PROBLEMS IN PDE III
GENERAL IDEAS

Fundamental solutions.

A-priori estimates

Boot-strap and continuity arguments

Method of generalized solutions

Microlocal analysis and paradifferential cal-
culus



EXPLICIT REPRESENTATIONS.
FUNDAMENTAL SLUTIONS.

HEAT EQ. - Jiu+Au=0, u(0,z)=ug(x)

u(t,z) = /]Rd Ed(t, x — y)ug(y)dy
E i (t,x) = (47Tt)—d/2H(t)e—\:c|2/4t
LAPLACE EQ. A¢p=0

¢ = /Rde(ar—y)f(y)dy

Ky@) = ((2—d)wg) Ha>
Ky(z) = (2m) 'log|z|
WAVE EQ.

L¢ =0, ¢(0) = fo, Gp(0) = fa,
u(tw) = a((ax) "t [ fo(y)da(y))

+ eyt [ f(y)da(y)

lz—y|=t



EXPLICIT REPRESENTATIONS.
FOURIER TRANSFORM.

HEAT EQ. —Jiu+Au=0, u(0,z)= ug(x)

o0 .
a(t,) = [ e ult,a)de,  @(0,€) = o €)

— 0o

dyu(t, ) —§2a<t,£>,2
a(t, &) = ug(&)e ",

u(t.o) = (2m) 7 [T et g )

— 00

WAVE EQ.
qu = 0, ¢(O) — fO) at¢(0) — fl
u(ta) = (2m)72 [ e cos(tle)) fo(§)ds

-3 [ eeSinGED -
+ @73 [ e R (@)
COMPARISON




A PRIORI ESTIMATES, ELLIPTIC.

1. L? -ESTIMATES

o [|0%ul? = || Aull?

L2(R4) ~— L2(R4)
® H8u||L2(R2> — ||d7,qu 2(R2)+HCUTZUHL2(R2)

* [g |82u|§dag—|—f5 K|8u(af;)|§dag = [¢|Agul?dag
2. MAXIMUM PRINCIPLE u e C(D)NC2(D)

e Nu=2~0

o aij(m)(‘?ﬁju—l—bi(a:)(?iu—l—c(m)u =0, ¢c<0.

max |u(x)| = max |u(x)
max fu(a)] = max u(a)



3. HARNAK INEQUALITY

4. CALDERON-ZYGMUND ESTIMATES

d
> N10:05ull p(gay < CpllAull ppgay, 1 <p < oo.
i,j=1

5. SCHAUDER ESTIMATES

d
Z ||8iaju||00,a(Rd) < CaHAU”(jO,a(Rd)
1,J=1
WHERE,
f(z) — f(y)
Ifllcoacpy = sup | |

ryeDa#y T —y|?

FREEZING COEFFICIENTS Extend Schauder
estimates to second order elliptic operators,

Lu(x) = aij(a:)ﬁi(‘?ju(a:) + b (2)du(x) + c(z)u(x)

|0%ull o + 10ullgoa < C(IIfllgoa + llullo)



A PRIORI ESTIMATES, HYPERBOLIC.

1.

BASIC ENERGY ESTIMATES

. HIGHER ENERGY ESTIMATES

. SOBOLEV INEQUALITIES AND UNIFORM

BOUNDS

. VECTORFIELD METHOD AND DECAY



BOOT-STRAP AND CONTINUITY
ARGUMENTS

Theorem. 97u = —V'(u), V:R — R smooth,
V(0) = V/(0) and V"(0) > 0, such as V(u) =
%CQ’LLQ — u3, for some 1 > c¢ > 0.

Then, for all u(0) = ug, Oru(0) = uq sufficiently
small, there exists a unique global solution of
the equation, which remains close the origin,

i.e. |u(t)| 4 |0wu(t)| stays small for all t > 0.

B() =E(0) <5, B(t) = ((0m(t)?+u()?) -
BOOTSTRAP ASSUMPTION

A(T) : ENT):= sup (Buu(t))? + u(t)? < €2,
te[0,T]
Let 1), < Tx be the largest time for which
A(T) holds. By the continuity of v and 0Ou,
if 1), is finite, we must have,
E'(Tm) = €
IN FACT. If ¢,6 small = E'(Tj) < 3¢

6



—Au+u = f(z), ulgp =0
SIMPLE PROBLEM:

—Au = f(z), ulpp =0
INTRODUCE:
—Au+ tu® = f(x), ulpp =0

SHOW, SetJ C [0,1] of values of t for which
the problem can be solved in some functional
space X, is both open and closed.

OPEN Implicit function theorem and Schauder
estimates. f € C%D), u € X = C%%(D)

CLOSED Need an a-priori estimate. Max-
imum principle.



GENERALIZED SOLUTIONS.

DIRICHLET PRINCIPLE: Harmonic func-
tions w in D C RY with u|@D = f are minimizers
of,

|vll7 =1/ |V’U|2=12d:/ 90
br=—2 Jp 2 &= Jp"

in an appropriate functional space X.
RIEMANN: Use Dirichlet Principle to solve,

Au =0, ulgp = ug.
WEAK SOLUTION For any ¢ € C®(D)

o;ud;¢p = 0,
%:/D i u0; @
INHOMOG. PR. Aqu,u|@D=O

1) = o)}, = [ v(@)f(2)de
SOBOLEV SPACE H}(D)



Lu = 9;(a¥ (z)9;u) + b'(z)dju(x) + c(z)u(z) = 0
WEAK SOLUTIONS  For any ¢ € C3(D),

/D a¥ (z)0ju(z)0;¢(x) =0

Theorem[Di-Giorgi-Nash] Assume that a¥,b,c
are measurable, bounded almost everywhere
(a.e.) in D and that oY verify the ellipticity
condition,

aij(a;)gigj > c|§|2, VE € R?  and a.e. xz €D

Then, every generalized solution v € HY(D) of
the equation Lu = 0Omust be continuous in D,
and in fact HoOlder continuous for some expo-
nent 6 > 0, i.e. u e C99(D).



