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Abstract

In this paper, we develop a coarse analogue of tree-width. We prove that a graph G admits a tree-
decomposition in which each bag is contained in the union of a bounded number of balls of bounded
radius, if and only if G admits a quasi-isometry to a graph with bounded tree-width. (The “if” half
is easy, but the “only if” half is challenging.) This generalizes a recent result of Berger and Seymour,
concerning tree-decompositions when each bag has bounded radius. We also prove a similar result
for line-width, which is an extension of path-width to infinite graphs.



1 Introduction

This is the first in a sequence of papers on asymptotic structure in graphs, looking at properties of
graphs that are preserved under quasi-isometry. The notion of quasi-isometry is well established in
geometric group theory: following work of Gromov (see [15, 16]), the large-scale geometric structure
of a group can be understood by looking at properties of its Cayley graphs that are invariant under
quasi-isometry. More recently, the emerging area of “coarse graph theory” has begin to look at
large-scale geometry of graphs in general, using the lens of quasi-isometry. It has begun to emerge
that many classical notions from graph theory have counterparts in the coarse context: for example,
a coarse analogue for graph minors is provided by “fat minors” (see [3, 5]); and there are many
questions about which graph-theoretic results have natural counterparts in the coarse context [14].
In this paper, we investigate a coarse analogue of tree-width that was introduced in [12], and connect
it via quasi-isometry to the standard notion of tree-width. Our results also hold for path-width;
however, more can be said about path-width, and we will pursue this further in [18, 19].

We need to begin with some definitions. Graphs in this paper may be infinite. If X is a vertex
of a graph G, or a subset of the vertex set of GG, or a subgraph of GG, and the same for Y, then
distg(X,Y) denotes the distance in G between X,Y, that is, the number of edges in the shortest
path of G with one end in X and the other in Y. (If no path exists we set distg(X,Y) = o0.)

Let G, H be graphs, and let ¢ : V(G) — V(H) be a map. Let L,C > 0; we say that ¢ is an
(L, C)-quasi-isometry if:

e for all u,v in V(G), if distg(u,v) is finite then disty (¢ (u), ¢(v)) < Ldistg(u,v) + C;
e for all u,v in V(G), if disty (¢ (u), ¢(v)) is finite then distg(u, v) < Ldisty (¢(u), ¢(v))+C; and
o for every y € V(H) there exists v € V(G) such that disty(¢(v),y) < C.

If X CV(G), let us say the diameter of X in G is the maximum of distg(u,v) over all u,v € X. A
tree-decomposition of a graph G is a pair (T, (B, : t € V(T))), where T is a tree (possibly infinite),
and By is a subset of V(G) for each t € V(T') (called a bag), such that:

e G is the union of the graphs G[By] (t € V(T)); and
o for all ¢t1,t2,t3 € V(T), if t5 lies on the path of T" between t1,t3, then By, N By, C By,.

The width of a tree-decomposition (7', (B : t € V(T'))) is the maximum of the numbers |B;| — 1 for
t € V(T), or oo if there is no finite maximum; and the tree-width of G is the minimum width of a
tree-decomposition of G. If T' is a path, we call (T, (B; : t € V(T'))) a path-decomposition, and the
path-width of G is defined analogously.

Our first result is an extension of a result of Berger and Seymour [2] (which can also be derived
from a combination of results of Chepoi et al. [4]). They proved:

1.1 For allr, if G is connected and admits a tree-decomposition (T, (B :t € V(T'))) such that for
each t € V(T), By has diameter at most r in G, then G admits a (1,6r + 1)-quasi-isometry to a tree.

This has a sort of converse, also proved in [2]: if G is connected and (L,C)-quasi-isometric to a
tree then it admits a tree-decomposition (7, (B; : t € V(T'))) such that B; has diameter at most
L(L+C+1)+C in G, for each t € V(T).



We will extend 1.1 from trees to graphs of bounded tree-width, as follows (although saying that
this extends 1.1 is something of a stretch, because we do not know whether 1.2 holds with L = 1):

1.2 For all k,r, there exist L,C > 1 such that if G admits a tree-decomposition (T, (B : t € V(T)))
such that for each t € V(T'), By is the union of at most k sets each with diameter at most r in G,
then G admits an (L, C)-quasi-isometry to a graph with tree-width at most k.

A similar result (with weaker constants) was obtained independently by Hickingbotham [17], by
applying a result of Dvorak and Norin [13].

Our proof obtains a quasi-isometry to a graph with a tree-decomposition indexed by a subdivision
of the same tree T' that indexed the tree-decomposition of G; and so if T is a path, we find a quasi-
isometry to a graph with bounded path-width. Consequently:

1.3 For all k,r, there exist L,C > 1 such that if G admits a path-decomposition (T, (B : t € V(T)))
such that for each t € V(T'), By is the union of at most k sets each with diameter at most r in G,
then G admits an (L, C)-quasi-isometry to a graph with path-width at most k.

In fact, for path-decompositions (and for “line-decompositions”, discussed below), we can do
much more: we can get an additive quasi-isometry to a graph with bounded path-width (or “line-
width”); that is, we can take L = 1. This follows from 1.3, and the following result from [18]:

1.4 For all L,C,k there exists C' such that if there is an (L, C)-quasi-isometry from a graph G to
a graph H with line-width at most k, then there is a (1,C")-quasi-isometry from G to a graph Hy
obtained from H by subdividing and contracting edges.

A path-decomposition is essentially a sequence of sets of vertices satisfying the “betweenness”
condition. There is a more general notion (see [6, 9, 11, 18, 19]), where we replace the sequence by
a family of subsets indexed by a linearly ordered set, giving what we call “line-width”. Line-width
and path-width are the same for finite graphs, but for infinite graphs they may be different. We
will show in the second half of the paper that 1.3 works with line-width in place of path-width. The
proof uses the same basic approach as that for 1.2, but is significantly different in the details.

How sharp is our bound on tree-width in 1.17 In 1.2, we start with a tree-decomposition in which
each bag is the union of k£ bounded-radius balls, and we obtain a tree-decomposition in which each
bag has size at most k + 1: and one might hope that the final k in the statement of 1.2 should be
k — 1. Obviously not for £k = 1; but not when k£ > 2 either. To see this when k& = 2, let G be a
cycle, with vertices vi----- vp-v1 in order. For 1 <i < n —1, let B,, = {v;,vit1,vn}, and let T be
the tree G\ {v,}. Then (T, (B; : t € V(T))) is a tree-decomposition of G, and each of its bags is the
union of two balls of bounded radius (one the singleton {v,} and the other consisting of two adjacent
vertices). On the other hand, for all (L, C), if n is large enough then there is no (L, C')-quasi-isometry
from G to a graph with tree-width at most 1. A similar example works for each value of k > 2 (take
a k x k grid and subdivide each of its edges many times).

Again, 1.2 has a sort of converse, because if G admits an (L, C')-quasi-isometry to a graph with
tree-width at most k, then G admits a tree-decomposition (7', (B; : t € V(T'))) such that for each
t € V(T), By is the union of at most &+ 1 sets each of bounded diameter — we will prove this in the
next section. But if we start with a graph G that admits a quasi-isometry to a graph with tree-width
at most k, and apply this converse, we obtain a tree-decomposition in which each bag is a union of
k 4+ 1 sets of bounded diameter; and if we then apply 1.2, we obtain a quasi-isometry to a graph



with tree-width at most k£ + 1. Somewhere we went from tree-width k to tree-width k + 1, and this
is unsatisfying, at least on aesthetic grounds.

A way to get rid of it is to make a small tweak in the definition of tree-decomposition; say a
pseudo-tree-decomposition (T, (B : t € V(T))) is the same as a tree-decomposition, except we relax
the condition that every edge has both ends in some bag. Instead, we insist that for every edge
uv, either some bag contains both w, v, or there is an edge st of T' such that B, \ By = {u} and
B, \ Bs = {v}. Define pseudo-tree-width correspondingly (it differs from tree-width by at most one).
We will prove a version of 1.2 with “tree-width at most k” replaced by “pseudo-tree-width at most
k”, and a version of 2.1 with “tree-width at most k” replaced by “pseudo-tree-width at most k + 17,
and the anomalous error of one is gone. More exactly, we will prove:

1.5 For all k,r, there exist L,C such that if G admits a tree-decomposition (T, (By : t € V(T)))
such that for each t € V(T'), By is the union of at most k sets each with diameter at most r in G,
then G admits an (L, C)-quasi-isometry to a graph with pseudo-tree-width at most k.

Conversely, for all L,C > 1, if G admits an (L,C)-quasi-isometry to a graph with pseudo-tree-
width at most k, then G admits a tree-decomposition (T, (B : t € V(T))) such that for each t € V(T),
B, is the union of at most k sets each of diameter at most 2L(L + C') + C.

Let us mention a related result. If a graph G admits a quasi-isometry (with bounded constants)
to a graph with tree-width at most k, then, trivially, there is a partition P of V(G) such that:

e there is a graph J with vertex set P such that J has tree-width at most k;
e for each set X € P, every two vertices in X have bounded distance in G;

e for every edge XY of J, some vertex in X has bounded distance in G from some vertex in Y
and

o for all distinct X,Y € P, if there is an edge of G between X, Y then the distance in J between
X,Y € V(J) is bounded.

A recent paper by Distel [10] strengthens this: he shows that one can replace the third and fourth
bullets above by:

e for all distinct X,Y € P, there is an edge of G between X and Y if and only if X,Y are
adjacent in J.

As far as we know, this result of Distel is incomparable with our result; neither easily implies the
other.

2 The proof of 1.5

Let us state the definition of pseudo-tree-width more formally. A pseudo-tree-decomposition of a
graph G is a pair (T, (B; : t € V(T))), where T is a tree, and B; is a subset of V(G) for each
t € V(T) (called a bag), such that:

e V(G) is the union of the sets By (t € V(T));



e for every edge e = uv of G, either there exists t € V(T') with u,v € By, or there is an edge
st € E(T) such that B \ B, = {u} and B; \ Bs = {v}; and

o for all ¢1,ta,t3 € V(T), if t5 lies on the path of T" between t1,ts, then By, N By, C By,.

The width of a pseudo-tree-decomposition (7, (B : t € V(T'))) is the maximum of the numbers |B;|
for t € V(T), or oo if there is no finite maximum; and the pseudo-tree-width of G is the minimum
width of a pseudo-tree-decomposition of G. (Note that we are omitting the customary —1 in the
definition of width.) If T is a path, we call (T, (B : t € V(T'))) a pseudo-path-decomposition, and
the pseudo-path-width of G is defined analogously. When T is a finite path, we sometimes use the
notation (B, ..., B,) (with the usual meaning) in place of (T, (B, : t € V(T))).

Before we prove the main part of 1.5, let us prove its (much easier) second part, the converse:

2.1 If G admits an (L,C)-quasi-isometry to a graph with pseudo-tree-width at most k, then G
admits a tree-decomposition (T, (Dy : t € V(T))) such that for each t € V(T'), Dy is the union of at
most k sets each of diameter at most 2L(L + C) + C.

Proof. Let H be a graph with pseudo-tree-width at most k, and let (7', (B; : t € V(T))) be a pseudo-
tree-decomposition of H with width at most k. Let ¢ be an (L, C)-quasi-isometry from a graph G
to H. For each h € V(H), let X} be the set of vertices i € V(H) such that distgy(h,i) < L+ C.
For each t € V(T'), let D; be the set of all vertices v € V(G) such that ¢(v) € X, for some h € By.
We claim that (T, (D, : t € V(T))) is a tree-decomposition of G satisfying the theorem. So we must
check that:

° UteV(T) Dy =V(G);
e for every edge uv of G there exists t € V(T) with {u,v} € Dy;
o for all t1,to,t3 € V(T), if t2 lies on the path of T between t1,t3, then D, N Dy, C Dy,; and

e for each t € V(T'), D, is the union of at most k sets each of diameter (in G) at most 2L(L +
C)+C.

For the first statement, let v € V(G); then ¢(v) € V(H), and so ¢(v) € By for some ¢t € V(T). In
particular, since ¢(v) € Xg(v), it follows that v € D;. This proves the first statement.

For the second statement, let uv € E(G), and choose t € V(T') with ¢(v) € B;. Since ¢ is an
(L, C)-quasi-isometry, disty(¢(u), d(v)) < L+ C, and so ¢p(u) € Xy,. It follows that u,v € Dy.
This proves the second statement.

For the third statement, let ¢1,ta,t3 € V(T'), such that ¢y lies on the path of T' between t1,t3,
and let v € Dy, N Dy,. Hence for i = 1,3, there exists h; € By, with ¢(v) € Xp,; let P; be a path
of H between ¢(v), h; of length at most L + C. Since P; U P53 is a connected graph with vertices
in By, and in By, it also has a vertex in By,, say ha. Thus hg belongs to one of V(P;), V(P3), and
so distg (he, #(v)) < L + C; and hence ¢(v) € X},, and therefore v € Dy,. This proves the third
statement.

Finally, for the fourth statement, let ¢ € V(7). For each h € B(t), let Fj be the set of all
v € V(G) such that ¢(v) € X},. Thus Dy is the union of the sets F, (h € By), and there are |B;| < k
such sets. We claim that each Fj, has diameter at most 2L(L + C) + C in G. If u,v € Fj, then
each of ¢(u), ¢(v) has distance at most L + C' from h, and so distg(p(u), d(v)) < 2(L + C'). Since
¢ is an (L, C)-quasi-isometry, it follows that disty(u,v) < 2L(L + C) + C. This proves the fourth
statement, and so proves 2.1. |



To prove 1.5, we need the following lemma:

2.2 Let G be a graph, and let A, B be disjoint subsets of V(G) with union V(G). Let |A|,|B| < k,
and suppose that there are at most k edges between A, B. Then there is a pseudo-path-decomposition
(B1,...,By) of G with width at most k and with A C By and B C B,.

Proof. We proceed by induction on k+ |A|+|B]|. If some vertex a € A has no neighbours in B, then
from the inductive hypothesis, applied to G'\ {a}, there is a pseudo-path-decomposition (B, ..., By)
of G\ {a} with width at most k and with A\ {a} C By and B C B,. But then (A, By,...,By)
satisfies the theorem. Thus we may assume that each vertex in A has a neighbour in B, and vice
versa.

If every vertex in A has exactly one neighbour in B and vice versa, the result is true; so we assume
that some vertex in A has at least two neighbours in B, and hence |A| < k — 1. Let b € B with a
neighbour in A, and let G’ be obtained by deleting b. In G’, there are at most k — 1 edges between
A and B\ {b}, and these two sets both have size at most k¥ — 1. From the inductive hypothesis
applied to G, there is a pseudo-path-decomposition (C1,...,C,) of G’ with width at most k — 1
and with A C Cy and B\ {b} C C,. Define B; = C; U {b} for 1 < i < n; then (By,...,B,) is a
pseudo-path-decomposition of G satisfying the theorem. This proves 2.2. |

To prove the first part of 1.5, it suffices to prove it when G is connected (by working with each
component of G separately); and it suffices to prove it when » = 1. To see the latter, let G be a
connected graph that admits a tree-decomposition (7', (B : t € V(T'))) such that for each ¢t € V(T),
B4, is the union of at most k sets each with diameter at most 7 in G. For each t € V(T'), and each pair
u, v of nonadjacent vertices of G[By] with distg(u,v) < r, add an edge joining u, v, and let G’ be the
resultant graph. Then (7, (B; : t € V(T))) is a tree-decomposition of G, and for each t € V(T'), By
is the union of at most k cliques of G’. (Cliques are sets of vertices, not subgraphs.) Moreover, the
identity map is an (r, 0)-quasi-isometry between G, G’; and so if G’ admits an (L, C)-quasi-isometry
to a graph with pseudo-tree-width at most k, then G admits an (rL, rC)-quasi-isometry to the same
graph. Consequently, for given k, if L, C satisfy the theorem when r = 1, then rL,rC satisfy the
theorem for general r. Hence it suffices to prove the result when r = 1.

We can weaken this hypothesis a little. If B C V(G), a(B) denotes the size of the largest stable
subset of G[B] (or oo if there is no such largest set). If we have a tree-decomposition in which each
bag is the union of at most k cliques, then each bag B satisfies a(B) < k, and this is enough for us.
(Incidentally, the smallest k such that G admits a tree-decomposition in which a(B) < k for each bag
B, is called the tree-independence number of G, and is of interest for algorithmic applications [1, 7].)
We will prove the following:

2.3 For all k, if G is connected and admits a tree-decomposition (T, (By : t € V(T'))) such that
a(Bt) < k for each t € V(T), then G admits a (2k + 2,2k — 1)-quasi-isometry to a graph with
pseudo-tree-width at most k.

Proof. Let (T, (B::t € V(T))) be a tree-decomposition of G such that a(B;) < k for each t € V(T).
Fix a root r € V(T') (arbitrarily). For each ¢ € V(T), its ancestors are the vertices of the path of T’
between r,t, and its strict ancestors are its ancestors different from ¢. If s is an ancestor of ¢ then ¢
is a descendant of s. If s,t € V(T'), we write s <p t if s is an ancestor of ¢, and s <p t if s is a strict
ancestor of t. For t € V(T), its height is the length of the path of T between r,¢.



We will recursively define a set of pairs, called “cores”. Each core will be a pair (¢,C) where
t € V(T) and C is a subset of B; inducing a non-null connected subgraph, and we will call ¢ its
birthday. Each core (t,C) will have a spread S(t,C), which is the vertex set of a certain subtree of
T with root ¢, defined below.

Here is the inductive definition. If there exists t € V(T') such that we have not yet defined the
set of cores with birthday ¢, choose some such ¢ with minimum height. We say v € B is disqualified
if there is a core (s,C) such that s <7 ¢, and t € S(s, (), and either v € C or v has a neighbour in
C. Let Z be the set of vertices in B; that are not disqualified. For each C C Z that is the vertex set
of a component of G[Z], we define (¢,C) to be a core; this defines the set of all cores with birthday
t. For each core (t,C), its spread S(t,C) is the set of all ' € V(T) such that

ot <7t
e OCN By #0; and
o t' € S(s,C") for every core (s,C") such that s <p t and t € S(s,C").

This completes the inductive definition of the set of all cores. It is easy to check that we could replace
the third bullet above with the equivalent condition:

e C'N By # 0 for every core (s,C") such that s <p ¢t and t € S(s,C").

We remark that if (¢,C), (t,C") are distinct cores with the same birthday then C' N C" = (), but if
(t,C), (t',C") are cores with t # t', it is possible that C' N C" # (), or even C' = C’. Here are a few
observations about spreads that may aid the reader’s intuition:

e For each path P of T" with one end the root r, and for each core (¢,C) with ¢t € V/(P), the set
of vertices of P that belong to the spread of (¢,C) depends only on which vertices t € V(P)
satisfy C' N By # (), and on which other cores have birthday in P and the intersection of their
spreads with V(P). So to understand cores and spreads, it suffices to understand them when
T is a path.

o If (t1,C1) and (t2,C3) are cores with different birthdays, then either their spreads are disjoint,
or one includes the other. (We cannot say much about the spreads of cores with the same
birthday.)

e For each core (t,(), its spread is a subset of
{ eV(T):t<pt and CN By # 0}

(which is itelf the vertex set of a subtree). Indeed, the spread of (t,C) is the intersection of
this set and all previously-defined spreads that contain t.

Two subsets X,Y C V(G) are anticomplete if they are disjoint and there are no edges of G
between them. We need, first:

(1) If (t1,C4), (t2, Co) are distinct cores and their spreads intersect, then Ci,Cs are anticomplete.



We may assume that t; # to. Since the spreads of (¢1,C4), (t2,C2) intersect, t1,t2 have a com-
mon descendant tg say, so one of t1,%s is a strict ancestor of the other. Hence we may assume that
t1 <7 t2, and therefore to € S(t1,C1) since the spreads intersect. Since (t2,C2) is a core, it follows
that for each v € Cy, v ¢ C1 and v has no neighbour in C. Consequently, C1,Cy are anticomplete.
This proves (1).

(2) For each t € V(T'), there are at most k cores (s,C) such thatt € S(s,C).

Let {(s1,C1),...,(Sn,Cn)} be the set of all cores whose spread contains t. For 1 < i < n, the
set C; N By is nonempty; choose v; € C; N By. By (1), v1,...,v, are distinct and pairwise nonadja-
cent, and so n < a(B;) < k. This proves (2).

For each v € V(G), there exists t € V(T') with v € By, and the set of such vertices ¢ induces a
subtree of T'. In particular, there is a unique ¢t € V(T') of minimum height with v € By, and we call
t the source of v. Let t be the source of v. There might or might not exist C' C By with v € C such
that (¢,C) is a core. If there exists such C' we say v is central. If there exists a core (¢, C") such that
t' <ptandte St ,C") and v has a neighbour in C’, we say v is peripheral. (Note that v cannot
belong to C’, from the definition of ¢.)

(3) Every vertex v € V(Q) is central or peripheral, and not both.

Let ¢t be the source of v. The first statement is clear from the definition of the set of cores with
birthday t. For the “not both” part, suppose that v is central and peripheral; choose C' C B; with
v € C such that (¢,C) is a core, and choose a core (', C”) such that ¢ <7 ¢t and t € S(¢,C") and v
has a neighbour in C”. Since ¢t € S(t,C)NS(t',C’), and v € C has a neighbour in C’, this contradicts
(1), and so proves (3).

For each v € V(G), we define a set ¢(v) of cores as follows. Let t; € V(T) be the source of v. If
v is central, let ¢(v) = {(t1,C1)} where (t1,C}) is the core with v € C;. Now assume v is peripheral.
Hence there is a strict ancestor ¢y of ¢; and a core (tg,Cp) such that ¢; € S(t9,Cp), and v has a
neighbour in Cy. Choose such ¢y of minimum height, and let ¢(v) be the set of all cores (to, Cp) such
that t; € S(to,Cp) and v has a neighbour in Cj.

(4) Let t € V(T') and v € B;. Then there is a core (t1,C1) with t € S(t1,C1) such that either
Ve Cly or (tlacl) € d)(?})

We proceed by induction on the height of ¢. We may assume that there is no core (¢,C) with
v € C, and so v was disqualified when the cores with birthday ¢ were defined. Consequently, there
is a core (t1,C1) such that t; <p t, and t € S(t1,C1), and v belongs to or has a neighbour in Cj.
Choose (t1,C1) such that ¢; has minimum height.

Let s be the parent of ¢. If v ¢ Bs, then t is the source of v, and (t1,C1) € ¢(v), and the claim
holds. Thus, we may assume that v € B,. From the inductive hypothesis, there is a core (t2,C2)
with s € S(t2,C2) such that either v € Cy, or (t3,Cs) € ¢(v). We may assume that ¢t ¢ S(ta, Cs),
and so (tl,Cl) 7& (tz,Cg).

But s belongs to both S(t1,C1), S(t2, C2). Since (t1,C1) # (t2,C2), it follows from (1) that Cy, Cs



are anticomplete. Since v belongs to or has a neighbour in each of C1, Cy, it follows that v ¢ C1, Ca,
and so (tg,C2) € ¢(v). Since t € S(t1,C1), the definition of ¢(v) implies that t; £ ta, and so
to <p ti. In particular, t; € S(te,C5); and since t € S(t1,C1) and t ¢ S(t2,Cs), the definition of
S(t1,C1) implies that to £7 t1. Thus t; = to, and so (t1,C1) € ¢(v) and the claim holds. This proves
(4).

(5) Let P be a path of T with one end r, and let v € V(G). Let ty be the common birthday of
the members of ¢(v). Let C(P,v) be the set of cores (t,C) such thatt € V(P) and v € C. Let
the members of C(P,v) with birthday different from to be (t1,C1), ..., (tn, Cpn), numbered such that
to,t1,...,tn have strictly increasing height. Then:

o for1<i<mn,t; ¢ S(ty,Cp) for 1 <h <i, and t; ¢ S(to,Co) for each (to,Co) € ¢p(v);

o for 1 <i<nmn, lets; be the parent of t;: then s; € S(ti—1,Ci_1) for 2 <i < n, and there exists
(to, Co) € ¢(v) such that s1 € S(ty,Co); and

o n<k.

The first bullet holds by (1), since v € C; and either v € C}, or v has a neighbour in Cj.

For the second bullet, let 1 < i < n. If v ¢ By,, then ¢; is the source of v, and so v is central,
contradicting that ¢; # to. So v € Bs,. If s; € S(to, Cp) for some (tg, Cp) € ¢(v), then i = 1 (because
otherwise t;—1 € S(tp,Cy) contrary to the first bullet), and the claim is true. So we assume that
there is no (to, Cy) € ¢(v) with s; € S(to,Cp). From (4), there is a core (¢',C") with s; € S(,C")
and v € C'. Hence (t',C") = (tp,Cy) for some h € {1,...,i—1}. Iif h <i—1, then t;_1 € S(tn, Ch),
contradicting the first bullet. Thus A =i — 1. This proves the second bullet.

For the third bullet, we may assume that n > 1. For 1 < i < n, let A; be the set of cores (¢,C)
such that ¢t <7 t; and t; € S(t,C). We claim that A; C A;_; for 2 < i < n. To see this, suppose that
(t,C) € A;, and (t,C) ¢ A;—1. Thus, t <p t;, and t £ t;—1, and consequently ¢;_1 <p t. There are
two cases, depending whether ¢ = ¢;_; or not.

e Suppose first that t;_1 <p t. Then ¢t € S(t;—1,C;—1) (because s; € S(t;—1,C;—1) and t # t;).
But t; ¢ S(ti—1,Ci—1), and t; € S(t,C), contrary to the definition of S(t,C).

e Now suppose that ¢t = ¢;_;. Since ¢; ¢ S(t;—1,Ci—1), and C;_; N By, # 0 (because it contains
v, since ¢ > 2), the definition of S(¢;—1,C;_1) implies that there is a core (d, D) such that
d <7 ti—1, and t;_; € S(d,D), and t; ¢ S(d,D). But this contradicts the definition of the
spread of (t,C), since d <7 t and t; € S(¢,C) and t = t;,_1 € S(d, D).

This proves our claim that A; C A;_1 for 2 <i < n.

Next we claim that A; is a proper subset of A;_; for 2 < i < n. Since C;_1 N By, # () and yet
ti ¢ S(ti—1,Ci—1), there is a core (d, D) such that d <p t;_1, and t;—1 € S(d, D), and t; ¢ S(d, D).
But then (d, D) € A;—1 \ A;, and so A; is a proper subset of A;_1, as claimed.

It follows that |A,| < |Ai|—(n—1). By (2), there are at most k cores (s, C') such that t; € S(s,C);
and since (¢1,C}) is one of these, and so are the all the members of Ay, it follows that |[A1| < k — 1.
Consequently |A,| < (k—1) — (n—1), and so n < k. This proves the third bullet, and so completes
the proof of (5).



Next we construct a graph J. Its vertex set is the set of all triples (s, ¢, C) where (¢, C') is a core and
s is in its spread. Consequently t <7 s for all vertices (s,t,C) of J. If (s1,t1,C1), (s2,t2,C2) € V(J)
are distinct, they are adjacent in J if either:

e 51 = s9 and distg(Cq,C2) < 3; or

e 51,9 are adjacent in T, and C; N Cy N By # 0, where s € {s1,s2} is the parent of the other
member of this set.

In particular, if (¢,C) is a core and s1,s2 € S(t,C) are adjacent in T, then (s1,t,C), (s2,t,C) are
adjacent in J; edges of J of this kind are called green edges, and all other edges of J are red. We will
eventually show that there is a (2k + 2,2k — 1)-quasi-isometry from G to the graph obtained from J
by contracting all green edges. But first we prove some properties of J.

(6) J has pseudo-tree-width at most k.

For each s € V(T), let As be the set of all (s,¢t,C) € V(J). Thus the sets A5 (s € V(T)) are
pairwise disjoint and have union V(J). Let s,t € V(T') where s is the parent of t. There may be
edges of J between Ag and Ay, but we claim that there are at most k such edges. For each edge
e € E(J) between Ag, Ay, we define v, € V(G) as follows. Let the ends of e be (s,s1,C1) and
(t,t1,D1). Then C1 N Dy N By # 0; choose v, € C1 N D1 N Bs. We claim that v, ,ve, are distinct
and nonadjacent for all distinct edges ej, ea between Ag, A;. To see this, let e; have ends (s, s;, C;)
and (t,t;, D;) for i = 1,2. Either (s1,C1) # (s2,C2) or (t1,D1) # (t2, D2). In the first case, C1,Co
are anticomplete by (1), and S0 ve,, ve, are distinct and nonadjacent. In the second case, D1, Do are
anticomplete by (1), and again it follows that v, , ve, are distinct and nonadjacent. Since a(Bs) < k,
this proves that there are at most k edges of J between A, A;.

Let f = st be an edge of T, where s is the parent of t. From 2.2, since |Asl,|A:] < k by (2),
there is a pseudo-path-decomposition (B{ ey BT{ ( f)) of J[As U A¢] with width at most k and with

Ag C B{ and A; C Bi(f)- This defines n(f), for each edge f of T. Subdivide each edge f € E(T)
n(f) times, making a tree T'. Define C; = By for each t € V(T). For each f = st € E(T) where s
is the parent of ¢, let s,u1,...,u,(s),t be the vertices in order of the path formed by subdividing f,

and define Cy, = Bif for 1 <i < n(f). This defines a pseudo-tree-decomposition of J with width at
most k, and so proves (6).

For each v € V(G), define ¢(v) = (t,t,C) where (t,C) € ¢(v) (choosing some member of ¢(v)
arbitrarily if there are more than one).

(7) Let v € V(G), and let (t,C) be a core with v € C. Then there is a path of J between (v)
and (t,t,C) with at most k + 1 red edges.

Let P be the path of T between r, ¢, and define ty and (t1,C4),. .., (tn, Cy) as in (5). By the second
bullet of (5), there exists (tg, Co) € ¢(v) such that the parent of ¢; belongs to S(to, Cp). Again, by
the second bullet of (5), for 0 < ¢ < n, there is a path of J from (t;—1,t;—1,Ci—1) to (t;,t;,C;) in
which all edges are green except the last; and since n < k (again by (5)), and (t,C) = (t,, Cy,), there
is a path of J from (tg,t,Co) to (¢,t,C) with at most k red edges. But (v) equals or is adjacent



(by a red edge) to (o, tg, Co). This proves (7).

(8) Let vi,v2 € V(G) be adjacent. Then there is a path of J between 1 (vy),1p(va) using at most
k + 2 red edges.

Let ©(v;) = (t;,t;,C;) for i = 1,2. Since v; belongs to or has a neighbour in Cj, for i = 1,2,
and vivy € E(G), it follows that distg(Cy, Ca) < 3.

A green path of J means a path of J containing only green edges. Suppose that to € S(t1,C1),
and consequently there is a green path of J between (¢1,¢1,C1) and (t2,t1,C1). Since there is a (red)
edge of J between (ta,t1,C1) and (t2,t2, C3) (from the definition of J, since dist(C1,Cy) < 3), the
claim is true. Thus we may assume that to ¢ S(t1,C1), and similarly ¢, ¢ S(t2, Ca).

Let ¢} be the source of v; for i = 1,2. There exists s € V(T') with vjvy € Bs, since vivs is an edge;
and by choosing s of minimum height we may assume that s is the source of one of vy, v9, say ve, and
so s =th, and ] <p t, and t; <p t|. Since t}, € S(t2,C2) and t; ¢ S(ta2,C2), it follows that t; <p to;
and so t) < to, since t] € S(t1,C1) and to ¢ S(t1,C1). We therefore have t; <p t] <p to <p t,.

Since ¢ is in the path of T' between #1, t5, and v1 € By N By, it follows that vi € By,. By (4), there
is a core (d, D) such that to € S(d, D) and either vy € D, or (d, D) € ¢(v1). If v1 € D, then ¥(v1) is
joined to (d,d, D) by a path of J with at most k£ + 1 red edges, by (7); and if (d, D) € ¢(v1), then
¥(v1) is equal or adjacent (by a red edge) to (d,d, D). In either case, (d,d, D) is joined to (t2,d, D) by
a green path; and (t2,d, D) is adjacent to (t2,t2,Cy) via a red edge, since distg(Co, D) < 2 (because
v2 belongs to or has a neighbour in both). This proves (8).

(9) For each core (t,C), G|C] has diameter at most 2k — 1.

By hypothesis, a(B;) < k, and since C' C B it follows that G[C] has no induced path with 2k + 1
vertices. Since G[C] is connected, it has diameter at most 2k — 1. This proves (9).

(10) If (s1,t1,C1) and (s2,t2,C2) are joined by a green path of J, and vi € Cy and va € Cy,
then distg(vi,ve) < 2k — 1.

Any two vertices of J joined by a green edge have the same second and third coordinates, and
so t1 =ty and Cy = Cy. Consequently vy, vy € C1, and the result follows from (9). This proves (10).

(11) Let vi,v9 € V(G), and suppose P is a path of J between 1 (v1),9¥(v2) containing at most n
red edges. Then distg(vi,v2) < (2k + 2)n + 2k — 1.

If n = 0 the result follows from (10), so we assume that n > 1. Let P have ends by and an1,
and let the red edges of P be a1b1, agbs, ..., a,b, in order, numbered such that there there is a green
subpath of P between b;,a;+1 for 0 < i < n. For 1 < i < n, define «o;,5; € V(G) as follows: let
a; = (s,t,C) and b; = (', ', C") say; choose o; € C and f; € C’ with distance at most three in G.
(This is possible from the definition of red edges.) Let Sy = v1 and v, +1 = va. Thus distg(ay, 5;) < 3
for 1 <i <m; and distg(8;, ®i+1) < 2k —1 by (10). Consequently distg(v1,v2) < (2k+2)n+ 2k — 1.

(12) For each j € J, there exists v € V(G) such that there is a path of J between j and (v)
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using at most k + 1 red edges.

Let j = (s,t,C), and choose v € C'N B,. There is a green path between j and (¢,t,C); and by
(7), since v € C' C By, there is a path between (t,t,C) and 1(v) containing at most k + 1 red edges.
This proves (12).

Let H be obtained from J by contracting all green edges. Thus each vertex of H is formed by
identifying all the vertices (s,t,C) for a fixed core (¢,C), and so we can identify V(H) with the set
of all cores in the natural way. From (6), and since contraction does not increase pseudo-tree-width,
H has pseudo-tree-width at most k, and from (8), (11), (12), the function ¢ is a (2k + 2,2k — 1)-
quasi-isometry from G to H. This proves 2.3 and hence (with 2.1) proves 1.5. |

3 Coarse line-width

In this section and the next we will prove a version of 1.2 for line-width, but first let us give the
definitions more carefully. A line is a set L that is linearly ordered by a relation <;. A line-
decomposition of a graph G is a pair (L, (B; : t € L)) where L is a line, and each By is a subset of
V(G), satisfying:

o G =;er, G[By), and
e B, N By C By for all t,t',t" € L with t <p t < t".

We define the width of such a decomposition to be the maximum of |B;| — 1 over all t € L, if
this maximum exists, and oo otherwise; and the line-width of G is the minimum width of a line-
decomposition. (This definition was used in [18, 19, 6], to increase the generality of some results about
graphs with bounded path-width. It is also used in [9, 11], where what we call “line-decompositions”
are called “linear decompositions”.) We will prove the following analogue of 1.2:

3.1 For all k,r, there exist L,C > 1 such that if G admits a line-decomposition (L, (B : t € L))
such that for each t € L, By is the union of at most k sets each with diameter at most r in G, then
G admits an (L, C)-quasi-isometry to a graph with line-width at most k.

This was first proved by Hickingbotham [17], with weaker constants. (Actually, he proved it at our
request, because at that time we needed the result for an application, and did not know how to use
the approach of 1.2 to handle line-width.) We will deduce 3.1 as a consequence of the next result,
but first we need some definitions. If L is a line, an interval of L is a nonempty subset I C L such
that if r,s,t € L with r <y, s <p t, and r,t € I, then s € I. An interval [ is initial if I # L and for
all s,t € L with s <p t,if t € I then s € I. We say I is a final interval if L \ I is an initial interval.
(If I is an initial interval then I, L \ I are both nonempty, and so L \ I is an initial interval of the
line obtained from L by reversing its order.) If I, J are intervals of L, we say J abuts I and {I,J}
is an abutment if INJ = () and I U J is an interval of L.
If (L,(By: t € L)) is a line-decomposition of G, and [ is an interval, we define

B(I) =B

tel
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If I is an initial interval, then B(I)NB(L\ I) is called the I-split; every path between B(I), B(L\I)
has a vertex in this set. We say X is a split if X is the I-split for some initial interval I.

Let (L,(B; : t € L)) be a line-decomposition of a graph G. A vertex v € V(G) is a left-limit
vertex of (L,(By : t € L)) if for all s,t € L with s <y, ¢, either v € Bs or v ¢ By; and a right-limit
vertez if for all s,t € L with s <, t, either v ¢ Bs or v € B;. We say v is a limit vertex if it is either
a left- or right-limit vertex.

Given a line-decomposition (L, (B : t € L)) of a graph G such that each bag is the union of &k
sets with bounded diameter, our goal is to construct a graph H with line-width at most k£ and a
quasi-isometry ¢ from G to H. To do this, we will make use of the line-decomposition of G as a
“scaffold” to construct H, building H with a line-decomposition (L, (Cy : t € L)), and a mapping ¢
that is suitably compatible with the line-decomposition of G.

How do we ensure this? For each vertex v € V(G), let I, = {t : v € B}, and for each w € V(H)
let J, = {t : w € C¢}. If we could arrange that I, C Jy(,) for every vertex of G, then for every
edge uv of G we would know that some bag in the line-decomposition of H contains both ¢(u), ¢(v),
and so we could make ¢(u), ¢(v) adjacent in H if we wanted. For ¢ to be a quasi-isometry, we also
need that the set of vertices mapping to any given w € V(H) has small diameter in G; and (to
satisfy the last condition in the definition of a quasi-isometry) it will be convenient to demand that
¢ is surjective. However, it is not straightforward to construct such an H; and we will also want
to carry out an induction that divides up L into a sequence of intervals and then glues together
decompositions of these intervals. So we adjust the conditions slightly. First, we will map each
vertex v of G to either one or two vertices of H; and we demand that I, is contained in the union of
the ione or two corresponding intervals J,,. Second, we will be more restrictive when handling limit
vertices: these are only allowed to map to a single vertex of H (which means that they will not end
up mapping to many intervals at the gluing stage). We capture these requirements with the notion
of a striation.

Let (L, (B : t € L)) be a line-decomposition of a graph G. For each v € V(G) let I, = {t € L :
v € By}. If N is a set, N?) denotes the set of one- and two-element subsets of N. A striation for
(L,(By :t € L)) is a pair (o, (Jy : n € N)), where (J, : n € N) is a family of intervals of L, and o is
a map from V(G) to N, satisfying:

o for each v € V(G), Iy € U,,¢y(y) Jn; and moreover, if m,n € o(v) are distinct, then v is not a
limit vertex of (L, (B : t € L)), and {J,,, J, } is an abutment, and I, N Jp,, I, N J,, # 0;

e for each n € N and each t € J,,, there exists v € V(G) such that v € B, and n € o(v) (in other
words, J, C Ua(v)an I,,); and

e for each n € N, the set {v € V(G) : n € o(v)} has diameter at most three.

If B C V(G) is a union of finitely many cliques of G, then we write x(B) for the minimum number
of cliques in such a union (that is, the chromatic number of the complement of G[B]). We say that
a collection of k(B) cliques with union B is a cliqgue min-cover of B. We will prove:

3.2 Let (L,(B; :t € L)) be a line-decomposition of a graph G, and let k > 1 such that k(B;) < k
for each t € L. Then there is a striation (o,(Jy, : n € N)) for (L,(By : t € L)), such that
{neN:te J,}| <k(By) for each t € L.
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Proof. We proceed by induction on k. Thus, either £ = 1 or we may assume the result holds for k—1.
(1) We may assume that G is connected.

Let C be the set of components of G. For each C € C, (L,(B:NV(C) : t € L)) is a line-
decomposition of C of finite width. Suppose that for each C, there is a striation (¢©, (J, : n € N C))
for (L,(By NV (C) : t € L)), such that for each t € T, the number of n € N such that
H{ne NC:t e JCY < k(B;NV(C)) for each t € J¢. We may assume that the sets N¢ (C € C) are
pairwise disjoint. Let N be their union. For each v € V(G), define o(v) = ¢ (v) where v € V(C).
Then (o, (J, : n € N)) is a striation for (L, (B : t € L)). Moreover, let t € L. Then for each t € L,

{neN:te}=> {neN“:te IS} <> wBNV(C)) =r(B),
ceC ceC

since each clique of a clique min-cover of B is a subset of B;NV (C) for a unique C' € C. Consequently,
if the theorem holds for each component of G then it holds for G. This proves (1).

Since G is connected, it follows that if t € L and B; = (), then either By = ) for all s € L with
s <p t,or B; = () for all s € L with ¢t <j, s. Consequently the set L' of t € L such that B; # ()
is an interval of L, and (L', (B; : t € L)) is a line-decomposition of G ; and if the result holds for
(L', (By : t € L')) then it holds for (L, (B : t € L)). We may therefore assume that B; # () for each
telL.

(2) Let L' be an interval of L, and let U = {J;cps Bi. Suppose that for each t € L', some vertex
in By is a left-limit vertex of (L',(B; : t € L')). Then there is a striation (o,(J, : n € N)) for
(L', (By:t € L)), such that |{n € N : t € Jp}| < k(By) for each t € L'.

Let S be the set of left-limit vertices of (L', (B; : t € L')). For every finite subset P of S, there
exists t € L' with P C By, and consequently x(P) < k for each finite subset P of S. By compactness
(or more exactly, by a theorem of De Bruijn and Erdés [8] applied to the complement of G[S]),
k(S) < k. Fix some clique min-cover S of S, and choose X € § with {¢t € L' : X N B; # ()} maximal.
Thus X is a clique.

We claim that X N By # () for each ¢t € L’. For each v € U, let I} be the set of all t € L' with
v € By. For each s € S, since s is a left-limit vertex of (L', (B : t € L)), the set I. is either null,
or equal to L/, or an initial interval of L’. Suppose that X N B; = () for some t € L. Then for each
s € X, I} is either an initial interval of L’ not containing ¢, or null. Let Iy = [J ¢y I¢. It follows that
I; is also either an initial interval of L' not containing ¢, or null. Choose s € S with s € B;. Thus I
is either an initial interval of L’ containing ¢, or equals L', and in either case properly contains I%.
But s belongs to a member of S, contrary to the choice of X. This proves that X N By # () for each
telL.

Let Y be the set of vertices in U \ X with no neighbour in X. Then (L', (B;NY : t € L’)) is a line-
decomposition of G[Y]. Moreover, for each ¢t € L', since X N By # 0, it follows that k(Y NB;) < k—1.
If Kk =1 then Y = (), and we may define N = {1} say, and J; = L/, and define o(v) = 1 for each
v € U, to satisfy (2). Thus we may assume that & > 2. From the inductive hypothesis, there is a
striation (¢’,(J), : n € N')) for (L',(B;NY :t € L)), such that {n € N' : t € J}}| < k(B:NY)
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for each t € L’. We may assume that 1 ¢ N’; let N = N’ U {1}. For each n € N, define J,, = J}, if
n € N',and J; = L'. For each v € U, define o(v) = o'(v) if v € Y, and o(v) = {1} if v ¢ Y. We
claim that (o, (J, : n € N)) satisfies (2). To check this, we must show that:

e foreachv e U, I/ C Uneg(v) Jpn; and moreover, if m,n € o(v) are distinct, then v is not a limit
vertex of (L', (By:t € L)), and {Jp,, J,} is an abutment, and I}, N Jp,, I}, N Jp, # 0;

e for each n € N and each t € J,, there exists v € U such that v € B, and n € o(v) (in other
words, Jn € Uy (u)5n 10);

e for each n € N, the set {v € U : n € o(v)} has diameter at most three; and
o foreachte L', [{ne N:te J,}| <w(B,NU).

For the first, let v € U. If v ¢ Y, then Uneg(v) Jn = J1 = L', and therefore includes I). If
v €Y, then U,ep() Jn = Uneor(v) Jn» and the latter contains I since (o/,(J, : n € N')) is a
striation. Moreover, if m,n € o(v) are distinct, then m,n € ¢'(v), and so v is not a limit vertex of
(L',(BenY :te L)), and {J,,J} is an abutment, and I, N J),, I/ N J, # 0; but then v is not a
limit vertex of (L', (B : t € L')), and {Jy,, J} is an abutment.

To see the second, if n = 1 then J, = L', and n € ¢'(v) if and only if v € U \ Y; so we must
show that L’ is the union of the sets I], over all v € U \ Y. But for each t € L', X N B, # 0, and
so there exists v € U \ 'Y (indeed, v € X) such that ¢ € I}, as required. If n # 1, then n € N’ and
Jn = J),, and v € U satisfies n € o(v) if and only if v € Y and n € ¢/(v). So we need to show that
J], is the union of the sets I}, where v € Y satisfies n € ¢’(v), which is true since (¢’ (J}, : n € N'))
is a striation.

To see the third, if n = 1 then {v € U : n € o(v)} equals U \ Y, which has diameter at
most three, since every vertex in U \ Y belongs to or has a neighbour in the clique X. If n # 1,
then {v € U : n € o(v)} equals {v € Y : n € ¢'(v)}, which has diameter at most three since
(¢, (J], : m € N')) is a striation.

Finally, for the fourth, let ¢ € L’. Then for each ¢t € L/,

HneN:te,}|<|{neN:teJ}+1,
because |[N \ N'| =1, and J}, = J,, for all n € N’. But
Hne N :teJ} <w(BNY),
since (¢/, (J], : n € N')) is a striation. And
k(B:NY) < k(B) — 1,

since if § is a clique min-cover of B; then at least one of its members contains a vertex in X and so
is disjoint from Y. This proves the fourth statement, and so proves (2).

Let Z1, Zs be respectively the sets of left- and right-limit vertices of (L, (B : ¢t € L)).

(3) If BeN (Z1 U Z3) # 0 for each t € L, then the theorem holds.
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If BN Z; # 0 for each t € L, then the theorem holds by (2), so we may assume that Zy # ()
and similarly Z; # (. Let I; be the set of ¢ € L such that BiNZy #0, and [o = L\ I;. If [; = L
then the theorem holds by (2), so we assume that I; # L, and similarly I; # (). Thus [; is an initial
interval. Let S be the I1-split. Since Z1 N By # () for all ¢t € I, (2) (taking L’ = I;) implies that there
is a striation (o1, (J, : n € N1Y)) for (I1, (By : t € I)), such that [{n € N':t € J,,}| < x(B;) for each
t € I. Since B; N Zy # () for each t € I, (2) implies that there is a striation (02, (J, : n € N?))
for (I, (B; : t € I3)), such that [{n € N? : t € J,}| < k(By) for each t € Ir. We may assume
that N'N N2 = (; let N = NLUN2 Fori=1,21let U; = Uter, Bt- Thus B(I1) N B(lz) = S,
and Z; C B(!l1), and Z C B(l2). For each v € V(G), define o(v) as follows. If v € B(f;) \ S for
some i € {1,2}, let o(v) = o'(v). If v € S, then v is a limit vertex of both (I1,(B; : t € I1)) and
(I, (By : t € I2)); let o(v) = ot (v) Ua?(v).

We claim that (o, (J, : n € N)) satisfies the theorem. To see this, note that if v € S, then v is
a right-limit vertex of (I, (By : t € I1)), so o' (v) is a singleton {m} say, and J,, either equals I; or
is a final interval of I; (because I, N I; C J,,). Similarly, o%(v) is a singleton {n} say, and J,,, either
equals I or is an initial interval of Is. Thus {J,,, J,,} is an abutment. The remainder of the (several)
things to check are easy and we omit them. (We will write them out in detail after the proof of (5).)
This proves (3).

Our next step is to partition L into a (finite or infinite) sequence of intervals where we can apply
(3). We will use this to construct a striation; but this means we need to keep track of vertices that
belong to more than one interval, and so appear in the splits between intervals.

By (3), we may assume that some B; is disjoint from Z; U Zs. An integer interval is a nonempty
subset K of the set Z of all integers, such that if i; < is < i3 are integers with i1,i3 € K then iy € K.

(4) There is an integer interval K and for each i € K, an initial interval J; of L, satisfying the
following, where S; denotes the J;-split:

o ifi,j € K withi < j then J; C Jj;
e foreachi € K, S;N(Z1UZy) =0, and ifi+1 € K, then S; N Si11 = 0;

e ific K andi+ 1€ K, there is a clique X included in one of S;, S;11 such that X N By # ()
forallt € Jiy1 \ Ji;

e ifiec K, andi+1¢ K, then By N (S; U Zs) #0 for allt € L\ J;; and
e ifiec Kandi—1¢ K, then BN (Z1US;) #0 for allt € J;.

We first define a set K’, which will eventually be the non-negative members of the set K we need
to construct. K’ will consist either of all the non-negative integers, or of a finite interval of them
including zero. Choose an initial interval Jy such that the Jy-split is disjoint from Z; U Z5. (This is
possible since some B, is disjoint from Z; U Z,.) Inductively, suppose we have chosen initial intervals
Jo,...,Jp of L for some integer £ > 0, with corresponding splits Sy, ..., Sy, such that

=

o if 0 <7< j</{then J; C Jj;

° forogigﬁ,Si#Q),andSiﬂ(Zlng):@;
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e for 0 <i </, 5,NS; 1 =0; and
e if 0 <i </, there is a clique X C S; such that X N By # 0 for all t € J; 41 \ J;.

Since every finite subset of Sy is a subset of By for some ¢ € L, it follows (again from the theorem of [8]
applied in the complememt) that x(S;) < k. Let C be a clique min-cover of Sy. If (S, U Zs) N By # ()
for all t € L\ Jy, the induction is complete; so we assume that for each C' € C, there exists t € L\ Jp
with (C'U Zy) N By = (. For each C' € C, let Mg be the set of t € L such that either ¢t € J; or
C N B # (). Tt follows that each M is an initial interval; and since C is finite and nonempty, we
can choose C' € C with M¢ maximal. Define J;11 = M¢, and let Sy be the Jyy1-split. Since there
exists t € L'\ Jy such that (Sy U Z2) N By = 0, it follows that t ¢ Jyi1, and so Sey1 N (Z1 U Za) = 0.
Moreover, C' N By # 0 for all t € Jyy1 \ J;. We claim that Sy N Sppq = (. Suppose not, and let
v € Sy N Spyq1. Choose €7 € C with v € ', and choose t € L\ M¢ with v € B;. It follows that
t € Mcr, and so t € M¢ from the maximality of M¢, contradicting that ¢ ¢ M. This proves that
Sy N Sprq =0, and so completes the inductive step.

Let K’ be the set of all the integers ¢ > 0 such that J; is defined in the process above. Thus
K' consists either of all the non-negative integers, or of {0,...,¢} for some integer ¢ > 0. In the
second case, there is a clique X such that X N By # () for all t € L\ J,. Consequently, so far we have
constructed an integer interval K’ with 0 € K’, containing only non-negative integers, such that

° ifi,jEK’Withi<jthen Jing;

for each i € K', S; # 0, and S; N (Z1 U Z3) = 0;

o ifi,i+ 1€ K’ then S;N S;11 =0;

e ifi € K'and i+1 € K’ there is a clique X C S; such that X N B; # () for all t € J; 11\ J;; and
eifiec K'andi+1¢ K', then (S;UZy)N By # D forallt e L\ J.

Now we repeat the process, inductively constructing J_1,J_2 and so on, with the same argument,
used with the order of L reversed. This proves (4).

Ifi¢g Kandi+1€e K,let J;=0,andifi € K and i +1 ¢ K let J;1; = L. Let K* be the set
of all integers i such that at least one of 4,7+ 1 is in K. For each integer i € KT, let L' = J; 1 \ J;,
with order inherited from L, and let U’ = User: Bt

(5) For each i € K*, there is a striation (o', (J. : n € NY)) for (L',(B; : t € LY)) such that
H{n € Ni:te JY < k(By) for eacht € L.

The third, fourth or fifth bullet of (4) (whichever applies) shows that for each t € L', B; con-
tains a limit vertex of (L%, (B : t € L')). Hence the claim follows from (3) applied to L*. This proves

().
We may assume that the sets N* (i € K1) are pairwise disjoint. Let N be their union. For each

n € N, let J, = J: where n € N'. For each i € K, let S; be the J;-split. For each v € V(G), we
define o(v) as follows.
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If v ¢ U;cx Si, there is a unique value of i such that v € B; for some t € Ji1 \ J;; define
o(v) = o'(v). If v € U;cx Si, there is a unique value of i € K such that v € S; (because the sets
S; (i € K) are pairwise disjoint). Then v is a right-limit vertex of (L', (B; : t € L'"!)) and a
left-limit vertex of (L%, (B; : t € LY)). Consequently, |0*~1(v)| = |o(v)] = 1. Let 0"~ (v) = {m}
and o'(v) = {n}. Since J! includes each t € L’ with v € By, and v is a left-limit vertex of
(L%, (B; : t € LY)), it follows that J! either equals L? or is an initial interval of L; and similarly
Ji-1 either equals L=t or is a final interval of L*~1. Consequently {.J,,, J,,} is an abutment. Let
o(v) ={m,n}.

For each v € V(G), let I, = {t € L : v € B} as usual. We claim that (o, (J, : n € N)) is a
striation for (L, (B : t € L)), such that [{n € N : t € J,}| < k(By) for each t € L. To show this, we
must check:

e for each v € V(G), I, C Unea(v) Jpn; and moreover, if m,n € o(v) are distinct, then v is not a
limit vertex of (L, (B :t € L)), and {Jn,, J,} is an abutment, and I, N Jp,, I, N J,, # 0;

e for each n € N and each t € J,, there exists v € V(G) such that v € B; and n € o(v); and
e for each n € N, the set {v € V(G) : n € o(v)} has diameter at most three; and
o [{neN:teJy}| <kxDBy)foreachte L.

For the first, let v € V(G). Suppose first that v ¢ (J;cx Si- Then there is a unique value of
i € KT such that v € U?; and then o(v) = o‘(v). Moreover, I, C L!, and so I, C Uneo(w) In
since (0%, (Ji : n € N?)) is a striation. If m,n € o(v) are distinct, then v is not a limit vertex of
(L%, (By : t € LY)), and therefore not a limit vertex of (L, (B; : t € L)); and {Jp, Jn} = {J¢,, Ji} is
an abutment.

Now suppose that v € \S; for some (necessarily unique) value of ¢ € K. Thus o(v) = {m,n} where
ol(v) = {n} and ¢~ 1(v) = {m}. Then ) # I, N L; C J,, and I, N L;—1 C Jpn, and I, C L;_1 UU".
We have seen that {.J,,, J,} is an abutment. Since v € S;, and S; is disjoint from Z; U Z, it follows
that v is not a limit vertex of (L,(B; : t € L)). This proves the first statement. The second, third
and fourth statements are clear.

This proves that (o, (J, : n € N)) satisfies the theorem, and so proves 3.2. |

4 Pseudo-line-decompositions

If L is a line, we say s,t € L are consecutive in L if there is no r € L with r # s,t such that
s<pr<ptort<pr<ps. A pseudo-line-decomposition of a graph G is a pair (L,(B; : t € L)),
where L is a line, and B is a subset of V(G) for each t € L, such that:

o V(G) = Urer B

e for every edge e = uv of G, either there exists t € L with u,v € By, or there exist consecutive
s,t € L such that Bs \ By = {u} and B; \ Bs = {v}; and

e for all t1,t9,t3 € L, if t; <y to <y, t3 then By, N Bt3 C By,.
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The width of a pseudo-tree-decomposition (L, (B : t € L)) is the maximum of the numbers |B;| for
t € L, or oo if there is no finite maximum; and the pseudo-line-width of G is the minimum width of
a pseudo-line-decomposition of G.

If {J1, J2} is an abutment of L, there is a unique initial interval I of L that contains one of .Jy, Js
and is disjoint from the other, and we call I the border of {J;,J2}. We need the following lemma,
which is proved simply by applying 2.2 to each initial interval of L:

4.1 Let H be a graph, let L be a line, and for each t € L let Cy C V(H), such that:
o V(H) = UL C:
o forallty,ta,t3 € L, if t1 <p to < t3 then Cyy N Ctg C Cy,; and

e for every edge mn € E(H), either there exists t € L with m,n € Cy, or {Jp, Jn} is an abutment
in L (where Jy,, ={t € L:m € C} and so on).

Suppose that k > 0 is an integer such that:
o |C| <k for eacht € L; and

e for every initial interval I of L, there are at most k edges mn of H such that {Jp, J,} is an
abutment with border I.

Then H has pseudo-line-width at most k.

The main result of this section is:

4.2 For all k,r, if G admits a line-decomposition (L, (B : t € L)) such that for each t € L, By is
the union of at most k sets each with diameter at most r in G, then G admits a (7, 3)-quasi-isometry
to a graph with pseudo-line-width at most k.

Conversely, for all L,C > 1, if G admits an (L, C)-quasi-isometry to a graph with pseudo-line-
width at most k, then G admits a line-decomposition (L, (B :t € L)) such that for eacht € L, By is
the union of at most k sets each of diameter at most 2L(L + C) + C.

The second half of the theorem is proved exactly as 2.1, changing “path” to “line” in the appro-
priate places, and we omit it. Moreover, the discussion in the paragraph before the statement of 2.3
applies equally to line-decompositions; so to prove 4.2 it suffices to prove the following:

4.3 For all k, if G admits a line-decomposition (L, (By : t € L)) such that k(By) < k for eacht € L,
then G admits a (7, 3)-quasi-isometry to a graph with pseudo-line-width at most k.

Proof. By 3.2, there is a striation (o, (J, : n € N)) for (L,(B; :t € L)), such that for each t € L,
{n e N:te J,}| <rk(B;) <k.Let H be a graph with vertex set N, defined as follows.

e Distinct n1,no € N are adjacent in H if there are adjacent vy, ve € V(G) such that n; € o(vy1),
ng € o(ve2), and
Iy, N Jpy N Ly N Ty # 0.
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e In addition, for every initial interval I of L and every component C of the I-split, let C’ be the
set of v € C such that there exist m,n € N with o(v) = {m,n}, J,, C T and J, NI = (). For
each C' with C" # (), choose exactly one v € C’ (called the (I,C)-representative.), and make
the members of o(v) adjacent in H.

We deduce:
(1) H has pseudo-line-width at most k.

For each t € L, let Cy be the set of all n € N such that ¢ € J,,. It follows that V(H) = |J,¢;, Ct, and
for all t1,t9,t3 € L, if t1 <y, to <y, t3 then Ct1 N Ct3 - CtQ.

We claim that for every edge ming € E(H), either there exists t € L with ny,ne € Cj, or
{Jny, Jny } is an abutment in L. To see this, let nyny € E(H). If there are adjacent vy, vy € V(G)
such that there exists t € I, N Jp, N Ly, N Jp, # 0, then t € J,,, for i = 1,2, and so n1,ny € Cy, as
claimed. On the other hand, if there exists v € V(G) with ni,ns € o(v), then o(v) = {ni,n2}, and
{JnysJn, } is an abutment, as claimed.

Next, we claim that

e |Cy| <k for each t € L; and

e for every initial interval I of L, there are at most k edges mn of H such that {.J,,, J,} is an
abutment with border I.

To see the first statement, let ¢ € L. From the choice of the striation, the number of n € N such
that ¢ € J, is at most k, and so |Ct| < k. For the second statement, let I be an initial interval of L
and let S be the I-split. Let F' be the set of edges mn € E(H) such that {J,,, J,} is an abutment
with border I. For each mn € F, since J,, N J, = (), mn is contained in E(H) because of the second
bullet in the definition of H; and so there is an initial interval I’ of L and a component C of the
I’-split such that o(v) = {m,n} where v is the (I’,C)-representative. Thus I’ is the border of the
abutment {.J,,, J,}. On the other hand, since mn € F, it follows that I is the border of {J,,, J,},
and so I’ = I. Since G[S] has at most k components, and there is at most one (I, C)-representative
for each component C, it follows that |F| < k. From 4.1, this proves (1).

For each v € V(G), let ¢(v) be some member of o(v). To complete the proof, we will show that
¢ is an (7, 3)-quasi-isometry from G to H.

(2) For each v € V(G), if m,n € o(v) then distg(m,n) < 3. Consequently, for each n € V(H),
there exists v € V(G) such that distg(¢(v),n) < 3.

Since m,n € o(v) and we may assume that m # n, it follows that {.J,,, J,} is an abutment; let
I be its border, and let S be the I-split. Since I, N J,,, I, N J, # 0, it follows that v € S; let C
be the component of S containing v. Since v € V(C) and {.J,,, J,} is an abutment with border I,
it follows that there is an (I, C)-representative v’ say. Thus v,v’ are equal or adjacent in G. Let
o(v') = {m/,n'} where J,y C I and J,y NI = 0; so m',n' are adjacent in H. If v/ = v then m' =m
and n’ = n and disty(m,n) < 1 as required, so we assume that v’ # v. Since v,v" € S, there exists
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t € I such that v,v" € B;. But I, C J,,UJ,, and so I, NI C .J,,, and therefore t € I, N .J,,. Similarly
te lyNJy, and so
I, N Ty N Ly O Ty # 0,

and therefore m, m’ are equal or adjacent in H from the definition of H. Similarly n,n’ are equal or
adjacent, and so distg(m,n) < 3. This proves the first statement of (2).

For the second statement, let n € V(H), and choose v € V(G) with n € o(v) (this is possible from
the definition of a striation). We may assume that ¢(v) # n, and so ¢(v) = m where o(v) = {m,n}.
Consequently distz (¢(v),n) < 3 by the first statement. This proves (2).

(3) For all u,v € V(G), distg(p(u),d(v)) < 7distg(u,v).

First, let us assume that u,v € V(G) are adjacent. Since (L, (B :t € L)) is a line-decomposition,
there exists t € L with u,v € B;. Since t € I, C Umeg(u) Jm, there exists m € o(u) with t € Jp,,
and similarly there exists n € o(v) with ¢t € J,,. Consequently distg(m,n) < 1, since

I.0J,NI,NJ, #0.

But by (2), distg(é(u),m) < 3, and distg(¢(v),n) < 3, and so distg(¢p(u),p(v)) < 7. Hence, for
every choice of u,v € V(G), it follows that disty(¢(u), ¢(v)) < 7diste(u,v), by summing what we
just proved over the edges of a shortest path of G joining u,v. This proves (3).

(4) For all u,v € V(G), and all m € o(u) and n € o(v), if m = n then distg(u,v) < 3 and if
m,n are adjacent in H, then distg(u,v) < 7.

If m = n, then distg(u,v) < 3, since {w € V(G) : n € o(w)} has diameter at most three from
the definition of a striation. Thus we assume that m # n. There are two reasons why m, n might be
adjacent in H: either

e there are adjacent vy, ve € V(@) such that m € o(v1), n € o(vy), and there exists
t € Iy, O J O Ly, O
or

e there is an initial interval I of L and a component C of the I-split, and w € C such that w is
the (I, C)-representative and o(w) = {m,n} where J,,, C I and J, NI = 1.

In the first case, since m € o(u)No(vy), it follows that distg(u,v1) < 3, and similarly distg (v, v2) < 3,
and so distg(u,v) < 7. In the second case, since m € o(u) N o(w) it follows that distg(u,w) < 3,
and similarly distg (v, w) < 3, and so distg(u,v) < 6. This proves (4).

(5) For all u,v € V(Q), distg(u,v) < 7distg(¢(u), p(v)) + 3.
Let d = disty(¢(u),¢(v)). As before, we may assume that d > 1. Let P be a shortest path of
H between ¢(u), d(v), and let its vertices be ny,...,ng in order, where ng = ¢(u) and ng = ¢(v).

For each i € {1,...,d — 1}, choose v; € V(G) such that n; € o(v;); and define vg = v and vg = v.
Hence, by (4), for 1 <1i <d, distg(vi—1,v;) < 7, and so distg(u,v) < 7d. This proves (5).
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From (2), (3) and (5), it follows that ¢ is a (7,3)-quasi-isometry from G to H. This proves
4.3. i
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