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Quantitative intersection of skeleta

Let (X , λ) be a Weinstein manifold of dimension 2n.

ω = dλ symplectic, the Liouville vector field V defined by ιVω = λ is
gradient-like for a proper Morse function f on X

Define cX to be the union of cores of stable submanifolds of f .

The set cX is isotropic, called the skeleton of (X , λ).

Question

Given a generic compactly supported Hamiltonian diffeomorphism
φ : X → X, what is the size of |cX ∩ φ(cX )|?
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Quantitative intersection of skeleta

If (X , λ) is sub-critical, the skeleton cX is displaceable from itself.

For (X , λ) = (T ∗M, pdq), where M is a closed smooth manifold,
cX = M as the zero section and |cX ∩ φ(cX )| ≥

∑
dimH∗(M;Q).

For general Weinstein structures, |cX ∩ φ(cX )| ≥ 1 if the wrapped
Fukaya category W(X ) 6= 0, originally proved by Ritter using
Rabinowitz–Floer theory.

The skeleton cX could be rather singular in general, seems hard to
develop a Floer theory for such objects.
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Quantitative intersection of skeleta

Theorem (B–Côté)

Suppose 2c1(X ) = 0 and SH∗(X ;C) is isomorphic to the affine coordinate
ring of a smooth n-dimensional affine variety over C. Assume there exists
an object L0 ∈ W(X ) such that the degree 0 part of the closed open string
map

CO0 : SH0(X )→ HW ∗(L0, L0)

is an isomorphism. Then

|cX ∩ φ(cX )| ≥ n + 1.

If (X , λ) = (T ∗G , λ) where G is a simply-connected compact Lie group
(note that λ is just Weinstein homotopic to pdq), then

|cX ∩ φ(cX )| ≥ rank(G ) + 1.

An object L0 as above is called a homological section (Pomerleano).
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Critical points of Lefschetz fibrations

A Weinstein Lefschetz fibration on (X , λ) is a singular symplectic
fibration π : X → C with finitely many Morse type singularities such
that all the smooth fibers are Weinstein.

Denote by Lefw (X , λ) is the minimal number of critical points of all
Weinstein Lefschetz fibrations over (X , λ).

Proposition (B–Côté)

There exists a pair of formally Weinstein homotopic Weinstein structures λ
and λ′ on T ∗S3 such that

Lefw (T ∗S3, λ) 6= Lefw (T ∗S3, λ′).
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There exists a pair of formally Weinstein homotopic Weinstein structures λ
and λ′ on T ∗S3 such that

Lefw (T ∗S3, λ) 6= Lefw (T ∗S3, λ′).

Shaoyun Bai Rouquier dimension September 24, 2021 7 / 32



Table of Contents

1 Statement of results
Quantitative intersection of skeleta
Critical points of Lefschetz fibrations
Orlov’s conjecture

2 Background: Rouquier dimension
Definition
Basic properties

3 Wrapped Fukaya categories and Rouquier dimensions

4 Ideas of proofs
Generation from intersection of skeleta
Lefschetz fibration and localization
An application of the arborealization program

5 Further questions

Shaoyun Bai Rouquier dimension September 24, 2021 8 / 32



Orlov’s conjecture

Conjecture (Orlov)

Let Y be a smooth quasi-projective scheme of dimension n. Then the
Rouquier dimension (to be defined later) of DbCoh(Y ) is equal to n.

The above conjecture is proved for many examples by many authors.

Theorem (B–Côté)

Orlov’s conjecture holds for any quasi-projective varieties over C which
admits a homological mirror given by a Weinstein pair of real dimension
2n ≤ 4.

New cases covered: all log Calabi–Yau surfaces with the choice of
complex structures from Hacking–Keating.

Singular surfaces arising as mirrors of Milnor fibers à la Lekili–Ueda.
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Shaoyun Bai Rouquier dimension September 24, 2021 9 / 32



Orlov’s conjecture

Conjecture (Orlov)

Let Y be a smooth quasi-projective scheme of dimension n. Then the
Rouquier dimension (to be defined later) of DbCoh(Y ) is equal to n.

The above conjecture is proved for many examples by many authors.

Theorem (B–Côté)
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Rouquier dimension

Let T be a triangulated category.

We say the generation time of a split-generator G ∈ T is at most n if
every object could be built from G by taking finite direct sums, shifts,
direct summands and at most n cones.

The generation time of G is the minimum of all such n.

The Rouquier dimension Rdim T is the minimum of generation times
ranging over all split-generators of T .

For a pre-triangulated k-linear A∞ category C (e.g. the wrapped
Fukaya category W(X )), define Rdim C := Rdim H0(Perf C).
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Basic properties of Rdim

Rdim T satisfies the following properties.

(sub-additivity under semi-orthogonal decomposition) Suppose
〈I1, . . . , Im〉 is a semi-orthogonal decomposition of T :
hom(K , L) = 0 if K ∈ Ii and L ∈ Ij for i > j . Then
Rdim T ≤

∑m
l=1(Rdim Il + 1)− 1.

(monotonicity under localization) Let C be an A∞ category and let A
denote a set of objects. Then Rdim C ≥ Rdim C/A.

(bounded from above by the diagonal dimension c.f. Elagin–Lunts) If
the diagonal bimodule ∆C admits an l-step resolution in terms of
Yoneda bimodules, then Rdim C ≤ l − 1.
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Basic properties of Rdim

(Elagin): let Γ be a quiver, i.e. a directed graph which is connected,
finite and admitting no loops or cycles. Denote by k[Γ] the path
algebra of Γ. Then Rdim (H0(Perf k[Γ])) = 0 if Γ is of Dynkin ADE
type, otherwise Rdim (H0(Perf k[Γ])) = 1.

(Elagin–Lunts) If the A∞ category C has an object L such that the
Yoneda right module Y r

L is proper and hom(L, L) = Λ•V as A∞
algebras where V is an r -dimensional graded vector space supported
in degree 1, then Rdim C ≥ r .

The L as above is called a point-like object. For derived categories of
coherent sheaves, they arise from skyscraper sheaves; for Fukaya
categories, they come from exact Lagrangian torus.
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Wrapped Fukaya categories and Rouquier dimensions

Denote by W(X ) the wrapped Fukaya category of (X , λ). All of our main
results are proved by either bounding Rdim W(X ) from above or from
below using other geometric quantities.

Theorem (B–Côté, upper bounds)

Assume (X , λ) has properly embedded cocore Lagrangian discs (this is a
generic condition). Then given a generic compactly supported Hamiltonian
diffeomorphism φ : X → X, we have Rdim W(X ) + 1 ≤ |cX ∩ φ(cX )|.
Concerning minimal number of critical points of Weinstein Lefschetz
fibrations, Rdim W(X ) ≤ Lefw (X , λ)− 1.
If (X , λ) has arboreal Lagrangian skeleton and admits a “good” arboreal
sectorial cover and dimR X = 2n ≤ 6, then Rdim W(X ) ≤ n.
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Theorem (B–Côté, upper bounds)

Assume (X , λ) has properly embedded cocore Lagrangian discs (this is a
generic condition). Then given a generic compactly supported Hamiltonian
diffeomorphism φ : X → X, we have Rdim W(X ) + 1 ≤ |cX ∩ φ(cX )|.

Concerning minimal number of critical points of Weinstein Lefschetz
fibrations, Rdim W(X ) ≤ Lefw (X , λ)− 1.
If (X , λ) has arboreal Lagrangian skeleton and admits a “good” arboreal
sectorial cover and dimR X = 2n ≤ 6, then Rdim W(X ) ≤ n.

Shaoyun Bai Rouquier dimension September 24, 2021 16 / 32



Wrapped Fukaya categories and Rouquier dimensions

Denote by W(X ) the wrapped Fukaya category of (X , λ). All of our main
results are proved by either bounding Rdim W(X ) from above or from
below using other geometric quantities.

Theorem (B–Côté, upper bounds)
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fibrations, Rdim W(X ) ≤ Lefw (X , λ)− 1.
If (X , λ) has arboreal Lagrangian skeleton and admits a “good” arboreal
sectorial cover and dimR X = 2n ≤ 6, then Rdim W(X ) ≤ n.
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Wrapped Fukaya categories and Rouquier dimensions

Proposition

There exists a pair of formally Weinstein homotopic Weinstein structures λ
and λ′ on T ∗S3 such that

Lefw (T ∗S3, λ) 6= Lefw (T ∗S3, λ′).

Proof.

Eliashberg–Ganatra–Lazarev: ∃ a Weinstein manifold formally
isotopic to (T ∗S3, pdq) containing an exact Lagrangian T3 with a
brane structure.

This T3 defines a point-like object: Rdim W(X ) ≥ 3 ⇒
Lefw (X , λ) ≥ Rdim W(X ) + 1 ≥ 4.

For standard (T ∗S3, pdq), it is Liouville isomorphic to the
3-dimensional affine quadric {z21 + · · ·+ z24 = 1} ⊂ C4. The
projection onto z1 defines a Lefschetz fibration with 2 critical points.
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Wrapped Fukaya categories and Rouquier dimensions

Theorem

For any quasi-projective variety Y over C which admits a homological
mirror given by a Weinstein pair of real dimension 2n ≤ 4,
Rdim DbCoh(Y ) = dimC Y .

Weinstein pair: a Weinstein manifold (X , λ) with a Weinstein
hypersurface A ↪→ ∂∞X , e.g. a Weinstein manifold with a smooth
fiber of a Weinstein Lefschetz fibration.

(Hacking–Keating) Homological mirrors of certain log Calabi–Yau
surfaces are 4-dimensional Weinstein pairs.
(Lekili–Ueda) Homological mirrors of (A-side) affine Calabi–Yau
surfaces from Milnor fibers, could be singular and stacky.
The proof is based on bounding Rdim from above by n using the
local-to-global descent formula and symplectic flexibility, completely
different from known approaches. The lower bound Rdim ≥ n follows
from the existence of point-like object in DbCoh from sky-scraper
sheaves.
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Wrapped Fukaya categories and Rouquier dimensions

Theorem (B–Côté, lower bound)

Suppose there exists a split-generator K ∈ W(X ) such that hom•(K ,K ) is
a Noetherian module over a sub-ring R of the symplectic cohomology
SH•(X ), where R acts on hom•(K ,K ) via the closed-open string map CO.
Then

Rdim W(X ) ≥ dimR hom•(K ,K )

where dimR stands for the Krull dimension over R.

In particular, in the Z-graded case, if SH0(X ;C) is isomorphic to the
affine coordinate ring of a smooth affine variety over C and K is a
homological section, K is a split-generator and Rdim W(X ) ≥ n.

Combined with the upper bounds, we see |cX ∩ φ(cX )| ≥ n + 1.
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Wrapped Fukaya categories and Rouquier dimensions

For T ∗G , we need computations from rational homotopy theory.

Denote by LM resp. ΩpM the free resp. based loop space of an
n-dimensional closed manifold M.

Chas–Sullivan’s intersection morphism: umhekr map
I : H•+n(LM)→ H•(ΩpM).

It is shown by Abbondandolo–Schwarz that I coincides with CO
under the isomorphisms H•+n(LM) ' SH•(T ∗M) and
H•(ΩpM) ' HW •(Fp,Fp).

Any simply-connected compact Lie group G has the rational
homotopy type of product of odd dimension spheres. We can
compute that dimR H•(ΩpG ) = rankG for some R ⊂ H•+n(LG ).

Therefore |cX ∩ φ(cX )| ≥ Rdim W(T ∗G ) + 1 ≥ rankG + 1.
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Generation from intersection of skeleta

Given a generic compactly supported Hamiltonian diffeomorphism
φ : (X , λ)→ (X , λ), consider the Weinstein manifold
(X × X ,−λ⊕ φ∗λ).

The diagonal Lagrangian ∆ ↪→ X ×X intersects cX×X at |cX ∩ φ(cX )|
many points.

Ganatra–Pardon–Shende, Chantraine–Dimitroglou
Rizell–Ghiggni–Golovko: the object ∆ ⊂ W(X × X ) is
quasi-isomorphic to an iterated cone of product of cocore Lagrangians
of length |cX ∩ φ(cX )|.
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Generation from intersection of skeleta

Proposition

There exists a fully faithful A∞ functor

F :W(X × X )→ (W(X ),W(X ))−mod

which satisfies the following properties:

the image of the diagonal ∆ ⊂ X × X is the diagonal bimodule;

the image of any product Lagrangian K × L is the Yoneda bimodule
Y l
K ⊗k Y r

L.

The proof follows from combining Ganatra’s thesis and GPS-II.

This allows us to obtain a resolution of the diagonal bimodule by
Yoneda bimodules from the geometric resolution.
⇒ |cX ∩ φ(cX )| ≥ Rdim W(X ) + 1.
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Lefschetz fibration and localization

Given a Weinstein Lefschetz fibration π : X → C, denote by F its
smooth fiber and let cF be the skeleton of F .

Ganatra–Pardon–Shende: the wrapped Fukaya category W(X ) is a
localization of the partially wrapped Fukaya category W(X , cF ).
⇒ Rdim W(X , cF ) ≥ Rdim W(X ) by monotonicity of Rdim under
localization.

Meanwhile, Lefschetz thimbles of π give a semi-orthogonal
decomposition of W(X , cF ).
⇒ Lefw (X , λ)− 1 ≥ Rdim W(X , cF ).
⇒ Lefw (X , λ)− 1 ≥ Rdim W(X ).
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An application of the arborealization program

Given a closed n-dimensional smooth manifold M, consider a smooth
triangulation S of M.

For any 0-simplex ∆0(i) ∈ S, consider a inward smoothing Ui of its
(closed) star.

M = ∪iUi ; if ∩i∈IUi 6= ∅, then |I | ≤ n + 1.

We can assume that ∂Ui intersect transversely.

Then {T ∗Ui} forms a “sectorial cover” of T ∗M in the sense of GPS.

Descent formula of GPS: W(T ∗M) is recovered as a homotopy
colimit of T ∗(∩i∈IUi ).

We can use this local-to-global principle to obtain the inequality
Rdim W(T ∗M) ≤ n.
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An application of the arborealization program

We wish to construct “good” covers of general Weinstein manifolds and
use descent formula to understand the Rouquier dimension of their
wrapped Fukaya categories.

Álvarez-Gavela–Eliashberg–Nadler: any Weinstein manifold (X , λ)
endowed with a global Lagrangian plane field is Weinstein homotopic
to a Weinstein manifold (X , λ′) whose skeleton only has arboreal
singularities.

Arboreal singularities: indexed by rooted trees T, arising as skeleta of
distinguished Weinstein “sectors” XT.

The wrapped Fukaya categories of XT is quasi-isomorphic to Perf k[Γ]
where Γ is the underlying quiver of T. In particular, Rdim W(XT) = 0
or 1 depending on whether Γ is of ADE type or not.
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An application of the arborealization program

We wish to “triangulate” the arboreal skeleta of Weinstein manifolds, such
that

Each “star” is the skeleton of some Weinstein sector XT for some
rooted tree T.

The “boundaries” of these stars intersect nicely as in the smooth case.

Then we can construct a sectorial cover with controlled depth of
intersection, and each local piece is given by XT.
The descent formula of GPS and upper bound of Rdim from Grothendieck
construction shows Rdim W(X ) ≤ n if dimX = 2n ≤ 6, as any tree with
at most 4 vertices are of ADE type.
Our current result restricts to n ≤ 2 but it could be generalized in principle.
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Further questions

Question

Given a triangulated category T , the collection of generation times shifted
down by 1 of all of its split-generators is called the Orlov spectrum of T .
How to understand the geometric meaning of Orlov spectra of wrapped
Fukaya categories beyond the minimum one, i.e. the Rouquier dimension?

Question

How to define a notion of Lusternick–Schnirelmann category of Weinstein
manifolds based on arborealization? How is this related to the cone length
of the underlying topological spaces of arboreal skeleta?
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Thanks for your attention!
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