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Introduction

We work over an algebraically closed field "C" of characteristic
zero. Let V be a C-vector space of dimension N > 2. We fix a (not
necessarily connected) Zariski closed subgroup G C GL(V) which is
reductive (i.e., every finite-dimensional representation of G is
completely reducible). We are interested in criteria which guarantee
that G is one of the standard classical groups, i.e. that either G is
caught between SL(V) and GL(V), or that G is one of SO(V) or O(V) or
(if dim(V) is even) Sp(V).

Larsen's Alternative (cf. [Lar-Char] and [Lar-Normall) is a
marvelous criterion, in terms of having a sufficiently small "fourth
moment”, which guarantees that G is either a standard classical
group or 1s a finite group. We have already made use of this
criterion in [Ka-LFM, page 113]. In that application, we were content
with either alternative.

However, in many applications, especially to the determination
of (Zariski closures of) geometric monodromy groups in explicitly
given families, we want to be able to rule out the possibility that G
be finite. Failing this, we would at least like to have a better
understanding of the cases in which G can in fact be finite.

Part I of this paper represents very modest progress toward
these two goals. Toward the first goal, we give criteria for ruling out
the possibility that G be finite. These criteria rely on the observation
that if G is finite and has a sufficiently small fourth moment, it
must be primitive. This observation in turn allows us to bring to
bear classical results of Blichfeld and of Mitchell, and more recent
results of Wales and Zalesskii. Toward the second goal, we give
examples of finite G with a very low fourth moment.

In Part II, we apply the results proven in Part I to the
monodromy of Lefschetz pencils. Start with a projective smooth
variety X of dimension n+l > 1, and take the universal family of (or
a sufficiently general Lefschetz pencil of) smooth hypersurface
sections of degree d. By its monodromy group Gq, we mean the
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Zariski closure of the monodromy of the local system % 4 on the

space of all smooth, degree d, hypersurface sections, given by

H = HY(XNH)/HM(X).
Let us denote by N4 the rank of this local system.

For n odd, the monodromy group Gq is the full symplectic

group Sp(Ng), cf [De-Weil 11, 4.4.1 and 4.4.29].

For n = 0, X is a curve, XNH is finite, Ny + 1 = Card((XNH)(k))
= dxdeg(X), and the monodromy group Gq is well known to be the
full symmetric group SNd+1 = Aut((XNH)(k)), cf. 2.4.4.

For n = 2 and even, the situation is more involved. Delighe

proved [De-Weil II, 4.4.1, 4.4.25, and 4.4.9] that the monodromy
group Gy is either the full orthogonal group O(Ng), or it is a finite

reflection group, and that the only finite reflection groups that arise
are the Weyl groups of root systems of type A, D, or E in their
standard representations. Deligne needed this more precise
information for his pged theorem [De-Weil I, 4.5.1], where the O(Ny)

case was easy, but the finite case required case by case argument.
Using the criteria developed in Part I, we show that the monodromy
group Gq is in fact the full orthogonal group O(Ng) for all sufficiently

large d (more precisely, for all d with d = 3 and Ng > 8, and also for
all d with d 2 7 and Ng > 2, cf. 2.2.4, 2.2.15, and 2.3.6).

[ would like to thank CheeWhye Chin for his assistance in using
the computer program GAP [GAP] to compute moments of
exceptional Weyl groups. [ would also like to thank the referee, for
suggesting Theorem 2.3.6.

Part [: Group Theory
1.1 Review of Larsen’'s Alternative
(1.1.1) Recall that C is an algebraically closed field of
characteristic zero, V is a C-vector space of dimension N > 2, and G
is a Zariski closed, reductive subgroup of GL(V).
(1.1.2) For each pair (a, b) of non-negative integers, we denote
by Ma,b(G’ V) the dimension of the space of G-invariant vectors in

veag(vy)®b:
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(1.1.2.1) Mg p(G, V) i= dimg (V®A®(V¥)®P)G,
We call My (G, V) the (a, b)'th moment of (G, V). For each even
integer 2n = 2, we denote by My,(G, V) the 2n'th absolute moment,

defined by

(1.1.2.2) Mo, (G, V) := My (G, V).

If H1s any subgroup of G, we have the a priori inequalities

(1.1.2.3) Mg p(G, V) < My p(H, V)

for every (a, b).

(1.1.3) The reason for the terminology "moments” is this. If C is

the field of complex numbers, and if K € G(C) is a maximal compact

subgroup of G(C)2, then K is Zariski dense in G (Weyl's unitarian
trick). If we denote by dk the Haar measure on K of total mass one,
and by

X :G(C) = C

X (g) := Trace(g|V),
the character of V as G-module, then we have the formulas

(1.1.3.1) Mg b(G V) = [, ¥ (k)@ % (k)Pdk,

(1.1.3.2) Mon(G, V) = [ Ix(Kk)2Ndk.

Thus the terminology "moments” and "absolute moments”.
(1.1.4) The most computationally straightforward interpretation
of the 2n'th absolute moment Moy (G, V) is this. Decompose the G-

module V&N as a sum of irreducibles with multiplicities:

(1.1.4.1) VeN = &; m;W;.
Then by Schur's Lemma we have
(1.1.4.2) Mo (G, V) = Z; (m})2.

More precisely, given any decomposition of V@N a5 5 sum of (not
necessarily irreducible) G-modules Vi with (strictly positive integer)

multiplicities mj,

(1.1.4.3) Ve = @, m;Vj,
we have the inequality
(1.1.4.4) Mo (G, V) = % (mj)2,

with equality if and only if the V; are distinct irreducibles.

(1.1.5) If n is itself even, say n = 2m, there is another
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interpretation of My,4(G, V). Decompose the G-module

VM@V V)®M = Fnd(V®M) a5 a sum of irreducibles with
multiplicities:

(1.1.5.1) End(V®M) = @; n;W;.
Then we have, again by Schur's Lemma,
(1.1.5.2) My (G, V) = 3 (np)?2.

More precisely, given any decomposition of End(V®M) as a sum of
(not necessarily irreducible) G-modules V; with (strictly positive

integer) multiplicities nj,

(1.1.5.3) End(V®M) = @, n;V;,
we have the inequality
(1.1.5.4) Mon(G, V) = 3 (n))?,

with equality if and only if the V; are distinct irreducibles.

Theorem 1.1.6 (Larsen's Alternative, cf [Lar-Charl, [Lar-
Normall, [Ka-LFM, page 113]) Let V be a C-vector space of dimension
N > 2, G € GL(V) a (not necessarily connected) Zariski closed
reductive subgroup of GL(V).

0) If My(G, V) <5, then V is G-irreducible.

1) If My(G, V) = 2, then either G D SL(V), or G/(GNscalars) is finite. If

in addition GNscalars is finite (e.g., if G is semisimple), then either GO
= SL(V), or G is finite.

2) Suppose <,> is a nondegenerate symmetric bilinear form on V, and
suppose G lies in the orthogonal group O(V) := Aut(V, <,>). If M4(G, V)

= 3, then either G = O(V), or G = SO(V), or G is finite. If dim(V) is 2 or
4, then G is not contained in SO(V).

3) Suppose <,> is a nondegenerate alternating bilinear form on V
(such a form exists only if dim(V) is even), suppose G lies in the
symplectic group Sp(V) := Aut(V, <,>), and suppose dim(V) > 2. If
My(G, V) = 3, then either G = Sp(V), or G is finite.

proof To prove 0), suppose that V = V, @V, is the direct sum of two
non-zero G-modules. Then we have a G-isomorphism

V82 = (V)®2 @ (V5)®2 @ 2(V{®Vy),
and this in turn forces My(G, V) =2 1 + 1 + 22 - ¢,
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To prove 1), we use the second interpretation (1.1.5) of
My4(G, V). If My(G, V) = 2, then End(V) is the sum of two distinct

irreducible representations of G. But under the bigger group GL(V),
End(V) is the sum of two representations of GL(V), namely

End(V) = End%(V) & 1 = Lie(SL(V)) & 1.
[The two summands are inequivalent irreducible representations of
GL(V), but we will not use this fact.] Because My4(G, V) = 2, this must

be the decomposition of End(V) as the sum of two distinct irreducible
representations of G. In particular, Lie(SL(V)) is G-irreducible.

The derived group GAer lies in SL(V), so Lie(Gder) lies in

Lie(SL(V)). As Gd€r is a normal subgroup of G, Lie(Gder) is a G-stable
submodule of Lie(SL(V)). So by the G-irreduciblity of Lie(SL(V)),

either Lie(GAer) = Lie(SL(V)), or Lie(Ger) = 0. In the first case,
(Gder)0 = SL(V), and so G D SL(V). Thus if in addition GNscalars is
finite, GO is SL(V).

In the second case, GA€T is finite. For any fixed element Y in
G(C), the morphism from GO to GdeT defined by g = gyg 1yl is
therefore the constant map g — e. Therefore GO lies in Z(G). As G acts

irreducibly on V, its center Z(G) lies in the G, of scalars. But GO c

7(G), so GO lies in the Gy of scalars. Therefore GO ¢ Gnscalars,

whence G/(GNscalars) is finite. So if in addition GNscalars is finite,
then G is finite.
To prove 2), use the first interpretation (1.1.4) of My(G, V). If

My(G, V) = 3, then V®2Z is the sum of three distinct irreducible
representations of G. Under GL(V), we first decompose

V@2 = sym2(V) & AZ(V).
As O(V)-modules, we have an isomorphism

A2(V) = Lie(SO(V))
and the further decompostion
Sym?2(V) = SphHarm?(V) @ 1.
Thus as O(V)-module, we have the three term decomposition
V®2 = SphHarm?(V) @ 1 @ Lie(SO(V)).
[For dim(V) = 2, the three summands are distinct irreducible
representations of O(V). If dim(V) is neither 2 nor 4, they are
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distinct irreducible representations of SO(V). For n = 2 (resp. n = 4),
Stharm2(V) (resp. Lie(SO(V))) is a reducible representation of SO(V).

We will not use these facts.]
If M4(G, V) = 3, then
V®2 = SphHarm?(V) @ 1 @ Lie(SO(V))

must be the decomposition of of V®2 35 the sum of three distinct
irreducible representations of G.
We now exploit the fact that Lie(SO(V)) is G-irreducible. Since G

c 0(V), GO c sO(V), so Lie(G9) is a G-stable submodule of Lie(SO(V)).
By G-irreducibility, Lie(GY) is either Lie(SO(V)) or is zero. If Lie(GY) =
Lie(SO(V)), then GO is SO(V) and G, being caught between SO(V) and
O(V), is either SO(V) or O(V). If Lie(GO) is zero, then G is finite.

If dim(V) is 2 or 4, we claim G cannot lie in SO(V). Indeed, for
dim(V) = 2, SO(V) is Gy, Lie(SO(V)) is 1 as SO(V)-module, and
Stharm2(V) is SO(V)-reducible, so if G C SO(V) then My(G, V) = 6. If
dim(V) = 4, then SO0(4) is (SL(2)xSL(2))/£(1,1), hence Lie(S50(4)) is
SO(4)-reducible: so if G C SO(V) then My(G, V) = 4.

To prove 3), we begin with the GL(V)-decomposition

V82 - sym2(V) & AZ(V).
As Sp(V)-modules, we have an isomorphism
Lie(Sp(V)) = Sym?2(V),
and the further (because dim(V) > 2) decomposition
A2(V) = (A2(V)/1) & 1.
Thus as Sp(V)-module we have a three term deomposition

V2 = Lie(Sp(V)) @ (A%(V)/1) & 1.
[The three summands are distinct irreducible representations of
Sp(V), but we will not use this fact.] Exactly as in the SO case above,

we infer that Lie(Sp(V)) is G-irreducible. But G C Sp(V), so Lie(GY) is
a G-stable submodule of Lie(Sp(V)), and so either Lie(GO) = Lie(Sp(V)),

or Lie(GO) is zero. In the first case, G is Sp(V), and in the second case
G is finite. QED

1.2 Remarks
(1.2.1) We should call attention to a striking result of Beukers,
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Brownawell and Heckmann, [BBH, Theorems A5 and A7 together],
which is similar in spirit to 1.1, though more difficult: if G is a

Zariski closed subgroup of GL(V) which acts irreducibly on Sym?2(V),
then either G/(GNscalars) is finite, or G contains SL(V), or dim(V) is
even and Sp(V) € G C GSp(V).

(1.2.2) There are connected semisimple subgroups G C GL(V) with
My4(G, V) = 3 other than SO(V) (for dim(V) = 3, but = 4) and Sp(V)

(for dim(V) = 4). The simplest examples are these. Take a C-vector
space W of dimension ¢+1. Then for V either Sym2(W), if £ > 2, or
A2(W), if ¢ > 4, the image G of SL(W) in GL(V) has My4(G, V) = 3, but
V is not self-dual as a representation of G (not self dual because we
excluded the case £=3, V = A%(W)). Here is a bad proof. In the
Bourbaki notation [Bour-L8, page 188], Sym2(W) is the highest
weight module E(2wq), and A2(W) is the highest weight module
E(wo). We use the first interpretation (1.1.4) of the fourth absolute
moment. We have

(1.2.21)  End(E(2wq)) = E(2w)®E(2w )Y = E(2w41)®E(2w )

and

(1.2.2.2)  End(E(w3)) = E(wy)®(w9)™ = E(wy)®E(w y_q).

Now End(any nonntrivial rep'n of SL(W)) contain both the trivial
representation 1 of SL(W) and its adjoint representation E(wq + w ).

From looking at highest weights, we see that End(E(2w4)) contains
E(2wq + 2wy), and we see that End(E(wy)) contains E(wqy + wp_1).

Thus we have a priori decompositions

(1.2.2.3)  End(E(2wq)) = 1 & E(wq + wy) & E(2wq + 2wy) & (7)),
(1.2.24)  End(E(ws)) =1 & E(wq + wy) & Elwyg + wy_q1) & (7).
To see that in both cases there is no (?) term, it suffices to check
that the dimensions add up, an exercise in the Weyl dimension

formula we leave to the reader.
(1.2.3) Other examples are (the image of) Eg in either of its 27-

dimensional irreducible representations, or Spin(10) in either of its
16-dimensional spin representions: according to simpLie [MPR], these
all have fourth absolute moment 3.

1.3 The case of G finite: the primitivity theorem
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(1.3.1) What about finite groups G C GL(V) with My(G, V) = 2, or
finite groups G in O(V) or Sp(V) with My(G, V) = 37

Primitivity Theorem 1.3.2 Let V be a C-vector space of
dimension N > 2, G C GL(V) a finite subgroup of GL(V). With the
notations of the previous theorem, suppose that one of the following
conditions 1), 2) or 3) holds.

1) My(G, V) = 2

2) G lies in O(V), dim(V) = 3, and M4(G, V) = 3.

3) G lies in Sp(V), dim(V) = 4, and My(G, V) = 3.
Then G is an (irreducible) primitive subgroup of GL(V), i.e., there

exists no proper subgroup H of G such that V is induced from a
representation of H.

(1.3.3) Before giving the proof, we recall the following well-
known lemma.

Lemma 1.3.4 Let G be a group, H a subgroup of G of finite index,
and A and B two finite-dimensional C-representations of H.

v

1) Denoting by ~ the dual (contragredient) representation, we have
a canonical G-isomorphism

(Indg9(A))™Y = IndgS(A ™).
2) There is a canonical surjective G-morphism ("cup product”)
(Indg9(AN® ¢ (IndyG(B)) > Indy(A®B).

proof of Lemma 1.3.4 Assertion 1) is proven in [Ka-TLFM, 3.1.3].
For assertion 2), we view induction as Mackey induction, cf. [Ka-

TLFM, 3.0.1.2]. Thus IndyG(A) is Hom ot Hocets(G, A), with left G-
action defined by (Lg(p)(x) = ¢(xg). We define a C-bilinear map

(Indg9(A)® ¢ (Indg8(B)) - IndyB(AQ(B)

as follows. Gilven maps ¢ : G > A and {: G — B of left H-sets, we
define their cup product ¢®¢ : G - AQ¢B by

(@ P)(x) 1= e(x)®Y(x).
It 1s immediate that ¢&®{§ 1s a map of left H-sets, and so the cup
product construction (¢, ¢) =» @®¢ is a C-linear map

(Indy8(AN® ¢ (Indyb(B)) - IndyS(A®¢B).

This map is easily checked to be G-equivariant and surjective. QED
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proof of Theorem 1.3.2 Let H be a subgroup of a finite group G, of
finite index d > 2, and A a finite-dimensional C-representation of H,
of dimension a > 1. We wish to compute a lower bound for My(G,

IndHG(A)). To do this we attempt to decompose

IndHG(A)(X)(IndHG(A))V as a sum of G-modules. By the previous
lemma, we have a g-isomorphism

(IndgG(A)™ = IndyG(A ™),
and a surjective G-map

Indg8(A)®IndyG(A~) = IndgE(A®A ™).

[ts source has dimension d2a2, while its target has lower dimension

da2, so this map has a nonzero kernel "Ker”, which is a G-module of

dimension (d2 - d)a2. So we have a G-isomorphism
IndgO(A)®(IndyB(A))Y = Ker & IndgG(A®A™).

Now the H-module AQAY = End(A) itself has an H-decomposition
End(A) = End0(A) & 1y,
as the sum of the endomorphisms of trace zero with the scalars. [Of

course, If A Is one-dimensional, then EndQ9(A) vanishes.] Thus we
have a G-decomposition

IndgSA®AY) = IndyB(EndO(A)) @ IndyS(1y),

Now the trivial representation fg occurs once in IndHG(ﬂH), so we
have a further decomposition
IndgS(1y) = IndgSly)/1g @ 1g.
5o all in all we have a four term G-decomposition
IndyG(A)®(Indyb(A)) Y =

Ker & Indy8(End%(A)) ®IndyG1y) /16 @ 1g,

in which the dimensions of the terms are respectively (d%- d)a?,
d(a? - 1),d - 1, and 1. So we obtain the a priori estimate
My4(G, IndgG(A)) = 4 if dim(A) = 2,

\

M4(G, IndgC(A)) = 3 if dim(A) = 1.
Thus if M4(G, V) = 2, then G is a primitive subgroup of GL(V).
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Suppose now that My(G, V) = 3, and that V is induced from a
subgroup H of G of finite index d > 2, from an H-module A. Then
dim(A) = 1, and dim(V) = d. Moreover, IndgG(A)®(Indy8(A))™ is the

sum of three distinct irreducibles, of dimensions d2 - d,d-1, and 1.
If we further suppose that G lies in either O(V) or Sp(V), then

V = IndHG(A) is self-dual, so we have a G-isomorphism

IndyS(A)®(IndyB(A) ™ = IndyS(A)®IndyG(A). = VRV,

If G lies in O(V), and dim(V) = 3, then we have the G-
decomposition

V®V = SphHarm?2(V) & A2(V) @ 1.

In this decomposition, the dimensions of of the terms are
respectively d(d+1)/2 - 1, d(d-1)/2, and 1. Since My(G, V) = 3, these

three terms must be distinct irreducibles. Thus VQV = VRV Y is
simultaneously presented as the sum of three distinct irreducibles of

dimensions d2 - d,d -1, and 1, and the sum of three distinct
irreducibles of dimensions d(d+1)/2 - 1, d(d-1)/2, and 1. As d > 2, we
have d(d+1)/2 - 1 = d(d-1)/2. Comparing the dimensions of the
largest irreducible constituent in the two presentations, we find

d? - d = d(d+1)/2 -1,
which forces d = 1 or 2, contradiction.
If G lies in Sp(V), and dim(V) > 4, the argument is similar. We
have the G-decomposition

VRV = Sym2(V) @ A2(V)/1g @ 1

into what must be three distinct irreducibles, of dimensions
d(d+1)/2, d(d-1)/2 - 1, and 1. Exactly as above, we compare
dimensions of the largest irreducible constituent in the two

presentations. We find

d? - d = d(d+1)/2,
which forces d= 3, contradiction. QED

Remark 1.3.5 In the primitivity theorem, when V is either
symplectic or orthogonal, we required dim(V) > 2. This restriction is
necessary, because there exist imprimitive finite groups G in both
0(2) and in Sp(2) = SL(2) whose fourth moment is 3 in their given
representations. Indeed, fix an integer n > 1 which is not a divisor of
4, and denote by ¢ a primitive n'th root of unity. The dihedral group
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Doy C O(2) of order 2n (denoted Dy, in [C-R-MRT, page 22]), the

group generated by Diag(g, e=1) and Antidiag(1, 1), is easily checked
to have fourth moment 3 in its given representation. If we further
require n to be even, the generalized quaternion group Qp, C SL(2)

of order 2n (denoted Qp /9 in [C-R-MRT, page 23]), the group

generated by Diag(t, e=1) and Antidiag(1, -1), is easily checked to
have fourth moment 3 in its given representation.

Tensor Indecomposability Lemma 1.3.6 Let V be a C-vector
space of dimension N > 2, G C GL(V) a finite subgroup of GL(V).
Suppose that My(G, V) < 3. Then V is tensor-indecomposable in the

following (strong) sense. There exists no expression of the C-vector
space V as a tensor product

V =V18Vy
of C-vector spaces V4 and Y in such a way that all three of the

following conditions are satisfied:
dim(V4) = 2,

dim(Vs) = 2,

every element g in G, viewed as lying in GL(V) = GL(V{®V»),
can be written in the form A®B with A in GL(V{) and with B in
GL(V o).
proof If not, G lies in the image "GL(V{1)®GL(V9)" of the product
group GL(V{)xGL(V) in GL(V{®V5). So we have the trivial

inequality
M4(G, V) = M4(G, V1®V2) > M4(GL(V1)®GL(V2), V1®V2).

But by definition
My4(GL(V{)®GL(V9), V1 ®V o)

dim((V1®V)®2R((V,®V,)¥)®2)GL(V1)xGL(V2))
dim ((V{®2®(V,¥)®2)®(V,®2®(V,>)®2))GL(V1)xGL(V2))
dim((V1®2@ (v, ¥)®2)GLIV1))®((V,®2@(v,¥)®2)GL(V2)))
M4(GL(V4), V1)xMg(GL(V5), Vo)

2x2 = 4. QED

v
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Normal Subgroup Corollary 1.3.7 [Larsen-Char, 1.6] Let V be a
C-vector space of dimension N > 2, G C GL(V) a finite subgroup of
GL(V). Let H be a proper normal subgroup of G. Suppose that one of
the following conditions 1), 2) or 3) holds.

1) My(G, V) = 2

2) G lies in O(V), dim(V) = 3, and M4(G, V) = 3.
3) G lies in Sp(V), dim(V) = 4, and My(G, V) = 3.

Then either H acts on V as scalars and lies in the center Z(G), or V is
H-irreducible.

proof By the Primitivity Theorem 1.3.2, G is primitive. So the
restriction of V to H must be H-isotypical, as otherwise V is induced.
Say VIH = nV, for some irreducible representation V41 of H. If

dim(V4) = 1, then H acts on V as scalars. But H ¢ G € GL(V), so H
certainly lies in Z(G). If n = 1, then V = V4 is H-irreducible. It
remains to show that the case where dim(V{) 2 2 and n = 2 cannot
arise. To see this, write the vector space V as X®Y with X := V41 and
Y := Hompyg(V4, V). Then dim(X) and dim(Y) are both at least 2, and,

by [C-R-MRT, 51.7], every element of g is of the form AQB with A in
GL(X) and B in GL(Y). But this contradicts the Tensor
Indecomposability Lemma 1.3.5. QED

1.4 Criteria for G to be big

(1.4.1) We next combine these results with some classical results
of Blichfeld and of Mitchell, and with recent results of Wales and
Zalesskil, to give criteria which force G to be big. Recall that an
element A in GL(V) is called a pseudoreflection if Ker(A - 1) has
codimension 1 in V. A pseudoreflection of order 2 is called a
reflection. Given an integer r with 1 < r < dim(V), an element A of
GL(V) is called quadratic of drop r if its minimal polynomial is
(T-1)(T- A) for some nonzero A, if V/Ker(A - 1) has dimension r, and
if A acts on this space as the scalar A\. Thus a quadratic element of
drop 1 is precisely a pseudoreflection.

Theorem 1.4.2 Let V be a C-vector space of dimension N =2 2, G in
GL(V) a (nhot necessarily connected) Zariski closed reductive subgroup
of GL(V) with My(G, V) = 2. Fix an integer r with 1 < r < dim(V). If

any of the following conditions is satisfied, then G D SL(V).
0) G contains a unipotent element A = 1.
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1) G contains a quadratic element A of drop r which has finite order
n 6.

2) G contains a quadratic element A of drop r which has finite order
4 or 5, and dim(V) > 2r.

3) G contains a quadratic element A of drop r which has finite order
3, and dim(V) > 4r.

4) G contains a reflection A, and dim(V) > 8.

proof Suppose we have already proven the theorem in the case
when GNscalars is finite. To treat the remaining case, when G
contains the scalars, we make use of the following elementary
lemma.

Lemma 1.4.3 Let V be a C-vector space of dimension N =2 2, G C
GL(V) a (nhot necessarily connected) Zariski closed reductive subgroup

of GL(V) which contains the scalars C*. For each integer d > 1,
denote by Gy C G the closed subgroup

Gq := (g in G| det(g)d = 1)
Then Gq is reductive, and for every integer n 2 1, we have
Moy (Gq, V) = Moy (G, V).

proof of Lemma 1.4.3 Since G contains the scalars, every element
of G can be written as Agq with A any chosen N'th root of det(g), and

gq = 7\_1g an element of Gq. So we have G = G,,Gq for every d 2 1.
So for every n > 1, G and Gyq acting on V®N(VY)®N have the same

image in GL(V®N(V¥)®N) (simply because the scalars in GL(V) act
trivially on V®N(V¥)®N) Therefore we have the asserted equality of

moments. Moreover, G being reductive, each VONR(V ¥ )®N jg 4
completely reducible representation of Gq. Each has a finite kernel

(because its kernel in GL(V) is the scalars), so Gy is reductive. QED

proof of Theorem 1.4.2, suite Thus if G contains the scalars, each
Gq 1s reductive, GgNscalars is finite, and Gy has fourth moment 2. So

we already know the theorem for Gy. In all of the cases 0) through

4), the given element A in G lies in some G4. So Gg D SL(V), and we
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are done.
[t remains to treat the case in which GNscalars is finite. By

Larsen's theorem together with the primitivity theorem, either GO =
SL(V), or G is a finite irreducible primitive subgroup of GL(V).
Suppose that G is a finite irreducible primitive subgroup of GL(V). We
will show that each of the conditions 0) through 4) leads to a
contradiction

For assertion 0), the contradiction is obvious: a nontrivial
unipotent element is of infinite order.

Assertion 1) contradicts Blichfeld's "60° theorem" [Blich-FCG,
paragraph 70, Theorem 8, page 96], applied to that power of A whose
only eigenvalues are 1 and exp(2mi/n): in a finite irreducible
primitive subgroup G of GL(N, C), if an element g in G has an

eigenvalue o such that every other eigenvalue of g is within 60° of
& (on either side, including the endpoints), then g is a scalar.

Assertion 2) in the case n = 5 (resp. n = 4) contradicts a result
of Zalesskii [Zal, 11.2] (resp. Wales [Wales, Thm. 1]), applied to A:if a
finite irreducible primitive subgroup G of GL(N, C) contains a
quadratic element of drop r and order 5 (resp. order 4), then dim(V)
= 2r.

Assertion 3) contradicts a result of Wales [Wales, section 5],
applied to A: if a finite irreducible primitive subgroup G of GL(N, C)
contains a quadratic element of drop r and order 3, then dim(V) <
4r.

Assertion 4) contradicts the following theorem, the first (and
essential) part of which was proved by Mitchell nearly a century
ago.

Theorem 1.4.4 (Mitchell) Let V be a C-vector space of dimension
N > 8, G C GL(V) a finite irreducible primitive subgroup of GL(V) =
GL(N, C) which contains a reflection A. Let I' C G denote the normal
subgroup of G generated by all the reflections in G. Then we have:
1) T"is (conjugate in GL(V) to) the group Sp41, viewed as a subgroup

of GL(N, C) by its "permutation of coordinates” action on the

(EN+1

hyperplane Augyp in consisting of those vectors whose

coordinates sum to zero.
2) G is the product of I' with the group GnN(scalars).
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3) My(G, V) > 3.

proof By a theorem of Mitchell [Mi], if N > 8, and if G is a finite
irreducible primitive subgroup of GL(V) = GL(Augp) which contains a

reflection, then the image of G in the projective group PGL(Augy) =
GL(Augp)/C™ is the image in that group of the symmetric group
SN+1 -

We first exhibit an Sp4q inside G. For this, we argue as follows.
We have our reflection A in G. Its image in Sy41, and indeed the
image In Sp4+1 of any reflection in G, is a transposition.

Renumbering, we may suppose A — (1,2). As all transpositions in
SN+1 are Sp+1-conjugate, for each 1 with 1 <1 < N, there is a G-
conjugate A; of A which maps to the transposition oj := (i, i+1). Now
A 1s 1tself a reflection, being a conjugate of the reflection A. We
claim it is the unique reflection in G which maps to oj. Indeed, any
element in G which maps to g is of the form AA; for some invertible
scalar A; but AA; has A\ as eigenvalue with multiplicity N - 1 > 1, so
AA{ can be a reflection only if A = 1. We next claim that the
subgroup H of G generated by the A; maps isomorphically to Sp41.
We know H maps onto Sy4q (because Sy4q is generated by the oj),

so it suffices to show that the order of H divides (N+1)!. For this, it
suffices to show that H is a quotient of Sy4+1. We know [Bour-L4,

pages 12 and 27] that Sp41 is generated by elements sj, 1 < i < N,

subject to the Coxeter relations

(sis)mMUnd) = 1,
where
m(i,i) = 1,
m(i,j) = 2 if [i - jl = 2,
mi(i,j) = 3if [i - jl = 1.
[[f we map s; to oj, we get the required isomorphism with Sp4q.] So

it suffices to show that the A; satisfy these relations. Each A;j is a

reflection, so of order 2. For any 1 and j, the subspace
Kel”(Ai - 1)ﬂKel’(AJ' - 1)
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of V has codimension at most 2, and the product AiAj fixes each
element of this subspace. Therefore its power (AiAJ)m(i,J) also fixes
each element of this subspace. But (AiAJ)m(i,J) maps to (Oigj)m(i,J)

= 1 in Sp41, and hence (AiAJ)m(i,J) i1s a scalar A. As this scalar A

fixes every vector in a subspace of codimension at most 2, we must
have A = 1.

We next observe that H = T', i.e.,, that H contains every
reflection A in G. For the image of A in the projective group is a
transposition, so A = Ah for some scalar A and some transposition h
in H. But such an h is a reflection in GL(Augp). Thus both h and Ah

are reflections, which forces A = 1. This proves 1).
Since H = ' maps isomorphically to the image Spyq =

G/GN(scalars) of G in PGL(Aug)), G is generated by I' and by the

central subgroup GN(scalars), and I'N(scalars) = {1}. This proves 2).
To prove 3), notice that the scalars in GL(V) act trivially on the

tensor spaces VN (VY )®N for every n, in particular for n = 2. So

the action of G = I' x GN(scalars) on VO®(V¥)®N factors through the
action of I'. Thus we have
M2n(G, V) = MQH(F, V) = M2n(SN+1’ AugN).

S0 1t remains only to prove the following lemma.

Lemma 1.4.5 For any N > 4, we have M4(Sy41, Augy) > 3 .

Remark 1.4.5.1 We will see later (2.4.3) that, in fact, we have
My4(Sn+1, Augp) = 4 for N 2 3, but we do not need this finer result

here.

Proof of Lemma 1.4.5 Aug := Augy is an orthogonal representation
of SN4+1, S0 we have an Sp4q-decomposition

(Aug)®? = 1 ® A?(Aug) ® SphHarm?(Aug),
and thus an a priori inequality M4(Sp41, Augy) 2 3, with equality if
and only if the following condition (1.4.5.2) holds:

(1.45.2) 1, A%(Aug), and SphHarm?2(Aug) are three inequivalent
irreducible representations of Spj41-
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The dimensions of these three representations are 1, N(N-1)/2,
and N(N+1)/2 - 1 respectively. Because N = 4, none of these
dimensions is N. So if (1.4.5.2) holds, then the irreducible

representation Aug does not occur in (Aug)®2, or equivalently (Aug
being self-dual), 1 does not occur in (Aug)®3, or equivalently

3 =
JSNHTrace(g | Aug) 0.

But in fact we have
JSN 1Trace(g | Aug)® > 0,
as the following argument shows. The representation Aug being
irreducible and nontrivial, we have
JSNHTrace(g | Aug) = 0.
For g in Sp+1, let us denote by Fix(g) the number of fixed points of g,

viewed as a perrmutation of {1, ..., N+1}. Then
Trace(g | Aug) = Fix(g) - 1.
S0 we get
I'sy,,(Fix(g) = 1) = 0.
Now break up Sp4+q as the disjoint union Fixy,o L Fix_4 L Fix_q,

according to the number of fixed points. Then we may rewrite the
above vanishing as

IF1X22(FiX(g) - 1) - -[FiX:O(:]‘) = 0.
At the same time, we have
[, Trace(g | Aug)® = [p,  (Fix(g) - 1) = [, (D).

At every point of Fix, 9, we have

(Fix(g) - 1)° > Fix(g) - 1,
with strict inequality on the nonempty set Fix,z. Thus we have

3 —3
JSN+1Trace(g | Aug)® > JSN+1Trace(g | Aug) = O.

Therefore (1.4.5.2) does not hold, i.e., we have My(Sy4+1, Augy) > 3.
QED for both Lemma 1.45 and Theorem 1.4.4

Using Theorem 1.4.4, we also get a result in the orthogonal case.

Theorem 1.4.6 Let V be a C-vector space of dimension N > 8
equipped with a nondegenerate quadratic form. Let G € O(V) be a
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(not necessarily connected) Zariski closed reductive subgroup of O(V)
with My(G, V) = 3. If G contains a reflection, then G = O(V).

proof Theorem 1.4.4 rules out the possibility that G is a finite
irreducible primitive subgroup of GL(V). So G is either SO(V) or O(V).
But SO(V) does not contain a reflection. QED

For the sake of completeness, let us also record the immediate
consequence of Larsen's theorem (1.1.6) in the symplectic case.
Theorem 1.4.7 Let V be a C-vector space of dimension N > 2
equipped with a nondegenerate alternating form. Suppose that G C
Sp(V) is a (not necessarily connected) Zariski closed reductive
subgroup of Sp(V) with My(G, V) = 3. If G contains a unipotent

element A = 1, then G = Sp(V).
proof By Theorem 1.1.6, G is either Sp(V) or it is finite. Since A has
infinite order, G is not finite. QED

1.5 Examples of finite G: the Weil-Shale case
(1.5.1) We begin with some examples of finite groups G C GL(V)
with My4(G, V) = 2, pointed out to me by Deligne. Let g be a power of

an odd prime p, lL.e.,, g 1s the cardinality of a finite field [Fq of odd
characteristic p. Fix an integer n > 1, and a 2n-dimensional [Fq—

vector space I, endowed with a nondegenerate symplectic form <>.
The Heisenberg group Heis2n([Fq) 1s the central extension of I by [Fq

defined as the set of pairs (A in [Fq, f in F), with group operation

\, D, g) = (0 + o+ <o, g>, f+g).
The symplectic group Sp(F) acts on Heis2n([Fq), Y in Sp(F) acting by

y(n, £) = (N, ¥(f)).
The irreducible C-representations of the group Heis2n(qu) are well-
known. There are 012n one-dimensional representations, those trivial

on the center. For each of the g-1 nontrivial C*-valued characters
of the center, there is precisely one irreducible representation with

central character {, say VLP, which has dimension g"'. Because the
action of Sp(F) on Heis2n([Fq) is trivial on the center, the action of
Heis2n([Fq) on qu extends to a projective representation of the

semidirect product group Heis2n(qu)l><Sp(F) on VLP. Because we are
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over a finite field, this projective representation in turn extends to a
linear representation of Heis2n([Fq)l><Sp(F) on VqJ, the Weil-Shale

representation.

(1.5.2) We claim that for any nontrivial character ¢ of the
center, we have

(1.5.2.1) M4(Heis2n([Fq)l><Sp(F), qu) = 2.

To see this, it suffices to work over the complex numbers. We fix a
choice of the nontrivial character , and denote by

X :Heiszn([Fq)IXSp(F) - C
the character of qu:

X ((NE,Y)) o= Trace((x,f,z()l\/q)).

According to Howe [Howe, Prop. 2, (i), page 290], X is supported on
those conjugacy classes which meet (the center Z of
Heis2n([Fq))l><Sp(F), where it is given by

(1.5.2.2) 1% ((%,0,9))]2 = gqdim(Ker(y-1) in F)
Moreover, an element (A, f |¥) in Heis2n([Fq)l><Sp(F) is conjugate to an

element of ZIXSp(F) if and only if it is conjugate to (A, 0 ,¥), and this
happens if and only if f lies in Image(y-1), cf. [Howe, page 294, first
paragraphl]. Thus we have

(1.5.2.3) 1K (O, £, Y2 = qdim(Ker(Y=1)) it f ¢ Image(y-1),
X (N, £, ¥)IZ = 0, if not.
(1.5.3) Using this explicit formula, we find a striking relation

between the absolute moments of Heis2n([Fq)l><Sp(F) on qu and the
absolute moments of its subgroup Sp(F) on VLP. For any integer k > 1,

we have
(1.5.3.1) M2k+2(HeiS2n([Fq)|><Sp(F), qu).= Mo (Sp(F), qu)

To see this, we use the fact that dim(Ker(y-1)) + dim(Im(y-1)) =
dim(F), and simply compute:
# (Helsgp (F )XSp(F)) x Moy o(Heis o (F ( )XSp(F), qu)

= St (O 1, )[2k*2

= 20 0 ) Zt i tmeyon) X8 £, ¥)I2KF2

dim(Im(y-1))|qdim(Ker(y-1))k+1

dim(Ker(y-1)k

= 2 0,y 9

1+dim(F)

2y in sp(r) 9 x|q
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- . q1+dim(F)x|X((0’ 0, Y2k

Y in Sp(
= 1AM ) e (Sp(F))x Mo (Sp(F), V)
= (Heis g, (F ) XSp(F) x Moy (Sp(F), V).

So in particular we have
(1.5.3.2) M4(Heis2n([Fq)l><Sp(F), VLP)‘z Mo (Sp(F), qu).

(1.54)) The formula (1.5.2.2)

% ((0, 0, Y2 = qdim(Ker(y—l)) = #(fixed points of ¥ on F)
means precisely that End(VqJ) as Sp(F)-module is isomorphic to the

natural permutation representation of Sp(F) on the space of C-
valued functions on F. So
(1.54.1) Mo (Sp(F), qu) = Ml,O(Sp(F), Fct(F, C))
is the dimension of the space of Sp(F)-invariant functions on F,
which is in turn equal to the number of Sp(F)-orbits in F, cf. [Ger,
proof of Cor. 4.4, first paragraph, page 85]. But Sp(F) acts transitively
on F - {0}, so there are just two orbits. Thus
(154.2)  My(Heisgp(F IXSp(F), Vy) = Mo(Sp(F), V) =

= Ml’o(Sp(F), Fct(F, C)) = 2,

as asserted.

1.6 Examples of finite G from the Atlas

(1.6.1) A perusal of the Atlas [CCNPW-Atlas] gives some finite
simple groups G with a low dimensional irreducible representation V
for which we have M4(G, V) = 2. Here are some of them. In the table

below, we give (in Atlas notation) the simple group G, the character
X of the lowest dimensional such V, the dimension of V, and the

expression of |X|2 as the sum of two distinct irreducible characters.

G character % of V dim(V) 1% 12

Lz(2) = Lo(7) X2, X3 3 1+ Xeg
Ug(2) =54(3) X2, X3 o 1+ X410
Us(2) X3, X4 11 1+ %16
2F 4(2)° X2, X3 26 1+ X415
Moz X3, X4 45 I+%X17
Moy X3 X4 45 I +%19
Jy X2, X3 1333 1T+ %11
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(1.6.2) What about finite subgroups of O(V) with My(G, V) = 37

Again the Atlas gives some examples of finite simple groups G with a
low dimensional irreducible orthogonal representation V for which
we have My(G, V) = 3. Here are some of them.

G character X of V dim (V) X 2
Uy(2) X4 6 1T+%X7+ X9
Se(2) X9 7 1+ %4+ %Xg
S4(5) X2 13 I+%X7+ X9
X3 13 I+Xg+ X9
Go(3) X2 14 I+ Xeg+ Xy
MecL X2 22 I+ X3+ %Xgq
Ug(2) X2 22 I+ X3+ X4q
COy %) 23 I+ X3+ X4
Figo X2 /8 I+ Xe+ X7
HN = Fgy X9 133 I+%Xe+Xs
X3 133 I+X7+Xg
Th X0 248 1+ Xg + X7

(1.6.3) What about finite subgroups of Sp(V) with My(G, V) = 37

The Atlas gives a few cases of finite simple groups G with a low
dimensional irreducible symplectic representation V for which we
have My(G, V) = 3. [As Deligne and Ramakrishnan explained to me,

"‘most” simple groups have no symplectic representations, cf. the
article [Pral of Prasad.] Here are two lonely examples.

G character of V dim (V) X2
U3(2) X2 6 1+ X6 + X7
Ug(2) X2 10 1+ X5+ Xg

1.7 Questions
(1.7.1) Given a connected algebraic group G over C with Lie(G)
simple, what if any are the finite subgroups of G which act
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irreducibly on Lie(G)?
(1.7.2) Given a finite set of irreducible representations {Vi}i of

such a G, what if any are the finite subgroups [' of G which act
irreducibly on every V;? From the data (G, {V;};), how can one tell if

any such [' will exist? For example, if G is simple and simply
connected, can we find such a I' if we take for {V;}; all the

fundamental representations of G. [For SL(N), pick any even m > 4:
then the subgroup I'y,, C SL(N) consisting of all permutation-shaped

matrices of determinant one with entries in g, is such a subgroup.]
If we take for {Vi}i all the irreducible representations whose highest
weight is the sum of at most two fundamental weights? [[For SL(N),

the groups ', above fail here, already for Sym2(sth) = E(2w1).
Indeed, the C-span of the squares (e1)2 of the standard basis

elements e; of cN is a ['yy~stable subspace of Sym2(sth).]

(1.7.3) Given a reductive, Zariski closed subgroup G of GL(V), can
one classify the finite subgroups [I' C G for which My(I', V) = My(G,

V)?

(1.7.4) Given G as in 3) above, and an integer k > 1, let us say
that a finite subgroup [’ C G "spoofs” G to order k if we have
(1.7.4.1) Mo p(I', V) = Mo y(G, V) for all 1 < £ < k?

For a given G, what can we say about the set Spoof(G) of integers k >
1 for which there exists a finite subgroup I' C G which spoofs G to
order k7 This set may consist of all k 2 1. Take for G the diagonal
subgroup of GL(N), and, for each integer m > 2, take I',; the finite

subgroup of G consisting of diagonal matrices with entries in [Ly.
Then I'}, spoofs G to order m-1 . Or take G itself to be finite, then I'

= G spoofs G to any order. Is it true that if GO is semisimple and
nontrivial, then the set Spoof(G) is finite.?

Part II: Applications to the Monodromy of Lefschetz Pencils
2.1 Diophantine preliminaries

(2.1.1) Let k be a finite field of cardinality q and characteristic p,
¢ a prime number other than p, w a real number, 1 an embedding
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of @e into €, S/k a smooth, geometrically connected k-scheme of
dimension D > 1, and F a lisse @e—sheaf on S5 of rank r > 1 which is

1-pure of integer weight w. Pick a geometric point s in 5, and define
V := . Denote by

(2.1.1.1) pg : mq(S, s) = GL(V) =GL(F) = GL(r, Q)
the ¢-adic representation that F "is". Denote by G C GL(V) the Zariski
closure of the image of 8¢9 (3, s) := ﬂ1(8®kE, s) under pg.

Because ¥ is 1-pure of some weight, we know [De-Weil II, 1.3.8 and

3.4.3 (iii)] that G is a (not necessarily connected) semisimple
subgroup of GL(V).

(2.1.2) Denote by ¥ the linear dual (contragredient

representation) of ¥, and by F := F¥(-w) the "complex conjugate" of
F: the sheaves ¥ and F have, via 1, complex conjugate local trace
functions.

(2.1.3) Our first task is to give a diophantine calculation of the
absolute moments MQH(G, V), n =1, in terms of moments Sop of the

local trace function of ¥. For each finite extension field E/k, define
the real number Sy, (E, ) by

(2.1.3.1)  Sopn(E, F) :=

(#E)-dim(S)-nw 5 & [L(Trace(Frobg o | F))21.

Lemma 2.1.4 Hypotheses and notations as in 2.1.1-3 above, for each
n > 1 we have the limit formula
Mon(G, V) =limsupg, finite Son(E, ).

X in S

proof The moment My, (G, V) is the dimension of the space of G-
invariants, or equivalently of m{8€°M(S, s)-invariants, in

(VR®V™Y)®N je it is the dimension of HO(S®k, (F® F)®N). So, by
Poincare duality, we have
Moy, (G, V) = dim H.2dim(8)(se, k, (F®F)®N),

Because ¥ is pure or weight w, (FRF)®N s t-pure of weight 2nw,
so this last cohomology group is 1-pure of weight 2nw + 2dim(S). So

whn+dim(S)

the endomorphism A := Froby/q acting on it has, via v, all

its eigenvalues on the unit circle. By a standard compactness
argument (cf. [Ka-SE, 2.2.2.1]), we recover the dimension of the
cohomology group by the limsup formula
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dim H.2dimS) (s, k, (FRF)®N)
= limsup,, [t (Trace(A™ | Hc2dim(8)(8®kg, (FQ F)®N)))|
= Hmsupg g0

(#E)-dim(5)-nw |v(Trace(Frobg | Hc2dim(8)(3®kg, (F@F)®M))I.

By [De-Weil II, 3.3.4], the lower cohomology groups HCJ, J<
2dim(S), are 1-mixed of strictly lower weight, so we get Mo, (G, V)

as the limsup, over E/k finite, of the quantities
(#E)~dIM(S)=0W 5 (5 (-1)dTrace(Frobg | Hd(Seyk, (FRF)®M)).

By the Lefschetz Trace Formula, this last quantity is precisely
Son(E, 7). QED

First Variant Lemma 2.1.5 Hypotheses and notations as in
Lemma 2.1.4, suppose we are given in addition a Qp-valued function

¢(E, x) on the set of pairs

(a finite extension field E/k, a point x in S(E))
such that there exists a positive real constant C for which we have
the estimate

L (@(E, x))| < C(zE)W ~ 1/2
For each finite extension E/k, define the approximate moment

§21’](E’ CEF) .=
(#E)~dim(S)-nw 2y in s [W(Trace(Frobg | F) + ¢(E, x))|2n,

Then we have the limit formula
Mon(G, V) =limsupg, finite 52n(E, F).

proof One checks easily that §2n(E, F) - SonlE, ¥) > 0 as #E grows.
QED

Second Variant Lemma 2.1.6 Hypotheses and notations as in
Lemma 2.1.5, suppose that S is an open subscheme of a smooth,
geometrically connected k-scheme T/k (necessarily of the same
dimension D). Suppose that we are given a @e—valued function
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T(E, x) on the set of pairs

(a finite extension field E/k, a point x in T(E)),
such that whenever x lies in S(E), we have

T(E, %) = Trace(FrobE’X | F) + @(E, x).

For each finite extension E/k, define the mock moment T2n(E, F) by
Ton(E, F) = () dimB)-nw 5 - (t(E, x))2n.

Then we have the inequality
Mon (G, V) < limsupgy finite T2n(E, F).

xin T

proof Obvious from the previous result and the observation that for

each E/k we have
S2n(E, ch) < T2n(E, ?)

simply because we obtain Ty, (E, ¥) by adding postive quantities to
Son(E, ¥). QED

2.2 Universal families of hypersurface sections

(2.2.1) Recall that k is a finite field, and X/k is a projective,
smooth, geometrically variety of dimension n + 1 > 1, given with a
projective embedding X C [P. We denote by PHypg/k the projective

space of degree d hypersurfaces in P, and by
(2.2.1.1) GoodywPHypgq C PHypqy

the dense open set consisting of those degree d hypersurfaces H
which are transverse to X, i.e.,, such that the scheme-theoretic
intersection XNH is smooth and of codimension one in X. Over
GoodyPHypgq we have the universal family of all smooth, degree d

hypersurface sections of X, say

(2.2.1.2) m : Univq — GoodyPHypy,
whose fibre over a degree d hypersurface H in P is XNH.
(2.2.2) For any finite extension E/k, and any point H in

GoodyPHypg(E), the weak Lefschetz theorem tells us that the
restriction map

Hi(X®k, Qp) = H((X®pk)NH, Q)
1s an 1somorphism for 1 < n, and injective for 1 = n. By Poincare
duality, the Gysin map

HI((X®,k)NH, Q) > H*2(Xepk, Q,)(1)
1s an isomorphism for i > n, and sur jective for 1 = n. Thanks to the
hard Lefschetz theorem, we knhow that, for 1 = n, the kernel of the



Larsen's Alternative-26
GQysin map 1s a subspace

EvI((X® k)NH, Q) ¢ HN((X®yrk)NH, Q)
on which the cup-product remains non-degenerate, and which maps
isomorphically to the quotient Hn((X®kE)ﬂH, @e)/Hn(X@)kE, @e).
(2.2.3) Over the space GoodyPHypy, there is a lisse @e—sheaf T4
such that for any finite extension E/k, and any E-valued point H of
GoodyPHypy, the stalk of 4 at His EvIi((X® k)NH, Qp). The sheaf
%4 1s pure of weight n, and carries a cup-product autoduality
toward @e(—n). The autoduality is symplectic if n is odd, and
orthogonal if n is even. For fixed X but variable d, the rank Ngq of 74

is a polynomial in d of degree n+1, of the form deg(X)dn*1 + lower
terms.

Theorem 2.2.4 Suppose that n > 2 is even, that d > 3, and that Ny
> 8. Then the geometric monodromy group Gy of the lisse sheaf ¥ 4 is
the full orthogonal group O(Ng).
proof The group Gy is a priori a Zariski closed subgroup of O(Ng). We
first recall that Gg, indeed its subgroup p?d(ﬂlgeom(GoodXPHypd))’
contains a reflection.
Take a sufficiently general line L in PHypq. Over its intersection

L - A with GoodyPHypg, we get a Lefschetz pencil of smooth
hypersurface sections of degree d of X. Denote by

i:L- A - GoodyPHypy
the inclusion. We have the inequality

#A(k) 2 1if Ng = 0,
because Evn((X®kE)ﬂH, 68) is spanned by the images, using all

possible "chemins", of the vanishing cycles, one at each point of A(k),
cf. [De-Weil I, 4.2.4 and 4.3.9]. [So long as char(k) is not 2, we can
choose a single chemin for each vanishing cycle, and we have the
inequality = A(k) = Ny, cf. [SGA 7, Expose XVIII, 6.6 and 6.6.1]]

By the Picard-Lefschetz formula [SGA 7, Expose XV, 3.4], each
of the = A(k) local monodromies in a Lefschetz pencil is a reflection.
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Thus ﬁlgeom(L - /) contains elements which act on i*?d as

reflections, and their images in mw18¢°M(GoodywPHypg) act as
reflections on 7.

In view of Theorem 1.4.6, it suffices to show that, denoting by
V4 the representation of Gy given by ¥4, we have My(Gyq, Vgq) = 3.

Since Gy lies in O(Ng4) and Ng > 1, we have the a priori inequality
M4(Gd, Vd) > M4(O(Nd), std) = 3.

S50 the desired conclusion results from the following theorem.

Theorem 2.2.5 Suppose that n 2 1 and d 2 3. Then My(Gy, Vg) < 3.
If n=0anddz 3, we have My(Gg, V) < 4.

proof Denote by Hypg/k the affine space over k which is the affine
cone of the projective space PHypq/k. For any k-algebra A, the A-

valued points of Hypq are the elements of HO(P, O(d))®yA. The
natural projection map
T : Hypgq - (0) - PHypy
is a (Zariski locally trivial) G,,-bundle. We denote by
GoodyHypgq C Hypg - {0}
the dense open set which is the inverse image of GoodyPHypy, and

by
T . GoodyHypq — GoodyPHypy

its projection. Thus we have a cartesian diagram
GoodywHypy C Hypgq - {0}

] ud!
GoodywPHypyq € PHypg
We form the lisse sheaf n*% 4 on GoodyHypg. By [Ka-La-FGCFT,
Lemma 2, part (2)], for any geometric point £ of GoodyHypg, the
map
Ty @ 1880 (GoodywHypy, £) = m18¢°M(GoodywPHypy, m(E))
is sur jective. 5o we recover Gq as the Zariski closure of the image of
1 8€9M (GoodwHypy) acting on w*¥F 4.

The advantage is that the base space is now a dense open set of
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an affine space, namely Hypq. We will now apply the diophantine

method explained above, to the sheaf m*F 4 on the dense open set
GoodyHypq of Hypyg.

Let E/k be a finite extension field, and H an E-valued point of
GoodyHypg. Then the stalk of m*F 4 at H is EvI((X®pk)N(H = 0), Q).
Key Lemma 2.2.6 Given X/k as above, denote by Z(X®k, ﬁé) the
sum of the @Q—Betti numbers. Then for any finite extension field
E/k, and for any E-valued point H of GoodyHypq, putting Y := XN(H
= 0), we have the estimate

ITrace(Frobg y | m*%4) - (-1)7(=Y(E) - #X(E)/=E)|

<S(X®pk, Qp)(#E)N-1)/2,

proof Use the Lefschetz Trace Formula on Y to write #Y(E) as a
sum of three terms:

#Y(E) = %, _ ., (-1)Trace(Frobg | H(Y®pk, Q)

i <n-

+ (-1)"Trace(Frobg | Hn(Y®EE, @g))

+ 3. . (CDlTrace(Froby | H(Y®pk, @y)).

Use the same formula to write #X(E)/#E as the sum of three terms:
#X(E)/#E = %, _ . (-DiTrace(Frobg | H(X® k, Q,)(1))

+ (-1)"*2Trace(Frobp | H'*2(X®) Kk, Qp)(1))

++ 3 e (—1)1Trace(FrobE | Hi(X(X)kk, Q)(1)).

By the Poincare dual of the weak Lefschetz theorem, the third
terms in the two expressions are equal. The difference of the second

terms is precisely (-1)"Trace(Frobg | Evn((X®kE)ﬂ(H = 0), 68))’ le.,
it is (-1)"Trace(Frobg g | m*F4). The difference of the first terms is
S . oy (-DiTrace(Froby | H(Y®pk, Q)
= % .o (CDITrace(Frobg | H(X® k, ©p)(1)).

By Deligne's Well I, each cohomology group occurring here is pure of
some weight < nh - 1, so we get the asserted estimate with the
constant

> hi(Y®Ek, Qp) + 2, ., hi(X®yk, Q).

1 <n-1
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Using weak Lefschetz, this is equal to
-3 hi(X®yk, Qp) + 2, ., hi(X®k, Q).
Using Poincare duality on X, this in turn is equal to
= 3. .5 hiX®yk, Qp) + 3, ., hiX®rk, Qp)
< 3, hiX®yk, Qy) := Z(X®Kk, Qp). QED
For any finite extension field E/k, and for any E-valued point H
of Hypy, we define

T(E, H) := (-1D)M((-1) (= (XN(H=0))(E) - #X(E)/=E).
Notice that T takes values in Q.

1 < n-1

We then define the mock moment T4(E, n*F ) by

* o -di H -2 4
T4(E, n*Fq) = (»E)"dim(Hypg)-2n 5 L IT(E, H)I

H in Hyp

- (=g)"dim(Hypg)-2n 3 (B (#F(XOH=0)(E) - #X(E)/=E)%.

H in Hyp

[Because T takes values in Q, there is no need for the 1 WhiCl’_l
figured in the general definition, where T was allowed to be Q-

valued.]
In view of the Second Variant Lemma 2.1.6, Theorem 2.2.5 now
results from the following theorem.

Theorem 2.2.7 Let X/k be as above, of dimension n +1 > 1. 1f n > 1,
then for any d 2 3, we have the estimate

ITA(E, m*F 4) - 3 = O((=E)~1/2),
If n =0, then for any d > 3, we have the estimate
IT4(E, m*F g) - 4l = O((=E)"1/2),
proof Fix a finite field extension E/k with #E > 6. We will use an

exponential sum method to calculate T4(E, ™7 4) in closed form. Fix

a nontrivial C*-valued additive character { of E. View the ambient
P = P™M as the space of lines in AM*1 For each point x in P™M(E),
choose a point x in AT"'l(E) - {0} which lifts it. For any fixed H in
Hypgq(E), the value H(x) depends upon the choice of x lifting x, but
only up to an EX-multiple. SoNthe sum

2o in £ WIXH(x))
depends only on the original point x in P(E). By the orthogonality
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relations for characters, we have
2y i pr WOAH(X)) = -1 + 2, . ¢ ¢(AH(x%))

= #E -1, if H(x) = 0,
= -1, i1f not.
S50 we get the identity
2 i %(E) 2o in br WOMH(X)) = (#E)(=(XN(H=0))(E)) - #=X(E)

= (-D"(=E)T(E, H).
This in turn gives the identity

(«E)AIM(Hypg)+2n+d 7,(E w*F 4)
= 24 in Hyp(E) (24 in X(E) Zx in EX P(AH(x))42,

We next open the inner sum and interchange orders of summation,
to get

= 20 in X(®4 20 in (E9% ZH in Hypy(E) Y(Zii1 10 4 NHXY).

The key observation is given by the following lemma.
Singleton Lemma 2.2.8 Suppose #E > 4. Given four (not
necessarily distinct) points x4, %9, X3, x4 in P(E), suppose among

them there is a singleton, 1.e., a point which is not equal to any of
the others. Then for any (};) in (EX)4, we have the vanishing
ZH in Hypg4(E) P(Zil1 10 4 MHx)) = 0.

Before proving this lemma, it will be convenient to give two other
lemmas.

Lemma 2.2.9 If #E > 4, then given four (not necessarily distinct)
points x4, X9, X3, X4 1IN P(E), there exists an E-rational hyperplane L

in P, i.e., a point L in PHyp4(E), such that all four points x; lie in the

affine open set P™M[1/LI.

proof Say P is P, In the dual projective space, the set of
hyperplanes through a given point x; in P™(E) form a pPm-1 5o
there are precisely

((=E)M - 1)/(#E - 1)
E-rational hyperplanes through x;. So there are at least

(=E)YM*L _ 1)/(#E - 1) - 4((#E)M - 1)/(#E - 1)
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E-rational hyperplanes which pass through none of the x;. As #E is

at least 4, this difference is strictly positive. QED

Evaluation Lemma 2.2.10 Let E be a field, m =21 and d > 1
integers. Denote by Poly_4(E) the E-vector space of E-rational
polynomial functions on A™. For any integer r < d + 1, and for any
r distinct points xj, i = 1 to r, in A™(E), the E-linear multi-
evaluation map

Poly .q(E) — EV

f = (f(xq), ..., f(x4))

is sur jective.
proof The map being E-linear, its surjectivity map be checked over
any extension field. Passing to a large enough such extension, we

may add additional distinct points, so that our x; are the first r of

d+1 distinct points. It suffices to prove the lemma in the hardest
case r = d+1 (then project onto the first r coordinates in the target).
To do this hardest case, we first treat the case m=1. In this case,
source and target have the same dimension, d+1, so it suffices that
the map be injective. But its kernel consists of those polynomials in
one variable of degree at most d, which have d+1 distinct zeroes. To

do the general case, it suffices to find a linear form T from A to
Al under which the d+1 points x; have d+1 distinct images. For then
already polynomials of degree at most d in T will be a subspace of
the source Poly_4(E) which will map onto E'. We can do this as soon

as #E > Binom(d+1, 2). Indeed, we are looking for a linear form T
with the property that for each of the Binom(d+1, 2) pairs (x;j, XJ')

with i < j, we have T(x;) - T(XJ') = 0. For each such pair, the set of T
for which T(x;) - T(XJ') = 0 is a hyperplane in the dual space. So we

need T to not lie in the union of Binom(d+1, 2) linear subspaces of
codimension one. Since they all intersect in zero, their union has

cardinality strictly less that Binom(d+1, 2)(#E)M~1. So as soon as #E
> Binom(d+1, 2), the desired T exists. QED

With these preliminaries out of the way, we can prove the
Singleton Lemma 2.2.8. Because #E > 4, we can find a non-zero
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linear form L in Hyp4(E) such that our four points x; all lie in PJ1/L]

= A™M By means of the map H ~ H/Ld, we get an E-linear
isomorphism

Hypgq(E) = Poly .4(E)
of Hypq(E) with the E-rational polynomial functions on P]1/L] = A™
of degree at most d.

Moreover, for any x in P[1/LI(E), and any lifting x in AM*L(E)
the two E-linear forms on Hypq(E),

H +— H(x)
and

H - (H/Ld)(»),
are proportional. So whatever the four points (x;) in P[1/LI(E) =

ATM(E), we can rewite the sum
21 in Hypgy(E) $(Zig o 4 MHOxp))

= 2} in Poly.4(E) Py 1o 2 Mh(x)).

Renumbering, we may suppose that x4 is a singleton. We

consider separately various cases (which, up to renumbering, cover
all the cases when x4 is a singleton).

[f the four points are all distinct, then as h runs over
Poly . 4(E), the vector (h(x;)) runs over E4, and our sum becomes
#(Ker of eval at (%)) times

2y in B4 W(Zio1 0 4 At
Since the vector ();) is nonzero, (t;) = Y(X,_, ,, 4 Ajtj) is a nontrivial
additive character of E4, so the inner sum vanishes.

[f the three remaining points are all equal, then as h runs over
Poly . 4(E), the vector (h(xq), h(x9)) runs over E2, and our sum
becomes #(Ker of eval at (xq, x9)) times
Z(ty, 1) in £2 WAt + (g + A3 + Ag)to).

Since the vector (A1, Ao + A3 + Agq) is nonzero, the sum again

vahishes.
If the first three points are distinct, but x4 = x3z, then our sum

becomes #(Ker of eval at (xq, x9, x3)) times
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2ty ty, t5) in E5 WOMTL + Aoty + (Mg + Ag)tz).
Since the vector (Aq, A9, A3 + Agq) is nonzero, the sum again

vanishes. QED

In exactly the same way, we prove the following two
elementary lemmas.
Twinning Lemma 2.2.11 Suppose #E > 2. Given two distinct points

x1, xo in P(E), put x3 = x4, and put x4 = x9. Then for (};) in (EX)4,
we have

2H in Hypy(®) Y(Ziz1 1o 4 AH(x4))

#Hypd(E), 1f A + A9 = Az + g =0,

0, otherwise.

Quadruples Lemma 2.2.12 Given a point x in P(E), put x; = x for i
=1 to 4. Then for (};) in (EX)% we have
ZH in Hyp4(E) $(Ziog 1o 4 MHOx())

#Hypd(E), if ANt Ayt A3+ Ag = 0,

0, otherwise.

proof of Theorem 2.2.7 suite Recall that we have the identity
(#E)dim(Hypg)+2n+4 T4(E, T*F g)

- Z(xi) in X(E)4 Z(xi) in ()% 2H in Hypg(E) W(Zig 1o 4 MHX).
We now break up this sum by the coincidence pattern of the four-
tuple (xq, X9, x3, Xg).

[f there is any singleton, the entire inner sum vanishes.

If all the x:

i coincide, the inner sum is

#Hypg(E)x#{(A) in (EX)% with Ay + Ag + A3 + Agq = 0.
This case occurs #X(E) times, one for each of the possible common
values of the x;.
[f there are no singletons and exactly two among the x; are
distinct, put x := x41, and take for y the other. Then the pattern is

either (x, %, vy, y) or (%, vy, %X, y) or (%, y, vy, x). In each case, the
inner sum 1s
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#Hypq(E)x#{(A)) in (EX)% with A + Ap = Ag + Agq = 0)
= #Hypq(E)x(#E - 1)2.

This case occurs 3(#X(E))(#X(E) - 1) times, 3 for the possible repeat
pattern, #X(E) for the choice of xq, #X(E) - 1 for the choice of y =

Xj_.
S0 all in all, we get a closed formula
(= E)dimHypg)+2n+d 7, w*F )
= 3(#X(E))(#X(E) - 1)(#Hypq(E))(#E - 1)2
+(# X(E))(#=Hypq(E)(# (%)) in (EX)? with Ay + Ao + Az + Agq = 0}).
Dividing through by #Hypg4(E) = (#E)dim(Hypd)’ we get
(#E)20+4 T,4(E, n*F )
= 3(#X(E))(#X(E) - 1)(#E - 1)2
+(#X(E)(#{(n) in (EX)% with Ay + Ap = Az + Ag = 0}).

Lemma 2.2.13 We have the identity
#{(n) in (EX)% with Ay + Ag + Az + Agq = O}
= (#E - 1)3 - ((#E - 1)2 - (#E - 1)).
proof of Lemma 2.2.13 View the set in question as the subset of

(EX)3 where N *+ Ao + Az = 0 (solve for Ng). Its complement in (EX)3
is the subset of (EX)? where A + Ao = 0 (solve for Az). The

complement in (EX)2 of this last set is the set of pairs (A, -A). QED

S50 now we have the identity
(#E)20+4 T4(E, m*F )
= 3(=X(E))(#X(E) - 1)(#E - 1)2

+H(#X(E)((#E - 1)3 - (#E - 1)2 - (=E - 1))).
Dividing through, we get

T4(E, 7*F Q)
= 3(# X(E)/(#E)N D) (2 X(E)/(# E)N*L - 1/(2E)N*1)(1 = 1/2E)2
+H=X(E)/(#E)* D) ((#E - 1)3 - ((#E - 1)2 - (#E - 1)))//(#E)N*3,
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By Lang-Weil, we have
(2 X(E)/(=E)N*1 — 1] = O((=E)"1/2),
So the first term is 3 + O((#E)"1/2). If n = 0, the second term is 1 +

0((#E)~1/2), while if n > 1 the second term is O((#E)~1). This
concludes the proof of Theorem 2.2.7, and, with it, the proofs of
Theorems 2.2.5 and 2.2.4. QED

(2.2.14) We now give a supplement to Theorem 2.2.4, by

combining our results with those of Deligne [De-Weil 1I, 4.4.1, 4.4.25,
and 4.4.9]. This supplement will itself be supplemented in 2.3.6.

Theorem 2.2.15 (supplement to Theorem 2.2.4) Suppose that n
> 2 1s even, and that d > 3.
1) If Ngqis 1, 3,4, or 5, orif Ny 29, then the geometric monodromy

group Gq of the lisse sheaf ¥ 4 is the full orthogonal group O(N ).

2) If Nqis 6, 7, or 8, then Gy is either the full orthogonal group
O(Ng), or Gq is the Weyl group of the root system E,, o« := Ny, in its
standard Ng-dimensional representation as a Weyl group.

3) If Nq = 2, then Gy is the symmetric group Sz in the

representation Augs.

proof According to [De-Weil II, 4.4.1, 4.4.2°%, and 4.4.9], if Ng = 1, Gy is
either the full orthogonal group O(Ny), or it is a finite reflection

group. Moreover, the only finite reflection groups that arise are the
Weyl groups of root systems of type A, for o« > 1, D, for o« > 4, or

Ey for o« = 6, 7, or 8, In their standard «-dimensional

representations.
We have shown (Theorem 2.2.5) that for any d > 3, we have
My4(Gy, Vgq) < 3. Suppose first that Gy is finite, and that Ng > 3.

We cannot have the Weyl group of A, for any « 2 3, in its
standard representation, i.e.,, we cannnot have he group 5,41 In the
representation Aug,, because My(S, 41, Augy) > 3 for o« = 3. Indeed,

for « 2 4 this is proven in Lemma 1.4.5, and for o« = 3 it is an
elementary calculation we leave to the reader (or the reader can
observe that Az = Dz, and see the discussion of D just below).
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We can rule out having the Weyl group of Dy for any « 2 3, in
its standard representation, as follows. By Theorem 1.3.2, Gq is
primitive. But the standard representation of the Weyl group of D,

is induced (in the Bourbaki notations [Bour-L6, Planche IV, page
2571, the lines spanned by the €; are permuted among themselves).

S0 the only surviving finite group cases with Ng 2 3 are the
Weyl groups of Eg, E7, and Eg in their standard representations.

If Ngq = 2, then Gg must be finite, because it is a semisimple
subgroup of O(2). The only possibility is the Weyl group of Ao, ie., Sz
in the representation Augs.

If Ng = 1, then O(1) = {£1} = Sy in Augq, so there is only one
possibility. QED

Remark 2.2.16 The Weyl groups of type E in their standard Weyl
group representations all have fourth moment 3. The Weyl group of
Eg occurs as the monodromy group attached to the universal family

of smooth cubic surfaces in P3. [Since a smooth cubic surface has
middle Betti number 7, and all its cohomology is algebraic, we have
a case with d = 3, Ng = 6, and Gy finite, so necessarily the Weyl

group of Eg, cf. also [Beaul.] We do not know if the Weyl groups of E-
or of Eg can occur as the monodromy group of the universal family

of smooth hypersurface sections of degree d > 3 of some projective
smooth X. [These groups certainly occur as the monodromy of
sultable families of del Pezzo surfaces, but those families are not of
the required form.]

Remark 2.2.17 In Theorems 2.2.4 and 2.2.15, the hypothesis that d
be at least 3 1s absolutely essential. Indeed, fix an even integer n 2 0,

take for X a smooth quadric hypersurface in IPn+2, and consider the

universal family of smooth, degree d=2 hypersurface sections of X.
FEach member of this family is a smooth complete intersection of

multi-degree (2, 2) in IPn+2, so has middle betti number n+4, and all
cohomology algebraic. This family has Ng = n+3, and its finite Gy is
the Weyl group of D43. [Indeed, if n = 0 the two possibilities

coincide. If n 2 2, the only other possibility is 5,44 In Augy43, or, if n
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= 4, the Weyl group of k7 in its standard Weyl group representation,

both of which are primitive. But by [Reid], cf. [Beau, page 16], the
monodromy for the universal family of smooth complete

intersections of multi-degree (2, 2) in PN*2 is the Weyl group of
Dp+3. So our Gy is a subgroup of the Weyl group of Dy43. In

particular, our Gy is imprimitive.]

2.3 Higher Moments
(2.3.1) The same ideas used in proving Theorem 2.2.5 allow one to

prove the following estimate for higher moments.
Theorem 2.3.2 Suppose that n = 1 and d > 3. For any integer b > 1
with 2b < d + 1, we have the estimate

Mo (Gg, Vg) < (2b)l! := WJ _ 110 p(2J - 1)
proof We proceed as in the proof of Theorem 2.2.7. We define the
mock moment Top(E, m*F34) by

Top(E, n¥F ) = (#E)-dim{Hypg)-bn 5 & |T(E, H)I2P

H in Hypgq
- (zp)dim(Hypg)=bn 5 0 6 (2(XN(H=0))(E) - #X(E)/=E)2P,

It suffices to show that
ITop(E, m*F q) - (2b)1] = O((»E)~1/2),
Exactly as in the discussion of T4, we find for Top the identity

(#p)dim(Hypg)+bn+2b Top(E, T*F )

= 29 in Hypy(E) (T4 in x(@E) 2 in gr POH))ZP,
We next open the inner sum and interchange orders of summation,
to get

= 2(x) in XE)2P 200 in (£92 2H in Hypy(E) Y(Zic1 1o 2b AH(xp)).
We next break up this sum according to the coincidence pattern of
the 2b not necessarily distinct points x4, .., xop in X(E).

The coincidence pattern among the x; gives a partition P of the
set {1, 2, .., 2b} into # P disjoint nonempty subsets S x; = X if and
only if 1 and j lie in the same S,.

Fix a point (x;) in X(E)2P with partition ®. Exaactly as in the

proof of Theorem 2.2.7, the innermost sum vanishes unless, for each
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Sy In P, we have ;. ¢ A = 0, in which case the innermost sum is
(64

(04

equal to (»E)dIm(Hypg), So the inner double sum is equal to
(+E)IMAYPQITT [ = (N 5, with Ajin EX and %, ¢ Aj = 0},
This visibly vanishes if some S, is a singleton. More

generally,consider the sequence of integer polynomials P(X), r = 1,

defined inductively by

P1(X) = 0,
PA(X) = XI~1 - P __1(X),
l.e.,
Po(X) = Xr=1 o xr=24 xr=5 4+ (-1)r-2x,

We have the elementary identity
#{(\), i s, with A in E* and 2, . So(>‘i = 0} = P#SO((#E)'
50 the iInnermost double sum is

(#E)dlm(Hypd)]‘[a _— p#SO((#E),

This vanishes if any S 1s a singleton, otherwise it is given by a
polynomial in #E of the form
(#E)dim(Hypd)]—[a in P (#E)*Soc = 1 + lower terms

- (#E)dim(Hypg) + 2b - #® 4 |ower terms.
The number of points (x;) in X(E)2P with given partition P is

TTj=0to=P -1 (#X(E) - j) = 2X(E)* P + lower terms
= () 0+ D)= P 4 g((ep)(n+D) =P - 1/2)

As we have seen above, partitions with a singleton do not contribute.
For each partition P without singletons, the total contribution
of all points with that coincidence pattern is thus the product

((=E)dim(Hypg) + 2b - #P 4 |ower terms)
x((#E)(n"'j-)#Yp + O((#E)(l’l"‘l)#?p - 1/2))
- (#E)dim(Hypg) + 2b + n=® (1 . 4 o(=E)~1/2),
So the terms of biggest size (zE)dim(Hypg) + 2b + nb come from

those T without singletons having exact b members, and there are
exactly (2b)!! such partitions. QED

(2.3.3) The relevance of Theorem 2.3.2 is this. Recall (cf. [Weyl,
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Theorem (2.9.A), page 53 and Theorem (6.1.A), page 167], [ABP,
Appendix I, pages 322-326]) that for O(V) or Sp(V), the invariants in

the dual of any even tensor power V®2b, b > 1, are the C-span of

the "complete contractions”, i.e., the linear forms on V®2b obtained
by choosing a partition ® of the index set {1, 2, ..., 2b} into b disjoint
sets S, of pairs, say Sy = {iy, jo) With iy < jo, and mapping

V1®Vo®..8VoL F Tl—o< in Tp<ViO(, VJO(>
There are (2b)!! such complete contractions. If dim(V) > 2b, they are
linearly independent (cf. [Weyl, section 5 of Chapter V, pages 147-
149]). So for any N > 2b, we have

M2b(O(N), std) = (2b)!,

and for any even N > 2b, we have
Mo (Sp(N), std) = (2b)!,

(cf. [Larsen-Normall, [Dia-Shal).
Corollary 2.3.4 Suppose n = 1, and d = 3. For each b > 1 with
2b < Max(Ng, d+1),

we have the equality
Mo (Gg, V) = (2b)!
proof Suppose n is odd. Since Gg is a subgroup of Sp(Ng) = Sp(Vy),
we have the a priori inequality
M2b(Gd’ Vd) > MZb(Sp(Nd), std).
If 2b < Ngq, we have
Mo, (Sp(N), std) = (2b)!,
as explained in (2.3.3) above. So we find
Mo (Gg, V) = (2b)IL

[f in addition d 2 3 and d + 1 > 2b, we have the reverse inequality
from Theorem 2.3.2. For the proof in the case of even n, simply
replace Sp(Ng) byO(N4) in the above argument. QED

(2.3.5) We now use these estimates for higher moments to
eliminate more possibilities of finite monodromy in our universal
families.

Theorem 2.3.6 (supplement to Theorem 2.2.15)
Suppose that n > 2 is even, that d 2 5, and that Ng = 3. If Ng = 8, or
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if d > 7, then the geometric monodromy group Gy of the lisse sheaf
F q is the full orthogonal group O(Ny).
proof Unless Ng is 6, 7, or 8, the desired conclusion is given by

2.2.15.
I[f Nq is 6, then Gy is either O(6) or it is W(Eg), the Weyl group

of Eg, In its standard reflection representation stdg. According to the
the computer program GAP [GAP], the sixth moment of W(Eg) in
stdg 1s given by

M6(W(E6), Std6) = 16.
But if d 2 5, then by 2.3.2, we have Mg(Gg, Vg) < 6!l = 15. So we
cannot have W(Eg) if d = 5.

If Ng is 7, then Gq is either O(7) or it is W(E-), the Weyl group
of E7, In its standard reflection representation std. According to
GAP [GAP], the sixth moment of W(E) in stdy is given by

M6(W(E7), Std7) = 16.
But if d 2 5, then by 2.3.2, we have Mg(Gg, Vg) < 6!l = 15. So we
cannot have W(E~) if d = 5.

If Ngq = 8, then Gy is either O(8) or it is W(Eg), the Weyl group
of Eg, In its standard reflection representation stdg. According to
GAP [GAP], the eighth moment of W(Eg) in stdg is given by

Mg(W(Eg), Std8) = 106.
But if d 2 7, then by 2.3.2 we have Mg(Gq, Vg) < 8 !l = 105. So we
cannot have W(Eg) if d = 7. QED

2.4 Remarks on Theorem 2.2.4

(2.4.1) We have stated Theorem 2.2.4 in terms of the universal
family of smooth hypersurface sections of degree d. It results from
Bertini's theorem [Ka-ACT, 3.11.1] that we also get the same Gy for

any sufficiently general Lefschetz pencil of hypersurface sections of
degree d.

(2.4.2) We have given a diophantine proof of Theorem 2.2.4,
based on having a finite ground field. It follows, by standard
spreading out techniques, that the same theorem is valid, for either
the universal family of smooth hypersurface sections of degree d, or
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for a sufficiently general Lefschetz pencil thereof, over any field k in
which ¢ i1s invertible. When k 1s C, we have integral cohomology
theory

X = HX(X(C)an, 7),
so ¥ 4 has a natural Z-form, and we can speak of the integral

monodromy group. In some cases, this finer invariant is known, cf.
[Beaul.

(2.4.3) In the case n = 0, if we take X to be IPl, then Gq is a
subgroup of the symmetric group 54, and Vg is just the
representation Augq-q. [Of course, Gy is equal to Sq, thanks to Abel,

but we will not use this fact here, cf. 2.4.4 just below.] Since we
have proven that
M4(Gd, V4 = Augd_l) < 4,

it follows that for the larger group 5S4 we have
My(Sq, Augg-1) = 4.

On the other hand, we have already proven (1.4.5) that
My(Sq, Augg-1) > 3 for d = 5.

Since In any case the moments are integers, we have
My(Sq, Augg-1) = 4 for d = 5.

[One can check by hand that
My4(Sy4, Augz) = 4, but that My(S3, Augy) = 3]

(2.4.4) In the case n = 0, X C P any smooth, geometrically
connected, projective curve, we can see that Gg, the geometric

monodromy group of %4, is the full symmetric group SNd+1 as
follows. Since Gy is a priori a subgroup of SNd+1’ it suffices to exhibit
a pullback of ¥ 4 whose geometric monodromy group is SNd+1' Any

Lefschetz pencil of degree d hypersurface sections on X will do this.
Indeed, such a pencil gives a finite flat map f: X — P1 which is finite
etale of degree

deg(f) = deg(Ty(d)) = dxdeg(X) = 1 + Ny
over a dense open set pl - S, inclusion denoted

ji:Pl-s - pl

such that for each geometric point s in S, the geometric fibre f=1(s)
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consists of deg(f) - 1 distinct points. The pullback to Pl - S of the
sheaf ¥ 4 is J*(f*ﬁé/ﬁé)' We must show that j*(f*ﬁe) has geometric

monodromy group Sdeg(f)- From the commutative diagram

K

X - f~1(s) c x

l Lot

pPl-s cpl
J

™

we see that f*@e = f*k*@@ = j*fN*@g = j*j*f*ﬁe. From the equality

f*ﬁé = j*j*f*@e, we see that the local monodromy of j*(f*ﬁe) at
each point of S has a fixed space of codimension one, so is a

reflection. The monodromy group of j*(f*ﬁe) is a subgroup of Sdeg(f)

which is transitive (the total space X - f~1(3S) is geometrically
connected) and generated by reflections (all the conjugates of the
local monodromies at all the points of S), hence is the whole group

Sdeg(f)-

2.5 A p-adic approach to ruling out finite monodromy for
universal families of hypersurface sections

(2.5.1) In the case of odd fibre dimension n, we know [De-Weil II,
4.4.1] that any Lefschetz pencil has monodromy group which is
Zariskl dense in the full symplectic group. The moment technique
gives a variant proof, valid for the universal family (and then by
Bertini for any sufficiently general Lefschtz pencil) of hypersurface
sections of degree d > 3 such that Ny > 4. Indeed, the fourth moment

is 3, so Gy is either Sp(Ny) or it is finite. But Gg cannot be finite,

because in odd fibre dimension the local monodromies in a Lefschetz
pencil are unipotent pseudoreflections (and so of infinite order).
(2.5.2) In our discussion so far, we have made essential use of
the Picard-Lefschetz formula [SGA 7, Expose XV, 3.4], to know that
Gq contains a reflection in the case of even fibre dimension n, and, a

unipotent pseudoreflection in the case of odd fibre dimension.
(2.5.3) Suppose we did not know the Picard-Lefschetz formula,
but did know all the results of [De-Weil II], an admittedly unlikely
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but nonetheless logically possible situation. In that case, a result of
Koblitz [Kob, Lemma 4, page 132, and Theorem 1, page 139] leads to
a p-adic proof that, given X/k as above of dimension n + 1 > 2, then
for all d sufficiently large, the group Gq is not finite. Once Gg is not

finite for a given d > 3 with Ng > 3, we know from Larsen's
Alternative that Gq is Sp(Ng) if n is odd, and that Gg is either SO(Ny)
or O(Ng) if n is even. We do not know how to prove, in the case of

even fibre dimension, that the SO case cannot occur, without
appealing to the Picard-Lefschetz formula!

(2.5.4) We now explain the p-adic proof that if X/k as above has
dimension n + 1 > 2, then for d sufficiently large, the group Gq is not

finite.

(25.4.1) We know that Gg is an irreducible subgroup of GL(Vg). If
Gq is finite, then any element A of the ambient GL(V4) which
normalizes Gq has some power a scalar. For the group Aut(Gy) is
itself finite, so a power of A, acting by conjugation on Gg, will act
trivially, L.e., a power of A will commute with Gy, which, Gg being

irreducible, makes that power a scalar. This applies to the image in
GL(Vq) of any Frobenius element in mq(GoodywPHypq). So if Gy is

finite, then for any finite extension field E/k, and any H in
GoodyPHypg(E), we find that a power of Frobg acting on
Evn((X®kE)ﬂH, 68) is a scalar. Moreover, we know that

FrobE/(#E)n/2 lies in either Sp or O, so has determinant +1. Since

FrobE/(#E)n/2 has a power which is a scalar, that scalar must be a

root of unity. Thus every eigenvalue of Frobp acting on

Evn((X®kE)ﬂH, 68) is of the form (a root of unity)X(#E)n/2, so in

particular of the form px(an algebraic integer).
(25.4.2) On the other hand, we know that the characteristic

polynomial of Frobg on Hi((X®kE)ﬂH, 69) or on Hi(X®kE, @e) has Z-
coefficients. By the hard Lefschetz theorem on X, for i > n, all
eigenvalues of Frobg on Hi(X®kE)ﬂH, 68) are also of the form px(an

algebraic integer). So we get a congruence mod p for the zeta
function of XNH/E, viewed as an element of 1 + TZ[[T]:
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Zeta(XNH/E, T)
det(1 - TFrobp IHI(X® K)nH, 8,1

Using the weak Lefschetz theorem, this last product is equal to the
product

(TT

= T7T.

i=0 to n

det(1 - TFrobp |H1(X®RE, @e)(_l)ﬁl)

1=0 to n

xdet(1 - TFrobg |Evn((X®kE)mH, @e)(—l)n"'l_

If Ggq 1s finite, then the second term is 1 mod p. So we get a

congruence formula for Zeta(XNH/E, T) which shows that its
reduction mod p is a rational function whose degree as a rational
function depends only on X. Indeed, if we denote by o; the degree of

the reduction mod p of the integer polynomial
det(1 - TFroby |H1(X®RE, @g),

then Zeta(XNH/E, T) mod p has degree o(X) := 2

every finite extension E/k, and every point H in GoodyPHyp4(E).

(—1)”101, for

1=0 to n

(2.5.4.3) We now explains how this last conclusion leads to a
contradiction for large d. By the congruence formula [SGA 7, Part II,
Exposé XXII, 3.1] for the zeta function, we have the mod p
congruence

Zeta(XNH/E, T)

det(1 - TFroby HI(XNH,0y D
For d sufficiently large, the restriction map
HI((X,0%) = H(XNH,O0xnp)

is an isomorphism for i < n, and is injective for i = n (i.e., for large d

= TT.

1=0 ton

we have vanishing of HI(X, Ox(-d)) for i < n). So we can factor this

mod p product as

(T )i+l

det(1 - TFrobg |H1(X,®X))(_1 )

1=0 to n

xdet(1 - TFrobg | Hn(XﬂH,GXmH)/Hn(X,@X))(—l)nﬂ'

The degree of the first factor depends only on X. Indeed, if we denote
by T; the degree of the mod p polynomial

det(1 - TFroby |H1(X,®X)),
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this degree is T(X) := 2.

1=0 to n

(-1)*1r So if Gg is finite, then we
conclude that the mod p polynomial

det(1 - TFrobp | HN(XNH, Oy 1) /HM(X, %))
has degree (1) (a(X) - T(X)), for every finite extension E/k, and
every point H in GoodyPHypq4(E).

(2.5.4.4) Thanks to Koblitz [Kob, Lemma 4, page 132, and Theorem
1, page 139], for d sufficiently large, there is a dense open set of
GoodyPHypgq on which the degree of the mod p polynomial

det(1 - TFrobg | HMXNH,Oy% ) /HP((X,0%))
is constant, say F(d), and F(d) goes to infinity with d. More precisely,
Koblitz shows that there is a Q-polynomial Py (T) of degree n+1, of
the form deg(X)TN*1/(n+1)! + lower terms, such that F(d) > Py (d). So

for d large enough that the following three conditions hold:
d > 3,

HI(X, Oy (-d)) = 0 for i < n,

F(d) > (1) (o (X) - t(X)),
Gd 1s not finite.
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