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1. INTRODUCTION
The world of Partial Differential Equations

To start with partial differential equations, just like ordinary differential or integral
equations, are functional equations. That means that the unknown, or unknowns,
we are trying to determine are functions. In the case of partial differential equa-
tions (PDE) these functions are to be determined from equations which involve, in
addition to the usual operations of addition and multiplication, partial derivatives
of the functions. Below are the most basic examples,

e (LAPLACE EQUATION)
Au=0 (1)

where Au = ;—;u + aa—;u + aa—;u. The other two examples described in the section

of fundamental mathematical definitions are

e (HEAT EQUATION)

— 0w+ kAu =0, (2)
e (WAVE EQUATION)

— O%u+ *Au = 0. (3)

In both cases one is asked to find a function u, depending on the variables ¢, x, y, z,
which verifies the corresponding equations. Observe that both and in-
volve the symbol A which has the same meaning as in the first equation, that is
Au:(aa—;+%;+aa—;)u:88—;u+aa—;u+g—;u. In both ([2) and () & > 0 and
c are fixed constants (representing the rate of diffusion for the first and the speed
of light in the second). It suffices to study to solve the equations for the special
cases k =1 and ¢ = 1. Indeed if u(t, z,y, 2) is a solution of , for example, then
v(t,x,y,z) = u(t,z/c,y/c, z/c) verifies the same equation with ¢ = 1. Both equa-
tions are called evolution equations, simply because they are supposed to describe
the change relative to the time parameter t of a particular physical object. Observe
that can be interpreted as a particular case of both and . Indeed solutions
u = u(t,x,y,z) of either or which are independent of t, i.e. 0;u = 0, verify
(1.

Here are some further examples of important PDEs:

e (SCHRODINGER EQUATION)
i0pu + kAu =0 (4)

with u : R x R?® — C. The equation describes the quantum evolution of a massive
particle, k = %, where i > 0 is Planck’s constant and m is the mass of the
particle. As with the heat equation, one can normalize k = 1 by a simple change of
variables. Though the equation is formally very similar to the heat equation, it has



very different qualitative behavior. It is important to keep in mind when studying
PDE’s that small changes in the form of an equation can lead to very different
properties of solutions.

o (Klein-Gordon equation)

C

2\ 2
— 02u + A Au — <mﬁ) u=0 (5)

This is the relativistic counterpart to the Schrodinger equation, the parameter m
has the physical interpretation of mass and mc? has the physical interpretation of

rest energy (reflecting Einstein’s famous equation E = mc?). One can normalize
2
mc

the constants ¢ and *~ to make them both equal 1 by applying a suitable change
of variables to both time and space.

Observe that all three PDE mentioned above satisfy the following simple property
called the principle of superposition: If ui,us are solutions of an equation so is
any linear combination of them Aju; + Aqus where A1 and Ay are arbitrary real
numbers. Such equations are called linear. The following equation in the unknown
u = u(z,y), is manifestly not linear:

e (MINIMAL SURFACES

Oz
(1+ [Dpul? + |0yul?) 2

Oy, u
+0 Y —) =0. 6
) ”(<1 + 0pul? + \ayuPﬁ) ©)

9 (

Here 0, and 0y are short hand notations for the partial derivatives a% and 8%'

The equations we have encountered so far can be written in the form Plu] = 0,
where P is a differential operator applied to u. A differential operator is simply a
rule which takes functions u, defined in R™ or an open subset of it, into functions
Plu] by performing the following operations:

e We can take partial derivatives O;u = g;fi relative to the variables x =
(x',22,...2") of R™. One allows also higher partial derivatives of u such

as the mixed second partials 0;0;u = % or 07 = 33—;.
The associated differential operators for isP= :8,5 + A and that
of is —02 + A
e Can add and multiply v and its partial derivatives between themselves as
well as with given functions of the variables x. Composition with given

functions may also appear.

In the case of the equation the associated differential operator is P = A =

0?2 +02+03 = Z?,j:l €'79;0; where €% is the diagonal 3 x 3 matrix with entries
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(1,1,1) corresponding to the euclidean scalar product of vectors X,Y in R3,

3
< X,)Y >= X1Y; + XoVs + X3V3 = Z eI X X;. (7)
i,j=1
The associated differential operators for , and are, resp. P = —0; + A,
P = —-0?+A and P = i0; + A with variables are t, 2%, 2%, 23 € R1*3. In the
particular case of the wave equation it pays to denote the variable ¢ by 2°. The
wave operator can then be written in the form,

3
O=-03+0+05+05= > m* 0,04 (8)
«a,B=0
where m®? is the diagonal 4 x 4 matrix with entries (—1,1,1,1), corresponding to
the Minkowski scalar product in R'*3. This latter scalar product is defined, for 4
vectors X = (Xg, X1, X2, X3) and Y = (), Y1, Yo, Y3) by,
3
m(X,Y)= > m X, Y5 =—XoYy + X1Y1 + XoV2 + XuY4 (9)
a,B=0
The differential operator [ is called D’Alembertian after the name of the French
mathematician who has first introduced it in connection to the equation of a vi-
brating string.

Observe that the differential operators associated to the equations f are all
linear i.e.

PlAu+ pv] = AXP[u] + pP[v],
for any functions u, v and real, or complex, numbers A, . The following is another
simple example of a linear differential operator

Plu) = a1(x)01u + az(x)d2u (10)

where x = (21, 23) and a1, ay are given functions of z. They are called the coeffi-
cients of the linear operator. An equation of the form

Plu] = f, (11)

corresponding to a linear differential operator P and a given function f = f(x), is
called linear-inhomogeneous . Any solution u of such an equation can be expressed
in the form u = ug + v where ug is a special solution of and v solution to the
homogeneous equation

Plv] = 0. (12)

In the case of the equation (@ the differential operator P can be written, relative
to the variables 2! and 22, in the form,

Plu] = iai(maiu),

i=1
where |0u|? = (01u)? + (0u)?. Clearly P[u] is not linear in this case. We call
it a nonlinear operator; the corresponding equation @ is said to be a monlinear
equation. An important property of both linear and nonlinear differential operators



is locality. This means that whenever we apply P to a function u, which vanishes
in some open set D, the resulting function P[u] also vanish in D.

Observe also that our equations - are also translation invariant. This means,
in the case for example, that whenever the function u = u(z) is a solution so
is the function wu.(x) := w(T.z) where T, is the translation T.(z) = = + ¢. On
the other hand the equation Plu] = 0, corresponding to the operator P defined by
is not, unless the coefficients a;, as are constant. Clearly the set of invertible
transformationsﬂ T : R™ — R™ which map any solution u = u(x), of Plu] = 0, to
another solution ur(z) := u(Tx) form a group, called the invariance group of the
equation. The composition of two symmetries is again a symmetry, as is the inverse
of a symmetry, and so it is natural to view a collection of symmetries as forming a
GROUP (which is typically a finite or infinite-dimensional LIE GROUP).

The Laplace equation is invariant not only with respect to translations but also
rotations, i.e linear transformations O : R?> — R3 which preserve the euclidean
scalar product (7)) in the sense that < OX,0Y >=< X,Y > for all vectors X,Y €
R3. Similarly the wave equation and Klein-Gordon equation are invariant
under Lorentz transformations, i.e. linear transformations L : R'™3 — R'*3 which
preserve the Minkowski scalar product (9), i.e. m(LX,LY) = m(X,Y). Our
other evolution equations and are clearly invariant under rotations of the
space variables * = (z!,2%,23) € R3, keeping ¢ fixed. They are also Galilean
invariant, which means, in the particular case of the Schrodinger equation ,
that whenever u = u(t,z) is a solution so is uy(t,2) = e/@V ety (¢ x — vt) for
any vector v € R3.

So far we have tacitly assumed that our equations take place in the whole space —
R3 for the Laplace equation, R* for the Heat, Wave and Schrédinger equations and
R? for the minimal surface equation. In reality, one is often restricted to a domain
of the corresponding space. Thus, for example, the equation is usually studied
on a bounded open domain of R3 subject to a specified boundary condition. Here
is a typical example.

Example. The Dirichlet problem on an open domain of D C R? consists of
finding a continuous functions u defined on the closure D of D, twice continuously
differentiable in D, such that Au = 0 in D and the restriction of u to 9D, the
boundary of D, is prescribed to be a continuous function uy. More precisely we
require that,

ulap = ug (13)

One can impose the same boundary condition for solutions of @, with D a bounded
open domain of R?. A solution u = u(xz,y) of (6) in D, verifying the boundary
condition , solves the Plateau problem of finding minimal surfaces in R? which
pass through a given curve. One can show that the surface given by the graph
Iy = {(z,y,u(z,y))/(z,y) € D C R?} has minimum area among all other graph
surfaces T, verifying the same boundary condition, v|gp = ug.

LThe transformations are often linear maps.
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Natural boundary conditions can also be imposed for the evolution equations —
. The simplest one is to prescribe the values of v on the hyperplane ¢ = 0. In
the case of the heat and Schrédinger equation we set,

Uli—0 = U

while in the case of the wave equation, which involves a second derivative in ¢, we
impose two conditions

uli=0 = up and Oyuli—o = uy (14)

where ug, u; are functions of the coordinates (x,y, z), called initial conditions. To
solve the initial value problem in both cases means to find solutions of the equations
for ¢ > 0 which verify the corresponding initial conditions at ¢ = 0. In addition
one may restrict the variables (x,%, 2) to an open domain of D C R3. More to the
point one may try to solve a boundary value problem in a domain [0, 00) x D with a
boundary condition, such as , on [0,00) x @D and an initial condition at ¢ = 0.

The choice of boundary condition and initial conditions, for a given PDE, is very
important. Finding which are the good boundary and initial conditions is an im-
portant aspect of the general theory of PDE which we shall address in section 2.
For equations of physical interest these appear naturally from the context in which
they are derived. For example, in the case of a vibrating string, which is described
by solutions of the one dimensional wave equation 9?u — §%u = 0 in the domain
(a,b) x R, the initial conditions u = ug, dyu = uy at t = ¢y, amount to specifying
the original position and velocity of the string. On the other hand the boundary
condition u(a) = u(b) = 0 simply mean that the two ends of the of the string are
fixed.

So far we have only considered equations in one unknown. In reality many of
the equations of interest appear as systems of partial differential equations. The
following important example, contains two unknown functions u; = uj (2!, 2%), uy =

uo(z!, ) which verify,

e (CAUCHY-RIEMANN)
Orug — Oouy = 0, O1uq + Ooug =0 (15)

It was first observed by Cauchy that u = uj +1ius, as a function of z = :”Ul +iz? isa
complex analytic function if and only if is satisfied. Setting also 0 = 0y + 105,
observe that is equivalent to

du = 0. (16)

Equation can also be written in the form P[u] = 0 by introducing u = (u1, uz)
as a column vector and P[u] the differential operator,

Pl= (5 ) ()

The system of equations contains two equations and two unknowns. This is
the standard situation of a determined system. A system is called over-determined
if it contains more equations than unknowns and underdetermined if it contains
fewer equations than unknowns. For example the system of two equations and



one unknown Jdyu(z,y) = f,Oyu(z,y) = g is clearly overdetermined. A necessary
condition for a solution to exist is 9, f = 0,g, condition which can be interpreted
as requiring that the one-form w = f(z,y)dz + g(z,y)dy is exact, i.e. its exte-
rior derivative dw is identically zero. Overdetermined systems, such as De Rham
complexes, play a very important role in geometry.

Observe that is a linear system. Observe also that the operator P has the
following remarkable property.

P2[u] = P[P[u]] = (ﬁZQ)

In other words P2 = A - I, with I the identity operator I[u] = u, and therefore
P can be viewed as a a square root of A. One can define a similar type of square
root for the D’Alembertian [J. To achieve this we need 4 X 4 complex matrices
79, v, 43, 4* which satisfy the property

7y Ay = —2m Pl (17)

with I the unit 4 x 4 matrix and m®? as in . Using the v matrices we can
introduce the Dirac operator acting on u = (uy,us, u3, us) defined from R'*3 with
values in C* by,

Du = iy*Ou (18)

Using we easily check that, D?u = Cu. Thus the Dirac operator D can be
viewed as a square root of the D’Alembertian [J. It leads to the following funda-
mental equation introduced by Dirac as the equation of free, massive, relativistic,
particle such as the electron:

¢ (DIRAC EQUATION)
Du = ku (19)

Partial differential equations are ubiquitous throughout Mathematics and Science.
They provide the basic mathematical framework for some of the most important
physical theories, such as Elasticity, Hydrodynamics, Electromagnetism, General
Relativity and Non-relativistic Quantum Mechanics. The more modern relativistic
quantum field theories lead, in principle, to equations in infinite number of un-
knowns, which lie beyond the scope of partial differential equations. Yet, even in
that case, the basic equations preserve the locality property of PDE. Moreover the
starting point of a quantum field theory is always a classical field theory, described
by systems of PDE’s. This is the case, for example, of the Standard Model of weak
and strong interactions, based on a Yang -Mills-Higgs field theory. If we also include
the ordinary differential equations of Classical Mechanics, which can be viewed as
one dimensional PDE, we see that, essentially, all of Physics is described by differ-
ential equations. Other examples of partial differential equations underlining some
of our most basic physical theories, are the Maxwell, Einstein, Euler and Navier
Stokes equations. Note that each equation are at the heart of an entire field of
Physics, i.e. Electrodynamics, General Relativity and Hydrodynamics,

An important feature of the main PDEs appearing in Physics is their apparent
universality. Thus, for example, the wave equation, first introduced by D’alembert
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to describe the motion of a vibrating string was later found to be connected to
the propagation of sound and electromagnetic waves. The heat equation, first
introduced by Fourier to describe heat propagation, also comes in many other
situations in which dissipative effects play an important role. The same thing can
be said about the Laplace, Schrédinger and many other basic equations.

It is even more surprising that equations, originally introduced to describe specific
physical phenomena, also play a fundamental role in areas of mathematics, which
are considered pure, such as Complex Analysis, Differential Geometry, Topology
and Algebraic Geometry. Complex Analysis, for example, which studies the prop-
erties of holomorphic functions, can be regarded as the study of solutions to the
Cauchy-Riemann equations in a domain of R?. Hodge theory, which plays
a fundamental role in topology and algebraic geometry, is based on studying the
space of solutions to a class of linear systems of partial differential equations on
manifolds which generalize the Cauchy-Riemann equations. The Atiyah-Singer in-
dex theorem is formulated in terms of a special classes of linear PDE on manifolds,
related to the euclidean version of the Dirac operator E|

Important problems in geometry can be reduced to finding solutions to specific
partial differential equations, typically nonlinear. We have already seen such an
example in the case of the Plateau problem of finding surfaces of minimal total
area which pass through a given curve. The well known uniformization theorem
provides another excellent example.

To state the uniformization theorem, we need to recall the definition of a compact
Riemann surface S. This is a 2 -dimensional, compact manifold endowed with a
smooth, positive definite metric g. The Gauss curvature K = K (g) is an important
invariant of the surface which can be calculated explicitely at every point p €
S in terms of the components g, relative to a local system of coordinates x =
(2!, 22) near p. The calculation involves first and second partial derivatives of the
components gqp relative to z! and 22. The remarkable fact is that the final value of
K does not depend on the particular system of coordinates in which one makes the
calculation. Moreover in the particular case when S is the standard sphere in R?,
given by the equation |z|? = a2, the Gauss curvature is equal to the expected value,
corresponding to our intuition of curvature, that is K = a~2. Another remarkable
property of the Gauss curvature is that its total integral along S does not depend on
the metric g but only on the topological properties of S. More precisely, according
to the Gauss-Bonnet formula, we have

X(8) = (2m) /S Kday,

with dag denoting the area element of the metric g. In coordinates z', 22 we have
dag = +/|g|dz'dz? with |g| the determinant of the matrix (gap)a,p=1,2- The number
x(S) is one of the integers 2,0,—2,... — 2k..., called the Euler characteristic of
S, and has simple topological interpretation. Thus any surface which can be con-
tinuously deformed to the standard sphere has x(S) = 2 while any surface which

2This is the operator obtained when we change the minkowski metric m to the euclidean one

e in .
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can be continuously deformed to a torus has x(S) = 0. We can now state the
uniformization theorem:

Theorem 1.1. Let S be a 2-dimensional, compact, Riemann surface with metric g,
Gauss curvature K = K(g) and Euler characteristic x(S). There exists a conformal
transformation of the metric g, i.e. § = Q%¢g, for some smooth non-vanishing
function Q, such that the Gauss curvature K of the new metric § is identical equal
to 1, 0 or =1 according to whether x(S) > 0, x(S) =0 or x(S) < 0.

To prove this very important geometric result, which leads to the complete classi-
fication of all compact surfaces according to their Euler characteristic, we are led
to a nonlinear partial differential equation on S. Indeed assume that x(S) = 2 and
therefore we want the Gauss curvature K of the metric § = e2“g to be exactly 1.
It is easy to relate K, by a simple calculation, to the Gauss curvature K of the
original metric g . This leads to the following equation in wu,

Agu+e? = K (20)

where Ag, called the Laplace-Beltrami operator of S, is a straightforward adap-
tation of the Laplace operator, see 7 to the surface S. Thus the proof of the
uniformization theorem reduces to solve equation , i.e. for a given surface S
with Gauss curvature K, find a real valued function v which verifies .

We give below a precise definition of the operator Ag relative to a system of lo-
cal coordinates * = (z',2%) on an open coordinate chart D C S. Denote by
G(z) = (gar(x))a,p=1,2 the 2 x 2 matrix whose entries are the components of our
Riemannian metric on D. Let G~!(x) denote the matrix inverse to G(z) and denote

its components by (9%°(z))q,p=1,2. Thus, for all z € D,

Z Gac(®)g” (x) = Sap
with d4p the usual Kronecker symbol. We also set, as before, |g(z)| = det(G(z))
and define,

Asu(z) =

\/7 Z 9(\/19(x)[ 9" (2))
a,b=1,2

Typically we suppress the explicit dependence on z in the above formula. It is also
very convenient to use Einstein’s summation convention over repeated indices, and
thus write,

Asu

1
= ——=0 D 21
T h(V/ 1919 ) (21)

As a third example we consider the Ricci flow equation on a compact n dimen-
sional manifold M, which is described in one of the articles of the Compendium. In
the particular case of three dimensions the equation has been recently used, deci-
sively, to provide the first proof of Thurston’s geometrization conjecture, including
the well known Poincaré conjecture. The geometrization conjecture, described in
the topology section of the Compendium, is the precise analogous, in three space
dimensions, of the 2-dimensional uniformization theorem mentioned above. The
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Ricci flow is defined, in arbitrary local coordinates z = (x!,22%,2%) on M, by the
equation:

¢ (Ricct FLow)

0:9i; = Rij(9) (22)

Here g;; = g;;(t) is a family of Riemannian metrics depending smoothly on the
parameter ¢ and R;;(g) denotes the Ricci curvature of the metric g;;. This is simply
a three dimensional generalization of the Gauss curvature we have encountered
in the uniformization theorem. In a given system of coordinates R;;(g) can be
calculated in terms of the metric coefficients g;; and their first and second partial
derivatives. Since both g;; and R;; are symmetric relative to 4,5 = 1,2,3 we can
interpret as a non-linear system of six equations with six unknowns. On a
closer look it turns out that is related to the heat equation . Indeed, by
a straightforward calculation relative to a particular system of coordinates x =
(xt, 22, 22) called harmonic, it can be shown that the Ricci flow takes the form

0:gi; — Dggi; = Nij(g,09) (23)

where each Nyj;, 1,7 = 1,2,3, are functions of the components g;; and their first
partial derivatives with respect to the coordinates x and A is, again, a differential
operator very similar to the Laplacian A in R3, see (??). More precisely, if G=! =
(9%°)4.b=1,2.3 denotes the matrix inverse to G = (gap)ap=1,2,3 We can write, using
the summation convention,

3
Ny =g"0.0,= > g"0a0h.

a,b=1

In a small neighborhood of a point p € M we can choose the harmonic coordinate
2% such that g?®(p) = §° with 6?° denoting the usual Kronecker symbol. Thus,
near p, A4 looks indeed like A = 590, 0.

The Ricci ﬂowﬂ allows one to deform an arbitrary Riemannian metric on M to a a
simple metric of constant sectional curvature. The idea is to start with a metric g
and look for solutions g(t) of which verify the initial condition g(0) = g. One
hopes that as ¢ — oo the metric g(t) will converge to a metric of constant curvature.
Intuitively one can see this working out the same way heat gets evenly distributed
in space, as t increases, according to the heat equation . Indeed since is
similar to we expect the variations in the curvature of g(t) to become smaller
and smaller as the metric evolves according to . The type of metric we get in
the limit as t — oo will allow us to determine the topological character of M. The
flow, however, can develop singularities before we achieve that goal. To overcome
this major technical difficulty one needs to make a detailed qualitative analysis of
the behavior of solutions to , task which requires just about all the advances
made in geometric PDE in the last hundred years.

3In reality one needs to change the equation (22)) slightly to make sure that the total volume
of of M, calculated with respect to the metric g(t), stays constant.
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As we have seen above the choice of harmonic coordinates allows us to write the
Ricci flow as a system of nonlinear heat equations . This fact is quite typical
to geometric equations. It is useful at this point to discuss another important
example, that of the Einstein equations in vacuum. An introduction to this equation
and short discussion of its importance in General Relativity can be found (see
compendium article). Solutions to the Einstein vacuum equations are given by
Ricci flat spacetimes, that is Lorentzian manifolds (M, g) with M a four dimensional
manifold and g a Lorentz metric on it, for which the corresponding Ricci curvature
vanishes identically.

e (EINSTEIN-VACUUM)
Ric(g) = 0. (24)

The Ricci curvature of a Lorentz metric, Ric(g), can be defined in exactly the same
way as in the Riemannian case. Thus relative to a coordinate system =z, with
o = 0,1,2,3, the Ricci curvature, denoted by R,g, can be expressed in terms of
the first and second partial derivatives of the metric coeflicients gng. As before,
we denote by ¢®? the components of the inverse metric. Moreover, by picking
a specified system of coordinates, called wave coordinatesﬂ we can express the
Einstein-vacuum equations in the form of a system of equations related to the
wave equation (3], in the same way the Ricci flow system was related to the
heat equation (2). More precisely,

Oy gas = Nas(g,99) (25)
where, as in the case of the Ricci flow, the terms Nog(g, dg) are expressions, which
can be calculated explicitely, depending on the metric g,g3, its inverse ¢*? and the
first derivatives of g, relative to the coordinates z®. This is a system of 10 equa-
tions with respect to the ten unknown components of the metric (gag)a.5=01,2,3-
The differential operator,

Og =Y g"0,0,
8%

appearing on the left hand side is very similar to the wave operator [0 = m#*0,,0, =
—02 + A which we have encountered before in (8). Indeed, in a neighborhood of a
point p € M we can pick our wave coordinates ¢ in such a way that g"¥(p) = m*”.
Thus, locally, Oy looks like [J = [1,,, and we can thus interpret as a nonlinear
system of wave equations.

The two last examples illustrate the importance of choosing good coordinates for
equations which are defined in terms of geometric quantities, such as the Ricci
curvature. To solve such equations and find interesting properties of the solutions,
it is often very important to pick up a well adapted system of coordinates. In the
case of gauge field theories, such as Yang-Mills equations, the role of coordinates is
replaced by gauge transformations.

Finally we need to note that PDE arise not only in Physics and Geometry but also
in many fields of applied science. In engineering, for example, one often wants to

4they are the exact analogue of the harmonic coordinates discussed above.
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impose auxiliary conditions on solutions of a PDE, corresponding to a part of a
physical system which we can directly influence, such as the portion of the string
of a violin in direct contact with the bow, in order to control their behavior, i.e.
obtain a beautiful sound. The mathematical theory dealing with this issue is called
Control Theory.

Often, when dealing with complex physical systems, when we cannot possible have
complete information about the state of the system at any given time, one makes
various randomness assumptions about various factors which influence it. This
leads to a very important class of equations called stochastic differential equations.
To give a simple example consider the N x N system of the ordinary differential
equation,

dr

o = 1) (26)
Here f is a given function f : RY — R¥. A solution z(t) is a vector valued function
r : [0,00) = RY. Given an initial data x(0) = x¢ we can precisely determine
the position z(t) and velocity ”Ull—‘"t” of the solution at any given time ¢. In applied
situations, because of various factors which are hard to take into account, the state
of the solution may not be so neatly determined. It is thus reasonable to modify
the equation to take into account random effects which influence the system. One

then looks at en equation of the form,

B fw) + Ba) S ) (21)
where B(z) is a N x M dimensional matrix and W (¢) denotes the brownian motion
in RM. Similar modifications, which take randomness into account, can be made for
partial differential equations. A particularly interesting example of a PDE, which
is derived from a stochastic process, related to the price of stock options in finance,
is the well known Black- Scholes equation. The real price of a stock option u(s,t)
at time t and value s, verifies the PDE,

2
Opu + rs0su + %5282’& —ru=0, s>0, telo,T], (28)

subject to the terminal condition at expiration time 7', u = max(0, (s — p)) and
boundary condition u(0,¢) = 0,t € [0,T]. Here p is the strike price of the option.
Observe that this equation is in fact a (time-reversed) variant of the heat equa-
tion , thus illustrating the point made above that a single class of mathematical
equations can arise in several completely different applications (in this case, ther-
modynamics and mathematical finance).
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CHAPTER 1

Distribution Theory

This is a very short summary of distribution theory, for more exposure to the subject
I suggest F.G. Friedlander and M. Joshi’s excellent book Introduction to the Theory
of Distributions, [?]. Hormander’s first volume of The Analysis of Linear Partial
Differential Operators, [?], in Springer can also be useful.

Notation. Throughout these notes we use the notation A < B to mean a < ¢B
where ¢ is a numerical constant, independent of A, B. When Q2 C R™ is a set, we
may write (z € Q) to denote the indicator function of the set Q. For instance,
(5 < x| < 7) is a function equal to 1 for 5 <z < 7 and 0 otherwise.

1. Introduction to Distribution Theory

A short description of the theory of distributions contains an unavoidable oxymoron:
It is an enabling theory which allows us to differentiate functions which are in no
way differentiable and manipulate them as if there were no problems whatsoever.
Its main application is to the theory of partial differential equations.

We begin by recounting how the notion of a “fundamental solution” in partial dif-
ferential equations was born through classical electromagnetism. When charge does
not move, any charge distribution p : R? — R gives rise to an electric field which
(up to a conventional sign and physical constant) is the gradient of a “potential
function” V : R® — R. The classical physical law relating V to the charge density
p is Poisson’s equation

AV =p (29)

where A = Z?:l 0?2 denotes the Laplacian, and on physical grounds we may require
V (or at least its derivative) to vanish at infinity so that distant interactions are
weak.

As with any other field theory, the physical theory cannot be valid and complete
unless there exists a unique solution to the equation (for reasonable data p)
which depends continuously, in some sense, on the data. In addition to resolving
these issues, we seek at least a qualitative understanding of the behavior of the
solution. In the present case, thanks to a huge amount of symmetry, we will even
be able to derive an explicit formula, but for the heuristic analysis involved, it will
only be important that the operator A = Zle 0? is linear and commutes with

17



18 1. DISTRIBUTION THEORY

translations (i.e. it is a linear differential operator with constant coefficients). In
fact, the Laplacian is invariant under both translations and rotations in the sense
that A(foT) = (Af)oT for all smooth functions whenever T is a rigid motion of
the Euclidean space.

The idea is to solve first in the special case where the charge density p(z)
is a unit charge completely concentrated at the point y € R (we formally write
p(x) = 0, (x) where the Dirac delta function corresponds to the density function of
a unit point mass at y). We will discuss the meaning of the Dirac delta function
later, but for the moment let us accept the formal definition of it as an operator
whose action on continuous functions f is to produce the value of f at the point y
i.e. 0, is the measure,

Thus, we look for a solution V() to the equation AV, (z) = d,(x) (which is cur-
rently meaningless since d,, is not a function). By linearity of A, we can then obtain
the general solution as a superposition of solutions from the point contributions

V(z) = / V, (2)p(y)dy (30)

Formally, we can even manage to solve the equation AV, (z) = d,(x) for any fixed
y € R3. In view of the translation invariance of A, we may assume that y = 0.
Since A is rotationally invariant (see Exercise 1) and so is dg , then any solution
Vo(z) = Vo(Jz]) should also be rotationally invariant if solutions are to be unique.
We call Vy(x) a “fundamental solution” for the Laplace operator. Then, postulating
the existence and spherical symmetry of Vy(x), we obtain (using the divergence
theorem)

1= / do(x)dx
lz|<R

= / AVp(x)dx
|z|<R

- /| W ((2l)do(z)

z|=R 5
dv
=4rR*—(R
i dr (R)
We choose the only fundamental solution decaying at infinity, namely Vy(z) = Z—; %.

-1 1
4m Jo—yl*
computation that AV, (z) = 0 away from y, and one can even prove that does
indeed solve for (say) smooth, compactly supported densities p. Furthermore,

by taking the gradient of , one obtains the experimentally refutable conclusion

Therefore, translating back to d,, we find V,(z) = One can see by direct
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that the electric field decays asymptotically as

total charge
(distance)?

far away from the charge source.

Definition. We call V(z) = ﬁﬁ a fundamental solution solution for A in
R3. More generally, we define a fundamental solution for a linear operator L in
R™ (i.e. acting on functions in R"™) is a “ generalized” function Vy(x) such that

L(V,) =4,

Given a fundamental solution for L we can find solutions for the equation Lu = f,
for any smooth, compactly supported f by setting, formally (never mind, for the
moment, that the integration may make no sense),

Exercise 1. Show, informally, that if L commutes with translations in the sense
that (Lf)(-+y) = L(f(- +y)) for all translations z — x + y then the fundamental
solution also commutes with translations, in the sense that V,(z) = V(x — y) with
V verifying L(V') = do.

Once a fundamental solution V,, of an operator L has been found, we need to make
sense of it as a generalized function as well as of the formal integration above. This is
precisely what the theory of distributions accomplishes. Distribution theory allows
us to make heuristic calculations rigorous and, even more importantly, enables us
to deal with singular objects as if they were regular functions. There are, of course,
limits to this new freedom which a good theory should spell out.

Exercise 2. It is not difficult to show that, for p € C§°(R?), the potential

V(z) = 2 [as ﬁp(y)dy behaves near infinity like Z—;w + o(|z|72) away

from the support of p. One way to prove this asymptotic and understand the error

is to Taylor expand le + fo s To=syl 5y| ds (the idea being that the parameter

lz— syl
y is relatively small).

When the charge distribution is centered at the origin (that is, the vector-valued
integral fRS yp(y)dy = 0), show the more precise result (with explicit remainder)
that, as |z| — oo,

Viw) = ;&f| T O(e[ )

It may help keep computations simple to apply the precise, first order Taylor expan-
sion ¢(1) = ¢(0) +¢'(0) + fo (1—15)¢"(s)ds to the auxiliary function ¢(s) = rlsyl
Also, a convenient way to differentiate the absolute value function is to observe
that |z — sy|> =< x — sy, 2 — sy > where <, > denotes the Euclidean inner product.

Remark: If the total charge [ p(y)dy is not 0, then one can find a “center of
charge” y. = [ypdy/ [ pdy so that [(y — y.)p(y)dy = 0. In this situation, we
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could Taylor expand about y = y. to see that the associated potential behaves
asymptotically as though it were centered at y.:

=1 Jgs p(y)dy
A |w—ye|

Vi(x)

Notice, however, that when the charge “cancels out” in the sense that [ p(y)dy = 0,
the associated potential function V' decays more rapidly at infinity as & This
phenomenon of increased decay for localized, oscillatory data is not only physically
important for explaining why electric forces are weak over distances when charge
cancels, but it is also important in analysis where a similar cancelation arises in
many other naturally occurring situations. We will see this sort of cancelation being
used in a critical way later in the notes.

Exercise 3. The reasoning in the previous section can be extended to “solve”
for the potential inside of a bounded region whose boundary is grounded. That is,
consider the problem AV (z) = p(z) for « in a bounded domain  with V =0 on
the boundary. In principle, how could you construct a general solution of the form
V(z) = [ K(z,y)p(y)dy ? Where does linearity come in?

Exercise 4. Suppose that a unit of negative charge has been distributed uniformly
over the sphere of radius R; in R?, and that a unit of positive charge has been
distributed uniformly on the sphere of radius Rs. Find the electrostatic potential
function V' associated to this charge configuration p.

Exercise 5. a. Use the informal argument from the introduction to find the
fundamental solution K, (z) of A in R™ for every n > 2; i.e. solve AK,(z) = do(x)
with an explicit formula for K,.

b. Discuss the behavior as |z| — oo of the corresponding solution

Viz) = / Kol — y)p(y)dy

for p compactly supported. Namely, as |x| — oo, what is the main term and how
large is the error?

2. Test Functions. Distributions

We start with some standard notation. We denote vectors in R” by x = (21, ...,2,)
and set Az = (A\x1,..., \xn), c+y = (x1 +y1,.--,Tn + Yn). We denote by = -y
the standard scalar product and by |z| = (z-2)2 the Euclidean length of z. Given
a function f : Q@ — C we denote by supp(f) the closure in Q of the set where
f(z) # 0. We denote by C*¥(€2) the set of complex valued functions on Q which
are k times continuously differentiable and by C§(Q2) the subset of those which are
also compactly supported. We also denote by C®(Q) = NpenC¥(Q) the space of
infinitely differentiable functions, and by C3°(2) the subset of those which also have
compact support. The latter plays a particularly important role in the theory of
distributions; it is called the space of test functions on €.
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Let @ C R" and f € C>(Q). We denote by 9;f the partial derivative 5L, i =
1,...,n. For derivatives of higher order we use the standard multi-index notation.
A multi-index « is an n-tuple o = (ay, ..., @) of nonnegative integers with length
la] = a1+ +an. Set a+8 = (a1 +P1,-..,an+5,). We denote by ! the product
of factorials ay!---a,!. Now set 9%f = 9" --- 9%~ f. Clearly 9°Pf = 9*9°f.

Given two smooth functions u, v we have the Leibniz formula,

|
0%(u-v) = Z %8'81@7@.
Brv=a )

Taylor’s formula, around the origin, for a smooth function f : R” — C can be
written as follows,

f) = 30 SO+ Oel ) as w0

lo| <k

Here 2 denotes the monomial % = z{* - - 2.

We start by explaining a general method (often called “mollification”) which can
be used to approximate rougher functions by smooth ones. Essentially, one takes
the function f to be approximated, and replaces f by its average after randomly
translating f according to some smooth probability measure p with small support.
It is intuitively clear and easy to prove that the randomly perturbed function is
a smooth approximation to the original (imagine a sharply formed sandpile after
a small earthquake), and in order to get a better approximation one shrinks the
support of p to 0. The technical implementation of this method appears as follows.

Proposition 2.1. Let f € C}(R"), 0 < k < oo. Let p € C(R™) be a smooth
function with support supp(p) contained in the unit ball B(0,1) = {|z| < 1} and
[ p(z)dx =1. We set pe(z) = e "p(z/e) and let

fo(@) = frpe(a) = / Fp(E=yay = / f(& — e2)plz)d.

€

We have:

(1) The functions f. are in C3°(R™) and supp(fe) C supp(f) + B(0,€).
(2) We have 0% fe—0%f uniformly as ¢ — 0.

Proof : The first part of the proposition follows immediately from the definition
since the statement about supports is immediate and, by integration by parts, we
can transfer all derivatives of f. on the smooth part of the integrand p.. To prove
the second statement we simply write,

0" 1) — 0% 1) = [ (0900 = e2) = 07 (@) pla).
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Therefore, for |a| < k,

0% fe(z) = 0% f(2)] < /Iﬁaf(l“—ez)—3“f($)|\p(Z)le

< / Ip(2)]dz sup |0°(z — ez) — 0% f(2)|
|2|<1
< sup [0%f(z — ez) — 0 f(a)|
|2]<1

The proof follows now easily in view of the uniform continuity of the functions 0 f.
|

As a corollary of the Proposition, one can easily check that the space of test func-

tions C§°(Q2) is dense in the spaces C¥(2) as well as LP(2), 1 < p < oo. Of course,

one must first exhibit at least one such p € C§°(R™) with [ pdz = 1. Some multiple
1

of the bump function p(z) = ei=1=* - (Jz| < 1) will do. Another way to construct
an example is by starting with any C' bump function and taking advantage of the
smoothing effects of random translations (as in the above proposition) but keep-
ing the support under control to obtain a smooth bump function as a limit of an
iterative process.

Definition 2.2. A distribution v € D’(Q) is a linear functional u : C5°(2) — C
verifying the following property:

For any compact set K C 2 there exists an integer N and a constant C = Ck n
such that for all ¢ € C§°(Q), with supp($) C K we have

| <u,¢>|<C Z sup [0“¢|.

la|<N

If the same integer N can be used in the above definition for every K, then the
smallest such N is called the order of the distribution. For example, the Riesz
Representation theorem (characterizing the dual of C(X) for compact Hausdorff
spaces) guarantess that distributions of order 0 are Borel measures.

Equivalently, a distribution w is a linear functional u : C§°(£2) — C which is con-
tinuous with respect to some topology defined on C§°(€2). This topology turns out
to be a rather unorthodox one (non—metrizableﬂ, locally convex) but never mind all
this; we can go quite far without worrying in the least about the precise definition.
All we need to know is that in this topology a sequence ¢; converges to 0 in Cg°(2)
if all the supports of ¢; are included in a compact subset of € and, for each multi-
index o, 0%¢; — 0 in the uniform norm. With this definition in mind we have the
following very useful characterization of distributions:

LThis topology can be constructed as an inductive limit topology of Fréchet spaces Cx, where
K C Q is compact and Cg is the space of all smooth functions supported in K, endowed with
a Fréchet space structure by the seminorms ¢ — supy [0%¢| for all multi-indices . We do not,
however, need the precise definition.
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Proposition 2.3. A linear form u : C°(2) — C is a distribution in D'(Q) iff
lim; oo u(¢;) = 0 for every sequence of test functions ¢; which converges to 0, in
Cr (), as j — oo.

Proof: This proof can be found in Friedlander, section 1.3, Theorem 1.3.2. H

Example 1: Any locally integrable function f € Llloc(Q) defines a distribution,

<fié>= /f<z>, o € C(9).

We can thus identify Llloc(ﬂ) as a subspace of D’(€2). This is true in particular for
the space C>*(Q) C Lj_(9).
oc

One often uses the formal notation < u, ¢ >= [, u(x)¢(x)dx even when u € D'(Q)
is not a locally integrable function, and even when ¢ is not technically a test func-
tion. This notation can be conceptually simpler, but keep in mind that this is in no
way a genuine Lebesgue integral. One can, however, typically interpret this formal
integration as a limit of classical integrals.

Example 2: The Dirac measure with mass 1 supported at xg € R” is defined
by

< Oy >= d(20)-

Remark: We shall also often denote the action of a distribution v on a test
function by u(¢) instead of < u, ¢ >. Thus d,,(¢) = ¢(z0).

Definition 2.4. A sequence of distributions u; € D’'(2) is said to converge, weakly,
to a distribution u € D'(Q) if, u;(¢) — u(¢p) for all ¢ € C5°(£2).

For example the sequence u,, = ¢"™® converges weakly to 0 in D’(R) as m — oo.

Also if f € LY(R™), with [p, f(2)dz = 1, the family of functions fx(x) = A" f(Az)
converges weakly to dy as A — oo.

We will be able to show that any distribution is the weak limit of a sequence
un, € C§°(Q). Due to this fact, many operations defined initially for functions
extend by continuity in a unique, natural way to D’(€2).

Exercise. Given a compact set K C R™ and a positive distance § > 0, construct
a smooth function n : R” — R whose support is contained in {z | |y — x| <
§ for some y € K} within a distance § of K, and such that n(y) = 1 for y in some
neighborhood of K. Hint: start with a rough cutoff and leave some wiggle room.

2.5. Operations with distributions. The advantage of working with the
space of distributions is that while this space is much larger than the space of
smooth functions most important operations on test functions can be carried over
to distributions.
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1. Multiplication by smooth functions: Given v € D'(Q) and f € C*(Q)
we define,

< fu, ¢ >=<u, fo >, Vo € C5° ()
in order to be consistent with the identity when u is a function

/(fu)¢da; = /u(f¢)dx.

It is easily verified that multiplication by a smooth function is a continuous endo-
morphism of the space of distributions.

2. Convolution with a test-function: Consider, u € D'(R"),¢ € C°(R™).
Generalizing the convolution of two functions in a natural way, we define

uxd(x) =< uy, p(x —y) >,
the subscript specifying that u is understood to be acting on functions of the variable

y. Observe that the definition coincides with the usual one if u is a locally integrable
function, u € L C(R”), for which

lo
wr b(a) = / u(w)d(z - y)dy.

Remark: The convolution of a distribution and a test function is not merely
another distribution. Rather, observe that for every distribution u € D'(R™) and
¢ € C§°(R™) we have that ux¢ € C°>°(R"™) is in fact a smooth function. For example,
if e denotes a standard unit vector, then we can differentiate in the direction ey,
as follows:
uxp(x + heg) — uxd(x)
h

= B <wuy, ¢z + hep —y) — ¢z —y) >

1
= < uy,/ O d(x + they, — y)dt > .
0

Now, since z € K is restricted to some compact set K C R"™, then for every sequence
h; — 0, the associated sequence of functions y +— fol Ord(x + thier — y)dt, together
with all its derivatives, converge uniformly toward Oy¢(z —y) and its corresponding
derivatives. Moreover they are all compactly supported with supports contained in
some compact set K’. Therefore,
* — ux*

}ILLHB wxg(z + he;z) uxg(x) kDb ().
and thus ux¢ has continuous partial derivatives. We can continue in this manner
and conclude that in fact ux¢ € C°(R™).

3. Differentiation of distributions: For every distribution u € D’'(2) we define

<%, ¢ >= (-1)l < u, 0% > .

We make this definition to be consistent with the integration by parts formula for
functions

/ Byu(w)d(x)dx = / w(z)(~Bib(x))dr, € CE(R),

which may be proven, for example, be considering difference quotients.
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Again, it is easily verified that we have thus defined a continuous endomorphism
of the space of distributions. Of course, the operations above are the only possible
extensions of the usual operations on smooth functions. The minus sign can be
viewed dually as a differentiation of the measure u = ¢(x)dz. If we temporarily let
“t,” denote the operation “translate by v”, then

O = lim The W7 1
h—0

has a density function —d; ¢(x) and the limit can be taken in the topology of C§°.

In this dual sense, we have 0;u = limy_,q w in the weak topology, which

often enables us to “differentiate under the integral sign” provided we interpret all
integrals in the distribution-theoretic sense.

We can now define the action of a general linear partial differential operator on
distributions. Indeed let,

P(z,0)= Y and0%  aq€C®(Q),
|| <m
be such an operator. Then,
< P(z,0)u, ¢ >=< u, P(z,0)T¢ >,
where P(z,0)" is the formal adjoint operator,
P(z,0)lv= Y (-1)*0%(aqv).
lee|<m

Observe that if u; € D’'(Q2) converges weakly to v € D'(2) then P(x,0)u; converges
weakly to P(x,0)u.

Exercise. Show that for all u € D’'(Q) there exists a sequence u; € C5°(€2) such
that u; — u as j — oo in the sense of distributions( weak convergence). Thus
C2 () is dense in D’ (), with respect to the weak topology of the latter.

3. Examples of distributions on the real line

1.) The simplest nontrivial distribution is the Dirac delta function §y = do(x),
defined by < do(x), ¢ >= ¢(0). We will sometimes write §(x) without a subscript
to indicate the point mass at the origin on R.

2.) Another simple example is the Heaviside function H(x) equal to 1 for x > 0
and zero for x < 0. Or, using the standard identification between locally integrable
functions and distributions,

< H(z),¢ >= /000 o(x)dx.

Observe that H'(z) = §(x) and that H(x) = [*__ §(t)dt is the cumulative distribu-
tion function of dy.
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3.) A more elaborate example is pv(%), or simply %, called the principal value
distribution,

< é,(b >= lim (/7 é(ﬁ(a;)dx—l—/e %cﬁ(m)dx)

e—0 o

Observe that log|z| is locally integrable and thus a distribution by the standard
identification. One can show easily that % log |z| = pv(1). Note that pv(1) is an
odd distribution (it is orthogonal to even test functions), and is of order 1 even
though it is of order 0 away from the origin. In fact, decomposing ¢ = ¢ey, + Podd
into even and odd parts, we have

<pv(%),¢ >:/¢;ddda:://1l ¢ (tz)dt dz

. We also remark that the function \%I - (z # 0), in contrast, does not admit an
extension as a distribution to the whole line.

Exercise 1.  Show that the distribution t%é(t) on the line is equal to —d(¢),
which is a nonzero distribution. This may seem counterintuitive since either ¢ or
0'(t) seems to vanish at every point.

Exercise 2.  Let, for z € C with 0 < arg(z) < 7, log z = log |z| + iarg(z). We can
regard x — log z = log(z + iy) as a family of distributions depending on y € R*.
For z # 0 we have lim,_,¢+ log z = log|z| + im(1 — H(z)). Show that as y — 0 in

R*, 9, log z converges weakly to a distribution x—iiO and,
1
o i b —imdo(x). (31)

Exercise 3. If Q is open and connected, u € D'(2), and all derivatives d;u = 0
in the sense of distributions, then « is a constant.

Exercise 4. Any non-negative distribution (i.e. < u,¢ >> 0 when ¢ > 0) is in
fact a Borel measure. By the Riesz representation theorem for measures, it suffices
to prove that for every compact set K C R™ there is a constant C' = C'x such that

u(¢)] < Cx max|¢|
for all ¢ with support in K.

Exercise 5. (using the preceding exercises) If u : (—o00,b) — R is a nondecreasing
function which (for simplicity) vanishes at —oo, there exists a unique Borel measure
i >0 so that u(z) = ffoo 1du(t) for Lebesgue almost every « € (—oo,b]. In terms
of u, when is u continuous? Absolutely continuous?

Remark: The classical result that monotonic functions are almost everywhere
differentiable can be derived from the above exercise in combination with some
basic measure theory and the Lebesgue differentiation theorem of section (2.6)).



3. EXAMPLES OF DISTRIBUTIONS ON THE REAL LINE 27

Exercise 6. Characterize convex functions f : (a,b) — R. Namely, show that the
following are equivalent:

(1) flar+ (1 —-a)y) <af(z)+ (1 —a)f(y) for all « € [0,1] and z,y € (a,bd)

(2) fis continuous; f (in the distribution-theoretic sense) is a non-decreasing
function, and is therefore locally bounded

(3) f is continuous; f” is a non-negative distribution, and is therefore a finite
measure when restricted to any bounded set.

Hint: The class of convex functions remains invariant under the operation of ran-
dom translation, therefore mollification may help.

d

We now define an important family of distributions x7%, with z € C, by analytic
continuation. We will see this family again later while studying the fundamental
solution to the wave equation, and again in our study of restriction theorems for
the Fourier transform.

First recall the definition of the Gamma function,

Definition 3.1. For Re(z) > 0 we define

I'(z) = /000 e ttF T dt (32)

as well as the Beta function,

Bla,b) = /O 11 — 5)Lds (33)

Clearly I'(a + 1) = aI'(a) and I'(1) = 1. Thus I'(n + 1) = nl. Recall that the
following identity holds:

[(a) - T'(b)
B = —r 4
(@0 = 1 (34
We also record for future applications,
0
I'e)I'(1 —a) =B(a,1 —a) = Sn(ra) (35)

In particular I'(1/2) = =%/

Exercise. Prove formulas and . For help see Hérmander, [?] section 3.4.

Definition 3.2. For Re(a) > 0, we denote by j,(A) the locally integrable function
which is identically zero for A < 0 and

Ja(N) = F(la) et A > 0. (36)

The following proposition is well known,
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Proposition 3.3. For all a,b, Re(a), Re(b) > 0,

ja * jb == ja+b

Proof: We have,

A
Jo Jp(N) = F(la)ﬁ/o P N = )" dp
11 i ! a—1 -1
= Tt H’ /05 (1-s)""lds

Proposition 3.4. There exists a family of distribution j,, defined for all a € C,
which coincide with the functions j, for Re(a) > 0, such that, jo * jo = Jatb,
d%ja()\) = ja—1(A) and jo = do, the Dirac delta function at the origin. Moreover
for all positive integers m, j_m,(x) = 070p(x).

Proof : The proof is based on the observation that - j,(\) = j,—1(A). Thus, for
a test function ¢,

/R Ja 1 (\)B(V)A = — /R Ja()& (A)dA

Based on this observation we define, for every a € C such that Re(a) + m > 0 as
distribution

< >= (—1)" / Jarm(N) 6 (AN

In particular,

<ino>=- [ TR (A = / T oA = 6(0)

Hence jo = dp. It is also easy to see that ji*j, = jatp for all a,b € C. [ |

Remark: In applications one often sees the family of distributions x4 = joy1.
Clearly X‘j_k* xh = Xf'b“, %Xi()\) = Xl_’.__l()\), and Xj_l = §p. Observe also that
Xﬁ()\) = % -(A > 0) for positive integers k, and more generally x% is homogeneous
of degree a, i.e. , x4 (tA) = t*x%(N), for any positive constant ¢. This homogeneity
clearly makes sense for Re(a) > —1 when x% is a function. Can you also make

sense of it for alla € C ?

3.5. Support of a distribution. The support of a distribution can be easily
derived as follows:

Definition 3.6. For u € D’'(Q2), we define the complement of the support of u,
O\supp(u) = {x € Q |3V, > z open, such that < u, >=0 Vo € C(V,)}.
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Lemma 3.7. If u € D'(Q) and ¢ is a test function with supp(p) C Q\supp(u),
then < u,¢ >=u(¢p) = 0.

Proof : This follows easily by a partition of unity argument. The argument can
be found in Friedlander, section 1.4. [ |

The above lemma may be used to show that any distribution u € D’(Q) of compact
support extends to test functions in C*°(R™) by taking an arbitrary cutoff ¢ €
Ci°(R™) equal to 1 on the support of u and defining u(¢) = u(¢¢). In fact, the
following proposition shows that we may regard a compactly supported distribution
as an element of the dual to CVV(R") for some N.

Proposition 3.8. A distribution u € D'(R™) has compact support K C R™ iff there
exists N € N such that V¢ € C°(R™) we have

(@) < Cusup 3 [0%(a)],

*€U a1<n

where U is an arbitrary open neighborhood of K.

Proof: This is seen by using a cutoff function which is identically 1 on the support
of the distribution. [ ]

Remark: If we endow C*°(R™) with the Frechet topology induced by the family of
seminorms given by ¢ — supg, |0%¢[, with @ € N* and K running over a countable
collection of compact sets exhausting R", then the space of compactly supported
distributions can be identified with C*>°(R™)*, i.e. the space dual to C*°(R™).

We have the following useful fact (essentially dual to Taylor expansion) concerning
the structure of distributions supported at one point. We will find this result useful
at various parts of the notes, although its application can essentially always be
replaced by repeating some variant of its proof. We will not give all the details,
but the main ideas are present.

Proposition 3.9. Let u € D'(R") and assume that supp(u) C {0}. Then we have
u = Z\aISN aa0%(8p), for some integer N, complex numbers an and &g the Dirac
measure in R™ supported at 0.

Proof Let u be a distribution supported at the origin, ¢ € C§°(R™) be a test
function. It is not true in general that < u, ¢ > depends only on the value of ¢ at
0, but it is true that < u,¢ > depends only on the restriction of ¢ to any small
neighborhood of 0. So let n € C§°(R™) be a cutoff function which is equal to 1 on
a neighborhood of the origin, and let ns(x) = n(%) for § > 0 be a cutoff function
with an even smaller support. Then < u,¢ >=< u,ns¢ >. We wish to prove that
< u, ¢ > depends only on the first NV derivatives of ¢, where

| <u,p>| < ClYlley =C Y max|d®P], ¢ € (R

lal<N
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By Taylor expansion, one reduces to the case where all derivatives 9%¢ = 0 for
|a] < N. More precisely, we can write

1
oa) = o(0)+ | Gotayas

= ¢(0) + Z/O z'0'¢(tx)dt

1 2
. . d
=¢(0) + o' OzUr/ 1—t)—=o¢(tx)dt
60+ 60"+ [ (1= 0)gzolen)
and continues integrating by parts until one has written ¢ as a multinomial with
coeflicients corresponding to derivatives of ¢ at 0 plus a sum of terms of the form
a7 ¢r, where 7 is a multi-index with |7| > N and the functions ¢, are smooth (but
obviously not all of compact support).

Expanding ¢ in this way, we need to show that < w,nsx™ ¢, >= 0. Here we will
use the estimate | < u,1 > | < C||¢)||c~, so we will have to estimate derivatives of
the type 0% (nsa™ ¢,) with order || < N. Observe that

o (n(5)) =6~ @ m)(3)

This type of scaling with derivatives is consistent with dimensional analysis, if we
view § and x to have the same “units” and view each differentiation 9° to have
the reciprocal units. It is also a computation that comes up extremely often in
analysis as we shall see later on. We take advantage of this scaling by absorbing
the monomial factor into the cutoff n($)z"¢, = 077(5)p-. We then obtain

| <u,msx"dr > | =6"| <u,fspr > |
<C ) 67 max|0(7is¢,)|

la|<N

One could expand these derivatives using the Leibniz formula

0 (s - dr) = Y

B+y=a

al

5"7‘ aﬁﬁ687¢7
and generate a tremendous number of terms, but to find the exact formula for these
products may not be useful even though it might be worthwhile to go through the
details at least once. In practice, however, one avoids details (such as the exact
values of constants) which are not at the heart of the matter by understanding
what kinds of terms will occur, and in particular one isolates the “worst” terms. In
this case, the worst terms occur when a derivative falls upon the cutoff 75 = (%),
which is becoming increasingly sharp as 6 — 0. For such terms, each derivative
generates a factor of §~!. However, at most N derivatives can hit this cutoff, and
so we have, for some number C’ independent of § (although potentially dependent
on n and ¢),

| <u,msaTd, > | < C'6TN
which tends to 0 as § — 0 since 7 > N. |
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Now that we have introduced the notion of support, it is important to observe that
the convolution of two distributions cannot be defined in general, but only when
certain conditions on the support of the distributions are satisfied. We note in
particular the fact that if uy,us € D'(R™) one of which is compactly supported,
then the convolution ui*us can be defined. Indeed, assuming us to be compactly
supported, we simply define, (* * x)

(urkuz)xd = ur*(uzxg), Vo € C3°(R™).

Here, supp(ugx@) C {x+y:x € supp(us), y € supp(¢)}, which is a compact set.
This definition extends the classical convolution for functions.

4. Pull back of distributions

Let Q C R™ and ' C R™ be open sets, u € D'(Q') be a distribution on ', and
f:Q — Q. We can sometimes define the pull-back f*u € D’'(Q2). There may be
obstructions; for example, if f is a constant function, then u o f makes sense only
for continuous functions u, and more generally if f maps some set with positive
measure into a set of zero measure, then uo f does not even make sense for u € L?,
which are only well-defined as functions up to a set of measure zero. To ensure
that none of the obstructions mentioned above occur, we assume that f is smooth
and that its derivative matrix D f has full rank at every point so that, at least, any
open set maps onto another open set.

To consistently define the pull-back of w by f, when possible, we use duality by
regarding the pull-back of a function as the operation adjoint to the push-forward
of a measure and set

< ffu, @ >=<u, fgpod >

where fx¢ is (the density function of) the pushforward of the finite, complex mea-
sure ¢ dx by the map f.

We shall later prove that fx¢ is a smooth function and hence that pull-back is well-
defined. It is then obvious that f*u is continuous in the distribution v with respect
to weak limits. An immediate consequence of this continuity is that the chain rule
for smooth functions u and f generalizes to the case where u is a distribution. For
example,

Vu(f(z)) = u'(f(2)Vf(2)

as distributions.

The above definition is certainly consistent with the formalism of measure theory.
However, it is not immediately clear that the pushforward measure has a density
function which is a valid test function, nor is it clear how to compute using this
definition, so let us first discuss a few concrete examples explicitly.
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Example 1: When f : Q — Q' is a C* diffeomorphism with inverse g, then we
apply the familiar change of variables formula for y = f(x),

[uts@ysais= [utrenots @)
- / u(y)d(g(w)) - | det Dy(y)|dy

where Dg is the derivative matrix of g. This calculation motivates the definition of
pullback for such diffeomorphisms

< ffu, ¢ >=< u,|detDg(y)|pog>, ¢eCF(N)

In this case we see that the change of variables formula is equivalent to the definition
of pullback.

Example 2: If f: Q — R has a nonvanishing gradient, then we can explicitly
obtain the pullback of the delta function d;, namely f*(d;) = ﬁdo. Here, do
denotes the canonical surface measure on the embedded hypersurface f=1(t) =

{f(z) =t} C R™ and Vf denotes the gradient of f.

In other words, we can compute the value at ¢ of the pushforward measure’s density
function

B do(x)
fao)= [ @

and therefore compute < f*u, ¢ >=< u, fx¢ > not only for a é-function, but also
for arbitrary distributions u € D'(R). In this way, the pullback formula may be
written informally as a sort of decomposition

u(f(2)) = / w(t)S(f () — t)dt

which can be formally derived from the identity u(y) = [w(¢)d(y — ¢)dt.

As a sample application of this formula, one can see that the derivative of the
volume of the ball of radius R is the surface area of the sphere of radius R from
the fact that the gradient of V|z| = 777 has norm 1 and from the differentiation

C%/H(rfm)dx:/é(r—|x|)dm.

This formula is clear geometrically: when one compares the volume of a ball of
radius 7 to a slightly larger ball of radius r + €, the change in volume is essentially
€ times the surface area.

Since the pullback of a delta-function will be very important for us, let us give
a proof of this formula. Once we have proven this formula, we have built up the
theory enough to carry out the details of the previous calculation in full. One would
take difference quotients in the variable r of the distribution H(r — -), and these
difference quotients are essentially supported on a thickened sphere. We then use
the trivial observation that the pullback of a distribution < f*u, ¢ >=< u, fu¢ >
is continuous in u with respect to weak limits.
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Now let us prove the pullback formula for a J-function. The geometric picture
in the proof is basically a generalization of the special case f(x) = |x| considered
above.

Proof of the Pullback Formula for m =1

By taking a partition of unity to decompose ¢ if necessary, we may assume that f
may be completed to a coordinate system on the support of ¢, since this is always
possible on a small neighborhood of any point in the support of ¢ by the nonvan-
ishing of |V f], and since finitely many such neighborhoods suffice. We consider the
measure pu = ¢(y)dy and let ¥(¢) : R — C be the distribution function defined by

W) = fan(—s0.0) = [ o) (1) < .
We now wish to show that

V() =lim > [(t< f(y) <t+e) - dy)dy

e—0 €

exists at every point ¢t € R, from which it will followﬂ that ¥ is absolutely contin-
uous and that W' (¢) = fu¢(¢) given by the formula is in fact the correct density
function. For simplicity of notation, let us suppose € > 0.

We now verify by change of coordinates that, very close to a point yo € f~1(¢) the
thickened hypersurface {y | t < f(y) < t+¢} can be parameterized to have “height”
7o T o(e) and “width” ~ dos-1(4)(yo), which is at least intuitively plausible
from a picture of the generic situation (for example, in the case of the preceding
example f(x) = |z|).

We may assume (without loss of generality) that %(yo) # 0 and consider the
smooth function h(z!,... ,z") satisfying

f(h(z),a") = 2! (37)

for all z = (2%, 22,... ,2") = (z!,2’) in a neighborhood of (¢t = f(y°),4},... ,y%)
containing the support of ¢. We then essentially use f in place of y! as a coordi-
nate by making the coordinate transformation (y!,4?%, ... ,y") = (h(z),2?,... ,2™),
obtaining:

2The Fundamental Theorem of Calculus applies when ¥ is continuous and classically differ-
entiable at every point ¢.
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i [ [Le< ) < 04000 s ndy? Aondi

= lim %(t <zl <t+e) ~¢)(h(x),:r’)] |dh A dx® A ... A da"|
: 1 1 nl oh 1 2

=lim [ |-(t<a <t+e) - o(h(z),z) ﬁ(z)ﬂda: Adz= A A da
e L€

= lim 1(t<x <t+e)- (¢/| |) (h(z',2'),x )}dﬂcl...dx"

To compute the Jacobian of the transformation in the second line, we have used
the shorthand of differential forms, which quickly encapsulates the fact that the
volume of an n-dimensional parallelopiped remains unchanged when one vertex is
translated within the span of others through the identity

dh Nda® A .. A dx" (8 )Y Ada® AL A dx"
YAdz® AL A da"
2
oh

and ‘% .j which defines

h 1mphcltly. It is now clear that ¥/ = fu¢ is a smooth function of ¢.

The equation also shows that, for ¢ fixed, the function (') = h(t,2’) pa-
rameterizes the hypersurface f~1(t) as the graph of the function ! = 1;(2’) when
2 varies. We now wish to interpret the integral over f~1(¢) in terms of the surface
measure

1/2
3%
doy- 1(t) <1+Z 9 ) dz’

so we compute the surface density by implicitly differentiating f(;(2’),2’) =t to
obtain

of oyy Of .
9L g j=2,...
oyl Oxi + Oy 0 el

Hence, we see that

af\2 0 "o\
o=y (55) = -1+ 1)
2

Substituting into [(¢/ |8B—J1|) o(a’)dz’ gives the formula in Example 2 above. R
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The proof above could have been simplified by employing the same change of vari-
ables (y!,...,y") = (h(z),22,... ,2") to show directly that

/Mﬂmwwwy=/u@ﬁ@®ﬁ

for all u € C*°(R), or equivalently by using a smooth approximate delta-function in
place of the sharp approximate delta-function %(0 < t < ¢€). We have alternatively
chosen the above, lengthier proof for its intuitive, geometric appeal and also to
demonstrate the use of distribution functions for computing fx¢. A briefer and
more general proof is given in the Appendix along with some computational tools.

Exercise 1. Let S) : R®™ — R™ be the dilation map Sy(x) = A\x. We say that a
distribution u € D'(R™) is homogeneous of degree a if, Siu = A®u. Show that the
definition coincides with the usual one if w is a function. Show that, in R"™, g is
homogeneous of degree —n.

Exercise 2. Show that any distribution in R™ which is both homogeneous of
degree —n and also supported at the origin is a constant multiple of dg.

The examples above are special cases of a more general formula. We can compute
fu¢ when f:Q — R™ is a smooth map whose derivative is everywhere surjective
by the following explicit formula:

_ LG
B = [ o (39)

Here do denotes the induced measure on the codimension m submanifold f~1(y) C
Q, ffw=df' A...Adf™ is the pullback of the volume form w = dy' A ... A dy™

on R™, and || - || denotes the norm induced by the pointwise inner product on m-
forms. The measure do can also be written \lrffutjl‘l where * f*w is the Hodge dual of

f*w. These notions are all reviewed further in the Appendix , where the general
formula is proven in a different manner than the m = 1 case proven above.
The proof consists of decomposing the volume form

N (ffwAxf*w)

1
IR
and then integrating first over the level sets of f.

There are more general conditions under which the operation of pullback f*u is

possible when the singularities of the distribution u are understood in a more precise
manner.

Applications
Our first application of these operations will be to prove Gauss’s divergence theo-

rem, which involves expressing the integral of some derivative of a function ¢ over
the interior of a set {2 in terms of a boundary integral of ¢. One can express the
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integral of any derivative over ) as a limit of integrals of difference quotients of ¢,
but dually one can take the function ¢ fixed and take adjoint difference quotients
of the characteristic function of €2; thus, the divergence theorem turns out to be
equivalent to the differentiation of the characteristic function of an open set.

We will now compute the gradient of the characteristic function xo of a domain
Q with a smooth boundary, but let us first do it in words. One can picture the
graph of xq as an -shaped table. If we perturb yq slightly to can obtain a smooth
approximation Xq, it is clear that the gradient of yq points inside of 2 and normal
to the boundary 9 (in the direction of maximal increase), and furthermore the
gradient remains supported essentially on the boundary of Q. It is therefore no
surprise that we obtain

Proposition 4.1 (Gauss’s divergence theorem). For any test function ¢ € C§°(R™),

/ Vo(z)dz = /VXQ z)dx = o(x)fdosq(x),
o0
where 11 denotes the inward, unit normal vector.

Proof By taking a partition of unity, we may decompose ¢ = > ¢, where
each ¢, is a smooth function supported within a small region V, so that V, N

= {x € V,, : fo(x) > 0} is an upper contour set of some defining function
f = fo with nonvanishing gradient on the boundary. In V,, we have the equality
(as distributions), xo = H o f,, i.e.

/ vo(@)p(e)de = / H(fo(2))é(2)da

for any test function ¢ supported in V,,. Therefore, by the chain rule,

Vo
IV fal

which proves the proposition. [ |

Vxa(x) =6(fa(2))Vialz) = (x)dopa(x) = fidosa(x)

We could have slightly modified the proof to allow for far less stringent regularity
conditions on f by first approximating the characteristic function of 2 and taking
a limit (for example by letting a family of pre-Heaviside functions H, converge to
the Heaviside function). For example, when the boundary can be expressed locally
as a graph of a Lipschitz function, then the normal vector is well-defined almost
everywhere, and we obtain in this way the same formula for a larger variety of sets
such as polygons, cubes, etc. The details can be found in Hérmander’s book [?].

Extending these ideas, we can outline a quick proof of the more general Stokes’
theorem. The proof goes essentially as follows: for an oriented k-dimensional mani-
fold Y (which might be embedded inside a higher dimensional manifold X), a k —1
form w on X, and a test function ¢ € C§°(X), we have

oz/yd(gsw):/y¢dw+/yd¢w
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which is clear when ¢ has support in a coordinate patch . If M C Y is an open
subset of Y with smooth boundary OM, we take ¢ to approach the characteristic
function of M (so that d¢ has support on 9M), and in the limit we obtain Stokes’

theorem:
/ dw = / w
M oM

The extension of distribution theory to the setting of manifolds is mostly straight-
forward and is outlined in Hormander.

The Appendix on integration over submanifolds included at the end of the notes
may help for some of the following Exercises.

Exercise 3. Show that if f, g are two smooth functions on R™ with non-vanishing
differential everywhere, then for all a,b € R™ x R™:

/kaﬂw—xwamw—mez%umw—mw»

Hint: Both sides are to be interpreted as distributions on R™ x R™. One could
re-write the definition of pull-back in the form wu(g(b)) = [ u(x)do(g(b) — z)dx.
Approximating with approximate d-functions, we can extend to the case u(x) =
do(f(a) — x). Alternatively, use the obvious special case where f(a) = a and
g(b) = b are both the identity map and pull back for general f and g.

Exercise 4. A point is drawn at random from the punctured square

S =A{(z,y) : max|z|, ly| <1, }\{(0,0)}
What is the probability density of the random variable x - y?

Exercise 5. Let f:R3 — R? be the map (7, 3) = f(z,y, 2) = (2 + y? + 22, 2),
which is nonsingular away from the line z = y = 0. For ¢ € C3°(R3\{z = y = 0}),
show directly (e.g. by computing the distribution function) that the pushforward
measure fx¢ is given by

27
dr ANd
([ etrs0) - (> 95
0
in the coordinates (7, 3,6) on R® where  is the polar angle in the z,y plane. Check
that the formula gives the same result.

Exercise 6. Show that, if §g is the Dirac delta function on R, then when viewed
as a distribution on (¢,z) € R x R3\{(0,0)} , we have
dx
<Oo(t* — [a]*), ¢ >= / (@(lz], 2) + ¢(=|z|, 2)) 57—
R3 2|z|
Why does this formula make sense as a distribution on all of R3*!, even though
the derivative d(t? — |z|?) = 2tdt — Z?:l 22;da’ vanishes at the origin? Why is
this the only possible definition extending 5o (% — |z|?) to all of R3*! which remains
homogeneous of degree —27
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4.2. Other topics we have not discussed.

We have not included a section on multiplying distributions because one cannot
define, in general, a meaningful, associative, product of distributions which contin-
uously extends the usual multiplication of functions. (Try to produce an example of
three distributions on the real line whose product, if defined, could not be associa-
tive, or an example of two distributions whose product could not be commutative.)

There is no difficulty in multiplying together distributions whose singularities are
disjoint — one simply uses a smooth partition of unity to localize in space. When the
singularities occur at the same points the matter is more subtle. The multiplication
is still possible when the singularities “do not collide” in a sense made precise by
the notion of a wavefront set, which measures inside the cotangent bundle of R” the
position and direction of the singularities of a distribution — in this situation one
must try to localize in both space and “frequency” to formalize the multiplication.
It is possible to show, for example, that do(z1,72) = §(x1) - §(w2) € D'(R?). We
will allude to the concept of the wavefront set at various points in the notes, but we
will remain vague about what this set actually is; for a rigorous discussion of the
wavefront set and the propagation of singularities, see (* * x). For our purposes, it
will be enough to remember that singularities have both location and “directions”.

To give a more explicit hint of the most general setting: given two distributions
u(z) and v(z) € D'(X), one defines a tensor product u(z1)v(zz) € D'(X x X)
in the obvious way, and multiplication, when possible, is the pull-back u(z)v(z)
of the tensor product by the diagonal embedding X < X x X. Note, however,
that the diagonal embedding does not satisfy the conditions we assumed when we
originally defined pullback of distributions in that its derivative is not surjective.
It is sometimes possible to define pullback even in such circumstances, but again
some conditions involving the map and the wavefront set of the distribution to be
pulled back must be met, as it is clear, for example, that not all distributions can be
restricted to lower dimensional subsets. We will confront this issue later on during
some of the calculations involving fundamental solutions and again when we study
trace theorems (which allow us to make sense of “boundary values” when dealing
with certain generalized functions in PDE) and restriction theorems for the Fourier
transform.
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Fundamental solutions and the basic linear PDEs

In the Introduction, we introduced the basic concept of a fundamental solution in
the particular case of the Laplacian in R, and used this solution to deduce some
basic facts about Poisson’s equation for compactly supported data. We now begin
to study several of the basic linear partial differential equations from the same angle
but in greater depth.

Given a linear partial differential operator with constant coefficients

P@)= ) a,0”

|| <k

with a, € C, we say that a distribution E is a fundamental solution if it verifies
P(O)E = §p. If this is the case, then we can always find solution of the equation
P(O)u = f, where f € D'(R™) is a compactly supported distribution, by setting
u = Exf. This follows easily from the observation that dp*xu = u for any v € D'(R™)
together with the following proposition (which ultimately stems from the fact that
all translations commute in R"™).

Proposition 0.3. Assume u,v € D'(R™) one of which is compactly supported.
Then,

P(0)(uxv) = P(0)uxv = uxP(0)v.

One can prove the following general result.

Theorem 0.4 (Ehrenpreis, Malgrange). Any linear partial differential operator
P(0) on R™ with constant coefficients has a fundamental solution.

The proof, which involves elementary Fourier and functional analysis, is actually
rather peripheral to these notes (although a midterm exercise demonstrates that
there could be obstructions to a similar theorem in more general settings). Ul-
timately a fundamental solution has to be quite explicit to be useful in deriving
interesting properties of the underlying equations.

We treat instead specific examples of important, translation-invariant linear dif-
ferential operators which have special, useful invariance properties. From the sim-
plicity and special symmetries of these operators, we are able to derive explicit
formulas for the fundamental solutions. This allows us to derive important qualita-
tive properties of the corresponding equations (existence and regularity of solutions,
continuous dependence on data, etc.). These qualitative properties, however, will

39
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often have nothing to do with the various symmetries, and clearly remain true if
one were to perturb the operator slightly, or even substantially. Therefore keep
in mind that, though explicit formulas are very useful, we will ultimately need to
develop more robust techniques to understand properties of PDE’s.

1. Cauchy-Riemann equations

The operato % = %(% + ia%) is fundamental to complex analysis Which studies
solutions f : C — C to the linear partial differential equation ? = 0. Such
functions are called holomorphic and taken together form an algebra over C, in

addition to having many other fascinating properties. The pair of partial differential
equations relating the real and imaginary parts of f are known as the Cauchy-
Riemann equations. We will assume the reader is already familiar with the subject
of complex analysis, and proceed to develop basic facts in the subject through the

application of distribution theory. For this section, we will use the formalism of

dz/\dz

differential forms and in particular denote by =dxAdy the volume form on

C. Given a function f(z,z) we write, in compleX notation, df = dz +3 of ~dz.

According to our general definition, a fundamental solution for = lb a distribution
K in R? such that 5 = §p. Unlike the Laplace operator, the E operator does
not commute with rotations u(z) — @ = u(ez) as an operator. In fact, we have
L= e 2% (e"z) from the calculation

dlu(e’z)] = %

L Ou Lou,
_ it it —it " it =
=e 82(6 z)dz+e 82(8 2)dz

(¢"2)d(eiz) + 5L (e2)a(e72)

9u — §4, then by this computation,

However, if one has any fundamental solution %

one can construct another fundamental solution e*u(e'‘z) since the J-function is
rotationally invariant. By averaging over the group of rotations, we can assume
without loss of generality that these two fundamental solutions are the same so
that K (e'z) = e K (z), which motivates us to seek a fundamental solution of the

form K(re?) = g(r)e~%.

Since &g is homogeneous of degree —2 and % lowers the degree of homogeneity by
1, we would suspect that g(r) = ¢ for some constant ¢ € C, so that the fundamen-
tal solution would be homogeneous of degree —1. Thus, we are led to guess that
K (z) = £ for some constant c. Indeed, since = is locally integrable, it defines a dis-
trlbutlon everywhere in R? with —% supported at the origin. Moreover, since gz i
is homogeneous of degree —2, we deduce from the characterization of dlstrlbutlons
supported on a point that it must be a constant multiple of dg; i.e. y* = (Cé for

some constant C' € C (possibly 0).

IAn easy way to remember this definition is to write f(z,y) = f(Z12 Z;ﬁ). Note also that

2 bl
9 ] of g5
H=3(E& —iZ)and df = gLdz + §Ld=.
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We may determine the constant by applying the distribution to any test function
we wish, and we will choose our test function to be the characteristic function of
the unit disk D = {|z] < 1}. Technically, doing so leaves the realm of distribution
theory that we have covered, but we will have no problem justifying our computa-
tions: the point is that one factor is at least continuous wherever the other is a bit
singular, which allows one to pass from smooth approximations. In the notation of
real variables, it is possible to evaluate

/H(l —lz]) - %%dagdy =- / . i Zy%H(l — |z + iy|)dzdy

by integrating by parts. By applying the product rule to
9
0z

we obtain that -Z|z| = 52, and hence
0z 2|z|?

|2 = o= (22)

25

1 0 1
— —H(1- iy|)dedy = | —0(1 — |z|)dzd
[ i 50— o+ i)dady = [ 561~ <Dy

=T

Equivalently, we can apply Stokes’ theorenﬂ to compute that

/ 0 (1) dz Adz / (1dz>

=\ —F = d{ -——

p 0z \ z 2i D \z2i
[
n aDZQi

/2“ _pie?d
= (& —_—
0 24

=T

giving the proposition:

Proposition 1.1. Let K(z) = 11, then 9K — 5,

1
™

Having found a fundamental solution, we will immediately obtain a representation
formula for holomorphic functions. We first note that a variation of the above
calculation allows us to compute 85‘;’ when € is an open set with Lipschitz boundary

Hand with é replaced by an arbitrary test function shows that

0 dz Adz dz
X0 4(2)

EE 5 = m(b(Z)g ¢ € C5°(C)

2 One must take care that the parameterization 6 — e‘? gives the correct orientation of
the circle. A naive replication of the following calculation with the clockwise parameterization
6 +— e~ would have led to a sign error.

3SWe proved the divergence theorem assuming the boundary was smooth, however a very
slight variation of the proof works for Lipschitz boundary. See Hérmander, for instance.
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For example, this follows from integrating the identity

A=) = (X0 + Xa - 0Nz A d:
One of the easiest ways to check that such integral identities involving distributions
are valid is by allowing the singular distribution yq to be approximated by smooth
functions x§,. In this case, %XQ is a measure since 02 is Lipschitz and ¢ is a
continuous function, so one can already see that the computation is valid.
In the special case when % =01in Q and f is (say) C! in a neighborhood of the
closure of €2, we can pass from smooth approximations ¢, — f to conclude that

Jo f(2)dz = (ﬂ

Now, applying % to the product

0 1

Ol — 1L 9xa
oz |\ 7(z — 20)

} =0 T w(z —z0) 0Z

gives a compactly supported distribution supported only at zy and the boundary
of Q.

dzZNdz

We understand this equality by integrating against ¢ %=

, giving the identity:

Theorem 1.2. Let Q) C C be a bounded domain with Lipschitz boundary OS2, zg € §2
and ¢ € C=(C), then

1 () , 1 0p 1
27 J5q Z_Zod2—¢(z0)+ 2ri Jo 0Z 2 — 29

dz N dz

We have only stated the theorem for smooth functions, but the theorem holds much
more generally by approximation. In particular, we can pass from smooth ¢ to f
when f is holomorphic in Q and C' in a neighborhood of the closure of €2, and by
doing so we obtain as a corollary

Corollary 1.3 ( Cauchy Integral Formula). Let f, Q and zo € Q as above, then

L (2) dz = f(z0)

271 a0 % — R0

Remark: Some care must be taken when applying the Cauchy Integral formula
and calculating the integral over the boundary. For one thing, the assumption that
f remains well-behaved at the boundary is essential for the passing from smooth
approximations as the example of % on the unit disk with the origin removed
illustrates. In thise case, the Cauchy Integral Formula cannot apply to (say) points
zo very close to 0 — the boundary integral |, oD % . idz clearly has size not much

larger than the arclength f|2|:1 1ldz| = 2m. The other important issue which our

4More directly, one can calculate that d(fdz) = df Adz = %dz ANdz + %dé Adz = 0 and
integrate over €.
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use of Stokes’ theorem subsumes is that the orientation of the boundary must be
taken into account if.

By analyzing the Cauchy Integral Formula one can show that holomorphic functions
(under the above conditions) possess a convergent power series expansion about any
interior point of €2, and in particular are smooth. Even more usefully, one can make
this smoothness quantitative by deducing estimates of the form [[0f]|pe k) S
|| f[lzo(aq) for compact sets K contained in . The same estimates also indicate
how the solution to % = 0 varies continuously upon its boundary values (when the
solution exists). This analyticity is one example of a more general phenomenon: the
regularity of a fundamental solution away from the origin corresponds to regularity
of solutions to the PDE. It would be nice in general, however, to achieve a regularity
result such as this one (perhaps not as strong) without relying upon the explicit
formulas. We will revisit holomorphic functions shortly.

Exercise 1. We say that u € D'(2) is a weak solution to the Cauchy-Riemann
equations if % = 0 in the distribution theoretic sense. Prove that a continuous
function which is a weak solution is in fact a classical holomorphic function (and
hence analytic). (Hint: the class of holomorphic functions is closed under transla-
tion and linear combination, so it may be useful to consider a mollification of u.
Then use the a-priori estimates.)

Exercise 2. From Exercise 1, deduce:

Theorem 1.4 ( Schwartz Reflection Principle). :  Let Q be an open subregion of
C intersecting the real line in an interval I. If f is continuous on 2 and holomorphic
on Q\I, then f is holomorphic on .

Hint: f(z +iy) = limco(ly] > €) - f(z + iy) in the weak sense.

Exercise 3.  Also prove:

Theorem 1.5 ( Morera’s theorem). :  Let f be a continuous function in the open
disk D. Then f is a holomorphic function in D if and only if for any right triangle
interior T with boundary OT contained in D one has

“/XTa—deZ/\dz”E f(z)dz=0
0z aT

Note, the leftmost integral makes no sense classically, as no regularity assumptions
about % have been made. (Hint: this can be proven either by using the linearity in
X7 to pass to general test functions, or by taking advantage of translation invariance
in the assumptions)

Exercise 4. The Cauchy Integral Formula immediately implies an estimate
of the form |f(z9)] < Cmax,ecpq|f(z)| for some positive constant C = C(zp)
independent of f. However, essentially because 0, : f — f(z0) is also a ring
homomorphism, we are able to choose C' = 1 independent of zy and thereby prove
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Iheorem 1.6 ( Maximum Modulus Principle).  IfQ is open with compact closure
Q, and f is a holomorhic function in a neighborhood of ), then

max | f(z)| = max | f(2)]

One argument in this spirit is due to Landau.

On the other hand, the estimate |f(z0)] < Cmax,caq |f(z)| alone implies (by the
Hahn Banach theorem) that the linear functional 6., : f — f(z0) defined initially
for continuous boundary values of holomorphic functions extends to a continuous
linear functional on C(9€2) and is therefore represented by a meabure (i. e for f holo-
morphic in §2 and continuous up to the boundary, we have f(zp) f o0 f(2)dpz,(2)
for some finite measure p,, on the boundary which is not necessarlly unique a
priori). In fact, we have already calculated this measure by proving the Cauchy
Integral Formula. On the other hand, the Maximum Modulus Principle can be
proven without making use of the Cauchy Integral Formula (the reader is asked to
provide such a proof in Exercise 8 of the following section on the Laplace operator).
One sees, therefore, that a-priori estimates and the existence of integral represen-
tation formulas come hand in hand in expressing the uniqueness of solutions and
continuous dependence on data. However, notice:

Exercise 5. If arbitrary boundary data f € C(99) could be realized by a holo-
morphic function wu, % = 0 in § then the continuous functional d,, : f — u(z) for
2o € Q would be a continuous ring homomorphism defined on the algebra C(0)
according to the Maximum Modulus Principle above. However, any continuous,
linear functional on C(9N2) extending d,, as above cannot be a ring homomorphism
EL Hence, there exist continuous functions which cannot be realized as boundary

values of holomorphic functions.

Therefore, we cannot conclude from a priori estimates (like the Maximum Modulus
Principle) or representation formulas alone that solutions exist. Understanding
the obstructions to the existence of solutions is an interesting problem in PDE, and
usually involves understanding the underlying geometry or topology of the equation
of interest. For example, in the present case, a holomorphic function cannot map
a closed curve to another curve with a reversed orientation.

2. Laplace Operator A

As we have seen in the introduction, the Laplace operator (or Laplacian) A =
i, 02 on R™ is one of the simplest and most important linear differential oper-
ators. Solutions to Au = 0 are called “harmonic functions”. In two dimensions,
A is related to the study of holomorphic functions (for example, from the identity
A= 4—— and our preceding regularity results, we see that real and imaginary
parts of holomorphic functions are harmonic). The operator is also often denoted

5In fact, all such continuous ring homomorphisms on the algebra C(8Q) are point masses on
the boundary itself.
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V-V =“81,02,...,0,) (81,0,...,0,)"; this notation makes clear the rotational
symmetry of the operator, and also the integration by parts identity

—/Au vdr = /Vu~Vvdx u,v € C°(R™)
which can be taken as an alternative definition of the operatorﬂ

During the exercises in the introduction, we used spherical symmetry to find the
fundamental solution to the Laplace equation. We can now verify rigorously that
the fundamental solution we derived formally is a true fundamental solution.

Proposition 2.1. Define, for alln > 3, K,(z) = ((2 - n)wn)_1|m|2_" while, for
n =2, Ko(z) = (2m)~tlog|z|. Here w, denotes the area of the unit sphere S"~1.
Then, for allm > 2,

AK, = .

Proof : By a direct calculation, AK,, = (9% + L;”@)Kn vanishes away from
the origin and therefore can be expressed as a sum of derivatives of §y3. Therefore,
AK, is a distribution supported at the origin in R™ and homogeneous of degree —n,
implying it is a constant multiple of §;. To determine the constant, we may use
any test function, and (with the same considerations as in the Cauchy-Riemann
equations) we choose the characteristic function of the unit ball H(1 — |z]). By

abuse of notation, let us write K, (x) = K, (|z|).

/AKn(x)H(l — |z|)dx —/VKn(ac) -VH(1 — |z|)dx

/5(1 ) VEn(2]) - - da

||

= [ oo G e - o

|z |z]
dK
= " (1)do
/M_l S

=1

With the fundamental solution K, (z) in hand, we can solve the inhomogeneous
equation
AV =p, peC(R")

with the formula V(z) = K, *p(z) = [ K, (z—y)p(y)dy. This solution is also often
denoted by A~1p.

6This latter definition generalizes to the Laplace-Beltrami operator on Riemannian manifolds,
where the gradient, dot product, and volume form must be taken with respect to the metric. This
geometric point of view gives us another way of seeing the rotational invariance of the standard
Laplacian.
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With some basic knowledge of differential geometry, we can give another proof. In
polar coordinates = rw,r > 0, |w| = 1, A takes the form,

n —

1
A = 87.2 + 87‘ + TﬁQASn—l,

r

where Agn-1 is the Laplace -Beltrami operator on the unit sphere S*~1,

Exercise 1. Show that the Laplace-Beltrami operator on a Riemannian manifold
with metric g E| is given, in local coordinates x*, by

1 ..
Agp = Tm@i (97 V1919;0).
Here g% are the components of the inverse metric ¢~ ! relative to the coordi-
nates z'. The volume element dS, on M is given, in local coordinates, by dS, =
V]gldztdz? ... dz™. Observe that, on compact manifold M,

/Aguvngz/ uAgvdSy.
M M

Exercise 2. Calculate the Laplace-Beltrami operator for the unit sphere S*—!
and check the polar decomposition formula for A. For the particular case n = 3,
relative to the coordinates z' = rcos@!,22 = rsinf! cos6?,2® = rsinf! sin 62,
6! € [0,7),0% € [0,27) show that,

1

1
sin? 41

Moreover the area element dS,, takes the form, dS,, = r2sin 8'df'df?>.

Agz = 03 + cotand' 9y, + Dpa.

Proof (geometric derivation): For a smooth function ¢(z) = ¢(rw), in polar co-
ordinates 7 = |z|, w € S"~! unit sphere in R", we have

n —

B0 = B+ s
= r’("’l)&,(rnflﬁrqﬁ) +7r 2 Agn-19

We now pass to polar coordinates x = rw so that the volume element may be
written dz = r"~'drdS,,. Integrating by parts on the Riemannian manifold S*~!,
we calculate that

<AK,,¢> = <K, A¢p>
/ / Kn(r)ﬁr(rnflﬁrgb)drdSw +
|w|=1J0

/ K, (r)Agn-1¢drdS,,
0

Jw]=1

(2= n)wn) ™ / / r" 20, (r" 0, ¢) drdS, + 0
|w]=1J0

= = [T dd = [ s = 60)
0 0

7 Where Vgu is defined implicitly by du(X) = g(Vgu, X), and Ay is defined by the identity
— [AguvdSy = [ g(Vgu, Vgv)dSy for u,v € C§° (M),
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where in the above calculation we define ¢(r) to be the average of ¢ over |z| = 7.
We infer that, for n > 3, AK,, = §p as desired. The case n = 2 can be treated in
the same manner.

Remark : Observe that, up to a constant, the expression of K, (z) can also be
easily guessed by looking for spherically symmetric solutions K = K(|z|). Indeed,
the equation AK = 0 reduces to the ODE, K"(r) + “=LK'(r) = 0.

Having found a fundamental solution, we can immediately deduce a representation
formula as before. Let ¢ € C3° be a smooth test function, let 2 a bounded, open
set with Lipschitz boundary, and let x € Q.

‘We have
o(x) = /Q H(1)3(x — y)dy

= /XnaﬂAKﬂ(w —y)dy

Our strategy is to integrate by parts, allowing at most one derivative to hit the
characteristic function. We recall from our discussion of pullbacks of distributions
that Vxqo = fidogq where 71 is the interior unit normal and do is the surface measure
on the boundary. In contrast to a classical integration by parts, one proceeds as
though there are no boundary terms since the product xo¢AK, (z—y) has compact
support. For a function f with a continuous first derivative at the boundary OS2,
we let % denote the outward unit normal.

o(z) = — / V(xad) - VEnu(z — y)dy
= */QbVXQ VK, (z —y)dy — /XQV¢ VK, (z —y)dy

= [ g Eale o)~ [V (T(xaks) - KuVxa)

o
0 0
= | dg Ku(z—y)do(y) — [ Knlz- y)aﬁda(y) + / Kn(z —y)Addy
an oV t5l9} v Q
We thus derive the representation formula,
o@) = [ Kulo—y)aody (39)
0 oo}
+ — K, (z —y)do(y) — K,(x—y)=—do
- ¢, Kn(z —y)do(y) . (@ —y)5, do(y)

In particular (by approximation), if u is harmonic within Q (and, say, C? in a
neighborhood of )

Proposition 2.2.

u) = [ (w052 =0 - GE@ e =) ) doto) (10)
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With our representation formula in hand, we can repeat much of the same analysis
that had been remarked for the Cauchy-Riemann equations. We find that, thanks
to the real analyticity of the fundamental solution, harmonic functions as above are
in fact real analytic, with quantitative a priori estimates on derivatives in terms of
the boundary values of u and %. We can also use these estimates to show that
continuous functions satisfying Au = 0 are actually classical solutions. But to pro-
ceed with the analysis of harmonic functions from this formula may be misleading
because the interior values of a harmonic function are uniquely determined by its
boundary values alone, and therefore the normal derivative cannot be prescribed
arbitrarily.

Indeed, the Maximum Principle for harmonic functions which we now state im-
plies that harmonic functions in the interior of a domain are determined by their
boundary values alone.

Theorem 2.3 ( Maximum Principle). If u : Q@ — R is C? on a connected, open
set Q and Au > 0 in Q, then u cannot obtain an interior maximum unless u is a
constant. In particular, when £ is bounded,

sup u(z) = sup u(z) (41)
Q o0

and as a consequence, supg [u(x)| = supyq |u(x)| when u is harmonic.

Proof: The first statement is called the strong maximum principle for C?, subhar-
monic functions (functions satisfying Au > 0 in the classical sense); the theorem
implies that a subharmonic function in a domain {2 remains in the interior strictly
below any harmonic function with everywhere greater boundary values, hence the
term “subharmonic”. The strong maximum principle will be an easy consequence
of a theorem to be proved later (the mean value inequality for subharmonic func-
tions), although we will leave the proof for the reader. At the moment, however,
we can at least prove the “weak maximum principle” (that is, inequality ).

Indeed, when Au > 0 is strictly positive, the (strong) maximum principle is obvious
because the function v is at any point strictly convex in at least one direction. By an
approximation (e.g. replacing u by, say, u+ex?), we can obtain the weak maximum
principle when we only assume Awu > 0 in a bounded domain 2 and that u extends
continuously to 9€).

It is clear that a “strong minimum principle for superharmonic functionsﬁ’ holds
upon replacing u with —wu, which in particular implies the last equality stated in
the theorem. ]

The concepts of superharmonic and subharmonic functions described in the proof
are useful even for the analysis of harmonic functions themselves because they are
much easier to construct explicitly (with exponentials, polynomials, etc.) and can
be used to bound harmonic functions according to the maximum principle above.

8 Superharmonic means Au < 0.
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By the same reasoning that followed the discussion of the maximum modulus princi-
ple for holomorphic functions, there must be a representation formula for harmonic
functions of the form u(y) = [, u(2)dp,(z) for some finite measure p,, depending
on y € ). We can obtain such a representation formula as follows: if a har-
monic function ¢, (x) can be found which coincides with the fundamental solution
K, (z — y) on the boundary of €2, then the function G(z,y) = K,(z —y) — ¢y(x)
satisfies
AG(z,y) = 0y(z) in Q@ G(z,y) =0 on 0N

There can be only one such function by the maximum principle. This function
G(z,y) above is called the Green’s function for 2, and was introduced formally in
the exercises in the Introduction. By computing u(y) = [ xa(z)u(z)AG(z,y)dz
as in our previous representation formula (this time the boundary condition for
G cancels a boundary term: xoVG(z,y) = V(xoG(z,y))) we obtain our desired
representation formula:

Proposition 2.4. Ifu is harmonic in Q and C? in a neighborhood of Q and G(z,y)
is as above, then

u) = [ |ute) G| dota) (12)

Note: we have not proven that the function defined by the right hand side of the
formula is defined for arbitrary domains, nor that it defines a harmonic function,
nor even that it realizes the boundary values in the integrand as y tends towards
the boundary. When the boundary is sufficiently nice (say, Lipschitz), all of these
things can be proven and arbitrary continuous boundary values can be achieved by
harmonic functions (in contrast to the Cauchy-Riemann equations).

The probability measure g—f(x, y)do(z) appearing in describes the probability
distribution of the first contact with the boundary of a random walk beginning
at the point y. Thus, the value of a harmonic function at the point y may be
considered the expected value which the boundary data obtains at the first contact
point of a random walk beginning at y. From this interpretation some features of
harmonic functions (the maximum principle and mean value property below, for
example) are obvious, but we will not explore this interpretation here.

Example: For the half-space 2™ > 0 in R", one can obtain an explicit formula for
the Green’s function AG(z,y) = d,, G(a',... ,2"1,0) = 0 by placing a negative
point source at the point y* = (y',... ,y" !, —y"), and defining G(x,y) = K(z —
y) — K(x —y*). Then G(z,y) = 0 on 2™ = 0 since such points are equidistant from
both y and y* and the fundamental solution depends only on Euclidean distance.
The same method can also be used to construct a Green’s function for a ball |y| < 1.

In this case, one uses the conformal reflection y — y* = #, which fixes the sphere
|yl = 1. The Green’s function then takes the form G(z,y) = K(x —y) — K(|z|(z —
y*)). Many more examples can be obtained in two dimensions using holomorphic

functions.

Among the main results of our analysis up to this point (the maximum principle,
some of the various a priori estimates which can be deduced from Green’s formula,
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and the existence of solutions on R™ for compactly supported data), many hold
for other operators closely analogous to the Laplacian. For example, by chang-
ing variables, we see that when wu is a harmonic function and v(¥(z)) = u(x) for
a diffeomorphism ¥ of R™, then v will satisfy an equation of the form L[v] =
>ij=1 a¥(y)0;0;v + b (y)div = 0 where the smooth functions a%(y) are the coef-
ficients of a symmetric, positive definite matrix a” (¥(z)) = DV (x)(DW¥)!(z) and
the first order terms depend on second derivatives of W.

More general operators of the form L = 71", a(2)0;0; + Y1, b'0; where the
matrices (@ (z)) symmetric and positive definite are called elliptic, and it is no
surprise that they share many properties in common with the Laplacian, but they
generally do not necessarily possess the same amount of symmetry ﬂ as the Laplace
operator does, and therefore they require more robust methods to analyze success-
fully. However, there are also methods, for extending and transporting results and
estimates for the Laplace operator to more general elliptic operators.

The following theorem embodies the rotational and translational symmetry of the
Laplace operator, and in fact characterizes harmonic functions as well as the Laplace
operator itself. Therefore, it can be used to prove results for the Laplace operator
and harmonic functions which are beyond the reach of other methods, and therefore
its applications are also limited to these purposes. The theorem shows how the
Laplacian controls the change in spherical averages of varying radius.

Theorem 2.5. [Mean Value Property] ~ When u is harmonic in the ball of radius
R* > R about x, u(x) is equal to its average over the sphere of radius R centered

at the point x
1 1

u(z) = mm /ny_R u(y)do(y)

with the “=7 replaced by “<” when Au > 0. In fact, for allu € C*(R™), 0 < Ry <
Ry < R*,
1 1

RO ~/|w—R2 “(x)da(x)—‘RgnA) /gcl_R1 u(x)do(z)

R2
= / / Au(y)dy r~(=Dgr
Ry ly|<T

Proof We prove the last formula, since the first identity of the theorem is an
immediate consequence (by letting the inner radius tend to 0). In fact, the latter
formula shows that spherical averages increase with the radius when Au > 0.

9When one refers to the “symmetries” of a partial differential operator, one often has in
mind a collection of vector fields which commute with the operator, or their flows which leave
the operator invariant. The symmetries of A on R" are the symmetries of the underlying Eu-
clidean geometry: the infinitesimal translations 9z, ..., 0z, together with the infinitesimal ro-
tations. The corresponding flows generate the group of rigid motions of Euclidean space. In
this diffeomorphism-invariant sense, a coordinate change of the Laplacian as above has the same
amount of symmetry. We will see later that such symmetries can be very helpful when analyzing
a differential operator. In any case, it is obvious that the condition of ellipticity alone does not
imply the existence of such operator-preserving flows.
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Although the formula has been stated in integral form, we prove a differential
version using the auxiliary function (1) = 1= f|z\:r w(z)do(z) = =y [6(T—
|z])u(z)dz. We denote r = |z|.

o= (5
:7-("—1)/<_§r_ ("rU) L 8(r — ru(z)de
v/ (

In the second equality, we used the fact that §(7 — r) is a distribution of order 0,

and that @ and @ coincide to Oth order on its support, as well as the fact
that any distribution pulled back by the map (7,2) — 7 — r remains fixed by any
vector field in the null space of dr —dr (hence, (0- 4+ 9,)d(7 —r) = 0). In the fourth
line, we recognized that the operator 83—:2 + (”;1)
when applied to spherically symmetric functions.

% coincides with the Laplacian

Integrating in 7 from Ry to Ry gives the desired formula. [ ]

Remark 2.6. What we have essentially computed is that

/ (@)du(z / AuA— pda

where 1 is the measure in Exercise 5 of the Introduction.

A special case of the above formula has important applications to complex analysis.
When f is a nonzero holomorphic function in a disk D, we have the identity

fAloglf |—Zépk

where pj runs over the finite collection zeros of f counted with multiplicity — the
measure on the right hand side is known in algebraic geometry as the zero divisor of
f. One can see this identity locally near a zero p; by writing f(2) = e9(*)(z — p;)"
for some function g holomorphic in a neighborhood of p;, and by recalling that real
parts of holomorphic functions are harmonic and that the fundamental solution for
the Laplacian in two dimensions is given by = 5= log |z|. This calculation implies in
particular that log|f(z)| is a subharmonic function (a fact which can be used in
combination with the maximum principle to give strong estimates on holomorphic
functljons). Applying the general formula in the Theorem to u = 5-log |f(2)|,
we obtain
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Proposition 2.7 (Jensen’s formula).  Let f be a function which is holomorphic
in a neighborhood of the closed ball of radius R centered at zero and whose (discrete)
collection of zeros {p;} satisfy 0 < |p;| # R. Then we have,

27
0
. / log | f (Re™)[d — og | £(0)] = 3 log

lpj|<R

Proof Beginning with the general formula in the Theorem we let u —
%r log | f(z)| by the standard mollifier construction, and notice that our assumptions
on f(z) are enough to guarantee that the integral formula in the theorem is still
valid for R, = R and 0 < Ry < min|p;|. Letting Ry tend to 0 gives the left hand
side of Jensen’s formula.

We now calculate the right hand side of the general formula explicitly with Fubini’s
theorem (or integration by parts):

/OR [/<T %Alog|f( )dy] T_ld’]':/o / Z‘Slm tdt| 7 1dr

The theorems in Exercises 1 - 5 are basic theorems in the study of the Laplace
equation (along with their generalizations to other elliptic PDE), and their proofs
may be found in some form in either Evans or Gilbarg and Trudinger should the
reader wish to consult a reference.

Exercise 1.[ Hopf Lemma] states that a harmonic function on a bounded, open
set u : Q — R must satisfy 2 Se(xo) > 0 at a boundary point zo where the boundary
is smooth and u(zg) > u(z) for x € Q\{zo}. Prove this fact. One approach is
to design an appropriate superharmonic perturbation of u close to xy and use the
weak maximum principle to bound u below the superharmonic perturbation.

Exercise 2. Prove the strong maximum principle for subharmonic functions. (By
now you may be able to see more than one proof)

Try to obtain this result also for C? “subsolutions” to an elliptic equation — in other
words, supposing

Lu:Z 38u+Zbl )O;u >0

1,7=1

where the matrices a% (z)&;&; > A|¢|? are uniformly positive definite.
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Exercise 3. Prove the following properties of the Green’s function of an open set
with nice boundary Q: G(z,y) = [6,(2)G(z,y)dz = [6,(2)G(z,2)dz = G(y,x),
G(z,y) < 0 for z € Q\{y} and %(xo) > 0 at any boundary point g, and
fagz %(33’ y)do(z) = 1.

How would you interpret any of these facts either physically or probabilistically?

Exercise 4. Harnack’s Inequality] Prove that, If K C Q is compact, then there is
a constant C' depending on K such that for all non-negative harmonic functions u
in

supu < Cinfu
K K

Theorem 2.8 (Liouville’s Theorem). A bounded harmonic function on all of R™
15 a constant.

Exercise 5. Prove Liouville’s theorem.

Exercise 6. The co-area formula, written distribution theoretically (and a bit
vaguely) as h(f(z)) = [ h(t)do(f(x) — t)dt, allows us to decompose a general den-
sity h(f(z)) into surface measures on the level sets of f, which can then be analyzed
individually. For example, when f(x) = |z|, the co-area formula reduces to integra-
tion in polar coordinates. This formula is equivalent to the definition of pull-back of
a distribution and is proven in the Appendix; use it to prove the following identity:

Let u € C§°(R™), and p(z) = p(|x|) be a spherically symmetric density. Then if

pe = € "p(%) we have the formula

Exercise 7. Prove (at least the n > 3 case of) the following

Proposition 2.9. For any f € C§°(R™), n > 3 the equation Au = f has a unique
smooth solution which vanishes at infinity, i.e. tends to zero as |x| — oo. The
solution is represented by [o, Kn(x —y)f(y)dy. For n =2 the same equation has

a smooth solution u(x) with lim,)_, |u‘(;|)| =0 and |Ou(z)| — 0 as |z| = co. The

solution is represented by [5. 5= log |z —y|f(y)dy , and is unique (in this class) up
to an additive constant.

Exercise 8. Prove the Maximum Modulus Principle for holomorphic functions.

We will return to the study of the Laplace equation (and some of its generalizations)
in Chapter 3.
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3. D’Alembertian operator

Recall that the D’alembertian [0 = —97 + A is the simplest differential operator in
R!*™ invariant under translations and Lorentz transformations, i.e. the Poincaré.
group. The easiest way to see is to write 0 = m*?9,03, with m the Minkowski
metric. Since m is invariant under the Poincaré group so is 00. Thus it makes
sense to look for a fundamental solution of the form ¢(t,z) = f(p) Wherﬂ p =
t2 — |22 = —mapr®2? is invariant under Lorentz transformations. Also, because
the distribution d on R"*! is homogeneous of degree —(n + 1) and applying [J
lowers the degree of homogeneity by 2, we conclude that f must be homogeneous
of degree —%’1. Therefore, a good candidate for a fundamental solution must have

the form E = ¢, (12— |z|2)~ "2, for some constant ¢,, in the region ¢ > |z|. We are
therefore led to look for a distribution E,, homogeneous of degree —n + 1, which
coincides with ¢, (#? — |x|2)’% in the region ¢ > |z|. This may seem difficult at
first, due to the high degree of the singularity of (t2 — |z[?)~"%" along |z| = |¢|,
until we realize that we can make use of the homogeneous family of distributions
ja defined by proposition ??7. We need to choose in fact a = —"7_1 + 1 and take

E, to be proportional tOj_anl_,'_l(tz — 2?%), understood as the pull back f*(j_an),

with f =¢? — |z|%. It is more convenient in the context to change notation a little
bit and write,

Xi = Ja+1
Thus,

_n—1
B=xi* (£ o).

_n-1
Note that the expression x, 2 (¢*—|z|?) is not exactly rigorous, since the gradient

n—1
of t* — |z|? vanishes at the origin, and hence x| * (t* — |z|?) defines a distribution
only on R — {0}. A rigorous formulation requires a bit more care, but the
particular degree of homogeneity of the distribution basically allows for a unique
extension to the whole space, See Exercise 3 of section for the n = 3 case. Now
the distribution we have produced has the right properties except for the fact that
it supported in the entire region |z| < |¢|. For deterministic physical reasons we

prefer a distribution supported only in the future region |z| < t. This defines our
_n=1

candidate for a forward fundamental solution E_(i_"H)(t,x) = c, H(t)x; = (82 —

|z|?) with H(t) the Heavyside function supported on ¢t > 0 and c,a normalizing

constant to be determined in the verification. Using the chain rule it is easy to

n—1

show that, DES:LH) = m*?9,05 (XJ_r 2 (f)) must vanish outside the origin. By
the usual homogeneity considerations we deduce that DES:LH) is proportional to

the § function at the origin. It thus only remains to determine the normalizing
factor ¢,,. We have the following result,

Theorem 3.1. The distribution ESFH-H) defined by

n 1 1-n —n-t
EY +1>(t,x)=—§7r T H()x, ® (22— |z?) (43)

10 Recall that we denote + = 20 and we use the summation convention w.r.t the indices
a,=0,1,... ,n.
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is the unique fundamental solution of the wave equations supported in the forward
region |z| < t.

We shall prove this theorem later for the moment a few remarks are in order. First,
observe a fundamental difference between the cases when n > 1 is odd and the
cases when n is even. Indeed in the former case E(fﬂ) is supported only on the
boundary of the region |z| < ¢, i.e the future light cone |z| = ¢ while in the latter
case ES:LH) is supported in the entire forward region |z| < t. More precisely, using

the chain rule and the fact that % X5L(A) = x5 (N), we can write the fundamental
solution a bit more explicitly away from the origin: in dimensions n = 3 4 2k, the
fundamental solution looks like a derivative of a measure supported on the forward
light cone

-1 * 2 2 1 * 2 2
while in n = 2 4+ 2k dimensions, it is of the form
-1.\" 1 1.\" 1
_ - - . <t) = — - - . <
cnH(t) < or 8r> = (Jz| <t) = e, H(t) (Qtat) = (lz] <)

= |=[? = |=?

(the above distributions being equal since 19, + 10, is in the null space of d(t*—r?)).
In the most important particular case, when n = 3, we have,

1 1
ELTY = H@3(E — [of) = £-o(t — |a) (44)
p T
Also, for n = 2,
(1+2) 1 2 2\1/2 __
BYT = SpHO — [of)2 = (42)

It is important to observe that the knowledge of the fundamental solution in odd
dimensions allows one to determine it for even dimensions. This is called the method
of descent. This can be done by simply applying Efkﬂﬂ) to a test functions which
are independent of one of the spatial variables. Never mind that this test function
does not have compact support, it will work because the fundamental solution has
compact support in z for any ¢. As an example the reader is invited to deduce
from . As another simple remark, observe that though E, is compactly
supported in z for every fixed ¢t. Thus £, can be applied to any smooth functions
whose compact support in ¢.

Exercise 1. Deduce the fundamental solution for dimension n = 1. Show in
facﬁ that the general solution to the Cauchy problem takes on the form (¢t +

x) + Po(t — x).
The fundamental solution allows us to solve the general Cauchy problem,

Oo=7f  ¢(0,2) = f(2),0:6(0,z) = g(x) (46)

n 1 + 1 dimensions, the wave operator factors into 0 = (8; — 8z) - (0 + Ox)
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To see how to do this consider a point p = (tg,xo) with ¢y > 0 and observe that,
for any test function ¢ we have in the upper half space, Dy = {(t,z) t > 0},

otoso) = [ ot a)dlt.adtdn = [ o6 (m*0,0:)E (b, a)deds

'D+ Ri+n

where x4 is the characteristic function of Dy and E,(t,z) = EL(t — to, — xo).
Therefore, integrating by parts,

b(tez0) — — / M 9ux SO E, — /
Ri+n

mB X O 0Ly
R1+n

—/ maﬂaax¢aﬁEp+/ xm*P 0,050 E,
Rl+n R1+n
+ / m“ﬁabxaangp

Rl+n

ie.,
¢(to,z0) = / D¢Ep—/ 3ax¢8aEp+/ 9*x0a9 Ey
Dy Rl4n n

R+

= / Uo + / Orx ¢ Oy, — O0ix0: o E,
D+ R1+n R1+n

= / D¢+/ 6(t) 9O Ep — 6(t)owg Ep
D+ R14+n R14+n

- / 008, — [ 60 00nE,— | S0 E,
D, R1+n

R1+'rL

_ /D DoE, — 8, ( /R F@)By(0,2)dr) — / g(@)Ey(0,2)dx

The final formula takes the form,

to
stoae) = [ [ Byttt o)00(t. e (47)

— 9 ( - E (to,x — xo) f(x)dx) — e E (to, v — x0)g(z)dx

Leaving aside the issue of uniqueness, which we shall treat separately later on, we
deduce the following.

Theorem 3.2. [Kirchoff-Hadamard] The initial value problem O¢ = F, ¢(0,z) =
f(x), 0:0(0,x) = g(x) has a unique solution for arbitrary smooth functions f, g, F,

given by formula ,

Exercise 2. Compare formula with for the Laplacian. Explain what
may go wrong if we try to prove a result for the Laplace equation similar to that
of theorem [3.2] above.
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Exercise 3. Show that in the particular case of dimension 1 + 3 formula
takes the more familiar Kirchoff formula form,

o(t,x) = 8t((47rt)71/

lz—y|=t

f(y)da(y)) + (dmt)~! / o(y)da(y)

|z—y|=t

¢ 1
+ [ /,H,_tsws’y)d“(y) (48)

The traditional way to derive the Kirchoff formula is to first prove it in the
homogeneous case, i.e. ¢ = 0. In fact it suffices to prove it for the case f = 0
and arbitrary g using the beautiful method of spherical means, see [J] for a clean
derivation. Once the homogeneous case is treated one can derive the general formula
using the Duhamel principle. This goes as follows: Let W (t)g denote the solution
¢(t,-) of the homogeneous problem with data f = 0 and arbitrary g. Think of it
as an family of operators, parametrized by ¢, which take smooth functions in R™ to
smooth functions in R™. We then have to verify that the solution of the equation
O¢ = F is given by the formula

t
o(t,x) :/ W(t—s)F(s,-)ds (49)
0
Exercise 4. Prove the claim.

Exercise 5. What happens if we replace in the formulation of the Cauchy problem
the hypersurface t = 0 with a more general hypersurface Xg given by ¢ = h(z)
?. Show a similar formula with that in can be deduced if the hypersurface is
space-like, i.e. |Vh(z)| < 1. What happens if the surface becomes time-like, i.e.
|Vh(zo)| > 1 at some point (tg,x0) € Xo. Show that the Cauchy problem with
prescribed initial values and normal derivatives on the light cone ¢ = |x| does not,
in general, admit a solution in the spatial interior of the cone. What happens when
you try to derive a representation formula for data on the light cone with H(t —|z|)
replacing H(t)?

Exercise 6. Suppose p is compactly supported and that p is smooth outside of
a compact set K. Let u;, be the solution E, * p to Ou = p in R*"*L. Show
that u is smooth outside of the set of light cones emanating from K given by
{k+ (|z],z) : k € K,z € R"}.

Proof of theorem in R'*3.  First remark that we can write O in terms of
spherical coordinates as follows,

2
O=-0+A=-0?+0%+ ~0n + 2 Agn-

we have to check that

E () = f%flﬂ(t)ao(ﬁ —|z?) = firfla(t —7r)
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with r = |z|. Thus, since O¢ = —r~Y(; + 9,.)(0; — 0;)(r¢) + Ag2, we have with
w(ta 7ﬂ(")) - (at - 8r)(r¢(tv rw)),

<FE  O¢> = i/ / / o(t —r)(0¢ + 0, )dtdrdS,,
A Js2 Jo 0
1 oo

= — dSw(/O %1&(7‘,7‘)617")

4 §2
= —9(0,0) = ¢(0)
Thus, OF; = §y as desired.

In what follows we give yet another derivation of the fundamental solution for the
wave equation in the special case R'*3. This is the so called geometrics optics
derivation. We look for solutions of O¢ = 0 of the form,

E = Aéu) (50)

for given real functions A and u to be determined. Here §(u) is simply the pull
back of dy by u as discussed in subsection [, Example 2. A simple calculation leads
to,

m*?0,05(As(u)) = m*?(0.08A6(u) + (205 A05u + Ou) 8’ (u) + daudzu 6’ (u))
To cancel the coefficient of §”(u) we need to chose u such that,
m*P 9, udgu = 0. (51)

This is the famous Eikonal equation in Minkowski space. A simple family of solu-
tions is given by u(t,x) =t — tg — |x — xo| for a given point (tg,zo), whose level
hypersurfaces are simply backward light cones with vertex at (o, o). For our pur-
poses we choose u = t — |z|. Next, to cancel the coefficient of ¢'(u), we need to
choose A such thadEl,

20,A0gu + Ou = 0.

One can easily check that the choice A = |z|~! will do. Finally it only remains to
calculate the term containing 6(u), i.e.,

(OA)5(u) = (—Alz|™1)6(u) = —4ndo(x)6(u) = —do(t, x)
where the first 6y(z) is the delta function in R while the final & is the desired

delta function in R'*3. Hence E{"® = —L L1.5(t — [z]) as desired.
7 |z]

Exercise 7 Justify that last step involving products of distributions.

Uniqueness of the fundamental solution E.. It suffices to prove uniqueness of
solutions to the general Cauchy problem in theorem (3.2).

Exercise 8. Verify the above statement.

We start with the simple calculation involving the energy momentum tensor. To
calculate efficiently it helps to remember that we are using the summation convec-
tion with respect to the space-time indices o, 8 = 0,1,... ,n. We will also be using

121¢ turns out that the equation below can be interpreted as a transport equation along the
generators of the backward null cone ¢t — |z| = 0.
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the standard geometric convention of raising, or lowering, the indices relative to
the metric. Thus, if U® is vector (so called contravariant) we define the covariant
vector Ug = mgo,U®. Similarly, if V,, is a covariant vector, we define VB = mbevy,.

Proposition 3.3. Let

1 1
Qapld] = 0000d — 3Mag (M py05) = 00 Dpp — §maﬁ¢7¢y (52)
the so called energy momentum tensor of OJ. Theﬂ
9°Qap = 0 0n¢. (53)

In particular, if ¢ = 0, Qs = 0. Now consider a point p(to, z¢) € R**™ and the
solution u(t, ) = t—to—|z—xo| to introduced above. Let also t; < t; < tg and
consider the distribution H (u)H (t —t1)H (t2 —t), with H(¢) the Heaviside function,
and perform an integration by parts, as we have done many times before, to derive
the identity,

0 = H(u)H(t — t1)H(t2 — )0°Qog

R1+n

_ H'(u)H (t — 1) H (2 — 1)0°uQop

R1+n
+ H(u)H(t —t1)H'(ts — t)Qoo
Rl+ﬂ,
— i H(U)H/(t — tl)H(tQ — t)QQ()

This identity can be rewritten in the form,

Qoo+/ QopL’ = Qoo (54)
D(ts) N (t1,t2) D(t1)

where D(t1),D(t2) are t-sections through the solid light cone |z — xo| < ¢ — to,
N (t1,t2) represents the portion of the light cone |z — x| = t — o between the
sections t = t; and ¢t = t5 and

LB = —0fu= mB"’&,u.

It is easy to check that,
1 = 1
Qoo = 5 (1001 + D _ 10:0) = 5(1061° + [VoP*).
1=1

and that we have,
Exercise 9. Show that

QosL”? > 0.
We thus deduce

13 In view of the raising and lowering of indices convention, aﬁQag = mP 0vQap- This
works well, since 0ymqg = 0.
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Theorem 3.4 (Energy inequality). For every solution of the wave equation O¢ = 0,
in a neighborhood of the solid region bounded by the surfaces t — to — |x — x9| = 0,
t =11 and t = ta, we have,

1 2 2 1 5 )
/D(tz) 2(|3t¢\ + Vgl )S/D(tl) 2(\@@5\ + (Ve[

In particular any smooth solution which vanishes at D(t1) must also vanish at
D(ts).

Exercise 10. Deduce from the energy inequality the finite propagation speed for
the Cauchy problem, as we have deduced earlier from the explicit solution. Note
that strong Huygens’ principle in odd spatial dimensions n = 3+ 2k discussed earlier
is a very special phenomenon related to the precise form of the wave operator 0.
However the phenomenon of finite speed of propagation exhibited by the wave
equation is a more robust feature shared by many related equations for which an
energy inequality as above holds true.

Finally, we check below the validity of our forward fundamental solution in all
dimensions.

Proof [Theorem all n] We prove the formula (modulo the absolute value of the
constant ¢,,. )

7(n—1)
//Dx+ T (12— |2?)-H(1 — |t|)dzdt
//8tx+ TR (2) - H(L — | dedt

_(n-1)
=//E)t><+ (2 —rHo(1 — t)dadt
_(n—=1)
—//(%)@r 7 (2 = r?)5(1 + t)dxdt
_2//8tx+ (2 = r?)5(1 — t)dxdt
U
—2// oxy = (2 —1r*)6(1 —t)dxdt

Taking the definition of §(1—t) the above becomes an integral over the hypersurface
t = 1 which we put in polar coordinates (writing the volume form r"~tdrdS, ;
with df2,,_1 the surface measure on the unit sphere in R™). We remark here that,
as we will see later on, a distribution does not quite have to be a continuous func-
tion in order to have a meaningful restriction to a lower dimensional submanifold.
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Dropping the unimportant factor of 2, we proceed

— _(n=1)
//(%)@M (2~ 12)5(1 — £)dadt
1 _m-
://T@)Q_ (1 =) drdQ,

n—1 > n—2 ~{oD
=19 ‘/0 =" 0,

(1 —r%)dr
Our proposition has therefore reduced to showing that the number

(n—-1)

7/ 7""*25'7,)(4__7(1 —r3)dr
0

is positive. Despite not having defined this numberEL we prove its positivity by
induction, separating into cases based on the parity n. For n = 1+ 2k, we integrate
by parts and notice the boundary term vanishes to find

o0 (-1 o0 -0,
/ " 20,x, 2 (L—r?)dr = / (R H (1 = r?)dr
0 0

2r
= Ik
= 9~ (k+1) /& (r**=1 H(r)) (;—?)kH(l —r)dr
= 2_(k+1)(2k - 1)/ r2(k_1)(_—8T)kH(1 —r)dr
0 2r

=2~k (2k — )T},

Where the last integral should be positive by induction on k& provided we can
calculate

I :/ Tz(_T&)H(l—T2)dT=/ §(1 —r?)dr
0 r 0

> 1
/0 51 )dr = 1/2> 0

This proves the proposition in odd spatial dimensions once ¢, > 0 has been chosen
appropriately. The case n = 2 + 2k is similar. [ |

4. Heat Operator H.

We consider the heat operator H = 0;— A acting on functions defined on RxR" =
R™*1. It makes sense to look for spherically symmetric solutions to Hu = 0: that
is to say, functions u(t,xz) = u(t,|x|) = u(t,r). It is possible to find in this way
a class of locally integrable solutions E.(t,z) = cH (t) t=5elel’/4t with H(t) the
Heaviside function (although it is easier to proceed via the Fourier transform).

14Observe, however, that (by the product rule) r»~2. H(r) has a decent amount of regularity,
and its only singularity is located away from r = 1.
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Indeed H(E.) = 0 for all (t,x) # (0,0). We show below that, in the whole space,
H(E.) is proportional to dp and that we can determine the constant ¢ = ¢, =
27~ % such that the corresponding F = E, is a fundamental solution of #, i.e.

H(E) = do.

We could very easily reason by considering the parabolic scaling (¢,z) — (a?t, ax),
that HE. = Cdg for some constant C' (possibly 0). To determine the constant, we
could use any test function, and it would be simple to take H(1 —t). More or less,
this is exactly how we will proceed.

Let ¢ € Cg°(R™1),

<H(E),¢p> = <EHG>= —/E(t,x)(@t + A)o(t, z)dxdt

~ _ lim / N / B(t,2)(0,+ A)(t,2)dwds

e—0t
= lim/ /(Bt—A)E(t,m)qﬁ(t,x)dxdt—F lim E(e,x)p(e, x)dx
e—0t J n e—0T Jrn

= lim E(e,z)¢(e,x)dx = ¢, lim 6771/2/ eflx‘2/46¢(e,x)dx

e—0t Jprn e—0t

We now perform the change of variables z = 2¢!/2y,

<H(E), > = 2"c, lim ¢(€,2€1/2y)67|y‘2dy:2ncn¢)(0,0)/ efly\2dy

e—0T R
= ¢(0,0)

Modulo the fact that f[p, e WPdy = 7n/2 (which will be shown later), we have
proven that

n

E(t,z) = (4nt) 2H(t) e~ ol /4 (55)

is a fundamental solution for #H. Notice that, for any fixed ¢ > 0, E(¢,x) has
support on all of R", implying that the heat equation (in contrast to the wave
equation) exhibits “infinite speed of propagation”. This phenomenon is related to
the parabolic scaling of the heat operator, which, in constrast to —9? + > o2,
endows time and space with different “units”. Also notice that E(t,x) is smooth
for t > 0; this fact will lead to instantaneous smoothing for the initial value problem
Hip =0 on (0,00) x R™, 9(0,x) = ¢o(z).

Exercise 1. Derive a representation formula for the initial value problem. Why
is it impossible to solve the heat equation backwards in time for arbitrary initial
data?

Exercise 2. Show that the above representation formula for the Cauchy problem
does indeed give a classical solution for sufficiently smooth data. Check that the
correct boundary value is obtained. (This is in contrast to the situation with the
Cauchy-Riemann equations).

Exercise 3. Write down a maximum principle for C? solutions to the H1 = 0 in
the interior of (0,T] x €, for 2 open and bounded.
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Exercise 4. Let ¥ : [0,7] x R™ be a solution to the heat equation with decays
rapidly at spatial infinity for fixed time. Show that the “energy”

e(t) = /n |U(t, z)|*dx

decreases in time. Deduce a uniqueness theorem for the heat equation.

Exercise 5. One often denotes by e'®1 the restriction to a hypersurface of
fixed time ¢t > 0 of the (canonical) solution to Hi = 0 on (0,00) x R", ¥(0,z) =
¥o(z). Show that e(t+9)A = ¢tA¢5A a5 time-evolution operators on rapidly decaying,
smooth functions.

4.1. Schrédinger operator S.  The Schriodinger operator, S = i0; + A
has a fundamental solution which looks, superficially, exactly like that of the Heat
operator,

E(t,x) = (4mit) "/2H (¢) e'l=I*/4 (56)

Yet, of course, the presence of i in the exponential factor ellzI*/4t makes a world of

difference.

Exercise 1. Show that (for the appropriately chosen branch cut of log) the
locally integrable function FE is indeed a fundamental solution for S.

Exercise 2.  Similarly to Exercise 5 for the heat equation, one denotes the time-
evolution operator for the Schrodinger equation by e**2. Show that e is a unitary
operator in the sense that the quantity

/ | U (t, z)|*dx

remains constant in time.






CHAPTER 3

Fourier transform

1. Basic properties.

Recall that if f € L'(R™), then the Fourier transform F(f) = f is defined as the
continuous function

f©) = [ e s (57)
In case that f € L!'(R™), we have the inversion formula

f(z) = @m) / f(e)ent, (58)

whose proof we shall indicate later. To distinguish between the two conceptually,
we refer to the R™ on which f lives as the “physical space” and the set of points &
on which f lives as “frequency space”. We denote the frequency space by R™ and

endow it with the normalized measure (fo)n.

The inversion formula supplies us with a valuable heuristic understanding of what
the Fourier transform does. We see that f(z) can be written as some kind of linear

combination of plane waves (z — €¢) and the measure f (5)(2&% describes the
distribution of f over the space of frequencies. If we view the plane waves ¢
as eigenvectors of the translation operators on R™, we can consider the Fourier
transform an attempt to simultaneously diagonalize translations. Similarly, if we

view the plane waves ¢ as the eigenvectors of the operators {i% j=1...n},

which are self-adjoint with respect to the L? inner product (when restricted to the
appropriate domain), then we see that differentiation has also been diagonalized by
the Fourier transform.

With these heuristics in mind, we can begin to see how the Fourier transform
might be useful for analysis. For example, if f is concentrated nearby a frequency
IS I@”, we expect f to behave in some ways like the plane waves nearby et
For instance, f may admit a bounded, complex-analytic extension into part of
C". We also expect that 0, f(z) ~ i¢ f(z) so that differentiation becomes a much
easier operation to study. Indeed, when we encounter Littlewood Paley theory later
on, the main idea will be to decompose general functions into frequency localized
components, analyze these components separately, and then reassemble.

65



66 3. FOURIER TRANSFORM

Another important principle regarding the Fourier transform is the duality between
smoothness and decay in physical and frequency space. Intuitively, a function f
whose graph has sudden jumps or spikes in physical space must “be composed of”
arbitrarily large frequencies, whereas when f is compactly supported, f must be
globally tame. Similarly, when f is very smooth, f can decay at infinity thanks
to interference ( cancelation ) among nearby plane waves in the inversion formula.
There are not one but many formal manifestations of these basic principles all over
Fourier analysis, so let us keep them in mind as we proceed to develop the theory.

The inversion formula takes particularly concrete form in the case of the Gaussian
2
function G(x) = e~ 1#I7/2,

Lemma 1.1. The following calculation holds true for functions of one variable and
a,beR,b>0,

[w eiawe—bwz _ (%)1/26—112/417 (59)
Thus in R™, fort >0
/n eix~ye—ty2 — (%)"/26—\x|2/4t (60)
In particular
F(G)(&) = 2m)"*G(¢) (61)

Proof: Make the change of variables in the complex domain, z = b'/2z — 7z s

and denote by I' the contour Im(z) = — 517,
oo —a?/4b —a?/4b [eS]
/ ezazefbxr"dx _ ebT / e—z2dz _ 61)17/2/ 67I2d1'
—o0 r —o00

by a standard contour deformation argument. Now to calculate the integral J =
2 2

[Z e dz = m'/2, we observe that J? = [, e |"I"dz = 7 by passing to polar

coordinates and from this follows (59)) . Formula now follows immediately.

We can give another proof of the above identity after reviewing some of the funda-
mental properties of the Fourier transform.

Proposition 1.2. The Fourier transform is linear and verifies the following simple
properties.

o Fourier transform takes translations in physical space Ty, f(x) = f(z—x0)
into modulations in frequency space F(Ty, f)(&) = e 0 f(£).
e Fourier transform takes modulations in physical space Mg, f(z) = "% f(z)

into translation in frequency space F(Me, f)(§) = f(§ — o).
e Fourier transform takes conjugation in physical space into conjugation and

reflection in frequency, i.e. F(f)(&) = f(ff).
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o Fourier transform takes convolution in physical space into multiplication

in frequency space, fxg = fg.
o Fourier transform takes partial derivatives in physical space into multipli-

cation in frequency space, F (9, f)(&) = zfjf(g)
o Fourier transform takes multiplication by x; in physical space into the

partial derivative Og, in frequency space, F(x;f)(§) = i0¢, f(£).
o We also have the simple self duality relation,

[ 1@t = [ f©atcras

e Fourier transform takes scaling in physical space Syf(xz) = f(Az) into
a dual scaling in Fourier space, F(Sxf)(€) = N""f(€/)\). Observe that
SA(f) preserves size, i.e. ||Sxf||ree = || fllz while the dual scaling S5 f =
A" f(x/N) preserves mass, that is ||S3fllr = || fllL:-

Proof Almost all of the above properties reduce to simple identities about ex-
ponentials when we specialize to the case where f and g are point masses in the
physical or frequency spaceﬂ (and hence are plane waves in the dual space) — the
identities themselves may even be regarded as continuous, (bi)linear extensions of
these special cases. [ |

Using these properties, we can give another proof of . Thanks to the scaling
identity, it suffices to consider b = 1 and compute the Fourier transform of G(z) =
e=’/2, Taking the Fourier transfor/r\n of the identity, % = —zG(x) and applying
the properties above, we see that G satisfies the same differential equation in &,
and is therefore is of the form 6’(0)6*52/ 2. Since we have already shown that
G(0) = fe‘IZ/Z = 71/2 this completes the second proof of .

Let G 4.6, (%) = €7 G (2 —20)/V/\) be a translated, modulated, rescaled Gauss-
ian. Then,

FCrap)€) = AMV2emieerw / V) G () dy

= (7N)"*G(VA(E - &)

We can interpret this result as saying that G z, ¢, is localized at spatial position xg,
with spatial spread Az ~ /), and at frequency position & with frequency spread
AE=1/ VX. Observe that Az - A& ~ 1, so our ability to localize simultaneously in
both physical and frequency space in this way seems to be limited. Surprisingly, this
construction is in some sense the best we can do, and it is our first encounter with
the “uncertainty principle” of Fourier analysis, which, in its various manifestations,
states that there is a bound on how well one can simultaneously localize in both
frequency and physical space.

1The Fourier transform of a finite, Borel measure is the continuous function fi(§) =
[ e e du(w)..
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We now prove our first important manifestation of the duality between smoothness
and decayﬂ

Proposition 1.3 (Riemann Lebesgue). Given an arbitrary f € L*(R"™) we have,
1fllzee S flln:- Moreover, f(&) — 0 as |€] — oo.

Proof : Only the last statement requires an argument. Observe that if f €
C°(R™), then we can use integration by parts to conclude that f decays rapidly.
Indeed for any multi-index «, |a| = k € N,

cfe) = i / 02 f () = (~i) / e~ 0 f () d
i)l < / 102 f(2)dz| < Ca

for some constant Co. Thus, |f(€)] < (1 + |¢])~* which proves the statement in
this case. For general f € L'(R"), given € > 0, we can choose g € C$° such that
I|f = gllzr < §. From the preceding, we know that [g(§)| < § if |{| > M = M,
sufficiently large and therefore,

sup |f(O)] < |If — gllpr@n + sup [9(€)| < e
[&]>M |€]>M

2. The Schwartz Space and the Inversion Formula

Many of the operations on smooth functions extend naturally to distributions (by
duality with C§°), and we would like to see how the Fourier transform extends to
distributions. The only possible extension would have to be consistent with the
formula
<A, >=<u,d >

but this formula does not make sense for distributions v € D’'(R™) and test functions
¢ €Cy° (HAQ") because one cannot guarantee that QAS is also compactly supported. In
fact, as a manifestation of the uncertainty principle, both ¢ and qAS cannot simul-
taneously be compactly supported unless ¢ = 0. Thus, if we desire a symmetric
theory generalizing the Fourier transform, we are lead to consider a new family of
test functions (and corresponding distributions) which behaves well with respect to
Fourier duality.

Definition 2.1. A function ¢ € C*°(R") is said to be rapidly decreasing if for all
multi indices «, 8 we have

sup |z%0%¢(z)| < oc.
reR?

2We remark that this proposition is not valid for measures which do not have a density
function in L' — for example, the Fourier transform of a point mass is a plane wave, which has
absolutely no decay. Thus, some amount of smoothness is necessary.
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This so-called Schwarz space S(R™) of rapidly decreasing functions is endowed in
the usual way with a natural Frechet topology. A sequence of functions ¢; converges
to zero in this topology if, for all multi-indices a, 3, 9 ¢, converges uniformly to
zero. Note that S(R™) contains the compactly supported functions C§°(R™). Since
Ce°(R™) is dense in the LP(R™) spaces, for 1 < p < oo, S(R™) is also dense in the
LP spaces. It is also easy to check that C§°(R™) is dense in S(R").

We have the following important fact, which is the reason for considering the
Schwarz space in our context:

Proposition 2.2. The Fourier transform is an isomorphism of S(R™) onto S(HAQ”)
with inverse given by the inversion formula . Moreover we have the Plancherel
identity, for oll f,g € S(R™),

(Fa)ee = [ f@atayde = @) [ fad = (7.8),:00 (62)

In particular we have the Parseval identity || f| 2@~y = || F(f )HLQ(@H).

Proof : Observe that |[£29°¢(€)| = |2802¢| and that 8*¢(x) decays faster than
|z|~18I="=1 Thus we easily infer that F maps S(R") into S(@”) Let Rf(x) =
f(—z) and define T = RF?. Observe that T commutes with partial derivatives 9;
and multiplications by x;. Indeed, for all j =1,...n

T(9;f) = 0;(Tf), T(xjf)=x;(Tf) (63)
The inversion formula follows from the lemma.

Lemma 2.3. A linear operator T : S(R™) — S(R™) which verifies must be
of the form T'¢ = c¢ for some constant c.

Proof : From the commuting property , we see that T is linear over the
algebra of polynomial functions. As a consequence of this linearity, we can show
that the value T'¢(xo) depends only on the value of ¢(xg) at the point zy. For
example, in one dimension, if ¢ vanishes at the point xg, then we may write

$(x) = (z — o) / &' (0 + t(x — 20))dt = (z — 20)

with ¢ € S(R). Applying T to this identity, we see that T'¢(xo) = 0 as well, and
we may therefore write T'¢ = f,¢ for some function fy possibly depending on ¢.

But fy = f does not depend on ¢. If 9 is any other Schwartz function, the linear
combination 1 (xg)® — ¢(xo)1 vanishes at the point xg, and applying T' we conclude
by the same property that fs(xo) = fy(x0) at any point o at which ¢ and ¢ are
simultaneously nonzero. It is clear that the function f must be smooth for T to
map S(R™) into itself, and in order for T' to commute with differentiation, f must
be a constant. [ ]

To determine the constants we only have to remark that, in view of lemma [T.1] we
have T(G) = ((277)"/2)2G = (2m)"G. Hence the constant ¢ = (27)" which ends
the proof of the inversion formula, and the proposition, for Schwartz functions.
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The Plancherel and Parseval identities are immediate consequences of the inversion
formula. [ |

Corollary 2.4. The following properties hold for all functions in S(R™):.

—
ASS
<
QU
S

I

—
S
@)
QU
Iy

oy ¥
<) =
[

o= (2m) /¢£n n)dn = $xd

The last convolution being taken with respect to the measure on Rn

We only completely worked out the proof of the inversion formula for one dimension,
although the same proof requires only a miniscule generalization of the Taylor
expansion to work for general n. The general case can also be deduced from the case
n =1 as follows: the inversion formula is true for tensor products fi(z1)--- fn(zn)
and linear combinations thereof, the delta-function is a tensor product dg(z) =
0(x1)---6(xp), and an arbitrary function may be written as a linear combination
of delta functions f(z) = [ f(t)d(x — t)dt.

Exercise 2.5. Make the above argument into a rigorous, self-contained proof of
the inversion formula for R™ by using approximate delta-functions.

It is worthwhile to explore the relationship of the above proof of the inversion for-
mula via the Lemma[2.3] with other proofs of the formula. Just as a linear operator
between vector spaces of finite dimension can be studied via a matrix representa-
tion, we can study the operator 7" in terms of its Kernel K — the distribution on
R™ x R™ such that

/ o(x "dx'

In asserting that T'¢(xg) depends only on ¢(zg), we had proven that applying T was
the same as multiplying by some function; in terms of the kernel, we had established

that
- / o(z') f(2)8(x — 2')da’

In order for T to commute with differentiation — which is not so different from
commuting with translation — we concluded that f(z) was a constant.

But we can see directly that an equivalent formulation of the inversion formula is
the distribution-theoretic identity

/’_7\1 ei(x—zl){% — §(x —_ ;[;l) (64)

which is really the special case of the inversion formula for a d-function. Viewing the
integral on the left hand side as an inner product, the above identity can be regarded
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as a statement that the plane waves & — €*® are in some sense “orthonormal” as
x varies. Thus, in writing

/ F()8(z — t)dt = f(z) = / Fe)e %

we might regard the Fourier transform as analogous to a change of orthonormal
“basis” from d-functions in physical space to plane waves so that the Plancharel
and Parseval identities should follow immediately. For example, in one dimension,
distinct plane waves are eigenfunctions for the self-adjoint operator id% with distinct
eigenvalues, and therefore should be orthogonal as a matter of general principle —
this argument can be made rigorous to show the above distribution vanishes away
from z — 2’ = 0, as was essentially done in the previous proof through Taylor
expansion and linearity over the polynomial ring. Let us mention several other
ways to establish this identity and hence prove the inversion formulaﬂ

It suffices to show that

1 & _ T
s | €7t =l

as a distribution in the variable x on R™ — this translation invariance corresponds
to T' commuting with % in the previous proof. By viewing the above distribution
as a tensor product, it would suffice to consider the case n = 1, but let us refrain
from doing so. Recall that every distribution supported at the origin is a finite
linear combination of derivatives of d(x), and hence the ¢ function itself is, up to a
constant, the only distribution homogeneous of degree —n supported at 0 — these
facts are easily established by Taylor expansion. As the integral on the left hand
side is clearly homogeneous of degree —n in x, we will have proven the identity up
to a constant if we can show that

/ e de (65)

is supported at the origin — in this precise sense, a plane wave £ — €%'? is zero “on
average” .

Heuristically, let us outline a few ways to perform this calculation. Pretend that
the integral [65] is a classical integral and that x # 0 is fixed. If we view the plane
waves as eigenfunctions of differential operators, we may integrate in & by parts

using the identity
) 1 .
g = | —5Age™7d
/ e'~rdg / EE €,

or alternatively we can rotate to the case z = |z|(1,0,...,0) and integrate by

1 9e's®
ilz] 06
eigenfunctions of translation operators, we may show the integral is zero for x # 0
by translating in the £ variable

/ezfzdé-: /ei(gff')mdg:efi{'-z/eif-zdé-

3As remarked, the plane waves may be viewed as eigenfunctions of the commuting family of
self-adjoint operators f — idii f. Dually, the delta functions, which are similarly “orthonormal”
in the sense that [do(y — z)d0(y’ — x)dz = 6(y — y'), can be viewed as eigenfunctions for the
commuting family of operators f > x*f.

parts using the identity If we would rather view the plane waves as
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by some appropriate frequency & depending on x. Of course these are all heuristic
lines of attack which treat the integral as though it were a classical one, and we
cannot treat x as a fixed point, but we can make these arguments rigorous by fixing
a test function localized around x and produce a complete argument akin to the
following.

Proof Let ¢ € C3°(R™) be supported away from the origin. Let ¢ be a smooth,
rapidly decreasing function with ¢(0) = 1.

[ [ v aste = i [ ( / w<x>eif'zdx) o(5€)de
= i [t ([ e<=oreas ) as

This limit is zero by the dominated convergence theorem (the d¢ integral is a rapidly
decreasing function of z and ¥ (dz) — 0). [ |

Without assuming anything about the support of v, the above proof would have
established the Inversion Formula directly with the constant had we chosen a ¢
(such as a Gaussian) whose Fourier transform was understood. Indeed, if we know
the Inversion Formula for a Gaussian, the inversion formula is true for rescalings
and translates of Gaussians. As a limiting case, the Inversion Formula holds for
any 0 function, and hence for an arbitrary function by the decomposition f(z) =

J F@)d(x — t)dt.

Exercise 2.6. Create a self-contained, direct proof of the Inversion Formula from
the case of a Gaussian.

In the case n = 1, there is also a more complex-analytic way to evaluate the
distribution-theoretic integral | fooo e€?d¢, which not only determines the constantﬁ,
but directly relates the 27 in the inversion formula to the 27 in the Cauchy Inte-
gral formula (the circumference of a circle). Basically, one uses complex-analytic
extensions of the plane waves and the formula for in order to decompose

e} 0 o)
/ el de = / et de + / et ¢
o — 0 0

= lim el&(w—zy)d§+/ ez&(az+zy)d§

1
x+10

y—=0t+ J_ 0
s 1
=7 (x_o N M)
=27 (x)

4Incidentally, this argument also determines the integral of a Gaussian indirectly.
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3. Extension of the Fourier Transform

As a corollary to the Parseval and Plancherel formulas we can extend our definition
of the Fourier Transform to L?(R™) functions by a simple density argument. Indeed
for any u € L? we can choose a sequence of S(R™) C L! functions u; converging to
w in the L? norm. By Plancherel, || F(u;) — F(ug)|lzz < |luj — ugl/z2. Hence the
sequence F(u;) forms a Cauchy sequence in L? and therefore converges to a limit
which we may call 4. Clearly, this definition does not depend on the particular
sequence. Moreover one can easily check that the Parseval identity extends to all
L? functions. Since F is therefore an isometry onto its image, its image must be
closed, but then the image must be all of L? since the image also contains the
Schwartz functions. Thus we have proved,

Theorem 3.1. The Fourier transform is an isometry of the Hilbert spaces L*(R™)
and L*(R™).

We can extend the Fourier transform even further to a special class of distributions
defined on R".

Definition. We define a tempered distribution to be an element in the dual space
of the Schwarz space.

Example. While e® is not a tempered distribution on R because it grows too

quickly, the function e®cos(e®) = -Lsin(e®) is an example. Here we make the

usual identification of a function with a distribution.

Note that the tempered distributions embed continuously into the space of ordinary
distributions defined earlier. In analogy with the properties of ordinary distribu-
tions, for every tempered distribution u, there exists a natural number N and a
constant C = C,, g such that

| <u,¢>|<C Z sup |z29°¢|, ¢ € S(R™)

lal, IBI<N

We can now define the Fourier transform of a tempered distribution; namely,
<, >=<u,p>.

One easily checks that this defines a tempered distribution 4 for every tempered wu.
Moreover, all the properties of the Fourier transform, which have been verified for
Schwartz functions in S(R™) can be easily extended to all tempered distributions.
In particular, since all L? spaces are included in S'(R™) we have a definition of
Fourier transform for all such spaces. Observe that, in the case of L' this definition
coincides with the definition given in (57).

The following simple, and very useful, formulas for the Fourier transform of the
Dirac measure 6y now make sense:

F(bo) =1, F(1)=(2m)"d (66)
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Observe also that if we denote by sign(x) the one dimensional tempered distribution

given by the locally integrable function I%\ we have,

sign(€) = —2ipv(€) (67)

Indeed sign’(x) = 28y. Hence, i¢ sTg\n(f) = 2. Therefore, for any rapidly decreasing
¢, we have

i / sign(z)zd(x)dx = 24(0) = 2 / p(x)dx

Also, observe that s?g\n(a?) is an odd distribution so that whenever ¢(z) = ¢(—=x)
is an even test function, then < sign,¢ >= 0. Now given a general test function

o, write ¢ = %((i)(x) + ¢(—2x)) + %((i)(x) — ¢(—x)) = ¢ev + boda- Hence, from the
preceding, we infer that

< sign, ¢ >=< S/ig\n,§<%¢odd) >=-2i < pV(%),ci? >

as desired.

This fact may also be observed more directly by evaluating the distribution-theoretic
integral

/ sign(x)e "% dx

along the same lines as the complex-analytic proof of the Fourier Inversion Formula
outlined in the previous section.

Exercise 1. Show that the only harmonic functions which are tempered distri-
butions are polynomials.

Exercise 2. Let f(z) = e 1*l € LY(R). Compute f(¢) (and hence f(0) =
J f(z)dz = 2) using the fact that f satisfies a simple, second order differential
equation. Comment on the precise amounts of regularity and decay of f and f
and how they can be anticipated from the physical space representation. Note that
f continues meromorphically into the complex plane — by considering correlations
against complex plane waves © — €’*%, z € C, you can anticipate the location of
the poles from the form of f in physical space.

Exercise 3. Suppose that u is a tempered distribution which is invariant under
translation by a subgroup S of R™ — for instance u could be periodic or a function
of less than n of the variables. Why can we assume S is closed? Show that the
Fourier transform @ is supported on the annihilator subgroup S+ of plane waves
which are invariant under S.

St ={¢] e =1forall x € S}

4. Uncertainty principle and localization

On the real line let the operators X, D defined by,
Xft)y=tf(t),  Df(t)=—if'(t)
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Observe that,
ID,X]f = DXf ~ XDf = —if

This lack of commutation is responsible for the following:

Proposition 4.1 (Heisenberg uncertainty principle). The following inequality holds,

1
1XFllz - 1D fllez = SI£IIZ:

Proof: Observe, using the commutator relation above,
0 < [[(aX +ibD)fl[72 = a®| X fl|72 + b*| Df|[72 — abl f]|72

Now, miniize the right hand side by choosing a = ||Df||zz and b = || X f]| L. [ |

The uncertainty principle, which can informally be described aﬂ Ax - AE > 1/2,
places a limit on how accurately we can localize a function, or any other relevant
object, simultaneously in both space and frequency. Let us investigate these local-
izations in more detail.

4.2. Physical space localization. If we want to localize a function f to a
domain D C R™ we may simply multiply f by the characteristic function xp. The
problem with this localization is that the resulting function x p f is not smooth even
if f is. To correct for this we choose ¢p € C5°(D) in such a way that ¢p is not too
different from xp. In the particular case when D is a ball B(zg, R) centered at x
we can choose ¢p to be 1 on the ball B(xg, R) and zero outside the ball B(zq, 2R).
This leads to the following bounds for the derivatives of ¢p,

0%¢p| < R

In general given a domain D to which we can associate a length scale R ( such as
its diameter or distance from a fixed point in its interior), we can find a function
¢p € C§°(D) such that,

0%p| S R, (68)
for all multi-indices o« € N™.

A general remark: derivative estimates of the form are very common in analysis
and almost always arise when the function obeying the estimates comes from a
rescaled version of another function, whose derivatives are simply bounded. That is
why the particular exponent which appears is consistent with dimensional analysis.

5This notation comes from quantum mechanics, where one normalizes ||f]|;2 = 1 and in-
£ 2
terprets both |f(x)|? and % as probability densities over states in position and momentum
space respectively. In this setting the Heisenberg uncertainty principle gives a lower bound for
the product of the standard deviations of position and momentum.
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4.3. Frequency space localization. . Just like before we can localize a
function to a domain D C R™ in frequency space by F~!(xpf). Once more, it
often pays to use a smoother version of cut-off, thus we set,

Ppf(€) = ¢pf(€).

Pp is an example of a Fourier multiplier operator, that is an operator of the type:

T (6) = m(&)(©). (69)
with m = m(€) a given function called the symbol of the operator. Clearly,
T,0f(0) = fk (@) = [ fla = p)K()dy (70)

where K, the kernel of T', is the inverse Fourer transform of m,
K(a) = (2m) " [ e mie)ag
Clearly any linear differential operator P(9) is a multiplier with symbol P(i€).

To compare the action, in physical space, between rough and smooth cut-off oper-
ators it suffices to look at the corresponding kernels K. Let I = [—1,1] C R and
X1 the rough cut-off (while ignoring the 27 constants). The corresponding kernel

1 .
K(.’L‘) — / eiz~§d§ _ 2822.7;

—1

decays very slowly as |z| — co. Because of this the operator
sin(xz —y)

F0af)@) = 2/ (z—y)

has very poor localization properties. Indeed, the operator spreads around to the
whole R any function supported in some set J C R. This situation corresponds to
a perfect localization in frequency space and a very bad one in physical space. The
exact opposite situation occurs when we do the rough cut-off localization x;f in
physical space. On the other hand, when we use a smooth cut-off ¢; in frequency
space, then the frequency cutoff operator P; f = .7-"*1((;51]5) is of the form f — Kx f
where the kernel

f(y)dy

K@) = [ e Cone)ag
R
is rapidly decreasing. In this case, we can prove that

Lemma 4.4. Let I = [-1,1], ¢; a smooth cut-off on I and Prf = F~Y(¢1f).
Then, if f is any L? function supported on a set D C R,

\Pr(f)(@)] S Cil £l 2 (1 + dist(z, D))~
forallj e N .

Thus P; spreads the support of any function f by a distance O(1) plus a rapidly
decreasing tail.
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Exercise. Show that there exists no non-trivial function ¢ such that both ¢ and
F(¢) are compactly supported.

The above discussion can be easily extended to higher dimensions. In particular
we can get a qualitative description of functions in R™ whose Fourier support is
restricted to a ball Bg = B(0, R) centered at the origin. Let ¢r be a smooth
cut-off for Bgr. More precisely we take it of the form

Pr(§) = ¢(§/R)

¢ a smooth cut-off for By, i.e. ¢ is smooth, identically equal to 1 on B; and
supported, say, in Bsy. It is easy to check the estimate for any multi-index c,

Sup 08 6Rr(E)| < cgRTI,

with a constant ¢, depending only on the fixed ¢ and its derivatives.

If f is a function whose Fourier support is restricted to Br then f = ¢p f . Hence,
flz) = A fW)Kr(z —y)dy (71)

where Kg(z) = F~(¢r).

Lemma 4.5. The kernel Kg(x) verifies the estimates,

09K r(z)| < On.oRI“R™(1 4 |2|R)~Y, (72)

for all R > 0, any N € N and multi-indezx o« € N", with a constant Cy, o which
depends only on N, «, dimension n and choice of the fized test function ¢.

Proof Indeed, integrating by parts,
. N .
Knfe) = [ e€onepde = [ () 08 )on(e)as
= [ () eroron(e

1T

Thus, for any «, || = N, denoting by |Br| = ¢, R" the volume of Bp,
o K@) £ [ 1000n(] < coRt VI Bal < cocpR N
R’!L

Hence, |Kgr(x)] < CyR"(|z|R)~Y, for a constant Cy which depends on N, n and
the fixed ¢. On the other hand, for |z| < R™!, |Kg(z)] < R". Hence, for every
N e N,

[Kr()| S O R"(1+ [2[R) ™.
It is easy to check also that each derivative of K costs us a factor of R, proving

@. =

Now back to we have

|0 f(x)] = | - f(y) 0°Kg(x — y)dy|

N

R [ 1)+ Rl — yl)Vdy

< R £l
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Also, by Holder’s inequality with % + 1% =1,

0°f @) < Il |0° Kll e < RI™R" R ||y

< RFP|f| L

We have just proved the following version (LP — L version) of the very important
Bernstein inequality,

Proposition 4.6. Assue that f is an LP function which has its fourier transform
supported in the ball Bg = B(0, R). Then f has infinitely many derivatives bounded
in L>° and we have,

10% £ oo mny S RPN £l 10

Remark. Observe that the proposition could have been proved by reducing it
to the particular case of R = 1. More precisely assume that the result is true
for R = 1 and consider a function f whose Fourier transform is supported in Bp.
Let g(z) = R™"f(R 'a) and observe that, supp (&) = supp f(R¢) C By and
therefore we have, [|[0%g| 1= &) < lgllzr = R7"R™YP||f||rs. Thus, |0%f|l 1z @) <
R fll o

As we will very often see during these notes, dimensional analysis can be used to
rapidly figure out the exponent which arises above. For example, if we regard the
spatial variables as having a scale L, so that the volume element dx has scale L™,
then the frequency variables have units R ~ L=1. We see that ||0 f|| 1~ has a scale

L1l and || f|[» = ([ |f(z)[Pdz) P has scale L™/? — thus the power of R appearing
makes the estimate consistent with dimensional analysis.

Qualitatively, the Berenstein estimate embodies some basic intuition regarding LP
norms and the Fourier Transform. In a sense, the higher LP norms of a function such
as the L* norm control a functions ability to blow up in a localized region of space,
whereas lower LP norms control growth at infinity. The Berenstein estimate says
that if a frequency-localized function does not grow at infinity (i.e. has a bounded
L? norm, 1 < p < o0), then due to the absense of high-frequency components, the
function is prohibited from having localized singularities as well (i.e. the L® norm
is bounded).

A main reason we are interested in such estimates is not that we often run into
functions with compactly supported Fourier transforms, but rather that we often
decompose more general functions into a sum of parts which are frequency localized.
We shall return to this idea in our study of Littlewood-Paley theory.

5. Applications to PDE

Consider the initial value problems for our basic PDE’s in R x R™, written in the
form
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dd =00, $)0,x) = f(x) (73)
hp =iA¢,  $(0,2) = f(z) (74)
9o =00,  ¢(0.2) = f(z), 9¢(0,x)=g() (75)
0io = -0, ¢(0,2) = f(x), 0(0,x) = g() (76)

In each of these cases we can write down solutions using the Fourier transform
method. More precisely we can take the Fourier transform of each equation, set

o(t,€) = / e E (1, x)d

and solve the resulting differential equation in ¢. Once this is done we obtain our
solution simply using the inverse Fourier transform, i.e.

o(tx) = / (1, €)%

(2m)"
In the case of the heat equation we derive,

o(t,x) = (2m) ! / T et gy ) (77)
’ _eo (2m)"
while in the case of the Schrodinger equation,
o(t.o) = 2 [ T gine i g ) (78)
’ oo (2m)"

Exercise 1. Show how to relate the formulas and to the physical space
formulas and .

In the particular case of the wave equation we derive,

sint|¢] .

€] 9(9)) &

(2m)"

ota) = [ S (eostlelfO)+ (79)

Exercise 2. Derive a formula similar to for the Laplace equation ([76[). Show,
using these formulas that has solutions for all f,g € S(R™) while oes not.
Show however that if we only prescribe ¢(0,2) = f (this is the Dirichlet problem
for the Laplacian 97 + A in R™*1), then the problem has a unique solution ¢, which
decays to zero as [t| + |x| — oo, for all functions f € S(R™).

Exercise 3. Show, in the special case of dimension 1+ 3, how to pass from formula

to the Kirchoff formula
o(t,x) = 8,5((471'15)71/

|z—y|=t

f(y)da(y)) + (4nt) ! / o(y)da(y) (80)

|z—y|=t

which is consistent with the formulas derived in the previous chapter, based on the
explicit calculation of the fundamental solution.
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It is interesting to make a comparison between the Fourier based formula and
the Kirchoff formula . Observe that it is quite easy, using Parseval, to derive
the global energy identity from ,

/ (10617 + |Vo[2) = / (VA + [gf2)de
R’!L R’!L

while obtaining such an identity from seems not at all obvious, in fact quite
implausible. On the other hand is perfect for giving us domain of influence
information. Indeed we read immediately from the formula that if the data f,g
is supported in ball B, = {|z — x| < a} than ¢(¢,z) is supported in the ball
Beay¢) for any time ¢. This fact, on the other hand, does not at all seem trans-
parentﬂ in the Fourier based formulam . The fact that different representations
of solutions have different, even opposite, strengths and weaknesses has important
consequences for constructing parametrices, i.e. approximate solutions, for more
complicated, linear variable coefficient or nonlinear wave equations. There are two
type of possible constructions, those in physical space, which mimic the physical
space formula or those in Fourier space, which mimic formula . The first
are called Kirchoff-Sobolev, or Hadamard parametrices while the second are called
Lax parametrices, or, more generally, Fourier integral operators.

6 Support information can ve derived by Paley-Wiener type results.
7Support information can be extracted however from (79) using the Paley-Wiener method,
see [Ho| vol. 1.



CHAPTER 4

Basic Functional Inequalities

1. Basic interpolation theory

1.1. Introduction. Consider the Fourier transform as a linear operator F :
S(R™) — S(R™). According to the Plancherel identity we have || F(f)||z2 < ||l .2-
On the other hand, we have || F(f)|le < ||fllr:- Can we get other bounds of
the type || F(f)llee S |Iflle ? It turns out that such estimates can be easily
established by interpolating between the two estimates mentioned above. Complex
interpolation allows us to conclude an LP to L9 estimate for any values of p and
g such that p~' + ¢! = 1 and ¢ > 2. This is known as the Young-Hausdorff
inequality. Interpolation theory is particularly useful for linear multiplier operators
of the form

T f(€) = m(€)£(€)

with bounded multipler m. In view of Parseval’s identity it is very easy to check the
L? — L? estimate, || Ty fllz2 < || fllz2. To obtain additional estimates we typically
use the integral representation Tonf(z) = fxK(z) = [ f(x—y)K(y)dy where K
is the inverse Fourier transform of m. If, for example, we can establish that K € L!
than we easily deduce that || T, fllzr < ||fllz:, since ||f+K]|r < |[fllo: - | K| Lz-
We thus have both L' — L' and L? — L? estimates for T},. and it is tempting to
conclude we might have an LP — LP estimate for all 1 < p < 2. Such an estimate
is indeed true and follows by interpolation. On the other hand, if we can establish
that K € L* then || f*xK||L~ < ||f]|z: and thus we can prove, by interpolation, the
same LP — L7 estimate as in the Hausdorff-Young inequality.

1.2. Review of LP spaces. Given a measurable subset 2 C R”™ the space
LP(Q), 1 < p < oo, consists in all measurables functions f : Q@ — C with finite L?

norm,
1/p
p = pd .
e ( [ ) x) < oo

The space L () consists of all measurable functions, bounded almost everywhere,
that is,

1fllzee = inf{a : /Q(|f(m)| > a)dsz} = ess sup |f| < oc.

For all values of 1 < p < oo the spaces LP(Q)) are Banach spaces. The theory of
LP spaces generalizes when we replace the Lebesgue measure dr with a general,

81
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positive measure p E| The following is called Holder’s inequality

Ifgllze <[ fllzallgllzr, (81)

whenever 1/p = 1/q + 1/r. The relationship between the exponents is necessary
so that both sides are homogeneous of degree % in the measure. In particular, for
p=1
gl < I Fllzallgll Lo

where ¢ verifying % =1- % is the exponent dual to ¢q. This inequality implies
that we can identify each element g € L7 with the bounded, linear functional on
the Banach space L? given by f — [ f(z)g(x)dz. For all 1 < ¢ < oo the space
L9 (Q) is dual to L(£2) in the sense that the above identification is an isometry (in
particular, every bounded linear functional on L? arises this way for a unique g),
while the dual of L>(Q) includes L(£2), but is vastly larger. Often taking the role
of L* is the space Co(R™) of continuous functions vanishing at infinity (since they
constitute the closure of C§° in the L> norm), whose dual space is the set of finite,
Borel measures on R".

The different LP norms measure different aspects of the size of a function. An
estimate of a higher L? norm such as ||f||p~ < 1 guarantees that |f| does not
become too large locally, whereas an estimate of a lower LP norm such as || f|jp1 <1
controls the behavior of f at infinity. The space L?(f2) is especially important
because of its self-duality and its Hilbert space structure given by the inner product

</fyg >:/Qf§dx

Exercise. Show that C5°(2) is dense in LP(Q2) for all 1 < p < 0.

Given a measurable function f and a positive number «, denote by A(f,a) the
distribution function of f defined by

A(f,0) = {z € Q: |f(2)] > o}

For 1 < p < oo we have Chebyschev’s inequality
A(f o) <aP| L (82)

which quantitatively expresses the fact that the upper contour sets of an L? function
have finite measure. It is helpful (at least as a mnemonic) to note that both sides
have the same units since f and « have the same units.

Proof

A(fra) = / (17(2)] > a)du(z) < / ('f("”)') (1f (@) > a)dulz) < a | fIE,

oP

IThere are some complications, however, when the whole space cannot be written as a count-
able union of finite y-measure subsets. This will not concern us in these notes.
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We can write the LP norm of f in terms of its distribution function. Indeed, the inte-
gral [ |f[? is the measure of the region bounded by the graph {(8,z) : 0 < 8 < |f(z)[},
hence

|f ()P dz = w(\f(x)lp > B)dpdr = p N o IA(f,a)da (83)
0 0

where the last integral is obtained from the substitution § = oP.

A measurable function f : @ — C is said to be simple if its range consists of a
finite number of points in C, that is f = Zf\il a;xa, for a; € C and A; C Q
measurable. In this section we denote by S(£2) the set of all simple functions in Q.
Recall that S() is dense in LP(Q) for all 1 < p < co. The proof typically involves
approximating a fixed f(z) with linear combinations of characteristic functions
(f(z) € E,), and letting the collection {E,} tend towards a fine and complete
partition of C.

Exercise. Let f(x,y) be a measurable function on Q; x Qs C R™ x R™2. Prove
the following version of the Minkowsk?’s inequality,

|| / F.y)dyll i) < / 179 22 oy

for 1 < p < oo both by using duality and without doing so.

1.3. Three lines lemma. The method of analytic interpolation, for linear
operators acting on LP spaces, is based on a variant of the maximum modulus
theorem for a strip-like domain called the three lines lemma. Consider the strip-
like domain,

D={2eC:0<Re(z) <1}.
We will denote by Apc the set of bounded continuous functions on the closure of
D which are analytic on D.

Lemma 1.4 (Three lines lemma). Let f € Agc such that
[f(0O+ib)| < Mo, [f(1+ib)| < My,
for allb e R. Then for all0 <a <1 and b € R,
|f(a+ib)] < My~ M.

Remark. Recall that log|f(z)| is a subharmonic function when f is holomorphic
(and nontrivial). The bounds on the two strips guarantee that log |f(z)| obtains
lesser values than the harmonic function ¢(a + bi) = (1 — a)log My + alog M7 on
the boundary of D, and the conclusion of the Three Lines Lemma asserts that
log | f(a + bi)| < ¢(a + bi) within the domain D, however we cannot simply apply
the weak maximum principle, since it is not quite valid for unbounded domains (as
e’

the example z — e~ on D shows).

Proof First, by replacing f with le,(fzw if necessary, we can assume that My =
0 1

M; = 1 and it suffices to show |f(z)] < 1 throughout. When f decays to 0
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as |Sz] — oo, then one can simply apply the usual maximum modulus principle
to a sufficiently large subset of D to conclude |f(z)] < 1 throughout. If this is
not the case, then (because we have assumed already that |f(z)| does not grow
substantially as |Jz| — oo) we can apply the same argument to the approximation
F.(2) = e(1=2)% f(2) (which does decay for large |3z|) and conclude

£(2)] = lim|F.(2)] <1
throughout D. ]

1.5. Stein-Riesz-Thorin interpolation.

Definition 1.6. We say that a family of linear operators T, indexed by z € D, is
an analytic family of operators if,

(1) T, maps simple functions into measurable functions;
(2) For any pair of simple functions f, g € S(2), the map z — [ g(z)T. f(z)dx
belongs to Apgc.

Remark 1.7. The reason for choosing simple functions as test functions in the
previous definition is because they are easy to manipulate and they make a dense
set in LP for every p € [1,00).

Theorem 1.8. Let T, be an analytic family of operators and assume there are
positive constants My, My such that, for every b € R,

T fl Lao (ap) < Mol fllzro vy, 1 TivivfllLar (@uy < Ml fllpocan,
with 1 < qo,po,q1,p1 < 00. Then, for z = a+1ib € D, T, extends to a bounded
operator from LP(dv) to Li(du) and
T fllLaqapy < Mo~ MYl Lo (a)
where
1 1-a  a 1 1-a a

)

DPo P1 q qo0 q1

Proof : By changing the measures 1 and v themselves by a scalar multiple, we
can assume that My = M; = 1. Adopting a bilinear formulation we have to prove
that

<1 (84)

[ st@).1(a)da

for every pair of simple functions f,g with ||f|lz» = |||« = 1. Fix such a pair
f, g and consider the related (analytic) families of simple functions

£@) = 1f@) 7 f (@), g.(e) = lo@)| 75 g(a),

with the exponents,

1 1—=2 z 1 _l—z z
) - 7 -

pz) p  m G @ 4
We can easily check that

\finl IFPPOL frwanl < FIP/PY, 0 Jgan] < |g|q//q6, |g1+ip| < |g|q//q3.
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Here we use the convention that 1/00 = 0, and in particular if py = p; = oo then
p=p(z) =00 and f, = f, similarly ¢ = ¢} = oo then ¢’ = ¢’(2) = o0 and ¢, = g.
It is immediate to verify that |[f.[| Reg,., = Ifller = 1 and [lg:ll, Re(yr(.)y =

9l = 1.
Now consider the map defined on D,

h(z) = / 0.(@)T. . (2)da.

It is not difficult to see from our construction and the linearity and analyticity
properties of T, that h € Apc. By hypothesis (and Holder) we have that |h(ib)] < 1
and |h(1 4 )| < 1 for every b € R. It follows from the three-lines lemma that
|h(2)] <1 and in particular [ |

1.9. Young inequality. We often need to estimate integral operators of the

formPl
7f(a) = [ bla,)f(5)d. (85)
The simplest result of this type is given by Young’s theorem below.

Theorem 1.10 (Young). Let k(x,y) be a measurable function and assume that for
some 1 <r < oo we have

sup |k(z, - )||or <1, sup[k(-,y)[zr < 1.
x Y
Then, for 1 <p <7’ and
1 1
14+===+-, (86)
q r o p
we have
IT fllze < [ flze- (87)
Proof: By Holder inequality,
T fllzee < N fllLe- (88)

On the other hand the dual operator T has the same form as 7T,

T*g(y) = / Rz, 9)g(x)d,

and hence,
IT*gllzee < llgllLr
which by duality gives the other endpoint

1Tl < flle:- (89)
Now, we can use Theorem with T, = T, to interpolate between and
and obtain . [ |

2In fact, the Schwartz Kernel theorem states that every continuous linear map from
C§° (1) — D' (Q2) is of the form for some distribution k(z,y) € D’(1 % Q2)
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As an immediate consequence, when k is translation invariant, k(z,y) = k(z — y),
we obtain the well known estimate for convolutions:

[k fllza < [[Elz Il fllze, (90)

whenever the exponents 1 < p,q,r < oo satisfy . Note that this relationship
between the exponents is necessary so that both sides will have the same degree of
homogeneity in the measure.

Exercise.  More generally, when Hk”Lfi"LZ < 1 fails and similarly for ||k||L§oL;,
one can reduce to the hypotheses of Theorem (1.10) by changing the measures in
the x and y variables. By doing so, what “more general” Young inequality do you
obtain?

Exercise. Prove, using complex interpolation, the Hausdorff-Young inequality for
the Fourier transform F,

IFlze S Nfllze,  forall g>2, 1/g+1/p=1.

1.11. Marcinkiewicz interpolation. A slightly weaker condition than L?
integrability for a function f is the so called weak-LP property.

Definition 1.12. For 1 < p < oo, we say that f belongs to weak-L? if A(f,a) <
a” P for every a > 0. If p = oo we let weak-L> coincide with L°.

By Chebyschev’s inequality , any function in LP is also in weak-LP. The follow-
ing is the simplest example of real interpolation. It applies to sublinear operators,
that is,

T(f +9) (@) S Tf(x)] + [Tg(x)],

Theorem 1.13. Consider a sublinear operator T mapping measurable functions on
X to measurable functions on'Y. Assume that T maps LPi(X) into weak-LPi(Y),
with bound

AMTf ) S

fori=1,2 and 1 < p; < py < oo. Then, for any p, p1 < p < pa, T maps LP(X)
into LP(Y'), with the bound

ITflle S 11 llzes

Proof : Given f € LP(X) and a > 0 we write f = f* + f,, where f*(z) =
f@) - (|f(x)] > «) and fo(z) = f(x) - (|f(z)] < «) are cutoffs of f . In particular
fe e LPt and f, € LP? by Holder’s inequality.

Consider first the case ps < co. By our assumptions on T we have

AT f,20) SMTfY 0) + MT fa,0) S o PN + a7 fallfhe . (91)
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Using the distributional characterization of ||T'f||» and Fubini’s theorem, we infer
that

/|Tf(x)|p dz g/ |f(:v)|p1ap_p1_1dadx+/ |f(z)|[P2aP~P2 " dadz.
0<a<|f(z)] If(z)|<a

But folf(z)l aP~Pi=lda ~ |f(x)[P7PL, since p—p; — 1 > —1, and flj‘?r)l aP~P2~1dq ~

|f(z)[P~P2, since p — pa — 1 < —1, and the conclusion follows.

In the case of ps = oo the proof is actually simpler. We only have to observe that
|Tf(z)] > « implies |Tf*(x)| > «a, since |Tfo(2)| S || fallee < . Hence we can
replace by

ATf,Co) SMTL ) S a P f¥N T

where C' is some positive constant, and the proof proceeds as before. [ |

2. Maximal function, fractional integration and applications

2.1. Maximal Function. A function f which is in LP(R™), for some 1 < p <
00, may possess very bad regularity properties. Given a > 0, the set of points z
where |f(x)| > a may merely be any measurable set (with finite measure if p < 00).
It is often desirable to replace f with a positive function which has (almost) the
same integrability properties of f but better local regularity. This is achieved by
considering maximal averages of f.

Definition 2.2. Given a measurable function on R™ we define its mazimal function
by

1
M (@) = sup o /B o

z€EB
Here the supremum is taken over all possible euclidean balls B containing x (not
only those centered at x).

Remark 2.3. It follows immediately from the definition that M f is lower semi-
continuous. Indeed, for every a > 0, the sets E, = {x € R": Mf(z) > a} are
always open: if x € E, then there exists a ball B containing = such that

é /B F@)ldy > a (92)

and this also means that M f(y) > a for every y € B, hence B C E,.

By the triangle inequality we also see that f — Mf is a subadditive operator,
M(f +g)(x) < Mf(z) + Mg(). (93)

The averaging process may improve local regularity, but, because of the supremum,
it is not clear whether M f preserves the integrability properties of f. If f is
essentially bounded, then M f is bounded and

[IMfllpe < (1 fllze- (94)



88 4. BASIC FUNCTIONAL INEQUALITIES

But, if f is an integrable function, it doesn’t follow that M f is integrable. Take
for example f = xp € L', the characteristic function of a ball, then Mf(z) >
(1 + |z|)~™ which barely fails to be in L!. Fortunately, the maximal function still
retains most of the information about the integrability properties of f.

Theorem 2.4. If f € L' then Mf is weakly in L', in the sense that for a > 0 we

have
1
|Eal = AMS(2),0) S —Ifllzs (95)
If f € LP with 1 < p < oo then Mf € LP and we have
[Mfllee S flLe- (96)

Proof: The second part of the statement follows from the first and the L> bound-
edness of the maximal operator by Marcinkiewicz interpolation, Theorem [1.13
Hence, we only need to prove (95)).

Let f € L' and fix o > 0. By the discussion in Remark we can find a family
of balls B = {B}, such that E, = UgcgB and each ball B satisfies (92). If these
balls were all disjoint then it would be easy to conclude, since in that case

1 1
RS> RUULTET S M

In general these balls are not disjoint and we have to be more careful.

Let K be a compact subset of F,, then it is possibile to select a finite subfamily 5’
of balls in B that cover K. Using the covering lemma proved belowEl, Lemma
we can select among the balls in B’ another finite subfamily B” made of disjoint
balls (which may no longer cover K) such that

UpesB'|< > B
B//GB//

Then, proceeding as above, we find

1
(K|S = fllzr
[0

and taking the supremum over all possible compact sets K we finally obtain .
|

Lemma 2.5. Let By,..., By be a finite collection of balls in R™, then it is possible
to select a subcollection By, ,...,B M < N, of disjoint balls such that

v

M
|U§V:1Bj| S Z |Bjk|'
k=1

Proof: We can assume that the balls B; = B(x;, ;) are labeled so that the radii
are in nonincreasing order, vy > 19 > -+ > ry.

3This is sometimes known as the Vitali Covering Lemma



2. MAXIMAL FUNCTION, FRACTIONAL INTEGRATION AND APPLICATIONS 89

Take j1 = 1, so that Bj, is the ball with largest radius. Then by induction, define
Jrk+1 to be the minimum index among those of the balls B; which don’t intersect
with the previously chosen balls Bj,, ..., Bj,; if there are no such balls then stop
at step k.

With this construction we have that each ball B; intersects one of the chosen balls
B, with 7; <rj,, hence B; C B(xj,,3r;,). This implies that

M
|U§V:1Bj| < ‘Ul]y:lB(xjkﬂgTjk” < 3nz ‘Bjk|
k=1

2.6. Lebesgue differentiation theorem. If a function f is continuous then,
clearly,

1
lim ——— fy)dy = f(z). (97)
r—0 |B(£L'7 T)| B(z,r)
As an application of Theorem we can show that this property continue to hold
for locally integrable functions.

Corollary 2.7 (Lebesgue’s differentiation theorem). If f € LL _(R™) then
holds for almost every x.

Proof : Since the statement is local we can assume that f € L.

Let A, be the averaging operator defined by A, f(x) = |B(x,7)|! fB(w » fW)dy.
The proof consist of two steps. First we prove that A,f — f in L' as r — 0, and
then it will be enough to show that lim,_,o A, f(z) exists almost everywhere.

For the first step, given € > 0, using the density of Cy in L', we can always find a
compactly supported continuous function g which approximates f in L' and have
A f — Argll: < ||f —gllzr < € uniformly in . Then by the uniform continuity of
g, we know that A,.g — ¢ in L' as r — 0, hence there exists an r, such that

| Arf — fHLl < HArf - Ar.g”Ll + | Arg _QHL1 +IIf _gHLl < 3e,

for r < re.

For the second step, we define the oscillation of an L' function f by
Qf(z) =limsup A, f(z) — liminf A, f(x).
r—0 r—=0

The oscillation is a subadditive operator, Q(f+g) < Qf+Qg and is bounded by the
maximal function operator, Qf < 2M f, moreover the oscillation of a continuous
function vanishes. If ¢ is a continuous function which appoximate f in L' then we
have that

Qf <Qf —9) + Qg =Q(f —g) <2M(f - g).
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We can apply now the weak-L! property of the maximal function, and for any
positive a we find that

{z: Qf(2) > a}| < {z: M(f - g)(@) > a/2}| S éIIf =9l

Since ||f — g|lz: can be arbitrarily small, we infer that set of points where the
oscillation of f is positive is of measure zero. [ ]

2.8. Fractional integration. Let T be an integral operator acting on func-
tions defined over R™ with kernel £ as in . If the only information that we have
on k(z,y) is a decay estimate of the type

k(z,y)| Sz —yl™7,
for some vy > 0, then Young’s inequality, Theorem does not allow us to recover
a good control on T'f, since the function | 2 | =7 fails, barely, to be in L™/7. However,
the convolution has smoothing properties that imply some positive results which

are contained in the following important theorem, originally proved by Hardy and
Littlewood for n =1 and then extended by Sobolev to n > 1.

Theorem 2.9 (Hardy-Littlewood-Sobolev inequality). Let 0 <y <n and 1 <p <
q < oo such that

L
n

; (98)

SR
S

then
N7 * flloamny S flloe@ny- (99)

Proof: We can split the convolution with the singular kernel into two parts:
- flz—y) flz—y)
L@ =1 o) = [ Ty [ T2

wizr 1Yl wi<r 1yl

where the radius R is a positive constant to be chosen later We estimate the first
term simply by Hoélder’s inequality,

fa—y) o

r—Yy ! oo

[ Ay < ([ W) SRS
lyI>R [yl ly|>R

where we need the integrability condition «vp’ > n, which by is equivalent to
q < o0.

)

For the second part we perform a dyadic decomposition around the singularity and
get an estimate in terms of the maximal function,

I —y) ey
|/|yI<R lylY dy Sz/g ly dy <

<ok |y




2. MAXIMAL FUNCTION, FRACTIONAL INTEGRATION AND APPLICATIONS 91
where we need 7 < n for the convergence of the last geometric series.

At this point we have found that for every x € R™ and every R > 0,
1177 % £@)] £ B I ller + RY M (@),

with constants independent of R and x. We optimize this inequality choosing, for
each z, a radius R = R(x) such that the two terms on the right hand side are equal,

R¥ || fllze = R"Mf(x),

R(z) = </|\|/J;f|é;;)>p/n’

and since (n —v)p/n =1—p/q, we have

1—2
Ly f (@) S Sl * M ()
Then take the L? norm on both sides,

1—2 3
Iy fllze S Wfllpe * 1M Eo-
If p > 1 we can conclude using the estimates for the maximal function . [ ]

i.e.

P
q

Remark. The Hardy-Littlewood-Sobolev inequality has an equivalent bilinear
formulation, which reads

f(@)g(y)
// To—gp S Il lgllre

for 0 <y <nand 1 < py,ps < oo such that
1 1
o e
P Py n
It is important to understand that the relation among the exponents can be quickly

derived from scaling arguments. If we assign a length scale to L to the variable z,
the expression

I 177 % fllzo@ny = II/\w—yl‘Wf(y)dylng(wL)

has the units L=7 - L™ - L, whereas || f||z» has the units L». The exponents v, ¢, p
must relate in such a way that the exponents of both quantities match up. Indeed,
if they did not, then one could deduce the failure of the estimate by considering
an arbitrary, nontrivial f and rescaling it to derive a contradiction.

Remark. In our proof of we have not fully used the power of the Maximal
function (for example, by only considering balls centered at z). In fact, the same
estimate holds upon replacing the kernel |x—y| =" with any kernel k(z, y) sharing the
same distribution function. A proof along these lines requires one to build up the
machinery of Lorentz spaces along with a more general form of the Marcinkiewicz
interpolation theorem. For this we refer to (***)
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Using the Hardy-Littlewood-Sobolev inequality, we now show that it is possible to
give a very short proof of the Sobolev inequality,

[fllze < N10F e,

for n/¢ = n/p — 1, in the non sharp regime p > 1. As with the Hardy-Littlewood
Sobolev inequality, the exponents are easily deduced by considering the length
scaling of both sides. The Sobolev inequality quantifies the intuitive fact that a
function can only blow up somewhere if its derivatives blow up even worse.

Proof. Assume f € C°(R"). For every unit vector w we have

> d
=— — d
fa) == [ et

To consider all possible directions in which f could grow, we integrate over the
whole sphere, and recalling that the volume element in R™ in polar coordinates is
dy = r"~'drdo,,, we find that

10f ()] —n

f@| S | === dy=(I-"""*|0f]) ().

|z —y[*!
We take the L9 norm and use to get
£z S U117 10f1 e S N1Of e,

whenever p > 1 and
n—1 1
1-— ==
n p

Q| =

2.10. Sobolev Inequalities. In the previous section we have seen how to
estimate the L4(R™) norm of a function in terms of an L” norm, 1 — %=1 = % - %,

p > 1, of the gradient of f. We shall now prove a stronger version of this.

Theorem 2.11 (Galgliardo-Nirenberg-Sobolev). The inequality

[fllLagny SNO™ fllLe@ny, f € C5°(R™), (100)
holds for
1 1
f:f—m>0, meN, (1<p<qg<o). (101)
q p n
While for q = oo, we have
m
1 fll oo mny S Z 10 fllLomny, f € CGC(R™), (102)
k=0

when%—m<0.

Remark. We don’t need to remember the precise condition (101); it can be de-
duced by a simple dimensional analysis. Since the estimate is homogeneous, it has
to be invariant under dilations, and simply says that both sides in have
the same scaling. Also the condition % —m < 0 is a comparison of the scalings of

the two sides of (102) which excludes a very localized and spiky counterexample.
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Remark. The following non-sharp version of estimate (100 also holds for all
l1<p<g<ooand 1l/p—m/n<1/q,

[l S D 10%flle  f € CR™, (103)

la|<m

Exercise. Show by an example that the inequality (102]) can fail to be true for
p =n/m. Prove (103 for m = 1, using the results of theorem [2.11]

Exercise. Show by a scaling argument that if the inequality (103]) holds true for
1/p=1/q+ m/n < 0 then the homogeneous inequality (100 is also true.

Proof [Proof of (100)]: We obtain the cases with m > 1 by repeated iterations of
the case m = 1. Hence, we can assume m = 1 and, by (101)),

<q=—2

I1<p<mn,
n—1 n—op

< 00.

Once we have the estimate for p = 1 and ¢ = n/(n — 1), then we get the cases
with p > 1 and ¢ > n/(n — 1) by simply applying Holder inequality. Indeed, let
q=Mn/(n—1), for some A > 1, then

1£1Ze = WP, wnre S UFPTHOF e < WP I llee,
and we just have to check that

n—1
L

1
(Ail)plzl_ l:q'
q

1
n
But this essentially needs no verification — by the scaling of the inequality, the

exponents must work out.

It only remains to prove the special case m =1, p =1, ¢ = n/(n — 1). Following
Nirenberg, [?], one can show the stronger result that for f € C§°(R™) we have

n
1/n
[FA—8 1 Y227 (104)
j=1

When n = 1, this comes easily from writing

f@) = [ " F )y

When n = 2, we do the same with respect toeach variable and then multiply and
integrate:

//|f($1,$2)\2d$1dl‘2 S///\31f(y17$2)\dy1/|32f($1,y2)\dy2d3?1d332

= [[01flLr 1021 21

When n > 3 things become more tricky and, to separate the variables, we have to
make a repeated use of Holder inequality. Let just look at the case n = 3. To ease
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the notation set f; = 0;f and [ ¢(z)dz; = [; ¢(2;). We start with

F)lt < (/1f1(-,x2,x3)>$ (/2|fa<a:1,-,acs>|)é ([1ter)

Then integrate with respect to x7. The first factor on the right hand side doesn’t
depend on x1, while we use Hoélder to separate the second from the third,

[ 15l < (/1|f1<-,as2,ac3>|)é (/ f2<-,-,af:3>|)é (/1’3|f3(-,:62,~)>;-

Proceed similarly with the integration with respect toxs,

[ st < (/ fl<-,-,ac3>|)é (/172|f2<-,-,x3>) '

2
([, 1m6n),
1,2,3
and finally do the same with x3,

Lo (Lm0 (] )’ (L)

s

1
2

Nl

When n > 3 the procedure is exacly the same. [ |

Proof [Proof of (102)]: It clearly suffices to look at the case m = 1, since the
cases m > 1 will follow from it applying (100). Assume thus m =1 and p > n, we
want to prove that

LFO S I fllee + I Df Lo
Suppose first that f has support contained in the unit ball B = {|z| < 1}, then

£(0) = — /01 d%f(rw)dr, wes 1. (105)

Integrate with respect tow and then apply Holder,

of(x dx L
sl [ B8l < osle ([ e ) - Sl0sle

(106)

where the integrability condition needed here is (n — 1)p’ < n, which is precisely
p>n.

In general, fix a cutoff function ¢ € C§° with support in B and ¢(0) = 1, then in
view of the above, [f(0)] = [¢(0)f(0)| < |0(&f)l[r < (I f]lLr + 10| - u

2.12. Classical Sobolev spaces. The Sobolev inequalities of theorem (2.11])
lead us to the introduction of Sobolev spaces.

Definition 2.13. Let ) be an open subset of R". Fix 1 < p < oo and let s € N
be a non-negative integer. The space W*P? () consists of all locally integrable, real
(or complex) valued functions u on  such that for all multiindex « with |a| < s
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the weakﬁ derivatives 0%u belong to LP(Q2). These spaces come equiped with the
norms,

a 1/
lullwer@ = (3 10%ulf,q) " for 1<p<oo
lal<s
[ullwse@ = ZHaauHLO"(Q)
la]<s

We also denote by Wéc’p(Q) the closure of C§°(€2) in WHP(Q).

In the particular case p = 2 we write H*(Q2) = W*2(Q). Clearly H°(Q) = L*(Q).
We also write H(Q) = W (). These spaces are especially important because of
their Hilbert space structure.

In the particular case p = co we work with the smaller space C*(Q) C W*>(Q),
the set of functions which are s times continuously differentiable and have bounded
|| ||Ws,c>o 1norm.

Exercise. Show that for each s € N and 1 < p < oo the spaces W*P(Q2) are
Banach spaces.

There is a lot more to be said about Sobolev spaces in domains Q C R™. For
instance, We refer the reader to Evans ([E], ch. 5). For the time being we specialize
to the case 2 = R™.

Exercise.  Show that the spaces W*P(R") and Wéc P(R™) coincide. That means
that C$° is dense in WP (R").

The Sobolev inequalities proved in the previous subsection can be interpreted as

embedding theorems. Indeed (100) and (103) can be interpreted as saying that

the Sobolev space W™P(R™) is included in the Lebesgue space LI(R™) as long as
1 m 1
pon Sy
Proposition 2.14. The following inclusions are continuous
1 1
WmP(R") € LYR™),  if - — — <=
p n q
Moreover, for ¢ = oo, W™P(R"™) embeds into the space of bounded continuous
functions on R™ provided that m > n/p.

Proof : Follows from theorem and the density of C§°(R™) in W™P(R"). ®

2.15. Holder spaces. Together with Sobolev spaces Holder spaces play a very
important role in Analysis, especially in connection to elliptic equations. Before
introducing these spaces we recall the definitions of the spaces C™(2) of m times

4That is derivatives in the sense of distributions.
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continuously differentiable functions u : {2 — R on an open domain €2 for which the
W™ norm is bounded,

[[ul

cm@) = Z [0%u(@)|| oo () < 00

|| <m

Definition 2.16. Let ) be an open domain in R™. We say that a function u : 2 —
R is Holder continuous with exponent 0 < v < 1 if|

_ lu(z) — u(y)|
[U]Co,«/(ﬁ) = Tilj,gg W < oQ. (107)

The Hélder space CF7(Q) consists of all functions u € C*(Q) for which the norm,

||U||ckw(ﬁ) = ||UHck(ﬁ) + Z [‘WU}cow(ﬁ)- (108)
la|=k

is finite.
Exercise 2.17.  The space C*7(Q) is a Banach space.

Exercise 2.18.  Show that C%!((a,b)), the space of Lipschitz functions on an
interval, consists exactly of those distributions whose derivative belongs to L.

Exercise 2.19. Let f(z) = (a < 2 < b) be the characteristic function of an
interval. Show that the seven-fold convolution f *---x* f is in the Hélder class C%!.

The following stronger version of the Sobolev embedding in L*° is important in
elliptic theory. As usual, the relationship between the exponents involved can be
deduced from dimensional analysis.

Theorem 2.20 (Morrey’s inequality). Assume n < p < oco. Then, for all u €
Cge(R™),

lullcor®ny S llullwe e (109)
provided that v =1 —n/p.

Proof: In one dimension, this is an easy application of the fundamental theorem
of calculus and Holder’s inequality. For the general case, see [E], section 5.6.2. M

2.21. Fractional H?®- Sobolev spaces. Consider the Sobolev space
HYR") ={uc L?:0%%c L* Vla|<s}.

Proposition 2.22. The Sobolev space H*(R™) coincides with the set of all tempered
distributions u € S’ (RN for which 4 is locally integrable and,

lullZ. = /RN(l +IEP) a(€)]* < oo (110)
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Proof: Follows easily from the Parseval identity, the density of Cg° in each space,
and the fact that 0;f(§) = ifjf(g). [ ]

Observe that the equivalent definition of proposition makes sense not only for
positive integers but for all real numbers s. We can thus talk about Sobolev spaces
H? for all real values of s. We shall also make use of the following homogeneous
Sobolev norm, for all s > 0,

Jul. = [ PP <o (1)
RN
Question. Why does ||u|| ;. have units L% if we consider the physical space

variable to have the unit L?

Exercise. For s € (0,1) the space H*(R™) coincides with the space of locally
integrable functions such that,

1/2
w(z) —u(z +y)?
</ / | )|y|n(+25 ) dwdy+||u|2L2(Rn)> <00 (112)

Exercise. Prove that, for s > n/2 the Sobolev space H*(R™) embeds in the space
of bounded continuous functions.

2.23. A Trace Theorem. In order to make sense of boundary values of gen-
eralized functions for partial differential equations, it is important to prove that the
operation of restriction, which obviously makes sense for continuous functions, con-
tinues to make sense even when the function is not continuous. Such theorems are
called trace theorems. Consider, for simplicity, the case of the hyperplane z,, = 0
in R™ and define the trace operator,

Tf(x1,...,2n) = f(21,...,20n—1,0). (113)

Clearly the operator makes sense for any continuous functions f, in particular for
any test function, in R".

Theorem 2.24. The following estimate holds true, uniformly for any test function
feCFR™), n>2 and any s > 1/2.

T e sy S I 2o (114)

Therefore T extends as a linear map T : H*(R") — H*~Y/2(R"~1).

Remark. Observe that the result is dimensionally sharp, which is somewhat sur-
prising if one compares it to the usual embedding of the Sobolev spaces H*(R) in
L>(R), in which case we know that the sharp case, s = 1/2, is false. In fact the
above trace theorem is also false for the case s = 1/2.

Proof : Take f smooth and g(z') = f(2/,0). Let f be the Fourier transform of f in
x,, only, and f, § be the Fourier transforms of f and g in R” and R™~!, respectively.
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Ie.
(' &) = / f(! e n e,

By applying Fourier inversion (with z,, = 0) and then the Fourier transform, we
get

o@) = 1" 0) = 5 [ Fal )i,
N _i * !
i) =5 [ Feenas,

We can then see, using our knowledge of fractional H?® spaces and Cauchy-Schwartz:

9llzzesr2qanes S / L 1HEIPO g Py

2

< < d¢,, 112ys=1/2 g¢!
s [ | fd] avieryee
< [ avierre ([T 1iera e ) s

with,

s = [ T eP)rde,

— 00

And since s > 1/2, we have

oo o)
7€) = [ sl de = [ aser i),
— 0o — 00
= P [y
Plugging this into our above estimate for ||g|| zs-1/2 proves the result. [ |

Similar results hold for traces to higher co-dimension hypersurfaces. Here is such
a result, which can be proved by elementary means.

Proposition 2.25. Consider the trace operator T in R? which takes continuous
functions f(t,x',x%) to Tf(t) = f(t,0,0). We have, for any test function f,

10:(T H)ll 2@y S 1107 fIl L2 g (115)

Thus, T extends, as a bounded linear operator, to H?(R?) with values in H'(R).

Proof
[ auso.0pa
R

/Ooodx1 /000 dx2(6182A@tf(t,x)ﬁtf(t,x)dt)
2/0 dxl/o dwz(481628tf(t,x)8tf(t,x)dt)
2/0Oo dat /000 de(/Ralatf(t,x)agatf(t,x)dt)

+
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Clearly,

/ da’ / da ( / alatf@,x)agatf(t,x)dt)\5||62f%W)
0 0 —00

On the other hand, integrating by parts in ¢,

/ 01000, (£, 2)0uf (1, 2)dt = — / D10 f (1, 2)ORF (1, 2)dt
R R

Hence,

’/ d$1/ dIz(/ 81828tf(t,x)8tf(t,az)dt)‘ ,S ||82f||L2(R5)
0 0 —o00

as desired. m

Exercise. Prove the same result using Fourier transform and extend it to all di-
mensions and general H*® spaces. Exercise Extend the result to bounded intervals
in ¢.

2.26. Extensions. To extend results which hold true for functions in R™ to
domains in R™ we need to extend the functions in a controlled manner. I will restrict
the discussion to the case of the half space R = {z € R"/2™ > 0}. Consider the
Sobolev space WP(R’.). We want to prove the following.

Proposition 2.27. There exists a bounded linear operator E : WP (R ) — WHP(R™),
such that for any continuous f,

Eflry = f
and,

IEfllwre@ey S I fllwre@n)

Proof It suffices to prove the result for functions f € C* (R%). Given such a func-
tion we define, using its higher order reflection, its extension bar f which coincided
with f in R%} and, for all z,, <0,

[l 2") = =3f(a', —a™) + 4f(a, —lx")

2
Observe first that f is also C'. Indeed f is continuous across " = 0 and so are its
derivatives with respect to the variables 2’ = (x!,... ,2"71). On the other hand,

for 2™ < 0,
f 1
8nf(xl7xn) = 36nf($/, _xn) - Qanf(x/a _axn)
Hence, letting 2™ tend to zero with ™ < 0

(anf_)i(x/a O) = 6nf(x’,0)

Using these calculations we immediately derive the desired estimate.
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Exercise Extend the result to the W*P spaces, with s € N. What about fractional
H? spaces 7.

3. Littlewood-Paley theory

In its simplest manifestation Littlewood-Paley theory is a systematic and very use-
ful method to understand various properties of functions f, defined on R"™, by
decomposing them in infinite dyadic sums f = >, _, fr, with frequency local-

ized components fy, i.e. fk(f) = 0 for all values of ¢ outside the dyadic annulus
2F=1 < |¢] < 281, Such a decomposition can be easily achieved by choosing a test

function x(¢) in Fourier space, supported in 3 < [¢] < 2, and such that, for all

§#0, i
> xR =1 (116)
keZ

Indeed choose ¢(£) to be a real radial bump function supported in || < 2 which
equals 1 on the ball [£] < 1. Then the function x(§) = ¢(&) — ¢(2€) verifies the
desired properties.

‘We now define

PLf(€) = x(6/2M)f(©) (117)
or, in physical space,
Puof = fe =mp x| (118)

where my(x) = 2"*m(2¥2) and m(x) the inverse Fourier transform of y. Clearly,
from (|116))

f=S P (119)
kEZ

as desired. Denoting the map “multiplication by 27%” by 27%, we also have the
important scaling identity

(Pif)o27% = Py(fo27F) (120)

Observe that the Fourier transform of Pyf is supported in the dyadic interval
2F=1 < |¢] < 281 and therefore,

Pk/PkuO, Vk,k‘IEZ, |]€—k‘/| > 2.
Therefore,
Pef = Z Py (Prf) = Z Py P f
k€T |k—k’|<1
Thus, since Py_1, Py, Px+1 do not differ much between themselves we can write

P, = Z\k—k/|<1 Py Py, ~ P2. 1t is for this reason that the cut-off operators P are
called, improperly, LP projections.

Denote P; = Zke j Pr for all intervals J C Z. We write, in particular, P<j =
P_o k) and Poy = P<j_1. Clearly, Py = P<j — Pg.
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The following properties of these LP projections lie at the heart of the classical LP
theory:

Theorem 3.1. The LP projections verify the following properties:

LP 1. Almost Orthogonality. The operators Py are selfadjoint and verify
Py, Pr, =0 for all pairs of integers such that |ky — ka| > 2. In particular,

IF1Z2 = > IPefI1Z (121)
k

LP 2. LP-boundedness: For any 1l < p < oo, and any interval J C Z,
I1Psfllee S\ fllee (122)

LP 3.  Finite band property. We can write any partial derivative OPy f in the
form OPyf = 2*P.f and the symbol of Py is a cut-off opemtmﬁ which wverifies
property LP2. In particular, for any 1 <p < oo

0P flle S 2°[fllLn (123)
25| Piflle S N0fller (124)

LP 4. Bernstein inequalities.  For any 1 < p < q < oo we have the Bernstein
inequalities,

1Peflle S 20/P VD flle,  VEkEZ (125)
|P<oflles S ([ fllee- (126)
In particular,
[P fllpee < 2577 £l Lo
LP5. Commutator estimates Consider the commutator

(Pe, fl-9g=Pu(f-9)—f Prg
with f,g € C°(R™). We have,

1P, f1- gllze S 27 "IV fllz< llgllze.

LP6. Square function inequalities. Let Sf be the vector valued function Sf =
(Pof)rez- The quantity

Sf(x) = I8f(@)| = (D |Puf(2)?)

keZ

1/ (127)

is known as the Littlewood-Paley square function. For every 1 < p < oo there exists
constant(s), depending on p, such that for all f € C§°

[fllze S USFllze S M1 llze (128)

5 Associated with a slightly different test function x which remains supported in % < <2,
but may fail to satisfy (116]).
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Proof : Only the proof of LP6 is not straightforward and we postpone it until
next section. The proof of LP1 is immediate. Indeed we only have to check (121]).
Clearly,

1£12: = I3 Pfl2a= S <P, Pof >
k

k—k'|<1

IN

Z | Pe fll 2| P £l 2

|k—k'|<1

S Do IPflz
k

To show that Y, || Pxfl|32 < || f]132 we only need to use Parseval’s identity together
with the definition of the projections P.

It suffices to prove LP2 for intervals of the form J = (—o0, k] C Z, that is to prove
L? boundedness for P<j. If x(§) = ¢(€) — ¢(2€) then P<if = B(£/2%) f(€). Thus
PSk:f = mk*f7

where my,(z) = 2"*m(2*x) and m(z) is the inverse Fourier transform of ¢. Observe
that ||mg||r1 = ||/m||r < 1. Thus, using the convolution inequality (90)),

[1P<kfllze < lmllpellfllze S 11f 1|z

as desired.

To prove LP3 we write 0;(Pyf) = 2%(9;m)ixf where (0;m)(z) = 2"*9;m(2%z).
Clearly |[(9;m)g||rr = ||0sm]|r < 1. Hence,

10: (Pef)lze S 281 f )
which establishes (123)). To prove (124) we write f(£) = Z?:1 ilé'lzaxjf(g). Hence,

n

2BT(E) =3 2’3%“5/2’“)@(5) =3 2%y (€/24)8, 1(€)
j=1 j=1

where ¢;(§) = il?‘Qx(g). Hence, in physical space,
n E—
25Pf = (Im)pxd; f
j=1
with (m)g(z) = 2"% - Im(2%z) and Im the inverse Fourier transform of v;. Thus,
as before,

n

2| Pufllee SO N05fllLe = 10f] e

Jj=1

as desired.

Property LP4 is an immediate consequence of the physical space representation
(118]) and the convolution inequality .

1Peflle = lmuxflloa S llmwllo- [l fllze
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where 1+ ¢t =71 +p~1. Now,
||mk||LT _ 2nk</ |m(2km)|rdx) 1/r _ 2nk2—nk/r||m”LT < gnk(1-1/r) < onk(1/p=1/q)

R

It only remains to prove LP5. In view of (118 we can write,

Pu(f9)(z) — f(z)Prg(z) = m(z —y) (f(y) — f(2)g(y)dy

R’VL
On the other hand,

£ (y) = f ()]

A

[ st oty = 2|
o = yllofl L~

A

Hence,
IPf)a) = f@)Pa@] S 2 0f e [ e = )lawldy

where my, (r) = 2"*m(2¥z) and m(x) = |z|/m(z). Thus,

1P:(f9) = fPeglle S 27" 10f | L=lg]l e

We leave the proof of property LP6 for the next section. [ |

Remark. It could have simplified matters in the preceding proof to prove prop-
erties LP2-4 only in the case k = 0, and deduce the more general estimates from
the scaling identity . In particular, note that the Bernstein inequality is sim-
ply the statement that lower LP norms control higher P norms when f is localized
in frequency space (as opposed to the other way around, which occurs when f is
localized in physical space). This accords with our intuition for LP norms: while
a frequency localized function may be too large at oo in physical space to be inte-
grable, one need not worry about sudden jumps or spikes where the function blows
up locally, and hence only the former phenomenon needs to be controlled.

Definition. We say that a Fourier multiplier operator P, is similar to a standard
LP projection Py if its symbol yj is a bump function adapted to the dyadic region
€| ~ 2%. More precisely we can write Yx(¢) = )2(2%) for some bump function y
supported in the region ¢~12F < |¢| < ¢2* for some fixed ¢ > 0.

Remark. Observe that the inequality ||Pyf|lr» S [|fllrs holds for every other
operator Py similar to Px. The same holds true for the properties LP3, LP4 and
LP5.

Remark: We have the following pointwise relation of the operator P with the
maximal function:

|P<if] S Mf(2) (129)

Indeed we have, as before,
Poyf =+,
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where my (7) = 2"%m(2kz) and m(x) € S(R™). Therefore,
Pafl 5 2% [1@In( - )ldy 2 [ @I+ 2o - y) ™ dy

< o / F @)L+ 2%z — )"y
B(z,27Fk)

o0

vy I+ 24— y)
=0 /2 <2k|z—y|<2i 41

s ([ iy S [y

B(z,27%) >0 |z—y|<29+1 -k

. . 1
< Mflx) 4+ ) 2 (HDignkgnri=k)______— d
~ f( ) ‘; ‘B(.’L‘,2_k+]+1)| B(I727k+j+1)|f(y)‘ y
S Mf@)+2m Y 27 Mf(x) S Mf(a)
7>0
as desired.

Properties LP3-LP4 go a long way to explain why LP theory is such a useful tool
for partial differential equations. The finite band property allows us to replace
derivatives of the dyadic components f; by multiplication with 2¥. The LP — L>
Bernstein inequality is a dyadic remedy for the failure of the embedding of the
Sobolev space W%’p(R”) to L (R"™). Indeed, in view of the finite band property,
the Bernstein inequality does actually imply the desired Sobolev inequality for each
LP component f, the failure of the Sobolev inequality for f is due to the summation

f=> e

In what follows we give a few applications of LP -calculus.

3.2. Interpolation inequalities. The following inequality holds true for
arbitrary functions in C§°(R™) and any integers 0 < i < m:

10" flle S NN ™ o™ FlLr (130)

To prove it we decompose f = P<if + Psif = f<i + f>r. Now, using LP2-LP4,
for any fixed value of k € Z,

10°flliee < 110" f<rllie + 10" fokllLn
< 25|l + 2567 07 o
Thus,

18" flle < Nl fllze + X0 f| 2o

for any A € 2%. To finish the proof we would like to choose A\ such that the two
terms on the right hand side are equal to each other, i.e.,

||aMf|Lp>1/m
N\ = [ =212
0 <||f||m
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since we are restricted to A € 2% we choose the dyadic number A € 2% such that,
A < Ao < 2) Hence,

i i 2 \m—i | am —i/m | am pi/m
10 flle < Xollf e + ()™ 10 Fllze S UAI ™0 £

In general when an estimate for functions on R fails to be dimensionally consistent
(in that the scalings of the two sides are not the same), such an estimate can be
“amplified” into one which appears even stronger (or proven false).

Exercise. Assuming the inequality

10 fllLe S W fllee + 107 fl| o
deduce the estimate (130 by considering the rescalings f — f o A.

3.3. Non-sharp Sobolev inequalities. = We shall prove the following slightly
improved version of the inequality (103]), for functions f € C§°(R™) and exponents
1<p<g<oowithl/p—m/n<1/q,

[AllLany S W Fllze + 10" Fllze

We decompose f = P<of+> ey Prf = f<o+D k>0 fu- Thus, using LP4 and then
LP3,

Ifllee < Mf<ollza+ D I felze S Ufllze + D 25 0P HD £l 1
k>0 k>0
S Il + 32 e SN fllze + D 27 0™ fll o
k>0 k>0
S M llze + 1107 Fllee

3.4. Spaces of functions. The Littlewood-Paley theory can be used both to
give alternative descriptions of Sobolev spaces and introduce new, more refined,
spaces of functions. We first remark that, in view of the almost orthogonality
property LP1,

IF172 = 1D Pufllie S D IPfII7e

keZ keZ
DoIPflIze S Il
kEZ
We can thus give an LP description of the homogeneous Sobolev norms || || g« (gn)
1113 ~ D 2% Pefll (131)
k€EZ
For k € Z*, define operator Ay, = Py if k > 0, and Ay = P<q. Also for the H®

norms,

1117 ~ D 2% Af 172 (132)

k=0
The Littlewood- Paley decompositions can be used to define new spaces of functions
such as Besov spaces.
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Definition: The Besov space B, ,(R") is the closure of C§°(R") relative to the
norm:

> 1
1£llBs, = Q25U AkfI%,)s (133)
k=0
The corresponding homogeneous Besov norm is defined by,
s 1
£, = (32 1P f14,) ¢ (134)
keZ

One similarly define Triebel space F, . by reversing the L” norm and [ norm in
(133). Thus, for example, the H* norm is equivalent with the Besov norm B3 ,.
Observe that, H* C B3 ;. One reason why the larger space B3 ; is useful is because
of the following

1l < 171y (135)

which follows from the Bernstein inequality LP4. (135 will play a key role in
the following section. Another reason to use the Besov norms B3 ; will become
transparent in the next section where we discuss product estimates.

3.5. Product estimates. The LP calculus is particularly useful for nonlinear
estimates. Let f, g be two functions on R™. Consider,

Pi(fg)= > Pu(PwfPig) (136)
k' k" €L
Now, since Py f has Fourier support in the set D' = 2K -1 < €] < 2K +1 and
Py f has Fourier support in D” = 2"~ < |¢| < 28"+1 it follows that Py fPyrg
has Fourier support in D’ + D”. We only get a nonzero contribution in the sum
(136) if D’ + D" intersects 2F~! < |¢| < 281, Therefore, writing fx = Pyf and
f<r = P<pf, and f; = P;f for any interval J C Z we derive,

Lemma 3.6. Given functions f,g we have the following decomposition:

P.(f-9) = HH(f, g)+ LLi(f, g)+ LH(f, g)+ HLx(f, g) (137)
HH(f, 9) = > Py(frr - Ping)
k' K>k 5, [k — k| <3
LLi(f.9) = Pu(fio—sk+5 - Gk—5k+5))
LH,(f,9) = Pu(f<i—5"9p—3k+3)
HLi(f,9) = Pu(fie-3k+3 - 9<k—5)

The term HH(f, g) corresponds to high-high interactions. More precisely, each
term in the sum defining H Hy(f, g) has frequency ~ 2™ for some 2™ >> 2%, We
shall write schematically,

HHk(fag):Pk(me'gm> (138)

m>k
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The term LLg(f, g) consists of a finite number of terms which can be typically
ignored. Indeed they can be treated, in any estimates, like either a finite number
of HH terms or a finite number of LH and HL terms. We write, schematically,

LLk(f, 9)=0 (139)

Finally the LHy and HLj terms consist of low high, respectively high-low, inter-
actions. We shall write schematically,

LH(f,9) = Pu(f<k-gr) (140)

HLi(f.9) = Pu(fr-g9<k) (141)
Remark. In the correct expression of LHj, given by (137) the terms of the form
f<k—5grr, k" € [k — 3,k + 3], have Fourier supports in the dyadic region ~ 2*.
Thus Py can be safely ignored and we can write,
LH(f, 9) ~ f<k - g

We have thus established, the famous trichotomy formula,
Pe(f-9) = LHk(f,9) + HLk(f.9) + HHi(f,9) (142)

which is the basis of paradifferential calculus. In practice whenever we apply formula

(142) we have to recall that formulas (139)—(141]) are only appproximate; the correct
definitions are given by ([137)). However in any estimates we can safely ignore the

additional terms as they are estimated precisely in the same way as the terms we
keep.

We shall now make use of the trichotomy formula to prove a product estimate.
Theorem 3.7. The following estimate holds true for all s > 0.

Ifgllae S 1 fllzeellglles + lgllzee 11 2 (143)
Thus for all s > n/2,

1fglles S (1]

gllms (144)

In what follows we give a somewhat simple proof of theorem which is very
instructive. The prooiﬂ shows that it is sometimes better not to rely on the full
decomposition but rather using decompositions sparingly whenever needed.
Indeed, we write,

Ifals. S D2 IPu(fo)ll2 S Y 2P (farg)llze + D 2% | Pu(forg)l 72

k k k
Now,

Yo2UP(ferg)lie S gl D02 [ faklZe
k k

S gl D0 > 22k ok s 12,
k k'>k

= lgl3 D2 (D 220K 2k s g3,
k' k<K’

< lglellflI%.

6 I thank Igor Rodnianski for pointing the argument to me.



108 4. BASIC FUNCTIONAL INEQUALITIES

To estimate Y, 22%*|| P, (f<kg)||2. we shall decompose further, proceeding as in the
decomposition (I37). But first observe that the term -, 22%*|| Pi(fjx—3,19) /|3 can
be treated precisely as Y, 22*%|| Py(f>1g)||3.. Indeed we might as well estimated
>k 2274 Pe(f>k—39)||2. instead. Now,

Pe(f<k-39) = > Pelf<k-sgw)= > Pulf<k-sgw)+ D Pelf<r-sgw)
¥ K <k—2 k=2 <k-+2

+ Z Pre(f<k—39k)

k' >k+2

Observe that the first and last term are zero, therefore,

Pe(f<h-39)= >,  Pulf<r—sgr) = Pu(f<r—sgn)-
k—2<k! <k+2

Often, for simplicity, we simply write,
Pe(f<rg) = f<i - 9k (145)

Of course this formula is not quite right, but is morally right. Now,

> 22 P ferg)l7a > 22| fergrll e

k k
S M D2 NgrlZe = I F 17 llgl%
k

as desired.

Remark. In view of (145)) we have the following partial decomposition formula,

Pi(fg) = f<kgx + Pi(f>xk9) = LHk(f, 9) + Pi(f>£9) (146)
Contrast this with the full trichotomy decomposition ((142)).

Similar estimates, easier to prove, hold in Besov spaces. Indeed, for every s > 0 we
have,

Ifgllss, S fllz=llglizs, + lgllz=llfll5s, (147)

Exercise. Prove estimate (147]).

4. Wente’s Inequality

In this section we prove Wente’s inequality as an application of Littlewood-Paley
theory. In what follows given two functions f,g in R? we consider the bilinear
expression (df Adg)* = 0, f0yg — 0, fOzg, where * denotes the trivial Hodge duality
in R?. By abuse of language we drop the dual sign below and write simply df A dg

Theorem 4.1. On R?, assume f, g € HY(R?), Au = (df Adg). Then u € L™ is
in fact continuous.
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Remark. In fact df Adg If A is replaced by ordinary multiplication, then the best
we can get is df - dg € L'. This is obviously not enough to obtain that u € L.
It turns out however that df A dg has special structure which allows us to derive
the desired estimate. In the above theorem, we refer to the canonical solution
u = A~Y(df A dg) obtained through the canonical solution.

Proof : It is easy to see from finite band property that A is a isometric operator
from B;’l to B;;Q. In fact we shall work with p = 2, In view of the Sobolev
inequality , it suffices to show that df A dg € B; i (R?). Using the trichotomy
formula and the fact that the LP projections P, commute with d we write,

I = df Ndg= LH; + HLj + HH,
LH, = dP.yfAdPyyg
HL, = dP,AdPg
HH, = Pu()_(dPynf AdPpg)
m>k

By symmetry we only need to deal with LH and HH. The LH term is trivial to
estimate, without using the special structure of the wedge product. Using the
Bernstein inequality we write,

2| LHlle S 278 ) AP o [ dPk(g)l 22
<k

< D 27MIDRf| 2| DPS | e
1<k
The proof now follows with the following discrete version of the Young inequality.

Lemma 4.2. Let f(k) € [Y(Z) and g(k), h(k) € I*(Z). Then,
> fk=Dghk) < | fllilgllz 1Al
kel

Using the lemma, we derive,

Sk LHe S (O IDRSIZ) 2O IDPfI3.)
l k

k
S DSzl Dyl

~

We now consider H Hy. It is here that we need to use the special structure of the
wedge product. In fact we shall simply use the identity, df A dg = d(f Adg). Thus,

HH, = Y Pu(dPpnf AdPng)

m>k

Z de(me A deg)

m>k

Thus, using the finite band property and Bernstein inequality,
||HHk||L2 S 22kHme A degHL1
22| P f | 22 || DPmgl| 2

<
< 22 DPuf 2D Png| 2
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Therefore,

2 HHy |2 S 257" DPn fl12]| D Pl 2

~

Thus, again, using the discrete Young inequality of the lemma above,

Y 27 F|LH 2 S IDfl2lIDgll 2
k

as desired. ]

5. A Sharp Trace Theorem

In this section, we provide another application of LP theory: a stronger version of
the the Trace Theorem, in Besov spaces, see [KI-Rodn3|

For simplicity, let 7 = [0,1] and consider I x R%2. We will use the mixed norm

notation:
1
#zzae = ([ 170 ant)

2z = ( [ 1560y o)’

with the obvious modifications if p = 0o or g = oc.

Q=

We will get the following trace-like estimate:

I [ o0t Pdtlng, S 1F e e (148)

‘We observe that
lgllsy, < I9gllsg, + ligle

Thus, (148) follows from the “sharp bilinear trace” theorem below.

Theorem 5.1. For any smooth, scalar functions g,h on I x R?, we have

H / By - hatlpg . < gl oy - [l (o) (149)
1 |

Proof Immediately we see:

1 1
| [ o9 htlsg, = SR [ g hdl + 1P<o [0 oy
I ! 0 0

k>0

1
S|P, / Brg - halt | 12
0

k>0

A
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We will then decompose g and h with respect to x; g = >, Prg = >, gk, h =

>k Ph =", hi. Then we can decompose Py fol(&gg -h) = Ax + By, + Cy, + Dy,
where

1
A = Pk/ (0:9) <k - h>k
0
1
By, = Pk/ (019) >k - hen
0
1
Cy = Pk/ (0:9) <k - h<k
0
1
Dy = Pk:/ (0:9)>k - h>k
0

As in the Trichotomy Formula, Cy, is essentially zero (with the exception of finitely
many terms which can be subsumed in Ay, By, or Dy).

We now briefly sketch how to estimate each of A, By, Dy, leaving the details to be
filled in. Note that Pj trivially commutes with the integrals fol dt and any partial
derivatives 0.

To estimate Ay, note that we can write (using LP2):

1
AP SR N [T

k' <k<k' 0

We can then use Bernstein inequality LP4 and property LP3 on h to pull out the
power 2F =*" Writing 2F —F" < 2K =k)/2+(E=k")/2 " ysing LP1, and summing over
k, we can then get:

S M Akllzerz SN10glliser - VAl re
k>0

To estimate Dy, = P, fol(atg)zk - h>p, write

1 1
De=Di+Di= Y P @ohht 3 P [ @
0 0

k<k' <k’ <k <k''
D} can be estimated straightforwardly, without integration by parts. Use LP4 and
LP3 to write
k—Fk'
IDillzz < 2% 0l rzrz - IVAI 222
Then sum over k£ and use LP1 to get:

Z ||D1i||Lg S ||5t9|\L$L§ ) HVh”Lng
k>0

To estimate D? we use integration by parts to transfer the d; from the high-
frequency gp~ to the low-frequency hy,. After integrating by parts we treat the
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result exactly as D}. Thus, we need only estimate the boundary terms: |/I; (1) —
L (0)| 22 S Mkl Lo L2, where

I, = Z P (g - by )
k<k' <k’

We use the following lemma to do so:
Lemma 5.2. For any k,k’,k” we have

—_ 1k = "_
1Pe(gnr - )| S 27 7K HHEE=ED g ][

Using this lemma, we integrate by parts and bound D? just as D} plus the boundary
term, and eventually get:

Y DRz < Ngler - lAllae
k

Now we estimate By, by similarly decomposing to By = >/ < Pk fol (0:g) ke -l -
As above, we integrate by parts and use the lemma to estimate the boundary terms
Je = D er<ir Pr(grr) - har). It is then not hard to manipulate and sum over & to
get

D Bz S llgllen - 1] e
k

Combining all the estimates for Ay, By, and Dy, completes the proof of the theorem.

It only remains to prove the above Lemma which helped us estimate the boundary
terms. Without going into all the details, this is done by considering the three
cases:

K>K' >k K>k>kE' k> >k

We note that the third (“low-low”) case is impossible. The other two cases are
bounded using LP3 and the the following (simple) calculus inequality:

1 1

£z S 10 F s - 1 Esa + 10 (150)
Estimating || Py (grs - har)||peor2 using (150) and LP3 yields the estimate in the
lemma. ]

Exercise. Fill in the missing steps in the proof of the above theorem.

6. Calderon-Zygmund theory

The following L? identity

> 0ull3s = || Aul?e.

4,j=1
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for any u € C§°(R™) can be easily established by integration by parts, see below in
(154). Thus,

10%ul| > < [|Aul| 2 (151)
It is natural to ask whether such estimate still holds true for other LP norms. It

turns out that the problem can be reduced to that of study the LP boundedness
properties for a very important class of linear operators called Calderon-Zygmund.

Definition 6.1. A linear operator T acting on L?(R") is called a Calderon-Zygmund
operator if:

(1) T is bounded from L? to L2.
(2) There exists a measurable kernel k such that for every f € L? with com-
pact support and for x € suppf, we have

Tf(x)= [ k(z—y)f(y)dy,

R7l
where the integral converges absolutely for all z in the complement of

suppf.
(3) There exists constants C' > 1 and A > 0 such that

/ k(z — y) — K(z)|de < A, (152)
|z|>Cly|

uniformly in y. For simplicity one can take C' = 2.
Proposition 6.2. Assume that the kernel k(x) verifies, for all x # 0,
k@] S 2 |ok@)] S o (153)
Then k verifies the cancellation condition (152]).

Exercise. Prove the proposition.

Example 1. Hilbert transform H f(z) = [ €€ signé f(£)d¢. By Plancherel it is
easy to check that H is a bounded linear operator on L?. On the other hand we
know that the inverse Fourier transform of sign¢ is proportional to the principal
value distribution pv(1/z). Hence, if x € suppf,

+oo
Hf(z) = 0/ ! f(y)dy.

o T—Y

It is easy to check that the kernel k(z) = % verifies condition 3 above.

Example 2. Consider the equation Au = f in R™, n > 3, for f, smooth, com-
pactly supported. Recall, see (?7), that any solution w, vanishing atﬂ 00, can be
represented in the form, u = K, xf where K, (z) = ¢,|z|>~". Thus, if z ¢ suppf,
it makes sense to differentiate under the integral sign and derive,

0;0ju = 0;0;Kpxf = | 0:0;Kn(x —y)f(y)dy.
Rn

In the case of n = 2 any solution whose first derivatives vanish at co.
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It is easy to check that the kernel k(x) = 0;0; K, (x) verifies condition 3. To show
that the operators R;;f(z) = fR" 0;0; K, (x — y)f(y)dy are Calderon-Zygmund
operators, it only remains to check the L? -boundedness property. This follows
easily from the equation Au = f. Indeed u = K,*f is the unique solution of
the equation vanishing at co. Moreover |u(z)] < |z, |ou(x)| < |x[!~" and
R;;f = 0;0;u(x). Thus we can integrate by parts in the expression,

/n If(x)?de = Au(z)Au(x)dx = Z /Rn 10;0ju(z)|*dx

R ij=1

S / IRy, f(x)[2da (154)
ij=1"R"
Hence for each pair 1 <i,5 <mn,
[Rij fll2 < [[f]l L2
Thus the operators R;; are Calderon-Zygmund. We shall write schematically R;; =
8iaj(—A)_1.

Theorem 6.3. Calderon-Zygmund operators are bounded from L' into weak-L*'.

As a consequence we derive,

Corollary 6.4. Calderon-Zygmund operators are bounded from LP into L?, for any
1 < p < oco. They are not bounded, in general, for p =1 and p = co.

Proof : The boundedness over LP for 1 < p < 2 follows from the weak-L' and
the L? boundedness by Marcinkiewicz interpolation. The cases p > 2 follow by
duality from the fact that the dual of a Calderon-Zygmund operator, with kernel
k(x), is again a Calderon-Zygmund operator, with kernel k(—z). More precisely, if
f, g have disjoint supports,

| r@aae= [ [ k- st = [ 5070wy
where
T7gly) = / k(=y +z)g(x)dz,  Vy¢ suppg.

On the other hand || T* f|lL2 = T f|lzz < || f]lz2. Hence T* is indeed a CZ operator.
Now, using the duality between LP and L?', 1/p+1/p' =1 and the fact that T* is
L?" bounded for p’ < 2,

ITfller = sup [ [ Tf(z)glx)de|= sup [ [ [f(z)T"g(z)dz]
gl pr <1 R lgll <1 JRn

sup | fllee - 1T gll Lo S (1 fllze-

lgll, v <1

We shall prove the main theorem in the next two subsections.
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6.5. Calderon-Zygmund decompositions.

During our study of the Laplace operator in the Introduction, we found that for f €
Cs°, A~1(f) would decay rapidly away from the support of f provided [ f(z)dz = 0.
This fact is physically important: it explains why we must have our hands “in
contact” with an item in order to move it, even though the same electromagnetic
force is well-known to move objects at much greater distances when there is a
concentration of positive or negative charge. We also find that a related special
behavior with respect to oscillation is quite important to the analysis of CZO’s (of
which A~! is not an example, but its close relatives the Riesz potentials are). We
therefore devote the following section to a way of decomposing a general function
into one part which is bounded and other parts which oscillate and are physically
localized, and this decomposition will allow us to prove theorem

Definition 6.6. We define a dyadic cube in R™ to be a cube @ of the form
Q = [2%a1,2%(ay +1)] x - - x [2%a,, 2%(a, + 1)),

where k,ay, . ..,a, € Z. We then say that size (Q) = 2*. If Q is a dyadic cubes then
its parent is the only dyadic cube @* such that @ C Q* and size (Q*) = 2size (Q)
and we say that @) is a child of Q*.

Lemma 6.7 (Whitney decomposition). Any proper open set Q in R™ can be covered
by a family Q@ = {Q} of disjoint dyadic cubes
Q= Ugeo@,
where each cube Q € Q satisfies the property
size (Q) = dist(Q,00). (155)

Proof : For each = € ) denote by @, the largest dyadic cube containing x with
the property: dist (Q.,9Q) > size(Q:). If @* denotes the parent of @, then
dist (Q*,090) < size (Q*). By the triangular inequality it follows that

dist (Qq, 09) < V/n size (Q,) + dist (Q*,0Q) < (vV/n +2) size (Q).

Hence, Q. verifies (155)). If y € @, then, by the maximality property of @, and
Qy, we necessarily have @, = Q.. Hence, the family Q = {Q.},.(, is formed of
disjoint cubes and covers Q. [ ]

Proposition 6.8 (Calderon-Zygmund decomposition). Let f € LY(R™) and o > 0.
Then it is possible to find a countable family of disjoint dyadic cubes Q@ = {Q} and
a decomposition [ = g+ ZQEQ bg, such that:

lgllze~ < a, (156a)
supp bg C @Q, (156b)
/bQ(!L‘)d{L‘ =0, (156¢)
bl < al@l, (156d)
(156€)

1
So1al S LIl
Q
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Remark Note that in the above a, g,bg and f all have the same units, so that
these estimates on the sizes and supports of g and by are the only ones possible
that are still dimensionally correct.

Proof: Let Q be the Whitney decomposition of the open set Q = {Mf(z) > a}
as indicated in Lemma (6.7). For each @, define fo = Q! fQ f(z)dz. Let

f(z), ifzgQ,
g(x) = :
fo, ifze@,
and bg(z) = xo(x)(f(x) — fo) with xg the characteristic function of the cube
Q. Of course we have f = g + ZQ bg. The important property, which follows

from (|155]), is that each cube @ is contained inside a ball B which is not entirely
contained in 2 and with |Q| =~ |B|. Let = € B\ Q, we have

fal < @ﬂ /Q F)ldy < ﬁ /B FW)ldy < Mf(@) <a.  (157)

We check now that this decomposition has the desired properties. For almost every
z outside Q, by Lebesgue’s differentiation theorem, Corollary [2.7, we have |g(z)| <
Mf(z) < a. When z € Q it follows from that g(xz) < «. Hence is
satisfied. Proper and are immediate consequences of the definition

of hg. Property (156d)) is implied by (157)). Finally, (156€) is nothing but the weak
L' property for M f proved in Theorem [2.4 [ |

6.9. Proof of Theorem Consider f € L' and o > 0. Let f = g +
ZQ bgo = g + b be the Calderon-Zygmund decomposition of f according to Theo-
rem [6.8l Since

{ITf(x)] > a} C{|Tg(x)| > a/2} U ({|Tb(z)| > a/2})
and in view of (156€) it is enough to prove separately that
1
{Tg(@)] > a/2} < ~lfllee, (158)

{ITb@)] > a/2}) S =l (159)

Estimate (158) follows from Chebyschev’s inequality, the boundedness of T' on L?
and the uniform bound on g,

1 1
{ITg(@)| > a/2}| S —Toll7= S —lglliz S ~llgller <

1
o

<

SRS

1 1
£l + D Ibglles §a||f||L1+Z|Q|Sa”f”L1-
Q Q

It remains to derive . Since the family Q is countable we denote its members
by Qj, j € N. For each @Q; let y(;) be its center and take Qj to be the cube with
the same center but with the sides expanded by 2n'/2, such that for all x in the
complement of Qj,

T — Yy > 2max |y — vy
lz =yl > yer'y Y5l
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Let Q = U;Q; and F its complement. We denote b; = bq,. Since [bjdy =0 we
write, for x € F,

7)) = [ (ke = 1)~ Ko — ) )
or, since the cubes @); are disjoint,

T(b;)(x) = / (H(z — ) — k(z — y)) by)dy.

J

Thus, in view of ([152)),

2j:/yer 1o5(5)] -/aceRn\Qj k(@ —y) — k(z - y(j))|

b klz — (v — uyn) — k(x
: zj:‘/yer | (y)|/ﬂv€R”\{Qa‘—y(]‘)}| ( (v —vj) ()]
: b k(z — (y —yj) — k(x

h Z/yeczj | (y)|/|xz2|<y—yj>|| (@ =y =) ~ k()]
s AZ/ oI S Il

YEQ;
Therefore,
{z € F:|Tb(x)| > a/2}]| S a || o

On the other hand, the measure of the complement of F, i.e. Q = UQj is also
controlled by,

Q1< 101 S Q5 s a M| flles
i i

Hence,
{z € R : [Tb()| > a/2}|| < o~ 1

as desired.

6.10. Michlin-H6rmander theorem. An important class of CZ operators
can be defined by means of Fourier multiplier operators. Recall that these are
defined by Fourier transform,

TF(€) = m()f(€), (160)

where m is a bounded function, called the multiplier. We can view these operators
as convolution operators, Tf = k *x f, where k = m. It is natural to ask when a
Fourier multiplier operator gives rise to a CZ operator. Since we know that a CZO
will grant extra decay to a localized function of mean zero, we would expect that
the multiplier m should be fairly away from the origin. This is precisely the content
of the following theorem.
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Theorem 6.11. Let | > n/2. Suppose m is a Fourier multiplier of class C' on
R™\ 0, such that

ogm(©)| S EI7, veeR™M\ 0

for every multiindex o« with |« < 1. Then the operator defined by (160) is a
Calderon-Zygmund operator.

Proof: Consider the same dyadic partition of unity as that used in the LP pro-
jections,

1= xa§) for £eR™\0,

Ae2z
generated by x € C§° with suppx C {1/2 < [¢] < 2}, and xa(€) = X(£/N).

Decompose m into dyadic pieces, m = ), my, where my = xam. Since [0"m(§)| <
|€]~171 and all derivatives of x(£) are bounded,

oema©)) < Y. %l S DD AT ATl
181+1vI<al 181+I<lal (161)

Let k) be the inverse Fourier transform of m). Since m) has compact support k)
is a smooth function. Moreover, for any integer N we haveﬁ

Ea(@)] S 2~V [0 mall oy < a7V ATV,

Now take N > n and sum over A € 22. Observe that Y, ky converges to a well
defined measurable function & on R™\0, and it easy to see that k satisfies property
of Definition

The boundedness of T on L? follows immediately from the boundedness of m on
R™.

For 0 < j <, by Plancherel’s theorem and ([161]) we obtain

/‘$|2j|k/’,\($>|2dxz Z /|agm>\(f)‘2d£5)\n—2j-

la|=3

Let R > 0, using the case j = 0 we find that

/lng |ka(z)] do < (/ kx ()] dx>l/2 R < (AR)™/2, (162)

while using the case j = [ we find that

/WR ea(2)] do < ( Js |k,\(x)|2dx)1/2 ( /M |j|§l> " < (AR)”/Q(ll-GS)

8Recall that, by integration by parts, we have |F=1f(2)] < |x\_NHBéVf||L1,
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If we choose R = 1/, summing (162)) and (163]) we obtain [|kx||z1 < 1 uniformly
in A. We can apply the same procedure to dky, which has symbol £émy = Am,, to
prove that |0k ||r: < A. Hence,

IN

[yl

[ | ot~ ty/lubaeds o)
0

RENEEIT) (165)

/ oa( — ) — ka(a)| da
[z|>]y|

but also, by (163]),
[ ne-p-m@lae 2 [ s o)
|z |>[yl |z =]yl (166)
We sum over A using (164) when A|y| < 1 and (166]) when A|y| > 1, and obtairﬂ
[ ey - k@lde Sl Y A+l Y g
lz| >yl A< |y 2 A>|y| 1

as desired. |

Exercise. Let ¢ € C°(C) and let f be the solution to the inhomogeneous
Cauchy-Riemann equations % = ¢ which decays at infinity. Show that for 1 < p <
oo we have the estimate

10|z < [10] e

6.12. Square function estimates. We recall property LP6 for the square
function, Sf = (3, [Pef12)",
Theorem 6.13 (Littlewood-Paley). We have,
[fllee S USFllLe SN fllze (167)
forall 1 < p < oo.

We give two proofs of this estimate.

Proof [first proof]: First we show using duality arguments that the first inequality
in (167)) follows from the second one. Indeed using Plancherel’s theorem, the fact
that Py Py = 0 unless k ~ k’, and Cauchy-Schwartz inequality we obtain

/ J(@)g(a)de / " Pof(2) Pug(z)de

7

1/2 1/2
/(lekf(w)|2> (ZIPk/g(w)F) dz <

k Y
S ISAleelISglle S ISFlLeliglpe -
The left inequality in (167) now follows by taking the sup over all g with ||g|;,» = 1.

1

A

9 Here we used the following summation properties, in dyadic notation, for geometric series,
o< A = L%and 30\ ATY = L7 for a > 0.
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To prove the right inequality in we need to introduce the Rademacher func-
tions 7 (t) defined on R as follows: for every k¥ > 0, k € Z and t € R set
ru(t) = ro(2¥t), where 7o(t) is the periodic function, 7o(t 4+ 1) = ro(t), such that
ro(t) = 1for 0 <t < 1/2 and ro(t) = —1 for 1/2 < t < 1. These Rademacher
functions form an orthonormal sequence in L2[0,1] and they form a sequence of
independent identically distributed random variables. The basic property that we
need is that the LP norm of a linear combination of Rademacher function is equiv-
alent to the [ norm of its coefficients.

Lemma 6.14. Given a sequence of real numbers {ax} satisfying > oo ai < oo,
define

F(t) = i akrk(t).
k=0

Then F € L2([0,1]) with |[F||: = (X ey a?)'/2. In addition, F € LP([0,1]) for
1 < p < oo, and there exist constants A, so that

AT IElze < | Fllzz < ApllF 2o

For a proof of this lemma see Stein, [?, Appendix D].

Define the operator T} so that

Tof = ri(t)Pef
k=0

Clearly T; is the Fourier multiplier operator with symbol my(£) = >, 7 (t)x(27%¢),
where y is the smooth cut-off function used to define the LP projections. For £ # 0,
at most three of the terms in the sum defining m(¢) can be non-zero. We can then
easily verify that m; verifies the condition of Thm. [6.11}] That is, that

|9 (6)] < Cal€l™1,

with constants C,, independent of ¢. Thus, by Calderon-Zygmund theory (specifi-
cally Corollary , we have:

T fllee S fllze

1 1/p
( i thnipdt) < flr
0

In addition, we can use Lemma [6.14] to see that:

1 1
/0 ITfIEde = / / S B @ e
/2
2
> /R<§kj<Pkf><x>|> dx

And so combining our results we get:

ISFllee S e

And so,
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(Note that this argument proves the theorem only in the one-dimensional case,
n = 1. It can, however, be extended to R™ as in Stein, Singular Integrals, Ch. IV,
Section 5.)

Proof [second proof]: We recall the definition for the vector-valued function,
Sf(x) = (Pkf(w))kez'
Clearly, if f € S(R"), for every x € R", Sf(z) € [> and Sf(z) = |Sf(z)| denotes
the [2 norm of Sf(x). We claim that
$(0) = [ Ko - )Wy
is a an 2 -valued Calderon-Zygmund operator with the /2-valued kernel defined by,
K(z) = (Kk(x))kez’ Ki(x) = 2""%(22)
1/2
Denote [K(x)| = (3, [Ke(@)2) "%, 10K(@)| = (5, 10K ()?)
check that the [?— valued version of the condition (153)) is verified,
K@) S la|™  [0K(2)| S e~ D, for @ #0. (168)
On the other hand,

1/2 We easily

ISfllez = 1S fl[L2 < [ fllz>-

Thus S is indeed an [? valued C-Z operator and therefore, in view of a straightfor-
ward extension of Theorem and its corollary, we infer that,

ISfllce == [[ISFllee = 1S fllze S 1 llzr

In view of the beginning of the first proof of our theorem we infer that also,

[ fllze S NS Fllze-
|

Remark that, according to theorem ISk Pefl = (X4 |Pkf|2)1/2. A more
general principle asserts that if a sequence of functions f1, fa,... fi ... oscillate at

different rates, that is any two phases are different, then | Y, fi| & (X4 [fx[?) 12,

The following version of the property LP6, and theorem also holds true for
LP projections P, ~ P,. More precisely,

IO 1B P) e S Ifllzes 1<p < oo (169)
k

This can be proved in the same manner as the inequality ||SfllLr < ||fllzr by
introducing the 12 valued operator, Sf = (P f)rez, and proceeding exactly as in
the second proof of theorem Given an [? valued vector function g = (gx)rez
observe that

<Sf.g>= [ Sf(x) glx)ds = / S° Bof (@)gi(w)ds =
R 7y

Rn

F@)Y " Pugi(a)da
k

Rn
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Thus,

S'g = Zpkrgk (170)
k

and therefore the estimate dual to (169) has the form, ||S*g||;,» < |gll., for
1/p+1/p’ = 1. In other words,

~ 1/2
1" Brgallze ST 1) M, 1<p < oo, (171)
k k

The following is an easy consequence of theorem [6.13

Corollary 6.15. For 2 < p < oo we have

I£1Ze S > 1Pk 120 (172)
kEZ
For1 < p <2 we have
Do IPAIE S A1 (173)
keZ

Proof : Recall that Sf(z)? = >, o, |Pef|*. If p/2 > 1, in view of LP6 and
Minkowski inequality, we have

F1Ze SUSFIZe = I D 1P Pllors < D0 PSP o = D IPef 20
k k k

If p/2 < 1, we make use instead of the reverse Minkowski inequality,
1F1Z 2 1D 1Pt Pllzere =Y PSP llzere = Y 1Pef 120
k k k

The reverse Minkowski inequality we have used here states that for 0 < ¢ <1 and
a sequence of positive functions (fx)rez

Y 1 felllze = M el e (174)
k

k

We briefly sketch a proof of (174]); it can be found in many books (e.g. Gar-
ling, Inequalities or DiBenedetto, Real Analysis, from which we take this particular
proof).

One way is to first prove a reverse Holder inequality: For 0 < p < 1, ¢ < 0O,
s+e=1,fell ge L wehave [|fg| > || fllzrllgllLe. This can be easily shown

1/p
by writing || f||z» = ( Ik I‘fgg‘f) and applying the usual Holder inequality with the

exponents p=1/p>1and ¢=1/(1 —p) > 1.
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With this in hand, the reverse Minkowski 1nequahty in two terms (||| f| + |gl|| L
| fllee + |lg|lze for 0 < g < 1) follows (ertmg =1- 7)

a1+ 19h74011+ 1al

N Ve
(/(Ifl + Ig)(ql)q) ([fllza + llgllza)

-1
> 1+ lgllZe (Lf e + llgllze)

11+ 1911 Za

Y

V

6.16. W*P- Sobolev spaces. We recall that we have defined the W*? norm
of a function by,

1 lwew =D 1107 £l
=0
We claim the following

Lemma 6.17. For any j >0, 1 < p < oo we have,

1 2
169 f v ~ | Zmﬂfpm s

Proof : We first write,
107 flle S0 Pefllie
k

As in the proof of the property LP5, we can express VI P, f = 29¥ P, Py, f for some
Py, similar to P;. Hence, using the estimate (171]

169 flle < 11> 2% BePrfllee SO 1275 Pef2) 2 1.
k k

On the other hand, we can also write 275 Py, f = P,d7 f for some other similar LP
projection. Then, in view of (169)),

1125 P 12) P SIS 180 112) 2 e S 107 £l
k k

|
Using the lemma we can now find an equivalent definition using L P projections:
Proposition 6.18. For any 1 < p < oo and any s € N we have,
1fllwer = 1Y (1 +2%) Pif | o (175)
k

Moreover, for the homogeneous W*P norm || f|lyiy«o = [10°fll v,

1F e = 11D 2" Puf o (176)
k
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Observe that the expressions on the right hand side of (L75]) and (L76]) make sense
for every value s € R. We can thus extend the definitions of W*P and W*P spaces
to all real values s.

Additional characterizations of the homogeneous Sobolev norms || [/4j.., can be
given using the following,

Proposition 6.19. For 2 < p < oo and any s we have,

1/p 1/2
(Z?’“Psnpkfnip) 5||f||ws,p5(Zf’“llpkf“ip) -

k k
For1<p<2andseR we have
1/p

1/2
<Z 2245 | P, f||§p> <l < (Z 2’“P5Pkf||’zp> L am)
k k

Proof: If p/2 > 1, by Theorem and Minkowski inequality we have
1F17e SUD PSPl <D MPfPllzore = Y 1Pl 70
k k

k
If p/2 < 1, by Theorem and the reverse Minkowski inequality we have

120 2 0D 1P Pllors = D M Pef Pl ors = D 1Pk N7
k k k

The remaining details should be clear to fill in. [ ]

7. Problems

Problem 1.[Distributions in R]

Let f(z) be a an analytic function in the domain Dy = {z € C: 0 < $(z) < €}
such that |f(2)] < |S(2)|7N for all z € D. Show that there exists a distribution
f+ = f(-+10) such that for every ¢ € C§°(R"),

lim /R f@+ips)ds = < fard>,

y—0,y>0

Similarly, for analytic functions defined on D_ = {z € C/) — e < J(2) < 0} we can
define a distribution f_ = f(- — i0),

lim /Dgf(x—i—iy)(ﬁ(x)dm = <f_,¢p>

y—0,5<0
This defines, in particular when f = % = ﬁiy, the distributions (z + 40)~! and
(z —i0)~1. Prove the formulas,
(x+i0)"' = (z —i0)"' = —2mido(x).
Show also that,

(x+1i0)"' = 27! —imdo(x)
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where % is the principal value distribution defined in the text.

Problem 2.[Fundamental solutions] Consider the operator Lu = Au + u in R3.
Find all solutions of Lu = 0 with spherical symmetry. Show that

K(z) = _ cos |z

47 ||

is a fundamental solution for L.

Problem 3.[Initial value problem| Consider the initial value problems for the
following, four evolution equations in R x R"™,

du=Au,  u(0,z)= f(=) (179)

du=iAu,  u(0,z) = f(x) (180)
Otu = Au, u(0,z) = f(x), Owu(0,z) = g(x) (181)
02u = —Au, u(0,2) = f(x), Owu(0,z) = g(x) (182)

In each of these cases write down solutions using the Fourier transform method. In
other words take the Fourier transform of each equation, set

u(t, &) = /e*”'gu(t,x)dx

and solve the resulting differential equation in ¢. Compare the results for the last
two equations. Show that (181) has solutions for all f,¢g € S(R"™) while
does not. Show however that if we only prescribe u(0,2) = f (this is the Dirichlet
problem for the Laplacian 7 + A in R"*1), then the problem has a unique solution
u, which decays to zero as |t| 4+ |x| — oo, for all functions f € S(R™). In all cases
expresﬂ the resulting solutions as integral operators applied to the initial data(in
physical space).

Problem 4.[Extension operator] Let H be the half space z, > 0 in R™ and
1 < p < . Show that there exists an extension operator, that is a bounded linear
operator E : WYP(H) — W1LP(R™) such that for all u € WP (H) we have Eu = u
a.e. in H and

|Eullwrogen) S lllwiogn-
Extend the result to any s € N. Can you extend the result to arbitrary domains
U C R™ ? What about domains with smooth boundaries ?

Problem 5.[Distributions and Fourier Analysis on the Circle] A smooth function
on the circle R/Z is a smooth function on R which is 1-periodic
fla+k)=f(z), kel

—

The circle has a discrete space of frequencies m € (R/Z) = Z corresponding to the
functions x — e2™™®_ The discreteness of the frequency space is intimately related

10 You will have to perform the inverse Fourier tarnsform, u(t, z) = F~14a(t, £). For the wave
equation this is more difficult, in general, but you can do it for dimension n = 3.
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to the compactness of the circle. A Schwartz function on the circle is just a smooth
function; a Schwartz function on Z is one which decays faster than any polynomial
at infinity.

a. We define the Fourier transform of a periodic function f(m) = fol f(x)e2mime,

Prove the Fourier inversion formula
fa)= 3 fmyerme
MEZL

for smooth functions on the circle. Deduce the Plancharel formula < f,g >=<
f.9>.

b. We define a distribution u on the circle to be an element of the dual of C*(R/Z)
for some k, i.e. < u,¢ >< C||¢||cr for some k,C and all ¢ € C>*°(R/Z). The circle
has a smooth structure, so it is possible to formulate the notion of a fundamental
solution for a differential operator (the group structure on the circle allows con-

volution to make sense as well) — however it is not always possible to find such a
solution. Show that there is no fundamental solution u to the operator dd . In other

X

words, there is no distribution « for which Z—Z = §(x) in the sense that

du do
— = - — >=¢(0 C*R/Z
<9 >= = <u - >=9(0), ¢ eCT(R/Z)
There are many ways to prove this. Can you see this in both physical and frequency

space? What if we replace the vector field % by another nonvanishing vector field
D= w% for some nonvanishing, smooth function ¥ € C*(R/Z)?

Problem 6.[Trace theorems] Let R™”~! be a hyperplane in R™, for example x,, =
0. For any f € S(R") let Rf denote the restriction of f to R*~1.

i. Prove that, for any s > %,

[Rfll2n-1) S I fl2rsrn) (183)

ii. Show that the result is not true for s < 1/2. Show however that the following
sharp trace theorem holds for all s > 0,

RSl s n-1y S fllzret1r2(mmy (184)

iii. Show that f is a function with Fourier support in the ball |¢| < 2F for some
integer k then, for all 1 <p < oo and s > 1/p,

£l o @n-1) S 252 fllw s ey

Can you deduce from here a trace result, in LP norms, generalizing that of (183 ?
What about (184)) 7

iv. Let H be the half space x, > 0. According to the above considerations we
can talk about the trace of a function in W?(H) to the hyperplane z,, = 0( Prove
this !). Show that a function f € WP (H) bclong to W, P(H) if and only if its
trace to x,, = 0 is zero.

Hyecall that Wol’p(H) is the closure of C§°(H) in W1P(H)
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Problem 7.[Littlewood-Paley] Consider the spaces A, = C%7(R"™) with norm

u(z) — u(y)|
I, = lmqay +sup, P50
i. Show, using the Littlewood-Paley projections Py, that

Il fllar = | P<ofllLe= +b];u182k7||PkaLp
>

ii. Define the Zygmund class A, of functions with norm,

flae = Ifllow +  sup @M+ f@=h) = 2f(@)

z€R™, 0<h<1 h

Show that
I flla. = [|P<ofllze + sup 2*|| Pyl Lo
k>0

iii. Prove the product estimate in Besov spaces B® = H*', s > 0.

gl < N ll=llgllzs + llgllze £

Bs

Problem 8. Read on your own the section on Calderon-Zygmund operators. Indi-
cate how the theory can be extended to operators valued in a given Hilbert space,
such as [2.

8. Restriction Theorems

It is well known that when f € L!'(R™) then its Fourier transform f is a bounded
and continuous function, thus the restriction of f to any hypersurface is perfectly
well defined. On the other hand, if f € L?(R™) then f may be any function in L2,
hence defined only almost everywhere and completely arbitrary on sets of measure
zero like hypersurfaces.

Can one make sense of the restriction of f to a smooth hypersurface S when f
belongs to some LP with 1 < p < 27 This is a basic question in modern Fourier
analysis, which, as we shall see, turns out to be intimately tied to regularity prop-
erties of solutions to wave equations.

If we take S to be a hyperplane, we immediately see that the answer is negative.
Indeed, let f(x1,2') = u(z)v(2), f(&,€) = a(€)o(€'), with 21,6 € R and
2/,& € R"1. The restriction of f to the hyperplane & = 0 is well defined only
when @(0) = [wu(z)dz is well defined. For any p > 1 it is always possible to find
u € LP(R) such that [udz doesn’t make sense. We deduce that the restriction of

the Fourier transform on hyperplanes cannot be defined when p > 1.

The answer is different if we consider hypersurfaces which have non vanishing cur-
vature. For simplicity we consider the model case of the sphere.
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8.1. The Stein-Tomas theorem. The following type of result was first proved
by Stein [], then extended by Tomas [] and given its final form again by Stein [].

Theorem 8.2 (Stein-Tomas). Let S = S"~! be the standard unit sphere in R"™ and
do its standard volume element. Let f € LP(R™) with

2(n+1)
n+3

1<p<
Then Rf = fs e L2(S) and
IRfllz2s) S 1 llze@n)-

This theorem has an equivalent dual formulation. Define the Stein operator to be

the dual of the Fourier restriction operator Rf = f $

Sg(x) =R g(x) = /Sem'gg(f)daf ~ (gdo)¥ (),

where now ¢ is a function defined on the sphere.

Theorem 8.3. Let f € L%(S) and

2(n+1) <p<oo
n—1
Then Sf € LP(R™) and
IS fllLe®ny S N1fllz2(s)- (185)

Remark 8.4. It suffices to prove Theorem forp = p. =2(n+1)/(n —1).
Indeed for p > p., by Sobolev inequality we have

ISflle S ID*SfllLe-
for s =n(1/p. — 1/p) > 0, where (Du)"(£) = |¢|*0(€). But here
DSf=S(-*f) = Sf.
Thus, if we can prove the theorem when p = p, then
ISflle SNSFllze- S N llz2s)

Remark 8.5. The result remains true if we replace do by du = ¥do, with ¢ €
C§°(R™), since the theorem implies

1) e S NF¢lrz) S 1 lL2es)-

Moreover, using a partition of unity, it suffices to prove Theorem just for Sf =
(fdu)Y, with dg = ¥do and ¢ € C§°(R™) supported in a small neighborhood of
a point on the sphere. Though obvious, it is a very important fact that we can
localize the restriction estimate as we shall see in the future.
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8.6. Knapp counterexample. The result of theorem [83] is false for any
p < P« in virtue of the following counterexample ([?]).

Define, for some small § > 0, the region in phase space
D={¢eR":|&4 -1 <, |¢| <6}.
Let now f = xsnp be the characteristic function of the cap SN D, then
I £llz2s) = [SN D[/ ~ 5D/,
We can write
Sf(z) = e / (90 4,
snD
with phase ¢(x,&) = x1(& — 1) + 2’ - €. Tt then possible to fix a region in physical
space,
R= {1: ER™: |z| < %572, 2| < %(571},

such that for © € R and £ € D we have |¢(z,§)| < 7/3, hence, when x € R,

SH@) = Rele 1) = |

cos(9(z, €))dog > 1SN D]
SND

This implies that
|Sfllze
1f1l 2
For small values of ¢, an estimate like (|185)) will necessarily require "T_l — ”Tfl >0,
which is possible only if p > p, =2(n+1)/(n —1).

n—=1_n+1

>SN DV2R|MP ~ 57T T

This example suggests that there is some sort of parabolic scaling property in the
structure of the operator & which comes from the nonvanishing curvature of the
sphere.

8.7. The importance of curvature. The restriction theorem and its dual
counterpart remain true if we replace the standard sphere S”~! by a compact
hypersurface H C R™ with non-vanishing Gauss curvature. The importance of
non-vanishing Gauss curvature is illustrated by the following result.

Lemma 8.8. Let H C R™ be a compact hypersurface with non-vanishing Gauss
curvature (i.e. with all its principal curvatures different from zero) and volume
element do. Then, for any smooth function v, we have,

|(¥do)” (z)] S (14 |2])

If exactly one principal curvature vanishes then we have instead,

|(¥do)¥ ()] < (1+ |2])

_n—1
P

(186)

_n=2
2

Proof The general proof is based on the method of stationary phase, see Stein’s
Harmonic Analysis book. For the particular case of the standard sphere H = S*~!
and odd n the proof can be done by a direct computation in polar coordinates. W

Exercise Prove the lemma for S2 ¢ R3.
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Remark 8.9. Another interesting observation links these restiction theorems to
partial differential equations. Indeed if u = doV * f, then u is a solution of the
linear elliptic equation

Au+u=0,

as we can be easily seen taking the Fourier transform,

Flu+ Au)(€) ~ (1— |€2)5(1 — [¢)) £(€) = 0.

where § is the Dirac distribution.

8.10. TT* principle. The following simple functional analysis result plays
an important role in restriction and Strichartz type estimates. Let B be a Banach
space and denote by B’ its dual. Let H be an Hilbert space with inner product
denoted by (-,-). Consider a linear operator T' : H — B’. Since we can identify
H with its dual, we can consider T' to be the adjoint of the operator T* : B — H
defined by

(h,T*(z)) = Th(x).
Actually, T* is the adjoint of T' when B is reflexive, but for our purposes we shall
keep calling T* the adjoint of T

The TT™* principle states that the boundedness of T is equivalent to the bounded-
ness of TT*. More precisely we have:

Proposition 8.11. The following statements are equivalent:

(i) T : H — B’ is bounded and ||T|| = M;

(ii) T* : B — H is bounded and | T*|| = M;

(iii) TT* : B — B’ is bounded and | TT*|| = M?;

(iv) the bilinear form (x,y) — (T*x, T*y) is bounded on B x B with norm M?>.

The proof is a standard exercise in functional analysis.

8.12. TT* formulation of the restriction theorem. The TT* formula-
tion for the Stein operator corresponds to a convolution with the (inverse) Fourier
transform of the measure on the sphere. Formally, we have,

S5 f(a) = SRf(z) = [ <@ = [ [ o )y = o x f(a),
S nJs
We are thus led to the following equivalent form of the restriction theorem,

[do * fllLo@n) S 1l Lo nys (187)
for p > p*.

One can give three distinct proofs of Theorem We shall sketch the first proof
based on analytic interpolation. This is essentially the original proof of Stein and
Tomas. The second proof, based on introducing a time parameter and treating
Sf as an evolution operator allows us to regard the restriction theorem as part
of a more general framework which includes Strichartz estimates for various linear
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PDE with constant coefficients. Finally the third approach, which only applies for
specific exponents, will allow us to to connect with bilinear estimates.

8.13. First proof: analytic interpolation. According to Remark and
Remark [8.4] it suffices to prove that Uf = do" * f verifies

10 Fli ey < 1A ot g (15%)
where p, =2(n+1)/(n—1) and p,, =2(n+1)/(n + 3).

In general, to obtain LP' — LP estimates directly is usually very complicated and
we don’t know any direct proof except in cases where p is a nice exponent like
p = 4,6 (which happens only for n = 2 or n = 3). We would feel more comfortable
with L2 — L2 type estimates, where Plancherel’s theorem is a powerful tool, or with
L' — L™ type estimates, since pointwise decay estimates of oscillatory integrals can
be obtained from stationary phase methods. This suggests to use some interpolation
theory for LP spaces. But, an L? — L? estimate for the operator U is ruled out by
the Knapp counterexample and a L™ — L' one is too trivial and doesn’t answer to
our question. It is here that the Stein interpolation theorem, Thm. shows its
power, since it allows us to obtain the LP — LP estimate for U from L? — L? and
L> — L' estimates for other (reasonable) operators different from U.

We will accomplish this by constructing a family of convolution operators U, f =
Y f, with p, being distributions depending analytically in z. The parameter z will
essentially reflect the degree of homogeneity of the distribution p,. For this reason
it is natural to place our target at z = —1, requiring U_; = U or pu_; = do, since
do can be written as the pullback of a delta distribution (which is homogeneous of
degree —1) on the sphere: do ~ §(1 — |£]|)d¢.

An L? — L? estimate for U, will follow if 1. coincides with a bounded function,
indeed, by Plancherel’s theorem, we have

U= fllzz = 1O Mz = e - fllee S lpsllps 1 fllze- (189)

To have p,(€) bounded we must require that p,(€) is essentially homogeneous of
degree 0, hence when z lies on the line Re(z) = 0.

An L' — L estimate for U, will follow instead when p) coincides with a bounded
function, since we directly have

U= fllzee S Nl llzee L f ]l (190)

To obtain (188) from the analytic interpolation of (189) and (190)), we would like

the latter to happen on the line Re(z) = a, where a is chosen so that
1 0 1-46 1 0 1-—86

-1=90 1-0 =, =4 —
a+(1-6)0, Tt gttt

and this happens precisely when Re(z) =a = —(n+1)/2.

This argument leads to the precise version of the Stein analytic interpolation the-
orem that we are going to use.
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Proposition 8.14. Let U, be an analytic family of linear operators such that:

(1) U,1 = U,'
(i) [|U-fllr2 < [Ifllz2, uniformly on the line Re(z) = 0;
(i) Uz fllpee S\ fllprs uniformly on the line Re(z) = —(n+1)/2.

Then it follows that
U Sl S WA ot

The above discussion showed that, when we write U, f as the convolution p) * f,
then the hypothesis of the proposition are fulfilled whenever p, is an analytic family
of distribution such that

({’) p-1 =do;
(i") w2 (&) coincides with a bounded function, with a uniform bound on the
line Re(z) = 0;
(iii’) pY(x) coincides with a bounded function, with a uniform bound on the
line Re(z) = —(n+1)/2.

It thus remains to define the distributions p, and verify these properties.

Inspired by the identity § = Xll and dog ~ §(1 — |€]), we define our family of
distributions as

p=(6) = e XA (1 — €D (), (191)

where ¢ € C§°(R) is a cut-off function supported in a small neighborhood of 1, say
[1/2,3/2], and (1) = 1.

We recall that the homogeneous distributions x% , when Re(z) > —1, coincide with
the functions:

#/T(z+1) itt>0,
z t —
XA () {0 if ¢ <0,

where the Gamma function is defined by T'(z 4 1) = [, t*¢~*dt. From the identity
I(z+ 1) = 2I'(2), it follows that

d z zZ—

Ly =x0. (192)

Using this formula, x5 can be analytically continued for all z € C by performing
repeated integrations by parts. To do this we first observe that for Re(z) > —1 and
¢ € C§° we have

/ i (D1t = - / B (At = . = (—1)" / (66 (1)dt.

Thus integrating by parts sufficiently many times we can make sense of f X odt
when Re(z) > —1 — m for any m, and hence for all z. To see that Xfrl =0 it takes
just an integration by parts, indeed

—1 __L * / —
[xitoa =~ [ o= o)
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For more information about x% and distribution theory one can consult the books
by Gel’fand and Shilov [Ge-S|] or Hormander [?].

The factor e* in the definition of [, is chosen in order to garantee a uniform
boundedness of our operators for large (z), indeed e decreases exponentially as
$(z) — oo, uniformly on the strip —(n + 1)/2 < Re(z) < 0. This permits to allow
the various constants in the following inequalities to have a polynomial growth in
terms of b = &(z).

Clearly p—1 ~ 6(1 — [€])9(|€]) = do. This verifies (1").

Condition (ii’) is immediately verified, since x;* is always a bounded function
when Re(z) = 0. Condition (iii’) will follow from stationary phase arguments,
more generally we have:

Proposition 8.15.

n

Y ()] S (14 [of) T2 (193)

8.16. Second proof: evolution operators approach. In this section we
make the following assumption on f:

feC=(S), suppfC{& >1/2}. (194)
With this assumption we can relabel 1 =t as a time parameter and rewrite Sf as
i _|gr sl el dfl
Sttty = [ VIR (TR ) S
¢'|<v/3/2 VI=[E?
= [ VIR (e g(e e

with 3 € C§° supported in |¢'| < 1 and g(&') = f(\/1—[€]2,¢)/y/1 - [€']2. Ob-

serve that

If©)I?
[l = [ HE o = 11
by the assumption on the support of f.

Theorem 8.17. Let 3 € C°(R™ 1) be supported in the unit ball {€ € R" ™1 : |¢] <
1} and consider the operator

mmwz/‘ VIR et ge)g(¢)de, te R, we R,
R'n.fl
Let q,r be Lebesgue exponents verifing the conditions:

0< 3 < min{1,v(r)}, (195)

2
(20) # ., (196)
where y(r) = (n — 1)(1/2 — 1/r). Then the following estimate holds true for all
g € Ceo(R"™),

1Tgllarr mxrr-1) S llgllL2@n-1y- (197)

r
x
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where we use the mized norm notation defined in section 7.

By Remark Theorem follows from the special case ¢ =r = 22'5

Remark 8.18. We can run again the Knapp example to prove the necessity of
condition , when ¢ > 2. Indeed let D C R™"~! be the disk defined by [¢] < 6,
for sufficiently small § > 0, and take g = xp to be the characteristic function of D.
We write,

Tg(tz) = e / VIR i€ ¢ e
D

and observe that for [t| < =2 and |z| < §~! we have, with a fixed constant ¢ > 0,
|Tg(t,x)| > e Indeed this follows easily from &| < § and |\/1 — |¢]2 — 1| < 62
Therefore, if (197) holds true, we must have, for all sufﬁciently small § > 0,

1075 S Tglpery < lxollze S 07
from which (195)), ¢ > 2 follows.

Remark 8.19. The end-point restriction (196]) can be removed when n # 3, due
to a well known result by Keel and Tao [K-T| (“Endpoint Strichartz Inequalities”).
The other restriction ¢ > 2, implicit in (195)) will be discussed in the next chapter.

We start by calculating T* and TT*.

<T*F,g>=<FTg>= // FTgdtdx =

// (t,2) [ e VIR =i Bg)g(€) dedtda =

_ / ( / / —it/IIEP i oy, x)dtdx) de.

T°F(§) = %// e"WITIEP i Py gy dtde,

Hence

and

TT*F(t,x) = / VIR i g (e) T F(€)de

// (VIR € 5(6) 2P (s, €)dgds,

where F(s,€) = [e "¢ F(s,z)dz. If we introduce the family of operators
UOf () = [ VIR0 s
we can write TT* as a convolution operator,
TTF(t,-) = /U(t — ) (s,)ds. (198)

By Proposition to show that T is a bounded operator from LIL”(R™) to

L2(R™1) it suffices to prove that TT* is a bounded operator from L¢ L (R") to
L{Ly(R™).
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We shall first prove an estimate for U(t).

Proposition 8.20. Let 2 < r < oo and y(r) = (n —1)(1/2 — 1/r). Then U(t)
verifies the estimate

U@ fllzr

o) S (L DTN o oy (199)

Proof Once we have proved the two extreme cases r = 2 and r = oo,

IUE) fllzz@n-1) < [ fllp2mn-1) (200)

U @) fllzoe @y S (041D 2 f | i mny (201)
then the estimate follows from the standard Riesz interpolation theorem.
We obtain (200) immediately using Plancherel formula, since

(UMHE) = VI FIB© P F(9)-
To prove (201) we write
/Kt T — )dy7

where

Ki(z) = / ¢ EtVITTEP |56 2de
~ // e ETE(1 — 7 — |¢2) /T~ [EPIB(E) Pdrde

= // D COF(1 — [(r, ) (r,E)drde,  (Bu(r,€) = TIBE)P),
= (Blddn_l)v (t,ﬂ:)

Hence K is just the Fourier transform of a measure supported on the sphere S*~!,
for which we have the decay estimate

Ko@) S (L[] + [a) =072,
which implies (201)). [ |

We next apply Proposition ,
1
TTF, ) < | ——————||F(s, )|, ds. 202
ITT*F(t, ) N/(H“_SWM (5, ) s (202)
Finally, we are in a position to apply the Hardy-Littlewood-Sobolev inequality and,
if 0 < y(r) <1, we obtain
17T Flligey S 1F ]y .0
when —y(r) + 1+ 1/q = 1/¢’, hence (r) = 2/q. Therefore we proved Theorem

in the case 0 < v(r) =2/¢ < 1.

On the other hand if ¢ = 2 and y(r) > 1 we have from (202]),
ITT*Fllar, S IFll2s.,
by an application of the standard Hausdorff-Young inequality.
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Finally, if 2/q < 1 and ~(r) > 2/q the result follows from the case y(r) = 2/q using
Sobolev inequalities.

8.21. Third proof: bilinear forms (n = 2 and n = 3). We present now
another method to prove the restriction theorem for the sphere that works for the
special casesn =2, p =6 orn = 3, p = 4. The idea is that when p is an even integer,
the restriction theorem can be viewed as an L? estimate for a multilinear form,
which, through the Fourier transform, has a convolution structure that provides
some smoothing effects. The proofs given below are at the root of the so called
bilinear trilinear estimates, which play a fundamental role in the modern theory of
nonlinear wave and dispersive equations.

Let us see the case n = 3 first. We consider the Stein operator Sf = (fdo)V, and
use the fact that (Sf - Sf)" ~ (fdo) x (fdo). Let B(f,g) = Sf - Sg, then an L*
estimate for Sf corresponds to an L? estimate for B(f, f). We have

B(f,9)(€) = (fdo) * (9do) (&) = /Rs 6(1 =& =n)d(1 = [nl) £ (€ —n)g(n)dn,

and applying Cauchy-Schwarz with respect to the measure §(1—|£ —n])d(1—|n|)dn
we find
IB(f,9)©F < BLDEB (1% 191%) (€)-
Integrating with respect to &, we obtain
IB(f: 9 72rs) S AllF 1722y 9017252y, (203)
with

A =sup|B(1,1)(¢)] = sup / 5(1 — € — )6(1 — [n])dn. (204)
£ £

Thus, to prove the theorem in this case it suffices to check that A is finite. It is

useful to carry out the explicit calculation of A(§) = B(1,1)(§). For any dimension
n > 2 we have:

Lemma 8.22.

A© = [ 80— le=nla — iy = 1 (1)L (209
Proof
A(©) = [ 61~ Ig = a1 ~ iy = /M_l 5(1 — |¢ — nf?)der, =
= /Inll 5(1¢)? — 2¢ - n)do, =~ é/lnll ) (g' - é ~n) do,.
Because of the rotational symmetry, we may assume that & = (|¢],0,...,0), so that

A(E) ~ é/oﬂ ) <|§| — cos 9) (sin0)"~2df =

oy |s|_> s _1(_|e|2>"23
_|£|/16<2 vty mde=gg (- )



8. RESTRICTION THEOREMS 137

when |£]/2 € [-1,1]. [ |

When n =3, A(§) ~ 1/|¢| is singular only at £ = 0, but we can avoid this difficulty
by assuming that f and g are supported in a small neighborhood of a point in
S? (recall that without loss of generality we can localize the estimate on a small
cap on the sphere). Then the supremum in can be taken over just all £ €
supp(f) + supp(g), which is a set bounded away from 0. Hence we may restrict
to [(| > C >01in and the singularity disappears leaving A < oco.

From the L? estimate (203]) of the bilinear form B(f, g), it follows the L* estimate
for the Stein operator Sf:

IS FII7 ey = IB(f, llz = AY?|[ flI 7252,
with the assumption that f is supported in a small cap on the sphere.
In the case n = 2 what we want is an L5 estimate for Sf. Since 6 = 3 x 2 we

can try to repeat the same calculation using this time a trilinear form, T'(f, g, h) =
Sf-Sg- Sh, and the fact that ||Sf||3c = |T(f, f, f)||z2. We have

T(f,9,h)(€) = (fdo) + (gdo) + (hda)() =
= [ sl = = D31~ DA€~ mglmh(Odndc.

and applying Cauchy-Schwarz with respect to the measure 6(1—|£—n|)d(1—|n|)d(1—
|¢|)dnd¢ we find

IT(f,9. W) < T 1L, DET (1|9l ) (©).
Integrating with respect to &, we obtain

IT(f, 9, M 722y S AlFIZ2 @0 lglZe@n P72, (206)
with

A =sup (1,1, 1)(€)| = sup / / 5(1 — 1€ = n)8(L — [)6(1 — [¢[)dndC.
¢ ¢ (207)

The convolution structure allows us to restrict £ to the set suppf+ suppg+ supph,
and, if we make the hypothesis of f, g, h supported in a small cap of the sphere, we
can assume 1 < |¢| < 3. Using Lemma we can evaluate T'(1,1,1) and show
that A is bounded,

T(1,1,1)(¢) = / B(L1)(€ — ) 6(1 — |¢)dC ~

N/ Md{ — ) do¢ ~
le—cl<2 (4 =& —¢[)1/2 €5C<2 (B =26 C+[¢[2)1/2

N /1 da N /1 da o1
ey B =12+ 2[¢]a)t/2(1 - a?)1/2 ae) (a—a(O)P2(1—a)t/2 — 7

where a(§) = —3g||§||2. From the L? estimate (206)) of the trilinear form T'(f, g, h),

it follows the LS estimate for the Stein operator Sf:
ISFlZe ey = IT(F, f llze = AY2|£11Zas2).
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We can also try to repeat the bilinear argument for n = 2. As before, for B(f,g) =
Sf-Sg we have
B(F,9)©)F < BA,D)©OB (11 l9]*) (©)-
Integrate with respect to &, and use Lemma 2 to evaluate B(1,1),
— €= nD)o( —[nl)
B9 2 5 [[ 2 26— )Pl Pdnd.

[€1(4 = [€]?)
Change variable, £ — ¢ = £ — 7, and observe that when |n| = || = 1 we have

€l =1In+¢l~1+n-0)"?
A— P =U—In+ P2~ 1—n-OY2

2
IB(f,9)]2 RQ)N//SI i ;'z; ;'mda dor. (208)

This is an interesting formula. Observe that if the supports of f and g on S! are
projectionally disjoint, i.e. don’t contain points in the same direction, then the
quantity 1 — (1 - ¢)? is bounded below by a positive constant and in this case we
obtain the bilinear restriction estimate

| B(f, g)”L2 (R2) X ||f||L2(s1)||9||L2 S1)-

We can consider also other types of bilinear forms which have a special struc-
ture that cancel the singularity in the denominator. Take for example Q(f,g) =
" SfD:5g9— 028 f01Sg, then taking the Fourier transform and proceeding as before
we see that

B 2
QU 5 [f O st oo

111720 lgl 7260y

hence

<

since we have the identity |[7;¢a — 72¢1]> =1 — (- ¢)?
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Partial Differential Equations






CHAPTER 5

General Equations

It is tempting to define PDE as the subject which is concerned with all partial
differential equations, just as Algebraic Geometry, say, deals with all polynomial
equations. According to this view, the goal of the subject is to find a general theory
of all, or very general classes of PDE’s. Though this point of view is quite out of
fashion, it has nevertheless important merits which I hope to illustrate below. To
see the full power of the general theory we need to, at least, write down general
equations, yet will make sure to explain the main ideas in simplified cases. We
consider equations, or systems of equations, in R? with respect to the variables
= (2,22, ... 2%). As before we denote by 0; = % the partial derivatives relative
to the coordinate x and by 9% = 071052 ---99? the mixed partial derivatives
corresponding to a multi-index o = (a1, a9,...aq) € N&. We denote by 9% the
vector of all partial derivatives % with |a| = a3 + -+ - + a4 = k. Finally we denote
by A*u = (u,du,...0%u) the set of all partial derivatives of order less or equal to
k. In most interesting examples k is one or two.

Example. To make these notations more transparent consider the case of R? and
coordinates 2!, 22. For the multi-index a = (2,0) we have 0%u = =% -2ru = d%u

Bzt 9zt
while for & = (1,1) we have 0% = %%u = 010ou. Also

P .
9zl 9zl T Oxl D2

s = ﬁf u,8182 u, 322 u)
and A%u = (u, Oyu, O, O3 u, 0192 u, 03 u

@@U) (
).

With this notation the Laplace operator in R? has the form A = 82 + 03 + ...02
while the D’Alembertian in the Minkowski space R%*! has the form 0 = —92+ 0% +
ot 83. To make sense of an equation in which there appear partial derivatives
of order up to k£ we need to work with functions which are k-time differentiable
at every point. It is convenient to work with the class C* of functions which are
continuous and whose all partial derivatives 9*u of order || < k are continuous.

Definition. A general partial differential equation in R of order k is of the form,
F(z,A*u(z)) =0, (209)
where F' is a specified function. We also consider N x N systemﬂ in which case

F and u are column N-vectors. A function u of class C* is said to be a classz'caﬂ
solution (209) if it verifies the equation as all points x in a specified domain of RY.

L That is determined systems of N equations for N unknowns.
2We call it classical to distinguish from generalized solutions to be discussed in the following
sections.

141
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Consider first the one dimensional situation d = 1 in which case becomes an
ordinary differential equation (ODE), or system of ODE. To simplify further take
k=1and N = 1, that is the case of an ordinary differential equation of order k = 1.
Then is simply, F(z, u(z), d,u(z)) = 0 where F is a given function of the three
variables z, u and p = d,u such as, for example, F(z,u,p) = z - p + u® — sinz. To
solve the equation in this case is to find a function a C! function u(z) such
that

x - Opu(z) + u® = sina. (210)

Now consider the case of a second order ODE, i.e. d = N =1 and k = 2. Then
becomes, F(z,u(z),0,u(x),0%u(z)) = 0, where F now depends on the four
variables z, u,p = 0,u,q = 0%u. As an example take F' = ¢+ V’(u), for some given
function V = V'(u), in which case becomes the nonlinear harmonic oscillator
equation,

O2u(x) + V' (u(x)) =0 (211)

Passing to a system of ODE, with d = 1, £k = 1 and N = 2 we will need a
vector function F' = (F, Fy) with both F} and F» depending on the five variables
T, U1, U2,P1 = azulaPZ = 8zu2~ Then " becomes,

Fy (z,u1 (@), ug(x), Opur (x), puz(z)) = 0
Fo(z,uy(2), uz(x), Opur (), Opus(x)) = 0

The case of PDE gets a bit more complicated because of the large number of
variables involved in the definition of F'. Thus for first order (k = 1) scalar equations
(N=1) in two space dimensions ( d = 2) we need functions F' depending on the two
spatial variables x', 2% as well as u, p; = d1u and py = dyu. For a given function
of five variables F' = F(x,u,p), a general first order PDE in two space dimensions
takes the form,

F(z,u(x), 01u(z), d2u(x)) = 0. (212)
As a particular example take F' = p? + p3 — 1. The corresponding equation is,
(Dru(@))? + (Dau(2))* = 1 (213)

which plays an important role in geometric optics. A classical solution of the
equation is a C! function u = wu(z!,2?) which verifies (213) at all points of a
domain D C R2. A similar example is that given by the Eikonal equation .

Remark 1. We have excluded from our definition over-determined (i.e. the num-
ber of equations exceeds that of unknowns) or underdetermined systems (i.e. the
number of equations is less than that of unknowns) despite their obvious interest
to Geometry and Physics. The Einstein vacuum equations , for example, look
underdetermined at first glance. They become determined once we fix a particular
coordinate condition, such as the wave coordinate condition alluded to in the in-
troduction. Gauge field theories, such as Yang-Mills, have a similar structure. On
the other hand the equations defined by the De Rham complex on an open set of
R™ form an overdetermined system. For example, given a one form w = w;dxi, the
system df = w is overdetermined and can only be solved, locally, if the exterior
derivative of w vanishes i.e. dw = 0.
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Remark 2. All higher order scalar equations or systems can in fact be re-expressed
as first order systems, i.e. k = 1, by simply introducing all higher order deriva-
tives of uw as unknowns together with the obvious compatibility relations between
partial derivatives. As an example consider equation and set v = Jdyu.
We can then rewrite the equation as a first order system with N = 2, namely
00+ V' (u) =0,0,u —v =0.

An equation, or system, is called quasi-linear if it is linear with respect to the
highest order derivatives. A quasilinear system of order one (k = 1) in R? can be
written in the form,

d
> Alz, u(x))du = F(z, u(x)) (214)
i=1

Here u and F are column N —vectors and the coefficients A', A2, ... A% are N x N
matrix valued functions.

The minimal surface equation is an example of a second order (k = 2) quasilinear
scalar equation (N = 1) in two space dimensions. Indeed, using the coordinates
x', 22, instead of z,y, we can manipulate @ with the help of Leibnitz formula and

rewrite in the form,

> W (Ou)d;05u =0, (215)

1,7=1,2

with A1 (Ou) = 1 + (02u)?, h?2(Ou) = 1 + (O1u)?, h*2(Ou) = h?*(du) = —O1u - Do,
which is manifestly a second order quasi-linear equation.

In the particular case when the top order coefficients of a quasilinear equation,
i.e. those corresponding to the highest order derivatives, depend only on the space
variables € R? the equation, or system, is called semi-linear. For example,
equation derived in connection to the uniformization theorem, is semi-linear.

A linear equation, or system, of order k can be written in the form,

> Ag(@)0%u(z) = F(x). (216)

la| <k

Observe that the differential operator on the left hand side is indeed linear in the
sense discussed in our introduction. If in addition the coefficients A, are constant in
x, the system is called linear with constant coefficients. The five basic equations (|1])—
discussed in the introduction are all linear with constant coefficients. Typically,
these are the only equations which can be solved explicitly.

We thus have our first useful, indeed very useful, classification of PDE’s into fully
nonlinear, quasi-linear, semi-linear and linear. A fully nonlinear equation is nonlin-
ear relative to the highest derivatives. The typical example is the Monge Ampere
equation. For simplicity consider the case of functions of 2 variables u(x!, z?)
in R? with hessian 9*u = (9;0;u); j=1,2. Clearly the determinant det(6%u) =
(0%u) - (93u) — (0102u)?, is quadratic with respect to the second derivatives of
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u. Thus the Monge -Ampere equation,
det(0?u) = f(x,u,0u), (217)

with f a given function defined on R? xR xR?, is fully nonlinear. This equation plays
an important role in Geometry, in relation to the isometric embedding problem as
well as to the problem of finding surfaces in R? with prescribed Gauss curvature. A
variant of the Monge Ampére equation, for complex valued functions, plays a central
role in complex geometry in connection to Calabi -Yau manifolds. Calabi-Yau
manifolds, on the other hand, are central mathematical objects in String Theory.

Remark. Most of the basic equations of Physics, such as the Einstein equations,
are quasilinear. Fully nonlinear equations appear however in connection to the
theory of characteristics of linear PDE, which we discuss at length below, or in
geometry.

1. First order scalar equations

It does not make sense to give a systematic treatment of this classical topic since
there are many PDE books which do an excellent job, such as [E] or [J]. In what
follows I will only attempt to give the main ideas behind the theory. It turns out
that scalar (N = 1) first order (k = 1) PDE in d space dimensions can be reduced
to systems of first order ODE.

As a simple illustration of this important fact consider the following equation in
two space dimensions,

a'(x', 2%)01u(zt, 2?) + a* (2, 2?)Oqu(at, 2?) = f(at, 2?) (218)

where a',a?, f are given real functions in the variables z = (z!,2%) € R%. We

associate to the first order 2 x 2 system
1 2

L= @626, = a2 ),4(5) (219)
ds ds
To simplify matters we assume f = 0. Observe that any solution u = u(z?', 2?) of
([218), with f = 0, is constant along any solution z(s) = (z'(s), z?(s)), i.e.

d
gu(xl(s), 2*(s)) = 0.

Thus, in principle, the knowledge of solutions to , which are called character-
istic curves for , allows us to find all solutions to . I say in principle
because, in general, the nonlinear system is not so easy to solve. Yet ODE are
simpler to deal with and the fundamental theorem of ODE, which we will discuss
later in this section, allows us to solve (219)), at least locally for a small interval in
s. The constancy of uw along characteristic curves allows us to obtain, even when
we cannot find explicit solutions, important qualitative information. For example,
suppose that the coefficients a!, a? are smooth (or real analytic) and that the initial
data is smooth (or real analytic) everywhere on H except at some point zo € H
where it is discontinuous. Then, clearly, as long as the trajectories of are
well defined and distinct, the solution w remains smooth (or real analytic) at all
points except along the characteristic curve I' which initiates at zq, i.e. along the
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solution to which verifies the initial condition x(0) = x¢. The discontinuity
at xy propagates precisely along I"'. We see here the simplest manifestation of a
general principle, which we shall state later, that singularities of solutions to PDE
propagate along characteristics.

One can generalize equation (218)) to allow the coefficients a1, ag and f to depend
not only on z = (z!, 2%) but also on u,

a' (z,u(z))u(z) + a®(z, u(x))dgu(x) = f(z,u(r)) (220)
The associated characteristic system becomes,
dx! dx?
Cos) = a @l uls (), S = @ (a(s), uls, 2(5) (221)
Then, as in the previous case,
Lula(s),2%()) = Fa (s), 2%(s), ula (), 2%() (222)

Unlike the previous case however (221]) is undetermined; we need now to consider
the enlarged ODE system (221))-(222)). where the unknowns are z*(s), 2%(s), u(s) =
u(z'(s),2%(s)). As a special example of consider the scalar equation in two
space dimensions,

Oru + ulzu = 0, w(0,2) = up(x) (223)

called the Burger equation. Since a' = 1,a? = u we can set x!(s) = s, 22(s) = z(s)
in and thus derive its characteristic equation in the form,

dx

ds
Observe that, for any given solution u of and any characteristic curve (s, z(s))
we have %u(s, x(s)) = 0. Thus, in principle, the knowledge of solutions to
would allow us to determine the solutions to . This, however, seems circular
since v itself appears in . To see how this difficulty can be circumvented
consider the initial value problem for , i.e. look for solutions u which verify
(0, 2) = up(x). Consider an associated characteristic curve z(s) such that, initially,
x(0) = zp. Then, since u is constant along the curve, we must have u(s,z(s)) =
uo(zo). Hence, going back to (224), we infer that 42 = wug(zo) and thus z(s) =
xo + sug(xg). We thus deduce that,

u(s, zo + suo(zo)) = uo(zo) (225)

which gives us, implicitly, the form of the solution u. We see once more, from ,
that if the initial data is smooth (or real analytic) everywhere except at a point x,
of the line ¢ = 0, then the corresponding solution is also smooth (or real analytic)
everywhere, in a small neighborhood V' of xg, except along the characteristic curve
which initiates at xp. The smallness of V' is necessary here because new singularities
can form in the large. Observe indeed that u has to be constant along the lines
x + sug(z) whose slopes depend on ug(z). At a point when these lines cross, we
would obtain different values of v which is impossible unless u becomes singular
at that point. In fact one can show that the first derivative u, becomes infinite at
the first singular point, i.e. the singular point with the smallest value of |¢|. This
blow-up phenomenon occur for any smooth, non-constant, initial data wug.

(s) = u(s, z(s)). (224)
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Remark. There is an important difference between the linear equation and
quasi-linear equation . The characteristics of the first depend only on the
coefficients a'(z), a?(z) while the characteristics of the second depend, explicitely,
on a particular solution u of the equation. In both cases, singularities can only
propagate along the characteristic curves of the equation. For nonlinear equations,
however, new singularities can form in the large, independent of the smoothness of
the data.

The above procedure extends to fully nonlinear scalar equations in R? of the form,

Ou+ H(z,0u) =0, u(0,x) = up(x) (226)

with H = H(x,p) a given function of the variables = (z!,22,...  2%) and p =

(p1,p2, - .- pa), called the Hamiltonian of the system, and du = (dyu, Oau, . .. , dgu).
We associate to (226]) the ODE system, with i =1,2... ,d,

da’ 0 dp; 0

= op e p(t), == s Hx(t) p(t)). (227)

The equation is called a Hamilton-Jacobi equation while is known as
a Hamiltonian system of ODE. The relationship between them is a little more
involved than in the previous cases discussed above. To simplify the calculations
below we assume d = 1, so that H = H(z,p) is only a function of two variables.
Let u be a solution of . Differentiating in z and applying the chain rule
we derive,

010, u + OpH (z, 0pu)02u = —0, H (z,0pu) (228)

Now take x(t) a solution of the equation ¢ —”” = 0pH (z(t), 0yu(x(t)) and set p(t) :=
Ozu(t,z(t)). Then, by using first the Chaln rule and then equation (228)) we derive,
d
d—]; = 0.0um(t,x(t)) + O u(t, z(1))0,H (z(t),p(t))
= —0:H(x(t), 0pult, x(t))) = —0. H(x(t), p(t))
Hence z(t), p(t) verify the Hamilton equation

%:apﬂ(x(t),p(t)), ‘;’t) =0, H(x(t),p(t))-

On the other hzmd7 su(t,x(t)) = Owult,x(t)) + Oyult,=(t))0pH (2(t), p(t)), and,
using equation (226)), dyu(t, x(t)) = —H (x(t), Ozu(t, z(t)) = —H( (t),p(t)). Thus,

Ut a(t)) = —H(z(t), p(t)) +p()0, H (2(t), (1)),

from which we see, in principle, how to construct u based only on the knowledge
of the solutions x(t), p(t), called the bicharacteristic curves of the nonlinear PDE.
Once more singularities can only propagate along bichararcteristics. As in the case
of the Burger equation singularities will occur, for essentially, all smooth data;
thus a classical, i.e. continuously differentiable, solution can only be constructed
locally in time. Both Hamilton-Jacobi equation and hamiltonian systems play a
fundamental role in Classical Mechanics as well as in the theory of propagation
of singularities in linear PDE. The deep connection between hamiltonian systems
and first oder Hamilton-Jacobi equations have played an important role in the
introduction of the Schrédinger equation in quantum mechanics.



2. INITIAL VALUE PROBLEM FOR ODE 147

2. Initial Value Problem for ODE

To go further with our general presentation we need to discuss the initial value
problem. For simplicity let us start with a first order ODE

Opu(z) = f(z,u(x)) (229)
subject to the initial condition
u(xo) = uo (230)

The reader may assume, for simplicity, that is a scalar equation and that f
is a nice function of x and u, such as f(z,u) = u> —u+ 1+ sinz. Observe that the
knowledge of the initial data ug allows us to determine dyu(xo). Differentiating the
equation with respect to x and applying the chain rule, we derive,

O2u(z) = Op f(,u(x)) + Ouf(z,u(x))Opu(r) = cosz + 3u?(x)0,u(r) — dyu(x)

Hence, 0%u(xg) = 0, f(wo,u0) + Ouf(x0,u0)0ruo and since dyu(zo) has already
been determined we infer that 9%u(xg) can be explicitely calculated from the ini-
tial data wg. The calculation also involves the function f as well as its first
partial derivatives. Taking higher derivatives of the equation we can re-
cursively determine Bgu(xo), as well as all other higher derivatives of u at x.
One can than, in principle, determine wu(x) with the help of the Taylor series
u(®) = >0 O u(zo) (w—x0)* = u(wo) +0pu(wo) (T —x0)+ 5702 (20) (T —20)* +. . ..
We say in principle because there is no guarantee that the series converge. There is
however a very important theorem, called the Cauchy-Kowalewski theorem, which
asserts that, if the function f is real analytic, which is certainly the case for our
f(x,u) = u® —u + 1+ sinz, then there exists a neighborhood J of ¢ where the
Taylor series converge to a real analytic solution u of the equation. One can the
easily show that the solution such obtained is the unique solution to subject
to the initial condition .

The same result may not hold true if we consider a more general equation of the
form,

a(z,u(x))0u = f(z,u(x)), u(xo) = ug (231)

Indeed the recursive argument outlined above breaks down in the case of the scalar
equation (x —xg)0,u = f(x,u) for the simple reason that we cannot even determine
Ozu(xp) from the initial condition u(xg) = ug. A similar problem occurs for the
equation (u — ug)dyu = f(z,u). An obvious condition which allows us to extend
our previous recursive argument to is that a(xzg,up) # 0. Otherwise we say
that the initial value problem is characteristic. If both a and f are also
real analytic the Cauchy-Kowalewski theorem applies and we obtain a unique, real
analytic, solution of in a small neighborhood of zg. In the case of a N x NV
system,

Az, u(x))0pu = F(z,u(x)), u(zo) = uo (232)
A= A(z,u) is N x N matrix and the non-characteristic condition becomes

det A(zg, up) # 0. (233)
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It turns out, and this is extremely important, that while the non-degeneracy con-
dition is essential to obtain a unique solution of the equation, the analyticity
condition is not at all important, in the case of ODE. It can be replaced by a simple
local Lipschitz condition for A and F, i.e. it suffices to assume, for example, that
only their first partial derivatives exist and that they are merely locally bounded.
This is always the case if the first derivatives of A, F' are continuous.

The following local existence and uniqueness (LEU) theorem is called the funda-
mental theorem of ODE.

Theorem[Fundamental theorem for ODE] If the matriz A(xo,uo) is invertible
and if A, F are continuous and have locally bounded first derivatives then there
exists a time interval xg € J C R and a unique solutiorﬂ u defined on J verifying
the initial conditions u(xg) = ug.

Proof The proof of the theorem is based on the Picard iteration method. The idea
is to construct a sequence of approximate solutions wu,)(x) which converge to the
desired solution. Without loss of generality we can assume A to be the identity
matrixﬂ One starts by setting u(g)(z) = uo and then defines recursively,

Opuny(7) = F(2,um_1)(x)), U(n—1)(T0) = uo (234)

Observe that at every stage we only need to solve a very simple linear problem,
which makes Picard iteration easy to implement numerically. As we shall see below,
variations of this method are also used for solving nonlinear PDE.

...... To fill in the proof..... [ |

Remark. The local existence theorem is sharp, in general. Indeed we have seen
that the invertibility condition for A(zg,up) is necessary. Also, in general, the
interval of existence J may not be extended to the whole real line. As an example
consider the nonlinear equation Oyu = u? with initial data v = ug at = = 0, for

which the solution u = 1_“;% becomes infinite in finite time, i.e. it blows-up.

Once the LEU result is established one can define the main goals of the mathemat-
ical theory of ODE to be:

(1) Find criteria for global existence. In case of blow-up describe the limiting
behavior.

(2) In case of global existence describe the asymptotic behavior of solutions
and family of solutions.

Though is impossible to develop a general theory, answering both goals (in practice
one is forced to restrict to special classes of equations motivated by applications),
the general LEU theorem mentioned above gives a powerful unifying theme. It

3Since we are not assuming analyticity for A, F' the solution may not be analytic, but it has
continuous first derivatives.
4since A is invertible we can multiply both sides of the equation by the inverse matrix A~!
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would be very helpful, really wonderful, if a similar situation were to hold for
general PDE.

3. Initial value problem for PDE

By analogy to the one dimensional situation it is natural to consider, instead of
points, hyper-surfaces H C R? on which to specify initial conditions for u. For a
general equation of order k, i.e. involving k derivatives, we would need to specify
the values of v and its first £ — 1 normal derivative&ﬂ to H. For example in the case
of the second order wave equation we need to specify the initial data for u and
Ogu. along the hypersurface t = 0. Without getting into details at this point we
can give the following general definition.

Definition. We say that an initial value problem, for a k-order quasilinear sys-
tem, in which we specify, as data, the first k — 1 normal derivatives of a solution u
along ‘H, is non-characteristic at a point xg of H, if we can formally determine all
other higher partial derivatives of u at xo, uniquely, in terms of the data.

To understand the definition, which may seem too general at this point, consider

the much simpler case £ = 1, N = 1. In this case we only need to specify the
restriction u|y = up of w to H. Our initial value problem takes the form,

d
Zai(w, w(@))diu(z) = f(z,u(x)),  uln=uo (235)

with a’, f real valued functions of z € R? and v € R. To simplify further take
d = 2, i.e. we have the equation in x = (z!,2?),

a'(z, u(x))dru(z) + a®(z, u(r))dyu(z) = f(z,u(z)) (236)
we have encountered earlier in (220]). Consider a curve H in R?, parametrized by

! = 21(s),2? = 2%(s) whose tangent vector V(s) = (dd—"’f, %) is non-degenerate,

ie. |V(s)] = ( %\2 + |%|2)1/2 # 0. It has a well defined unit normal N(s) =
(n1(s),na(s)), which verifies the conditions,
N(s)-V(s) =0, N(s)-N(s)=1

Observe that the coefficients a'!,a? in can be completely determined, along
H, from the knowledge of the initial condition ug = wug(s). Consider the first
derivatives (O1u, Oou) evaluated along H, ie. U(s) = (d1u(z(s)), Dou(z(s)). At
every point along H our equation reads,

A(s)-U(s) = [(s), (237)

where A(s) = (a'((s), uo(s)), a®(z(s),uo(s)) and f(s) = f(z(s),uo(s)) are com-
pletely determined by the data ug(s). Differentiating u(z(s)) = ug(s) with respect
to s we infer that,

U(s)-V(s) =Up(s), Uo(s) = —wup(s).

5These are derivatives in the direction of the normal to H.
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To fully determine U(s) it remains to determine its projection on the normal vector
N(s), i.e. U(s)-N(s). Indeed, since V(z) and N(x) span R?, at all points z =

(x(s),2%(s)) along our curve, we have
_ 7. Vi(s) .
Therefore, from the equation ,
) = A(s) U (s) = (U(5) V(5) Z0 5+ (U(6) - N () AG) - N

from which we can determine U(s) - N(s) provided that,

A(s) - N(s) #0. (239)
If, on the other hand, A(s)- N(s) = 0 then, since V (s)- N(s) = 0, we infer that the

dx dx

vectors A(s) and V(s) = 9% must be proportional, i.e. §7 = A(s)A(s). One can
then reparametrize the curve H, i.e. introduce another parameter s’ = s'(s) with
”fi‘—gs/ = A(s), such that relative to the new parameter we have A = 1. This leads to
the equation,

da? dax?
S () ues), T = a?(als),u(a(s))

which is precisely the characteristic system (221]). Thus,

Along a characteristic curve, the equation (236)) is degenerate, that is we cannot
determine the first order derivatives of u uniquely in terms of the data uy. On the
other hand the non-degenerate condition,

A(sg) - N(s0) #0, e a'(zo,u(zo))ni(zo) + az(zo, u(zo))na(xe) # 0  (240)

at some point xo = x(sg) € H, allows us to determine all higher derivatives of u at
o, uniquely in terms of the data ug.

Indeed, if the condition A(sg) - N(sg) # 0 is satisfied at zg = x(s¢) € H we have
seen already how to determine the first derivatives 0ju, d;u at that point. Once we
have these it is not difficult to determine all higher derivatives of u. For example,
observe, by differentiating equation with respect to x!, that the function
v = Oqu verifies an equation of the form,

a'(z,u(x))0v(z) + a®(z,u(z))dv = g(z,u(z), v(z))

with a function g which can be easily determined from the coefficients a¢ and f. We
can now proceed as before and determine the first derivatives of v i.e. 9u,920;u.
Thus, recursively, we can determine all partial derivatives of u of any order.

We can easily extend the discussion above to the higher dimensional case ([235|).
Given a hypersurface H in R, with unit normal N = (ny,nz,...nq), we find that
‘H is non-characteristic at g for the initial value problem (235|) if,

Zai(aco,uo(xo))ni(xo) #0 (241)

=1
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With a little more work we can extend our discussion to general higher order quasi-
linear equations, or systems and get a simple, sufficient condition, for a Cauchy
problem to be non-characteristic. Particularly important for us are second order

(k = 2) scalar equations (N = 1). To keep things simple consider the case of a
second order, semi-linear equation in R¢,
d
> a¥(@)didsu = f(,u(x), du()) (242)
i,j=1

and a hypersurface H in R? defined by the equation 1 (z) = 0 with non-vanishing
gradient 9. Define the unit normal at a point g € H to be N = %w or in

components n; = %. As initial conditions for we prescribe v and its normal
derivative Nu(z) = nq(z)01u(z) + na(z)Ou(z) + . . . ng(x)dqu(x) on H,
u(z) = up(z), Nu(x)=uy(z), rEeEH (243)
We need to find a condition on H such that we can determine all higher derivatives
of a solution u, at ¢ € H, from the initial data ug,u;. We can proceed exactly in
the same manner as before, and find that all second order derivatives of u can be
determined at a point zy € H, provided that,
d

> a¥(zo)ni(xo)n;(wo) # 0 (244)

ij=1
It is indeed easy to see that the only second order derivative of u, which is not
automatically determined from wug, uj, is of the form NZu(xg) = N(N(u))(xo)-
This latter can be determined from the equation (242)), provided that is
verified. One does this by decomposing all partial derivatives of u into tangential
and normal components, as we have done in . One can then show, recursively,
that all higher derivatives of u can also be determined. Thus, is exactly the
non-characteristic condition we were looking for.

If, on the other hand, Z:‘l,j:1 a’(z)n;(x)n;(z) = 0 at all points we call H a char-
acteristic hypersurface for the equation (242)). Since n; = I g o] we find that H is
characteristic if and only if|

d

Y a(@)d (@) () = 0 (245)

i,j=1
Remark Observe that only the left hand sideﬂ of (242), called ﬂ is relevant in
determining the characteristic surfaces of the equation.

Example 1. Assume that the coefficients a of (242) verify,
d
> a(2)6g; >0, VEER!, VreR? (246)
i,j=1
Then no surface in R can be characteristic. This is the case, in particular, for the
equation Au = f. Consider also the minimal surfaces equation written in the form

6con‘caining second order derivatives
7principal part
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(215). It is easy to check that, the quadratic form associated to the symmetric
matrix h% (Ou) is positive definite independent of du. Indeed,

W (Qu)&i&s = (1+[0ul) T2 (1€ = (1 +|0u*) (€ - 9u)®) > 0

Thus, even though (215) is not linear, we see that all surfaces in R? are non-
characteristic.

Example 2. Consider the wave equation Ou = f in R*%. All hypersurfaces of
the form (¢, z) = 0 for which,

d
(0np)* =D (0:1)7, (247)
i=1
are characteristic. This is the same eikonal equation which has appeared before in
. Observe that it splits into two Hamilton-Jacobi equations, see (226]),

d
O = (Y (0i)* ) (248)

i=1
The bicharacteristic curves of the associated Hamiltonians are called bicharac-
teristic curves of the wave equation. As particular solutions of we find,
Yy(t,x) = (t—to) + | — xo| and Y_(t,x) = (t — to) — | — x| whose level surfaces
1+ = 0 correspond to forward and backward light cones with vertex at p = (to, o).
These represent, physically, the union of all light rays emanating from a point source
at p. The light rays are given by the equation (t — to)w = (x — ), for w € R?
with |w| = 1, and are precisely the (¢,2) components of the bicharacteristic curves

of the Hamilton-Jacobi equations .

More general, consider the linear wave equation,
904,056 = 0. (249)

where g®# is the inverse of a general Lorentz metricﬁ gag- The characteristic surfaces
of (249) are given by the eikonal equation,

9P 0atb051) = 0. (250)

They are also called null hypersurfaces for the metric g.

Remark. In the particular case when go; = ... = gon = 0, goo < 0 and g;; positive
definite, (249)) takes the form,
—a®(t,2)0fu+ Y a’(t,2)0;0;u = 0, (251)
,J
where with agy = —gyg and a” g, = §;. Thus the characteristic equation has the

form —a%(t, 2)(0:p)? + a (2)0;pdjp = 0 or,
1/2

O = £((a") Zaij (2)0ip05) " (252)

8 j.e. Jdap = 9Ba and the associated quadratic form, g, (p)XO‘Xﬁ is non-degenerate at every

point p and has signature (—1,1,...,1).
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Thus, through any point p € R!*™ pass two distinct characteristic surfaces. The
same is true for the general case.

The bicharacteristics of the corresponding hamiltonian systems are called bichar-

acteristic curves of (251]).

Remark. In the case of the first order scalar equations we have seen how the
knowledge of characteristics can be used to find, implicitly, the general solutions.
We have shown, in particular, that singularities propagate only along characteris-
tics. In the case of second order equations the situation is more complicated. the
characteristics are typicallyﬂ not sufficient to solve the equations, but they con-
tinue to provide important information, such as propagation of singularities. For
example, in the case of the wave equation Ou = 0 with smooth initial data ug, uq
everywhere except at a point p = (to,xo), the solution u has singularities present
at all points of the light cone —(t — t9)? + |2 — x¢|?> = 0 with vertex at p. A more
refined version of this fact shows that the singularities propagate along bicharacter-
istics. The general principle here is that singularities propagate along characteristic
hypersurfaces of a PDE. Since this is a very important principle it pays to give it
a more precise formulation which extends to general boundary conditions, such as
the Dirichlet condition for (?7?).

Propagation of singularitieﬂ If the boundary conditions, or the coefficients
of a linear PDE with smooth (or real analytic) coefficients are singular at some
point p, and smooth ( or real analytic) away from p in some small neighborhood
V', then a solution of the equation may only be singular in V along a characteristic
hypersurface passing through p. If there are mo such characteristic hypersurfaces,
any solution of the equation must be smooth ( or real analytic) in V '\ {p}.

Remark 1. The principle as stated is far too general, it can be proved only if
specific assumptions are made on the symbol of the operator. It should be viewed
however as something one might expect for a reasonable equation.

Remark 2. The principle can be extended, under specific minimum regularity
assumptions on solutions, to the nonlinear case. It is however invalid in the large.
Indeed, as we have shown in in the case of the Burger equation, solutions to nonlin-
ear evolution equations, can develop new singularities independent of the smooth-
ness of the initial conditions. Global versions of the principle can be formulated
for linear equations, based on the bicharacteristics of the equation, see remark 3
below.

Remark 3. According to the principle it follows that any solution of the equation
Au = f, verifying the boundary condition u|lsp = ug, with a boundary value ug
which is merely continuous, has to be smooth everywhere in the interior of D

9 Characteristics enter however in the explicit form of the fundamental solution for the
standard wave equation. This was made particularly obvious in the derivation starting with the
ansatz . The also play a major role to construct approximate solutions for wave equations
with variable coefficients, such as

10A more precise version of the principle relates propagation of singularities to bicharacter-
istics curves.
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provided that f itself is smooth there. Moreover the solution is real analytic, if f
is real analytic.

Remark 4. More precise versions of this principle, which plays a fundamental role
in the general theory, can be given for linear equations. In the case of the general
wave equation (251)), for example, one can show that singularities propagate along
bicharacteristics. These are the bicharacteristic curves associated to the Hamilton-

Jacobi equation ([252)).

4. Cauchy-Kowalevsky Theorem

In the case of ODE we have seen that a non-characteristic initial value problem
admits always local in time solutions. Is there also a higher dimensional analogue
of this fact ? The answer is yes provided that we restrict ourselves to an extension
of the Cauchy -Kowalewsky theorem. More precisely one can consider general
quasilinear equations, or systems, with real analytic coefficients, real analytic hyper-
surfaces ‘H, and real analytic initial data on H.

Theorem[Cauchy-Kowalevsky (CK)| If all the real analyticity conditions made
above are satisfied and if H is non-characteristic at xOIEL there exists locally, in a
neighborhood of xg, a unique real analytic solution u(x) verifying the system and
the corresponding initial conditions.

The CK theorem validates the most straightforward attempts to find solutions
by formal expansions u(x) = Y, Co(x — 20)® with constants C, which can be
determined recursively, by simply algebraic formulas, from the equation and initial
conditions on H, using only the non-characteristic condition and the analyticity
assumptions. Indeed the theorem insures that the naive expansion obtained in this
way converges in a small neighborhood of =y € H.

Proof See [E] or [J] [ |

In the special case of linear equations (216)) an important companion theorem, due
to Holmgren, asserts that the analytic solution given by the CK theorem is unique
in the class of all smooth solutions and smooth non-characteristic hypersurfaces H.

Theorem 4.1 (Holmgren uniqueness theorem). Consider the initial value problem
for a linear equations of the type with analytic coefficients. If the the hyper-
surface H is also analytic and non-characteristic at xo € H, then the corresponding
Cauchy problem is unique in the class of smooth solutions, in a small neighborhood

of .
Proof See [J] |

1n the case of second order equations of type (242) this is precisely condition (244)).
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Remark. The remarkable thing about Holmgren’s theorem is that it proves unique-
ness even in cases where existence of solutions cannot be guaranteed. Thus, as we
shall see below, the Cauchy problem for the wave equation with data on the hyper-
plane ' = 0 does not, in general, have solutions, yet Holmgren’s theorem asserts
that if a solution exists it must be unique.

At first glance it may seem that the CK theorem is a perfect analogue of the funda-
mental theorem for ODE’s. It turns out, however, that the analyticity conditions
required by the CK theorem are much too restrictive and thus the apparent general-
ity of the result is misleading. A first limitation becomes immediately obvious when
we consider the wave equation (Ju = 0 whose fundamental feature of finite speed
of propagatiorﬂ is impossible to make sense in the class of real analytic solutions.
A related problem, first pointed out by Hadamard, concerns the impossibility of
solving the Cauchy problem, in many important cases, for arbitrary smooth, non
analytic, data. Consider, for example, the Laplace equation Au = 0 in R?. As we
have established above, any hyper-surface H is non-characteristic, yet the Cauchy
problem u|3 = ug, N(u)|y = uq, for arbitrary smooth initial conditions ug, u; may
admit no local solutions, in a neighborhood of any point of . Indeed take H to
be the hyperplane x; = 0 and assume that the Cauchy problem can be solved,
for a given, non analytic, smooth data in an domain which includes a closed ball
B centered at the origin. The corresponding solution can also be interpreted as
the solution to the Dirichlet problem in B, with the values of u prescribed on the
boundary 0B. But this, according to our heuristic principlﬂ must be real analytic
everywhere in the interior of B, contradicting our initial data assumptions.

On the other hand the Cauchy problem, for the wave equation Ou = 0 in R*+1,
has a unique solution for any smooth initial data ug, u;, prescribed on a space-like
hyper-surface, that is a hypersurface ¥ (¢,2) = 0 whose normal vector, at every
point p = (tg, xo), is directed inside the interior of the future or past directed light
cone passing through that point. Formally this means,

d
2b)] > (Y 0w m)) . (253)

The condition is clearly satisfied by the hypersurfaces of ¢ = tp, but any other
hypersurface close to it is also spacelike. On the other hand the IVP is ill posed,
i.e. not well posed, for a time-like hypersurface, i.e a hypersurface for which,

d
o) < (Y 0w m)P)"”. (254)

In this case we cannot, for general non real analytic initial conditions, find a solution

of the IVP. An example of a time-like hypersurface is given by the hyperplane
1

- =0.

12Roughly this means that if a solution w is compactly supported at some value of ¢ it must
be compactly supported at all later times. Analytic functions cannot be compactly supported
without vanishing identically.

13\hich can be easily made rigorous in this case
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Definition. A given problem for a PDE is said to be well posed if both existence
and uniqueness of solutions can be established for arbitrary data which belong to a
specified large space of functions, which includes the class of smooth functionﬂ,
Moreover the solutions must depend continuously on the data.

The continuous dependence on the data is very important. Indeed solutions to the
IVP for a PDE would be of little use if very small changes of the initial conditions
will result, instantaneously, in very large changes in the corresponding solutions.
It is only in the class of smooth solutions that the theory of PDE becomes really
interesting, relevant and challenging. It means that we have to give up hope for
a all encompassing result and look instead for special classes of equations which
have common features, or really just on special important equations. It is in that
sense that the generality of the CK theorem is really an illusion. The true study of
partial differential equations only begins when we give up on analyticity.

Exercise 1. Use the energy method to prove uniqueness of the initial value problem
for ¢ = 0 for smooth initial data prescribed on a space-like hypersurface. Can
you prove existence, say in R!*3 ?

Exercise 2 Show, using the Fourier transform, that the IVP for data prescribed
on the time-like hypersurface z' = 0 is ill posed.

5. Standard classification

The different behavior of the Laplace and Wave equations mentioned above illus-
trates the fundamental difference between ODE and PDE and the illusory generality
of the CK theorem. Given that the Laplace and wave equation are so important in
geometric and physical application one is interested to find the broadest classes of
equations with which they share their main properties. The equations modeled by
the Laplace equation are called elliptic while those modeled by the wave equation
are called hyperbolic. The other two important models are the the heat, see ,
and Schrodinger equation, see . The general classes of equations with which
they resemble are called parabolic and, respectively, dispersive.

Elliptic equations are the most robust and easiest to characterize, they admit no
characteristic hypersurfaces.

Definition 1: A linear, or quasi-linear, N x N system with no characteristic
hyper-surfaces is called elliptic.

Clearly the equations of type whose coefficients a* verify condition are
elliptic. The minimal surface equation (@ is also elliptic. It is also easy to verify that
the Cauchy-Riemann system is elliptic. As it was pointed out by Hadamard,
the initial value problem is not well posed for elliptic equations. The natural way of
parametrizing the set of solutions to an elliptic PDE is to prescribe conditions for

14Here we are necessarily vague. A precise space can be specified in each specific case.
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u, and some of its derivativesE| , at the boundary of a domain D C R". These are
called boundary value problems (BVP). A typical example is the Dirichlet boundary
condition u|spp = g for the Laplace equations Au = 0 in a domain D C R™. One
can show that, under mild regularity assumptions on the domain D and continuous
boundary value ug, this problem admits a unique solution, depending continuously
on ug. We say that the Dirichlet problem for the Laplace equation is well posed.
Another well posed problem for the Laplace equation is given by the Neumann
boundary condition N(u)|sp = f, with N the exterior unit normal to the boundary.
The problem is well posed for all continuous functions f defined on 0D with zero
mean average. A typical problem of general theory is to classify all well posed BVP
for a given elliptic system.

The following is a general fact, concerning classical solutions of general elliptic
equations.

Classical solutions of elliptic equations with smooth ( or real analytic) coefficients in
a reqular domain D are smooth (or real analytic), in the interior of D, independent
of how smooth are the boundary conditionﬂ.

This follows, heuristically, from the propagation of singularities principle, discussed
earlier, and absence of characteristic surfaces. Parabolic equations share this prop-
erty. Hyperbolic equations, on the other hand, have a radically different behavior.
In this case we expect that singularities of the initial data propagate along charac-
teristic hypersurfaces.

Hyperbolic equations are, essentially, those for which the initial value problem is
well posed. In that sense, they provide the natural framework for which one can
prove a result similar to the local existence theorem for ODE. More precisely, for
each sufficiently regular set of initial conditions there corresponds a unique solution;
we can thus think of the Cauchy problem as a natural way of parametrizing the set
of all solutions to the equations.

The definition of hyperbolicity depends, however, on the particular initial hyper-
surface we are considering. Thus, in the case of the wave equation Ou = 0, the
standard initial value problem

u(0,2) = uo(x), Owu(0,z) =uy

is well posed. This means that for any smooth initial data ug,u; we can find a
unique solution of the equation which depends continuously on ug,u;. As we have
mentioned earlier, the IVP for Cu = 0 remains well posed if we replace the initial
hypersurface ¢ = 0 by any space-like hypersurface 1 (t,z) = 0, see . It fails
however to be well posed for timelike hypersurfaces such as ' = 0, see . In
that case there may not exist any solution for a prescribed, non-analytic, Cauchy
data.

15roughly half the order of the equation

16provided that the boundary condition under consideration is well posed. Moreover this
heuristic principle holds, in general, only for classical solutions of a nonlinear equation. There are
in fact examples of well posed boundary value problems, for nonlinear elliptic systems, with no
classical solutions.
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It is more difficult to give find algebraic conditions of hyperbolicity. In principle
hyperbolic equations differ from the elliptic ones, roughly, by the presence of a
maximum number of characteristic hypersurfaces passing through any given point.
Rather then attempting a general definition is more useful to give some examples
of classes of hyperbolic PDEs.

One of the most useful class of hyperbolic equations is given by second order wave
equations of the form

d
Oad=f,  Oa:=—a07 + ) 40,0, (255)
ij=1
with coefficients a°, a¥/ and f which may depend on (¢, ) as well as ¢(t,z) and
Op(t, r). We need also to assume that a®® > 0 and a¥ verify the ellipticity condition,
d

> a6¢ >0, (eRr? (256)

ij=1
The IVP for this type of equations is well posed, for any hypersurface (¢, z) = 0,
such as t = tg, for which,

d
—a®(0p)* + > a0ipdpp <0, £ eR (257)
i,j=1
A very useful generalization of ([255]) consist of the class of system of wave equation,
diagonal with respect to the second derivatives, i.e. ,
Da¢1 :FI(¢aa¢)7 I= 1323"'N7 (258)

where ¢ = (¢!, ¢?,...¢"). One can check, see , that the Einstein equations, in
wave coordinates, can be written, almost, in this form.

Remark In reality the system (25)), in wave coordinates, looks slightly different.
The operator U, has to be replaced by an operator of the form [, = gaﬁaaaﬁ
where g*? is the inverse of a general Lorentz metric gag, see (249).

Exercise Show by a local change of variables that an equation of the form Ug¢ =
F(¢,04) can be reduced, locally, to an equation of the form, O,¢ = F(¢,0,) with
a different lower order term F'.

Another important class, which includes most of the important known examples of
first order hyperbolic equations, such as the Maxwell equations, are of the form,

d
A%t 2, u)Opu + Z A;(t,z,u)0;u = F(t,z,u), u|H = ug (259)
i=1
where all the coefficients A%, A',... A% are symmetric N x N matrices and H is
given by ¥(¢t,z) = 0. Such a system is well posed provided that the matrix,

d
A%t 2z, u)0b(t, ) + Z Ai(t, z,u)0(t, ) (260)

i=1
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is positive definite. A system (259) verifying these conditions is called symmetric
hyperbolic. In the particular case when ¢ =t the condition (260]) becomes

(A%, &) > cl¢*  vEeRY. (261)

Remark. It turns out that the second order wave equatiorﬂ , verifying
can be written as a first order symmetric hyperbolic system. This can be
simply done by introducing the new variables vy = Jyu, v1 = du, ... ,vg = Oqu
and the obvious compatibility relations, such as 0;v; = 0;v;.

The following is a fundamental result in the theory of general hyperbolic equations It
is called the local existence and uniqueness [LEU] for symmetric hyperbolic systems:

Theorem[LEU-Hyperbolic] The initial value problem , is locally well posed,
for symmetric hyperbolic systems, with sufficiently smooth A, F, H and sufficiently
smooth initial conditions ug. In other words, if the above conditions are satisfied,
then for any point p € H there exist a sufficiently small neighborhood D C Rt of
p and a unique, continuously differentiable, solution u: D — RN,

Remark 1. The issue of how smooth the initial data is allowed to be is an im-
portant question, still under investigation, for nonlinear equations.

Remark 2. The local character of the theorem is essential, the result cannot be
globally true, in general for nonlinear systems. Indeed, as we have seen, the evolu-
tion problem for the Burger equation, which fits trivially into the framework
of symmetric hyperbolic systems, leads, after a sufficiently large time, to singular
solutions. This happens independent of how smooth the initial data ug is. A precise
version of the theorem above gives a lower bound on how large D can be.

Remark 3. The proof of the theorem is based on a variation of the Picard itera-
tion method we have encountered earlier for ODE. One starts by taking u ) = ug
in a neighborhood of H and then define recursively,

d
At 2w 1)) Oty + Y Ai(t, 2, (1)) Oitu(ny = Ft, 2, u(,-1)), ) |H = ud262)
i=1

Observe that at every stage of the iteration we have to solve a linear equation.
Linearization is an extremely important tool in studying nonlinear PDE. We can
rarely understand much about their behavior except near important special solu-
tions, in which case linearization is an essential step. Thus, almost invariably, hard
problems in non-linear PDE reduce to understanding specific problems in linear
PDE.

Remark 4. To implement the Picard iteration method we need to get precise

estimates on the u,, iterate in terms of the wu,,_; iterate. This step requires energy
type a-priori estimates.

17as well as the diagonal system (1258)
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Remark 5. Theorem[LEU-hyperbolic] has wide applications to various hyper-
bolic systems of physical interests. It applies, in particular, to prove a local exis-
tence result for the Einstein equations in wave coordinates, see .

Another important, characteristidﬂ property of hyperbolic equations is finite speed
of propagation. Consider the simple case of the wave equation (?7?). In this case
the initial value problem can be solved explicitly by the Kirchoff formula . The
formula allows us to conclude that if the initial data, at ¢ = 0, is supported in a
ball B,(z¢) of radius a > centered at x € R3 then at time ¢ > 0 the solution u is
supported in the ball B,i+(zo). In general finite speed of propagation can be best
formulated in terms of domains of dependence and influence of hyperbolic equations.
Given a point p € R4 outside the initial hypersurface H, we define D(p) C H as
the complement of the set of points ¢ € H with the property that any change of the
initial conditions made in a small neighborhood V' of ¢ does not influence the value
of solutions at p. More precisely if u,v are two solutions of the equation whose
initial data differ only in V', must also coincide at p. The property of finite speed of
propagation simply means that, for any point p, D(p) is compact in H. A related
notion is that of domain of influence. Given a set D C H the domain of influence
of D is the smallest set J(D) C Rt with the property that any two solutions u, v
of the equation whose initial conditions coincide in the complement of D, must also
coincide at all points in the complement of 7 (D). In the case of Ou = 0, if at t = 0,
u and Ozu are zero outside the unit ball B, |z| < 1, then, u is identically zero in the
region |z| > 1+4|t|. Thus J(B) must be a subset of {(¢,z)/|z| < 1+ |t|} and it can
be shown that in fact J(B) = {(¢,z)/ |z| < 1+][t|}. Observe also that the boundary
of J(B) is formed by the union of two smooth characteristic hypersurfaces of the
wave equation, || =t+ 1 for t > 0 and |z| = —t 4+ 1 for ¢t < 0. This is a general
fact, which illustrates once more the importance of characteristics.

The boundaries of domains of dependence of classical solutions to hyperbolic PDE
are characteristic hypersurfaces, typically piecewise smooth.

In the case of linear hyperbolic equations, the characteristics of the equations,
which (as we have seen) are solutions to nonlinear Hamilton-Jacobi equations, can
be used to construct approximate solutionﬂ to the equations, called parametri-
ces, from which one can read the relevant information concerning propagation of
singularities. One can then show that these singularities propagate along the bichar-
acteristics of the associated Hamiltonian. These techniques, however do not apply
to general symmetric hyperbolic systems but rather to equations with well defined
characteristics, such as those called strictly hyperbolic.

Finally a few words for parabolic equations and Schrédinger type equationﬂ A
large class of useful equations of this type is given by,

Ou — Lu = f, (263)

18Elliptic, parabolic and dispersive equations do not have this property.
19 For constant coefficient equations these approximate solutions are in fact exact solutions.
20General classes of dispersive equations are a bit harder to describe.
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and, respectively
0w+ Lu = f (264)

where L is the elliptic operator L = Zf =1 a'79,;0; verifying the ellipticity condition
(256)). One looks for solutions u = u(t,z), defined for t > t,, with the prescribed
initial condition,

u(to, z) = uo(z) (265)

on the hypersurface ¢t = ty. Strictly speaking this hypersurface is characteristic,
since the order of the equation is k = 2 and we cannot determine d?u at t = tg
directly from the equation. Yet this is not a serious problem; we can still determine
0?u formally by differentiating the equation with respect to d;. Thus, the initial
value problem , (resp. ) and is well posed, but in a slightly different
sense than for hyperbolic equations. For example the heat equation —d;u + Au is
only well posed for positive ¢ and ill posed for negative t. The heat equation may
also not have unique solutions for the IVP unless we make assumptions about how
fast the initial data is allowed to grow at infinity. One can also show that the only
characteristics of the equation are all of the form ¢ = ¢y and therefore para-
bolic equations are quite similar to elliptic equations. For, example, one can show,
consistent with our propagation of singularities principle, that if the coefficients a*
and f are smooth (or real analytic), then, even if the initial data uy may not be
smooth, the solution u must be smooth (or real analytic in ) for ¢ > 3. The heat
equation smoothes out initial conditions. It is for this reason that the heat equation
is useful in many applications. One often encounters diagonal systems of parabolic
equations, of the form

o’ — Lu' = fl(u,0u), w=(u',u? ... u")

with L as above. The system of equations , connected with the Ricci flow, is
of this form.

Dispersive PDE, of which the Schrédinger equation is a fundamental example,
are evolution equations which, in many respects, behave analogously to hyperbolic
PDEs (for instance, the initial value problem tends to be locally well-posed both
forward and backward in time). However, solutions to dispersive PDEs do not prop-
agate along characteristic surfaces, but instead move at speeds that are determined
by their spatial frequency; in general, high-frequency waves tend to propagate at
much greater speeds than low-frequency waves, eventually leading to a dispersion
of the solution into increasingly large areas of space. In fact the speed of prop-
agation of solutions is typically infinite. This behavior differs also from that of
parabolic equations, which tend to dissipate the high-frequency components of a
solution (sending them to zero) rather than dispersing them. In physics, disper-
sive equations arise in quantum mechanics, as the non-relativistic limit ¢ — oo of
relativistic equations, and also as approximations to model certain types of fluid
behavior. For instance, the Korteweg de Vries equation,

Opu + O2u = 6ud,u (266)

is a dispersive PDE which models the behavior of small-amplitude waves in a shal-
low canal.
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Remark: Elliptic and hyperbolic equations are the most robust, useful, classes
of PDE. Other important classes, such as parabolic and dispersive, can be inter-
preted as lying at the boundarieslﬂ of these two classes. A neat classification of all
equations into, elliptic, hyperbolic, parabolic and dispersive is unfortunately not
possible, even for second order linear equations in two space dimensions.

5.1. Special topics for linear equations. General theory has been most
successful in regard to linear equations . This is particularly true for linear
equations with constant coefficients, for which Fourier analysis provides an ex-
tremely powerful tool, and for general, linear, elliptic equations. The theory of
general linear elliptic and parabolic equations is also in good shape. We also have a
reasonably good theory for variable coefficients hyperbolic equationé?l7 though less
complete as in the elliptic case.

In connection with general linear equations we point out the existence of scalar,
linear, operators P and smooth functions f for which the equation Plu] = f may
have no solutions, in any domain 2 C R™. The Cauchy-Kowalewski theorem gives a
criterion for local solvability when f and the coefficients of P are real analytic, but
it is a remarkable phenomenon that when one allows f to be smooth rather than
real analytic, then serious obstructions to local solvability appear. For instance,
the Lewy operator
Plu)(t 0,y — i 2%
[ul(t,2) = S2(4,2) — i (1, 2)

defined on complex-valued functions v : R x C — C, has the property that the
equation Plu] = f is locally solvable for real analytic f, but not for “most” smooth
f. The Lewy operator is intimately connected to the tangential Cauchy-Riemann
complex on the Heisenberg group in C2, it shows in fact that such complexes fail,
in general, to be exact. In was discovered in the study of the restriction of the 2-
dimensional analogue of the Cauchy Riemann operator 0, see , to a quadric in
C2. The example has provided the starting point the theory of local local solvability
whose goal is to characterize linear equations which have the property of local
solvability. Today it remains an important, even though less active, area of research
in PDE.

As illustrated by the Lewy example, the theory of CR manifolds and the associated
tangential Cauchy-Riemann complex is another extremely rich source of examples
of interesting linear PDEs which do not fit in the standard classification. The
theory has its origin in the study of restrictions of the Cauchy-Riemann equations,
in higher dimensions, to real hypersurfaces, in particular boundaries pseudo-convex
domains. This study has led to the Laplacean [y, which was not elliptic but rather
hypoelliptic. A linear operator P is said to be hypoelliptic in a domain D if any

21 parabolic equations are singular, formal, limits of elliptic equations. Dispersive equations
can be regarded also as singular limits of hyperbolic equations.

22 Symmetric hyperbolic systems are suitable in the study of well-posedness and finite speed
of propagation, but not so useful for the more refined question of propagation of singularities. For
this goal one uses instead strictly hyperbolic systems or various definitions of hyperbolic systems
of higher multiplicity.
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solution to Plu] = f, with f infinitely differentiable, i.e. smooth, in D, is infinitely
differentiable id D.

Questions of unique continuation of solutions are also investigated by the general
theory. Unique continuation results concern ill posed problems where general exis-
tence may fail, yet uniqueness survives. A typical example is Holmgren’s theorem
mentioned above. It asserts, in the particular case of the wave equation, that, even
though the Cauchy problem for time-like hyper-surfaces is ill posed, if a solution
exists it must necessarily be unique. More precisely, assume that a solution u of
(??) is such that w and 0,u vanish along the hyperplane z = 0. Then u must
vanish identically in the whole space. Another fundamental example is that of ana-
lytic continuation: two complex-analytic functions on a connected domain D which
agree on a non-discrete set (such as a disk or an interval), must necessarily agree
everywhere on D. This fact can be viewed as a unique continuation result for the
Cauchy-Riemann equations ([15]). Ill posed problems appear naturally in connec-
tion to control theory which deals with unphysical, auxiliary, boundary conditions
which are introduced to guide solutions of the system to a desired state.

Besides the traditional questions of classification, local and global well-posedness
and solvability, propagation of singularities, and unique continuation of solutions,
there are other issues which are addressed by the general theory of linear PDE.
A very active area of investigation is spectral theory. There is no way I can even
begin to give an account of this theory, which is of fundamental importance not
only to Quantum Mechanics, and other physical theories, but also to geometry
and analytic number theory. A typical problem in spectral theory is to solve the
eigenvalue problem in R%, or a domain D C R¢,

— Au(z) + V(x)u(z) = du(z) (267)

that is to find the values A € R, called eigenvalues, for which there exist solutions
u(z), localized in space, i.e. bounded in the L?(R%) norm, called eigenfunctions.
The existence of an eigenfunction w implies that we can write solutions to the
Schrédinger equation,

0+ Ap— V=0 (268)

of the form ¢(t, z) = e~ u(z), called bound states of the physical system described
by . The eigenvalues A corresspond to the quanta energy levels of the system.
They are very sensitive to the choice of potential V. The distribution of the eigen-
values of the Laplace operator A in a domain D C R? depends on the geometry of
the domain D, this is the case, for example, of the very important Weyl asymptotic
formula. The inverse spectral problem is also important, can one determine the
potential V' from the knowledge of the corresponding eigenvalues ? The eigenvalue
problem can be studied in considerable generality by replacing the operator —A+V
with a general elliptic operator. More to the point is the study the eigenvalue prob-
lem for the Laplace-Beltrami operator associated to a Riemannian manifold. In the
particular case of two dimensional manifolds of constant negative Gauss curvature,
i.e. K = —1, this problem is important in number theory. A famous problem
in differential geometry is to characterize the metric on a 2-dimensional compact
manifold, from the spectral properties of the associated Laplace-Beltrami operator.
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Related to spectral theory, in a sense opposite to it, is scattering theory. Attempts
to formalize the intuition from quantum mechanics that a potential that is suitable
small or localized is typically unable to “trap” a quantum particle, which is therefore
likely to escape to infinity in a manner resembling that of a free particle. In the case
of equation , solutions that scatter are those that behave freely ast — oo. That
is, they behave like solutions to the free Schréodinger equation idy) + Ay = 0. A
typical problem in scattering theory is to show that, if V'(x) tends to zero sufficiently
fast as |x| — oo, all solutions, except the bound states, scatter as t — co.

5.2. Conclusions. In the analytic case, the Cauchy Kowalewsky theorem al-
lows us to solve, locally, the IVP for very general classes of PDE. We have a general
theory of characteristic hypersurfaces of PDE and understand in considerable gen-
erality how they relate to propagation of singularities. We can also distinguish, in
considerable generality, the fundamental classes of elliptic and hyperbolic equations
and can define general parabolic and dispersive equations. The IVP for a large class
of nonlinear hyperbolic systems can be solved locally in time, for sufficiently smooth
initial conditions. Similar, local in time, results hold for general classes of nonlinear
parabolic and dispersive equations. A lot more can be done for linear equations. We
have satisfactory results concerning regularity of solutions for elliptic and parabolic
equations and a good understanding of propagation of singularities for a large class
of hyperbolic equations. Some aspects of spectral theory and scattering theory and
problems of unique continuation can also be studied in considerable generality.

The main defect of the general theory concerns the passage from local to global.
Important global features of special equations are too subtle to fit into a too general
scheme; on the contrary each important PDE requires special treatment. This is
particularly true for nonlinear equations; the large time behavior of solutions is
very sensitive to the special features of the equation at hand. Moreover , general
points of view may obscure, through unnecessary technical complications, the main
properties of the important special cases. A useful general framework is one which
provides a simple and elegant treatment of a particular phenomenon, as is the case
of symmetric hyperbolic systems in connection to local well posedness and finite
speed of propagation. Yet symmetric hyperbolic systems turn out to be simply too
general for the study of more refined questions concerning the important examples
of hyperbolic equations.

Finally, as another shortcoming of the general theory of linear PDE, we have re-
marked earlier that hard problems in non-linear PDE are almost always connected
with specific linear problems. Yet, often, the linear problems which arise in this
way are rather very special and subtle and thus cannot be treated with the degree
of generality ( and it is not at all necessary that they should be ! ) one might
expect from a general theory.



CHAPTER 6

Equations Derived by the Variational Principle

1. Basic Notions

In this section we will discuss some basic examples of nonlinear wave equations
which arise variationally from a relativistic Lagrangian. The fundamental objects
of a relativistic field theory are

e Space-time (M, g) which consists of an n + 1 dimensional manifold M
and a Lorentz metric g; i.e . a nondegenerate quadratic form with signa-
ture (—1,1,...,1) defined on the tangent space at each point of M. We
denote the coordinates of a point in M by %, o =0,1,... ,n.

Throughout most of this chapter the space-time will in fact be the
simplest possible example - namely, the Minkowski space-time in which
the manifold is R"*! and the metric is given by

ds? = mypdr®da? = —dt* + (dw1)2 + o4 (da™)? (269)

with t = 29 m,s = diag(—1,1,...,1). Recall that any system of coordi-
nates for which the metric has the form is called inertial. Any two
inertial coordinate systems are related by Lorentz transformations.

e Collection of fields v = () @) ... ®) which can be scalars, ten-
sors, or some other geometric objectsﬂ such as spinors, defined on M.

e Lagrangian density L which is a scalar function on M depending only
on the tensorfields ¥ and the metricﬂ g.

We then define the corresponding action S to be the integral,
S=Skhg: U = / Ligldvg

u
where U is any relatively compact set of M. Here dvg denotes the volume element
generated by the metric g. More precisely, relative to a local system of coordinates

%, we have
dvg = /—gd2z’dz! - - - dz" = \/—gdx
with g the determinant of the matrix (gq3).

By a compact variation of a field ¢ we mean a smooth one-parameter family of
fields 1),y defined for s € (—¢,€) such that,

IFor simplicity we restrict ourselves to covariant tensors.
2as well as its inverse g !

165
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(1) At s = 0, ?/1(0) = 1/)
(2) At all points p € M\ U we have (5 = 9.

. _ R
Given such a variation we denote §v := ¢ := 12; )

o Thus, for small s,

sy = + s+ O(s)
A field v is said to be stationary with respect to S if, for any compact variation
(Y(s),U) of ¢, we have

=0
s=0

—-5(s)

where,
S(s) = S[ts), g U]

‘We write this in short hand notation as

Action Principle, also called the Variational Principle, states that an acceptable
solution of a physical system must be stationary with respect to a given Lagrangian
density called the Lagrangian of the system. The action principle allows us to derive
partial differential equations for the fields v called the Euler-Lagrange equations.
Here are some simple examples:

1. Scalar Field Equations :

One starts with the Lagrangian density
1
Lig] = — 58" 0,60, ~ V(@)
where ¢ is a complex scalar function defined on (M, g) and V(¢) a given real
function of ¢.

Given a compact variation (¢s,U) of ¢, we set S(s) = S[d(s), g;U]. Integration
by parts gives,

= [ 10,00, - V'(o)ily s
= | 00~V (@)ny
where (g is the D’Alembertian,

Ogt = <=0, (8" V=E0.9)

In view of the action principle and the arbitrariness of ng we infer that ¢ must satisfy
the following Euler-Lagrange equation

Og¢p — V'(¢) = 0, (270)
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Equation (270)) is called the scalar wave equation with potential V(¢).

CONFORMAL PROPERTIES 2. Wave Maps :

The wave map equations will be defined in the context of a space-time (M, g), a
Riemannian manifold N with metric h, and a mapping

¢:M —s N.

We recall that if X is a vectorfield on M then ¢, X is the vectorfield on NV defined
by ¢.X(f) = X(fo¢). If wis a l-form on N its pull-back ¢*w is the 1-form on M
defined by ¢*w(X) = w(¢.X), where X is an arbitrary vectorfield on M. Similarly
the pull-back of the metric A is the symmetric 2-covariant tensor on M defined by
the formula (¢*h)(X,Y) = h(¢. X, ¢.Y). In local coordinates 2 on M and y* on
N, if ¢* denotes the components of ¢ relative to y*, we have,

0p® Op® 09 0
(6" Mas®) = 92 00 h((p) = (o2, 0

where < -, - > denotes the Riemannian scalar product on N.

Consider the following Lagrangian density involving the map ¢,

L= —%Trg(qﬁ*h)

where Trg(¢*h) denotes the trace relative to g of ¢*h. In local coordinates,

1 e Og®
L[(b] = _7guyh¢1b(¢) a;f)ﬂ 8fu :

2

By definition wave maps are the stationary points of the corresponding action.
Thus by a a straightforward calculation,

d

0 = £S(S) 8:0211-‘1-[2 (271)
1 Ohap(d) o o w

I, = _§/ugw a;£¢>¢ 8,00, 0"/ —gda

L = - / & han(6) 0,070, 0° v/ ~gd
u

After integrating by parts, relabelling and using the symmetry in b, ¢, we can rewrite
I5 in the form,

8hab

0g°
a 1 ., (0h, Ohge .

= /u¢ (hab(¢)|jg¢b + §gﬂ (8(;5: + BYC ) 8u¢b8u¢ ) dvg

Also, relabelling indices

_ - iy a c
I 5 /ug 96 ¢ 0,0°0,,¢° dvg.

I, = /M * (hab((b)Dggbb—i-g‘“’ au¢cau¢b> dvg (272)
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Therefore,

0 = L +1
; 1 (0h oh oh
a “ D b b ., C UV ab ac be

/u¢ ("b 50" T 0u0°0,0"8 2<a¢c o>~ g ) ) Ve

; 1 Oh Ooh oh
a d b Coptv — 1 ds . sb sc be
/uaﬁ (hadljg(b + 04" 0,078 5 h™ haa <a¢c 5o 8¢8>)dvg

— / " haq (Ogd® + 9,0°0,¢°g" T'L.) dug
u

where I'{, = %hds (%};Sf %Zfbc - %Zb;) are the Christoffel symbols corresponding

to the Riemannian metric h. The arbitrariness of (;5 yields the following equation
for wave maps,

Dg(ba + Fgc guuau¢bay¢c =0 (273)
Example: Let N be a two dimensional Riemannian manifold endowed with a

metric h of the form,

ds* = dr® + f(r)?d6?
Let ¢ be a wave map from M to N with components ¢!, ¢?, relative to the r,0
coordinates. Then, T'}, = T3, =I'}, = I3, = 0 and T}, = —f'(r) f(r), T3, = L.
Therefore,

Og¢' = f'(r)f(r)g"8,6°0,¢°
_ )
Dg(bz - _f(T) gl 8u¢181/¢2

The equations of wave maps can be given a simpler formulation when NV is a sub-
manifold of the Euclidean space R™. In this case, the metric h is the Euclidean
metricﬁ so the first term in (271)) vanishes.

d op  0¢
_ aB ~_r
s=0 /Z,{ & <a$a ’ axﬁ >dvg

—8(s)
/ < O, ¢ > dug
u

ds

where (-, -) is the Euclidean scalar product and O the D’Alembertian operator on
M. Thus the Euler-Lagrange equations take the form,

(Bo(p)" =0 (274)
where T here means the projection onto the tangent space of N at ¢(p).
In the special case when N C R™ is a hypersurface, we can rewrite (274]) in a
more concrete form. Let v be the unit normal on N and k the second fundamental

form k(X,Y) = (Dxv,Y), with Dx the standard covariant derivative of Euclidean
space. The hypersurface N is defined (locally) as the level set of some real valued

3Use the standard coordinates of the ambient Euclidean space.
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/. Differentiating the equation f(¢(x)) = 0 with respect to local coordinates z* on
M yields 0 =< v(¢), 9,,¢ > along M. Hence,

0 = 0" <v(),0,¢ >=<U¢p,v>+g" < dv(¢), 0.9 >
= <0O¢,v>+g" < V4 gV ¢« (EL) >

Where ¢, (E,) = g%i 8?;1‘ is the pushforward of E,, = %. In particular, ¢.(E,) is

tangent to N. Therefore,

<O¢,v >= —k(¢«(EY), ¢«(Ea)) (275)

Thus the equation for wave maps becomes,
O¢ = —k(¢«(EY), ¢« (Ea)) v

In the case when N is the standard sphere S™~1 C R™, k(X,Y) = — < X,Y > and
the equation for wave maps becomes, in standard coordinates 2% in R™, v%(¢) = ¢%,

96 9o

O¢" = —¢"g™’ < 92 9B

3. Maxwell equations:

An electromagnetic field F is an exact two form on a four dimensional manifold
M. That is, F' is an antisymmetric tensor of rank two such that

F=dA (276)

where A is a one-form on M called a gauge potential or connection 1-form. Note
that A is not uniquely defined - indeed if x is an arbitrary scalar function then the
transformation

A— A= A+dy (277)

yields another gauge potential A for F. This degree of arbitrariness is called gauge
freedom, and the transformations (277)) are called gauge transformations.

The Lagrangian density for electromagnetic fields is
1 "
LIF] = _iFwF .

Any compact variation (Fi,,U) of F' can be written in terms of a compact variation
(As),U) of a gauge potential A, so that Fy) = dA. Write

. d . d
F=oFe|_» A=540

ds s=0 ds s=0
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so that relative to a coordinate system 2® we have F,, = 0,A, —0, A, and therefore
F,, =0,A, —0,A,. The action principle gives

d 1 .
= —_ = —— F F'u‘y
0 dSS(s) o 5 /M w1 dug
1

::_7L@Afﬁmem%

2
. . 1
= — | 0,A F"dvg = / A, <8y /—gF" ) dv
/Z/l M g u \/jg ( ) g
Note that the second factor in the integrand is just D, F*" where D is the covariant

derivative on M corresponding to g. Hence the Euler-Lagrange equations take the
form

D, F* =0. (278)
Together, (276) and (278]) constitute the Maxwell equations.

Exercise. Given a vector field X on M, show
1
D, X% = —0, (v—gX°
o (vex)
We can write the Maxwell equations in a more symmetric form by using the Hodge
dual of F,

1
T@:ieWWFW

and by noticing that (278)) is equivalent to d*F' = 0. The Maxwell equations then
take the form

dF =0, d’F =0 (279)
or, equivalently,
D, F*" =0, D, *F* =0 (280)

Note that since Lorentz transformations commute with both the Hodge dual and
exterior differentiation, the Lorentz invariance of the Maxwell equations is explicit

in .

Definition. Given X an arbitrary vector field, we can define the contractions
E, = (ixF), = X'F.
H, = (ixF), = X''F,,

called, respectively, the electric and magnetic components of F'. Note that both

these one-forms are perpendicular to X.

We specialize to the case when M is the Minkowski space and X = % = %. As

remarked, F, H are perpendicular to %, so Eg = Hy = 0. The spatial components
are by definition
E; = Fy

1 . 1 .
H; = TIy = 5 Soijk Fik = 5 ik Fi*
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We now use (279) to derive equations for E and H from above, which imply
D, F* = (281)
and (278)), respectively. Setting p = 0 in both equations of (280)) we derive,

OFE;, = 0, O0'H;=0 (282)
Setting 1 = 7 and observing that Fj; =&, HF, *Fij = — €ijk E* we write
0 = B, +dFy; =00Ei+ €y dH" =0,F; + (V x H),
0 = OH;— Cijk @Ek =0 H; — (V X E)z
Therefore,
oFE+VxH = 0 (283)
OH—-VXE = 0 (284)

Alongside ([283)) and (284) we can assign data at time ¢ = 0,
Ez(owr) = E'(O)a HZ(va) = HZ(O)

Exercise.  Show that the equations (282 are preserved by the time evolution

of the system (283))-(284). In other words if E(©), H(©) satisfy (282) then they are
satisfied by E, H for all times t € R.

4. Yang-Mills equations :

The Lagrangians of all classical field theories exhibit the symmetries of the space-
time. In addition to these space-time symmetries a Lagrangian can have symmetries
called internal symmetries of the field. A simple example is the complex scalar
Lagrangian,

L=~ 50,6056 — V(|6)

where ¢ is a complex valued scalar defined on the Minkowski space-time R™t!,
¢ its complex conjugate. We note that L is invariant under the transformations
¢ — €% with 0 a fixed real number. It is natural to ask whether the Lagrangian
can be modified to allow more general, local phase transformations of the form
p(z) — e?@p(z). Tt is easy to see that under such transformations, the La-
grangian fails to be invariant, due to the term maﬂamm‘ To obtain an in-
variant Lagrangian one replaces the derivatives 0,¢ by the covariant derivatives
D&A)da = ¢ o + 1A4¢ depending on a gauge potential A,. We can now easily check
that the new Lagrangian

1 _
L= —;m**DMeDLY 6~V (|4))

is invariant relative to the local transformations,
o(x*) — ew(x)¢(x°‘) , Ay — Ay —0,

called gauge transformations.
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Remark that the gauge transformations introduced above fit well with the definition
of the electromagnetic field F'. Indeed setting F' = dA we notice that F' is invariant.
This allows us to consider a more general Lagrangian which includes F,

1 1 7
L= *Z aﬁFaﬁ - imaﬂ(ﬁ,agﬁﬁ - V(|¢|)

called the Mazwell-Klein-Gordon Lagrangian.

The Yang-Mills Lagrangian is a natural generalization of the Maxwell-Klein-Gordon
Lagrangian to the case when the group SU(1), corresponding to the phase trans-
formations of the complex scalar ¢, is replaced by a more general Lie group G. In
this case the role of the gauge potential or connection 1-form is taken by a G valued
one form A = A,dx* defined on M. Here G is the Lie algebra of the Lie group G.
Let [-,-] its Lie bracket and < -,- > its Killing scalar product. Typically the Lie
group G is one of the classical groups of matrices, i.e. a subroup of either Mat(n,R)
or Mat(n,C). We pause briefly to recall some facts about the relavent Lie groups
and their Lie algebras.

(1) The orthogonal groups O(p,q). These are the groups of linear transfor-
mations of Re™ which preserve a given nondegenerate symmetric bilinear
form of signature p, ¢, p+ ¢ = n. We denote by R}, the corresponding
space. The case p = 0 is that of the Euclidean case, the group is then
simply denoted by O(n). The case p = 1,q = n is that of the Minkowski
space-time R™*!, the group O(1,n) is the Lorentz group. In general let
Q@ be the diagonal matrix whose first p diagonal elements are —1 and the
remaining ones are +1. Then,

O(p.q) = {L€Mat(n,R)|L"QL =Q}
= {L <€ Mat(n,R)|LMLT = M}

Note that for L € O(p, q), det(L) = +1.
Recall that the special orthogonal groups SO(p, q) are defined by

SO(p,q) = {L € O(p,q)[det L =1}.

They correspond to all orientation preserving isometries of Rj . Both
O(p, q) and SO(p, q) have as Lie algebraﬁ

so(p,q) = {A € Mat(n,R)|AQ + QAT = 0}.

and that dimg O(p, q) = dimgrSO(p, q) = n(n —1)/2. The Lie bracket for
so(p, q) is the usual Lie bracket of matrices, i.e. [A,B] = AB — BA and
we have the Jacobi identity

[A,[B,Cl|+[C,[A,B]]+ [B,[C,A]] =0 (285)

and its Killing scalar product < A, B >= —Tr(ABT) (where Tr is the
usual trace for matrices) enjoys the compatibility condition

< A,[B,Cl>=—-<[A,B]|,C> (286)

4Recall that the Lie algebra of a Lie group G is simply the tangent space to G at the origin.
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(2) The unitary groups U(p,q). These are the complex analogues of the
orthogonal groups. They are the groups of all linear transformations of
C™ which preserve a given nondegenerate hermitian bilinear form. Denote
by C} , the corresponding space. Then, with the matrix @) as above,

U(p,q) = {U € Mat(n,C) | U*QU = Q}
and,
SU(p,q) ={U € U(p,q) | detU = 1},
The corresponding Lie algebras are,

u(p,q) = {A€Mat(n,C)|AQ+ QA" =0},
su(p,q) = {A€U(p,q) |trmA =0},

where the trace trg A = Q% A;;. The Lie bracket is again the usual one for
matrices. The Killing scalar product is given by < A, B >= —Tr(AB*).
Remark also that dimgrU(p, ¢) = n?, dimrSU(p, q) = n* — 1.

In the Yang-Mills theory one is interested in compact Lie groups with a positive
definite Killing form. This is the case for the groups O(n), SO(n),U(n), SU(n).

In a given system of coordinates the connection 1-form A has the form, A,dz* and
we define the (gauge) covariant derivative of a G-valued tensor ¢ by

DMy =Dyt + A, 9] (287)

where D is the covariant derivative on M. Observe that (287) is invariant under
the following gauge transformations, for a given G-valued gauge potential A and a
G- valued tensor v,

v = U WU,  Ay=UT'AU+ (DU U (288)
with U € G.

Proposition 1.1.

Ay 7 - A
DMy = Ul(DLMp)U
— DAy

Proof : This just requires some patience. First we will show
D, (U'U) =U " (Dt + [, UMD U ) U
Indeed

D, (U 'WU) = (D,
U-
U-

U~ 1)wU+U (Datp) U+ Uy (DLU)
Y= U+ Do+ (DU U U
(D

! aw+ ,(DU)U)U
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as desired. Hence

D&A)JJ = Da'L/N) + [Aouizj}
= U (Dot + [0, U (DU N)]) + [UTT AU + (DU U, U U]
= U (Dot + [0, (DaU) U™ + [Aa, 9] + [U (DaU ') 0] U

= U (Dot + [Aa, ¥]) U = D§Vep

As in Riemmanian geometry, commuting two (gauge) covariant derivatives produces
a fundamental object called the curvature, here denoted by F

D.Dgy — DDy = [Fag, )] (289)

where the components F,g of the curvature can be deduced by the following
straightforward computation:

DaDﬁ’(/} = Da (D[ﬂﬁ) + [Aou Dtﬂb]
= D, (D51,ZJ+[Aﬁ,w])+[Aa,Dﬁ¢+[Aﬁ,¢]]
DaDﬁw + [DaAﬂﬂb] + [ABa Doﬂ“ + [AmDBw] + [Acw [Aﬁvw]]

So that
(D(XDB - DﬁDa) P o= [DaA,B - DBAou 1/)]
+ [AOH [AB’ w“ - [A,B’ [Aou'(/)]]
[[Aa,Asl¥]
Therefore,
F.sg = DuAs—DgA, + [Aa, Ag) (290)

We leave it to the reader to show that the curvature tensor F' is invariant under
gauge transformations. That is,

F (z U’lF(A)U> = F@
and that F' satisfies the Bianchi identity

D,Fs, +D,F.5+DgF, =0 (291)

We are finally ready to present the generalization of the Maxwell theory provided
by the Yang-Mills Lagrangian:

1
LAl = —3 <F FW > (292)
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We derive the Euler-Lagrange equations just as in the Maxwell theory,

d

1 . S _
= —5/ <DyAg —DgA, + [An, Ag] + [Aa,Ag],FO‘ﬁ >g dvg
u

1 .
=—= | <F,3,F*¥ >5d
=0 2/]/{ B g Ug

= —/ < D Ag, FOP > + < [Ay, Ag], F*P > dug
u

= / <A5,DaFaﬁ >g+<Ag, [Aa,Faﬁ] >g dvg
u

which implies
D, FH = (293)
Together, (291)) and (293) form the Yang-Mills equations.

Note that the equations are invariant under the group of gauge transformations.
A solution of the Yang-Mills equations, then, is an equivalence class of gauge-
equivalent potentials A, whose curvature F' satisfies (293)).

In our later treatment of Yang-Mills, we will almost always specify a representative
of a solution’s equivalence class by imposing additional constraints - called gauge
conditions - on A. There are three standard ways of doing this, each yielding its
own rendition of the Yang-Mills equations with its own faults and advantages:

e Coulomb Gauge is defined by,
ViAi(t,x) =0 (t,z) € R™! (294)
To simplify notation, first write (293) in terms of the current J.

DPF.5 = J, = —[A®, F, 4] (295)

When oo =0 allows us to write as
Jo = 0'Fyi = 0" (0pA; — 0i Ao + [Ag, Ai]) — AAg + 9'[Ag, Aj]
giving us for the time component of A:

AAy =2[0;A0, A;] + [Ao, 0: As) + [Ai, [Ao, Aj]] (296)

When a =1, reads
Ji = =0+ Fy; = -0, (0; Ao + [Ai, Ao]) + & (0:A; — 0;A; + [Ay, Aj])

and after simplifying,

0A4;, = —0:0;A0—2 [Aj, 8JAZ] + [Aj, (KZAJ} + [8tAi,Aj]
+2[Ag, 04 Ai] — [Ao, 0;Ao] — [Aj, [Aj, A]] + [Ao, [Ao, Ai]]  (297)

e Lorentz Gauge is specified by,
OHA,(t,x) =0 (t,x) € R (298)
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Appealing in its symmetric treatment of the time and space components
of A, , the Lorentz gauge also allows (293) to be written as a system of
wave equations:
D’F,5 = DP (0,45 — 9544 + [Aa, As])
= —OA, +0°[Aa, Ap] + [Ap, 0aAp] — [AP, 05 A0] + [As, [Aa, A7

The system can be written schematically in the form
0¢ = & 09+ ¢

Again, it is not at all clear that one can transform an arbitrary solution
into the Lorentz gauge. In addition, we will have a hard time finding good
estimates for this purely hyperbolic system of nonlinear wave equations.

e Temporal Gauge is specified by the condition Ay = 0.

5. The Einstein Field Equations:

According to the general relativistic variational principle the space-time metric g
is itself stationary relative to an action,

S:/Ldvg.
u

Here U is a relatively compact domain of (M, g) and L, the Lagrangian, is assumed
to be a scalar function on M whose dependence on the metric should involve no
more than two derivativesﬂ It is also assumed to depend on the matterfields ¢ =
W p() 4hP) present in our space-time.

In fact we write,

S=8c+S8um
with,
SG = /Lgdvg
u
SM = /LMd’Ug
u

denoting, respectively, the actions for the gravitational field and matter. The mat-
ter Lagrangian L); depends only on the matterfields v, assumed to be covariant
tensorfields, and the inverse of the space-time metric g®® which appears in the
contraction of the tensorfields ¢ in order to produce the scalar Lj;. It may also
depend on additional positive definite metrics which are not to be varied H

5In fact we only require that the corrsponding Euler-Lagrange equations should involve no
more than two derivatives of the metric.

6This is the case of the metric h in the case of wave maps or the Killing scalar product in
the case of the Yang-Mills equations.
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Now the only possible candidate for the gravitational Lagrangian L¢, which should
be a scalar invariant of the metric with the property that the corresponding Euler-
Lagrange equations involve at most two derivatives of the metric, is givenﬂ by the
scalar curvature R. Therefore we set,

Lc = R.

Consider now a compact variation (gs),U) of the metric g. Let g, = %glw|s:0.
Thus for small s, g,,,,(s) = g + 58 + O(s?). Also, gh”(s) = gh” — sgh” + O(s?)

where gt = ga#gf’"g(,ﬁ. Then,
- :/Rdvg+/Rdz}g
s=0 u u

. 1.
dvg = §g“ 8, dvg

d
£SG(S)

Now,

Indeed, relative to a coordinate system, dvg = /—gdz%dz? ... dz"™ Thus, the above
equality follows from,

& =g gap,
with g the determinant of g,3. On the other hand, writing R = g"”R,,, and using

= —gh we calculate, R = —g" R, +g‘“’RW. Therefore,

the formula %gﬁs s=0

d
£SG(5)

1 . >
_0: _ / (RHV — ig‘“’R)gm,dvg +/ guyR#ud/Ug (299)
s= u u

To calculate RW we make use of the following Lemma,

Lemma 1.2. Let g,,(s) be a family of space-time metrics with g(0) = g and
Lg(0) =g. Set also, LRas(s)|s=0 = Rag. Then,

RW = DaFZu - D;tfgu
where T is the tensor,

a)\(

. 1 . . .
By = 58" (Dp&ya + Dygan — D.gsy)

Proof: Since both sides of the identity are tensors it suffices to prove the formula
at a point p relative to a particular system of coordinates for which the Christoffel
symbols I' vanish at p. Relative to such a coordinate system the Ricci tensor has
the form R, = D,I'};, —D,I'g,. ]

Returning to 1' we find that since g“”RW can be written as a space-time di-
vergence of a tensor compactly supported in U the corresponding integral vanishes
identically. We therefore infer that,

d
£SG(5)

- _ / EXg,,, dug (300)
s=0 U

7up to an additive constant
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where E#” = R* — %gWR. We now consider the variation of the action integral
Sy with respect to the metric. As remarked before Lj; depends on the metric g
through its inverse g”. Therefore if we denote Sy/(s) = Sas[), g(s); U] we have,
writing dvg = %gwg’“’dvg,

d OL
—S = - 1Y (] Lydi
ds m(s) s=0 /L,Bg/“’g Ve Jr/u Mg
OLy 1 o
= _/u(@gw — 58ular)g" dvg

Definition. The symmetric tensor,

OLy 1 I
@ - igm/ M

is called the energy-momentum tensor of the action Sy;.

Ty = —

With this definition we write,

d
—S
ds ()

_ / T, dug (301)
s=0 u

Finally, combining [300] with 30T} we derive for the total action S,

d .
Pl /M(E’“’ — TH)g . dug

£S(s)

Since g, is an arbitrary symmetric 2-tensor compactly supported in U we derive
the Finstein field equation,

EXY — T

Recall that the Einstein tensor E satisfies the twice contracted Bianchi identity,
D"E,, =0

This implies that the energy-momentum tensor T is also divergenceless,

D, TH =0 (302)

which is the concise, space-time expression for the law of conservation of energy-
momentum of the matter-fields.

2. The energy-momentum tensor

The conservation law (302)) is a fundamental property of a matterfield. We now
turn to a more direct derivation.
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We consider an arbitrary Lagrangian field theory with stationary solution . Let
®, be the one-parameter group of local diffeomorphisms generated by a given vec-
torfield X. We shall use the flow ® to vary the fields ¢ according to

gs — ((I)S)*g
¢s = ((I).s)*w
From the invariance of the action integral under diffeomorphisms,
S(s) = S[Ys,85s M] = Sn [, g; M.

So that

0S .

0 = —S(s) = —dvg + | THg,, dug (303)
s=0 M (5TZ) M

The first term is clearly zero, ¥ being a stationary solution. In the second term,

which represents variations with respect to the metric, we have

. d
Suv = %(gS)HV

0: Lxguw =D,X, +D, X,

s=

Therefore
0 - / Tuyﬁngydvg - 2/ THVDJ/X“dvg = 72\/’ DUTHVX#dUg
M M M
As X was arbitrary, we conclude
D, TH = 0. (304)
This is again the law of conservation of energy-momentum.

We list below the energy-momentum tensors of the field theories discussed before.
We leave it to the reader to carry out the calculations using the definition.

(1) The energy-momentum for the scalar field equation is,

1

1
Tap = 3 (fb,acb,ﬁ - §gaﬂ(gw¢,u¢,v + 2V(¢))>

(2) The energy-momentum for wave maps is given by,

1 1 v
Taﬂ = 5 (< Qj),aa(b,ﬂ > _§gaﬁ(gu < (b’li’d)v” >))

where < , > denotes the Riemannian inner product on the target mani-
fold.
(3) The energy-momentum tensor for the Maxwell equations is,

: 1 v
Tap = Fi'Fpu — 1 8ap(Fu ™)
(4) The energy-momentum tensor for the Yang-Mills equations is,
1
Taﬂ =< F&M,Fgﬂ > —Zga5(< FIU,,F’W >)

An acceptable notion of the energy-momentum tensor T must satisfy the following
properties in addition of the conservation law (304)),
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(1) T is symmetric
(2) T satisfies the positive energy condition that is, T(X,Y) > 0, for any
future directed time-like vectors X, Y.

The symmetry property is automatic in our construction. The following proposition
asserts that the energy-momentum tensors of the field theories described above
satisfy the positive energy condition.

Proposition 2.1. The energy-momentum tensor of the scalar wave equation sat-
isfies the positive energy condition if V' is positive. The energy- momentum tensors
for the wave maps, Mazwell equations and Yang-Mills satisfy the positive energy
condition.

Proof : To prove the positivity conditions consider two vectors X,Y, at some
point p € M, which are both causal future oriented. The plane spanned by X,Y
intersects the null cone at p along two null directionsﬂ Let L, L be the two future
directed null vectors corresponding to the two complementary null directions and
normalized by the condition
<L,L>=-2
i.e. they form a null pair. Since the vectorfields X,Y are linear combinations
with positive coefficients of L, L, the proposition will follow from showing that
T(L,L) >0, T(L,L) > 0 and T(L,L) > 0. To show this we consider a frame at
p formed by the vectorfields F, 1) = L, E,y = L and E(yy,. .., E—1) with the
properties,
< E(i),E(n) >=< E(i)7E(n+1) >=0
and
< Eq), By >= 045
foralli,j=1,...,n— 1. A frame with these properties is called a null frame.

(1) We now calculate, in the case of the wave equation,

T(LL) = LB
T(L. L) =%ﬂ@?

which are clearly non-negative. Now,

T(L,L) = § [L(O)L(6) + (5" 6 46 + 2V (6))]

and we aim to express g"¢ ,¢ , relative to our null frame. To do this,
observe that relative to the null frame the only nonvanishing components
of the metric g, are,

Intnin)=—2 , gu=11i=1...,n—1
and those of the inverse metric ¢ are
1

gt =

81f X,Y are linearly dependent any plane passing through their common direction will do.
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Therefore,
9" 6 = —L($)L(6) + Vo[

where

Vo> = (E)(9))* + (E@)(8)* + ... Egi_1)(8)*.

Therefore,
T(L,L) = IV + V(6).

For wave maps we have, according to the same calculation.

T(E,B) = 5 <B©)B6)>
T(E.E) = 5 <B6),B(0)>
T(B.E) = 33 <Bo(@) (o) >

The positivity of 7" is then a consequence of the Riemannian metric A on
the target manifold N.

To show positivity for the energy momentum tensor of the Maxwell equa-
tions in 3 4+ 1 dimensions we first write the tensor in the more symmetric
form

Top = (Fu ”Fg# + ', “*Fg#) (305)

1
2
where *F' is the Hodge dual of F, i.e. *F,g = % Eapuw FH.
Exercise. Check formula .

We introduce the following null decomposition of F at every point
peM,

o = Fay ) ay = Fa3
1 1

= —F = —*F .

P 534 ) g o 134

which completely determines the tensor F. Here the indices A = 1,2
correspond to the directions F'1, F5 tangent to the sphere while the indices
3,4 correspond to E3 = L and E4 = L. We then calculate that for *F,

Fag=—"aa= Faz = "ay

Fzy =20 ; “Fzq = —2p

where o4 =€ap ap. Here € 45 is the volume form on the unit sphere,
hence € 4= % € AB34, 1.6, €11=Eg9= 0, €10= —€o; = 1. With this
notation we calculate,

T(Ewy,Ew) =

DN | =
]

1
(F4A - Fua+ i Fya - *F4A)
1

b
N

(aA o+ *OzA . *OéA)

DN =
hS
=

2
= ZaA-aA:|a|220.
A=1
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Similarly,

2
T(E@), Eg)) = ZQA cay=lal*>0
A=1

and in the same vein we find
T(E,E)=p*+0>>0

which proves our assertion.

(4) The positivity of the energy-momentum tensor of the Yang- Mills equa-
tions is proved in precisely the same manner as for the Maxwell equations,
using the positivity of the Killing scalar product < -,- >g.

Another important property which the energy momentum tensor of a field theory
may satisfy is the trace free condition, that is

gas T = 0.
It turns out that this condition is satisfied by all field theories which are conformally

invariant.

Definition. A field theory is said to be conformally invariant if the corresponding
action integral is invariant under conformal transformations of the metric

gas — gaﬁ = anﬁ
Q a positive smooth function on the space-time.

Proposition 2.2. The energy momentum tensor T of a conformally invariant field
theory is traceless.

Proof: Consider an arbitrary smooth function f compactly supported in U C M.
Consider the following variation of a given metric g,

guu(-s) = esfguw

Let S(s) = Sy, g(s)]. In view of the covariance of S we have S(s) = S(0). Hence,

d L.
0= %S(s)|szo = /MT“ & dug

where

= fguw
s=0

. d
Bur = %guu(s)

Hence, fu (T"g,.) fdvg = 0 and since f is arbitrary we infer that,
trl = g1, =0.
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We can easily check that the Maxwell and the Yang-Mills equations are conformally
invariant in 3 x 1-dimensions. The wave maps field theory is conformally invariant
in dimension 1+ 1, i.e. if the space-time M is two—dimensiona]ﬂ

Remark: The action integral of the Maxwell equations, S = fu FogF O‘fgdvg is
conformally invariant in any dimension provided that we also scale the electro-
magnetic field F. Indeed if .5 = Q%gap then dvg = Q" 1dvg and if we also set
Fag -0 ap we get

S[F, g]

/Faﬁﬁ"y(sga’ygﬁédvé

/FangggMgﬂ‘;dvg
= SI[F,g].

We finish this section with a simple observation concerning conformal field theories
in 141 dimensions. We specialize in fact to the Minkowski space R'*! and consider
the local conservation law, 0*T,,, = 0. Setting v = 0,1 we derive

PToo +0'To; =0, Ty +0'T1; =0 (306)

Since the energy-momentum tensor is trace-free, we get Too = T1; = A, say. Set
To1 = Ti9 = B. Therefore (??) implies that both A and B satisfy the linear
homogeneous wave equation;

0A =0 = OB. (307)

Using this observation it is is easy to prove that smooth initial data remain smooth
for all time.

For example, wave maps are conformally invariant in dimension 1+ 1. In this case
1
A = Ty = 3 (< 019, 010 > + < 009, 0up >),

Given data in C§°(R), (307) implies that the derivatives of ¢ remain smooth for all
positive times. This proves global existence.

3. Conservation Laws

The energy-momentum tensor of a field theory is intimately connected with con-
servations laws. This connection is seen through Noether’s principle,

Noether’s Principle: To any one-parameter group of transformations preserving
the action there corresponds a conservation law.

9Similarly for the linear scalar wave equation
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We illustrate this fundamental principle as follows: Let S = S, g] be the action
integral of the fields . Let x; be a l-parameter group of isometries of M, i.e.,

(xt)+g = g. Then
S[(xt)«, 8] = S[(xt)+¥, (xt)«8]
= Sk, gl

Thus the action is preserved under ) — (x¢)«%. In view of Noether’s Principle we
ought to find a conservation law for the corresponding Euler-Lagrange equationﬂ
We derive these laws using the Killing vectorfield X which generates y;.

We begin with a general calculation involving the energy-momentum tensor T of
and an arbitrary vectorfield X. P the one-form obtained by contracting T with X.

P, =TusX"

Since T is symmetric and divergence-free

1
D“P, = (D°Tap) X"+ Tus (DXP) = §Ta5 X rros
where (X )’R'aﬁ is the deformation tensor of X.
(X)Trag = (ﬁxg)aﬁ =D,Xg+DgX,

Notation.  We denote the backward light cone with vertex p = (£,z) € R**! by

N-(tz)={(t,z) [0 <t < |z —z| =t t}.

The restriction of this set to some time interval [t1,ts], t1 < ta < ¥, will be written

/\/'[;1 ta] (t,7). These null hypersurfaces are null boundaries of,
Itz = {(te)]|0<t<tlz—z|<t-1t}
T3 = {t2) [ta <t <tis|z—z| <t -1}

We shall denote by S; = S;(¢,z) and B; = By(t, Z) the intersection of the time slice
Y; with N, respectively J .
At each point ¢ = (t,z) along N~ (p) , we define the null pair (E4, E_) of future
oriented null vectors
L=F, = 8t+w8i, L:E—:at_gai
|z — Z| |z — Z|

Observe that both L, L are null and < L, L >= —2.

The following is a simple consequence of Stoke’s theorem, in the following form.

10 The same argument holds for conformal isometries acting on a conformally invariant field
theory. We therefore also expect conservation laws in such a setting.
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Proposition 3.1. Let P, be a one-form satisfying O*P, = F. Theﬂ for all

th <ty <t,
woy+ [ ey = f
N[;1>t’2](p) B 7/1%2

J,
/N[_ o (P,E_) =/: dt/st (P, E_)da.

t1,t2]

(P,0)) — / Fdtdz (308)
Tliy,101(P)

to tq

where,

Applying this proposition to Stoke’s theorem to (308|) we get

Theorem 3.2. Let T be the energy-momentum tensor associated to a field theory
and X an arbitrary vector field. Then

/BT(at,X)—l—/i T(E_,X) = /B T(9,, X) (309)

to [tl’le(p) t

- T X7 sdtd
‘7[;1«t2](p)

In the particular case when X is Killing, its deformation tensor 7 vanishes identi-
cally. Thus,

Corollary 3.3. If X is a killing vectorfield,
[ rex+ [ rwx- [ r0.x) (310)
B (p) B

N "
Moreover (310) remains valid if T is traceless and X is conformal Killing.

t2 [t1,t2]

The identity is usually applied to time-like future-oriented Killing vectorfields
X in which case the positive energy condition for T insures that all integrands in
will be positive. We know that (see appendix up to a Lorentz transfor-
mation the only Killing, future oriented timelike vectorfield is a constant multiple

of 9;. Choosing X = 9; (310) becomes,
/ T(at,at)+/ T(E_,0,) :/ (9, 0, (311)
Bu, Ny oy ®)

By,
In the case of a conformal field theory we can pick X to be the future timelike,
conformal Killing vectorfield X = Ky = (t2 + |2|?)d; + 2t2°0;. Thus,

T(0,, Ko) +/ )

T(L, Ko) = / (0, Ko) (312)
N[t1>f«2](p)

By, By,

In (311)) the term T(0;, 9;) is called energy density while T(E_, 0;) is called energy
fluz density. The corresponding integrals are called energy contained in By, , and

HThe brackets (-,-) in (308) denote inner product with respect to the Minkowski metric.
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B, and, respectively, flux of energy through N ~. The coresponding terms in ([312)
are called conformal energy densities, fluxes etc.

Equation (311]) can be used to derive the following fundamental properties of rela-
tivistic field theories.

(1) Finite propagation speed
(2) Uniqueness of the Cauchy problem

Proof : The first property follows from the fact that, if [ B, T(d;, 0) is zero at
31
time ¢ = ¢; then both integrals [, T(d;,0;) and [~ T(E_,d;) must vanish
2 [t1,

t2]
also. In view of the positivity properties of the T it follows that the corresponding

integrands must also vanish. Taking into account the specific form of T, in a
particular theory, one can then show that the fields do also vanish in the domain
of influence of the ball B;,. Conversely, if the initial data for the fields vanish in
the complement of By, , the the fields are identically zero in the complement of the
domain of influence of of By, .

The proof of the second property follows immediately from the first for a linear
field theory. For a nonlinear theory one has to work a little more. [ |

Exercise 1. Formulate an initial value problem for each of the field theories we
have encountered so far, scalar wave equation (SWE), Wave Maps (WM), Maxwell
equations (ME) and Yang-Mills (YM). Proof uniqueness of solutions to the initial
value problem, for smooth solutions.

The following is another important consequence of (311]) and (312]). To state the
results we introduce the following quantities,

E) = / T (04, 0%) (t,z)dx (313)
E(t) = / T (Ko,0)) (1, 2)da (314)
Theorem 3.4 (Global Energy). For an arbitrary field theory, if £(0) < oo, then
E(t) =&(0) (315)
Moreover, for a conformal field theory, if £.(0) < oo,
£.(t) = £.(0) (316)

Proof: Follows easily by applying (311)) and (312) to past causal domains J~ (p)
with p = (£,0) between ¢; = 0 and ¢3 = ¢ and letting ¢ — +o00. [ |

Exercise 2. Consider the Lagrangian,

L= —5m®0,605 — V(|6])
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where ¢ is a complex valued scalar defined on the Minkowski space-time R**!, ¢
its complex conjugate. As noted before L is invariant under the continuous group
of transformations ¢ — e¢ with # € R. According to Noether’s theorem the
corresponding Euler-Lagrange equation should have a conservation law. Can you
derive it ?

3.5. Energy dispersion in the conformal invariant case. In this section
we shall make use of the global conformal energy identity to show how energy
dissipates for a filed theories in Minkowski space. Consider a conformal field theory
defined on all of R**1. At each point of R**!, with ¢t > 0, define the standard null
frame where

L:E+ = 8t+ar
L=E_ = 0;,—0,.

Observe that the conformal Killing vectorfield Ko = (t* + 72)d; + 2rtd, can be
expressed in the form,

1
KO = 5 [(t =+ T)2E+ + (t — ’I")ZE_.}
Thus,
1 1
£.(1) = / L+ T+ (6= P T+ (¢4 1)P + (= 1)°) Ty do,
RTL
2(t241r2)
1 2 1 2 2 1 2
= . Z(t‘f’?") T+++§(t +7r )T+7 +1(t—7") T,,dif (317)
E.(0) = T(0;, Ko)(0, z)dx = / || T (0, 0y )da
]Rn n

According to ([316)) we have E.(t) = £.(0). Assuming that £.(0) = [5., [z[*T (8, O;)dx
is finite we conclude that,

T++ (ta )dl‘ 5 12
]Rn

/ T+—(t7 )dm 5

The remaining term in (317)) contains the factor (¢ — r)? which is constant along
outgoing null directions r = t + ¢. Hence for any 0 < e < 1

/ T _ = 0?2
2] > (1+)t

/ T = o)
|z]<(1—e)t

We conclude that most of the energy of a conformal field is carried by the T__
component and propagates near the light cone.
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3.6. The case of ¢ = 0. The wave equation (¢ = 0 is conformal invariant in
dimension n = 1. However we can still derive useful conservation laws corresponding
to conformal Killing vectorfields in any dimension.

Lemma 3.7. Let Top = Toplg] the corresponding energy momentum tensor to a

solution of O¢ = 0. Let X be a conformal Killing vectorfield, i.e. m = g =

Lxm = Qm, and trr = maﬁﬂag. It is easy to check that OO = 0; in fact, in the

particular case of X = Ky, Q =4(n+ 1)t. Let
n

_ -1 _
Py = TupX? + ————trr¢dath — 8”

A(n+1) maa(tm)(bQ'

We have, -
0*P, = 0.

Now consider the null pair L = 9; + 0,, L = 9; — 0, as in the previous section. We
easily check,

Q(L,L) = L(¢) (318)
Q(L,L) = [y (319)
Q(L,L) = L(¢)° (320)

where [Vo| = 37, [ea(¢)|* with (e4) 4
orthogonal complement of L, L.

1,.. n—1 an orthonormal frame spanning the
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CHAPTER 7

Decay estimates

Consider the standard wave equation in Minkowski space R"*!

O¢ = 0. (321)
The canonical, inertial, coordinates in R"*! are denoted by z#, u = 0,1, ... ,n rela-
tive to which the Minkowski metric takes the diagonal form m,,,, = diag(—1,1,...,1).
We have 2° =t and x = (z',... ,2") denote the spatial coordinates. We make use

of the standard summation convention over repeted indices and those concerning
raising and lowering the indices of vectors and tensors. In particular, if z, = my 2",
we have rg = —t and x; = 2%, i = 1,... ,n. We denote by ¥;, the spacelike hyper-
planes t = to. The wave operator is defined by 0 = m®#9,5 = —0? + >, 02, We
study the initial value problem,

¢(0= CE) = f($)7 at(b(Ow%') = g(l‘) (322)

For convenience we denote ¢[0] = (f, D~1g) with D! the pseudodifferential oper-
ator with symbol |¢|71. Let,

B0 = [ (100 + 3 010)da (323

be the total energy of ¢ at time t. The conservation law for the energy is,

E[9](t) = E[](0) (324)

As a consequence we have the energy inequalities, for all s > 0,

106() |2 @) < | 09(0) [ 112 @y

The energy identity can be proved both by the geometric techniques discussed in
the previous sections, involving only integration by parts, or by the Fourier method,

using Plancherel formula together with the Fourier representation formula,
n . N sint|§| .
o) = (2n) " [ <(costlelr (© + @) (o29)
Remark 0.8. The standard Sobolev embedding H*(R™) C L*(R"™), for s > %
allows us to get L> bounds of solutions to (321]) without using the explicit repre-

sentation. This procedure generalizes to nonlinear equations and plays an important
role in the proof of the local existence theorem.

Proposition 0.9 (Dispersive inequality). The solutions to (321)), (322)) verify,
_n—1
o)l < clt ™ =101 242 (326)

2
1,1

191
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n+1

with By} the Besov space slightly larger than W"%‘l7 1. More precisely,

n4+1
A1l s ~ > 22X P o ey
i1 keZ

Exercise. Show that the inequality (326] follows from its frequency localized
version. In other words show that it suffices to prove the following inequality,

—1

p(t) | Lo < clt| ™ [|[0] || 1 (327)

for initial data f, g whose Fourier transforms are localized to % <|gl <2

Proof The standard proof of (326]) is based on the method of stationary phase
applied to the representation n odd dimensions one can prove a related form
of the dispersive estimate using the spherical means representation of solutions.
This is particularly easy to do for n = 3. We shall later discuss a derivation of
which avoids any representation formulas. [ ]

Remark 0.10. The dispersive inequality provides two types of information. The
first concerns the precise decay rate of ||¢(t)||L~ as ¢ — oo while the second pro-
vides information about the regularity properties of ||¢(¢)||ze for ¢ > 0. As far as
improved regularity is concerned the estimate gains, for t > 0, ”7_1 derivatives
when compared to the Sobolev embedding L>(R™) Cc Whm(R").

In many applications, especially to nonlinear equations, is not very useful.
A more effective procedure to derive the asymptotic properties of solutions of the
wave equation is based on generalized energy estimates, obtained by the commuting
vectorfields method, together with global Sobolev inequalities. In what follows
we review the commuting vectorfields method for deriving the above decay rate
estimate. The idea is to use the energy identity together with the vectorfields
which commute with the wave operator [0 and and a global version of the classical
Sobolev inequalities We refer the reader to [?] and [?] for details.

The Minkowski space-time R™*! is equipped, see appendix with a family of
Killing and conformal Killing vector fields, the translations T, = 0, Lorentz ro-
tations L, = x,0, — ,0,, scaling S = t0; + 2°0; and the inverted translations
K, = —22,8+ <z, > J,. Recall that 2#, denote the standard variables 20 =t
z',. .., 2", and z, = my,2”. The Killing vector fields T,, and L,,, commute with
O while S preserves the space of solutions in the sense that ¢ = 0 implies (IS¢ = 0
as [0, S] = 20. One can split the operators L,,, into the angular rotation operators
(O = x;0; — x;0; and the boosts L = 2,0, + t0;, for i,5,k = 1,... ,n. Recall
the energy expression in . Based on the commutation properties described
above we define the following “generalized energies ”

Eildl= Y EIX;,Xi,.. X, ¢l (328)

Kiy s X



7. DECAY ESTIMATES 193

with the sum taken over 0 < j < k and over all Killing vector fields T, L, as well
as the scaling vector field S. The crucial point of the commuting vectorﬁeld method
is that the quantities Ej, k > 1 are conserved by solutions to . Therefore, if,

> [a+leD 2’“<|V’““f( P+ [Vg(a >|2)d:c<o <o (320)

0<k<s

then for all ¢, Es[¢](t) < Cs. The desired decay estimates of solutions to (321]) can
now be derived from the following global version of the Sobolev inequalities ( see

7], [7]):
Theorem 0.11 (Global Sobolev). Let ¢ be an arbitrary function in R+ such that
E,[¢] is finite for some integer s > 5. Then,

06(t,2)] S (L+ ¢+ )T (L4t —[al) 2 sup E,[](t)
0<t'<s (330)

for all t > 0. Therefore if the data f,qg in (321) satisfy with s > 5, then for
allt >0,

1
(Lt+|z) = 1+t —|z|))2

96(t 7)) S (331)

Remark 0.12. Clearly this estimate, whose proof is purely geometri(ﬂ implies the
decay properties given by the dispersive inequality (326]). In fact it provides more
information outside the wave zone |x| ~ ¢t which fit very well with the expected
propagation properties of the linear equation ¢ = 0. On the other hand, as
is really a global version of the Sobolev inequality, it seems that the estimates of
the Proposition have no bearing on the improved regularity features of .
This is however not quite true as we shall see, later.

Proof We only sketch the main ideas of the proof below. Consider the canonical
null pair Ly = d; + 0,,, an associated null frame eq,...e,_1,¢, = L_, €541 = L
as well as the angular vectorfields, A; = 9; — 7£0,.. Clearly,

D Aol S Vel S D14l

where [Vo|* = 5275 [ei(9)]*. Also,
1000 + > |Aig] S [Vo| < 10r0] + ) |Aid|
We can also easily check the following simple algebraic identities,

(t+r)Ly+(t—r)L-) = S
(t+r)Ly —(t—7)L_) = Z |x|
o= L g

tOij = a?iLj — .’lﬁjLi

N — N~

In particular it does not require any explicit representation of solutions
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From the first two identities we easily derive,

L o(t, )| S P67
1

[L-o(t,z)| < = al] To(t, )| (332)
with 16| = [S¢| + [Lol.
1
Vot 2)l S S ITe(t )] (333)
Clearly, we also have,
1
0¢(t, )| < To(t, )|
|t — L]
or, more generally,
¥ 6(t,2)| £ ——— DV o(t. ) (334)
|t =l

where [TV¢| = S|y ... T'n¢| with T'y, ...,y any of the vectorfields S, Ly, ... L.

Combining the above inequalities with the definition of our norms we derive

tE B2 < T L2@m)
Vel < T2 @)
[uE_o@®)ll2 < T L2@m)

where u = |t — |z|| It remains to derive sup-norm estimates from the L? estimates
above.

Proposition 0.13. Let O¢ = 0 with initial data verifying the assumptions above.
Then, for allt >0, s > 5
1, =1 S
o)l < (;) ? 2o ()| L2 @) (335)

I+ [uD)* 0" (B~ < (1 )' > T o)l ey (336)

Also,

HTH s+1

) 2T () || 22w
n+1

) 7 I o ()| L2 vy

n—1
) 7 T (1)l 2 ny

| E+o(t)||l e < (
Vo)~ < (
(1 + [ul) E_p(t) || < (

Sl S N e S A
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The proof is based on the following Lemma

Lemma 0.14. Let u(x) be a smooth, compactly supported function on R™, n > 2.
We have,

u(z)] < C| |,1L i (Ila ull g+ [1(rY)" "0, UHL1> (337)

Proposition 0.15 ( see[?]). The commuting vectorfields method implies the dis-
persive inequality (326]).

Proof Without loss of generality we may assume that J;¢ = g = 0 and that the
Fourier transform of f = ¢(0) is supported in the shell % < €] < 2\ for some
A € 2N, By a simple scaling argument we may in fact assume A\ = 1. For such
initial conditions, with Fourier supports restricted to 1/2 < |¢] < 2, it suffices to
prove,

el S A+ )T || fll 21 m)

Since (;Aﬁ, the Fourier transform of ¢ relative to the space variables z, is also supported
in the same shell it suffices to prove the estimates for V¢ instead of ¢.

Next we cover R™ by an union of discs Dy centered at points I € Z™ with integer
coordinates such that each Dj intersects at most a finite number ¢, of discs D
with ¢, depending only on the dimension n. Consider a smooth partition of unity
(x1)1ez~ with supp x; C Dy and each x; positive. Clearly we can arrange to have,
for all &,

> IVExi(@)] < Crom (338)

Iezn

uniformly in # € R”, with a constant C,, ; depending only on n and k. Now

set, fr = x1 - f, and ¢; the corresponding solution to (321) with data ¢;(0) =
f1,0:01(0) = 0. Clearly f =5, fr, & =>_; ¢1. It suffices to prove that for all I,

n+k+1

VRl S A +6)77F > 1D filla (339)

3=0
Indeed if (339) holds true we easily infer that,

n+k+1

IVEp(t) | Lo ZHV% @)= < (1 ZZHD%HU
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In view of (338 we have,

Sl = Dipanln £ 3 / DD f(w)|da
I

I 0<i<j
= ¥ [ (Zpu@nip @i
0<i<y
S D anl D ey Sl e
0<i<y
Hence,
_n-1
V¥l S <Q+8777 [ flleien)
as desired.

It therefore remains to check (339)). Without loss of generality, by performing a
space translation, we may assume that I = 0. Applying the proposition to
b = Vg we derive, for s, the first integer strictly larger than 4
_n—1
[@)[e < c(1+1)"72 Es*[%]( )

< e(L+1)777 By [¢o](0).

Since the support of ¢q is included in in the ball of radius 1 centered at the origin
we have,

)

Sx+1

B, [0](0) < Cu > 1D fo| 2

7=0
Finally, according to the standard Sobolev inequality in R", ||fllz2 < ¢V f| 11,
we conclude with,

n+2

[Pz < el +1)~ Z ID7 foll 2

as desired.



CHAPTER 8

Strichartz Inequalities

Strichartz inequalities are an important tool in the study of linear and nonlinear
wave equations. They are intimately tied to restriction theorems. In this chapter
we shall only consider the case of the standard linear wave equation. Similar in-
equalities hold true however for linear dispersive equations such as the Schrodinger,
linear KdV etc.

0.15.1. Homogeneous wave equation. Consider solutions u = u(t,z),t € R,z €
R™ to the equation

Ou = F, (340)
U(O, 1') = f(l')v atu(oa SU) = g(x)a (341)
with O the wave operator O = —d?u + A. Clearly, a solution to eqrefeq:genwave

can be written as a superposition between a solution to the homogeneous wave
equation,

Ou = 0, (342)

verifying the initial condition (341) at time ¢ = 0, and a solution to the purely
inhomogeneous wave equation

Ou=F, (343)
with zero initial data
u(0,2) =0, Opu(z,0)=0.

We denote by W (t)h the fundamental solution of the homogeneous problem (342)),
i.e. u(t,x) = (W(t)h)(x) is the unique solution of (B42) which verifies the initial
conditions

w(0,2) =0, Owu(0,2) = h(x)

By Duhamel’s principle any solution of the inhomogeneous equation can itself be
written as a superposition of solutions to the homogeneous equation according to
the formula,

u(t) = /Ot W(t—t)F(t)dt', (344)

Before stating the main result of this section we make the following definition.

197
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Definition 0.16. We say that the pair of real numbers (g, r) is an admissible wave
pair if they satisfy the conditions

q

2 1 1

. < (n-1) (2 - r) )
(¢g,m,n) # (2,00,3).

Y
N

We are now ready to state the following.

Theorem 0.17. Suppose that n > 2 and (q,r) is a wave admissible pairH with
r < 00.

(1) Assume the dimensional condition, %—I—% = 5 —. Then, if u verifies the
homogeneous equation (342)) with initial conditions (341)),

lullpgry + llullpee gy + 10ullpo gz S Il + 19l 22 (345)

(2) Assume the dimensional conditionﬂ % t+tr=5-—9= % + 5 — 2, with ¢’
dual to g and v dual to r. Then, if u verifies the purely inhomogeneous
problem with zero initial conditions, then on a finite time interval
[0,T7]:

[ull La(o,77;2) + ||u||C([07T];H‘V) + ||8t“|‘c([o,T];Hv—1) S ”F”Lq/([O,T];LT')(346)

(3) We also have the following more general version of for admissible

pairs (q1,71), (q2,72) with r1,m9 < 0o verifying the dimensional condition,

1 n n 1 n
—t =g y=ot 2
g 2 qy Ty

Then,

||UHL‘11([0,T];LT1) + HUHC([O,T];H“f) + HatuHC([o,T];Hv—l) 5 HFHL‘?%([O,T];L“z)
(347)

Remark 0.18. For n > 4, the region of admissable exponents corresponds to a
quadrilateral OEPQ in the plane (1/¢,1/r) with vertices O = (1/00,1/0), E =
(1/00,1/2), P = (1/2,2(’;7__31)) and @ = (1/2,1/00). When n = 3 the point P
coincides with @ and the region reduces to the triangle OFEQ. When n = 2 we have

a smaller triangle OEQ2 where Q2 = (1/4,1/00).

For n = 3, the boundary of the triangular region is allowed except for the endpoint
P. For n > 4, the boundary of the quadrilateral region is entirely allowed, as we
will note below.

The interesting cases are the ones on the segment EP and the ones on P(Q close
to P, since all the others can be deduced from these using Sobolev embeddings.
The point E corresponds to the energy estimates. There are counterexamples that

1The case when r = oo can also be included provided that we modify the spaces on the left
of the estimates below to appropriate Besov spaces.
2Thus, in fact, y=1/2.
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FIGURE 1. Admissable exponents for n > 4

o

172

1/q

exclude the point P when n = 3, while the inclusion of P in higher dimensions were
recently obtained by Keel and Tao [K-TJ.

The standard Strichartz estimateﬂ corresponds to the point S = (2(’;;11), 2&7111))

Remark 0.19. We remark that in even though the end-point case n = 3,q =
0o, r = 2 is forbidden, the estimates holds in the spherically symmetric case. Indeed
let ¢ be a solution of the homogeneous wave equation ¢ = 0 in R3*! subject to
the initial conditions

6(0,2) =0, 9,6(0,2) = f(x)
and assume that f is spherically symmetric i.e. f(z) = f(|z|). Then,

/0 1600, )2 sy < ] £ (348)

The proof is an immediate consequence of the Hardy-Littlewood maximal theorenﬁ
in view of the fact that, for spherically symmetric f,

¢ |z|+t
st =S [ A dn
|z I
Remark 0.20. We give an elementary example below to illustrate how the end
point result n = 3, g = oo, = 2 fails in the general case due to possible concentra-
tions along null rays. We show below that there exists a sequence of functions f,
in C§°(R3), with ||f,|/z2 = 1 such that for the corresponding solutions ¢y,

/ | (t,,0,0)|? dt > n. (349)
0

3i.e. the one actually proved by Strichartz.
4This is obviously so in the region r < ¢t while for » > t the argument is elementary.
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assume by contradiction that in fact, J = [;° ¢(t,t,0,0)p(t)dt < C for all f €
Cs°(R3) with || f||zz = 1 and some ¢ € S(R),¢ # 0. In view of the formula (see
section on the fundamental solution of [J in R3*1),

ot x) = (4m) 1t / Fla+1€) de
[€]=1
we find that,

J = (4m)! / T A+ Dol v ) () dy

or, changing the variables z = y + (|y|,0,0)

2
J = (4n)71 / Zl—lf(z)go(%)dz <ec.
z1>0

Since f is an arbitrary C§°(R3) function, ||f||z2 = 1, we must have that,
1 2P

o Lofi)

Z1 221

is in L?(R3.) which is false whenever ¢ # 0. In fact,

1 /|2 / 1 9 /°° 9 /’T sin 0
— —|dz = —_— dy = 27 A ——df
/Ri 77 (5) A rEa ALl Sl A e,

diverges logarithmically if ¢ Z 0.

0.21. Fourier representation of solutions. We can solve the homogeneous
problem by the Fourier method. To recall, If we apply the Fourier transform
with respect to the space variables, the initial value problem , becomes
a Cauchy problem for an ordinary differential equation:

dfu+l¢ffu=0, a(0,&)=f(§), au(0,) =y(&),

which can be solved explicitly:

t,€) = cos (1)) (6) + sn e T (350)
Thus the fundamental solution W (¢)h, defined above, takes the form,
i) = [ oSN s o e
W) = [ et (351)

By Duhamel principle, see (344]), the general solution of the inhomogeneou equation
Ou = F can be expressed in the form,

u(t) = W) f + W(t)g + /0 W(t — s)F(s)ds. (352)

let D = (=A)'/2 be the operator whose symbol in Fourier space is given by |¢|.
Observe that,

(DWO)(@) = (WODH@) = [ ewesintiehfe)de

Since sin ¢|¢] and cos t|¢] are bounded the operators 9, W (t) and DW (¢) map H*(R™)
in itself. In particular, solutions wu of (342), (341) preserves the (Sobolev) regularity
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of the initial data f and g. More precisely, If f, D~'g € H® for some s € R, then
u(t), D~t0;u(t) € H* uniformly for t € R. We can also write,

[ullpge sy +10ull oo gz S Il + N9l -1

which provides the easy part of estimateﬂ (345)). Therefore to prove (345)) it suffices
to prove,

lullpery < I llg + gl (353)

for and wave admissible pair (g, 7).

We also remark that,

OWBhlz) = [ e cos(tleDhl€)ie
and,

D'W(t)h(z) = / ) eiw'f‘“)ﬁ“ﬁ(g)dg

We can rewrite (350|) as
t,€) = e"FIfr(E) + e (g,
where f* = % (f + D’lg). It follows that u = u* + u~ where
wt = [ f g
Observe that to prove (353)) it suffices to prove,

I llcay < 1 g (354)

and a similar estimate for f—.

0.22. Energy estimates. We will derive a simple L? estimate for general
solutions of (Ju = F' by integration by parts. It all follows from the simple algebraic
identity:

- %6t(|3tu|2 +|Vul?) + &(Oudsu) = Oyu - F (355)

where |Vul? = > (iu)® and 9; = 0,:. Integrating with respect to z, and
assuming that u and its derivatives vanis}ﬁ at infinity we derive,

5‘t/ ((Ow)? + |Vul?)da = 2 Opu - Fdx
n Rn
Thus integrating in ¢,
t
1Bru®)]1Z2 + IVu®)||72 < [18:u(0)]1Z2 + [IVu(0)[|72 + 2/ dyu - Fdxds
O R?L
5 Another derivation, based on energy identities, is given in the next subsection.

6This can easily be justified by the finite propagation speed property of solutions to the wave
equation
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which we rewrite, with |Ou|? = [9,u|? + |Vul?,

t
|0u(t)||22 = ||0u(0)]|22 + 2/ Ou - Fdxds. (356)
0o Jre

In particular, applying Holder,

t
[ou(®)][Z < 0u(0)[I7 +2/0 10ru(s) || 2| F'(s)]| L2 ds

from which we derive the inhomogeneous energy estimate,
T
sup [0u(t)] 2 S 10u(O)12+ [ |F()]1ads (357)
te[0,T] 0

Now let D? be the operator D® = (—A)S/ 2 whose symbol in Fourier space is given
by |£]°. Since D* commutes with [J we easily derive,

10D u(t) 22 = 19D u(0) 22 + 2 / 9,Du - D* Fda
]Rn
We can write, using Plancherel with respect to the = variables,

0yD*u - D°Fdx = 0, D*u - Fdx,
]Rn R?’L

Therefore, by Holder, in the slab Dp = [0,T] x R™,

sup [|0D*u(t)|72 < 0D w(0)| 72 + 2D**0pull Ly o) |1 Fll o v ()

t€[0,T]
Choosing s = —1 we infer that,
i 10D~ 2u(t)|Z2 < 19D~ 2u(0)1Z2 + 21D~ vl gy o) | Fll 15 1t oy
€lo, x

We apply this energy estimate to solution of the inhomogeneous problem (0.15.1))
with zero initial conditions. We also assume that the dimensional condition 7 + % =

== % + 75 — 2 is verified. That implies v = 1. We thus have,

sup [|0D~2u(t)|7. < 2D Ol Ly o) |

te[0,T) Ly (Pr)

Assume for a moment that we can prove the estimate,

HD_latU”LgL;(DT) SIE (358)

Ly Ly (Dr)
Then,

sup 0D~ 2u(t)l|z> SN F | o,
te[0,T) Li Ly (Pr)

which is equivalent to,

sup (||U(t)||m) + ||8tu||m,1)) S ||F||Lq’([o,T];LW)
te[0,T]

thus proving half of estimate (346[). Therefore the inhomogeneous estimate (346))
reduces to proving,

lull Lao.riery + 1D Brull oqo,riery S NN par oy (359)
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0.23. Homogenous Case. In this section we prove estimate (354]) and thus
complete the proof for the homogeneous Strichartz estimate of theorem Using
the space-time Fourier transform, i.e. Fourier transform with respect to both ¢ and
z,

Ui (1,6) = 8(7 — [E)f4(6),  u-(7,) = —0(r + [N~ (€), (360)
These are the components of @ living on the forward null cone Cy = {7 = [¢|} and
on the backward null cone C_ = {7 = —|£|}, respectively. Thus we can interpret

(354) from the point of view of a restriction theorem for the half light cones Cy or

C_. We next show that it suffices to prove ([354) for the case when f is included
in fixed dyadic piece. More precisely, dropping the label + it suffices to show that,

luillegry < 2% llee (361)

~

where vt =Y, s ufl, uf = Pout, fif = PyfT and Py the standard LP projec-
tions with respect to the spatial variables x.

To show that (362) implies (354]) is highly nontriviaﬂ as we need to rely on corollary
adapted to the mixed norms L L” with both ¢ and r larger than 2. Thus,

let o, £ S M ey S SS2F AR 015 e
kEZ kEZ

Finally we observe, using a simple scaling argument, that (362]) follows from,

lug oy < 1o Nee (362)

We now define the truncated cone operator C to be the operator

Cf(tx) = / el ey () f(€)de, (363)

where y is a cut-off function supported in 1.2 < |£] < 2, such as the one used in
the definition of the LP projections, see (116)). The operator C' can be viewed as
the adjoint of the restriction of the Fourier transform to a truncated cone,

C*F(€) = x(6) F(Kl.9)
Estimate (362) is an immediate consequence of the following theorem.

Theorem 0.24. Let (q,7), (q1,71), (g2, 72) be admissable pairs of exponents. Then
we have the estimates

ICfllLarr S Iflles (364)
and also

ICC*Fllpo e SIFI, (365)

A A
d2 772"
¢ La

Composing C with C* we derive,

CO*F(t,z) =~ / )€ B (6) 2 F (s, y)dsdyde,

"Without using corollary we would only derive a weaker estimate with the Besov norm
B; ; replacing H” norm on the right.
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which can be rewritten as the convolution
CCHF(t,-) = / Ut — s)F(s,-)ds, (366)
with the evolution operator

U(t)f(x) = / (UIE+ 0y ()2 f(€)de. (367)

(Observe that U is essentially the same operator as C'!) By the TT* principle, we
know that the estimate (364) is equivalent to the following estimate for CC*,

ICC™FllLge, S IFI (368)

’
q vl
Lt Lz

which is also equivalent to the polarized form . Thus, to prove the theorem it
suffices to prove . As in the second proof of the restriction theorem presented
in the previous section to prove we need to prove the following properties for
the evolution operators U (t).

Proposition 0.25. Let x (&) be a fivred C3°(R™) function supported in 1/2 < |£] < 2
and,

UOf() = [ OO i) (369)
Then,

WOl S Cliflle (370)

@ fllee < QA+ )™= [1f]l (371)

from which, interpolating, for all 2 < r < oo,
n—1

WOl S A+~ DSl (372)

Moreover, if in addition, x = x, is supported in a cube of size p, then (371)) can
be strengthened to

WU flloe S p+ )~ [|flle (373)

Proof We prove directly the stronger version (373]). We only need to check (?7?).
We write,

Ut f =Ko« f, Kix)= / eIy ()de

It suffices to show that,

1
[Ke(2)| S v
(14 [t + [])
In the regions |x| < |t|/2 and |z| > 2|t| we integrate by parts k times with respect to
148 , .
the operator L = —i ), %Qﬁ such that L(e!@€¢+tED) = i(=-&+tED  We also

make use of the straightforward estimate, [0gx,.(£)] < p1el to derive, |Ki(z)| <

(1+[t))~*u"=* or, choosing k = 251,

[Ki()] S (L+1t])

_n—1 nt1
2

poE
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On the other hand, in the region [¢| = |z|, we write, with B(|£|) vanishing on the
support of h,,

1+2,LL . .
Kiw) = [ et [ e (oo
1-2p [§[=X
We now need to rely on the following estimate,
sup | [ @ Eh(€)do(§)| S (14 Ja)) 7T (374)
1/2<x<2 Jigl=x

which follows easily from the decay of the Fourier transform of measures supported
on S"~! discussed in the previous section, see lemma Therefore, for |t| ~ |z,

n—1
K (2)] S p(1+[])™ 2 S p(+ ¢

as desired. m

_n—1
2

We are now ready to prove (368]) by following the same argument as in the second
proof of the restriction theorem. Indeed, in view of (366) and (372)) we derive,

+o0
ICC Pl £ [ i) T OIFG) s (379
— 00
where v(r) = —251(1 — 2). We are now precisely in the same situation as in the

second proof of the restriction theorem, see the argument following formula (202]).
If 0 < y(r) < 1 we can apply the Hardy-Littlewood-Sobolev inequality to obtain

1CC Flligiy S 1Fl ey,

when —v(r) + 14+ 1/q = 1/¢/, hence v(r) = 2/q. This proves (362)), and thus
theorem in the case 0 < y(r) =2/q < 1. If ¢ = 2 and y(r) > 1 we have from

375,
ICC Fllzzry SNF L2y

by an application of the standard Hausdorff-Young inequality.

Finally, if 2/q < 1 and «(r) > 2/q the result follows from the case v(r) = 2/q using
Sobolev inequalities. Due to the fact that one of the principal curvatures of the
light cone vanishes, the Strichartz estimates for the wave equation is not as strong
as it could be. Using the improved dispersive estimate we can however derive
a stronger statement ,which is very useful in applications.

Proposition 0.26. Let 0 < < 1. Let f be an L? function with Fourier transform
supported in a cube of size p at a distance 1 from the origin. Let (q,r) be an
admissable pair of exponents for the Strichartz estimates. Then

ICfllory S G f 2. (376)

The proof is based on the improved dispersive estimate (373). Interpolating it with
(370) we derive,

_2 _n-ly_2
IO Al S w7 F @+ )= 2 fl
The proof the continues exactly as above to derive,

_2
ICC* Fllzry, S w7 IF | g s
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and therefore, by the 77" argument, ||Cf[/paz, < u(%7%)||f||Lz, as desired. As a
straightforward corollary to the proposition we derive:

Theorem 0.27. Consider a general solution of Ou = 0 with data f,g supported,
in Fourier space, on a cube of size p situated in a dyadic shell of size A, with X
much larger than wu, say A > 8u. Then,

_2
lull oz < w' =7 (Il + 11l g1) (377)

Proof The proof follows easily by a scaling argument from the proposition above.
B

Finally we state below another result, which follows easily from the decay estimate
1371).

Theorem 0.28. Let u be a free wave, i.e. solution of the homogeneous equation
Ou = 0, with initial data (f,g). Then,

_n—1 ntl n-1
lu@lz= S 10757 3 (A F Ul + 27 lgalln)
g2z

_n-1
01757 (11 e + gl 02

The uniform decay rate |t|*anl, for large t, plays a very important role in the study
of nonlinear perturbations of the standard wave equation.

0.29. Inhomogeneous Strichartz estimates. We have already reduced the
inhomogeneous Strichartz estimate of theorem to estimate ro—
ceeding as in the case of the homogeneous estimates we can now reduce (359) to
the case when the spatial Fourier transform of F' is supported in the unit dyadic
ring 1/2 < |¢| < 2. Moreover, decomposing u as before in the + parts it suffices to
prove the estimates separately for uy and u_. Therefore we need to prove,

||u+|L'1([0,T];LT) + ||D715tu+||Lq([o,T];L7‘) N HF”LQ’([O,T];LT') (378)
We have,
t
wi(l) = /U(t—s)F(s,-)ds
0
t
D oy (t,) = DU (t — s)F(s,-)ds

0
Since, in view of the dyadic restriction, 9;D~1U(t) ~ U(t) it suffices to prove
the estimate for |[u™|Le(jo, 77,y Clearly, u™ differs from CC*F in only by
the restriction of the interval of integration to [0,t]. In view of this fact we write
uy = (CC*)gF. We are thus led to the following theorem, from which and
thus (346)).

Theorem 0.30. Let U(t) defined as in (369) and let

(CCYpF(t,) = /0 Ut — s)F(s, )ds
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Then, for all admissible pairs (q1,71), (g2,72),

ICC)RF g e oy S 1F ot 1ot gy (379)

Proof The proof is straightforward in the case (q1,71) = (g2,72) = (g, 7). Indeed
in this case we can simply repeat the proof of estimate and just take into
account the limits of integration. We have also treated the case when ¢; = oo,
r1 = 2, see the subsection on energy estimates. The other non-diagonal case cases
are a little more difficult and will be treated in the more general abstract setting
discuss later in this section. The proof we have given covers however the most
interesting case of estimate . We have thus given complete proofs for the first
two parts of theorem [0.17] [ ]

0.31. Necessity of the admissibility conditions. To understand what is
the optimal range of exponents ¢ and r we consider the analog of the Knapp coun-
terexample in the context of the truncated cone operator C' defined in (363]).

For some small § > 0, let
D={{eR":[& —1] <1/2,¢| <},
and consider f = yp. We have

C’f(tm):ei(t—&-m)/ IS+ (61D g
D

and observe that | /‘2

§ 2
fl—6 = $é
= 1€l + &1

We can then choose a region of space-time R defined by
<672 lt+alSL Jo/| S0

such that, when (¢,z) € R and £ € D, then the oscillatory factor inside the last
integral can be treated as a constant. Hence, |Cf(¢,x)| 2 |D| for (¢,z) € R and we
have

Hcf”LfL; > |D|||XR||L§L; N 5%1734171.
Ifllgz ™~ |DJ/2
In the limit 6 — 0, an estimate of the form will necessarily imply that ¢ and
r satisfy the condition

Sg(nfl) (;1) (380)

r

The other restriction on the range for ¢, i.e. ¢ > 2 is a consequence of the invari-
ance of the operator CC™* under time translations. Indeed for translation invariant
operators we have the following general result due to Hérmander, [?].

Proposition 0.32. Let T : LP(R™) — LY(R"™) be a (non trivial) linear operator
which commutes with translations, in the sense that (T'f) o1, = T(f o1,), where
Ty(x) =z +vy, forx,y € R". If T is bounded from LP to L7 then we necessarily
have ¢ > p.
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The proof is based on the following lemma.
Lemma 0.33. Let f € LP(R™), then

m || f + forylLe = 2" L
|y|—o0

Proof For every R > 0 counsider the decomposition f = gr + hr, where gg(xz) =
f(z) if |z] < R and 0 if |z| > R, and hg(z) = 0 if |2| < R and f(x) if |z| > R.
Then

Aim |lgrlze = [1fllLe, |hr|lLe = 0.
— 00

For R = |y|/2 we have

lim
R— o0

f+fory=gr+groTy +hr+hromy.
The functions gr and ggr o 7, have disjoint supports, so that

lgr + 9r o Tylls = llgrlzs + lgr © 7yllLe = 2llgrlZs

while
lim ||hr + hroTyller < lim 2|hg|r =0,

hence

lim ||f+forlle = lim 2"7|gg|L =27 f] Lr.
y|—o0 y|—o0

Proof [Proof of Proposition [0.32] Let C' > 0 be the optimal constant for the
estimate

ITfllze < Clfllee, VS e L.

Then by linearity and the translation invariance,
ITf+(Tf)oryllLa < CIIf + fomyller
When |y| — oo, applying the lemma we obtain
2T Lo < C2Y7||f|lLs, ¥F € LP.

The optimality of C' implies that 25 > 1, hence ¢ > p. [ ]

The proposition generalizes easily to vector valued LP spaces and if we consider
CC* as an operator from L7 (R; L") to LY(R; L"), then we must have ¢ > ¢/,
which is the condition ¢ > 2.

0.34. A general, abstract framework. It turns out that the method of
proving Strichartz estimates described above applies to many other equations, such
as Schrodinger, KAV etc. It thus pays to have a general framework which applies
to all these cases.

Let (X, du) be a measure space and H a Hilbert space. Consider a family (U(t)),.g
of operators U(t) : H — L?(X), which describes the evolution of some system with
data in H. We assume that this evolution satisfies the following two properties:
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e for all t € R and f € H we have the energy estimate:

U@ fllezx) S I f1 s (381)
e for all t # s and g € L'(X) we have the dispersive inequality:
[UGU*(s)gllzeex) S 1t = s llgllzr(x), (382)

for some o > 0.

Interpolating between (381)) and (382)) we obtain the estimate
IUOT*($)gllrx) S 1t =517 Nlgll o x), (383)

Y(r) =0 <1—i>~

Theorem 0.35. If the evolution operator U(t) satisfies (381) and (382), then the
estimates

for r > 2, where

U@ flleary, < I1flle, (384)
hold for all q,r > 2 verifing:
2
7 =0 (@7%) # (2,00,1). (385)

Remark 0.36. This form of the Strichartz inequalities applies to linear dispersive
equations such as Schrodinger.

Proof If we consider the operator T : H — L{ L% defined by T'f(¢t,x) = (U(t) f)(z)

then it is easy to verify that the dual of T is the operator T* : LZ,Lgé — H given
by T*F = [U*(s)F(s,-)ds. By the TT* method, (384) is then equivalent to the
estimate

”/U(t)U*(S)F(S)dS”LfLS( SIEN e - (386)

By duality and symmetry considerations, this is in turn equivalent to

[BE,G)| SNy o 1G] o s (387)
where B(F,G) is the bilinear form
B(F,GQ) = // (U*()F(t),U"(s)G(s))dtds. (388)
s<t
From the bilinear version of (383) we have that
F t ! v
Bra) < [ PO GOy o 559)
|t — 3|’Y(7)

If v(r) < 1, we can apply the Hardy-Littlewood-Sobolev inequality and obtain
(387). This concludes the proof for the cases ¢ = 2/v(r) > 2.

The endpoint case, corresponding to v(r) = 2/q = 1, is allowed when r < co. Its
proof will be described in the next section. [ ]
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Remark 0.37. If we strengthen the dispersive condition (382)) to

[UOU(s)gll=x) S L+ 1t = s)""llgllrx), (390)
then (389)) can be improved to
F)| .~ |G o
(1+ [t —s|)7™

Now we can obtain (387) from Young’s inequality when 2/¢ = 1/p and (1 +
t))=(") € LP(R), i.e. y(r)p > 1. Hence, (390) allows us to extend the Strichartz

estimates ([384)) in Theorem to the range

2

g < ’7(7”)7 (q7 T, ’70) 7& (2, o0, 1) (392)
This case applies to the linear wave equations.

Remark 0.38. We observe that there is a natural scaling associated to the objects
in this abstract formulation. More precisely, the estimates (384)) in Theorem W
are invariant under the change of scale defined by

Ut) < Ut/N), U™(s) < U(s/N),  dp=N°dp,  (f,g)m < X°(f, g>1(1- |
393

We can also consider the endpoint case.

_ 2%
-1
This, in fact, is more difficult than the previous non-endpoint case, and requires
a two-parameter estimate which is better than the one-parameter family given by

the interpolation (383). This proof is presented in the previously mentioned paper
by Keel and Tao, “Endpoint Strichartz Estimates”. We omit it here.

q=2, ’70>1.

0.39. Inhomogeneous estimates. Saying that an operator T' maps the Hilbert
space H into L{L", is equivalent to saying that its dual 7* maps Lg/LTX/ into H,
and is also equivalent to saying that the T7T™* operator maps L?L;é into L{L% . If
the pair (g, r) is allowed to vary in a set E of admissable exponents, we can view
TT* as a composition of two operators associated with different pairs of exponents.
It follows that TT* actually satisfies a larger set of mapping properties, since it

maps Lf,Lg(/ into L{ L%, for any couple of pairs (¢,7),(q,7) € E.

The operator T'f(t) = U(t) f defined in the previous subsection can be viewed as the
solution of some homogenous, translation invariant, linear evolution equation. The
solution of the corresponding inhomogenoues problem, using Duhamel’s principle,
would be represented by the retarded operator

RF(t) = / U(t)U*(s)F(s)ds.
s<t
Observe that operator R looks very similar to the TT™* operator, which is given by

TTF(t) = / U)U* (s)F (s)ds.
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The restriction s < t in the definition of R, however, destroys the composition
structure of TT*. Fortunately, all the mapping properties of T'T"*, which we have
derived above, can be transfered to R.

Theorem 0.40. The operator R maps L?Lg; into L{L", for any couple of pairs
(g,7),(q,7) for which the Strichartz estimate holds.

Proof First of all observe that in the proof of theorem [0.35] we have actually
proved the diagonal case (q,r) = (g, ~) Indeed, the bilinear form defined in
can be written as B(F,G) = [[ R(F) - Gdzdt and ( is the dual formulatlon of
the mapping property for R.

The non diagonal cases with % + % < 1 follow from the mapping properties of T7T*
by using a general argument about integral operators due to Christ and Kiselev
(see [] and []) which we summarize in Proposition below.

It remains to consider the cases with ¢ = § = 2 and r # 7, under the assumption
that the evolution U (t) satisfies the stronger dispersive inequality with vo > 1.
Since, we have already proved the case r = 7, by interpolation it is enough to
consider the extreme case: r = r, = 2% 5 — oo, and show that

Yo—17
IB(E,G) S NFN e Gz -

L2L -

This estimate follows by decomposing B(F,G) into dyadic pieces, B = Z)\€2Z B,
where

Br6) - [ (U* (1) F(1), U ()G(s)) dtds, (394)
A/2<|t—s|<2A
The desired conclusion follows immediately from the lemma below. [ ]

Lemma 0.41. Let By\(F,G) be the bilinear form defined in (394). Then, there
exists an € > 0 such that

|BA(F, Q)| S min XA FNE, o G e

L2L ‘

Proof We may assume that F and G are supported on disjoint time intervals of
length O(\) separated by a distance O(A). Then By(F,G) = (T*F,T*G)y. We
use the energy estimate to bound ||T*F||g and the Strichartz estimate with ¢ = 2
and r = oo to bound || T*G||p, so that

[BA(F,G) S I F ez NGz, -

We then apply Holder inequality and use the assumption on the support of F' to
obtain

|BA(F,G)| S N[ Fllzz22 1G] Lo, -

We can also write B\(F,G) = [[[ F(t U*(s)G(s)dzdsdt and make use of the
dispersive inequality,

IBA(F,G) S (L + ) Fllpap |Gllpr oo, -
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Again, we apply Holder inequality and use the assumption on the support of F' and

G to obtain \
|BA(F, G)| m||FHL§L§(”G”LfL§('

Hence, B) is bounded on L?L% x L?L% with constant A'/2 and on L?L% x L?L}%

with constant . By standard interpolation of L? spaces we obtain that B)

A
[(ESVED)
is bounded on LZL' x L?L% with constant C, where

A =01 9 1-9 2,
S \JC N (- =y 2 =20
O (1+ A)o e R T v

Simplyfing the expression we find that

)\’YZ()+1
o . _1y¢
CA:1+)\§m1n{)\,)\ } ,

with

1 1 -1 1
8:min{70+ ,1—704_ }:70 =—>0.
2% 2% 27 T
]

0.41.1. Integral operators with restricted kernel. In this subsection we give a self
contained exposition of the results of Christ-Kisselev mentioned above. Consider
an integral operator with a measurable kernel K (s, t),

74) = [ Ks.0f(s)ds,
R
and its restricted version associated with the kernel K (s,t)x(s < t),

Rf(t) = K(s,t)f(s)ds.

s<t

If T maps L? into L? and 1 < p < ¢ < oo then we have that R also maps L? into
L49. An equivalent formulation of this fact is given in the following proposition.

Proposition 0.42. Let K(s,t) be a measurable function on R x R. Let B(f,g) be
the bilinear form with kernel K,

B(f.9) = [[ K(s.0f(s)at0)dsat,
and E(f, g) the bilinear form with kernel restricted to the region s < t,
Bif.o) = [[  Kisofegs,

s<t
Let p,q > 1, with the condition

1 1

-+ ->1 (395)

p q
If B is bounded on LP x L4,

1B(f,9)l S [IfllzellgllLa,



8. STRICHARTZ INEQUALITIES 213

then B is also bounded on LP x L9
B(£.9)| S lleo gl

Remark 0.43. There are cases for which equality in condition (395)) is not allowed.
Consider for the example the case of the Hilbert transform, which corresponds to
the kernel K(s,t) = S—it, with p=¢q = 2.

Proof Let f € LP and g € L? with ||f||z» = ||g]lz« = 1.

Define F(t) = [,_,|f(s)[Pds. F is a continuous non-decreasing function which
maps [—o0, +o0o] onto [0,1]. In particular, the inverse image of an interval of the
type I = [a,b] C [0,1] will be an interval of the same type, F~1(I) = [A, B], with
F(A) =a, F(B) = b, and [} |f(s)[Pds = F(B) — F(A) = b — a. Hence,

I 1l Locr—1cryy = [I]M. (396)

Consider now a Whitney decomposition of the set Q = {(z,y) € R? : # < y} into
disjoint dyadic squares, as in Lemma [6.7, Q = UgQ, where each square Q = I x .J
has the property

dist (I, J) = |I| = |J| = A, (397)

for some dyadic value of A. If we look only at those squares needed to cover the
triangle QN [0, 1]2, then A < 1/2.

Observe that s < ¢ implies that either F(s) < F(t) or f = 0 almost everywhere on
the interval [s,t]. Hence, we can write

0= K(s,0)f()g()dsdt = 3" B(xwr(1yfs X1 (9)-
F(s)<F(t) Q

Using the boundedness of B on LP x L9 we obtain

’B(ﬁ 9)‘ S M llze -2 ap gl ar—1)-
Q

Now we use (396]), (397) and the fact that, for each given dyadic interval J, the
number of intervals I for which I x J is one of the squares in the decomposition of
Q is bounded by a universal constant. Hence,

Y Y > llgllar-10y)-

A<1/2 [J]=A

Next, we apply Holder’s inequality to the summation over the dyadic intervals J of
length A and since there are A~! of them in [0, 1] we have

= i1 1,1
B9 S D AA gl = 3 AT S

A<1/2 A<1/2






CHAPTER 9

Bilinear Estimates

1. Bilinear proofs of some Strichartz estimates
Consider the homogeneous wave equation Ou = 0 in R'*3. The Strichartz estimate
with ¢ = r =4 and v = 1/2. Takes the form,
lull paivay S I1f gz + gl g-1r2

Writing v = ut 4+ u~ it suffices to prove,

[ lpagarsy < I e (398)
where

wi(ta) = [ eI foae
Clearly,
lat Fagresy = It -ubllze = lut o« ¥ e

Now, recalling , and dropping the index +,
axalr€) = [ [or—x-le=ate - ot~ ) fmiray
= [ 8 = lnl = kg = ) F 7€~ i

Clearly, (398)) follows from the following:

Theorem 1.1. The bilinear operator,

B(F,G) = /Mnlﬁnl)%ﬁfﬁldn.

verifies the estimate,

IB(E, G)l[L2@i+s) S [1Fll2@s) | Gll L2 mres) (399)

Proof By Cauchy-Schwartz,
IB(E.G)(m.OF < J(T7£)/5(T—|77|—If—n\)lF(ﬁ—n)|2\G(77)l2d77

[ot =11 =)

/nd) € =l
215

1
||
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It suffices to show that J is uniformly bounded. Indeed, if that is the case,

sp (7,0 / / 57 — Il — |€ — n)) (€ — ) 2|G () Pdndrde

sup J(r OIFIZ1G1Z

||B(F, G) ||L2(]R1+3)

N

A

Therefore the bilinear estimate is an immediate consequence of the uniform bound-
edness of J. This follows from the following more general lemma below. ]

Lemma 1.2. Let F' be an arbitrary function of two variables and Jp the integral

JEme = | o=l F = aDF(nl. 1€~ nl)

Then,

1
Jp(re) = (-l /_1 F(* +28|§|7 g +28|§‘ ) (7% — 2?|€2)(1 — |a]?) "7 da,

(400)

T (7€)

(72 — |§|2)?/1 F( T +23|§\ ’ T+28\§| )2 — 2e?)(1 - 2?) P d

(401)

Proof : Observe that in the case F = — the measure 0(7—|n| — | —n]) is supported

on the ellipsoid of revolution with fociat 0 and &, E(7,&) = {n e R™ : n| + |E —n| =T} ,.
In this case |[¢| < 7. In the F = + the measure §(7—|n|+ | —n|) is supported in the
hyperboloid of revolution with fociat 0 and &, H(7,§) = {n e R" : |n| — [ —n| =7},
which is an unbounded hypersurface with infinite volume. In this case |[£]? < 72.

In the sense of distributions, we have the identity

(= nD)? = 1€ =l

ST

= 2r — )3 ((7 — n)* — |€ = nl?)

= 2(r = [)a(r* — [¢]* — 27\ + 2XE cos 0)
= 2(7 — [nDd(r? — |¢* — 27\ + 2af¢])

with a the cosine of the angle between 1 and £. Thus, for fixed 7 and & we must
have, on the support of the measure,

5

S(t—nl F 1§ —nl)

72 — €12 — 27X
a = ———————— 402
2/€]3 12
Observe that in the ellipsoidal case a can take any values in the interval [—1, 1] and

2|

thus, since A = 5>, we have T_Tm <A< %‘5‘ On the other hand, in the

hyperboloidal case when [£]? > 72, we must also have the restriction,

T <
— < a.
[3

2 2
and thus, \ = 2(1:7_% > T;‘g.
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Thus, since dn = A"~ 1dAdS, = (1 — a®)"= A"~ 1dAdS,,,

T+1€]
_ 1 2 _ 72 — €2 — 27\ ns8
Jp = —/ FOT=N(T =)\ 21 — (——=—"5)] % ax
B €] J 2= ( N ) 1 2/€|A )]
n— T+Ig]
(r* — )" / : T+ I¢] INES
—_ FT—=XM(T—=A)A —A) (A — 2
€2 A (A7 )T ) [( 9 )( 9 )]
At last we perform the change of variables x = 2"\5 T to derive the desired formula

(400). The proof for (401) follows in the same manner.

2. Improved Bilinear Strichartz

Consider two solutions of the homogeneous wave equations, Ou = v = 0. For
simplicity, and without loss of generality, we assume that u,v verify the reduced
initial data at t =0,

u(0,2) = f(x), v(0,z) = g(z), dwu(0,z) = dw(0,z) = 0.
We consider estimates of the form,
1D~ (o)l parz e S NSl zellgll e
with (g,7) an acceptable pair. By dimensional analysis and recalling the exponent

y=n((3-1)) - % in ([345)), we must have,

20 = —b+2(n(s - %) - 2) =—b+2y (403)

We decompose the product w - v by the trichotomy formula,
u-v = Z u N + Z v + Z P, (uyvy)
pn<A pn<A pn<
= (U~’U)LH —+ (u-v)HL —+ (uv)HH
Here p, A € 2%, uy = Pyu and Py the usual LP projections. Now,
||D7b(1w)LH||Lg/2L;/2 < > A7b||UuUA||Lg/2L;/2 < A upllze s loallpor,
p<A p<A

in view of the Strichartz estimates of the previous section
- b
||“u||L§L; S Nw a)”fu”Ha =p /2||f/t||Ha
loallzezy S AT Mgkl ga = A9l
and therefore, for b > 0,

_ [N
1D~ (wv)Lmll parz e S Z(X) 1l e lgall
p<A

11l a9l e

A
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By symmetry,
1D (wo) Ll parz e S I e gl e

It thus only remains to estimate the high-high term |[(u - v)gul| as2;r/2. This
FOLG
requires a more subtle argument based on theorem ??. We write,

1D~ (- v)mmll sz e € Y 1™ IPu(uxvos)ll sz o
n<A

If we use the standard Strichartz estimate, i.e.,
[Pu(urvs)llparzprre S lunllzzzs loall s A0 1l g 9l e

ANl e g e (404)

we would derive,

1D (- v)mall parz e S S N F e gl e
p<A

which diverges. We need to replace by a stronger estimate which takes into
account the presence of P, in front of uyvy. To achieve this, we need first to exploit
some orthogonality properties. We decompose the the data fy, gy, in Fourier space,
into pieces supported on cubes of size p, fy = ZQ fa,gn = ZQ gq and denote by
uQ, vg the corresponding solutions. Clearly the decomposition commutes with the
wave operator [. Thus, ux ~ "5 uq, vx ~ > g vq and

Pu(uy-vy) ~ Z Py(uq,vq,)
Q1,Q2

Observe that P,(ug,ug,) # 0 only if Q1 + ()2 intersects the region of frequencies
of size u where P, is supported. For each cube @1, of size p, there are only a finite
number (which depends only on n) of cubes Q2 for which this happens. Morally,
by enlarging the cubes if necessary we may assume that Q2 = —@Q1 and thus,

P,(ux-vy) ~ ZUQU,Q.
Q
Hence,

1Pu(uxvs)ll parz e S > llugu-gllri: O lugllzer: lv-qllper;-
Q Q

We are now in a position to apply theorem [0.27] Thus,

Hyg—%
HUQHLEL; < (X)2 I fQll g

and similarly for v_g. Hence,

1—2
) D lfallaligell
Q

1P (usvs)ll parz ez S (

(

N

1—2

) A lgallan

1-2 o~

)X S e llgal e

1—2
)N e llgal e

N
—
= T >IE >IE

S



3. BILINEAR ESTIMATES FOR NULL FORMS. 219

and, consequently,

_ HUy1—2—b
1D~ () gl yarzprre S Z(X) 12l gra lgall g
pn<A

S I lgellgl e
provided that b < 1 — 72 We have just proved the following bilinear estimate, see

[7].

Theorem 2.1. The following estz’mateﬂ holds for solutions Ou = Ov = 0, any
admissible pair (q,r) and any 0 < b < 1 — %,

1D (- v) parzprre S ulO)] e [[010]]] 7 (405)

provided that the dimensional condition,

b 1 1 1
= —— = _— =) — — 4
a=-5+7,  v=n(3-) . (406)

3. Bilinear estimates for null forms.

In this subsection we discuss the simplest bilinear estimates for null quadratic forms,
see [?], [?], [?] and [?].

Definition 3.1. Let u,v be two smooth solutions of [0 = (v = 0 on R**!'. The
standard null quadratic forms are Qq(u,v) = —dudw + > 1, dud;v, as well as
Qij(u,v) = Qiudjv — ;wd;u, and Qo;(u, v) = Qudw — d;vou for i,j =1,... ,n.

Theorem 3.2. For any null form Q and any solutions to 0 = Ov = 0 on R*H1,
n > 2, we have,

QG 0)llzaqeessy S a0l g 10100 gt (407)

Remark 3.3. Without loss of generality, it suffices to consider the reduced initial
value problems

u(0,z) = f(x), v(0,2) = g(x), du(0,z) = Ow(0,2) =0 (408)

In what follows we show how to deduce the estimate (3.2]) from a more general form
of bilinear estimates presented in the next section.

Definition 3.4. Let D<, D¢ and D% be the operators in R"*! defined by the
multipliers with symbols, respectively

€1, (rl+1en,  [Iml = lel|™.

Observe that we can write, for any smooth functions u, v,

2Qo(u,v) = O(uv) — Duv — ulDu

Here [|u[0]|| 7o = (0]l ga + 10¢u(0)]] o
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Thus, if Ou = Ov = 0, using Plancherel,

1 1 _
Qo(u, V)| L2mn+ry < §||D(uv)”L2(R"+1):§(27T) (7 = 1€1?)uv| L2 @ni1y
S 1D+ D (uv)|p2@n1)
Therefore,
[Qo(u,v)||L2®n+1) < [[DyD—(uv)||p2@n+) (409)

Thus, in the case of the null form Q, theorem [3.2] reduces to,

| D4 D (o)l s gensy S 0] o 10101 (410)

+1
H"Z (R")

which is a special case of theorem 77.

Below we show that similar estimates hold true for the other null forms, Q;;, Qo;.

Remark 3.5. Given a solution w of Ou = 0 with initial data u(0,z) = f(z),
Oru(0, z) = 0 we denote by ' the solution of the same equation with data u'(0,z) =
f(x), 8/ (0,2) = 0 where f/ = F~'(|f]). Observe, of course, that ||f'| . =
I f]| 7o and thus, from the point of view of the L? type estimates we are considering
u and u’ are indistinguishable.

Proposition 3.6. Let u,v be smooth solutions of the homogeneous wave equation
with initial . The following estimates hold true:

Qi (w, V)|l L2@ntry S |DY2DY? (D2 DY) || L2 (mn1) (411)
1Qoi(u, 0) | 2@nisy < |IDY?DY2(DYV2 - DV )| o gnsny  (412)

Proof : We first decompose, as before, u = vt +u~, v = v + v~ We write, in
Fourier variables,

Qij(ut,vE)(1,€) = /qm(n,é‘ —0)8(r — |n| £ 1€ = n]) f(n)g(& —n)dn

where q;;(n,€ —n) = ni(§ —n); —n;(§—n)i = (§An)i; We now rely on the following
simple lemma.
Lemma 3.7. The following inequalities hold true,
Ennl S L€ ml 1€ + 0l 2 (€L + Inl = 1€ + )2 (413)
Ennl S 1M M1 + 0l (E+nl = |Ig) = 1nl|) (414)

‘We have indeed,

dlennl = Alellnl =& m)€llnl + € - n)
= (€l + Inl = 1€+ 0] + [nl + 1€ +nl)
(1€ +nl = |lgl = Inl[)(€ +nl + [1€] = Inl])

from which the lemma immediately follows.
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Therefore, in both cases, \Qij@\*fvi)(ﬂ £)| can be bounded by the expression,
/qu-j(mf —m)| 8(r — |nl 1§ = nDIF )| 1§(¢ = m)ldn

1/2 ? .
< |Iel - tell” |€|1/2/5(T—InliIf—n\)|n|1/2\§—77|1/2|f(77)|Ig(n)ldn
_ D1/2D£/2(D1/2u’D1/2v’)

as desired.

According to proposition theorem [3.2] reduces, for Q = Q;;, resp. @ = Qo;, to
the statements,

IDY2DY2 (u - 0)| L2 @ty
IDY2 DY (w- 0)l| 2 e

which are particular cases of theorem 77.

1[0 gr2/2 - [[w[O]]] g2

S
S ufOlll sz - [0} gn /2






APPENDIX A

A Review of Integration over Submanifolds

In this appendix, we provide a review of the integration of functions over lower-
dimensional submanifolds of R™ (including the computation of length, surface area,
etc.) and the relevant algebra. We will not discuss the integration of differential
forms, even though the ideas are similar. In the last section, we prove the Coarea
Formula, which allows one to compute the density of a measure pushed forward
by a smooth map with surjective derivative — this operation is used in the lecture
notes to define the pullback of a distribution. We also give a proof of the change
of variables formula.

0.8. Algebraic Preliminaries and the Computation of Volumes.

Before discussing integration, we consider the related problem of determining the
k-dimensional volume of a parallelogram |Vol|(vi A ... A vg) in R™ with edges v;
and a vertex at the origin — in fact we will study an abstraction of this problem.
We are forced to discuss this problem from an abstract point of view, speaking,
for example, of “an” inner product space W, g(-,-) with a subspace V, or of the
dual space V* of linear functionals from V to R. This abstraction is necessary for
our application to integration, where every linear object will locally approximate
some nonlinear object, and we need the freedom to change variables or basis at
whim. For example W = W, will approximate some kind of ambient three or four-
dimensional space around the point x, and the subspace V =V, will approximate
some surface therein which contains the point z. The dual space V* = V* of linear
functions v, : V. — R will approximate the span of coordinate functions on that
surface around the point z, and each of these spaces will have its own inner product
to play the role of the Euclidean dot product in providing the geometric notions of
angle, length, projection, perpendicularity, etc.

Now, consider a parallelogram v' A...Avy with edges vy, ... ,v, € R". To compute
the number [Vol|(v; A ... Awg) in general, it suffices to observe three geometrically
intuitive facts:

The Axioms of k-dimensional Volume

e Normalization: |Vol|(vy A ... Avg) = 1 whenever {vy,...,v;} form an
orthonormal set

e Homogeneity:  Replacing any edge v; by the vector aw; multiplies the
associated volume by |«|
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e Parallel Shift Invariance: |Vol|(vy A ... A vg) remains unchanged if we
shift one vertex by any amount within the span of the others, e.g.

k
[Vol|(v1 A ... Awg) = |Vol| ((vl + Zcivi) ANvg AL A Uk>
2

In particular, we have |Vol|(v1 A ... Avg) = 0 whenever {v1,...,v} are linearly
dependent. Combining these observations allows us to compute k-dimensional vol-
umes of arbitrary parallelograms by making appropriate parallel shifts until the
edges are in fact orthogonal. Hence, there is a unique such k-dimensional volume
function satisfying the above properties for any inner product.

Exercise 0.9. From the above axioms, deduce the additional properties:

e |Vol|(v1 A ... Awg) remains invariant under arbitrary permutation of the
edges

e If the span of {vy,... ,v;} is orthogonal to the span of {v;41,... ,vx}, then
in fact [Vol|(vy A ... Awg) = |Vol|(v1 A ... Avp) - |[Vol|(vi41 A ... Aug)

For the computation and analysis of angle and length, the linearity provided by an
inner product is very helpful, and in the same way it is helpful to have a linear tool
for the computation of volume. After some experimentation with parallelograms in
the plane, the reader will be convinced that [Vol| is sort of almost a linear function
in each edge. In order to take precise hold of this helpful linearity, we consider the
special case n = k, and we find it necessary to introduce a signed volume function
Vol(:) : V¥ — R for k-dimensional parallelograms. We will quickly run into the
issue of orientation, which will force us to take seriously the order of the edges.

Definition 0.10. A volume element associated to a k-dimensional real vector space
V and inner product g(-,-) is a function Vol(vy,...,vx) : V¥ — R which satisfies
the following properties:

e Vol is linear in each of its variables
o |Vol(vy,...,v)| = |Vol|(v1 A ... Avy) is the unsigned volume of the par-
allelogram v A ... A v

The second property implies that Vol(vq,...,v;) = 0 for all linearly dependent
sets {v1,...,vx} — together with multilinearity, it then follows that Vol is also
invariant under parallel shifts of the edges. Using these properties, it is clear that
the choice of a value Vol(eq,...,er) = £1 for any particular orthonormal basis
{ej,7 =1,... ,k} fully determines the function Vol(vy,... ,vy) H Indeed, the value
at any other point (v1,...,v;) can be obtained after a finite sequence of parallel
shifts and scalar multiplications of entries.

Thus, while the unsigned, k-dimensional volume function |Vol| is uniquely deter-
mined by the inner product, there are two volume elements Vol which give rise to

1 In this case, Vol(v1, ... ,vi) = £det (g(v;, e5)) is essentially the determinant of the matrix
of coefficients of the vectors (v1, ... ,vy) expressed relative to {e;} up to a sign.
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the volume function in this way. Choosing one such volume element allows one
to speak of whether an ordered basis (e, ... ,ex) is “positively” or “negatively”
oriented depending on the sign of Vol(ey,... ,e,). The issue of whether two bases
are differently oriented boils down to whether one can be obtained (at least up to
a positive multiple) from a sequence of parallel shifts of the other — for example
the “left hand rule” and “right hand rule” determined by one’s thumb, index and
middle fingers may be compared to differently oriented bases of R3.

Exercise 0.11. Prove the uniqueness of Vol up to the choice of one of two “orien-
tations”.

The vector space of all k-linear functions w(-) : V¥ — R with the property that
w(vy,...,v) = 0 whenever {vy, ... ,vx} are linearly dependent is a one-dimensional
vector space by similar considerations of parallel shifts. Any nonzero k-linear func-
tion w on V¥ with this property is also called a volume form on V, and every
other volume form is a constant multiple thereoﬂ Such a function is a special case
of a more general and similarly useful class of multilinear functions:

Definition 0.12. A multilinear function n : V? — R is called alternating if it
satisfies any of the following equivalent properties:

e The value n(v1, ... ,v;) remains invariant under parallel shifts of vy, ... , vy

e n(vi,...,v) =0 if v; = v; for some i # j

e A transposition of any two vectors in the input changes the sign of the
output. For example,

T](’U17’U23U3? ... 7Ut) = _77('11371)2’111’ ... 7Ut) = +77('U37'Ut,1}17 .. avt—lvv2)
e n(vy,...,v:) = 0 whenever the vectors {v;} form a linearly dependent set

Exercise 0.13. Let W be an n-dimensional real vector space with basis {e1, ... ,e,}.
We temporarily introduce the notation j = (j1, ja, . .. ,jk) for an increasing multi-
index 1 < j; < ja < ... < jg < n. Show that there is a basis for the space of
alternating k-linear forms on W given by {77{ 2 1 <4y <ig <...ip <n}so that

N (€jys € rei) =1 ((=7)+0-(0#))

In particular, the space of alternating k-linear forms has dimension (:)

0.13.1. Exzterior Powers and the Determinant. Whenever functions and other
objects in mathematics possess some symmetry, it is very common to regard these
objects as living on a new space which internally captures their symmetry. For
example, a periodic function on the line can be regarded as a function on a circle,
or a function in the plane which only depends on one of the variables can be
regarded as a function on the line. The spaces which internalize the symmetry are
constructed by quotienting out by the symmetry relation satisfied by the object of
study just as the circle is a quotient of the line. This common theme in mathematics
motivates another approach to the study of alternating, multilinear functions.

2While a volume element as defined earlier is a volume form, not every volume form on
an inner product space is a volume element, and the notion of a volume form requires no inner
product to make sense.
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In this spirit, we can approach the theory of alternating k-linear functions by con-
structing a vector space A*(W) — called the k’th exterior power of W — which
internalizes the symmetry of alternating, k-linear functions on W. This vector
space is essentially the vector space generated by nondegenerate parallelograms
called “k-vectors” wy A...Awy of ordered edges w; € W. These k-vectors cannot
truly be identified with parallelograms because they are subject to some equiva-
lence relations which imply that various different wy A ... Awg and wi A ... A wy,
may still represent the same element of A*(1). The following rules provide enough
information to perform any computation in A¥(WW).

e The map 7 : (wy,...,wg) — wy A ... ANwy € A¥(W) is linear in each
variable. For instance,

(ut+ )Nz Ahy=uhzAy+(Tv) ANz ANy=uANzAy+T7-(vAzAy)

e wiA...ANwg =0 in A¥(W) if and only if the {w;} are linearly dependent

e wiA...Aw;A...ANwj represents the same element as wi A. . ./\wg/\. AWy
if w, = w; + Zj# ¢Jw; can be obtained from w; by a parallel shift in the
span of the the remaining vertices, and more generally

e wi A... \Nwg =wi A... Aw, are equivalent in A¥(W) if and only if one
parallelogram can be obtained from the other by a finite number of such
parallel shifts. For example,

uAvAw=(u+w)ANvAw=(u+w)AvA(—u)=wAvA(—u)

all give different expressions for —(w A v A ).

We see in particular that the order of the edges in wy A ... A wy is very important,
since an odd permutation of the edges will negate the element in A*(W) El

Such a vector space exists, its dimension is (Z) whenever W has dimension nﬁ and
one can take as a basis the set of k-vectors {e; = e;; A... ANej, 11 <0 <... <
ir <n} whenever {e;,i =1,...n} form a basis for W.

The purpose of the vector space A* (1) is the following universal property, which
completely characterizes AF(WW).

Proposition 0.14. For every alternating k-linear map E| A:WF =V there is a
unique linear map A : A¥(W) =V so that Aom = A.

Example Any linear map 7 : W — V induces a linear map A*T : A¥(W) —
AF(V) so that T(wi A. .. Awy) = (Twy)A...A(Twy) since the map (w1, ... ,wg) —
(Twy) A ... A (Twy) from W* — AF(V) is alternating. As is common with many

3An odd permutation of the k letters {wi,...,wy} may be defined as a permutation of the
edges {w1, ... ,wg} which negates wi A...Awy. In particular, a transposition, which interchanges
exactly two vertices, is an odd permutation by the previous calculation. Even transpositions of k
letters are those which preserve wi A ... A wg.

4There are a few special cases to note: A(W) =R, A}(W) = W, and of course A¥(W) = 0
for all k >n

5“Alternating” means the same as it does for multilinear functions into R, and the same
alternative characterizations from the above fact apply.
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objects in algebra, using the universal property of A* is the primary means by
which one constructs a well-defined linear map on the space.

The universal property described in Proposition (0.14)) is exactly the usefulness of
the exterior powers — it states that every alternating multilinear function can be
viewed as a linear function on the appropriate vector space.

As an important application of Proposition (0.14), the dual space, A*(W)*, may
be identified with the space of alternating k-linear functions by defining

n(wi, ... ,wy) =n(wi A... Awy,), 1€ AFW)*
This definition identifies the basis dual to {e; € A*(W)} with the basis of alternating
k-linear functions {7’} in Exercise 1D At the same time, it is useful to identify

AR(W*) ~ AF(W)* by the linear extension of the association [ - | : (W*)¥ —
AF(W)* defined by

[(viA.. A vf)] (w1, ..., wg) = det (Ui(wj))i,jzl...k . vl AL AOE e AF(W)
This extension is well-defined by the universal property of A¥(W*) since [ - ] is

alternating and k-linear. It is characterized by the following properties, which can
be useful for computation:

e The map (vl,...,vF) = [(vi A...vF)] is an alternating, k-linear map
(W*)k — Ak(W)*

e For any basis {e; : 1 <j <n} of W with dual basis H {ei : 1<i<n}
of W*, and any k-multi-indices i, 5', we have, in the notation of Exercise

e AL ne](e) =1-(=7)+0-(#))

It is also important (although obvious) to notice the property that for any linear
map T W — W
[WEA AR (Twy,. .., Twy) =l o T A AV o T)(wy,. .. ,wy)

Since the association [ - | really identifies elements of A¥(W*) with alternating,
k-linear functions, there is no particular need to continue writing the brackets, and
it makes perfect sense to only write

i B .
(WA oAU (W, . wg) = det (vi(wﬂ'»i,j:l...k
We have yet to define here what the determinant of a k& x k& matrix is. In order to

be more self-contained, let us give a construction based on exterior powers.

|

Exercise 0.15. The Determinant Recall that A™ (W) is one-dimensional for
W of dimension n (in other words, a finite sequence of scalar multiplications and
parallel shifts can construct any basis from an initial basis). From this fact, we

6That is, the e’ are the linear maps from W — R so that e (ej) = 8;; — hence €’ (v) gives
the “’th“ coordinate of v relative to the basis {e;}
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associate to every linear map T': W — W a scalar (called the “determinant” of T'),
which satisfies the equality

Tya = (detT)a, o€ A"(W)

Equivalently, det T is the trace of A™T. Prove that det T' = 0 if and only if T fails to
be a bijection. Also note that det(7}0T5) = det T} -det T». Try to use this definition
and the rules for computation in A”(W) to compute the determinant of an explicit
matrix with entries of your choice. If we define the transpose T : W* — W* by
wy — wy o T, show that det T = det T.

What are the geometric meanings of column operations to compute a determinant
in this context? Row operations?

The only serious difference between these approaches is that a linear map 7" between
two vector spaces pushes forward parallelograms by linear extension of the rule
wi Ao AW = Typ(wr Ao Awg) = (Twi) Ao A (Twg), whereas the same
linear map induces a pull-back of alternating k-linear functions T*n(wy, ... ,wy) =
n(Twy, ... Twy).

0.15.1. Volumes, Angles, and the Induced Inner Product. For the computation
of volumes, we will be interested in the case where W possesses an inner product
g(+,-). The space A*(W) inherits its own inner product induced by g, which is given
by bilinear extension of the explicit formula

gluit A A v wr AL A wg) =det (g(vs,w;)), 45 =1,...k

The existence of such an induced inner product confirms the intuition that oriented
k-dimensional parallelograms also possess a notion of size (the k-dimensional vol-
ume) and angle (e.g. the angle between two planes), both of which are invariant
under parallel shifts of the vertices. In fact, the induced norm

[vr AL A g = [det (g(v;, ’Uj))]l/2 (415)

of a k-vector turns out to be equal to the k-dimensional volume of the associated
parallelogram (either simply by definition or because the norm apparently satisfies
the axioms of a k-dimensional volume function described at the beginning of this
appendix), and the angles between different parallelograms u, v (or equivalently the
oriented subspaces spanned thereby) may be computed through the usual rule

cos 6 = g(u,v)/([[ull - [[o])

for computing angles between vectors in an inner product space. For example, when
two planes intersect in a line spanned by a vector e of unit norm g(e,e) = 1, we can
see the correct angle between the planes is computed as follows: if © = e A uj is an
oriented 2-parallelogram with e | u;, and v = e Av; is an oriented 2-parallelogram
with e L vy, then g(u,v) = g(u1,v1) and the angle between the planes described
by u and v is equal to the angle between u; and vy as desired.

With the induced inner product, an orthonormal basis {e1,... ,e,} of W clearly
gives rise to an orthonormal basis {e;} for A*(W) as before. Of course, the space
AF(W)* of alternating k-linear maps therefore inherits an inner product by duality,
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and for this inner product the basis {77;()} dual to {e;} becomes an orthonormal ba-
sis. Combining all these observations allows one to take advantage of multilinearity
(and even apply changes of variable) to compute volumes in several ways.

1 2
Exercise 0.16. Compute the area of the 2-parallelogram 2 A 3 in
3 3

three different ways:

e Use the Gram-Schmidt process and the axioms of two-dimensional volume
e Use the formula for the norm of a 2-parallelogram in A%(R?)
e Decompose relative to the orthonormal basis

1 0 1 0 0 0
O IAnl 1T ), 0 Al O], 1 |AfO
0 0 0 1 0 1
Exercise 0.17. Compute the angle between the oriented plane spanned by
1 2 1 0

:23 , and the oriented plane spanned by
4

o O O

1
1 0
0

=W W

Note that these planes intersect in a line and therefore are contained within a
three-dimensional subspace of R*.

Exercise 0.18.  Let V' be a 3-dimensional vector space with inner product g(, )
and a chosen orientation, and let Vol(+, -, ) be the associated volume element. Define
an antisymmetric, bilinear product (u,v) — u X v € V by the identity

g(u x v, w) = Vol(u, v, w)
Show that u x v is orthogonal to both w and v, its length is exactly the two-

dimensional area of uAv and that the ordered trio (u, v, uXv) determines a positively
oriented basis for V unless v and v are linearly dependent.

Exercise 0.19.  For the induced inner product on A?(V) to be nondegenerate,
we need ||u A v||? > 0 with equality if and only if v and v are linearly depen-
dent — geometrically, the area of a nondegenerate parallelogram is positive. Show
that the above inequality is actually the Cauchy-Schwartz inequality for the in-
ner product on V. (One can use this idea to motivate a standard proof of the
Cauchy-Schwartz inequality. The Cauchy-Schwartz inequality is also equivalent to
the triangle inequality, and the geometric relation between these two interpreta-
tions may be demonstrated by forming a parallelogram to illustrate the identity
utv=v+u.)

Exercise 0.20. Suppose A is an m X n matrix and B is an n X m matrix with
m < n. For any m-index ;(1 <ip < oo <y <), we let A? denote the m x m
matrix A?T = Aj;, for the matrix composed of the columns of A corresponding to
i Similarly, we write B for the m x m matrix Bf-r = B, whose rows are those
rows of B that have indices from i. Prove the Cauchy-Binet formula:

det(AB) = 3" det A7 det B

K3
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(Hint: Decompose the identity operator on A™(R"™) as a sum of projection opera-
tors. Use the universal property of A™ to define the appropriate maps.)

Exercise 0.21. Let A : R® — R" be a linear map, A¥A : A¥(R") — A*R")
the induced map. Define the characteristic polynomial of A to be the degree n
polynomial

x(x) = det (I — A)
Prove the formula
%trAk(xI —A)=(n— (k—1)trA* 1zl — A)
by using the multilinearity of the wedge product. Interpret this calculation geo-
metrically by considering difference quotients (Why does differentiating decrease k
by 1?7 What does the factor (n — k+ 1) count?). By corollary, deduce the following
formula for the coeflicients of the characteristic polynomial:

x(z) = ZtrA”*k(fA) -k
k=0

|

Now let us see how all this algebra interplays as we attempt to patch local (or infin-
itesimal) notions of volume to global ones and define integration on submanifolds
of R™. The reader unfamiliar with the notion of a submanifold should have in mind
the set of solutions to an equation fi(x) = fa(z) = ... = fi(z) = 0 in R™ in the
generic situation to which the implicit function theorem applies (for instance, the
transverse intersection of the cylinder x2? +y? = 1 with the sphere 22 4+ 32 4 22 = 22
in R3).

1. Integration on Submanifolds of R"

For each point © € R", we define the n-dimensional vector space T,(R™) of all
velocities (ws,...,w,) which can be realized at the point = by a smooth path
in the ambient space v : R — R" m The space T, (R™) is called the tangent
space to R™ at the point x, and a typical element of T, (R™) may be written w =
w1 % +...+ wn%. We choose this notation not only to distinguish the tangent
space from the elements of R™ themselves, but also because it suggests another way
to think of tangent vectors as differential operators on smooth functions.

For K C R™, one similarly defines T,.(K) (the tangent space to K at x) as the set of
velocities which can be realized at the point x by a smooth path v : R — K within
K. This definition makes sense for arbitrary subsets K C R™; at the moment,
we are only interested in K for which T, (K) is in fact a k-dimensional subspace
of T, (R™) for all points z € K, and for which the tangent space T, (K) varies
“smoothly” along K in some sense. At any rate, in these notes, K usually arises
as the level set of a smooth map f : R® — R"* whose derivative D f(z) at every
point is a surjective linear map Df : T,(R") — Ty, (R"%).

"It makes no difference here, whether one replaces R by any open subinterval thereof.
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Exercise 1.1.  Suppose f(xg) = 0. Define the derivative as a linear map between
Df(zg) : Tpy(R™) — To(R™*) and use the implicit function theorem to show that
the tangent space to K = f~1(0) at the point zg is exactly the null space of D f(x)
under the assumption that D f(z¢) is surjective. In this way, the vectors tangent to
the level sets of f are exactly those directions along which the value of f remains
basically unchanged. Compare to the case {zy = 0} in R2.

The vector space T, (K) inherits an inner product g(-,-) from the ambient space
W = T,(R™) by restriction, and this “local” notion of geometry patches together
to allow one to discuss more global geometric quantities on K. For example, since
the inner product allows one to measure the “length” of a vector |v| = \/(g(v,v)),
one may define the “speed” of a trajectory with velocity v = 4 at a point x and
thereby approximate the length of a small portion of the curve near the point x by
[Vol|(y([t, t+At])) ~ |¥](t)|At|. But then one can extend the local approximation to
a global notion of length for a piecewise-smoothly parameterized curve v : [a, b] —
K by the formula

b
uw=/$wmm

One then uses the homogeneity of the integrand to show that this notion of length is
in some way independent of a change in parameterization where we replace v(t) —
~v(®@(¢t)) with ®(-) a continuously differentiable bijection of intervals and ®'(-) # 0.
In fact, what one determines in this way is an arclength measure on the image of
with respect to which a continuous function (say) may be integrated by the formula

Luﬂ:LZW@wwnﬁ

Example. Consider a path «(¢) in the (z,y) plane, but expressed in the polar
coordinates 7(t),0(t). The velocity of 7 is given by #(t)d, 4+ 0(t)dp. It is easy to
see that the vectors 0, and 0y are orthogonal and have respective lengths 1 and r
at the point (rcosf,rsin@) in the (z,y) plane. Therefore, the speed of -y satisfies
142(t) = 72 + (r0)2 by the Pythagorean theorem, and so

L(v) = /ab \/ 72+ (rf)? dt

Exercise 1.2. Verify rigorously that the above calculation is correct and accords
with our definitions. (Note that v is really the composition of a path in the (r,0)
plane and the polar coordinate map.)

In a similar way, if one can parameterize an [-dimensional subset L. C K by a
bijective map I' : R — L on some [-dimensional, open region R C R!, one can
define a parameterization-independent integral so that

/u dSr, :/ u(T'(t))pr(t) dtt ... dt!
L R
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for all (decent) functions on L whose support lies within the image of I'. The density
factor pr(t) measures the factor by which I" shrinks or enlarges the volumes of small
subsets near the point ¢. In the particular case where u(p) = 1-(p € Q)+0-(p ¢ Q) is
the characteristic function of a subregion €2 of the image of I, the integral calculates
the [-dimensional volume of 2. The density factor pr(t) must be present (otherwise
every subset of L would appear to have the same volume). More precisely, to
measure the distortion of volume by I' near a point ¢ = (¢1,...¢;) € R, we would
like to have an approximation

[Vol| L T([t1,t1 + Atq] X ... X [t;, t; + Aty])
~ pp(t)|V01|R[t1,t1 + At1] X ... X [tlatl + Atl}
for small rectangles [t1,t1 + At1] X ... x [t;,t; + At], and also for arbitrary small
parallelograms at ¢ whose vertices may not be perpendicular. Therefore it makes

sense to require that I' be continuously differentiable (or at least possess some
amount of regularity), and to define

/ w dSy = / w(T()) | DT (@t A .. A D)|(E) di* ...t (416)
L R

where the density factor is the [-dimensional volume of the parallelogram

DT(0p A...AOu) = (DT(9p) A ... ADL(0n)) € A (T (K))

We have already discussed several ways to compute this quantity in the abstract set-
ting (for example, by the Gram-Schmidt process), but let us unravel our definitions
and write down a more explicit, general description.

By definition, DI'(0;:) = y %Lt:%, and applying the formula 1' we use the
Euclidean inner product g(%, %) = d;5 on Try (K) to form an [ x | matrix, and

compute its determinant:

ord, 9 orr, .9
o 0 oJar .9
|DT(9px A+ A Oy)[7(t) = det (9( ot Doz aem W ggr ))

orJ orT
=det(6jp—=——=—
¢ <6J ot atm)iﬂn—l“.l

In the above formula we have employed the tremendously useful Finstein summa-
tion convention — namely, we understand a summation over the indices j and r
because they are repeated — in order to condense expressions such as

i,m=1...1

n

arJ ar” Z orJ arr ) N2

w2 o g 2 o ot
and DI'(0:) = j %1;7 % = %IZ,J %. We will continue to use this notation from

this point onward.

In some ways, our discussion thus far is not sufficiently general for applications.

For example, if one makes a coordinate change (z!,...,2") = ®(y!,... ,y") =
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(®(y),... ,®"(y)) for some diffeomorphism ® of R™, one runs into the complication
that the inner product on T, (R™) is in general no longer diagonal with respect to
{%i} and even appears to depend on the point y according to the transformation
rule

(y) = (i i)_aqﬂg (i i)_ 8;{)[( )3@,7‘()
9i5\Y) =9 3y“8y3 - ayz ang 83:“8xr — Olr 8y1 Y (‘9y3 Yy
The matrix g;;(y) above is always positive definite and symmetric.

An inner product g;;(y) on T, (R™) which varies smoothly in an open set Q C R™
(in the sense that the matrix g;;(y) varies smoothly in y) is called a Riemannian
metric and the generalization of this concept to manifolds is the most basic struc-
ture in the study of Riemannian geometry. It is this structure which allows us to
extend the local notions of length and higher dimensional volume determined by an
inner product to global notions such as the length of a curve, the area of a surface,
and so on.

Were this more general setting considered with a Riemannian metric g;;(y) on
T, (K), we would have arrived instead at the more general formula

orJ 3I‘T>
i,m=1...1

IDT(01 A ... ABp)|(t) = \/det (gj,.(F(t)) i

We still need to verify that the value of the integral defined here would not change
if one were to choose a different parameterization T' : R — L. But this fact is
a simple corollary of the change of variables formula proven at the end of this
appendix, applied to the new parameterization I = I' o ®, as well as the basic
properties of exterior powers:

/ w(T()) [DT Dy A .. A D)|(E) di* . .. d#!
R
:/ﬁu(F(‘I)(y))) DT A A0 |(@(y)) - |det DD|dy" .. . dy!

:/ﬁu(F(‘I)(y))) IDT 0 &1 A... Ady)|(y)dy* . .. dy!

Finally, we cannot always find a single parameterization I' which encompasses the
entirety of the submanifold L of interest. For example, if L = {z € R' : f(z) = 0}
arises as the solution set for a system of equations given by a smooth function
f R — R”/, then the implicit function theorem may guarantee that we can
parameterize these level sets locally, but a single parameterization which covers
almost all of L may be impossible to come by. It is therefore important to be able
to decompose the submanifold L into parameterized pieces and integrate on each
piece separately. Fortunately this goal can be accomplished by decomposing the
function to be integrated in an almost arbitrary manner into localized pieces.

Definition 1.3. Let L = U,T',(U,) be a finite union where U, are open subsets
of R! and the Ty : Uy — L are smooth parameterizations. Assume also that the



234 A. A REVIEW OF INTEGRATION OVER SUBMANIFOLDS

transition maps between pieces I';'oT'g : Up ﬂFEl(F(Ua)) — U, are smooth maps
between open subsets of R!. For a continuous function « on L, we can decompose
u =), uq on L, where each u, is supported on the parameterized submanifold

I'(U,). We then define
u dSL = / Uy dSL
Jorsi=2

as long as each term on the right hand side is well-defined.

The condition on the transition maps ensures that the images of I',, overlap in a
nice way, rather than intersecting in some transverse or irregular fashion — for a
parameterized surface in R3, one could picture two pieces of tape which are made
to overlap nicely. The strong regularity assumption of smoothness is here only to
simplify language, but is not necessary. This definition would of course be useless
were it not for the following

Theorem 1.4. The value fL u dSy, is well-defined independent of the decomposi-
tions of L and u.

One of the main applications of this theory to the lecture notes has been to define the
pullback of a distribution as the adjoint to the pushforward of a smooth, compactly
supported measure ¢ dx by a smooth map f. Let us discuss the observations
relevant to this computation.

Example.

Take L = {22 + y? < 1} to be a disk in R?, and let T': (0,1) x (0,27) — L be the
map I'(r, 0) = (rcos 8, rsin ). The easiest way to compute the density factor (which
generalizes to higher dimensions) is to notice the geometrically obvious fact that
DT'(9,) and DTI'(dy) are perpendicular, with respective lengths 1 and r. Therefore
we have

IDY0, A 24l| = DT, - | DT3gl| = 1-7 = p,

A more general way to obtain the same answer is to use the basic rules of calculation
for A? as follows:

DT'(0, A 0g) = (cos 00, +sin00,) A (—rsin 60, + r cos 69,)

= (cos80,) A (rcos80,) + (sindy) A (—rsin60,)

= (cos80;) A (rcos00,) — (—rsinfd;) A (sinf0,)

=18, Ny € N*(Tr(y0)(L))

which has norm 7 because {0, 9, } form an orthonormal basis for T, ¢)(L) under
the Euclidean inner product.

Either way, we obtain a formula for integration in polar coordinates in the disk:

/Lu Sy = /027r /01 w(I'(r,0))rdrdd
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There is another method, dual to the previous calculation, which is often used to
perform the same sort of computation. We have already mentioned the fact that,

at any point p € R™, the tangent space to R™ at p consists of exactly the span of the
vectors {z2; : i=1,...,n}. A vector ¢(p)z2 € T,(R") may be applied to any
real-valued function f which is smooth and defined in a neighborhood of p. The

linear functional on T},(R™) so obtained, ¢/ (p) 52 — ¢/ (p)% is sometimes denoted

df, € T,(R™)*, or simply by df, and is referred to as the “differential of f”. If we
consider the coordinates 21, ... , 2" themselves as smooth functions on R”, we find
that the linear maps da',... ,dz" form the basis for T},(R"™)* which is dual to the
basis z2; — in other words, dz’(52;) = gi; = d;;. Any element of T),(R™)* may be
written as a linear combination of these elements, in particular df = g Ji (p)dx® —
the dual space itself is called the cotangent space to R™ at the point p.

To repeat the earlier computation, one can proceed as follows: writing x = r cos 6
and y = rsin 6 as functions on the rectangle R = (0, 1) x (0, 27), one may consider
the volume element dx A dy which is dual to d, A 9y, and compute as follows:

|dx A dy| = |(cos Odr — rsin0df) A (sin Odr + r cos 6d6)|
= r|dr A df)|

We obtain the same density factor r, although there is no orthogonality to exploit
using this method since the inverse image of an infinitesimal rectangle by I" does
not necessarily have edges which are orthogonal.

We must justify that such a calculation results in the density factor pr we orig-
inally defined, since our original definition for computing the density required us
to compute the norm of some 2-parallelogram in the one-dimensional vector space
A*(T(,,4) (L)) on the image of the polar coordinate map I' : R — L. To be more
formal, the volume element dx A dy belongs to the dual space A*(T(,,(L)*) of
alternating bilinear forms and therefore the object we just computed (using the
chain rule) dz o DT Ady o DI = d(x oT) Ad(y o) is an element of the one-
dimensional vector space A?(T(,9)(R)*). Hence, d(xoT') Ad(yol') = crdr Adf for
some scalar ¢pr = cp(r,0). The number cr is exactly what was computed above,
and the question in general is why |cp| = pr. This equality follows more or less
from the definition of pr, the fact that dx A dy is a volume element, the definition
of the wedge product and the chain rule as follows:

By definition, pr = [[DI'(9, A 9p)||a2( 1) at each fixed point (r,0).

Tr(r0)(
But DI'(0, A 0p) is of the form trd, A 0, for some constant tr because the the
tangent space to L is two-dimensional and hence has a one-dimensional second
exterior power. Since d, A 0, has unit norm, we have pr = |tr|. But then from the
relation dx A dy(0; A 0y) = 1 we may also calculate.
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[tr| = |dx A dy(DT'0,., DT'0y)|
= |dx o DT" A dy o DT'(0y, Op)|
= ld(z o) Ad(y oT)(0r, p)|
= |epdr A dO(0,, Op)|

= |er|

It should be easy to generalize our previous methods of calculation to the lifted
disk L' C R3 given by L' = {(x,9,57) : 2%+ y? < 1}. Indeed, it is clear that
no modification or additional concept is necessary to apply the first technique of
parameterization by I'(r,0) = (rcos,rsin6,57) and computing the density factor
[|DT(0r, 09)||- To extend the second method of computation, however, requires
another concept since we must compute the volume element generalizing dz A dy
on L' C {z = 57}. In general, when we encounter sets K = {z : f'(z)=... =
f™(x) =0} C R™ which are defined as the set of solutions to a system of equations,
we should be able to compute the appropriate volume element generalizing dx A dy
in terms of defining functions.

We therefore seek the object analogous to dx A dy to associate to a surface (or
submanifold) S C R™, which may be pulled back by a parameterization in order to
compute integrals on S in the same way that one computes the norm of dz A dy =
rdrAdf in order to integrate in polar coordinates. This example evidently associates
to each tangent space T}, (R3) an alternating, bilinear function rdr A df which varies
smoothly in the point p ﬂ Such an object is called a two-form, and the general
two-form on R? may be written as Pdx A dy + Qdy A dz + Rdz A dx for some
(smooth) functions P, @, R on R3. Concretely, we would like to write down and
solve equations for (P,Q, R) which determine a volume element on the surface
{f(z,y,2z) = 0}, however we will need to develop some more algebraic concepts for
this task.

2. The Volume Element on {f!(z) =...= f™(x) =0}

Our goal in this section is to construct the analog of the volume element dz! A... A
dz" on the k-dimensional submanifold ¢! = ... = 2™ = 0 in R for more general
embedded submanifolds which are given as solutions to equations.

Let us consider a nondegenerate solution zg € R™ to the system of equations K =
{z : fl(z) =... = f™(x) = 0} for smooth functions f¢. By nondegenerate, we
mean any of the following equivalent conditions:

e The derivative of the map z — (f(x),..., f™(x)) is a surjective linear
map df : Ty, (R™) — R™
e The null space of df has dimension k =n —m in T, (R")

8although the (z,y) coordinates give the illusion that dz A dy remains “constant” as p varies,
we see from the polar expression that this phenomenon is only an artifact of coordinates
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e The alternating m-linear map df!' A ... Adf™ € A™(T,,(R™)*) is nonzero

or, to put it geometrically, the hypersurfaces {f!(x) = 0},...,{f™(x) = 0} inter-
sect transversely at the point zy. In other words, the situation is generic, so the
implicit function theorem applies. We have already mentioned that the tangent
space to K at x(, defined as the set of velocities realized at zog by some trajectory
in K, consists exactly of those directions which leave the f* unchanged; succinctly
Ty (N) =N, ker df*(zo) where df* : T,,,(R™) — R is the derivative of f% at z.

As a subspace of T,,(R"™), Ty, (K) inherits an inner product by restriction, and
therefore possesses its own well-defined notion of k-dimensional volume — a function
|dS|(v1,. .. ,v), which may be represented by some alternating k-linear function 7
in the sense that |dS|(v1i,... ,vx) = |n(v1,... ,vx)| for vectors v; tangent to K at
2. Our main goal in this section is to express [’|  or |dS| in terms of df',...  df™
in a computable fashion.

In our motivating example of the z = 57 plane in R3, however, we observe that the
function n = dx Ady is defined as an alternating bilinear form on the whole ambient
tangent space to R3. However, dx A dy is certainly not the only alternating bilinear
form on T, (R3) which restricts to a volume element on T}, (2 = 57) = ker dz — any
two-form of the type dx A dy + Qdy A dz + Rdz N dx obtains the same restriction
for arbitrary @ and R to {z — 57 = 0}. An attribute which uniquely distinguishes
dx A dy from these other forms is that [dz A dy](vi,v2) = 0 if either vy or ve is
normal to z = 57; equivalently, dx A dy remains unchanged when pulled back by
orthogonal projection onto kerdz.

With these examples in mind, we state a linear algebraic formulation of our problem
to be solved on each tangent space.

Problem Version I: Suppose we are given an ambient, inner product space
W, g(-,-) of dimension n, and a set of linear functionals f!,..., f™ € W* which are
linearly independent so that K = N; ker f* has dimension k = n —m in W. Let |S|
be the k-dimensional volume density on K. How can we compute an alternating,
k-linear function 7 so that |n(vy,...,vx)| =|S|(v1,... ,vg) for ve,... v, € K?

To ensure a unique solution to the problem, we may demand that n(Pxv1,. .. , Pxvi)
n(v1, ... ,vx) where Pk denotes the orthogonal projection onto K, but this require-
ment will allow for exactly two solutions. To distinguish between n and —n, we
choose an orientation w on W, and require that the alternating n-linear function
(fY A ... A f™) Am be a positive multiple of w (for example, when f! = dz and
1 = dz A dy, we notice dz A (dx A dy) = dz A dy A dz gives the correct orientation
on R?). In this way, the unique solution to our problem will depend on both the
inner product and the ambient orientation.

One minor issue we must settle before proceeding is that the “A” in the formula
(fl /\”./\fm)u/\wn

9For the present purpose, —n would also suffice. The precise issue of orientation is unimpor-
tant at the moment.
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has not yet been defined to extend the wedge product to a product on alternating,
multilinear functions. This definition can be accomplished by recalling our identifi-
cation of alternating k-linear functions on W with the exterior power A*(1W*), and
completing the construction of the exterior algebra of W*. For our purposes, we
can assume the existence of a well-defined, associative and bilinear extension of the
wedge product, so that n A7 € A" ¥(W*) whenever n € A™(W*) and 7 € A¥(W*)
and so that (f' A...A f™) = 0 whenever f! ..., f™ are linearly dependent vec-
tors in W*. These properties of the wedge product suffice for computations and
determine the wedge product uniquely.

To construct an alternating multilinear map n on W satisfying all of the above
requirements, one begins by taking one of the two volume elements n on K and
extending 7 to an alternating multilinear map on W via the orthogonal projection
onto K. As this is clearly the only way to construct such a volume element, we
have the following

Proposition 2.1. Let W be an inner product space with a volume element w. Then
for every linearly independent set of functionals f1,...,f™ € W* there exists a
unique alternating m-linear function n € A™(W™*) with the following properties

e n(vy,... ,um) = N(Pgu1,..., Pxvy) where Pk denotes orthogonal pro-
jection onto the null space K = N; ker f°

o (fYA...Af™)An=cw for some c > 0.

o The restriction of n to K is a volume element on K

Exercise 2.2. Show that the value ¢ in the above proposition is the norm of
FYA LA f™ as an element of A™(W*) with the induced inner product. Note that
it suffices to consider the case where f',..., f™ orthonormal.

Because the proposition characterizes the volume element uniquely in terms of
basic properties, we can use these properties to compute the volume element 7
given f1,..., f™. Let us denote by x(f!,..., f™) the unique solution p € A¥(W*)
to (FEAAF™YAp =g(f* A A AN A M = P A A P
which is fixed by orthogonal projection onto K. The existence and uniqueness
of x is guaranteed by the above proposition. Observe that x(f!,..., f™) remains
unchanged under parallel shifts of f!,..., f™, and that replacing any f* by af?
results in a rescaling *(f1, ... ,af% ... f™) = ax (fi,...,f™) for any a € R.
Observe also that x(f1,..., f™) =||f*A...A f™||n where 7 is the volume element
guaranteed by the above proposition. The upshot of what follows will be that
will extend to a linear map x : A™(W*) — A»~™(W*) = A¥(W*) which we now
define.

Definition 2.3. Given an inner product space W*, g(-,-) with volume element w,
we define the Hodge star  : A (W*) — A"~ (W™*) as the unique solution to

ENnxp=g(&p) w

for all £, p € A™(W*), where g(&, p) is the induced inner product on A™(W*).
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It is easy to verify that the above map is well-defined and linear using the universal
property of A™, the definition of the wedge product, and the linearity and nonde-
generacy of the inner product g(-,-) on A™(W*) (Exercise). Now let us show that
* and « coincide as claimed.

Proposition 2.4. The volume element n in Proposition is given by

1

. —— N m
M= A A AT

Proof

We need only verify that *(f1 A ... A f™) = x(f!,..., f™) by Exercise (2.2).
We need only consider orthonormal vectors f!,..., f™ since both % and * are
invariant under parallel shifts and are homogeneous in each f*. Let g%, ..., ¢"* be
an orthonormal basis of K* (extended to W by orthogonal projection onto K)
which is correctly oriented so that fX A ... A f™ Ag' A...Ag* = cw for a positive
number c. Clearly g' A ... A gF = x(f',...,f™). But, in fact, ¢ = 1; indeed,
lg' A ... A g¥| serves as a volume function on K and [f' A ... A f™| serves as a
volume function on the orthogonal complement of K, so the value ¢ = 1 follows
from the basic property of volume proven in Appendix Exercise . Having
computed the ¢ above, we may now expand any A € A™(W™) relative to wedges
of the basis elements ¢',... g% f',...,f™ for W* in order to see that, in fact,
G A AGE =Y AL A f™) as desired.

Example To compute the length element |dI| on the circle C' = {r? = 2? + ¢y2 =
R?} of radius R in the (x,y) plane, one computes d(r?) = 2zdx + 2ydy, so that
[|[d(r?)]] = 24/2% + y? = 2R on C, and *d(r?) = 2z * dz + 2y * dy = 2(xdy — ydx).
Hence |dI| = 2v%] — | Rag|

2.5. Pushforward of a Measure, Pullback of Distributions, and the
Coarea Formula. Recall that the pushforward of a measure ¢dz on R™ by a map
f is the measure fy¢ with the property that

/ u(f(2))b(x)dx = / w(t)df (1)

for all continuous, compactly supported functions u. When ¢ is the density for a
random variable X, fx¢ is the density function for the new random variable f(X).
This equality also allows us to define the pullback of a distribution u by f when
the pushforward measure fi¢ has a smooth, compactly supported density — the
smoothness of the pushforward measure will be evident through the calculation of
its density function that follows.

For a smooth map f : R™ — R™ whose derivative at every point is surjective,
and a measure ¢dr on R", we can apply the preceding results to compute the
density on R™ of the pushforward fu¢dx of the measure ¢dx by f. In fact, we
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have the following formula, whose proof consists of decomposing the volume form

1 n _ frwAxfiw,
dr* N...Ndx = ez

Theorem 2.6. The Coarea Formula Let f = (f,..., f™) be a smooth map
f:R™ = R™, let ¢ € CC(R™). Suppose that the derivative of f is at every point a
surjective linear map — equivalently, suppose that the pullback f*w = df' A...Adf™

of the volume form w = dy' A ... A dy™ is nowhere vanishing. The pushforward
measure fu¢ has density at y € R™ given by

_do _ | * fuw]
/f@_y N /f@)_y Nl

Or, equivalently,

[utra@nowis = [ u) [ [ e ”Jiff;”] y

for continuous, compactly supported u. Here do refers to the induced surface mea-
sure on the level sets of f.

Proof Taking a partition of unity if necessary, we can assume that f! ... f™
can be completed to a coordinate system (f,h) = (f!,...,f™ h',...h") on an
open neighborhood U of the support of ¢ in R™. Let T': (f*,..., f™ ht,...hF) =

(x',...,2") be the inverse map.

To avoid confusion, let us rename the variables (f1,..., f™) ~ (y!,... ,y™) in the
domain of I'. Then the map I'(y,h) gives a parameterization of U, and for fixed
(y',...,y™). We can assume the domain of I' to be a rectangle. We also observe
that T'(y,h) gives a parameterization of the level set f(x) = y as the variables
h',... h* vary. We can decompose the volume form |dz! A ... A dz"| = %,

and pull this volume form back via I' to integrate.

/ u(f(2))b(x)dz = / w(f (T, )Ty, 1)) prdy ... dy™dh* ... dh*

- / w(y)d(T(y, W))or(y, YAR ... dhFdy" . dy™

The local content of the Coarea Formula is that the density factor pr when mul-
tiplied by ||f«w||(T'(y, h)) is the same density factor that one would obtain when
computing the k-dimensional surface integral of ¢ over the level set f(z) = y. Af-
ter computing this density factor, the Coarea Formula follows from performing the
integration in the h variables. To compute the density factor here, we use basic
properties of the wedge product to see that
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prl|fawl]| - ldyt A ... Ady™AdREA LA dRR) = || faw]|[TFdat A LA da™

_ * 1 m (*f*W)
= |\T*[(df* A...Adf™) A |f*w||]’

* fow
[|.feww]

= T*(df' A Adf™) AT

From the identity f*(I'(y,h)) = y* and the chain rule, we see that df? o DI" = dy’

and hence T*(df' A ... Adf™) = dy* A... Ady™. On the other hand, I'* HJ{*;H

crdh' A ... A dh* for the same scalar c¢p we use to compute integrals over the level
sets f(x) = y. Inserting this information into the equality above, we conclude that
cr = pr||fuw|]. u

In this proof of the Coarea formula, and in the proof that integration over subman-
ifolds is well-defined independent of parameterization, we have presupposed the
change of variables formula for integrals. Since the change of variables formula is
at the heart of these calculations, we indicate a proof of this formula in the following
section.

3. The Change of Variables Formula

The Change of Variables Formula states that

Theorem 3.1. Change of Variables Let ® : U — ®(U) C R" be a C?-diffeomorphism
with everywhere bijective derivative D®, and let f be a compactly supported, con-
tinuous function on ®(U). Then,

/f dyf/f )| det D®(x)|dx

The regularity conditions on f and ® are not optimal. The formula for more general
f and @ can be deduced from an approximation argument, or from taking more care
with the following proof, but at the moment we are only concerned with the proof
of the above form. The formula is intuitively clear when one understands the fact
that |det D®(z)| is the factor by which ® distorts volumes of small neighborhoods
of a point z, since | det D®(x)]| is exactly the factor by which the linearization of ®
distorts volumes. Thus, we must first understand the case where ® = D® =T is
an invertible linear map.

Lemma 3.2. Change of Variables for Linear Maps For any invertible, linear
map T : R™ — R™ and continuous, compactly supported f € Co(R"™)

/ Fly)dy = / F(T))| det T|dz
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This fact essentially boils down to the following fundamental observations: the
pushforward of the Lebesgue measure by an invertible linear map is also a translation-
invariant measure (which endows compact sets with finite measure and open sets
with positive measure), and, up to a positive scalar multiple, there is only one such
measure on R™ with these properties — namely, the Lebesgue measure, dz. These
observations imply that Txdx = prdx for a positive, scalar pr, which we need to
check is actually | det T'| 7.

The uniqueness of the translation invariant measure alluded to above can be proved
with one’s bare hands. Indeed, it is clear on R? that once one assigns a measure
A > 0 to the unit square [0, 1] x [0, 1], then translation invariance forces the measure
of [0,1/2] x [0,1/2] to be %, and so on for smaller dyadic cubes. But then any set
one can imagine can be well-approximated by a net of disjoint, dyadic cubes (as in
the Whitney decomposition of an open set). Here we can take a slicker route, and
use essentially the same idea to prove the preliminary lemma that

Lemma 3.3. Pre-Change of Variables for Linear maps For any invertible,
linear map T : R® — R” and continuous, compactly supported f € Co(R™), there
exists a positive constant A(T) > 0 so that

[ tway= [ rrmac

Proof The proof will involve several changes of variable by translation. Let
g € CO(R") be a continuous, compactly supported function normalized so that
J 9(y)dy = 1. Then for an arbitrary continuous, compactly supported function f,

we have
[ tsyds = [ gty [ 1rz)ds

— [ ot [ £(Ts + y)dalay
z//g(y—Tx)f(y)dydw
= /9(—T$)d$-/f(y)dy

which proves the lemma for ﬁ = [g(=Tx)dz. Note that if g were chosen to be
localized on a dyadic cube of small support, and f is the indicator function of a set,
then the proof resembles the direct geometric argument outlined before. A similar
idea will be used later in the proof of the general change of variables formula. ®

For now, let us postpone the proof that the A(T) guaranteed above is equal to
| det T'| and let us take this fact as granted to prove the general change of variables
formula.

A typical proof of the change of variables formula may proceed by decomposing
the region ®(U) containing the support of f in the integral [ f(y)dy into small
pieces. If yg = ®(xg), then each y within some e-neighborhood of y, has a unique
preimage x so that ®(z) = y, and the volume of this preimage is proportional to
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the volume of the e-neighborhood by a factor |det D®(x¢)|~! as € tends to zero.
Summing over disjoint e-pieces, we would obtain the right hand side of the change
of variables formula in the limit as € tends to 0. This is essentially how we will
proceed, but there is a nicer way to iron out the details H

Proof [Change of Variables Formula]

We now assume the change of variables formula for linear maps, and the translation
invariance of the integral. Let ® : U — ®(U) be a C? diffeomorphism with C?
inverse ¥, and let f be a continuous function whose support is a compact subset
of ®(U) C R™. Let f(y) = [ f(t)ne(y — t)dt be a smooth mollifier for f, where
Ne(y) = e‘”n( )is a smooth function supported in a ball of radius ¢ and normalized
so that [ne(y)dy = [ndy = 1 (by the change of variables formula for dilations).
It is easily shown (by uniform continuity of f) that the sequence f. converges to
f uniformly because the value f.(y) is an average of the values of f over a small
neighborhood of the point y.

We can therefore compute

/f )| det D®(x)|dz = lim f(t)/UnE(@(x) —t)| det D®(z)|dxdt

e—0 ‘P(U)

Since ® is onto ®(U), we can write

/f )| det D®(x)|dz = lim f(t)/Un6 (®(z) — D(V(t))) | det DP(x)|dxdt

e—0 (1)

Because ® is one-to one, the region over which the inner integral takes place
(namely, the image under ¥ of the e-ball about ¢) is small — in fact, it is con-
tained in a ball of radius O(e) because ¥ is Lipschitz. We therefore wish to re-
place |det D®(x)| with the constant value |det D®(U(t))| (the difference being
of size O(e)). We also should linearize the argument of 7. since the difference
O(x) — ®(¥(t)) is equal to DP(V(t))(x — ¥(t)) up to some O(e?) error when ®
is C2. It is a simple exercise (involving the change of variables for dilations and
differentiating 7)) to show that these errors are acceptable, leaving us with.

/f )| det D®(x)|da

e—0

= lim f(t)/ Ne (DB(T(1))(z — T(t))) | det DB(T(t))|dxdt
®(U) U

Now we apply the change of variables for linear maps to the dz integral (giving the
value 1) to obtain the general change of variables formula

/f )| det D®(x |dx—/f

Let us complete the proof by showing that the constant A(T) in Lemma (3.3)) is
equal to |det T|. We have already shown that the application of a linear map to

10From the point of view of these lecture notes this proof is related to interpreting the change
of variables as a decomposition f(z) = [ f(¢)é(z — t)dt.
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the Lebesgue measure results in a proportional measure Tudr = ﬁdm. Ap-
plying two successive transformations yields a proportional measure mda? =

(Th o To)pdx = (T) 4 (To)pdx = mdx; so we conclude that A(Ty o Th) =
A(Ty)A(T3) in the same way that | det(Ty 0T»)| = | det Ty || det Tz|. This homomor-
phism property reduces the task of showing A(T') = | det T'| to proving equality for

any collection of T' which generates the group of invertible matrices.

Thus, since every linear map may be written as a composition of maps of the
following three types, it suffices to consider the following three cases:

Case I:  If T permutes the standard basis vectors e; = (1,0,...), ea = (0,1,...),
..., then |detT| = |+ 1] = 1, and A(T) = 1 since f(Tz) = f(zx) for any function
on R™ which is symmetric in the variables (z1,...,z,).

Case II: If Te; = ae;, a € R, and Te; = e; for j # 1, then |detT| = |af,
and furthermore A(T) = |a| also, since [ f(Tz)laldz = [ f(y)dy when f is the
characteristic function of the unit cube 0 < z; < 1

Case III:  If Te; = e; for j > 2 and Te; = e1 + €5 (so that T is a parallel shift),
then |detT| = detT = 1. On the other hand, the image of the cube Q@ = [0,1)"
under the parallel shift 7" has the same measure as the unit cube. To see this
equality of measures, one can decompose the image of @ into two parts: Q@ NT(Q)
and T(Q)\Q. One can then reconstruct @ by translating T'(Q)\Q by —es; hence,
Q@ and T(Q) have the same measure, and A(T) = 1 as desired.

HThe characteristic function of the unit cube is not a continuous function, but it is a mono-
tone limit of continuous functions of compact support, so the change of variables formula for linear
maps still applies by the monotone convergence theorem.



APPENDIX B

Basic Concepts in Riemannian and Lorentzian
Geometry

In what follows we give a short overview of the basic notions in Riemannian and
Lorentzian geometry. These will allow us to extend some of the basic facts about
the standard Laplace, Heat and Wave equations, to manifolds. It will also allow us
later to discuss more complicated nonlinear geometric equations.

1. Introduction

A pseudo-riemannian manifold EL or simply a spacetime, consist of a pair (M, g)
where M is an orientable p 4+ ¢-dimensional manifold and g is a pseudo-riemannian
metric defined on it, that is a smooth, a non degenerate, 2-covariant symmetric
tensor field of signature (p,q). This means that at each point p € M one can
choose a basis of p 4 ¢ vectors, {e(,)}, belonging to the tangent space TM,, such
that

glewy: ) = Map (417)

for all o, 3=0,1,...,n , where 7 is the diagonal matrix with —1 in the first p entries
and +1 in the last g entries. If X is an arbitrary vector at p expressed, in terms of
the basis {e()}, as X = X%e(q), we have

g(X,X) = —(XH2 — ... — (XP)2 4 (XPTH)2 4 . 4 (XPH9)? (418)

The case when p = 0 and ¢ = n corresponds to Riemannian manifolds of dimension
n. The other case of interest for us is p = 1, ¢ = n which corresponds to a Lorentzian
manifolds of dimension 14 1. The primary example of Riemannian manifold is the
Euclidean space R™. Any other Riemannian manifold looks, locally, like R™. Sim-
ilarly, the primary example of a Lorentzian manifold is the Minkowski spacetime,
the spacetime of Special Relativity. It plays the same role, in Lorentzian geometry,
as the Euclidean space in Riemannian geometry. In this case the manifold M is
diffeomorphic to R™*! and there exists globally defined systems of coordinates, 2,
relative to which the metric takes the diagonal form —1,1,...,1. All such systems
are related through Lorentz transformations and are called inertial. We shall denote
the Minkowski spacetime of dimension n + 1 by (R"*! m).

I\We assume that our reader is already familiar with the basics concepts of differential ge-
ometry such as manifolds, tensor fields, covariant, Lie and exterior differentiation. For a short
introduction to these concepts see Chapter 2 of Hawking and Ellis, “The large scale structure of
space-time”, [?]

245
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Relative to a given coordinate system z*, the components of a pseudo-riemannian
metric take the form

uv = g(aua au)
where 0,, = 8% are the associated coordinate vectorfields. We denote by g*¥ the
components of the inverse metric g~! relative to the same coordinates z, and by |g|
the determinant of the matrix g,,. The volume element dun of M is expressed, in
local coordinates, by \/Hdac = \/del ...dz™. Thus the integral fM fdun of a

function f, supported in coordinate chart U C M is defined by [, f(x)+/|g(z)|dz.
The integral on M of an arbitrary function f is defined by making a partition of
unity subordinated to a covering of M by coordinate charts. One can easily check
that the definition is independent of the particular system of local coordinates.

In view of (418)) we see that a Lorentzian metric divides the vectors in the tangent
space TM,, at each p, into timelike, null or spacelike according to whether the
quadratic form

(XaX) = gp,VXMXV (419)

is, respectively, negative, zero or positive. The set of null vectors N, forms a double
cone, called the null cone of the corresponding point p. The set of timelike vectors
I, forms the interior of this cone. The vectors in the union of I, and N, are called
causal. The set S}, of spacelike vectors is the complement of I, U N,,.

A frame e(,) verifying is said to be orthonormal. In the case of Lorentzian
manifolds it makes sense to consider, in addition to orthonormal frames, null frames.
These are collections of vectorﬁeldsﬂ e, consisting of two null vectors e, 11, e, and
orthonormal spacelike vectors (eq)q=1,... n—1 Which verify,

g(enyen) = g(€n+1aen+1) =0 s g(en76n+1) =2
g(en,€q) = g(ent1,€a) =0, g(eq, ) = dap

One-forms A = A, dx® are sections of the cotangent bundle of M. We denote
by A(X) the natural pairing between A and a vectorfield X. We can raise the
indices of A by A* = g®¥Az. A’ = A%9,, defines a vectorfield on M and we have,
A(X) =g(A’, X). Covariant tensors A of order k are k-multilinear forms on 7M.

Notation: We will use the following notational conventions: We shall use bold-
face characters to denote important tensors such as the metric g, and the Riemann
curvature tensor R. Their components relative to arbitrary frames will also be de-
noted by boldface characters. Thus, given a frame {e(q)} we write gop = g(€a,es),
Rosys = R(ea, ep, €4, €5) and, for an arbitrary tensor T,

Taﬁ'yé... = T(ea, €3,€5, €5, )

We shall not use boldface characters for the components of tensors, relative to a
fixed system of coordinates. Thus, for instance, in [@#19) g,., = g(52:, 52 ). In the

oxH ' Oxv

2We write eq instead of €(a) to simplify the notation, whenever there can be no confusion.
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case of a Riemannian manifold we use latin letters ¢, j,k,[,... to denote indices
of coordinates z',z2,... 2" or tensors. For a Lorentzian manifold we use greek
letters «, 8,7, ... to denote indices 0,1,... ,n.

We will review the following topics below:

1.) Lie brackets of vectorfields. Frobenius theorem

2.) Lie derivative of a tensorfield

3.)  Multilinear forms and exterior differentiation

4.) Connections and covariant derivatives

5.) Pseudo-riemannian metrics. Riemannian and Lorentzian geometry.
6.) Levi-Civita connection associated to a pseudo-riemannian metric.
7.) Parallel transport, geodesics, exponential map, completeness

8.)  Curvature tensor of a pseudo-riemannian manifold. Symmetries. First and
second Bianchi identities.

9.)  Isometries and conformal isometries. Killing and conformal Killing vector-
fields.

2. Various notions of differentiation

We recall here the three fundamental operators of the differential geometry on a
Riemann or Lorentz manifold: the exterior derivative, the Lie derivative, and the
Levi-Civita connection with its associated covariant derivative.

2.1. The exterior derivative. Given a scalar function f its differential df is
the 1-form defined by

df (X) = X(f)
for any vector field X. This definition can be extended for all differential forms on
M in the following way:

i) dis a linear operator defined from the space of all k-forms to that of k + 1-forms
on M. Thus for all k-forms A,B and real numbers A,

d(AMA + uB) = A\dA + pudB
ii) For any k-form A and arbitrary form B
d(ANB)=dAAB+ (-1)*ANdB

iii) For any form A,
*A=0.
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We recall that, if ® is a smooth map defined from M to another manifold M’, then
d(®*A) = *(dA) .
Finally if A is a one form and X,Y arbitrary vector fields, we have the equation
1
1A, y) = 3 (x(am) - Y(ae) - aqx. )

where [X,Y] is the commutator X(Y) — Y (X). This can be easily generalised to
arbitrary k forms, see Spivak’s book, Vol.I, Chapter 7, Theorem 13. [?]

2.2. Lie derivative. Consider an arbitrary vector field X. In local coordi-
nates z*, the flow of X is given by the system of differential equations
dxt

L X0 (), (1)

The corresponding curves, x*(t), are the integral curves of X. For each point p € M
there exists an open neighborhood U, a small € > 0 and a family of diffeomorphism
O, : U — M, |t| < ¢, obtained by taking each point in U to a parameter distance
t, along the integral curves of X. We use these diffeomorphisms to construct, for
any given tensor T at p, the family of tensors (®;).T at ®:(p) .

The Lie derivative LxT of a tensor field T, with respect to X, is:

1
LxT|, = tlg% n (Tlp — (24),Tp) -

It has the following properties:

i) Lx linearly maps (p, g)-tensor fields into tensor fields of the same type.
ii) Lx commutes with contractions.

iii)  For any tensor fields S, T,
Ex(S®T) =LxSQRQT+SQLxT .

If X is a vector field we easily check that
LxY =[X,Y]

t= » 0z (q) 4

by writing (LxY)! = =4 ((®;).Y) . and expressing (®;),Y)!| = 02 (24 (a)) yj ,
where ¢ = ®_;(p). (See [?], Hawking and Ellis, section 2.4 for details.)

If Ais a k-form we have, as a consequence of the commutation formula of the
exterior derivative with the pull-back ®*,

d(LxA) = Lx(dA) .

For a given k-covariant tensorfield T° we have,

k
LxT(Y1,...,Ys) = XT(Y1,...,Y%) —ZT(Yl,... LxYi, ... V)
=1



2. VARIOUS NOTIONS OF DIFFERENTIATION 249

We remark that the Lie bracket of two coordinate vector fields vanishes,

0 0
[axax} =0

The converse is also true, namely, see Spivak, [?], Vol.I, Chapter 5,

Proposition 2.3. If X(g), ..., X(r) are linearly independent vector fields in a neigh-
bourhood of a point p and the Lie bracket of any two of them is zero then there exists
a coordinate system x*, around p such that X, = % for each p=0,....k .

The above proposition is the main step in the proof of Frobenius Theorem. To state
the theorem we recall the definition of a k-distribution in M. This is an arbitrary
smooth assignment of a k-dimensional plane m, at every point in a domain ¢ of
M. The distribution is said to be involute if, for any vector fields X,Y on U with
X|p, Y|, € mp, for any p € U, we have [X,Y]|, € m,. This is clearly the case for
integrable distributionﬂ Indeed if X|,,Y|, € TN, for all p € N, then X,Y are
tangent to N and so is also their commutator [X,Y]. The Frobenius Theorem
establishes that the converse is also trueﬂ that is being in involution is also a
sufficient condition for the distribution to be integrable,

Theorem 2.4. (Frobenius Theorem) A necessary and sufficient condition for a
distribution (mp) ., to be integrable is that it is involute.

2.5. The connection and the covariant derivative. A connection D is a
rule which assigns to each vectorfield X a differential operator D x. This operator
maps vector fields Y into vector fields DxY in such a way that, with a, 5 € R and
f, g scalar functions on M,

a) Dyxi19vZ = [DxZ +gDyZ
b) Dx(aY + 7)) =aDxY + DxZ (420)
¢) DxfY = X(/)Y + fDxY

Therefore, at a point p,
DY =Y.% 0% ® ey (421)

where the %) are the one-forms of the dual basis respect to the orthonormal frame
e(p)- Observe that Y§ = 6(®)(D,,, Y). On the other side, from c),

e8)
DfY =df Y + fDY
so that
DY = D(Yae(a)) =dY* ® €(a) + YaDe(a)
and finally, using df (-) = e(a)(f)g(a)(.)7

DY = (6(5) (Ya> + Y79 (Dem)e(v))) %) @ €(a) (422)
3Recall that a distribution 7 on I is said to be integrable if through every point p € U there

passes a unique submanifold N, of dimension k, such that 7w, = TN).
4For a proof see Spivak, citeSpivak, Vol.I, Chapter 6.
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Therefore
Y5 = (s (V) +T5,Y7
and the connection is, therefore, determined by its connection coefficients,
Ty = 0 (Degyey) (423)

which, in a coordinate basis, are the usual Christoffel symbols and have the expres-
sion

)

0
bo— def (D .

pr =dzx (Dagp Oz’
Finally

DxY = (X(Y*) +I5,X°Y7) () (424)
In the particular case of a coordinate frame we have
)%
ozH

v o a
+I%,XPY ) 5o

l‘V

DxY = (X”

A connection is said to be a Levi-civita connection if Dg = 0. That is, for any
three vector fields X,Y, Z,

Z(g(X,Y)) =g(DzX,Y) +g(X,DY) (425)

A very simple and basic result of differential geometry asserts that for any given
metric there exists a unique affine connection associated to it.

Proposition 2.6. There exists a unique connection on M, called the Levi-Civita
connection, which satisfies Dg = 0. The connection is torsion free, that is,

DxY —DyX =[X,Y] .

Moreover, relative to a system of coordinates, x*, the Christoffel symbol of the
connection is given by the standard formula

1
Fgu = QQHT (6;)91/7' + aI/g‘rp - a‘rgup) .

Exercise: Prove the proposition yourself, without looking in a book.

So far we have only defined the covariant derivative of a a vector field. We can
easily extend the definition to one forms A = A,dz® by the requirement that,
X(A(Y)) =DxA(Y) + A(DxY),

for all vectorfields X, Y. Given a k-covariant tensor field T' we define its covariant
derivative D xT by the rule,

k
DxT(Yy,....Ys) = XT(Y1,... . Ys) = > T(V,... ,DxYi,... ,Yi)
=1

We can talk about DT as a covariant tensor of rank k + 1 defined by,
DT(X,Y1,...,Yy) =DxT(Y1,...,Ys).
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Given a frame e, we denote by Ty, . o3 = DT(eg, €4y, ... ,€q,) the components
of DT relative to the frame. By repeated covariant differentiation we can define
D2T,...D™T. Relative to a frame e, we write,

DBI s DBn’LTalw-O‘k = Tal---ak;ﬁl--ﬂm - DmT(eﬁl s €8s Cagy ey eak)'

The fact that the Levi-Civita connection is torsion free allows us to connect covari-
ant differentiation to the Lie derivative. Thus, if T is a k-covariant tensor we have,
in a coordinate basis,

(EXT)Ul---Uk = XHTUl---UkhU' + XH;mT#Uz---Uk +ot Xu;crkTﬂl»--kalﬂ .

The covariant derivative is also connected to the exterior derivative according to
the following simple formula. If A is a k-form, we haveﬂ A A
and

o1..opipu] T Aor..ok,u]

dA=Y"Ay, oppda Ndz® Adz® A ... \daF

Given a smooth curve x : [0,1] — M, parametrized by ¢, let T = (%)X be the

corresponding tangent vector field along the curve. A vector field X, defined on
the curve, is said to be parallelly transported along it if D7 X = 0. If the curve
has the parametric equations x¥ = z"(t), relative to a system of coordinates, then
T = % and the components X* = X" (x(t)) satisfy the ordinary differential
system of equations

D dXH dx”

@Xﬂ = T + Fgg(x(t))ﬁX" =0.

The curve is said to be geodesic if, at every point of the curve, DT is tangent
to the curve, DT = AT. In this case one can reparametrize the curve such that,
relative to the new parameter s, the tangent vector S = (%)x satisfies DgS =0 .
Such a parameter is called an “affine parameter”. The affine parameter is defined
up to a transformation s = as’+b for a, b constants. Relative to an affine parameter
s and arbitrary coordinates z* the geodesic curves satisfy the equations

de# + H Edia

ds? P ds ds
A geodesic curve parametrized by an affine parameter is simply called a geodesic.
In Lorentzian geometry timelike geodesics correspond to world lines of particles
freely falling in the gravitational field represented by the connection coefficients. In
this case the affine parameter s is called the proper time of the particle.

Given a point p € M and a vector X in the tangent space T,M, let x(¢) be the
unique geodesic starting at p with “velocity” X. We define the exponential map:

exp, : T,M — M .
This map may not be defined for all X € T,M. The theorem of existence and

uniqueness for systems of ordinary differential equations implies that the exponen-
tial map is defined in a neighbourhood of the origin in 7,M. If the exponential

5[¢y...01; 1] indicates the antisymmetrization with respect to all indices (i.e. %(alternating
sum of the tensor over all permutations of the indices)) and ¢, u” indicates the ordinary derivative
with respect to z#.
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map is defined for all T,M, for every point p the manifold M is said geodesically
complete. In general if the connection is a C” connectiorﬁ there exists an open
neighbourhood Uy of the origin in 7,M and an open neighbourhood of the point
p in M, V), such that the map exp, is a C" diffeomorphism of Uy onto V,,. The
neighbourhood V), is called a normal neighbourhood of p.

3. Riemann curvature tensor, Ricci tensor, Bianchi identities

Riemann curvature tensor, Ricci tensor, Bianchi identities

In the flat spacetime if we parallel transport a vector along any closed curve we
obtain the vector we have started with. This fails in general because the second
covariant derivatives of a vector field do not commute. This lack of commutation
is measured by the Riemann curvature tensor,

R(X,Y)Z =Dx(DyZ) - Dy(DxZ2) — Dix y1Z (426)
or written in components relative to an arbitrary frame,
R%,; = 0% ((D,Ds — DsD,)es) (427)

Relative to a coordinate system x* and written in terms of the g,,, components,
the Riemann components have the expression

ore are,
Ruupo = axapu - axpg + Fgrrgy - FgTF;V (428)

The fundamental property of the curvature tensor, first proved by Riemann, states
that if R vanishes identically in a neighbourhood of a point p one can find families
of local coordinates such that, in a neighbourhood of p, g, = 7

The trace of the curvature tensor, relative to the metric g, is a symmetric tensor
called the Ricci tensor,
Raﬂ = g’yéRa'yﬁé
The scalar curvature is the trace of the Ricci tensor
R =g"Ras .

The Riemann curvature tensor of an arbitrary spacetime (M, g) has the following
symmetry properties,

Raﬁ'\/ﬁ = _Rﬂa'yé = _Raﬁﬁ"/ = R'yéaﬂ

Ragys + Ravsg + Rasgy =0 (429)
The second identity in (429)) is called the first Bianchi identity.

It also satisfies the second Bianchi identities, which we refer to here as the Bianchi
equations and, in a generic frame, have the form:

DR 505 = 0 (430)

6A O™ connection is such that if Y is a C"*1 vector field then DY is a C” vector field.
"For a thorough discussion and proof of this fact, refer to Spivak, [?], Vol. II.
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The traceless part of the curvature tensor, C is called the Weyl tensor, and has the
following expression in an arbitrary frame,

chﬁ’yé = Raﬂ'y& - n—1 (goz'yRﬁﬁ + gﬁéRa'y - gﬁ’yRaé - gaéRﬁ’y)

+ ﬁ(gawgm — 8as8sy )R (431)
Observe that C verifies all the symmetry properties of the Riemann tensor:
Capys = =Cpays = —Capsy = Cysap
Capys + Caysp + Caspy =0 (432)
and, in addition, g*7Cupys =0 .

We say that two metrics g and g are conformal if § = A\2g for some non zero
differentiable function A. Then the following theorem holds (see Hawking- Ellis,
[?], chapter 2, section 2.6):

Theorem 3.1. Let g = \g, C the Weyl tensor relative to g and C the Weyl
tensor relative to g. Then
Ao ce ..
Bé B8
Thus C is conformally invariant.

3.2. Isometries and conformal isometries, Killing and conformal Killing
vector fields. Definition. A diffeomorphism ® : &/ C M — M is said to be a
conformal isometry if, at every point p, ®,g = A2g, that is,

(@) (X, V)|, = g(P. X, ©.Y ) |ap) = A’g(X,Y),
with A £ 0. If A =1, ® is called an isometry of M.

Definition. A vector field K which generates a one parameter group of isome-
tries (respectively, conformal isometries) is called a Killing (respectively, conformal
Killing) vector field.

Let K be such a vector field and ®; the corresponding one parameter group. Since
the (®;). are conformal isometries, we infer that £xg must be proportional to the
metric g. Moreover Lig = 0 if K is a Killing vector field.

Definition. Given an arbitrary vector field X we denote (X)r the deformation
tensor of X defined by the formula

(X)Traﬁ = (‘CXg)aﬁ = DaX[f + D,BXa .

The tensor (X)7 measures, in a precise sense, how much the diffeomorphism gener-
ated by X differs from an isometry or a conformal isometry. The following Propo-
sition holds, (see Hawking-Ellis, citeHawkEll, chapter 2, section 2.6):

Proposition 3.3. The vector field X is Killing if and only if X7 = 0. It is
conformal Killing if and only if ) is proportional to g.



254 B. BASIC CONCEPTS IN RIEMANNIAN AND LORENTZIAN GEOMETRY

Remark: One can choose local coordinates such that X = a%' It then immedi-
ately follows that, relative to these coordinates the metric g is independent of the

component x*.

Proposition 3.4. On any pseudo-riemannian spacetime M, of dimension n =
p + q, there can be no more than %(p +q)(p+ q+ 1) linearly independent Killing
vector fields.

Proof: Proposition [3.4]is an easy consequence of the following relation, valid for
an arbitrary vector field X, obtained by a straightforward computation and the use
of the symmetries of R.

DsDo Xy = Rangs X0 + K0 (433)
where
1
(X)Fagk = 5 (Dgﬂ'(w\ + Daﬂ'g)\ — Dxﬂ'ag) (434)

and m = (7 is the X deformation tensor.

If X is a Killing vector field equation (433)) becomes
Djs(DoXy) = Raape X° (435)

and this implies, in view of the theorem of existence and uniqueness for ordinary
differential equations, that any Killing vector field is completely determined by the
%(n +1)(n+2) values of X and DX at a given point. Indeed let p, ¢ be two points
connected by a curve z(t) with tangent vector T. Let Los = D, X3, Observe that
along x(t), X, L verify the system of differential equations

D D

—X=T-L , —L=R(,,X,T

dt ) dt ( A b )

therefore the values of X, L along the curve are uniquely determined by their values

at p.

The n-dimensional Riemannian manifold which possesses the maximum number of
Killing vector fields is the Euclidean space R™. Simmilarily the Minkowski space-
time R™*! is the Lorentzian manifold with the maximum numbers of Killing vec-
torfields.

3.5. Laplace-Beltrami operator. The scalar Laplace-Beltrami operator on
a pseudo-riemannian manifold M is defined by,

Anmu(z) = gD, Dyu (436)
where u is a scalar function on M. Or, in local coordinates,
1 1%
Anu(z) = m%(g“ Vlg(@)[0y )u(z) (437)

The Laplace-Beltrami operator is called D’Alembertian in the particular case of a
Lorentzian manifold, and is then denoted by Up;. On any pseudo-riemannian man-
ifold, Apg is symmetric relative to the following scalar product for scalar functions
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(u,v)m = /u(m)v(x)duM

Indeed the following identities are easily established by integration by parts, for
any two smooth, compactly supportecﬁ functions u, v,

(—Au,v)m = / Vu - Vvdom = (u, —Av)m (438)
M

where Vu-Vv = ¢/ 9;ud;v. In the particular case when u = v we derive, (—Au, v)p =
Jor IVul?, with [Vu|? = Vu - Vu. Thus, —A = —Ap is symmetric for functions
u € C°(M). Tt is positive definite if the manifold M is Riemannian. This is not
the case for Lorentzian manifolds: Oy is non positive definite.

4. Minkowski space

4.1. Basic definitions. The n+1 dimensional Minkowski space, which we de-
note by R™*!, consists of the manifold R™*! together with a Lorentz metric m and
a distinguished system of coordinates x®, a = 0,1,...n, called inertial, relative
to which the metric has the diagonal form m,s = diag(—1,1,...,1). Two iner-
tial systems of coordinates are connected to each other by translations or Lorentz
transformations. We use standard geometric conventions of lowering and raising
indices relative to m, and its inverse m~! = m, as well as the usual summation
convention over repeated indices. The coordinate vectorfields 6% are denoted by
Oa, an arbitrary vectorfield is denoted by X = X%9, with X = X(z° ... 2").
Observe that by lowering indices relative to m we get Xg = —X? and X; = X*
foralli=1,...,n. We denote by D the flat covariant derivative of R**!, that is
Dowg = Owg for an arbitrary 1- form w = wedz®. We also split the spacetime co-
ordinates ® into the time component 2° = ¢ and space components xz = ¢, ... z".
Note that tg = —t and 2 = x; fori=1,... ,n.

A vector X is said to be timelike, null or spacelike according to whether m(X, X)
is < 0, =0 or > 0. Accordingly a smooth curve z%(s) is said to be timelike,
null or spacelike if its tangent vector % is timelike, null or spacelike at every
one of its points. A causal curve may be timelike or null. Similarly a hyper-
surface u(z?,...2") = 0 is said to be spacelike, null or timelike if its normal
N® = —m®8 Ogu is, respectively, timelike, null or spacelike. The metric induced by
m on a spacelike hypersurface is necessarily positive definite, that is Riemannian.
A function t(2%, 2%, ... ,2") is said to be a time function if its level hypersurfaces
t =t are spacelike. On a null hypersurface the induced metric is degenerate relative
to the normal direction, i.e. m(N, N) = 0. In particular function u = u(z?,...2")

whose level surfaces u = u are null must verify the Eikonal equation
m*?9,udsu = 0 (439)
Equation (439)) can also be written in the form Dy N = 0. We call N a null geodesic

generator of the level hypersurfaces of u.

8This is automatically satisfied if the manifold M is compact.



256 B. BASIC CONCEPTS IN RIEMANNIAN AND LORENTZIAN GEOMETRY

A causal curve can be either timelike and null at any of its points. The canonical
time orientation of R™*! is given by the vectorfield Ty = 9y. A timelike vector X is
said to be future oriented if m(X,Ty) < 0 and past oriented if m(X,Ty) > 0. The
causal future J¥(S) of a set S consists of all points in R"*! which can be connected
to S by a future directed causal curve. The causal past J(S) is defined in the
same way. Thus, for a point p = (t,z), J*(p) = {(t > to,x)/|v — x| < t —to}.
Given a smooth domain D, its future set J (D) may, in general, have a nonsmooth
boundary, due to caustics.

We consider conservative domains J+(D1) N J (D) with Dy C %y, Dy C 3o,
spacelike hypersurfaces. The domain is regular if both Di, Dy are regular and
its non- spacelike boundaries N7 C 9(J " (D1)) \ D1 and Ny C (T~ (D2)) \ Do
are smooth. In the particular case, when D; = ¥; and D = Dy C 35, we obtain
T T(E1)NT (D), called domain of dependence of D relative to 3, consisting of all
points in the causal past of D C 3, to the future of ¥;. Similarily J(D)NJ ™ (X2),
with D C X is called the domain of dependence of influence of D relative to
39. Particularly useful examples are given in terms of a time function t with
¥ = {(t,x)/t(t,z) = t1}, Yo = {(¢t,z)/t(t,x) = t1} two, nonintersecting, level
hypersurfaces, 3o lying in the future of .

A pair of null vectorfields L, L form a null pair if m(L,L) = —2. A null pair
en = L,eny1 = L together with vectorfields eq,...e,—1 such that m(L,e,) =
m(L,e,) =0 and m(ey, ep) = dap, for all a,b=1,... ,n — 1, is called a null frame.

The null pair,

L=0;+0.,, L=0 -0, (440)
with 7 = |z| and 0, = x%/rd;, is called canonical. Simmilarly a null frame
€1,...eny1 with e, = L,e,11 = L is called a canonical null frame. In that case
€1,...,en_1 form, at any point, an orthonormal basis for the the sphere S; .., of con-

stant ¢ and r, passing through that point. Observe also that L is the null geodesic
generator associated to u =t — r while L the null geodesic of u =t + r.

4.2. Conformal Killing vectorfields. Let z* be an inertial coordinate sys-
tem of Minkowski space R**!. The following are all the isometries and conformal
isometries of R"T1.

1. Translations: for any given vector a = (a°,al,....,a") € R*+1,

zt — 2t + ot

2. Lorentz rotations: Given any A = A2 € O(1,n),

at — Ab ¥

3. Scalings: Given any real number A # 0,

zt — AzH
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4. Inversion: Counsider the transformation z# — I(z*), where
o
(z,2)

defined for all points x € R™*! such that (z,z) # 0.

I(z") =

The first two sets of transformations are isometries of R**!, the group generated
by them is called the Poincare group. The last two type of transformations are
conformal isometries. the group generated by all the above transformations is called
the Conformal group. In fact the Liouville theorem, whose infinitesimal version will
be proved later on, states that it is the group of all the conformal isometries of R?+1.

We next list the Killing and conformal Killing vector fields which generate the above
transformations.

i. The generators of translations in the z* directions, p =0,1,...,n

0
Tu= g

ii. The generators of the Lorentz rotations in the (u, v) plane:

L, =x,0, — 2,0,

iii. The generators of the scaling transformations:

S = 20,

iv. The generators of the inverted translations [}

0 0
K# = 2xﬂxp@ — (xpxp)@

We also list below the commutator relations between these vector fields,

Log, Lys] = NayLigs — ngyLias + ngsLay — Naslisy

[

[Laﬁv 7] = 10~y Tp — 115y Ta

[Ta, Tg] =0

[Tou ] =T, (441)
[T K ] = 2(7704,38 + La,@)

{ aBs ] [KOMK,B] =0

LaBa K } = UOL’YKB nﬁ’YKOé

Denoting P(1,n) the Lie algebra generated by the vector fields Ty, Lg, and K£(1,n)
the Lie algebra generated by all the vector fields T,,Lg,,S,Ks we state the fol-
lowing version of the Liouville theorem,

90bserve that the vector fields K, can be obtained applying I to the vector fields T,.
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Theorem 4.3. The following statements hold true.

1) P(1,n) is the Lie algebra of all Killing vector fields in R"T1.

2) If n > 1, K(1,n) is the Lie algebra of all conformal Killing vector fields in R™"T1.

3) If n = 1, the set of all conformal Killing vector fields in R'™1 is given by the
following expression

F@ + 2 (00 + 1) + g(2® — )00 — 1)

where f,g are arbitrary smooth functions of one variable.

Proof: The proof for part 1 of the theorem follows immediately, as a particular
case, from Proposition (3.4). From (433) as R =0 and X is Killing we have

D.D,X\=0.

Therefore, there exist constants a,,,b, such that X* = a,,x” 4+ b,. Since X is
Killing D, X, = —D,X, which implies a,, = —a,,. Consequently X can be
written as a linear combination, with real coefficients, of the vector fields T, L.

Let now X be a conformal Killing vector field. There exists a function 2 such that

e = o (442)
From and it follows that
D,D, Xy = % (110 + Qunux — QM) (443)
Taking the trace with respect to u, v, on both sides of we infer that
0x, = "L,
D“Xﬂz7l;19 (444)

and applying D* to the first equation, O to the second one and subtracting we
obtain

09 =0 (445)

Applying D,, to the first equation of (444) and using (445) we obtain

-1
mqmpm::”wam+mmm:ﬂwﬂﬁvwg

= —(DQ)%,\ =0 (446)

Hence for n # 1, D, D52 = 0. This implies that {2 must be a linear function of x*.
We can therefore find a linear combination, with constant coefficients, ¢S + d* K,
such that the deformation tensor of X — (¢S + d*K,) must be zero. This is the
case because ) = 2 and Fupr = 4z,m. Therefore X — (¢S + d“K,) is Killing
which, in view of the first part of the theorem, proves the result.
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Part 3 can be easily derived by solving (442)). Indeed posing X = ady + b0, we
obtain 2Dy Xy = —Q, 2D1X; = Q and DyX; + D1 Xy = 0. Hence a, b verify the
system

da _9b A _ da

920 ~ Ozl 920 oxl
Hence the one form adz® + bdz! is exact, adz® + bdx' = d¢, and 50”2 = 6372127 that
is ¢ = 0. In conclusion

X_1<a¢ 8¢ 1(a¢ 8¢

a0 + gt ) @0+ 00+ 5 (55— gt ) @0~

which proves the result.

)

Remark. Expresse relative to the canonical null pair,

To=2""(L+L), S=2"'(uL+ul), Ky=2"'(x*L+u’L).
(447)

Both T = 9; and Ko = (#>+|z|?)9;+2tx!0; are causal. This makes them important
in deriving energy estimates. Observe that S is causal only in J(0) U7~ (0).

4.4. Null hypersurfaces. Null hypersurfaces are particularly important as
they correspond to the propagation fronts of solutions to the wave or Maxwell
equation in Minkowski spacﬂ The simplest way to describe the geometry of a
null hypersurfaces is to start with a codimension one hypersurface Sy C 3¢, where
Yo is a fixed spacelike hypersurface of M"*!. At every point p € Sy there are
precisely two null directions ortogonal to the tangent space T;,(Sp). Let L denote
a smooth null vectorfield orthogonal to Sy and consider the congruence of null
geodesicﬂ generated by the integral curves of L. As long as these null geodesics
do not intersect the congruence forms a smooth null hypersurface N'. We can also
extend L, by parallel transport, to all points of N'. Clearly Dy, L =0, m(L, L) =0,
moreover m(L, X) = 0 for every vector X tangent to A. Observe also that L is
uniquely defined up to multiplication by a conformal factor depending only on Sy.
Define, for all vectorfields X,Y tangent to N,

v(X,Y) =m(X,Y), X(X,Y)=m(DxL,Y) (448)

They are both symmetric tensors, called, respectively, the first and second null fun-
damental forms of N'. Observe that y is uniquely defined up to the same conformal
factor associated to L. Clearly y(L,X) = x(L,X) = 0 for all X tangent to N,
therefore they both depend, at a fixed p € N, only on a fixed hyperplane transver-
sal to L,,. Define s, called affine parameter, by the condition L(s) =1, s = 0 on Sp.
Its level surfaces defines the geodesic foliation of N'. Given coordinates w = (w?),
a=1,...n—1o0on Sy we can parametrize points on Ss by the flow 2*(s,w) defined
by % = L* with 2#(0,w) the point on Sy of coordinates w. Let,

P B
Yab = 7Y 6(&1“’8&1”’ ) Xab = X awa,awb

100r more generally on a Lorentz spacetime.
1 These are in fact straight lines in Minkowski space.
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denote the components of v and x relative to these coordinates. One can easily
check that %%b = 2Xab- The volume element of S is given by

das, = \/|y|dw" ... dw"?
ab d

with v the determinant of the metric . Observe that % log || = v £5Vab = 2t1X,
with try = v xa the expansion coefficient of the null hypersurface. Thus,

d
— = trx v/ ).
T || = trxv/ |y

The rate of change of the total volume |Ss| is given by the following formula,

d
—|Ss| = trydag, . 449
G151 = [ mas, (149)
We also remark that x verifies the following Ricatti type equation,
d 2
— =0 450
XX (450)

which can be explicitely integrated. Thus one can verify that try(s,wp) may become
—o0 at a finite value of s > 0 if trx(0,wp) < 0 at some point of Sy. This occurence
corresponds to the formation of a caustic.

An arbitrary foliation S, on N can be parametrized by v(s,w) with (s,w) the

geodesic coordinates defined above. We call Q) = ‘;—Z the null lapse function of the

foliation and denote by +' and ' the restiction of v, x to S,. If X is a vectorfield
tangent to the geodesic foliation S then X’ = X — Q71X (v)L is tangent to S,,.
Thus, if X,Y are tangent to Sg then v(X,Y) = y(X',Y’) and x(X',Y’) = x(X,Y).
Relative to the coordinates (v,w) we have

’V(/zb = Yab, X:;,b = Xab-

To define the volume element on a null hypersurface N/ we choose an arbitrary

foliation v with null lapse function % = () and induced metric v and set

day = Q tdag,dv (451)

where dag, denotes the area element of S, induced by «. The definition does not
depend on the particular foliation.

4.5. Energy momentum tensor. An energy momentum tensor in R*t! is
a symmetric two tensor Qg verifying the positive energy condition,

QX,Y) >0,
for all X,Y causal, future oriented. We say that @ is divergenceless if,
DPQup =0 (452)

Given an arbitrary vectorfield X,

1
Da(QaﬂXﬁ) = QQBDOLXB = 5@&5 (X)ﬂ_aﬁa
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where (X) = L£ym denotes the deformation tensor of X. Recall that (X753 =
0aXp + 0pXo. In the particular case when X is a Killing vectorfield, that is
(X7m =0, we derive

D*(QapX”) = 0. (453)

The same identity holds if X is conformal Killing and @ is traceless, that is
m(XﬁQaﬂ =0.

A typical conservation law is obtained when we integrate the latter identity, and
apply Stokes theorem, on a regular conservative spacetime domain( see section
JT(D1)NJ ™ (D2) with smooth spacelike boundaries D; C %; and null boundaries
N;, i = 1,2. We denote by T}, Ty the future unit normals to the spacelike hyper-
surfaces X1, Y5 and chose the null normals Ly, Ly such that m(L;, T;) = —1 along
the boundaries D; C ¥;, ¢ = 1,2. For simplicity we denote both timelike normals
by T and both null normals by L whenever there is no possibility of confusion.

Proposition 4.6. Assume that Qg is a divergenceless energy momentum tensor
and X a Killing vectorfield in a neighborhood of the regular conservative domain
J (D1, Ds) as above. Then,

QX L) + MXﬂz/)mxm+ QX.T)  (454)
Dy N1

Nz Dl

The integrals are taken with respect to the area elements day along the null hyper-
surfaces N1, N2 and the area elements of the Riemannian metrics induced by m on
31, 29. Observe that all integrands are positive if X is causal. The identity
remains valied if X is conformal Killing and Q is traceless.

Proof: Let P, = QagXﬂ. According to eqrefeq:cons-lawl we have D*P, = 0. &

The result simplifies for domains of dependence J+(X1)NJ ~ (D C X3), or influence
JT(D C %) NJ (82), with X5 in the future of ¥;. We normalize L by the
condition m(L,T) = —1 on 0D C ¥ where T denotes the unit normal to ¥, ¥s.

Corollary 4.7. If Q is divergenceless, X is Killing and D C 3,
[exn+ [ oxn=[ (455)
N DCE, T~ (D)NT,
Similarily, if D C ¥4,
[exn+ [ ouxn-/ QUX.T) (456)
N DCx,y .7+(D)ﬂ22
The identity remains true if X is conformal Killing and Q is traceless.
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