Cut Coloring and Circuit Covering

Matt DeVos^∗

matdevos@math.princeton.edu

Thor Johnson^†

carlj@math.princeton.edu

Paul Seymour^‡

pds@math.princeton.edu

Abstract

We prove that for every 3-edge-connected graph G there exists a partition of E(G) into at most nine sets {X_1, X_2, . . . , X_m} so that G \ X_i is 2-edge-connected for every 1 ≤ i ≤ m. We then generalize this result, proving that for every (2k+1)-edgeconnected graph G there is a partition of E(G) into a bounded number (depending only on k) of sets {X_1, X_2, . . . , X_m} so that G \ X_i is 2k-edge-connected for every 1 ≤ i ≤ m.

In the third section of the paper, we apply our theorem to prove that for every 3- edge-connected graph G and every map p : E(G) → {84, 86}, there exists a multiset of circuits of G so that every edge e ∈ E(G) is contained in exactly p(e) of these circuits. This resolves a question of Goddyn. This result is then bootstrapped to a more general theorem on circuit covers.

If G = (V, E) is a directed graph, a flow ϕ : E → Z of G is called an antisymmetric flow if ϕ(E) ∩ −ϕ(E) = ∅. In the fourth section of the paper, we apply our theorem to show that every directed graph with no directed edge-cuts of size ≤ 2 has an antisymmetric flow of bounded size. This resolves a question of Nešetřil and Raspaud.

∗This research was supported by Navy Aasert grant N00014-98-1-0457 †This research was supported by ‡This research was supported by the ONR under grant N0014-97-1-0512 and the NSF under grant DMS 9701598

1

1 Introduction

Throughout the paper, we consider only finite graphs, which may have multiple edges and loops. For any finite set S, we define a coloring of S to be a partition of S. The size of a coloring is the size of the partition. A t-coloring is a coloring of size ≤ t. If G is a graph, a vertex coloring (edge coloring) of G is a coloring of V (G) (E(G)). A vertex coloring Ω of G is proper if every X ∈ Ω is an independent set of G. If G is a directed graph and A ⊆ V (G), we define δ^+(A) to be the set of all edges with initial vertex in A and terminal vertex in V (G)\A. We define δ^−(A) = δ^+(V (G) \ A). If A = {v}, we will simplify this notation to δ^+(v) and δ^−(v) respectively. We will use Z to denote the set of integers and Z^+ to denote the set of nonnegative integers. If X, Y ⊆ Z, then we define X + Y = {x + y | x ∈ X and y ∈ Y }. For any k ∈ Z^+, we define kX = {0} if k = 0, and kX = X + (k − 1)X otherwise. A multiset T with ground set S is formally a map T : S → Z^+. We think of T as a set in which an element may occur many times. For instance, if P : S → {0, 1} is a property, we say that k members of T satisfy P if ∑ s∈S T (s)P (s) = k.

If G is a graph, we define an edge coloring Ω of G to be k-courteous if G \ X is k-edge-connected for every X ∈ Ω. Our main theorem is as follows.

Theorem 1.1 Every (2k + 1)-edge-connected graph has a 2k-courteous edge coloring of size at most 81^{k2} .

For graphs of even edge-connectivity, the analogous property does not hold. More precisely, for every pair of positive integers k and t, there is a 2k-edge-connected graph G_{k,t} which has no (2k − 1)-courteous edge-coloring of size ≤ t. The construction is simple: Let G_{k,t} be the graph obtained from a circuit of length t + 1 by replacing each edge by k parallel edges. This graph is 2k-edge-connected, but any t-coloring of E(G_{k,t}) must have a color class X of size ≥ 2. Since every pair of edges is in an edge-cut of size 2k, the removal of X will drop the edge-connectivity of the resulting graph to at most 2k − 2.

Planar duality exchanges minimal edge-cuts and circuits. Thus, by Theorem 1.1, the edges of any planar graph of girth ≥ 2k + 1 can be colored with at most 81^{k2} colors so that for any circuit C and any color class X, we have that |E(C) \ X| ≥ 2k. For arbitrary graphs and fixed g, h ∈ Z^+, one may ask whether there is a bounded size coloring of every girth g graph so that |E(C) \ X| ≥ h for any color class X and any circuit C. However, this question has a negative answer. Indeed, every t-coloring of E(G) where G is a girth g graph with chromatic number > 2^t contains a monochromatic circuit of odd length. To see this, note that if E(G) can partitioned into {X_1, X_2, . . . , X_t} so that (V (G), X_i) is bipartite for 1 ≤ i ≤ t, then χ(G) ≤ 2^t.

It may be worth remarking that a similar sounding question has been studied for vertex connectivity. Thomassen [22] and independently Szegedy proved that for every a, b > 0, there exists an integer f(a, b), so that for every f(a, b)-connected graph G there is a partition of V (G) into {A, B} with G[A] a-connected and G[B] b-connected. Thomassen has conjectured that the smallest value is f(a, b) = a+b+1. Hajnal [9] has proved that f(a, b) = 4a+4b+13 is sufficient. These theorems when applied to a line graph L(G) do not give results about courteous edge-colorings of G, since a set of edges S ⊆ E(G) may induce a highly connected subgraph in L(G) while (V (G), S) is disconnected.

Let G be a 2-edge-connected graph and let p : E(G) → Z^+ be a map. For a subset S ⊆ E(G), we define p(S) to be ∑ e∈S p(e). A circuit cover C of (G, p) is a multiset of circuits of G so that every edge e ∈ E(G) is contained in exactly p(e) circuits of C. Seymour [18] gave two obviously necessary conditions on p for (G, p) to have a circuit cover.

(i) p(C) is even for every edge cut C of G.

(ii) p(e) ≤ p(C \ e) for every edge cut C and every edge e ∈ C

We will say that p is admissable if p satisfies both of the above criteria. For any set S and integer k, we will let k_S : S → Z be the map given by the rule k_S (s) = k for every s ∈ S. The celebrated cycle double cover conjecture is precisely the statement that (G, 2_{E(G)}) has a circuit cover. If G has no Petersen minor, Alspach, Goddyn, and Zhang [3] proved that (G, p) has a circuit cover for every admissable map p. For general graphs, Bermond, Jackson, and Jaeger [4] proved that (G, 4_{E(G)}) has a circuit cover, and Fan [6] proved that (G, 6_{E(G)}) has a circuit cover. However, considerably less is known about circuit covers for non-constant weight functions. In this direction, Goddyn put forth the following conjecture.

Conjecture 1.2 (Goddyn [8]) There exists an integer k so that for every 2-edge-connected graph G and every admissable map p : E(G) → {k, k + 2}, there is a circuit cover of (G, p).

In the third section of this paper, we apply a special case of the main theorem to achieve the following result.

Theorem 1.3 For every 2-edge-connected graph G, every i, j, k, l ≥ 0, and every admissable map p : E(G) → i{4} + j{6} + k{32, 36} + l{48, 54} + {0, 1}, there exists a circuit cover of (G, p).

The m = 0 case of the following corollary of Theorem 1.3 resolves Conjecture 1.2 for the value k = 84.

Corollary 1.4 For every 2-edge-connected graph G, every integer m ≥ 0, and every admissable map p : E(G) → [32m + 84, 36m + 87] ∩ Z, there exists a circuit cover of (G, p).

Proof: Observe that {84, 85, 86, 87} ⊆ {32, 36} + {48, 54} + {0, 1}. It follows from this that [32m + 84, 36m + 87] ∩ Z ⊆ (m + 1){32, 36} + {48, 54} + {0, 1}. Thus, the corollary follows by applying theorem 1.3 with i = j = 0, k = m + 1, and l = 1. �

Let G be a directed graph, let Γ be an abelian group, and let ϕ : E(G) → Γ be a map. We will say that ϕ is a flow (or a Γ-flow) if for every v ∈ V (G) we have that: ∑ e∈δ^+(v)

ϕ(e) = ∑ e∈δ^−(v)

ϕ(e). (1)

It follows that if ϕ is a flow and A ⊆ V (G) then ∑ e∈δ^+(A)

ϕ(e) = ∑ e∈δ^−(A)

ϕ(e). (2)

A flow ϕ is said to be nowhere-zero if ϕ(e) ≠ 0 for every e ∈ E(G). For an integer k, we call ϕ a k-flow if Γ = Z and |ϕ(e)| < k for every e ∈ E(G). Following [16], we define ϕ to be an antisymmetric flow (or antiflow) if ϕ(E(G)) ∩ −ϕ(E(G)) = ∅. Note that an antiflow is necessarily a nowhere-zero flow.

Let G be a directed graph, let {C_0, C_1, . . . , C_t} be the set of all circuits of the underlying undirected graph, and let ϕ_i be a 2-flow of G with supp(ϕ_i) = E(C_i) for 0 ≤ i ≤ t. It follows from equation (2) that if G has a cut-edge, then G does not have a nowhere-zero Z-flow. Conversely, if G has no cut-edge, then

∑_t

i=0 2^iϕ_i is a nowhere-zero Z-flow of G. Thus, G has a nowhere-zero Z-flow if and only if G has no cut-edge. Actually, there is a universal upper bound k such that every graph with no cut-edge has a nowhere-zero k-flow. This was first conjectured by Tutte [23] (who also conjectured that k = 5 is true). Jaeger [10] and independently Kilpatrick [13] resolved the weak form of Tutte’s conjecture, showing that it is true for k = 8. This was subsequently improved by Seymour [19] who showed that it is true for k = 6. The case k = 5 is still open.

Since every antiflow is also a nowhere-zero flow, if G has a one-edge cut, then G does not have a Z-antiflow. It also follows from equation (2) that, if G has a directed two-edge cut, then G does not have a Z-antiflow. Conversely, if G has no directed edge cuts of size ≤ 2, it is not difficult to verify that

∑_t

i=0 3^iϕ_i is a Z-antiflow of G. Thus, G has a Z-antiflow if and only if G has no directed cut of size ≤ 2. In analogy with the case of nowhere-zero flows, Nešetřil and Raspaud asked the following question.

Problem 1.5 (Nešetřil, Raspaud [16]) Is there a fixed integer k so that every directed graph with no directed edge-cut of size ≤ 2 has a k-antiflow?

In the third section of the paper, we apply a special case of our theorem to prove the following theorem, which resolves the above problem.

Theorem 1.6 Every directed graph with no directed edge-cut of size ≤ 2 has a 10^{12}-antiflow.

There does not seem to be a natural candidate for the best possible value of k in problem 1.5. Nešetřil and Raspaud [16] have remarked that there are planar graphs which give a lower bound of 16.

In the final section of the paper, we will discuss a couple of related edge-coloring problems. Here we mention two open questions.

Conjecture 1.7 (DeVos) If a, b are positive integers and G = (V, E) is an (a + b + 2)- edge-connected graph, then there exists a partition of E into {A, B} so that (V, A) is a-edge-connected and (V, B) is b-edge-connected.

Problem 1.8 Does there exist a fixed integer k so that for every k-edge-connected graph G there is a subset A ⊆ E(G) so that for every edge-cut C we have that 1/3 ≤ |C ∩ A|/|C| ≤ 2/3?

The above problem is similar in nature to some questions asked by Goddyn. It should be noted that the values 1/3 and 2/3 are of no special importance in the above question. Indeed, an affirmative answer to the same problem with 1/3 and 2/3 replaced by ϵ and 1 − ϵ for any 1 > ϵ > 0 would still imply the following conjecture of Jaeger.

Conjecture 1.9 (Jaeger [11]) There is a fixed integer k so that every k-edge-connected graph has a nowhere-zero 3-flow.

2 Finding Courteous Edge-Colorings

Our main goal in this paper is to provide a simple proof of the existence of bounded size courteous colorings, so we will do fairly little to optimize the size of our bound. At the end of this section we will give some indication of how our bound can be improved. We start the section by proving a lemma concerning a partition problem for a family of subpaths of a tree. We will use a consequence of this lemma, Proposition 2.3, to prove a color splitting lemma, and then the main theorem.

If S = {S_i}_{i∈I} is a family indexed by I and J ⊆ I, we let S[J] denote the family {S_j }_{j∈J} . If G is a graph and H = {H_i}_{i∈I} is a finite family of subgraphs of G, we define the weight function w_H : E(G) → Z^+ as follows: w_H(e) = |{i ∈ I | e ∈ E(H_i)}| for every e ∈ E(G). If μ : E(G) → Z^+, we call a partition Ω of I a μ-resistive partition (with respect to G and H) if w_{H[I\X]}(e) ≥ μ(e) for every X ∈ Ω and every e ∈ E(G). If μ(e) = k for every e ∈ E(G), a μ-resistive partition is called a k-resistive partition.

If T is a tree and v ∈ V (T ) is a vertex of degree one, we call v a leaf vertex. If e ∈ E(T ) is incident with a leaf vertex, we call e a leaf edge. If G is a graph and e ∈ E(G), we let G/e denote the graph obtained from G by contracting the edge e. The following lemma is the key tool needed for the proof of our main theorem.

Lemma 2.1 Let T be a tree and let P = {P_i}_{i∈I} be a finite family of subpaths of T with w_P (e) ≥ 2 for every e ∈ E(G). Then there is a 1-resistive partition Ω of I of size ≤ 3.

Proof: We proceed by induction on |V (T )| + |I|. The theorem is trivial if |V (T )| ≤ 2 so we may assume that |V (T )| ≥ 3. Further, we may assume by induction that E(P_i) ≠ ∅ for every i ∈ I.

If T contains a non-leaf edge e with w_P (e) = 2, then let A_1, A_2 be the components of T \ e, and let T_1, T_2 be the trees A_1 ∪ e and A_2 ∪ e respectively. For k = 1, 2, let I_k = {i ∈ I | E(P_i) ∩ E(T_k) ≠ ∅} and let P_k = {P_i ∩ T_k}_{i∈Ik} . For k = 1, 2, apply the lemma inductively to the tree T_k and the family of paths P_k to obtain a 1-resistive partition Ω_k of I_k. Let I_1 ∩ I_2 = {x, y} and for k = 1, 2 let X_k ∈ Ω_k be the set with x ∈ X_k and let Y_k ∈ Ω_k be the set with y ∈ Y_k (note that X_k ≠ Y_k). Let Z = I \ (X_1 ∪ X_2 ∪ Y_1 ∪ Y_2). If Z ≠ ∅ then {X_1 ∪ X_2, Y_1 ∪ Y_2, Z} is a 1-resistive partition of I. Otherwise, {X_1 ∪ X_2, Y_1 ∪ Y_2} is a 1-resistive partition of I. Thus, we may assume that w_P (e) ≥ 3 for every non-leaf edge e of T . Choose i ∈ I and let U ⊆ V (G) be the set of ends of P_i which are leaf vertices of T and are incident with an edge e ∈ E(T ) with w_P (e) = 2. Let P^′ = {P_j \ U}_{j∈I\{i}} and let T^′ = T \ U. Applying the lemma inductively to the tree T^′ and the family of paths P^′ we obtain a 1-resistive partition Ω^′ of I \ {i} (with respect to T^′ and P^′). If |Ω^′| < 3, then Ω = Ω^′ ∪ {{i}} is a 1-resistive partition of I as required. Otherwise, for every u ∈ U, choose i_u ∈ I \ {i} so that u ∈ V (P_{iu} ) and choose Z ∈ Ω^′ so that i_u ∉ Z for every u ∈ U. Now by construction, Ω = (Ω^′ \ Z) ∪ {Z ∪ {i}} is a 1-resistive partition of I. This completes the proof. �

A straightforward iteration of this argument gives us the following proposition.

Proposition 2.2 Let T be a tree with |E(T )| > 0, let P = {P_i}_{i∈I} be a finite family of subpaths of T and let μ : E(T ) → Z^+ be a map with M = max_{e∈E(T )} μ(e). If w_P (e) > μ(e) for every e ∈ E(G) with μ(e) > 0, then there is a μ-resistive partition Ω of I with size at most 3^M .

Proof: We proceed inductively on M + |E(T )|. If M = 0 then Ω = {I} satisfies the proposition. If T contains an edge e with μ(e) = 0, then let

P^′_i =

P_i/e if e ∈ E(P_i) P_i otherwise

and apply the lemma inductively to the tree T/e and the family of paths {P^′_i }_{i∈I} . The resulting partition of I satisfies the proposition. Thus, we may assume that μ(e) > 0 for every e ∈ E(G) and thus that w_P (e) ≥ 2 for every e ∈ E(G). By the above lemma, we may choose a 1-resistive partition Υ of I of size ≤ 3. For every Y ∈ Υ, let μ_Y : E(T ) → Z^+ be given by the rule μ_Y (e) = max{0, μ − w_{P[I\Y ]}} and apply the proposition inductively to T for the map μ_Y and the family of paths {P_i}_{i∈Y} to obtain a partition Ω_Y of Y (note that max_{e∈E(T )} μ_Y < M so this is possible). Let Ω = ∪_{Y ∈Υ}Ω_Y . Now, |Ω| ≤ 3^M by construction. Furthermore, for every e ∈ E(T ) and X ∈ Ω, if X ∈ Ω_Y for Y ∈ Υ, then

w_{P[I\X]}(e) = w_{P[I\Y ]}(e) + w_{P[Y \X]}(e) ≥ w_{P[I\Y ]}(e) + μ_Y (e) ≥ w_{P[I\Y ]}(e) + μ − w_{P[I\Y ]}(e) = μ(e)

This completes the proof. �

If T is a spanning tree of G and Ω is a coloring of E(G) \ E(T ), we will say that Ω is k-courteous for T if for every fundamental cocircuit C of T and for every X ∈ Ω, we have that |C \ X| ≥ k. Note that C \ X will always contain exactly one edge of T .

Proposition 2.3 Let T be a spanning tree of a graph G. If every fundamental cocircuit of T has size ≥ k + 1, then there is a coloring Ω of E(G) \ E(T ) of size at most 3^{k−1} which is k-courteous for T .

Proof: For every edge e ∈ E(G)\E(T ), let P_e ⊆ T be the unique subpath of T so that P_e ∪e is a circuit. Let P = {P_e}_{e∈E(G)\E(T )} and let μ : E(T ) → Z be the constant function k − 1. Now, apply the previous proposition to T , P and μ. This gives us a (k −1)-resistive partition Ω of E(G) \ E(T ) of size at most 3^{k−1}. Now, an edge e ∈ E(G) \ E(T ) is in the fundamental cocircuit of an edge f ∈ E(T ) if and only if f ∈ E(P (e)). Since every fundamental cocircuit of T also contains an edge of T , it follows that Ω is a k-courteous coloring for T . �

Let G be a graph and let T be a tree. For every vertex v ∈ V (T ), let S(v) be a subset of V (G) so that {S(v)}_{v∈V (T )} is a family of pairwise disjoint subsets of V (G) with union equal to V (G) (note that S(v) = ∅ is possible for one or more vertices v ∈ V (T )). If H ⊆ T , we will let S(H) = ∪_{v∈V (H)}S(v). For every edge e ∈ E(T ), if the components of T \ e are A, B, then let C(e) = {xy ∈ E(G) | x ∈ S(A) and y ∈ S(B)}. Thus, each edge of T is associated with an edge-cut of G. We will say that (T, S) is a k-edge-cut tree for G if {C(e) | e ∈ E(T )} is precisely the set of all edge-cuts of G of size k. The following well-known proposition follows easily from the fact that minimum edge-cuts of odd size cannot cross.

Proposition 2.4 If G is a (2k + 1)-edge-connected graph, then G has a (2k + 1)-edge-cut tree.

With this proposition, we are ready to prove the following lemma.

Lemma 2.5 Let G be a k-edge-connected graph and let Ω be a j-courteous edge-coloring of G of size t. If j is odd and k ≥ j + 2, then we may refine Ω to obtain a (j + 1)-courteous edge-coloring Ω^′ of size at most 3t.

Proof: Let X ∈ Ω be given. It will suffice to show that there exists a 3-coloring Υ of X so that G \ Y is (j + 1)-edge-connected for every Y ∈ Υ. Consider the graph G^′ = G \ X. This graph is j-edge-connected, and j is odd, so by the previous proposition we may choose a j-edge-cut tree (T, S) for G^′. Now, starting from T , we will construct a new graph H as follows. For every edge e = xy ∈ X, add a new edge e^′ = x^′y^′ to H so that x ∈ S(x^′) and y ∈ S(y^′). Let X^′ = E(H) \ E(T ). The fundamental cocircuits of T in the graph H are in one-to-one correspondence with the edge-cuts of size j in G^′. Since G is k-edge-connected, and k ≥ j + 2, it follows that every fundamental cocircuit of T in the graph H contains ≥ 3 edges (including the one in T ). Therefore, by proposition 2.3 applied to the graph H, we may choose a 3-coloring Υ^′ of X^′ which is 2-courteous for the tree T . Let Υ be the corresponding 3-coloring of X. We claim that G \ Y is (j + 1)-edge-connected for every Y ∈ Υ. To prove this, let C be a cocircuit of G. If C is an edge-cut corresponding to a fundamental cocircuit of T , then (C ∩ X) \ Y ≠ ∅ by construction, so |C \ Y | = |C \ X| + |(C ∩ X) \ Y | ≥ j + 1 as desired. Otherwise, |C \ Y | ≥ |C \ X| ≥ j + 1. This completes the proof. �

The following proposition is a simple but useful consequence of the Tutte/Nash-Williams disjoint trees theorem.

Proposition 2.6 If G is a (2k + 1)-edge-connected graph, then G has 2k + 1 spanning trees T_1, T_2, . . . , T_{2k+1} so that every edge of G is in at most two of these trees.

Proof: Let G^′ be obtained from G by taking an additional copy of each edge. Now, G^′ is (4k + 2)-edge-connected, so by a theorem of Tutte [24] and Nash-Williams [15], we may choose 2k + 1 edge-disjoint spanning trees of G^′. In the original graph, this gives us 2k + 1 spanning trees using every edge at most twice, as desired. �

With the help of Proposition 2.6 and Lemma 2.5, we can already show that 3-edgeconnected graphs have 2-courteous edge-colorings of size ≤ 9. We include this proposition here since this bound is better than the one achieved by the main theorem.

Proposition 2.7 If G is a 3-edge-connected graph, then G has a 2-courteous edge-coloring of size ≤ 9.

Proof: By Lemma 2.5, it will suffice to prove that G has a 1-courteous edge-coloring of size 3. By proposition 2.6 we may choose T_1, T_2, T_3 ⊆ G so that E(T_1) ∩ E(T_2) ∩ E(T_3) = ∅. Let A_i = E(G) \ E(T_i) for 1 ≤ i ≤ 3, and let A = {A^′_1, A^′_2, A^′_3} be a partition of E(G) so that A^′_i ⊆ A_i for every 1 ≤ i ≤ 3. Now, A is a 1-courteous coloring of E(G) as required. �

We are now ready to prove Theorem 1.1.

Theorem 1.1 Every (2k + 1)-edge-connected graph has a 2k-courteous edge coloring of size at most 81^{k2} .

Proof: Let G be a (2k + 1)-edge-connected graph. If k = 0, then the theorem is trivial. Otherwise, 3(3^{2k−2} + 1)^{2k+1} ≤ 81^{k2} , so by Lemma 2.5 it will suffice to prove that G has a (2k − 1)-courteous edge-coloring of size at most (3^{2k−2} + 1)^{2k+1}. By proposition 2.6 we may choose 2k + 1 spanning trees T_1, T_2, . . . , T_{2k+1} of G so that every edge e ∈ E(G) is in at most two of the trees. By Proposition 2.3, for every 1 ≤ i ≤ 2k + 1, we may choose a (2k − 1)-courteous coloring Ω_i of E(G) \ E(T_i) for the tree T_i of size at most 3^{2k−2} (we could get a 2k-courteous coloring, but this is unnecessary). Let Ω^′_i = Ω_i ∪ {E(T_i)} and let Ω be the coloring obtained by taking the common refinement of the colorings Ω^′_1, Ω^′_2, . . . , Ω^′_{2k+1}. Note that for every X ∈ Ω, all of the edges in X are contained in exactly the same set of trees T_1, T_2, . . . , T_{2k+1}. Now, Ω has size at most (3^{2k−2} + 1)^{2k+1}. We claim that Ω is (2k − 1)-courteous. Let X ∈ Ω and let C be an edge-cut of G. By construction, X is disjoint from at least 2k − 1 of the trees T_1, T_2, . . . , T_{2k+1}. If every tree T_i disjoint from X contains ≥ 2 edges of C, then |C \ X| ≥ 2k − 1 as desired. Otherwise, X is disjoint from a tree T_i that has C as a fundamental cocircuit. Since X ⊆ X^′ for some X^′ ∈ Ω_i, we have that |C \ X| ≥ |C \ X^′| ≥ 2k − 1. Since X and C were arbitrary, it follows that Ω is (2k − 1)-courteous. �

We now define a function g : Z^+ × Z^+ → Z ∪ {∞} given by the rule g(a, b) is the smallest integer t so that every a-edge-connected graph has a b-courteous edge-coloring of size t (or ∞ if no such integer exists). We have proved that g(a, b) = ∞ if and only if b ≥ a, or a is even and b = a − 1. The existence of k-regular k-edge-connected graphs which are not k-edge-colorable implies that g(k, k − 1) ≥ k + 1. Our proof shows that g(2k + 1, 2k) ≤ 81^{k2} . Actually, one may improve the bounds in our construction significantly. We can prove by means of a considerably more complicated argument that if Ω is a j-courteous t-edge-coloring of a k-edge-connected graph and j is even and k ≥ j + 3, then it is possible to refine Ω to obtain a 30t-edge-coloring which is j + 1-courteous. With the help of this fact and Lemma 2.5 one may easily show that g(2k + 1, 2k) ≤ C^k for some constant C. These are the tightest bounds we know. In addition to the argument earlier in this section that g(3, 2) ≤ 9, we have some more specialized arguments which prove that g(4, 2) ≤ 4 and g(5, 4) ≤ 30.

3 Circuit Covers

If A, B are multisets with ground set S, we define A + B to be the multiset with ground set S given by the map (A + B)(s) = A(s) + B(s) for every s ∈ S. We define a finite set S ⊆ Z to be coverable if for every graph G and every admissable map p : E(G) → S, (G, p) has a circuit cover. If in addition, S ⊆ 2Z, and 2 min(S) ≥ max(S), we will say that S is conveniently coverable. Note that every map p : E(G) → S is admissable (and thus (G, p) has a circuit cover) for every 3-edge-connected graph G and every conveniently coverable set S. We define a set C ⊆ E(G) to be a cycle if every vertex of (V (G), C) has even degree. We say that a list C = C_1, C_2, . . . , C_k is a k-cycle cover of (G, p) if every edge e ∈ E(G) appears in exactly p(e) cycles of C (for convenience, we have used lists instead of multisets in the definition of cycle covers). The goal of this section is to prove the following two theorems on circuit and cycle covers. Theorem 1.3 is restated here in terms of coverable sets.

Theorem 1.3 For every i, j, k, l ≥ 0, the set i{4} + j{6} + k{32, 36} + l{48, 54} + {0, 1} is coverable.

Theorem 3.1 If G is 4k-edge-connected, and p : E(G) → {1, 2, . . . , 2k} is admissable, then (G, p) has a (2k + 1)-cycle cover.

Theorem 1.3 will require three simple propositions and one lemma.

Proposition 3.2 Let S ⊆ Z be a finite set. If there is a circuit cover of (G, p) for every 3-edge-connected graph G and every admissable map p : E(G) → S, then S is coverable.

Proof: Let G be a 2-edge-connected graph and let p : E(G) → S be an admissable map. We will prove by induction on |E(G)| that (G, p) has a circuit cover. If G is 3-edge-connected, then we are finished by our assumption. Thus, we may assume that G has a 2-edge-cut {e, f}. Now, p|_{E(G)\e} is an admissable map for G/e, so inductively we may choose a circuit cover C^′ of (G/e, p|_{E(G)\e}). Since p(e) = p(f), the corresponding multiset C of circuits of G is now a circuit cover of (G, p). This completes the proof. �

Proposition 3.3 If S, T are conveniently coverable, then S + T is conveniently coverable.

Proof: Let G be a 3-edge-connected graph and let p : E(G) → S + T . It will suffice to show that (G, p) has a circuit cover. Choose p_s : E(G) → S and p_t : E(G) → T so that p_s + p_t = p. Next, choose a circuit cover C_s of (G, p_s) and a circuit cover C_t of (G, p_t). Now C_s + C_t is a circuit cover of (G, p) as required. �

Proposition 3.4 If S is conveniently coverable, then S + {0, 1} is coverable.

Proof: Let G be a 3-edge-connected graph and let p : E(G) → S + {0, 1} be an admissable map. By Proposition 3.2, it will suffice to show that (G, p) has a circuit cover. Let X = {e ∈ E(G) | p(e) is odd}. Since p is admissable, (V, X) is eulerian, so we may choose a set of circuits C_1 of the graph (V, X) so that every edge in X is contained in exactly one circuit of C_1. We define p_2 : E(G) → Z as follows:

p_2(e) = p(e) − 1 if p(e) is odd p(e) if p(e) is even

Since p_2(E(G)) ⊆ S, we may choose a circuit cover C_2 of (G, p_2). Now C_1 + C_2 is a circuit cover of (G, p) as required. �

Lemma 3.5 If {2t} is coverable, then {16t, 18t} is conveniently coverable.

Proof: Let G be a 3-edge-connected graph and let p : E(G) → {16t, 18t}. By proposition 3.2, it will suffice to show that (G, p) has a circuit cover. By proposition 2.7, we may choose a 2-courteous edge-coloring {X_1, X_2, . . . , X_9} of G. For every 1 ≤ i ≤ 9, let A_i = {e ∈ X_i | p(e) = 16t}. Now, for every 1 ≤ i ≤ 9, the graph G \ A_i is 2-edge-connected, so we may choose a circuit cover C_i of (G \ A_i, 2t). Then C_1 + C_2 + . . . + C_9 is a circuit cover of (G, p) as required. �

Finally, we are ready to prove theorem 1.3.

Proof of Theorem 1.3: Bermond, Jackson, and Jaeger [4] proved that {4} is coverable, and Fan [6] proved that {6} is coverable. Thus, by Lemma 3.5 we have that {32, 36} and {48, 54} are conveniently coverable. Since {4} and {6} are also conveniently coverable, by Proposition 3.3 we have that for every i, j, k, l ≥ 0 the set i{4} + j{6} + k{32, 36} + l{48, 54} is conveniently coverable. By Proposition 3.4 we have that for every i, j, k, l ≥ 0 the set i{4} + j{6} + k{32, 36} + l{48, 54} + {0, 1} is coverable as required. �

The proof of Theorem 3.1 will require two propositions.

Proposition 3.6 If T is a spanning tree of G, and Y ⊆ E(G) \ E(T ), then there exists a cycle C ⊆ G with E(C) \ E(T ) = Y .

Proof: For every edge e ∈ E(G) \ E(T ), let C(e) be the edge set of the fundamental circuit of e with respect to T . Then C = △_{e∈Y} C(e) is a cycle of G with E(C) \ E(T ) = Y as required. �

Proposition 3.7 Let G be a 4k-edge-connected graph, and let p : E(G) → {2, 4, 6, . . . , 2k}. Then there is a list C = C_1, C_2, . . . , C_{2k} of cycles of G so that every edge e ∈ E(G) appears in either p(e) or p(e) − 1 cycles of C.

Proof: By the Tutte/Nash-Williams spanning trees theorem, we may partition E(G) into {X_1, X_2, . . . , X_{2k}} so that each set X_i contains the edge set of a spanning tree T_i of G. Now, for every 1 ≤ i ≤ 2k and every e ∈ X_i, choose a subset U(e) ⊆ {1, 2, . . . , 2k} so that |U(e)| = p(e)−1 and so that i ∉ U(e). For 1 ≤ i ≤ 2k, let Y_i = {e ∈ E(G) | i ∈ U(e)}. Now, by the previous proposition, for every 1 ≤ i ≤ 2k we may choose a cycle C_i of G so that E(G) \ E(T_i) = Y_i. By construction, C = C_1, C_2, . . . , C_{2k} satisfies the proposition. �

Proof of Theorem 3.1 Let G be a 4k-edge-connected graph, let p : E(G) → {1, 2, . . . , 2k} be an admissable map, and let S = {e ∈ E(G) | p(e) is odd }. Define p^′ : E(G) → Z by the following rule: p^′(e) =

2k + 1 − p(e) if e ∈ S p(e) otherwise By the above proposition, we may choose a list C = C_1, C_2, . . . , C_{2k} of 2k cycles of G so that every edge e ∈ E(G) is in either p^′(e) or p^′(e) − 1 cycles of C. Let T = {e ∈ E(G) | e is in p^′(e) − 1 cycles of C} Since T is the set of edges covered an odd number of times by C, we find that T is a cycle. Thus, setting C_{2k+1} = T , we have that C_1, C_2, . . . , C_{2k}, C_{2k+1} is a (2k+1)-cycle cover of (G, p^′). Since p is an admissable map, S is also a cycle of G. Thus, the list S△C_1, S△C_2, . . . , S△C_{2k+1} is a (2k+1)-cycle cover of (G, p) as required. �

4 Antisymmetric Flows

The study of nowhere-zero flows began with Tutte’s observation that for a planar graph G and the geometric dual G^∗ of G, G has a nowhere-zero k-flow if and only if G^∗ has a proper k-coloring. In a similar (but less tight) sense (see [16]), antisymmetric flows are dual to oriented graph colorings. The main theorem of this section is as follows.

Theorem 1.6 Every directed graph with no directed cut of size ≤ 2 has a 10^{12}-antiflow.

We define a directed graph to be k-edge-connected if the underlying undirected graph is k-edge-connected. Now, we will proceed with the proofs of this section. After a simple proposition, we will prove that every graph with no directed cut of size ≤ 2 has a Γ-antiflow in an appropriate fixed group Γ. We will then use this to establish Theorem 1.6.

Proposition 4.1 Let Γ be an abelian group. If every 3-edge-connected directed graph has Γ-antiflow, then every graph with no directed cuts of size ≤ 2 has a Γ-antiflow.

Proof: We will proceed by induction on |E(G)|. If G is 3-edge-connected, we are finished by assumption. Otherwise, we may choose a 2-edge-cut {e_1, e_2} of G. Let G^′ = G/e_1. Inductively, we may choose a Γ-antiflow f^′ of G^′. Let f : E(G) → Γ be given by the rule.

f(e) = f^′(e_2) if e = e_1 f^′(e) otherwise

Now, f is a Γ-antiflow of G as required. �

We are now ready to prove the existence of bounded size group-valued antiflows. For a positive integer k, we will use Z_k to denote the group Z/kZ. The following theorem is an improvement on the authors’ original argument suggested by Nešetřil and Raspaud.

Theorem 4.2 If G is a directed graph with no directed edge-cuts of size ≤ 2, then G has a (Z_6)^8 × (Z_3)^9-antiflow.

Proof: By proposition 4.1, it will suffice to prove the theorem in the case when G is 3-edgeconnected. By Proposition 2.7, we may choose a 2-courteous 9-coloring Ω = {X_1, X_2, . . . , X_9} of E(G). By Seymour’s 6-flow theorem, we may choose for every 1 ≤ i ≤ 8 a nowhere-zero Z_6-flow of G \ X_i. Let ϕ_1 : E(G) → Z^8_6 be the direct product of these flows. Now, for every 1 ≤ i ≤ 9, since G \ X_i is spanning, we may choose a Z_3-flow which takes the value 1 on every edge in X_i. Let ϕ_2 : E(G) → Z^9_3 be the direct product of these flows. We claim that ϕ_1 × ϕ_2 is an antiflow. Let e, f ∈ E(G). If e and f are in different color classes of Ω, then there is a coordinate of ϕ_1 in which exactly one of e, f has the value zero. Otherwise, there is a coordinate of ϕ_2 in which both e and f have the value 1. In either case, ϕ(e) ≠ −ϕ(f). � To convert this group-valued antiflow into an integer antiflow, we will need one easy proposition and a well known theorem of Tutte.

Proposition 4.3 Let (a_0, a_1, . . . , a_n), (b_0, b_1, . . . , b_n) ∈ Z^{n+1}, and assume that |a_i| ≤ k and |b_i| ≤ k for every 0 ≤ i ≤ n − 1. If

∑_n

i=0(2k + 1)^ia_i = −

∑_n

i=0(2k + 1)^ib_i, then a_i = −b_i for every 0 ≤ i ≤ n.

Proof: Since

∑_n

i=0(2k + 1)^i(a_i + b_i) = 0, then since |a_i + b_i| ≤ 2k for 0 ≤ i ≤ n − 1, it follows that a_i = −b_i for every 0 ≤ i ≤ n. �

Theorem 4.4 (Tutte) If f : E(G) → Z_k is a flow, then there is a k-flow f^′ : E(G) → Z so that f^′(e) ∼= f(e) (mod k) for every e ∈ E(G).

Now we are ready to prove the main theorem of this section.

Proof of Theorem 1.6: By Theorem 4.2, we may choose Z_2-flows f_0, f_1, . . . , f_7 and Z_3- flows f_8, f_9, . . . , f_{24} of G so that f_0 × f_1 × . . . × f_{24} is an antiflow. By Theorem 4.4 we may choose 2-flows f^′_0, f^′_1, . . . , f^′_7 so that f^′_i (e) ∼= f_i(e) (mod 2) and 3-flows f^′_8, f^′_9, . . . , f^′_{24} so that f^′_i (e) ∼= f_i(e) (mod 3). By construction, f^′_0 ×f^′_1 ×. . .×f^′_{24} is a Z^{25}-antiflow. Let h_1 =

∑_7

i=0 3^if^′_i and let h_2 =

∑_{24}

i=8 5^{i−8}f^′_i . By Proposition 4.3 we have that h_1 × h_2 is a Z^2-antiflow. Since |h_1(e)| ≤ (3^8 − 1)/2 for every e ∈ E(G), it follows from Proposition 4.3 that h_1 + 3^8h_2 is a 10^{12}-antiflow of G as required. �

5 Related Questions

One way to produce a k-courteous edge-coloring is to find an edge-coloring so that every cut contains edges of at least k + 1 different colors. One may ask if every a-edge-connected graph has a bounded size edge-coloring so that every cut contains edges of at least b distinct colors for a pair of fixed positive integers a, b. As in the case of courteous edge-coloring, we will define a function h : Z^+ × Z^+ → Z ∪ {∞} given by the rule h(a, b) is the smallest integer t so that every a-edge-connected graph has a t-edge-coloring so that every edge-cut contains edges of at least b different colors (or ∞ if no such integer exists). If b ≤ a/2, then h(a, b) = b follows immediately from the Tutte/Nash-Williams disjoint spanning trees theorem. We will show that h(a, b) < ∞ if and only if b ≤ ⌈a/2⌉.

Essentially the same example as given in the introduction can be used to prove that there is no bounded size coloring of every 2k-edge-connected graph so that every edge-cut contains edges of at least k + 1 distinct colors. To show this, we will exhibit for any pair of positive integers k, t, a 2k-edge-connected graph G_{k,t} so that for every t-edge-coloring of G, there is an edge-cut of G containing at most k colors. We let G_{k,t} be the graph obtained from a circuit of length t^k + 1 by replacing each edge by k parallel edges. Now, any t-coloring of the edges of G_{k,t} must give the same set of colors to two different parallel classes of edges. There is an edge-cut X containing only the edges in these two parallel classes, and it follows that X contains edges of at most k distinct colors.

The positive direction is given by the following proposition.

Proposition 5.1 If G is 2k + 1-edge-connected, then there is a

(_{2k+1} 2 ) -coloring of E(G) so that every edge-cut of G has edges of at least k + 1 distinct colors.

Proof: By proposition 2.6 we may choose 2k + 1 spanning trees T_1, T_2, . . . T_{2k+1} of G so that every edge is in at most two of these trees. Now, we may choose a partition Ω = {X_{i,j} | 1 ≤ i < j ≤ 2k + 1} of E(G) so that for every edge e ∈ E(G), if e ∈ X_{i,j}, then e ∉ E(T_h) for every i ≠ h ≠ j. Since every color class contains edges from at most two of the trees T_1, T_2, . . . T_{2k+1} and every tree contains an edge from every edge-cut, it follows that every edge-cut of G has edges of at least k + 1 colors. �

As mentioned in the introduction, for any g > 0, there is no fixed integer t so that every graph of girth g has a t-edge-coloring so that no circuit is monochromatic. However, there are other questions (based on different graph parameters) concerning edge colorings of graphs with requirements on the number of colors appearing in each circuit. The following conjecture of Alon is particularly interesting.

Conjecture 5.2 (Alon) Let G be a graph with maximum degree d. Then G has a proper (d + 2)-edge-coloring so that every circuit contains edges of ≥ 3 different colors.

We will close this paper with an edge-coloring theorem of a flavor similar to our previous results. Although the proof is a very simple application of a matroid packing theorem, we find the result somewhat surprising.

Proposition 5.3 If G is a (2k + 1)-edge-connected graph, then there is a (2k + 1)-coloring Ω of E(G) so that G \ X contains k edge-disjoint spanning trees for every X ∈ Ω.

In a sense, graphs which contain k edge disjoint spanning trees are similar to graphs which are 2k-edge-connected. Indeed a graph G is 2k-edge-connected if and only if G \ X contains k edge-disjoint spanning trees for any set X ⊆ E(G) with |X| ≤ k. The above proposition is interesting because the corresponding statement with “contains k edge-disjoint spanning trees” replaced by “is 2k-edge-connected” is false. In particular, this statement would imply that every (2k+1)-edge-connected (2k+1)-regular graph has a proper (2k+1)-edge coloring.

The proof of proposition 5.3 will follow easily from the following proposition on matroids. We will assume that the reader is familiar with Edmonds’ matroid union theorem (see [25] or [17] for a good introduction).

Proposition 5.4 Let M be a matroid on the ground set E, let a, b be positive integers, and assume that M contains a bases using every element at most b times. Then for any integer i such that a > bi, there is an a-coloring Ω of E such that M \ X contains i disjoint bases for every X ∈ Ω.

Proof: Let the matroid M^i be obtained by taking the union of M with itself i times. We will use ρ to denote the rank function of M and ρ^i to denote the rank function of M^i. By the assumption, for every S ⊆ E, we have that aρ(S) + b|E \ S| ≥ aρ(E). It follows from this that |E \ S| ≥ a/b(ρ(E) − ρ(S)) ≥ i(ρ(E) − ρ(S)). Thus, ρ^i(E) = iρ(E), and every base of M^i can be partitioned into i pairwise disjoint bases of M.

If M^i contains a bases B_1, B_2, . . . , B_a using every element at most a − 1 times, then we may choose a coloring Ω = {X_1, X_2, . . . , X_a} of E so that X_i ∩ B_i = ∅ for every 1 ≤ i ≤ a. Thus, by Edmonds’ matroid partitioning theorem ([5]), it will suffice to prove that for every A ⊆ E we have that aρ^i(A) + (a − 1)|E \ A| ≥ aρ^i(E).

aρ^i(A) + (a − 1)|E \ A| = a min_{B⊆A}(iρ(B) + |A \ B|) + (a − 1)|E \ A| ≥ i min_{B⊆A}(aρ(B) + b|E \ B|) ≥ iaρ(E) = aρ^i(E)

This completes the proof. �

Proof of Proposition 5.3: Apply proposition 5.4 to M(G) with a = 2k + 1, b = 2, and i = k. �

As a final note, we observe that Proposition 5.3 implies that for every 5-edge-connected graph G and every map p : E(G) → {8, 10}, there is a circuit cover of (G, p). Simply apply the above proposition to partition E(G) into {X_1, . . . , X_5} and let A_i = {e ∈ X_i | p(e) = 8}. For 1 ≤ i ≤ 5, the graph G \ A_i contains two edge-disjoint spanning trees, so it has a double cover by circuits. Together these five circuit covers give a circuit cover of (G, p).

Acknowledgement

The authors would like to thank Jaroslav Nešetřil for several fruitful discussions.

References

[1] N. Alon, C.J.H. McDiarmid, and B.A. Reed, Acyclic Coloring of Graphs, Random Structures and Algorithms 2 (1991), 343-365.

[2] N. Alon, B. Sudakov, and A. Zaks, Acyclic Edge Colorings of Graphs, preprint. [3] B. Alspach, L. Goddyn, and C-Q Zhang, Graphs with the circuit cover property, Trans.

Amer. Math. Soc., 344 (1994), 131-154.

[4] J.C. Bermond, B. Jackson, and F. Jaeger, Shortest covering of graphs with cycles, J.

Combinatorial Theory Ser. B 35 (1983), 297-308.

[5] J. Edmonds, Minimum partition of a matroid into independent subsets, J. Res. Nat.

Bur. Standards 69B (1965), 67-72.

[6] G. Fan, Integer flows and cycle covers, J. Combinatorial Theory Ser. B 54 (1992), 113- 122.

[7] X. Fu and L. Goddyn, Matroids with the circuit cover property, Europ. J. Combinatorics 20 (1999), 61-73.

[8] L. Goddyn, An open problem presented at Graph Theory, Oberwolfach (1999). [9] P. Hajnal, Partition of graphs with condition on the connectivity and minimum degree, Combinatorica 3 (1983), 95-99.

[10] F. Jaeger, Flows and generalized coloring theorems in graphs, J. Combinatorial Theory Ser. B 26 (1979), 205-216.

[11] F. Jaeger, Nowhere-zero flow problems. In Selected Topics in Graph Theory, volume 3, edited by L.W.Beineke and R.J.Wilson, (1988), 71-95.

[12] T. Jensen and B. Toft, Graph Coloring Problems John Wiley & Sons, 1995 [13] P.A. Kilpatrick, Tutte’s first colour-cycle conjecture, Ph.D. thesis, Cape Town. (1975) [14] M. Molloy and B. Reed, Further Algorithmic Aspects of the Local Lemma, Proceedings of the 30th Annual ACM Symposium on Theory of Computing, May 1998, 524-529.

[15] C.S.J.A. Nash-Williams, Edge disjoint spanning trees of finite graphs, J. London Math.

Soc. 36 (1961), 445-450.

[16] J. Nešetřil and A. Raspaud, Antisymmetric Flows and Strong Colourings of Oriented Graphs, Ann. Inst. Fourier. 49, 3 (1999), 1037-1056.

[17] J.G. Oxley, Matroid Theory Oxford University Press, 1992.

[18] P.D. Seymour, Sums of Circuts, in Graph Theory and Related Topics, edited by J.A.

Bondy and U.S.R. Murty, Academic Press, New York/Berlin (1979), 341-355. [19] P.D. Seymour, Nowhere-zero 6-flows, J. Combinatorial Theory Ser. B 30 (1981), 130- 135.

[20] P.D. Seymour, Nowhere-Zero Flows, in Handbook of Combinatoircs, edited by R. Graham, M. Grotschel and L. Lovasz, (1995) 289-299.

[21] M. Stiebitz, Decomposing graphs under degree constraints, J. Graph Theory 23, no. 3 (1996), 321-324.

[22] C. Thomassen, Graph decomposition with constraints on the connectivity and minimum degree, J. Graph Theory 7 (1983), 165-167.

[23] W.T. Tutte, A contribution to the theory of chromatic polynomials, Canad. J. Math. 6 (1954), 80-91.

[24] W.T. Tutte, On the problem of decomposing a graph into n connected factors J. London Math. Soc. 36 (1961), 221-230.

[25] D.J.A. Welsh, Matroid Theory Academic Press, London (1976).