Excluding a fat tree

Tung Nguyen! Alex Scott? Paul Seymour?
Princeton University, University of Oxford, Princeton University,
Princeton, NJ 08544, USA Oxford, UK Princeton, NJ 08544, USA

January 19, 2025; revised July 16, 2025

'Supported by AFOSR grants A9550-19-1-0187 and FA9550-22-1-0234, and by NSF grants DMS-1800053
and DMS-2154169.

2Supported by EPSRC grant EP/X013642/1

3Supported by AFOSR grants A9550-19-1-0187 and FA9550-22-1-0234, and by NSF grants DMS-1800053
and DMS-2154169.



Abstract

Robertson and Seymour proved that for every finite tree H, there exists k& such that every finite
graph G with no H minor has path-width at most k; and conversely, for every integer k, there is a
finite tree H such that every finite graph G with an H minor has path-width more than k. If we
(twice) replace “path-width” by “line-width”, the same is true for infinite graphs G.

We prove a “coarse graph theory” analogue, as follows. For every finite tree H and every c, there
exist k, L, C such that every graph that does not contain H as a c-fat minor admits an (L, C')-quasi-
isonetry to a graph with line-width at most k; and conversely, for all k, L, C' there exist ¢ and a finite
tree H such that every graph that contains H as a c-fat minor admits no (L, C)-quasi-isometry to a
graph with line-width at most k.



1 Introduction

Graphs in this paper may be infinite, and have no loops or parallel edges. If G is a graph and
X C V(G), G[X] denotes the subgraph of G induced on X. If X is a vertex of G, or a subset of the
vertex set of G, or a subgraph of G, and the same for Y, then distg(X,Y) denotes the distance in
G between X, Y, that is, the number of edges in the shortest path of G with one end in X and the
other in Y. (If no path exists we set distg(X,Y) = c0.)

Let G, H be graphs, and let ¢ : V(G) — V(H) be a map. Let L,C > 0; we say that ¢ is an
(L, C)-quasi-isometry if:

e for all u,v in V(G), if distg(u,v) is finite then disty (¢(u), p(v)) < Ldistg(u,v) 4+ C;
e for all u,v in V(G), if disty (¢ (u), ¢(v)) is finite then distg(u, v) < Ldisty(¢(u), ¢(v))+C; and
o for every y € V(H) there exists v € V(G) such that disty(¢(v),y) < C.

If G is a graph, we write U(G) for V(G)UE(G). Let G, H be graphs, and let ¢ > 0 be an integer.
For each = € U(H), let n(x) be a non-null connected subgraph of G, all pairwise vertex-disjoint, such
that

e for each uv € E(H), there is an edge of G between n(u) and n(uv);

e distg(n(u),n(v)) > ¢ for all distinct z,y € U(H), except when one of z,y is in V(H), the other
is in E(H), and the edge is incident in H with the vertex.

In these circumstances, we say that G contains H as a c-fat minor, and 7 exhibits H as a c-fat minor
of G. Sometimes, we are given a subset X C V(G), and the function n satisfies that n(z) C G[X]
for all z € U(H). In this case, we say that X contains a c-fat H-minor of G. Note that this is not
the same thing as saying that G[X] contains H as a c-fat minor, because being c-fat depends on a
distance function, and we are using the distance function of G rather than that of G[X].

It is easy to see that:

1.1 Let L,C,c > 0, and let G contain H as a c-fat minor. Let there be an (L,C)-quasi-isometry
from G to some graph G'. If ¢ > L(L + C) 4+ C then G’ contains H as a minor.

A. Georgakopoulos and P. Papasoglu [6] conjectured that a converse also holds:

1.2 False conjecture: For every graph H and all ¢ > 0, there exists L,C > 0, such that if a graph
G does not contain H as a c-fat minor, then G admits an (L,C)-quasi-isometry to a graph with no
H minor.

This is known to be true when:
e H = K3, by Manning’s theorem [8] (and see [6]);
e H = Ky, by Georgakopoulos and Papasoglu [6];
e H = Kj3, by Chepoi, Dragan, Newman, Rabinovich, and Vaxes [1];

e H = K, (that is, K4 with one edge deleted) by Fujiwara and Papasoglu [5].



The conjecture has recently been shown to be false in general, by J. Davies, R. Hickingbotham, F.
Mlingworth and R. McCarty [3]; but their counterexample H contains a clique of size 15, and there
remains hope that 1.2 is true for some interesting graphs H. (Trees? Planar graphs?)

Our result is not exactly of this type, but has the same flavour. A path-decomposition of a graph
G is apair (T,(B; :t € V(T))), where T is a path (possibly infinite) and each By is a subset of V(G)
(called a bag), such that:

® UteV(T) B, =V(G);
e for every edge e = uv of G, there exists t € V(T with u,v € By; and
o for all ¢t1,ta,t3 € V(T), if t5 lies between ¢, t3 in T, then By, N By, C By, .

The width of a path-decomposition (T, (B; : t € V(T'))) is the maximum of the numbers |B;| — 1 for
t € V(T), or oo if there is no finite maximum; and the path-width of G is the minimum width of a
path-decomposition of G.

Robertson and Seymour [11] proved:

1.3 For every finite tree H, there exists k such that every finite graph G with no H minor has
path-width at most k; and conversely, for every integer k, there is a finite tree H such that every
finite graph with an H minor has path-width more than k.

It is important here that G is finite: for instance, when G consists of the disjoint union of countably
many infinite paths, then G' does not contain the claw K3 as a minor, and yet G does not have
any finite path-width. This can be fixed. Say a line-decomposition of G is a family (B : t € T)) of
subsets of V(G), where T is a linearly-ordered set, satisfying the same three bullets above (with V(T')
replaced by T' everywhere). The width of a line-decomposition (7, (B; : t € T')) is the maximum of
the numbers |B;| — 1 for t € T, or oo if there is no finite maximum; and the line-width of G is the
minimum width of a line-decomposition of G. We proved in [2] that G has line-width at most k if
and only if every finite subgraph has path-width at most k. Consequently, if we replace “path-width”
by “line-width” in 1.3, then the statement of 1.3 is true even for infinite graphs G.

Our aim in this paper is to give a coarse graph theory analogue of this “line-width” version of
1.3. Our main result says:

1.4 For every finite tree H and every c, there exist k,L,C such that every graph that does not
contain H as a c-fat minor admits an (L, C)-quasi-isometry to a graph with line-width at most k;
and conversely, for all k, L, C there exists ¢ and a finite tree H such that every graph that contains
H as a c-fat minor admits no (L, C)-quasi-isometry to a graph with line-width at most k.

The second half is easy: choose ¢ > L(L 4+ C) + C, and let H be a finite tree with line-width more
than k. If G contains H as a c-fat minor, and there is an (L, C)-quasi-isometry from G to G’, then
by 1.1, G’ contains H as a minor and hence has line-width more than k. The first half is much more
difficult and will occupy the whole paper.

As a first step, let us eliminate the (L, C')-quasi-isometry. If X C V(G), we say X has quasi-size
at most (k,r) if there is a set Y C V(G) with |Y| < k, such that distg(z,Y) < r for each x € X. If
X CV(G), let us say a line-decomposition (B; : (t € T')) of G[X] is (k,r)-quasi-bounded in G if By
has quasi-size at most (k,r) for each t € T'. Let us say X has quasi-line-width at most (k,r) if G[X]
admits a (k, r)-quasi-bounded line-decomposition.



It is important that the distance function used in the definition of quasi-size and (k,r)-quasi-
bounded is that defined by G, not that defined by G[X]. This will be the case throughout the paper.
Even when speaking of subgraphs of G, we will never use their distance functions: the distance
function in use will always be that of G. We sometimes write X for G[X] when X C V(G). This
should cause no confusion since there is always only one graph G under consideration.

It was proved by R. Hickingbotham [7] that:

1.5 For all k,r, there exist L,C > 1 such that if G has quasi-line-width at most (k,r), then G
admits an (L, C)-quasi-isometry to a graph with line-width at most 2k — 1.

(In [10], we proved a version of this with path-width instead of line-width, and 2k — 1 replaced by k,
but Hickingbotham tells us that his different method of proof yields the result 1.5, and he will add
it to his paper.) Thus, to complete the proof of 1.4, it suffices to prove the following:

1.6 For every finite tree H and every ¢ > 0, there exist k,r such that every graph that does not
contain H as a c-fat minor has quasi-line-width at most (k,r).

Hy denotes the tree with one vertex. For £ > 1 an integer, let Hy; be the finite tree such that
every vertex has degree one or three, and for some vertex r (called the root) every path from r to
a vertex of degree one has length exactly £. Every tree H is a minor of H, for some choice of £,
and then, if G does not contain H as a c-fat minor then it does not contain H, as a c-fat minor.
Consequently it suffices to prove 1.6 when H = Hy, that is:

1.7 For every £ > 1 and every ¢ > 0, there exist k,r such that every graph that does not contain
Hy; as a c-fat minor has quasi-line-width at most (k,r).

Let £ > 1, let r be the root of Hy, let By, By, B3 be the three components of Hy \ r, and for
i=1,2,3, let e; be the edge of Hy between r and V(B;). We say that n exhibits Hy as a c-superfat
minor of G if n exhibits H; as a c-fat minor of a graph G, and distg(z,y) > 3¢ for all ¢,j with
1<i<j<3,and all z € V(n(B;)) UV (n(e;)), and all y € V(n(B;)) UV (n(e;)). When £ =0, we
say that n exhibits Hy as a c-superfat minor of a graph G if it exhibits Hy as a c-fat minor of G. If
n exhibits H as a c-superfat minor of G, n(H) denotes U,y gy n(2).-

In order to prove 1.7, it suffices to show:

1.8 For every £ > 1 and every ¢ > 0, there exist k,r such that every graph that does not contain
Hy as a c-superfat minor has quasi-line-width at most (k,r).

Using superfat instead of fat is helpful for inductive purposes.

2 Some preliminary lemmas

We begin with the reason we use “superfat” instead of “fat”:

2.1 Letc> 2, lett >0, and for i = 1,2,3, let n; exhibit Hy as a c-superfat minor of a graph G,
such that distg(n;(Hy),n;(Hy)) > 5c¢ for all distinct 4,5 € {1,2,3}. Let W C V(G) such that G[W]
is connected, and distg(n;(H), W) = ¢ for h = 1,2,3; and for h = 1,2,3, let P, be a geodesic from
W to nn(H). Then there is a mapping n that exhibits Hy 1 as a c-superfat minor of G, such that

T](Ht+1) - G[W] U nl(Ht) U 772(Ht) U 773(Ht) UP,UP,U Ps.



Proof. Let r be the root of H, let By, By, B3 be the three components of Hy \ r, and for h =
1,2,3, let e; be the edge of H; between r and V(By). For h,i € {1,2,3}, let ny(B;") denote
Uzeu(s) (@) Unnlei). For h =1,2,3, let w, € W be the end of P, in W. We know that for
h =1,2,3, and all distinct 7, j € {1, 2,3},

diste (nn(B;), mn (B} ) = 3¢+ 1.

Consequently, there is at most one value of i € {1,2,3} such that distg(Ps,n(B;")) < ¢, since Py
has length c. By relabelling, we may assume that distg(P, nn(B;7)) > ¢ for i = 1,2.

Since diste(n;(Hy),n;(Hy) > 5¢ and P;, Pj have length ¢, it follows that distg(P;, n;(Hy)) > 4e,
and distg(P;, Pj) > 3¢, for all distinct 4,5 € {1,2,3}. Moreover, distg(Py,nn(B;")) > ¢ for i = 1,2
and h =1,2,3.

Let ' be the root of Hy11, and let B, B}, B, €}, €5, €5 be defined as usual. Thus, for h =1,2,3,
Bj, is isomorphic to H;\ V(Bs); let ¢p, be such an isomorphism. Define n(r') = W, and for h = 1,2, 3,
let n(x) = nu(Pn(x)) for each z € U(By,). For h = 1,2,3, we define n(e},) as follows. If there is an
end yp, of Py in ny(r), let n(ey) = V(Pr) \ {wh, yrn} (since ¢ > 2, this set is nonempty). If not, then
there is an end of Py, in 1, (B3 ); let n(e}) = (V(Py) \ {wn}) Unn(By). Then n exhibits Hyq as a
c-superfat minor of G. This proves 2.1. |

If X C V(G), bd(X) denotes the set of vertices in X that have a neighbour in V(G) \ X, and
is called the boundary of X. A key idea of the proof is that we work with subsets X C V(G) such
that, simultaneously, G[X] has bounded quasi-line-width and bd(X) has bounded quasi-size, and it
turns out that we can make the two bounds the same with little loss. Let us say X C V(G) has
quasi-bound at most (a,b) if G[X] has quasi-line-width at most (a,b) and bd(X) has quasi-size at
most (a,b).

We will need the following lemma about composing line-decompositions.

2.2 Let A be a set of disjoint nonempty subsets of V(G), with union W say, such that each A € A
has quasi-bound at most (a,b). Suppose also that there is a line-decomposition of G[W| in which each
bag is the union of at most k members of A. Then G[W] has quasi-line-width at most ((k + 1)a,b).

Proof. Let Z be the union of the sets bd(A) (A € A). Then by hypothesis, there is a line-
decomposition (B : t € T) of G[Z] such that each bag is the union of at most k sets of the form
bd(A), and so has quasi-size at most (ka,b). For each A € A, since A is nonempty, there exists
r(A) € T such that B,4y N A # (), and hence A C B, 4 (since B, 4) is a union of boundaries of
members of A and the members of A are pairwise disjoint). By duplicating points of T', we may
assume that the elements r(A) (A € A) are all distinct; and also by duplicating points of T, we
may assume that each r(A) has a successor s(A) € T, that is, an element s(A) € T different from
r(A), such that r(A) < s(A), and there is no t € T with r(A) < t < s(A). For each A € A, let
(CA :t € T4) be an (a,b)-quasi-bounded line-decomposition of G[A]. By adding two new elements
to T4, we may assume that 7% has a maximum and minimum element; and so, by inserting T into
T, we may assume that T4 equals {t € T : r(A) <t < s(A)}. For each t € T, if t € T4 for some
(necessarily unique) A € A, let D, = B; U C{‘. If there is no such A, let D; = By.

We claim that (D; : ¢t € T') is a line-decomposition of G[W]. If v € W, choose A € A with v € A;
then v € C* for some t € T4, and hence v € D;. Next, suppose that uv € E(G[W]). If there exists
A € A with u,v € A, then u,v € C’{‘ for some t € T4, and hence u,v € D;. If there is no such A,



choose A, A’ € A with u € A and v € A’. Then u € bd(A) and v € bd(4’), and so uv is an edge of
G[Z]. Choose t € T such that u,v € By; then u,v € Dy.

Finally, suppose that r < s < t are elements of T, and v € D, N D;. We need to show that
v € Dg. Choose A € A with v € A. If v ¢ Z, then each of r,s,t belong to T4, since no other bags
contain v; and then, since v € CA N CA, it follows that v € CA C D, as required. Now suppose that
v € Z. Then, for p € T, v belongs to D,, if and only if v € By; and so v € B, N By C By C Ds. This
proves that (D : t € T') is a line-decomposition of G[W]. It is easy to check that each of its bags is
((k + 1)a,b))-bounded. This proves 2.2. |

3 Buildings and tie-breakers

In the proof of 1.8, we are given a graph G that does not contain Hy as a c-superfat minor. As the
proof proceeds, we will group the vertices of G is different ways, but the graph G itself will remain
unchanged. It is helpful also to fix a tie-breaker in G, that is, a well-order A of the set of all edges
of G (this is possible from the well-ordering theorem). If P, @ are distinct finite paths of G, we say
P is A-shorter than Q if either

o |[E(P)| <[E(Q)]; or

e |[E(P)| = |E(Q)|, and the first element (under A) of (E(P) \ E(Q)) U (E(Q) \ E(P)) belongs
to P.

This defines a total order on the set of all finite paths of G. A A-geodesic means a finite path P such
that no other path joining its ends is A-shorter than P. Every A-geodesic of G is a geodesic of G,
but the converse is false. (The point of the tie-breaker is that there is only one A-geodesic between
any two vertices, while this is not true for geodesics.) It is easy to check that if P is a A-geodesic
then so are all subpaths of P. We will keep A fixed, and usually suppress the dependence of other
objects on the choice of A.

A building in a graph G is a subset X C V(G) such that G[X] is connected. If T is a set of
pairwise vertex-disjoint buildings, in a graph G, we define V(T) = Uy X. Again, let T be a set
of pairwise vertex-disjoint buildings, in a graph G, now with a tiebreaker A. We say that X € 7 is
A-closest to v if there is a path of G between v, X that is A-shorter than any other path between
vand Y for Y € 7. For each X € T, let A7(X) (or just A(X), when T is clear) be the set of all
v € V(G) such that X is A-closest to v. We call A(X) the Voronoi cell of X, and the collection
of subsets A(X) (X € 7) is called the Voronoi partition defined by 7. (It is indeed a partition,
provided that each component of G includes a member of 7; and this is true for us since we will
always assume that G is connected and 7 is non-null.) The main purpose of the tie-breaker is to
make the Voronoi partition defined by 7 well-defined. We see that:

o X CA(X) for each X € T;
o the sets A(X) (X € T) are pairwise disjoint and have union V(G);

e for each X € 7 and each v € A(X), distg(v, X) < distg(v,Y) for each Y € T, and there is a
path of G[A(X)] between v and X of length distg(v, X).



We say that distinct sets X, Y C V(G) touch if either X NY # () or there is an edge between X
and Y. If T is a set of pairwise vertex-disjoint buildings, and X,Y € T are distinct, we say that X
adjoins Y if A7(X) touches A7 (Y). A set C C T is adjoin-connected if for every partition of C' into
two nonempty sets A, B, some member of A adjoins some member of B.

4 Realms

Let ¢ > 2 and ¢ > 1 be integers, fixed throughout the paper. (We will be concerned with graphs that
do not contain Hy as a c-superfat minor.) We also want to fix throughout the paper a large number
do, depending on ¢, £. Actually we will take dy = 5¢ - 321 but its exact value will not matter
until the final section.

A century is an integer k with 0 < k < £. For each century k, a space requirement is a function
5 :{0,...,2¢} — N satisfying:

e 0(i) > 20(i + 1) + 2 for each i with 2k — 2 < < 2¢;
e §(i) < dp forall i € {0,...,2¢}; and
e 0(20) > be.

A budget is a pair (a, 3) of positive integers. For each century k, let us select a space requirement §
and a budget (a, 3): both will be fixed until the century changes, and the century will be fixed until
the final section. The notation «, 5,4 does not show the dependence of these quantities on k: this is
for convenience, since they will all be fixed for a long time.

Let A be a tie-breaker in a connected graph G. A kth-century society in G is a set T of pairwise
vertex-disjoint buildings in G, where each member of 7T is assigned to be a “house” or “fort” of T,
satisfying the following (where rk(X) =k — 1 if X is a house and rk(X) = k if X is a fort):

e For all v € V(G), there exists X € T such that distg(v, X) < do;

e Every two members X,Y of 7 have distance more than §(rk(X) + rk(Y));

Every fort of 7 contains a c-superfat Hy-minor of G;

For each fort X of 7, bd(X) has quasi-bound at most («, /3);

If C' is a maximal adjoin-connected set of houses of 7T, then [ Xev(e) A7(X) has quasi-bound
at most (a, f — dp).

We plan to combine terms in a society to make new societies, and when we do this, the sets
A(X) may change, even for sets X that were not involved in the combination, so the final condition
in the definition of “society” is hard to maintain. Our first goal is to simplify it, and we also want to
introduce “castles”, which are combinations of three or four forts. Let us say a kth century realm is
a set T of pairwise vertex-disjoint buildings in GG, where each member of 7T is assigned to be a house,
fort or castle of T, satisfying the following (where rk(X) = k — 1,k or k + 1 depending whether X
is a house, fort or castle):

e For all v € V(G), there exists X € T such that distg(v, X) < do;



If X,Y €7 then distg(X,Y) > §(rk(X) + rk(Y));

Every fort or castle X of T contains a c-superfat H,(x)-minor of G;

Every fort of 7 has quasi-bound at most («, 5);

Every castle of T has quasi-bound at most (8, 5+ (¢ — k)dp);

For every community C of T, V(C') has quasi-bound at most («, 8). (A community of T is an
adjoin-connected set of houses of T, not necessarily maximal.)

If X belongs to a realm 7, then it is a house, fort or castle of T', and we call this its class under 7.
We claim:

4.1 Let T be a kth-century society in G. Then there is a kth-century realm in G.

Proof. Let us say a kth-century society 7T is an extension of another, 77, if each house of 77 is a sub-
set of a house of 75, and each fort of 77 is a fort of 75. By Zorn’s lemma, since there is a kth-century
society, there is a kth-century society 7 such that no kth-century society 7’ # 7T is an extension of 7.

(1) distg(v,bd(A(X))) < dy for every house X of T and every v € bd(X).

Let v € bd(X), and choose a neighbour u of v with u ¢ X. Since distq(X,Y) > d(rk(X)+rk(Y)) > 1
for all Y € T with Y # X, it follows that u ¢ V(7). Let 7’ be obtained from 7 by removing X
and adding a new house X U {u}. From the choice of T, T’ is not a society, and so either there
is a house or fort Y € T different from X with distg(u,Y) < 6(k — 1 + 1k(Y)) < 6(2k — 2),
or A (X U{u}) # Ar(X). In the first case, there is a path between v,Y of length at most
5(2k — 2) + 1 < dy, and so a path between v, bd(A7(X)) of length at most dy. In the second case,
there is a vertex w € A (X U{u}) \ A7(X). Choose Y € T such that distg(u,Y) < dp. Since
distg(u, w) < distg(u,Y) (because w € A (X U{u}) \ Ar(X)), it follows that distg(u,w) < dp.
There is an internal vertex z of the shortest path between u, w in bd(A7 (X)), and so distg(u, x) < do,
and therefore distg(v,z) < dp. This proves (1).

We claim that 7 is a kth-century realm. Every community of 7 is a subset of a maximal
adjoin-connected subset of the set of houses of T, so it suffices to check that if C' is a maximal
adjoin-connected subset of the set of houses of T, then bd(V(C)) has quasi-size at most (a,f3).
We know that bd(Uxey () A7(X)) has quasi-size at most (o, 8 — dp); but by (1), each vertex in
bd(V(C)) has distance at most do from some vertex in bd({ x ey () A7(X)), and so bd(V/(C)) indeed
has quasi-size at most («, 3). This proves 4.1.

We observe that:
4.2 In every connected graph G with a tie-breaker A, there is a 0th-century society in G.

Proof. By Zorn’s lemma, there exists S C V(G) maximal such that distg(u,v) > do for all distinct
u,v € S. Let T = {{v} : v € S} where each member of T is a fort of 7. We claim that 7 is
a Oth-century society. Let v € S. Then G[{v}] has quasi-line-width at most («, ), since o > 1.
Moreover bd({v}) C {v}, and so has quasi-size at most («, 3), since a > 1. Also, trivially, X contains
a c-superfat Hy-minor of G.



Moreover, distg(X,Y) > dy for all distinct X, Y € T. For each v € V(G), either v € S or there
exists u € S with distg(u, v) < do, from the maximality of S, and so in either case there exists u € S
with distg(u,v) < dg. This proves 4.2. |

Our strategy to prove 1.8 is, for each century k, we will give a carefully-chosen space requirement
d(k) and budget (o, Br). We are given a graph G that does not contain Hy as a c-superfat minor.
We may assume that G is connected, and so admits a Oth-century society by 4.2. We will prove that
for 0 < k < ¢, if G admits a k-th century society and hence a k-th century realm, then it also admits
(k + 1)st-century society; and hence G admits a ¢-century society 7. No buildings in 7 are forts or
castles, since G contains no c-superfat Hy-minor of GG, so they are all houses, and the result follows.

5 Optimizing within a century

Before we move into the (k + 1)st century, we need to choose a “good” kth-century realm, by which
we mean, roughly, one with the maximum number of castles; but since G and the realm might be
infinite, we need to formulate this more carefully. Let us say a kth-century realm 7z is an extension
of a kth-century realm 77 if for each member X; € 77 there exists Xy € 75 such that:

° X1 g XQ; and

e cither X5 is a building of higher class than X7 (that is, either X7 is a house of 77 and X5 is a
fort or castle of T3, or X is a fort of 77 and X» is a castle of 73), or X7 = X and X; has the
same class under 77 and under 7s.

Let us say a kth-century realm T is optimal if no other kth-century realm is an extension of 7. It
follows from Zorn’s lemma that if there is a kth-century realm, then one of its extensions is optimal.
In this section we will prove some properties of optimal realms.

Let X € T, and let W C V(G) be disjoint from X. We say a path P is a c-leg on X in W if one
end p of Pisin X, and V(P) C WU{p}, and P is a geodesic of length exactly ¢, and distg(v, X) > ¢
for each v € W\ V(P).

The use of optimality is the following:

5.1 Let T be an optimal kth-century realm, in a graph G that does not contain Hy as a c-fat minor.
Then there do not exist distinct forts X1, X9, X3 of T, and a subset W C V(G), with the following
properties, where Z =W U X1 U Xo U X3:

o G[W] is connected and disjoint from X; U Xo U X3;
o W has a c-leg on X; fori=1,2,3;

e Z has quasi-bound at most (8a, B+ (£ — k)do);

for each Y € T, either distg(W,Y) > 6(k+1+1k(Y)), orY C Z and tk(Y) < k.

Proof. Let 7’ consist of the set of members of 7 that are not included in Z, together with Z, where
7 is a castle of 7', and each other member of 77 has the same class in 7’ that it has in 7. We claim,
first, that:



(1) T" is a kth-century realm.

We must check that the members of 7' are pairwise vertex-disjoint buildings (which is true, since
any member of 77 that intersects Z is included in Z), and:

e For all v € V(G), there exists X € T’ such that distg(v, X) < do;
e If XY € T’ then distg(X,Y) > d(rk(X) + rk(Y));
e Every fort or castle X of 7' contains a c-superfat H,y(x)-minor of G.

The first is clear. For the second, we may assume that X = Z, so rk(X) = k4 1. Since Y € T’ and
therefore Y Z Z, it follows that distg(W,Y) > 0(k + 1 + rk(Y)); and

dist(X;,Y) > 0(k +1k(Y)) > 6(k + 1 4 rk(Y))

for 1 < i < 3. Consequently the second bullet holds. For the third, for i = 1,2,3 let P; be a c-leg
of W on X;, and let P; have ends p;,w;, where p; € X;. It follows (from the final condition in
the definition of a c-leg) that each vertex of P; \ w; has no neighbour in W except for its one or
two neighbours in P;. In particular, P;, P», P3 are vertex-disjoint except that wi,ws,ws might be
equal. Let W’ be obtained from W by deleting the internal vertices of Py, Py, P3. (We recall that
p1,p2,p3 ¢ W.) It follows that G[W’] is connected, and distq(W’, X;) = ¢ for 1 < i < 3. From 2.1
applied to W, there is a function 1 that exhibits Hy1 as a c-superfat minor of G, with

N(Hyg1) €W UM (Hi) Una(Hy) Ung(Hi).
This proves the third bullet and so proves (1).

Since by hypothesis, Z has quasi-bound at most (8,3 + (¢ — k)dp), it follows that 7' is a
kth-century realm. But this contradicts the optimality of 7, and so proves 5.1. |

6 Passages

Let 7 be a kth-century realm, in the usual notation. A passage is an induced path P of G with the
following properties:

e there exist distinct X7, X9 € T, each either a house or fort of 7, such that one end of P is in
X1 and the other in X5 (and consequently P has length more than §(2k) > 5¢);

e no internal vertex of P belongs to X; U Xo;
o distg(P,Y) > d(k+1+1k(Y)) for each Y € T with Y # X3, Xo;

e for i € {1,2}, let P; be the subpath of P with one end in X; of length ¢; then P; is a geodesic,
and for each v € V(P), distg(v, X;) < ¢ if and only if v € V(F;).

We say that P joins X1, Xo, and P is incident with X1, Xo. We will only need passages of bounded
length.



6.1 Let T be an optimal kth-century realm in a graph G. There do not exist forts Xy, ..., X;m, and
communities Y1,...,Ym, of T, and passages P, ..., Py, with the following properties:

e mi,m3 >3, and mi +mo <7,
o cach of Pi,..., Py, has length at most (¢ — k)do + 1, and joins two members of

{X1,..., X, UYL U UY,,;

o for1 <i <3, P; is incident with X;, and none of P,..., Py, is incident with X; except P;;
and

o G[W] is connected, where

W=(XyU---UXp, UVIYI)U--- UV (Y, ) UV(P)U---UV(Pp,)) \ (X1 UX2U X3).

Proof. Suppose that such Xi,..., Xy, Y1,..., Y, P1,..., Py, exist. Let Z =W UX; UXoU X3,
We claim that:

e G[W] is connected and disjoint from X; U Xo U X3;
e W has a c-leg on X; for i =1, 2, 3;

e 7 has quasi-line-width at most (8«, 5+ (¢ — k)dp)), and bd(Z) has quasi-size at most (8«, 5+
(¢ = k)do));

e for each X' € T, either distq(W, X’) > §(k + 1+ rk(X’)), or X' C Z.

The first is clear, and the second and fourth hold from the definition of a passage. To see the third,
let
A=X1U---UXp, UVY1)U--- UV (V).

Since each of X1, ..., Xm,, V(Y1),...,V(Ym,) has quasi-line-width at most («, 3), so does A (because
there are no edges between the sets of 7). Since the boundary of each X; and of each V(Y;) has
quasi-size at most (a, 3), and my +mgo < 7, it follows that bd(A) has quasi-size at most (7a, 3), and
hence bd(A) UV (Py) U --- U V(P,,) has quasi-size at most (7a, 8 + (¢ — k)dp), since each P; has
length at most (¢ — k)dp + 1 and has both ends in bd(A).

But bd(Z) C bd(A)UV (P1)U---UV (Py,), and so bd(Z) has quasi-size at most (7o, S+ (£—k)dp).
Since A has quasi-line-width at most (a, 5) and Z = AUV (P)U---UV (Py,), it follows that Z has
quasi-line-width at most (8«, § + (¢ — k)dp). This proves our claim that the four bullets above hold;
but this contradicts 5.1. So there are no such Xi,..., X, Y1,...,Y5,, P1,..., Ppn,. This proves
6.1. i

A community adjoins a fort X if one of its members adjoins X. If A C 7, we denote the set of
members of A that are houses or forts by A°. Let C C T°. If X, X, € C are both forts, we say
they semiadjoin (in C) if either X; adjoins Xs, or there is a community D of T included in C that
adjoins them both. We say X € C' is C-peripheral if either:

e X is a fort, and semiadjoins (in C') at most one other fort in C; or
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e X is a house, and for every community D C C containing X, D adjoins at most one fort in C,
and any such fort is C-peripheral.

A community included in C' is C-peripheral if one (and hence all) of its members are C-peripheral.

An integer interval is a set I of integers such that if a,b € I then I contains all integers between
a,b. We say (a,b) is an end-set of an integer interval I if a,b € I, and a — 1,b+ 1 ¢ I (and hence I
is finite).

6.2 Let G be a graph that does not contain a c-superfat Hp-minor, and let T be an optimal kth-
century realm in G. Each community adjoins at most two forts, and each fort semiadjoins (in T )
at most two other forts. Consequently, if C is an adjoin-connected subset of T° that contains a fort,
then the forts in C' can be numbered as X; (i € I), where I is an integer interval, with the following
properties:

o for ecach i € I, if i+ 1 € I then X; semiadjoins (in C') X;11, and no other pair of forts in
C semiadjoin (in T ) each other except possibly X,, Xy, where (a,b) is an end-set of I and
b>a+2;

e for each community S with S C C, S adjoins at most two forts in C.

Moreover, if C, D are disjoint adjoin-connected subsets of T°, and P is a passage of length at most
(¢ — k)do + 1 joining some X € C and some Y € D, then either X is C-peripheral or D is a
community.

Proof. Let S C C be a community, and suppose that it adjoins three forts X7, Xo, X3 € C. Thus
for i = 1,2,3, there is a passage P; between X; and some Y; € S, with length at most 2dy + 1.
Choose more passages P4, ..., Py, joining pairs of members of S, of length at most 2dy + 1, so that
the union of their vertex sets with V(.S) induces a connected subgraph of G (this is possible since S
is a community). This contradicts 6.1, taking my = 3 and mg = 1.

Now let X4 be a fort, and suppose that there are three other forts X, X5, X5 that C-semiadjoin
Xy4. Thus for 1 <14 < 3, either Xy adjoins Xj;, or there is a community 5; C C' that adjoins both
Xy, X;. For i =1,2,3,if X4 adjoins X;, let P; be a passage of length at most 2dy + 1 joining them
and let S; = (); and otherwise let S; be a community in C' that adjoins both X4, X;, and let P; be a
passage joining some member of S; and X;. Then {X4} U S; USyU S5 is adjoin-connected, so we can
choose passages Py, ..., Pp,, each joining two members of {X4} U S; U Sy U S3 and each of length
at most 2dg + 1, such that the union of their vertex sets and X, U V(S1) UV (S2) UV (S3) induces a
connected subgraph of G. But this contradicts 6.1, taking m; = 4 and mo = 3.

Let H be the graph with vertex set the set of forts in C, in which two forts are adjacent if they
semiadjoin. Since C' is adjoin-connected, it follows that H is connected, and H has maximum degree
at most two from the argument above. Consequently H is a path (possibly one-way or two-way
infinite) or a cycle (necessarily finite), and so the forst in C' can be numbered as in the theorem.

Finally, suppose that C, D are disjoint adjoin-connected subsets of 70, and P is a passage of length
at most (¢ — k)dy + 1 joining some X € C and some Y € D. Suppose that X is not C-peripheral,
and D is not a community. Thus either

e X is a fort, and X is semiadjoins (in C) two other forts of C; or
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e X is a house, and there is a community containing X and included in C' that adjoins two forts
of C; or

e X is a house, and there is a community containing X and included in C that adjoins a fort of
C that is not C-peripheral.

Moreover, the end of P in V(D) either belongs to a fort of D, or it belongs to a member of a
community included in D that adjoins a fort of D. This gives a contradiction to 6.1 as before (we
omit the details, since there are several cases, all similar to what we already did twice). This proves
6.2. i

6.3 Let G be a graph that does not contain a c-superfat Hy-minor, and let T be an optimal kth-
century realm in G, and let S = Jxcqo A7(X). Then S has quasi-line-width at most (5, B + dp).

Proof. Let J be the graph with vertex set the set of forts of 7 together with the set of all maximal
communities of 7, where we say X,Y € V(J) are adjacent if X adjoins Y (and consequently at least
one of X,Y is a fort). From 6.2, each maximal community in J has degree at most two in J, and its
neighbours in J are forts. By 6.2, J has line-width at most three. For each X € V(J), if X is a fort
of T let A(X) = A7 (X), and if X is a maximal community of 7, let A(X) be the union of the sets
A7(Y) (Y € X). Thus the sets A(X) (X € V(J)) are pairwise disjoint and have union S. For each
X € V(J), A(X) has quasi-line-width at most (a, 8 + dp), and its boundary has quasi-size at most
(a, B+ dp). By 2.2, S has quasi-line-width at most (5«, 5 + dy). This proves 6.3. |

7 Governments

Let 7 be an optimal kth-century realm in a graph G, with a tie-breaker A.
For k+1<t</{-—1,a province A of type t is a subset of 7 such that:

e there are at most 3% — 1 forts that are A%-peripheral;

e the set of houses that are A°-peripheral is the union of 3% — 2 communities; and

3t7k71

e there are exactly castles in A.

For instance, each castle of 7 forms a singleton province with type k& 4+ 1. If 7 is an optimal kth-
century realm, we say a government for T is a set G of pairwise vertex-disjoint provinces, together
with the choice of a set F/(A) C V(G) for each A € G, called the framework of A, satisfying:

o If Ae G, then G[F(A)] is connected and includes the union of the members of A;

e If A € G has type t, then every vertex in F'(A) is joined to some member of A by a path of
G[F(A)] of length at most do(t — k — 1);

If Ay, As € G are distinct, of types i, j respectively, then distg(F (A1), F(A2)) > (i + j);

Each castle of T is contained in some province in G;
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e If A € G has type t and X € T is not included in any province in G, then distg(F(A), X) >
d(t +rk(X));

e If A € G has type t, then F(A) contains a c-superfat H;-minor of G.

If A is a province of G, we denote its type by type(A). The members of 7 that are not included in
provinces of G are called rebels. Thus, there may be rebel houses and rebel forts, but no castles are
rebels.

We will fix some optimal kth-century realm 7, and will consider different governments for 7.
There is a government for 7 each member of which is a singleton province (taking F(X) = X for all
X € T of rank > k); we call this the primordial government of T.

Let G be a government for 7. A stronghold of G is a set X C V(G) such that either X = F(A)
for some A € G, or X € T is a rebel of G; and V(G) denotes the union of the strongholds of G. If
X is a stronghold, a vertex of G is X -local if its A-geodesic to X is A-shorter than its A-geodesic to
any other stronghold of G. For each stronghold X, let Lg(X) be the set of X-local vertices. If X is
a stronghold, a path P of G with ends p,q is X-local if P is a geodesic from p to V(G), and ¢ € X.
Thus ¢ is the only vertex of P in V(G), and all the vertices of P are X-local, and P has length
at most dp. (Thus, whether a vertex or path is X-local depends on the government.) If X,Y are
strongholds, a channel between X,Y is a path R of G, with an edge uv € E(R), such that the two
components of R\ {uv} are respectively X-local and Y-local. Note that passages are defined just
with reference to 7, and so are government-independent, while channels are defined with reference
to the current government, and will change if the government changes. We say a stronghold talks to
another stronghold if there is a channel joining them. For each rebel X, Lg(X) C A7 (X), and so if
two rebels talk to each other then they adjoin each other (but the converse may not be true).

A set C of rebels is in communication if for every partition D, FE of C with D, E # (), some
member of D talks to some member of E. A network of G is a maximal set of rebel houses that
is in communication. Thus, every network is a community; but whether a set is a community is
determined by 7 and is independent of the current government, while whether a set is a network
depends on the government. We say a set C' of rebels is organized if the set of houses in C is a union
of networks.

7.1 In the same notation, let C' be an adjoin-connected set of rebels that contains at least one fort,
and let A € G. Let R be the set of u € V(G) such that there exist X € C with u € Lg(X), and there
exists v € Lg(F(A)) adjacent to u. Then R has quasi-size at most

(z' (14 L 3lk=2 _ 3) a, B+ (0 — k)d()) .

Proof. Let A have type t < ¢, Let u € R, and choose X € C with u € Lg(X), and v € Lg(F(A))
adjacent to w. Since u is X-local, there is a geodesic P between u, X that is X-local. Since v is
F(A)-local,

dist (v, X) > dist(X, F(A))/2 > %5(15 +1k(X)) > c+1,

and so P has length at least ¢. There is a path in Lg(F(A)) between v, F(A) of length at most dy,
and every vertex of F/(A) is joined to V(A) by a path of G[F(A)] of length at most dy(t —k —1). So
there is a path of G[Lg(F(A))] between v and V(A) of length at most do(t — k) < do(¢{ —k —1). Let
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)] between v, V(A), and let @) have ends v,q where ¢ € Y € A.
)dp. Since u is X-local, it follows that

@ be the shortest path in G[Lg(F(A)

Thus @ has length at most ({ —k — 1
. 1. 1

distg(v,Y) > 3 distg(X,Y) -1 > 55(rk(X) +t)—1>c.

Let Q' be the subpath of Q of length ¢ with one end ¢, and let its other end be ¢. It follows that @’
is a geodesic of G (because every vertex with distance at most ¢ from Y has distance more than ¢
from every other member of 7'), and every vertex of @ not in V(Q') has distance more than ¢ from
Y. So the union of P, @ and the edge uv is a passage of length at most (¢ — k)dy + 1, containing
the edge uv. We have proved then that for each such choice of uv, there is a passage of length at
most (¢ — k)dp + 1, containing the edge uv, joining some X € C and some Y € A. Since C is not
a community by hypothesis, it follows from 6.2 that Y is special, where we say a member of the
province A is special if either it is a castle, or it is A%-peripheral. The special houses in A can be
partitioned into at most 3% — 2 communities, and there are at most 3'"¥ — 1 special forts in A,
and 3*7%~1 special castles. For each of these communities, the boundary of its union has quasi-size
at most (a, 3); and each of the forts has boundary with quasi-size at most («, 3) and each of the
castles has boundary of quasi-size at most (8«, 8 + (¢ — k)dp). Consequently, the boundary of the
union of the special members of A has quasi-size at most

((3F=2)a+ (37 1) a+37"(8a), 8+ (¢~ k)do) = ((14-37" = 3) @, B+ (¢~ k)do )

Since t < £, this proves 7.1. |

8 Revolution

Again, let G be a graph that does not contain H; as a c-superfat minor. Let 7 be an optimal
kth-century realm in a graph G, with a tie-breaker A, and let G be a government for 7. We say that
a set C' of rebels is a cabal if:

e (' is in communication, and organized;

e some (at most two) forts in C' are designated as “leaders”; and some (at most three) networks
included in C are designated as “leading networks”;

e every element of C' that is C-peripheral is either a leader or belongs to a leading network;

e if X € C talks to some rebel not in C, then either X is a leader, or X belongs to a leading
network;

e for some j € {k+1,...,¢—1} there are three provinces A1, Ay, A3 € G of type j, such that for
1 <4 < 3, some member of C talks to F(4;); and

e cither |C| = 1, or C is a network, or for each j € {k +1,...,¢ — 1} there are at most four
provinces A € G of type j such that some member of C talks to F'(A).
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8.1 With T,G as above, suppose that C is a cabal. Let W = Uxco Lg(X). Then bd(W) has
quasi-size at most
(56(¢ — k —1)3 %20, B + (£ — k)dp).

Proof. Since C is a cabal, it follows that k¥ < ¢ — 2. If |C| = 1, say C = {X}, then bd(X) has
quasi-size at most (a, 3), and so bd(W) has quasi-size at most («, 8 + dp), since every vertex in
Lg(X) has distance at most dy from some vertex in bd(X). Similarly, if C' is a network, and hence a
community, then bd(V(C)) has quasi-size at most («, 3), and hence again bd(WW') has quasi-size at
most (o, 5+dp). Thus we may assume that neither of these is true, and so for each j € {k+1,...,/—1}
there are at most four provinces A € G of type j such that some member of C' talks to F(A). Let Q
be the set of all such provinces in G; so |Q] < 4(¢ —k —1). If some X € C talks to some rebel Y not
in C, then either X is a leader, or X belongs to a leading network; and the boundary of each leader
has quasi-size at most («, ), and so does the boundary of the union of the members of each leading
network. Consequently, bd(W) is the union of at most five sets of quasi-size at most («, 3+ dp), and
at most 4(¢ — k — 1) further sets each with quasi-size at most

((14 L gl—h=2 _ 3) a, B+ (€ - k)d0> ,
by 7.1. It follows that bd(W') has quasi-size at most
Q5+5az—k—1m“#4_1me_k_1»%5+4£—kmg.
This proves 8.1. |
8.2 With T,G as before, suppose that C is a cabal, and let j, A1, Aa, As be as in the fifth bullet in
the definition of a cabal. Let A = {A1, A2, A3} UC, and define F(A) to be the set of all vertices that

are X -local for some X € C U{F (A1), F(A2),F(A3)}. Let G' = (G \ {41, Az, As}) U{A}. Then G
is a government, and F(A) has quasi-bound at most

@w—kﬁﬁh%ﬁ+2w—k—1mg.
Proof. First we show that:
(1) A is a province of type j + 1.
To show this, we need to check that

e there are at most 37t1=% — 1 forts that are A%-peripheral;

e there is a set of at most 3/T1~F — 2 communities, each included in C, such that every A°-
peripheral house belongs to one of them;

e exactly 377F castles belong to A.
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For the first, there are at most 3(3/% — 1) forts that are A%-peripheral and belong to A; U Ay U As,
and only two in C, so in total at most 3/717% — 1 as required. For the second, for i = 1,2, 3 there
is a set of at most 37% — 2 communities, each included in A;, such that every house in A; that is
A-peripheral belongs to one of them; and at most three more suffice for C, so in total we need at

most 3(3/ 7% — 2) + 3 < 37+1=% — 2. The third bullet is clear. This proves (1).

To show that G’ is a government, we need to show in addition that G[F(A)] is connected (which
is clear), and that

e cvery vertex in F'(A) is joined to some member of A by a path of G[F(A)] of length at most
do(j +1—k);

o if A’ € G with A’ # A, then distg(F(A), F(A") > d(type(A’) + 7+ 1);
e if Y € T is not included in any province in G, then distg(F(A),Y) > o(rk(Y) + 5 + 1);
e j <{—2,and F(A) contains a c-superfat H,i-minor of G.

For the first bullet, let v € F(A). Thus, v is X-local for some X € CU{F(A;), F(Az), F(A3)}. If
X € C, then v is joined to X by an X-local path, which therefore has length at most dy, as required;
so we may assume that X = F(A;). Let P be an F(A;)-local path between v and F(A;), and let
p be the end of P in F(A;). Thus, P has length at most dy. Since p € F (A1), p is joined to some
member of A; by a path @ of G[F(A;)] of length at most do(j — k); and its union with P provides
the path we need. This proves the first bullet.

For the second bullet, let A" € G with A" # A. Let v € F(A); we need to show that
distg(v, F(A")) > d6(type(4’) +j + 1). Choose X € C U {F(A1),F(Az), F(A3)} such that v is
X-local. Thus distg(v, F(A’)) > distg(v, X). If X € C, then

distg (v, F(A")) + distg (v, X) > d(type(A4’) + rk(X)),

distg (v, F(A")) > §(type(A") + k(X)) /2 > d(type(A’) +j + 1)

as required. If X = F(A;) say, then
distg (v, F(A")) + distg (v, X) > §(type(4’) + j),

distg (v, F(A")) > d(type(A") +j)/2 > d(type(A’) + 7+ 1)

as required. This proves the second bullet.

For the third, suppose that Y € T is not included in any province in G'. Let v € F(A); we need
to show that distg(v,Y) > 6(rk(Y) + 7+ 1). Choose X € C U{F(A;),F(Az2), F(As)} such that v is
X-local. Thus distg(v,Y) > distg(v, X). If X € C, then

dist (v, Y) + diste (v, X) > 6(rk(Y) + rk(X)),

distg(v,Y) > 0(rk(Y) +rk(X))/2 > o(ek(Y) + 5+ 1)
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as required. If X = F(A;) say, then distg(v,Y) + distg(v, X) > §(rk(Y) + 5), so
distg(v,Y) > 6(rk(Y) +5)/2 > 0(rk(Y) + 7 + 1)

as required. This proves the third bullet.

Since 6(2j) > bc for all j € {k+1,...,¢—1}. 2.1 implies that F(A) contains a c-superfat H; -
minor of G; and hence j < £ — 2 since G does not contain Hy as a c-superfat minor. This proves the
fourth bullet, and so proves that G’ is a government.

For the quasi-bound of F'(A), let W = [Uxcc Lg(X), and let B be the set of castles in A.
Thus |B| < 3/=%=2. Every vertex in F(A) is joined to some member of A by a path of G[F(A)] of
length at most do(¢ — k — 2), and hence every vertex in F/(A) \ (V(A) U (W \ bd(W))) is joined to
bd(V(B))Ubd(W) by a path of length at most do(¢ — k — 2). Since bd(V(B)) has quasi-size at most

(3-8 2,8+ (¢~ K)do ) ,
and bd (W) has quasi-size at most
(%@—k—lﬁ“hﬁxﬁ+w—km@
by 8.1, it follows that F'(A) \ (V(A) U (W \ bd(W))) has quasi-size at most
@ae—k—lﬂ“”%%ﬁ+2w—k—1m@.

Since bd(F(A)) C (A)\ (V(A) U (W \ bd(W))), it follows that bd(F'(A)) has quasi-size at most the
same.

Since W has quasi-line-width at most (5«, 5 + dpy) by 6.3, and each member of B has quasi-line-
width at most (8, 8+ (¢ —k—1)dp), and there are no edges between any two of the sets in BU{W},
it follows that W U V(B) has quasi-line-width at most

(8r, B+ (0 — k — 1)dy) .

Since every vertex of F(A) not in W U V(B) belongs to F(A) \ (V(A) U (W \ bd(W))), it follows
that F'(A) has quasi-line-width at most

(8-3“*‘%1+56M——k—-D3”*_%LB—FQM——k—1ﬁm)

and hence at most
@w—kﬁﬁhhﬁ+2w—k—1mg.

This proves 8.2. |

If G,G’ are related as in 8.2, we say that G’ is obtained from G by a revolution. Let us say a
government G is small if for each province A € G, F(A) has quasi-bound at most

@w—kﬁ“h%ﬂ+3w—k—1mg.

The primordial government is small, and we want to modify it to make the best possible small
government. To do so, let us say a government Go extends a government G if (using Fj(A), and
F5(A) as the respectively framework functions):
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e every rebel of Gy either is a rebel of Go, or is a subset of a province of Go;

e every province X of G; is a subset of a province X3 of Go, where F(X;) C F5(X2), and either
X1 = Xy and F1(X3) = F»(X2), or the type of X5 in Gy is greater than the type of X7 in Gj.

Let us say a small government G is stable if no other small government extends G. Since the primordial
government is small, it follows from Zorn’s lemma that there is a stable small government. If a small
government is stable, then (by the final statement of 8.2) no other government can be obtained from
it by a revolution, and therefore there are no cabals.

8.3 Let T be an optimal kth-century realm, and let G be a stable small government for T. Let C
be a set of rebels, in communication and maximal with this property; and let W be the union of the
sets Lg(X) (X € C). Then W has quasi-line-width at most (5a, 5 + dp), and bd(W') has quasi-size
at most

((e —B)3T R B 20—k + 1)d0) .

Proof. The first claim follows from 6.3, since W is a subset of the set S of 6.3. For the second claim,
if C' is a community, then bd(V(C)) has quasi-size at most («, 3), and hence bd(WW') has quasi-size
at most (a, 5+ dp), since each vertex in bd(W) has distance at most dp from bd(V(C')). So we may
assume that C' is not a community.

We say that C’ C C'is dangerous if C' is in communication, and there exist j > k and three
members Aj, Ay, A € G, all of type j, such that for 1 < i < 3, some member of C’ talks to F(A4;).
Suppose that C' is not dangerous. Then for £k + 1 < j < £ — 1, there are at most two provinces
A € G such that F'(A) talks to some member of C. Let Q be the set of all such provinces in G; so
|Q| < 2(¢ — k). But since C' is a maximal set of rebels in communication, it follows that for each
u € bd(W) there exists A € Q such that u has a neighbour in Lg(F'(A4)); and so by 7.1, bd(W) has

quasi-size at most

(2(6 k) (7 . 3) a, B+ 200 —k+ 1)d0)

and the theorem holds.

If some network included in C' is dangerous, then it is a cabal (designating itself as the only
leading network), a contradiction. So no network included in C' is dangerous.

Thus we may assume that C' is dangerous and not a community. Since C' is in communication,
it is also adjoin-connected, and so we may number the forts in C' as X; (i € I) where I is an integer
interval, as in 6.2. Since C is a maximal set of rebels that is in communication, it follows that C is

organized.
For i1,i9 € I with i; < iy, let C(i1,42) be the union of {X;,,..., X;,} and all networks that talk
to one of X;,,..., X;,. It follows that C(i1,i2) is organized. Since C is dangerous, we may choose

i1, 92 with i9 — 47 minimal such that C'(i1,42) is dangerous. (Possibly i; = i9.) Let D be the union of
{Xi,..., X, } and all networks that talk to one of X, 4+1,...,X;,—1. Again, D is organized. Each
member of C(i1,i2) \ D is a house, and belongs to a network that talks to one or both of X;,, Xj,
and to none of X; 41,...,Xi,—1.

Since C'(i1,12) is dangerous, there exist 7 > k and three members Aj, Ag, A3 € G, all of type
J, such that for 1 < i < 3, some member of C(i1,i2) talks to F(A4;). For i = 1,2,3, F(A;) talks
to either some member of D, or to some network included in C(i1,72) \ D. So by adding to D at
most three of the networks included in C/(i1,i2) \ D, we can construct a set D’ that is dangerous, in
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communication, and organized. Let us construct such a set D’ by adding to D as few networks as
possible; so in particular, if D is dangerous then D' = D. We designate X;,, X;, as leaders of D',
and the (at most three) networks with union D'\ D as leading networks of D’. We claim that D’ is
a cabal. To show this, we must check that

e D’ is in communication, and organized;

e some (at most two) forts of D’ are designated as leaders; and some (at most three) networks
of D' are designated as leading networks;

e cvery element of D’ that is D’-peripheral is either a leader or belongs to a leading network;

e if X € D' talks to some rebel not in D’, then either X is a leader, or X belongs to a leading
network;

e for some j € {k+1,...,{— 1} there are three provinces A, As, A3 € G of type j, such that for
1 <i<3, F(4;) talks to some member of D’; and

e cither |D'| = 1, or D' is a network, or for each j € {k+ 1,...,¢ — 1} there are at most four
provinces A € G of type j such that F(A) talks to a member of D’.

The first two bullets are clear. The third holds since no member of D is D-peripheral except possibly
Xiy, Xiy-

For the fourth bullet, suppose that X € D’ talks to some rebel Y ¢ D’. If X is a fort, then
X = X; for some i € {i1,...,i2}; and since Y ¢ D, it follows that i € {i1,i2} and so X is a leader.
Now we assume that X is a house; let B be the network of G that contains X. Since D’ is organized.
it follows that B C D’. Since Y ¢ D', it follows that Y ¢ B, and so B talks to Y and hence Y is a
fort. Choose i € {i1,...,i2} such that B talks to X;, with ¢ ¢ {i1,i2} if possible. If i # i1,i9, then
X; semiadjoins X;_1, X;11 and Y, contrary to 6.2. Hence we cannot choose i ¢ {i1,i2}; so B Z D,
and therefore B is a leading network. This proves the fourth bullet.

The fifth bullet holds since D’ is dangerous. Finally, for the sixth bullet, if D’ # D, then, since
we added as few networks to D as possible to make a dangerous set, and no network is dangerous,
the sixth bullet holds. So we may assume that D’ = D, and so D is dangerous. If iy # s, then
for every province A € G, if F(A) talks to some member of D then it also talks to a member of
one of C(i1 + 1,42),C(i1,12 — 1), and since C(i; + 1,42) and C(iy, 42 — 1) are not dangerous (by the
minimality of io — 41), it follows that the sixth bullet holds. So we may assume that i; = i2. Since
D = D', it follows that D = {X;,} and so |D| = 1, and again the sixth bullet holds. This proves
that D’ is a cabal, a contradiction since G is a stable small government. This proves 8.3. |

9 A new century

So far, we have kept fixed the century k, and its space requirement ¢ and its budget («, ), but now
we approach another century, and we need more flexible notation. For 0 < k& < /£, let the space
requirement of the kth century be the function dy, defined by
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for 0 <4 < 2¢. Note that this is indeed a space requirement, for each k& € {0, ..., ¢}, from the choice
of dy = 5e - 32U+ Let the budget for the kth century be (g, Bx), where (ag, 89) = (1,1), and
inductively for 0 < k < £,

agr1 =70 — k‘)3€_kak
Brr1 = Br + 2(€ — k)do.

We claim:

9.1 Let G be a graph that contains no c-superfat Hy-minor. Suppose that G admits a kth-century
society, where k < £. Then G admits a (k + 1)st-century society.

Proof. Since G admits a kth-century society, it also admits a kth-century realm, by 4.1, and hence
an optimal kth-century realm 7 say. Since there is a primordial government for 7, there is a stable
small government G for 7. Let T’ be the set of strongholds of G. We assign each rebel house or
rebel fort of G to be a house of 77, and for each A € G, we assign F'(A) to be a fort of 7'. If X € T,
we write 1k’'(X) = k or k + 1 depending whether X is a house or fort of 77. We claim that 7" is a
(k + 1)st-century society.

We must check that

1. The members of 7 are pairwise vertex-disjoint and induce connected subgraphs of G.
2. For all v € V(G), there exists X € T’ such that distg(v, X) < dp.
3. If X, Y € T are distinct then distg(X,Y) > dp41(rk'(X) + 1K' (Y)).

=

Every fort of 77 contains a c-superfat Hyi-minor of G.
5. For each fort X of 77, bd(X) has quasi-bound at most (a1, Bxs1)-

6. If C is a maximal adjoin-connected subset of the set of houses of 7, then bd(Uyey () A7 (X))
has quasi-bound at most (g1, Bk+1 — do)-

Statement 1 is true since the strongholds of G are pairwise disjoint, and statement 2 holds since each
member of T is a subset of some member of 7'. For the third statement, if X,Y € 7', then

dista(X,Y) > 0k(260) > G0 (2k) > Sppr (0K (X) + 1K (V)),

and so this statement holds. The fourth statement holds since if X is a fort of 77, then X = F(A)
for some A € G; and since A has type t > k, F'(A) contains a c-superfat H;-minor of G, and so also
contains a c-superfat Hyi-minor of G. Statement 5 holds since G is a small government. Finally, for
statement 6, let C' is a maximal adjoin-connected subset of the set of houses of 77. If X, Y are rebel
houses or forts of G, then X talks to Y if and only if A7/ (X) touches A7 (Y); so C is a network of
G, and hence the statement follows from 8.3. This proves 9.1. |

Now we can prove our main result, 1.8, which we restate in a slightly stronger form (recalling
that ¢, c are fixed):

9.2 Ewvery graph that does not contain Hy as a c-superfat minor has quasi-line-width at most (o, By—

do).
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Proof. Let G be a graph that does not contain Hy as a c-superfat minor. We may assume that G
is connected. By 4.2, G admits a Oth-century society; so by 9.1, G admits an fth-century society
T. Since G does not contain H, as a c-superfat minor, all members of 7 are houses; and since
G is connected and therefore 7 is adjoin-connected, we deduce that V(G) = Uyey (o) A7(X) has
quasi-bound at most (ay, B¢ — dp). This proves 9.2.
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