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Abstract

The goal of the paper is to show that the event horizons of the spacetimes constructed in [I6],
see also [19], in the proof of the nonlinear stability of slowly rotating Kerr spacetimes KC(ao, mo), are
necessarily smooth null hypersurfaces. The results remain valid for the entire range of |ag|/mo for
which stability can be established. We show in fact, see Theorem [I.7] that they depend on a much
weaker set of smallness assumptions than those derived in [16].
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1 Introduction

It is known that in dynamical situations the event horizorﬂ (EV) is typically non—smoothEl even non-
differentiable on a dense set, see [8], [7]. We show that, in contrast to the general situation, the future
event horizons of the spacetimes constructed in [I6], see also [19] are necessarily smooth null hypersurfaces.
Recall that, according to the main result of [16], the future globally hyperbolic development of a general,
asymptotically flat, initial data set, sufficiently close (in a suitable topology) to a Kerr(ag, mp) initial data
set, for sufficiently small |ag|/mo, has a complete future null infinity Z+ and converges in its causal past
JY(Z") to another nearby Kerr spacetime Kerr(ay,ms) with parameters (ay,my), close to (ag,mo),
and possesses a future event horizon H*. The goal of the present paper is to show that HT is in fact
smooth. We also show that the result remains true for the entire range of |ag|/mo for which stability can
be established.

Theorem 1.1 (Regularity). The event horizon Ht of the perturbed Kerr spacetime K(a,m) constructed
in [16] is regularﬂ Moreover, as already shown in [16]], in the coordinates used there, HT lies near

r=ry=my+ 1/mfc — a?, where my, ay are the final mass and angular momentum. The result holds

'Recall that an embedded achronal hypersurface H in a Lorentzian manifold M is a future horizon if it is ruled by
future null geodesics, i.e. every point p € H belongs to a future, inextendible, null geodesic I' C H, called a generator (Note
that I' is allowed to have past end points in H but no future end points) of H. The primary example is that of the future
event horizon HT := 8J ~(ZT) of an asymptotically flat Lorentzian manifold with complete future null infinity Z1, see for
example [14], page 312 or [24].

2This is expected to be the case for black hole mergers, see [I1] and the references within. The authors of [I1] argue
that in realistic physical situations the EV is smooth at late times and take this, see Section 2.2, as an assumption in their
analysis.

3In the future of the initial Cauchy hypersurface. See Deﬁnition for the precise notion of regularity used here. We
note that also contains a proof of regularity of EV for the special case of the ultimately Schwarzschildian spacetimes
constructed in that work. See also [5].



Figure 1: The event horizon

in fact for the full sub-extremal case |ag| < my provided that the main estimate:ﬂ derived in [16] remain
valid.

We also prove the following uniqueness result.

Theorem 1.2 (Uniqueness). Under the same assumptions, any point p that is not on HT either lies
in the past of null infinity, or satisfies the property that, any future null geodesic emanating from it hits
the spacelike hypersurface {r = ry — 8y} in the black hole region M\J ~(ZT) (63 is a small positive
constant). In particular, any future complete null hypersurface, different from H*, cannot stay in the
region {|r —r| < 6y} where H* is located, see Figure [1]

The global nonlinear stability of Kerr spacetime is a major topic of interest in general relativity. An
affirmative answer for the case of small angular momentum has been established in a series of work
[17, [18] [22] [16], [12]. The restriction of small angular momentum only comes from [12] and all other works
apply in the full subextremal range. Important futher conclusions and applications have been established
afterwards, including An—He—Shen [3] on the angular momentum memory effect along future null infinity,
Klainerman—Shen-Wan [I5] on canonical future null infinity and elimination of supertranslation ambigu-
ities, and An—He [I1 2] on global dynamics of apparent horizon, formation of black holes and new proof of
Penrose inequality. In the current work, we study the regularity of the event horizon and its uniqueness
property as a null hypersurface.

1.1 A sufficient set of assumptions and a general theorem

The proof of Theorems 1,2 depends in fact on a much weaker set of assumptions than those derived in
the Kerr stability result [I6]. These are encapsulated in the following definitions.

41t is important to note that our results depend only on uniform bounds with respect to the perturbation parameter
and not on decay with respect to the advanced time v, see Theorem Such estimates, however, cannot be proved in the
absence of a stability proof.



Definition 1.3. We say a spacetime (M,g) with complete future null infinity is an Oy (€)-interior
perturbation of the subextremal Kerr spacetime K(a,m) (la| < m), if we have M = ("M U (€2 AL,
where

o (TO M s in the past of future null infinity I+ .
e The event horizon, i.e. the boundary of J~(I7), is included in (" M.
e The hypersurface {r = ro} with ro > 1 is a subset of "I M N (=DM,

o DA admits an ingoing PG structur {(63,64,H); (r,v,@,gp)}, with the linearized Ricci and

curvature coefficients I=T- La,m verifying the smallness estimates
((V3, V4, V)SVT < e (1.1)

Here I and Iy, ,,, denote the set of all Ricci and null curvature coefficients of () M, respectively
K(a,m) with respect to (r,0), see Definition[2.4}

Remark 1.4. While we do not give a precise definition of the future null infinity, it is natural to assume
that all points in (¢*Y M have large r-values, for some reasonable extensionl®| of r from ("M to (ez) M.

Remark 1.5. Note that we make no quantitative smallness assumptions in (<*) M and no decay as-
sumptions in (" M.

Upon this consideration, for points in (") M, we also adopt the following definition:

Definition 1.6. We say that a point p € ") M lies in the past of null infinity, denoted by p € J~ (),
ifpe T (= M).

According to Definition [1.3] u we assume that the event horizon, i.e. the boundary of J~(ZT), is included
in (") M. In fact, as in [16], we can assume that (") M extends in the black hole region to a spacelike
hypersurface {r = r; —d } for some small constant dz (but much larger than the perturbation parameter

€), where r = m + vm? — a?.

3
Theorem 1.7 (Regularity and Uniqueness). Assume that € > 0 is a small constant satisfying € < 62,
1

where 6, :== 1 — |a|/m. Define § = €d. 2 and consider a positive interger N satisfying N§ < 1. Then
the event horizon of an O (€)-interior perturbation of a subextremal Kerr spacetime K(a,m) is a CN
null hypersurface. Moreover, it is the only (future inextendible) null hypersurface that lies in the region

r—ry| <90}, where ry :=m+ vVm? — a?.
ﬂema#{ﬁl " The spacetzme constmcted in [16] verifies the conditions in the theorem, as it satisfies

d« ~ 1 and Ne < 1. Stronger assumptions on the spacetime, which are not ensured by the result of [16],
could imply that HT is C*°; See Remark .

5An ingoing Principal Geodesic (PQ) structure, see Section for details, consists of a geodesic foliation given by the
coordinates (r, v, 6, ¢) with a null geodesic vector field e3 satisfying e3(r) = 1, e3(v) = e3(6) = e3(¢) = 0, and the horizontal
part of the null frame {e3, e4, €q }a=1,2 satisfying e, (r) = 0. Note that the exact Kerr spacetime admits a canonical ingoing
PG structure, see Section

6Such an extension is automatic in the exterior part of the spacetime constructed in [16].



The spacetime constructed in [16] satisfies the Definition (in particular, the quantitative estimates
obtained in [16] are stronger as there are also decay estimates with respect to v), and hence Theorem
and Theorem [1.2| are corollaries of the result in the special case when |a|/m < 1.

1.2 Main features of the proof

We describe below the main features of the paper.

1. The strategy of the proof for the regularity theorem is described in Section [3.2

2. Section[2] contains a detailed description of the spacetimes we consider, based on the stability results
of [I6], [I2]. As mentioned, our results hold true for the entire subextremal range of |a|/m for which
stability can be established and, moreover, they only rely on uniform bounds and not on the more
precise decay estimates derived in [16], [I2]. Most of our analysis is restricted to the interior region

(i) M, more precisely in a small neighborhood Rs := {|r — ry| < 0} (§ < min{dy /2,1 — ‘mﬂ ,
0 < 6 < 1) of EV, see . As in [I6], [12], the perturbation estimates in Section are
described relative to a non-integrable frame, yet in the proof we need to invoke various integrable
frames, such as that described in Section [2.5] The general change of frame formulas are described

in Section and the main estimates for the integrable frame are done in Section

3. Section [3.1| contains two important criteria for the regularity of null cones over spheres as well as a
description of the main steps in the proof of the regularity theorem, mentioned above.

4. Section [ contains a detailed proof of the steps described in Section 3.2} The main quantitative
estimates are obtained in Proposition [£:2]and Proposition [£.4] which makes use of the sign of w near
the horizon, see Lemma Note that when |a| is not small, especially when |al is close to m, a
null structure near the horizon is used, as the effect of w becomes small and general transformation
coefficients, bounded by the size of |a|, are no longer small.

5. Section[5]contains the proof of the uniqueness theorem. The main quantitative ingredient, described
in Proposition makes again use of the sign of w near H V.

6. The arguments made in the proof of our regularity and uniqueness results depend only on the
assumptions made in Definition [1.3

2 Preliminaries

2.1 Horizontal structures

We work within the framework of general horizontal structures (63,64,H = {63,64}J‘), where e3 and
eq are null vector fields with g(es, eq4) = —2, introduced in [12]. Given an arbitrary orthonormal basis



{e1,e2} of H we consider the null frame {e3, eq,e,} (a = 1,2) and the associated Ricci and curvature
coefficientd’]

1 1 1
Xab = g(Dae4veb)a Xab = g(Dae37eb>7 Na = §g(D3€4vea)7 ﬂa = §g(D463,€a), Ca = §g(Da€4,€3),

1 1 1 1
w= 19(D464’63)7 w= 1(D363’64)7 §a = §Q(D4€4a€a), = §Q(D3€376a)7

W= iRa334; Qup = Ra3p3.
Here D denotes the spacetime covariant derivative operator. We further decompose

1 1 L1,
Qab = Raaps, Ba = §Ra4345 p= ZR3434’ P=7 R3a3s, B

~ 1 1 () N 1 L (o)
Xab = Xab + 58X 0ab + 5 X €avy X, = X, 5 X Oab + 5 X €an,y
where the trace and anti-trace are defined by

try i= 0% xap, try = (5“[’&117, @trx :=€® yap, (a)trx =g X
and the horizontal volume form €15= — €91= % € (e1,e2,e3,e4) = 1. Recall that the horizontal structure
is integrable if and only if the asymmetric traces (Dtry, (Dtr X vanish identically.

For a spacetime vector field X, we define its projection onto the horizontal structure H by
1 1

MxX.=X+ 59()(7 es)eq + ig(X, eq)es.
A E-covariant tensor field U is called horizontal, if

UXy, -, Xp) =U(WXy ... X)),
The horizontal covariant derivative operator V is defined by

1 1
VxY := W(DxY)=DxY — FX(X,Y)er = Sx(X,Y)es

for two horizontal vector fields X,Y . Similarly, one can define V3 X and V4 X as the projections of D3 X
and D4 X. Then the horizontal covariant derivative can be generalized for tensors in the standard way

VU(Xy,-, Xp)=Z(U(X1, - X)) —U(Vz X1, -, Xg) — - —U(X1, -+, VzXp),
and similarly for V3U and V,U.

The left dual of a horizontal 1-form ? and a horizontal covariant 2-tensor U are defined by
"o =€ap Yv, ("U)ap =Eac Uap.
For two horizontal 1-forms v, ¢, we also define
b= 6%y, VAG =€ Patp, (VOB)ab = Patb + Vbda — babt) - .

In particular || := (w-w)% with the straightforward generalization to general horizontal covariant tensors.

Similarly we define the derivative operators

dive := 8 Vatpy, curlyy:=€” Vorhy, (VEY)ab := Vathy + Vitha — dap dive).
"Here *R is defined by *Rapuv = % Euupo Ragpo, with € the volume form on M.




2.2 Null frame transformations

A general frame transformation (f, f, A) between two null horizontal structures (es, e4, H) and (e3, €}, H’)
can be written in the form, see Section 2.2 in [16],

o= (et frer+ JIrPes )
el =eq+ %f fle %f (lfa+1f|2fa> es, (2.1)
=3 (1 57 £+ PR ) ot (14,4 1078 ) oot g11Pes).

The Ricci coefficients transform according to Proposition 2.2.3 in [I6]. In our work we will consider frame
transformations of the formf

1 1
€=\ (64 + fheq + 4|f2€3> ., €y =€q+t ifae?n ey =A""es. (2.2)

Definition 2.1. If 1) = g, . a4, s an H-horizontal tensor, we define the associated H'-horizontal tensor
by the formula

Dayoar = V(e yel ) =U(€ars-- . eay)- (2.3)
When taking derivatives with respect to the primed frame, we define for an H-horizontal k-tensor ¢
Zd}ar“ak = ngal'“ak = e;;(wal"'ak) - w(DegeaN T ,G;k) - dj( €apr " Degeak)

We also define Vi1 and Vi similarly. By abuse of language, we will often refer to 1[) as simply 1/)E|

Lemma 2.2. Consider a null frame {e3,es,e.} for which £ = 0, i.e. ez is proportional to a geodesic
vectorfield. Then,

8Note that the general transformation can be obtained by composing this with a second transformation which reverses
the roles of e3 — e4, i.e. with f =0 and f nontrivial.
91n [I6] and [T2] ) was systematically denoted by 1.



1. Under the transformation 1 2), we havﬂ

/\71X:1b = Xab t+ v:;fb + famp + falp — 1|f|2xab —wfafo,
_ 1, 1., 1 1.,
Ao =w— 5)\ Lel(log \) + if (C—n)a— Z|f|2& - Zf fbxa,,
N2, = €u b STVt o fixia + wofu S|P — 1 1F P, 5 FafiGo— I FP R
a a 9 aJa 2bba a 4 a 1 1, 2abb S b—ba’
1 2.4
’ / .
Ch= Ca — chllog ) —wfa — 3 fix,, (2:4)
1
Wy =10, 50X
o
)\Xab - Xab’
_ 3 % p ok 1 a c
A 16; = Ba + é(fp'i_ f P) + Z'f‘géa - fafbﬁ fc fa ﬁc - 7|f| fcfac + f fbf Qe
2. Given an H-horizontal tensor ¢ we have, schematically,
Vi Vb = Ve, Ve, b+ f-x- (Ve ) Sl 4+ VST (F oy ). (2.5)
where the differentiation V' is defined in Definition |2.1]
3. Similar formulas hold tru@ for frame transformations of the form
1 1
ey =eq, €, =e€4+ §L164, ez =e3+ fYeq + 1|ﬂ264,
for which £ = 0.

Proof. The first part of the lemma is a special case of Proposition 2.2.3 in [I6]. To prove the second part
we proceed as follows:

Vitarar = Vilarar = €h(Qayoar) = W(Degelyy s+ €l ) — - =€l -+, Derel,)
= €y (Yarar) =Dl 1€)== ey, -+, Deyel,)
:(Degiﬁ)(eal,m an) + (D ,ea“...veak) ~~~+¢(ea1,~~,De/beak)

—P(Degel, - eh) = = (el Deel,)

(2.6)
= vegwalmak + Z (Q(De’beawec) - g(D 1 €al € )) 1/Ja1v--c--.ak
i=1

k
1 1
= vngar"ak + E (_2faixbc’l/)a1...c...ak + chxbai,(/]al"'c"'ak) .
i=1

Note that all terms on the last line, including Ve ¢a,..a, = (Vi + %fbvg)wal..,ak, are H-horizontal
(k + 1)-tensors. This serves as a general formula when we apply V’ to an H-horizontal tensor ).

ONote that V’f and V[ in the transformation formulas above are defined according to the definition ([2.3).
1By the usual ez — e4 duality.



To write V|, Vi using V., Ve 1, we repeat the calculation in (2.6) with 1 replaced by the last line of
(2.6), and obtain schematically

ViVi) =V Ve + f-x - Ve + V' (f- x - 9).
Repeating this we obtain, inductively,
Vi, Vo =Ve Ve b+ f-x- (Ve )5+ V=T x-9)
as stated. -

Remark 2.3. When A =1 in (2.2)), one can also derive similarly as (2.6) the relation

k
1 1
viﬂ/}alvv-ak - Veilwal-»-ak + § (_2fa¢ (ﬂc + fb&bc) wal-nc»--ak + §fc (Qai + fbxbai) '(/)alv--c”-ak) 3
=1

and (2.5) can be generalized to

(Vi V)% = (Vey, Ve )+ - (10, F - X) - (Vey, Ve )50 + (VL V)STH( -0, f - x) - 9) - (27)

2.3 Basic facts about the Kerr spacetime K(a, m)
2.3.1 Boyer-Lindquist (BL) coordinates

Relative to the BL coordinates, the Kerr metric g = gq,, takes the form

A — 2 i 2 0 4 2 22
g = \AZC) o e oy g+ 10 jgan? + 22 0ag,
[ [ A lql
where ¢ = r 4 ia cos § and
A = r?2—2mr+d?
lq? = 7%+ a?(cosh)?,
2 = (r?+a?)|g]? + 2mra®(sin0)? = (r? + a?)? — a®(sin )2 A.

The function A = r2 — 2mr + a? has two zeros r+ = m £ vm? — a2 with {r = 7, } the event horizon of
K(a,m). The ingoing principal null (PN) frame, regular towards the future for all » > 0, is given by

r2 4 g2 A a r? 4 a2 a
- O+ —0, + —=04, = Oy — Op + —04. 2.8
A= Ot gt =Ty ARl 2
The canonical horizontal basis is given by
1 asinf 1
e1 = —0p, eg = Oy + — 0. 2.9
% T T T e 29

10



2.3.2 Ingoing Eddington—Finkelstein coordinates

The ingoing Eddington—Finkelstein coordinates (v,r, 0, @) are given by

2, 2
vimt+ ), F) = =gt h), W)=,
A A
such that,
asin @
e3(r) = —1, e3(v) =e3(0) = e3(p) =0, ei(r) =ea(r) =0, ei(v)=0, eav)= il
Thus,
2(r? + a?) A 2a 1 asin 6 1
eg = ————0,+ —50, + —0,, e3 = —0,, e1 = —O0p, €y = b+ —— 0.
! FE R E T T P g sin g

The metric expression in the ingoing Eddington—Finkelstein coordinates is given by

2
Cam = — (1 — nr;) (dv — asin® 0 dp)? + 2(dv — asin® 0 dp)dr + |q|*(d6? + sin? 0 dp?). (2.10)
q

In the language of [I6] (chapters 2,3), the nonvanishing Ricci and curvature coefficients are given by

2GA 2 7 1 A 2
trX:qizlv trX:_iv Z:H:LCIQ3a ﬂ:_ati;j; W =—= r<2>7 :_7?)
lq] q lq| lq] 27 \q| q

where X = x+i*x, X =x+i*x, H=n+i*n, H=n+i"n, Z =(+i"(, P = p+i*p are complexified
Ricci coefficients and curvature components, and J is a horizontal 1-form satisfying J; = isin |q|7?,
Jo = sinf |g|~! in the canonical horizontal basis.

2.4 The Oy(e)-interior perturbation of Kerr
2.4.1 Quantitative bounds in (") M

By our definition of an Oy (¢)-interior perturbation of the Kerr spacetime K(a,m), we have M = (") MU
(ex) M, where (") M is endowed with an ingoing principal geodesi (PG) structure. In [16], ") M has
a future spacelike boundary {r = r, — d% }, where d3; > 0 is a small constant. We make a corresponding
assumption that the region {ry — dy < r <rg} is contained in (int) M. Note that

re=m+vVm2—a2, A=r?>-2mr+a®, q=r-+iacosé,

where r, 0 are the coordinates from the ingoing PG structure.

12See Section 2.3.1 in [I6] for the definition of PG structures. Note that Kerr has a canonical ingoing PG structure given
by the Eddington—Finkelstein coordinates and associated frame.
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The ingoing PG structure of (") M consists of coordinates (v,7,6, ), (v,r,z',2?), and a null frame
{es, €4, €4}, satisfying

Dses =0, e3(r)=—1, equ(r) =0, e3(v)=-e3(d)=es(p)=es(z!) =es(x?) =0.

The intersecting spheres of level sets of v and r are denoted by S(v,r). The two coordinate systems

S(v,r) are related by

z' =sinfcosp, 2 =sinfhsing.

The coordinates (z!,2?) are regular near the north and south pole where the coordinates (6, ) become

irregular.

To state the estimates for the Ricci and curvature coefficients, we need to define a complex horizontal
1-form J as in [16]. In (int) A 3 satisfies

~ L1 i~ . = 2(sinf)?
Vs ==3, J=-, J-Ci:(irz)
q gl
We have J = j + i *j where j is a real horizontal 1-form, which satisfies
(sin 9)?

e (2.11)

Vsj =gl 7*(rj —acos075), Vs*j=lg|?(r"j +acosty), |jJ*=

Definition 2.4. We define T to be the set of the following quantitz’e

—_— —_— —_—— —

67 &37 ﬁu (@tr X 55’ X» Zﬂ ﬁa 1}/&’ (a)trX7 Tb/v T*P7 rﬂa ra, Tﬁa Q, T64(T)7 7"64('[))7 %1
rdivy, rm, €4/j, ﬁ*/j, rV®j, V(\(D?Q), req(cosf),

where the checked, linearized quantities are defined by

- 1 A [ 2rA 2acos A ¢ rj —acosf*j
Gi=w+ -0 (—), try=try— —— @try:=@try- """ (=¢-=>——" =g
2 gl? lql* lgl* lq/?
o rj4+acosf*j — 2r — 2acosf  _ 2m
Q:Q-i-‘]izja, trx =trx+ 5, (“)trK::(a)trx—i27 p=p+R(—)
lql lql lq| q (2.12)
A 2(,,,2 + a2) - . - . .
ea(r) = eq(r) — Pk es(v) = eq(v) — T Vv =Vv—aj, V(cosh):=V(cos)+*j
q q
— 2(r? 4+ a? 0 = A(rj 0*j = A(r*j — 07
ol = curl j — (r® + a4) cos V=V (ri+ afos j), VI = Vit (r*j ZCOS 7)
lql lql lql
Note that under an ingoing PG structure, we have § =0, w =0, n = (.
The following smallness estimate in (") M is our main assumption:
|(Vs, Vi, V)SVT| < e. (2.13)

13 This real form of the linearized quantities is equivalent to the complex form in [I6]. Note that the formulation in [16]
works in the full subextremal case.
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Remark 2.5. In [16, Section 3.4.3], the following decay estimate holds:
(V3, Vi, V)SVT| < evt -0, (2.14)

where 4o > 0. Our arguments do not require decay and are valid in the full sub-extremal case |a| < m.

Since the metric can be given by the null frame, we haveE

3
g = 8am + (dv,dr,rdf,rsin 0 dp)? O(e), % <0< Zﬂ,
(2.15)
2
g = 8am + (dv,dr,rdz*, rdz?)? O(e), 0<0< g or ?ﬂ <O <m.

Remark 2.6 (Main constants). Here € is a small constant satisfying € < min{dy, 6. := 1 —|a|/m}. We
1
choose a small constant = €d. * such that e<§ < min{dy /2,0, }.

We will need to deal with derivatives of the real 1-form j when changing frames.

Lemma 2.7. We have

(V, Vs, V)=V (5, "5)| S 1. (2.16)

~

Proof. In view of the linearization of Vj, curl j, see , and , along with , in order to con-
trol (V, V3, V4)=F(4, ), it suffices to control (V, V3, V4)SF cos § and (V, V3, V4)<F~1(4,*5). The bound-
edness of (j, *j) has been established in (2.11]), so by induction, we assume |(V, V3, V4)<F71(j,*j, cos 0)| <
1. Then we have

(V. V3, Va)F cos 8] < [(V, V3, V)51 (Vi cosb, Vs cos 0, V cos )| < |(V, Vs, Vi) SF 1T, %) < 1,
where we used es(cosf) = 0, reg(cosf) € I', and VE(KO) = V(cos0) + *j. O

Remark 2.8. From the estimates, we see that while the linearized quantities are e-small, some original
quantities ¢, n, and Vv have sizes that can only be bounded by |a|. This is a key difference to address for
the full subextremal case, along with the fact that the effect of w decays to zero as |a|/m — 1, as can be

seen from Lemma below.

2.4.2 The quantity w

Lemma 2.9. Assuming that (2.13|) holds for some |a| < m, we have, in the region {|r —ry| < 0} with §
a small constant satisfying 6 < 6, := 1 — |a|/m, we have

1 3 <N 3
. V=Nw| < 0(57). :

1n this paper, by A < B we mean A < CB for some C' > 0 independent of A, B, and the location in the spacetime. If
the implicit constant is dependent on a parameter s, we denote it by A <; B. We also use O(B) to denote a quantity A
satisfying |A| < |B|.
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Proof. In the exact Kerr K(a, m), under the principal ingoing PG frame, we have

1 < A ) a?cos? O(r —m) +mr? — a®r
Wam = —50r\ 715 | = — .
27" \Jq|? lq|*

Recall that ry = m++vm? — a2 = m+m+/1 — (a/m)? = m+m+/0.(2 — 0,) = m—&—O(éi/z). For r =1y,

a?cos® O(r —m) +mr? —a’r > = ma®cos® 0y/0,(2 — 6,) + 14 ((m+V/0.(2—6.))m — a?)

= \/0.(2—6.)(ma®cos® 0 +rom) +ry (m® — a?)
= /0.(2—10) (ma2 cos? 0 + r+m) + r+m25* (2 — 04)

2

2
= mry /62— 001+ %059 +ma/5,(2 - 6,))
+
> m2ry/6.(2 = 8).

We deduce,

o mPr /020 512

—wa,m|T:T+ = ‘q|4 = ]_6m

Therefore, with a perturbation of size O(€), € < 0., in the region {|r — r4| < §}, we have

1/2
w< -2,
- 32m

Also, since V(r) =0, for |r —ry| < 0 < 0,

V=Ne| = O(r = m], mr?® — a*r]) = O (V1= Ja]/m) = O(2).

With the assumption that similar estimates in the last subsection hold, we see that the estimates regarding
w here also hold under an O(e) perturbation. O

2.5 Adapted integrable frame in (") M

In addition to the non-integrable ingoing PG frame in (") M, we introduce a related integrable frame
adapted to the spheres S(v,r).

2.5.1 Adapted integrable frame in Kerr

Lemma 2.10. For the ingoing PG structure in Kerr, there exists a canonical integrable horizontal struc-
ture (eg, Hey, (M) compatibl with the sphere S(v,r) with transformation parameters (F, F,A = 1)
such that

15i.e. (8)H tangent to S(v,r).
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e We have
dey(r)Vo 2Vwv

o . F=-— . (2.18)
ea(v) + /lea(v)[* — dea(r)[Vo]? Vi0ea(v)[? = deq(r)[Vof?
2 2
where ey(r) = ﬁ and eq(v) = Q(T‘qﬁa )
e The spheres S(v,r,) are marginally outer trapped surfaces (MOTS), i.e. (Dtry = 0.

Proof. Denote the frame transformation from {es,e4, e,} to { ez, ey, e, ) by (F, F). Recall that
es(r) = —1, e3(v) =0, eq(r) = 0. According to (2.1]) we look for a horizontal structure spanned by

e, =ea+ 3F,Fley+ §F e+ (3Fa+ §|FIE,) €5,
such that (e, (v) =0, e, (r) = 0. Therefore
1. 1
0 = ealv) + 5FFrav) + 5Fes(v)
1 1 1
0 = §Ea€4(’f‘)* (2Fa+8|F|2Fa> .

From the second equation we deduce

1
(64(7") - Z|F|2)E =F with eir) = (2.19)
The first equation takes the form
1 1
Vv + §E(F - Vo) + §Ee4(v) =0.
We look for an F' of the form F' = hVwv. Thus,
1 |
Vo + §h|VU| F+ §Ee4(v) = 0.
Multiplying by e4(r) — 1|F|? and using (2.19) we deduce
1 ) 1 ) 1
(64(T) - Zh|VU| )hVU + §h|Vv| hVv + i(th)e4(v) =0.
We deduce i 1
~|Vo2h*Vu + (*64(U)V’U + he4(r)) Vo =0.
4 2
and therefore, as long as |Vv| # 0,
|Vo|?h? 4 2e4(v)h + 4eq(r) = 0, (2.20)
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or, taking the smaller root[™|

—ea(v) + V]ea(W)]? — dea(r)[ Vo] _ deq(r)

Vo2 ea(v) + /lea(W)]? — dea(r)[Vo?

h =

Recall that ey(r) = ﬁ, es(v) = 2TT;I§2. Also, whenever e4(r) # 0, we have

1 hVuv hVu —2Vv

T 2e4(r) + sea@)h  JJea(0)]? — dea(r) Vo

F= F= =
 e(r) = IFP? ea(r) — 7h*|[Vul?

where we used (2.20). When e4(r) = 0, there is in fact no constraint on F, so we can simply use the
same expression for F.

Finally in view of the transformation formula (2.4}, from the standard frame to the S-frame, using the
fact that F' and trx vanish everywhere on {r = r,}, we have, on S(v,r),

1 1
Diry = §%g(D (s),, ey, Sey) = 6“bg(Dea+%Eae4 (es+ Fley + 1|F|263),€a + §Eae4)

r=ri

1
:trx—|—§E-§:trX:0,

as stated. O

2.5.2 Adapted integrable frame in (") M

Similarly, we can obtain an adapted integrable frame from the PG frame in the perturbed spacetime.

Lemma 2.11. Consider the perturbation of Kerr spacetime M = ("M U (¥ M constructed in [10],
with the ingoing PG structure in ") M. Then there exists a null frame ((5)63, (Sey, (S)ea) on "M,
with an integrable horizontal structure adapted to the spheres S(v,r). The transformation parameters
(F,F,\ =1) from the ingoing PG frame to the new integrable frame can be written as

2
o deq(r)Vo ’ Fe_ Vo . (2.21)
ea(v) + V/lea(v)]2 — dea(r)[Vu]? Viea(w)[? — dea(r)[ V]2
Proof. The procedure is identical to the one in Lemma [2.10 O
2.6 Estimates of the integrable frame near the event horizon
We restrict our discussion in a neighborhood of H¥, i.e. the region
Rs:={|lr —r4] <4}, where €< <min{d,,dy/2}, (2.22)

161t is straightforward to verify that the discriminant is strictly positive in (¢ M.
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with 6, = 1 — lal

‘m
We have the following bounds for the transformation parameters (F, F).
Proposition 2.12. In the region Rs, we have

|(V4, V)SVNF| < CnS,  |(V3, V4, V)EVNF| < Cymax{d,al}, |(V3, V4, V)SNF| < Cymax{4, |al}.

Proof. The bounds proportional to a are direct corollaries of the estimates 7 and the formulas
for F, F in 7 which are both proportional to Vv = Vo + aj. To check the O(4) bound for F' it
suffices to notice that its expression is proportional to e4(r) = ﬁ + e:/(r) = O(6). Moreover this bound
is preserved by taking higher derivatives in ey, e,. Indeed,

eilenr)) = e (ealn) +e (A) = s (ea0n)) + ear) (0,) <1) +Aey <ql|2> ,

lq|? lq|?
— 1
eq(ea(r)) = eq (64(r)) + Ae, <|q|2> ,

so there is always a A or e4(r) factor, ensuring the d-smallness. Note that es(A) gives e4(r), so along
with e, (r) = 0, we see that a similar estimate holds with higher order differentiations in V4 and V. O

Corollary 2.13. In the region Rs, we have |(V (s)e,,V (s)¢,) SV F| < 6.

Note that we are still using the H-horizontal operator V. Recall that e, = e, + %Eaneb + %Eae4 +
(%Fa + %|F|2Ea)637 50 V (s),, is defined by V(s),, = Vo + %EanVb + %EGV4 + (%Fa + %|F|2EG)V3.

Similarly V (s)., = Va4 + FV, + 1|F|?Vs.

Proof. The only derivative that does not give §-smallness is the es direction, but one can see from the
expression of V (s), and V (s, that V3 is always paired with a factor in I, which provides a J-smallness
factor. Therefore, the estimate is a direct corollary of Proposition [2.12] O

2.7 The time function 7

We endow the region {|r — r| < 2§} with a spacelike foliation X, given by the level hypersurfaces of
the function 7 := v — r. One may extend X, to the whole spacetime, but here it suffices to focus on
{|r —r4| < 20}. To see that 7 is indeed a time function and therefore 3, are spacelike, we compute (for
Ir— 14| < 26),
g(grad 7,grad 7) = 0"7 0,7 = —e3(T)ea(T) + eq(T)eq(T) = ez(r)es(v — r) + eq(v)eq(v)
= ~(ealv) +0(9)) + VP
2(r2 +a?)  a*sin®6
lal? lal?
272 + a? cos? 6

= TR +0(0) < -1<0,

+0(6) + O(e)
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so T is indeed a time function.

The coordinate system on ¥,. From the spacetime coordinates (v,r,0,¢) (and (v,r, 2%, 22)), we see

that (r,0,¢) (and (r,z', 2?)) become coordinate systems on ¥» = {v —r = 7} for each 7. The coordinate
basis can be expressed by the spacetime coordinate basis by (9, 0s,0y) = (Or + 0y, 09, 0,) (similarly for
the (r, 2!, 2?) coordinate).

In fact, by (2.15]), there exists a diffeomorphism
By (ry — 26,74 +20) xS = X N {|r —ry| <26}, (2.23)

where (0,¢) (and (2! = sinfcosp,2? = sinfsinyp)) are the spherical coordinates on S?, where the
pullback metric, denoted by @5, g, or simply g, satisfies

§=Bum + 0.
Here g, ,, is the correbpondlng pullback metric induced on {7 = v —r = const} in exact Kerr. One can
compute from the expression (2.10) that

_ 2m o Aamr sin? @ 32
ga,m = (1 + | |2 ) dr |q|2 | |2 sin 9d<p
1

One can also derive the expression in (r, 2!, 2%) coordinates by straightforward calculation:

drde + |q|*d0? + —

2 4am
Com = <1 + |;T2T) dr? + ﬁ” ( 2drdzt — 1drdx2)

=

2m 1,.2
42 ( (1 o > ola? + %”_T E |q|2) ot da?

b (e (1 Y 4 1‘(|)2|q|2) (@2,

Il

which is regular away from 6 = /2.

In particular, we see that
2m

1<90,,0,) =1+ " e L 100) < (2.24)

It is also clear from the metric expression that there exists a constant only dependent on a,m,d such
that
C 19, <3< Cqy, |r—ry| <20 (2.25)

Here g, denotes the induced Euclidean metric when we embed (1, — 26,7, + 28) x S? into R? using the
standard spherical coordinates.

We will frequently use this diffeomorphism ®y_ from (2.23]). Denote the natural projection (ry — 24,74 +
26) x S? — S? by Ps2. Then we also define

P g2 = Ppo®g': S N {|r —ry| <26} — S (2.26)

This assigns to each point on X, N {|r — ry| < 2§} a coordinate value on S?.

18



2.8 Causal relations

Definition 2.14. Given a set S in the spacetime, we define its chronological future IT(S) and causal

future J+(S) by
I't(S) :={q: There exists a point p € S and a future-directed timelike curve from p to q}.

JT(S) :={q: There exists a point p € S and a future-directed causal curve from p to q}.

One can also define its chronological past I~ (S) and causal past J~(.S) by replacing “future” with “past”.

By a causal curve we mean a C'! curve with velocity always timelike or null. We have the transitivity
properties [21], Propositions 2.5, 2.18]@

Proposition 2.15. The following statements are true:

(i) Ifae JH(b), be T*(c), thena € Tt (c);

(ii) Ifa € JH(b), be It(c) orbe IT(b), be T (c), thena € IT(c).
The spacetime we study here is globally hyperbolic. In this case, we have the following properties (|24}
Theorem 8.3.11])

Proposition 2.16. In any globally hyperbolic spacetime, J+(K) is closed if K is compact. Moreover,
we have I1(K) = JT(K). Same things hold for 7= (K) and I~ (K).

Definition 2.17. A set is called achronal, if any timelike curve cannot intersect it more than onceE

2.8.1 Null cones over spheres

Consider a spacetime M foliated by a family of spacelike hypersurfaces {3, },cr, and each X, is diffeo-
morphic to R3\ B, where B is the unit ball in R®. Any embedded sphere on X, corresponds to a sphere on
R3\ B through a diffeomorphism map and divideﬂ Y-\ B into two regions, the interior, and the exterior
(the latter containing the spatial infinity). This then defines the outgoing and incoming null direction
perpendicular to S.

Definition 2.18. The future outgoing (incoming) null cone of a sphere S, denoted by CT(S) (C~(S)),
is the null hypersurface generated by the congruence of future outgoing (incoming) null geodesics perpen-
dicular to S. We can define the past null cones in the same way.

17Strictly speaking, the set 17 (S) and J+(S) is defined differently by piecewise C'! geodesics in [21], but the equivalence
was also discussed in the same chapter.

I8 A typical example is the light cone from a point in Minkowski space.

19The Jordan-Brouwer separation theorem applies, for example.
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Definition 2.19. A (portion of) null cone C(S) = C*(S), generated by an embedded sphere S, is said
to be regular if it is smooth and embedded, i.e. it is the image of a smooth embedding from [0,T] x S? to
the spacetime M.

The following definition is important in determining the regularity of C(5), see Remark

Definition 2.20. Let L be a null geodesic vectorfield of C(S), i.e. tangent to the null generators of C(S)
and DL = 0, and define the null expansion along each null generator to be tr x = 0*°g(Dg, L, Ey) where
FE, is an arbitrary choice of spacelike orthonormal frame perpendicular to L. Note that tr x is invariant,
i.e., it does not depend on the choice of Eaﬂ

We now give some causal properties when the future outgoing null cone C*(S) is regular. Clearly similar
properties also hold true for a regular past incoming cone of S (i.e. C*(S) when extended towards the
past).

Definition 2.21. Assume that C = C*(S) is regular, so S, = C N, is an embedded sphere on X,.. In
this case, S; defines the interior and exterior region of ¥, denoted by X% and X¢. Unless specifically
mentioned otherwise, we assume that they include the boundaries.

Proposition 2.22. Assume C = C*(S) is a regular null cone with ¥t X¢ defined as above. Then there
is no future-directed timelike curv@ emanating from Xt that intersects C.

Proof. Suppose there is such a curve ~ initiating on 3, and denote the first intersecting point p € S,» C C
for some 7/ > 7. Take a null frame {L, L, E1, Es} so that E;, Es are tangent to S, (hence X,/), L is
tangent to the null generators of C, and both L, L are pointing to the future side of ¥.,. Then the
velocity vector V along 7 can be written as V = aL + bL + V;, where V; € span{FE, F5} is spacelike.
Since p is the first intersecting point, we must have b < 0 as otherwise, V' points to the future side of C,
and hence there exist points on v in the other side (where initially v does not reside) prior to p, implying
that there must be an earlier intersection of v and C', a contradiction. Note that

g(V, V) = —dab + g(Vs, Vi) > —4ab.

Since V is timelike, we must have ab > 0. Therefore a,b < 0, which contradicts the assumption that V'
is pointing to the future of X,/. O

Similarly, one can show that the past incoming null cone, if regular, does not intersect the chronological
past of X¢.

Definition 2.23. For any 7,72 with 71 < T2, denote the portion of C = CT(S) between ¥, and ., by
C(7y,72). Assume that C(71,72) is regular, then from above, the set Eil UC(r1,m2) UXS, is an achronal

set, i.e., no timelike curve can intersect with it more than once. We denote it by 6(7’1,72).

20Note that when L is fixed, any two null frames with horizontal structure perpendicular to L can be related by a null
frame transformation (f =0, f,A = 1) (with L viewed as e4). In view of the transformation formulas, see Section [2.2] we
easily see that tr x is invariant.

21By convention, a single point is not a timelike curve; it is however often counted as a causal curve.
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Recall that in a globally hyperbolic spacetime, the closure of I7(S) is J+(S). Therefore we have

Corollary 2.24. Under the assumption of Definition we have JH(SL)NXE, =S, T (2)N
¥io=5..
T1 T1

3 Strategy of the proof of Theorem [1.1

The goal of the section is to describe the main ideas of the proof of Theorem restated below:

Theorem 3.1. For the spacetime M, described in Section@ satisfying the smallness condition (2.13)),
the event horizon HT, defined as the boundary of the region J~(Z1), is a regular null hypersurface in
the future of the spacelike hypersurface EOE

Remark 3.2. In the proof, we only need to assume the smallness estimate (2.13)) in Rs = {|r —r4| < d}
and the characterization (3.2)) of the past of null infinity.

3.1 Regular null cones over spheres

We start with the following definition.

Definition 3.3. An immersion i: X — Y is a smooth map whose tangent map is injective at all points
of X. An embedding is an injective immersion where the map is a homeomorphism onto its image, with
the image i(X) viewed in the subspace topology of Y.

In the case when X is compact, an injective immersion map is an embedding.

We now assume that S is an embedded sphere on 3y in a spacelike foliation {3} of M. Consider the
outgoing (or incoming) cone of S, denoted by C(S). Denote the null generator emanating from p € S by
7p, and its unique intersection with X, by «, . Define the following map:

72 S =X, P (3.1)

The regularity of the null cone C(S), see Definition [2.18] is crucially dependent on whether i, is an
embedding into ¥,. Since S is diffeomorphic to S?, we can, by abuse of language, write this map as
ir:S? =3,

Remark 3.4. A null cone C(S) generated by a smooth embedded sphere S, in a smooth spacetime M,

is reqular, if and only if:

e Nearby null geodesic generators do not intersect. This is equivalent to saying that i is an immersion
for each T.

22Tn the case of the stability result of [I6] this would be the initial Cauchy hypersurface, which lies in the initial data
layer.
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e No null geodesic generators of C(S) intersect. This is equivalent to saying that i, is in fact an
embedding for each T.

3.1.1 Immersion Criterion

Given a smooth choice of the vector field L on S, one can extend it as a geodesic vector along the null
generators of C'(S). Then the null expansion trx is well-defined, see Definition

Proposition 3.5 (Immersion Criterion). The map i, is an immersion for all T € [0,T] if and only if the
null expansion tr x is bounded away from —oo for T € [0, T]. This also means that the map [0, T) xS — M,
(1,p) — Yp,r is an immersion.

Proof. See Appendix O

3.1.2 Embedding Criterion

Lemma 3.6. Suppose i, : S* — ¥, is an embedding for some 19. Then there exists a sufficiently small
€ such that the maps i, : S* — X, remain embeddings for all T, |7 — 70| < €.

Proof. Denote by S the image of i, i.e. i, (S?) = S. If the lemma does not hold true, then there exists
a sequence T, \, 7o, and there exist p7, p§ € S?, distinct for each n, satisfying i,, (p}) = i, (p%). By
compactness, we can assumﬁ that p? — p1, p5 — p2. Since S is compact, the pointwise convergence
ir, (D) = irg (p)@ as n — oo is uniform over p € S?, and therefore, i,, (p}) — ir,(P1), iz, (D) — iz, (P2),
SO Gry (P1) = iry(P2), i.6. P1 = pa. Since S is embedded, the null expansion is clearly bounded near S, so
by Proposition we know that for each p, there exist a ¢, > 0 and a neighborhood O, on S? such that
(—€p,€p) X Op = M, (1,p') — i, (p') is injective. Taking n large such that i,, (p}), i-, (p3) lie in this
injective neighborhood for p; = p, gives a contradiction. O

Clearly for 7 far away from 79, ¢, may fail to be an embedding, even if it remains an immersion. See
Figure [2] for an illustration of the situation.

The following gives a useful global criterion. In the following, the spacelike foliation {X.} is the one
defined in Section and recall r is a coordinate function on Y.

Proposition 3.7 (Embedding Criterion). Fiz any 7 > 0. Let i : S? — X, be a map that verifies the
following properties:

230r just extract a subsequence.
24Evaluated e.g. with respect to the 4-dimensional Riemannian metric associated to g under the spacelike foliation X,
through the 1 4 3-decomposition.
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S

Figure 2: A picture in 2 4+ 1 dimension illustrating the case where there
will be 7 > 7y such that ¢, is an immersion but not an embedding. The
short blue lines represent intersecting null generators.

1. For each point p € S?, there is a neighborhood O, such thaﬂ ilo, is an embedding to ¥.

2. There exists a small number 6> 0 such that every O, admits an orthonormal frame {(O)ea}, tangent
to the embedded submanifold i(O,), for which | Ve, (r)] < 6.

Then the i is an embedding. Moreover, there exists a smooth map
R:S2—>[T+_57T++5]7 pHR(p)v

such that ®s({(R(p),p): p € S*}) = i(S?) (with ®x = Py defined in (2:23)).

Remark 3.8. The map R can be thought of as a graph function over S?. We will then establish uniform
bounds of the graph function for all intersecting spheres on Y. and apply the Arzela—Ascoli lemma to
obtain the limit.

Proof. See Appendix [A] O

Corollary 3.9. For any T > 0, if i, are embeddings for all 7 € [0,T], then the null cone C(S) is regular
between Xg and Y.

Proof. Note that by causal structure, each null generator intersects a spacelike hypersurface only once.
Therefore the injectivity w.r.t. the time variable is verified and the regularity of the cone follows. O

3.2 Main steps in the proof of the regularity theorem

Recall that we assume (¢*Y) M lies in the past of null infinity, denoted by J~(Z1), and we say p € J—(Z)
if pe J=("M)

Definition 3.10. The event horizon of M, denoted by H™, is defined as the boundary of J~(Z7T).

25That is 4 is a local embedding.
26We have not defined what Z+ means, so we also need to implicitly assume transitivity of 7~ holds, but this is clearly
natural.
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Figure 3: Idea of the proof of Theorem

We now give a characterization of J~1(Z).

Proposition 3.11 (Characterization of J~(Z)). We have
T @) = {p: TH@) N {r > vy + 6} £ ). (3.2)

In particular, any point in the set {r > ry + §} belongs to T~ (ZT).

Proof. Clearly, the left is included in the right. For the converse, if p is in the set on the right hand side,
then there is a point p’ € J+(p) with r-value of p’ no less than 7, + J. Consider the integral curve of ey
starting from p’. This is a causal curve, and we know that, for all > r, + 4,

—_—

A
eq(r) = W + eq(r) > co,

for some constant ¢ > 0. This implies that along this curve one can reach arbitrarily large values of r.
Therefore, sup 7+, r > 7o, which meets our definition for p e T (TT). O

To prove Theorem (1.1} we consider a spacelike hypersurface ¥y given as the level set {7 = 0}, where 7 is
the time function defined in Section the outgoing (past incoming) null cones C,, generated backward
from a sphere S(v,r}) C {r =r} :=r; + §}, and the intersections S = 3y N C,. To prove the theorem
we need to implement the following steps (see Figure 3] for a graphic representation of the proof):

Step 1. Monotonicity. Assuming that the hypersurfaces C, are regular, we show that for each v; < vq, the
sphere 521 = Cy, N Xy is included in the exterior of the sphere 532 = C\y, NXg on Xy.

Step 2. Regularity of C,. This, the heart of the proof, is given in Section [£.] The argument depends in
an essential way on the bounds , Lemma and the transformation formulas of Section
The proof shows moreover that for each 7, S7 (the X -section of C,) is an embedded sphere that
can be written as r = R, (0, ) (switched to r = R,(z!,2?) when needed) on ¥,. This fact relies
heavily on the Embedding Criterion (Proposition . Note that the main assumption 2. of the

Embedding Criterion is verified in view of Lemma
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Step 3. Regularity of the spheres SO = C, N ¥y. Using the estimates in Step 2 we derive, in Section
geometric estimates for the spheres S0 = C, N Yy, in particular uniform bounds on the derivatives
of the extrinsic curvature of S? on ¥.

Step 4. Limiting sphere S*. Using Step 1 and the trivial lower bound for the functions R, |R,| > r4 — 4,
it is easy to show that the induced surfaces SY on ¥g have a limit S* as v — oo. In Section we
rely on the bounds obtained in Step 3 to show that S* is a smooth sphere.

Step 5. Future Horizon. In Section 4.6| we show that the future outgoing null cone generated from S*
coincides with the future horizon H* N 77 (Zo).

3.3 Monotonicity property

We first prove a monotonicity property under the assumption that each C,, is regular. For v > v, each
point on S(v1,r}) can be connected by a point on S(vz,7%) through the integral curve of 9, which is
always timelike on {r = rj} (recall that rj =ry +0), i.e., S(v1,75) C I~ (S(v2,7%)). Therefore, the past
of S(vq,7y) is contained in the chronological past of the achronal set Chy (0,09 — r}) (see Definition
and . Therefore, by Proposition M(ii)7 we have J~(S(vi,r}))N 6,,2 (0,v9 —r}) = @. In particular,
89 C I (S(v1,75)) does not contain any point in the interior of S9, on ¥, hence must be in the exterior
of S9, on .

4  Proof of Theorem [1.1]

In this section, we follow Steps 2-5 and prove Theorem [I.1]

4.1 Geometry of the null cones C,

We now study the geometry of C\,. We only care about the part of C, that is in the past of S(v,r}), so
in what follows C, only refers to this part.

4.1.1 Null generators

Recall that C, is spanned by the null geodesics emanating from points on S(v, 5) orthogonal to the sphere
at these points, called the null generators of C,. To determine the tangent vector field e} corresponding
to these null generator{’’| we consider a frame transformation of the form

1 1
ey =\ (64 + fbey + 4|f|2€3> , el =es+ ifaeg, ey = \tes, (4.1)

27For simplicity, we do not label the vector with v, but clearly this is dependent on v.
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and impose the condition (recall that (%e4 is orthogonal to the spheres S(v,r))

!

w =0, 5/ =0, eﬁl|S(v,r§) = (S)64|S(v,r:§)a (42)

which ensures that e}, is geodesic. The third condition in (4.2)) can be rewritten as

f|S(v,r;) = F|S(v,r§)7 )“S(Uﬂ’g) = 1’
where F' is defined in (2.21)). Recall that |F| < min{d,a}.

Remark 4.1. Note that the parameters (f,\) also depend on v, so they should in fact be denoted by
(fv, Av). We omit however the dependence on v as long as there is no danger of confusion.

In view of the transformation formulas (2.4)), we have

_ 1 _ 1 S I
0=A"2 =+ ATIVAS 4 qtexS Hwf + 5 X = 7 WX+ O(f1),

0= A" = w— A los ) + 37+ (¢~ )+ O, (4.3)

The first equation can be written as

1 ~ 1 X
;4+fbeb+%|f|263f+§trXf+2wf: _2£_X'f+§(a)trx f+0(|f‘2)a f‘S(v,rg) :F, (44)
and it is manifestly independent of A as the horizontal structure {e/,} is also independent of \.

Let s denote a time parameter along the null geodesics spanning C,, such that

_ 1
Ne(s) = (ea+ frep+ JIIPes) () = 1, sl = v (4.5)

Proposition 4.2. For each null generator v of C,, assume that v belongs to Rs = {r: |r —ry| < 4},
(see (2.22))) for s. < s <w. Then, on this portion of ~,

IfIS8, e <)<l (4.6)

1
Proof. On Rs we have |try| < C§ and, in view of Lemma w < —Cd2. Therefore, for § < 6,
sufficiently small,

1
¢:=dw+try < —Co2.

In view of (4.4]), along each null geodesic, we have

DU+ I+ 4017 = € 74+ O, @i llf?) + O 7).

26



Therefore,

2, ¢ds’ — _YpJs bds Jo, eds’ 7 (a) 2 3
L0 112) = ek o e p el (0%, @) + O
We now make the bootstrap assumption
|f| < Cyd, for s € [s1,v], (4.7)

which holds when s = v with Cj, replaced by some Cjy, using the bound of F'. Now, for any sg € [s1,v],
we integrate the equation over s € [sg,v] to get

R | o a0, @400

We now make use of the bounds ¢ < —C62/2, €], IX], | @tr x| < Ce in R, and the bound for f = F on
S(v,r5) provided by Proposition n 2.12[ to deduce, in R,

F| = et tpp?) +/4JW“ef@+/ o s (O(1%, @t x| 12) + O(fF) ) s’
S$=58p S=v S0

<Coi? 4 [ O (e ]+ ColfP + |1) d

S0

Using the bootstrap bound (4.7)), we deduce

v 1 v 1
|f|2j < 0052+0/ emCOF (s *So>e|f|ds’+cb/ e~ COF (=0l 12 ds’
8=8o

S0 S0
1
v S (M 52 v 5o,
< Cpd? + C/ e~ €04 (s =50) (16 + M|f|2> ds' + Cb/ e~ GO (s =s0)5 112 ds’
S0 53 S0

1 _1
< Cob” + CMES +C(57 + Coddc ) sup |fP,

SE€[s1,v]
where M is a constant to be determined. Therefore, for appropriately large M > 0, using the relations

€ <62, 6 <min{d.,dy/2} < 1, and taking the supremum over sy € [s1,v], we obtain the bound

sup |fI2 < (14 M+ Cyps2)52,

SE[s1,0]

which improves the bootstrap assumption (4.7) once we pick up appropriate Cp > 0. Therefore |f| < 0
for all s € [s4,v].

Next we estimate A. By (4.3) we have
d
ZsdogA) =2w+ f-(C—n)+ o(lf ).

Using the above estimate for f, the estimates for n,(, and the upper bound for w, we have for the
right-hand side

—Cy < 2w+ f(C—1) +O(f?) < —C162, when |r—r,| < 0.
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Therefore, along each null generator, when s, < s < v, we have

6015*% (v—s) <A< 602(7)*8)’ (4.8)

as stated. O

4.1.2 Regularity of the null cones C,

We now start to prove that C, are regular null cones in M. According to the transformation formula

for tr x, we have
ANy =trx+div/f+ - (n+ )+ O(f?). (4.9)

We already have estimates for A and f, provided by Proposition but we still need to estimate div’f.
To do this we need to commute the equation (4.4]) for f with V', using the following standard commutation
lemma, see Section 2.2.7 in [12].

Lemma 4.3 (Commutation formula). Given a null frame {e3,es,ea} and a horizontal covariant tensor
VA = Va4, .a,, we have

k
Vi, Voltha = =xpeVetha + (n, + ) Varha + Z (Xbaiﬂc - Xbcﬂai) Vay-co-ay

i=1
. (4.10)

+ Z (Xbaigc - Kbcé-ai—’— Caic *ﬁb) Yaycoar T EV3PA.

=1

We will apply this to the frame {e}, e}, el }.

We now state the main result of this part.

Proposition 4.4. For every v, the null geodesic congruence C,, is a regular null cone in MN{0 <7 <
v—r3}. Moreover, we have the estimate

|V'Sif| < Cnd, 0<i<N. (4.11)

Proof. The strategy of the proof is as follows:

Step 1. Fix a value of v. We assume that there exists a minimal value 7, € [0,v — r}] such that
Al y/| < 67, 7. <7 <v-—r}. (4.12)

By the Immersion Criterion (Proposition [3.5)), this shows that the intersection S7 := C, N ¥, for
7. <7 <wv—r}, is the image of an immersion ] : S* — .. Thus every point p € S? has a neighborhood
O, C $? such that i}|o, is an embedding into X-. It then makes sense to talk about a local orthonormal
frame w.r.t. the induced metric on i],(0,) C3,. We have the following lemma.
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Lemma 4.5. Under the assumption (4.12), consider a neighborhood O, for which ij}|o, is an embedding.
I |f| < C§ onil(O,), then there exists an orthonormal basis {Ve,} on i7(0,) w.r.t the induced metric
on X, satisfying

| e, ()| < C', (4.13)

with C' dependent on C but independent of v, T, T, p.
Proof. See Section O

The bound (4.13)) provided by the lemma verifies the condition in the Embedding Criterion (Proposition
. Therefore we have the following:

Proposition 4.6. Under the assumption (4.12)), C, is a regular null cone in M N {r, <7 <v—r5}.

Proof. Recall that 7 = v —r and that the cones C,, initiate on 7 = 7§ = r +6. According to Proposition
and the assumption on tr X/, it suffices to show that the immersion i7: S — 3, is an embedding
for any v and 7 € [r,,v — rf]. By compactness of S?, for it not to be an embedding, i must fail to be
injective. Denote 7/ > 7, as the first (backward) value of 7 such that ] fails to be injective. This means
that the part of C, strictly above (in the future of) 3., is regular, so all null generators are in Rgﬁ
By continuity, the intersection of these null generators with ¥, remain in Rs, so the estimate of |f|
in Proposition applies for each of them, and hence we have |f| < 6. Therefore, for § small enough,
applying Lemm and the Embedding criterion (Proposition , we deduce that the intersection
Cy N Y7, must also be an embedded sphere on X.,. This leads to a contradiction as we can now extend
the cone from this embedded sphere on ¥.; regularly, for a small neighborhood of 7/ in 7, by Lemma
O

Therefore, we conclude that for 7. <7 < v —rj5, we have C, is regular and If] <.
Step 2. We prove bounds for derivatives of f. We derive a higher order version which we will use later.
Recall that from Step 1, we know that C, is regular for 7 € [r,,v — 7¥].

Lemma 4.7. Suppose the bootstrap assumption (4.12) holds. Then, on C,, whenever T € [Ty, v —r}], we
have |V'SUf| < Cn6 for all i < N.

Proof. See Section O

Step 3. We improve the bootstrap assumption (4.12) by showing that in fact |A~'try/| < Cd when
T € [Ty, v — r}], with the constant C' independent of 7, and v. This implies that C, remains regular in
M for all 7 € [0,v — r3].

28Recall that we have defined f everywhere along each null generators, see (&.1)) and ([4.2).
Indeed, {r = ry + 6} is a timelike hypersurface, spanned by timelike curves (the integral curves of 8,) from S(v,r%).
The regular part of Cy lies on the boundary of 7~ (S(v,75)) and cannot intersect either {r = r + 6} or {r =r4 —6}.
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Proof of Step 3. In view of the transformation formula (4.9)), the estimate of | f| in (4.6, and the estimates
of n,¢ in (2.13)), it suffices to show the bound for |div’f|. This directly follows from the bound of |V’ f|

in Lemma 0
This, modulo the proofs of the Lemmas [£.5] and ends the proof of Proposition [£.4] O

It remains to prove Lemma [£.5] and Lemma [£.7]

Remark 4.8. From now on, since it is not relevant anymore, we consider transformations of type (4.1)
with A =1, i.e.,

1 1
621:64+fa6a+1|f|2637 e; :ea+§fae3v 6%263.

In particular, this does not change the result of Lemma since the horizontal structure H' (and hence
V') remains unchanged.

4.2 Proof of Lemma [4.5

In this subsection, we prove Lemma[4.5] We prove in fact the following more detailed version, in Lemma
Note that we only make use of things that have been proved before the statement of Proposition [4.4]
and the bootstrap assumption (4.12)).

Recall that for each fixed v and 7 € [7*,v — 73], ST is the image of an immersion i7: S — ¥,, and for
each p € S%, there is an open neighborhood O, such that i}|op, is an embedding. In the following, we
drop the dependence on 7 and v and denote S = 57, i = i]. Moreover, since A is not relevant, we adopt
the consideration in Remark .8

Lemma 4.9. With the notation above, for each p € S?, there exists a frame transformation ((O)f, (O)L
ON) from {e3,es,eqa} on the embedded submanifold i(O,) such that

1. The new frame {Ves,(@ ey, De,} is adapted to i(O,), in the sense that {Ve,} is tangent to i(O,).
2. ON = % ((0)64 — (0)63) is the unit normal vector of i(Op) on X;.
3. The transformation coefficients can be written as
fa +2eq(v)
es(r) + foep(v) + 31 f1?

oz _ L+ 3F - O+ Gl PIOFE + (OF + 31 OFPFen(v) + 51 O Pealr)
ea(r) + foep(v) + 1| f[? ’
where f is the one defined in Section[3 Note that one also has

O f, = f,  Of = (4.14)

1 1
Ve = Ol Oy =4 307G, e = O (et O+ 1057 )
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that is, the new frame can be obtained from the ¢’ -frame through the transformation (0, (Of, (O)).

4. We have the estimates
| Of| < Cmax{d,a}, C'< On<C,

where C' > 0 is independent of v, T, T, p.

Remark 4.10. As a result, we have
0) Loye op LX0) Loy v Loz
eqo(r) = 6a(7')+§ f,0f €b(7‘)+§ £ ealr) + 3 fa+§| PR, ) es(r)

= LOf i)+ 01O fl) = 00).

This proves Lemma [{.5,

Proof. We first take () f, = f,, which ensures that (“e, is tangent to the null generators. To have {(Ve,}
tangent to i(0,) C X,, we impose (using e3(7) =1, e,(r) = 0)

1
Sfat SR OF, Yes(r)

= ca(v) + 2 OF, Feu(v) + 2 Of ea(r) + (Sfut LIFPO,).

0= (O)ea(T) = eq(7) + % (O)iafbeb(T) + % (O)iaez;(T) + (

Hence,

Of —__ fat2a) (4.15)

o eq(r) + frep(v) + 3112

This determines (O)i. Using the bound for f provided by Proposition and the bounds for Vv = %+aj
in Section 241l we deduce that

| (o)ﬂ < max{4,a}.

To determine (YA, we impose the condition (Ve (1) = Dez(7). This gives

oz _ 3L O + FIFPIOFP + (OF + 3O )en(w) + 3 Of Pea(r)
es(7) + Iren(v) + /P

The denominator is away from zero since e4(7) is away from zero and f = O(6). To see the numerator is
also away from zero, we notice that, similar to Section [2.7]

2(r? + a?)

2e4(v) a’sin? 0
72 + a2 cos 26

+0(5), |Vu]*=

es(1) = +0(0) > 2+0(5), f =-— +0(6) < 14+0(6),

so the numerator is of the size

|Vol|? 1
e +0(6) > 3 + 0(9).

1+ Ofbey(v) + il Of 2ey(r) + O(8) = 1
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Therefore (9) is well-defined, regular, and bounded from above and below (by a constant dependent on
d and a).

Note that Ve, = ¢/ + %(O)iaeﬁl, so (Ve, is indeed tangent to i(0,). It is also straightforward to verify
that ON = % ((0)64 - (0)63) is the unit normal of i(O,) on X,. O

4.3 Higher order estimates and proof of Lemma
4.3.1 Higher order estimates on C,

We want to estimate higher-order derivatives of f and recall from Remark that we now take A = 1.
Note that f is only defined on each null generator, hence on the null cone C,, so we should commute the
equation of f by e/, derivatives, which are tangent to the null cone.

We first derive the bounds of H'-horizontal derivatives on spacetime geometric quantities in the original
frame.

Proposition 4.11. Let I' denote all Ricci coefficients defined in the original e-frame. We have, for each
vel, , . .
(V, V)%l S L+ (V' V)T (V. Va, V)=, (4.16)

Proof. Recall the formula (2.5
Vi Vb = Ve, Ve, b+ f-x- (Ve ) Sl 4+ VST (F oy ). (4.17)

Note that schematically

a

We first apply (4.17) to x = (X, trx, (a)trx) to get

v, ...V;&:vegl "'Ve;,iX"’f'X'(Ve;)gi_lgﬁ-v/gi_l(f-

Ve, Ve b= (L)) (19, 9)

[
3

then by induction, we see that
Vi, Vo] S (14 OV D) (V. V3, Va)<ix| S 14 [V,

Then applying (2.5]) to all other quantitiesin I we get similar estimates. The case with V/ can be obtained
similarly using (2.7). O

We now commute the equation (4.4]) with V’ for ¢ times to get
i i 1 i i i o L *
ViV 4+ V(2w 4 30030 f) = [Va, V'IF =2V + VI (=R £ + 5 e "+ O(172).

where O(|f|?) is an expression quadratic in f.
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Lemma 4.12. We have

[V, VU = —ix - VU + V'S f - V'S0 VETUT, f) - (VETIV0 + VETH0).

Proof. Recall the commutation formula (4.10) which can be written schematically as
Vi, VU = =X"-V'U+ (0 + ) - ViU + (0, 5) - U

We also have (recall we are now transforming with A = 1), schematically,

X'f7 B/:f'(/%*/%ﬂ),

N |

N =X AV 0GR, A=t oxf (=04

so we obtain
VL, VIIU=-V'f-V'U—-x-V'U+ T, f)-VoU+ ([, V'f, f)-U.

Then, applying this formula recursively, we derive the desired formula in the lemma. O

Applying Lemma toU = f ﬂ and replacing V) f by the right hand side of (4.4)), which is schemati-
cally € + f - T', we obtain

VAW ES (m +12- ; tr X) Vi = VSR, D)V 4 VS VST (Vie, Vitey, T) - f)

+O(V'=f]?). i)
4.18

4.3.2 Proof of Lemma

The following proposition concludes the proof of Lemma[£.7] and provides estimates of various quantities
in the new frame.

Proposition 4.13. Suppose f satisfies the equation (4.4) and is equal to F' on S(v,r%). Then:

1. On the initial sphere S(v,r}) we have, for all 0 <i < N,
IV f] <w 6.

2. The following bound holds true along C,, for all0 <i < N,

sup |V f| <n 4. (4.19)
Cy

30Here f is understood as an H’-horizontal tensor as explained in Definition
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3. We have, along C,,
sup [(V/,V)'Ti[ Sy 1, i<N-1, (4.20)
Cy

where I'y = {x', X", 1, {’,w'} are defined w.r.t. the frame {e5, e}y, e, } (transformed with A = 1).

Proof of 1. For the initial condition, note that f‘S(v,r(’;) = F|S(U7T;) means that the derivatives of f in
(9)e, directions are the same as those of F. We define the vector field

1 1 1 1 1 1 1
ey i= 0+ 3Eq s + SE e+ (ifa + glfIQEa)eg — (ea+ ifaes) +5F, (ea+ frer+ Z|f|263>
1
=e + iﬂaeﬁl.

This vector field is the same as (S)e, everywhere on S (v,75) but has the advantage of being always
tangent to the cone C,.

We have, by (2.6), V,f = Vo f+f-x = Ve, f — %Eaveif + f - x (the last term is written
schematically), and

1
ViV = Ve Ve f + V= X) = Ve, Ve f — 5Ea Ve Ve f + V<)

1 1
=Veine,VneS = Ve, <§Ebve’4f) - iﬂavegve;}f + Vlgl(f “X)
=Visne Venef +Vene (E-(Vif,T- ) +E-(ViV'f+ (V),V)H(f-D) + V='(f - x)
=V sine, Visnef + Z (V,V4)S'F-V'SI(£,9),

i+j<1
where we use many times (2.7)), the boundedness of Ricci coefficients (4.16)), and the fact that in view of
(4) and ([@.18), the expression V'V f can be written schematically as V=7 (f,¢).

Therefore, repeating this, we obtain the schematic relation

vél"'v;if:v(&f)eal "'V(S~f>eaif+ Z (V,V4)SJ1E.VISJ'2(JC’§).

Jitj2<i—1

When we evaluate this on S(v,75), we have (S:He, = (Se, tangent to the sphere, so the first term on
the right hand side can be replaced by V (9eq, "V <s>eaiF. Therefore, using Corollary we obtain,
on S(v,73). | |

IVEFI SO+ V=T

so by induction we see that |V f| <y 6 for all i < N. O

Proof of 2. We derive the estimate of V' f along the null cone. Using (2.17)), we have

1 1
Viw=V,w+ §faV3w =0(02),
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and by induction as before,
. , 1
V] £ (14 VS ) 6.
Also, since (V,V,)Sitry = (V,V4)SH(=222) + O(e) < min{|Al,|es(r)],e} < 6 in Rs, using [@.16) we

lq|?
have

Vx| S (1L+ V'S ) (I(V, V)it x| + OV S|V, Vi, Va)Sitr x])
S (L[S (54 01V =L p))
Therefore, (4.18) becomes

. ) 1 ) . 1 . ) )
ViVIf+ <2w + ; trx) V' f =0@)V'='f+0(e) + O(62)V'="""f+ O (|V’f[’/2]f\|v’§’f|) :

Then similar to the zero-order case, we have (V' f|? := (V' f)a,...ap (V' f)20ib)

1d

i 1+1 ; : i , _ ,-
92ds (lv/ f|2) + <2w+ 2U"X) |V’ f|2 = 0(6)|V/S f|2+0(€)|v/§ fl + O(6: >|v/§ 1fHV/§ 7l

+0 (|9=/2 =t

We now assume by induction that we have proved the estimate for ¢+ < j — 1. Then for ¢ = 7, we integrate
the equation as the zero-order case to ge@

. v L, M €2 *% )
ViR < o+ 0 [0 s o(BE 4 L jvsigp)
s 63 M

+C [ @0 (06, [ IS 4 0GR TSI ) d

S

© _shy M@ 6 1 . 0o
< 2 —Cé2s AT 1 * 1<i £12 3 1<j—1 g2 * 1<j £12
< Cyb +c(/0 e ds) sup (c( " a1V )+05* M| VST 4 = [V )

SE[s4,v]

+c( / e—“gs'ds’)- sup C(8 + |V'<U/2 ) |w'si fP2,
0 SE[s4,v]

(4.21)

where M7, M are positive constants to be determined. This is now similar to the zeroth-order estimate.
For j = 1, one can make a bootstrap assumption that

IV'SLf| < Cyd,  for s € [s1,0],
and derive, using the bound of |f| we have established,
1

sup |V/SUF2 < Cod® + C67 % - (e F VISR ¢ MooZ|f|? + 62 (M
2

s€[s1,v]

L) s 9T

s€[s1,v]

< Cod? + CM €251 + CMy62 + (C + < + Cb5> sup |V'SLf2
M My s€[s1,v]

31For simplicity, we still use the parameter s; one can also use T as the parameter. Note that along each null generator
we have ds/dr = 1/(ea(v) + O()) which is comparable to 1.
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1
Recall the relations § < min{d.,d%/2} and € < §d, 2. Therefore, picking suitably large constants M, we
obtain the estimate

‘vlglf‘Q S 062,

where C' does not depend on Cj. Therefore, picking a larger Cp, we improve the bootstrap assumption.
This finishes the estimate for j = 1.

For j > 2 we use the induction, and since in this case the bound of V/=<U/2lf is given by the induction
assumption, the estimate is linear. Therefore, the estimate |V/<" f| < ¢ is valid along each null generator
until s reaches the value corresponding to the point on ¥, (recall the definition of 7, from the bootstrap
argument of Proposition . This concludes the proof of the Lemma O

Proof of 3. As a consequence of the proof of Part 2, we also obtain the boundedness of the quantities
I ={x, X7, {’,w'} in the new frame {e3, €}, e, }:

(V/, VST <1, i<N-1.

These estimates follow by applying V’ and V) to the corresponding transformation formulas and using
the estimates in Part 2. This ends the proof of Proposition O

Remark 4.14. Note that we have used N§ < 1 in the estimate above. We have pointed out in Remark
that this is valid under the assumptions of [16]. Now assume that the estimate holds for all
large integers N and a given small number e@ In this case, we would have to make use of the decaﬂ
i v. Indeed, for any positive n € N, we can find v, such that the part v 2 v, of the spacetime is an
O, (€y)-perturbation satisfying that the constant 6, := en&j% verifies nd, < 1. Then we can apply the
arguments above and below, with € and § replaced by €, and 6,, to show that the portion of Ht in the
future of {v = v,} is C™. In particular, the sphere HT N{v = v,} is C™. It remains to show that the
portion of Ht between v = vy and v = v, is C™. Since [vg,vy,] is a finite interval, it is standard to show,
using the geodesic equation, that the portion of HT between v = vy and v = v, is also C™. This shows
the C™ regularity of H*. Since this holds for each n, we have that HT is C* in this case.

4.3.3 Higher order estimates on 5]

Recall that we have shown that for fixed v, 7, S7 = C, N X, is an embedded submanifold, so Lemma
becomes a global statement on S7, i.e., there exists a frame transformation ((©)f, (O)L O)) from
{es,eq,e,} on ST such that {Ve,} is tangent to S7, and ON = 1((O¢; — (Oe;) is the outward unit
normal vector of S7 on X.. In this subsection, since there is no danger of confusion, we denote for
simplicity f = Of A= O\ ¥ =%7, 5 =87,

We need to prove higher-order bounds of (f,\) under the projected covariant derivatives adapted to
the sphere S. Recall that the adapted frame {(Ves,(De,,(De,} is transformed from {es, eq, e,} through

32We note that the result of [I6] does not directly imply this.
33which could be any slow rate, but cannot be merely boundedness.
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(f.f = ©f A= (O)). Note that

1
(O)ea = 6:1 + §iaeila

and we have estimates of various quantities in the e’-frame from Proposition Using this expression
of Oe,, and that f is defined by f through (£15)), we immediately have, by the control of (V’, V})S'f,

(Vo )5 SIS 1+ 1(Vioy,, )= f], s0 by induction, (Vo )="f| i 1. (4.22)
We now prove
Proposition 4.15. We have, on S,
[OV=TIY S L [OVE(S ISV L i< (4.23)

Here we use the convention V'*p = 0 if k is negative.

Proof. The estimates have been proved for i = 0. We now assume that the estimates hold with i replaced
by i — 1 and prove it for 7.

As before, since the horizontal structure () H (given by the new (V)¢ frame, see (4.14)) does not depend
on (O)\ we prove this under the frame given by (f, f) with the simplifying assumption (®A =1, so

1 1
(0)64 = 621, (0)6a = 6; —+ giaeﬁl, (0)63 = 6-/3 =+ iae:l + Z|i|26{3

In this setting, by Lemma for any H’-horizontal covariant tensor v’, we have
OV = (Vi )50+ £ X (Vi )51+ OV X - 9).

Let ¢ = x/ first. This gives,
| OVS1Y| S (Vi )57 +| OVE2y | Op =iz
ST, TSN (1T, )2 f]) + | OFS2y P OSi2g)

Then by (4.22)), the bounds of Ricci coefficients in e’-frame (4.20]), and the induction assumptions, we
obtain the boundedness of | (9OV=!=1y/| for i < N. Then, applying this estimate to 1/’ = (f, f) and using

(4.22)), we establish the required estimate for i and conclude the proof. O

It is then also straightforward to derive, using (4.14]) and ({4.20)),
OV ALY YW o) Svl, i <N -1 (4.24)

Note that those Ricci coefficients are still the ones in the e’ frame.

We are now ready to derive the main estimate we need. Denote the Levi-Civita connection on ¥ by D.
The extrinsic curvature of S on X is given by

((O)Xab - (O)Xab) .

N =

_ 1 /—
kab =g (Dw)ea On, (O)eb) =59 (D<o>ea((0)e4 — eg),@ €b> =
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In view of the transformation formulas ([2.4))
AT Ox =X, AOx =X+ OV +f () + - WX,
and the estimates (4.23)), (4.24), we obtain the following estimate

Proposition 4.16. For every fized v, T satisfying 0 < 7 < v —r}, the extrinsic curvature k of S} on
3, satisfies | (O)Vgi/d <N 1,4 < N —1, where the implicit constant is independent of v, 7. Note that we
lose one derivative due to the transformation formulas of (O as well as the previous similar loss for the
estimate of x'. N

Remark 4.17. It is interesting to point out the connection between our proof below and the well known
Cheeger—Gromov (CG) convergence theorem (see e.g. [9], [13]). First, CG does not guarantee that the
limit sphere is embedded in 3, while we want to study the regularity of the pointwise limit of a family of
spheres {ST} on X.. Second, using our estimates, we can show that

1 _ 2mr(r? — 3a® cos® 0)

2
Dtry Otry =R <q?> +0(8)= o +0(5),

T 1 <z Y3
K(S'u) = _(O)p_|_ 5 (O)X. (O)X_F

e~

so Gauss curvature may not be positive for large a. This prevents direct use of the Myers theorem [20]
to obtain the diameter estimate required in the convergence theorem.

4.4 Estimate of the graph function

From above we know that (S?), also denoted by S = S7, is an embedded sphere on ¥ = X,. Further-

v

more it can be written as a graph function, i.e., there is a function R: S* — [r; — §,74 + J] so that
Px{(R(p),p): peS*} = 5.

Recall in that pullback metric on (r, — 25,7, + 25) x S? through ®yx, denoted by g, is comparable
with the natural metric g, on (ry — 25,7, + 25) x S2. We take a spherical coordinate (6, ¢), switched
to (z!,2?%) near the poles. In the following, the partial derivative d should be understood in these two
charts of S2.

Lemma 4.18. We have the estimates
|OR| <6, |0'R| <1, i<N.

In particular the constants do not depend on v, T.

Proof. To prove the estimates, we focus on the chart (r,0,¢); the argument for the other chart is the
same. To start with, we derive the estimate of the first-order derivative.

First order derivatives. Let 0y := 0y + (0pR)0,, 54, := 0, + (0,R)0,. Then dor = OpR, 5¢r = 0, R,
so Oy, 0, are tangent to S as we get zero when applying them to r — R(0, ¢).
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By Lemma for any unit vector V' tangent to S, we have |V (r)| < 4§, so in particular,
90l 1907 S8, 10,17 19,7] < 6.
Since the metric coefficients on ¥ under (r, 6, ) are bounded, we have
|6lg = |80 + (D6 R)Dr|g S 1+ |9pR)|, and similarly, |9,]7 < 1+ |0, R|.
Therefore, ~
|0 R| = |Opr| < CO(1 + |09 R)),
which yields [OgR| < 0. Similar for |0, R)|.

Second-order derivatives. We compare § with the Euclidean metric in the (r,0,¢) coordinates,
following [23]. Recall that in Euclidean space, the second fundamental form of a graph function is
expressed in terms of the Hessian of the function. In the following, we use Greek letters «, 3, -- to
denote the indices on X, and Latin letters 4, j, - -- to denote the indices on S. Recall the vector field 9,
0, defined above. They are the natural coordinate vectors in the (6, ¢) coordinate on S. Nevertheless,

we denote them by 0;, 0;, and reserve the notation 9;, 9; for g, 9,. We use N(a,b,---) to denote
schematically nonlinear functions of a, b, - - -.

Denote the induced metric on ¥ by g. The vector field N; = grads(r — R(0, ¢)) = g*?05(r — R(0,¢))0a
is normal to S (not necessarily of unit length). We have negative sign missed

INg|k(0;,0;) = —G(Dj5,0;, Ng) = —(Dj.0;)*0a(r — R(0,)).

Notice that Dy d; differs from D 8;, where D is the connection associated with the Euclidean metric

with respect to (r,0,¢) (i.e., dr? + df? + dp?), by Christoffel symbols of g in the (r,6, ) coordinates.
For the Euclidean connection, we have

D5,0; = Dj,(9; + (9;R)) = (9,0, R)0:.
Therefore B B
(D5,0;)0a(r — R(6, ) = (0:0;R(0,9))D:(r = R(6,0)) = Did;R.
So we have shown that
99 R = —|Ng|k(d;,9;) + N'(I'g, OR),
where I'; represents the Christoffel symbol components of g in (r,6, ), which are independent of the
sphere S. Since |Nj| is bounded as long as OR and g~ ' are bounded, also using 9(9;,8;) S 14 |0:R|? we
deduce |k(;, 5])| < |k|(1 + |0R|?) < 1. This establishes the boundedness of |0?R).

Higher-order derivatives. For higher orders, we have (recall that the covariant derivative on the
sphere S is denoted by (©V)

(O)mG(gzybvj; (f‘§l17' o 7(f‘§lm) - (0)v51 (O)vmilk(g’ia 5]7 5[1) T ?5lm,1)

=0, (V" k(05,0500 On,)) = OVTTR(OVG 05,0500, 1, 0))  (4.25)
e — k(5i,5j;8l1,~ BRI (O)Vgl 5lm71)'
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To estimate (O)Vgi 5j, note that the induced metric on the sphere S, denoted by ¢, satisfies
where g in the last term means coeflicients of g in (r, 0, ¢) coordinates. Therefore, since (O)Vgi 5j is given

by Christoffel symbols, we have | (O)Vgi 9;| SN(9=2R,05'g).

We claim that for any m < N — 2 we have
INg| ON™k(D;,8;50,,- - ,81,) = O, - - 0, 0:0; R+ N (9= R, 9=mH1g),

In the proof above, we have shown that this is true when m = 0. Now suppose that this holds with m
replaced by m — 1. Then using ([4.25)), |[N;|~! = N(g,5 ', 0R) and the induction assumption, we have

(O)mG(givgj;gllv e 751m) = 5lm <|N§|71|N§‘ (O)Vmilk(givgj; 5117 e 75lN—1))
+N(OV" Tk, 0% R, 0% g)
= [Ng|7'0h,, (., -+ 0,00, R+ N (9" R,0°"g)) + N(OV™ 'k, 05*R,0%'g)
= |Ny| 7oy, - 01,8:0;R + N (951 R, 9= H1g),

m—1

which means that it also holds for m < N — 2, concluding the induction. Again noting that 5(51-, 52) <1,
we obtain
|0=NR| < Ch,

which is independent of v. This ends the proof of Lemma O

4.5 Convergence of the spheres S on X,

With the uniform bounds obtained in Lemma we can now apply the Arzela—Ascoli lemma to get

Proposition 4.19. On each X, the family of spheres ST converges pointwise to a CN=1 sphere S¥ as
v — 00.

Proof. We have shown that under the coordinate charts (6, p; 5 < 6 < 3T) and (z',2%0< 60 <  or 2% <
6 < 7), each sphere ST can be expressed as 7 = R, (0, ), r = R, (z!, 2?) and their CY norms are uniformly
bounded, independent of v. Therefore, we can find a subsequence {v,} — oo such that R, and R
converges in CV =1 norm (over the corresponding region) to CN =1 functions R*(6, ), R’*(z!, 2?), which,
of course, coincide with the pointwise limit. This in fact gives a diffeomorphism from S? to S*. Therefore,
S* is an embedded CV~! submanifold. O

4.6 The event horizon

We have constructed a limit sphere S7 on . In this section, we show that the union U057 coincides
with the future outgoing null cone of S* = Sj and gives the event horizon.
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For any given 71, we consider the future outgoing (past incoming) null cone of S , denoted by C?, . Since
S7, is smoothly embedded and the background metric is smooth, by Lemma (3.6} u C7, is regular between
Y -5, and X 45  for some 6., > 0. For any 7 € (11 — 0-,, 71 + dr,), we denote the intersection of C7,
and ¥, by S* We have

T1;7T°

Proposition 4.20. For any 7 € (11 — ;,, 71 + 07, ), we have S . = S*.

Proof. Throughout this proof, all discussions are restricted to 7 € (11 —6,, 71+, ), where C is regular.
Case 7 > 11.

Step 1: Show that S% ._isin the interio@ of S*.

15T

Since S¥ = lim,_,oc 57, it suffices to show that S ._ is in the interior of S] for each v. By construction,

v T1,T
on ¥, we know that S7* is in the exterior of S7 for any v, by Corollary n applied to C (11,7), we
know that all points in J+( ~) cannot be strlctly in the exterior of S7 on X, i.e. SZ .  must be in the
interior of S7, for any v, as required.

T1,T

Step 2: Show that they must coincide.

If they do not, then there is a point p; € ¥; in between, i.e., in the strict exterior of S7 .., and the
interior of every S7. For each v’, there exists a point p,, .+ € J~ (p;) on X;, that lies in the interior of
S Then, we can pick a sequence of p;, ,,, lying in the interior of SJ: for each n. By compactness,
there is a converging subsequence of p,, ,, on X, . On the other hand, by definition
* 7'1
STI 'Uli)Il;.lO S
this subsequential limit must be on S} . This means that a subsequence of p,, € J~(p-) is converging
to Sy . By Proposition m J ™ (p-) is closed, so this implies S5 NJ~(p;) # @, ie., pr € TT(S%),
which contradicts the assumption that p, is in the strict exterior of S* ._, hence not on S *

T1:T)? T1,T"

Case 7 < 71. The proof is similar. We first have that SJ C J~(S;*) must be in the exterior S . since

6’:(7', 71) is achronal. To prove they coincide, assume again a point p, in between (not on S¥ . or ST and

T1,T

34Throughout the proof, the words “future”, “past”, “interior” and “exterior” of an object include the object itself. We
will specify (e.g. by using the word “strict”) otherwise.
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for all v). Then by a similar argument, there must be a point p,, € J*(p,) N3, that lies in the exterior
of S¥ on ¥, . Then since S}, is the limit of S7*, there exists some v’ such that p,, is in the exterior of
S}, so applying Corollary to Cy (7,71) we see that p, cannot be in the strict interior Cy (7,71), a
contradiction. O

We now show that the cone Cf is globally regular towards the future and is the union of all S¥ with
7 > 0. In a neighborhood of S§, C§ is regular, and by Proposition [£.20} coincides with the union of S*.
Now let 7* be the supremum of 7/ so that Cf is regular for T € [0, 7). Applying Proposition with
71 = 7%, we obtain a piece of null cone for 7 € (7% — §;+, 7 4 d,+ ), which coincides with the union of S*.
On the other hand, by the definition of 7*, C{ is regular for 7 € [0, 7* — %67*], and, by Proposition
C equals U, S* on this interval. This extends C§ regularly to 7 € [0, 7. + ') with Cf = U,S%, so we
must have 7 = oo.

We have constructed a globally regular future outgoing null cone Cj which equals the union of S*. We
now show that it is the event horizon.

Proposition 4.21. The future null cone C§ coincides with the event horizon (in the future of ¥ ).

Proof. Since S¥ C Rs, we see that the future of any points on Cf is not reaching r-value larger than
r4 + d. Therefore, by Definition points on C are not in J~1(ZT).

By definition, to show that Cj is indeed the event horizon, it remains to show that any neighborhood
of a point on Cf contains a point belonging to J~(Z1). To see this, notice that such a neighborhood
contains a point p that lies in the strict exterior of S* on 3, for some 7, so it must lie in the exterior of
some S7 for some large v, hence the exterior of C,. This means that p is in the causal past of S(v,7}).
Then by the characterization (3.2), we know that p € 7~ H(Z). O

5 Proof of the uniqueness theorem

We have shown that the event horizon H™ of the perturbed spacetime M is regular. According to
the regularity proof, any point in the strict exterior side of H™ lies in the causal past of S(v,r¥) for v
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large enough, and hence belongs to J~(Z1). Hence, there cannot be another future inextendible null
hypersurface (future horizon) containing a point in the exterior side of ’H"’E that remains in Rs.

However, it may still be the case that there exists such a future horizon in the interior side of H* that
does not exit Rs. In this section, we eliminate this possibility by proving a stronger statement that any
null geodesic in the interior side hits the spacelike hypersurface {r = r, — ¢}, hence entering the trapped
region.

Recall that v, r are coordinate functions under the ingoing PG structure of M, see Section 2.4.1] Given
V' >0, we construct a foliation in the region Rs N {v < V} as follows: We define

u:=—(r—ry) on{v=V}NRs.
Sou=0on S(V,r.), and 0,u = —1 on {v = V}. We then construct the null cone of S(V,r), denoted by
Cy,r, in the past incoming direction, for —§ < r —ry < §. The spheres here are also S(v, )-type spheres

within R, so by a similar argument as in Section E|, we can show that Cy ;. are regular null cones towards
the past of S(V,r), and there exists a null frame transformation

1 1
ey =es+ fYeq + Z|f|2€37 e, =eq+ i.faeélv ey = es,

such that ¢} is tangent to the null generators of the null cone, and the frame satisfies the estimates
If1, 1V’ f| < 6 (hence in particular, [tr x/| < 0) uniformly in V and 7.

We extend u, from {v = V'}, so that it is constant on each null cone Cy,,.. We denote the level hypersur-
faces of u by H,,.

Since e/, is in the orthogonal complement of €/, hence tangent to the null cone H,,, we have, using V'u = 0,
Viu=0,

Vi(ez(w)) = ej(es(u)) — ez(es(u)) = (Deyez)u — (Deyey)u

!/

(&

; / / ! Awii I~/ 7 (51)
=20 —n') - V'u+ 20 Viu — 2'Viu = 2w'es(u).

Remark 5.1. To be precise, we also need to show that 0 is finite at each point. (The finiteness of other
quantities w' =0, ', W’ are clear as they only depends on f itself, but not on any derivatives of f.)

Proof of remark. One has the following transformation formula using that e3 is geodesic:
/ ]‘ !/
m=n+5Vsf.
Therefore, we need to estimate of V4 f. Commuting V4 with the equation (4.4) we obtain

VAVAF (Gt 2) V4 Vs e x+20)f = [V, V51F 4 Vh (2% 45 Dtrx " F+0(7), (52)

35The notions “exterior side” and “interior side” are well-defined in view of HT = U7 SZ, see also Sectionm
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with the initial condition V4 f = V3F on {v = V}. In view of the formula
Vi, Valf =2(n" =) - V'f + 20"V f = 2"V f + 200" - f)n' = 200" - f)n' =" f -7,

and the transformation formulas , we see that with f and V’f already controlled, there are no
quadratic terms of V4 f in (which is markedly different from the transport equation of V' f studied
in Section , so |V4f| grows at most exponentially. Therefore we see that V4 f remains finite at any
given point and hence so is 7’. O

We now prove the uniqueness theorem using this construction. Suppose there is a future null geodesic
~Z HT in the interior side of HT that stays entirely in the region Rs, see Figure 4] below. Take an
arbitrary point p; € v and denote its v-value by vg. Fix a value vg. Let p; denote a point of intersection
of v with {v = vo}m Consider the integral curve of d, = —es passing through p; along v = vg. This
is a transversal null geodesic, hence intersecting H™* at a unique point py. Since we assume p; is in the
interior (future) side of X and 9, = —es is past-directed null, we have r(p1) < r(po).

We want to show that on each such integral curve of 0, = —eg, where r is of course an affine parameter,
we have r(p1) = r(po), and hence p; = pg. Then by the arbitrariness of vy, we deduce that v C HT,
contradicting the above assumption.

To show this, we assume that for p; € {v = v}, we have p; # po, i.e. d(vo) := |r(p1) — r(po)Hv:UO # 0.
The proposition below shows that in this case, the difference u(p;) — u(py) would be exponentially
amplified compared with r(p1) — r(pp).

Proposition 5.2. For d(vg) = |r(p1) — 7"(po)|’v:v0 and the function u constructed from {v =V} above

1
(for any given V > vy ), we have u(p1) — u(po) > d(vy) e2€07 (V=vo),

Proof. For ', from the transformation formula in (2.4]), the bounds (2.17)), (2.13)), and |f| < §, we have
1 1
W =wtSf (=) +O(f?) < =Cd2 +00),

1
so we also have ' < —C¢2 for some constant C' > 0. Then, since ef(u) = 1 on {v = V}, and
1
¢, (v) = es(v) + O(8) ~ 1, using (5.1) we get e4(u) > e293% (V=r0) on {v = vy}. Therefore,

(po) 1
(=0pu)dr > |r(po) — 7“(]91))””:”0 - inf |ef(u)| > d(vo) 082 (V—vo)
v=1vg

u(pr) ~ u(e) = [

r(p1)

Need to show r(p1) < r(pg). as stated. In particular, we can pick suitably large V' (the above process
works for any V') to make u(p1) — u(po) large (say, larger than 61). O

36Since {v = wp} is not achronal, it is possible that v intersects with it more than once. Nevertheless, the argument holds
for any points of intersection.
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Figure 4: Idea of the proof of uniqueness. Note that the event horizon
H* does not correspond to any H,,, but it lies between H_; and Hj.

On the other hand, let p; v be the intersection of the null geodesic v and {v = V}. By assumption,
v lies in Rs, so we have p; v € Rs, and hence —§ < u(py,y) < J. Since u is an optical function, it is
non-increasing backward along any null geodesic, which means that u(p;) < §. Moreover, since pg € H ™,
by the characterization , we know that any point in the causal future of pg lies in {r < ry + d}, so
in particular we must have u(pg) > —9. Therefore,

0 < u(p1) — u(po) < 26,

1
In fact here the 0 on the left can be replaced by the lower bound d(vo)eo‘s*2 (V=) we just proved. where
the lower bound is due to the fact that p; and pg are connected by the integral curve of —0, = eg,
which is a causal curve. Therefore, we get a contradiction on the size of u(p1) — u(pp), so we must have

r(p1) = r(po), hence p1 = po.

A Proof of the Embedding Criterion

In this appendix, we prove the Embedding Criterion (Proposition [3.7). For simplicity, we denote S = S7,
1 =1], ¥ = 2. We restate the proposition:

Proposition A.1. Suppose that S is the image of an immersion i : S* — X with i(S?) C ¥ N Rs, so
for each point p € S?, there exists a neighborhood O, such that ilo, is an embedding into X. Then there
exists a small number 6 > 0 such that the following statement holds:

If for each p € S?, there exists a tangent orthonormal frame {Vey} (w.r.t. the induced metric from X)

on i(0,) verifying | Veq(r)| < &, then the immersion is in fact an embedding. Moreover, there exists a
smooth map
RISzg)[T‘+75,T++5], pHR(p)a

such that ®x({(R(p),p): p € S*}) = S (with s = &5 defined by ([2.23) ).
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Proof. We briefly explain the ideas. The smallness of (O)ea(r) in the lemma will imply that locally the
image of i on ¥ can be written as a graph r = R(6,¢) (or R(z!,2?); we may omit this below)li] If
the image i fails to be injective, the pre-image of some point on i(S?) will give isolated points, hence
disconnected. Using the local graph property, we make a continuity argument with respect to a polar
angle on ¥ (constructed such that the point on ¥ where the injectivity fails corresponds to the direction
of the north pole), and reach a conclusion essentially saying that S? becomes disconnected with finite
points removed, which is a topological contradiction.

We proceed in steps as follows.

Step 1. We show that for each p € S?, there is a smaller neighborhood @p C Oy, such that i(@p) can
be written as r = R(6, ) on X. In other words, the map Ps2 o &' o ilp, is a diffeomorphism onto its

image on S? (See Figure . We will refer to this as the local graph property at the point p.

By the assumption that |De, (r)| < § for some orthonormal frame {(Ve,}, any unit tangent vector V of
i(Op) satisfies |V (r)| < 26. Therefore, the vector field 8, is transversal to i(Op) as 0,(r) = 1 and its
length is comparable to 1, see (2.24). In other words, assuming that G(r,8,¢) =0 (or G(r,z',z?) = 0)
is a local description of the embedded submanifold i(O,), then

aﬁ(n&w) # 0.

or
Therefore, by the implicit function theorem, there exists a neighborhood (51,7 such that i(@p) has the
form r = R(0, ). In particular, the map Pg.g2 o z|@pﬁ is an embedding to S2.

Step 2. The goal of this step is to contradict the following assumption.

A. Assume that there are two distinct points p1,ps € S? such that Psge(i(p1)) = Pg2(i(p2)) := Py are
the same on S%.

Assuming A, we introduce some convenient notations. On S? consider the spherical coordinates (6p,, ¢ p,)
with Py being the north pole and 6p, being the polar angle. Denote the corresponding south pole by P,
so 0p,(Po) =0, 0p,(P}) = m. For each point p on ¥, we assign a v-value to p, denoted by ¥(p), defined
to be the the pull back through Ps.g2 of the 6p,-coordinate value, i.e. the 6p, value of Ps.s2(p). Clearly,
9 is a continuous function on X.

Define G, := i 1({p € X: 9(p) < k}), 0 < k < 7. Also denote H, := i *({p € : J(p) = k}). They are
closed subsets of S?, hence compact. Moreover, for each point p in Hy, using the local graph property, we
see that @p NHy = {p}, where @p is defined in Step 1. By compactness we deduce that Hy only contains
finite points. The same thing holds for H,. We also remark that, since ¢} o i is a smooth function on
S?\(HoU H,), the subspace G, = {¥0i < k} C S? with 0 < k < 7 are locally path-connected. Therefore,
for 0 < ¥ < m, G, is connected implies that G is path-connected.

We first prove a lemma.

37Recall that (6, ¢) and (z!,22) are coordinates on X given by the diffeomorphism ®y;.
38Recall the definition of Py, g2 in ([2.26).
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i oyt Ps2
2 S| <20} s (r — 251y +26) xS 2

(Gy, Hy) (FPo, 1)

Figure 5: A diagram illustrating the maps involved in the local graph
property. Note also the notation Ps.g» = Fs2 0 <I>£1. The local property
says that the map from the left S? to the right S? is a local
diffeomorphism.

Lemma A.2. Given Yg € [0,7), and an open neighborhood Q of Gy, on S?, there exists a small &' > 0,
such that Gy,+s5 C Q. Similarly, for any open neighborhood of Hy, there exists a small " > 0 such that
H,._5 €Q for all 5 < §".

Proof of lemma. If not, then there is a sequence ¥,, \, ¥y such that there are p, € Gy, \Q2. Since S? is
compact, {p,} has a convergent subsequence, still denoted by py, to a point p € S?. Since the immersion
i is continuous, i(py,) is also convergent to i(p). Also notice that i(p,) € i(Gy,, ), i-e., ¥(i(Pn)) < Up, so we
have 9(i(p)) < 9o, and by definition, p € Gy,. On the other hand, since p,, ¢ €2, we have p ¢ Q since the
complement of  is closed, a contradiction. The proof of the second statement is almost identical. O

Remark A.3. By assumption A, Hy = Gq contains at least two points. Then since Hy = Gy is a set of
finite distinct points on S?, it is disconnected. Using O, N Hy = {p} for each p € Hy and the lemma with
Yo =0, it is easy to see that there exists a §g > 0 such that Gy remains disconnected for all ¥ < dg.

Now define 9* := sup{v¥ € [0,7]: G, is disconnected for all x € [0,9]}. In view of Remark we have
9* > .

With this setup, we show the following statements, which lead to a contradiction with the assumption
A:

A1 It is impossible to have ¥* = ;
A2 If 9* < 7, then Gy~ is connected;

A3 If ¥* < m, then Gy~ is disconnected.

Once we show that A1-A3 must all hold true, we obtain a contradiction with assumption A. Therefore,
for different points p1, ps on S?, Ps.g2(i(p1)) and Ps.g2(i(p2)) cannot be the same, i.e, Pgg2oi: S* — §? is
injective. Since Psg20i: S* — S? is also a local diffeomorphism between S?, it is a global diffeomorphism
from S? onto its image. Now noticing that no proper subset of S? has the same topology as SQE we see
that Ps.g2 o4 must also be surjective as otherwise, it gives a homeomorphism between S? and its proper
subset. Hence, S = i(S?) can be globally written as a graph of a function R on S? stated in Proposition

AT O

39Recall that S? with a point removed is homeomorphic to R?, so any proper subset of S? is topologically a subset of R2.
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We now show that A implies A1-A3.

Proof of A = A1. Indeed, if ¥* = 7, then Gy is disconnected for all ¥ < w. We have argued above that
the set Hy =i ' (®x({(r,p): p = P;})) consists of finite number of points, denoted by {p},ph, - ,p),},

with neighborhoods Op; satisfying the local graph property. Now take a sequence ¥,, /* w. By Lemma
above, for sufficiently large n, we have i~! ({19 > 19n}) C U?:lép;- and becomes a union of small disks
on S? with radius arbitraily small. Precisely, for any ¢ > 0, there exists N > 0 such that for all n > N,

Op, N i~1({¥ > 9,}) lies inside an open disk on S? with radiuﬂ less than € for all j =1,--- ,k, and

n

Gy, =S\ (U1 (O Ni™ ({0 > 9,})),
is a set obtained by removing k disjoint open disks with radius less than € from S2.

By the assumption 8* = m, Gy, is disconnected for all n. On the other hand, for any given positive
integer k, there exists € > 0 such that it is impossible to make S? disconnected by taking away k geodesic
disks with radius less than €. This gives a contradiction and proves Al.

Proof of A = A2. If Gy~ were disconnected, since it is a compact subset of S%, we can write
Gy« = G}y UG, with GJ., G3. being two non-empty, disjoint compact subsets of S?. We can then find
two disjoint open sets €y, Q5 such that G;bx C Q, G129* C Q. Let Q = Q7 UQy. By Lemma for
some 6" > 0, Gy«15 C £, and so is Gy for all ¥ < 9* + §’. Also, for any 9* < 9 < 9* + ¢, Gy has a
point in each connected component of 2 = € U )y, so it is itself disconnected. By the definition of ¥*,
we also know that Gy is disconnected for 0 < ¢ < 9*, hence for 0 < ¢ < 9* + ¢’. This contradicts the
maximality of ¥*.

Proof of A = A3. This is shown by the following proposition.

Proposition A.4. If 0 < 9* < m, and Gy« is connected, then there exists ¥ < 0* such that Gy, is also
connected.

Proof. We construct the following cover of Gy~. Since ¥* is a given number in (0, 7), for each p € Gy,
we define

o If W(%ifwl < %, (i-e, 9(p) is not so close to 0), we pick a smaller neighborhood O,, C @p satisfying
the property that Ps;g20i(0),,) is a disk Dj(e;), centered at Pxs:(i(p)), of radius €, sufficiently small,
in the coordinate chart of (6p,, goPO)ELThiS means that for each & € (0,7), the set O,Ni~! ({9 < K})
is diffeomorphic to Dy(e,) N{fp, < K} through the map P2 04, so it is topologically the same as

an upper half disk.

o If |’t9(p1)97:19*\ > %, we let (91'0 C @p be a connected open set that lies in G%ﬁ* and contains p.

40Evaluated under the standard metric on S2.
41Note that PE;S2 o is already a diffecomorphism onto the image when restricted to Op, and (0p,,¢p,) is a regular

coordinate chart away from Py, Pj.
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Since {0} ,es2 is a cover of G-, we can extract a finite subcover {O,, ,---, Oy, }, or simply {Of,---, O}}.
Among them, we can further extract those that intersect with Hy-, and denote them by {Uy,--- ,Ux}.

This is a finite cover of Hy-.

We need a lemma that allows us to modify curves.

Lemma A.5. Suppose that there is a curve y: [0,1] — Gy«, with 30i(y(0)),Poi(y(1)) < ¥*. Then there
exists another curve 7: [0,1] = Gy~ with 7(0) = v(0), ¥(1) = (1), and it satisfies sup., J < ¥*.

Assuming the lemma to be true, we continue as follows:

For each j € {1,---,l}, we pick a representative p; € O’ such that ¥(p;) < J*. We deduce that there
is a ¥ < ¥* such that ¥(p;) < ¢ for all j = 1,---,[. Recall that we remarked above that when
0 < 9% < m, Gys« is connected implies that it is path-connected. Therefore, by definition of ¥*, for
Dj, Pk, there is a curve in Gy~ connecting them. Modifying the curve as above, we see that we can
connect pj, px by a curve in Gy, , for some J; , < J*. Do this for all pairs of j,k = 1,--- [, and define
9" = max{39*,9',9;,} < ¥*. This ensures that all deformed curves connecting p; are in Gyr.

We claim that Gy~ has to be path connected, hence connected. To see this, take two points in Gy~. By
our way of choosing O}, we see that O} N i~1({9¥ <9"}), if non-empty, is connected, so these two points

can be connected to their representatives in O% N4~ '({¥ < ¥"}) (using 9" < ¥”). Then since we have

shown that for any j,k = 1,--- [, the points p;, pir can be connected in Gy., C Gy, we see that Gy»
is indeed path-connected with ¢ < 4. This ends the proof of Proposition O

Remark A.6. Provided that we have shown that the map Ps.g201: S? — S? is a local diffeomorphism and
a surjection, Step 2 can alternatively be done by noticing that a local diffeomorphism from S? to S? that
is also surjective must be a covering map. Then, using that S? is simply connected, one can deduce that
the covering map can only be one-fold, hence an injection. Our proof provides an elementary argument
that only requires point-set topology.

A.1 Proof of Lemma [A.5

We first illustrate the idea by assuming k = 2, so Hy- C Uy UUs. Without loss of generality, we assume
~ enters U; first, and define p; € OU; as the point of this first entry@ This implies that p; ¢ Hy-,
because otherwise it would be in Us first. In the case when (0) € U, we define instead p; := v(0). We
then define gq; € OU; to be the point where v leaves U; for the final tim@ (similarly, if v(1) € Uy, we
let ¢; := (1) instead; in this case the process ends and there are no ps and g defined below). While
p1 & Hy«, it is possible that ¢; € Hy«. We now define py as follows:

o If ¢; € Uy (which must be true if ¢; € Hy«), we define ps = ¢1;

42Gtrictly speaking, this should be described on the time interval [0,1]. We use the image point on Gy~ for simplicity.
43This means that it is not entering U1 after qi; we allow the possibility for it to intersect o4y .
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e If g1 ¢ Uy (in this case 1 ¢ Hy~), we define p; € Uy to be point where v enters Us for the first time
after ¢; (if there is no such point, then end the process and there are no ps and ¢2); by assumption,
at pa, v has already left U, for the final time, so pa ¢ Ui, and hence, pos ¢ Hy-.

We then define ¢y as the point where v leaves Us for the final time (similarly, if v(1) € Us, we define
g2 = v(1)). By the assumption that ~ has already left I/, for the final time, we see that go ¢ Hy~. Also,
~ will never be in U; UUs, hence never intersect Hy«, after gs.

Now by the local structure of U; and Us, there exists a curve, lying in Gy«, and connecting p; and ¢
such that its only possible intersection with Hy~ is g1, and a curve connecting ps and g that does not
intersect Hy-. Therefore, if we replace the portion of v between p; and ¢; (j = 1,2) by such segments,
we obtain a new curve which only possibly intersects Hy« at g;. Since in this case ¢; € Us, it is clear
that one can further modify near ¢; so that the curve does not intersect Hy«. Therefore, there exists a
curve lying entirely in Gy~ and having the same endpoints as -, but never hits Hy«. This finishes the
proof with £ = 2 in view of the compactness of the new curve.

For general k, we prove by induction. Assume that we have found pi,q1,--- ,pj,¢; in time order on 7,
and a subcollection {U1,--- ,U;} from {Uy,--- Uy} (with possibly a rearrangement of the indices), such
that

We have p; ¢ Hy-; it is possible that ¢;; € Hy+ for some j' among j' = 1,--- 7, but for j/ > 2
(when j > 2), if pjr # qjo—1, then gjr 1 ¢ Hy- and pjr ¢ Hy-;

For all j/ < j, the curve 7 never intersects U after g;/;

For all j* < j, there exists a curve 7,7, having the same two endpoints as -y, only different from
vi'—1 (70 := ) on the segments between p;s and g;;. This new segment between p; and g; on ~;/
is denoted by v,/ [pjr; ¢j];

The intersection 7;[p;; g;:] NV Hy~ C {q;s,qj—1} (when j' =1, only {¢}) for all j/ =1,--- 4.

Following the same way of defining p; and g; above, we see that this holds for j = 1. We now define p;41
in a similar way as we defined p, above:

e If g; lies in some element in {U;1q,--- , Ui} (which must be true if g; € Hy-; choose any one if
there are multiple choices), without loss of generality denoted by U1, we define p;11 = g;;

e If g; is not in any of {U;y1,--- ,Us}, without loss of generality, we denote the next one ~y enters by
U;jt1, and define pj11 € OUj41 to be point of entry; this only happens when ¢; ¢ Hy-. Also, this
means that p;q is not in any among {Uy, - , Uy}, s0 pj11 ¢ Hy-.

Then, we define gj;1 as the point where vy (or equivalently, ;) leaves U; 1 for the final time (again, if
(1) € U411, define instead p;+1 := (1) and end the process).
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Note that it is possible that ¢j4+1 € Hy~. As above, using the local structure of ¢/, 1 we can find a curve
segment connecting p;4; and g;j41, denoted by ;1 1[p;+1;j+1] such that its only possible intersections
with Hy- are g;4+1 and, in the case pj;1 = g;, the point g;. We then replace the segment of -; between
Dj+1 and gj41 by this curve segment, and denote the new curve by 7,41. One can verify that the induction
assumptions now hold true with j replaced by j + 1. This concludes the induction. The procedure will
stop at j = k' for some k' < k, with v does not intersect with any of {U,--- Uy} after gx/, or g = y(1).
The curve -y satisfies

e It has the same two endpoints as vy, and is only different from 7 on the segments between p; and
qj for j" < ks

e The intersection g N Hyr C {q1, -+ ,qkr—1}-

This shows that y(0) and (1) can be connected by a curve ~y; that only possibly intersects with Hy-
at {q1,- - ,qr—1}. Recall that if ¢;; € Hy~, by our construction we have ¢;; € U;r+1, so clearly one can
further modify the curve near g;s so that it does not intersect Hy~ nearby. Since we have at most k' — 1
such points, we can do this for finite times and obtain a curve 4y, lying in Gy and connecting v(0) and
~(1), that never intersects Hy~. By compactness we see that supy,, ¥ < 9*, which finishes the proof.

B Proof of the Immersion Criterion

For the benefit of the reader we provide below a short outline on the theory of focal points of null
hypersurfaces; for a more complete treatment see [4].

In this part, it would be convenient to work with the foliation induced by the affine parameter of the
null generators. Fix a smooth choice of L on S and consider the corresponding null cone C(S). Define
sby L(s) =1, s =0on S. For a local coordinate (6,,p,) near p on S, one can then extend them near
v(p) by L(0,) = L(¢p) = 0, which also defines dy,, 0, tangent to {s = const} near each point, until the
linear span of them becomes degenerate. The vector fields 0y, , 0, are normal Jacobi fields in the sense
that [L,J] =0 for J = 0y,,0,, (L = 0s), and they satisfy the Jacobi equation (D, := Dr,)

D2J+R(J,L)L=0, J|s=20s,,0p,, DsJ|s=D,L.
The equation is linear when L is given, and the solution will be smooth if initially smooth.

Proposition B.1. Fix a point p € S. Let s* be the first (mz’m’malﬂ value of s’ such that the span of
0y, , O, degenerates, then trx — —oo towards this point along 7,.

Proof. We choose an orthonormal frame of S near p, denoted by {E1, E2}, and extend it as the Fermi
frame by the equation (denote E; = L)

DE4Ea = _CaE47 (Bl)

44This is towards the future; the treatment of the case towards the past is the same.
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where ¢, = g(Dg, E4, F3) (with E3 being the null companion of F4 orthogonal to E,). We have
Ey(Ei(s)) = [Ea, Eils = (Dp, Bi — Dp, Eq)(s) = (=GiEs — D, Ea)s = —x(Ei, Ej) E;(s),

so we see that if the time function s satisfies F;(s) = 0 initially, then we always have E;(s) = 0. Also,
Eyg(Eq, Eb) = 9(=CaEs, Eb) + 9(Ea, —GEs) =0,  E49(Ea, Es) = g(—CaEy, Eq) = 0.

Therefore, {E,} will always be an orthonormal frame orthogonal to Ej.

Since X = 0y, 0,, are tangent to {s = const}, we write X = X*F,. The condition [L, X] = 0 implies

d d
£(X“(s))Ea + X*DLE, = X“Dg, L, hence £Xa(s) = Y X°.

In particular, this determines the initial condition on d%X a(s).

The Jacobi equation now gives

d2

22 X"(s) = a(Ea, Ey) X"
Note that E,, o (defined under the frame {F3, Ey, E,}) are known quantities, so this is a linear equation
of X*. Therefore, X* will be smooth when the initial data and spacetime are smooth.

Consider the deformation matrix M, defined by X¢(s) = M(s)X"(0). It satisfies
d a (&
My () = XacMy),
which implies
d
%(logdetM) = try.

By assumption, we see that M becomes degenrate, i.e., det M — 0T along 7, as s — s*. This implies
that tr y — —oo towards the point. O

Therefore, if tr y is not diverging to —oco at any point, then M will always be a linear isomorphism. In
this case, consider the map
ir: S—=X,,

where ¥, is a level hypersurface of a time function, and we define i(p) to be the unique point of the
intersection 7, N 3;. The tangent map of ¢, is given by
59 T 8 T

Do |s — 0p, — 2L, O, |s+ 0, — —2—

9p|S Op L(T) LPpls Pp L(T)

We know that L(7) > 0 when 7 is a time function; it is then clear that we obtain two linearly independent
vectors, so the tangent map is injective. Therefore, i, is an immersion. Since the map is also smooth in
7 and L is transversal to X, we also see that it gives an immersion from [0,7] x S — M, (1,p) — i-(p).
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