and the restriction maps of the sheaf F ′ are induced by those
of F . It follows that for any point P , the stalk F ′

P is a subsheaf of FP .

Example 2.2.2 (Kernel and Image). Given a morphism ϕ ∶ F → G of sheaves, we define the
kernel of ϕ, denoted kerϕ, to be the presheaf kernel of ϕ(which is a sheaf). Thus kerϕ is a
subsheaf of F .

Example 2.2.3 (Quotient Sheaf). Let F ′ be a subsheaf of a sheaf F . We define the quotient
sheaf F/F ′ to be the sheaf associated to the presheaf U → F(U)/F ′(U). It follows that for
any point P , the stalk (F/F ′)P is the quotient FP /F ′

P .

Definition 2.2.4 (Exact Sequence of Sheaves). We say that a sequence

⋯ → F i−1 ϕi−1
→ F i

ϕi

→ F i+1 → ⋯

of sheaves and morphisms is exact if for every i, kerϕi = imϕi−1. Thus a sequence 0→ F
ϕ
→ G

is exact if and only if ϕ is injective, and F
ϕ
→ G → 0 is exact if and only if ϕ is surjective.

Lemma 2.2.5. A sequence ⋯ → F i−1
ϕi−1
→ F i

ϕi

→ F i+1 → ⋯ of sheaves and morphisms is eact
if and only if for each P ∈ X the corresponding sequence of stalks is exact as a sequence of
abelian groups.
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2.3 Push forward and pull back

Definition 2.3.1. Let f ∶ X → Y be a continuous map of topological spaces. Then given an
open subset V ⊂ Y , f−1(V ) is an open subset in X. Then we can define the push forward
functor f∗ from the category of sheaves on X to the category of sheaves on Y as follows.

For any sheaf F on X, and any open subset V ⊂ Y , define f∗F(V ) = F(f−1(V )). And
we can define the functor f−1 from the category of sheaves on Y to the category of sheaves
on X as follows:

For any sheaf G on Y , and any open subset U ⊂X, define the sheaf f−1G on X to be the
sheaf associated to the presheaf U ↦ lim

V ⊇f(U)
G(V ), and the limit is taken over all open subsets

V ⊂ Y containing f(U).

It is easy to prove that the functor f∗ is left exact and f−1 is right exact.

adjoint prop for f_* Proposition 2.3.2 (Adjoint property). Let f ∶ X → Y be a continuous map of topological
spaces. Then for any sheaf F on X and sheaf G on Y , there is a canonical isomorphism

HomX(f−1G,F)
∼
Ð→HomY (G, f∗F).

This means that the functor f∗ is a right adjoint of f−1 and f−1 is a left adjoint of f∗.

Proof. Let V be open subset of Y and U be open subset of X. Since f−1f∗F is the sheaf
associated to the presheaf

U ↦ lim
Ð→

U⊂f−1(V )
F(f−1(V )).

Then as a presheaf, it has a natural morphism to F induced by direct limit. After sheafication
we get a morphism α ∶ f−1f∗F → F . Since we have f(f−1(V )) ⊂ V , then for any V ⊂ Y , we
have

G(V ) → lim
Ð→

f(f−1(V ))⊂V ′
G(V ′) → f−1G(f−1(V )) = f∗f

−1G(V )

which defines a morphism β ∶ G → f∗f−1G.
Thus we can define

φ ∶ HomX(f−1G,F) // HomY (G, f∗F)

(ϕ ∶ f−1G → F) � // (f∗ϕβ ∶ G → f∗f−1G → f∗F)

and
ψ ∶ HomY (G, f∗F) // HomX(f−1G,F)

(ψ ∶ G → f∗F) � // (αf−1ψ ∶ f−1G → f−1f∗F → F)

.

Clearly φ ○ ψ = Id and ψ ○ φ = Id.
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2.4 Some special sheaves

Example 2.4.1 (Constant Sheaves). Let A be an abelian group. We define the constant sheaf
A on a topological space X determined by A to be the sheaf associated to the presheaf
U ↦ A for any nonempty open subset U ⊂X, with restriction maps the identity.

Example 2.4.2. For any open subset U ⊂ X, the functor Γ(U, ⋅) is a left exact functor from
the category of sheaves to the category of abelian groups.

Example 2.4.3. Let X be a topological space and let F and G be sheaves on X. For any
open set U ⊂ X, then the set Hom(F∣U ,G∣U) has a nature sturcture of abelian group. The
functor U ↦ Hom(F∣U ,G∣U) denoted by Hom(F ,G) is a sheaf.

Example 2.4.4 (Direct Limit.). Let {Fi} be a direct system of sheaves and morphisms on
topological space X. For any open subset U ⊂ X, we have direct limit of abelian groups
lim
Ð→
Fi(U). Let lim

Ð→
F denote the sheaf associated to the presheaf U ↦ lim

Ð→
Fi(U). Then lim

Ð→
F

is the direct limit of {Fi} in the category of sheaves on X.
Note that if X is a noetherian topological space, then the presheaf U ↦ lim

Ð→
Fi(U) is

already a sheaf.

Example 2.4.5 (Inverse limit.). Let {Fi} be a inverse system of sheaves and morphisms on
topological space X. Then the presheaf U ↦ lim

←Ð
Fi(U) is already a sheaf. Denote this sheaf

by lim
←Ð
Fi, then it is the inverse limit of {Fi} in the category of sheaves on X.

Example 2.4.6 (Skyscraper Sheaves.). Let X be a topological space and P ∈ X is a point.
Let A be an abelian group and A the constant sheaf on the closed subspace {P}− determined
by A. Consider the embedding i ∶ {P}−Ð→X, then the sheaf i∗A has the following property:
for any open subset U ⊂X,

i∗A(U) = {
A if P ∈ U (2.4.1)

0 otherwise. (2.4.2)

(i∗A)Q = {
A if Q ∈ {P}− (2.4.3)

0 otherwise. (2.4.4)

This sheaf is called the skyscraper sheaf with value A at P .

2.5 Ringed space

In the following we want to generalize the notion of functions on a topological space. We
will use the language of sheaves.

Definition 2.5.1. A ringed space is a pair (X,OX) of a topological space X with a sheaf
OX of rings such that for each x ∈X, the stack OX,x is a local ring. Let mx be the maximal
ideal of OX,x. The field OX,x/mx is called theresidue field of x which is denoted by k(x).

A morphism of ringed spaces f = (f, f#) ∶ (X,OX) → (Y,OY ) consists of a continuous
map f ∶ X → Y and a morphism of sheaves f# ∶ OY → f∗OX , here f∗OX is a sheaf on Y ,
called the direct image of OX , and is defined by (f∗OX)(V ) ∶= OX(f−1(V )) for any open
subset V of X.
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The rigned spaces with morphisms form the category RS of ringed space
Intuitively, a ringed space is a topological space equipped with the ring of functions

OX(U) for each open subset U , and for each open subset U . At each point x, the local ring
OX,x is the ring of functions defined in a neighborhood of x; the map OX,xÐ→k(x) is the
valuation of these functions at x. The difference with the usual definition of functions is that
we don’t require that the “values” of these functions are in a single field.

Remark 2.5.2. The functions in OX,x are not determined by values at points. In other words,
if a section f ∈ OX(U) has zero value at every point x ∈ U , then it is possible that f ≠ 0.
For example, let X = SpecZ/4Z. Then X has only one point x = (2) and 2 ∈ (2), thus the
section 2 has zero value in the residue field of x. But 2 ≠ 0.

Example 2.5.3. Let X = R, U is an open subset in X,

OX(U) =

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

C(U) continuous functions on U
C ′(U) the differenciatable functions on U
C∞(U) holomorphic functions on U

Push forward and pull back

By same way, we define the abelian category of OX-modules on a ringed space (X,OX). In
this category, we have operators ⊗OX and HomOX using sheafication and they satisfies the
usual adjoint property:

Hom(E ,HomOX(F ,G)) ≃ Hom(E ⊗OX F ,G).

Let f ∶ X → Y be a morphism of ringed spaces, and E an OX-module over X, and F
an OY -module over Y . Then f∗(E) is an f∗(OX)-module, and thus an OY -module through
homomorphism OYÐ→f∗OX . But f−1F is only an f−1OY -module. We define an OX-module
by

f∗F ∶= OX ⊗f−1OY f
−1F .

projection formula Lemma 2.5.4 (Projection formula). Let f ∶ XÐ→Y be a morphism of a ringed spaces and
E and F are sheaves of OX and OY respectively. Assume that F is locally free. Then there
is a canonical isomorphism

f∗(E) ⊗OY F
∼
Ð→f∗(E ⊗OX f

∗(F)).

Proof. By definition of tensor sheaves, the left hand side is the sheafication of the presheaf
G on Y defined by

G(U) ∶= f∗(E)(U) ⊗OY (U) F(U).

Using defintion of f∗, we may write the last term as

E(f−1U) ⊗OY (U) F(U) =E(f−1(U)) ⊗OX(f−1U) (OX(f−1U) ⊗OY (U) F(U))

=E(f−1(U)) ⊗OX(f−1U) (OX(f−1U) ⊗f−1OY (f−1U) f
−1F(f−1U)).
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This term has a natural map to

E(f−1(U)) ⊗OX(f−1U) f
∗F(f−1(U)),

and thus to
(E ⊗OX f

∗(F))(f−1U) = f∗(E ⊗OX f
∗(F))(U).

By university of sheafication, we have a morphism of sheaves

f∗(E) ⊗OY FÐ→f∗(E ⊗OX f
∗(F)).

To show that this is actually an isomorphism, we need only check in level of stacks. In this
case, we may assume that F is free: F = O⊕I

Y . It then reduce to the case F = OY . In this
case, the assertion is clear.

3 Affine schemes

3.1 Spectrum

The term “Spectrum” comes from the use in operator theory. Given a linear operator T on
a finite-dimensional vector space V , one can consider the vector space with operator as a
module over the polynomial ring in one varieble R = K[T ]. Then the spectrum of K[T ](as
a ring) equals the spectrum of T(as an operator). The theory of Jordan form follows from
in the structure theorem for finitely generated modules over a PID.

Definition 3.1.1. Let R be a commutative ring. The spectrum the spectrum of R to defined
to be the set

SpecR = {p ⫋ R∣ p is prime ideal} . (3.1.1)

Remark 3.1.2. For connection with classical algebraic geometry, let K be a algebraic closed
field, and A ↪ Kn a set of zeros of some polynomial functions f1, ..., fm, one considers the
commutative ring R = K[x1, ..., xn]/(f1...fm) of all polynomial functions A → K. Then the
maximal ideals of R correspond to the ponits of A and the prime ideals of R correspond to
the subvarieties of A. In the above definition of spectrum, we include all prime ideals.

Given f ∶ R →K a homomorphism from R to a field K, we can show that ker f is a prime
ideal in R, thus Imf is an integral ring.

Exercise 3.1.3. An ideal p is a prime ideal in ring R⇔ p is kernel of a homomorphism from
R to a field.

Exercise 3.1.4. A ring R is integral⇔ R is the subring of a field.
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3.2 Topology

Now let R be commutative ring, we will define a topology of on X = Spec(R) with closed
subsets V (I) defined as follows:

Definition 3.2.1. For any ideal I ⊂ R, define

V (I) = {p ∈ SpecR ∣p ⊇ I} (3.2.1)

For an ideal I of R, we define the radical the ideal of elements a which has a positive
power an belonged to I and denote it by

√
I.

Lemma 3.2.2. Let R be a commutative ring.

1. If I1 and I2 are two ideals of R, then V (I1I2) = V (I1)⋃V (I2).

2. If Is (s ∈ S ) be any set of ideals of R, then V (∑s∈S Is) = ⋂V (Is).

3. If I1 and I2 are two ideals, V (I1) ⊂ V (I2) if and only if
√
I2 ⊂

√
I1

4. V (I) = ⋂f∈I V (f)

Proof. 1. Clearly if a prime ideal p ⊇ Ii, i = 1,2, then p ⊇ I1I2. Conversely if p ⊇ I1I2.
Suppose p ⊉ I1, then there is an a ∈ I1 such that a ∉ p. Since for any b ∈ I2, ab ∈ p. Thus
b ∈ p, therefore I2 ⊆ p.

2. Since ∑ In is the smallest ideal containing all In, thus p ⊇ ∑ In if and only if p ⊇ In for
any n.

3. Since
√
I1 = ∩⊇I1 , so V (I1) ⊂ V (I2) if and only if

√
I2 ⊂

√
I1

By (1) and (2) of Lemma, we arrive to a topology on SpecR:

Definition 3.2.3. The Zariski topology of SpecR is a topology on SpecR with closed subsets
V (I) indexed by ideals I of R. For each f ∈ R, the complement of V (fR) is called a principle
open set and denoted by D(f). Thus naturally we have SpecR = V (0), ∅ = V (R).

Remark 3.2.4. For connection with classical algebraic geometry for the algebraic set A with
ring R of algebraic functions, one can view the topological space SpecR as an erichment of
the topological space A: for every subvariety of A, one additional non-closed point has been
introduced, and this point “keeps track” of the corresponding subvariety. One thinks of this
point as the generic point for the subvariety. Furthermore, the sheaf on SpecR and the sheaf
of polynomial functions on A are essentially identical. By studying spectra of polynomial
rings instead of algebraic sets with Zariski topology, one can generalize the concepts of
algebraic geometry to non-algebraically closed fields and beyond, eventually arriving at the
language of schemes.
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Proposition 3.2.5. If φ ∶ A → B is a homomorphism of rings, then φ induces a natural
morphism of ringed spaces

φ∗ ∶ SpecB → SpecA, (3.2.2)

and this morphism is continuous.

Proof. Let q be a prime ideal of B, then φ induces a inclusion A/φ−1q ↪ B/q. Since B/q
is integral, then A/φ−1q is integral. Thus φ−1q is prime ideal in A. Let I be an ideal in B.
Given a closed subset V (I) ⊆ SpecB,

φ−1
∗ (V (I)) = {φ−1(q)∣I ⊆ q} = V (φ−1I).

Thus φ∗ is continuous.

Example 3.2.6. Let A be a ring, given an ideal I ⊆ A, the ring homomorhism φ ∶ A → A/I
is surjective. Since any prime ideal q ↪ A/I is the prime ideal in A that contains I. then
φ∗ ∶ SpecA/I → SpecA is injective. And Imφ∗ = V (I).

Definition 3.2.7. Let A be a ring, and S a semi-multiplicated subgroup of A. Define the
localization AS of A on S to be the quotiont A[xs, s ∈ S]/(xss − 1), denoted by A[ 1

S ].
It is equally to say that A[ 1

S ] is a ring generated by symbols a
s module the following

relation for a, b ∈ A, s, t ∈ S:
a

s
=
b

t
⇔ uta − usb = 0

for some u ∈ S.
If S = {fn, n ∈ N} is generated by one element, we also denote AS = Af = A[ 1

f ].

Then A[ 1
S ] ≠ 0 if and only if 0 ∉ S.

Lemma 3.2.8. let A be a ring, then the ring homomorphism φ ∶ A→ Af induces a morphism
between topological spaces φ∗ ∶ SpecAf → SpecA and Imφ∗ =D(f)

Proof. By definition, D(f) = {p ∈ SpecA∣f ∉ p}.
Let q ∈ SpecAf be a prime ideal. Since φ is a ring homomorphism then p = φ−1(q) is a

prime ideal in A. If f ∈ φ−1(q), it follows that φ(f) ∈ q. Then f ∈ q ⊂ Af = A[x]/(xf − 1) is
invertible, thus q = A, contradiction. Therefore Imφ∗ ⊂D(f).

Conversely, for each p ∈D(f), we have an ideal q ∶= pAf of Af . It is each to see that this
is a prime ideal, and that the induced map D(f)Ð→SpecA)f is continuous and inverse to
the map φ∗ ∶ SpecAfÐ→D(f).

Let A be a ring and f1, f2 ∈ A, then D(f1) ∩D(f2) = D(f1f2). More general let S ↪ A
be nonzero semi-group, then we have a morphism

φ∗ ∶ SpecA[
1

S
] → SpecA. (3.2.3)
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It is easy to see that Imφ∗ = ∩f∈SD(f).
If p ∈ SpecA, take S = A − p. Then the localization of A at S is defined by Ap ∶= A[ 1

S ].
We also have a morphism of topological spaces

φ∗ ∶ SpecAp → SpecA (3.2.4)

The image is the intersection of all open neighborhoods of p.

Definition 3.2.9. Let A be a ring. For any p ∈ SpecA, let Ap be the local ring at p, and pAp
its maximal ideal. We define the residue field of p on SpecA to be the field k(p) = Ap/pAp.
And it is isomorphis to the fraction field of A/p.

Naturally we have a sequence of homomorphism of rings

A→ A/p→ k(p) (3.2.5)

which induces a sequence of morphisms of topological spaces

Speck(p) → SpecA/p→ SpecA. (3.2.6)

Speck(p) // SpecA/p // SpecA

x � // generic point � // p

(3.2.7)

where x is the only point in Speck(p).

Exercise 3.2.10. Show that ψ ∶ SpecA/p→ SpecA is injective and Imψ= the closure of {p}.

Remark 3.2.11. As a topological space, SpecA is T0. But the good thing is only SpecA is
compact. Which means if ∩λ∈ΛV (Iλ) = ∅, then there exists a finite subset Λ′ ↪ Λ such that
∩λ∈ΛV (Iλ) = ∅.

Proof. ∩λ∈ΛV (Iλ) = V (∑λ∈Λ Iλ) = ∅, let I = ∑λ∈Λ Iλ. Then for any prime ideal p, p ⊉ I. By
Zorn’s lemma, I = A.

Example 3.2.12. A prime ideal p ⊂ A is maximal ideal if only if the set {p} is closed.

Definition 3.2.13. Let R be a ring, S a subset of R. We say S is a multiplicative subset of
R if 1∈ S and S is closed under multiplication, i.e., s, s′ ∈ S ⇒ ss′ ∈ S.

Proposition 3.2.14. The local ring A[ 1
S ] is flat as an A-module.

Proof. It is enough to prove it preserves short exact sequences: 0→M → N → P → 0. As the
tensor product is right-exact, and S−1M ≃M⊗AS−1A, it is even enough to prove it preserves
injectivity:
Consider an injective morphism ϕ ∶M → N and suppose S−1ϕ (m

s
) = 0 in S−1N. This means

there exists t ∈ S such that tϕ(m) = ϕ(tm) = 0. But then

m

s
=
tm

ts
=

0

ts
= 0 (3.2.8)

which shows S−1ϕ is injective.
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3.3 Structure sheaves

Let X = SpecA. We will define structure sheaf on X so that O(D(f)) = Af for all f ∈ A.
Thus for any open subset U with an open covering U = ∪f∈ΛD(f) we have the following short
exact sequence

OX(U) → Πf∈ΛAf
α
Ð→ Πf,g∈ΛAfg (3.3.1)

We may use this exact sequence to defineO(U). But then we have to check that the definition
doesn’t depend on the choice of any U = ∪f∈ΛD(f). We will give another definition and then
prove above as a theorem.

Definition 3.3.1. Given a ring A, and Let X = SpecA, U be an open subset in X. Define
the stalk of OX at the point p to be the direct limit:

OX,p = lim
Ð→
f∉p

Af (3.3.2)

= lim
Ð→
f∉p
OX(D(f)) (3.3.3)

= Ap (3.3.4)

The elements of the stalk OX,p are called the germs of sections of OX at the point p.
Now we come to the following definition:

OX(U) ∶= {(sp)p ∈ Πp∈UAp∣
∃ a covering U = ⋃i∈ID(ai)
such that onD(ai),∃si ∶ Aai → Ap, sp is the image offi

}(3.3.5)

It is clear that OX is a sheaf of rings on SpecA.

Remark 3.3.2. Let X be a topological space, Y be any set, let x ∈ X. Given two maps
f, g ∶ X → Y . Then f and g define the same germ at x if there is a neighborhood U of x
such that the restriction of f and g on U are equal. In this way, Ap is the analogue of germ
of functions at p.

Example 3.3.3. Let D be a domain in C. Let C(D) denote the set of continuous functions
on D. Define

Cholo(D) = {f ∈ C(D)∣∀p ∈D, f is analytic at p} (3.3.6)

to be the set of holomorphic functions on D. i.e. f ∈ Cholo(D), f = ∑
∞
n=0 an(z − zp)

n, where
an, z ∈ C.
∀p ∈D, define

OD,p = {f ∈ Cholo∣f =
∞
∑
n=0

an(z − zp)
n convergent in neighborhoods of p}

to be the set of germs of analytic functions on D.
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m Theorem 3.3.4 (Main theorem). Let A be a ring, and O is the sheaf of rings on SpecA
defined as above.

(a) For any p ∈ SpecA, the stalk Op of the sheaf O is isomorphic to the local ring Ap

(b) For any element f ∈ A,the ring O(D(f)) is isomorphic to the localized ring Af .

(c) In particular, A
∼
Ð→Γ(SpecA,O).

Proof. (a) First we define a homomorphism

ϕ ∶ Op // Ap

s � // s(p)

(3.3.7)

where s is a local section in a neighborhood U of p, and by definition of O, s(p) is the image
of p by s ∶ U →∏Ap.

The map is surjective: any element of Ap can be represented as a quotient a/f , where
a, f ∈ A and f ∉ p. Then D(f) will be an open neighborhood of p, then we get a section
s ∶D(f) → ∏p∈D(f)Ap with p↦ a/f , f ∉ p.

To show the map is injective, let U be an open neighborhood of p. We need to show that
given a local sections ∶ U → ∏Ap, if s(p) = 0, then s(q) = 0 for every q ∈ U . By shrinking U
if necessary, we may assume that s = a/f on U , where a, f ∈ A and f ∉ p. Since the image of
a/f in Ap is zero, then there exists an h ∉ p such that ha = 0 in A. Therefore a/f = 0 in every
local ring Aq such that f, h ∉ q. Hence s = 0 in a whole neighborhood of p, so they have the
same stalk at p. So ϕ is an isomorphism.

b. We define a homomorphism

ψ ∶ Af // O(D(f))
a
fn

� // s

where s is the section which assigns each p the image of a
fn in Ap.

First we show that ψ is injective. If ψ(a/fn) = ψ(b/fm), then for every p ∈ D(f),
here is an element h ∉ p such that h(fma = fnb) = 0 in A. Let α be the annihilator of
fma = fnb. Then h ∈ α, and h ∉ p, so α ⊈ p. This holds for any p ∈D(f), so we conclude that
V (α)⋂D(f) = ∅. Therefore f ∈

√
α, so f l ∈ α for some integer l, then f l(fma − fnb) = 0,

which shows that a/fn = b/fm in Af . Hence ψ is injective.
Second we need to show that ψ is surjective. So let s ∈ O(D(f)). Then by definition of

O, we can assume that D(f) is covered by opensubsets D(hi) and s is represented by ai/hi
on each D(hi)

Observe that the cover {D(hi)} is finite. Indeed, D(f) ⊂ ⋃D(hi) if and only if V ((f)) ⊇

⋂V ((hi)) = V (∑(hi)). This is equivalent to say that f ∈
√
∑(hi), then fn ∈ ∑(hi) for some

integer n. This means that fn can be expressed as a finite sum fn = ∑ bihi, where bi ∈ A.
Hence a finite subset of hi will do. So we suppose that D(f) = ⋃ri=1D(hi).
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Note that D(hi)⋂D(hj) = D(hihj). By the property of sheaves, the restriction of s on
D(hi) and D(hj) , namely ai/hi, aj/hj have the same image on D(hihj). Then from the
injectivity of ψ we know that ai/hi = aj/hj in D(hihj). Hence there exists an integer n such
that

(hihj)
n(hjai − hiaj) = 0. (3.3.8)

Since there are only finitely many D(hi), we may pick n sufficiently large such that it works
for all i, j. Rewrite this equation as

hn+1
j (hni ai) − h

n+1
i (hnj aj) = 0. (3.3.9)

Replace each hi, hj by hn+1
i , hn+1

i and ai, aj by hni ai, h
n
j aj respectively. Then hjai = hiaj for

all i, j, ai/hi represent s.
Since D(f) = ⋃ri=1D(hi). Now write fn = ∑ bihi as above, let a = ∑ biai. Then for each j

we have

hja =
r

∑
i=1

biaihj =
r

∑
i=1

biajhi = f
naj. (3.3.10)

This means that a/fn = ajhj on D(hj). So ψ(a/fn) = s everywhere, which shows that ψ is
surjective, hence an isomorphism.

c. Let f = 1 in 1, D(f) is the whole space.

Proposition 3.3.5. Let A be a ring and let X = SpecA. Then f ∈ A is nilpotent if and only
if D(f) is empty.

Proof. Since the nilradical of A is the intersection of all prime ideals of A, say Nil(A) = ⋂p p.
Then f ∈ Nil(A) if and only if f ∈ p for all prime ideals p ⊂ A if and only if D(f) = ∅.

3.4 Affine Schemes

In the last section we defined a functor from the opposite category of rings to ringed spaces:

Spec ∶ Ringopp // Ringed spaces

A � // (SpecA,OSpecA)

(3.4.1)

Definition 3.4.1. A covariant functor F ∶ C → D is called faithful if for all C1,C2 ∈ C,
the map HomC(C1,C2) → HomD(F (C1), F (C2)) is injective, and full if it is surjective. A
functor that is full and faithful is called fully faithful.

Definition 3.4.2. Let A be a ring. The local ringed space (SpecA,OSpecA) is called an affine
scheme.

Proposition 3.4.3. The functor Spec is fully faithful.

26



Proof. Given two rings A,B, and let X = SpecA,Y = SpecB. Given a homomorphism ϕ ∶
A→ B, in last chapter we have defined the induced map f ∶ SpecB → SpecA by f(p) = ϕ−1(p)
for any p ∈ SpecB. And we have proven that f is continuous. Since O(D(f))=Af for any
open subset D(f), and D(f) form a basis of SpecA, and for any p ∈ SpecB ϕ induces a
local homomorphism ϕp ∶ Aϕ−1(p) → Bp. Considering the stalks on each p, then for any open
subset V of X we obtani a homomorphism of rings f ♯ ∶ OX(V ) → OY (f−1(V )). Then we
have diagram

OX(V )
f ♯ //

��

OY (f−1(V ))

��
OX,p

ϕp // OY,p

This gives the morphism of sheaves f ♯ ∶ OX → f∗(OY ).
Conversely, Given a morphism f ∶ Y →X, taking global sections it induces a homomorphism
of rings ϕ ∶ OX(X) → OY (Y ). But we know that OX(X) = A and OY (Y ) = B, so we have
ϕ ∶ A → B. For any p ∈ Spec B, we have an induced local homomorphism on the stalks,
OX,f(p) → OY,p. Then there is a commutative diagram:

A
ϕ //

��

B

��
Af(p)

f ♯p // Bp

since f ′′ is a local homomorphism, it follows that ϕ−1(p) = f(p), which shows that f coincides
with the map B pec B → Spec A induced by ϕ . Now it is immediate that f∗ also is induced
by ϕ, so that the morphism (f, f∗) of locally ringed spaces does indeed come from the
homomorphism of rings ϕ.

Lemma 3.4.4. Let ϕ ∶ A → B be a homomorphism of rings, and let f ∶ Y = SpecB → X =
SpecA be the induced morphism of affine schemes. Then

(1) ϕ is injective iff f ♯ ∶ OX → f∗OY is injective. And in this case f is dominant.

(2) If ϕ is surjective, then f is a homeomorphism of Y onto a closed subset of X and f ♯

is surjective

Proof. (1) Let p ∈ SpecA and a ∈ A, for any open subset D(a) ↪X, since

(f∗OY )p = lim
Ð→

p∈D(a)
OY (f

−1(D(a))) = lim
Ð→
a∉p
OY (D(ϕ(a))) ≅ Bϕ(a).

Then consider the map on stalks:

f ♯p ∶ Op = Ap → Bϕ(a).

Note that Bϕ(a) = B⊗Ap = S−1B, where S = A/p. Then it is easy to check that ϕ is injective
iff f ♯p is injective. To prove that f is dominant, we only need to prove that for any nonempty
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principle open subsetD(a) ⊂X, f(Y )⋂D(a) ≠ ∅, or equivalently, D(ϕ(a)) = f−1(D(a)) ≠ 0.
But it is clear as ϕ(a) is not nilpotent if ϕ is injective.

(2) Since ϕ is surjective then A/kerϕ ≅ B. Denote kerϕ by I. Then Y = SpecA/I =
V (I) ⊂X. The map on stalks

f ♯p ∶ Op = Ap → A/I ⊗A Ap

is clearly surjective.

Example 3.4.5. Let k be a field. Then Speck is an affine scheme whose topological space
contains only one point. And whose structure sheaf consists of the field k.

Example 3.4.6. SpecZ = {(p)∣ p is prime number}. Since Z is PID, and an ideal (a) ⊂ (p) if
and only if p∣a. Thus a closed subset of SpecZ is a finite set.

Example 3.4.7. Let k be a field, then Speck[x] = {(0), (f)∣ f is monic irreducible polynomial}.
Similarly, since k[x] is PID. Then let p be a point in Speck, suppose p = (f), f is an poly-
nomial. An ideal (g) ⊂ p if and only if f ∣g. Thus the closed subset of Speck[x] is a finite
set.

If k is algebraic closed, then Speck[x] = k⋃{ζ}, where ζ is generic point. The correspon-
dence k → Speck[x] is given by a↦ (x − a)k[x]

Speck[x] is compact. Every open cover has a finite subcover.

Example 3.4.8. Let k be an algebraic field. An
k = Speck[x1...xn] is affine scheme of dimension

n.

Theorem 3.4.9 (Hilbert-Nullstellensatz). Let k be an algebraically closed field. Then the
set of closed points in An

k is isormorphic to kn

Proof. Let A = k[t1, ..., tn], I an ideal of A and V the common zeros of I in kn. Clearly,√
I ⊂ I(V ). Let f ∉

√
I. Then f ∉ p for some prime ideal p ⊇ I in A. Let R = (A/p) [f−1]

and m a maximal ideal in R. Apply Zariskı’s lemma
zariski lemmazariski lemma
1.4.7 on k ↪ B ↪ k/m, where B is

k(x1, ..., xr) with {x1, .., xr} is a transcendental basis of k/m over k. R/m is a finite extension
of k; thus, is k since k is algebraically closed. Let xi be the images of ti under the natural
map A→ k. It follows that x = (x1, . . . , xn) ∈ V and f(x) ≠ 0.

Exercise 3.4.10. Let f ∶X → Y be a morphism of schemes, and suppose that Y can be covered
by open subsets Ui, such that for each i, the induced map f−1(Ui) → Ui is an isomorphism.
Then f is an isomorphism.

X_f Lemma 3.4.11. Let X be a scheme, let f ∈ Γ(X,OX), and define Xf = {x ∈X ∣ fx ∉mxOx},
then

(a) Xf is an open subset of X;

(b) assume that X is quasi-compact. Let A = Γ(X,OX), and let a ∈ A be an element whose
restriction to Xf is 0. Then fna = 0 for some integer n;
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(c) Now assume that X has a finite affine open covering {Ui} such that Ui⋂Uj = Uij
is compact, ∀i, j, and a section b of OXf can be extend to a global section. i.e. let
b ∈ Γ(Xf ,OXf ). There is an integer n such that fnb is the restriction of an element of
A;

(d) Γ(Xf ,OXf ) ≅ Af .

Proof. (a) Let U = SpecB be an affine open subset of X and let f ∈ B be the restriction
of f . Then x ∈ D(f) if and only if the stalk fx ∉ mxOU,x. Then U ⋂Xf = D(f), thus
Xf is an open subset.

(b) Let {Ui = SpecAi} be an open affine cover of X. Since X is quasi-compact, assume that
X = ⋃mi=1Ui. fi ∈ Ai be the restriction of f on Ui. Since the restrictoin of a on Xf is 0,
then ai = a∣Ui restricts on D(fi) = Spec(Ai)fi is 0. Then for each i, there is an integer

ni such that fi
ni
ai = 0. Denote n = max{ni} we have fi

n
ai = 0 on each Ui. By the

property of sheaf, we get fna = 0.

(c) On every Ui, since b∣Ui⋂Xf = b∣D(fi), there exists integers ni such that fi
ni
b∣D(fi) can

be extended into Ui. Denote n = max{ni} we get fi
n
b∣D(fi) can be extended into

Ui as some bi. On every Uij, we may assume Uij = ⋃k∈Kij Uijk for some finite index
set Kij. Since on every Uijk, bi∣Uijk − bj ∣Uijk = 0, there exists some mijk such that
(f ∣Uijk)

mijkbi∣Uijk − bj ∣Uijk = 0. Then take m = max{mijk} we get fmbi∣Uijk − bj ∣Uijk = 0.
So fn+mb can be extended to some global section by property of sheaf.

(d) Consider morphism Af → Γ(Xf ,Oxf ) defined by a
fn ↦ a∣Xf . (b) means injection and

(c) means surjection.

a criterion for affineness Theorem 3.4.12 (A Criterion for Affineness). A scheme X is affine if and only if there is
a finite set of elements f1, ..., fr ∈ A = Γ(X,OX) such that the open subsets Xfi are affine,
and f1, ..., fr generate the unit ideal in A.

Proof. The identity map A → OX(X) induces a morphism ϕ ∶ X → SpecA. Since f1, ..., fr
generate the unit ideal in A, {D(fi)} forms an open covering of SpecA. Since clearly
ϕ−1(D(fi)) = Xf , we have OX(Xfi) ≅ Afi . Since ϕ is ismorphic on ϕ−1(D(fi)), by the
exercise, ϕ is an isomorphism.

3.5 Dimension Theory

We have our usual notion of dimension:

• a line is 1 -dimensional

• a plane is 2-dimensional

• a space is 3 -dimensional.
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The dimension measures how much freedom do you have, or equivalntly, how many constrains
you may have. If a space X has dimension n, then for generic n+ 1 functions f1, ..., fn+1 the
system f1 = f2 = ... = 0 should not have solutions, but any n of them will have solutions.
Note that An

k = Speck[x1...xn] has dimension n. And we have a chain of closed subsets

An ⊋ V (x1) ⊋ V (x2) ⊋ ... ⊋ V (x1...xn).

Definition 3.5.1. A topological space X is called noetherian if any decreasing chain of closed
subsets Y0 ⊋ Y1 ⊋ .... ⊋ ... is stable. i.e there is an integer r such that Yr = Yr+1 = ....

Definition 3.5.2. A topological space X is called quasi-compact if any open cover of X has
a finite subcover.

Exercise 3.5.3. If a topological space X is noetherian then it is quasi-compact.

Definition 3.5.4. Let A be a ring, and let I be an ideal in A. The radical of I is defined as

√
I = {f ∈ A∣ f r ∈ Ifor some r > 0}

Example 3.5.5. Let A, and X = SpecA. If {Ii} is an family of ideals in A, Yi = V (Ii). We
say Ii is radical if

√
Ii = Ii. Then Y0 ⊋ Y1 ⊋ .... ⊋ ... Ô⇒ I0 ⊊ I1 ⊊ ... ⊊ ...

Exercise 3.5.6. If a ring A is noetherian, then SpecA is noetherian as a topological space.
But conversely it is not true. Give an example such that SpecA is noetherian but A is not
noetherian.

Definition 3.5.7. A nonempty subset Y of a topological space X is irreducible if Y cannot
be expressed as the union Y = Y1⋃Y2 of two proper subsets, each one of which is closed in
Y .

Theorem 3.5.8. In a noetherian topological space X, any nonempty closed subset Y ⊂ X
can be expressd as a finite union of irreducible closed subsets Yi. If Yi ⊉ Yj for any i, j, then
Yi are uniquely determined. They are called the irreducible component of Y

Proof. Suppose that C is the set of nonempty closed subsets of X which cannot be expressed
as a finite union of irreducible closed subsets. If C is not empty, since X is noetherian, then
it has a minimal element, say Y . Then Y is not irreducible, thus we can write Y = Y ′⋃Y ′′,
where Y ′ and Y ′′ are proper closed subsets in Y . Since Y is minimal, Y ′ and Y ′′ are
not contained in C. Then each of Y ′ and Y ′′ can be expressed as a finite union of closed
irreducible subsets, hence Y also, contradiction. Now suppose Y = Y1⋃ ...⋃Yr, where Yi are
closed irreducible subsets.

Assume Yi ⊉ Yj for any i, j and Y = Y ′
1 ⋃ ...⋃Y

′
r is another such expression. Then

Y ′
1 ⊂ Y = Y1⋃ ...Yr. so Y ′

1 = ⋃(Y ′
1 ∩ Yi). But Y ′

1 is irreducible, so Y ′
1 ⊂ Yi for some i, say i = 1.

Similarly, Y1 ⊂ Y ′
j for some j. Then Y ′

1 ⊂ Y ′
j , so j = 1. Thus Y1 = Y ′

1 . Now let Z = (Y − Y1)−.
Then Z = Y2⋃ ...⋃Yr and also Z = Y ′

2 ⋃ ...⋃Y
′
s . So preceeding by induction on r, we obtain

the uniqueness of the Yi.
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Definition 3.5.9. Let X be a topological space. We define the dimension of X, denoted by
dimX to be the maximal length of the chain Y0 ⊂ Y1 ⊂ ... ⊂ Yn of distinct irreducible closed
subsets of X. We define the dimension of an affine or quasi-affine variety to be its dimension
as a topological space.

Proposition 3.5.10. Let X = Spec A where A is Noetherian. Then dimX is equal to the
maximal length of chains p1 ⊇ p2 ⊇ . . . ⊇ pm, where pi is a non-maximal prime ideal of A.

Proof. The proof is left to the reader as an exercise.

Example 3.5.11. We have dim Spec Z = 1, dim SpecZ [x1, . . . , xn−1] = n.

Example 3.5.12. Let k be a field and k[x] be its polynomial ring. Then dimk = 0, dimk[x] =
1, dim Speck [x1, . . . , xn] = n.

Corollary 3.5.13. Let A be a ring, I be an radical ideal in A. In SpecA, V (I) is irreducible
if and only if I is an prime ideal. Then the dimension of A equals the maximal length of
chain of prime ideals. Furthermore, if A is noetherian then A has finitely many minimal
prime ideal pi, ⋂i pi =

√
0

Proof. Let I be a prime ideal inA. If V (I) = Y1⋃Y2 for some proper closed subsets Yi, i = 1,2.
Then there are ideals I1, I2 such that Yi = V (Ii). Then V (I) = V (I1)⋃V (I2) = V (I1I2),
which implies I ⊇ I1I2. Since I is prime, either I ⊇ I1 or I ⊇ I2. Then V (I1) ⊂ V (I) or
V (I2) ⊂ V (I), contradiction.

Conversely if V (I) is irreducible. Suppose that there are elements a, b ∈ A such that
a, b ∉ I but ab ∈ I. V (I) = V (a)⋃V (b). Thus V (I) ⊂ (V (I)⋂V (a))⋃(V (I)⋂Z(b).
Since V (I) is irreducible, then V (I) = V (I)⋂V (a)or V (I) = V (I)⋂V (b), which implies
V (I) ⊂ V (a) or V (I) ⊂ V (b). Assume that V (I) ⊂ V (a). Thus a ∈

√
I = I

3.6 Some Classical Algebraic Geometry

Definition 3.6.1. Let L/K be an extension of fields. Let x ∈ L. We say x is algebraic in K
if x saitisfies an equation anxn + . . . + a0 = 0 with an ≠ 0, a0, . . . , an ∈ K, otherwise we say x
is transcendental over K.

Definition 3.6.2. Let L/K be a field extension. A subset S of L is a transcendence basis of
L/K if it is algebraically independent over K and L/K(S) is algebraic. The dimension of
the subset S is the transcendence degree of L over K, denoted by trdegK(L)

Recall that if an element α ∈ L is algebraic over K iff there is an intermediate field
K ⊂ F ⊂ L such that α ∈ F and [F ∶K] < ∞.

Lemma 3.6.3. If α1, ..., αn ∈ L are algebraic over K then

[K(α1, ..., αn) ∶K] < ∞ (3.6.1)
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Definition 3.6.4. The transcendental dimension of X = Spec(A) relative to k, denoted
by trdimkX is the transcendental degree of K/k which is the cardinality r of any subset
{x1,⋯, xr} of K with the following properties:

1. x1, . . . , xr are algebraically independent.

2. every element x ∈K is algebraic over k(x1,⋯, xr).

Such a set {x1,⋯, xr} is called a transcendental base of K/k.

This definition makes sense because r does not depend on the choice of x1, . . . , xr.

Theorem 3.6.5. Let k be a field, and let A be an integral domain which is finitely generated
k-algebra. Then:

1. The dimension of A is equal to the transcendence degree of the quotient field K(A) of
A over k.

2. For any prime ideal p in A, we have

heightp + dimA/p = dimA (3.6.2)

Proof of part 1. .

Step 1: dimA ≤ trk dimX

If we have a maximal sequence of prime ideals

0 ⊆ p0 ⊊ p1 ⊊ p2 ⊊ . . . ⊊ pn. (3.6.3)

We have a sequence of surjections A → A/p0 → A/p1 → . . .. It is easy to see tr deg Ai ≥
tr degAi+1, where Ai = A/pi. We need only to show that tr deg Ai ≠ tr deg Ai+1. So the first
step is reduced to the following

Lemma 3.6.6. Let A be an integral k-algebra of finite type. Let p ⊆ A be a non-zero prime
ideal. Then trdegA ≠ trdegA/p.

Proof. Assume tr deg A = tr degA/p = r. Write A = k [x1, . . . , xn] with x1, . . . , xr algebraically
independent over k. Let S = k [x1, . . . , xr]−(0). The assumption implies S ∩p = ∅. Therefore

S−1A
≠
→ S−1(A/p), S−1A = k (x1, . . . , xr) [xr+1, . . . , xn] (3.6.4)

Claim: S−1A is a field.

Lemma 3.6.7. Let L be a field with A/L an integral algebra which is finite dimensional as
an L-vector space. Then A is a field.
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Proof. Let x ∈ A−{0}. The set {1, x, x2, . . . , xn, . . .} must be linearly dependent so∑
m
n=0 anx

n =
0 for some m > 0 and an ∈ L which are not all 0. By eliminating minimal power of x we may
assume a0 ≠ 0. We have

a0 + x (a1 + a2x + . . .) = 0 or
x (a1 + a2x + . . .)

−a0

= 1 (3.6.5)

Therefore x is invertible so A is a field. Now since S−1A is a field, the homomorphism to
S−1(A/p) must be injective as it is nonzero, so must be bijective as it is already surjective.
This is a contradiction!

Exercise 3.6.8. Let S be a multiplicative system of R. Let p be a prime ideal of R such that
S ∩ p = 0. Prove that

(a) S−1(A/p) = S−1A/S−1p

(b) S−1p is a prime in S−1A

(c) S−1p ∩A = p

Moreover, every prime in S−1A has the form S−1p as above.

Step 2: dimX ≥ trk dimX

We will do this by induction on tr dimX. If dimX = 0 then we are done. Assume trdimX =
n > 0 and tr dimX ≤ dimX is true for varieties with dimension less than n. Write A =
k [x1, . . . , xm] and assume x1 is transcendental over k. Let S = k [x1] − (0), k′ = k (x1) , and

B = S−1A = k′ [x2, . . . , xm] (3.6.6)

then
trk′ dimB = trk dimA − 1 = n − 1 (3.6.7)

By the induction hypothesis there is a chain of primes in B of length n − 1

0 ⊊ Q1 ⊊ Q2 ⊊ . . . ⊊ Qn−1 (3.6.8)

Intersect this chain with A ∶

0 ⊊ P1 ⊊ P2 ⊊ . . . ⊊ Pn−1, Pi = Qi ∩A (3.6.9)

Exercise 3.6.9. Show that Pi ≠ Pi+1, S−1Pi = Qi, Pi ∩ S = ∅

Claim: Pn−1 is not maximal (This will imply dimX ≥ n).
Otherwise, A/Pn−1 is a field then by the Hilbert Nullstellensatz A/Pn−1 = k. By exercise,

Pn−1 ∩ S = ∅, thus the composition map

k[x] Ð→ AÐ→ A/p = k (3.6.10)

is injective. This is impossible as x is transendental over k. The second step is proved
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Proof of part 2. Take a transcendental base {x1, .., xr} of A as in part 1 with r = dimA, and
put p′ = p⋂k[y1, ..., yr]. Then

dim(A/p) = dim(k[x1, ..., xr]/p
′), heightp = heightp′.

As k[x1, ..., xr] is isomorphic to the polynomial ring in r variables, we have

heightp′ + dim(k[x1, ..., xr]/p
′) = r

by the theorem.

Exercise 3.6.10. Let B be noetherian and integral ring. Let A be a finitely generated integral
algebra over B. Then A is a fieldÔ⇒ B is a field

Exercise 3.6.11. If A is integral of finite type over Z, 0 ≠ f ∈ A is a non-invertible element,
then dimA/fA = dimA − 1

3.7 Sheavs of Modules

Definition 3.7.1. Let (X,OX) be a ringed space. An OX-module over X is a sheaf F on
X together with an OX(U)-module structure on F(U) for each open subset U on X such
that for each inclusion of open sets V ⊂ U , the restriction homomorphism F(U) → F(V ) is
compatible with the module structures via the ring homomorphism OX(U) → OX(V ).

Let A be a ring and X = SpecA. Consider the affine scheme (X,OX).
We define a functor ∼ from the category of A-modules(denoted byMA ) to the category

of sheaf of OX-modules(denoted by MOX ):

∼∶ MA
//MOX

M � // M̃

(3.7.1)

Definition 3.7.2. We define M̃ to be the sheaf associated to M on SpecA.

For each prime ideal p ⊂ A, define the localization of M at p to be the tensor product
M ⊗Ap, denoted by Mp. Since localization is exact, it is easy to see that:

Mp = {
m

g
∣ g ∉ p} /{

m1

g1

=
m2

g2

⇔ (g2m1 − g1m2)g3 = 0 for some g3 ∉ p} , (3.7.2)

where m ∈M , gi ∉ p, i = 1,2,3.
If f ∈ A, we can also define the localization of M at f , denoted by M[ 1

f ] or , to be

M ⊗A[ 1
f ].

Similar as the definition of OX , we can define the global sections of M̃ to be the function
s from SpecA to ∏p∈SpecAMp, gluing by Mf , f ∈ A.
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Exercise 3.7.3. Write the definition of M̃ .

module prop Proposition 3.7.4. Let ϕ ∶ A → B be a ring homomorphism and let f ∶ SpecB → SpecA be
the correponding morphism of spectra. Then:

(a) If M and N are two A-modules, then (M⊗AN)∼ ≅ M̃⊗OX Ñ ;

(b) if {Mi} is any family of A-modules, then (⊕Mi)∼ ≅ ⊕M̃i;

(c) for any B-module N we have f∗(Ñ)
∼
Ð→ÑA, where ÑA means N considered as an A-

module.

Proof. The functor ∼ commutes with tensor product and direct sum, since these commute
with localization.

To prove (c), we cover SpecA with principle open subsets {D(f)}f∈A. Then f−1(D(f)) =

D(ϕ(f)). Since (NA)f
∼
Ð→Nϕ(f) and (NA)f ≅ ÑA(D(f)) then we have an isomorphism

ÑA(D(f))
∼
Ð→Ñ(D(ϕ(f))). By construction of Ñ we can glue D(f) so f∗(Ñ)

∼
Ð→ÑA.

M=gamma tilde Proposition 3.7.5. Let A be a ring, let M be an A-module, and let M̃ be the sheaf on
X = SpecA associated to M . Then:

(a) M̃ is an OX-module;

(b) for each p ∈X, the stalk (M̃)p of the sheaf M̃ at p is isomorphic to the localized module
Mp;

(c) for any f ∈ A, the Af -module M̃(D(f)) is isomorphic to the localized module Mf ;

(d) in particular, M
∼
Ð→Γ(X,M̃).

Proof. Recalling the construction of the structure sheaf OX from
ss
3.3.1, it is clear that M̃ is

an OX-module. The proofs of (b), (c), (d) are identical to the proofs of the main theorem
mm
3.3.4, replacing A by M at appropriate places.

By part (b), we have the following:

Corollary 3.7.6. The functor ∼ is exact: the exactness of sequence of A-modules

0Ð→M1 Ð→M2 Ð→M3 Ð→ 0 (3.7.3)

implies the exactness of the sequence of OX-modules:

0Ð→ M̃1 Ð→ M̃2 Ð→ M̃3 Ð→ 0 (3.7.4)

Definition 3.7.7. Let (X,OX) be an affine scheme. A Sheaf F on X is called quasi-coherent
if there is an affine covering {Ui = SpecAi} of X such that for every i, F∣Ui ≅ M̃i for some
Ai-module Mi. We say that F is coherent if A is noetherian and furthermore each Mi is
finitely generated.
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Question 3.7.8. Given any quasi-coherent sheaf F on a scheme X, can we construct an
A-module corrsponding to F?

Proposition 3.7.9. Let F be a quasi-coherent sheaf on a scheme X. Let U = SpecA be any
open affine subscheme. Then F∣SpecA = M̃ for some A-module M .

It suffices to show the following

equi def qc Proposition 3.7.10. Let X = SpecA be an affine scheme. Let F be a quasi-coherent sheaf
on X. Then F ≃ M̃ for some A-module M .

(This means the functor ∼∶ MA →MOX is fully faithful. And the image is the subcategory
of quasi-coherent category.

Proof. Let M = Γ(X,F). Then there is a morphism M̃ → F . It suffices to show that for any
f ∈ A, the homomorphism Q∶M ⊗ Af → Γ(Xf ,F) of Af -modules is an isomorphism. This
follows from the following lemma.

ugly lem affine Lemma 3.7.11. Let X = SpecA and let F be a quasi-coherent sheaf, Xf ∈ SpecAf ↪X.
1) If s ∈ Γ(X,F), s∣Xf = 0 then fns = 0 for some n.
2) If s ∈ Γ(Xf ,F) is a section then there is a section t ∈ Γ(X,F) such that t∣Xf = f

ns for
some n.

Proof. Let M = Γ(X,F). For part 1, suppose s ∈M maps to 0 ∈ Γ(Xf ,F). We want s = 0 in
M⊗Af . We know s =m/fn, m ∈M . Cover X by affines Xgi , i = 1, . . . , n, where g1, . . . , gn ∈ A
such that F ∣Xgi = M̃i, Mi is Agi-module.

X ←Ð Xf

↑ ↑

∐ Xgi ←Ð ∐ Xgi ∩Xf = ∐ Xgi⋅f

Let si = s∣Xgi then si ∈Mi ⊗Afgi then si = 0 in Mi ⊗Afgi ,

s∣Xgi =
mi

fn
.

Thus some multiple of fm ⋅mi = 0, so fN ⋅ s = 0 in every Xgi . Therefore fN ⋅ s = 0 on X.
For part 2, let si = s∣Xgif , F∣Xgi = M̃i. We want to lift si to some section in F∣Xgi = M̃ .

But this is obvious:
F∣Xgif = M̃i ⊗Af .

Thus we have sections ti ∈ Γ(Xgi ,F) such that ti∣Xgif = f
ns∣Xgif . Can we glue ti to obtain a

section of F on X? We want to check (ti − tj)∣Xgigj = 0. But

(ti − tj)∣Xgigjf = (fns − fns)∣Xgigjf = 0.

Therefore by the first part of the lemma fm(ti − tj) = 0 on Xgigj for some m ≥ 0. This yields
that we can glue fmti and we are done.
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The proposition
M=gamma tildeM=gamma tilde
3.7.5 and

equi def qcequi def qc
3.7.10 gives the following theorem:

equi Theorem 3.7.12. Let A be a ring, and Let X = SpecA, then the functor ∼∶ MA → MOX

induces an equivalence of categories. The converse of ∼ is given by F ↦ Γ(X,F), where F
is any quasi-coherent sheaf on X.

Lemma 3.7.13. Let X be a scheme. The kernel, cokernel, and image of morphism of
quasi-coherent sheaves are quasi-coherent.

Proof. This question is local, so we may assume X = SpecA is affine. Since the kernel,
cokernel, and image of morphism of A-modules are A-modules, by the theorem

equiequi
3.7.12 we get

this lemma.

gamma exact Remark 3.7.14. By this theorem, the exactness of a sequence 0 → E → F → G → 0 of quasi-
coherent sheaves on X is equivalent to the exactness of the sequence of global sections

0→ Γ(X,E) → Γ(X,F) → Γ(X,G) → 0.

In fact, we can use
ugly lem affineugly lem affine
3.7.11, we can strength this statement as follows.

Proposition 3.7.15. Let X be an affine scheme and let 0 → E → F → G → 0 be an exact
sequence of OX-modules, and assume that E is quasi-coherent. Then the sequence

0→ Γ(X,E) → Γ(X,F)
ϕ
→ Γ(X,G) → 0 (3.7.5)

is exact.

Proof. We know already that Γ is a left-exact functor so we only need to show that the last
map is surjective. Let s ∈ Γ(X,G) be a global section of G. Since the map of sheaves F → G
is surjective, by

surj for sheafsurj for sheaf
2.1.9 we know that for any x ∈X there is an open neighborhood D(f) of x

such that s∣D(f) lifts to a section t ∈ F(D(f)).

Claim: for some n > 0, fns lifts to a global section of F .

Indeed, we can cover X with a finite number of open subsets D(gi) such that for each i,
s∣D(gi) lifts to a section ti ∈ F(D(fi)). On D(f)⋂D(gi) = D(fgi), we have two sections
t, ti ∈ F(D(fgi)) both lifting s. Therefore t − ti ∈ E(D(fgi)). Since E is quasi-coherent,
by

ugly lem affineugly lem affine
3.7.11 for some n > 0, fn(t − ti) extends to a section ui ∈ E(D(gi)). As usual, pick n

sufficiently large to work for all i. Let t′i = f
nti + ui. Now on D(gigj) we have two sections

t′i and t′j are equal on D(fgigj), so by
ugly lem affineugly lem affine
3.7.11 we have fm(t′i − t

′
j) = 0 for some m > 0 and

independent i, j. Now the sections fmt′i of F glue to give a global section t′′ of F over X,
which lifts fn+ms. This proves the claim.

Now cover X by a finite number of open sets D(fi), i = 1,2, ..., r such that s∣D(f) lifts to
a section of F over D(fi) for each i .Then by the claim, we can find an integer n ≫ 0 and
global section s ti ∈ Γ(X,F) such that ti is a lifting of fni s. Since X = ⋃ri=1D(fi), so the
ideal (fn1 , ..., f

n
r ) unit ideal of A. Then we can write 1 = ∑

r
i=1 aif

n
i with ai ∈ A. Let t = ∑aiti.

Then t is a global section of F whose image in Γ(X,G) is ∑aifni s = s. This complete the
proof.
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Exercise 3.7.16. Let A be a noetherian ring and let F be quasi-coherent sheaf. Then F is
coherent if and only if for any f ∈ A, F(D(f)) is finitely generated over Af .

Remark 3.7.17. Let F be a quasi-coherent sheaf on a topological space X. If for any p ∈X,
the stalk Fp is finitely generated, we can not conclude that F is finitely generated. Here
is an example: ⊕pZ/pZ is finitely generated on every local places, but itself is not finitely
generated.

Exercise 3.7.18. Let A be a ring and let M be a finitely generated A-module. Then M
is projective if and only if M is locally free. In particular, if A is local ring, then every
projective module of finite rank is free.

push forward q-c sheaf Proposition 3.7.19. Let f ∶ X → Y be a morphism of schemes. Assume that X is noethe-
rian, then if F is a quasi-coherent sheaf of OX-module, f∗F is a quasi-coherent sheaf of
OY -module.

Proof. Since X is noetherian, then we can cover X by a finite number of open affine subsets
Ui. Since an open subset of a noetherian topological space is noetherian, then we can cover
Uij = Ui⋂Uj by finite number of open affine subsets Uijk. Now given any open subset V of
Y , F∣f−1(V ) saitisfies gluing condition with respect to Ui and Uijk. Thus there is an exact
sequence of sheaves:

0→ f∗F →⊕
i

f∗(F∣Ui) →⊕
i,j

f∗(F∣Uijk), (3.7.6)

now f∗(F∣Ui) and f∗(F∣Uijk) are quasi-coherent by
module propmodule prop
3.7.4. Thus f∗F is also quasi-coherent as

a kernel of morphism quasi-coherent sheaves on affine schemes.

Remark 3.7.20. We sometimes use words ’vector bundles’ and ’locally free sheaves’ inter-
changeably, if no confusion seems likely to result.

3.8 The Grothendieck group on affine schemes

Definition 3.8.1. Let A be a ring, let C be the category of coherent sheaves on SpecA and
let D be the category of locally free sheaves. With the definition of Grothendieck group in
chapter 1, we can define the Grothendieck groups on affine scheme is by quotient:

K0(SpecA) = F (C)/E(C) K0(SpecA) = F (D)/E(D). (3.8.1)

Exercise 3.8.2. Let A be a ring, prove that K0(SpecA) =K0(A), and K0(SpecA) =K0(A)

Remark 3.8.3. The above result shows the close connection among finitely generated projec-
tive modules on a ring A and locally free sheaves on SpecA and vector bundles on SpecA.
This can be made precise by stating that the following map is an equivalence of categories:

{
finitely generated projective

modules over A
}

∼
Ð→{

locally free sheaves
on SpecA

} (3.8.2)
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4 Schemes

4.1 Schemes and quai-coherent sheaves

Affine schemes are building blocks of schemes.

Definition 4.1.1. A scheme X is a locally ringed space (X,OX) in which every point has
an open neighborhood U such that the topological space U , together with the restricted sheaf
OX ∣U , is an affine scheme. All schemes together form a category Sch with morphisms defined
as morphisms of ringed spaces.

On each scheme X, we have a category QCoh(X) of quasi-coherent sheaves F which are
defines to be OX-modules so that on each affine open subset U = SpecA of X, F∣U = M̃ for
some A-modules. If f ∶ XÐ→Y be a morphism of schemes, then we have pushforward and
pullback functors

f∗ ∶ QCoh(X)Ð→QCoh(Y ), f∗ ∶ QCoh(Y )Ð→QCoh(X).

They are adjoin to each other in the following sense: for any F ∈ QCoh(X), G ∈ QCoh(Y ),
there is a canonical isomorphism

Hom(f∗G,F)
∼
Ð→Hom(G, f∗F).

Moreover f∗ is left exact, and f∗ is right adjoint.
The category QCoh(X) is closed under operator ⊗, and Hom with adjoint formula and

adjunction formula.

Definition 4.1.2. A scheme X is called noetherian if and only if X is covered by finitely
many affine open subset U = SpecA with A a noetherian ring.

Definition 4.1.3. Let X be a Noetherian scheme. A Sheaf F on X is called coherent if there
is an affine covering {Ui = SpecAi} of X such that for every i, F∣Ui ≅ M̃i for some finitely
generated Ai-module Mi. All coherent sheaves on X form an abelian category Coh(X).

All results for quasi-coherent sheaves hold for coherent sheaves, except push-forward
morphism. We will show that f∗ can be defined for projective morphism in future section.

Here is a standard way to construct a quasi-coherent sheaves:

quasi-coherent Theorem 4.1.4. Let X be a scheme. For each open affine subset U = SpecA of X, let M(U)
be an A-module such that for each f ∈ A, M(Uf) =Mf . Then there is a quasi-coherent sheaf

F of OX-modules with isomorphism αU ∶ M̃(U)
∼
Ð→FU of OX(U)-modules. Moreover the

collection (F , αU) is unique up to isomorphisms.

Sketch of proof. For each point x ∈ X, we define the stack Mx as the direct limit of MU for
affine neighborhood of x. For each open subset U of X, we define a module F(U) as the
subset of elements m ∈ ∏x∈UMx so that there is an affine covering U = ⋃i Vi and elements
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mi ∈MVi such that for x ∈ Vi, mx =mix. It is clear that F is a sheave of OX-modules on X.

and that there is homomorphism αU ∶ M̃(U)Ð→FU of OX(U)-modules for each affine subset
U of X.

We want to prove that αU is an isomorphism. Thus we are reduce to the affine case
X = SpecA. Write M = MX . Since ops, ens D(f) form a fundamental system of open
subsets of X, we may replace affine subsets of X by D(f) in the construction of Mx and F .
Thus we obtain that F = M̃ . Thus αU is an isomorphism.

The uniqueness of (F , αU) is clear.

Exercise 4.1.5. Let U be an open subset of a scheme X, denote i ∶ U ↪ X the natural
inclusion. Let F be a coherent sheaf on U . Then there exists a coherent sheaf G on X such
that i∗G = F .

4.2 Open immersion and closed immersion.

Definition 4.2.1. Let X → Y be a morphism of schemes. We say f is an open immersion
if

1) f is a homomorphism from Xtop to an open subset of Ytop.
2) The induced morphism of schemes

(f(Xtop),O∣f(Xtop)f(Xtop))Ð→(Xtop,OX)

is an isomorphism. In other words the induced morphism of schemes is isomorphic.
We say f is a closed immersion if the image of Xtop is a closed subset of Y and the

induced morphism f ♯∶ f−1(Oy) → Ox is surjective.
If X → Y is a closed morphism then we call X → Y is a closed subscheme (embedding).

Example 4.2.2. Let X = SpecA, Y = SpecB and let f ∶X → Y be given by B → A.
1) A = Bg, where g ∈ A. In this case X

∼
Ð→D(f) ↪X is an open morphism.

2) A = B/I. Here X → Z(I) ↪ Y is a closed immersion. B → B/I.

Remark 4.2.3. Let X be a scheme and Y be a closed subspace of the topological space X.
Then there is at least one closed subscheme structure on Y . This means OX ∣Y has a quotient
sheaf OY such that (Y,OY ) is a scheme.

Example 4.2.4. Let k be an algebraically closed field. Let X = Speck[x, y] = A2 and let
ideal I = (y − x2 − x). Then suppose Y is the subspace defined by the zeros of the function
y = x2 + x, i.e.

Y = {(x, y) ∈ k2∣y = x2 + x}.

Thus for any positive integer n, Y has a scheme structure Y = Speck[x, y]/In, with OY ≅
(k[x, y]/In)∼.

Definition 4.2.5. Let X be a scheme and let Y ⊂ X be a closed subscheme. Let i ∶ Y → X
be the inclusion morphism. We define the ideal sheaf of Y , denoted by IY , to be the kernel
of the morphism i♯ ∶ OX → i∗OY .
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ideal sheaf prop Proposition 4.2.6. If Y is a closed subscheme of an affine scheme X = SpecA, then the
ideal sheaf corresponding to Y is a quasi-coherent sheaf of ideals of X. Moreover, there is
an ideal I ⊂ A such that Y

∼
Ð→SpecA/I

Proof. Let i ∶ Y ↪ X be the closed embedding, and let I be the kernel of corresponding
morphism of structure sheaves i♯ ∶ OX → i∗OY . Then we have an exact sequence of sheaves:

0→ I → OX → i∗OY → 0. (4.2.1)

Since I is the kernel of morphism of two quasi-coherent sheaves, thus I is quasi-coherent.
Since X is affine. Apply the functor Γ(X, ⋅), there is an exact sequence of A-modules

o→ Γ(X,I) → A→ Γ(X, i∗OY ) → 0. (4.2.2)

it follows that I = Γ(X,I) is a submodule of A thus an ideal. And Γ(X, i∗OY )
∼
Ð→A/I.

Moreover, I
∼
Ð→Ĩ. Clearly Y

∼
Ð→SpecA/I

Remark 4.2.7. If X is any scheme, and Y ⊂ X is a closed subscheme, then the ideal sheaf
corresponding to Y is also a quasi-coherent sheaf of ideals.

Remark 4.2.8. If as topological space, Y ∣top is a closed subspace of a scheme X, then Y may
have many closed subscheme structures. If we define J to be the sheaf associated to the
presheaf

U ↦ {s ∈ OX(U)∣ s = 0 on Y } , (4.2.3)

where U is an open subset of X. And

Y = (Y ∣top,OX/J ), Yn = (Y ∣top,OX/J n). (4.2.4)

Then Y is a closed subscheme of the Yn’s. Actually, Y is the smallest subscheme of X with
given Y ∣top.

Definition 4.2.9. We say a scheme X is reduced if for any open subset U , the ring OX(U)
has no nilpotent elements.

Corollary 4.2.10. A scheme X is reduced if and only if the topological space X ∣top has no
smaller closed subscheme structure.

Remark 4.2.11. Let X be a reduced scheme. Then for any open affine subset U = SpecA,
suppose that the section f ∈ OX(U) has zero value at every point x ∈ U , then we have for
any prime ideal p ⊂ A, f ∈ p. It follows that D(f) = ∅, thus f can only be zero since X is
reduced.

Definition 4.2.12. A scheme X is called irreducible if X ∣top is irreducible; is called con-
nected if X ∣top is connected.
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Definition 4.2.13. We say a scheme X is integral if for any open affine cover {SpecAi},
the rings Ai are integral domains. Or equivalently, for any open set U ⊂X, the ring OX(U)
is an integral domain.

Proposition 4.2.14. An integral scheme X is integral if and only if it is both reduced and
irreducible.

Proof. Clearly an integral scheme is reduced. Since this is a local question we assume that
X = SpecA is affine. If X is not irreducible, then there is two open subset U1 and U2 such
that X = U1⋃U2. There exists nonzero elements e1, e2 ∈ A such that e1∣U1 = 1, e2∣U1 = 0 in
O(U1) and e1∣U2 = 0, e2∣U2 = 1 in O(U2) by the property of sheaves. Thus clearly e1e2 = 0. So
A = O(U1) × O(U2) which is not an integral domain.

Conversely assume that X is reduced and irreducible. If there exists f, g ∈ A such that
fg = 0, we want to show that f = 0 or g = 0. Consider

Xc
f = {x ∈X ∣ fx ∈ mx} , Xc

g = {x ∈X ∣ gx ∈ mx}

where for any x ∈ X, mx is the maximal ideal of Ox. We have shown that Xf is open,
then both Xc

f and Xc
g are closed and X = Xc

g ⋃X
c
f . Without loss of generity we assume

that X = Xc
g . Then D(g) = Xg = ∅, it follows that g is nilpotent. But X is reduced, thus

g = 0.

4.3 Fibre product and Base change

Now we start with the category of schemes. This category has a final object SpecZ. Indeed,
since for any scheme X, there is a morphism

ZÐ→Γ(X,OX). (4.3.1)

This induces a morphism of topological spaces:

XÐ→SpecZ. (4.3.2)

Let S be a scheme. A scheme X over S means there is a morphism of schemes X → S.
Let Sch/S denote the category of schemes over S. Then the object of this category is X → S.
Let Y be any other scheme. The morhism in Sch/S is naturally defined by a commutative
diagram:

X //

��

S

Y // S

. (4.3.3)

Then we show that the category of schemes has fibre product.
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Definition 4.3.1. Let C be a category. Let X, Y be two objects in C. A product of X and
Y is defined as an object Z with two morphisms

X Y

Z

??`` , (4.3.4)

which saitisfy the universal property: if there is an object Z ′ with morphisms Z ′ → X and
Z ′ → Y , then the diagram below commutes

Z ′

��

yy %%
X

��

Y

Z

99ee

(4.3.5)

Definition 4.3.2. Let C be a category. Let X, Y , Z be objects in C. Suppose we have
morphisms X → Z and Y → Z. Then the fibered product of X and Y over Z, denoted
X ×Z Y , is an object such that the diagram

X ×Z Y

��

// Y

��
X // Z

. (4.3.6)

commutes, and has the universal property: if there is an object W saitisfies the same con-
dition, then there is a unique morphism W → X ×Z Y such that the following diagram
commutes:

W

  

&&
∃!

$$
X ×Z Y

��

// Y

��
X // Z

(4.3.7)

Theorem 4.3.3. There exists fibered product in the category Sch/S, and the fibered product
is unique under universal property.

Proof. By glueing property we need only prove the theorem for affine schemes. Let S =
SpecR, X = SpecA, Y = SpecB, where R,A,B are commutative rings. Since we have
morphism X → S and Y → S, by considering the underlying homomorphism of rings R → A
and R → B we have the following commutative diagram:

a⊗ 1 A⊗R B 1⊗ b
↗ ↗ ↖ ↖

a A B b
↖ ↗

R

.
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By definition of tensor product it has universal property. This diagram induces a commuta-
tive diagram of schemes:

SpecA⊗R B
↙ ↘

SpecA SpecB
↘ ↙

SpecR

.

To show that SpecA ⊗R B is a fiber product of SpecB and SpecA over S is equivalent to
showing that A ⊗R B is the co-product of A,B over R in the category of algebras over R.
But this is exactly the universal property of the tensor product A⊗R B.

Example 4.3.4. Let X = Y = SpecQ[
√

2], S = SpecQ. Then

X ×S Y = SpecQ[
√

2] ⊗Q SpecQ[
√

2] (4.3.8)

= SpecQ[
√

2] ⊗Q
Q[x]

x2 − 2
(4.3.9)

= Spec
Q[

√
2][x]

x2 − 2
= SpecQ[

√
2] ⊕Q[

√
2] (4.3.10)

= SpecQ[
√

2]∐Q[
√

2] (4.3.11)

Remark 4.3.5. LetX,Y be schemes over a scheme S. If S = SpecC, letX(C) = Hom(SpecC,X).
Then

(X ×S Y )(C)
∼
Ð→X(C) × Y (C).

Definition 4.3.6. Let S,S′ be schemes and suppose there is a morphism S′ → S. Let X be
a scheme over S. A base change of X is defined to be the fibre product X ′ = X ×S S′. In
other words, we have the commutative diagram with niversal property:

X ×S S′ //

��

S′

��
X // S

Notice that the base change defines a fuctor from the category Sch/S to the category Sch/S′

which is the right adjoint of the forgetful functor Sch/S′ → Sch/S

Proposition 4.3.7. Let C be any category. If we have morphisms X1 → Y , X2 → Y and
Y → Z. Then X1 ×Y X2 is the fibered product of Y and X1 ×Z X2 over Y ×Z Y :

X1 ×Y X2
//

��

X1 ×Z X2

��
Y // Y ×Z Y
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Proof. The map X1 ×Y X2 → X1 ×Z X2 corresponds to a pair of maps X1 ×Y X2 → X1 and
X1 ×Y X2 →X2 whose composition to Z are the same. Take the projections from the fibred
product and notice that there composition to Y are the same, then the same is true for Z.

The map X1 ×Z X2 → Y ×Z Y is induced by two maps X1 → Z and X2 → Z. The map
Y → Y ×Z Y is the diagonal map which is defined to be IdY in both factors. Finally, the
morphism X1×Y X2 → Y is the natural map factor through X1 and X2. Thus every morphism
in the diagram is canonical and the diagram commutes.

Finiteness conditions

Definition 4.3.8. A morphism f ∶ X → Y of schemes is called finite type if for every open
affine subset V = SpecB of Y , f−1(V ) can be covered by a finite number of open affines
Ui = SpecAi and Ai is finitely generated B-algebra.

Remark 4.3.9. A scheme X is called finite type over a field k if the morphism f ∶X → Speck
is of finite type.

Definition 4.3.10. A morphism f ∶X → Y of schemes is called finite morphism if for every
open affine subset V = SpecB of Y , f−1(V ) = SpecA is affine and A is finite B-module.

Example 4.3.11. The morphism f ∶ SpecZp → SpecZ is not of finite type.

Definition 4.3.12. Let X,Y be schemes. A morphism f ∶X → Y is called quasi-compact if
for any open subset V ⊂ Y , f−1(V ) is quasi-compact. i.e. every cover has a finite subcover.

Proposition 4.3.13. A morphism of finite type is stable under base change.

Proof. Let f ∶ Y → X be morphism of schemes. Suppose there is a morphism of schemes
ϕ ∶ X ′ → X. Let Y ′ = Y ×X X ′. We only need to show that the morphism f ′ ∶ Y ′ → X ′ is of
finite type.

First we have the following commutative diagram:

Y ′ f ′ //

φ ��

X ′
ϕ��

Y
f // X

, (4.3.12)

where Y ′ has the universal property. For any affine open subset V = SpecA ⊂X, f−1(V ) can
be covered by finite Ui = SpecBi ⊂ Y , where Bi is finitely generated A-module. Assume that
SpecA′ = V ′ ⊂ ϕ(V ) is an affine open subset of X ′. Since φ, f ′ are projections and

f ′−1(V ′) = f−1(V ) ×X V
′, φ(Ui) = Ui ×X V

′ = Spec(Bi ⊗A A
′).

Since {Ui} cover f−1(V ) thus {Ui ×X V ′} cover f−1 ×X V ′.
The rest part is to show that Bi ×A A′ is finitely generated A-module. Assume that the

generators of Bi over A is b1,⋯, bn, then b1 ⊗ 1,⋯, bn ⊗ 1 generate Bi ⊗A A′ over A′.
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4.4 Separaness and Properness

We will only consider Noetherian schemes in this section.

Separaness

Definition 4.4.1. Let f ∶X → S be a morphism of schemes. We say f is separated if

∆ = (id, id)∶XÐ→X ×S X

is a closed morphism.

Proposition 4.4.2. Let f ∶X → S be a morphism of affine schemes. The f if separated.

Proof. Let X = SpecA, S = SpecB then X ×S X = SpecA⊗BA. The diagonal moprhism is
induced by A⊗BA→ A.

Separatedness is equivalent to surjectivity of A⊗BA→ A. This is obvious.

A criterion of separatedness. Let f ∶X → S be a morphism of schemes. Then f is
separated if and only if for any discrete valuation ring R with a fraction field K and any
commutative diagram morphism

Spec(K) //

��

X

��
Spec(R) // S

there is at most one extension Spec(R) →X.

Proposition 4.4.3. Separatness is closed under the base change. In other words, for any
base change diagram (X ′ =X ×S S′)

X ′ //

sep

��

X

sep

��
S′ // S

if X/S is separated, then X ′/S′ is separated.

Proof. We apply the separatedness criterion. Consider the following diagram with R a DVR
with fraction field K,

Spec(K) //

��

X ×S S′ //

��

X

��
Spec(R) // S′ // S

Since X/S is separated, there is at most one extension SpecR → X. Thus there is at most
one extension SpecR →X ′.
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Proof. This is a local question. So we suppose that f ∶ X = SpecA → Y = SpecB is finite
morphism. Let R be a valuation ring and K be its quotient field. consider the base change

X ×Y SpecR //

��

SpecR

��
X // Y

.

Then reduce to the case Y = SpecR, thus A is free of finite rank over R.

Proposition 4.4.4. 1) Closed immersions and open immersions are separated.
2) Composition of separated morphism is separated.

Exercise 4.4.5. Prove the above proposition.

Exercise 4.4.6. Prove that if a scheme X is separable, then for any affine open subset U,V ⊂
X, U ⋂V is also affine.

Properness

Definition 4.4.7. a) f ∶X → S is called closed if for any closed subscheme Z ↪X, f(Z) ⊂ S
is closed.

b) f is called universally closed if for any g∶S′ → S the base change f ′∶X ′ → S′ of f is
closed.

Definition 4.4.8. Let f ∶X → S be a morphism. We say f is proper if
1) f is separated;
2) f is universally closed.

Theorem 4.4.9 (Criterion for properness). Properness of f is equivalent to the the fact that
any diagramm of the following type

Spec(K) //

��

X

f

��
Spec(R) // S

has a unique extension: SpecR →X.

Proposition 4.4.10. 1) Properness is closed under the base change.
2) Closed immersion is proper.

Recall Pn = ProjZ[x1, . . . , xn]. For S-scheme, the projective space of dimn over S is
Pn = S ×SpecZ Pn.

Theorem 4.4.11. Let S be a scheme. Then the morphism Pn → S is proper.
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Proof. It suffies to show Pn → SpecZ is proper.

Pn //

��

Pn

��
S // SpecZ

It reduce to the following situation. Let R be a discrete valuation ring, K the fraction field
of R. Let

φ ∶ R → PnR = ProjR[x0, . . . , xn]

be a morphism over R. Then φ extends uniquely to SpecR. Now φ is given by an R-
homomorphism.

Spec(K) //

��

Pn

��
Spec(R) // SpecZ

Replace n by some m < n if necessary, we may assume that φ(SpecK) is not included any
hyperplane xi = 0. In otherwords, φ(SpecK) is represented by homogeneous coordinates

[a0,⋯, an], ai ∈K − {0}.

Let min(vR(ai)) = m, π be a uniformizer and bi = aiπ−m. Then [b0,⋯, bn] will define a
morphism

SpecR → PnR.

Exercise 4.4.12. Show that a finite morphism is proper.

closed proper Exercise 4.4.13. Let f ∶ X → Y be a morphism of separated schemes of finite type over a
noetherian scheme S. Show that the image of the proper closed subscheme Z ⊂ X is also
closed in Y and proper over S.

4.5 Affine morphism

Definition 4.5.1 (Affine morphisms.). A morphism f ∶ X → Y of schemes is called affine
morphism if there is an open affine cover {Vi} of Y such that f−1(V ) is affine for each i.

Remark 4.5.2. There is an equivalent definition of affine morphisms. A morphism f ∶X → Y
is an affine morphism if and only if for any open affine subset V ⊂ Y , f−1(V ) is affine.

Proposition 4.5.3. A morphism between affine schemes is affine.

Proof. Let f ∶ SpecA → SpecB be a morphism of affine schemes. Suppose that the corre-
sponding morphism of rings is ϕ ∶ B → A. This question is local. Then let b ∈ B, since

f−1(D(b)) =D(ϕ(b)) ≅ SpecAϕ(b),

thus f is affine.
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Lemma 4.5.4. Let Y be a closed subscheme of a scheme X, then the closed embedding
i ∶ Y →X is an affine morphism.

Proof. This result comes directly from
ideal sheaf propideal sheaf prop
4.2.6.

Corollary 4.5.5. A finite morphism is affine.

Example 4.5.6. Let Y be a closed subscheme of an affine scheme X = SpecA. Let i ∶ Y ↪ X
be the inclusion morphism. If there is an ideal I ⊂ A such that Ĩ corresponding to the ideal
sheaf of Y , then i∗OY ≅ (̃A/I).

affine morphism Proposition 4.5.7. An affine morphism is quasi-compact and separated.

Proof. Let f ∶X → Y be an affine morphism. For any affine open subset V ⊂ Y , since f−1(V )
is affine, thus quasi-compact, then f is quasi-compact.

For separaness, choose an open affine cover {Vi = SpecBi} of Y such that Ui = f−1(Vi) =
SpecAi are all affine. Then Ui ×Vi Ui = SpecAi ⊗Bi Ai. Since the morphism

Ai ⊗Bi Ai
// Ai

a⊗ a′ � // aa′

is surjective, then Ui → Vi is separated. Since we have gluing condition, it follows that f is
separated.

Remark 4.5.8. Proposition
affine morphismaffine morphism
4.5.7 shows that if f ∶X → Y is a morphism of schemes, then for

any quasi-coherent sheaf F on X, f∗F is also quasi-coherent

Lemma 4.5.9. Let X be a scheme and let

0→ E → F → G → 0

be an exact sequence of quasi-coherent sheaves on X. If f ∶ X → Y is an affine morphism,
then the sequence of quasi-coherent sheaves on Y

0→ f∗E → f∗F → f∗G → 0

is also exact.

Proof.

5 Projective Schemes

5.1 Graded ring and modules

Definition 5.1.1. A graded ring is a ring together with a decomposition A = ⊕d≥0Ad of A
into a direct sum of abelian groups Ad, such that for any d, e ≥ 0, Ad×Ae ⊂ Ad+e. An element
in Ad is called a homogenuous element of degree d. An ideal I ⊂ A is a homogeneous ideal if
I = ⊕d≥0I ∩Ad.
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Then A0 is a subring. For any integer d, A≥d = ⊕n≥dAn is an ideal. Then A is an algebra
of A0.

Definition 5.1.2. Let A be a graded ring. A graded A-module is an A-module M , together
with a decomposition M = ⊕n∈ZMn such that Ad ×Mn ⊂Mn+d. For any graded A-module M ,
and for any integer l, we define the twisted module M(l) by shifting l places to the left, i.e,
M(l)n =Ml+n.

For a given graded ring A, we have a category GradModA of graded A-modules with
morphisms given by usual homomorphisms which respect the graded. In this category, we
can define the usual notion of kernel, image, and cokernel.

For two graded modules M and N , we can define a graded module Hom∗(M,N) with
Hom∗(M,N)n = Hom(M,N(n)). we can also define the tensor product M ⊗AN with degree
n given by image of ∑i+j=nMi ⊗A0 Nj.

Exercise 5.1.3. Prove that for a graded ring A and graded modules M,N,L, the isomorphism

Hom(M ⊗N,L) = Hom(M,Hom∗(N,L)).

Example 5.1.4. Let R be a ring, and A be the polynomial ring R[x1, ..., xn]. Then A =
⊕d≥0R[x1, ..., xn]deg d.

Proposition 5.1.5. Let ϕ ∶ A → B be a morphism of graded rings. Then I = kerϕ is a
graded homogeneous ideal.

Now we want to define a scheme ProjA

• Set: We define the set ProjA to be the set of all homogeneous prime ideals of A not
containing all of A+ = ⊕d>0Ad.

• Topology: For any homogeneous ideal I = ⊕Id, the closed subset of ProjA is

V (I) ∶= {p ∈ ProjA∣ p contains I} = ⋃
f∈⋃d≥0 Id

V (f). (5.1.1)

For any homogeneous element f ∈ A+ = ⊕d>0Ad, define

V (f) ∶= {p ∈ ProjA∣ p contains f} . D+(f) = ProjA − V (f). (5.1.2)

For each p ∈ ProjA, we define the ring A(p) to be the ring of elements of degree zero in
the localized ring S−1A, where S is the multiplicative system consisting of all homogeneous
elements of A which are not in p.

Proposition 5.1.6. For f ∈ ⋃d≥0Ad, D+(f) is affine as topological set and form fundamental
system of open sets.
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Consider two homogeneous elements f1, f2 ∈ ProjA with degf1 = degf2.

D+(f1) D+(f1f2)j1
oo

j2
// D+(f2)

SpecA(f1) SpecA(f1f2)i1
oo

i2
// SpecA(f2)

(5.1.3)

Exercise 5.1.7. Show that Imi1 = SpecAf1[
f2
f1
], Imi2 = SpecAf2[

f1
f2
].

By the exercise we can define structure sheaf on OX for X = ProjA such that OX ∣D+(f) ≅

ϕ−1OSpecA(f) , where ϕ ∶D+(f)
∼
→ SpecA(f).

For any open subset U ⊂ ProjA, we define O(U) be the set of maps

s ∶ U →∐A(p)

such that for any p ∈ U , there is a neighborhood V ⊂ U of p and homogeneous elements
a, f ∈ A of same degree such that for all q ∈ V, f ∉ q,

s(q) = a/f ∈ A(q).

Proof of the proposition. Suppose f is homogeneous of degree d. D+(f) = {p ∈ ProjA∣ f ∉ p}.
Since elements of ProjA are those homogeneous prime ideals p of A which do not cantain
all of A+, it follows that the open sets D+(f) cover ProjA.

Refine A by A[ 1
f ]. Then A[ 1

f ]n = { a
fk

∣ deg a − kd = n}. Since localization is flat, for

homogeneous ideal I ∈ ProjA, there is a natural ring homomorphism

ϕ ∶ A // A[ 1
f ],

I � // I[ 1
f ]deg 0 = I(f)

(5.1.4)

In particular, for p ∈ D+(f), ϕ(p) ∈ SpecA(f). The properties of localization show that ϕ is
bijective as a map from D+(f) to SpecA(f).

If I is a homogeneous ideal of A, then I ⊂ p if and only if ϕ(I) ⊂ ϕ(p). Hence ϕ is
a homeomorphism. Note that if p ∈ D+(f), then the local ring A(p) ≅ (A(f))ϕ(p). Then ϕ
induces a morphism between sheaves

ϕ♯ ∶ OSpecA(f) → ϕ∗(OProjA∣D+(f)) (5.1.5)

which is an isomorphism.

Question

Let A = ⊕d≥0Ad be a graded ring. We know that there is a morphism

f ∶ ProjA // SpecA0

p � // p ∩A0
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obtained from ϕ ∶ A0 → A. But if there is a graded ring B and a graded ring homomorphism
ϕ ∶ A→ B, can we obtain a morphism f ∶ ProjB → ProjA? The answer is no. Since in general
not every point of ProjB have a well-defined image. But what we know is ϕ(A+) ↪ B+. Let
A+ denote the union of homogeneous elements of A of positive degree ⋃d>0Ad.

Proposition 5.1.8. Let ϕ ∶ A→ B be a homomorphism of graded rings. Let U = ⋃g∈A+D+(ϕ(g)),
then there is a morphism

f ∶ U → ProjA (5.1.6)

which is well-defined.

Proof. Take covering ProjA = ⋃f∈A+D+(f), ProjB = ⋃g∈B+D+(g). ϕ induces morphism of
affine schemes A(f) → Bϕ(f) for each homogeneous element f ∈ A+. Then we have a morphism
of affine schemes:

D+(ϕ(f)) ≅ SpecBϕ(f) →D+(f) = SpecA(f).

Since D+(f1f2) =D+(f1) ∩D+f2, D+(ϕ(f1f2)) =D+(ϕ(f1)) ∩D+ϕ(f2), these morphisms can
be glued together to get a morphism

⋃
f∈A+

D+(ϕ(f)) → ProjA

Exercise 5.1.9. Suppose that ϕd ∶ Ad → Bd is an isomorphism for all d ≫ 0, then show that
U = ProjB and the morphism f ∶ ProjB → ProjA is an isomorphism. This exercise shows
that f can be an isomorphism even when ϕ is not.

Proposition 5.1.10. Let R be a ring and let A be a graded ring with A0 = R, An = 0 for
some n≫ 0. Then ProjA = 0. More general, ProjA = ∅ if and only if every element in A+
is nilpotent.

Proof. Assume ProjA = ∅, then for any homogeneous element f ∈ A+,

D+(f) = {p ∈ ProjA∣ f ∉ p} = ∅.

Then SpecA(f) = ∅, it follows that A(f) = 0. For any homogeneous prime ideal p ∈ A,

∑d≥0 p⋂Ad ⊂ p is prime. so all homogeneous prime ideal contains f , thus f is nilpotent.
Conversely, if ∀f ∈ A+ is nilpotent then fn = 0 fro some integer n. Then the element fn

is of degree 0. For every p ∈ ProjA, f ∈
√
p = p, thus ProjA = ∅.

Example 5.1.11. Let k be a field. Then Projk[T ] = {0}. If R is a ring, then ProjR[T ] =
SpecR

Remark 5.1.12. Let R be a ring, ProjR[x0, ..., xn] = PnR is Projective space of dimension n on
R. Let A be a graded ring, then ProjA = ⋃f∈A+D+(f) = ⋃f∈ΣD+(f) if A+ is generated by a
set Σ of homogeneous element f . If k is an algebraically closed field, then Projk[x0, ..., xn] =

⋃ni=0D+(xi), where D+(xi) ≅ Speck[x0, ..., xn]xi = Speck[x0xi , ...,
x0
xn

] = An. Each xi is called

homogeneous coordinates and each
xj
xi

is called affine coordinates.
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Example 5.1.13. Let CPn = (Cn+1 − {0})/C× be the complex projective n-space, then there
is a natural embedding

CPn ↪ ProjC[x0, ..., xn] = PnC (5.1.7)

such that the image of this map is the set of closed points in PnC. The point (a0, ..., an) ∈ CPn
corresponds to the maximal ideal ⟨xiaj − xjai⟩ in ProjC[x0, ..., xn].

Example 5.1.14. If R is a ring, we define projective n-space over R to be the scheme PnR =
ProjR[x0, ..., xn]. In particular, if R is an algebraically closed field k, then PnR is a scheme
whose subspace of closed points is naturally homeomorphic to the variety called projective
n-space.

Remark 5.1.15. ProjA is not necessarily compact.

5.2 Quasi-coherent Sheaf

qc sheaf Definition 5.2.1. Let X be a scheme, and let F be an OX module. Then F is quasi-coherent
if on every affine open subset U = SpecA ⊂X, F∣U = M̃ for some A-module M .

Remark 5.2.2. There is a equivalent definition for quasi-coherent sheaf on a general scheme:
Let X be a scheme, and let F be an OX module. Then F is quasi-coherent if there is an open
affine covering {Ui = SpecAi} such that for each i there is an Ai-module Mi with F∣Ui ≅ M̃i.

Exercise 5.2.3. Prove the equivalence of these two definitions of quasi-coherent sheaf on a
general scheme. (Hint: use

M=gamma tildeM=gamma tilde
3.7.5 and reduce to the case when X is affine)

Let A be a graded ring. For any graded module M on A, there is a quasi-coherent sheaf
M̃ on ProjA using some constructions on OX . Let f be a homogeneous element in A.

A //

��

A[ 1
f ]

A(f) A[ 1
f ]deg 0

OO

If M is an A-module, then the diagram above induces

M //

��

M ⊗A[ 1
f ]

M(f) M[ 1
f ]deg 0

OO

In this way we get sheaves M̃(f) on D+(f). Since D+(fifj) = D+(fi)⋂D+(fj), then we can

glue these sheaves to get a sheaf M̃ on ProjA.
From definition, it is easy to see that the functor M ↦ M̃ from GradMod(A) to the

QCoh(X) is exact and respect to tensor product.

Definition 5.2.4. Let A be a graded ring, and let X = ProjA. For any integer n, we define
the sheaf OX(n) to be Ã(n). We call OX(1) the twisting sheaf of Serre. For any sheaf of
OX-modules F , denote F(n) to be the sheaf F ⊗OX OX(n).
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Proposition 5.2.5. Let S be a graded ring and let X = ProjS. Assume that S is generated
by S1 as an S0-algebra.

1. The sheaf OX(m) is locally free of rank 1.

2. For any graded S-module M , M̃(d) = M̃ ⊗OX(d). In partikular, OX(d1) ⊗ OX(d2) =
OX(d1 + d2)

3. For homogeneous degree 1 element f ∈ S, OX(d)∣D+(f) = S̃(d)(f), where

S̃(d)(f) = {
a

fn
∣ dega = n + d} = S(f) ⋅ f

d

Proof. 1. Cover X by Xf , f ∈ S1. Xf = SpecS(f). We have

OX(n)∣Xf = S̃(n)(f),

where

S(n)(f) = {
a

f
∣ degS(

a

fn
) − n = 0} (5.2.1)

= {
a

fm
⋅ fn∣ deg a =m} (5.2.2)

= S(f) ⋅ fn. (5.2.3)

S(n)(f) ≅ S(f) as an S(f)-module, therefore OX(n)∣Xf ≅ S̃(f) = OXf .

2. This follows from the fact that (M ⊗S N)∼ ≅ M̃ ⊗OX Ñ for any two graded S-modules
M and N , when S is generated by S1. Indeed, for any f ∈ S1, we have (M ⊗S N)(f) =
M(f) ⊗S(f) N(f).

OX(n) ⊗OX OX(m) = S̃(n) ⊗S̃ S̃(m) = S̃(m + n).

Note that OX(0) = OX .

Example 5.2.6. Let X = ProjA[t0, . . . , tr] and let S = A[t0, . . . , tr]. Compute Γ(X,OX(n)).

OX(n)∣Xti = S̃(n)(ti), Γ(xti ,OX(n)) = S(n)(ti),

which is equal to the degn part of Sti . Let s ∈ Γ(X,O(n)),

s∣Xti = ∑
i0+...+ir=n

ai0...irt
i0
0 ⋅ . . . ⋅ tirr , ik ≥ 0

(Laurent polynomial). Therefore Γ(X,O(n)) = polynomials of t0, . . . , tr of degree n. It
follows that Γ(X,O(n)) = 0 if n < 0. Γ(X,OX) = A,

rankAΓ(X,OX(n)) = (
n + r
n

) , n > 0.

In particular OX(n) are not isomorphic to each other.
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5.3 Noetherian Condition

Proposition 5.3.1.

1. If a graded ring A is noetherian, then ProjA is noetherian.

2. If a graded ring A is noetherian if and only if A0 is noetherian and A+ is finitely
generated A0-algebra.

Proof of 2. (⇐) Hilbert base theorem

(⇒) if A is noetherian, then A+ is finitely generated over A0 and A0 = A/A+ is noetherian

Exercise 5.3.2. Show that if a graded ring A is noetherian, then A = A0[x1, ..., xn] for some
integer n.

Remark 5.3.3. 1. Let S be a Noetherian graded ring which is generated by homogeneous
elements x0, . . . , xd. Assume S0 = k is a field. Then one can show

∑
n

dimSn ⋅ T
n =

Q(T )

∏
n
i=0 (1 − T

degxi)
.

2. Assume then deg(xi) = 1. That is xi ∈ S1. Then dimSn = P (n) for n≫ 0, where P is
a polynomial.

Exercise 5.3.4. Let S be a noetherian graded ring and let X = ProjS. Show that dimX =
dimS − 1.

We want to show degP = dimX
We also want to define a third invariant δ(S).

Definition 5.3.5. δ(S) is the minimal number of elements y1, . . . , yl ∈ S1 such that S/∑ yiS
is a finite dimensional k-vector space.

Theorem 5.3.6. dimS = degP + 1 = δ(S).

A generalization: Let M/S be a module of finite type with M graded, we define SM to
be S/Ann(M) where Ann(M) = {x ∈ S∶xM = 0}, and δ(M) to be the minimal number of
x1, . . . , xm ∈ S such that M/∑xiM is of finite length.

Theorem 5.3.7. dimSM = degPM + 1 = δ(M).

Lemma 5.3.8. There is a filtration 0 ⊊M1 ⊊M2 ⊊ . . . ⊊M such that Mi/Mi−1 ≅ S/p, where
p is a prime ideal.
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Proof. We’ll do the proof in three steps:
Step 1: degPM + 1 ≥ dimSM .
Step 2: δ(M) ≥ degPM + 1.
Step 3: dimSM ≥ δ(M).

Step 1 degPM + 1 ≥ dimSM : First let us consider the case M = S. We use induction on
degPM . If degPM = −1 (i.e., PM=0), dimSn = 0 for large enough values of n. Therefore

S =
∞
⊕
n=0

Sn =
k

⊕
n=0

Sn, S+ =⊕
n>0

Sn, Sk+ = 0.

So S+ is nilpotent and this is the only prime ideal so dimS = 0. Now assume degPM ≥ 0. If
dimS = 0 we are done. Assume dimS > 0. Let p1 ⊊ p2 ⊊ . . . ⊊ pr be a chain of prime ideals
in S1, r − 1 = dimS > 0. Let x ∈ p2 − p1,

0Ð→S/p1
x
Ð→ S/p1Ð→S/(xS + p1)Ð→0.

Because r − 1 = dimS,

dimS/(p1 + xS) = dimS − 1 = dimS/p1 − 1.

From the above exact sequence,

dim(S/p1)n = dim(S/p1)n−degx
+ dim(S/(xS + p1))n.

Thus
PS/p1(T ) = PS/p1(T − degx) + PS/(xS+p1(T ).

So
degPS/(p1+xS) ≤ degPS/p1 − 1 ≤ degPS − 1.

Now by induction degS/(p1 + xS) ≥ dimS/(p1 + xS). So now

dimS = 1 + dimS/(p1 + xS) ≤ 1 + degS/(p1 + xS) ≤ 1 + degS − 1 = degS.

So step 1 works for the case M = S. For general M we use the exact sequence 0 → M1 →
M → M2 → 0. If Step 1 works for M1, M2, then it works for M as well. Notice that
dimSM = max(dimSM1 ,dimSM2) and degPM = max(degPM1 ,degPM2). (Recall that SM =
S/Ann(M)). This will reduce to the case M = S/p.

Step 2 : δ(M) ≥ degPM + 1. We use induction on δ(M). If δ(M) = 0, M is of finite
length so Mn = 0 for n large enough, so PM = 0 and degPM = −1. We are done. Now assume
δ(M) > 0. There are elements x1, . . . , xδ(M) ∈ S+ such that M/∑xiM has finite length.
Consider the exact sequence:

M
x
Ð→MÐ→(M/xM)Ð→0

56



We have δ(M/x1M) = δ(M) − 1 and

dim(M/x1M)
n
≥ dimMn − dimMn−degx.

It follows that degPM/xM ≥ degPM − 1. From induction δ(M/x1) ≥ degPM/x1 + 1, we have

δ(M) = δ(M/x1M) + 1 ≥ degPM/x1 + 2 ≥ degPM + 1.

Step 3 : dimSM ≥ δ(M).
Again we use induction on dimSM . If dimSM = 0 then SM,+ is the only maximal ideal.

So it is own nill radical. Thus some power of SM,+ is zero, as SM,+ is finitely generated.
Thus SM,+ = 0 for n sufficiently large. So SM , therefore M , has finite length. It follows that
δ(M) = 0.

So now assume dimSM > 0. Let pi (i = 1, ⋅n) all minimal ideals of SM .

Exercise 5.3.9.

1. Show that there is an x ∈ SM,+ −⋃
n
i=1 pi.

2. For such x, dimSM ≥ dimSM/xM + 1 and δ(M/x1M) ≥ δ(M) − 1.

Now the inequality follows from the exercise and the induction dimSM/x1M ≥ δ(M/x1M).

Definition 5.3.10. The degree of X is a number such that the leading coefficient of P (T )

has the form
deg(X)

d!
T d.

Exercise 5.3.11. Compare the degree and leading coefficient of the Hilbert polynomial for
k[x0, . . . , xn]/(F ) = S, where F is a homogeneous polynomial of degree d, dimSn = P (n).

5.4 Sheaves on Projective Schemes

Given a graded ring S = ⊕d≥0Sd, which is generated by S1 as an S0-algebra. Then S gives a
pair (ProjS,O(1)). In other words , there exists a special sheaf on projective schemes which
has many saitisfying properties. We want to recover S from (ProjS,O(1)).

An important fact is that if S(d) = ⊕n⩾0S
(d)
n is the graded ring with S

(d)
n = Snd, then there

is an isomorphism

(ProjS,O(d))
∼
Ð→(ProjS(d),O(1)) (5.4.1)

We will state this fact as a theorem later.
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Question

Let A be a ring and let S be a graded ring. In previous chapters we have shown the
equivalence between the category of A-modules and the category of quasi-coherent sheaves
on affine scheme SpecA. Later we will see in

equiv for projequiv for proj
5.5.3 that we can prove a similar result about

quasi-coherent sheaves on projective schemes.i.e given a quasi-coherent sheafF on ProjS we
can find an S-module M such that M̃ ≅ F . Last section we have proved that Then the
question is that can we prove a similar result about coherent sheaves on ProjS and finitely
generated S-modules? Unfortunately it is not a trivial question. The difficult part is, if M ,
N are two graded S-modules, M̃ ≅ Ñ can not imply M ≅ N . But if M and N is finitely
generated, then M̃ ≅ Ñ implies that Mn ≅ Nn for n≫ 0.

Remark 5.4.1. We can not easily conclude the equivalence of category of S-modules and
category of quasi-coherent sheaves on ProjS. Even if a quasi-coherent sheaf can be recovered
from a graded S-module, we will then show that even different S-modules can induce a same
quasi-coherent sheaf.

5.5 Quasi-coherent sheaves on projective schemes

Let A be a graded ring. In this section we can show that the category of quasi-coherent
sheaves on projective schemes is equivalent to the category of graded A-modules.

Definition 5.5.1. Let A be a graded ring, and let X = ProjA. Let F be a sheaf of
OX-omdules. We define the grade A-module associated to F as a group, to be Γ∗(F) =
⊕n∈ZΓ(X,F(n)). Then it becomes a graded A-module naturally: any section in Ad deter-
mines a global section in Γ(X,OX(d)); and since F(n) ⊗ OX(d) = F(n + d), then we can
difine the product in Γ(X,F(n + d)) by taking the tensor product in F(n) ⊗OX(d)

Example 5.5.2. Let R be a ring and let A be the polynomial ring R[x0, ..., xn]. By definition
of projective space, ProjA = PnR. Then ProjA is covered by affine open subsets D+(xi) ≅
SpecA(xi), i = 0,1, ..., n. Now consider Γ(PnR,O(d)) for a given integer d, since A(xi) =
R[x0xi , ...,

xn
xi

], from the definition of O(d) we get

O(d)∣D+(xi) = (A(xi) ⊗ x
d
i )

∼. (5.5.1)

Then

Γ(PnR,O(d)∣D+(xi)) = A(xi)⊗xdi (5.5.2)

= {f ∈ R[x0, ..., xn]∣
f = ∑ak0...knx

k0
0 ...x

kn
n ,

∑kj = d, kj ⩾ 0 if j ≠ i
} . (5.5.3)

By the property of sheaf we have the exact sequence

Γ(X,O(d)) →
n

∏
i=0

Γ(D+(xi),O(d)) →∏
i,j

Γ(D+(xixj),O(d)), (5.5.4)
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which implies Γ(X,O(d)) = R[x0, ..., xn]deg d.
Finally,

⊕∞
m=0Γ(X,O(d +m)) = ⊕∞

m=0R[x0, ..., xn]deg d+m.

equiv for proj Theorem 5.5.3. Let A be a graded ring which is generated by A1 as A0-algebra and X =
ProjA. Let F be a quasi-coherent sheaf on X. Then there is a canonical isomorphism
Γ∗(F)∼

∼
Ð→F

Proof. Step 1

Let M = Γ∗(F), cover X by D+(x), where x runs through the elements of A1. Then

M̃ ∣D+(x) = M̃(x)∣SpecA(x) , M(x) = {
m

xn
∣ m ∈Mn} ↦M[

1

x
]deg 0. (5.5.5)

Since F is quasi-coherent, then by
M=gamma tildeM=gamma tilde
3.7.5, F∣D+(x) ≅ Γ(D+(x),F)in any case (locally F∣D+(x) ≅

Ñ for some A(x)-module N). We want to construct a canonial isomorphism

M(x)
∼
Ð→Γ(D+(x),F), M(x) =

∞
∑
n=0

Mn ⊗
1

xn
, Mn = Γ(X,F(n)). (5.5.6)

Remember that F(n) is the sheaf O(n) ⊗ F and F(n)∣D+(x) ≅ F∣D+(x) ⊗ x
n

Then we have
Mn = Γ(D+(x),F(n)) = Γ(D+(x),F) ⊗ xn.

So at least we have a natural map
∞
∑
n=0

Mn ⊗
1

xn
→ Γ(D+(x),F) (5.5.7)

Step 2

We need to show that the natural map
**
5.5.7 is bijective. This means that :

(a) For any n, let s ∈ Γ(X,F(n)) be a global section. If s
xn = 0 in Γ(D+(x),F), then there

exists an integer n′ such that xn
′
s = 0. This shows the injectivity of

**
5.5.7.

(b) Given a section s ∈ Γ(D+(x),F), there exists an integer n such that xns extends to a
section of Γ(X,F(n)). This shows the surjectivity of

**
5.5.7.

We will later state these two facts as a lemma. But first let us give some definitions and
properties of the sheaf F(n).

Definition 5.5.4 (Globally generated). Let X be a scheme, and let F be a sheaf of OX-
modules. We say that F is generated by global sections if there is a family of global sections
{si}i∈I , si ∈ Γ(X,F), such that for each x ∈X, the images of si in the stalk Fx generate that
stalk as an OX-module.

Note that F is generated by global sections if and only if F can be written as a quotient
of a free sheaf. Indeed, the generating secions {si}i∈I define a surjective morphism of sheaves
⊕i∈IOX → F , and conversely.
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ugly lemma Lemma 5.5.5 (Ugly lemma). Let X be a noetherian separable scheme. Let L be invertible
sheaf on X and F a quasi-coherent sheaf on X. Let f ∈ Γ(X,L) and Xf be the nonzero locus
of X, i.e. the set of points x ∈ X such that the stalk fx ∉ mxLx where mx is the maximal
ideal of Lx. Then:

(a) If the restriction of s ∈ Γ(X,F) in Γ(Xf ,F) is zero, then there exists a positive integer
n such that sfn = 0 in Γ(X,F ⊗Ln).

(b) Given a section s ∈ Γ(Xf ,F), there exists a positive integer n and a section t ∈ Γ(X,F⊗
Ln) such that t∣Xf = sf

n.

Proof. (a) Let Ui = SpecAi be an affine open cover of X. Since X is noetherian, it follows
that X is quasi-compact. Then suppose a finite number of Ui cover X. Since L is invertible
then for any Ui we can pick an isomorphism:

L∣Ui → OX ∣Ui (5.5.8)

and suppose ai ∈ Ai is the image of f ∣Ui = fi by this isomorphism. Then ai
f
fi

.

Since we have showed in
X_fX_f
3.4.11 that Xf ⋂Ui = SpecAi[

1
ai
], then Xf = ⋃SpecSpecAi[

1
ai
].

Since F is quasi-coherent, by
qc sheafqc sheaf
5.2.1 there is an Ai-module Mi such that F∣Ui ≅ M̃i for each

i. let s ∈ Γ(X,F) be a global section, then restrict s to Ui give an element s ∈Mi. Similarly,

since F∣Xf∩Ui ≅
̃(Mi)(ai) and s restrict to Xf is zero. Then the image of s in (Mi)(ai) is

0. Thus there exists an integer ni such that sanii = 0 for each i. Take n = max(ni) we get
s⊗ fn = s( ffi )

n ⊗ fni = sani ⊗ f
n
i = 0

To prove (b), consider the commutative diagram

Γ(X,F)
fn //

��

Γ(X,F ⊗Ln)

��
Γ(Xf ,F)

∼ // Γ(Xf ,F) ⊗ fn

(5.5.9)

Given a section s ∈ Γ(Xf ,F) a section ani ⊗ s of Γ(Xf ,F) ⊗ fn can be lift to a section
ti ∈ Γ(Ui,F ⊗Ln) for n sufficiently large. Then we only need to check the gluing condition:
given si ∈ Γ(Ui,F), suppose that si∣Ui∩Uj = sj ∣Uj∩Uj

By (a) since Ui ∩ Uj is quasi-compact. si∣Ui∩Uj − tj ∣Ui∩Uj = 0 in Γ(Uj ∩ Uj,F), then there
exists m ≫ 0 such that fm(si∣Ui∩Uj − tj ∣Ui∩Uj) = 0 in Γ(X,F ⊗ Lm), glue together to give a
global section t of F ⊗Ln+m, whose restriction to Xf is sfn+m

Remark 5.5.6. Let A be a graded ring which is generated by A1 as A0-algebra. We can only
show that given a quasi-coherent sheaf F on ProjA, we can find a graded A-module M such
that M̃ ≅ F . But the choice of such M is not unique. To explain it more precisely, we give
some propositions and examples.

Proposition 5.5.7. Let A be a graded ring which is generated by A1 as A0-algebra, let M
be a graded A-module, and let X = ProjA. Show that there is a natural homomorphism
αM ∶M → Γ∗(M̃).
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Proof. Since A1 generate A, then cover X by affine open subsets {D+(ai)}ai∈A1 . For all m ∈
M , it must be contained in some Md, hence m has degree 0 in M(d)(ai) = M̃(d)(D+(ai)) for

all ai ∈ A1. Since D+(ai)⋂D+(aj) = D+(aiaj), then the sections in M̃D+(ai) and M̃D+(aj)
agree on M̃D+(aiaj). Hence they can be glued together to be a section of ⊕n∈ZΓ(X,M̃).
Then we have a morphism

αM ∶M → Γ∗(M̃).

For any m ∈M of degree d1, a ∈ A of degree d2, we have a × α(m) is the image of m × a in
Γ(X,M̃(d1) ⊗OX(d2) = Γ(X,M̃(d1 + d2)). Then α is a homomorphism.

By the above theorem and proposition, we see that Γ∗ is the right adjoint of the functor
MÐ→M̃ . Thus for any A-module M and quasi-coherent OX-module F , we have a canonical
isomorphism

HomA(M,Γ∗(F))
∼
Ð→HomOX(M̃,F), ϕ↦ ϕ.

The inverse is given by ψ ↦ Γ∗(ψ) ○ α.
From the proposition above, α induces an exact sequence:

0→ kerα →M
α
→ Γ∗(M̃) → cokerα → 0. (5.5.10)

Apply the functor ∼ on this exact sequence:

0→ k̃erα → M̃
∼
→ Γ̃∗( ˜ )M → c̃okerα → 0. (5.5.11)

we get k̃erα = 0 and c̃okerα = 0, but this cannot imply kerα = 0 or cokerα.

Example 5.5.8. Let A = k[x0, ..., xn] where k is a field. Let M i = A/(x0, ..., xn)i be the graded

A-module. Then ⊕̃M i = 0 but ⊕M i ≠ 0.

Exercise 5.5.9. If M̃ = 0, describe M . (answer: A+ ⊂
√
AnnM)

Embeddings between projective spaces

Note that we have defined projective n-space over a ring to be ProjA[x0, ..., xn], denoted PnA.
If A → B is a homomorphism of rings, and SpecB → SpecA is the corresponding morphism
of affine schemes. Then we can easily see that PnB ≅ PnA ×SpecA SpecB. In particular, for any
ring A, we have PnA ≅ PnZ×SpecZSpecA. This motivates the following definition for any scheme
Y .

Definition 5.5.10. If Y is any scheme, we define projective n-space over Y , denoted PnY to
be PnZ ×SpecZ Y .

Definition 5.5.11. For any scheme Y , let g ∶ PrY → PrZ be the natural map. We define
the twisting sheaf O(1) on PrY to be g∗(O(1)). Note that if Y = SpecA, this is the same
as the O(1) already defined on PrA = ProjA[x0, ..., xr]. We call a morphism f ∶ X → Y is
projective morphism if it factors into a closed immersion i ∶X → PnY for some n, followed by
the projection PnY → Y .
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Definition 5.5.12 (The Veronese Embedding). The Veronese embedding of degree d > 0 is
the map

ρd ∶ Pn // PN

(x0,⋯, xn)
� // (⋯,∏ 0≤ri≤d

∑ni=0 ri=d
xrii ,⋯)

(5.5.12)

where N = (n+d
n
) − 1.

Theorem 5.5.13. Let S be a graded ring, generated by S1 as an S0-algebra. For any integer
d ≥ 0, let S(d) = ⊕n⩾0S

(d)
n be the graded ring where S

(d)
n = Snd. Then ProjS(d) ≅ ProjS and

the sheaf O(1) on ProjS(d) corresponds via this isomorphism to O(d) on ProjS

Proof. If S1 is generate by x0, ..., xr, corresponding to an embedding X → PrS0
. Then consider

the Veronese embedding:

ϕ ∶ PrS0

// PNS0

(x0, ..., xr)
� // (M0, ...,MN)

(5.5.13)

where N = (
n + d
n

)-1 and Mi are monic polynomials of degree d. Then M0, ...,MN is a set of

generators of S
(d)
1 = Sd corresponding to the embbeding ProjS(d) ↪ PNS0

.
Since PrS0

≅ Imϕ, then ProjS ≅ Imϕ⋂ProjS(d) = ProjS(d). Now we have an isomorphism
given by the Veronese embedding φ ∶ X = ProjS → ProjS(d) = Y . Choose f ∈ S1 then fd is
a homogeneous degree 1 element in ProjS(d), and D+(fd) form a basis for Y , D+(f) form a
basis for X.

Since
OX(D+(f

d)) = OX(d)(φ−1(D+(f
d))) = φ∗(OX(d))(D+(f

d)),

OY (1)(D+(f
d)) = S(d)(1)(fd) = S

(d)
(f)

it follows that OY (1)(D+(fd)) ≅ φ∗OX(d)(D+(fd)), thus φ∗OX(d) ≅ OY (1).

5.6 Coherent sheaves

Question

Let A be a graded ring, generated by A1 as an A0-algebra and let X = ProjA. If F is
coherent sheaf on X, can we prove that M = Γ∗(F) is finitely generated and M̃ = F? First
consider a weak condition: if F = M̃ then F is generated by all M(n). Now state the main
theorem of this section.

Definition 5.6.1. Let A be a graded ring, We call an A-module M the quasi-finitely gener-
ated module if there exists some finitely generated graded A-module N such that Mn ≅ Nn for
n≫ 0. We define a equivalence relation denoted by ′ ≈′ as follows: we say graded A-modules
M ≈ N if Mn ≅ Nn for n≫ 0.

62



Theorem 5.6.2. Let A be a graded ring, generated by A1 as an A0-algebra. Then the
category of coherent sheaves on X = ProjA is equivalent to the category of quasi-finitely
generated A-modules module the relation ′ ≈′ by the functor Γ∗(⋅), and the converse functor
is ∼.

We will return to this after introducing cohomology.

coh fg Theorem 5.6.3. Let R be a ring and let A = R[x0, .., xr] be a noetherian graded ring, let
X = ProjA. If F is a coherent sheaf on X, then there exists n0 ≥ 0 such that for any n > n0,
the sheaf F(n) can be generated by finite number of sections in Γ(X,F(n)).

Proof. Since F is coherent, then for any xi, F∣D+(xi) is generated by finitely many sections
sij. Applying ugly lemma

ugly lemmaugly lemma
5.5.5 by replacing f in the lemma with xi, it follows that there is

an n≫ 0 such that xisij can be lifted to global section in Γ(X,F(n)).

Remark 5.6.4. We say that F is generated by global sections is equivalent to say there is
a surjective morphism of sheaves ⊕i∈I OX → F . Indeed, the generating sections define this
morphism

Corollary 5.6.5. Let X = ProjA be a projective scheme, where A is a noetherian graded
ring. Assume that F is a coherent sheaf on X and ni are integers, then there is a surjective
morphism:

⊕
ni

O(ni)Ð→F . (5.6.1)

Definition 5.6.6 (Very ample). If X is any scheme over Y , i.e. there is a morphism
X → Y . An invertible sheaf L on X is called very ample relative to Y if there is an immersion
i ∶ X → PrY for some r, such that i∗(O(1)) ≅ L. We say that a morphism i ∶ X → Z is an
immersion if it gives an isomorphism of X with an open subscheme of a closed subscheme
of Z.

Remark 5.6.7. The theorem
coh fgcoh fg
5.6.3 is actually true for any projective scheme X over a

noetherian A. Since there is closed immersion i ∶ X → PrA such that i∗(O(1)) ≅ OX(1).
Then the push forward of the coherent sheaf F through i is still coherent on PrA, and
i∗(F(n)) = (i∗F)(n), then F is generated by global sections if and only if i∗(F(n)) is.
So we can reduce to the case when X is projective n-space.

Definition 5.6.8 (Ample line bundle). Let X be a scheme over a ring A. Let L be a line
bundle (invertible OX-module). We say L is ample if for any coherent sheaf F on X there
is an integer n > 0 such that F ⊗Ln is generated by global sections.

This means Γ̃(X,F ⊗ Ln) → F ⊗ Ln is surjective or equivalently for any x ∈ X, the
following morphism is surjective:

Γ(X,F ⊗Ln) ↠ F(x), (F(x) = Fx/mxFx
).
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Remark 5.6.9. The theorem
coh fgcoh fg
5.6.3 shows that a very ample sheaf L on a projective scheme

X over a noetherian ring A is ample. But the converse is not true.

Example 5.6.10. 1) OX(n) is not generated by global sections if n < 0. Therefore, OX(n)
can’t be ample.

2) OX(0) = OX is generated by global section 1. But OnX ⊗OX(−1) = OnX(−1) can not be
globally generated. Thus, OX can’t be ample.

Proposition 5.6.11. Let X be a projective scheme. Then OX(n) is ample for any n > 0.

Proof. First reduction. We need only show n = 1. Let X = Proj (S), define Sn = ⊕d≥0Snd,
where degSn = degS/n. Then X = Proj (Sn), OX,S(n) = OX,Sn(1).

Theorem 5.6.12. Let X be a scheme of finite type over a noetherian ring A, and let L be
an invertible sheaf on X. Then L is ample if and only if Lm is very ample over SpecA for
some integer m.

6 Cohomology

6.1 Čech cohomology

Let X be a topological space, F be a sheaf on X. The functor Γ maps sheaves over X into
Abelian groups, i.e.F ↦ Γ(X,F). this is a left exact functor. If 0 → F1 → F2 → F3 → 0 is
exact then

0Ð→Γ(X,F1)Ð→Γ(X,F2)Ð→Γ(X,F3)

is exact as well. If X is affine and Fi are quasi-coherent then Γ is exact.

0→ Γ(F1) → Γ(F2) → Γ(F3) → 0.

Cover X by a set of open subsets U = {Ui, i ∈ I}, I is ordered.
Let ip = {i0 < i1 < ... < ip} be any ordered subset of I whose cardinality is p + 1, let

Uip = Ui0...ip = ⋂
p
k=0Uik . Thus Uij = Ui ∩ Uj, Uijk = Ui ∩ Uj ∩ Uk and so on. Then we get a

sequence:

0→ Γ(X,F)Ð→∏
i

Γ(Ui,F)
d0

Ð→∏
i<j

Γ(Uij,F)
d1

Ð→ ∏
i<j<k

Γ(Uijk,F) → . . . . (6.1.1)

Let sip ∈ Γ(Uip ,F) be a section, let s = (sip)ip⊂I denote a section in∏ip
Γ(Uip ,F). The

maps dα, α = 0,1, .... are defined as follows:

d0 ∶ ∏i Γ(Ui,F) //∏i<j Γ(Uij,F)

(si)i∈I
� // ((si − sj)∣Uij)i<j

; (6.1.2)

dp ∶ ∏ip
Γ(Uip ,F) //∏ip+1 Γ(Uip+1 ,F)

(sip)ip⊂I
� // (∑

p+1
k=0(−1)ksi0...îk...ip+1 ∣Uip)ip+1⊂I

. (6.1.3)
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Here the notation îk means omit ik. Then since si0...îk...ip+1 is an element of F(Ui0...îk...ip+1),

we restrict to Ui0...ip+1 to get an element of F(Ui0...ip+1).

Notation. Let Cp(U ,F) = ∏ip
Γ(Uip ,F), then we have a complex of abelian groups

C0(U ,F)
d0

Ð→ C1(U ,F)
d1

Ð→ C2(U ,F) → . . . . (6.1.4)

The complex defined above, denoted by (C●(U ,F), d●) is called Čech complex of abelian groups
associated to U and F . The fact is that kerd0 = Γ(X,F).

Exercise 6.1.1. Prove that dp+1dp = 0

It is clear that d1 ○ d0 = 0, but d1(sij) = 0 does not necessary imply sij ∈ Im(d0).

Definition 6.1.2. Define the pth Čech cohomology of (X,F) with respect to the covering
U , to be

H i
U(X,F) = ker(di)/Im(di−1)

.

If V is a refinement of U , then we have a morphism of topological subset Vi → Ui, it
induces homomorphisms:

Ci(U ,F) → Ci(V ,F) ↝H i
U(X,F) →H i

V(X,F) (6.1.5)

Lemma 6.1.3. For any X, U , F as above, we have H0
U(X,F) ≅ Γ(X,F).

Proof. H0
U(X,F) = kerd0. Let s = (si)i∈i be a section in C0, then for each i < j, (d0(s))ij =

sj − si. So d0(s) = 0 implies the sections si and sj agree on Ui⋂Uj. From the sheaf axioms
it follows that kerd0 = Γ(X,F).

Example 6.1.4. Let X be the circle S1 covered by two open sets U1 and U2 and let F = Z.
We have H0

U(X,Z) = Γ(X,F) = ker(d0),

Γ(U1,Z) ⊕ Γ(U2,Z)
d0

Ð→ Γ(U1 ∩U2,Z)
d1
Ð→ 0.

In this example Γ(U1,Z) = Γ(U2,Z) = Z and Γ(U1 ∩U2,Z) = Z2. Since

Z2 // Z2 // 0

(a, b) � // (b − a, b − a)

(6.1.6)

Therefore H0(X,F) = Z and H1(X,F) = Z2/Z(1,1) = Z.

Example 6.1.5. Let X = P1, covered by U0 = P1 ∖ {∞} and U1 = P1 ∖ {0} and let F = Ω1
X ,

where for open subset U ⊂ P1 we denote by Ω1
X(U) the space of holomorphic 1-forms on U .

We have U0 ≅ C1 = A1 = SpecC[x] and U1 ≅ C1 = A1 = SpecC [ 1
x
], so Ω1(U0) = C[x]dx, while

Ω1(U1) = C [ 1
x
] d ( 1

x
). Note also that Ω1(U0 ∩U1) = C [x, 1

x
] dx. Since d ( 1

x
) = − 1

x2 dx we can
choose dx as a generator. The sequence becomes

C[x]dx⊕C [
1

x
] d(

1

x
)

d0

Ð→ C [x,
1

x
] dx,
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where d0∶ (α,β) ↦ (β − α). Thus H0(X,F ) = ker(d0) = {(α,β), β = α} = 0. Indeed, if
α = P (x)dx and β = Q ( 1

x
) d ( 1

x
) then the condition

P (x)dx = Q(
1

x
)(−

1

x2
dx)

implies P (x) = − 1
x2Q ( 1

x
) which may be true only for P (x) = Q(x) = 0. Next,

H1(X,F) =
C [x, 1

x
] dx

C[x]dx +C [ 1
x
] (− 1

x2
) dx

= C

(generated by dx
x ). Finally, H0(X,Ω1

X) = 0, H1(X,Ω1
X) ≅ C. Remark: Ω1

X ≅ OX(−2).

coh thm Theorem 6.1.6. Let X be a separated scheme, F be a quasi-coherent sheaf on X. Let U be
an affine cover of X. Then:

1. If X is affine, then H i
U(X,F) = 0 for i > 0.

2. If 0 → E → F → G → 0 is an exact sequence of quasi-coherent sheaf, then it induces a
long exact sequence

0Ð→Γ(X,E)Ð→Γ(X,F)Ð→Γ(X,G)Ð→

Ð→H1(X,E)Ð→H1(X,F)Ð→H1(X,G)Ð→

Ð→H2(X,E)Ð→H2(X,F)Ð→H2(X,G)Ð→

Ð→H3(X,E)Ð→ . . . .

(6.1.7)

3. H i
U(X,F) doesn’t depend on U .

4. If X is noetherian, then H i
U(X,F) = 0 for i sufficiently large.

6.2 Čech complex of sheaves

Let X be a topological space. Let F be a sheaf on X. Let U = {Ui}i∈I be a cover of X, where
I is an ordered set. We want to study is the Čech complex resolution.

Step 1: Construct complex of sheaves

Similarly, Let ip = {i0 < i1 < ... < ip} be any ordered subset of I whose cardinality is p + 1, let
Uip = Ui0...ip = ⋂

p
k=0Uik , Uij = Ui ∩ Uj. Thus Uijk = Ui ∩ Uj ∩ Uk and so on. Then we always

have the inclusions:

jip ∶ Uip ↪X. (6.2.1)

Restrict F on the open subset Uip . Then (jip)∗F∣Uip is a sheaf on X.
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Definition 6.2.1. Define the Čech complex of sheaf F on a scheme X associated to U ,
denoted C●(U ,F), as follows:

Cp(U ,F) ∶= ∏
ip

(jip)∗ (F∣Uip) . (6.2.2)

Thus a section of Cp(U ,F) can be written as s = (sip)ip⊂I where sip ∈ (jip)∗ (F∣Uip).

Define the morphisms as before:

C0(U ,F)
d0

→ C1(U ,F)
d1

→ C2(U ,F)⋯ → Cp(U ,F)
dp

→ Cp+1(U ,F)⋯ (6.2.3)

dp ∶ Cp(U ,F) // Cp+1(U ,F)

(sip)ip⊂I
� // (∑

p+1
k=0(−1)ksi0...îk...ip+1 ∣Uip)ip+1⊂I

(6.2.4)

Exercise 6.2.2. Prove that dp+1dp = 0 and d2 = 0.

Remark 6.2.3. Recall that in last section we have defined Cp(U ,F) = ∏i Γ(Uip ,F), this is an

abelian group. In this section Cp(U ,F) is a sheaf.

Remark 6.2.4. Cp(U ,F) = Γ(X,Cp(U ,F)).

Remark 6.2.5. The sequence

Γ(X,F)Ð→C0(U ,F)Ð→C1(U ,F)Ð→C2(U ,F)Ð→ . . .

may not be exact and the cohomology groups may be obstructions with obstructions.

CFtoCC exact Proposition 6.2.6. Let X be a topological space and F be a sheaf on X, C●(U ,F) is the
Čech complex of F , together with the chain of complex

C0(U ,F)
d0

→ C1(U ,F)
d1

→ C2(U ,F)⋯ → Cp(U ,F)
dp

→ Cp+1(U ,F)⋯ (6.2.5)

then kerd0 = F and the following sequence

0Ð→FÐ→C0(U ,F)Ð→C1(U ,F)Ð→C2(U ,F)Ð→ . . .

is exact. In other words, H0(C●(U ,F)) = F , and Hp(C●(U ,F)) = 0 for p > 0.

Proof. The exactness at F and C0(U ,F) is clear. We need only check the exact sequence at
Cp for p > 0. So we have to study morphisms of two complexes.
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Step 2: Homotopy of morphisms of complexes

Definition 6.2.7. Given two Čech complexes of abelian groups C● and D● and two mor-
phisms of complexes f ● ∶ C● →D●, g● ∶ C● →D●. Then we have a diagram:

0 // C0 d0 //

��

C1 d1 //

k1

}} ��

C2 d2 //

k2

}} ��

⋯ // Cp

kp

~~ ��
0 // D0 d0 // D1 d1 // D2 d2 // ⋯ // Dp

. (6.2.6)

A homotopy of f ●−g● is a collection of maps Ci →Di−1 such that f i−gi = ki+1 ○diC +d
i−1
D ○ki,

i.e. f − g = dk + kd.

Exercise 6.2.8. If f ● is homotopic to g●, then f ● and g● induces a same homomorphism of
cohomological group:

H i(f)∶H i(C●)Ð→H i(D●), H i(g)∶H i(C●)Ð→H i(D●). (6.2.7)

We would like to ask ourselves when does H i(f ●) =H i(g●) for all i? The answer is given
by the following:

Lemma 6.2.9. H i(f) = H i(g) for all i if f ● and g● are homotopic. This means that there
are homomorphisms ki∶Ci →Di−1 such that f i − gi = ki+1 ○ diC + d

i−1
D ○ ki.

Proof of the Lemma. H i(f ● − g●) defines H i(C●) → H i(D●), x ∈ H i(C●) represented by
x̃ ∈ kerdi, while (H i(f i) −H i(gi))(x) is represented by

(f i − gi)(x̃) = (ki+1di + di−1ki)(x̃) = −di−1kix̃ = di−1(−kix̃) ∈ Im(di−1),

therefore H i(f ● − g●)(x) = 0.

Now we can go back to prove the proposition
CFtoCC exactCFtoCC exact
6.2.6

Step 3: Proof of the proposition
CFtoCC exactCFtoCC exact
6.2.6

To prove the exactness of F → C●(U ,F), it is sufficient to show that its stalk is exact at any
point x ∈ X. Fix a point x ∈ X, consider Fx → C●x. We need only show shat two morphisms
Id: C●x → C

●
x and 0 ∶ C●x → C

●
x are homotopic. In other words we need to construct ki ∶ Ci → Ci−1

such that kd + dk = Id.
Note that Cpx = ∏ip

(Fx)Uip , where

(Fx)Uip = {
Fx if x ∈ Uip

0 if x ∉ Uip
(6.2.8)

Suppose x ∈ Ur for some open subset Ur ⊂ X. For sx ∈ Cp(U ,Fx), there exists a small
neighborhood V ⊂ Ur of x such that sx is represented by a section s ∈ Γ(V,Cp(U ,CF )). For
any p, define

kp ∶ Cp(U ,Fx)Ð→C
p−1(U ,Fx), (6.2.9)
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by

kp(s)i0...ip−1 = sri0...ip−1 . (6.2.10)

This is well defined since V ⋂Uip−1 = V ⋂Uri0...ip−1. Then talk the stalk of kp(s) at x to get
the required map k.

Exercise 6.2.10. Check that for any p > 0, s ∈ Cpx, (kd + dk)(s) = s.

Thus k is a homotopy operator for the complex C●x, and the identity map is homotopic
to the zero map. Showing that the sequence is exact.

Now we have shown a very important consequence: Suppose C●(U ,F) is the Čech complex
of sheaf F on a scheme X with respect to affine covering U , then the sequence

0Ð→FÐ→C0(U ,F)Ð→C1(U ,F)Ð→C2(U ,F)Ð→ . . . (6.2.11)

is exact.

Corollary 6.2.11. Let X be a noetherian separated scheme and let F be a quasi-coherent
sheaf on X. Let E = C0(U ,F). Suppose U = {Ui}i∈I is any affine cover of X, then:

(a) If X is affine, then H i
U(X,F) = 0 for i > 0.

(b) Let W be any another affine cover, then H i
W(X,E) = 0 for i > 0.

Proof. (a) Since X is separated, then for any ip, Uip is affine. Since X is noetherian, then
Cp = 0 for p sufficiently large. If X is affine, then the exactness of FÐ→C● implies the
exactness of global sections Γ(X,F)Ð→Γ(X,C●) = C●. This means no cohomology when
i > 0.

(b) Since E = ∏k(jk)∗F∣Uk , to show E has trivial cohomology for i > 0, it is sufficient to
show that every piece has no cohomology when i > 0. Suppose W is any another affine cover
of X, then W⋂Uk is an affine cover of Uk. By (a), for any i > 0, we have

H i
W(X, (jk)∗F∣Uk) =H

i
W⋂Uk(Uk,F∣Uk) = 0. (6.2.12)

Then we have

H i
W(X,E) =∏

k

H i
W(X, (jk)∗F∣Uk) = 0. (6.2.13)

6.3 Long exact sequence

Let X be a noetherian separated scheme and F be a quasi-coherent sheaf. Let U be an affine
covering of X.

In this section we will show the second property in
coh thmcoh thm
6.1.6: H i

U(X,F) form a long exact
sequence for every exact sequence of quasi-coherent sheaves on X:

0→ E → F → G → 0. (6.3.1)
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Let 0→ E → F → G → 0 be any exact sequence of quasi-coherent sheaves on X. Then we
have the following diagram:

0 // E //

��

F //

��

G //

��

0

0 // C0(E) //

��

C0(F) //

��

C0(G) //

��

0

0 // C1(E) //

��

C1(F) //

��

C1(G) //

��

0

⋯ ⋯ ⋯

. (6.3.2)

Apply the functor Γ(X, ⋅) we have the diagram:

0 // Γ(X,E) //

��

Γ(X,F) //

��

Γ(X,G) //

��

0

0 // C0(E) //

��

C0(F) //

��

C0(G) //

��

0

0 // C1(E) //

��

C1(F) //

��

C1(G) //

��

0

⋯ ⋯ ⋯

. (6.3.3)

Remark 6.3.1.

1. The vertical sequences of
55
6.3.3 defines cohomology of E , F and G.

2. 0Ð→Γ(X,E)Ð→Γ(X,F)Ð→Γ(X,G)Ð→0 is in general not exact.

3. U is an affine cover and X is noetherian and separated, then for all ip, Uip is affine
subscheme of X, the product is also affine.

Claim. 0Ð→Ci(U ,E)Ð→Ci(U ,F)Ð→Ci(U ,G)Ð→0 is exact for all i ≥ 0.

Proof. The restriction of the exact sequence
44
6.3.1 on each Uip is also exact. From the remark

we know that for all ip,

jip ∶ Uip ↪X (6.3.4)

are affine morphisms. Thus (jip)∗ is an exact functor.

Claim. 0Ð→Ci(U ,E)Ð→Ci(U ,F)Ð→Ci(U ,G)Ð→0 is exact for all i ≥ 0.
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Proof. For all i, Ci(E), Ci(F) and Ci(G) are quasi-cohernet sheaves on affine schemes. We
have proved that

0Ð→Ci(E)Ð→Ci(F)Ð→Ci(G)Ð→0

is exact for all i ≥ 0, then by the equivalence between category of quasi-coherent sheaves on
affine schemes and category of OUip -modules,

0Ð→Ci(E)Ð→Ci(F)Ð→Ci(G)Ð→0

is also exact.

Now we introduce the general way to define long exact sequences.

Lemma 6.3.2 (Snake lemma). Let A, B, C and A1, B1, C1 be abelian groups. Assume
there are homomorphisms α ∶ A → A1, β ∶ B → B1 and γ ∶ C → C1. Suppose we have the
following commutative diagram:

kerα

��

kerβ

��

kerγ

��
A //

α

��

B //

β

��

C //

γ

��

0

0 // A1
//

��

B1
//

��

C1

��
cokerα cokerβ cokerγ

. (6.3.5)

Then there is an exact sequence relating the kernel and cokernels of α, β and γ.

kerα → kerβ → kerγ
d
→ cokerα → cokerβ → cokerγ, (6.3.6)

where d is a homomorphism, called connecting homomorphism

Exercise 6.3.3. Prove the snake lemma.

Proposition 6.3.4. Let A●, B● and C● be complexes in the same abelian category which fits
in an exact sequence

0→ A● → B● → C● → 0 (6.3.7)

Then we have long exact sequence

0Ð→H0(A●)Ð→H0(B●)Ð→H0(C●)Ð→

Ð→H1(A●)Ð→H1(B●)Ð→H1(C●)Ð→

Ð→H2(A●)Ð→H2(B●)Ð→H2(C●)Ð→

Ð→H3(A●)Ð→ . . . .

(6.3.8)
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Proof. Since for any i we have diA ∶ A
iÐ→Ai+1, consider the morphism

α ∶ A
i
/Imdi−1

A
Ð→ker(di+1

A ) (6.3.9)

Notice that kerα = H i(A●), cokerα = H i+1(A●). The same is for B●, C●. Then apply the
snake lemma to the following commutative diagram:

H i(A●)

��

H i(B●)

��

H i(C●)

��

Ai/Imdi−1
A

//

α

��

Bi
/Imdi−1

B

//

β

��

Ci
/Imdi−1

C

//

γ

��

0

0 // ker(di+1
A ) //

��

ker(di+1
B ) //

��

ker(di+1
C )

��
H i+1(A●) H i+1(B●) H i+1(C●)

. (6.3.10)

Thus we get

⋯ →H i(A●) →H i(B●) →H i(C●)
d
→H i+1(A●) →H i+1(B●) →H i+1(C●) → ⋯. (6.3.11)

Let X be a noetherian separated scheme and F be a quasi-coherent sheaf. Let U be an
affine covering of X. Assume that 0→ E → F → G → 0 is any exact sequence of quasi-coherent
sheaves on X. Then we have

0Ð→Ci(U ,E)Ð→Ci(U ,F)Ð→Ci(U ,G)Ð→0

is exact for all i ≥ 0. Let A●, B● and C● in the above proposition be C●(U ,E), C●(U ,F) and
C●(U ,G) respectively, it follows that 0 → E → F → G → 0 induces a long exact sequence of
cohomology. In other words, we have proved the second property in

coh thmcoh thm
6.1.6.

6.4 Independence of U

In this section we will prove the third property in
coh thmcoh thm
6.1.6:

Proposition 6.4.1. The Čech cohomology H i
U(X,F) doesn’t depend on U whenever U is

finite cover of affine open subsets.
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If U ′ = {U ′
i}i∈I′ is another affine covering, then we have a common refinement

W ∶= {Ui ∩U
′
i′}(i,i′)∈I×I′

of coverings which actually an affine cover since X is separated. Thus we have morphisms
of cohomology groups:

H i
U(X,F) →H i

W(X,F), H i
U ′(X,F) →H i

W(X,F). (6.4.1)

We will prove that for any i,
H i
U(X,F)

∼
Ð→H i

W(X,F).

Step 1: construct morphism

Let W = {Wj}j∈J , U = {Ui}i∈J and σ ∶ J → I such that Wj ↪ Uσ(j). Let s be a section in
Cp(U ,F). Define

φ ∶ Cp(U ,F)Ð→Cp(W ,F) (6.4.2)

by restriction

φ(s)∣(Wj0...jp) = s(Uσ(j0)...σ(jp))∣Wj0...jp
. (6.4.3)

This defines a morphism:

φ● ∶ C●(U ,F)Ð→C●(W ,F) (6.4.4)

which induces

H●(φ●) ∶H●(U ,F)Ð→H●(W,F). (6.4.5)

We need to show that H●(φ●) is an isomorphism.

Step 2: induction

Let V be any affine cover and let E = C0(V ,F). We have proved that E is quasi-coherent and
H i
U(X,E) = 0 for any affine cover U and i > 0.

Let G be the quotient sheaf E/F , then G is also quasi-coherent and there is an exact

sequence of quasi-coherent sheaves on X:

0Ð→FÐ→EÐ→GÐ→0. (6.4.6)

This induces a long exact sequence:

0 =H i−1
U (X,E) //

��

H i−1
U (X,G) //

��

H i
U(X,F) //

��

H i
U(X,E) = 0

��
0 =H i−1

W (X,E) // H i−1
W (X,G) // H i

W(X,F) // H i
W(X,E) = 0

(6.4.7)
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for any i > 1. It follows that H i−1
W (X,G)

∼
Ð→H i

W(X,F) and H i−1
U (X,G)

∼
Ð→H i

U(X,F).
We can induct on i:
(1) Note that H0

U(X,F) = Γ(X,F) for any affine cover U .
(2) If i = 1, In this case we have the exact sequence

0 // Γ(X,F) // Γ(X,E) // Γ(X,G) // H1
U(X,F) //

��

0

0 // Γ(X,F) // Γ(X,E) // Γ(X,G) // H1
W(X,F) // 0

(6.4.8)

Then it is easy to see that H1
U(X,F)

∼
Ð→H1

W(X,F).

(3) If i > 1, suppose that H i−1
U (X,F)

∼
Ð→H i−1

W (X,F). By the diagram
77
6.4.7 we have

H i
U(X,F)

∼
Ð→H i

W(X,F).

6.5 Cohomology on projective schemes

Let R be a ring and X = ProjR[x0, ..., xn] = PnR. Recall that O(d) = (R[x0, ..., xn](d))∼ is
vector bundle on X, where

(R[x0, ..., xn](d))deg i = R[x0, ..., xn]deg i+d.

Let D+(xi) be principle open subset of X, then O(d)∣D+(xi)
∼
Ð→ ̃A[ 1

xi
]deg d

Theorem 6.5.1. Let X = PnR, then

Hp(X,O(d)) =

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

∑ri≥0
R ⋅ xr00 . . . xrnn , if p = 0

∑ri<0
R ⋅ xr00 . . . xrnn , if p = n

0 if p ≠ 0, n

In all sums above we assume that ∑ ri = d, and there is a duality pairing

H0(X,O(d)) ×Hn(X,O(−1 − n − d))Ð→Hn(X,O(−1 − n))
∼
Ð→R ⋅ x−1

0 ⋯x−1
n . (6.5.1)

Proof. (1) If p = 0, H0(X,O(d)) = Γ(X,O(d)) = R[x0, ..., xn]deg d.
(2) If p = n, take standard affine cover U = {D+(xi)}ni=0, and let A = R[x0, ..., xn]

O(d)∣D+(xi) = (A(xi)⊗xdi )
∼. (6.5.2)

The Čech complex of abelian groups is given by

C0(U ,O(d))Ð→C1(U ,O(d))Ð→⋯Ð→Cn−1(U ,O(d))
dn−1
Ð→ Cn(U ,O(d))Ð→0. (6.5.3)

Then
Hn(X,O(d)) = C

n(U ,O(d))/Imdn−1.
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Note that

Cn−1(U ,O(d))

��

⊕n
i=0 Γ(D+(x0...x̂i...xn),O(d))

dn−1

��
Cn(U ,O(d)) Γ(D+(x0...xn),O(d))

. (6.5.4)

Suppose that (si)ni=0 is a section in Cn−1(U ,O(d)). Then the map dn−1 is given by

Cn−1(U ,O(d))
dn−1 // Cn(U ,O(d))

∏
n
j=0R[x0, ..., xn, x−1

0 , ..., x̂
−1
j , ..., x

−1
n ]deg d R[x0, ..., xn, x−1

0 , ..., x
−1
n ]deg d

(si)ni=0
� // ∑

n
i=0(−1)isi

. (6.5.5)

Since for every i, xi has non-negative power in si. Thus Imdn−1 is the set of linear combina-
tions of degree-d monomials with no totally negative powers(i.e. ∏

n
j=0 x

rj
j , rj < 0). Then

Hn(X,O(d)) = cokerdn−1 = ∑
ri<0

R ⋅
n

∏
j=0

x
rj
j . (6.5.6)

(3) If p ≠ 0, n, we will using induction on n.

Let F = ⊕d∈ZO(d) = ⊕d∈Z Ã(d), we know that F is quasi-coherent. Consider the hyper-
plane V (xn) = {xn = 0} in Pn. Since there is an isomorphism

Pn−1 ∼ // V (xn)

(x0, ..., xn−1)
� // (x0, ..., xn−1,0)

(6.5.7)

Then let i ∶ Pn−1 ↪ Pn be the embedding defined above. Note that F(−1) = ⊕d∈ZO(d−1) ≅ F ,
let xn ∈ OPn(1) we have an exact sequence:

0Ð→F(−1)
⋅xn
Ð→ FÐ→F/xnF

Ð→0. (6.5.8)

Since Γ∗(OX)
∼
Ð→A, apply the functor Γ(X, ⋅) we get the sequence

0Ð→A
⋅xn
Ð→ AÐ→Γ(X,F/xnF

). (6.5.9)

Thus F/xnF
is a quasi-coherent sheaf of A/xnA

-module.
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Exercise 6.5.2. Let F be a quasi-coherent sheaf on a scheme X, then there is a natural
isomorphism:

HomOX(OX ,F) // Γ(X,F)

ϕ � // ϕ(1)

(6.5.10)

Claim:

i∗(i
∗F) = F/xnF

(6.5.11)

Now let E = OPn−1 = Ã/xnA and F = M̃ . Then projection formula
projection formulaprojection formula
2.5.4,

i∗i
∗(F) = F ⊗OX i∗OPn−1 = M̃ ⊗Ã Ã/xnA = M̃/xnM = F/xnF .

Denote i∗F by FPn−1 . Now the exact sequence
88
6.5.8 becomes

0Ð→F(−1)
⋅xn
Ð→ FÐ→i∗FPn−1Ð→0. (6.5.12)

Exercise 6.5.3. Let f ∶X → Y be an affine morphism and F be a quasi-coherent sheaf on X.
Show that there is an natural isomorphism for each i ≥ 0:

H i(X,F)
∼
Ð→H i(Y, f∗F). (6.5.13)

Since i ∶ Pn−1 ↪ Pn is affine morphism, then the functor i∗ is an exact functor. The
cohomology of F on X is stable under i∗.

Hp(X, i∗F∣Pn−1) =H
p(Pn−1,F∣Pn−1). (6.5.14)

So we have an long exact sequence induced by
99
6.5.12:

Hp−1(Pn−1,FPn−1) →Hp(X,F(−1))
xn
→ Hp(X,F) →Hp(Pn−1,FPn−1). (6.5.15)

We want to show Hp(X,F) = 0 for 0 < p < n. We can use induction on n.

Claim: Hp(X,F(−1))
xn
→ Hp(X,F) is an isomorphism for 0 < p < n.

(1) 1 < p < n − 1, by induction Hp−1(Pn−1,FPn−1) =Hp(Pn−1,FPn−1) = 0. Thus

Hp(X,F(−1))
∼
Ð→Hp(X,F). (6.5.16)

(2) p = 1, consider the exact sequence

0 // H0(Pn,F(−1))
xn // H0(Pn,F) // H0(Pn−1,FPn−1) //

// H1(Pn,F(−1))
xn // H1(Pn,F) // H1(Pn−1,FPn−1) //

, (6.5.17)

bu induction H1(Pn−1,FPn−1) = 0. Therefore H1(Pn,F(−1)) → H1(Pn,F) is surjective.
Note that the corresponding morphism of rings of the first row is

0→ A(−1)
xn
→ A→ A/xnA→ 0, (6.5.18)
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which is already exact. Thus H1(Pn,F(−1)) →H1(Pn,F) is injective.
(3) p = n − 1, there is an exact sequence

0 // Hn−1(Pn,F(−1))
xn // Hn−1(Pn,F) // Hn−1(Pn−1,FPn−1) //

// Hn(Pn,F(−1))
xn // Hn(Pn,F) // Hn(Pn−1,FPn−1) //

, (6.5.19)

Note that F = ⊕O(d), then

H0(X,F) = Γ(X,F) = A, Hn(X,F) = R[x−1
0 ,⋯, x

−1
n ]x−1

0 ⋯x−1
n . (6.5.20)

Moreover, F∨ = ⊕d∈ZO(−d) ≃ F and F ⊗O(−1 − n) ≃ F . Thus the duality paring for F
is

H0(X,F) ×Hn(X,F)Ð→Hn(X,O(−1 − n))
∼
Ð→R ⋅ x−1

0 ⋯x−1
n . (6.5.21)

And this paring is also hold for Pn−1

H0(Pn−1,F) ×Hn−1(Pn−1,F)Ð→Hn−1(Pn−1,O(−1 − n))
∼
Ð→R ⋅ x−1

0 ⋯x−1
n−1. (6.5.22)

Then the exact sequence
1010
6.5.19 becomes

0 // Hn−1(Pn,F(−1))
xn // Hn−1(Pn,F) // H0(Pn−1,FPn−1)∨ //

// H0(X,F)∨
xn // H0(X,F)∨ // 0

. (6.5.23)

This implies the last three terms is exact, thus xn must be surjective.
The claim implies xn is invertible in Hp(X,F) when 0 < p < n thus for all xi. Since in

every affine chart D+(xi) the cohomology is trivial for p > 0, then we have an exact sequence
of Čech complex:

Cp−1(U ,F)D+(xi) → Cp(U ,F)D+(xi) → Cp+1(U ,F)D+(xi). (6.5.24)

But since xi is invertible, localizing at xi does’t change anything, then

Hp(X,F) =Hp(X,F)D+(xi) = 0.

Remark 6.5.4. The above theorem implies that if F equals O(d) or the direct sums of O(d)′s,
and if L is an ample line bundle over X = PnR, then

1. H i(X,F) is finitely generated over A.

2. H i(X,F ⊗LN) = 0 for i > 0 and N sufficiently large.
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But we want to get the general results for the case when F is coherent sheaf on a
noetherian projective scheme X:

Theorem 6.5.5 (Serre). Let A be a graded Noetherian ring generated by A1 as an A0-
algebra. Assume A1 is finitely generated A0-module and let X = ProjA. Let F be a coherent
sheaf on X, and suppose that L is an ample line bundle over X. Then:

1. H i(X,F) is finitely generated over A.

2. H i(X,F ⊗LN) = 0 for i > 0 and N sufficiently large.

3. Γ∗(X,F) = ⊕N≥0H0(X,F ⊗LN) is a finitely generated module over A.

Proof. Step 1:

To prove the theorem, note that it sufficients to reduce to the case X = Pn, L = O(1).
(1) Let R = A0, assume that ai ∈ A1 generate R, i = 0,1,⋯, n. Then A = R[a0,⋯, an]/I

for some homogeneous ideal I, there is a surjective morphism:

R[x0,⋯, xn] // A

xi
� // ai

. (6.5.25)

It induces an affine morphism:

i ∶ ProjAÐ→PnR. (6.5.26)

Thus we know that for any p and any coherent sheaf F on X,

Hp(X,F(d)) =Hp(PnR, i∗F(d)) (6.5.27)

So Hp(X,F) is finitely generated A-module if and only if Hp(PnR, i∗F(d)) is finitely
generated A-module. Thus reduce to the case X = PnR.

(2) By definition L is ample if and only if there is an embedding i ∶ X → Pn such that
i∗O(1) ≅ Lm for some m > 0. Let N =mt + r, where 0 < r <m. Then

Hp(X,F⊗LN) = Hp(Pn, i∗(F⊗LN)) (6.5.28)

= Hp(Pn, i∗(F⊗Lr⊗(i∗O(1))t)) (6.5.29)

= Hp(Pn, i∗(i∗O(t)⊗F⊗Lr)) (6.5.30)

= Hp(Pn,O(t)⊗ i∗(F⊗L
r)). (6.5.31)

Since N ≫ 0 is equivalent to r ≫ 0, let G = i∗(F ⊗Lr), then the theorem for (Pn,O(1),G)
is equivalent to the theorem for (X,L,F).
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Step 2:

Since F is coherent, then there is an integer d such that F(d) is generated by finitely many
global sections si ∈ Γ(X,F(d)), i = 1,2, ...,m. So we have an exact sequence:

0Ð→kerφÐ→OmX
φ
Ð→ F(d)Ð→0. (6.5.32)

Tensor the exact sequence with OX(−d) we have the exact sequence

0Ð→GÐ→OmX(−d)Ð→FÐ→0, (6.5.33)

where G = kerφ(−d) is also coherent over X.
This exact sequence induces a long exact sequence

...→H i(X,OmX(−d))
α
→H i(X,F) →H i+1(X,G)

β
→H i+1(X,OmX(−d)) → ... (6.5.34)

Step 3

Now we try to use this exact sequence to prove all assertion in the theorem.
For part 1, since A0 is Noetherian, H i(X,OmX(−d)) and H i+1(X,OmX(−d)) are both finitely

generated over A0, both Im(α) and Im(β) are finitely generated A0-modules. Thus H i(X,F)
is finitely generated over A0 if and only if H i+1(X,G) is finitely generated. Thus we can use
backward induction on i to reduce to the case i > n where H i(X,F) = 0.

For part 2, we twisted the above sequence by O(N) to obtain

...→H i(X,OmX(N − d))
α
→H i(X,F(N)) →H i+1(X,G(N))

β
→H i+1(X,OmX(N − d)) → ...

If N > d, i > 0, both H i(X,OmX(N−d)) and H i(X,OmX(N−d)) vanishes, Thus H i(X,F(N)) =
0 if and only if H i+1(X,G) = 0. Again we use backward induction to reduce to the case i > n
where all cohomology vanishes.

For part 3, we twisted the above sequence by all O(N) for N ≥ 0 and then take the sum.
Then we get an exact sequence:

...→ Γ∗(X,OX(−d))⊕m
u
→ Γ∗(X,F)

v
→ ⊕NH

1(X,G(N)) → ...

From computation before, we know that Γ∗(X,OX(−d)) = A(−d). Thus Γ∗(X,OX(−d))⊕m

is finitely generated over A. Also by part 1 and 2, ⊕NH1(X,G(N)) is finitely generated
over A0 and thus over A. Since A is Noetherian, both Imu and Imv are finitely generated
A-modules. Thus Γ∗(X,F) is finitely generated over A, as it fits in an short exact sequence

0Ð→ImuÐ→Γ∗(X,F)Ð→ImvÐ→0.
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From part 3 of the theorem, we have a functor Γ∗ ∶ Coh(X)Ð→FModA if X = ProjA.
It is clear that Γ∗ is the right adjoint of the functor MÐ→M̃ , and the the functor MÐ→M̃
is the left inverse of Γ∗. Moreover we have a morphism αM ∶MÐ→Γ∗(M̃) with kerαM and
cokerαM with only finitely many non-vanishing components. Let define a category CModA
of coherent A-modules with same objects as the category of finitely generated A-modules
but homomorphism is given by

HomCModA(M,N) ∶= lim
Ð→
d

HomFModA(M≥d,N≥d)

where for a graded A-module M , M≥d denote the sub module ⊕n≥dMn. Then Γ∗ and MÐ→M̃
define an equivalence of categories between Coh(X) and CModA.

By theorem, we can define charateristic in the Grothendieck group K0(X):

Definition 6.5.6. Let X be a projective scheme over a field k. Let F be a coherent sheaf
on X. We define the Euler characteristic of F by

χ(F) = ∑(−1)i dimH i(X,F).

Proposition 6.5.7. If there is an exact sequence of coherent sheaves on projective scheme
X/k

0→ E → F → G → 0, (6.5.35)

then we have χ(F) = χ(E) + χ(G).

Proof. Since we have long exact sequence

H0(X,E) →H0(X,F) →H0(X,G) →H1(X,E) →H1(X,F) → ⋯,

and since F , G, E are all coherent, X is finite dimensional, then the sequence is finite. So
the sum

∑
i

(−1)i(dimH i(X,F) − dimH i(X,E) − dimH i(X,G))

is a finite sum and equals 0.

6.6 Relative cohomology

Let f ∶XÐ→Y be a morphism of schemes and F a sheave of quasi-coherent OX-module. For
each open subset U = SpecA of Y , let XU = fU denote the open subset of X which is an
A-scheme. Let FU denote the restriction of F on XU . Then we can define Čech cohomology
groups H i(XU ,FU) which are A-modules.

Lemma 6.6.1. Let f ∈ A. The inclusion Uf ⊂ U induces an isomorphism

H i(Uf ,F∣Uf ) =H
i(U,F)f .
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Sketch of proof. By definition, H i(XU ,FU) is calculated using a Čech complex C●(U ,F) for
an affine covering U = {Ui = SpecAi} of XU . Since Uf is an affine covering of Uf , we may use it
to calculate H i(XUf ,FUf ). In other words, H i(XUf ,FUf ) is calculated using C●(U ,F)⊗AAf .
Since Af is flat over A, the cohomology is calculated by localization.

Now we are applying Theorem
quasi-coherentquasi-coherent
4.1.4 to get quasi-coherent sheaves Rif∗F such that for

affine subset U :
Rif∗F(U) =H i(XU ,FU).

Notice that R0f∗F = f∗F , and that Rif∗(F) = 0 for i > 0 iff f is affine.
The functors Rif∗ ∶ QCoh(X)Ð→QCoh(Y ) forms a cohomolgy theory: for any short

exact sequence of quasi-coherent sheaves on X:

0Ð→EÐ→FÐ→GÐ→0

we have a long exact sequence:

0Ð→f∗EÐ→f∗FÐ→f∗GÐ→R
1f∗EÐ→R

1f∗FÐ→R
1f∗GÐ→⋯.

Let Bun(X) denote the category of locally free sheaves on X. Then we have pull-back:

f∗ ∶ Bun(Y )Ð→Bun(X).

This functor is exact.
The two functors are related as follows: for a quasi-coherent sheaf F on X and locally

free sheave on Y , we have an canonical isomorphism

Rif∗(f
∗E ⊗OX F) = E ⊗OY R

if∗F .

This follows from projection formula
projection formulaprojection formula
2.5.4 and definition of Čech cohomology.

Now we assume that both X and Y are Noetherian, and that f is projective with a
relative ample line bundle L, and that F is coherent. Then we have Serre’s theorem:

1. Rif∗(F) is coherent;

2. Rif∗(F) = 0 for i >> 0;

3. Rif∗(F ⊗LN) = 0 for i > 0 and N sufficiently large.

Thus we have a homomorphism f∗ ∶K0(X)Ð→K0(Y ) defined by

f∗[F] = ∑
i

(−1)i[Rif∗F].

Notice that we can define pull-back f∗ ∶ K0(Y )Ð→K0(X) on locally free sheaves. We
have the following projection formula:

f∗[f
∗E ⊗OX F] = [E] ⋅ f∗[F].
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7 Curves

In general a curve means a projective subvariety of dimension 1. So first we study schemes
of dimension 1 and their propositions.

7.1 Grothendieck groups over Dedekind domains

Now we fix a field k. Assume that X is a noetherian separated integral regular scheme of
dimension 1 which is finite type over k. Then there is a structure morphism X → Speck
and the corresponding morphism of rings is k → OX(X). Note that OX(X) is a finitely
generated integral k-algebra. We assume that k is the maximal subfield in OX(X).

Question

1. How to complete X?

2. How to describe the structure of K0(X) and K0(X)?

3. How to define the Euler characteristic map χ ∶K0(X) →K0(k)?

Consider a simple case: Let A be a Dedekind domain and Let X = SpecA. We will study
the Grothendieck K-group of X. We need to study the structure of Dedekind domain and
the structure of finitely generated modules on Dedekind domain.

Grothendieck groups of a Dedekind domain

Let A be a Dedekind domain. We are going to describe the structure of Grothendieck
groups in terms its ranks and determinants. First, we show that two Grothendicek groups
are isomorphic to each other as a consequence of structure theorem of modules.

Lemma 7.1.1. Let A be a Dedekind domain. Then K0(A)
∼
Ð→K0(A).

Proof. For any prime ideal p↪ A, there is an exact sequence

0Ð→pniÐ→AÐ→A/pniÐ→0.

Then we have [A/pni] = [A] − [pni]. Using the structure theorem, any finitely generated
A-module M has the decomposition

Ar ⊕ I ⊕ (⊕ni=1A/pni), ,

for some integer r, n and ideal I. Thus

[M] = [Ar] + [I] +
n

∑
i=1

[A] − [pni] = [Ar+n] + [I] −∑[pni].

Note that [A/pni] ∈K0(A) is equal to [A] − [pni] ∈K0.
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Determinants of modules

Definition 7.1.2. Let A be a ring, and let M be an A-module. We define the tensor algebra
of M , denoted T(M), to be the algebra of tensors on M with multiplication being the tensor
product. In other words, T(M) = ⊕∞

k=0 Tk(M), where ⊕∞
k=0 Tk(M) is the tensor product

M ⊗M ⊗⋯⊗M of M with itself k times.
We define the exterior algebra ⋀(M) = ⊕k⩾0⋀

k(M) to be the quotient algebra of T(M)
by the two-sided ideal I generated by all elements of the form x ⊗ x for x ∈M . The ideal I
contains the ideal J generated by elements of the form

x⊗ y + y ⊗ x = (x + y) ⊗ (x + y) − x⊗ x − y ⊗ y.

Remark 7.1.3. Note that the k-th component ⋀k(M) of ⋀(M) is called the k-th exterior
power of M . When k = 2, ⋀2(M) is the wedge product defined earlier. If u ∈ ⋀k(M) and
v ∈ ⋀s(M), denote the multiplication in this algebra by ∧, then u ∧ v = (−1)ksv ∧ u. Let
m1,⋯,mk ∈M , then the image of m1 ⊗⋯⊗mk in ⋀k(M) is denoted by m1 ∧⋯ ∧mk.

Definition 7.1.4. Let K be a field and let V be a K-vector space of dimension k. We define
the determinant of V , denoted det(V ) to be the k-th component ⋀k(V ) of ⋀(V ). Assume
that V has a K-basis e1,⋯, ek, and if

vi =
k

∑
j=1

aijej i = 1,2⋯, k aij ∈K,

then
v1 ∧⋯ ∧ vk = det(aij)e1 ∧⋯ ∧ ek.

Where det(aij) is the determinant of the matrix (aij).

Let A be a Dedekind domain, then K0(A)
∼
Ð→K0(A). We want to describe the structure

of K0(A), first we have two invariants of K0(A):

• Let K be the fractional field of A. Let M be a projective A-module of rank r. Then
M⊗K is a K-vector space of dimension r. Define the rank of M , denoted rankM , to
be the dimension of M⊗K over K. Then we have a map:

c0 ∶ K0(A) // Z
[M] � // rankM

(7.1.1)

Let M be a projective A-module. Then M ⊕ L = E for some free A-module. Then
[M] = [E] − [L], rankM = rankE − rankL. We can see that c0 is surjective.

• Since M⊗K is a K-vector space of dimension r, suppose that M⊗K = ∑
r
i=1 kiei,

where ki ∈K and ei is a basis of M⊗K over K. Then we have

det(M⊗K) =Ke1⋀⋯⋀Ker.
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Consider the natural map MÐ→M⊗K. We can define the determinant of M , denoted
detM as follows:

detM =
r

⋀M = {m1 ∧⋯ ∧mr∣ m1,⋯,mr ∈M} ↪ det(M⊗K).

Lemma 7.1.5. If there is an exact sequence

0Ð→M1Ð→MÐ→M2Ð→0

then there is an isomorphism detM
∼
Ð→detM1⊗detM2.

Proof. Let M1, M , M2 have ranks r1, r, r2 respectively. Since M2 is projective, the above
sequence is split. Thus M =M1 ⊕M2. It follows that

r

⋀M =
r

⋀(M1 ⊕M2) =
r

⊕
n=0

(
n

⋀M1 ⊗
r−n
⋀M2).

But if n > r1 or r − n > r2 then we have ⋀nM1 = 0. Then detM
∼
Ð→detM1⊗detM2.

Lemma 7.1.6. The detM is a invertible projective module of rank 1.

Proof. Reduce to the case M = I for some fractional ideal I ↪ A. Since I is invertible, we
have

R = I−1I = det(R⊕ II−1) = det(I ⊕ I−1) = det I ⊗ det I−1.

Recall that Pic(A) = Cl(A) = IA/P(A) and two fractional ideals I, J ∈ IA are isomorphic
if and only if I = (x)J for some x ∈K. Then

Pic(A) = {isomorphism classes of non-zero fractional ideals of A} .

Since for any finitely generated A-module M we have the structure theorem:

M
∼
Ð→Ar⊕ I⊕(⊕

p
A/pnp),

and every surjective map M → I has a section. Then we have

Pic(A)
∼
Ð→{isomorphism classes of invertible projective A −modules} .

Finally we get a map

c1 ∶ K0(A) // Pic(A)

[M] � // detM

(7.1.2)

Finally, we are going to state the structure theorem for Grothendieck group K0(A). First,
we define a group structure on Z⊕Pic(A) by

(a, [I]) ⋅ (b, [J]) = (ab, b[I] + a[J]), a, b ∈ Z, I, J ∈ IA.
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Theorem 7.1.7. The map (c0, c1) ∶K0(A)Ð→Z⊕Pic(A) is an isomorphism.

Proof. Since for any I, J ∈ IA we have I⊕J = A⊕ IJ , then denote by [I] the isomorphic
class of I, we have

[I] + [J] = [A] + [IJ].

Define

φ ∶ Z // K0(A)

n � // [An]

(7.1.3)

ψ ∶ Pic(A) // K0(A)

[I] � // [I] − [A]

(7.1.4)

It is easy to check that c0 ○ ψ = 0, c0 ○ φ = IdZ, c1 ○ ψ = IdPic(A)., c1 ○ φ = 0. Thus (φ,ψ) is an
inverse of (c0, c1). So we have (c0, c1) ∶K0(A)Ð→Pic(A) ⊕Z is an isomorphism.

7.2 Regular projective curves

In this section, we want to construct projective regular curves from their function fields as
a coverings of projective line. Here by a curve over field we mean a scheme X over a field of
finite type dimension 1. We will assume that X is geometrically integral in the sense that
X ⊗k k̄ is integral.

Let X is geometrically integral scheeme over k of dimension 1. Then it is clear that X is
integral. Let k(X) =K = OX,ζ be the function field of X. Then it has transcendence degree
1 over k, and since X is geometrically integral, k(Xk) =K ⊗k k is still a field.

Conversely, if given a transcendence degree 1 field K over k such that K ⊗k k is still a
field, can we find a suitable curve C such that the function field of C is K? Last time we
proved that for separated scheme X = SpecR of finite type over k, there is an injection

{
closed points

in SpecR
} ↪ {

non-trivial discrete k-valuation
on K

} (7.2.1)

Here a valuation on K is a k-valuation it is vanishes on k×. But we wish to find a regular
scheme X such that the points of X are in 1-1 correspondence to the discrete valuations of
K.

Example 7.2.1. Let K be a finite extension of Q and let OK be the ring of integers. Then

1. OK is a Dedekind domain.

2. the closed points in SpecOK are in 1-1 correspondence to discrete valuations of K.

main thm curve Theorem 7.2.2 (Main Theorem). Let K be a transcendence degree 1 field over k such that
K ⊗k k is still a field. Then there exists a regular projective curve C/k which is unique up to
canonical isomorphism such that k(C) =K. Moreover, the following assertions hold:
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1. The correspondence in
point-valpoint-val
7.2.1 is injective with image consisting of all discrete valuations

with trivial restriction on k.

2. If X is a regular curve such that k(X) =K, then there exists a unique open embedding
X → C which induces k(C) = k(X) =K.

We wish to construct a one to one corresponding

{ points of C}
∼
Ð→{all k-valuations v on K} . (7.2.2)

Now consider the right hand side set V = {all valuations v on K}, define the open subsets
of V to be the finite intersections of the sets of form {v∣ v(f) ⩾ 0 for some f ∈K×} It is easy
to check that under this construction, V becomes a topological space. For any v ∈ V , define

Ov ∶= {f ∈K ∣ v(f) ⩾ 0} ,

for any open subset U ⊂ V is an open subset, define O to be the sheaf associated to the
presheaf

U ↦ O(U) ∶= ⋂
v∈U
Ov.

We will prove that (V,O) forms a scheme.

Example 7.2.3. Let K be a finite separable extension of k(T ), then K is transcendence degree
1 over k. The main theorem is true for k with P1 = Projk[x, y] and T = y/x.

The ideal of proof of
main thm curvemain thm curve
7.2.2 is to make a finite separated morphism C

f
Ð→ P1, where f ∈K.

separa tran Theorem 7.2.4. Let K be a transcendence degree 1 field over k such that K ⊗k k is still a
field. Then there exists an element t ∈K which is transcendental over k such that K/k(t) is
separable extension.

Proof. We can choose t ∈ K transcendental over k such that the inseprable degree [K ∶
k(t)sep] is minimal. If [K ∶ k(t)sep] > 1, then k has positive characteristic p, and then there
exists an element α ∈K such that g′(α) = 0, where g(X) ∈ k(t)[X] is the minimal polynomial
of α over k(t). After clearing denominators we may assume that

g(X) = Φ(t,X) = ∑aijt
iXj

note that Φ is chosen so as to have minimal degree in X. If Φ contains an nonzero term
aijtiXj where p ∤ j, then ∂Φ(t,X)

∂X is not identically 0. So α is separable over k(t). Thus we
can supose that Φ(t,X) = Ψ(t,Xp).

Claim that Ψ is not a polynomial in tp: otherwise

Ψ(t,Xp) = h(tp,Xp) = h(t,X)p

for some polynomial h(t,X) ∈ k[t,X]. Thus in k ⊗kK, we have a nilpotent element h(t, α),
thus t is separable over k(α). We have k(t)sep ⊂ k(α)sep and

[K ∶ k(α)sep] < [K ∶ k(t)sep],

contradiction.
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Exercise 7.2.5. Let k be a field. Let f(X,Y ) ∈ k[X,Y ] be an irreducible polynomial. Then
f(X,Y ) is also irreducible in k(X)[Y ].

Therefore we obtain a finite separable field extension k(t) ↪ K. Note that if K = k(t),
then we can choose C = P1

k in
separa transepara tran
7.2.4 and it saitisfies all the assertions in the main theorem.

And note that Speck[t] and Speck[1/t] are affine covers of P1
k.

Proof of
main thm curvemain thm curve
7.2.2. Let A and B be the integral closure of k[t] and k[1/t] in K, then they are

Dedekind domains. We obtain finite separated morphisms

SpecA→ Speck[t]

and
SpecB → Speck[1/t].

Let C = SpecA⋃SpecB, then the morphism f ∶ C → P1
k is separated. By Theorem

dedekind-extensiondedekind-extension
A.4.21,

both A and B are Dedekind domain. Thus C is regular.
To prove that C is projective, we consider the diagram

S // K[x]

k[x, y] //

OO

k(T )[x]

OO

where S is the integral closure of k[x, y] in K[x]. Since K/k(T ) is separable, one can show
that S is noetherian.

Define a grading on k[x] where deg a = 0 if a ∈ k, and degx = 1. Then S is a graded ring.
We claim C is isomorphic to ProjS. In deed let

f ∶ ProjSÐ→P1 = Projk[x, y]

be the natural projection and cover P1 by affine open subsets U = Speck[T ] and V =
Speck[1/T ]. From the construction we know that since S[x−1]deg 0 is the integral clo-
sure of k[T ] in K, and S[y−1]deg 0 is the integral closure of k[1/T ] in K,. Thus we have
f−1(U) = SpecS[x−1]deg 0 and f−1(V ) = SpecS[y−1]deg 0. It is clear that S[x−1]deg 0 = A, and
S[y−1]deg 0 = B. Thus ProjS = C.

To prove that part 1 about valuation, we use exercise
valuation-extenstionvaluation-extenstion
A.4.22. The points of SpecA

(resp. SpecB) correspond to discrete valuations v of K such that v(x) ≥ 0 (resp. v(x) ≤ 0).
Combined together, points of C correspond to whole set of k-valuations image.

To prove the last part, from the identity k(X) = k(C), we have a rational morphism
f ∶ X⋯Ð→C. We claim that this is defined at every point of X. Let x be a point of X
corresponding to valuation vx of K. Then f actually sends x to the point in C corresponds
to valuation vx.
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7.3 Grothendieck groups over curves

Now we consider the structure of K0(C) and K0(C) for a projective nonsingular curve C
over a field k. Let η be the generic point of C and K = OC,η the function field of X. First
we claim that K0(C) =K0(C). In fact, if F is a coherent sheaf over C, we define

Ftors ∶= ker(F → F ⊗η K)

to be the torsion subsheaf of F . Equivalently, Ftors(U) ∶= {s ∈ F(U) ∣ sη = 0} for any open
subset U of C. Then we have a short exact sequence

0→ Ftors → F → F/Ftors → 0

with F/Ftors torsion-free sheaf.

Exercise 7.3.1. The F/Ftors is locally free.

Therefore [F/Ftors] ∈K0(C). On the other hand, the Ftors is of form

∑
x∈C

closed point

(ix)∗M̃x

for some Mx finitely generated torsion OC,x-module, which must be of the form⊕n
i=1OC,x/m

ni
x

since OC,x is a discrete valuation ring. This means that [Ftors] ∈ K0(C). So [F] = [Ftors] +
[F/Ftors] ∈K0(C).

We define the group of divisors of C

Div(C) ∶= ⊕
x∈C

closed point

Z ⋅ x

which consists of formal Z-linear combinations of closed points of C. For a closed point x of
C, there is a short exact sequence

0→ Ix → OC → (ix)∗Ox → 0,

here Ox is the structure sheaf of Spec(kx), Ix is a sheaf of ideals, locally generated by πx
a uniformizer of OC,x. The Ix is also denoted by OC(−x), which is an invertible sheaf. In
general, if D = ∑x nx ⋅ x is a divisor of C, then we may define the sheaf OC(D) to be the
subsheaf of the sheaf K of rational functions on C by

OC(D)(U) ∶= {f ∈ K(U) ∣ vx(f) ≥ −nx for all x ∈ U} .

Similar to Ix, For an integer n ≥ 1, the OC(−nx) fits into the following short exact sequence

0→ OC(−nx) → OC → (ix)∗(OC,x/m
n
x) → 0,

which means that [(ix)∗(OC,x/mn
x)] = [OC] − [OC(−nx)] in K0(C).

88



Similar to the affine case, we define

c0 ∶K
0(C) → Z,
[F] ↦ dim(F ⊗η K),

and

c1 ∶K
0(C) → Pic(C),

[F] ↦ det(F) ∶= ∧dim(F⊗ηK)(F),

here Pic(C) is the group of isomorphism classes of invertible sheaves on C.

Theorem 7.3.2. The map (c0, c1) ∶K0(C) → Z⊕Pic(C) is an isomorphism of rings.

Exercise 7.3.3. Prove it.

7.4 Riemann-Roch theorem

Still let C be the projective nonsingular curve in the last talk. A divisor of C is called a
principal divisor if it is of form div(f) ∶= ∑x∈C vx(f) ⋅ x for some f ∈ K×. The divisor class
group Cl(C) of C is the Div(C) modulo the principal divisors. We have the isomorphism
Cl(C) ≅ Pic(C) induced by the natural map Div(C) → {invertible sheaves on C}, D ↦
OC(D).

If L is an invertible sheaf on C, then we have c0(L) = 1 and c1(L) = [L]. Therefore the
preimage of (0, [L]) ∈ Z⊕Pic(C) under the map (c0, c1) is [L] − [OC].

We define the degree map

deg ∶ Div(C) → Z,
∑
x

nx ⋅ x↦∑
x

nx ⋅ degx,

where degx ∶= [kx ∶ k]. It’s known that a principal divisor have degree zero, hence the degree
map factors through Cl(C). If [F] ∈ K0(C), define deg([F]) ∶= deg(c1([F])). If [F] is of
form [F] = [OC] ⋅ rankF +∑x nx[OC/πxOC,x], then we have deg([F]) = ∑x nx ⋅ degx.

Theorem 7.4.1 (Riemann-Roch). Let

χ ∶K0(C) →K0(k) = Z,
[F] ↦ dimkH

0(C,F) − dimkH
1(C,F).

Then χ([F]) = χ([OC]) ⋅ rankF + deg([F]).

Proof. This is by the above discussion and χ([OC/πxOC,x]) = degx.

Definition 7.4.2. The (arithmetic) genus of C is g(C) ∶= dimkH1(C,OC).

Example 7.4.3. If C = P1
k then g(C) = 0.
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7.5 Serre duality

Definition 7.5.1 (Differential form). Let A ↪ B be rings. The set of differentials ΩB/A is
a free B-module generated by “dB” modulo the following Leibniz relations: for all a, b ∈ B,

d(ab) = adb + b da, d(a + b) = da + db, dx = 0 if x ∈ A

Now let C be a projective regular curve as above. We define the canonical bundle Ω1
C/k

on C, or called sheaf of differential forms , to be Ω1
C/k∣Spec(Ai) ∶= Ω̃1

Ai/k, if C = ⋃i Spec(Ai) is
an affine open cover of C.

Definition 7.5.2. A curve C over a field k is smooth if Ω1
C/k is locally free of rank one.

Theorem 7.5.3. Let C be the curve as in Theorem
main thm curvemain thm curve
7.2.2. Then C is smooth.

Proof. Consider C
f
Ð→ P1

k in the theorem
main thm curvemain thm curve
7.2.2 It induces the short exact sequence

0→ Ω1
k(t)/k ⊗K → Ω1

K/k → Ω1
K/k(t) → 0.

Note that Ω1
K/k(t) = 0, so we have Ω1

C/k ⊗K = Ω1
K/k = K ⋅ df . On the other hand, Ω1

C/k is
torsion-free, hence it is locally free of rank one.

This means that Ω1
C/k is an invertible sheaf, and χ(Ω1

C/k) = 1 − g + deg Ω1
C/k.

Example 7.5.4. Let C = P1
k. Then we have Z ≅ Pic(P1

k), n ↦ [O(n)]. Now it’s easy to see
that Ω1

P1
k
/k ≅ O(−2) and H1(P1

k,Ω
1
P1
k
/k) ≅ k.

In the following we fix an isomorphism H1(P1
k,Ω

1
P1
k
/k) ≅ k.

Theorem 7.5.5 (Serre duality). Let k be a field. Let C be a projective smooth curve over
k, we have dimH1(C,ΩC) = 1. Moreover any coherent sheaf F on C, we have a canonical
perfect pairing

Hom(F ,Ω1
C/k) ×H

1(C,F) →H1(C,Ω1
C/k) ≅ k.

Sketch of proof. Step 0. Reduce to the case that F is torsion-free. In this case we have

Hom(F ,Ω1
C/k) =H

0(C,F∨ ⊗Ω1
C/k).

Step 1. We prove that it holds for C = P1
k. By induction we only need to prove it for

F invertible sheaf case. The invertible sheaf on P1
k is of form O(n), n ∈ Z, it’s easy to prove

that the theorem holds for it.
Step 2. Consider C

f
Ð→ P1

k in the last talk. Then we have

H0(C,F∨ ⊗Ω1
C/k) ≅H

0(P1
k, f∗(F

∨ ⊗Ω1
C/k)), H1(C,F) ≅H1(P1

k, f∗F).

Apply Serre duality for P1, we are reduced to construct a perfect pairing of sheaves on P1:

f∗(F
∨ ⊗Ω1

C/k) ⊗ f∗FÐ→Ω1
P1
k
/k.
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First we define this map at the generic point of P1 using identity Ω1
k(C)/k = k(C)Ω1

k(P1)/k
and trace map trk(C)/k(P1) ∶ k(C) → k(P1). To show that this induces a perfect pairing as
above, we need only work on local case: let x ∈ C with image y ∈ P1 with local rings B and
A respectively. Then we may assume that Fx = Bn. Thus we are reduce to the case where
Fx = B. It remains to prove that the trace map induces a perfect pairing of A-modules:

ΩB/k ⊗A BÐ→ΩA/k.

Let s, t be a local parameter of C and P1 at x, y respectively, such that B = A[s]. Then
ΩA/k = Adt and ΩB/k = Bds = Ddt for a fractional ideal D = B/( dtds) of B in k(C). Thus the
above pairing is

D ⊗A BÐ→A, (x, y) ↦ tr(xy).

To show this pairing is perfect, it suffices to show that D is equal to the dual B∨ of B under
the trace pairing. Now we use two exact sequences.

The first one is
0→ dB/A → B

⋅ds
→ ΩB/A → 0,

where dB/A ⊂ B is the relative different of B/A, namely, the inverse of B∨. To see the
exactness, let f be the minimal polynomial of α over A, then we have dB/A = f ′(α) ⋅B.

On the other hand, we have an exact sequence

0Ð→ΩA/k ⊗A BÐ→ΩB/kÐ→ΩB/AÐ→0.

From these two exact sequence, we get an identity of two ideals of B:

dB/A = ΩA/k ⊗A Ω−1
B/k.

This identity is equivalent to the perfectness of the pairing

ΩB/k ⊗A BÐ→ΩA/k.

Exercise 7.5.6. Fill in the details and complete the proof.

The Serre duality has the following consequences: Let C be a smooth curve over a field
k with genus g.

• Take F = Ω1
C/k we obtain

H1(C,Ω1
C/k) ≅H

0(C,OC)
∨

which is of dimension 1.

• Take F = OC we obtain
H1(C,OC) ≅H

0(C,Ω1
C/k)

∨

which is of dimension g.
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• If F is torsion free, we have

dimH0(C,F) = dimH0(C,F∨ ⊗ ωC) = (1 − g)rankF + degF ,

dimH0(C,F ⊗ ωC) − dimH0(C,F) = (1 − g)rank(F∨ ⊗ ωC) + deg(F∨ ⊗ ωC).

Therefore take F = Ω1
C/k in Riemann-Roch theorem we obtain

deg Ω1
C/k = 2g − 2.

Applications of Serre’s Duality

The first application of serre’s duality is Hurwitz genus formula.
Let f ∶ X → Y be a finite morphism between smooth projective curves over k. Denote

the function field of X by K(X). Then f induced an injection of function fields fixing k:

f∗ ∶ K(Y ) // K(X)

t � // t ○ f

.

Theorem 7.5.7. Let f ∶ X → Y be a non-constant map between smooth projective curves
over k, then K(X) is a finite field extension of K(Y ).

Proof. Since X is smooth, then X is regular, f(X) must be closed in Y and proper over
Speck by

closed properclosed proper
4.4.13. And since f(X) is irreducible, Thus if f(X) = Y since f is non-constant.

Now f induced an inclusion K(Y ) ⊂ K(X). Since K(X), K(Y ) are of transcendence
degree 1 over k, K(X) must be a finite algebraic extension of K(Y ). We only need to show
that f is a finite morphism. Let SpecB ⊂ Y be an open affine subset. Let A be the integral
closure of B in K(X). Then A is a finite B-module by

dedekind-extensiondedekind-extension
A.4.21, consider the following diagram

B �
� //

��

A

��
K(Y ) �

� // K(X)

.

We have SpecA = f−1(SpecB), thus f is a finite morphism.

Definition 7.5.8. Let f ∶ X → Y be a finite morphism of curves over k. Define the degree
of f , denoted deg f , to be the degree of field extension [K(X) ∶ K(Y )]. If f is a constant
map, then definte deg f = 0.

If the field extension K(X)/f∗K(Y ) is separable or has other field extension properties,
then we also say that f is separable or has other field extension properties.

Definition 7.5.9. Let f ∶ X → Y be a finite morphism of smooth curves. Let Q ∈ Y be a
closed point and suppose that t ∈K(Y ) has order 1 at Q. (i.e ordQ(t) = 1 where ordQ is the
valuation corresponding to the discrete valuation ring OQ.), and we call t the local parameter
at Q. We define the ramification index of f at P , denoted ef(P ), to be

ef(P ) = ordP (t).

Note that ef(P ) ⩾ 1. We say f is unramified at P if ef(P ) = 1, say f is unramified if it is
unramified at all points of X; we say f is tamely ramified at P if char(k) ∤ ef(P ).
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Remark 7.5.10. Note that f∗(Q) is independent of the choice of t. Indeed, if t′ ∈K(Y ) also
has order 1 in Q, then suppose that t′ = ut, where u is an unit. For any point P ∈ f−1(Q),
since u is also a unit in K(X), so ordp(t) = ordP (t′).

Corollary 7.5.11. Suppose that f(P ) = Q. Let tP ∈K(X), tQ ∈K(Y ) such that ordP (tP ) =
1 and ordQ(tQ) = 1. A direct calculation shows that

ordP (
dtQ
dtP

) ≥ ef(P ) − 1,

and if x is tamely ramified, then “=” holds.

Exercise 7.5.12. Let f ∶X → Y be a finite morphism of smooth curves. Show that for every
Q ∈ Y , deg f = ∑P ∈f−1(Q) ef(P ).

Definition 7.5.13. Let f ∶ X → Y be a finite morphism of smooth curves. Then f also
induces a map on the divisor groups as follows:

f∗ ∶ Div(Y ) // Div(X)

(Q) � // ∑P ∈f−1(Q) ef(P ) ⋅ P

Note that f is a finite morphism then f∗ is well-defined.

Exercise 7.5.14. Show that f∗ preserves linear equivalence of divisors, so it induces a homo-
morphism f∗ ∶ L(Y ) → L(X).

Exercise 7.5.15. Show that for any divisor D ∈ Div(Y ), we have deg f∗D = deg f ⋅ degD.

In the following we denote the local parameter at a point P by tP .

Proposition 7.5.16. Let f ∶X → Y be a finite separable morphism between smooth projective
curves over k. Then we have the induced map

f∗ ∶ Div(Y ) → Div(X)

and the exact sequence:

0→ f∗Ω1
Y /k → Ω1

X/k → Ω1
X/Y → 0. (7.5.1)

Remark 7.5.17. Note that for any P ∈ X and Q ∈ Y , we have dtQ is a generator of the free
OQ-module (Ω1

Y /k)Q and dtP is a generator of the free OP -module (Ω1
X/k)P . then there is a

unique element u ∈ OP such that f∗dtQ = u ⋅ dtP .

Proposition 7.5.18. Let f ∶X → Y be a finite separable morphism between smooth projective
curves over k. Then

1. The sheaf Ω1
X/Y is a torsion sheaf on X with support equal to the set of ramification

points of f .
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2. The sheaf Ω1
X/Y is a finite OX-module and

c1(Ω
1
X/Y ) = ∑

P ∈X
ordx (

dtf(P )

dtP
) ⋅ P.

note that for each P ∈X, the stalk (Ω1
X/Y )P is a principle PP -module of length

dtf(P )
dtP

.

Proof. 1. Since f∗Ω1
Y /k,Omega

1
X/k are locally free of rank 1, then from the exact sequence

diff exact seqdiff exact seq
7.5.1 we have Ω1

X/Y is torsion sheaf. Now we need to prove that for all P ∈X such that f is

unramified at P , (Ω1
X/Y )P = 0. Suppose that ef(P ) = 1, we have tP = tf(P ), then f∗dt(f(P ))

is a generater of (ΩX/k)P , thus (Ω1
X/Y )P = 0. 2. Let Q = f(P ), then from the exact sequence

diff exact seqdiff exact seq
7.5.1 we have an exact sequence on stalks, which implies

(Ω1
X/Y )P ≅ (Ω1

X/k)P /f
∗(Ω1

Y /k)Q
∼
Ð→OP/dtQ/dtP

.

From the exact sequence above we have deg Ω1
X/k = deg Ω1

Y /k ⋅ deg f + deg Ω1
X/Y , that is,

Theorem 7.5.19 (Hurwitz Formula).

2g(X) − 2 = (2g(Y ) − 2) ⋅ deg f + ∑
P ∈X

ordx (
dtQ
dtP

) ⋅ degP.

The Riemann-Roch theorem allows us to do the classification of curves.
For example, if C is a curve of genus 0 with C(k) = {points on C whose values are in k} ≠

∅, fix a point p ∈ C(k) and take line bundle L = OC(p), then dimkH0(C,L) = 2. The global
sections of L allows us to construct an isomorphism C ≅ P1

k. In general, if C is a curve of
genus 0, then we can take L = (Ω1

C/k)
−1, it allows us to find a closed embedding of C into P2

k.

Remark 7.5.20. If C is a smooth projective curve of genus g, L is an invertible sheaf on C.
If degL ≥ 2g − 1, then H1(C,L) = 0 and dimkH0(C,L) = 1 − g + degL. If degL ≥ 2g then
it is generated by global sections. If degL ≥ 2g + 1 then it is “very ample”, i.e. gives an
embedding of C into a projective space.

8 Grothendieck–Riemann–Roch Theorem

As a generalization, we define the divisors on schemes whose dimension is higher than 1.

Definition 8.0.1. We say a scheme X is regular in codimension 1 if every 1-dimensional
local ring of X is regular local ring.

94



Definition 8.0.2 (Weil divisor). Let X be a noetherian integral separated scheme which is
regular in codimension 1. We call a subscheme Y ⊂ X the prime divisor if Y is a closed
integral subscheme of codimension 1. We define the Weil divisor on X to be the finite free
sum of prime divisors

D = ∑
Y

nY Y,

where nY are integers. If nY are all positive then we call D effective. We define the divisor
group of X, denoted by Div(X) to be the free abelian group generated by the prime divisors.

Let X be any scheme. For each open subset U ⊂ X, let S(U) denote the elements that
are not zero divisors in Γ(U,OX). Let K(U) denote the localization of Γ(U,OX) by the
multiplication system S(U). Then let K be the sheaf associated to the presheaf U ↦K(U).
So we have an exact sequence

0Ð→O×
XÐ→K

×Ð→K×/O×
XÐ→0.

Definition 8.0.3. A Cartier divisor on a scheme X is a global section of the sheaf K×/O×
X .

We say a Cartier divisor is principle if it is in the image of the natural map

Γ(X,K×)Ð→Γ(X,K×/O×
X).

8.1 Preliminaries

In this section we are going to introduce Grothendieck-Riemann-Roch theorem. Reference:
BorelSerre
[2]. In the following a scheme is always Noetherian, separated, finite type over a field k or
Z.

Theorem 8.1.1. Let X be a Noetherian separated regular scheme. Then K0(X) =K0(X).

Recall that a scheme is regular if for any x ∈X we have dimkx mx/m2
x = dimOX,x.

Proof. Let X = ⋃iUi be a cover of X by finitely many affine open subsets. We may assume
that for each i, the X ∖Ui is a union of codimension one integral subschemes (“effect Cartier
divisor” Di). Let F be a coherent sheaf on X. We only need to find a finite length resolution
of F by locally free coherent sheaves.

Let Ui = Spec(Ai) and let F∣Ui = M̃i for some finitely generated Ai-module Mi. Let
{mij}

ni
i=1 be a set of generators of Mi. We may write Ui =Xsi the non-zero locus of si for some

si ∈ Γ(X,OX(Di)). Then by Lemma
ugly lemmaugly lemma
5.5.5, we may find a (common) `i ≫ 0 such that s`ii mij

extends to a section of F ⊗OX(`iDi) for any 1 ≤ j ≤ ni. Therefore we defined a morphism
OX(`iDi)⊕ni → F which is surjective on Ui. Hence we can define E0 ∶= ⊕iOX(`iDi)⊕ni with
surjection E0 ↠F . Repeat this process on its kernel, we obtain a resolution of F by locally
free coherent sheaves

⋯ → E2 → E1 → E0 → F → 0.

A theorem in commutative algebra tells us that ker(En−1 → En−2) is a locally free sheaf,
here n = dimX. Hence we can find a finite length resolution of F by locally free coherent
sheaves.
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Recall that if A is a ring, let M be an A-module. The tensor algebra of M , denoted
T (M) = ⊕∞

k=0T
k(M), is defined to be the algebra of tensors on M with multiplication being

the tensor product.

Definition 8.1.2. Let A be a ring and M an A-module. We define the symmetric algebra
Sym∗(M) = ⊕d≥0 Symd(M) to be the quotient of T (M) by the two-sided ideal generated by
all expressions x⊗ y − y ⊗ x, for all x, y ∈M .

Remark 8.1.3. If M is a free A-module of rank r, then Sym∗(M) ≅ A[x1,⋯, xr].

Definition 8.1.4. Let X be a scheme and F be a sheaf of OX modules. We define the
tensor algebra, symmetric algebra, and exterior algebra of F by taking the sheaves associated
to the presheaf, which to each open set U assigns the corresponding tensor operation applied
to F(U) as an OX(U)-module. The results are OX-algebras, and their components in each
degree are OX-modules.

Exercise 8.1.5. Let X be a noetherian scheme and E be a locally free sheaf on X. Then
the symmetric algebra Sym∗(E) is a quasi-coherent sheaf of OX-modules which has a graded
OX-algebra structure. And Sym∗(E) is locally generated by Sym1(E) as an OX-algebra.

Definition 8.1.6. Let E be a locally free coherent sheaf of rank n+1 on a noetherian scheme
X. Let Sym∗E ∶= ⊕d≥0 SymdE be the sheaf of symmetric algebra of E , which is a sheaf of
graded OX-algebras on X. Then define the projective space bundle P(E) to be the projective
space Proj (Sym∗E) with a morphism

π ∶ P(E) →X

and an invertible sheaf O(1).
In other words, if X = ⋃iUi is an affine open cover, Ui = Spec(Ai), define

Proj (Sym∗(E)(Ui)) → Ui

(note that Sym∗(E)(Ui) is a graded ring with subring of degree 0 equals Ai), and glue them
together. For each i ∈ Z there is a sheaf OP(E)(i) on it, defined by the glueing of O(i) on
each Proj (Sym∗(E)(Ui)).

Remark 8.1.7. If E is locally free of rank n + 1 over an open subset U , then π−1(U) ≅ PnU .

Remark 8.1.8. P(E) is the moduli space of quotient line bundles of E .

cohomology of proj bundle Theorem 8.1.9. We have
(i) π∗[OP(E)(i)] = [SymiE] for i ≥ 0,
(ii) π∗[OP(E)(i)] = 0 for −1 − n < i < 0.

Exercise 8.1.10. Prove it.

Exercise 8.1.11. Can you calculate π∗[OP(E)(i)] for i ≤ −1 − n? You may need to study
relative Serre duality.
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prop of K group Theorem 8.1.12. Let X be a Noetherian scheme.
(1) Let i ∶ Y ↪ X be a closed subscheme, U ∶= X ∖ Y , j ∶ U ↪ X be an open subscheme,

then

K0(Y )
i∗
Ð→K0(X)

j∗
Ð→K0(U) → 0

is exact.
(2) Let π ∶ Y → X be an affine bundle (i.e. locally of form Spec(A[X1,⋯,Xn]) →

Spec(A)), then
π∗ ∶K0(X) →K0(Y )

is an isomorphism.
(3) Let P = P(E) π

Ð→X be a projective bundle with rankE = n + 1, then

n

⊕
i=0

K0(X) →K0(P),

([Fi])
n
i=0 ↦

n

∑
i=0

[OP(i)] ⋅ π
∗[Fi]

is an isomorphism.

Sketch of proof. (1) j∗ is surjective: note that coherent sheaf on U can be extended to
coherent sheaf on X by using Lemma

ugly lemmaugly lemma
5.5.5. For the details, see first few pages of

BorelSerre
[2].

Im(i∗) ⊂ ker(j∗): trivial.
ker(j∗) ⊂ Im(i∗): if F is a coherent sheaf on X such that j∗[F] = 0, i.e. [F∣U] = 0, then

FU is a finite sum of short exact sequences of sheaves on U , each of them can be extended
to coherent sheaf on X by using Lemma

ugly lemmaugly lemma
5.5.5. More precisely, we can find coherent sheaves

Ei,Fi,Gi on X with injective morphisms Ei ↪ Fi and surjective morphisms Fi ↠ Gi, such
that [F] = ∑i([Fi] − [Ei] − [Gi]) and such that 0→ Ei∣U → Fi∣U → Gi∣U → 0 is exact. Then we
have [Fi] − [Ei] − [Gi] = [ker(Fi → Gi)/Im(Ei → Fi)] ∈ Im(i∗).

(2) We prove π∗ is surjective. By (1) and diagram chasing, we may assume X is affine
and Y = An

X . By induction, we may assume n = 1. By intersect all open subsets, we may
assume X = Spec(A) for A Artinian. Then A = ∏ηOX,η for η runs over generic points of X.
Hence K0(Y ) = ∏ηK0(A1

kη
) = Z[π∗OSpec(kη) ∣ η ∈X].

The injectivity of π∗ is easy when X = Spec(k) for a field k and Y = An
k . In the general

case, it is a consequence of (3).
(3) Surjectivity: similar to (2) we may assume X = Spec(k) for a field k and P = Pnk .

Induction on n. Note that j ∶ An
k ↪ Pnk is an open subscheme, with Pnk ∖ An

k = Pn−1
k

i
↪ Pnk ,

hence by (1) we have

K0(Pn−1
k )

i∗
Ð→K0(Pnk)

j∗
Ð→K0(An

k) → 0.

We have K0(An
k) =K0(k) ≅ Z, and by the surjectivity of (2),

K0(Pnk) = i∗K0(Pn−1
k ) + π∗K0(k).
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By induction hypothesis,

K0(Pn−1
k ) =

n−1

∑
d=0

Z ⋅ OPn−1
k

(d),

note that OPn−1
k

(d) = i∗OPn
k
(d), and 0 → OPn

k
(−1) → OPn

k
→ i∗OPn−1

k
→ 0 with i∗OPn−1

k
=

i∗i∗OPn
k
, we have

i∗K0(Pn−1
k ) =

n−1

∑
d=0

Z ⋅ i∗i
∗OPn

k
(d) =

n−1

∑
d=0

Z ⋅ OPn
k
(d + 1).

Injectivity: if ([Fi])ni=0 are not all zero such that ∑
n
i=0[OP (i)] ⋅ π

∗[Fi] = 0, let j be the
maximal integer such that [Fj] ≠ 0, taking π∗(−⊗OP (−j)) of this element, utilizing Theorem
cohomology of proj bundlecohomology of proj bundle
8.1.9 we may obtain a contradiction.

Corollary 8.1.13. Let n be a positive integer. Then K0(Pn) is generated by the classes of
line bundles [O(d)].

8.2 Chow group

Let X be a Noetherian scheme of pure dimension n. For an integer p ≥ 0 let Zp(X) be the
free abelian group generated by all closed integral subscheme Y of X of dimension p. Let

Z∗(X) ∶= ⊕
p≥0

Zp(X).

Note that such Y is determined by its generic point, hence Z∗(X) is also the free abelian
group generated by all the points of X. An element of Z∗(X) is called a cycle in X; and
element of Zp(X) is called a p-cycle in X.

If Y is a closed subscheme of X, with Y = ⋃i Yi the irreducible components, let Yi,red ⊂ Yi
be the maximal reduced part of Yi, then Yi,red is a closed integral subscheme of X. Let ηi
be the generic point of Yi, then OYi,ηi is an Artinian local ring with residue field k(ηi), and
that the length legnthk(ηi)OYi,ηi is finite. We define the class of Y in Z∗(X) to be

[Y ] ∶= ∑
i

legnthkηiOYi,ηi ⋅ [Yi,red].

If Y is a closed integral subscheme of X, let η be the generic point of Y , then the function
field of Y is k(Y ) = OY,η = k(η). For a non-zero rational function f ∈ k(Y )×, define

div(f) ∶= ∑
Z⊂Y closed integral

subscheme of codimension 1

ordZ(f) ⋅ [Z],

where for f ∈ OY,ηZ∖{0} (note thatOY,ηZ is of dimension 1), define ordZ(f) ∶= legnthk(ηZ)OY,ηZ/(f).

Exercise 8.2.1. The definition of ordZ can be extended to non-zero elements of the function
field k(Y ) = Frac(OY,ηZ), and which is well-defined.
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Definition 8.2.2. Let Z ′
∗(X) ⊂ Z∗(X) be the subgroup generated by all such div(f). The

elements of it are called “rational equivalent to zero”. Define the Chow group

Ch∗(X) ∶= Z∗(X)/Z ′
∗(X).

Remark 8.2.3. Let X be a scheme of dimension n. For integer p ≤ n, the Chow group of
index p is defined by :

Chp(X) ∶= Zp(X)/Z ′
p(X)

and Z ′
p(X) ⊂ Zp(X) is the subgroup generated by div(f), where 0 ≠ f is in the function field

of arbitrary closed subscheme Y ′ ⊂X of dimension p − 1.

Example 8.2.4. If X is a variety of dimension n, the Chow group Chn−1(X) = Div(X). When
X is smooth over a field k, this is isomorphic to Pic(X).

Remark 8.2.5. If f ∶ X → Y is a proper morphism, for [Z] ∈ Ch∗(X), then we can define
f∗ ∶ Ch∗(X) → Ch∗(Y ) by

f∗[Z] ∶=

⎧⎪⎪
⎨
⎪⎪⎩

0, if dim f(Z) < dimZ,

[k(Z) ∶ k(f(Z))] ⋅ [f(Z)], if dim f(Z) = dimZ.

If f is a flat morphism, i.e. for any x ∈ X, the local ring OX,x is flat over the local ring
OY,f(x). Then we can define f∗ ∶ Ch∗(Y ) → Ch∗(X) by

f∗[Z] ∶= [f−1(Z)].

If X is regular then we have intersection theory on Ch∗(X).

8.3 Chern class for line bundle

Let L be a line bundle on X. Let Z
i
↪ X be a closed integral subscheme of X, and denote

the generic point of Z by ηZ . Assume that ` is any non-zero rational section of i∗LηZ . If the
dimension of Z is p, then by trivilization div(`) ↪ Z has dimension p − 1. So we get a map

Zp(X)Ð→Zp−1(X)

which preserves Z ′
p(X)Ð→Z ′

p−1(X). Then for each p, we can define the first Chern chass to
be a map

c1(L) ∶ Chp(X) // Chp−1(X)

[Z] � // [div(`)]

, (8.3.1)

The Chern class has the following properties:

• Projection formula: if f ∶X → Y is proper, L is a line bundle on Y , then for α ∈ Ch∗(X),

f∗(c1(f
∗L)(α)) = c1(L)(f∗(α)).

Note that here f∗ is the map Ch(X) → Ch(Y ).
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• If L and L′ are line bundles on X, then

c1(L) ○ c1(L
′) = c1(L

′) ○ c1(L).

The Chow group has the properties similar to K0-group (Theorem
prop of K groupprop of K group
8.1.12):

Theorem 8.3.1. Let X be a Noetherian scheme.
(1) Let i ∶ Y ↪ X be a closed subscheme, U ∶= X ∖ Y , j ∶ U ↪ X be an open subscheme,

then

Ch∗(Y )
i∗
Ð→ Ch∗(X)

j∗
Ð→ Ch∗(U) → 0

is exact.
(2) Let π ∶ Y → X be an affine bundle of relative dimension n, then for each p, π∗ ∶

Chp(X) → Chp+n(Y ) is an isomorphism.

(3) Let P = P(E) π
Ð→X be a projective bundle with rankE = n + 1, then

n

⊕
i=0

Ch∗(X) → Ch∗(P),

(αi)
n
i=0 ↦

n

∑
i=0

c1(OP(1))
i(π∗(αi))

is an isomorphism.

Proof. (1) Obvious.
(2) We first prove that π∗ is surjective. Let U ↪X be an affine open subset and Z =X−U

the closed subscheme of X. By (1) we need only to prove the assertion for Y ⋂U → U and
Y ⋂Z → Z. By induction on dimX we may assume that X is affine and Y = X × An. By
induction on n we may assume that n = 1 and Y is a trivial line bundle over X. Let Y ′ ⫋ Y
be a closed integral subscheme. We want to prove that Y ′ is rationally equivalent to π∗(α)
for some cycle α in X, assume that the closure of π(Y ′) is X. Let η be a generic point of
X and Yη the generic fibre of Y over η. Then Y ′

η = Y ′ × Yη is a divisor of Yη, it must be
equivalent to 0. We can extend Y ′

η to a cycle β in Y which is equivalent to 0. Now the
closure of the image of support of π(Y ′ − β) is a proper subscheme of X.

The injectivity will follow from (3).
(3) First we prove this map is surjective. By (1) and induction on dimX we may assume

that Y is affine and E is trivial. So we have a projective subbundle i ∶ P ′ → P if rank n − 1
such that P − P ′ is an affine bundle over X. The assertion follows from (2) and the fact

c1(O(1))Ch∗(P) ⊂ i∗(Ch∗(P
′)).

The injectivity follows from the fact that for α ∈ Ch∗(X), π(c1(O(1))nπ∗(α)) = α and
π∗(c1(O(1))iπ∗(α)) = 0 for 0 ⩽ i < n. We may assume that α = [X] and X is a point. The
assertion follows from the fact that c1(O(1))n[P] is represented by any section of P over
X.
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8.4 Chern classes for a vector bundle

Let E be a vector bundle on a noetherian scheme X of rank n + 1, and

P(E) π
Ð→X

the corresponding projective bundle of relative dimension n, endowed with

O(1) ∶= OP(E)(1).

Recall that there is an isomorphism

n

⊕
i=0

Ch∗(X) → Ch∗(P),

(αi)
n
i=0 ↦

n

∑
i=0

c1(OP(1))
i(π∗(αi))

Then we have

Ch∗(P(E))
∼
Ð→

n

⊕
i=0

c1(O(1))i(π∗Ch∗(X)).

Hence for an element α ∈ Ch∗(X), we have

c1(O(1))n+1(π∗(α)) =
n

∑
i=0

(−1)ic1(O(1))n−i(π∗(αi+1))

for unique α1,⋯, αn+1 ∈ Ch∗(X).

Definition 8.4.1. For each p and 1 ≤ i ≤ n + 1, we define the map

ci(E) ∶ Chp(X) → Chp−i(X)

by α ↦ αi, and define

c(E)[t] ∶= tn+1 +
n

∑
i=0

(−1)i+1ci(E)t
n−i ∈ End(Ch∗(X))[t].

We have c(E)[c1(O(1))] = 0, namely, c(E)[t] is the characteristic polynomial of c1(O(1))
acting on Ch∗(P(E)).

Definition 8.4.2. Let E be a vector bundle on a noetherian scheme X of rank n + 1. We
can define the flag variety Flag(E) which classifies the filtrations of E

0 = En ⊂ En−1 ⊂ ⋯ ⊂ E1 ⊂ E0 = E

such that Ei/Ei+1 are line bundles.

Remark 8.4.3. The flag variety is constructed by the following way:
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1. First construct the projective bundle P(E) π
Ð→ X, then there is a surjective morphism

of sheaves
π∗E ↠ OP(E)(1)

on P(E), whose kernel is a vector bundle E1 of rank n, then we get a projective space
P(E1);

2. repeat this process on its kernel, then the rank of the bundle decreases, finally we
obtain

Flag(E) → ⋯ → P(E2) → P(E1) →X.

Note that Flag(E) →X is a flat morphism.

vector bundle ch2 Theorem 8.4.4. Let E be a vector bundle on a noetherian scheme X. If

0 = En ⊂ En−1 ⊂ ⋯ ⊂ E0 = E

is a filtration of E such that Ei/Ei+1 is line bundle for every i, then

c(E)[t] =
n−1

∏
i=0

(c(Ei/Ei+1)[t]) =
n−1

∏
i=0

(t − c1(Ei/Ei+1)).

Proof. The above equation is equivalent to

n−1

∏
i=0

(c(Ei/Ei+1)
⊗(−1) ⊗O(1)) = 0.

We prove this equiation by induction on n.
Consider the map φ ∶ En−1 → O(1), for any cycle α in P = P(E/En−1),

c1(O(1) ⊗ (En−1)
⊗(−1))(α)

represents an element β in Ch∗(P). By induction we have

n−1

∏
i=0

(c(Ei/Ei+1)
⊗(−1) ⊗O(1))(α) =

n−2

∏
i=0

(c(Ei/Ei+1)
⊗(−1) ⊗O(1))∣P(β) = 0.

vector bundle ch1 Corollary 8.4.5. If 0→ E1 → E2 → E3 → 0 is a short exact sequence of vector bundles on X,
then

c(E2)[t] = c(E1)[t] ⋅ c(E3)[t].

Proof. Let E be a vector bundle of rank n + 1 on a noetherian scheme X, the construction
of flag variety implies that π∗E to Flag(E) has universal filtration. If we have a short exact
sequence

0→ E1 → E2 → E3 → 0,
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we consider the flat morphism

f ∶ Flag(E1) × Flag(E3) →X,

which induces
f∗ ∶ Ch∗(X) ↪ Ch∗(Flag(E1) × Flag(E3)),

then the pullback of E1 and E3 have filtrations, hence the pullback of E2 also have filtration.
This technique is called “splitting principle”.

Remark 8.4.6. Let X be a noetherian scheme over a field k. From the above theorem we
know that c is a group homomorphism from K0(X) to End(Ch(X))[t] by E ↦ c(E)[t].

Remark 8.4.7. In particular, using the splitting principle to reduce to the case that the
bundles have complete filtrations. So in K(X), E = ⊕n

i=1Li is a direct sum of line bundles,
then c(E)[t] = ∏

n
i=1(t − c1(Li)), hence by simple calculation

cd(E) = ∑
1≤i1<⋯<id≤n

d

∏
j=1

c1(Lij).

8.5 Chern character

Let X be a regular scheme. We define the chern class as a ring homomorphism

ch ∶K0(X) → End(Ch∗(X)) ⊗Q,

which is contravariant in X, such that if E has a filtration

0 = En ⊂ En−1 ⊂ ⋯ ⊂ E0 = E

of line bundles,

ch(E) ∶=
n−1

∑
i=0

exp(c1(Ei/Ei+1)) =
∞
∑
k=0

1

k!

n−1

∑
i=0

ci(Li)
k

with coefficients in Q.
Note that the right hand side is symmetric in i, hence the chern class ch(E) can be

expressed by cd(E) for d ≥ 1.

Theorem 8.5.1. If X is regular and is of finite type over a field or Z, then there is an
isomorphism

K0(X) ⊗Q ch
Ð→
≅

Ch∗(X) ⊗Q,

[F] ↦ ch([F])([X]).
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8.6 Todd class

Let E be a vector bundle on a noetherian regular scheme X such that [E] = ∑
n
i=1[Li] in

K0(X). We define the Todd class to be the map

Td ∶K0(X) → End(Ch∗(X)) ⊗Q,

[E] ↦
n

∏
i=1

c1(Li)

1 − exp(−c1(Li))
,

Remark 8.6.1. Note that if let x = c1(Li) we have

x

1 − e−x
= 1 +

1

2
x +

∞
∑
k=1

(−1)k−1 Bk
(2k)!

x2k,

where Bk is the Bernoulli number.

Remark 8.6.2. If we have an exact sequence 0→ E1 → E2 → E3 → 0, then

Td(E2) = Td(E1)Td(E3).

8.7 Grothendieck-Riemann-Roch theorem

In this section we will state the Grothendieck -Riemann-Roch theorem(namely GRR), and
then reduce GRR to the case for projective space. Finally we finish the proof for general
cases.

Definition 8.7.1. Let f ∶X → Y be a flat morphism of schemes of finite type over k. Then
we have a OX-module ΩX/Y of relative differentials. We say f is a smooth morphism if ΩX/Y
is locally free of rank dimX − dimY .

Definition 8.7.2. Let f ∶X → Y be a morphism of schemes. We define the relative tangent
bundle to be the dual space of the relative differential form, namely

TX/Y = (Ω1
X/Y )

∨.

Proposition 8.7.3. If both of X and Y are regular varieties over a field k, let f ∶ X → Y
be a smooth morphism, then there is an exact sequence

0→ TX/Y → TX → f∗TY → 0. (8.7.1)

Note that
Hom(TX/Y ,OX) ≅ ΩX/Y .

Now we state the Grothendieck-Riemann-Roch theorem:

GRR Theorem 8.7.4 (Grothendieck-Riemann-Roch). Let f ∶X → Y be a smooth projective mor-
phism of regular schemes. We have induced map f∗ ∶ Ch∗(X) ⊗Q → Ch∗(Y ) ⊗Q. Then for
any α ∈K0(X),

f∗(ch(α)Td(TX/Y )) = ch(f∗(α)).
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Example 8.7.5. Let X be a smooth projective curve over a field k. Let E be a vector bundle
on X. Suppose that f ∶X → Y = Spec(k) is a smooth morphism. Then we have

ch(E) = rankE + c1(E)

since
ci(L) = 0 for i > 1,L is line bundle

and
Td(TX/Y ) = 1 + c1(TX/Y )/2 = 1 − c1(Ω

1
X/k)/2.

Hence by applying Hurwitz formula

f∗(ch(E)Td(TX/Y )) = f∗([rankE + c1(E)] ⋅ [1 − c1(Ω
1
X/k)/2]) (8.7.2)

= −
rankE

2
deg Ω1

X/k + deg E (8.7.3)

= (1 − g(X))rankE + deg E , (8.7.4)

we can calculate the chow group of a point:

Ch∗(Speck) = Ch0(Speck) = Z[Speck]
∼
Ð→Z.

Then on the left hand side we have

ch(f∗E) = dimkH
0(X,E) − dimkH

1(X,E),

which recovers Riemann-Roch theorem on curves.

Remark 8.7.6. From the exact sequence
tangent seqtangent seq
8.7.1 we have

Td(TX) = f∗Td(TY ) ⋅Td(TX/Y ),

therefore the Grothendieck-Riemann-Roch theorem can be rewritten as

f∗(ch(α)Td(TX)) = ch(f∗α) ⋅Td(TY ),

which is more symmetric and is Grothendieck’s original formulation. This also means the
following diagram commutes:

K0(X) ⊗Q ch

≅
//

f∗
��

Ch∗(X) ⊗QTd(TX)// Ch∗(X) ⊗Q
f∗
��

K0(Y ) ⊗Q ch

≅
// Ch∗(Y ) ⊗QTd(TY )// Ch∗(Y ) ⊗Q.

Remark 8.7.7. When X is a smooth projective variety over k and Y = Spec(k), this is
Hirzebruch-Riemann-Roch theorem.
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Lemma 8.7.8. Given f ∶X → Y and g ∶ Y → Z smooth morphism between regular schemes,
if Grothendieck-Riemann-Roch theorem holds for f and g, then it also holds for g ○ f .

Proof. Since
f∗(ch(α)Td(TX)) = ch(f∗α) ⋅Td(TY ),

then apply GRR for g on this equation again we get

g∗f∗(ch(α)Td(TX)) = ch(g∗f∗(α)) ⋅Td(TZ).

Since (g ○ f)∗ = g∗f∗, hence we have GRR for g ○ f .

Now we introduce important techniques to prove the theorem
GRRGRR
8.7.4.

GRR for projective line bundles

Theorem 8.7.9. Let X be a regular noetherian scheme over a field k. Let E be a vector
bundle on X of rank 2. Then GRR is valid for f ∶X = P(E) → Y .

Proof. by theorem
prop of K groupprop of K group
8.1.12 we have K0(X) ⊗Q is generated by OX and O(−1) as a module

over K0(Y ) ⊗Q. We have f∗PX = OY , and all other higher direct image vanish. Note that
in K0(X), E = L1 ⊕L2 is a direct sum of line bundles.

Let h = c1(O(1)) − 1
2c1(E). Since we have the exact sequence

0→ OX → E
∨ ⊗O(1) → TX/Y → 0

and c1(E) = c1(L1) + c1(L2), by simple calculation we get TX/Y ≅ det(E)−1 ⊗O(2) and
c1(TX/Y ) = 2h. Since

h =
h

1 − e−2h
−

−h

1 − e2h
,

so

Td(TX/Y ) =
2h

1 − e−2h
= 1 + h + even powers of h.

Since h2 = c2(E) +
1
4c1(E)2, so f∗h2n = 0 for any non-negative integer n and f∗h = 1. Then

finally
f∗(Td(TX/Y )) = 1.

Since h
1−e−2h contains only even powers of h, we have

f∗[(O(−1))] = 0 = f∗(Ch(O(−1)) ⋅Td(TX/Y ).

Idea of proof of Theorem
GRRGRR
8.7.4. Utilizing normal cone construction, we can reduce it to the

case that X = P(E) with E a vector bundle on Y of rank 2, hence f ∶ X → Y is of relative

dimension 1. In this case we have the isomorphisms induced by the projective bundle X
π
→ Y :

K0(X)
∼
Ð→K0(Y ) +K0(Y )[O(−1)],

Ch∗(X)
∼
Ð→Ch∗(Y ) + c1(O(−1))Ch∗(Y ).
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The X is the moduli space of quotient bundles of E of rank 1, and the tangent space TX/Y
classifies the deformation of 0→ E1 → E → E/E1 → 0. We have

0→ OX → f∗E∨(1) → TX/Y → 0,

hence
TX/Y = (f∗ detE)∨(2).

Now the Grothendieck-Riemann-Roch theorem can be checked in this case by explicit com-
putation.

A Appendix

A.1 Category theory

First we review some basic in category theory.
A category C contains a collection of objects Ob(C) and a set of morphisms Hom(X,Y ) for

every pair of objects (X,Y ) of C, and it has two basic properties: the ability to compose the
morphisms associatively, and the existence of an identity arrow for each object. A morphism
f ∶ X → Y in C is called an isomorphism if there exsits a morphism g ∶ Y → X such that
gf = IdX and fg = IdY . The morphism g is unique and is called the inverse of f , denoted
by f−1.

Example A.1.1. Here are two basic examples:

1. Set: the category of sets. The objects are sets, and morphisms are maps between sets.

2. Ab: the category of abelian groups. The objects are abelian groups, and morphisms
are homomorphisms between abelian groups.

Given two category C and D, we can define the product category C × D in the obvious
way, and a category Fun(C,D) of follows.

A functor F ∶ CÐ→D is a pair of assignments on objects

Ob(C)Ð→Ob(D), X ↦ F(X) ∈ ObD

and on sets of morphisms FX,Y for two objects X,Y of C:

FX,Y ∶ Hom(X,Y )Ð→Hom(F(X),F(Y )), f ↦ F(f)

such that for three objects X,Y,Z of C

1. F (idX) = idF(X) for every object X in C,

2. F(g ○ f) = F(g) ○ F(f) for all morphisms f ∶X → Y and g ∶ Y → Z in C
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The functor F is called faithful (resp.full, resp. fully faithful) , if FX,Y are all injective (resp.
surjective, resp. bijective).

For two functors F ,G from C to D, a natural transformation T (X) ∈ Hom(F(X),G(X))
is collection for objects X in C so that the following diagram is commutative for any ϕ ∈
Hom(X,Y ) of two objects in C:

F(X)
T (X) //

F(ϕ)
��

G(X)

G(ϕ)
��

F(Y )
T (Y ) // G(Y )

.

All natural transforms from F and G form a set Hom(F ,G).
All functors from C to D form a category Fun(C,D) with homomorohisms given by natural

transformations.
If E is a third category, then we can define the composition of functors

○ ∶ Fun(D,E) × Fun(C,D)Ð→Fun(D,E) ∶ G × F ↦ G ○ F

in an obvious way. A functor F ∈ Fun(C,D) is called an equivalence functor if there is a
functor G ∈ Hom(D,C) such that the compositions

G ○ F ∈ Fun(C,C), F ○ G ∈ Fun(D,D)

are isomorphic to the identity functors on C and D respectively. The F and G are inverse to
each other.

The opposite category of a category C, denoted by Cop is defined by Ob(Cop) = Ob(C)
and HomCop(X,Y ) = HomC(Y,X). A cotravariant functor from category C to D is a functor
Cop → D.

A.2 Homological algebra

Abelian category

By an additive category , we mean a category C with the following properties:

1. For X,Y ∈ Ob(X), Hom(X,Y ) has an abelian group structure such that the composi-
tion law is bilinear.

2. There is a zero object O in C such that both Hom(X,0) and Hom(0,X) are both zero
group.

3. For any two object X,Y , we have a direct sum X⊕Y with projections and embeddings

pX ∈ Hom(X ⊕ Y,X), pY ∈ Hom(X ⊕ Y,Y )

which induces an isomorphism of abelian groups for any Z ∈ ObC:

Hom(Z,X ⊕ Y ) = Hom(Z,X) ⊕Hom(Z,Y ) ∶ ϕ↦ (pX ○ ϕ, pY ○ ϕ).
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A functor F ∶ CÐ→D between two additive categories is called an additive functor , if it
preserve the zero element, fiinite direct sums, and such that for any X,Y ∈ Ob(C), the map

FX,Y ∶ Hom(X,Y )Ð→Hom(F(X),F(Y ))

is a group homomorphism.
An additive category C is called an abelian category if for any morphism f ∶ XÐ→Y

between objects X and Y , there are kernel, kernel, and images as follows.
By the kernel of f , we mean a morphism α ∶ Ker(f)Ð→X such that for any object Z of

C the induced morphism Hom(Z,Ker(f))Ð→Hom(Z,X) is the kernel of the homomorphism
of Hom(Z,X)Ð→Hom(Z,Y ) of abelian groups.

By the cokernel of f , we mean a morphism β ∶ YÐ→coker(f) such that for any object Z
of C, Hom(coker(f), Z)Ð→Hom(Y,Z) is the kernel of Hom(Y,Z)Ð→Hom(X,Z).

If both kernel and cokernel exits, then there is unique morphism

γ ∶ coker(α)Ð→ker(β)

such that f is the composition

XÐ→coker(α)
γ
Ð→ker(β)Ð→Y.

An additive category C is called abelian categpry, if the following two conditions hold:

1. for any morphism f ∶XÐ→Y , the kernel α ∶ ker(f)Ð→X and cokernel β ∶ YÐ→coker(f)
exit.

2. the induced morphism γ is an isomorphism.

The ker(β) is called the image of f .

Example A.2.1. Let VectR be the category of R-vector spaces, and let V1, V2 be two objects
inside it. Then HomR(V1, V2) is the group of R-linear maps from V1 to V2 as we have studied
in linear algebra. Moreover, one can see that

HomR(Rn,Rm) ≅Mn×m(R) (A.2.1)

A.3 Commutative algebra

Integral dependence

integral closed Theorem A.3.1. [Finiteness of Integral Closure] Let k be a field. Let A be an integral
domain which is finitely generated k-algebra. Let L be a finite algebraic extension of the
fractional field of A. Then the integral closure Ã of A in L is a finitely generated A-module,
and is also a finitely generated k-algebra.

Proof. Zariski-Samuel [1, vol. 1, Ch. V., Thm. 9, p. 267.]
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Preliminary field theory

Definition A.3.2. Let k be a field. A polynomial f(x) ∈ k[x] is called separable if it has no
multiple root. In other words, it is coprime to its formal derivative f ′(x).

Definition A.3.3. Let k be a field. An algebraic extension L ⊇ k is called separable if for
every x ∈ L, the minimal polynomial f(X) ∈ k[X] of x is separable. Otherwise, it is said to
be inseparable. It is called purely inseparable if f(X) has only one distinct root on k

Remark A.3.4. By definition, it is easy to see that the following are equivalent:

(1) L/k is purely inseparable.

(2) If x ∈ L is separable over k, then x ∈ k.

(3) Suppose that k has characteristic p, where p is a prime. Then the minimal polynomial
f(X) of any element α ∈ L has the form Xpn − a for some positive integer n and a ∈ k.

Example A.3.5. The extension Fp(x) ↪ Fp(x1/p) is purely inseparable.

Exercise A.3.6. If L/k is finite separable field extension of degree n, then L⊗k k = k
n
.

Proposition A.3.7. Separability is stable under base change.

Definition A.3.8. Let k be a field and k an algebraic closure of k. The separable closure ks
of k is defined by

ks = {x ∈ k ∣ x is separable over k}

Lemma A.3.9. Let L/k be an algebraic field extension. Then there is a unique intermediate
field

ksep = {x ∈ L ∣ x is separable over k}

such that ksep is separable over k and L purely inseparable over ksep.

From the lemma we know that an arbitrary algebraic extension L/k can be decoposed
into a separable extension followed by a purely inseparable one. Then we can define the
degree [L ∶ ksep] to be the inseparable degree and [ksep ∶ k] to be the separable degree.

Definition A.3.10. A field k is called perfect if any algebraic extension of k is separable.

Remark A.3.11. A field which has characteristic zero is perfect. But pefect does not imply
characteristic zero. For example, the finite field Fp is pefect, but has characteristic p, where
p is a prime.

Lemma A.3.12. Let k be any field, then there exists a purely inseparable extension kp which
is unique up to isomorphism such that kp is perfect. We call kp the perfect closure of k.
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Proof. Suppose that chara(k) = 0. Then k is perfect, kp = k is unique.

If chara(k) = p > 0. For every positive integer n, consider k
1
pn = k(x

1
pn , x ∈ k) where n is

a positive integer. Claim that the extension k
1
pn ⊇ k is purely inseparable. Indeed, the pn-th

power of every element x ∈ k
1
pn lies in k and for any a ∈ k, its p-th root a1/pn ∈ k

1
pn . Thus the

minial polynomial of x ∈ k
1
pn has the form Xpm −α for some m ⩽ n and α ∈ k. Since we have

k
1
pn // k

1
pn+1

x � // xp

So just take kp = ⋃n>0 k
1
pn

Remark A.3.13. By definition, if k is a perfect field then ks = k. In particular, if k has
charateristic zero then ks = k.

Remark A.3.14. Let k be a field. From the discussion above we can conclude two chains of
field extensions:

1. k ↪ ks ↪ k, where k ↪ ks is separable and ks ↪ k is purely inseparable.

2. k ↪ kp ↪ k, where k ↪ kp is purely inseparable and kp ↪ k is separable.

3. k = ks ⊗k kp.

Recall that a field extension L/k is separable if and only if for any α ∈ L, let f(x) be the
minimal polynomial of α over k, then f ′(α) ≠ 0.

Definition A.3.15. Let K be Galois extension of k. Denote the Galois group of K/k by
Gal(K/k). For any α ∈ L, define the trace of α to be the sum of Galois conjugates of α:

TrL/k(α) = ∑
σ∈Gal(K/k)

σ(α)

Define a pairing:
( , ) ∶ L ×L // k

(x, y) � // TrL/k(xy)

.

It is called the trace form of L/k.

Proposition A.3.16. For any α ∈ L, TrL/k(α) ∈ k and the trace is an additive map.

Proof. Let K be a Galois extension of k containing L, Let G = Gal(K/k). Then there is a
subgroup H ⊂ G corresponding to L. Let α ∈ L. The sum ∑σ σ(α) runs over representatives
σ for the left cosets of H in G. And σ ∶ L ↪ K is the embeddings of L in K by the
fundamental theorem of Galois theory. Note that σ(α) depends only on the left H-cosets of
σ: Since H fix L it follows that if σH = σ′H, then σ′σ(α) = h(α) = α for some h ∈ H. Thus
σ(α) = σ′(α)
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From above we know that the action of G by left multiplication permutes the left H-
cosets. For all σ ∈ G, σ(Tr(α)) = Tr(α). Since the elements that fixed by any σ ∈ Aut(K/k)
all belong to k, we have Tr(α) ∈ k.

By definition of trace,

Tr(α + β) = ∑
σ

σ(α + β) = ∑
σ

σ(α) + σ(β) (A.3.1)

= ∑
σ

σ(α) +∑
σ

σ(β) = Tr(α) +Tr(β) (A.3.2)

Lemma A.3.17. Let L/k be a finite extension of fields, and [L ∶ k] < ∞. The extension L/k
is separable if the trace form is non-degenerate, i.e. the pair (x, y) = 0 for all y implies x = 0.

Proof. Assume the trace form is non-degenerate. If α ∈ L is separable, Let f be the minimal
polynomial of α over k. then f ′ ≠ 0. Consider f = (x − a1)⋯(x − an), where ai are the roots
of f in k.

f ′

f
=

1

x − a1

+⋯ +
1

x − an
(A.3.3)

=
1

x

∞
∑
r=0

(
ar1
xr

+⋯ +
arn
xr

) (A.3.4)

=
1

x

∞
∑
r=0

Trk(α)/k(αr)

xr
. (A.3.5)

So f ′ ≠ 0 if and only if Trk(α)/k(αr) ≠ 0 for every integer r. Now suppose that the trace form
is non-degenerate, if L/k is not separable, choose an inseparable element α ∈ L, then we have
TrL/k = TrL/k(α) ○Trk(α)/k = 0, contradiction.

Corollary A.3.18. If L/k is finite separable field extension then TrL/k(L) = k.

Exercise A.3.19. Let L/k be a finite extension of fields, and [L ∶ k] < ∞. Then

1. chara(L) = p > 0 where p is a prime.

2. p∣[L ∶ k].

Theorem A.3.20. Let K/k be a finitely generated extension of a perfect field k. Then there
exists a transcendence basis T such that the finite extension K/k(T ) is separable. In this
situation, we call the transcendence basis T the separating transcendence basis.

Proof. Dummit and Foote[Ch. 14.9].

Remark A.3.21. From the discussion above we can conclude that any field extension K/k
can be decomposed into a purely transcendental extension k(T ) of k followed by a separable
extension K1 of k(T ) followed by a purely inseparable extension K/K1. But K1 is depended
on the choice of the transcendence base T .
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A.4 Dedekind domain

Local rings

We begin with the local rings of dimension 1.

Definition A.4.1. Let R be a noetherian local ring and m be its maximal ideal with residue
field k = R/m. We say R is a regular local ring if

dimk
m/m2 = dimR.

Our first main result about a regular local ring is the following:

regular-prin Proposition A.4.2. An Noetherian local ring A is regular if and only if its maximal ideal
m is principle. Moreover if π is a generator of m.

To prove this theorem, we first need the following

Lemma A.4.3 (Nakayama’s lemma). Let A be a local ring with maximal ideal m. Let M
be a finitely generated A-module such that mM =M . Then M = 0.

Proof. Let xi (i = 1,⋯, n) be some generates of M over A. Since mM =M , each xi can be
written as a linear combination of xj’s with coefficients in m: thus there are ai,j ∈ m such
that xi = ∑j aijxj. Let A denote the matrix of (aij). Then

(I −A)
⎛
⎜
⎝

x1

⋮
xn

⎞
⎟
⎠
= 0.

Multiplying both sides by the adjoint matrix of (I −A), we obtain

det(I −A)xi = 0, i = 1,⋯, n.

Now det(I −A) is of form 1− a with a ∈m. As m is maximal, 1−m is invertible, then xi = 0
for every i. It means that M = 0.

Proof of Theorem
regular-prinregular-prin
A.4.2. Assume A is regular of dimension 1, then dimm/m2 = dimA = 1.

Let x ∈m whose image mod m2 generates m/m2. Then m = Ax+m2. So m/Ax =m ⋅m/Ax
where we consider m/Ax as an A-module. It follows from Nakayama’s lemma that m/Ax = 0
which implies m = Ax. Thus m is principle.

Conversely, assume that m is principle, then m/m2 has dimension at most 1 over k = A/m.
If it is zero, then m = m2. By Nakayama’s lemma, m = 0. Thus A is a filed and dimA = 0.
A contradiction! Thus dimkm/m2 = 1 and A is regular.

regular-unif Proposition A.4.4. Let A be a reglar local ring of dimension 1. Let m be its maximal ideal
generated by an element π. Then every nonzero element x ∈ A can be written uniquely in the
form x = u ⋅ πn, where u is an invertible element in A and n is a positive integer.
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We first need the following:

Lemma A.4.5. Let A be a noetherian local ring and m be its maximal ideal. Then ⋂∞
n=1m

n =
0.

Proof. Let N = ⋂∞
n=1m

n ⊂ A. Then N must be finitely generated since A is noetherian. By
Nakayama’s lemma, mN = N implies N = 0.

Proof of Proposition
regular-unifregular-unif
A.4.4. Let a be a nonzero element in A. Then there is an n such that

a ∈ mn, and a ∉ mn+1. Since A is regular, it follows that m is principle. Suppose m = (x)
for 0 ≠ x ∈ A, since ⋂∞

n=1m
n = 0, then a = b ⋅ xn for some b ∉ m (if b ∈ m then a ∈ mn+1,

contraiction), thus b is invertible and we are done.
Now suppose that there is a c ∉m such that a = c⋅mn′ for some integer n′. Then mn =mn′ .

If n < n′, we have a filtration

mn ⊂mn+1 ⊂ ⋯ ⊂mn′ . (A.4.1)

Thus mn =mn+1 =m ⋅mn, by Nakayama’s lemma, mn = 0, contradiction.

By Proposition
regular-unifregular-unif
A.4.4, A is integral and we have a map:

v ∶ A − {0} // Z≥0

x = uπn � // n

. (A.4.2)

Let K = Frac(A) then we can extend v to K: v ∶ K ↠ Z. This map has the following
property

1. v(xy) = v(x) + v(y).

2. v(x + y) ≥ min{v(x), v(y)}.

3. v is surjective.

Definition A.4.6. Let F be a field. A map from F ∗ = F − {0} to Z is called a discrete
valuation if it saitisfies the above three properties.

Lemma A.4.7. If v ∶ F → Z is a discrete valuation then

1. R ∶= {x ∈ F ∶ v(x) ≥ 0} is a local ring;

2. m ∶= {x ∈ F ∶ v(x) > 0} is a maximal ideal of R. Moreover m is principle.

We call R the discrete valuation ring for the valuation v. With all the facts above we
can write:

regular-dvr Corollary A.4.8. A local ring of dimension 1 is regular if and only if it is a discrete valu-
ation ring.

114



In the following we will give another equivalent condition which is very useful when we
compare different regular rings.

Definition A.4.9. Let A be an integral ring. Let R ⊂ A be a subring. Let x ∈ A. We say x
is integral over R if x saitisfies an equation

xn + a1x
n−1 +⋯ + an = 0, ai ∈ R. (A.4.3)

Definition A.4.10. Let A be an integral ring and R ⊂ A a subring. Then the set of elements
that are integrally over on R forms a subring of A. We call this subring the integral closure
of R in A.

Exercise A.4.11. Let A be an integral ring and R ⊂ A a subring. Show that the element x
which is integral over R if and only if the polynomial ring R[x] is an R-module of finite type.

Definition A.4.12. Let R be an integral ring. We say R is integrally closed or normal if
R coincides with its integral closure in its field of fractions.

Here is the main theorem about equivalent different descriptions of regular local ring of
dimension one.

Theorem A.4.13. Let R be an integral local ring of dimension 1. Then the following
conditions are equivalent:

1. R is regular.

2. R is a discrete valuation ring.

3. R is integrally closed.

Proof. (1) We already shown 1 is equivalent to 2 in Corollary
regular-dvrregular-dvr
A.4.8.

(2) We now show that 2⇒3. Let K be the fraction field of R, suppose x ∈K saitisfies an
equation

xn + a1x
n−1 +⋯ + an = 0, ai ∈ R. (A.4.4)

We want to show that x ∈ R, or equivalently, if we write x = uπn, where n ∈ Z, u ∈ R×,
we need to show that n ≥ 0.

Assume that n < 0, x = u
π∣n∣ . So:

(
u

π∣n∣
)d + a1(

u

π∣n∣
)d−1 +⋯ + ad = 0. (A.4.5)

Multiply both sides by π∣n∣d we have ud + π∣n∣ ⋅ a = 0, where a ∈ R. Now u is a unit, therefore
π∣n∣ ⋅ a is a unit which is impossible.

(3) Now show that 3⇒1. We need only show that the maximal ideal m of R is principle.
Let 0 ≠ a ∈ m, then we know that R/(a) is dimension 0, because m/(a) is the only prime
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ideal. Thus it is clear that the nilpotent radical of R/(a) is m/(a), it follows that m/(a) as
an ideal of R/(a) is nilpotent.

So we know (m/(a))n = 0 for some integer n or mn ⊂ (a). Taking n minimal with this
property, i.e. mn−1 ⊆ (a). Let b ∈ mn−1 − (a). Let x = a

b . We want to show that m = (x), or
x−1m = R as an identity of subsets in K. Notice that

x−1m =
b

a
m ⊂mn−1 ⋅m/a =mn/a ⊂ R (A.4.6)

Thus we have two choices:

(a) x−1m = R which implies m = xR and we are done.

(b) x−1m ⊂m.

If x−1m ⊂ m, we claim that x−1 is integral over R. Thus x−1 ⊂ R which is a contradiction
since b/a ∈ R implies b ∈ Ra which contradicts our choice of a, b. To prove the claim we need
the following lemma:

Q Lemma A.4.14. Let Q be an endomorphism of a finitely generated module over a ring R.
Then Q saitisfies an equation of the form

Qn + a1Q
n−1 +⋯ + an = 0, ai ∈ R. (A.4.7)

The lemma above completes our proof.

Exercise A.4.15. Prove the lemma
QQ
A.4.14.

Dedekind domain

Definition A.4.16. An integral noetherian ring R of dimension 1 is called a Dedekind
domain if R saitisfies one of the following equivalent conditions:

1. Let p be the maximal ideal of R, Rp is discrete valuation ring.

2. R is integrally closed.

Exercise A.4.17. Let R be a Noetheriam integral ring of dimension 1. Show that the following
conditions are equivalent:

1. R is regular.

2. R is integrally closed.

3. Rp is integrally closed for every maximal ideal p.

Exercise A.4.18. Let R be a regular ring of dimension 1 with fractional field K Define a
map from the set of primes p in R to valuations vp of K using equivalence in Corollary
regular-dvrregular-dvr
A.4.8. Show this is map is injective with image consisting all discrete valuations v such that
v(R) ⊂ Z≥0.
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Example A.4.19. Let k be a field, then

k[x](x) = {
f(x)

g(x)
∣ g(0) ≠ 0} (A.4.8)

is a discrete valuation ring.

Example A.4.20. Let p be a prime ideal in Z, then the localized ring Zp is a discrete valuation
ring.

One important property using integral closed condition is about construction of Dedekind
domains in a separable extension of fields L/K. Recall that a field extension L/K is separated
if one of the following three conditions holds:

1. tr ∶ LÐ→K is surjective;

2. every element x ∈ L have a minimal polynomial P with P ′(x) ≠ 0.

dedekind-extension Theorem A.4.21. Let L/K be a finite separable field extension. Let A be a Dedekind do-
main with fractional field K. Let B be the integral closure of A in L. Then B is a Dedekind
domain.

Proof. Let n = [L ∶ K] and e1,⋯, en ∈ L be a base of L as K vector spaces. After an
multiplication by an element in A, We may assume that all ei ∈ B. Let C = ∑Aei be the
free module of B of full rank. Now we have a pairing

C ⊗A BÐ→A, (c, a) ↦ tr(ca).

This pairing defines an injective morphism of A-modules:

BÐ→Hom(C,A) ≃ An.

Since A is Noetherian, B is finitely generated A-module. Thus B is a Noetherian ring.

valuation-extenstion Exercise A.4.22. With notation in the above theorem. Define a map from the set of primes q
in B to valuations vq of L using equivalence in Corollary

regular-dvrregular-dvr
A.4.8. Show this is map is injective

with image consisting all discrete valuations v such that v(A) ⊂ Z≥0.

Ideals

Theorem A.4.23 (Unique Factorization Theorem). Every ideal I in a Dedekind domain A
can be decomposed in a unique way into a product of prime ideals.

Proof. Let p be any prime ideal in A, denote the maximal ideal of the localized ring Ap by
mp. Since Ap is discrete valuation ring, we can suppose that np is the maximal integer such
that Ip ⊂m

np
p . If np > 0, then I ⊂ p. Consider A/I, the prime ideals in A/I corresponding to

the prime ideals in A which contains I. If I is prime thus maximal, then A/I is a field; if
I is not prime, then A/I is not integral. Thus dimA/I = 0, A/I is Artinian. It follows that
A/I has only finitely many prime ideals containing I. In summary we have proven:
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(1) For every prime ideal p ⊂ A, Ip ⊂m
np
p , np ⩾ 0.

(2) np ≠ 0 for only finitely many p.

Let J = ∏pnp . Claim: I = J . By
local propertylocal property
A.4.32, it is equivalent to Ip = Jp for every p. To prove this,

we need the following lemma:

Lemma A.4.24.

(1) If I1, I2 are two ideals of A then (I1I2)p = (I1)p(I2)p.

(2) If p, q are distinct prime ideals, then the discrete valuation of q at p is 0.

Thus I = J = ∏pnp . This proves the theorem.

Ideal classes

Definition A.4.25. Let A be a Noetherian domain and let K be the fractional field of A.
A fractional ideal of A is a finitely generated A-submodule of K. Thus a fractional ideal can
be written as

I = ∑
i

aiA, ai =
αi
βi
, αi, βi ∈ A. (A.4.9)

By taking a denominator I = 1
β ∑αiA so equivalently a fractional ideal of A is an A-submodule

I of K with the form I = γJ where γ ∈K and J ⊂ A is an ideal.

Remark A.4.26. Let A be a domain and let K be the fractional field of A. Fractional ideals
of A can be defined more generally. In this case they are A-submodules I of K for which
there exists an element γ ∈ A such that γI ⊂ A. When A is noetherian this coincides with
our definition.

Example A.4.27. Let I = {n3 ∶ n ∈ Z}, then I is a fractional ideal of Z. It is generated by
1
3 ∈ Q as an Z-submodule, and we have 3I ⊂ Z.

Define two operations of two fractional ideals I1, I2 of a noetherian domain A as follows:

• I1 + I2 ∶= {a + b∣a ∈ I1, b ∈ I2}.

• I1 ⋅ I2 ∶= {∑aibi∣ai ∈ I1, bi ∈ I2}.

Definition A.4.28. Let A be a noetherian domain. A fractional ideal I is called invertible
if there is an unique fractional ideal J such that I ⋅ J = A.

Definition A.4.29. Let A be a noetherian domain. And let K = Frac(A). Denote the set
of invertible fractional ideals of A by IA. It is called the ideal group of A. A fractional ideal
I of A is principle if it is generated by only one element x ∈ K. Denote the set of principal
fractional ideals of A by PA.
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Remark A.4.30. Let A be a noetherian domain. And let K = Frac(A). Then it is easy to see
that IA form an abelian group under multiplication. Since every nonzero principle fractional
ideal (x) has an inverse (1/x), where x ∈K, and a product of principle ideals is principle, so
PA form a subgroup.

Definition A.4.31. The quotient Cl(A) = IA/PA is called that ideal class group of A, and
also called the Picard group of A and denoted Pic(A).

One can show that if A is a Dedekind domain, then acturally all the fractional ideals are
invertible. Thus IA is the free abelian group generated by its nonzero prime ideals. But first
we need some localization theory:

local property Proposition A.4.32 (Local property). Let A be a commutative ring and M a finitely gen-
erated A-module.

(1) M = 0 if and only if Mp = 0 for every prime ideal p.

(2) Let ϕ ∶ M1 → M2 be a homomorphism between A-modules of finite type, then ϕ is
bijective if and only if ϕp ∶ (M1)p → (M2)p is bijective for every prime ideal p.

(3) Let N1, N2 be finitely generated submodules of M , then N1 = N2 if and only if (N1)p =
(N2)p for every prime ideal p.

Proof. (2) We have proved that the equivalence between the category of A-modules and
the category of quasi-coherent OSpecA-modules. Then the bijectivity of the morphism of

sheaves φ ∶ M̃1 → M̃2 is equivalent to the bijectivity of ϕ. Since M̃p
∼
Ð→Mp, and M̃1 → M̃2 is

isomorphism if and only if φp ∶ M̃1p → M̃2p is isomorphism. Thus ϕ is bijective if and only if
ϕp is bijective. The (1) and (3) strictly induced from (2).

Lemma A.4.33. Let A be a Dedekind domain and K the fractional field of A. Let I be an
ideal of A. Then there is a fractional ideal J of A such that I ⋅ J is principle ideal in A.

Proof. Let J be a fractional ideal defined by J = {x ∈K ∶ xI ⊂ A}. So I ⋅ J ⊂ A. We want to
show I ⋅ J = A, we need only to show that IpJp = Ap for every prime ideal p. Note that:

Jp = {
a

b
, a ∈ J, b ∉ p} = {x ∈K,xIp ⊂ Ap} .

Now Ap is discrete valuation ring. If π is a uniformizer of Ap then Ip = (πn) for some integer
n. It follows that Jp = {x ∈ K ∶ xIp ⊂ Ap}. Let u be a unit in Ap. Suppose that x = uπm ∈ K
for some integer m. Then we have uπm + 1 ∈ Ap, m + n ⩾ 0. Take m = −n so Jp = (π−n).
Thus IpJp = Ap and we are done.

Corollary A.4.34. If A is a discrete valuation ring with uniformizer π then its nonzero
fractional ideals are the principal fractional ideals (πn), where n ∈ Z. Then IA

∼
Ð→Z under

addition. We have PA = IA, thus Pic(A) is a trivial group.
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Theorem A.4.35. Let A be a Dedekind domain. Then the multiplication makes IA a free
group over prime ideals with unit A.

Proof. Since for every prime ideal p ↪ A, Ap is a discrete valuation ring. Suppose each p
defines a valuation vp. Note that if I, J ∈ IA and vp(I) = vp(J) for every p, then Ip = Jp,
using the local property we know I = J . Write I = ∏p p

vp(I). Then it is easy to see that the
map

IA //⊕pZ
I � // (⋯, vp(I),⋯)

(A.4.10)

has a inverse

⊕pZ // IA
∏p p

np � // (⋯, np,⋯)

(A.4.11)

such that their composition is identity.

But when are two fractional ideals of a Dedekind domain A isomorphic? Let ϕ ∶ I1
∼
Ð→I2

be an isomorphism between two fractional ideals. Localize with respect to 0-ideal of A, then
we have a commutative diagram:

(I1)(0)

��

ϕ(0) // (I2)(0)

��
K // K

,

where K is the fractional field of A. And ϕ(0) is K-linear. So ϕ(0) is given by multiplication
of a = ϕ(1). Thus ϕ is also given by multiplication. Notice that aI1 = (a)I1 for some a ∈ K.
So there is an exact sequence:

1Ð→PAÐ→IÐ→Cl(A)Ð→1. (A.4.12)

Then I1
∼
Ð→I2 if and only if there is a nonzero fractional principle ideal (a) such that

I1 = (a)I2.

On sums of two ideals

Lemma A.4.36 (Moving lemma). Let A be a Dedekind domain. Let p1,⋯, ps be a finite set
of prime ideals. Then for any ideal I ↪ A, there is an ideal J ∈ IA which can not be divided
by any pi for 1 ⩽ i ⩽ s, such that I

∼
Ð→J .

Proof. By the Unique Factorization Theorem, write I = ∏p p
np . By the Chinese remainder

theorem, there is an a ∈K× such that a ∈ I−1, a ∉ I−1pi for every i. Now it is easy to see that
aI saitisfies the requirement of the lemma.
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Lemma A.4.37 (Projective property). Let A be a Dedekind domain. Let M be an A-module,
I be an ideal. Let ϕ ∶ M → I be a surjective map, then there is a homomorphis π ∶ I → M
such that ϕ ○ π is the identity map and in this condition, we say ϕ has a section.

Proof. It is easy to see that the lemma is equivalent to the surjectivity of the following
homomorphism of A-modules:

HomA(I,M)Ð→HomA(I, I).

Since locally HomAp(Ip,Mp)Ð→HomAp(Ip, Ip) is surjective for any prime ideal p, and local-
ization is flat. We know from the local property

local propertylocal property
A.4.32 that HomA(I,M)Ð→HomA(I, I) is

also surjective.

I+J=A+IJ Lemma A.4.38. Let I and J be two fractional ideals of a Dedekind domain A, then I ⊕J ≃
A⊕ IJ .

Using the moving lemma, we may reduce to the case that I = ∏pnii is an ideal, where
ni > 0. And assume J is an ideal, with pi ∤ J for every i. Now (I + J)p = Ap for every prime
ideal p, then I + J = A. Define a map:

ϕ ∶ I ⊕ J // A

(x, y) � // x + y

. (A.4.13)

Clearly this map is surjective, using the projective property it has a inverse homomorphism.
Then I ⊕ J = A⊕L for some ideal L.

So we reduce the lemma to proving that L = IJ . Here we need some small trick:

The wedge product

Definition A.4.39. Let A be a ring. Let V be an A-module such that Vp
∼
Ð→A2

p for every
prime ideal p. (We call V has rank n if it is locally a free Ap-module of rank n). Define a
free A-module generated by V × V , denoted by det(V ) ∶= V ⋀V , with the following relations
for all x, y ∈ V, a ∈ A:

(ax, y) = (x, ay) = a(x, y); (A.4.14)

(x, y) = −(y, x), (A.4.15)

We call V × V the wedge product of V .

Remark A.4.40. The second relation just shows that (x, ax) = 0 for any x ∈ V , a ∈ A in
det(V ).

Proposition A.4.41. Let A be a ring. Let V be an A-module of rank 2. Then

1. There is a homomorphism V × V
φ
Ð→ V ⋀V such that for all x, y ∈ V, a ∈ A,

φ(ax, y) = φ(x, ay) = aφ(x, y); (A.4.16)

φ(x, y) = −φ(y, x), (A.4.17)
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2. V ⋀V has the universal property: if ψ ∶ V × VÐ→W saitisfies Property 1 then there is
a unique f ∶ V ⋀VÐ→W such that ψ = f ○ φ, where W is an A-module.

We use this proposition to show
I+J=A+IJI+J=A+IJ
A.4.38.

Proof of
I+J=A+IJI+J=A+IJ
A.4.38. We have already shown I ⊕ J = R ⊕ L for some ideal L. If we show that

det(I ⊕J) = IJ , then the special case is when I = A, thus det(A⊕L) = L, we are done. Now
we prove that there is an isomorphism from det(I ⊕ J) to IJ . Define a morphism

ψ ∶ (I ⊕ J)⋀(I ⊕ J) // I ⋅ J

∑((a, b), (c, d)) � // ∑det(( a bc d ))

. (A.4.18)

Where det(( a bc d )) means the determinant of the matrix ( a bc d ).
Since if ψ((a, b), (c, d)) = 0, then the vector (a, b) = r(c, d) for some r ∈ A, ((a, b), (c, d)) =

(r(c, d), (a, b)) = 0. Thus ψ is injective. The surjectivity is clear.

Corollary A.4.42. Let A be a Dedekind domain. Then every ideal I of A is generated by
two elements.

Proof. I ⊕ I−1 ∼
Ð→R⊕ II−1 = R⊕R. Thus there is a surjective morphism R2 ↠ I.

Modules of finite type over a Dedekind domain

Theorem A.4.43 (Structure Theorem of Modules). Let M be a finitely generated mod-
ule over a Dedekind domain A. Then M ≅ N ⊕ Ar ⊕ I where N is a torsion module
N

∼
Ð→⊕pA/pnp(summation over prime ideals) and I is an ideal of A.

Let M be a finitely generated module over a Dedekind domain A and let K = Frac(A).
The torsion submodule of M is defined to be:

Mtor = {x ∈M ∣ ∃a ∈ A,a ≠ 0, ax = 0} .

Equivalently, the Mtor is the kernel of the natural homomorphism M → M(0), we have an
exact sequence:

0Ð→MtorÐ→M
π
Ð→M(0).

Then M(0) is a K-vector space of finite dimension, say n.
Let M ′ be the image of π, then we have the exact sequence:

0Ð→MtorÐ→M
π
Ð→M ′Ð→0, M ′ ↪Kn.

And M ′ has no torsion. If M is not torsion, then n ≠ 0, then we have the projection Kn →K
onto the first factor. Let N be the image of M ′ of this projection. Then N is a nonzero
fractional ideal of R. We have

Lemma A.4.44. If M(0) ≠ 0 (i.e. M ≠Mtor) then there is a surjective map M ↠ N with N
a fractional ideal of R.
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Since N is projective, M ↠ N has a section, whence M ≅M1 ⊕N .
Continuing this argument for M1, Eventually, after n steps (n = dimKM(0)) we have

M ≃Mtor ⊕ I1 ⊕ I2 ⊕ . . .⊕ In.

Now apply the fact I1 ⊕ I2 = R ⊕ I1I2 then we may assume M ≃Mtor ⊕Rn−1 ⊕ I, where I is
an ideal of R (if M is not torsion).

What remains is to study the structure of Mtor. Since Mtor is finitely generated, there
exists x ∈ R, x ≠ 0 such that xMtor = 0. Therefore (Mtor)p = 0 if x ∉ p (equivalently, p ∤ (x)).
It follows that (Mtor)p = 0 for all but finitely many p ((x) = ∏pnp). Now by localization
principal, the natural homomorphism

MtorÐ→⊕
p
(Mtor)p

is actually an isomorphism. This is because p1 ≠ p2 implies p1+p2 = R whence ((Mtor)p1)p2 =
M(0) = 0.

It remains to study the structure of (Mtor)p. It is an Rp-module, Rp=DVR.

Lemma A.4.45. Let R be a discrete valuation ring. Let N be a finitely generated torsion
R-module, then

N ≃
k

⊕
i=0

R/πni , ni ≥ 0.

Proof. Let k = R/π, (π) = maximal ideal of R, then N/πN is a finite dimensional k-vector
space. Let x1, . . . , xt be elements of N such that their images in N/πN generate N/πN over
k. By Nakayama’s lemma x1, . . . , xt generate N . Thus we have a surjective map

Rt φ
↠ N → 0,

then kerφ is an R-module without torsion.
By what we have proved for non-torsion modules over Dedekind domain: kerφ ≃ Rm+1⊕I,

I an R-ideal but R is PID, hence I ≃ R. Thus we have an exact sequence

0Ð→Rm α
Ð→ RtÐ→NÐ→0.

Claim: m = t

Proof. Localize at (0)-ideal. Since N is torsion, N(0) = 0, Rm
(0) = R

t
(0) and R(0) = k (vector

spaces). Thus m = t.

Putting Rt =
t

∑
i=1

Rei, α is given by a t × t matrix A with entries aij in R: α(ei) = ∑aijej.

Now, for two automorphism u and v of Rt, one has commutative diagram:

0 // Rt α //

∼u
��

Rt //

∼v
��

N //

∼
��

0

0 // Rt vαu
−1
// Rt // N ′ // 0

. (A.4.19)

123



If u, v are given by invertible t × t matrices B and C in R, then uαv is given by BAC.
In summary,

1. The structure of N is determined by A (it is the cokernel).

2. The abstract structure of N doesn’t change if A is replaced by BAC where B, C are
invertible t × t matrices over R.

Three operations for rows (and columns) are thus allowed to determined the structure of N :
(i) Switch row. (ii) Multiply one row by an element in R∗. (iii) Add R-multiple of one row
to another row.

Lemma A.4.46. There exist matrices B, C such that

BAC =

⎛
⎜
⎜
⎜
⎝

πn1 0 . . . 0
0 πn2 . . . 0
⋮ ⋮ ⋱ ⋮
0 0 . . . πnt

⎞
⎟
⎟
⎟
⎠

, n1 ≤ n2 ≤ . . . ≤ nt.

Moreover, {n1, . . . , nt} are uniquely determined.

Proof.

A =

⎛
⎜
⎜
⎜
⎝

a11 a12 . . . a1n

a21 a22 . . . a2n

⋮ ⋮ ⋱ ⋮
an1 an2 . . . ann

⎞
⎟
⎟
⎟
⎠

Note that A may not be invertible in R but it is invertible in K, where A has a non-zero
entry.

Let n1 = min v(aij) = v(ai0j0). After switching rows and columns, we may assume that
i0 = 1, j0 = 1. Thus every aij is a multiple of a11 (in R!), a11 = u ⋅ πn1 , multiply row 1 by
n−1, then may assume a11 = πn1 . Performing operation (iii) on rows and columns, we may
assume that a1k = 0 = ak1 for every k. So A is transformed to

⎛
⎜
⎜
⎜
⎝

πn1 0 . . . 0
0 a22 . . . a2n

⋮ ⋮ ⋱ ⋮
0 an2 . . . ann

⎞
⎟
⎟
⎟
⎠

aij ∈ R, πn1 ∣ aij. Continue this argument.

Exercise A.4.47. Prove the uniqueness of n1 ≤ n2 ≤ . . . ≤ nt.

Apply the above lemma to find the structure of N

0Ð→Rt A
Ð→ RtÐ→NÐ→0
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with A = diag(πn1 , . . . , πnt), i.e. Aei = πniei.
We obtain

N =
R

πn1R
⊕ . . .⊕

R

πntR

and we are done.
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