PROBLEMS IN PDE 1

Main linear equations: Laplace, Wave,
Klein-Gordon, Heat and Schrodinger equa-
tions. Cauchy-Riemann and Maxwell sys-
tems of equations.

Examples of nonlinear equations: Mini-
mal surfaces, Burger, nonlinear Klein-Gordon.
Incompressible Euler and Navier Stokes equa-
tions. Compressible Euler equations.

Simple conservation laws and coercive
estimates.

Lagrangean formalism. Variational prin-
ciple and conservation laws via Noether’s
theorem



MAIN LINEAR EQUATIONS

e (LAPLACE EQUATION)
Au =0,

e (HEAT EQUATION)
—Oiu + kAu = 0,

e (WAVE EQUATION)

1
—— 0fu+ Au=0,
C

o (SCHRODINGER EQUATION)
10w + kAu = 0,

e (KLEIN-GORDON EQUATION)
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OTHER EQUATIONS
e (MINIMAL SURFACE EQUATION)

ax< O 1) +ay< Oy 1) =o0.
(14 [Vul?)2 (14 [Vul?)2

e (NON-LINEAR WAVE EQ.)
—815211, 4+ Au 4+ V/'(uw) = 0. (1)

e (NONLINEAR SHRODINGER)
o + Au + |ulfu = 0. (2)

e (BURGER EQUATION)

e (KDV EQUATION)



SYMMETRIES

SCALING

ROTATIONS, GALILEAN, LORENTZ TRS.
EUCLIDEAN AND MINKOWSKI METRICS

CONFORMAL TRS.

BASIC PROPERTIES

LOCALITY

LINEARITY



SYSTEM OF EQUATIONS

e (CAUCHY RIEMANN)

O1up — Oruy = 0, O1uq1 + Ooup =0

e (DIRAC EQUATION)

Du—mu = O
D = y*Oqu
VOAP APy = —2gh
D? = [OI

FACT. There exists 4 x 4 matrices verifying
the above relations.



MAXWELL VACUUM EQUATIONS

ELECTROMAGNETIC FIELD

F = Fpgda®daP,  F=dA
MAXWELL EQTS.
O Fag = O, d%F,5=0
DUAL PAIR
O, *Fhag = O, 8% *Fo5 =0

HODGE DUAL  *F,5 =134 €,5.5 F°.

ELECTRIC-MAGNETIC DECOMP.

E; = Fo;, H; = "Fy;

oF — curlH=0, diwwE=0
ooH + curlE=0, diwH=DO0.



GAUGE FIELDS
MATRIX LIE GROUP G=SO(n)
LIE ALGEBRA G = so(n)
LIE BRACKET [A4,B] = AB — BA

JACOBI IDENTITY

[A,[B,C]] + [C, [A, B]] + [B, [C, A]] = 0.
KILLING SCALAR FORM < A, B >= —Tr(ABD).

<A7[B7C] >= — < [AaB]7C>

CONNECTION 1-FORM A = Andx®,

A, RT3 g



COVARIANT DERIVATIVE

Given ¢ : R1+3 ., g
DYy = Dy + [Ap, ]
GAUGE TRANSFORMATIONS
b = Uy, 1, =U 1A, U+ (8aU_1) U
with U : R1+3 — @G

PROPOSITION
D{V§ = vt (Dfy) U =DAy

Proof.
Oa (U_1¢U) —
= (U 1) YU + U™ (8atp) U + U™ 14 (8aU)
= U1 (= (QalU) U1 + 0atp + ¢ (0uU) U1 U

= U1 (8atp + [¥, (9aU) U U
CONTINUE ! L]



PROPOSITION. DaDﬁw—DﬁDazp = [Faﬁ,zp]
with F,3 = 0aAg — 0gAa + [Aa, Ag]. Moreover
F' is invariant under gauge transformations.

F(A) (z U—lF@U) — p(4)

Proof.

Oa (Dmb) + [Aa, Dgy]
9o (91 + [Ag, ¥])

:AOM aﬁ@b] + [AOM [Aﬁa ?P]]

+ 1+

(DaDg — DgDa) ¢ = [0aAg — dgAa, V]
+ [ Aa, [Ap,91] = A, [Aa, 01| = [Fap, ¥
[[AaAg] ]

H
BIANCHI IDENTITIES

DO&F,@’y —I— D’YFozﬂ —|— DﬁF’ya =0



YANG-MILLS EQUATIONS

D, F3,) = O, DPF,3=0
DUAL PAIR
D, *Fs,; = 0O, DP *F,3=0
*Fog = %eam(g FY° *(*F)=—F

GAUGE CONDITIONS
e Lorentz orA, = 0.
e Coulomb 8'A4; = 0.

e Temporal Ag = 0.
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OTHER IMPORTANT SYSTEMS

NAVIER-STOKES EQTS.

EULER EQTS.

COMPRESSIBLE EULER EQTS.

MAGNETO-HYDRODYNAMICS.

BOLTZMAN EQTS.

EINSTEIN FIELD EQTS.
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PDE IN GEOMETRY
1.) HODGE THEORY

2.) UNIFORMIZATION THEOREM S is a
2-d, compact, Riemann surface with metric g,
Gauss curvature K = K(g) and Euler charac-
teristic x(S). There exists a conformal trans-
formation of the metric g, i.e. g = eQ“g, for a
smooth function w, such that the Gauss cur-
vature K of the new metric g is identical equal
to 1, 0 or —1 according to whether x(S) > 0,
x(S) =0 or x(S) < 0.

Proof. In the case x(S) = 2 we are led to the
semilinear elliptic equation,
Agu + 2% =

L]

3.) POINCARE CONJECTURE, GEOMETRIZA-
TION.
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VARIATIONAL PRINCIPLE
e SPACE OR SPACE-TIME
e COLLECTION OF FIELDS
e LAGRANGEAN DENSITY

e ACTION INTEGRAL
S=8[p,g: Ul = /L[L[w]dvg

e COMPACT VARIATIONS ¢ = Y(s)

ACTION PRINCIPLE: Acceptable solutions
are stationary.

d

£5[¢(3)79;U]’S:O = 0.
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SCALAR FIELD EQUATION
FIELD é RT3 __RorC

LAGRANGEAN
L9 = — 20,006 — V (9)
VARIATION
b5y = ¢ + s¢ + O(s%)

d
£5(3>

= | 1=9" 0ub0u6 — V'($)é]vV=gda
= | 9[040 — V/(6)]dvg]

where L, is the D’Alembertian,

Dg¢ — \/%—gau (9/“/\/——9 (91/¢>

ACTION PRINCIPLE
Dng T V/(Qb) — O)

s=0
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MAXWELL EQUATIONS

FIELD F = F,pdz“dzP, dF=0.
POTENTIAL F=dA, A= Anda®
LAGRANGEAN L= —3FuFH.

VARIATION  F(,y = dA(,) = dA+sdA+0(s?)
F,LLI/ — aluAy — &/AM

—C%S(s)

1 :
0 2 /1\/[ Fu I g

1 : : :
1 y
— _/ A, 9y (V=gFH") | dug
U

vV—g
ACTION PRINCIPLE

1 1%
\/__gay (\/——gF“) = 0

S=
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YANG-MILLS EQUATIONS

FIELD F =dA+ [A,A]
LAGRANGEAN L=-}<Fu, F'" >g
VARIATION Ay)y = A+ 5sA+0(s?)

d
—S
ds (s) s=0

= — | <0aAg F >+ < [Aa, Agl, F* > dvm,

1 .
:—E/U<Fa/3,Faﬁ >gd’l)m

— /u < Aﬂ,aaFaB > —|— < Aﬁa [AQ,FQB] > dvm
ACTION PRINCIPLE

DSV = g
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ENERGY-MOMENTUM TENSOR,

THEOREM. For each variational system of
equations we can define a symmetric 2— tensor
T, which verifies the local conservation laws

DVTILU/ — O
POSITIVITY For an acceptable physical the-

ory T' must be positive, i.e. for any time-like,
future oriented vector-fields X#9,, ¥ = Y"0,,

T(X,Y) =T, X"Y" > 0.
NOETHER THEOREM To any continu-

ous symmetry of the physical space (i.e. Minkowki)
there corresponds a conservation law.

1
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KILLING VECTOR-FIELDS IN
MINKOWSKI SPACE,

DEFINITION. A vector-field X is called Killing
if (XDr = 0. It is called conformal Killing if
(X)r is proportional to the metric.

1. Generators of translations :
0
Tw = 5.4
2. Generators of the Lorentz rotations

L(MV) = muﬁy — xya'u,

3. Generators of the scaling transformations:

4. Generators of the inverted translations

0 0
K(M) — 2xlu ZUP@ — (:prp)@
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EXAMPLES,

1. Scalar field equation,

1 1
Tog = (G0t s~ 5908(5" 000 +2V(9)))

2. Maxwell equations,
1

TozB — Fo/uFB,u — Zgozﬂ(F,uVF'uy)
3. Yang-Mills equations,

1
Top =< Fo!'s Fpp >g =5 90p(< Fu, ' >g)

PROPOSITION. In all the above examples
Taﬁ verifies the positive energy condition.

19



Proof. Let L, L be the two future directed null
vectors corresponding to the two complemen-
tary null directions, normalized by,

< L, L >= -2,

such that X,Y are linear combinations with
positive coefficients of L,L. Proposition will
follow from,

T(L,L) >0, T(L,L)>0, T(L,L)>0.

NULL FRAME:
Earpy ==L Lo =L  Eay- By

m(Eey, Eg41)) =0,
Sijv ij=1,...,d—1,

L]

m(E(s), E(a))
m(E(;), E(j))
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