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INTRODUCTION

It is now nearly a decade since the theories of perverse sheaves and of the /-
adic Fourier transform came into being and gave fundamental new insights into
the behavior of additive character sums over finite fields. Most of these insights
were spellings out of the basic fact that the Fourier transform of a perverse
sheaf is itself a perverse sheaf, a statement that amounts to a succession of
vanishing statements for various compactly supported cohomology groups. This
vanishing, applied to input perverse sheaves that are “mixed”, is transformed
by Deligne’s fundamental Weil II results into archimedean estimates for the
corresponding sums.

In this paper, we show that a wide class of /-adic “affine cohomological
transforms” shares with the Fourier transform the fundamental property of
carrying perverse sheaves to perverse sheaves.

To define these transforms, fix a field k of finite characteristic p > 0, a
prime number [/ # p, integers n > 1 and m > 1, an affine k-scheme V of
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finite type, a k-morphism f: V — A", a quasi-finite k-morphism 7: VA",
and a “kernel” K in D’(A”™, Q,). We denote by Aff Maps(A”, A™) the affine
space of affine maps x — Ax+b from A" to A™. We consider the morphism

fig: V x Aff Maps(A”, A™) — A™
defined by
Jaggt (v, 4,0) = f(v) + Ar(v) + b := [ ,(v).

We get a transform from Df(V, Q) to Df(Aﬁ‘ Maps(A", A™), Q;) by map-
ping L on V to R(pr,),(priL ® f,gK)[nm] on Aff Maps(A”, A™) via the
correspondence diagram

L on o P K on
V. — V xAffMaps(A”",A™) =L A"
or,
Aff Maps(A", A™)

The main technical result is that, if the kernel K is a perverse sheaf on A"
with the property that H (A" ® k, K) = 0, then the transform

L~ R(pr,),(priL ® f .K)[nm]

carries perverse sheaves on V' to perverse sheaves on AffMaps. This is the
main content of §1.

When the field k is finite, the diophantine interpretation of such transforms
is given by the Lefschetz Trace Formula. For any finite extension E of k,
the trace function of the transform of L on E-valued points of AffMaps is
given in terms of the trace functions K(x, F) and L(v, E) of K and L on
E-valued points of A”™ and V respectively by the rule

(4, b)in AffMaps(E) — (—1)"" >~ L(v, E)K(f(v) + An(v) + b, E).
' CV(E)
To the extent that the trace functions of K and L have interpretations as some
sort of “exponential sums”, the trace function of the transform is thus a “sum
of exponential sums”. , _
Where does the original Fourier transform fit into this picture? Take m = 1
and K the perverse sheaf .‘i”w[l] on Al , where Ii’j,, is the lisse Artin-Schreier

sheaf of rank one on A' corresponding to a nontrivial additive character ¥ of
a finite subfield of k. The resulting transform of L is essentially the Fourier

transform of 7,(L®.Z, ).

[To be more precise, if we view AffMaps(A”, A') as the product of
LinMaps(A”, A') with A', corresponding to coordinates (4, b), then the
transform of L is the external tensor product of the Fourier transform
FT,(m(L®%,,)) on LinMaps(A”, A') with Z,[1] on A" ]

But there are a plethora of perverse sheaves K on A! with the property that
HC(A\l ®k, K) =0, and each of them defines an affine cohomological transform,
which preserves perversity.
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Perhaps the most striking examples, after .?W[l] , of perverse sheaves K on
A" with the property that H C(A' ®k, K) = 0 are the perverse sheaves jli’}[l] ,
where .SZ; is the lisse rank one Kummer sheaf on G,, defined by a nontrivial
multiplicative character x of a finite subfield of k, and j: G, — A" is the
inclusion.

That the theory applies both to ,S’W[l] and by j!,.i’;[l] may be regarded as
a “weak unification” of the theory of additive and of multiplicative character
sums. To fix ideas, suppose that k is a finite field, and that V' is smooth and
geomegically irreducible of some dimension d, so that the shifted constant
sheaf Q. y[d] is perverse on V and, hence, may serve as an L. Let us recall
the crude diophantine consequences of the fact that the transforms defined by
,S”w[l] and by j,.i”x[l] preserve perversity.

With K =% [1] and L =Q, ,[d], the trace function of

R(pr,),(priL ® f ,¢K)[n]
on E-valued points, where E is any finite extension of k, is the additive

character sum sl
n+d+
(=1) Z v (f(v) + Ar(v) + b),
V(E)

where y, is the composition of y with the trace from E to k.
With K = j.Z[1] and L = Q, ,[d], the trace function of

R(pry),(pr{L ® f ¢K)[n]
on E-valued points, where E is any finite extension of k , is the multiplicative

character sum del
(=1 4 (f(v) + An(v) + b),
V(E)

where x, on E™ is the composition of y with the norm from E™ to k™,
extended by zero to all of E.

In each of these cases, the perversity, together with Deligne’s Weil 11, implies
that for each given nontrivial ¥ or y, say p, there exists a constant C P and

a dense open set U p of (A4, b)’s over which we have the estimate

> pp(f () + An(v) +b)| < C,(gp) ",

V(E)

The diophantine consequences of the general theory are worked out in §1V.

Other perverse sheaves K on A' with the property that HC(Al Rk,K)=0
are the sheaves j #[1], j: G, — A' the inclusion, where .# is either a
Kloosterman sheaf K1, (x,,..., x,) or more generally a hypergeometric sheaf
(W Xy X5 Pys -+ s Pyy) > At least one of whose g, is trivial.

Still with m = 1, yet another perverse sheaf K on A' with the property that
H(A'®k,K)=0is Rj,Q,[1], for j:G, — A' the inclusion. The fact that
the corresponding transform preserves perversity implies a quite general form
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of the weak Lefschetz theorem,; this is the subject of §III. Deligne has explained
to me a simpler, more direct proof of weak Lefschetz. His proof is given in the
Appendix.

In addition to preserving perversity, another special property of the Fourier
transform is to carry perverse irreducibles to perverse irreducibles. Our more
general transforms lack this property in general, however, if m =1 and if the
map n: ¥V — A" is a closed immersion, then for a given perverse irreducible L
on V, its transform R(pr,),(pr;L ® f ,zK)[n] will be perverse irreducible on
Aff Maps provided we take K to j!i”x[l] with x a multiplicative character
of sufficiently high order. By the Fourier transform theory, we also have this
irreducibility if we take K to be %[1] . In this sense, too, our theory “unifies”
results for nontrivial additive y ’s and for multiplicative y ’s of sufficiently high
order.

In the case m > 1 and the map n: V — A" a closed immersion, we prove
irreducibility results of a similar flavor. These include a result conjectured by
Dwork and the /-adic analogue of a Z-module result of [GKZ] over C. We
also prove under these conditions that over a finite field, if K and L are each
perverse irreducible and pure, then the “highest weight part” of the transform
R(pr,),(priL® ;ﬂ»K ){nm] is perverse irreducible. These irreducibility results
are worked out in §II.

In §V, we compute the monodromy groups attached to (the restriction to

a dense open set of Aff Maps(Al , Al) , where it is the shift of a single lisse
sheaf) the transforms corresponding to the two-parameter family of multiplica-
tive character sums in one variable

(a,b)~ Y x(f(x)+ax+b).
Al

(With x replaced by y, the monodromy was computed in [Ka3].) For n > 1
and a polynomial f in n variables, it would be very interesting to compute
the monodromy groups of the (n + 1)-parameter families of character sums in

n variables
(al,...,an,b)»—»ZP(f(x)"'Zaixi‘*'b) )
A

both for p =y and for p=y.

I first learned the idea that character sums involving a polynomial f in n
variables “get better” if one adds to f a general ) a,x;+ b term and that one
can say interesting things about the dependence of these sums on (a;’s, b),
from a paper [DL] of Davenport-Lewis, cf. also [Ka2]. The idea of thinking
systematically about “sums of exponential sums”, e.g., taking a kernel K corre-
sponding to Kloosterman sums, was inspired by a question Iwaniec once asked
me about certain sums of Kloosterman sums. I would like to thank Steve Sper-
ber for the use of his notes of lectures I gave at the University of Minnesota in
July 1990 on the material in §§I-IV of this paper.

I. THE MAIN TECHNICAL RESULT

1.0. Throughout this section, we work over a field k£ of characteristic p. We
fix a prime number / # p. On variable separated k-schemes of finite type X
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we will work systematically with objects of Df(X , Q).

1.1. Recall [BBD, Chapter 4] that an object K of Df(X s @1) is called semiper-
verse if its cohomology sheaves #'(K) satisfy

dim Supp(#'(K)) < —i, for every integer i.
An object K is called perverse if both K And its Verdier dual
—
Dy, K = RHom(K, f'Q)),

f: X — Spec(k) denoting the structural morphism, are semiperverse. The
main facts about perversity, semiperversity, and duality that we will use are the
following [BBD, Chapter 4].

(I.L1.1) If f: X — Y is an affine morphism, then K — Rf K preserves
semiperversity.

(1.1.2) If f: X — Y is a quasi-finite morphism, then K — Rf K preserves
semiperversity.

(1.1.3) If f: X — Y 1is an arbitrary morphism whose geometric fibres all
have dimension < d,then L — f*L[d] preserves semiperversity.

(1.1.4) Duality interchanges Rf, and Rf,.

(1.1.5) Duality interchanges f' and f*. . :

(1.1.6) If f: X — Y is a smooth morphism everywhere of relative di-
mension d, then f = f*[2d](d). Consequently f*[d](d/2) is self-dual and
K — f"K[d] preserves perversity.

(1.1.7) If X is smooth over k, purely of dimension 4, then for any lisse
Q,-sheaf . on X, F[d] is preverse and Dy, (F1d]) = FV[dd).

(1.1.8) If X is alocal complete intersection over k , purely of dimension 4,
then for any lisse @l-sheaf & on X, F[d] is preverse.

1.2. For each integer r > 0, we denote by A, , or just A" if no confusion is
likely, the r-dimensional affine space over k.
Fix nonnegative integers n, m, and consider the following data:
V', a separated k-scheme of finite type;
f:V — A™ an arbitrary morphism;
n:V — A" a quasi-finite morphism;
K , semiperverse on A" ;
L, semiperverse on V.

1.3. We denote by AffMaps(A”, A™) the affine space over k of dimension
nm + m consisting of all affine maps from A" to A™, i.e., the space of all
maps from A” to A” of the form x — Ax+b, with A alinear map from A"
to A” and with b in A™. We will systematically use the coordinates (A4, b)
on Aff to identify it with the product

Aff Maps(A”, A™) = LinMaps(A", A™) x A",
1.4. We now consider the morphism

fig: V x Aff Maps(A”, A™) - A",

fg: (W, 4, D)= f(v)+ An(v) + b := fA'b(v)
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and the correspondence diagram

L on o K on
vV &L ¥ xAffMaps(A", A™) Zm  A™
pry
Aff Maps(A", A™).
1.5. Main Theorem. Notation and hypotheses are as above, i.e.,

k, a field of characteristic p # 1 ;

V', a separated k-scheme of finite type;

f:V — A", an arbitrary morphism;

n:V — A", a quasi-finite morphism;

K, semiperverse on A" ;

L, semiperverse on V .
Suppose further that either H.(A" ®k, K) =0 or H(V ®k, L) =0. Then the
object M := R(pr,),(pr{L® f ,cK)[nm] on Aff Maps(A", A™) is semiperverse,
and

H_(Aff Maps(A", A") o k, M) =0.

Before beginning the proof, we give the main application.

1.6. Perversity Corollary. Hypotheses and notation are as in Theorem 1.5. We
have:

(1) The dual DM of M is R(pr,) (priDL® f ;:DK)[nm](nm).
(2) Suppose in addition that
V is affine,
K is preverse on A",
L is perverse on V .
Then M is perverse on Aff Maps(A", A™).

Proof. (1) Because duality interchanges R(pr,), and R(pr,), , we have
DM = R(pr,),D((priL ® f .¢K)[nm]).
In the coordinates (v, 4, b) on V x AffMaps(A”, A™), which identify
V x Aff Maps(A", A™) = ¥ x LinMaps(A", A™) x A",
consider the automorphism ¢ defined by
g:(v,A,b)— (v, A4, b+ An(v) + f(v)).

In terms of the projections of ¥ xLin Maps(A", A™)xA™ onto its three factors,
we have

pry=pryog,  pry=pr,ca, Jag=Pryo 0.
Therefore
(priL e f gK)inm] = (pri L) ® (0r;Q; LinmapsltM]) ® (f 16K)
= a‘((pr;L) ® (pr;@l,Lin Maps[nm]) ® (pr;K))
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Now Dog*=g'oD=0"0oD, since ¢ = ¢* for an automorphism o, so we
have, in fact,
D((priL ® f ,cK)[nm])

=D(o"((pr; L) ® (Pr;Q; 1in maps[ 7)) ® (973 K))

= 0" D((prL) ® (01;Q, Lin maps[#M]) ® (013K))

= 0" ((pr; DL) ® (pr,Q;, inmapslnm](nm)) ® (pr; DK))

= (pr;DL ® f .zDK)[nm](nm).
This proves (1).

For (2) we argue as follows. In view of Theorem 1.5, M is semiperverse, so

we need show only that its dual DM is semiperverse. Because V' is affine, the
morphism pr, is affine, so it suffices to show that D((pr;‘L ®f ;EK M[nm]) is

semiperverse. We will show that it is in fact perverse. In the proof of (1), we
saw that

D((pri L ® f xK)nm)) = 6" (pr; DL) ® (03 Q; 11 wiapsnm1(nm)) ® (913 DK))

is the pullback by an automorphism of the external tensor product of perverse
sheaves DL, Ql,Lin Maps[nm] , and DK on the three factors and so is perverse
[BBD, 4.2.8], as required. Q.E.D.

1.6bis. (Dual) Perversity Corollary. Notation and hypotheses are as above, i.e.,

k, a field of characteristic p # 1 ;

V', a separated k-scheme of finite type;,
f:V — A", an arbitrary morphism;
n: V — A", a quasi-finite morphism;
K, perverse on A™;

L, perverse on V .

Suppose further that V is affine and that either H(A" ® k,K) = 0 or
H(V ®k, L)=0. Then the object M := R(pr,),(pr;L ® [ ;K)[nm]l(nm) on
AffMap(A", A™) is perverse, and

H(AffMaps(A", A")® k, M) = 0.

Proof. This is the previous result, with K, L, and M replaced by their duals
DK, DL,and DM . Q.E.D.

1.7. Proof of the main theorem, via Fourier Transform.

1.7.1. Our main technical tool will be the Fourier Transform. Fix a nontrivial
additive Q,-valued character y of F,, so that we may speak of the sheaf

_E*”W on A]; . For any F,-scheme X and any function f on X, viewed as a
P
morphism to A]lF , we may form .S’j/,m = f '_S’W on X. For S an arbitrary
14

]Fp-scheme, E a vector bundle over S of some rank r, and E’ the dual
vector bundle, with duality pairing (e, e’), the Fourier Transform FT v from
Df(E , @,) to Df(EV R @,) is defined in terms of the two projections of E x E’
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onto its factors by

(1.7.1.1) FT,(K) := R(pr)),(pr; K ® Z,, ~))Ir].
1.7.1.2. One knows [Br, 9.3] that FT, is essentially involutive in the sense that
(1.7.1.3) FT,(FT,(K)) ~ [e — —e]'K(-r)

and that K — FT (K) preserves semiperversity (because the natural “forget
supports” map

(1.7.1.4) FT,(K) = R(pr,),(pr; K ® %, , ~)Ir]
is an isomorphism, cf. [Kala, 2.4.1]).
1.7.2. So in order to prove the theorem, namely, that
M := R(pr,),(pr;L ® f .K)[nm]
on Aff Maps(A”, A™) is semiperverse, it suffices to show that its Fourier Trans-
form FTW(M ) is semiperverse, where we consider Aff Maps(A”, A™) as a vec-

tor bundle over .S = Spec(k). This is a geometric statement, so we may and
will suppose henceforth that k is algebraically closed.

1.7.3. To carry this out, we will need to make explicit the dual of
Aff Maps(A", A™). For this, use coordinates (4, b) to view

Aff Maps(A”, A™) = LinMaps(A", A™) x A"
= LinMaps(A”, A™) x LinMaps(A', A™).
Its dual is then
Lin Maps(A™, A") x LinMaps(A™, A'),
with coordinates (W, z) and pairing
(4, b) x (W, z) v Tr(AW + bz),
where Tr is the trace function on End(A™) = {m x m matrices}.
1.7.4.  In the calculations to follow, certain subvarieties % > %, O # * of the
space LinMaps(A™, A") x LinMaps(A™, A') will play an important role. To
describe them, it will be convenient to think of the space Lin Maps(A™, A") x
Lin Maps(A™, A') as being the space Lin Maps(A™, A"™"), i.e., to think of the

point (W, z) as being the (n+ 1) x m matrix obtained by concatenating z to
W as bottom row.

1.7.5. Wedefine % to be the closed subvariety of the space Lin Maps(A™, A")
x Lin Maps(A"™ , Al) consisting of those points (W, z) for which

rank(W, z) < 1.
1.7.6. We define 5?0 to be the constructible subset of % where
rank(W, z) < rank(z).

The geometric points of %, are those (W, z) such that each row of W is
proportional to z.


mailto:@~,,e,evl)[rl
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1.7.7. We define #” to be the open subvariety of # where
rank(z) = 1.
Equivalently, %" is defined by the conditions
rank(W, z) = rank(z) = 1.
1.8.1. Lemma. The map

A" x (LinMaps(A™, A"y = {0}) - #*,  (x,z#0)— (xz, 2)
is an isomorphism.
Proof. The conditions
rank(W, z) = rank(z) =

are precisely that some component of z is invertible and that each row of W is
proportional to z. The point x in A" is simply the vector whose components
are these factors of proportionality. Q.E.D.

1.8.2. Lemma. For any situation such that

k is algebraically closed of characteristic p # 1,

V is a separated k-scheme of finite type,

f:V — A" is an arbitrary morphism;,

n:V — A" is an arbitrary morphism;

. b .

K isin Dg(Am,_Q,),

L isin D (V,Q));
the object M := R(pr,),(pr;L ® f ,gK)[nm] has FT (M) supported in %, .
If, in addition, either HC(A'",K) =0 or H(V,L) =0, then FT (M) is
supported in Z" .

Proof. We first calculate punctually the Fourier Transform of M . We abbre-
viate Aff Maps(A”, A™) as Aff. The stalk of FT, (M) at (W, 2) is

FT (Af, M ® Z w(Tr( AW +bzy) P+ m]),
which by the derived form of the Leray spectral sequence is
= RT(V x Aff, priL ® f ;qK[nm] ® Z,, 1 aw bz lnm + m)).
In terms of the automorphism ¢ introduced above,
o:(v,A4,b)— (v, A, b+ An(v) + f(v)),
we may rewrite pr,L ® f;zK as o"(pr{L ® pr;K), so our stalk becomes
= RT'(V x Lin xA" o (prlL ®pr3 K)o Z W (Tr(Aw by 2nm + m])
~ RT,(V x Lin xA™, 0" (pr{L ® pryK) ® 6, %, 1 aw 15z [2nm + m))
= RT,(V x LinxA", pr/L® pr;K ® N)[2nm + m],
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where
=0 "Z//(Tr(AW+bz))
=’Z//(Tr(AW+bz —An(v)z—f(v)z))
= 2 T AW —2)2)) ® Ly (Te(— f0) )@ L p(Tr(b2))"

By the Kunneth formula [SGA4, XVII, 5.4.3] for RT",, we may rewrite our
stalk as a tensor product X ® Y, with

X :=RT (V xLin, priL®Z, 1 qw- n(v)z)) ® L1y Tr(— fw)zy[27M])
Y :=RT’ (A K%L w(rrpzylm]) == FT (K),.
We now show that the X factor vanishes when we are at a point (W, z),

which is not in %, i.e., one for which W —xz # 0 for any x in A" . We will
compute

X :=RT(V xLin, pr/L ®°7.,/(u(,4(w—n(v)z))) ® L, e fwyzy[2nm])
by using the (derived form of the) Leray spectral sequence for the map
r;:VxLin—V.
By the projection formula, we have
X =RE(V, L®Z 1y )2 [2nm] ® R(OT)(Zy (v aw —nyany)-

Because (W, z) is not in %, we have W — n(v)z # 0 for any v in V.
Therefore for fixed (v, W, z), A+ Tr(A(W — =(v)z)) is a nontrivial linear
form, and hence, looking fibre by fibre over V', we see that

Rpr)(Z, e aw —nwyzy)) =
[Indeed, for any nontrivial linear form ¢ on an affine space E, one has
RT.(E, _S’;/,(m) = 0; by taking ¢ as one of the coordinates in E’ and the

dual basis of E, one reduces by Kunneth to the case when E is A' and to the
vanishing of RI"C(A1 R ,‘Zw) .] Thus we have proven that FT (M) is supported
in &%, .

The only geometric pomt of %, not in Z* is (0,0). At this point, X
becomes

X = RT(V x Lin, pr{L)[2nm]
=Rl (V, L)® RT (Lin, Q)[2nm]

= RT' (V, L)(—nm)

1(0,0)

and Y becomes m

Y|(o,0) = RT (A", K[m]).

Thus at (0, 0), the stalk of our Fourier Transform is
RT,(V,L)®RT,(A™, K)[m](~nm),

which visibly vanishes if either RT' (V', L) or RT C(A'" , K) vanishes. Q.E.D.
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1.8.3. Lemma. With the notation of the lemma above, for any situation such
that

k is a field of characteristic p # [
V is a separated k-scheme of finite type;,
f:V — A™ is an arbitrary morphism;
n: V — A" is an arbitrary morphism;
K isin D’(A™,Q);
L isin Df(V, Q);
the restriction of FT (M) to Z" = A" x (LinMaps(A™, A") — {0}), with coor-
dinates (x, z), is given as follows. On the product
¥V x (LinMaps(A™, A") — {0}),
with coordinates (v, z), consider the object
priL ® pr,FT,(K) ® 2, 1 f10):2)-
Consider the morphism
¥V x (LinMaps(A™, A') — {0})
| (zxid)
A" x (LinMaps(A™, A') — {0})
We have
FT,(M)|%" = R(n x id),(pr] L ® pryFT,(K) @ L, 1y )z (=11M).

Proof. By proper base change and the projection formula, the restriction
FT,(M)|Z" is given in terms of the map

pry: V xLinxA” x #° —» #*
in coordinates (v, 4, b, x, z, ) — (x, z) as
R(P"4)!(P"TL ® f:ffK ® %(Tr(AW+bz)))[2nm + m]

Remembering that W = xz on Z#", and using the automorphism ¢ as we did
in the punctual case above, we rewrite this as

R(pr),(priL ® pr;K ® N)[2nm + m],

where N := 2 . 10z ® Lytr—fw)z) © 2, vz - BY factoring pr,

through the projection onto V¥ x Lin x %", which amounts to summing over
b, we may rewrite this in terms of the morphism

pry 42 V x Lin xH - R
in coordinates (v, A, x, z) — (x, z) as
R(pr; 4)\(pr L& FT,(K), ® 2,1 ax—non)2) ® Lotz [21M]-

The next step is to factor pr; , through the projection pr, ; , onto
V x #",ie., to sum over A. For this, we must calculate

R(pry 3, ) (Zyre(ax -y 201




160 N. M. KATZ
By proper base change, this is the pullback by the map

V x %" - Lin’ := LinMaps(A™, A"),
(v,x,z)— (x—n(v))z
of the Fourier Transform of the shifted constant sheaf @,[nm] on Lin; but
this Fourier Transform is the delta function @,,0(—nm) at the origin of Lin" .
So if we denote by .2~ the closed subvariety of ¥ x %" where the function
(x — m(v))z vanishes,
Z={(,x,z)in V x. %" where (x — n(v))z = 0},
we have _
R(prl,3,4)!("'(Zy/(Tr(A(x—n(v))z)))[2nm] ~Q; z(—nm).
Denote by pr2’3|_‘Z‘ the map

pr2’3|_‘Z‘:_‘Z’—>Z’*, (v,x,z)inZ — (x, z).
By the projection formula, we have
FT,(M)|Z" ~ R(pry 5| Z),(priL @ FT (K); ® L), 11 j)zy)) (—1M).-

Since z # 0 in %", the vanishing of the matrix (x — n(v))z is equivalent
to the vanishing of the vector x — n(v). In other words, the subvariety .Z of
VxR ~V xA" x (LinMaps(A™, A') — {0})
is none other than the product with the third factor of the graph of the map

n:V —A":

Z =T, x (LinMaps(A™, A") — {0}).
If we identify the graph I, with its source V', then Z° becomes the product
V x (LinMaps(A™, A') — {0}),

priLoFT (K),®Z

V(T—fw)z) O Z

becomes

priL®prFT,(K)®.2Z, on V x (LinMaps(A™, A') - {0}),

(Tr(—f(v)2))
and the map pr, ,|Z: Z - %", (v, x, z) in Z — (x, z) becomes the map

V x (LinMaps(A™, A') — {0})
|l (xxid) : (v, 2)—(n(v), 2)
A" x (LinMaps(A™, A') — {0}). Q.E.D.

With these lemmas, the proof of Theorem 1.5 is immediate. Under the hy-
potheses of the theorem, FTW(M ) is supported in %" by Lemma 1.8.2. Since
extension by zero preserves semiperversity, it suffices to show that FTW(M ) 1is

semiperverse on #Z" . On #" it is

R(m x id)!(prrL®pr;F1"W(K)®_? Y(—nm).

w(Tr(—f(v)2))
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Since 7 is quasi-finite so is 7 x id, and so R(m xid), preserves semiperversity.
It remains to show that

(priL @ pryFT, (K) & Ly piy)z)(=1m)
on V x (LinMaps(A™, A') — {0})

is semiperverse.

Tensoring with a lisse sheaf, here %(Tr(_ f(v)z))(—nm) , preserves semiper-
versity, so we are reduced to the semiperversity of the external tensor product
prr L® pr;FTW(K ); but the external tensor product of semiperverse objects
is semiperverse, so we are reduced to observing that L is semiperverse on
V' by hypothesis, FT (K) is semiperverse on (Lin Maps(A™ , A') — {0}) be-
cause K is semiperverse on A” , and Fourier Transform preserves semiperver-
sity. Q.E.D.

II. RESULTS ON IRREDUCIBILITY AND PURITY
2.1. Irreducibility of the highest weight part.

2.1.1. Theorem. Suppose that:

k is a finite field of characteristic p # [ ;

V' is an affine k-scheme of finite type;

f:V — A" is an arbitrary morphism;

n:V — A" is a closed immersion;

K is perverse on A", geometrically nonconstant, geometrically irre-
ducible, and pure of weight o ;

L is perverse nonzeroon V , geometrically irreducible, and pure of weight

B
and either H(A" @k, K)=0 or H(V ®k,L)=0. Then:

(1) The perverse sheaf M :=R(pr,),(pr; L®f cK)[nm] on Aff MapsA”,A™)
is mixed of weight < a+ B + nm and is nonzero.

(2) Its highest weight quotient (of weight = a+ B+ nm) as a perverse sheaf
[BBD, 5.3.5] is geometrically irreducible.

(3) M is geometrically irreducible if and only if M is pure of weight a +
B+nm.

Proof. That M is perverse was proven in the Perversity Corollary 1.6. That
M is mixed of weight < a+ f + nm follows from the main result of Deligne’s
Weil II [De, 3.3.1, 6.2.3].

We will prove (2) and (3) on the Fourier Transform side, where they become
the statements that the highest weight quotient of FT (M) (of weight = a+ 8+
2nm+m) is geometrically irreducible as a perverse sheaf on Aff Maps(A”, A™)
and that FTW(M ) is geometrically irreducible if and only if it is pure of weight
a+ f+2nm+m.
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We have already proven that FTW(M ) is supported in the open subvari-
ety #Z* of the closed subvariety % of Aff Maps(A”, A™). Let us denote by
ji R - HF and i: B — Aff Maps(A”, A™) the inclusions. In terms of these,
we have proven that

FT, (M) =i,jj i{"FT,(M).
Now i, carries perverse irreducibles to perverse irreducibles and preserves the
filtration by the weight, so jij*i"FT (M) is perverse on %, and it suffices to
show that the highest weight quotient of j,j"i"FT, (M) (of weight a + § +
2nm+ m) is geometrically irreducible as a perverse sheaf on % .

We first claim that j*i*FTw(M ) on %" is perverse, geometrically irre-
ducible, and pure of weight a+ f+2nm+ m. To see this, we argue as follows.
Because the map n: V — A" is a closed immersion, Lemma 1.8.3 shows that
on #* ~ A" x (LinMaps(A™, A")—{0}), JTi"FT (M) is the extension by zero

from V x (LinMaps(A™, Al - {0}), with coordinates (v, z), of the object

priL®pr,FT (K)® 2, —nm).

(Tf(—f(v)Z))(
So it suffices to show that this object on

V x (LinMaps(A™, A") — {0})

is perverse, geometrically irreducible, and pure of weight a + f + 2nm + m.
Since ’CZV/(TF(— Fw)2) is lisse of rank one and pure of weight zero, tensoring with
it does not alter questions of perversity, purity of given weight, or geometric
irreducibility. So it suffices to treat the object pr; L ® pryFT ,(K)(—nm). This
is the external tensor product of L(—nm), which is perverse nonzero, geomet-
rically irreducible, and pure of weight a+2nm on V', with FT (K), which is
perverse nonzero (because K is geometrically nonconstant), geometrically irre-
ducible, and pure of weight o +m on (LinMaps(A™, Al) —{0}). An external
tensor product of perverse nonzero, geometrically irreducible, and pure objects
is itself perverse nonzero, geometrically irreducible, and pure of weight the sum
of the weights.

To conclude the proof of the theorem, we apply the following general lemma
to the situation X := %, U := %" and to the object N := ji"FT (M) on
U.

2.1.2. Lemma. Suppose we are given
k, a finite field of characteristic p # [
X, a separated k-scheme of finite type;,
j: U — X, an open immersion;
N in Df(U , @,), a perverse sheaf, which is pure of weight w , and such
that j,N is perverse on X .
Then:
(1) The weight w quotient of jN is the middle extension j, N, which is
perverse and pure of weight w . Moreover, jN = j, N ifandonly if j N is pure
of weight w .
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(2) If, in addition, N is nonzero and geometrically irreducible on U, then
the middle extension j, N is perverse nonzero, geometrically irreducible, and
pure of weight w . Moreover, j N is geometrically irreducible if and only if it is
pure of weight w .

Proof. For any open immersion j: U — X and any perverse N on U, the
middle extension j!*N is defined [BBD, 1.4.22] in terms of the perverse coho-

mology sheaves *#°(j J,N) and *# ORj j,N) (°j,N and ?j N in the notation
of [BBD, 1.4.15]) as the image of the canonical map

JuN = Image(pZ’ (N )—»pi[/ (Rj,N)).
In our situation, j,N is perverse by hypothesis, so we may rewrite the middle
extension as ’
Ji N = Image(j,N — *#°(Rj,N)).
The key point is that this description shows that there is a canonical surjective
map of perverse sheaves on X

JN - j, N.

Now in ch(X, @1) , if we denote by Z := X — U, i: Z — X the inclusion,
then we have a tautological triangle

0—i,i"j,N[-1] - jN - j,N—0.
Since the map j,N — j!_ N is a surjection of perverse sheaves, it follows from
[BBD, 1.2.2, 1.2.3] that i*i*j,*N[—l] is perverse and that

0—i,ij,N[-1]— jN = j, ,N—0,
is a short exact sequence of perverse sheaves on X .

By [BBD, 5.4.3], j, N is pure of weight w . Therefore i, J* Ji N is mixed of
weight <w; hence, i i" Ji.N[—1] is mixed of weight < w —1. This shows that
j,*N is 1ndeed the welght w quotient of j N . Therefore the map jN — j, N
is an isomorphism if and only if j, N is pure of weight w . This proves (1).

To prove (2), suppose now that N is perverse nonzero and geometrically
irreducible on U . It follows form the explicit description of irreducibles [BBD,
4.3.1] that j N is perverse and geometrically irreducible on X . If N is
pure of weight w, the fact that j, N is its weight w quotient shows that
JiN = j, N and, hence, that j,N is geometrically irreducible. Conversely, since
N is perverse nonzero, j,, N is nonzero. So if j, N is geometrically irreducible,
the map j,N — j, N must be an isomorphism, whence JiN is pure of weight
w. QE.D. '

2.1.3. Corollary. Hypotheses and notation are as in Theorem 2.1.1. Suppose
that there exists a dense open set U of Aff Maps(A", A™) on which M :=
R(prz)!(prrL ® f;ﬁK)[nm] is pure of weight a + B+ nm. Then M|U is geo-
metrically irreducible as a perverse sheafon U .

Proof. Let us denote w :=a+ B +nm, M(w) the weight w quotient of M .
Because M (w) is the highest weight quotient of M , by [BBD, 5.3.5] we have
a short exact sequence of perverse sheaves

O-M<w)—-M->Mw)-0
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on Aff Maps(A”, A™), with M(< w) mixed of weight < w . Formation of this
weight-filtration short exact sequence commutes with étale localization. Pulled
back to U, it gives

0> M<w)|U—- MU-> Mw)U - 0.
Since M|U is pure of weight w, we have
M|U = M(w)|U.

By Theorem 2.1.1, M(w) is geometrically irreducible. By the known struc-
ture [BBD, 4.3.1] of perverse irreducibles, M (w)|U remains geometrically ir-
reducible. Q.E.D.

2.1.4. Corollary. Hypotheses and notation are as in Theorem 2.1.1. Suppose
that there exists a dense open set U of Aff Maps(A", A™) on which M :=
(R(pry),(priL ® fzK)[nm] is lisse, i.e., M|U ~ F[nm+ m] with & a lisse
sheaf on U, mixed of weight < a+ B — m. Then the highest weight quotient
F (weight = a+ f — m) of F in the sense of [De, 3.4.1(ii)] is geometrically
irreducible as a lisse sheafon U .

Proof. Just as in the proof of 2.1.3, denote by M(w) the highest weight quo-
tient of M ; M(w) is geometrically irreducible by 2.1.1 and so M(w)|U is
geometrically irreducible on U. But M(w)|U is the highest weight quotient
of M|U =~ % [nm + m], and this highest weight quotient is

F (weight = a + f — m)[nm + m].

Thus the perverse sheaf .# (weight = a+ 8 —m)[nm+m] on U is geometrically
irreducible on U, and hence the lisse sheaf .# (weight=a+ 8 —m) on U is
geometrically irreducible as a lisse sheaf. Q.E.D.

2.2. An example and a question. Here is the motivating example. Take n =
m=1, V= Al , m the identity map, f: Al 5 A' a polynomial f(x) in one
variable of degree d > 2, x a nontrivial character of k™, L the sheaf Q1]
on ¥V =A', and K the sheaf j!_?;[l] on A'. If we view Aff Maps(Al , Al) as

the A? with coordinates (a, b) corresponding to x +— ax + b and write f, ,
for the polynomial

fa’b(x) =f(x)+ax+b,
then M := R(pr,),(pr{L ® f ;zK)[1] has

Z'(M), = H WU/ 10k, Z ).

The open set U of (a, b)-space where fa , has all distinct zeros is nonempty
(cf. 3.5). On U, the object M has lisse cohomology sheaves [La, 2.1.4] and

' (MU=0 forl#-2,
Z/_2(M)|U has rank d — 1.

Moreover, if xd is nontrivial, then #Z _Z(M )|U is punctually pure of weight 1.
This follows from the explicit description above of #'(M) a.p and [De, 3.2.3],
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for if we denote by
Ji A (fy =P

the inclusion, then for (a, ) in U, we have
I ap) =y,

So by Corollary 2.1.3, # 2 (M)|U as a lisse sheaf on U is geometrically irre-

ducible, provided that )(d is nontrivial.
In §2.4, we will show that for all y of sufficiently large order, the perverse
sheaf M on Aff Maps(Al , Al) is geometrically irreducible. Does this hold

already for any y with )(d nontrivial?

2.3. Purity is for a reason. The sense of the following proposition is that, under
fairly mild conditions, one can only achieve purity for the “standard reason”
that an Rf, maps isomorphically to an Rf, .

2.3.1. Proposition. Suppose that

k is a finite field of characteristic p # [

V is an affine k-scheme of finite type,

f:V — A" is an arbitrary morphism;

n:V — A" is a finite morphism;

K is perverse on A™ and pure of weight o

L is perverse on V and pure of weight B,
and either H (A" ® k,K) = H(A" @ k,DK) = 0 or H(V ®k,L) =
H(V ® k,DL) = 0. Denote by M and M" the perverse sheaves on
Aff Maps(A", A™)

M := R(pr,)(pr;L ® [ xK)[nm],
M’::= R(pr,),(pr; DL ® f zDK)[nm](nm).

The following conditions are equivalent.

(1) M is pure of weight a+fB+nm and M" is pure of weight —a——nm .
(2) The natural “forget supports” map is an isomorphism

R(pr,),(pr; L ® f1zK)[nm] — R(pr,),(pr|L ® f ,K)[nm).
(3) The natural “forget supports” map is an isomorphism
R(pr,),(priDL @ f ,eDK)[nm](nm)
— R(pr,),(priDL ® [ aDK)[nm](nm).
(4) The natural pairing makes M and M" Verdier duals of each other.

Proof. Statements (2) and (3) are equivalent to each other, being duals of each
other, and by duality and biduality each is equivalent to (4).

We first show that (4) = (1). By [De, 3.3.1], M is mixed of weight <
a+ B +nm,and M" is mixed of weight < —a — f—nm. Soif M = D(M")
and M* = DM , then (1) holds by definition of purity.
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It remains to show that (1) = (4). We will do this by once again making
use of the Fourier Transform. We make use of the notation of the proof of
Theorem 2.1.1. On U := %" we consider the objects

N:=j"i"FT,(M) and N":=j"i"FT,(M").

Lemma 1.8.3 shows that on #* ~ A" x (LinMaps(A™, A') — {0}) we have
the explicit description of N and N* in terms of the objects .#" and .#"* on
¥V x (LinMaps(A™, A') — {0}), with coordinates (v, z),

N = prrL ®pr2 »(K) ®Z Y (Tr(= f(0)z (—nm),
N :=pr DL ®pr2FT (DK)® Z,

by the formulas
N = R(n xid)/", N* =R(r xid) /.

From the explicit description of the objects .#* and /™, we see that ./ is
perverse and pure of weight o+ 8 + m + 2nm , that .# is perverse and pure
of weight —a —  + m, and that D.# = #*(nm + m). [Recall [KaLa, 2.1.5]
that on an A™, duality D interchanges Fl‘w(m/Z) and FT W(m/Z) and that
FT, (m/2)oFT,(m/2) = id .]

Because the morphism 7 is finite, the morphism 7z x id is also finite, so
R(n x id), = R(m x id), is self dual and, consequently, R(z x id), preserves
both pervers1ty and purity of given welght Therefore the object N is pure of
weight a + 8+ m+2nm and DN = N*(nm + m).

We have seen (Lemma 2.1.2) that if M (resp. M") is pure of weight a+ 8+
nm (resp. —a— f —nm), the canonical map ;N — j, N (resp. j,N* — j,*N*)
is an isomorphism. So if M and M" are pure of these weights, the dual of
the isomorphism ],N = j,*N* is (the Tate twist of) an isomorphism j, N =
Rj N, which combines with JN = j,,N to give an isomorphism jN 2 Rj N.
By duality, we may rewrite this as

J,N 2 Dj,DN = D(j,N"(m + nm))

¥(Tr(—f(v)2))

or, equivalently, as .
JN(m+nm)= DjN .
Taking extension by zero to Aff Maps(A”, A™), this says
FT,M(m+ nm) = DFT,M" = FT,(DM")(m + nm).
Applying the Fourier Transform FT,, we get the required isomorphism M =
D(M*). Q.E.D.

2.3.2. Question. Suppose that K is perverse on A", geometrically noncon-
stant, and pure of some weight «. Are the conditions

H(A"®k,K)=0, H (A" ®k,DK)=0

in fact equivalent? Similarly, for L perverse on V' and pure of weight £, are
the two conditions

HWVek,L)=0, H((Vek,DL)=0
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equivalent? More generally, for L perverse and pure on V, is it true that

Y dimH.(V®k,L)=) dimH.(V ®k, DL)?

If we drop the purity hypothesis, both of these can be false. For an example,
denote by j: G, — A' the inclusion and take K := Rj,Q,[1]. Then K is
perverse on A' and H,(A' ® k, K) = 0, but the dual DK is jQ,[1](1), for
which

H(A'®k, DK) = H,(G,, ®k, Q1])(1)
1S nonzero.

2.4. Theorem of irreducibility with multiplicative characters of sufficiently high
order.

2.4.1. Theorem. Suppose we are given:

k, an algebraically closed field of characteristic p # 1
V, an affine k-scheme of finite type;

f:V — A", an arbitrary morphism;

n:V — A", a closed immersion;

Km—l

L, perverse irreducible on V .

For x any nontrivial multiplicative character of a finite subfield of k, consider
the Kummer sheaf _S/; on G, and its extension by zero j!fij( to A'. Denote

by K(yx) the external tensor product

. . -1
, perverse irreducible on A" ;

s

K(x)=priK,_, ®pr,jZ,1] on A" =A""" <Al

Then:
(1) K(x) is perverse irreducible on A™ and H.(A",K(x))=0.
(2) There exists an integer N, dependingon (k,V, f,n, K
that if the order of x is > N,, then the perverse sheaf
M(x) := R(pry),(priL ® f ,¢K(x))[nm]

on Aff Maps(A", A™) is irreducible.
(3) Ifthe order of x is > N, , then the “forget supports” map is an isomor-
phism

R(pry),(priL ® f K (x))[nm] = R(pr,),(pr; L ® f K (x))[nm].

(4) For any single nontrivial y , if the “forget supports” map is an isomor-
phism

R(pr,),(priL® f:cK(x))[nm] =~ R(pr,),(priL ® f xK(x))[nm],
then the perverse sheaf
M(x) == R(pr,),(pr;L® f 1K(x))[nm] on Aff Maps(A", A"™)

is irreducible.

L), such

m—1>
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Proof. Statement (1) is “mise pour memoire.” The external tensor product of
perverse irreducibles is perverse irreducible, and the vanishing of HC(A'" , K(x))

results by Kunneth from the well-known vanishing of HC(Al , j!.,S’;) =
H(G,, i’;). Indeed, if x hasorder d > 1, and if we denote by [d]: G,, — G,,
the dth power map, then
[41,Q,=Q, @ .7, @ other terms,
SO
HC(Gm ’ @[) = HC(Gm s [d]*@[)
=H.(G,,,Q)® H,(G,, Z,) & other terms.
Comparing dimensions shows that H (G, , ,%) =0.
Having proven (1), we know from the Perversity Corollary 1.6 that M(y) is

indeed perverse. We will prove (2) by working on the Fourier Transform side,
i.e., by showing that FTW(M (x)) is perverse irreducible for y of sufficiently

high order.
Just as in the proof of Theorem 2.1.1, we know that FT,(M(x)) is supported

in #* ~ A" x (LinMaps(A™, A')—{0}), where it is the extension by zero from
V x (LinMaps(A™, A') — {0}), with coordinates (v, z), of the object
priL @ pryFT, (K(1)) ® 2y sayzy(—nm)-
Now consider in greater detail the object FTW(K (x)) on Lin Maps(A™ , A') .
In terms of the factorization
A" =A

m—1 1 .
x A", coordinates (x,, ..., Xx,)

we get the dual factorization
LinMaps(A™, A') = Lin Maps(A

with corresponding coordinates (z,, ..., z,,).
The Fourier Transform FTW(K (x)) 1s itself the external tensor product

m—1

, A') x LinMaps(A', A"),

FT,(K(x)) = FT,(K,,_,) x FT,(j.Z[1]) onA™=A"""xA',
and FTW( j!,%[l]) is given geometrically by
FT ,(jZ [1]) = jZ,[1].

Therefore FTW(K (x)) vanishes at any point z with z, =0.
Thus we see that FT (M(x)) is supported in the open set #[1/z,] of Z#

(or equivalently of .#") where z,, 1is invertible. On the open set #Z[1/z,],
FTW(M (x)) is perverse irreducible, being

priL @ pryFT  (K(X)) ® L1 fnyzy(—1m).
If we view this as living on

V x LinMaps(A™™", A") x (LinMaps(A', A') - {0}),
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with coordinates (v, (z,, ..., z,_,), Z,, #0), it is

priL® pr;FTw(Km_l) ®pr;_?x[1] ® Lt )z (—1M) -
Now consider the object
A =priLepr,FT (K, ) ® pr;Q (1] ®$W(Tr(_f(v)z))(—nm)

on
Z[1/z,]:=V x Lin Maps(A” "', A') x (Lin Maps(A', A') - {o}).
This object is visibly perverse irreducible on #[1/z,], and it is related to
FT,(M(x)) by
FTV,(M(X)) =N ®%(Zm)-

Now denote by % the open set Aifv[l /z,,] of the entire space
Aff’ := LinMaps(A™, A") x Lin Maps(A”, A"),
with coordinates (W, z), where z, is invertible, and by
it E)z,]— Aff[1/z,]

the inclusion, a closed immersion. Then i7" on AffY[1/ z,,] 1s still perverse
irreducible on Aff'[1/ z,,], and we still have the relation

FT,(M(x)) =i/ ®Z,, , on Aff'[1/z,].

Since we know that FT (M(x)) on Aff” is supported in Aﬁ"v[l/zm], if we
denote by
k: Af'[1/z,] — Aff’
the inclusion, we have
FT,(M(x)) = k(i,# ®Z,, ) on Aff .

Since k is affine, both k,(/,/'®.7,, ) and Rk (i /' ®Z,, |) are perverse,
and the middle extension k,(i,/ ®.2Z, ,) is

Image(k (i, /" ® Z,, ) = Rk (i,.V ®Z,, ))).

x(z,
By [KaLa, 6.5.2], applied to the object i_.#" on

Aff'[1/z,] = LinMaps(A™, A") x LinMaps(A™ ™', A") x G,,,

with coordinates (W, (z,,..., z,,_,), z,, # 0), there exists an integer N,
which depends only on i,#", such that for any character y of order d > N,
the canonical “forget supports” map is an isomorphism

k(i,V ®%Z,, ) =Rk (i, ®Z,, ).

x(z,,)
But whenever this map is an isomorphism, we have

FT,(M(x) =k(i,# 2, ) =k, (i) ®Z, )
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As i,V ®Z,

perverse irreducible on Aff’ . Thus FT,(M(x)) is perverse irreducible on Aff*
for all x of order > N, .
To prove (3), we will show that for y of order > N;, we have

R(pry),(priL ® f K (x))[nm] ~ R(pr,), (pri L ® f K (x))[nm].
By duality, we have

R(pr,),(pr; L ® f 1K (x))[nm] = D(R(pr,),(pr; DL ® f zDK(x))[nm](nm)),

so it is the same to show that the natural pairing makes

R(pr,),(priL ® f cK(x))[nm]

is perverse irreducible on Aff*[1 /2,)s k(i N ©Z,, ) is

and
R(pr,),(priDL ® f ,eDK(x))[nm)(nm)
dual to each other.

Now we interpret this on the Fourier Transform side, using the compatibility
of r-dimensional FT with duality [KaLa, 2.1.5]:
D(FT (N) = FTW(DN)(r).

14
We must show that for y of order > N, , the two objects

FT,R(pr,),(pr;L ® f 5K (x))[nm],
FT,R(pr,),(pr{ DL ® fgDK(x))[nm](2nm + m)
are dual. The first we have shown above to be
k!(i*‘/t/ ® "%(Zm)) ’
with
N =priL® pr;FTW(Km_l) ®pr;Q[1]1® T f)zy (— 1)
The second is, by the same calculation using FT .,
kg(i,./[ ® %(zm)) 5
with
M = priDL ® pryFT (DK, _,) ® pr;Q[11® L 1 _ 1)z (nm + m) = DA,
Thus we are reduced to showing that for y of order > N,
k(i N ®,€”X(zm)) and k(i DNV ®"?)Z(Z,,,))
are dual. We may rewrite the dual of the latter term as
Dk,(l*D'/I/ ®%(Zm)) = Rk*(l*./l/ ®%(Zm)) )
so it is the same to show that for y of order > N,,
k(i AN ®_<Zx(zm)) ~ Rk, (i N ®_<2”X(Zm)),
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which is once again [Kala, 6.5.2]. This proves (3). Notice that we in fact show
that for each nontrivial y, the “forget supports” map

R(pry),(priL ® f 1K (x))[nm] — R(pr,),(pr{L ® f ,¢K(x))[nm]
is an isomorphism if and only if the “forget supports” map

k(L @2y, ) = R (LW @ 2. )

is an isomorphism. In proving (2), we showed that if
k(iAW ® ‘%(zm)) — Rk (i, NV ®"<Z;c(zm))

is an isomorphism, then R(prz)!(pr;‘L ® f 5K (x))[nm] is perverse irreducible.
this proves (4). Q.E.D.

As a special case of the above result, we obtain the following corollaries. The
2 -module analogue of Corollary 2.4.3 was conjectured by Dwork [Dw, 15.4 via
11.1.3].

2.4.2. Corollary. Suppose we are given:

k, an algebraically closed field of characteristic p # [ ;

V', an affine smooth irreducible k-scheme of finite type,

f:V — A", an arbitrary morphism;

n:V — A", a closed immersion;

m — 1 multiplicative characters x,, ..., x,,_, of a finite subfield of k.

For x any (possibly trivial) multiplicative character of a finite subfield of k,
consider the Kummer sheaf ,‘Z’; on G, and its extension by direct image j*i”x

to A'. For any multiplicative character X denote by K(x,, Xp» --- s X,,) the
external tensor product

K(x):= ® pr;j*.S’}i[l] on A" =A'x ... x A"

i=l,...,m

Then:

(1) K(X;»> Xy» -+ X,,) is perverse irreducible on A", and HC(A"’ , K(x) =
0 if some x; is nontrivial.
(2) There exists an integer N,, depending only on the data

(k’ V’ f’ n’ Xl’ Xza sy Xm_l)’
such that if the order of yx,, is > N,, then the perverse sheaf
R(pry),(f K (Xys Xa» - 5 X)) lnm + dim V]
on Aff Maps(A”, A™) is irreducible.

Proof. This is the special case when L Is @,’ y[dim V], which is perverse ir-
reducible on V' because V is smooth and irreducible, and when K, , is
K(Xy» Xy oovs Xm_y)- QE.D.
2.4.3. Corollary. Suppose we are given:

k, an algebraically closed field of characteristic p # [
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f: A" — A", an arbitrary morphism;
n multiplicative characters p,, ..., p, of a finite subfield of k ; and
m — 1 multiplicative characters x,, ..., x,,_, of a finite subfield of k .

Using the notation of 2.4.2, for any multiplicative character ¥, , denote by
K(XysXys -+ » Xy) the external tensor product
. * . m _ 1 1
Kx)= @ prjjiZ] onA"=A"x-- xA
i=1,...,m

and denote by L(p,, ..., p,) the external tensor product
* . n 1 1
L(p) = ® Pr,»j,i”pi[l] on A=A x-.-xA.

i=1,..,n

Then:

(1) K(x;» Xy» -+ X,,) isperverse irreducible on A™ , and H (A", K(x)) =
0 if some yx; is nontrivial.

(2) L(p,, ..., p,) is perverse irreducible on A", and HC(A” ,L(p)=0if

some p; is nontrivial.
(3) There exists an integer N,, depending only on the data

(kafa p]’“‘ ’pn’XI’XQaH-’Xm_l)’
such that if the order of yx,, is > N,, then the perverse sheaf

R(pry)\(priL(pys -y Pp) @ fogK(Xys Xas - s X)) [nm +dim V]
on Aff Maps(A", A™) is irreducible.

Proof. This is the special case of 2.4.1 when V is A", n is the identity map,
Lis L(p,,...,p,),and K, | is K(x,, X35> Xm_y)- QE.D.

2.5. Uniformity for the integer N, in Theorem 2.4.1(3).

2.5.1. Uniformity Theorem. Suppose we are given:

S = Spec(A4), with A C C a subring of C which is normal, and finitely
generated over 7.

V' an affine S-scheme of finite type,

V- (A'”)S, an arbitrary S-morphism,

n:V — (A")g, a closed S-immersion,

K an object of Df( (Am-l) S» @,) such that for each geometric point

m-—1’

s of S, K,,_|(A"7"), is perverse irreducible on (A™7")_;

L, an object of Df(V, Q)) such that for each geometric point s of S,
K., |V, is perverse irreducible on V.

For each geometric point s of S of characteristic p > 0, apply Theorem 2.4.1
to the fibre over s of this data and denote by N(s) > 1 the least integer that
“works” in conclusion (3). Then there exists an integer N > 1, a dense open set
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U of S[1/N], and an integer N, > 1 such that for every geometric point u of
U, Ny(u) < N;.
Proof. This is essentially an exercise in applying the uniformity results of [KaLa,
§3], the terminology and results of which we will use freely. Fix a stratification
7" of V to which L is adapted and a stratification %/ of (A"'“l)s to which
K, _, is adapted.

For each integer d > 1, denote by ¢,(f) in Z[x] the dth cyclotomic poly-
nomial and by Z[1/d, {,] the ring Z[1/d, t]/(p,(t)). The sheaf ,E/; , for
of order d, can be constructed universally on (Gm)Z[l PRI and its extension

by zero j!f/; to A' lives on (Al)z[l /d, {,]. A key point in what follows is
that for every d and for every x of order d, j,i”x is always adapted to the

same stratification (G, , {0}) of A'.

In terms of the stratifications 2 and %/, and the map f;, one constructs
a stratification 2~ of ¥ x Aff Maps,((A™)s, (A" ) such that for any integer
d > 1 and any character y of order d, after the base change from S to
S®,2Z[1/d, {,], the object priL ® f K (x) is adapted to Z .

We will need to apply [KaLa, 3.3.3] to this stratification .Z° and to the mor-
phism

pry: V x Aff Mapsg((A™)g, (A")5) — Aff Mapsg((A™)g, (A")g),

viewed as a map of S-schemes. By [KaLa, 3.3.3] there exists an integer N > 1,
a dense open set U in S[1/N} and a stratification % of

Aff Maps;((A™),, (A")y),

with the following property: For any integer d > 1 and any character y of
order d, after the base change from U to U®,Z[1/d, {,], each of the objects

R(pry),(pr;L® [ :K(x))[nm],  R(pry),(priL ® f.K(x))nm],

is adapted to &, and its formation commutes with arbitrary change of base on
Uw®,z[(1/d,{,].

At the expense of further shrinking U, we may further assume that for each
strat B of B, as U-scheme, say f : B, — U, all the sheaves RY( S)\(F)) on
U are lisse.

This is a property of f , which is stable by arbitrary base change on U.
If it holds, then after any base change U — U with U’ connected, every
geometric fibre of f meets every connected component of B, x, U ". (Indeed,
we reduce by base change to treating the case when U is connected. Then
for each nonempty connected component C of B_, with structural morphism
f,. ¢ the cohomology €D, R'(f, cW(Z/1Z) is itself lisse, being a direct factor of

@iRi( SWZ/1Z) . Now as C is nonempty, at least one of the geometric fibres
of f . is nonempty, so has some dimension d > 0, and, therefore, by proper
base change de(j;’c)!(Z/lZ) is nonzero. Therefore @iRi(fc,,C)!(Z/lZ) is
both lisse and nonzero. As U is connected, this sheaf is everywhere nonzero,
so again by proper base change the map f, ¢ must be surjective.)
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2.5.2. Lemma. Let U be a normal Z[1]l]-scheme of finite type, X/U a U-
scheme of finite type, and Z a stratification of X such that each strata X, as

U-scheme, say f : X, — U, has all the sheaves R (L), (F)) on U lisse.

(1) Let M be an object of Df(X , Q)), which is adapted to the stratification
& . For every geometric point u in U, we denote by M, := M|X, the induced

object of Df(Xu , @1) . Then the following conditions are equivalent.

(a) M=0in DX(X,Q).

(b) For every geometric point u of U, M, =0 in D (X,» Q,)

(¢) In every connected component of U there exists a geometrzc point u of
U for which M, =0 in Df(Xu, Q).

(2) Let M and N be two objects in Df(X , Q)), both of which are adapted
to the stratification &, and let 9 M — N be a morphism. For every geometric
point u in U, we denote by ¢,: M, — N, the induced morphism on fibres.
Then the following conditions are equivalent.

(a) ¢ is an isomorphism in Df(X, Q).

(b) For every geometric point u of U, ¢, is anisomorphism in Df(Xu , @,).

(c) In every connected component of U there exists a geometric point u of
U for which ¢, is an isomorphism in Df(Xu , Q).

Proof. Making the base change from U to each of its connected components,
we may reduce to the case when U is connected. For each strat X_, a lisse sheaf
& on X_ vanishes if and only if it vanishes at some point of each connected
component of X_; but if U is connected, any geometric fibre of X, — U
meets every connected component of X_. Apply this to each cohomology sheaf

X' (M ), restricted to each X .
(2) follows by applying (1) to the mapping cylinder of ¢. Q.E.D.

Let us return now to an integer d > 2 and the universal ,'i’; for a character

x of order d. After the base change from U to U ®, Z[1/d, {,], consider
the “forget supports” map

R(pr,),(priL ® f K (x))[nm] = R(pr,),(priL ® f .cK (x))[nml].

Both source and target are of formation compatible with arbitrary base change
on U®,Z[1/d, {,;]. Because U[1/d] is connected, every connected component
of U®,Z[1/d,{,] mapsonto U[l/d]. So by Lemma 2.5.2, for each integer
d > 2 the following four conditions are equivalent.

(1d) The “forget supports” maps is an isomorphism

R(pry),(priL ® f K (x))[nm] = R(pr,),(priL ® f 1K (x))[nm]

on Aff Maps®U ®, Z[1/d, {,].
(2d) For every geometric point # of U[1/d] and every character x of order
d , the fibre over u of the above “forget supports” map is an isomorphism.
(3d) There exists a geometric point # of U[l/d] and a character x of order
d , such that the fibre over u of above “forget supports” map is an isomorphism.
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(4d) Over the geometric generic point “C ” of U, corresponding to the given
inclusion 4 C C, the “forget supports” map is an isomorphism
R(pr,),(priL ® f 1gK(x))Inm] = R(pr,),(pr{L ® f ;cK(x))[nm]

on Aff Maps, for some character y of order d.

In view of the equivalence of (2d) with (4d), in order to prove Theorem 2.5.1
it suffices to show the existence of N, such that for any character x of order
d > N, , condition (4d) holds, i.e., the “forget supports” map is an isomorphism

R(pry),(pri L ® f (oK (0))[nm] = R(pry), (priL ® f ;qK (x))[nm]
on Aff Maps .

All that we know right now is that for any geometric point # in U whose
residue characteristic p, is positive, the equivalent condition (3d) holds for all
integers d > N,(u), which are prime to p, . This already shows that (4d) holds
for an infinity of d’s. We will deduce from the fact that (4d) holds for an

infinity of d’s that (4d) must hold for all sufficiently large d’s.
In order to do this, factor the morphism

pry: V x Aff Maps — Aff Maps

as
V x Aff Maps

Sfygxid
A" x Aff Maps
pr,,xid

Al x Aff Maps

m,(:=pr,)
Aff Maps.
We denote the composition of the first two maps simply by
p: V x Aff Maps — Al x Aff Maps.

Consider also the composite morphism
V x Aff Maps

lidxfaff
V x A™
lidxl"l.zw.,m—l

Vox A"
which we denote simply as

y: V x Aff Maps — V' x AT
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The object priL ® f K(x) on V x Aff Maps is the tensor product
VLK, )®0 L [11®TQ A Maps)-
We define two complexes M, and M, on Al x Aff Maps as follows:
M,:=Ry,(y"(L®K,_ ),
M,: =Ry, (" (L®K, ).

These objects are independent of x, and there is a natural “forget supports”
map M, - M.
By the projection formula, we have

R(pry),(priL ® f ,¢K (1))
= R(m,),(M, ® jZ,[1]) = R(m,),(j,(j" M, ® Z))I1],
R(pry),(priL® f ;K1)
= R(n,),(M, ® jZ,[1]) = R(n,).(j,(" M, ® Z))[1].
We must show that the natural forget supports map
R(m,),(j,(j" M, ® Z,)) = R(n,),(j,(j" M, ® Z))

is an isomorphism on Aff Maps for all x of sufficiently high order, given that
it is an isomorphism for an infinity of .
Let us denote by

j: G,, x Aff Maps — P' x Aff Maps,
k:A' x Aff Maps — P' x Aff Maps,
the inclusion, and by
Ty P! x Aff Maps — Aff Maps,
the second projection. In terms of j and 7, , we have the tautological formulas
R(m,),(\(i" M, ® Z,)) = R(z,), G, M, ® £)) ,
R(n,),(,(J"M, ® Z))) = R(7,) Rk, ("M, ® Z,)).
So we may rewrite the “forget supports” map as
R(7),(G,(" M, ® Z,)) — R(n,), Rk, (j,(j" M, ® Z))).
As proven in [KaLa, 6.5], for any N on G, x Aff Maps, the maps
]!(N®£’X) — Rk _j(N ®_‘£’X) — Rj (N ®£’X)

are isomorphisms for all y of sufficiently high order. Applying this to each of
the objects j*}M, and j"M, , we see that for all x of sufficiently high order, we
may rewrite the “forget supports” map as

R(z,),(ji(J" M) ® jZ,) = R(7,),(7,(/"M,) ® jZ,)).
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In terms of the second projection
p,: G, x Aff Maps — Aff Maps,

this is the map
szg(j*ng ®’5f;) - szg(j*M* ®°9;)

This map is an isomorphism for y if and only if the mapping cylinder
N:=["M - j"M,]
has the property
Rp, (N ®£’X) =0.

We know that this holds for an infinity of x, and we have only to apply the
following lemma, taking X := Aff Maps, .

2.5.3. Lemma. Let X be a scheme of finite type over an algebraically closed

field k of characteristic # | and N an object of Df (G,, x X,Q,). Suppose
Jor an infinity of multiplicative characters x of finite order prime to char(k),
R(p,),(N ®,Z() = 0. Then all but finitely many characters y of finite order

prime to char(k), R(p,)(N®Z,)=0.

Proof. By definition of Df((Gm x X, @,) , there exists a finite extension E, of
Q, such that N is the extension of scalars of an object N, of Df(Gm xX,E;).

There are finitely many nonzero cohomology sheaves # ’(Nl) , each of which,
being constructible, has all its stalks of dimension bounded by some constant
C. Inside Q,, there are only finitely many extensions of E, of degree < C,
so all such extensions are contained in some finite extension F, of E,. The
group of all roots of unity in F, is finite, say of order D. We claim that for
any character y of finite order prime to char(k), whose order does not divide
D, we have R(p,)(N®.Z)=0 on X.

By proper base change, we may reduce to the case when X is a point, i.e.,
the spectrum of an algebraically closed field K of characteristic char(k). Then

N in Df(Gm‘K, E,) satisfies
H.(G,, x, N(Xu.?}) =0
for an infinity of y . Consider the spectral sequence
Ey = H!(G,, ,,Z'(N)®Z) = H "G, , NaZ).

The E, terms vanish except possibly for p =0, 1, or 2. So the only possibly
nonvanishing differential is dg"’: Eg"’ - Ez?'"’—l : but Ezz’q—l is
HCZ(Gm,K , %q‘l(N) ® %), which vanishes for y of sufficiently high order.
For if U 1is a dense open set of Gm’K on which ;?""(N) is lisse, this ch

is nonzero if and only if ,ZCIU is a quotient of # "_'(N )|U, and by Jordan-
Holder theory there are only finitely many possible irreducible quotients. (In
fact, this ch vanishes for y of order not dividing D, as one sees by looking
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at the local monodromy at either 0 or oc0.) Since H (G, ,, N® %) =0 for
an infinity of x’s, there exists an infinity of y ’s for which both

H (G, g, N®£’;) =0
and

Ezz"’_l =0 forallgq.
For any such y, the spectral sequence degenerates at E,. Consequently, for
an infinity of x’s we have

H(G, «,ZN)®.Z)=0 forallg.

c

In other words, each of the cohomology sheaves #7(N) is a constructible
E,-sheaf & , which itself satisfies the condition

H(G,, x,¥ ®2,)=0 foran infinity of x’s.

Fix one such y. The vanishing of Hf shows that ¥ ® ,?; has no punctual
sections. The vanishing of x.(G,, ,, & ® ,?;) gives, by the Euler-Poincaré
formula on G,, .,

0=XC(Gm,K"7®°<Z;)
= - Z total drop (¥ ® ;) — Swan,(¥ ® .Z,) — Swan (¥ ® 7).

xinG,, X
Because ¥ ® 3} has no punctual sections, all the terms on the right side are
negative, so they all must vanish. Their vanishing means that & ®3} is lisse on
G,, ¢ and tame at both 0 and oo . Therefore & itself is a successive extension
of sheaves .S”A , thanks to the known structure of the tame n, of (Gm, x» for
various characters A, not necessarily of finite order, of this tame #, . Because
& has rank bounded by C and is an E,-sheaf, all the characters x of finite
order such that ‘S’ﬂx occurs in & as a Jordan-Holder constituent have order
dividing D ; therefore, for any character p of finite order prime to char(K)
whose order does not divide D, ¥ ® 3;, is a successive extension of sheaves

<, with A nontrivial and, hence, has H (G,, x,¥ ®.%,)=0. QE.D.
This concludes (!) the proof of the Uniformity Theorem 2.5.1. Q.E.D.

2.5.4. Corollary. Hypotheses and notation are as in the Uniformity Theorem
2.5.1.

(1) For all x of finite order > 1, the objects
R(pr,),(priL ® [ ,¢K(x))[nm]| Aff Maps
and
R(pr,),(pri L ® f K (x))[nm]| Aff, Maps
are perverse on Aff Maps,. .
(2) For any x of finite order > N, , the object
R(pr,),(priL ® [ ¢K(x))[nm]| Aff Maps,

is perverse irreducible on Aff Maps.., and the “forgets supports” map is an iso-
morphism.
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Proof. For any character x of order d > 1 (resp. > N,) conclusion (1) (resp.
(2)) holds at all geometric points of U[1/d] of finite characteristic. The passage
to the geometric generic point C of U results from [BBD, 6.1.9]. Q.E.D.

2.5.5. Remark. See [GKZ, Theorem 2.11] for a & -module analogue of 2.5.4
over C.

III. APPLICATIONS TO BERTINI AND LEFSCHETZ-STYLE THEOREMS
FOR HYPERSURFACE SECTIONS

3.0. In this section, we will obtain theorems of Bertini and Lefschetz type as a
consequence of what the general theory gives in the case when m =1, K is

the perverse sheaf K on A' given by
K :=Rj,Q1] forj:G, — A' the inclusion,

and variable data (V, f, n, L). The basic observation that we need to get
started is

3.0.1. Lemma. Over an algebraically closed field k of characteristic p # 1, the
perverse sheaf K on A, given by

K :=Rj,Q[l] forj:G, — A' the inclusion,

has H.(A', K)=0.

Proof. By the inversion x — 1/x on P s HC(A1 , K) becomes the ordinary co-
homology H(Al , j!@l[l]) , so we are reduced to showing that H'(A1 , j!@,) =0
for i=0, 1, 2. By Grothendieck’s Euler-Poincaré Formula, we have x(A', Q)
= 0. For cohomological dimension reasons, we have H'(A1 , j!@,) = 0 for

i > 1. The group HO(Al , j!@,) vanishes because j,@, has no punctual sec-
tions and its stalk at one point (the origin) vanishes; therefore, the remaining

group H'(A', J,Q,) vanishes, since % (A", 7Q) =0.
An alternate proof is to notice that RI" C(Al , K)[1] is the stalk at zero of the
Fourier Transform FT,(K) and then to appeal to the result [Ka4, A2] that

FT,(Rj,Q[1]) = jQI[l]. QED.
Applying Main Theorem 1.5 to this case, we get

3.0.2. Corollary. Suppose we are given:

k, an algebraically field of characteristic p # [ ;
V', a separated k-scheme of finite type;

f:V — A", an arbitrary function;

n:V — A", a quasi-finite morphism.

Then for any perverse L on V , the object
M(L) = R(pr,),(priL ® f ;¢R;j,Q,[1])[n]

on Aff Maps(A", A') is semiperverse.
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3.1. What does this mean concretely? The semiperversity on Aff Maps(A”, A')
of M(L), together with its constructibility, implies that there exists a dense

open set % of Aff Maps(A”, A') over which
(1) all the cohomology sheaves 7 ‘M (L) are lisse on %,

(2) ;ZV"M(L) vanishes on % for i > —dim Aff Maps(A", Al) =-n-1.
3.2. By duality, it follows that over %, the dual
DM (L) = R(pr,),(pr, DL ® f .j,Q,[11(1))[n](n)

has lisse cohomology sheaves on % , whose formation commutes with arbitrary
change of base on Z and whose cohomology sheaves vanish for i < —n —1.

3.3. For each point (4, b) in Aff Maps(A", Al) corresponding to the affine
map x — Ax + b, let us denote by f, ,: V — A' the function v — f(v) +
An(v)+b,by j, ,: VI[1/f, ,] = V the open inclusion, and by

Iy VN (fy =0V

the closed inclusion. Then if (4, b) lies in %, the stalk at (A4, b) of

R(pr,y), (priDL® [ -j,Q,[11(1))[n)(n)
is
RI(V,DL® (jA’b),@,)[n +1)(n+1)=RT(V, (jA’b),(jA,b)*DL)[n + 1)(n+1).
The ith cohomology group of this complex is

HY™ 'V, Gy p)Ug ) DL+ 1),
and for (4, b) in %, it vanishes for i < —n — 1. In other words,

H'V, (4 () DL)=0 ifa<0andif (4, ) inZ.
Now take the long exact cohomology sequence of the short exact sequence
0— (g ph(i ) DL — DL = (i, ),(i, ;)DL = 0.
We find that if (4, b) in %, the restriction map
H'V,DL) - H'Vn(f, ,=0), (i, ,) DL)

is an isomorphism for a < —1 and injective for a = —1.
Exchanging the roles of L and DL, we get

3.4. Theorem. Suppose we are given:
k, an algebraically closed field of characteristic p # [
V', a separated k-scheme of finite type;,
f:V - Al , an arbitrary function;
n:V — A", a quasi-finite morphism.
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Then for any perverse L on V, there exists a dense open set % of Aff Maps(A", AY
such that if (A, b) in Z then

(1) Ha(V’ (jA,b)!(jA,b)*L) =0 for a< O,
(2) the restriction map

H'V,L) - HVn(f, ,=0), (i, ,)L)
is an isomorphism for a < —1 and injective for a = —1.

3.4.1. Corollary (“Weak Lefschetz”). Suppose we are given:

k, an algebraically closed field of characteristic p # 1 ;
V', a separated k-scheme of finite type, which is a local complete inter-
section, purely of dimension d > 0;

fiV—- Al an arbitrary function;
n:V — A", a quasi-finite morphism.
Then for any lisse Q-sheaf F on V, there exists a dense open set % of
Aff Maps(A", A") such that if (A, b) in % then
(1) HYV, (g )g,)"F) =0 for a<d,
(2) the restriction map
H'V,F)-> H'V0(f ,=0), (i, ,)F)
is an isomorphism for a < d — 1 and injective for a=d — 1.

Proof. This is simply Theorem 3.4, applied to the perverse sheaf L = % [d]
on V (F[d] is perverse on V' because V is a local complete intersection,
everywhere of dimension d). Q.E.D.

3.4.2. Corollary (“Weak Bertini”). Suppose we are given:

k, an algebraically closed field of characteristic p # [ ;
V', a separated k-scheme of finite type, which is a connected local com-
plete intersection, purely of dimension d > 1;

fiV - A', an arbitrary function;

n:V — A", a quasi-finite morphism.
Then for any finite étale covering p. E — V with E connected, there exists
a dense open set % of Aff Maps(A”", Al) such that if (A, b) in Z then the
pullback p~'(V \(f, , =0)) of E to VN (f, ,=0)

PNy, =0)CE

l l
Va(f,,=0cV

is connected.

Proof. Corollary 3.4.1 applied to the constant sheaf @1 on V and a = 0 shows
that there exists an open dense % in Aff such that for (4, b) in Z , we have
HWV,Q)~HVNn(f,,=0),T),ie, VN(f, ,=0) is connected. Now
apply this same result to the data (k, E, fop,nop). Q.E.D.
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3.4.3. Corollary (“Weak Smooth Bertini”). Suppose we are given:

k, an algebraically closed field of characteristic p # [
V', an irreducible smooth separated k-scheme of finite type of dimension
d>1;
V- A', an arbitrary function;
n:V — A", an unramified morphism.
Then:
(1) There exists a dense open set % of Aff Maps(A", Al) such that if (A, b)
in % then Vn(f 4p=0)is smooth and irreducible.
(2) For any finite étale covering p: E — V with E irreducible, there exists
a dense open set % of Aff Maps(A", Al) such that if (A, b) in Z then the
pullback p~'(V 0 (f, ,=0)) of E to VN (f, ,=0)

-1
pVn(fy,=0)CE
1 !
Vo(fy,=0 cV
is smooth and irreducible.
Proof. Just as in Corollary 3.4.2, statement (2) is just statement (1) for the
data (k,E, fop,mop). To prove (1), it suffices to show there exists a
dense open set %, of Aff Maps(A”, Al) such that if (4, b) in %, then
V'n(fy, = 0) is smooth. For we already know there exists a dense open
set % of Aff Maps(A”, A') such that if (4,b) in # then V' n(f, , =0) is
connected; so for (4, b) in # N%,, we find that V' n (f, , = 0) is smooth
and connected, hence, irreducible. Q.E.D.
The smoothness amounts to the following lemma, which is certainly well
known but for which I do not know a reference.
3.5. Lemma. Suppose we are given:

k, an algebraically closed field,

V, an irreducible smooth separated k-scheme of finite type of dimension
d>1;

V- A', an arbitrary function;

n:V — A", an unramified morphism, given explicitly by n functions
X5 ..., X, on V whose differentials dx;span Q:,/k at every point of
V.

Then there exists a dense open set % of
Aff Maps(A" Al) = LinMaps(A", A]) x A'
=A'x Lin Maps(A” Al)
over which the map
F:V x LinMaps(A", A') - A" x LinMaps(A", A"),
. @)~ (F0)+ ¥ ax). @),

i=1,..,n
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is smooth, of relative dimension d — 1. In particular, if (A, b) in %, then
Vn(fy _y=0) is smooth of dimension d — 1.

Proof. On V, consider the rank d vector bundle Q:,/k , the rank n trivial

bundle #" and the surjective homomorphism of vector bundles &" — Q:, Ik
given by the n sections dx,, ..., dx,. We denote by Z the kernel of this
map:

0—»%—»@"—»9:,/,(—»0.
Thus # is a vector bundle over V of rankn —d.

On the product ¥ x LinMaps(A”, A'), with coordinates (v, (a;)) , consider
the morphism

F:V x LinMaps(A", A') —» A" x LinMaps(A", A'),
0. @) (f0)+ ¥ axo).(@).

i=1,..,n

In the product ¥V x Lin Maps(A" , Al) , consider the subvariety Crit Pt consist-
ing of the critical points of F, i.e., of the points (v, (a;)) where

df = - Z a, dx, inQ:,/k®k(v).

i=1,..,n

Since the dx; span Q:,/k at every point, we see that the first projection pr,:
CritPt — V is a smooth map of relative dimension n —d ; indeed, it is a torsor
under .Z . Therefore CritPt is smooth, of dimension ».

Now consider the restriction of F to CritPt:

F|CritPt: CritPt — A' x Lin Maps(A", Al).

This is a morphism of separated schemes of finite type over k and so is a
separated morphism of finite type. Its source, CritPt, is lower dimensional
than its target A' x Lin Maps(A", Al). We apply part (2) of the following
lemma.

3.6. Lemma. Suppose we are given:

k, an algebraically closed field of characteristic # 1
S, a normal irreducible separated k-scheme of finite type;
p: X — S, a separated morphism of finite type.

Then:

(1) If dim(X) < dim(S), there exists an open dense set 7% in S and an
integer N, such that over % the morphism p has finite fibres, each with precisely
N geometric points.

(2) If dim(X) < dim(S) then N =0, i.e, there exists an open dense set 7%
in S over which X,, is empty.

Proof. Replacing S by a dense open set Z of S does not change dim(S) or
dim(X) and allows us to assume

(%) all the sheaves Rip!(Z/lZ) are lisse on S.
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Further replacing S by a finite étale surjective covering of itself allows us to
assume that

(%x) all the sheaves Rip,(Z/IZ) are constant on S.

We will show that under (xx), the map p has finite fibres.

If p has empty fibres, i.e., if X is empty, there is nothing to prove.

If X is nonempty, let us denote by D > 0 the maximum of the dimensions
of the fibres of p. By proper base change and the fact that for Y a sepa-
rated r-dimensional scheme of finite type over an algebraically closed field of
characteristic # /, we have

H\(Y,Z/IZ)=0 fori>2r,
dimHCZ'(Y , Z/1Z) = number of irreducible components of dimension r,
we see that

2D = maximum integer N such that RNp,(Z/lZ) # 0.

Since Rsz!(Z /1Z) is constant on §, say with value 4,,, denoting by d :=
dim(S) the Leray spectral sequence for Rp, shows

HY(X,Z/IZ) =0 fori>2d+2D,
HP(x z/iz) = HX(S, R p,(2/12))
= H(S,2/1Z) ® 4,, # 0.

Therefore we find that dim(X) = D +d = dim(S) + D. Since D > 0 and
dim(X) < dim(S), we conclude that D = 0 and that dim(X) = dim(S). The
integer N is the rank of the sheaf p,(Z/IZ)|% . Q.E.D.

Now let us return to the morphism
F | CritPt: CritPt — A' x LinMaps(A”, A').
By part (2) of Lemma 3.6, there exists a dense open set 7 in
A' x Lin Maps(A”", Al)
over which Crit Pt is empty. This means precisely that over % , the morphism
F:V x LinMaps(A", A') — A' x LinMaps(A", A"),
@)= (f0+ ¥ axw. @),

i=1,..,n

is smooth, of relative dimension d — 1.
Thus if (4, b) = ((a,), b) lies in % , the fibre over it of F is smooth over
k; but this fibre is V' N (f, =b),1e,itis Vn(f, _,=0). QE.D.

Here is a relative version of the above lemma.
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3.7. Lemma. Suppose we are given:
k, an algebraically closed field,
T, an irreducible smooth separated k-scheme of finite type;
P:V — T, a smooth separated morphism of finite type, everywhere of
relative dimension d > 0;
V- A", an arbitrary function;
n:V — A" x T, an unramified T-morphism, given explicitly by n func-
tions x,, ..., x, on V whose differentials dx, span Q:, 7 at every point
of V.
Then there exists a dense open set Z of
Aff Maps(A", A') x T = LinMaps(A”, A') x A' x T
=A' x LinMaps(A", A"y x T
over which the morphism
V x LinMaps(A", A")
(v, )= (f(v)+An(v), 4, P(v))
A' x LinMaps(A", A') x T
is smooth, everywhere of relative dimension d — 1.
Proof. The proof proceeds exactly as above, with Lin Maps(A”", Al) replaced
systematically by LinMaps(A”, A') x T. Q.E.D.
This relative version gives, by an obvious induction on m, the following:

3.8. Lemma. Suppose we are given:
an integer m > 1;
k, an algebraically closed field,
T, an irreducible smooth separated k-scheme of finite type;,
P:V — T, a smooth separated morphism of finite type, everywhere of
relative dimension d > m
f:V — A", an arbitrary morphism; and
n:V — A" x T, an unramified T-morphism, given explicitly by n func-
tions x,, ..., x, on V whose differentials dx,span Q:, j atevery point
of V.
Then there exists a dense open set 7% of
Aff Maps(A", A™) x T = LinMaps(A", A") x A" x T
=A" x LinMaps(4", A")x T
over which the morphism
V x LinMaps(A", A™)
(v, A~ (f(v)+Ar(v), A4, P(v))
A" x LinMaps(A", A")x T
is smooth, everywhere of relative dimension d — m .

Taking T = Spec(k) gives
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3.8.1. Corollary. Suppose we are given:
an integer m > 1;
k, an algebraically closed field,
V', a smooth separated k-scheme of finite type, everywhere of relative
dimension d > m
f:V — A™, an arbitrary morphism; and
n: V — A", an unramified morphism, given explicitly by n functions
Xy, ..., X, on V whose differentials dx;span Q:,/k at every point of
V.

Then there exists a dense open set % of
Aff Maps(A", A™) = LinMaps(A", A™) x A"
= A" x LinMaps(A", A™)

such that if (A, b) liesin % then VN(f(v)+An(v) = b) is smooth, everywhere
of dimension d — m.

3.9. Variants for several simultaneous hypersurface sections. Using the above
result, we can give variants of our Bertini and Lefschetz style results. The idea
now is to apply the main theorem in the general case to the semiperverse sheaf
K on A™ defined as

K:=Rj,Q[2m—1] forj: A™ — {0} - A™, the inclusion.

3.9.1. Lemma. Over an algebraically closed field k of characteristic p # 1, the
object K on A™, m > 1, given by

K :=Rj,Q[2m—-1] forj: A™ — {0} — A" the inclusion,
has H (A", K)=0.

Proof. Notice that RI“C(A"' , K)[1] is the stalk at zero of the Fourier Transform
FTW(K ), and then appeal to the result [Ka4, A4]

FT,(Rj,Q2m - 1) = Q1. QED.
3.9.2. Lemma. For
K :=Rj,Q[2m—-1] forj: A™ — {0} — A" the inclusion,
its dual DK is given by DK = jQ,[1](m).

Proof. Duality interchanges Rj, and Rj, and the dual of @I[Zm —1] 1s

@1[11(’") .
Q.E.D.

3.9.3. Lemma. The cohomology groups H i(A'" , Q) =0 forall i.
Proof. This is the (shifted) dual of the vanishing of H C(Am ,K). QE.D.
3.9.4. Lemma. Over an algebraically closed field k of characteristic p # [, the
object K on A™, m > 1, given by

K :=Rj,Q[2m —1] for j: A" — {0} — A" the inclusion,
is semiperverse.
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Proof. Tt is trivial that K is semiperverse on A”™ — {0}. We must show that

the stalks (#'K )o vanish for i > 0. Denoting by i: {0} — A™ the inclusion,
we have a triangle

0— jQ2m—-11-K —i,i’K —0.
Since H(A™, j,@l[Zm —1]) =0, the long exact cohomology sequence gives
H' A", K) = (#'K),;
but
H'(A™, K) = H'(A", Rj,Q,[2m — 1)) = H'™?""'(A™ - {0}, Q)),
so we must show that
H'(A™ - {0},Q,) =0 fori>2m;

but A”—{0} is a Zariski-locally-trivial G,, bundle over P"~', so this vanishing
follows from the Leray spectral sequence

EX'=H'P"',Q)eH'G,,, Q)= H* (A" - {0}, Q).

(In fact, this is the standard calculation which shows that A™ — {0} has the
same Q,-cohomology as the standard 2m — 1 sphere). Q.E.D.

Applying Main Theorem 1.5 gives

3.9.5. Corollary. Suppose we are given:

m > 1, an integer,

k, an algebraically closed ﬁeld of characteristic p # 1 ;
V', a separated k-scheme of finite type;

f:V — A™, an arbitrary morphism;

n:V — A" a quasifinite morphism.

Then for any perverse L on V', the object
M(L) := R(pr,),(pr{ L ® f 1qRj,Q,[2m — 1])[nm]
on Aff Maps(A", A™) is semiperverse. Its dual is the object
DM(L) = R(pr,),(pr;DL ® f 1¢,Q,[1](m))[nm](nm).

For given L there exists a dense open set % of Aff Maps(A”, A™) over
which both M(L) and its dual have lisse cohomology sheaves, whose formation
commutes with arbitrary change of base on % . By the semiperversity of M(L),

the cohomology sheaves # '"M(L)|% vanish for i > —nm — m. Dually, the

cohomology sheaves #'DM (L) vanish for i < —nm —m.
Thus if (4, b) lies in Z , the stalk at (4, b) of

DM(L) = R(pr,),(priDL ® f ,¢j,Q,[11(m))[nm](nm)
is
RU(V, (4 Wiy ) DL)nm + 1)(nm + m)
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and H'(V, (jy )Wy ) PL)nm+1]=0 for i< —nm—m.
In other words, for (A4, b) in % , we find that

H'(V, (g ph(s) DLy =0 fori<li-m.
Exactly as above, we then deduce

3.9.6. Corollary (“Weak Lefschetz”). Suppose we are given.
m > 1, an integer;
k, an algebraically closed field of characteristic p # [
V, a separated k-scheme of finite type, which is a local complete inter-
section, purely of dimension d > m ;
f:V =A™, an arbitrary morphism; and
n:V — A", a quasi-finite morphism.
Then for any lisse @,-sheaf F on V, there exists a dense open set % of
Aff Maps(A", A™) such that, if (A4, b) in %, then
(1) H'V, Uy Uy ) F)=0fora<d+1-m,
(2) the restriction map

H'V,F)->H' VN (f;,=0),(i,,)F)
is an isomorphism for a < d —m and injective for a=d —m.

Exactly as above, this leads immediately to

3.9.7. Corollary (“Weak Bertini”). Suppose we are given:

k, an algebraically closed field of characteristic p # [ ;
V', a separated k-scheme of finite type, which is a connected local com-
plete intersection, purely of dimension d > m
f:V — A", an arbitrary morphism;
n: V — A", a quasi-finite morphism.
Then for any finite étale covering p: E — V with E connected, there exists
a dense open set % of Aff Maps(A", A™) such that if (A, b) in % then the

pullback p~'(V N (f, ,=0)) of E to VN (f, ,=0)

pTVN(fy,,=0) CE
! !
Vn(f,,=0 cV

is connected.
In view of Corollary 3.8.1 we find

3.9.8. Corollary (“Weak Smooth Bertini”). Suppose we are given:

k, and algebraically closed field of characteristic p # [ ;

V', an irreducible smooth separated k-scheme of finite type, of dimension
d>m;

f:V =A™, an arbitrary morphism;

n: V — A", an unramified morphism.
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Then:

(1) There exists a dense set % of Aff Maps(A", A™) such that if (A, b) in
% then V N ( S4.56=0) is smooth and irreducible.

(2) For any finite étale covering p: E — V with E irreducible, there exist
a dense open set % of Aff Maps(A", A™) such that if (A, b) in % then the

pullback p_l(Vﬂ(fA,b=0)) of E to VNn(f,,=0)

PV N(fy,=0) CE
! !
Vo(fy,=0) cV
is smooth and irreducible.

3.10. Applications to complete intersections in A" . In the particular case when
V is A" itself, we can exploit the fact that H*(A", Q,) =0 for a #0.

3.10.1. Theorem (complete intersections in A"). Suppose we are given:

n>m>1, integers;

k, an algebraically closed field of characteristic p # 1 ;

m polynomials f, ..., f, in k[x,,..., x,], viewed as a morphism

S=U s ) A" — AT,
Then there exists a dense open set % of Aff Maps(A", A™) such that if
(A =1(a ;), b=(b)) in Z, then the subscheme fA,b =0 of A" defined
by the m equations

f,.(xl,...,xn)+Zai,jxj+bi=O, i=1,...,m,
J
satisfies
(1) f, .» =0 is smooth and irreducible of dimension n —m;
(2) its cohomology groups H“((fA,b =0), Q) vanish for a #0, n—m,
and

H(f, ,=0),T) =T;

(3) its compact cohomology groups HC"(( f 4 = 0), @,) vanish for
a#tn—m, 2(n—-m), and
H""((f, ,=0),TQ) =Qy(m—n).

Proof. Statement (1) is Weak Smooth Bertini 3.9.8, applied with V = A", n
the identity. Once we know (1), then by the cohomological dimension of affines,
we see that H“((fA’b =0), @,) vanishes for a > n — m. Then statement (2)

is Weak Lefschetz 3.9.6, applied with V = A", = the identity, and & = @,.
Statement (3) is the Poincaré dual of (2). Q.E.D.

3.10.2. Corollary (numbers of points on general complete intersections).
Hypotheses and notation are as in Theorem 3.10.1 above. Let k, be a finite
subfield of k, and assume that polynomials f,, ..., f, in k[x, ..., x,] lie in
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kolx,, ..., x,]. Then there exists a constant C and a dense open set %,, defined
over ky, of Aff Maps(A", A™) such that, if E is a finite extension of k,, inside
k, with Card(E) := q¢, and if (4= (a; ;), b= (b)) is an E-valued point of
%, then the subscheme f, 4b= 0 of A;'; defined by the m equations

L))

fi(xl,...,xn)+Za. X.+b,=0, i=1,...,m,
J

is smooth and irreducible of dimension n—m, and its number of E-valued points
satisfies the estimate

|Card((f, , = 0)(E)) - (a5)" " < Clag)" ™"
Proof. With no loss of generality, we may suppose that k is an algebraic closure
of the finite field k,. Consider the dense open set Z of the theorem. Since
% is defined over k, it descends to a dense open set %, defined over some
finite extension k; of k,. We take for %], the intersection of the finitely many
Gal(k, /k,)-conjugates of %,. Then % is a dense open set such hat %, ® k
lies in the open set 7% of the theorem.

At the expense of shrinking %, we may further assume that the groups
H™"((f4., = 0),Q)) are the stalks of a lisse sheaf on %, and so their di-
mensions are independent of the particular point (4, b) in %, . We claim this
common dimension “works” as C . This results from the Lefschetz Trace For-
mula and the fact [De, 3.3.4] that H, "((f, , = 0), Q) is mixed of weight
<n-m. Q.ED.

3.10.3. Remark. One can rechoose the constant C above to depend only on
the three integers

n, m,d := max (l , max(degree(fi))> .

Indeed, consider the universal situation of m polynomials f; . in n vari-

ables, each of degree at most d, with indeterminate coefficients. Denote by R
the polynomial ring over Z on these indeterminate coefficients, and by

n m
Suniv: Ag — Ap

niv
the morphism defined by the f; . . Foreach prime /, the sheaves R’ ( j:miv)!@,
on A;'“ /i are constructibe and vanish for j > 2n or j < 0. Let C y be the

largest dimension of a stalk of R’( finivh @, at any geometric point of Ag“ m-
Denote by C; the sum 3} ; C INE Then C; certainly “works” as a C in the
above corollary as long as we are not in characteristic /, since it bounds the
sum of all the /-adic Betti numbers of any of the varieties f 4= 0. So we
may take for C the max(C,l , 12) for any two distinct primes /, and /,, e.g., 2
and 3. (It is not known that C; itself is independent of /.)

3.11. Application of Bertini to /-adic sheaves. We can also give a version of

Bertini adapted to /-adic sheaves. We first make a definition. Suppose we
are given a connected scheme X, a connected scheme Y, and a morphism
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9:Y — X. Let | be a prime, E, a finite extension of Q,, &, the ring of
integers in E,, and A one of the rings E,, &, or @’A/A"@ for some integer
v>1. Let & be alisse A-sheaf on X, corresponding, for each choice of
geometric point x in X, to a continuous homomorphism

Pg:m (X, x)— Aut,(¥)).

We say that .% on X and ¢ '(¥) on Y have the same monodromy if for
some (or equivalently for every) geometric point y of Y, the composite ho-
momorphism ¢, o p

n(Y,y)—=n(X,e®)— AUtA(‘%(y))’

which “is” (0_1(9’ ), has the same image in Aut, (‘97¢(y)) as pg .

3.11.1. Theorem (“/-adic Bertini”). Suppose we are given:

k, an algebraically closed field of characteristic p #0;

V', a separated k-scheme of finite type, which is a connected local com-

plete intersection, purely of dimension d > m;

f:V — A™, an arbitrary morphism;

n:V — A", a quasi-finite morphism.
Fix a prime number | and a finite extension E, of Q,, and let R be one of the
rings E,, @, or @/A”@ for some integer v > 1. Let & be a lisse R-sheaf
on X . Then there exists a dense open set % of Aff Maps(A”, A™) such that if
(4, b) in Z then the pullback F |V N (f 15=0 has the same monodromy as
.

Proof. Suppose first that R is @/1"@ for some integer v > 1. Then % has
finite monodromy. Denote by E — V the finite étale connected covering of
V , which trivializes .# . Then the assertion is precisely that the pullback of E
to V' N (f, , = 0) remains connected, for (4, b) in a dense open set Z of
Aff Maps(A”, A™), and this is precisely Weak Bertini.

The case when R is E, results from the case when 4 is @1 , since any lisse
E,-sheaf has an @,-form. When R is &, , we apply Pink’s Lemma [Kal, 8.18.3]
to the image of p , to reduce to the case when R is an &, /l"é;1 . Q.E.D.

IV. DIOPHANTINE APPLICATIONS

4.0. Diophantine applications to individual exponential sums. In this section,
we combine our semiperversity results with Deligne’s Weil II estimate [De,
3.3.1] to give good estimates for the archimedean absolute values of sufficiently
general exponential sums in the families we consider and to give moderately
good estimates for the average archimedean absolute values of all the sums in
these families. In the following sections, we will give sharper estimates for aver-
age absolute values, at the expense of imposing hypotheses that are not so easy
to verify in practice.

We begin by stating explicitly the diophantine corollary of Main Theorem
1.5.
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4.0.1. Diophantine version of the main theorem. In the notation of Main The-
orem 1.5, suppose we are given.

k, a finite field of characteristic p # [

V, a separated k-scheme of finite type;

f:V — A", an arbitrary morphism;

n: V — A", a quasi-finite morphism;

K , semiperverse on A™ and mixed of weight < a;

L, semiperverse on V and mixed of weight < .
Suppose further that either H. (A" ®k, K) =0 or H(V @k, L) =0. Then the
object M := R(pr,),(priL® [ ;zK)[nm] on Aff Maps(A", A™) is semiperverse,
mixed of weight < nm+a+ f, and

H_(Aff Maps(A", A™)® k, M) = 0.
Proof. The only new statement concerns weights. The object
(priL® f zK)[nm]
is mixed of weight < nm +a + 8, and by [De, 3.3.1] this property is preserved
by the operator R(pr,),. Q.E.D.
4.1. In order to make explicit the application to sums, we introduce the follow-
ing notation. Given a separated k-schemes of finite type X, an object K of
Df(X , @,) , a finite extension field E of k, and an E-valued point x of X,
we denote by K(x, E) in Q, the number
K(x, E):= > (~1)'Trace(F, 7' (K),).

]

For each fixed E, we call the Q,-valued function on X(E) given by x —
K(x, E) the “trace function of K ”. The interplay between semiperversity and
mixedness is given by
4.1.1. Proposition. Let k be a finite field of characteristic # 1, X a separated
k-scheme of finite type and dimension < d, and K an object in Df(X , @,),
which is semiperverse and mixed weight < w . Then:

(1) There exists constants C, and C, such that for all finite extensions E
of k, we have the L? estimate

2
> IK(x, E)|" < Cylgp)"”
x in X(E)

and the L' estimate

1/2 )(w+d)/2

> IK(x, E)| < (GG
x in X(E)

(ag

(2) If X is equidimensional of dimension d, there exists a dense open set
U in X and a constant C, such that for any finite extension field E of k, of
cardinality q,, and any E-valued point u of U, we have the estimate

(w—dim(X))/2

|K(u, E)] < C(qg)
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Proof. (1) Let X™ = [1Z, be a finite partition of X 4 into a disjoint union

of smooth connected subschemes Z , dim(Zy) = dy , over each of which all
the cohomology sheaves #“(K) are lisse. Because K is semiperverse.

ZUK)NZ,#0=d, < -a, ie, ZUKNZ, #0=a<—d,.
Since K is mixed of weight < w,
ZY(K)|Z, # 0= #Z°(M)|Z, mixed of weight <w —d,.

For each Zy , denote by Cy the sum (over a) of the ranks of the lisse sheaves
Z'(K )IZ, . Then for any finite extension E of k and any E-valued point z
of Zy , we have the obvious estimate

(w=d,)/2

K(z, E)| < C,(qz) if z in Z (E).

Squaring, we get
K(z, E) < Clgp)" ™ if zin Z,(E).

Taking the sum over all the E-valued points of X, we find

Z |K(x, E) < ZCard(Zy(E))Cyz(qE)(w_dy).
7

x in X(E)
Since Zy has dimension dy , there exists a constant Dy such that for any

finite extension E of k, Card(Zy(E)) < Dy(qE)dV. So the above estimate
becomes X X
w
ST K, E)N <Y D,Clgp)".
x in X(E) y
We take C, = Zy D},Cy2 , which gives the L? estimate. The L' estimate

follows from this by Cauchy Schwartz, once we pick a constant C, such that
for any finite extension E of k, we have

Card(X (E)) < C,(g5)".

(2) Let U be adense open set of X over which all the cohomology sheaves
Z'(K)|U are lisse and denote by C the sum (over i) of the ranks of all the
lisse sheaves %' (K)|U. Since K is semiperverse and U is equidimensional

of dimension d , we see
X KWU=0 ifi>—-d.

Since K is mixed of weight < w, each sheaf /#'(K) is mixed of weight <

i+w. Soon U, the only possibly nonvanishing cohomology sheaves #'(K)|U
are mixed of weight < w —d , and the sum of their ranks is C . So for the trace

function of K we have the estimate
\K(u, E)| < C(gg)"™ " if uin U(E). QE.D.

We now return to the situation of Theorem 4.0.1.
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4.1.2. Corollary. Hypotheses and notations are as in Theorem 4.0.1. We have:

(1) There exists a dense open set % of Aff Maps(A", A™) and a constant
C, such that for any finite extension field E of k, of cardinality q, and any
E-valued point (A, b) of Z , the sum

S((4,b),E):= Y, L(v,E)xK(f(v)+A4n(v)+b, E)
v in V(E)

satisfies the estimate
a+pf— 2
IS((4, b), E)| < C(gg) ™",
(2) There exists a constant C, such that for any finite extension field E of

k, of cardinality q, the absolute values |S((A.b), E)| at the E-valued points
(A4, b) of Aff Maps(A", A™) satisfy the L* estimate

(1/(g)™™ 3 IS((4:b), E) < Gylgp)™ "
all E-valued (4,b)

and the L' estimate

(l/(qE)nm+m) Z IS((Ab) E)l <C1/2( )(a+ﬂ—m)/2.
all E -valued (4, b)

Proof. This is just the previous proposition, applied to the object M :=
R(pr,),(priL ® [ ,aK)[nm] on Aff Maps(A", A™), which is semiperverse and
mixed of weight < w := nm+a+ . By the Lefschetz Trace Formula, we have

M((4,b), E)=(-1)""S((4.b), E).

(2) Again the previous proposition, together with the observation that for
the affine space X := Aff Maps(A”, A™), the constant C , of that proposition
may be taken = 1. Q.E.D.

Let us make this very concrete.

4.1.3. Corollary. In the notation of Main Theorem 1.5, suppose we are given:
k, a finite field of characteristic p # [
V , a separated k-scheme of finite type;
f:V — A", an arbitrary morphism;
n:V — A", a quasi-finite morphism,
Z , a Q-sheaf on A", mixed of weight < a;
2, a Qp-sheafon V, mixed of weight <b.

Suppose further that either H. (A" @k, %) =0 or H(V®k,%)=0. We have:

(1) There exists a dense open set % of Aff Maps(A", A™) and a constant
C, such that for any finite extension field E of k, of cardinality q, and any
E-valued point (A, b) of % , the sum

S((A4.b),E):= Y. Z(v,E)xF(f(v)+An(v)+b, E)

v in V(E)
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satisfies the estimate
a+b+dim(V))/2
IS((4.b), E)] < C(gy) "+,
(2) There exists a constant C, such that for any finite extension field E of

k, of cardinality qg, the absolute values |S((A.b), E)| at the E-valued points
(4, b) of Aff Maps(A", A™) satisfy the L* estimate

(1/(qE)nm+m) Z |S((A.b), E)lz < CZ(qE)a+ﬂ+dim(V)
all E -valued (4, b)

and the L'-estimate

(1/(gx)"™™ Y IS((A4.b), E)| < G, (gy) AR,
all E -valued (4,b)

Proof. Simply apply the previous result to K := % [m], which is semiperverse
and mixed of weight < a+m, and to L := £[dim(V')], which is semiperverse
and mixed of weight < b+ dim(V). Q.E.D.

4.4. Examples of sheaves on A' with H .= 0. Let us consider in greater detail
the special case m = 1 of the above estimates. It is sometimes convenient to
fix a single sheaf # on A', which satisfies HC(Al ®k,F)=0 and is mixed
of weight < w, and to regard all the rest of the data (V' , v, n, &) as variable.

The following is a short partial list of such sheaves ¥ ’s on A'.

Example 1. % = .S’j” , for y any nontrivial additive character ¥ . Here w =
0.

Example 2. % = j,,?x , for x a nontrivial multiplicative character, and
J:G,, — A! the inclusion. Here again, w =0.

Example 3. & = j Z(!, v; x’s, p’s) with j: G, — A' the inclusion and
AR w'; x’s, p’s) an irreducible hypergeometric sheaf on G,, (cf. [Ka, 8.4])
of type (N, M) with N > 1, such that at least one of the x’s is the trivial

character 1. [This last condition is equivalent to the condition that & ;=% lo
is one-dimensional and this is in turn equivalent, by [Kal, 8.5.3.1] to the condi-

tion x(A ok, F)=0. For any irreducible hypergeometric Z(!, v ; x’s, p’s),
however, we have HC(A ®k,F) =0 for i # 1, so the vanishing of the re-
maining H cl (A'®k, ) is equivalent to the vanishing of y(A'®k, ).] Here
w=N+M-1.

Example 4. Let r > 1 be an integer and f a polynomial in r variables, viewed
asamap f: A" — Al According to [Kad4, 8.3], for L := } a,x; a suffi-
ciently general linear form on A’, the sheaf & := R S,y on A' has
HC(Al k,F)=0;for j: U — Al , the inclusion of any dense open set on

which & is lisse, j*¥ is pure of weight r — 1 and & 2 j j"% . So here
w=-r—1.
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4.5. Diophantine estimates for perverse irreducibles. Given a finite field k of
characteristic p # [, a separated k-scheme X of finite type, and an object K
in Df(X , @,) , which is perverse, we say that K is geometrically irreducible if
on X ® k it is a simple object in the abelian category of perverse sheaves on
X®k.

4.5.1. Proposition (L2 estimate). Suppose we are given a finite field k of char-
acteristic p # |, a separated k-scheme X of finite type, and an object K in
Df(X , @,) , which is perverse, geometrically irreducible, and pure of weight zero.
Then there exists a constant C such that for any finite extension E of k, we
have

-z Ko, P < clap ™

x in X(E)

Proof. Denote by Z C X the closure in X of the support of @,#'(K).
We may replace X by Z in the statement and thus reduce to the case when
Z = X . We will assume henceforth that Z = X . By the structure theorem
[BBD, 4.3.1] for perverse irreducibles, there exists an affine open set U in X,
which is smooth over k& and geometrically connected of some dimension d,
such that K|U is of the form #[d] for some lisse, geometrically irreducible
sheaf ¥ on U, which is pure of weight —d . Moreover, denotingby j: U —» X
the inclusion, we have K & j, j°K .

Since U is affine and Z is separated, the map j is affine; therefore, the
objects j,j*K and Rj, j*K on Z are both perverse. By definition, j,j"K is
the image, in the abelian category of perverse sheaves, of the canonical “forget
supports” map j,j*K — Rj,_j*K . In particular, the map ;K — j, K =K is
surjective in the abelian category of perverse sheaves. So if we denote by

Y:=Z-U, i:Y — Z, the inclusion,
we have a short exact sequence of perverse sheaves
0—i,j" jJ KI-11 = jj'K = j,j’K =0,
i.e., a short exact sequence
0—i,i"K[-1]—- jJj K—K—0.

Since K is pure of weight 0, i*K is mixed of weight < 0, and hence i"K[-1]
is both perverse and mixed of weight < —1.
Since i i"K[-1] and Jy j*K have disjoint supports, namely, ¥ and U re-

spectively, the sum }_ .. X(E) |K(x, E )|2 breaks up as the sum of the two sums

S OKI-UEL B+ Y K, E)

yin Y(E) uin U(E)

Because i"K[-1] on Y is perverse and mixed of weight < —1, the first of

these sums is part of the error term, thanks to the L? estimate of Proposition
4.1.1. Thus we are reduced to treating the second sum, over U.
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On U, K is #[d] for some lisse, geometrically irreducible sheaf .# on U,
which is pure of weight —d . Because .# is pure of weight —d, its “complex
conjugate” is .F " (d); so for u in U(E) we have

K (u, E)' = | (u, E)" = End(F)(d)(u, E).
By the Lefschetz Trace Formula, we have

> K@, E)'= Y (~1)'Trace(F,|H.(U ® k, End(¥)(d))).
u in U(E) d<i<2d
Because # is pure of some weight, End(# )(d) is pure of weight —2d, so
all the cohomology in dimension < 2d is mixed of weight < —1 and so
contributes to the error term. It remains to examine the dominant term
Hfd( U®k,End(¥)(d)). Because & is geometrically irreducible and U is
geometrically irreducible and smooth of dimension 4, we have

H*(U ok, End(F))(d)
= coinvariants of 7,(X ® k) on End(¥) = Q,. Q.E.D.

4.5.2. Proposition (Ll estimate). Suppose we are given a finite field k of char-
acteristic p # 1, a geometrically irreducible separated k-scheme X of finite type,
d := dim(X), and an object K in Df(X , Q)), which is perverse, geometrically
irreducible, and pure of weight zero. There exists a constant C such that for any
finite extension E of k, we have

—d)2 —(d+1))2
(1/Card(X(E)) Y. |K(x, E)| < (a5)” "%+ C(gp) """
x in X(E)
Proof. Since X is geometrically irreducible of dimension d, there exists a
constant D such that for every finite extension E of k, we have

d d—1/2
|Card(X (E)) — (g5)"| < D(ag)" ™",
The result now follows from the L’ estimate by Cauchy Schwartz. Q.E.D.
4.6. The situation over Z.

4.6.1. Let S be a normal connected scheme of finite type over Z[1//] and
X/S asmooth S-scheme of relative dimension 4, with geometrically connected
fibres. For each finite field k and each k-valued point s of S, we denote by
X, the fibre of X/S at s. Thus X, is a smooth, geometrically connected
k-scheme of dimension d .

4.6.2. Fix areal number w. Let K be an object of Df(X , Q) such that for
each finite field k and each k-valued point s of S, the object K, := K|X
on X is perverse and mixed of weight < w, and there exists a dense open
set W, of X, on which K  is geometrically irreducible and pure of weight
w . Then for any dense open set U, of X, on which K has lisse cohomology

sheaves, 7' (K,)|U, vanishes for i # —d (because K| is perverse), and the lisse
sheaf #Z _d(Ks)l U, is both geometrically irreducible (because it is geometrically
irreducible on the dense open set W, NU,) and pure of weight w —d , (because

it is lisse geometrically irreducible and mixed on U, , hence pure on U, of some
weight, which we can read on W, N U,).
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4.6.3. Let U C X be a dense affine open set over which all of the cohomology
sheaves #'(K) are lisse. At the expense of replacing S by a dense open set
of itself, we may assume that U/S is surjective. So each fibre U of U/S
is open dense in the corresponding fibre X, of X/S. As above, # "(K U,
vanishes for i # —d. Therefore #'(K)|U vanishes for i # —d, and hence
K|lU = Fd] for & :=# “d(K)|U . This lisse sheaf .% on U is punctually
pure of weight w — d, and its restriction to each finite-field fibre U, of U/S
is geometrically irreducible. We call the rank of ¥ the “generic rank of K ”.

4.6.4. Theorem. Let S be a normal connected scheme of finite type over Z[1/I],
whose generic point has characteristic zero, and X/S a smooth S-scheme of
relative dimension d, with geometrically connected fibres. Let K be an object
of Df(X , Q) and w a real number, such that for each finite field k and each
k-valued point s of S, the object K := K|X, on X_ is perverse and mixed
of weight < w and there exists a dense open set U, of X, on which K is
geometrically irreducible and pure of weight w . Suppose that the generic rank
r of K is > 2. Define a real number o(r) < 1 by

a(r)y=1-1/2(1+7r)"

Then there exists a dense open set V of S, a constant C, and a finite étale
galois covering V' — V with the following property: If k is a finite field F, and
v is a k-valued point of V , which splits completely in the covering V' — V,
then we have the estimate

(1/Card(X, (k)) Z IK(x, k)| < a(r)g ™™D 4 cq I,
x in X, (k)
Proof. Let j: U — X be the inclusion of a dense affine open set over which

all of the cohomology sheaves /#'(K) are lisse. Shrinking .S, we may assume
that U/S is surjective. Then K|U = F[d], for & a lisse sheaf on U of
rank r > 2, which is punctually pure of weight w —d , and whose restriction to
each finite-field fibre U, of U/S is geometrically irreducible. We first reduce
to the case when X is U and K is #[d].

Denote by Y := X — U the closed complement and by i: ¥ — X the
inclusion. In the tautological triangle

JjJK—-K—iiK,

the object i, i*K is supported in Y . Looking fibre by fibre, we see trivially
that i*Ks is semiperverse and mixed of weight < w, on each finite-field fibre
Y . At the expense of shrinking S, we can [Ka4, 1.4.4] find a stratification
Y™ = I1, Y, of Y™ as a finite disjoint union of subschemes Y, , each of which
is smooth and surjective over S with all geometric fibres equidimensional of
some common dimension dy , to which i"K is adapted in the sense that all its
cohomology sheaves are lisse on each Yy. Applying [Ka4, 3.1], (essentially a

uniform version of the L' estimate of Proposition 4.5.2), there exists a constant
C such that for any finite field k, ¢ := Card(k), and any k-valued point s of
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S, we have
3 1K, k) < cg®r e,
y in Y (k)
Since X/S has smooth, geometrically connected fibres of dimension 4, and

Y/S has all fibres of dimension < d, there exists a constant D such that that
for any finite field k, g := Card(k), and any k-valued point s of S, we have

| Card X, (k) - ¢°| < Dg" ™',

|Card U, (k) — ¢| < Dg* ™2,
1

| Card X, (k) — Card U, (k)| = Card(Y,(k)) < Dg"".

Thus the entire contribution of i i"K is absorbed in the error term, and we are
reduced to treating the case when X is U and K is ¥ [d].
Denote by f: U — S the structural morphism. Further shrinking S, we
may assume that all the sheaves
R fEnd(¥)(d) R'f(End(F®)d) for0<i<2d

are lisse on S.

Having made all of these reductions, we are reduced to showing that there
exists a constant C and a finite étale galois covering S — S with the following
property: If k is a finite field F, and s is a k-valued point of S, which splits

completely in the covering S’ — S, then we have the estimate
(1/Card(X,(k)) Y |F(x, k)| <a(rg® ™+ cq™* V"2
x in X (k)
It will be convenient to rewrite this estimate as
(1/Card(X,(k)) Y. q“™F (x, k) <a(r)+Cq "
x in X (k)
and view it as a bound for the L' norm of the function
) d—w)/2
x in X, (k) = f(x) = ¢ F (x, k),
with X (k) endowed with “counting measure,” normalized to give total mass

one. One basis for such estimates is the following elementary lemma, whose
statement we recall:

4.6.5. Lemma [Ka4, 5.1]. Let (X, u) be a measure space, with 1 a positive
measure of total mass 1. Let f be a measurable C-valued function on X,
e>0, E>O0, and M >0 real numbers. Suppose that

1< M, /lflzdu§l+e, /|f|4du2 | +E—e¢

Then [|f|du<1+2e—E/2(1+ M)

We now explain how to calculate the second and fourth moments of the
particular function at hand. We will show that we can take M = r and that,
with ¢ of the form (an explicitable constant) q—l/ 2 ,wecantake E=1.
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Because ¥ is lisse of rank r and is pure of weight w — d, we have the

trivial estimate J ,
¢\ F(x k) <

Because .# is pure of weight w — d, the “complex conjugate” of .# is
FV(d —w), and so for any finite field k, g := Card(k), and any k-valued
point x of X , we have

¢ (x, k)’ = End(F)(x, k),
¢ F (x, K)[* = (End(F#%)(x, k).

On the other hand, the number of pointsin X (k) is qd , up to an error bounded
by qu_l/ 2 Thus the square of the L? norm is approximately

Y ¢TNF = Y. End(F)d)(x, k),

x in X (k) x in X (k)
and similarly the fourth power of the L* norm is approximately

¢ Y ST R = Y (End(F®)@)(x, k).

x in X (k) x in X (k)

Because .# is pure of some weight, both End(¥) and End(¥ ®2) are pure
of weight zero. By Weil II, the lisse sheaves R HEnd(#)(d) and
Rif!(End(9’®2)(d) are mixed of weights < —1 for i < 2d. So up to an er-
ror which is uniformly O(q_l/ 2) , the Lefschetz Trace Formula shows that the
square of the L? norm and the fourth power of the L* norm are approximately

Trace(F,|[R* fEnd(F)(d)), Trace(F,|R™ f(End(F **)(d)),

respectively.

Because .# is lisse and geometrically irreducible on each fibre X, the lisse
sheaf R* H(End(5)(d)) has all its stalks canonically Q, , so the square of the
L? norm is always approximately = 1.

It remains to analyse Tracc(FS|R2d SH(End(&F ®2)(a’ )) . Because & is lisse and
geometrically irreducible on each fibre X, the argument of [Ka4, 5.8 and 5.8.1]
shows that the lisse sheaf R* S(End(¥# ®2)(d )) when viewed as a representation
of =m,(S), factors through a finite quotient, i.e., becomes trivial on a finite étale

galois covering ' — S . If we show that this representation has rank > 2, then
for any finite field k and any k-valued point s of .S, which splits completely
in S’ — S, the trace

Trace(F,|R™ f(End(#®*)(d))) = rank(R™ f(End(¥ **)(d))) > 2,

and as explained above, this will conclude the proof, with £ =1 and ¢ = (some
explicitable constant) q_l/ z

The stalk of R* S(End(¥# ®2)(a’ )) at a geometric point s of S is the coin-

variants (or equivalently the invariants, since &, is irreducible) of 7, (X) in
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(End(.9§®2)) . In other words, the stalk is the endomorphism ring of '9?032 as
a m (X,)-representation. Concretely, this means that when we write Z@’z as
the direct sum of distinct irreducible representations V; of n (X;) with mul-
tiplicities, say .9§®2 = > n/V,, then the dimension of the stalk is Z(ni)z. In
particular, this dimension is > 2 so long as .#, ®2 js not irreducible. But since
& has rank > 2, the decomposition

®2 ., 2 2
F 7= Sym (F) & A (&)
has both summands nonzero and so shows that & ®2 is reducible. Q.E.D.

4.7. Remarks on the theorem. One knows (cf. [Kal, 8.18.2]) that after shrink-
ing on S, for any geometric point s in .S, the conjugacy class in GL(r, @1) of
the image I'(s) of = (U,, any base point) in the monodromy representation of
&|U, is independent of the point s. We denote by G the Zariski closure in
GL(r, Q) of any of the groups I'(s). Thus G is a semisimple (not necessarily
connected) irreducible subgroup of GL(r, @1). A sufficient condition for the

lisse sheaf R*f,(End(# ®*)(d)) on S'to be trivial (as a representation of 7,(S))
is that for each finite field k and each k-valued point s of S, the image (by
the monodromy representation of &%) of =, (U,) in GL(r) lies inside the sub-
group G, G (cf. the proof of [Ka4, 5.8]). Notice that in any case the image
of n,(U,) in GL(r) normalizes the group I'(s) and so normalizes its Zariski
closure G. Thus if the quotient group

(Normalizer of G in GL(r))/G,,G

vanishes, then the lisse sheaf R* S(End(& ®2)(a' )) on S is trivial, and so in

the theorem the covering V' to V is completely decomposed. In this case, one
gets the estimate

(1/Card(X, (k)) Z K (x, k)| < a(r)q(w—d)/Z + Cq(w—d—l)/z
x in X, (k)

for all finite fields k£ and all k-valued points v of V.

For any irreducible semisimple subgroup G of GL(r), the quotient group
(Normalizer of G in GL(r))/G,G is finite. [For it is an algebraic group in
which, by [De, 1.3.11], every element is of finite order.] Some examples of
irreducible semisimple G inside GL(r) for which this quotient is trivial are

those for which G° is SL(r), or if r is even, Sp(r), or if r is odd, SO(r).

V. CALCULATION OF SOME MONODROMY GROUPS

5.0. In this section, we will calculate the geometric monodromy groups for the
one-variable examples discussed in 2.2. Thus we work over a finite field &, we
take n=m=1, V=A", n the identity map, f: A' — A' a polynomial f(x)
in one variable of degree d > 2, x a nontrivial character of k™, L the sheaf
Q1] on V = A', and K the sheaf J%Z,[1] on A'. View Aff Maps(A', A"

as the A2 with coordinates (a, b) corresponding to x — ax + b, and write
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/. for the polynomial
fap(X) = f(x) +ax +b.
Then M := R(pr,),(priL ® f ,4K)[1] has
x'M), ,=H" AU/ 0k, Z ) ).

Over the (nonempty by 3.5) open set U of (a, b)-space where f, , has all
distinct zeros, M has lisse cohomology sheaves [La, 2.1.4], and

' (MU =0 forl#-2,
# }(M)|U has rank d — 1.

By the Lefschetz Trace Formula, the trace function of the lisse sheaf
& ‘Z(M )|U is given by the following recipe: For E a finite extension of k,
Xg the character y o Normg of E*,and (a, b) in U(E), we have

-2
Trace(F(a,b)’EI/? (M)) =- Z xp(f(x)+ax +b).
xin E
5.2. Determinant Lemma. Notation is as in 5.1.
(1) If char(k) # 2, denote by x, the quadratic character and by N the

exact order of the character xx,. Then (det(# _Z(M U )®N is geometrically
trivial.

(2) If char(k) = 2, denote by N, the (odd) order of x and by N :=2Nj.
Then (det(# _Z(M WU )®N is geometrically trivial.

Proof. It suffices to treat the case when f is monic, for at the expense of passing
to a finite extension of k , we may suppose that the leading coefficient of f isa
dth power, say o®. Then pullback by the automorphism x — x/a, a — aa,
b — b brings us to the monic case.

It suffices now to treat the universal family .#(d) of monic polynomials
of degree d with all distinct roots. Concretely, .#(d) is the spectrum of the
k-algebra

k[Ay, Ay ...\ Ay 1[1/A]

where A is the discriminant of the universal polynomial
d .
Soniy(X) = x" + ZAix'.

For any prime / # char(k) and y any nontrivial @,-valued character of

k™, there exists a lisse Q,-sheaf F(d, x, ) on .#(d) whose trace function is
given by the following recipe: For E a finite extension of k, x. the character

onormE/k of E*,and f in .#(d)(E) a monic polynomial of degree d over
E with distinct roots, we have
Trace(F, ¥ (d, x, 1)) =— Z Xg(f(x)).

xin E
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niv] 4

To construct #(d, x, [), consider the sheaf .2 . , on (A <A (d))[1/f,

and the projection pr, onto .#(d). The sheaves R (prz)!,i’;(( 7y are all lisse
[La, 2.1.4], and they vanish for i # 1, as one sees fibre by fibre. We take

Fd,x,):=Rpr)Z

l(j;miv).
5.2bis. Determinant Lemma. (1) If char(k) # 2, denote by x, the quadratic
character and by N the exact order of the character xx,. Then

(det(Fd, x,! ))®N is geometrically trivial.

(2) If char(k) = 2, denote by N, the (odd) order of x and by N :=2N.
Then (det(F (d, x, )®" is geometrically trivial.
Proof. For a lisse sheaf of rank one .# on a lisse, geometrically connected k-

scheme ./ , the short exact sequence (7j any geometric point of .#) relating

7" and 7,

0—n(# ok, N)—n(#,0—Z—0,

shows that . is geometrically constant, i.e., trivial on 7,(# ® k,#), if and
only if it factors through the degree map

deg: n, (A , 7) —-»2,

i.e., if and only if it is of the form a®%. By Chebataroff, . is of the form
a%® if and only if for any finite extension E of k and any points x, y in
M (E), we have

Trace(F, p|lZ) = Trace(F, p|.2).

By [De, 1.3.4(i)] some tensor power of % is geometrically trivial. So for
any finite extension E of k, and any points x, y in #(E), we have

Trace(F, .|-Z)/Trace(F, p|.Z) is a root of unity.
We now apply these geheral considerations to the situation at hand
L =det(¥d, x,)) on A :.=.#(d).

The lisse sheaf # (d, x,!) has all its traces in the field Q(x). So its deter-
minant (or indeed any sheaf obtained from ¥ (d, x,!) by composing with a
representation of GL(d — 1)) has all its traces in the same field Q(x). There-
fore for any finite extension E of k and any points x, y in #(d)(E), the
ratio

det(Fx,E|37’(d, X l))/det(Fy’EIF(d, x,1D)

is a root of unity, which lies in Q(y).
Let us denote by N, the exact order of y. Thus Q(y) is the cyclotomic
field Q(¢ No) . So the number of roots of unity in Q(y) is

N, if N, is even,

Card(u(Q(x)) = { 2N, if N, is odd.




204 N. M. KATZ

Therefore the “mere” fact that % (d, x, /) has all its traces in the field Q(y)
gives:

(%) det(¥ (d, 2, 1))®N° is geometrically trivial if N, is even,
(xx) det(¥ (d, 2, l))®2N0 is geometrically trivial if N, is odd.

We first treat case (2). If char(k) =2, then x, being a character of k™, has
odd order, and the assertion is precisely ().
We next turn to case (1). There are two trivial cases, and one nontrivial case.

If the exact order N, of x is odd, then xyx, has exact order 2N,, and

the assertion amounts to (). If the exact order N, of x is divisible by 4,
then xx, has the same exact order, i.e., N = N, in this case, and the assertion
amounts to (x).

The nontrivial case is when y is of the form py, , with p a (possibly trivial)
character of odd order N,. Then xx, = p has odd order N;. The trivial

estimate (xx) is that det(¥ (d, px,, l))®2N ° is geometrically trivial. We claim
that det(¥(d, px,, ! ))®N° is geometrically trivial. In other words, we know

from (xx) that det(¥(d, px,,! ))®N° is geometrically of order dividing two,
and we must show that it is trivial. Concretely, this means the following: for
any finite extension E of k and any points f, g in #(d)(E), we know that

det(F, ;17 (d, pxy, D)™ = £(det(F, 4|F (d, pxy, D)™,
and we wish to prove that
det(F, ;17 (d, pxy, )" = det(F, (1F(d, pxy, )™

We will prove this by a congruence argument, itself based on the possibility
of varying /. View x (:= px,) as having values in the ring of integers &
of the abstract cyclotomic field Q(y). For every prime / # char(k) and every

[-adic place A of Q(x), we can construct a lisse &,-sheaf ,?;( oy which yields
"pr( I ) after extension of scalars from &, to Q,. Denote by F, the residue

field of &, .
If the character x is nontrivial mod 4, then the lisse [La, 2.1.4] cohomology
sheaves R’(prz),(,?;(f R F,) vanish for i # 1 (as one sees fibre by fibre)

and Rl(prz)!(%( ) ® F,) hasrank d — 1. A standard “universal coefficient”

argument then shows that the cohomology sheaves Ri(prz)!,?;(( £ vanish for
i # 1, and the remaining

. pl
y(d ] X > A’) A R (prz)'%(f;mlv)

is a lisse &,-sheaf, &,-free of rank d — 1, which yields #(d, x, /) after ex-
tension of scalars from &, to @, . Moreover, we have

F(d,x, 1) @F, ~ R (pr))(Z, | ®F,).

Thus once we fix a nontrivial character y of k™ with values in the ring of
integers @ of some cyclotomic field, for every prime number / # char(k) and
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every [-adic place A of & such that y is nontrivial modA, we obtain a lisse
O,-sheaf F(d, x,A) on #(d), &,-free of rank d — 1, whose trace function
is given by the usual recipe: For E a finite extension of k, x, the character
xoNormy of E*,and f in #(d)(E) a monic polynomial of degree d over
E with district roots, we have

Trace(F E|9(d x> A) Z X (f

xin E

an equality in @, . The key point is that the right-hand side lies in &, indepen-
dent of A. Therefore the determinant sheaf det(¥ (d, x, 4)), or indeed any
sheaf deduced from # (d, x, A) by a “construction of linear algebra”, has all
its traces in &, independent of 4.

We now return to the problem of proving that for p a character of odd order
N, , for any finite extension E of k, and any points f, g in .#Z(d)(E), we

have
N,

N,

det(F, (15 (d, pxy D)™ = det(F, ,1F(d, pxy» D)™
For any [ # char(k) and any /-adic place 4 of & such that pyx, is nontrivial
modA (e.g., any /-adic place A of odd residue characteristic will have py,
nontrivial mod 4, thanks to the presence of y,, since already (p x2)N 0=y, is
nontrivial mod such a 1) we may rewrite this as

det(F, ;1 (d, pry. )"0 = det(F, ;17 (d, pry, D)™

We proceed by induction on the number of distinct primes which divide the
order N, of p.

To get started, we must do the crucial case when p is trivial—we must
show that det(¥ (d, x,, [)) is geometrically trivial. Over .#(d), consider the
proper smooth family of hyperelliptic curves ¢: & — #(d) whose fibre over
the monic polynomial f of degree d with all distinct roots, viewed as a point
of .#(d), is the complete nonsingular model of the affine curve %f Vi =f (x).
If d is odd, % is the disjoint union of this affine curve and of a single section
“o00”. The sheaf det(#(d, x,,)) is none other than det(Rl(o!@I) . [To see
this, we argue as follows. Both ¥ (d, x,,!) and ngo!@, are lisse sheaves on
# (d) with the same trace function, namely,

(f, E) Zx 12, £(f (X))

So by Chebataroff, both have isomorphic semisimplifications as lisse sheaves on
A (d) ; therefore, they have isomorphic determinants.] But qup!@,(l /2) carries
a symplectic autoduality, the cup-product pairing on Rl(p,@l(l /2) . Therefore
det(R1 (p!@,(l /2)) is trivial, corresponding to the fact that Sp(d—1) Cc SI(d—1),
whence det(¥ (d, x,,[)) = det(Rl(p!@I) is geometrically trivial for d odd.

If d is even, we again consider the same proper smooth family of hyperel-

liptic curves. But this time the curve % is the disjoint union of the affine curve
and of two disjoint sections “oo_” and “oco_”, corresponding to whether the




206 N. M. KATZ

function x“/2 /v takes the value 1 or —1. In this case, the Chebataroff argu-
ment shows that & (d, x,, [) has the same semisimplification as Q, @ngo!@, .
So once again for d even, det(¥ (d, x,,!)) = det(Rl(p!@,) is geometrically
trivial.

We now explain how to reduce the general case y = py, to this one. We
proceed by induction on the number, say r, of distinct primes which divide the
odd order N, of p. We will show that for any integer N such that pN =1
and any / # char(k), there exists a geometrical isomorphism

(x5 %) det(F(d, px,, )*" 2 det(F(d, z,, 1)*".

Since det(# (d, x,,!)) is geometrically trivial, taking N := N, will conclude
the proof. Now (xx*x) holds if and only if for any finite extension E of k and
any points f, g in .#(d)(E), we have

det(F, p|\F(d, pxy, )" /det(F, ,|F(d, px,, )"
N

= det(F, g7 (d, 1y, )" /det(F, (17 (d, x5, 1)".

But this condition is independent of /, because each determinant involved lies
in @, independent of /. So it suffices to prove (x x x) for a single choice of
prime number / # char(k).

If r > 1, we can factor p = o7 with ¢ and t characters whose odd orders
are relatively prime to each other and such that ¢ has odd prime power order,
say [°. Choose an [-adic place A of @ . Because ¢ is trivial mod A, we have
an equality of F,-sheaves

Fd,o0t2,, )F, ~F(d, 1),, ) ®F,.
Taking determinants, we find a congruence mod A
det(#(d, otx,, 1) =det(¥ (d, 1x,, 1)) modA.
Raising both sides to the N, th power, we conclude that

det(F(d, aty,, 1) = det(F (d, 1x,, 4))®" mod A

as characters of n, := 7 (#(d), f§). Now restrict this to 7}". Since both

det(¥(d, oty,, A% and det(¥(d, TXy» A))®% are +1-valued characters

of nf“’m and A has odd residue characteristic, this congruence mod A implies

an equality
det(¥(d, oty,, A))®N° =det(F(d, 1x,, ,1))®N°

as characters of n}°", i.e., a geometrical isomorphism

det(F (d, a1y, 1) ~ det(F (d, 11, , 4))®™.
Passing from &, to Q,, we get a geometrical isomorphism

det(F (d, 012y, 1)®™ ~ det(F (d, tx,, 1))®™.
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Since 7™ = 1 and the exact order of 7 is divisible by fewer primes than is
N, , by induction we have a geometric isomorphism

det(F (d, 12y, 2)®" ~ det(F (d, x,, ).
Thus we have proven 5.2bis. Q.E.D.

53. If xd is nontrivial, then # "2(M )|U is punctually pure of weight 1. This
follows from the explicit description of #'(M )a, , and [De, 3.2.3], for if we
denote by

NGBS &

the inclusion, then for (a, b) in U, we have

i, onP'.

X ) = I 2 2,

»)

(This holds at all points of A simply in virtue of the fact that y is nontrivial
and j; , has all distinct roots. That it holds at oo is equivalent to the hypoth-
esis that xd is nontrivial.) So by the corollary, # _Z(M )|U as a lisse sheaf on
U is geometrically irreducible, provided that xd is nontrivial.

Recall (5.1) that by the Lefschetz Trace Formula, the trace function of the
lisse sheaf # "2(M )|U 1is given by the following recipe: For E a finite extension
of k, xp the character onormE/K of E*,an (a, b) in U(E), we have

Trace(F, , gl (M) = - > xp(f(x) +ax +b).

xin E

Since Z _Z(M )IU is irreducible, it is determined up to isomorphism (as lisse
sheaf on U) by its trace function.

5.4. Theorem. Notation is as in 5.1. Suppose that d is prime to p, that f"'(x)

is not identically zero (whence char(k) # 2), and that xd # 1. Denote by

Ggeom the geometric monodromy group of the (geometrically irreducible) lisse

sheaf # _2(M )IU . Denote by yx, the unique character of order two of k™, and
denote by N the (exact) order of the character xy, of k™. Then:

(1) If x = x, is the quadratic character, then d is odd and Geom 1S
Sp(d - 1).
(2) If x # x,, suppose that either
(a) d>5 or

(b) d>3 and (xx,)’ #1.
O=SL{d-1) and G

geom

Then (G = {4 in GL(d — 1)|det(4A)" = 1}.

geom )

To prove this, we need some preliminaries.
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5.5. Interlude: weakly supermorse polynomials (compare [Kal, 7.10.2]), convo-
lution, and monodromy.

5.5.1. We will deduce Theorem 5.4 from a theorem about certain one-parameter
families of sums. The idea is to freeze the parameter “ a ”, consider the polyno-
mial f (x):= f(x)+ax, and look at the one-parameter (namely, “ 5 ) family

of sums
b S(b) =Y x(f,(x)+b).

It is slightly more suggestive to define

(%) 1= —1,(x)

and to write our family of sums in the form
Zx(b 8,( Zx(b—t Card{x|g,(x) = t}.
Because ), x(b — t) =0, x being nontr1v1al, we may rewrite our family as
S(b) =Y x(b - n)[Card{x|g,(x) =1} — 1].
t

This last expression shows that b — S(b) is the additive convolution of the
function ¢+~ x(¢) and the function ¢+~ Card{x|g, (x) =t} — 1. The function
t — x(¢) is the trace function of j!_?; and the function .

t — Card{x|g,(x) =1t} — 1
is the trace function of the sheaf (7 := Kernel of Trace 1 (&,) Q,
By using this convolutional point of v1ew we will show that already such a

one-parameter family has a large Ggeom provided that the polynomial f, , or

equivalently g , is “weakly supermorse.”

5.5.2. Given a field k and a nonconstant polynomial f(x) in k[x] of degree
d > 2, we say that f is “weakly supermorse” (compare [Kal, 7.10.2]) if the
following conditions hold.

(WSM1) d is invertible in k.
(WSM2) f'(x) has d — 1 instinct zeros in k.
(WSM3) f separates the d — 1 distinct zeros of f in k, ie., if f(a) = f(B)
and f'(e) = f(B) = 0 then a = B.
5.5.3. Suppose that f is weakly supermorse, and define (compare [Kal, 7.10.2])
& := Kernel of Trace: £Q,-Q,
a direct factor of ﬁ@, of generic rank d — 1. Because f has degree d prime

to p and f as a map of P' to P' is fully ramified over oo, f,Q, as I(o0)-
representation is tame—indeed it is the direct sum

(5.5.4) £,Q, as I(co)-representation =~ @ Z

and hence & as I(oo)-representation is tame, given by
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(5.5.5) F as I(oo)-representation = @ i’x
=1, x#1

Exactly as in [Kal, 7.10.2.1 and 7.10.3], one shows that .# is Fourier and that
F is a geometrically irreducible tame reflection sheaf. Moreover, just as in
[Kal, 7.10.4], we have

FT,(F11]) = £11],
with & = NFTW(? ) a geometrically irreducible Fourier sheaf on Al , which
is lisse on G,, . Laumon’s theory of the local Fourier Transform shows that

(5.5.6) Z as I(0)-representation =~ EB <z,
=1, x#1

(5.5.7) Z as I(oo)-representation ~ P 2, 0 ® Ly
(@)=0

For any finite extension E of k and any E-valued point ¢ in A’(E) =F,
the trace function of & at ¢ is given by

(5.5.8) Trace(F, ;|#) = Card{x in E|f(x) =1} - 1.
So the function

b S(b) =Y x(t = f(x)
X
is the convolution of the trace functions of & and of j,_?x .

5.6. Lemma. If f is weakly supermorse of degree d, and if xd # 1, then
Z® j!e.S’)z is a geometrically irreducible Fourier sheaf, which is tame at zero and

whose I(oo)-representation is given by
& ® j,-Z, as I(co)-representation ~ @ _E’;
S (@)=0
Proof. Since Z is lisse and geometrically irreducible on G,, sois & ® j!i’}.

L2 © Ly

Because xd # 1, while the local monodromy of £ at 0 involves only characters
of order dividing d, T ® j,_i’z has no inertial invariants at 0 and, hence, is
the direct image of its restriction to G,, . Because & ® j!"?z vanishes at 0, it is
not _Z”(ax) for any a. This shows that & ® j.Z is (geometrically) irreducible
Fourier. Because & is tame at zero so is & ® j,sz. The I{oo)-representation
of T® 5z, s

(the I(co) -representation of &) ®.%, ~[ P Z, 0 ® Ly ] ® Fn) -
f(@)=0

Q.E.D.
5.7. Key Lemma. If f is weakly supermorse of degree d and if xd =1, then:

(1) The object (¥ *,, j!_?x)[l] is a geometrically irreducible Fourier sheaf,
say M, of generic rank d — 1.

(2) The trace function of M is t— =3 x(t— f(x)).

(3) The geometrically irreducible Fourier sheaf NFT (M) is geometrically
isomorphic to & ® (j,%;) -




210 N. M. KATZ

(4) M istameat cc.
(5) M is lisse on A" outside the d — 1 critical values of f, i.e., outside

the points f(a) for a a zero of f'(x). At each critical value f(a), the local

monodromy of M is a tame pseudoreflection whose determinant, as character of

I(f(a)) , Is “C!ixxz)(x-f(a)) '

Proof. We exploit the fact that Fourier Transform (essentially) interchanges
tensor product and ! additive convolution *,, : the precise statement (cf. [Br,
9.6], but “[+rgE]” should be “[-rgE]” there) is

FT , (K)®FT, (L) =FT (K, L)1].
Taking K tobe ¥ and L to be j,,?} , and using the fact that for y nontrivial

we have
FT, (%) = (jZ) ®a’®,  a=- Y w(x)xx),

xink
we find 4
g ® (jZ) ® a"* = FT(F *, jZ)1].

Applying FTW(I) to this and using Fourier inversion, we find

FT, (& © (jZ)(1) ® a*®) = (F *,, jZ)([1].

Since &¥® %, is geometrically irreducible Fourier, its FT is itself geometrically
irreducible, i.e., (& *,, j!,?})[l] is geometrically irreducible Fourier. Its generic
rank is the dimension, for general values of ¢, of the cohomology group on the
x-line

H, (A @ k[1/(f(¥) = 0], Zyu— )

and this group is visibly of dimension d — 1 if f(x)—t has d distinct zeros.
This proves (1).

Statement (2) is just the Lefschetz Trace Formula and the definition of !
additive convolution, and (3) follows from (1) by Fourier inversion.

That M is tame at oo holds because ¥ ® ( j!“?z) is lisse on G,, , tame at
0, and has all oo-slopes < 1 (using Laumon’s results, cf. [Kal, 7.5.4]). The
finite local monodromy of M is as asserted by [Kal, 7.4.6] and the previous
lemma. Q.E.D.

5.8. Lemma. Over an algebraically closed field k, let S be a finite nonempty
subset of Al(k) , | a prime number invertible in k, and M a lisse @I-Sheaf on
Al-S. Suppose that

(1) M is irreducible;

(2) M istame at oo}

(3) at each point s in S, the local monodromy of M is a tame pseudore-

flection y_, which is not a reflection.

Then M is not induced.
Proof. We argue by contradiction. Suppose that there exists a smooth connected

curve U over k, alisse @,-sheaf N on X, a finite étale map n: U — Al-S
of degree d > 2, and an isomorphism M = n_N . Denote by X the complete
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nonsingular model of U and by #: X — P' the induced finite flat covering of
P' . We will show that the covering 7 is tame over oo and finite étale over A'.
Since A' has no nontrivial finite étale connected coverings, which are tame at
00, this gives a contradiction.

We first show that if n, N is everywhere tame, then both N and 7 are tame.
For this, we consider the virtual sheaf of rank zero

N — rank(N)Q, on U.
The Euler-Poincaré formula on U gives

x(U, N—rank(N)Q,)=— > Swan(N).
xin X-U

But by trivial Leray and the Euler-Poincaré formula on A' — §
x(U, N —rank(N)Q)) = x(A' =S, n, N —rank(N)n,Q))

= - Z Swan (7, N — rank(N)7,Q))
tin {o0, S}

(since m, N is tame) = rank(N) Z Swan,(n*@l)-
tin {oc0,S}

But Swan conductors are nonnegative, so the equality

_ Z Swanx(N) = rank(N) Z Swant(n*@,)

xin X-U tin {00, S}

implies that all the terms Swan (N) and Swan,(n,Q,) vanish.

Once we know that 7 is tame and that N is tame, we argue as follows. Pick
apoint s in §. Let the points in X lying over s be the x;, with local degree
d; over s. Then the I(s) representation M(s) is the direct sum of the d;-fold
Kummer inductions [d;], N(x;) (compare [Kal], proof of 3.5.2)

M(s) = @[di]*N(x,.).

Since M(s) is a tame pseudoreflection but not a reflection, all but one of the
terms [d;], N(x;) must be the trivial representation, and the remaining one, say
[d,],N(x,), must itself be a tame pseudoreflection but not a reflection.

If [d;],N(x,) is trivial, then N(x;) must be trivial (since it is a direct factor
of [d,]"[d,],N(x,)), whence d,=1.

If [d,],N(x,) is a tame pseudoreflection but not a reflection, then by the same
direct factor argument N(x,) is either trivial or is itself a tame pseudoreflection.
If N(x,) is trivial and [d|],N(x,) is a tame pseudoreflection, then N(x,) has
rank one and d| = 2; but then [d|], N(x,) is a reflection, and so this case does
not occur.

If N(x,) and [d|],N(x,) are both tame pseudoreflections, we claim
d, = 1. If N(x,) is a unipotent pseudoreflection, then rank(N(x,)) > 2 and
the semisimplification of [d,], N(x,) is rank(N(x,)) copies of [4,1,Q, , which
contains at least two nontrivial characters (counting multiplicity) if d, > 2. Fi-
nally, if N(x,) is a nonunipotent pseudoreflection, say, of determinant p # 1,
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then N(x,) is semisimple and [d,],N(x,) contains all the d,th roots of p,
each of which is a fortiori nontrivial. So in this case we must have d, = 1 if
[d,],N(x,) is to be a pseudoreflection.

Therefore each d; is 1, which is to say that 7: X — P' is étale over A, as
required. Q.E.D.

5.9. Lemma. Over an algebraically closed field k, let S be a finite nonempty
subset of Al(k), | a prime number invertible in k, and M a lisse @I-Sheaf on
Al—s. Suppose that
(1) M is irreducible,
(2) M istame at oc;
(3) at each point s in S, the local monodromy of M is a tame pseudore-
flection y_, which is not a reflection and whose determinant det(y,) has

s
finite order n_ (as a character of the inertia group 1(s)).

Then

(1) det(M) has finite order, equal to the l.c.m. of the integers n_,
(2) either M is Lie-irreducible or M has finite monodromy.

Proof. Since M is tame on A'-s, det(M) is tame on A' — S, so its mon-
odromy group is the subgroup of GL(1) generated by the local monodromies
at all the points s in S. This proves (1).

By [Ka3, Proposition 1], our irreducible M is either Lie-irreducible, or in-
duced, or is the tensor product N ® L of a Lie-irreducible L of lower rank with
an N having finite monodromy. Suppose M is not Lie-irreducible. We have
already eliminated the induced case. Therefore M is the tensor product N® L
of a Lie-irreducible L of lower rank with an N having finite monodromy. Since
a pseudoreflection is not nontrivially a tensor product (compare [Kal, proof of
3.5.7]), L must have rank one, and as det(M) is of finite order, it follows that
L itself is of finite order, whence N ® L has finite monodromy. Q.E.D.

5.10. (Mitchell [Mi]) Theorem. Over an algebraically closed field k, let S be
a finite nonempty subset of Al(k), | a prime number invertible in k, and M
a lisse @,-sheaf on A' - S. Suppose that
(1) M is irreducible;
(2) M istame at oo;
(3) at each point s in S, the local monodromy of M is a tame pseudore-
flection y, which is not a reflection and whose determinant det(y,) has
finite order n_ (as a character of the inertia group 1(s));
(4) M has finite monodromy.
Then
(1) rank(M) <4,
(2) if rank(M) =3 or 4 then every n =3.
Proof. Let us denote n :=rank(M). Since M is not induced, G‘mrn is a finite
irreducible subgroup of GL(n), which is “primitive” (i.e., the given represen-
tation is not induced) and which is generated by pseudoreflections. According
to Mitchell [Mi, Theorem 1], if n > 4 then the only pseudoreflections in such
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a group are reflections, so each n, = 2 (this case does not occur for us). If n
is 3 or 4, then classification (cf. [Mi]) shows that any pseudoreflection in such a
group has order 2 or 3. Soeach n_ is 2 or 3, and n_ # 2 by hypothesis. Q.E.D.

5.11. Theorem. Over an algebraically closed field k , let S be a finite nonempty
subset of Al(k), ! a prime number invertible in k, and M a lisse Q;-sheaf on
Al-s. Suppose that

(1) M is irreducible;

(2) M istame at oo;

(3) At each point s in S, the local monodromy of M is a tame pseudore-
Aection y_, which is not a reflection and whose determinant det(y,) has finite
order n_ (as a character of the inertia group 1(s)).

Suppose that either

(a) n:=rank(M) > 4, or

(b) n:=rank(M) > 2 and some n # 3.
Then

(1) M is Lte—trreduczble

(2) (Gyeom) = SL(n) if some n # 1 orif n is odd,

(3) ifall n,=1 and n is even, then (G O is either SL(n) or Sp(n);
(4)

geom)

4) If ( geom) =SL(n), put N :=l.c.m. of the n_:=order of det(M).
Then G, __ is {A in GL(n)|det(4)" =1}.

geom

Proof. That M is Lie-irreducible follows from the previous two results. Since
det(M) is of finite order, (Ggeom)0 is semisimple (being an irreducible con-
nected subgroup of SL(n)). Conclusions (2) and (3) then follow from the
Pseudoreflection Theorem [Kal, 1.5] applied to Lie( geom) in its given repre-

sentation and to any of the pseudoreflections y . Conclusion (4) is trivial, since
det(M) has order N. Q.E.D.

5.12. Application to weakly supermorse functions. Let k be finite field, f(x)
in k[x] weakly supermorse of degree d , and x acharacter of k™ with xd #1.
In Key Lemma 5.7, we have proven:

(1) the object (¥ *,, j,.‘ii)[l] is a geometrically irreducible Fourier sheaf,
say M, of genericrank d —1;

(2) the trace function of M is t— -3 x(t— f(x));

(3) the geometrically irreducible Fourier sheaf NFT (M) is geometrically
isomorphic to & ® (j.-Z}) ;

(4) M is tame at oo;

(5) M is lisse on A' outside the d — 1 critical values of [, i.e., outside
the points f(a) for a a zero of f'(x). At each critical value f(a), the local
monodromy of M is a tame pseudoreflection whose determinant, as character

of I(f(@)),is L (xx,)(x — f(a)).
Denote by S C A! the set of critical values of f. Denote by N the exact
order of the character xyx,. We may apply Theorem 5.11 to A' — S and the

v
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sheaf M . All the finite local monodromies y  are pseudoreflections, whose
determinants have the same finite order N. So we find

5.13. Theorem. Notations are as in 5.12 above. Let k be a finite field of charac-
teristic p # 2, f (x) in k[x] weakly supermorse of degree d, and y a character
of k™ with x # 1. Denote by N the order of the character xx,. Let | be a

prime number invertible in k. Then Ggeom for the lisse Q,-sheaf Mon A'-S
of rank d — 1, whose trace function is

is given as follows.
(1) If x = x, is the quadratic character, then d is odd and Ggeom is
Sp(d - 1).
(2) If x # x,, suppose the either
(@) d>5,or
(b) d>3 and (xx,)° #1.
0 . . N
=SL(d - 1) and G, is {4 in GL(d — 1)|det(4)” = 1}.
Proof. Parts (2a) and (2b) are immediate from Theorem 5.11. For part (1),
we must explain why if y = x, then d is odd and why we have an a priori

inclusion G C Sp(d — 1). The nontriviality of (xz)d implies that d is

geom

Then (G

geom )

odd. Over A' — § , consider the proper smooth family of hyperelliptic curves

0: % — A' — S whose fibre over ¢ is the complete nonsingular model of the
affine curve of equation

%, :y2 =t— f(x).
Because d is odd, % is the disjoint union of this affine curve and of a single
section “ 0o ”. The sheaf M is none other than R’ (p!@, . [To see this, we argue
as follows. Both are lisse sheaves on A' — § , and both have the same trace

function, namely,
te =Y x,(t— f(x))
X

So by Chebataroff, both have isomorphic semisimplifications as lisse sheaves
on A' —§;but M is irreducible (because it is geometrically irreducible), and
hence Rl(p!@, must itself be irreducible (since its semisimplification ~ M is ir-
reducible); therefore, there exists an isomorphism M = Rl(a!@, as lisse sheaves
on A' - § .] This description of M shows the existence of a symplectic au-
toduality on M , corresponding to the cup-product pairing on Rl(a!@l(l /2).
Therefore we have an a priori inclusion G cSpd-1) if x=x,. QE.D.

geom

5.14. Return to the proof of Theorem 5.4.

Proof. First of all, if y = x,, d isodd and G, C Sp(d — 1), by the same
argument as used in the proof of 5.13. Moreover, if x # x,. Determinant

Lemma 5.2 shows that every element 4 in G has dct(A)N =1. Soin

geom
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order to prove Theorem 5.4, it suffices to show that in case (1) (resp. case
(2)) Gyeom contains Sp(d — 1) (resp. {4 in GL(d — 1)|det(4)" = 1}).
-2 .
Now G, for #Z “(M)|U contains the Gyeom for the pullback of
Z —2(M )IU to any geometrically connected X by any map X — U ® k. We
will show that for all but finitely many values of “a” in k, the polynomial

8,(x) := —f(x) —ax is weakly supermorse. For such a good “a, ”, we will take

X :={(a, b) in U with a=a,} (so X is the complement in the Al of b’sof
the critical values of g,) and apply the previous result to the weakly supermorse
function g , whose sheaf “M™ is precisely the pullback of X of # _Z(M )| U .
Since this pullback already has a big enough Gg we are done. Q.E.D.

eom

It remains only to prove the following lemma.

5.15. Lemma. Let k be a field, d > 2 an integer such that d is invertible in
k, and f(x) in k[x) a polynomial in one variable over k of degree d whose
second derivative f"'(x) is not identically zero. Then there exists a nonzero
polynomial R(t) in k[t] such that for any overfield K of k and any element
a in K with R(a) # 0, the polynomial f,(x):= f(x)+ax in K[x] is weakly
supermorse.

Proof. The derivative f; of f, is the polynomial f'(x) + a, which has degree
d — 1. Its discriminant, given by some universal formula, is a polynomial A(a)
in k[a]. We first show that the polynomial A is nonzero, i.e., that f: has all
distinct roots for general values of “a ”. Since f”(x) is nonzero, f has only
finitely many zeros, say 7,’s, in k. Since f” is the derivative of f,, f, has
all its zeros simple provided that none of the y;’s is a zero of f; , i.e., provided
that a # —f'(y,) for each root 7, of f”. Thus A is nonzero.

For any quantity a with A(a) # 0, the polynomial f, is weakly supermorse
if and only if f, separates the zeros of f'(x)+a. Consider the product, over all
pairs (a, f) of distinct roots of j; = f'(x)+a, of the difference S (@)= f,(B),
say

D(a) := 11 (fo(a) = £,(B))-
(a, B) dist. roots of f;
This, too, is given by some universal formula: it is an element of the ring
kla, 1/A(a)], say D(a) = P(a)/(a power of A(a)). We must show that it is
nonzero. For in this case, the product P(¢)A(¢) will function as the required
R(1).

To understand D(a) as a function of a, we work over the ring k[a][1/A(a)]

and pass to the finite étale #,_,-torsor over it, which represents the functor

“d—1 distinct roots of f'(x)+a . Concretely, if we write f(x) = cx?+ lower
terms, this is the ring

Z = kla][l/A(a)llz,, ..., z,_,1/F
where .7 is the ideal defined by the equation
H(Z,' - Zj) = A(a)

i#]
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and by the d relations obtained by equating like powers of x in

cdH(x— z,) = f(x) +a.

Then D(a) makes sense as the element of % given by

[1(z) = £(2))-

i#]
Because this element is visibly invariant under the permutation action of %, |
on the z,, it in fact lies in the ground-ring k[a][1/A(a)], justifying the D(a)
notation,

To show that this element is nonzero, we argue by contradiction. If D(a) is
identically zero, then viewed as an element of % it vanishes identically on each
connected component of Spec(#). But &% is finite étale over the normal ring
k[a][1/A(a)] and so is itself normal, and hence each connected component, say
Spec(#,) , has %, an integral domain, which is finite étale over k[a][1/A(a)].
Because %, is an integral domain in which D(a) vanishes, there exists a pair
of indices i # j such that

f(z) = f,(z;)=0 inZ,.
Because %, is étale over k[a][l1/A(a)], the derivation d/da of k[a][1/A(a)]

extends uniquely to a k-linear derivation, say J, of %, , satisfying d(a) = 1.
We compute

5(f,(2)) =8(f(z,) +az) = f(2)8(z,) +ad(z)) + 7, = z,,
the last equality because f'(z ;)+a=0. Similarly, §(f,(z N =1z;.%0 applying
J to the equality
f;z(zi) - f;,(zj) =0 in ‘%u ’
we find that z;, — z; = 0 in #,, a contradiction since z; — z; is invertible in
& and, hence, in %Z,. Q.E.D.

5.16. Remark. What becomes of Theorem 5.4 if we allow for y a nontrivial
character with xd = 1?7 First of all, if x is nontrivial but xd is trivial, then
V4 —Z(M )|U has a lisse rank 1 subsheaf, which is pure of weight 0 and geomet-

rically constant. The quotient of # _2(M )|U by this lisse rank 1 subsheaf, say
F , is lisse of rank d — 2 and pure of weight 1. By the Irreducibility Theorem
2.1.1 (and Corollary 2.1.4) this quotient # is geometrically irreducible.

To see this structure when xd is trivial, suppose to fix ideas that f is monic.
Write d = ep” with e prime to p. Since y has order prime to p, xd =1=
x° = 1; but any monic f(x) of degree d is an eth power in k((1/x)), so
..S’;mx))|Spec(k((l/x))) is trivial. So for (a, b) in U, we have a short exact

sequence of sheaves on P!
0= it = s, ~ (@ = 0

The long exact cohomology sequence on P! gives, for (a, b) in U,

= -2 | T
O—’Q[—’% (M)a,b—'Hc(]P ®k,']*%(/::.b))_’0,
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and the last term is pure of weight 1 by [De, 3.2.3].
Concretely, then, for f monic of degree d, the trace function of ¥ is
given by the following recipe: For E a finite extension of k, x, the character

xoNormy, of E*,and (a,b) in U(E), we have

Trace(F(a,b)’Elg) =-1- Z Xe(f(x)+ax +b).

xin E

If we drop the requirement that f be monic and write

f(x)= ex? + lower terms,

then the trace function is
Trace(F(a‘b)‘Ely) = —xp(c) - Z xe(f(x) +ax +b).

xin E
5.17. Theorem. Notation is as in 5.1. Suppose that d > 3 is prime to p, that
£ (x) is not identically zero (whence char(k) # 2), that x is nontrivial, and that
xd = 1. Denote by Ggeo m the geometric monodromy group of the (geometrically
irreducible) lisse sheaf F (defined above¥ of rank d — 2. Denote by x, the
unique character of order two of k™, and denote by N the (exact) order of the
character xx, of k™. Then:

(1) If x = x, is the quadratic character, then d is even and G, = is
Sp(d - 2).
(2) If x # x,, suppose that either
(a) d>6,o0r
(b) d>4 and ()()(2)3 #1.

O =SL(d-2),and G, ={A in GL(d - 2)|det(4)" =1}.

Proof. The idea is the same, to prove the theorem already for the restriction of
F to the line in U where “a” is frozen to a value for which f(x) + ax is
weakly supermorse.

For an f, which is weakly supermorse of degree d, and a nontrivial y of
order dividing d, the sheaf M has a rank 1 geometrically constant subsheaf
of weight zero and the quotient, say M , is a lisse sheaf of rank d — 2, which
is pure of weight 1. The extension by direct image to A' of M is the Fourier
Transform not of & ® j!’?i but rather of its middle extension j,j (% ® j!,'i’}) .
In this way, we prove the following variant of Key Lemma 5.7.

Then (G

geom ) geom

5.18. Variant Key Lemma. If f = exd s weakly supermorse of degree d ,
if x is nontrivial, and if xd =1, then:

(1) the highest weight quotient of the object (¥ *,, j!_?; )11 is a geometrically
irreducible Fourier sheaf, say M , of generic rank d —2;

(2) the trace function of M is t — —x(c) =3 x(t = f(x));

(3) the geometrically irreducible Fourier sheaf NFT (M) is geometrically
isomorphic to j, j* (¥ ® %))

(4) M istame at oo,
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(5) M is lisse on A" outside the d — 1 critical values of f, i.e., outside
the points f(a) for a a zero of f'(x). At each critical value f(a), the local
monodromy of M is a tame pseudoreflection whose determinant, as character of

I(f(a)) , IS Zxxz)(x—f(a)) .

From this point on, the proof is exactly the same. Q.E.D.

APPENDIX (D’APRES DELIGNE)

In this appendix, we work over an algebraically closed field & and fix a prime
| # char(k). We fix an integer n > 1, and denote by P the n-dimensional
projective space P" over k. We denote by % (sic) the dual projective space
over k,ie., & is the space of hyperplanes in P. We denote by # C P x &
the universal hyperplane: in terms of projective coordinates (X, ..., X,) for
P and (Y, ..., 7,) for &, Z is defined by the equation } Y, X;=0.

A.l. Lemma. Consider the inclusion f:Px P —#F — P x P as a morphism
of P-schemes. Zariski locally on P, this morphism B is P-isomorphic to the
product of P with the inclusion j: & — P of the affine open set & in P
where Y, is invertible.

Proof. For each integer 0 < i < n, denote by U; C P the affine open set
where X, is invertible and denote by %, C & the affine open set where Y, is
invertible. We claim that over U,, the morphism in question is U,-isomorphic
to U, x (#;, — &). This will prove the lemma, since by renumbering the
coordinates in &, %, — & becomes isomorphic to %, — & . To prove the
claim, it suffices, again by renumbering the coordinates, to treat the case i = 0.
In this case, U, is the A" with coordinates to x;=X;/X, for i=1,...,n,
and inside U, x &, #Z is defined by the vanishing of Y, +3_,., x;Y;. After
the U,-automorphism of U, x P defined by -

(%8, Yy, Y, ..., Y,)— (xi’s, Y0+Zx,.Yl., Y, ..., Yn),

i>1
# is defined inside U, x & by the vanishing of Y. Q.E.D.

A.2. Lemma. Let f: X — P be a separated morphism of finite type and K an
object of Df(X , Q). On the product X x P, consider the object priK and the

Cartesian diagram .
XxP - (fxid) (&)

a/ N\ g
X x P Px P -X#
Sxid ™\ 7 B
Px %P

On P x P, the natural map of adjunction
BRg,(a’priK) — R(f x id),e (a’pr; K)

is an isomorphism.
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Proof. The question is Zariski local on Px ., so in particular it is Zariski local
on P. By the previous lemma, Zariski locally on P the situation is isomorphic
to the product of the two situations

KonX Q on%

sl il
P P
i.e., Zariski locally on P our Cartesian diagram is
X x5
idxj / N\, fxid
X xP Px ¥
fxid \ / idxj
Px%

and the object a*prl*K on X XxP—(fx id)_l(Z’ ) becomes the external tensor
product K ® @1, » on X x & . By the Kunneth formulas for both ordinary
and ! direct images ([SGA4, XVII, 5.4.3] for ! direct images, combined with
biduality, [SGA4}, Théoremes de Finitude, 4.3] to deduce * direct images) we
have

BRg,(c’priK) := RBRg,(a"prK)
= R(id x j),R(f x id) (K ®Q, )
= R(id x j),(R£,K)®T, )
= (RF,K)® (R}, )
and, similarly,
R(f x id), o (a"pr|K) := R(f x id) ,Ra,(a"pr;K)
= R(f x id),R(id x j),(K ®Q, )
= R(f x id) (K ® (Rj|Q; ))
= (Rf,K)® (R}, ). QED.
A.3. Lemma. Let f: X — P be a separated morphism of finite type and K an

object of Df(X, @1). For H C P a hyperplane, denote by B,:P—H — P the
inclusion, and consider the Cartesian diagram

. X-f'H
&
X P—-H
-~ —
d P
There exists a dense open set % in the space P of all hyperplanes in P such
that if H lies in % then the natural morphism of adjunction

(Bi)R(8y).(ay)" K — Rf,(ay), () K

is an isomorphism on P.



mailto:=(Rf*K)@(Rj@,,,)

220 N. M. KATZ

Proof. In the universal situation considered in Lemma A.2, we have an isomor-
phism

(%) BRg, (" priK) S R(f x id),a,(a"pr{K).

By [SGA4., Théorems de Finitude, 1.9], applied with S = .2 to the two situ-
ations
o' priKon X xP— (f xid)™'(#) a(a’priK)on X x 2
gl fxid l
PxP-# Px2,

both viewed as morphisms of Z-schemes, together with the proper base change
theorem to handle o, and B, , there exists a dense open set % in & over which
formation of both sides of the “universal” isomorphism (*) above commutes

with passages to fibres over & . Taking the fibre over a point in Z correspond-
ing to a hyperplane H in P gives the required isomorphism

(BH)!R(gH)*(aH)*K = Rf;(aH)!(aH)*K- Q.E.D.
Applying the functor RI'(P, ), we find

A.4. Corollary. Hypotheses and notation are as in Lemma A3. There exists
a dense open % in P such that if H lies in 7%, we have an isomorphism
RT,(P-H, R(gy),(cy) K) = RI(X, (ay)(ay)*K) and a consequent isomor-
phism of cohomology groups

HL(P—H, R(gy).(ay) K) = H' (X, (ay)(ay) K)
for every i.

A.5. Corollary. (Weak Lefschetz Theorem). Hypotheses and notation are as in
Lemma A3. Suppose in addition that the morphism f: X — P is quasi-finite
and the object K on X is perverse. Then there exists a dense open % in P

such that if H lies in % , the cohomology groups Hi(X, (ay),(ey) K) vanish
Sfor i <0 and (equivalently) for which the restriction maps

H'(X,K)— H'(f'H,K|f"'H)
are isomorphisms for i < —1, and injective for i = —1.

Proof. If we denote by iy: f “'H > X the inclusion, the short exact sequence
(more precisely, the triangle) on X

0 — (ay) () K = K — (i), (i)' K — 0

leads to a long exact cohomology sequence, which shows the asserted equiva-
lence. To show that H'(X, (ay),(ay) K) =0 for i <0, it suffices by Corollary
A.4 to show that HC'(]P’ -H, R(gH)*(aH)*K) =0 for i < 0. By duality, this is
equivalent to showing that

H'(P- H, R(gy)(ay) DK)=0 fori>0.
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Because f is quasi-finite so is g, , and hence R(gy), = (&), preserves semi-
perversity. Since K is perverse, (« H)*DK is perverse, and hence
R(gH)!(aH)"DK is semiperverse. Because P — H is affine, the cohomology
groups H'(P — H, semiperverse) = 0 for i > 0, by the cohomological dimen-
sion of affines (or, more fancily, by the fact that because the structural map
n: P—H — Spec(k) is affine, Rn, (semiperverse on P— H) is semiperverse on
Spec(k)). Q.E.D.

In order to state the next corollary, we-recall the notion of relative coho-
mology modulo a closed set. If Z is closed in X, U := X — Z the open
complement, j: U — X the open immersion, and i: Z — X the closed im-
mersion, then for K on X one defines

H'(XmodZ; K) := H'(X, j,j*K).

From the triangle
0 jj'K—>K—ii'K—0,

one gets the long exact cohomology sequence
.~ H'(XmodZ;K)— HX,K)— H(Z,i"K) — ---

A.6. Corollary (Generic duality formula for relative cohomology). Hypotheses
and notation are as in Lemma A.3. Suppose in addition that the map f: X — P
factors as the composite

xLxLp

with j an open immersion and i a closed immersion. In other words, X is a
closed subscheme of P and X is open in X. We denote by Y in X the closed
complement of X, X = X — Y. Then for any object K of Df(X , Q). there
exists a dense open set % in P of hyperplanes such that if H lies in % , the
relative cohomology groups

H'(XmodXnH,K) and H' (X -XnHmodY — Y nH, DK)

are canonically dual for every integer i.

Proof. This is just the spelling out of Lemma A.4 in this case, together with
duality. Q.E.D.

REFERENCES

[BBD] A. A. Beilinson, I. N. Bernstein and P. Deligne, Faisceaux pervers, entire contents of Analyse
et Topologie sur les espaces singuliers. I, Conference de Luminy, Astérisque, vol. 100, Soc.
Math. France, Paris, 1982.

[Br] J.-L. Brylinski, Transformations canoniques, dualité projective, théorie de Lefschetz, trans-
formations de Fourier et sommes trigonométriques, Astérisque, vol. 140-141, Soc. Math.
France, Paris, 1986, pp. 3-134.

[DL] H. Davenport and D. J. Lewis, Notes on congruences (1), Quarterly J. Math. Oxford (2)
14 (1963), 51-60; reprinted in The collected works of Harold Davenport, vol. 3, Academic
Press, New York, 1977, pp. 1290-1299.

[De] P. Deligne, La conjecture de Weil. 11, Inst. Hautes Etudes Sci. Publ. Math. 52 (1981), 313-
428.




222

[Dw]
[GKZ]

[Kal]
(Ka2]
[Ka3]
(Kad]
[Ka$5]
[KalLa]

[La]

[Mi]

[SGA]

N. M. KATZ

B. Dwork, Generalized hypergeometric functions, Clarendon Press, Oxford, 1990.

1. M. Gelfand, M. M. Kapranov, and A. V. Zelevinsky, Generalized Euler integrals and
A-hypergeometric functions, Adv. In Math. 84 (1990), 255-271.

N. Katz, Exponential sums and differential equations, Ann. of Math. Stud., vol. 124, Prince-
ton Univ. Press, Princeton, NJ, 1990.

—, Monodromy of families of curves: applications of some results of Davenport-Lewis,
Seminaire D.P.P. 1979/80, Birkhéuser, Basel-Boston, MA, 1981, pp. 171-195.

—, On the monodromy groups attached to certain families of exponential sums, Duke
Math. J. 54 (1987), 41-56.

—, Perversity and exponential sums, Algebraic Number Theory—in honor of K. Iwasawa,
Adv. Stud. Pure Math., vol. 17, Academic Press, New York, pp. 209-259.

—, Perversity and exponential sums. 11: Estimates for and inequalities among A-numbers,
Proceedings of the Barsotti Memorial Conference (Padua, 1991), to appear

N. Katzand G Laumon, Transformation de Fourier et majoration de sommes exponentielles,
Inst. Hautes Etudes Sci. Publ. Math. 62 (1986), 361-418.

G. Laumon, Semicontinuité du conducteur de Swan (dapres P. Deligne), Caractéristique
d’Euler-Poincaré, Seminaire E. N. S. 1978-79, Astérisque, vol. 82-83, Soc. Math. France,
Paris, 1981, pp. 173-219.

H. H. Mitchell, Determination of all primitive collineation groups in more than four variables
which contain homologies, Amer. J. Math. 36 (1914), 1-12.

A. Grothendieck, et al, Séminaire de Géométrie Algébrique du Bois-Marie, SGA 1, SGA 4
Parts I, II, and III, SGA 4% , SGA 5, SGA 7 Parts I and II, Lecture Notes in Math., vols.
224, 269-270-305, 569, 589, 288-340, Springer, New York, 1971 to 1977.

DEPARTMENT OF MATHEMATICS, PRINCETON UNIVERSITY, PRINCETON, NEW JERSEY 08544
E-mail address: nmk@ math.princeton.edu




