Asymptotic structure. I1I. Excluding a fat tree
WORKING DRAFT

Tung Nguyen! Alex Scott? Paul Seymour?
Princeton University, University of Oxford, Princeton University,
Princeton, NJ 08544, USA Oxford, UK Princeton, NJ 08544, USA

June 28, 2025; revised June 9, 2026

'Supported by a Porter Ogden Jacobus Fellowship, AFOSR grant FA9550-22-1-0234, and NSF grant DMS-
2154169. Current address: University of Oxford

2Supported by EPSRC grant EP/X013642/1

3Supported by AFOSR grants FA9550-19-1-0187 and FA9550-22-1-0234, and by NSF grants DMS-1800053
and DMS-2154169.



Abstract

Robertson and Seymour proved that for every finite tree H, there exists k& such that every finite
graph G with no H minor has path-width at most k; and conversely, for every integer k, there is a
finite tree H such that every finite graph G with an H minor has path-width more than k. If we
(twice) replace “path-width” by “line-width”, the same is true for infinite graphs G.

We prove an analogue in coarse graph theory, as follows. For every finite tree H, there exists k
such that for every ¢ > 0, there exist L, C such that every graph that does not contain H as a c-fat
minor admits an (L, C')-quasi-isometry to a graph with line-width at most k; and conversely, for all
k there is a finite tree H such that for all L, C there exists ¢ such that no graph that contains H as
a c-fat minor admits an (L, C')-quasi-isometry to a graph with line-width at most k.



1 Introduction

Graphs in this paper may be infinite, and have no loops or parallel edges. If G is a graph and
X C V(G), G[X] denotes the subgraph of G induced on X. If X is a vertex of G, or a subset of the
vertex set of G, or a subgraph of G, and the same for Y, then distg(X,Y) denotes the distance in
G between X, Y, that is, the number of edges in the shortest path of G with one end in X and the
other in Y. (If no path exists we set distg(X,Y) = c0.)

Let G, H be graphs, and let ¢ : V(G) — V(H) be a map. Let L,C > 0; we say that ¢ is an
(L, C)-quasi-isometry if:

e for all u,v in V(G), if distg(u,v) is finite then distgy(p(u), p(v)) < Ldistg(u,v) + C;
e for all u,v in V(G), if distg (¢ (u), ¢(v)) is finite then distg(u, v) < Ldistgy(p(u), ¢(v))+C; and
e for every y € V(H) there exists v € V(G) such that distg(¢(v),y) < C.

If G is a graph, we write U(G) for V(G)U E(G). Let G, H be graphs, and let ¢ > 0 be an integer.
For each = € U(H), let n(x) be a non-null connected subgraph of G, all pairwise vertex-disjoint, such
that

e for each uv € E(H), there is an edge of G between n(u) and n(uv) (= n(vu)), and an edge
between n(v) and n(uv);

e distg(n(x),n(y)) > ¢ for all distinct z,y € U(H ), except when one of z,y is in V(H), the other
is in F(H), and the edge is incident in H with the vertex. (See Figure 1.)

Figure 1: A fat minor.

In these circumstances, we say that G contains H as a c-fat minor, and n ezhibits H as a c-fat minor
of G. Sometimes, we are given a subset X C V(G), and the function 7 satisfies that n(z) C G[X]



for all z € U(H). In this case, we say that X includes a c-fat H-minor of G. Note that this is not
the same thing as saying that G[X] contains H as a c-fat minor, because being c-fat depends on a
distance function, and we are using the distance function of G rather than that of G[X]. If n exhibits
H as a c-fat minor of G, n(H) denotes the subgraph U,y (g n(2).-

It is easy to see that:

1.1 Let L,C,c >0, and suppose that G contains H as a c-fat minor, and there is an (L, C)-quasi-
isometry from G to some graph G'. If ¢ > L(L + C) + C then G’ contains H as a minor.

A. Georgakopoulos and P. Papasoglu [8] conjectured that a converse also holds:

1.2 False conjecture: For every graph H and all ¢ > 0, there exists L,C > 0, such that if a graph
G does not contain H as a c-fat minor, then G admits an (L, C)-quasi-isometry to a graph with no
H minor.

This is known to be true when:
e H = K3, by Manning’s theorem [13] (and see [8]);
e H = Ky, by Georgakopoulos and Papasoglu [8];
e H = Ky 3, by Chepoi, Dragan, Newman, Rabinovich, and Vaxes [3];
e H =K, (thatis, K4 with one edge deleted) by Fujiwara and Papasoglu [7];
e H = Ky, by Albrechtsen, Distel and Georgakopoulos [1].

The conjecture has recently been shown to be false in general, by Davies, Hickingbotham, Illingworth
and McCarty [6]; and even more recently, Albrechtsen, Distel and Georgakopoulos [2] showed that
it is false when H is the graph of the octahedron. There remains hope that 1.2 is true for some
nontrivial classes of graphs H — for instance, it may be true for all trees H as far as we know.

Our result is not exactly of this type, but has the same flavour. A path-decomposition of a graph
G isapair (T,(B; :t € V(T))), where T is a path (possibly infinite) and each By is a subset of V(G)
(called a bag), such that:

* Uievir Bt = V(G);
e for every edge e = uv of G, there exists t € V(T') with u,v € By; and
o for all t1,ta,t3 € V(T), if t5 lies between ¢1,t3 in T, then By, N By, C By,.

The width of a path-decomposition (T, (B; : t € V(T))) is the maximum of the numbers |B;| — 1 for
t € V(T), or oo if there is no finite maximum; and the path-width of G is the minimum width of a
path-decomposition of G.

Robertson and Seymour [16] proved:

1.3 For every finite tree H, there exists k such that every finite graph G with no H minor has
path-width at most k; and conversely, for every integer k, there is a finite tree H such that every
finite graph with an H minor has path-width more than k.



It is important here that G is finite: for instance, if G is the disjoint union of countably many
infinite paths, then G does not contain the claw Kj 3 as a minor, and yet G does not have finite
path-width. This can be fixed. Say a line-decomposition of G is a family (B, : t € T') of subsets of
V(G), where T is a linearly-ordered set, satisfying the same three bullets above (with V(T) replaced
by T everywhere). The width of a line-decomposition (By : t € T') is the maximum of the numbers
|Bi| —1 for t € T, or oo if there is no finite maximum; and the line-width of G is the minimum width
of a line-decomposition of G. We proved in [5] that G has line-width at most k if and only if every
finite subgraph has path-width at most k. Consequently, if we replace “path-width” by “line-width”
in 1.3, then the statement of 1.3 is true even for infinite graphs G.

Our aim in this paper is to give a coarse graph theory analogue of this “line-width” version of
1.3. Our main result says:

1.4 For every finite tree H there exists k > 0 such that for every ¢ > 0, there exist L,C > 0 such
that every graph that does not contain H as a c-fat minor admits an (L, C)-quasi-isometry to a graph
with line-width at most k; and conversely, for all k there is a finite tree H such that for all L,C
there exists ¢ such that no graph that contains H as a c-fat minor admits an (L, C)-quasi-isometry
to a graph with line-width at most k.

The second half is easy: choose ¢ > L(L + C) + C, and let H be a finite tree with line-width more
than k. If G contains H as a c-fat minor, and there is an (L, C')-quasi-isometry from G to G’, then
by 1.1, G’ contains H as a minor and hence has line-width more than k. The first half is much more
difficult and will occupy the whole paper, except for the final section which concerns graph searching.

As a first step, let us eliminate the quasi-isometry. If X C V(G), we say X has quasi-size at
most (k,r) if there is a set Y C V(G) with |Y| < k, such that distg(x,Y) < r for each x € X. If
X C V(G), let us say a line-decomposition (By : t € T)) of G[X] has quasi-width at most (k,r) in G
if By has quasi-size at most (k,r) for each t € T'. Let us say X has quasi-line-width at most (k,r) if
G[X] admits a line-decomposition with quasi-width at most (k,r).

It is important that the distance function used in the definition of quasi-size and quasi-line-width
is that defined by G, not that defined by G[X]. This will be the case throughout the paper. Even
when speaking of subgraphs of GG, we will never use their distance functions: the distance function in
use will always be that of G. We sometimes write X for G[X]| when X C V(G). This should cause
no confusion since there is always only one graph G under consideration.

It was proved in [14], strengthening a result of [9], that:

1.5 For all k,r, there exist L,C > 1 such that if G has quasi-line-width at most (k,r), then G
admits an (L, C)-quasi-isometry to a graph with line-width at most k.

Thus, to complete the proof of 1.4, it suffices to prove the following:

1.6 For every finite tree H there exists k > 0 such that for every ¢ > 0, there exists r = O(c) such
that every graph that does not contain H as a c-fat minor has quasi-line-width at most (k,r).

Hjy denotes the tree with one vertex. For £ > 1 an integer, let Hy be the finite tree such that
every vertex has degree one or three, and for some vertex r (called the root) every path from r to
a vertex of degree one has length exactly £. Every tree H is a minor of Hy for some choice of ¢,
and then, if G does not contain H as a c-fat minor then it does not contain H, as a c-fat minor.
Consequently it suffices to prove 1.6 when H = Hy, that is:



1.7 For every ¢ > 1, there exists k > 0 such that for every ¢ > 0, there exists r = O(c) such that
every graph that does not contain Hy as a c-fat minor has quasi-line-width at most (k,r).

2 Buildings and tie-breakers

If X C V(G), bd(X) denotes the set of vertices in X that have a neighbour in V(G) \ X, and is
called the boundary of X. A key idea of the proof is that we work with subsets X C V(&) such
that, simultaneously, G[X] has bounded quasi-line-width and bd(X) has bounded quasi-size, and it
turns out that we can make the two bounds the same with little loss. Let us say X C V(G) has
quasi-bound at most (a,b) if G[X] has quasi-line-width at most (a,b) and bd(X) has quasi-size at
most (a,b).

A tie-breaker in G is a well-order A of the set of all edges of G (this exists, by the well-ordering
theorem). If P, (@ are distinct finite paths of G, we say P is A-shorter than @ if either

o |[E(P)| <|E(Q)]; or

e |[E(P)| = |E(Q)|, and the first element (under A) of (E(P)\ E(Q)) U (E(Q) \ E(P)) belongs
to P.

This defines a total order on the set of all finite paths of G. A A-geodesic means a finite path P such
that no other path joining its ends is A-shorter than P. Every A-geodesic of G is a geodesic of G,
but the converse is false. (The point of the tie-breaker is that there is only one A-geodesic between
any two vertices, while this is not true for geodesics.) It is easy to check that if P is a A-geodesic
then so are all subpaths of P. Given a graph G, we will keep some tie-breaker A fixed, and usually
suppress the dependence of other objects on the choice of A.

A building in a graph G is a nonempty subset X C V(G) such that G[X] is connected. If T is
a set of pairwise vertex-disjoint buildings in a graph G, we define V(7)) = [Jycr X. Again, let T
be a set of pairwise vertex-disjoint buildings, in a graph GG, now with a tie-breaker A. We say that
X € T is A-closest to v if there is a path of G between v, X that is A-shorter than any other path
between v and Y for Y € 7. For each X € T, let A7(X) (or just A(X), when T is clear) be the
set of all v € V(@) such that X is A-closest to v. We call A(X) the Voronoi cell of X, and the
collection of subsets A(X) (X € T) is called the Voronoi partition defined by 7. (It is indeed a
partition, provided that each component of G includes a member of 7; and this is true for us since
we will always assume that G is connected and 7 is non-null.) The main purpose of the tie-breaker
is to make the Voronoi partition defined by 7 well-defined. We see that:

e X CA(X) for each X € T;
o the sets A(X) (X € T) are pairwise disjoint and have union V(G);

e for cach X € T and each v € A(X), distg(v, X) < distg(v,Y) for each Y € T, and there is a
path of G[A(X)] between v and X of length distg(v, X).

If C is a set of buildings, we define A7(C) = Uyxco A7(X). If T is a set of pairwise vertex-
disjoint buildings, and X,Y € T are distinct, we say that X adjoinsY (in T) or T -adjoins Y if there
is an edge between A7(X) and A7 (Y). A set C C T is adjoin-connected (or T -adjoin-connected



in case of ambiguity) if for every partition of C' into two nonempty sets A, B, some member of A
adjoins some member of B.
Here is an easy lemma.

2.1 Let X C V(G) have quasi-line-width at most (a,b), and let bd(X) have quasi-size at most
(@', V). Let Y C V(G) with X C Y, such that every vertex in Y \ X has distance at most r
from bd(X). Then bd(Y) has quasi-size at most (a',b + r), and Y has quasi-line-width at most
(a+ a',max(b,b' + r)).

Proof. Let Z =Y \ X. Every vertex in Z has distance at most r from bd(X), and the latter has
quasi-size at most (a’,b'); so Z Ubd(X) has quasi-size at most (a’, b’ 4+ ). Since bd(Y) C ZUbd(X)
(since X CY), it follows that bd(Y") has quasi-size at most (a’,b’ + r). By adding Z to each bag of
a line-decomposition of G[X|], we deduce that Y has quasi-line-width at most (a + o', max(b, b’ +r)).
This proves 2.1. |

3 Societies

For inductive purposes, it is sometimes helpful to strengthen “fat” to “superfat”. With notation as
before, let £ > 1, let r be the root of Hy, let By, By, B3 be the three components of Hy \ {r}, and for
i =1,2,3, let e; be the edge of Hy between r and V(B;). We say that n exhibits Hy as a c-superfat
minor of a graph G if n exhibits H, as a c-fat minor of G, and distg(x,y) > 3¢ for all i,5 with
1<i<j<3,and all x € V(n(B;)) UV (n(e;)), and all y € V(n(B;)) UV (n(e;)). When £ =0, we
say that n exhibits Hp as a c-superfat minor of a graph G if it exhibits Hy as a c-fat minor of G.

We need some more definitions. Let ¢, ¢, dg > 2 be integers, fixed throughout the paper. We will
be concerned with graphs that do not contain Hy as a c-fat minor. (dy is a large number, much larger
than ¢ and ¢, that we will specify later; in fact we will define dy = 5 - 452 ¢, but its exact value will
not matter until the end of the paper.) A century is an integer k with 0 < k < /. Let k be a century,
and let 7 = (d, o, B) be a triple of three positive integers; we call 7 a canon. Let A be a tie-breaker
in a connected graph G, and use it to define Voronoi cells as usual. A kth-century T-society in G is a
set T of pairwise vertex-disjoint buildings in GG, where each member of T is assigned to be a “house”
or “fort” of T (and not a house if k& = 0), satisfying the following (where rk(X) =k —1if X is a
house and rk(X) = k if X is a fort):

e For all v € V(G), there exists X € T such that distg(v, X) < dp;
e Every two distinct members X, Y of T have distance more than d.
e Every fort of T includes a c-superfat Hp-minor of G.

e Each fort of 7 has quasi-bound at most («, ).

e A7 (C) has quasi-bound at most («, ), for every T-village C. (A T -community is an adjoin-
connected set of houses, and a T -village is a maximal 7-community.)

We will not need to work with arbitrary canons; we will mostly just be interested in canons
T = (d, o, B) where d is large compared with c. Let us call them “suitable” for now. The strategy



for the proof of the main theorem 1.7 is to prove that:

(*) For every century k, and every suitable canon T = (d, o, B), if G has no c-fat Hy minor, and ad-
mits a kth-century T-society, then G has bounded quasi-line-width (where the bound depends on k,T).

If we could prove (*) when k = 0, then 1.7 follows, since every graph admits a Oth-century (d, 1, 1)-
society (just pick a maximal set of vertices pairwise at distance more than d, and call them all forts).
On the other hand, (*) is easy to prove when k = ¢. So we will work by induction on ¢ — k: assume
that (*) is true for k£ + 1, and try to prove that it is also true for k.

For the inductive step, we can assume that G admits a kth-century 7-society (for some k < ¢ and
some suitable canon 7). We need to bound the quasi-line-width of G, and we do so by showing that
G also contains some (k + 1)st-century 7/-society (for some suitable 7" depending on 7) and apply
the inductive hypothesis. Getting from a kth-century society to a (k + 1)st-century one is thus the
main part of the paper, and will be accomplished by first converting our society to a “realm”, and
optimizing the realm, and then extracting from that (via “governments” for the realm) the (k+1)st-
century society we want. But in preparation for converting the given society to a realm, we first
need to “civilize” it.

With 7 as before, let 7 be a kth-century 7-society in a graph G. We say T is civilized if for
every T-village C, V(C) has quasi-line-width at most («, 8) and |Jxc bd(X) has quasi-size at most
(a, ) (and hence the same holds for every T-community C, since both these properties are inherited
under taking subsets). This is a great strengthening of the final “society” axiom, and we will carry
it out in the next two sections.

4 The grouping lemma

This section proves a key result that we call the “grouping lemma”. Suppose we have some disjoint
connected subgraphs of a graph G, and we would like to join some of them together with short paths,
such that at the end, different components are not very close together, and each vertex in the short
paths we used for joining is close to one of the original subgraphs. This is not always possible, for
instance, if G is a uniform binary tree of large depth, and the subgraphs we begin with are the leaves
of the tree G. But the grouping lemma says that it is possible, provided that G does not contain
some tree as a fat minor. The argument is similar to that in section 4 of [15].

For each i > 1, let B; be the rooted binary tree of depth ¢. Thus, B; is the finite rooted tree
such that every vertex has degree one or three except for the root » which has degree two, and every
path from r to a vertex of degree one has length exactly . (This differs from the tree H; previously
defined in that the root now has degree two, and in H; the root has degree three.) Let By be the
tree with one vertex.

A (> d)-subdivision of a graph H is a graph H' obtained by subdividing each edge at least d
times. Thus, V(H) C V(H'). Each edge e of H is replaced by a path joining the ends of e, and we
call this path the subdivided e. For each subgraph X of H, the subdivided X means the subgraph of
H' consisting of the vertices in V(X) together with the union of the subdivided e over all edges e of
X.

Suppose that G is a graph, with a subgraph J that is a (> d)-subdivision of By, where ¢ > 1.
Suppose, moreover, that for each vertex v € By C V(J) with degree at least two in By, if X,Y are



the two components of By \ v that do not contain the root of By, and e, f are the edges of B; between
v and X, Y respectively, then the union of the subdivided e and the subdivided f is a geodesic in G
between the subdivided X and the subdivided Y. In this case we call J a geodesic (> d)-subdivision
of Bg.

In order to prove the grouping lemma, we first need the following;:

4.1 Let £ > 1 and d > 3c > 6 be integers. Suppose that G is a graph, with a subgraph J that is a
geodesic (> d)-subdivision of By. Then G contains By as a c-fat minor.

Proof. From the definition of subdivision, V(By) C V(G). For each edge or subgraph X of By, let
#(X) be the subdivided X. Let r be the root of B,. For each v € V(By) of degree at least two,
let X,, Y, be the two components of By \ v that do not contain r, and let e,, f, be the edges of By
between v and X, Y,, respectively. For each v € V(By) of degree at least two, let n(v) be the subpath
of the geodesic ¢(e,) U ¢(f,) with vertex set all vertices of ¢(e,) U ¢(f,) with distance at most 2c
from v. For each v € V(By) with degree one, let n(v) be the one-vertex subgraph with vertex v.
For each edge e of By, with ends u, v say, where v is closer than u to r, let n(e) be the subpath of
¢(e) with vertex set all vertices not in n(u) Un(v). We claim that n exhibits By as a c-fat minor
of G. To show this, it suffices to check that if z,y are both vertices or edges of By, and it is not
the case that one of z,y is in V(By), the other is in F(By), and the edge is incident in By with the
vertex, then distg(n(x),n(y)) > c¢. Let P be the minimal path of B, that contains both z,y (thus,
V(P) CV(By) C V(G)), and let v be the vertex of P that is closest to r in By. (See Figure 2.)

Suppose first that v = . Then we may assume that y belongs to Y;,, and hence n(y) is a subgraph
of ¢(Y,). Since ¢(f,) has length more than d, and is a geodesic between v and ¢(Y}), it follows that
distg(v,n(y)) > d+ 1, and therefore distg(n(z),n(y)) > d+ 1 — 2¢ > ¢ as required.

Thus we may assume that x,y # v. Suppose next that x = e, and y belongs to X,,. Let the ends
of x = e, in By be u,v. Then y # u, and so we may assume that either y = f,, or y belongs to Y,,. In
either case, distg(u,n(y)) > 2¢ + 1, since there is a geodesic between u,n(y) that properly includes
n(u) N ¢(f,), and the latter has length 2¢. Since ¢(e,) is a geodesic between v, ¢(X,), and includes
n(x), it follows that for every vertex z € n(x), distg(z,n(y)) > distg(z,u). Therefore

2c+ 1 < distg(u,n(y)) < distg(u, z) + dista(z,n(y)) < 2distg(z,7(y)),

and consequently distg(z,7(y)) > ¢ as required.



Figure 2: For the proof of 4.1.

Thus, we may assume that either x belongs to X, or x = e,, and either y belongs to Y, or y = f,.
If x = e, and y = f,, then since ¢(e,) U ¢(f,) is a geodesic, and

distg(n(ey),v) = distg(n(fv),v) = 2¢ + 1,

it follows that distg(n(z),n(y)) > 4c+ 2 > ¢ as required. Thus, we may assume that x belongs to
Xy, and hence 7n(x) is a subgraph of ¢(X,). If y = f,, then since ¢(e,) U @(f,) is a geodesic between
d(Xy), ¢(Yy), there is a geodesic between n(y), ¢(X,) that contains ¢(e,), and therefore has length
at least d + 1; and so distg(n(x),n(y)) > d+1 > c as required. Finally, if y belongs to Y, then n(y)
is a subgraph of ¢(Y,), and so

dista(n(z),1(y)) = dista(¢(Xo), ¢(Yo)) = 2(d+1) > ¢,

as required. Consequently, 7 exhibits By as a c-fat minor. This proves 4.1. |

4.2 Let £ > 1 and d > 3¢ > 6, and suppose that G does not contain Hy as a c-fat minor. Let A be
a set of vertex-disjoint connected subgraphs of G. Then there is a set P of paths of G, with union
UP say, such that:

o cach member of P has length at most 471d;

e for each P € P and each v € V(P), there exists A € A such that there is a path in UP of
length < 4“11d between v and A;

o let J be the subgraph consisting of the union of all members of A and all members of P; then
distg(u, v) > d for all vertices u,v in distinct components of J.

Proof. Let Jy be the union of all the subgraphs in A. Inductively, we will define P; and J; for
1 < < /¢4 2 as follows. Suppose that ¢ > 1 and J;—1 has been defined. Let P; be the set of all paths
P with the following properties:



e there exist distinct components X, Y of .J;_1, such that P is a shortest path of G between X,Y;
and

e P has length at most 4/27d.

Let J; be the union of J;_1 and all the members of P;. This completes the inductive definition of J;
for ¢ > 1.

(1) For each i > 1, let P € P;, joining components X,Y of Ji_1, and let the ends of P be x € V(X)
andy € V(Y). Then there is a geodesic (> d)-subdivision of B;—1 in G that is a subgraph of X, with
root x, and the same for Y, y.

We proceed by induction on i. The result is clear for i« = 1 (taking a “geodesic (> d)-subdivision
of By” to mean a rooted tree with only one vertex), so we assume that ¢ > 2 and the result holds
for i — 1. Let P € P;, joining components X,Y of J;_1, and let the ends of P be z € V(X) and
y € V(Y). (See Figure 3.) Thus, x,y € V(J;—1). Either y € V(J;_2), or y lies in a path in P;_;
included in Y with both ends in V(J;_2), and in either case there is a path of Y between y, J;_o of
length at most 4t2=#*1d/2. By combining this with P, we deduce that there is a path between x
and a vertex in J;_o NY of length at most 472714 /2 4 46F27id < 3. 44+27q,

Figure 3: For the proof of 4.2.

But every path between vertices of J;_s that belong to distinct components of J;_1 has length
more than 4727714, so every path of X between z and J;_o has length more than 4“t2=%d. In
particular, x ¢ V' (J;_2), and so there is a path @ € P;_; with z in its interior, and the two subpaths
of @ between z and the ends of @ both have length more than 4/+27%d. Let @ join components
X', Y of J;_o, and let the corresponding ends of @Q be z’,4’. From the inductive hypothesis, there
is a geodesic (> d)-subdivision of B;_9 in G that is a subgraph of X', with root 2/, and the same
for Y/, y/. But Q is a geodesic between X', Y’ and hence the union of @) and these two geodesic
(> d)-subdivisions of B;_s makes a geodesic (> d)-subdivision of B;_; with root z. This proves (1).

Since G does not contain Hy as a c-fat minor, and therefore does not contain By as a c-fat
minor, it follows from 4.1 that no subgraph of G is a geodesic (> d)-subdivision of By;;. We deduce
from (1) that Ppio = 0. Consequently, every two components of Jyi1 have distance more than
42—+ = d. Let J = Jpyq, and let P = Py U--- U Ppyq. Then every path in P has length at
most 4/7271d = 4¢+1d. Moreover, for 1 < i < £+ 1, every vertex in J; either belongs to J;_1 or to



a path in P;, and so in either case has distance in UP at most 4‘t27*d/2 from some vertex in J;_1;
and so every vertex in J has distance from Jy in UP at most

Z 4£+2—id/2 < 4£+1d.
1<i<l+1

This proves 4.2. |

5 Using the grouping lemma
We apply the grouping lemma to “civilize” a given society as follows.

5.1 Let k >0 be a century, and let 7 = (d, o, 8) and 7" = (d',d/, 8') be canons, where

d > 3¢

d < djy

d > 4€+2d/

o =2«

8 > B+ 2dy + dj4.

Let G be a graph that does not contain Hy as a c-fat minor, and such that there is a kth-century
T-society in G. Then there is a civilized kth-century 7'-society in G.

Proof. Let 7 be a kth-century 7-society in G, and let W be the set of vertices v € V(G) such that
distg (v, bd(A7(C))) > doy for some T-village C with v € A7 (C). Let @ be the union of W and all
houses of T, and let A be the set of all vertex sets of components of G[Q]. Let T” be the union of
A and the set of all forts of 7. It follows that all members of 7" are pairwise disjoint, and so 7"
defines Voronoi cells.

(1) For each A € A there is a T -village C such that Ay (A) C Ar(C).

For each u € A there is a unique T-village C' with u € A7(C). Since there are no edges be-
tween A7 (C) and A7(C”) for distinct T-villages C,C’, and G[A] is connected, it follows that there
is a T-village C such that A C A7(C). We claim that Ay»(A) C A7 (C). Suppose not, and choose
w € Apn(A)\A7(C). Since w € Agn(A), the A-shortest path P between w, V(7"”) has anend s € A,
and V(P) C Ayn(A). Since w ¢ A7(C) and s € A C A7 (C), there is an edge uv of P such that
u € A7 (C) and v ¢ A7(C). The subpath of P between v, s is the A-shortest path between v, V(T7).
Since V(T) C V(T"), it follows that if s € V(C) C V(T) then this subpath is also the A-shortest
path between v, V(T), contradicting that v ¢ A7 (C). Thus s € W, and hence distg(s,u) > dp, and
so distg(s,v) > dp, which is impossible since v € V(P) C A7v(A), and distg(s,v) = distg(A4,v).
This proves that Ag»(A) C A7 (C), and so proves (1).

(2) If Ac A andY is a fort of T then distg(A,Y) > d.
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Let P be a shortest path in G between A)Y, with ends x € A and y € Y. If x ¢ W, then
x € X for some house X of T, and then |E(P)| > distg(X,Y) > d as required. If x € W, choose a
T-village C such that z € A7 (C) and distg(z, bd(A7(C))) > do. There is a vertex u € V(P)\ 'Y
with u € bd(A7(C)), and consequently

d < dp <distg(z,u) < |E(P)| =distg(A4,Y)
as required. This proves (2).

We designate the members of A as houses of 7", and the forts of T as forts of 7”. We do not
claim that 7" is a society (for any choice of canon) since its houses might be very close together.
Nevertheless, let us use the same terminology: a T”-community means a T"-adjoin-connected set of
its houses, and a T”-village is a maximal 7”-community.

(3) For every T"-village C", Agn(C") has quasi-line-width at most (a, ) and \Jscon bd(A) has
quasi-size at most (o, B+ dp).

Let Aj, Ay € C” such that Ay T”-adjoins As. By (1), there are T-villages Cy,Cy such that
Agn(A;) € Ap(C;) for i = 1,2. Since there is an edge between Agn (A1), Ayn(Asz), and there
is no edge between A1 (C1), A7 (Cs) if C1 # Cs, it follows that C7 = Cs; and since C” is T"-adjoin-
connected, we deduce that there is a T-village C' such that Ay (C") C A (C).

Now A7(C) has quasi-bound at most (o, 3), since T is a 7-society. Since Ay (C") C A (C), it
follows that A7 (C"), and therefore V(C”), has quasi-line-width at most («, 8). It remains to check
that |J 4ccon bd(A) has quasi-size at most (a, B+dp). Let u € (J con bd(A); then u € bd(A) for some
A € C". We claim that distg(u, bd(A7(C))) < dy. To see this, choose v ¢ A adjacent to u (this exists
since u € bd(A)). Hence v ¢ @, since A is the vertex set of a component of G[Q]. If v ¢ A7 (C), then
u € bd(A7(C)) and so distg(u, bd(A7(C))) = 0 < dy as claimed, so we assume that v € Ay (C).
Since v ¢ @Q, it follows that distg (v, bd(A7(C))) < dp. So distg(u,bd(A7(C))) < do, as claimed.
Since bd(A7(C)) has quasi-size at most («, ), it follows that [ J,cc» bd(A) has quasi-size at most
(v, B+ dp). This proves (3).

Let § = 4*1d’. Thus, d > 46. By 4.2 applied to A, there is a set P of paths of G, with union
UP say, such that:

o for each P € P and each v € V(P), there exists A € A such that distyp(v, A) < 6;

e let J be the subgraph of GG consisting of the union of all members of A and all members of P;
then distg(u,v) > d' for all vertices u, v in distinct components of J.

Let S be the set of all vertex sets of components of J.

(4) For each S € S, there is a T"-village C" such that every house of T" included in S belongs
to C", and consequently S C A7 (C").

The distance between distinct houses in 7” may be as small as two; but if two houses Ay, Ay of

T" are at distance less than d + 1 then they belong to the same 7T”-village. To see this, suppose
that Ay, A2 do not belong to the same 7T”-village, and let P be a shortest path between A, As.
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Since there are no edges between A7~ (Cy) and A7+ (Cs) for distinct T"-villages Cy, Cy, some vertex
w of P belongs to A7 (Y') for some fort Y of T7”. So both subpaths of P between w and its ends
have subpaths between A7~ (Y') and one of Ay, Ay, and so both have length at least (d + 1)/2 since
distg(Y, 4;) > d+ 1 for i = 1,2. Hence P has length at least d + 1, a contradiction.

Now let S € §. For each v € S there exists A € A such that distg(v, 4) < 6; let A, be the set
of all such A. Since distg(A4, A’) < 2(0 — 1) < d for all distinct A, A" € A,, it follows that they all
belong to the same T"-village C!/, and if v,v" € S are adjacent, then any member of A, has distance
at most 2(f — 1) 4+ 1 from each member of A/, and so C;/ = C,. Consequently there is a T"-village
C" containing A for all A € A such that distg(S, A) < 6.

It remains to show that S C Az (C”). Let v € S, choose A € A with distg(v, A) < 0, and
choose Y € T" with v € Ay»(Y). Thus, distg(v,Y) < distg(v, A). Since distg(Y, A) <2(6—1) <d,
and every fort of 7" has distance more than d from A (by (2)), it follows that Y is not a fort, and
so Y € A. Since

distg(S,Y) < distg(v,Y) < distg(v, A) < 0

it follows that Y € C” and hence v € A7+ (C"). This proves that S C A7~ (C"), and so proves (4).

For each fort Y € T, let F(Y') be the set of all v € V(G) such that distg(v,Y) < 6. Let F be
the set of all sets F(Y) for all forts Y of T”. Let 7' = SU F.

(5) distg(X",Y’) > d' for all distinct X', Y' € T".

We have seen this already if X', Y’ € S, from the choice of S. If X’ € S and Y’ € F, let v € X/,
choose a house X of 7" with distg(v, X) < 6, and let Y’ = F(Y)) for a fort Y of 7”. Then

distg(v,Y') > distg(X,Y) —20+1>d—-20+1 > d,

as required. Similarly, since every two forts of 7" are at distance more than d, it follows that every
two members of F are at distance more than d — 260 > d'. This proves (5).

In particular, the buildings in 77 are pairwise disjoint, and we may speak of A/ (X) for X € T".
Assign the members of S to be houses of 77, and the members of F to be forts of 7/. We will show
that 77 is a civilized kth-century 7/-society, and here are some steps to show that:

(6) The following hold:
e For allv € V(Q), there exists X € T’ such that distg(v, X) < dp.
e Every fort of T' includes a c-superfat Hy-minor of G.
e Fach fort of T' has quasi-bound at most (!, 3).

The first is true since it is true for 7 and each member of 7 is a subset of a member of 7” and hence
of T'. The second is true because each fort of 7’ includes a fort of 7” and hence one of T.

To see the third, let Y be a fort of 7", and hence of 7. Then Y has quasi-bound at most («, 3).
By 2.1, bd(F(Y)) has quasi-size at most («, 5+6), and F'(Y') has quasi-line-width at most (2«, 5+6).
Since 2a = o' and 8+ 6 < /3, this proves the third statement, and hence proves (6).
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For each S € S, let Cg be the T"-village that contains each house of 7" included in S (this
exists, by (4)).

(7) For each S € S, A (S) C Apn(Cs).
Suppose not; then since S C Ag»(Cg) by (4), there are adjacent u,v € Ag(S) such that u €
A7 (Cs) and v ¢ Agu(Cs). Choose Y € T with v € A7 (Y). Thus, distg(v,Cg) > distg(v,Y).

Since v ¢ A7 (Cg), it follows that Y ¢ Cg, and since no house of 7" T"-adjoins Cg (because Cyg is
a T"-village), it follows that Y is a fort of 7”. (See Figure 4.)

A7e(Cs)

Figure 4: For the proof of (7).

Now v ¢ F(Y), since v € A7(S); and so distg(v, F(Y)) < distg(v,Y) — 0. Since v € Az/(S)
and F(Y) € T', it follows that

distg (v, S) < distg(v, F(Y)) < distg(v,Y) — 6 < distg(v,Cg) — 6.
Choose s € S such that distg(v, S) = distg(v, s); and choose a house X of 7" with distg(s, X) < 6.
Then X C S, and so X € Cg by (4). Consequently,
distg (v, Cg) < distg(v, X) < distg(v, s) + 6,

a contradiction. This proves (7).

(8) For every T'-community C', A(C") has quasi-line-width at most (o, B); Ugecr bA(S) has quasi-
size at most (o, f 4+ do + 0); and bd(A7(C")) has quasi-size at most (a, 8 + 2dg + 6).

From (7), it follows that if S1,.S2 € C’ T'-adjoin, then C's, = Cs,, and since C” is T'-adjoin-connected,
all the T"-villages Cs (S € C’) are equal. Hence there is a T"-village C” such that A (C") C
A7 (C"). By (3), A7r#(C") has quasi-line-width at most («, 3), and since Ay (C") C Ayu(C"), it
follows that A (C’) has quasi-line-width at most («, 5). Now every vertex in | Jgces bd(S) has dis-
tance at most 6 from |Jy.-» bd(X), and since the latter has quasi-size at most (o, 5+ do) by (3), it
follows that | J g bd(S) has quasi-size at most (a, 8+do+6). Since every vertex in A7 (C")\V(C”)
has distance at most dy from [Jgeer bd(S), 2.1 implies that bd(A7(C”)) has quasi-size at most
(o, B+ 2dp + 0). This proves (8).

From (6) and (8), 77 is a civilized kth-century 7/-society. This proves 5.1. |
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6 Realms

That concludes the first part of the proof. Now we come to the second part of the paper, and here our
goal is to show that if G admits a civilized kth-century 7-society then it admits a (k + 1)st-century
7/-society, for suitable 7,7’/. The proof uses “realms”, which are basically civilized societies with
castles added; and we need a number of further definitions.

For v > 0 an integer, a spacing with unit + is the function § from {0,...,2¢} to R defined by
§(i) = v4~ for 0 <4 < 2¢. (We will arrange that § is integer-valued, by choosing «y carefully.) Thus
0(i) = 46(i + 1) for each i with 0 < i < 2¢. A spacing is a spacing with unit « for some choice of ~.
A standard is a triple o = (0, «, 8), where a > 12 and > 1 are integers, and 0 is a spacing with
5(2¢) > 5¢ and §(0) < dp. (The condition o > 12 is just to make some arithmetic come out more
smoothly.)

Let 0 < k < ¢ be a century and let 0 = (J, a, 3) be as above. We say a kth-century realm with
standard o in a graph G is a set T of pairwise vertex-disjoint buildings of G, where each member
of T is assigned to be a house, fort or castle of 7, with no houses if k£ = 0, satisfying the following
(where rk(X) =k — 1,k or k + 1 depending whether X is a house, fort or castle):

e For all v € V(G), there exists X € T such that distg(v, X) < do;

o If XY € T are distinct, then distg(X,Y) > §(rk(X) + rk(Y));

e Every fort or castle X of T includes a c-superfat H,y(x)-minor of G}
e Every fort of 7 has quasi-bound at most («, 5);

e Every castle of T has quasi-bound at most (9, 5 + 2dp);

e For every T-community C, V(C) has quasi-line-width at most (o, 3) and (Jy.-bd(X) has
quasi-size at most (a, 8). (Again, a T-community of T is an adjoin-connected set of houses of
T, and a T -village is a maximal 7-community.)

If X belongs to a realm 7, then it is a house, fort or castle of 7, and we call this its class under 7.
It is easy to turn a civilized society into a realm for the same century (note, however, that we use
the full strength of “civilized” — this was the point of converting a society into a civilized one):

6.1 Let 0 < k < £ be a century, and let 0 = (§,a, ) be a standard. If k = 0, every civilized
kth-century (5(0), «, B)-society T in G is also a kth-century realm with standard o. If k > 0, every
ciwilized kth-century (0(2k — 2), o, B)-society T in G is also a kth-century realm with standard o.

Proof. If £k = 0, and X,Y € T are distinct, then distg(X,Y) > §(0) since T is a Oth-century
(6(0), a, B)-society; and §(0) > o(rk(X) + rk(Y")) because Oth-century societies have no houses. If
k> 0, then similarly distg(X,Y) > 0(2k — 2) > 6(rk(X) +rk(Y)). So in either case, distg(X,Y) >
d(rk(X) 4+ rk(Y")). This proves 6.1. |

14



7 A sketch of the rest of the proof

Let us give an overall view of the remainder of the proof, before we embark on its details. To reach
the goal expressed at the start of the previous section, it suffices (in view of 6.1) to be able to convert
a kth-century realm (of a reasonably high standard) to a (k + 1)st-century 7-society, where 7 is some
suitable canon. Suppose then that we have some kth-century realm 7.

7.1 Making it optimal

The first step is to “optimize” 7. This means, roughly, choosing 7 with the same standard and with
as many castles as possible, combining houses and forts to make castles wherever we can. If some
village adjoins three forts, then we could try to combine the Voronoi closures of these houses and
forts into a castle; or if there are three villages joining a given fort to three other forts, again we
could hope to combine their closures into a castle. (With some care: we need that the final approach
to each of the three important forts is via a geodesic of length ¢ + 1, so we can apply 8.1). This is
the content of 9.3. If we succeed, we make a new realm, still in the same century and with the same
standard.

Suppose that, after a sequence of such promotions, we have converted 7 to a new realm 77 (with
the same century), and we want to show that 7’ has the same standard. Then in particular, we need
that the boundary of the union of the Voronoi cells of each village of 7’ has bounded quasi-size. (Let
us call this “fact F”.) This is awkward to guarantee, because the Voronoi cells might change as we
move to new realms, and therefore which sets are villages might also change. But for any building
of T that remains in 7", its Voronoi closure in 7" is a subset of its closure in T, so the villages of T’
are communities (not necessarily maximal) of 7. We don’t know in advance which communities of
T might end up as villages in some T”; so to guarantee that fact F will hold for 77, we will arrange
that fact F holds for 7 in a strengthened, hereditary form. This is the reason for the very strong
realm axiom, that for every community X, the union of the boundaries of the members of X has
bounded quasi-size. (The point is that the union of the boundaries may be very different from the
boundary of the union.)

When 7T is optimal, the set of its forts and villages has a sort of linear structure; each village
adjoins at most two forts, and for each fort, there are at most two other forts to which it is connected
via a village. So each component of the graph of villages and forts defined by adjoining pairs has a
“spine”, a path or cycle that contains all forts in the component, together with some villages each
attaching to one or two consecutive members of the spine. (This is 9.4.) By exploiting this linear
structure, we prove (in 9.5 and 9.6) that the union of the Voronoi closures of all houses and forts has
bounded quasi-line-width. This is a key step in our attempt to move to a new century; we hope to
promote all the current houses and forts to be houses of a (k 4 1)st-century realm, and at least we
have control of the quasi-line-width of the union of their Voronoi cells. The problem is to bound the
quasi-size of their boundaries.

But we can get more than this from optimality of the realm. We might be able to combine some
triple of forts into a castle even if they are not adjoin-connected via villages. If we can connect
together three forts in a claw, moving between them either via villages or by paths (“passages”) that
are not very long and do not go very close to other forts or castles, then we want to do so. This step
is critical later when we introduce “governments”.
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7.2 Governments and revolution

Castles have rank k£ + 1. In the same way that we combined the Voronoi cells of three forts into a
castle, we could try to combine the cells of three castles into some “super-castle” of rank k£ + 2, and
so on; these new higher-level objects are called “palaces”, and the set of them, together with the
members of T not included in any palace, is called a “government”. But in a way this is simpler
than combining forts into castles. There were several different scenarios for the latter; if some village
adjoins three forts, or some fort can reach three others via villages, or if we can connect them via
passages. For j > k + 1, promoting three palaces of rank j to a palace of rank j + 1 is simpler: we
look for an adjoin-connected set of houses and forts that adjoins all three palaces, and if we find one
with the appropriate properties (a “cabal”) we promote it all to make a new palace with rank j+ 1,
and thereby change the government (a “revolution”). (Except “adjoin” is the wrong term now, see
below.) The more complex methods we used to make castles are still available at the higher levels,
but seem not to help.

If a house or fort has been used to glue some three palaces into a higher-rank palace, then it is
no longer available for glueing other things together. We call the houses and forts that have not yet
been used “rebels”. But we need to keep track of the buildings of the realm that have been combined
into higher structures: the realm is not changing, but some of its buildings are also being used as
parts of palaces.

There is an extra complication: we have a partition into Voronoi cells defined by the realm, and
also a partition into Voronoi cells defined by the current government, and they are not the same. We
use “T-adjoin” and “G-adjoin”, to show which set of Voronoi cells we are referring to.

There is a delicate issue here, one that gave us a lot of trouble. Suppose we have found a set X
of rebels, G-adjoin-connected, and X G-adjoins three palaces of rank j in the current government,
and we want to promote all this to make a palace of rank j + 1. We already saw that the union of
the 7-Voronoi cells of X has bounded quasi-line-width, and therefore so does the union of the G-cells
(which are subsets); but we also need that the boundary of the latter has bounded quasi-size. That
was not a problem when we built castles, because the boundaries of villages and forts have bounded
quasi-size by definition, and we were only using at most three villages and at most four forts; but
now it becomes a big problem.

We can get partway around it by making X minimal subject to its G-adjoining three palaces
of the same rank, and therefore the total number of palaces that X G-adjoins is bounded (unless
|X| =1). So we would be happy if we could get a bound on the quasi-size of the interface between
the union of the G-cells of X and Ag(S) of each palace S that X G-adjoins. (We can get a bound
on the quasi-size of the boundary of Ag(S), from the definition of a palace; but we cannot use this
to bound the interface, because there is a vicious circle among the constants.)

This is where we use “passages”. Any term of X that G-adjoins S is joined by a passage to one
of the members of 7 within S (or it gives us no problem). But X is G-adjoin-connected, and so
T-adjoin-connected, and this gives a linear structure as we saw earlier. Interior terms of this linear
structure already 7T-adjoin (possibly via villages) two forts in X, and they cannot reach three forts,
even via a passage, from the optimality of 7. So, if an interior term G-adjoins S, then its passage
into S is very restricted. That gives us much more control of the interface between X and S, and
eliminates the vicious circle. (This is 10.1 and 11.1.)
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7.3 Societies and the next century

If some G-adjoin-connected set of rebels has G-Voronoi closure with a boundary of large quasi-size,
then it must G-adjoin many different palaces, and so three of the same rank, and we can have a
revolution. So when we finally reach a stable government, each G-adjoin-connected set of rebels has
closure with boundary of small quasi-size. (This is 12.1.) Consequently, we can make a (k + 1)st-
century society 7' by declaring that each rebel is a house of 77, and each palace of the government
is a fort of 77; and that completes the proof.

8 Growing c-fat trees

We will try to grow a c-fat copy of Hy;1 by taking three c-fat copies of H;, sufficiently far apart, and
connecting them together appropriately. This goes more smoothly if we work with “superfat” rather
than “fat”, as the next result shows.

8.1 Letc>1,lett >0, and fori=1,2,3, let n; exhibit H; as a c-superfat minor of a graph G, such

that distg(n;(Hy),n;(Hy)) > be + 2 for all distinct i,j € {1,2,3}. Let W C V(G) such that G[W] is
connected, and distg(n;(Hy), W) =c+1 fori=1,2,3; and for i = 1,2,3, let P; be a geodesic from
W to n;(H;). Then there is a mapping n that exhibits Hyy1 as a c-superfat minor of G, such that

’17(Ht+1) - G[W] Um (Ht) U 772(Ht) U 773(Ht) UP,UP,U Ps.

Proof. (See Figure 5.) For 1 <i < j <3, distq(F;, Pj) > (5¢+2) —2(c+ 1) = 3¢, since P;, Pj both
have length ¢ + 1, and they have ends at distance > 5¢c+ 2. If t = 0, let n map the root of H;11 to
W, its leaves to the three subgraphs 7;(H;) for i = 1,2, 3, and each edge of H; 1 to the interior of
the corresponding geodesic F;; then 7 satisfies the theorem. Thus, we may assume that ¢ > 1.

Figure 5: Growing a superfat minor. The figure shows the three ways that P, might attach.

Let r be the root of Hy, let By, Ba, B3 be the three components of Hy \ {r}, and for h = 1,2, 3,
let ep, be the edge of H; between r and V(By,). For h,i € {1,2,3}, let n,(B;") denote the subgraph

me)u J m().
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We know that for h = 1,2, 3, and all distinct 4, j € {1, 2,3},
diste (nn(B;),mn (B} )) = 3¢+ 1.

Consequently, there is at most one value of i € {1,2,3} such that distg(Ps,nn(B;")) < ¢, since Py
has length ¢+ 1 and 7y, is c-superfat. By relabelling, we may assume that distg (P, T]h(B;'_ )) > c for
i=1,2.

Since distg(n;(Ht),n;(Ht)) > 5¢+2 and P;, P; have length c+1, it follows that distg (P, n;(He)) >
4c + 1, and distg(P;, Pj) > 3c, for all distinct i,j € {1,2,3}. Moreover, distg(Py,nn(B;")) > ¢ for
i=1,2and h=1,2,3.

Let ' be the root of Hy11, and let B, B}, B}, €}, €5, €5 be defined as usual. Thus, for h =1,2,3,
Bj is isomorphic to Hy \ V(Bs); let ¢, be such an isomorphism. Define n(r') = G[W], and for
h =1,2,3, let n(xz) = nu(Pn(z)) for each x € U(By,). For h = 1,2,3, we define 7(e},) as follows. If
there is an end yp, of Py, in np(r), let n(e},) = (P, \ W)\ {yn} (since ¢ > 1, this subgraph is non-null).
If not, then there is an end of Py, in (B3 ); let n(e},) = (P, \ W) Uy (B3 ). Then n exhibits Hy1q
as a c-superfat minor of G. This proves 8.1. |

9 Optimizing within a century

We have a kth-century realm with some given standard, and we first want to choose an “optimal”
one, by which we mean, roughly, one with the set of castles maximal; but since G and the realm
might be infinite, we need to formulate this carefully. If 0 < k < ¢, we say a kth-century realm 7z is
an extension of a kth-century realm 77 if for each member X; € 77 there exists Xy € 75 such that:

e X; C Xy; and

e cither X5 is a building of higher class than X; (that is, either X is a house of 7; and X5 is a
fort or castle of 72, or X is a fort of 73 and X» is a castle of 73), or X3 = X5 and X; has the
same class under 7; and under 75.

Fix some standard o. Let us say a kth-century realm 7 with standard o is optimal (for o) if no
other kth-century realm with the same standard is an extension of 7. It follows from Zorn’s lemma
that if there is a kth-century realm with standard o, then one of its extensions is optimal.

Next, an easy lemma. Let F' be a subset of vertices of a graph H. Let P, P>, P3 be paths of H
with a common end z that are otherwise pairwise vertex-disjoint. Let P; have ends y;, z for : = 1,2, 3.
We say the subgraph P, U P, U Ps is an F'-claw of H if for i =1,2,3, y; € F, y; # z, and no internal
vertex of P; is in F. The vertex z might belong to F. (See Figure 6.)
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Figure 6: An F-claw. The dashed lines are paths.

9.1 Let H be a connected graph and let F C V(H), such that H \ F has no edges. If no subgraph
of H is an F-claw, then there is an induced path or cycle of H that contains all members of F, and
every vertex of H not in F is adjacent only to one or two consecutive members of F. (See Figure 7.)

We omit the proof, which is easy.

Figure 7: When there is no F-claw. The black vertices are in F'. The horizontal path shown may be
part of a cycle, or part of a finite or infinite path.

With H, F as before, suppose that no two vertices in V(H) \ F are adjacent. Then each of
Py, Py, P; has length one or two, and they all have length one unless their common end is in F'. That
gives us five cases (see Figure 8.)

AR A A 4

Figure 8: F-claws when F' hits all edges. The black vertices are in F'.

Suppose again that F C V(H), but there is one special edge that may join two vertices in
V(H)\ F (we call it the “long edge”). If we enumerate the possible F-claws now, we still have the
five cases of Figure 8 (and any of their edges might be the long edge), and in addition there are three
more shown in Figure 9. (We omit the proof, which is easy case-checking.)
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Figure 9: F-claws containing the long edge (drawn thick).

Let T be a kth-century realm in G, with standard o, in the usual notation. A T-community
adjoins a fort X if one of its members adjoins X. A passage is a path P of G with the following
properties:

e P has length at most 3dg + 1;

e there exist distinct X7, X9 € T, each either a house or fort of 7, such that one end of P is in
X1 and the other in X5;

e 1o internal vertex of P belongs to X; U Xo; and
o distg(P,Y) > d(k+1+4+1k(Y)) for each Y € T with Y # X, X».

We say that P joins X1, Xo, and P is incident with X1, Xo. If X7 is a house in a 7T-community C,
we also speak of P joining C, Xa.

9.2 If X1, X2 are houses or forts of T, and X1 adjoins Xs, there is a passage of length at most
2dy + 1 joining X1, Xo.

Proof. Choose v; € Ay(X;) for i = 1,2 such that vy, ve are adjacent. Let @; be the A-shortest
path between v;, X;; so @Q; is a path of G[A7(X;)] for i = 1,2. Let P be the union of @1, Q2 and
the edge vive. Then Q1,2 both have length at most dp and so P has length at most 2dy 4+ 1. Since
vy ¢ A7(X1) and vice versa, it follows that the lengths of @1, @2 differ by at most one; and since
the lengths sum to at least 6(rk(X7) + rk(X2)) > 2¢, both lengths are at least c.

To show that P is a passage, it remains to check that distg(P,Y) > d(k + 1 4+ rk(Y)) for each
Y € T with Y # X3, X,. To see this, let R be a shortest path from Y to V(P), with an end
p € V(P). From the symmetry we may assume that p € V(Q1). Let P’ be the subpath of P between
X1,p. Since p € Ar(X1) \ A7 (Y), it follows that |[E(R)| > |E(P’)|. But the sum of their lengths is
more than 0(rk(X;)+rk(Y)), and so R has length more than 6(rk(X;)+rk(Y))/2 > 6(k+1+rk(Y))
since rk(X1) < k. This proves 9.2. |

We call passages as in 9.2 adjoinment passages. (We will never need an adjoinment passage
between two houses.) The eight graphs drawn in Figures 8 and 9 all represent configurations of
forts, 7-communities and passages that we can prove do not appear if T is optimal; the vertices
in F' (drawn solid) represent forts, the other vertices (drawn hollow) represent pairwise disjoint 7 -
communities, and each edge represents a passage joining the forts or 7-communities represented
by its ends. All edges represent adjoinment passages except possibly one, the “long edge” when it
appears. Thus, for example, the first graph in Figure 8 shows a T-community adjoining three forts.
The first graph of Figure 9 shows a fort adjoining two forts and a 7-community C' say; C is joined
to another 7-community D by a passage, and D adjoins a fourth fort. If ¢ is a standard, we will
often use the notation o = (4, a, 3) for the terms of o without explicitly saying so.
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9.3 Let o be a standard, let G be a graph, and let T be a kth-century realm in G, optimal for
o. There do not exist forts, pairwise disjoint T -communities, and passages forming a configuration
represented in any of the drawings in Figures 8 or 9.

Proof. Suppose that these things do exist; so, three or four forts Xi,...,X,,,, at most four 7-
communities C1, ..., Cy,, and at most seven passages P, ..., P, making a configuration as in the
drawing. Choose the numbering such that X7, X9, X3 are the three forts represented by the three
leaves in the drawing, and P; is the passage with an end in X; for ¢ = 1,2,3. Again for i = 1,2, 3,
let p; be the end of P; in X;, let n; exhibit Hy as a c-superfat minor of G[X;], let J; = n;(Hy),
and let @; be a path of G[X;] between p; and V(J;). Choose a vertex r; of the path P; U Q; with
distg(ri, J;) < ¢+ 1 such that the subpath of P; U @Q; between r; and J; is maximal (thus, r; might
lie in V(P;) or in X;). Let R; be the A-shortest path in G between r; and J;. (Thus, R; is not
necessarily a path of G[X;]U P;.) Let S; be the subpath of P; U Q; between r; and the end of P;UQ);
not in X;. (See Figure 10.) From the choice of r;,

distg(SZ‘, Jz) = diStg(T’i, Jz> = ’E(RZ)’ =c+1.
Let
W = V(Sl U Sy U 53) U U X; U U AT(CZ) U U V(PZ)

4<i<mq 1<i<meo 4<i<ms

Figure 10: For the proof of 9.3. The vertex r; might belong to @Q);.

(1) G[W] is connected, and distqg(W, J;) = c+ 1 fori=1,2,3.

G[W] is clearly connected, since the corresponding configuration in Figures 8 or 9 remains con-
nected when its leaves are deleted. Since V(S;) C W and distq(S;, J;) = ¢ + 1, it suffices to show
that distg(W, J;) > ¢+ 1 for i = 1,2,3. We claim:

o distg(S;, J;) > ¢+ 1 from the choice of r;;

o distq(P}, J;) > distq(P), X;) > 6(k+ 1 +1k(X;)) =6(2k+1) > c+1forall j € {1,...,m3}
with j # 4, from the definition of a passage since P; is not incident with Xj;
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o distq(S;,J;) > ¢+ 1 for j = 1,2,3 with j # 4, since every vertex of S; belongs either to P;
(and the claim follows from the previous bullet) or to X; (and distg(X;, X;) > §(2k) > c+1);

o distq(X;, J;) > distq(X;, X;) > 6(2k) > c+1forall j € {1,...,m1} with j # 4;

° distg(AT(Cj),Ji) > diStg(AT(Cj),Xi) > distg(Cj,Xi)/Q > c+1, since if v € AT(Cj), then
distg(v, Cj) < distg(v, X;) and

distg(v, Cj) + distg(v, X;) > distq(Cj, X;) > 2¢ + 2.
This proves (1).
Let Z =W U X1 UXoU X3 UV(R1URs U Ry).
(2) Z has quasi-bound at most (9a, 5 + 2dp).

Let
A= |J xu | v,
1<i<my 1<i<my

Since each of Xi,..., X, V(Cy),...,V(Cp,) has quasi-line-width at most (a, ), so does A (be-
cause there are no edges between these sets). Since the boundary of each X; and of each V(C;) has
quasi-size at most («, ), and m; + ma < 8, it follows that bd(A) has quasi-size at most (8a, f3).
Each vertex in Z \ A has distance at most (3dg + 1)/2 < 2dy from some vertex in bd(A), and hence
by 2.1, Z has quasi-line-width at most (9a, 8+ 2dp), and bd(Z) has quasi-size at most (8, 8+ 2dy).
This proves (2).

(3) For each'Y € T, either distq(Z,Y) > 0(k+1+1k(Y)), orY C Z.

We assume that ¥ ¢ Z, and so Y # Xi,...,X,,,. Let M be a shortest path from Y to Z,
and let z be its end in Z. Suppose that z € V(F;) for some i € {1,...,mg}. Since P; is a passage
joining two houses or forts included in Z, and Y € Z, it follows that P; is not incident with Y,
and so distg(P;,Y) > d(k + 1 4+ rk(Y)) from the definition of a passage, and the claim holds. So
we assume that either z belongs to one of the forts X;, or to one of the paths R;, or to Ay (X) for
some house X in one of the 7-communities C;. In either case, z € A7 (X) for some house or fort X
included in Z (because for i = 1,2, 3, every vertex of R; has distance at most ¢+ 1 from X;, and so
V(R;) € A7(X;)). Consequently

|E(M)| > distg(X,Y)/2 > d(rk(X) +rk(Y))/2 > §(k + 1 +1k(Y))
as required. This proves (3).

Let T’ consist of the set of members of 7 that are not included in Z, together with Z, where Z
is designated as a castle of 77, and each other member of 7’ has the same class in 7" that it has in
T. We claim that 7" is a kth-century realm with standard o.

To show this, we must check that the members of 7' are pairwise vertex-disjoint buildings (which
is true, since any member of 7" that intersects Z is included in Z), and:
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For all v € V(G), there exists X € T’ such that distg(v, X) < dp;

If X,Y € T’ are distinct, then distg(X,Y) > 0(rk(X) + rk(Y));

Every fort or castle X of 7' includes a c-superfat H .y (x)-minor of G; and
e Every castle of 77 has quasi-bound at most (9a, 8 + 2d).

(The remaining conditions follow directly from the fact that 7 is a kth-century realm with stan-
dard o.) The first is clear. For the second, we may assume that X = Z, so rk(X) = k 4+ 1. Since
Y € T’ and therefore Y ¢ Z, the second bullet follows from (3).

For the third, we only need check this when X = Z, and in that case the claim follows from 8.1
applied to W, Ji, Ja, J3 and the geodesics Ry, Ro, R3. The fourth bullet holds by (2). This proves
that 77 is a kth-century realm with standard o, contrary to the optimality of 7. So there are no
such X1,...,X,,C1,...,Cpy, P1, ..., Pp,. This proves 9.3. |

Let C C 7. We need to talk about 7T-communities that are subsets of C and maximal with this
property. Let us call such sets C-villages. If X7, Xo € C are both forts, we say they C-semiadjoin
if either X adjoins X, or there is a C-village that adjoins them both. If X € C is a fort, we say
X is C-peripheral if X C-semiadjoins at most one other fort in C. If D is a C-village, we say D is
C-peripheral if D adjoins at most one fort in C, and any such fort is C-peripheral. (See Figure 11.)
If ACV(G), T[A] denotes the set of members of T included in A.

Figure 11: The black vertices represent forts in C, the others are C-villages, and edges are adjoin-
ments.

An integer interval is a set I of integers such that if a,b € I then I contains all integers between
a,b. We say (a,b) is an end-set of an integer interval I if a,b € I, and a — 1,b+ 1 ¢ I (and hence I
is finite). If 7 is a realm, we denote the set of members of T that are houses or forts by 7.

9.4 Let o be a standard, let G be a graph, and let T be a kth-century realm in G, optimal for o.
Each T -community adjoins at most two forts, and each fort T -semiadjoins at most two other forts.
Consequently, if C is an adjoin-connected subset of TV that contains a fort, then the forts in C can
be numbered as X; (i € I), where I is an integer interval, with the following properties:

o for each i € I, ifi+ 1 € I then X; C-semiadjoins X;11, and no other pair of forts in C
T -semiadjoin each other except possibly Xa, Xy, where (a,b) is an end-set of I and b > a + 2;

e cach T -community S with S C C adjoins at most two forts in C' (which therefore C-semiadjoin
if there are two).
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Moreover, if C, D are disjoint adjoin-connected subsets of T°, and P is a passage joining some X € C
and someY € D, then:

o cither X is a C-peripheral fort, or X belongs to a C-peripheral C-village, or D contains no
forts; and

e cither Y is a D-peripheral fort, or Y belongs to a D-peripheral D-village, or C contains no
forts.

Proof. Each T-community adjoins at most two forts, because otherwise we have the configuration
represented by the first drawing in Figure 8. Similarly, each fort T-semiadjoins at most two forts,
because otherwise we have a configuration represented by one of the other drawings in the same
figure.

Let H be the graph with vertex set the set of forts in C, together with the set of all C-villages;
two forts, or a fort and a C-village, are adjacent in H if they adjoin. (No two C-villages adjoin.) By
9.1, the forts in C' can be numbered as in the theorem.

Finally, suppose that C, D are disjoint adjoin-connected subsets of 70, and P is a passage joining
some X € C and some Y € D. Suppose that X is not a C-peripheral fort and does not belong to a
C-peripheral C-village, and there is a fort in D. Thus either

e X is a fort, and X C-semiadjoins two other forts in C'; or
e X is a house, and the C-village containing X adjoins two forts in C'; or
e X is a house, and the C-village containing X adjoins a fort in C that is not C-peripheral.

Moreover, the end of P in V(D) either belongs to a fort of D, or it belongs to a D-village that adjoins
a fort of D. This again gives one of the configurations represented in Figures 8 and 9 (the latter if
P joins a house with a house), in contradiction to 9.3. This proves 9.4. |

We will need the following lemma about composing line-decompositions.

9.5 Let A be a set of disjoint nonempty subsets of V(G), with union W say, such that each A € A
has quasi-bound at most (a,b). Suppose also that there is a line-decomposition of G[W] in which each
bag is the union of at most k members of A. Then G[W] has quasi-line-width at most ((k + 1)a,b).

Proof. By hypothesis, there is a line-decomposition (B} : ¢ € T') of G[W] such that each bag is
the union of at most & members of A. Let Z be the union of the sets bd(A4) (A € A), and define
B, =BjNZ foreach t € T. Then (B :t € T) is a line-decomposition of G[Z] such that each bag
is the union of at most k sets of the form bd(A), and so has quasi-size at most (ka,b). For each
A € A, since A is nonempty, there exists r(A) € T such that B;(A) NA # 0, and hence bd(A) C B,y
(since B,(4) is a union of boundaries of members of A and the members of A are pairwise disjoint).
By duplicating points of T, we may assume that the elements r(A) (A € A) are all distinct; and
also by duplicating all the points of T, we may assume that each r(A) has a successor s(A4) € T
(that is, an element s(A) € T different from r(A), such that r(A) < s(A), and there isno ¢t € T
with 7(A4) <t < s(A)); and moreover, By 4y = B,(4). For each A € A, let (CA:t €T be a
line-decomposition of G[A] with quasi-width at most (a,b). By adding two new elements to T4, we
may assume that 7% has a maximum and minimum element; and so, by inserting 74 into T, we
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may assume that 74 equals {t € T : r(A) <t < s(A)}, where B; = B, (4 for each t € T4. For each
t € T,if t € TA for some (necessarily unique) A € A, let D; = B; U C{*. If there is no such A, let
Dt = Bt-

We claim that (D; : ¢t € T') is a line-decomposition of G[W]. If v € W, choose A € A with v € A;
then v € C* for some t € T4, and hence v € D;. Next, suppose that uv € E(G[W]). If there exists
A € A with u,v € A, then u,v € Cf! for some t € T4, and hence u,v € D;. If there is no such A,
choose A, A’ € A with u € A and v € A’. Then u € bd(A) and v € bd(4’), and so uv is an edge of
G[Z]. Choose t € T such that u,v € By; then u,v € Dy.

Finally, suppose that r < s < t are elements of T, and v € D, N D;. We need to show that
v € Dg. Choose A € A with v € A. If v ¢ Z, then each of r,s,t belong to T4, since no other bags
contain v; and then, since v € C’;fx N CtA, it follows that v € 0;4 C Dy as required. Now suppose that
v € Z. Then, for p € T, v belongs to D,, if and only if v € By; and so v € B, N By C By C Ds. This
proves that (D; : t € T') is a line-decomposition of G[W]. It is easy to check that each of its bags
has quasi-size at most ((k + 1)a,b). This proves 9.5. |

9.6 Let o be a standard, let G be a graph, let T be a kth-century realm in G, optimal for o. Then
A7 (T?) has quasi-line-width at most (10a, 8+ do).

Proof. Let S = A7(T?). Let J be the graph with vertex set the set of forts of 7 together with the
set of all T-villages, where we say X,Y € V(J) are adjacent if X adjoins Y (and consequently at
least one of X,Y is a fort). From 9.4, each T-village has degree at most two in J, and its neighbours
in J are forts. By 9.4, J has line-width at most three. For each X € V(J), let A(X) = A7 (X). Thus
the sets A(X) (X € V(J)) are pairwise disjoint and have union S. Each X € V(J) has quasi-bound
at most (a, 8). Every vertex in A7 (X) has distance at most dy from X, so by 2.1, it follows that
bd(A7(X)) has quasi-size at most («, 5+ dp), and A7 (X) has quasi-line-width at most (2, 5+ dp).
By 9.5, S has quasi-line-width at most (10, 8 + dpy). This proves 9.6. |

10 Governments

Let 0 < k < ¢—1, let 0 be a standard, let G be a graph, and let 7 be a kth-century realm in
G, optimal for . In the same way that we built a castle from three forts in 9.3, now we want to
build higher-level objects called “palaces”, but the construction regulations are more complicated.
For k+1 <t < /¥, a palace (over T ) of rank t is a building A in G with the following properties. If
t =k +1 then A is a castle of 7, and P4 = 0. If t > k + 2, then there is a set P4 of paths of G[A],
each of length at most dg + 1, and with |P4| < 3~% — 3, such that:

e cvery member of T is either a subset of A or disjoint from A;

e AC (UXGT[A] AT(X)> U (UPG'PA V(P)>;

e A includes a c-superfat Hy-minor of G;

e there are at most 37 *~1 — 1 forts of 7 that are included in A and are 7 [A]-peripheral;
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e there are at most (3*7F — 3)/2 T[A]-peripheral T [A]-villages; and
e there are exactly 3t"%~! castles of T included in A.

Define v = 8(¢ —k—1)3* %=1 4+ 1. For k+1 < t < ¢, define m; = 3*"*=1(10++) —~. So 41 = 10,
and my = 3m_1 + 27 for t > k+2. We say a government for T is a set G of pairwise disjoint buildings,
each either a palace over T, or a house or fort of 7, satisfying:

o If Ay, Ay € G are distinct, of ranks 7, j respectively, then distg (A1, A2) > 6(i + 7).
e Each castle of T is a subset of some palace in G.

e Every house or fort of T either belongs to G or is a subset of a palace in G; we call the houses
and forts that are not subsets of palaces rebels. (Thus, no castles are rebels.)

e Each palace A € G has quasi-bound at most (m, 5 + 4dy + 1), where ¢ is the rank of A.

If A € G, we denote its rank by rk(A). (Rebel houses and forts have the same rank in G as they do
in 7.)

Thus, adding palaces is much like adding castles, but there is one important difference: the realm
does not change. When a house or fort is used to make a castle, it is never going to be seen again,
and we can forget it. But when a house, fort or castle is used to make a palace, it is not lost: it
remains in the realm, and we may need it in the future, to help analyze properties of the palace.

Keeping k,0,G,T fixed, we will consider different governments for 7. There is at least one,
because 7T itself is a government for 7, since all castles have quasi-bound at most

(9, B+ 2dy) < (Tp1ar, B+ 4do + 1).

We call this the self-government of T.

Let G be a government for 7. Thus, G is a sort of generalization of a realm, and once again
we can use it to define Voronoi cells, using the same tie-breaker A as before. If X € G, let Ag(X)
be the corresponding Voronoi cell. Now we have two different Voronoi partitions, one defined by
T and one defined by G. We need to work with them both, so from now on, we write “7T-adjoin”
or “G-adjoin” to indicate which partition we are using. Since every member of 7 is a subset of a
member of G, it follows that if X is a rebel, then Ag(X) C A7(X); and consequently every G-
community is a T-community. The converse is false: sets of rebels that are 7-communities need not
be G-communities.

10.1 In the same notation, suppose that G does not contain Hy as a c-fat minor. Let C be a T -
adjoin-connected set of rebels that contains at least one fort, and let A € G be a palace. Let U be the
set of vertices in Ag(C) with a neighbour in Ag(A). Then U has quasi-size at most

(4 30kl 90, B + 4dp + 1) .
Proof. Let A have rank ¢; so k+1 <t </{¢—1 (since G does not contain H; as a c-fat minor). We

say a subset of A is special if either it is a castle, or it is a T[A]-peripheral fort, or it is a house in a
T [A]-peripheral T[A]-village, or it is the vertex set of a member of Py4.
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(1) For each w € U, there is a path of length at most 2dy + 1 between u and the boundary of
some special subset of A.

Since u ¢ A, it suffices to show that there is a path of length at most 2dy + 1 between u and
some special subset of A. Choose X € C with u € Ag(X), and v € Ag(A) adjacent to u. Since
u € Ag(X), the A-shortest path P between u, X is in G[Ag(X)]. Let @ be the A-shortest path
between v, A (which is therefore a path of G[Ag(A)]). Let the ends of @ be v,q where ¢ € A. If ¢
belongs to the vertex set of a member of Py, then the claim is true, so we may assume that there
exists X’ € T[A] with ¢ € Ar(X'). If X' is a castle of T, then X’ is special and again the claim is
true, so we assume that rk(X’) < k. Let R be the A-shortest path from ¢ to X’. Thus, R has length
at most dp. (But R might not be contained in G[A], and might contain vertices of @ different from
q.) Let P’ be a path between X, X’ in the union of P, the edge uv, @ and R. Thus, P’ has length
at most 3dp + 1. (See Figure 12.)

Figure 12: The passage. The picture is over-simplified, because R might contain more vertices of Q).

We claim that P’ is a passage joining X, X’; and it remains to check that
distg(P',Y) > 6(k + 1 +1k(Y))

for each Y € T with Y # X, X’. We will show the stronger result that distg(Y,s) > 0(k+1+rk(Y))
for each s € V(P UQ U R) and each such Y.
Suppose first that s € V(P). Since s € A7 (X), distg(s,Y) > distg(s, X) and the two sum to at

least
dist(X,Y) > 6(rk(X) +1k(Y)) > 6(k + rk(Y)).

Hence
dist(Y,s) > 0(k +1k(Y))/2 > 0(k + 1 + rk(Y)),

as required. Similarly, if s € V(R), then
distg(Y, s) > 6(tk(X') +1k(Y))/2 > §(k + 1 +1k(Y))

since rk(X’) < k, so we assume that s € V(Q). Write ¢; = distg(Y, s), and ¢y = dista(s, q), and
¢3 = distg(X', q) for brevity. Since ¢ € A (X’), it follows that

diste(Y, s) + distg (s, q) > distg(Y, q) > distg (X', q),
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and so {1 + 5 > /3.

We recall that @ is the A-shortest path between v, A, and ¢ is its end in A, and s € V(Q). Now
there are three cases: Y is a rebel; Y is a subset of a palace in G different from A; and Y C A. But
in each case, distg(Y,s) > distg(s,q): if Y is a rebel or a subset of a different palace then because
s € Ag(A), and if Y C A then trivially. Thus, ¢; > f5. It follows that

O+ (201) + (01 + b)) > 1 + 205 + U3,
that is, 441 > ¢1 + ¢5 + 3. Consequently,
distg (Y, s) > distg(Y, X') /4 > 6(k +rk(Y))/4 > 6(k + 1+ rk(Y)),

as required. (This is why we need the definition of “spacing” to be powers of 4, not of 2.) This
proves that P’ is a passage joining X, X'.

Now X € C, and X’ is a house or fort in T[A]. Let D be the maximal subset of T[A] that contains
X' and is T-adjoin-connected. Since C' is T-adjoin-connected, and contains a fort by hypothesis, it
follows from 9.4 that either X’ is a D-peripheral fort, or X’ belongs to a D-peripheral D-village. But
every D-peripheral fort is 7[A]-peripheral, and every D-peripheral D-village is a 7T [A]-peripheral
T[A]-village, from the maximality of D. Consequently X’ is special. This proves (1).

The special houses in A can be partitioned into at most (3% — 3)/2 T-villages, and there are
at most 3'7%~1 — 1 special forts in A, and 3*=*~1 special castles, and |P4| < 3'~% — 3. For each
of these T-villages, the union of the boundaries of its members has quasi-size at most («, 3); the
boundary of each of the special forts has quasi-size at most («, 3); the boundary of each castle has
quasi-size at most (9, 8 + 2dp), and the vertex set of each member of P4 has quasi-size at most
(1,dp). Consequently, the union of the boundaries of the special subsets of A has quasi-size at most

((37%=38) (a+4)/2+ (375" = 1) @ + 377(9a), 8 + 24 )
< ((4 L3tk 2) a, B + 2d0>

(since av > 12). Hence, by (1), we deduce that U has quasi-size at most

((4~3t_k—2)a,6+4d0+1).

Since t < £, this proves 10.1. |

11 Revolution

Again, let ¢ be a standard, let G be a graph that does not contain H; as a c-fat minor, let A be a
tie-breaker, and let T be a kth-century realm in G, optimal for . Let G be a government for 7.
It follows that all members of G have rank < ¢. For each rebel X, Ag(X) C Ay (X), and so if two
rebels G-adjoin then they 7-adjoin each other; but whether two 7-adjoining rebels are G-adjoining
depends on the government.
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Suppose that there is a palace A of T that does not belong to G, that either includes or is disjoint
from every member of G. Let G’ be obtained from G by removing all members of G that are included
in A, and adding A itself. If G’ is another government for 7, we say it is obtained from G by a
revolution. Let us try to assemble the ingredients for a revolution.

We say a set C of rebels is G-village-closed if the set of houses in C' is a union of G-villages; in
other words, if no rebel house outside of C' G-adjoins a rebel house in C. A set C of rebels is a cabal
if:

e (' is G-adjoin-connected and G-village-closed;

e zero, one or two forts in C are designated as “leader forts”; and zero, one, two or three G-villages
included in C' are designated as “leader G-villages”;

e every C-peripheral fort is a leader fort, and every C-peripheral C-village is a leader G-village;

e if X € C' G-adjoins some rebel not in C, then either X is a leader fort, or X belongs to a leader
G-village;

e for some j € {k+1,...,¢ — 1} there are three palaces A, Ao, A3 € G of rank j, such that for
1 <1 < 3, some member of C' G-adjoins A;; and

e cither |C| = 1, or C is a G-village, or for each 7 € {k+1,...,¢ — 1} there are at most four
palaces A € G of rank j' such that some member of C G-adjoins A.

We will show that if we can find a cabal, we can use it to make a revolution by fusing together some
three palaces of G of the same rank to make a new palace of rank one bigger. The next result is used
to control the quasi-bound of the new palace.

11.1 With notation as above, suppose that C is a cabal. Then bd(Ag(C)) has quasi-size at most
(16(£ — k —1)3 k1o, B+ 4dy + 1).

Proof. Since C' is a cabal, there exists j € {k+ 1,...,¢ — 1} and three palaces Ay, Ay, Az € G of
rank j, such that for 1 < ¢ < 3, some member of C' G-adjoins A;. It follows that k < j < £ —1,
and in particular k¥ < ¢ —2. If |C| = 1, say C = {X}, then bd(X) has quasi-size at most (a, 3),
and so bd(Ag(C)) has quasi-size at most («, 5 + dy), since every vertex in bd(Ag(X)) has distance
at most dy from some vertex in bd(X). Similarly, if C' is a G-village, and hence a T-community,
then bd(V(C)) has quasi-size at most («, ), and hence again bd(Ag(C)) has quasi-size at most
(o, B4 dp). Thus, we may assume that neither of these is true, and so for each j € {k+1,...,¢—1}
there are at most four palaces A € G of rank j such that some member of C' G-adjoins A. Let Q be
the set of all such palaces in G; so |Q| < 4(¢ — k — 1). If some X € C G-adjoins some rebel Y not
in C, then either X is a leader fort, or X belongs to a leader G-village; and the boundary of each
leader fort has quasi-size at most («, 3), and so does the boundary of the union of the members of
each leader G-village. Consequently, bd(Ag(C)) is the union of at most five sets of quasi-size at most
(o, B+ dp), and at most 4(¢ — k — 1) further sets each with quasi-size at most

(4 30kl _ 90, B + 4dp + 1) ,

29



by 10.1. It follows that bd(Ag(C)) has quasi-size at most
(5a+4(€—k— 1) (4-3‘—k—1a—2a) ,/3+4d0+1) .

This proves 11.1. |

Figure 13: The headquarters of the cabal C. The three objects labelled A; are palaces of rank j.

With notation as before, suppose that C' is a cabal, and let j, A1, A2, A3 be as in the fifth bullet
in the definition of a cabal. For i = 1,2, 3, choose u; € Ag(C) with a neighbour v; € Ag(4;), and
define P; to be the path formed by the union of the edge u;v; and the A-shortest path in G between
vi, A;. Hence, P; has length at most dg 4+ 1. Again for i = 1,2, 3, let p; be the end of P; in A;, let n;
exhibit H; as a c-superfat minor of G[4;], let J; = n;(H;), and let Q; be a path of G[A;] between p;
and V' (J;). Choose a vertex r; of the path P; U Q; with distg(r;, J;) < ¢+ 1 such that the subpath of
P;UQ; between r; and J; is maximal (thus, 7; might lie in V(F;) or in A;). Let R; be the A-shortest
path in G between r; and J;. (Thus, R; is not necessarily a path of G[A;] U P;; but, since it has
length ¢+ 1 and has an end in J;, all its vertices belong to Ag(A;).) Let S; be the subpath of P;UQ;
between wu;, ;. From the choice of r;,

distg(Si, Jz) = diStg(’I“i, Jl) = |E(RZ)’ =c+1.

Since V(P;) C Ag(A;) U{u;} and V(Q;) C A;, and V(R;) C Ag(A;), and S; is a subpath of P; U Q;,
it follows that V(P U Q; U R; US;) C Ag(A;) U {u;} for i =1,2,3. Let

A= Ag(C) UAL UAsU A3 U V(Pl URl) U V(PQ URQ) U V(Pg U Rg),

and define P4 to be the union of { P, P», P3, R1, Ra, R3} and the three sets Py, for i = 1,2,3 (taking
Pa, =0 if A; is a castle). It follows that

AC Ag(C) U Ag(Al) U Ag(AQ) U Ag(Ag).
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We call A the headquarters of the cabal C. (See Figure 13.) We will show that A is a new palace,
and causes a revolution.

11.2 With notation as above, let A be the headquarters of the cabal C. Then A is a palace over T
of rank j + 1.

Proof. Certainly G[Ag(C)] is connected, because C' is G-adjoin-connected, and G[Ag(X)] is con-
nected for each X € C. Moreover, G[A;] is connected, and the path P; joins G[Ag(C)] and G[A4;]
for i = 1,2, 3, and so G[A] is connected.

The members of P4 have length at most do+1, since this is true for the paths in Py, fori = 1,2, 3,
and true for P;, R; for i = 1,2,3. Moreover,

Pal =6+ 3 |Pal <6+3(37F—3) =317k 3
1<i<3

We claim next that:

(1) AcC <UX€T[A] AT(X)) U (UPG'PA V(P))'

For i =1,2,3, since A; is a palace and Py, C Py, it follows that

s Y arxyu Jviee U arxu Y vip).
]

XeTIA] PePa, XeT[A PEP,

Also, Ag(C) € Uyerpa A7(X) since € € T[A]. And trivially V(P U R;) € Upep, V(P) since
P;, R; € P4. This proves (1).

(2) Every member of T is a subset of A or disjoint from A.

Let Y € T with YN A # (), and choose y € Y N A. Thus, by (1), either y € A7 (X) for some
X € T[A], or y € V(P) for some P € Py. In the first case, Y N A7(X) # 0, and so Y = X since
X,Y €T, and hence Y C A. In the second case, either y belongs to some member of P4, for some
i€{1,2,3}, ory € V(PUR;) for some i € {1,2,3}. If y belongs to some member of P4, for some
i€{1,2,3}, then Y NA; #0, and so Y C A; (because A; is a palace) and so Y C A. Thus we may
assume that

RS V(PZ U Rl) - AQ(AZ) U {u,}

Hence either Y N Ag(A4;) # 0, or Y N Ag(C) # 0, and in either case it follows that Y C A. This
proves (2).

To show that A is a palace, it remains to check that:
e A includes a c-superfat H;4i-minor of G;
e there are at most 3/ =% — 1 forts of 7 that are included in A and are 7 [A]-peripheral;

e there are at most (3/+1=* — 3)/2 T[A]-peripheral T [A]-villages; and
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e there are exactly 37" castles of 7 included in A.

The first follows from 8.1, applied with W = Ag(C) UV (S; U S2 U S3) and the geodesics Ry, Ra, Rs.
For the second, every T [A]-peripheral fort included in A either belongs to C' or is a T [4;]-peripheral
fort included in some A;. Since there are at most two in C' (from the definition of a cabal) and at
most 39 717F — 1 in A; for i = 1,2, 3, this proves the second bullet. The third and fourth are proved
similarly. This proves 11.2. |

11.3 In the same notation, let A be the headquarters of the cabal C, and G' be the union of {A}
and the set of members of G that are disjoint from A. Then G’ is a government for T .

Proof. We need to check that:
o If A’ € G’ with A’ # A then distg(A, A') > 6(tk(A') + j + 1).
e Each castle of T is a subset of some palace in G'.
e Every house or fort of T either belongs to G’ or is a subset of a palace in G’.
e Each palace A’ € G’ has quasi-bound at most (ma, 4+ 4dp + 1) where ¢ is the rank of A’.

For the first bullet, let A’ € G’ with A" # A. Let v € A; we need to show that distg(v, A") >
d(rk(A") +j 4+ 1). Since

vEACAGC)UAG(A1) UAg(Az) U Ag(As),

there exists X € G with rank at most j, with X C A, and with v € Ag(X). Since A", X € G and
v € Ag(X), it follows that distg(v, A") > distg(v, X), but

distg(v, A") + distg (v, X) > 6(rk(4’) + rk(X)),

distg (v, 4) > §(rk(A") +1k(X))/2 > 6(tk(A") + 5 + 1).

This proves the first bullet. The second holds since it holds for G, and similarly so does the third.
Finally, for the fourth bullet, it is only necessary to check the claim when A’ = A. We know:

o Aj, As, Az all have quasi-bound at most (m;a, 5+ 4dy + 1);

e V(P;),V(R;) have quasi-bound at most (1,dp) for i = 1,2, 3;

e Ag(C) has quasi-line-width at most (10a, 5 + dp), by 9.6; and

e bd(Ag(C)) has quasi-size at most (16(£ — k — 1)3°"%~1a, B + 4dy + 1) by 11.1.

Since there are no edges between any of the sets Ay, As, A3, Ag(C) \ bd(Ag(C)), and m; > 10, it
follows that the union of these four sets also has quasi-line-width at most (7, 8 + 4dp + 1). By
adding

bd(Ag(C)) U V(Pl UP,UPsUR{URyU Rg)
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to each of the bags of a corresponding line-decomposition, we deduce that A has quasi-line-width at
most

(mja+16(£ —k — 1)3°* 1o + 6,8 + 4dy + 1).

Its boundary bd(A) is a subset of the union of the boundaries of Ay, A2, A3, Ag(C) and the set
V(P UP,UPsU Ry URyU R3), and so has quasi-size at most

(3mja +16(£ — k — 1)3°"La + 6,8 + 4dy + 1).

Since
Tjs1 = 3mj + 2y > 3m; + 16(£ — k — 1)37F 1 41

and a > 6, it follows that A has quasi-bound at most (741, 8+ 4dp + 1). This proves the fourth
bullet, and consequently G’ is a government. This proves 11.3. |

12 Stable government

With the century k fixed, and given a kth-century realm 7 that is optimal for some standard o,
we want to modify the self-government to make the best possible government. To do so, we say a
government Gy extends a government G if:

e every rebel of Gy either is a rebel of Gs, or is a subset of a palace of Go;

e every palace X7 of Gy is a subset of a palace X5 of Go, where X; C X5, and either the rank of
X9 in Gy is greater than the rank of X; in Gy, or X; = X5 and the two ranks are equal.

Let us say a government G is stable if no other government extends G. Since the self-government
exists, it follows from Zorn’s lemma that there is a stable government. If a government is stable,
then by 11.2 and 11.3 there are no cabals.

12.1 With notation as before, let G be a stable government for T, and let C be a mazimal G-adjoin-
connected set of rebels. Then Ag(C) has quasi-bound at most

(z 3710, B+ 4dg + 1) .

Proof. By 9.6, Ag(C) C A7 (C) has quasi-line-width at most (10«, 8 + dp), so it remains to bound
the quasi-size of bd(Ag(C)). If k = £—1, then there are no castles in 7 and no palaces in G (because
G does not contain Hy as a c-fat minor), and so bd(Ag(C)) = 0 and the claim is true. So we may
assume that k < /¢ — 2.

If C is a T-community, then, since bd(V(C)) has quasi-size at most («, §) and every vertex in
bd(Ag(C)) has distance at most dy from bd(V (C)), it follows that bd(Ag(C)) has quasi-size at most
(a, B+ dy). So we may assume that C' is not a T-community.

We say that ¢’ C C is dangerous if C’ is G-adjoin-connected, and there exist j > k and three
members Ay, Ay, A3 € G, all of rank j, such that for 1 < ¢ < 3, some member of C’ G-adjoins A;. If
C' is dangerous, we want to choose a minimal subset D’ of C that is still dangerous, and G-village-
closed, and G-adjoin-connected,
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(1) C is not dangerous.

Suppose that C' is dangerous, but let us digress for a moment and consider what we need. What we
would really like is to obtain a “good” dangerous subset C’, where “good” means

e (' is G-village-closed and G-adjoin-connected,
e only a bounded number of palaces in the government G-adjoin members of C’;

e no rebel house or fort that is not in C’ G-adjoins a non-C’-peripheral fort in C, or a member
of a non-C’-peripheral C’-village; and

e the number of C’-peripheral C’-villages is bounded. (There are automatically at most two
(’-peripheral forts.)

The third condition is needed for 11.1, and the fourth condition is needed to prove 10.1.

C itself satisfies the first and third conditions. By simply choosing C’ to be a minimal subset of
C that is G-village-closed, G-adjoin-connected and dangerous, we can arrange the second bullet and
fourth bullets, but that might wreck the third, so we need to be more cautious. Indeed, there are
some cases where no good subset exists. For instance, if C' consists of a single fort or a single G-village,
and G-adjoins many palaces in G, there is nothing we can do; or if |C| = 6, and consists of three
forts and three G-villages making a six-cycle under G-adjoinment, and C' is minimally dangerous,
then again there is no good subset. This explains why cabals sometimes have “leader” terms that
are not peripheral.

Let us continue the proof of (1). If some G-village included in C' is dangerous, then it is a cabal
(designating itself as the only leader G-village), a contradiction. So no G-village included in C is
dangerous. Thus we assume (for a contradiction) that C' is dangerous and not a 7 -community, and
no G-village in C' is dangerous. Since C' is G-adjoin-connected, it is T-adjoin-connected, and so we
may number the forts in C' as X; (i € I) where [ is an integer interval, as in 9.4. Since C is a
maximal G-adjoin-connected set of rebels, it follows that C' is G-village-closed.

For i1,i9 € I with i3 < ig, let C(i1,42) be the union of {X; ,...,X;,} and all G-villages that
G-adjoin one of X;, ..., X;,. It follows that C(i1,i2) is G-village-closed. Since C' is dangerous, we
may choose i1, iy with iy — i; minimal such that C(i;,1i2) is dangerous. (Possibly i1 = is.)

Define D as follows:

o if is =iy, let D = {Xi1}§
e if i9 =11+ 1, let D be the union of {X;,, X;,} and all G-villages that G-adjoin both of X;,, X;,;

e if i > i1 + 2, let D be the union of {X;,,...,X;,} and all G-villages that G-adjoin one of
Xi1+17 s 7Xi271'

In each case, D is G-village-closed, and G-adjoin-connected. Each member of C(i1,i2)\ D is a house,
and belongs to a G-village that G-adjoins one or both of X;,, X;, and none of X;,11,...,Xj,—1.
Since C/(iy,142) is dangerous, there exist j > k and three members A, Ao, A3 € G, all of rank j,
such that for 1 < i < 3, some member of C(i1,i2) G-adjoins A;. For ¢ = 1,2,3, A; G-adjoins either
some member of D, or some G-village included in C'(i1,42)\ D. So by adding to D at most three of the
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G-villages included in C(i1,i2) \ D, we can construct a set D’ that is dangerous, G-adjoin-connected,
and G-village-closed. Let us construct such a set D’ by adding to D as few G-villages as possible; so
in particular, if D is dangerous then D’ = D. We designate X;,, X;, as leader forts of D', and the
(at most three) G-villages with union D"\ D as leader G-villages of D’. We claim that D’ is a cabal
(which will be a contradiction). To show this, we must check that

e D' is G-adjoin-connected, and G-village-closed;

e at most two forts of D’ are designated as leader forts, and at most three G-villages of D’ are
designated as leader G-villages;

e every D’-peripheral fort is a leader fort, and every D’-peripheral D’-village is a leader G-village;

e if X € D’ G-adjoins some rebel not in D’, then either X is a leader fort, or X belongs to a
leader G-village;

e for some j € {k+1,...,¢ — 1} there are three palaces A, Ao, A3 € G of rank j, such that for
1 <1 <3, A; G-adjoins some member of D’; and

e cither |D'| = 1, or D’ is a G-village, or for each j/ € {k+1,...,¢ — 1} there are at most four
palaces A € G of rank j’ such that A G-adjoins a member of D’.

The first two bullets are clear. The third holds since no member of D is D-peripheral except possibly
the forts Xj,, X;,, and no D-village is D-peripheral. Hence the only D’-peripheral D’-villages are
those (at most three) that we added.

For the fourth bullet, suppose that X € D’ G-adjoins some rebel Y ¢ D’. If X is a fort, then
X = X, for some i € {i1,...,i2}; and since Y ¢ D, it follows that i € {i;,i2} and so X is a leader
fort. Now we assume that X is a house; let B be the G-village of G that contains X. Since D’ is
G-village-closed, it follows that B C D’. Since Y ¢ D', it follows that Y ¢ B, and so B G-adjoins Y’
and hence Y is a fort. Choose i € {i1,...,i2} such that B G-adjoins X;, with ¢ ¢ {i1,i2} if possible.
If @ # 41,19, then X; T-semiadjoins X;_1, X;41 and Y, contrary to 9.4. Hence we cannot choose
i ¢ {i1,i2}; so B D, and therefore B is a leader G-village. This proves the fourth bullet.

The fifth bullet holds since D’ is dangerous. Finally, for the sixth bullet, suppose first that
D" # D, and let B be a G-village in D'\ D. Let j/ € {k+1,...,¢ —1}. Since we added as few
G-villages to D as possible to make a dangerous set, D'\ B G-adjoins at most two members of G
of rank j'; and since B is not dangerous, B also G-adjoins at most two members of G of rank j’.
Hence D’ G-adjoins at most four members of G of rank j’ and the sixth bullet holds. So we may
assume that D’ = D, and so D is dangerous. If i1 # i, then for every palace A € G, if A G-adjoins
some member of D then it also G-adjoins a member of one of C(i; + 1,42),C(i1,72 — 1), and since
C(i1 + 1,i2) and C(i1,i9 — 1) are not dangerous (by the minimality of io — i1), it follows that the
sixth bullet holds. So we may assume that i; = i3. Since D = D', it follows that D = {X;, } and so
|D| =1, and again the sixth bullet holds.

Hence D' is a cabal, a contradiction since G is a stable government. This proves (1).

Thus, C is not dangerous, and so for k + 1 < j < £ — 1, there are at most two palaces A € G
with rank j such that A G-adjoins some member of C'. Let Q be the set of all such palaces in G;
so |Q] < 2(¢ —k —1). But since C is a maximal G-adjoin-connected set of rebels, it follows that
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for each u € bd(Ag(C)) there exists A € Q such that u has a neighbour in Ag(A); and so by 10.1,
bd(Ag(C)) has quasi-size at most

(8(€ — k- 1)3" " a, B+ ddo + 1) ,

and the theorem holds. This proves 12.1. |

13 Into a new century

Finally, we can move into a new century, and deduce the main theorem.

13.1 Let k < £ be a century, let o = (6,,3) be a standard, and let G be a graph admitting a
kth-century realm with standard o, and not containing Hy as a c-fat minor. Let T be the canon

(6(20),03% i, B+ 4dg + 1).
Then G admits a (k + 1)st-century T-society.

Proof. Since G admits a kth-century realm with standard o, it admits a kth-century realm, 7T say,
that is optimal for ¢. Since there is the self-government for 7, there is a stable government G for 7.
Let 7' = G, where every house or fort of G is designated as a house of 7', and every palace of G is
designated as a fort of 77. If X € T’, we write rk’(X) = k or k + 1 depending whether X is a house
or fort of 7'. We claim that 7" is a (k + 1)st-century 7-society.

Let o/ = ¢3%a and B’ = B + 4dg + 1. We must check that

1. The members of 7" are pairwise vertex-disjoint and induce connected subgraphs of G.
For all v € V(G), there exists X € T’ such that distg(v, X) < dp.
If X,Y € 7' are distinct then distg(X,Y) is more than §(2¢).

Ll

Every fort of 77 includes a c-superfat Hy.1-minor of G.
5. Each fort of 7’ has quasi-bound at most (o, ).
6. For every T'-village C, A7(C) has quasi-bound at most (¢, 8).

Statement 1 is clear, and statement 2 holds since each member of 7 is a subset of some member of
T’. The third statement is clear.

The fourth statement holds since if X is a fort of 77, then X = A for some A € G; and since
A has rank some t > k, A includes a c-superfat H;-minor of G, and so also includes a c-superfat
Hj1-minor of G.

For statement 5, let X be a fort of 77, and hence X = A for some palace A € G. Since G is a
government, A has quasi-bound at most (mv, ') (where ¢ is the rank of A in G). But m; is at most

3F210 4 8(0 — k — 1)35F 1 1) = 8(¢0 — k — 1)320-2K—3 4 11 . 36k=2 < g 32,

We deduce that statement 5 holds.
Finally, for statement 6, let C' be a T’-village. Thus, C is a maximal G-adjoin-connected set of
rebels of G, so the statement follows from 12.1. This proves 13.1. |
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By combining 13.1 with 6.1 we deduce:

13.2 Let k > 0 be a century with k < ¢, and let 7 = (d,,3) and 7" = (d',d/,5") be canons,
satisfying:

a>12

d > 5c

dO > 42Zdl

d — 42£_2k+2d/

o =103%a

B =pB+4dy+1

Let G be a connected graph that does mot contain Hy as a c-fat minor. If G admits a civilized
kth-century T-society then it admits a (k 4 1)st-century 7' -society.

Proof. Define 6(t) = 42~'d’ for 0 < t < 2¢. Then ¢ is a spacing, since §(2¢) = d’ > 5c¢ and
9(0) < dp. Hence o = (6, f) is a standard, because a > 12. Since d = §(2k — 2) if £ > 1, and
d>0(0) if k =0, 6.1 implies that G admits a kth-century realm with standard o. By 13.1, G admits
a (k + 1)st-century 7’-society. This proves 13.2. |

In turn, by combining the previous result with 5.1, we obtain:

13.3 Let k > 0 be a century with k < £, and let 7 = (d,,3) and 7 = (d', &/, ") be canons,
satisfying:

a>6

d < dy

d > 5¢

d > 44@72k+4d/

o =203%a

8> B+ Tdy

Let G be a connected graph that does not contain Hy as a c-fat minor. If G admits a kth-century
T-society then it admits a (k + 1)st-century 7’-society.

Proof. It follows that 4%/d’ < dy. Let d” = 42*=2k+2d" (and so d > 42*2d"). Let o/’ = 2a (and so
of =03%a"). Let p" = B+ 2dg + 4“+1d". Since

5/25+7d0=ﬂ”—4€+1d”+5d0
and

4f+ld// _ 43é_2k+3d/ S 43f—2k‘+34—4€+2k—4d S 4—5—1d0 S dO —1.

it follows that 8’ > B” + 4dy + 1. Since G admits a kth-century 7-society and d > 424", it also
admits a kth-century (4°+2d", o, B)-society. By 5.1, G admits a civilized kth-century (d”,a”, 3")-
society, since 8" > B + 2dy + 4“t1d". By 13.2, G admits a (k + 1)st-century 7/-society. This proves
13.3. |
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Now we can deduce the main result:

13.4 For all integers £ > 1 and ¢ > 0 there exist o, 8 such that every graph that does not contain
Hy as a c-fat minor has quasi-line-width at most («, 3).

Proof. It suffices to prove the result when ¢ > 4 and ¢ > 2. For 0 < k < /, let us define
dj, = 5-4°=k)¢ (note that this at last defines dy = 5-4‘%20), and oy, = 6(2¢3%)F, and B, = 1+ Tkdy,
and 7, = (dg, ok, Br). Let a = ap and B = fy; we claim that «, 3 satisfy the theorem. By working
with each component of G separately, we may assume that G is connected. By Zorn’s lemma, there
exists S C V(G) maximal such that distg(u,v) > dp for all distinct u,v € S. Let Top = {{v} : v € S}
where each member of 7 is assigned to be a fort of 7. Then 7y is trivially a Oth-century 7g-society.
By ¢ applications of 13.3 we deduce that G admits an fth-century 7y-society 7. Since G does not
contain Hy as a c-fat minor, it follows that 7 has no forts, and, since G is connected, 7 has only one
village C' say, with A7 (C) = V(G). Moreover, A7 (C) has quasi-bound at most (ay, 8¢), from the
definition of a society. This proves 13.4. |

Consequently, this proves 1.7, and hence 1.6, and together with 1.5 proves 1.4.

14 Graph searching

For finite graphs G, these results are related to graph searching. Intuitively, imagine that there is
an infection loose in the graph; any vertex of the graph instantly becomes infected if it is adjacent
to an infected vertex, unless a doctor is positioned on it. A search can be thought of as a sequence
of positions of doctors in a procedure to eliminate the infection. (Or, equally, a sequence of moves
by a band of cops to capture an invisible robber.)

Let G be a finite graph, let X C V(G), and let F' be a subset of V(G) with bd(F) C X C F. We
say that (X, F) is a splitof G. If (X, F) and (X', F') are splits, we say that (X, F') justifies (X', F') if
F\ X C F', and either X C X’ or X’ C X. A search of G is a finite sequence (X1, F1),...,(Xn, Fy)
of splits of G such that

o (X1,F1)=(0,V(G)), and (Xy, F,) = (0,0); and
o (Xu Fz) jllStiﬁGS (Xi+17 Fi+1) for 1 < 1 <n-— 1.

We call the sets X; the bags of the search. (In terms of infections, at the ith stage, X; is the set of
vertices being treated, and all infected vertices are in F;. In cops and robbers language, at time ¢
the cops occupy the vertices in X;, and the robber is known to be within F;.)

For instance, let (By,..., B,) be a path-decomposition of a finite graph G. Define R, = B; U
Bit1U---UB, for 1 <i <n. Then the sequence

(®7 Rl)) (Bb R1)7 (Bl ﬂB?a R2)7 (B27 R2)7 (32 mB37 R3)7 (B3a R3)7 R (anl mBna Rn)v (Bn7 Rn)a (®7 0)

is a search.

A search (X1, F1),...,(Xy, Fy) is monotone if Fj11 C F; and Fi41 N X; C X;4q for 1 <i < n.
The search above, derived from a path-decomposition, is monotone, and it is easy to see that every
monotone search arises from a path-decomposition in this way, so monotone searches are essentially
the same as path-decompositions.
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One important parameter of a search (X1, F), ..., (X, Fy) is its bag-size max(| X1|, ..., |Xy|). If
we fix some number k, when is there a search with bag-size at most k? It was proved by Kirousis and
Papadimitriou [10, 11], building on work of LaPaugh [12] (who proved the same thing for a slightly
different kind of search), that:

14.1 For each integer k and finite graph G, if there is a search with bag-size at most k, then there
s a monotone search with bag-size at most k.

Consequently, there is a search with bag-size at most k if and only if G has path-width at most k£ — 1.
Here we are concerned with searches in which each bag has quasi-size at most (a,b), for some
fixed (a,b). We say that a finite graph G is (a, b)-searchable if there is a search (X1, Fy), ..., (Xp, Fy)
of G such that X; has quasi-size at most (a,b) for 1 < ¢ < n. It is easy to prove that for all a,b,
there exists ¢, ¢ > 2 such that if G is (a, b)-searchable then G does not contain Hy as a c-fat minor.
(Proved in 14.5, below).
Our result 1.7 gives a converse:

14.2 For all ¢, € > 2, there exist a,b such that if a finite graph G does not contain Hy as a c-fat
minor, then G is (a,b)-searchable (because it has bounded quasi-line-width).

We want to make two comments. First, we also have a direct proof of 14.2 (for finite G), that
we found before we found the proof of 1.7, and it is considerably simpler. The idea is, to replace the
assertions that certain sets have bounded quasi-bound by the weaker assertions that these sets are
subsets of sets with bounded quasi-bound. Then all our problems with communities go away, and so
we don’t need the sections about societies. Except the proof of 9.5 does not work any more; but it
works if we replace quasi-line-width with being (a, b)-searchable with a, b bounded, and this is why
we have to introduce graph searching. So, it would be really nice if we could find a direct proof of:

14.3 For all a,b > 1 there exist o', > 1 such that if a finite graph is (a,b)-searchable then it has
quasi-line-width at most (a’,b').

We know that this is true, because of the main theorem of this paper, but if a simple direct proof
could be found, it would give a simpler proof of 1.7.

Second, how do a’,b' depend on a,b in 14.37 In particular, can we take a = a’? Yes we can if
b =0, by 14.1, and in that case we can also take b’ = 0. But what happens if b > 07 For instance, if
b=1, can we take a’ = a?

On this topic, let us mention that there is an interesting conjecture of Chudnovsky, Gollin, Krnc,
and Milani¢ [4] with a special case that is closely related to our results, the following:

14.4 Conjecture: For every tree T there exists k such that if a finite graph G has no induced
minor isomorphic to T, then there is a balanced separator in G that is the union of at most k balls
of radius one.

An “induced minor” is much the same as a 1-fat minor: G contains H as an induced minor if H can
be obtained from G by vertex-deletion and edge-contraction, and the deletion of all resultant loops
and parallel edges. A balanced separator in G is a cutset X such that each component of G \ X
contains at most |V (G)|/2 vertices. It is easy to see that if G is (a, 1)-searchable for some bounded
a then the desired balanced separator exists.

Finally, here is a proof of the claim we made earlier in this section:
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14.5 For all a,b > 1, no finite graph that contains Hy, as a 2b-fat minor is (a,b)-searchable.

Proof. Given integers a, b, let ¢ = 2b, and let H = Hy,, with root r. Let G be a finite graph that
contains H as a c-fat minor, and choose 1 that exhibits H as a c-fat minor of G.

Suppose that there is a search (Xi, Fy),...,(X,, F,,) of G such that each X; has quasi-size at
most (a,b). For 1 <i <mn, let Y; be the set of h € V(H) such that either

e V(n(h))NX; #0; or
e h is an end of some edge f € E(H) such that V(n(f)) N X; # 0.

There exists Z; C V(G) with |Z;| < a such that every vertex x € X; satisfies distg(z, Z;) < b. Since
7n exhibits H as a c-fat minor of G, and ¢ = 2b, it follows that if x1,z9 € V(H) are distinct vertices
of H then distg(n(z1),n(x2)) > ¢; and so for each z € Z;, there is at most one vertex x € V(H) with
distg(z,n(z)) < b. Similarly, there is at most one edge f € E(H) such that distg(z,n(f)) < b, and
if there is one of each type, then the edge and vertex are incident in H. Consequently |Y;| < 2a.

(1) For 1 < i < mn, if Q is a component of H\'Y;, and F; NV (n(x)) # 0 for some vertex or
edge x of Q, then V(n(x)) C F; \ X; for every vertex or edge x of Q.

Let R be the subgraph of G induced on the union of n(x) over all vertices and edges x of Q.
Thus R is connected since @ is connected. For each v € V(R), if v € X, choose a vertex or edge
x of Q with v € V(n(z)); then z € Y; (if z is a vertex) or one end of x is in Y; (if x is an edge),
and in either case some vertex of @ is in Y;, contradicting that @ is a component of H \ Y;. Thus
V(R)NX; = 0. By hypothesis, F;NV (n(x)) # 0 for some vertex or edge z of Q. But V(n(z)) C V(R),
and so V(R) N F; # (. Hence, V(R) C F; \ X;, since (X;, F;) is a split of G and R is connected and
V(R)N X; = 0. This proves (1).

It follows from (1) that if @ is a component of H \ ' Y; and F; NV (n(z)) # () for some vertex or
edge x of @, then V(n(x)) C F; for every vertex or edge = of Q. For 1 < i <mn, let P, be the union
of Y; and the vertex sets of all components @ of H \ Y; with the property that F; NV (n(x)) # 0 for
some vertex or edge x of Q.

Now each (Y;, P;) is a split of H. We claim that:

(2) P, C P UY; for1 <i<n.

To see this, let h € P;\ Y;; we need to show that h € P11, and may therefore assume that h ¢ Y.
Let Q;,Qi+1 be the components of H \ Y;, H \ Yj;11 respectively that contain h. Since h € P;, it
follows that V(n(z)) C F; \ X; C Fiy; for every vertex or edge = of ;. Hence, Fi1 NV (n(zx)) # 0
for some vertex or edge x of Q;11 (namely, z = h), and so V(Q;+1) C P;+1. This proves (2).

From (2), and since (Y1, P1) = (0, V(H)) and (Y, P,) = (0, 0), the sequence (Y1, P1),..., (Y, Pp)
is a search of H. But H = Hy,, and therefore has path-width at least 2a + 1 (see [16]), and so is not
(2a + 1,0)-searchable, by a result of Kirousis and Papadimitriou [10, 11]. Yet ¥7,...,Y}, each have
cardinality at most 2a, a contradiction. This proves 14.5. |
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