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Abstract

We prove that for every connected P5-free graph G with stability number at least three, there is a
three-vertex induced path with vertices a-b-c in order, such that every neighbour of c is also adjacent
to one of a, b. This was proposed as an open question by Jérémie Turcotte at a recent conference [8],
motivated by applications to a cops-and-robber game.



1 Introduction

We denote the s-vertex path by Ps. There are a number of well-known open questions about P5-free
graphs (a graph G is H-free if no induced subgraph is isomorphic to H, and |G| denotes the number
of vertices of G). For instance:

• the Erdős-Hajnal conjecture implies that for some c > 0, every P5-free graph has a clique or
stable set of size at least |G|c;

• a conjecture of Esperet [3] implies that for some c > 0, every P5-free graph G has chromatic
number at most ω(G)c, where ω(G) is the clique number of G;

• a conjecture of Hoàng et al. [5] says that for some c > 0, there is a function f such that for
every k there is an algorithm deciding if a P5-free graph G is k-colourable in time f(k)|G|c.

But at a recent conference [8], a new conjecture about P5-free graphs, motivated by applications to
a cops-and-robber game [9], was proposed by Jérémie Turcotte. (A conjecture about P5-free graphs
that we might actually be able to prove!) That conjecture, somewhat strengthened, is our main
theorem, the following:

1.1 If G is connected and P5-free, with α(G) ≥ 3, then there is a three-vertex induced path of G
with vertices a-b-c in order, such that every neighbour of c is also adjacent to one of a, b.

(α(G) is the cardinality of the largest stable subset of V (G).) Let a-b-c be the vertices in order of a
three-vertex induced path of G. We say that a-b-c is domineering, or a domineering 3-path, if every
neighbour of c is also adjacent to one of a, b. Thus 1.1 says that every connected P5-free graph with
α(G) ≥ 3 has a domineering 3-path.

This was motivated by a “cops-and-robber” game played on a graph. The game is, there are s
cops, and each stands on one vertex of the graph, and so does the robber. In each turn, first each cop
moves to an neighbouring vertex, or does not move; and then the robber moves to a neighbouring
vertex, or does not move. The cops win if at some stage, a cop is standing on the same vertex as the
robber. Given a graph G, how few cops suffice? It is known that s−2 cops suffice in every connected
Ps-free graph, and it was conjectured by Sivaraman [7] that two cops suffice in every connected
P5-free graph, and more generally s − 3 cops suffices in every connected Ps-free graph, for s ≥ 5.
Turcotte [9] proved a weaker statement that two cops suffice in every connected 2K2-free graph (2K2

is the complement of a four-vertex cycle). For two cops to win in a graph G, it is necessary that
there are vertices a, b, c with c 6= a, b such that c and all its neighbours are equal or adjacent to one
of a, b, and this motivated Turcotte’s conjecture.

The condition α(G) ≥ 3 in 1.1 is needed. It is easy to see that every graph G with α(G) = 2 is
P5-free, and it has no domineering 3-path if and only if its complement H has diameter at most two.
So that gives plenty of counterexamples to 1.1 with α(G) ≥ 3 omitted.

A relative of 1.1 was proved in [9], the following:

1.2 If G is connected and 2K2-free, with |G| ≥ 3 and G not a cycle of length five, then there exist
distinct vertices a, b, c such that ab and bc are edges (possibly ac is also an edge) and every neighbour
of c is adjacent to one of a, b.
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This differs from 1.1 in three ways, two weakenings and a strengthening: first, it assumes that
G is 2K2-free, instead of just P5-free; second, ac might be an edge; but third, it does not need the
assumption α(G) ≥ 3. What if we try to modify 1.2, asking for a domineering 3-path in a 2K2-free
graph G? Then again, it is false, but there are not so many counterexamples; every counterexample
G satisfies α(G) ≤ 2, and it is easy to see that the counterexamples are the complements of Moore
graphs of girth five. (These are graphs of diameter two, with girth five, in which every vertex has
the same degree d say; such a graph exists only when d = 2, 3, 7 and possibly 57.)

Let us say a graph G is bijoined if

• for every two nonadjacent vertices u, v of G, there are exactly two vertices adjacent to both
u, v, and they are adjacent to each other; and

• G has no clique of cardinality four.

It is nontrivial if |G| > 1. If a nontrivial bijoined graph has a complement graph that is connected,
then that complement would be a counterexample to 1.1, so we care about bijoined graphs. Indeed,
we will show in the final section that any counterexample to 1.1 has a connected induced subgraph
whose complement is a nontrivial bijoined graph; so the whole question boils down to showing that
there is no such graph. That is proved in the next section.

2 Bijoined graphs

A vertex of a graph G is universal if it is adjacent to every other vertex. If X,Y ⊆ V (G) are disjoint,
we say X is complete to Y if every vertex in X is adjacent to every vertex in Y , and X is anticomplete
to Y if there are no edges between X,Y . If X = {x}, we say x is complete to Y if {x} is complete
to Y , and so on.

Bijoined graphs exist; for instance, if H is a graph of girth at least five in which every two
nonadjacent vertices have exactly one common neighbour, and we add a universal vertex to H, we
obtain a bijoined graph. We will show that no graphs are bijoined other than these, and in particular,
no nontrivial bijoined graph has a connected complement graph.

We need the following well-known lemma:

2.1 Let H be a graph with girth at least five, such that for every two nonadjacent vertices u, v there
is exactly one vertex adjacent to both u, v. If the complement of H is connected, then every two
vertices of H have the same degree.

Proof. Since the complement of H is connected, it suffices to show that every two nonadjacent
vertices of H have the same degree. Thus, let u,w be nonadjacent. Let N = {v1, . . . , vk} be the set
of neighbours of u, and for 1 ≤ i ≤ k let Ni be the set of neighbours of vi different from u. Thus,
the sets {u}, N,N1, . . . , Nk are pairwise disjoint and have union V (H). Let w ∈ Nk say. For all
j ∈ {1, . . . , k − 1}, w has a neighbour in Nj (because it has distance two from vj), and has exactly
one such neighbour (since H has girth at least five); and has exactly one neighbour in N ∪ {u}; and
so w has degree exactly k. This proves 2.1.

We also need some results about strongly regular graphs. A graph is strongly regular with
parameters (n, k, a, c) if it has n vertices, every vertex has degree k, every two adjacent vertices
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have exactly a common neighbours, and every two nonadjacent vertices have exactly c common
neighbours. Thus, Moore graphs are the strongly regular graphs that have parameters (n, k, 0, 1)
for some n, k. First, we need a result about Moore graphs mentioned earlier, due to Hoffman and
Singleton [6]:

2.2 A strongly regular graph with parameters (n, k, 0, 1) exists only when n = k2 + 1 and k = 2, 3, 7
and possibly 57.

Second, we need the following (see Lemmas 10.3.2 and 10.3.3 of Godsil and Royle [4]):

2.3 If a strongly regular graph exists with parameters (n, k, a, c), then either 2k = (n− 1)(c− a) or
(a− c)2 + 4(k − c) is a perfect square.

Now we prove:

2.4 Let G be bijoined and non-null. Then G has a universal vertex.

Proof. For each vertex v ∈ V (G), the set of neighbours of v is denoted by N(v), and N [v] means
N(v) ∪ {v}. If u, v are distinct, let R(u, v) be the set of all vertices adjacent to both u, v; thus, if
u, v are nonadjacent then |R(u, v)| = 2 and its two members are adjacent. (For convenience, we
say “R(u, v) is an edge”.) We observe that no induced cycle of G has length four (because for two
opposite vertices u, v of such a cycle, R(u, v) is not an edge). Thus G is C4-free, where C4 is the cycle
of length four. We suppose that G has no universal vertex, for a contradiction. A 4-clique means a
clique of cardinality four.

(1) For each v ∈ V (G), the complement of G[N(v)] is connected.

Suppose not. Then there is a partition (X,Y ) of N(v) with X,Y 6= ∅, such that X is complete
to Y . Since G is C4-free, one of X,Y is a clique, say X; let x ∈ X. Then x is adjacent to all other
vertices in N(v), so we may assume that X = {x} and Y = N(v) \ {x}. Since G has no 4-clique,
Y is a stable set. Since x is not universal, there exists z ∈ V (G) nonadjacent to x. Consequently
z /∈ N [v]. But then R(v, z) is a subset of Y and so not an edge, a contradiction. This proves (1).

(2) For each v ∈ V (G), all vertices of G[N(v)] have the same degree in G[N(v)].

G[N(v)] has no cycle of length three, since G is K4-free; and G[N(v)] is C4-free since G is C4-
free. Thus, G[N(v)] has girth at least five. If u,w ∈ N(v) are nonadjacent, then R(u,w) consists
of v and exactly one vertex of N(v); and so u,w have exactly one common neighbour in G[N(v)].
From (1) and 2.1, this proves (2).

By (2) and since G is bijoined, for every vertex v there exists kv such that G[N(v)] is a Moore
graph with parameters ((kv)2 + 1, kv, 0, 1). In particular, |R(u, v)| = kv for every neighbour u of v.
It follows that ku = kv for every pair of neighbours u and v, and since G is connected, there exists
k such that kv = k for every v. So Gis a strongly regular graph with parameters (n, k2 + 1, k, 2) for
some n (which is determined by k but does not matter), where k ∈ {2, 3, 7, 57} by 2.2. Let us apply
2.3, and deduce that one of the following holds:

• 2(k2 + 1) = (n− 1)(2− k); but this is impossible since k ≥ 2.

3



• (k − 2)2 + 4((k2 + 1) − 2) = k(5k − 4) is a perfect square; but this is not the case when
k = 2, 3, 7, 57.

This contradiction proves 2.4.

3 The main proof

Let us prove 1.1, which we restate:

3.1 Let G be connected and P5-free, with α(G) ≥ 3. Then there is a domineering 3-path in G.

Proof. We assume that G is a counterexample to the theorem with G minimal. Thus, G is con-
nected and P5-free, with α(G) ≥ 3, and there is no domineering 3-path in G, and no proper induced
subgraph has these properties. We will prove that the complement of G is bijoined, which we will
show is impossible. As before, for each vertex v ∈ V (G), the set of neighbours of v is denoted by
N(v), and N [v] means N(v) ∪ {v}. Let M(v) = V (G) \N [v]. We begin with:

(1) No two adjacent vertices u, v satisfy N(u) ⊆ N [v].

Suppose that there are two such vertices u, v. If there is a vertex w adjacent to v and not to u,
then w-v-u is domineering, a contradiction; so N [u] = N [v]. Let G′ be obtained by deleting u. Then
G′ is connected, P5-free, and satisfies α(G′) ≥ 3, and so from the minimality of G, there is a domi-
neering 3-path a-b-c of G′. This is not domineering in G, and so u is adjacent to c and nonadjacent
to a, b. But then v 6= a, b, c, and so v is adjacent to c and not to a, b, contradicting that a-b-c is
domineering in G′. This proves (1).

(2) For each v ∈ V (G) and every component C of G[M(v)], no vertex u ∈ N(v) is complete to
V (C).

Because if u is such a vertex, choose w ∈ V (C); then v-u-w is domineering, a contradiction. This
proves (2).

(3) For each v ∈ V (G), G[M(v)] is non-null and connected. Moreover, every vertex in N(v) has a
neighbour in M(v).

By (1), M(v) 6= ∅. Suppose that C1, C2 are distinct components of G[M(v)]. Since G is con-
nected, for i = 1, 2 there exists ui ∈ N(v) with a neighbour in V (Ci). By (2), for i = 1, 2, ui has a
neighbour and a non-neighbour in V (Ci), and since Ci is connected, there is an edge aibi of Ci such
that ui is adjacent to ai and not to bi. If u1 has a neighbour in V (C2), we may assume that u1 = u2,
but then b1-a1-u1-a2-b2 is a copy of P5, a contradiction. Thus u1 has no neighbour in V (C2), and
similarly u2 has no neighbour in V (C1. If u1, u2 are nonadjacent then b1-a1-u1-v-u2 is a copy of P5,
and if u1, u2 are adjacent then b1-a1-u1-u2-a2 is a copy of P5, in either case a contradiction. This
proves the first assertion. For the second, let u ∈ N(v); then u has a neighbour in M(v) by (1). This
proves (3).
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(4) For each v ∈ V (G), G[M(v)] has no domineering 3-path. Consequently α(G) = 3.

Suppose that a-b-c is a domineering 3-path of G[M(v)]. We claim that a-b-c is also domineering
in G. To show this, it suffices to show that every neighbour u of c not in M(v) is adjacent to one
of a, b. But if not, then a-b-c-u-v is a copy of P5, a contradiction. This proves the first assertion of
(4). For the second, suppose that α(G) ≥ 4, and choose v ∈ V (G) that belongs to a stable set of size
four. Then G[M(v)] has a stable set of size three, and it is connected by (3), and has no domineering
3-path as we just showed, contrary to the minimality of |G|. This proves (4).

(5) For each edge uv, if w ∈ N(u) \ N [v] and C is a component of G \ (N(u) ∪ N(v)), then w
is complete or anticomplete to V (C).

Suppose not; then there is an edge ab of C such that w is adjacent to a and not to b. But then
v-u-w-a-b is a copy of P5, a contradiction. This proves (5).

(6) If v belongs to a stable set of size three, then for each edge uv, G \ (N(u) ∪ N(v)) has ex-
actly two components, both complete graphs.

Certainly it has at most two components, since α(G) = 3, and for the same reason, if G \ (N(u) ∪
N(v)) has two components then they are both complete graphs. Thus we just need to show that
G \ (N(u) ∪N(v)) has at least two components.

Let C = G \ (N(u)∪N(v)). Suppose that C has at most one component. By (1), N(u) \N [v] is
nonempty. Let w ∈ N(u) \N [v]; then since v-u-w is not domineering, it follows that w has a neigh-
bour in V (C), and hence is complete to V (C) by (5). So C is non-null, and N(u) \N [v] is complete
to V (C). Now M(v) = V (C) ∪ (N(u) \ N [v]), and V (C), N(u) \ N [v] are both nonempty. If there
is an induced path a-b-c with a, c ∈ N(u) \N [v] and b ∈ V (C), it follows that a-b-c is domineering
in G[M(v)], contrary to (4); and similarly there is no induced path a-b-c with b ∈ N(u) \N [v] and
a, c ∈ V (C). Thus, V (C) ∪ (N(u) \N [v]) is a clique, contradicting that v belongs to a stable set of
size three. That proves (6).

(7) Every vertex belongs to a stable set of size three; and so for every edge uv, G \ (N(u) ∪ N(v))
has exactly two components, both complete graphs.

Let X be the union of all stable sets of size three. If X 6= V (G), then since G is connected, there is
an edge uv with u /∈ X and v ∈ X. But then by (6), G \ (N(u)∪N(v)) has exactly two components,
both complete graphs, and consequently u belongs to a stable set of size three, a contradiction. This
proves (7).

(8) For every edge uv, G \ (N(u) ∪N(v)) consists of two nonadjacent vertices.

By (7), G\(N(u)∪N(v)) has exactly two components C1, C2, both complete graphs. For i = 1, 2, let
Xi be the set of vertices in N(u)∪N(v) that have a neighbour in V (Ci). Suppose that c1, c

′
1 ∈ V (C1)

are distinct. From (7) applied to the edge c1c
′
1, it follows that X2 ⊆ X1 (since otherwise the set of

vertices nonadjacent to both c1, c
′
1 induces a connected subgraph). Consequently, N(u)\N(v) is com-
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plete to V (C1). Also, again by (7) applied to the same edge, N(u)\N [v] ⊆ X1 and N(v)\N [u] ⊆ X1

(since for each w ∈ N(u) \ N [v], if w /∈ X1 then {v, u, w} induces a three-vertex path, contrary to
(7)).

Suppose that some w ∈ N(u) \N [v] belongs to X2. Then w is complete to V (C2) by (5), and the
set of vertices nonadjacent to both w, c1 is a subset of N [v] including v (because w is complete to
V (C1 ∪ C2), and c1 is complete to N(u) \N(v)); and so this subset induces a connected subgraph,
contrary to (7). Thus X2 ⊆ N(u) ∩ N(v). If c2, c

′
2 ∈ V (C2) are distinct, then the set of vertices

nonadjacent to both c2, c
′
2 includes u, v, w (where w ∈ N(u) \N [v]), and these three vertices induce

a path, contrary to (7). So |C2| = 1, C2 = {c2} say. Choose d ∈ N(u) ∩N(v) adjacent to c2; then
u-d-c2 is domineering, a contradiction. This proves (8).

From (8) and since α(G) = 3, it follows that the complement of G is bijoined; and so from 2.4,
G has a vertex of degree zero, contradicting that it is connected. This proves 3.1.
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