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Abstract

We determine in many (but not all) cases the geometric monodromy group Ggeom Of the
one-parameter local system G(f, a, x) on G, in characteristic p > 0, whose trace function
(att € L™ for large enough finite extensions L of the field I ,) is

teLX > = Y Y (fO0) +1/x)x (),

xelX

with i a (nontrivial) additive character, f(x) a polynomial of degree A > 1, a > 1, and
x a (possibly trivial) multiplicative character. These local systems are generalizations of
Kloosterman sheaves.
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1 Introduction

We work in characteristic p > 0, and denote by E an algebraic closure of IF,. We also fix
a prime £ # p to be able to speak of Q-adic cohomology. We fix integers

A>1,a>1

about which we assume
p 1 Aa.
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We fix a polynomial
f(x) € k[x],deg(f) = A, k some finite subfield of E.

We make the ass_umption that f (x) is Artin-Schreier reduced: this means that in the expression
fx) = Zi cix', we have ¢; = 0 if pli. We define

gedgeg (f) = ged({ifc; # 0}),

the greatest common divisor of the degrees of the monomials appearing in f. We suppose
ng((L ngdeg(f)) =1

We also fix a (possibly trivial) multiplicative character x of k™, with the convention that for
x # 1, we have x (0) = 0, but 1(0) = 1. We denote by G(f, a, x) the lisse sheaf on G,, /k
whose trace function at time r € L, for L /k a finite extension, is

P = Y YL+ 1/x) (),

xelL>

As we show in Lemmas 2.7 and 2.8, they are generalizations of Kloosterman sheaves.

The main results concern the geometric monodromy groups Ggeom Of the various G(f, a,
x). A key technical step in determining Ggeom is to ensure that Ggeom, in its given repre-
sentation, satisfies condition (S+), cf. Proposition 4.3. Condition (S+), introduced in [17,
Definition 1.2] and motivated by [1] and [10], means that a Zariski closed subgroup G of
GLp(C) acts irreducibly on V = CP, preserves no (nontrivial) imprimitive decomposition,
no tensor decomposition, and no tensor induced decomposition of V, and furthermore Z(G)
is finite. The later sections make essential use of condition (S+).

In Section 5, we give instances for which Ggeom is an “interesting” finite group (Weyl
groups of Eg, Eg, the Mitchell group), or is the symmetric group. We also give criteria which
force Ggeom to be infinite (see Proposition 5.10 and the following results in that section, as
well as Lemma 6.1).

In Section 6, we prove the main result of the paper, Theorem 6.4, which describes G geom
in the cases when we know, from Section 5, that Ggeo is infinite.

The careful reader will notice that, even with condition (S+), we do not have a criterion,
in the case when x is the quadratic character 7, to determine whether a given G(f, a, x2)
has finite or infinite monodromy (although we have good information about what Ggeom
can be in the infinite case, see Theorem 6.4, and some partial results for the finite case in
Propositions 5.5 and 5.14). That same reader may wonder to what extent the requirement
that A2 > A + a, so essential in Proposition 4.3 to ensure condition (S+) whenever y is
nontrivial, can be relaxed.

We end this Introduction by recalling, almost verbatim, from the Introduction to [18],
some basic algebro-geometric notions. A connected scheme X has (once chosen a base
point 77) a profinite étale fundamental group 7y (X, 77), which up to inner automorphism is
independent of the auxiliary choice of base point. Given a topological ring R, an R-local
system F of rank n on X, also called a lisse R-sheaf of rank n on X, is just a continuous
homomorphism pr : 71(X,7) — GL,(R). When X is a connected scheme over a finite
field k such that X ® k is connected, we refer to 71 (X) as the arithmetic fundamental group
of X, and we refer to 771 (X ® k) as its geometric fundamental group. For brevity, we denote
these groups nf‘rith(X ) and nigeom (X). In this situation, for each finite extension field K /k,
and each point x € X (K), the group nfmh(X ) contains a well-defined Frobenius conjugacy
class Frob, g.[When X /k is of finite type, these Frobenius conjugacy classes are dense; this
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Generalized Kloosterman...

is the Chebotarev density theorem.] Given an R-local system F on X, with corresponding
representation p r, the trace function of Fis the rule which attaches to each pair (K, x) with
K /k a finite field extension and x € X (K) the trace of Frobenius, i.e.,

Trace(Frob, |7) := Trace(p r(Froby x)).

It is often useful to think of this trace function as providing, for each finite field extension
K /k, the R-valued function on the set X (K) given by

x € X(K) — Trace(Froby g |F).

A local system F on X is said to be geometrically irreducible, respectively arithmetically
irreducible, if it is irreducible as a representation of nfeom(X ), respectively of nf‘mh (X).
Similarly, F is said to be geometrically semisimple, respectively arithmetically semisimple,
if it is completely reducible as a representation of ﬂfeom (X), respectively of & f‘r“h(X ).

We are typically concerned with the case when X /k is G, /F,, with I, a finite extension
of IF, the ring R is the field Q for some prime £ # p, and Fis a local system whose trace
functionis given by a simple (in the sense of “simple to remember”) explicit formula involving
exponential sums. One particular interest is in local systems F for which the images under p -
of ﬂfrith (X) and n']geom(X ) are finite groups, which we call the arithmetic monodromy group,
respectively, geometric monodromy group, of F. When F is a local system on G, /E, we
frequently work with its local monodromy groups at 0 and oo: its inertia subgroup 7 (0) with
its wild inertia subgroup P (0), and its inertia subgroup / (co) with its wild inertia subgroup
P (00). We refer to [12, Chapter 1] for basic information on the slopes (also called “breaks")
of representations of /(co) and 7(0), and to [12, 4.3] for the notions of the Kummer sheaves
Ly and the Artin-Schreier sheaf Ly, .

2 Basic Facts about G(f, a, })

The local system G( f, a, x) is lisse of rank D = A + a on G,,, and pure of weight one. We
may also view it as having trace function

t = Y YL(f(1/x) + tx)E L ().

xelL>

Viewed this way, it is the Fourier Transform
FTy ([al«(Lyr/x)) ® Lyx)))-

Lemma 2.1 Suppose p t Aa, f is Artin-Schreier reduced, and ged(a, gcddeg(f)) =1 We
have the following information about G(f, a, x).

(i) The I(oco)-representation of G(f, a, x) is irreducible. It has rank A + a and all slopes
A/(A + a).
(i) If x # 1, the 1(0)-representation of G(f, a, x) is the direct sum

Dp:pa=x £p D (@)A-

In particular, if a = 1, then 1(0) acts through complex reflections (pseudoreflections)
of finite order:
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N.M. Katz and P.H. Tiep

(i) If x = 1, the 1(0)-representation of G(f, a, 1) is the direct sum

P coone@) .

p:pt=1,p#1

where Jy denotes a unipotent Jordan block of size 2. In particular, if x = 1 anda = 1,
then 1(0) acts through transvections. In general, if yo denotes a generator of 1(0) and
x =1, then yy acts via a transvection, and G(f, a, 1) has infinite G geom.

Proof This is a straightforward application of Laumon’s results on the local monodromy
of FTy. The input sheaf to FTy is lisse on G, of rank a, with I(0)-slopes A/a
and I (oo)-representation @®,.,«—3L,. Then the I(oo)-representation of G(f,a, x) is
FTloc(0, oo)(rank a, slopes A/a), which has rank A 4+ a and all slopes A/(A + a), cf.
[13,7.4.4(4)].

The only subtle point is that the input sheaf has an irreducible  (0)-representation. Once we
know this, then from the fact [13, 7.4.4 (4)] that FTloc(0, oco) is an equivalence of categories
between [ (0)-representations and I (0o)-representations with all slopes < 1 we get that the
I (co)-representation of G(f, a, x) is irreducible. The 7 (0)-representation of the input is

[alu(Ly(r/x) ® Lyx)-

This [a], direct image is irreducible if and only if for ¢ € u, = uq (E), we have an 7(0)
isomorphism

Lyrasmn @ Ly = Lyra/ex) ® Lycx)

only for ¢ = 1. The isomorphism class of L) is invariant by multiplicative translation,
so we have such an isomorphism if and only if Ly (r(1/x)— f(1/¢x)) is trivial on 1(0). But the
polynomial f(1/x) — f(1/¢x) is Artin-Schreier reduced (as a polynomial in 1/x). Because
ged(a, gedge, (f)) = 1, the polynomial f(1/x) — f(1/{x) is nonzero for  # 1 in fiq, s0
has a pole at 0 of some prime to p degree. Hence Ly (7(1/x)— £(1/¢x)) has Swang > 0 for such
¢, so is certainly nontrivial on 7(0).

The 1(0)-representation V of G := G(f, a, x) has

V/(VI®) = FTloc(co, 0)(®p:pa=7Lp) = ®prpamy Ly
cf. [13,7.4.3.1]. O

Corollary 2.2 The geometric determinant of the local system G(f, a, x) is L, if a is odd, and
is Ly y,, With x2 the quadratic character, if a is even.

Proof At oo, all slopes are < 1, and at O all slopes are 0. Thus the geometric determinant
is tame at both 0, co, so is determined by its restriction to the /(0)-representation. For
x # 1, this determinant is £ for A = l_[pip“=x p. Choose an a™ root pg of x: then
[1ppa=y £ = [ls:0a=1(P00) = X [15.5a—y o The second factor is 1 for a odd, and x for
a even. For x =1, the determinant is [ [;.;a_y .4 0, whichis 1 if a is odd, and x> if a is
even. O

Recall from [17, 4.2] the following result.

Lemma 2.3 Let Gbe a geometrically semisimple (e.g., geometrically irreducible) local system
on Gy, all of whose I(00)-slopes are < 1. Let I' < Ggeom be the Zariski closure of the
subgroup generated by all G geom-conjugates of the image of “the" inertia group 1(0). Then
r= Ggeom-
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Interchanging 0 and oo, we have the following result.

Lemma 2.4 Let Gbe a geometrically semisimple (e.g., geometrically irreducible) local system
on Gy, all of whose 1(0)-slopes are < 1. Let I' < Ggeom be the Zariski closure of the
subgroup generated by all G geom-conjugates of the image of “the" inertia group 1(00). Then
I'= Ggeom-

Corollary 2.5 Suppose p 1 Aa, f is Artin-Schreier reduced, and gcd(a, gedge () = L. Let
G geom be the geometric monodromy group of G(f, a, x). Denote by I'g < Ggeom the Zariski
closure of the subgroup generated by all Ggeom-conjugates of the image of “the"” inertia
group 1(0). Denote by I'oo < Ggeom the Zariski closure of the subgroup generated by all
G geom-conjugates of the image of “the" inertia group 1(00). Then 'y = Ggeom = 'co.

Proof Immediate from Lemmas 2.3 and 2.4, given Lemma 2.1. O

Corollary 2.6 Suppose a = 1, p t A, and f is Artin-Schreier reduced. Suppose x # 1 has
order d > 2. Let Ggeom be the geometric monodromy group of G(f, 1, x). Then Ggeom is
the Zariski closure of the subgroup generated by complex reflections of order dividing d. In
particular, if G geom 1s finite, then it is generated by complex reflections of order dividing d.

Proof Tmmediate from Corollary 2.5, given Lemma 2.1, according to which 7(0) is generated
by a complex reflection of order d. O

The following two lemmas explain the sense in which the local systems G(f, a, x) are
generalizations of Kloosterman sheaves.

Lemma 2.7 Suppose A = 1 and p t a. Then G(x, a, x) is a Kloosterman sheaf, indeed it is
a multiplicative translation of the Kloosterman sheaf IC¢(1, all a™ roots of x).

Proof Indeed, by Lemma 2.1, G(x, a, x) is lisse on G,,, tame at 0, and totally wild at co
of rank a + 1 with all slopes 1/(a + 1). By [12, 8.7.1], it is a multiplicative translate of a
Kloosterman sheaf, whose 7 (0)-representation is specified by Lemma 2.1. O

Lemma 2.8 Suppose a = 1 and p 1 A. For any p with pA = x, G(xA, 1, x) is the Kummer
[AT* pullback of a multiplicative translate of the Kloosterman sheaf K£(p, Char(A)).

Proof The trace function of G(x*, 1, x) is

te =) Yt /X =

(by x > tx)
== > P st + 1/x)x ().

Choose a character p with p4 = x. Then this sum is

—p(™) Y Yt xt + 1/ x (x).

This last expression makes obvious that G(x4, 1, x) is [A]*H for the local system H whose
trace function is

e —p(0) )Y + 1/ x ().
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This H is not unique; the possible descents are H ® L, for any character o with o4 =
1. Because Q(xA, 1, x) is tame at O and totally wild at oo of rank A + 1 with all slopes
A/(A + 1), any [A]* descent is tame at 0 and totally wild at co with all slopes 1/(A + 1).
By [12, 8.7.1], any such descent is a Kloosterman sheaf. If y # 1, its local monodromy
at 0 is diagonalizable (because this is true after [A]* pullback), therefore any descent is,
up to translation, geometrically isomorphic to K/ (p, Char(A)) for some p with pA =y If
x = 1, then its local monodromy has a Jordan block of size two, and in this case as well
Kl(p, Char(A)), for any p € Char(A), is such a descent. o

Lemma 2.9 Suppose p { Aa(A+a), f isArtin-Schreier reduced, and ged(a, gcddeg(f)) =1
Lety € 1(00) be a generator of 1(00)/ P(00). Then the action of y on G(f, a, x) has simple
spectrum (i.e., has D = A + a distinct eigenvalues) and finite order, in fact of central order
D, and the image of 1(00) is finite.

Proof (Compare [20, proof of Lemma 3.4 and Theorem 3.7].) By the original form [26,
Proposition on p. 515] of Grothendieck’s local monodromy theorem, the action of y (or
indeed of any element of 7(c0)) on G(f, a, x) is quasi-unipotent. Because p 1 (A + a), our
irreducible 7 (oo)-representation, call it W(A, A + a), is the Kummer direct image [A +
al,(L of rank 1), cf. [12, 1.14.2]. Then the Kummer pullback [A +a]*(W4, a+4) is the direct
sum of the multiplicative translates of £ by the A 4 a elements of [t 44 (E), and y, acting
by conjugation, cyclically permutes these A + a summands. Thus yAJr“lWA’ 44q ACts @s a

scalar, call it A € @X, and the eigenvalues of y on Wa a4, are the (A + a)™ roots of A.
In particular, y|w, ,,, has all distinct eigenvalues. The scalar A is a root of unity, (being an
eigenvalue of y A7), and hence y has finite order and central order D.

In general, given a finite dimensional, continuous @—representation p of Dy, the set

I' := {a € Iy such that p(«) is unipotent}

is an open subgroup of I, cf. [12, 7.0.5]. Whenever p is irreducible as D,-representation
(which is automatic if p|z,, is irreducible), the monodromy filtration, cf. [13, 7.0.6] can have
only a single nonzero grl.W. Therefore if p is irreducible as D -representation, any element
a € I' must have p(«) = Id, which is to say that I" = Ker(p|,,) is an open subgroup of /.,
i.e., I, has finite image. O

Lemma 2.10 Let F be a Lie-irreducible local system of rank D > 2 on G, /E which is Lie
self-dual, i.e., the given representation V := F5 of G := Ggeom’ F remains irreducible on
the subgroup G°, and Vgo is self-dual as a representation of G°. Suppose that all three of
the following conditions are satisfied.

(i) Fis tame at 0.
(ii) For any generator y of 1(0)/P(0), 1 is the only repeated eigenvalue of y on V.
(iii) All co-slopes of F are < 1.

Then Fis self-dual.

Proof The dual F" of F is itself Lie irreducible, and F and F¥ become isomorphic on an
open normal subgroup of finite index in nigeom (Gm)- Therefore there exists a lisse, rank one
L on G, and an isomorphism

F'EFQL.

Both F¥ and Fhave all I (c0)-slopes < 1, hence £ is tame at co. Both F and its dual are tame
at 0, hence £ is tame at 0. The action of an element y € I(0) which generates 7(0)/P(0) ,
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Generalized Kloosterman...

acting on either For on FY, has 1 as its only repeated eigenvalue. Therefore £ is trivial at 0.
Being tame at both 0 and oo and trivial at 0, £ must be trivial. Therefore F is self-dual. O

Corollary 2.11 Suppose p 1 Aa, f is Artin-Schreier reduced, and gcd(a, gedgeo (/) = 1.
Suppose (A, a) = (1, 1). If G(f, a, x) is Lie self-dual, then it is self-dual.

Proof Suppose first that either A > 2 or that x = 1. In view of Lemma 2.1, G(f, a, x)
satisfies all the hypotheses of Lemma 2.10, and we are done. Suppose now that A = 1 and
x # 1. Choose a character p with p¢ = x. Then the /(0)-representation of G(f, a, x) is
(pChar(a), 1), and that of G( f, a, x)" is (pChar(a), 1). In the isomorphism G(f, a, x)¥ =
G(f,a, x)QL, write L = L. If A = 1, we are done. If not, comparing / (0)-representations
gives

(pChar(a), 1) = (pChar(a), 1) ® A = (ApChar(a), A).

As A # 1, A lies in pChar(a). Then (ApChar(a), A) = (Char(a), A). Thus
(pChar(a), 1) = (Char(a), A).

Taking a™ powers, we get
(Y[tl]’ 1[1]) — (]1[1117 Y[I])'

Therefore we have a = 1, so we are in the excluded case (A, a) = (1, 1). [Indeed, in this
excluded case, by Lemma 2.7 we are dealing with the Kloosterman sheaf /CI(1, x), whose
dual is KI(1, ), which is indeed the y twist of CI(1, x). But unless x is either 1 or y»,
KIL(1, ) is not self-dual.] ]

Lemma 2.12 Suppose p t Aa, f is Artin-Schreier reduced, and gcd(a, gcddeg(f)) = 1
Then the local system G(f, a, x) is geometrically self-dual if and only if Aa is odd, f(x) is
an odd polynomial, and x* = 1. Moreover, the autoduality is symplectic if x = 1 and is
orthogonal if x = x».

Proof The “moreover" statement is standard, cf. [13, pages 242-243].

The oddness conditions, and x? trivial, imply autoduality. For p = 2, over even degree
extensions k/IF;(coefficients of f), after the constant field twist by 1/ V#k, the traces are
real (in fact in Q). And when p is odd, after the constant field twist by 1/Gauss(y, x2)
and over even degree extensions of [, (coefficients of f), the traces are real. In general,
an arithmetically irreducible local system which is pure of weight zero (for all embeddings
of Q; into C) is self-dual if and only if all its Frobenius traces are real: this is because
the trace function of its dual has the complex conjugate trace function, and by Chebotarev’s
density theorem, an arithmetically irreducible local system is determined by its trace function.
Hence the specified constant-field twist of G( f, a, x) is arithmetically self-dual, so a fortiori
G(f,a, x) is geometrically self-dual, as constant-field twists are geometrically trivial.

To prove the converse, we argue as follows. Since G := G(f, a, x) is geometrically irre-
ducible, it is self-dual if and only if ch (Gm/ E G ® G) is nonzero (and in fact has dimension
1). We compute this dimension as the limsup, over extensions k of I, (coefficients of f, g),
of the sums

1

s D DI UL RN UM RS OW A

tek> x,yek>
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The ¢ = 0 “missing" summand is
1

1 2
(#k(#Tl)x,yZe;cx Y (fF (/) +fF (/) x(xy) = #k(#%_l)(xg; wk(f(l/x))xk(x)) ,

which is O(1/(#k — 1)), because the sum being squared is, by the Weil bound, of absolute
value < (A)v/#k.

So the limsup doesn’t change if we add this term. Then we have the limsup of

1/(#k — 1) > Ui (f (1/x) + f(1/9) Xk (xy).

x,yek* x4 4yt=0

This is then the limsup of the sum of the a sums, one for each ¢ with ¢¢ = —1,
S =1/ — 1) Y y(f(1/x) + £/ xa(£x).
xek>*

Recall that f(x) is Artin-Schreier reduced and ged(a, gedge,(f)) = 1. Then the sum
f(x) + f(x/¢) is Artin-Schreier reduced. Unless this sum vanishes, the S; summand is
O(1/+/#k), again by the Weil estimate. And even if this sum does vanish, then the S still
vanishes unless 2 is the trivial character. Thus in all cases, we must have x? trivial if we
are to have self-duality.

Suppose now that x? is trivial and G is self-dual. Then for at least one ¢ with {* = —1,
fx)+ f(x/¢) = 0. In the case p = 2, f is an odd polynomial (because Artin-Schreier
reduced), so there is nothing to prove.

Thus it remains to treat the case when p is odd. Suppose first that a is even. Then we claim
that for any ¢ with {* = —1, f(x) + f(x/¢) # 0. To see this, write f(x) = Y, a,x", and
define £¢ := {nla, # 0}, the set of exponents which occur in f. By hypothesis, we have

ged(a, alln € &) = 1.

We rewrite this as
ged(a, alln —a withn € £f) = 1.

If f(x)+ f(x/¢) =0,thena,(1+1/¢") =0foralln € £, ie., " = —1foralln € &,
ie., " =¢“foralln € £, and finally {"7¢ = 1 for alln € £;. Define

D :=gcd(alln —a withn € Ef).

Then Q‘D = 1. But ged(a, D) = 1, so there exist integers u, v with au + Dv = 1. Then
¢ = (9" P)Y = (—1)*. Thus ¢ is £1, neither of which has ¢¢ = —1 if a is even.
Suppose next that a is odd. Then the above argument shows that ¢ is 1. But of these two
choices, only ¢ = —1 has ¢¢ = —1. For this ¢ = —1, we have f(x) + f(—x) = 0, which
means precisely that f is an odd polynomial. O

3 Elements with Special Spectra

Lemma 3.1 Suppose G < GL(V) = GLp(C) contains a transvection t. Then G cannot fix
any nontrivial tensor decomposition of V.

Proof Assume the contrary: G fixes a tensor decomposition V. = V; ® Vo where
dim Vi,dimV, > 2. Suppose t = X ® ¥ with X € GL(V)) and Y € GL(V»). Then
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for any eigenvalue y of X, and for any eigenvalue § of Y, the product ¥ = 1. So we may
scale X and Y so that each has 1 as an eigenvalue. Then y§ = 1 forces both X, Y to be
unipotent. Write each as a sum of unipotent Jordan blocks, say

X=®iJ(n;), Y= @j](mj).

If both X and Y have a Jordan block of size > 1, then ¢ has a Jordan block J (n;) ® J(m )
with both n;, m ; > 2. But the Jordan decomposition of J(n;) ® J(m;)is J(n; +m; — 1) @
lower terms, giving ¢ a Jordan block of size > 3. So at least one of X, Y is the identity, say
X = idy,. Then Y cannot be the identity. But any nontrivial Jordan block of Y is repeated
dim(V;) > 2 times in ¢, also impossible. O

Lemma 3.2 Suppose g € GL(V) = GLp(C) is any element whose spectrum on V, counting
multiplicities, is of the form
{1,1,..., 1, a1,...,04}

witha > 1 and oy, ..., o, pairwise distinct and different from 1. Then g cannot fix any

nontrivial tensor decomposition of 'V, if at least one of the following two conditions holds.
(i) a <D —~D.

(i) a < D=2 ay,...,a4 are all the a® roots of some complex number € # 1, and

furthermore (D, €) # (4, —1).

Proof Suppose we can write ¢ = X ® Y with X € GL,,(C) and Y € GL,(C), where
m, n > 2. If for instance the matrix Y is scalar, then every eigenvalue of g repeats at least m
times, contrary to the assumption that oy is a simple eigenvalue. So we can write

SpeC(X) = {yla MR Vm}

(counting multiplicities) with y; # y». Suppose § is a multiple eigenvalue of Y. Then §y;
and §y» are distinct multiple eigenvalues, whereas 1 is the only possible multiple eigenvalue
of g, a contradiction. Thus Y has simple spectrum

{81,---75n}»

and similarly X has simple spectrum. Now, for a fixed 7, the set {y;6; | 1 < j < n} contains
1 at most once. Thus the multiplicity of 1 in Spec (g) is at most m, and by symmetry of X
and Y, at most n as well. Hence

D —a <min(m,n) < \FD,

ie.a > D — +/D. This proves (i).
For (ii), because g has an eigenvalue 1 (in fact with multiplicity D — a > 1), we may
assume that
y161 = 1. (3.2.1)

As mentioned above, X and Y have simple spectra, so
If y;6; = 1 for some i, j with 1 € {7, j}, theni = j = 1. (3.2.2)

Moreover, when2 <i <mand2 < j <n, y;81 # 1 and y18; # 1 are eigenvalues of g, so
(yi81)" = € = (y18;)%, and hence

Yi=yi=. =y 8 =0=..=8. (3.2.3)

n
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By assumption D —a > 2, so in addition to (3.2.1) we can find y;6;, = 1 with (s, 7) # (1, 1).
Together with (3.2.2), we may renumber so that s = ¢ = 2, and thus

28 = L
Repeating the above arguments, we now obtain that

Y T N T —" (3.2.4)

n

Now, € = (¥182)* = (y1/y2)* and € = (281)* = (y2/y1)%, so €2 =1.In particular, as
€#1,mn>2,and (D, €) # (4, —1), we must have D > 4. So we may assume that

m > 3.
It then follows from (3.2.3) and (3.2.4) that
Vi =vs =
and hence
1= 8" = (nd* =¢,

a contradiction. ]

Remark 3.3 The bound in Lemma 3.2(i) is optimal. For instance, taking (D, a) = (9, 6)
and choosing the set {1, = «1, ..., ae} to be the set of 7% roots of unity, we see that g
is conjugate in GL(V) to diag(1, ¢, ¢3) ® diag(1, ¢°, £*). Here is the general setting of this
example.

We take N > 2, (D, a) = (N2, N2 — N), ¢ a primitive (N2 — N+ lth) root of unity,
S ={ai, ..., an} acollection of integers mod (N2 — N + 1), and ask that

diag({¢“}aes) ® diag({¢ ™ }aes)
have eigenvalues {1V, all elements of y2_y 11} This happens in the following cases.

N=2 §S=1{0,1}

N=3 §=1{0,1,3}

N=4, §=1{0,1,3,9

N=5 S=1{0,1,4, 14,16}

N=6 S=1{0,1,3,8,12, 18}

N =8, S={0,1,3,13,32,36,43,52}.
N =9, S=1{0,1,3,7, 15,31, 36, 54, 63}.

There are no solutions for N = 7; we do not understand why.
For the reader’s convenience, we recall the following well-known fact:

Lemma 3.4 Let G < S, beatransitive subgroup withn > 2. Then G contains a derangement,
i.e. a fixed-point-free permutation.

Proof Let p denote the permutation character of G acting on {1, 2, ..., n}. Since G is tran-
sitive, [p, 1glg = 1, i.e. dec 0(g) = |G|. As p(1) = n > 2, we have

> p@=IGl—n<|G| -1
1#£geG

It follows that p(h) < 1 forsome h € G. Since p(h) € Z=(, we conclude that p(h) = 0, i.e.
h is a derangement. O

9%y
2
<

-0
°x

3
]
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Lemma3.5 Let G < GL(V) = GLp(C) be a finite subgroup which does not fix any nontriv-
ial tensor decomposition of V. Suppose G fixes a tensor-induced decomposition of V. Then
the following statements hold.

() If G is cyclic, then |Trace(g)| < ~/D for any generator g of G.

(i) G contains an element h such that |Trace(h)| < VD.

Proof By assumption, G acts transitively on the n tensor factors Uy, ..., U, of a tensor-
induced decomposition
V=U 11U, ®...0 U,.
Letd := dim U;.
In the case of (i), g is tensor indecomposable, so ¢ mustinduce an n-cycleon {Uy, ..., U,}.
Since g has finite order, the formula for tensor induction [8] then shows that

[Trace(y)| <d < VD

as D =d" > d>.
To prove (ii), we apply Lemma 3.4 to get an element & which acts fixed-point-freely on
{Uj, ..., U,}. Conjugating h suitably, we may assume that the /-orbits on this set are
U1, ... U} AUkt - Uk b - AUk 41 o Ukt b

where k; > 2forl <i <sandn = Zle k;. Again, since g has finite order and k; > 2,
the formula for tensor induction [8] shows that the absolute value of the trace of 4 on

Vi=Uk+.akj1+1 @ - . @ Uky+..+k;

is at most
d <./dimV;.
AsV =V, ®...Q Vy, we conclude that |Trace(h)| < v/D. ]

4 Condition (S+) forG(f, a, })

Proposition 4.1 The following statements hold for the local system G(f, a, x) of rank D =
A+alf (D, x) # 4, x2).

(1) If x = 1, then the 1(0)-representation of G(f,a, x) (and hence G(f, a, x) itself) is
tensor indecomposable and not tensor induced.
(i) Suppose A > 2 and y # 1. Then the 1(0)-representation of G(f,a, x) is tensor
indecomposable (and hence G(f, a, x) is itself tensor indecomposable).
(iii) Suppose x # 1 and A* > D. Then the 1(0)-representation of G(f, a, x) (and hence
G(f,a, x) itself) is not tensor induced (and by (ii) is tensor indecomposable).

Proof By Lemma 2.1, a generator y = yq of 1(0) has spectrum consisting of 1 with mul-
tiplicity A + 8,1, and all a — §, 1 non-identity a™ roots of x (identified with an element
of the same order in C*) — note these latter eigenvalues occur with multiplicity one each.
Furthermore, y has finite order if y # 1. Clearly we may assume

D > 4. 4.1.1)

(i) By Lemma 2.1, y“ is a transvection. Hence tensor indecomposability follows from
Lemma 3.1. If the 7 (0)-representation is n-tensor induced for some n > 2, then the transvec-
tion ¥ is tensor decomposable, contradicting Lemma 3.1.
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(ii) follows from Lemma 3.2(ii) applied to the element y .

(iii) Recalling (4.1.1), we have A > 2. So y is tensor indecomposable by (ii), and has
finite order. Suppose that the underlying representation V for 7(0) is n-tensor induced for
some n > 2: V = U®" with dim(U) = d > 2. By Lemma 3.5(i) we have

|Trace(y)| <d < VD.
Now, if @ > 2, then Trace(y) = A, contrary to A2 > D. Suppose a = 1. Then
(A—1)? < |Trace(y)|>* <d*<D=A+1,
showing A < 3, and hence A = 3, D = 4, and |Trace(y)| = 2. The latter can happen only
when y is of order 2, which violates the assumption (D, x) # (4, x2)- ]
Proposition 4.2 Suppose p + Aa(A+a), f isArtin-Schreier reduced, and ged(a, gcddeg( =
1. Then G(f, a, x) is primitive on gm/E, so long as either A4+a >3 0orA=a=1and

X # x2 (the quadratic character).

Proof We argue by contradiction. Suppose G(f, a, x) = m,H for some finite etale 7 : U —
G of degree d > 1 and some local system H on U. Then d x rank(H) = rank(G(f, a, x)) =
A 4 a is prime to p. Then U is geometrically connected, otherwise m,H is not irreducible.
Denote by X the complete nonsingular model of U, and denote by 7 : X — P! the finite
flat map on the complete curves. Let C := 7710) and D = 7~ !(00), of cardinalities ¢, d
respectively.

For each point x € D, denote by

7wy = Spec (Kx, x)") — Spec (Kpi o))

the induced map of the spec’s of completed function fields. Then for G := G(f, a, x), we
have

Gli(00) = ®xepTxw(Hi(x))-
But G|/ (c0) is irreducible, hence there is precisely one point in D, call it coup, and
Gl1(00) = Tooup, (Hi(coup))-

Because ooup is the unique point lying over oo, the degree of 7w, is precisely d := deg(r),
which is a divisor of A+a. Therefore deg(ooyp) is prime to p, hence is tame. By [14, 1.6.4.1],
it follows that

Swaneup (H) = Swaneo (G).

Now we turn to a global argument. On the one hand, for G := G(f, a, x) we have

EP(U, H) = EP(Gp, G) = —Swang(9) — Swany(§) = —0 — A.

But
EP(U, H) = EP(U)rank(H) — » _ Swan, (H) — Swanae (H) =
xeC
= (EP(X) — ¢ — Drank(H) — ) _ Swan,(H) — A.

xeC

Subtracting these two expressions for EP(U, H), we find

(EP(X) — ¢ — Drank(H) — »_ Swan,(H) =0,

xeC

£a
=0 0
©5
ow

@ Springer

Ty



Generalized Kloosterman...

which we rewrite as

(EP(X) — ¢ — Drank(H) = Z Swan, (H).

xeC

The Swan conductors are non-negative integers, and ¢ > 1. If X has genus g > 0, then
(EP(X) —c—1) < 0, not possible. If X = P! and ¢ > 2, then also (EP(X) — ¢ — 1) < 0, not
possible. Thus we must have X = P!, and (after a change of coordinates) U is G,,, with O the
unique point over 0, and oo the unique point over co. Then 7 is the Kummer map x +—> x¢
for some divisor d of A + a.

Now we look at the local monodromies of G and H at 0. H as I(0)-representation is
tame (again by [14, 1.6.4.1]), and is a direct sum of various £, ® J,,;, where J,, denotes
the unipotent Jordan block of size n. The I(0)-representation of its Kummer direct image
[d]«(H) is the direct sum of the various

@ @ ‘CA[J®Jn,~-

Lol =e

Suppose first that G := G(f, a, x) has x = 1. Then the local monodromy of G at O is
the direct sum of a diagonalizable part of rank A + a — 2 with a single J>. So in the above
decomposition, there is a single i with n; > 1; it has n; = 2 but occurs just once. On the
other hand, it occurs d times, hence d = 1, contradicting the imprimitivity of G.

Suppose next that G := G(f, a, x) has x # 1. Then all n; = 1, the local monodromy of
‘H at 0 is the direct sum of various £,,, and the local monodromy of G at 0 is the direct sum

@ EB L

b=

Consequently, for any character o of order dividing d, the two sets of characters with multi-
plicity {A;;} and {o A;;} coincide. Each 1 occurs A times in the local monodromy at 0 of G.
Therefore each o of order d occurs A times. But the only nontrivial characters in the local
monodromy at 0 of G are the a'™ roots of X, and each of these occurs once. Therefore we
must have A = 1. Thus A + a = a + 1, and hence d|(a + 1). Therefore gcd(d, a) = 1,
and among the a™ roots of x are all the characters o of order d. But ¢ is then y, but o
has order d (because gcd(d, a) = 1). Therefore x has order d. For a given p with p¢ = y,
either po = 1, or po is another a™ root of x. In the second case 0% = 1. The second
case is impossible, as ¢ has order d and ged(d, a) = 1. Therefore every p with p¢ = x has
p = 1/o for every o of order d. If d > 1, there is such a o, and hence there is only one p.
This in turn forces a = 1. Thus our situation is A = @ = 1, d = 2, the local monodromy
at 0 of Gis p 4+ 1, H has rank one with {1, p} being the two square roots of some A. Thus
A =1, the local monodromy at 0 of G is x2 + 1, and our local system G is G(x, 1, x2), the
Kloosterman sheaf KI(y; 1, x2) = [2].Ly. m]

Putting together Propositions 4.1 and 4.2, we get

Proposition 4.3 Suppose p t Aa(A+a), f is Artin-Schreier reduced, and ged(a, gedge, () =
1. If x = x2, suppose also D == A+ a # 4. Then G(f, a, x) satisfies (S+) if either x = 1
orA2> D :=A+a.

In the case when x = 1, we can drop the condition that p t (A + a) in Proposition 4.3.

Proposition 4.4 Suppose p 1 Aa, f is Artin-Schreier reduced, ged(a, gcddeg(f)) =1, and
x = 1. Then G(f, a, 1) satisfies (S+).
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Proof In view of Proposition 4.1(i) (which does not require p { (A + a)), it remains to
prove that G := G(f, a, 1) is primitive. To see this, we argue by contradiction. Let k/F,
be finite extension with f € k[x]. Suppose that there exists a finite etale 7 : U — G,
over E and a local system H on U with m,’H = G. Then H is irreducible (because m,’H
is). By Frobenius reciprocity, H occurs in 7 *G with multiplicity 1. The action of Gal(IFTD/ k)
permutes the geometrically irreducible constituents of 7*G which occur with multiplicity 1,
so after a finite extension L /k, the local system H upstairs exists as a local system Hg on
Up/L (for some descent Uy of U), and the morphism 7 descends to a map 7o : Uy — G
over L. Then m,Ho is geometrically isomorphic to G over L. As both are geometrically
irreducible, their “ratio” is a linear character of nlamh (Gm) /nlgeom (Gm)- Thus at the expense
of twisting Ho by some «9°8, we have an arithmetic isomorphism 7o, Ho = G on G,, /L.

Once G is arithmetically induced, from some open subgroup y C ni“ith (Gm), its trace
function is supported in the union, inside ﬂi‘"ith (Gm), of all conjugates of y. But in the world
of profinite groups, such a union of conjugates is an open (and closed) subset of nf‘mh Gm)
whose Haar measure is < 1 (for the Haar measure giving nfrith(gm) total mass 1). By
Chebotarey, it follows that a positive proportion of Frobenius traces of G vanish.

On the other hand, for each finite extension F, /L and eacht € IF qx , the trace of Frob; . |G
is

—(the sum of g — 1 elements of w,(Z[¢,])).

Each pth root of unity is 1 mod P, so this trace is 1 mod P in Z[{),], hence is nonzero. Thus
all Frobenius traces of G are nonzero, the desired contradiction. O

5 Determination of Monodromy Groups: Finiteness

In this section we address the question when G geom can be finite, and then determine G geom
in the finite cases. First we consider the cases where o(y) < 2.

Proposition 5.1 Suppose p + Aa(A+a), [ is Artin-Schreier reduced, and ged(a, gedgeg () =
1. Suppose furthera = 1 and x # x2. If A+ a > 4, then Ggeom,g(f,l,x) is infinite.

Proof If x = 1, then Ggeom contains transvections, so is certainly infinite. If Xz # 1, then
x has order > 3, and by Lemmas 2.1 and 2.3, Ggeom is generated by pseudoreflections of
order > 3. Such a group cannot be finite by Mitchell’s theorem [24, Theorem 1]: no finite
primitive group in more than four variables contains pseudoreflections of order greater than
2. O

Proposition 5.2 Suppose p 1 Aa(A+a), f is Artin-Schreier reduced, and ged(a, gcddeg(f)) =
1.

(i) Suppose thata =1 and x = x2. If A+a > 8and G := Ggeom,g(f,l,xz) is finite, then
G is the symmetric group Sp4q+1 in its deleted permutation representation.

) If G = Ggeom,g(f,a,x) is finite, and it is the symmetric group Spyq+1 in its deleted
permutation representation, then A + a + 1 is a p-power.

Proof (i) In dimension D = A 4+ a > 8, the only finite primitive groups generated by
reflections are Sp in its deleted permutation representation, cf. [24, Theorem 3] and [15,
1.4.4]. By Lemmas 2.1, 2.3, and 4.2, G is a finite primitive group generated by reflections,
and hence G = Sp in its deleted permutation representation.
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(i) Assume G = Sp4 in its deleted permutation representation. Then, if ¢ denotes
the character of G in the representation underlying G(f, a, x), then w := ¢ + 15 is the
permutation character corresponding to the action of G on D + 1 letters.

Let / = QC denote the image of /(c0) in G and let Q denote the image of P(oc0) in G.
By Lemma 2.1(i), ¢|; is irreducible. In particular, [r|;, 1;]; = 1, which means that J acts
transitively on D + 1 letters, and so w|; = Indf1 (14,) where J; denotes the stabilizer of a
fixed letter say c. Now, the irreducibility of ¢|; implies that

2=mly,wlsly = [ly, 1yl

and hence J acts doubly transitively on D + 1 letters.

Suppose that Q = O, (J) = 1. Then J = C is abelian (in fact cyclic). For any other letter
b, there is some g € C such that g(c) = b, and the stabilizer of b is gJ1g~! = J;. Thus J;
fixes every letter, which contradicts the double transitivity of J.

We have shown that O, (J) # 1, and hence J admits a nontrivial minimal normal subgroup
Qo which is a p-group. By the general structure of doubly transitive permutation groups, see
[4, Proposition 5.2], the socle of J must be O, which is then transitive on D + 1 letters by
[4, Theorem 4.1]. This means that D 4+ 1 = |Qg|, a p-power. m]

Lemma 5.3 Suppose pisodd, f > 1, x = x2, and q := pf > 5. Then G(x772, 1, Xx2) has
Ggeom = 5q~

Proof By Lemma 2.8, applied with x := x», G(x772 1, xp) is the [A]* pullback of a multi-
plicative translate of KCl(x2, Char(A)). By [17, the proof of Theorem 9.3(ii)], which applies
Sawin’s trick with (n, k) = (q, 2), we find that ICI(x2, Char(g — 2)) has Ggeom = Sy. O

We will also need the following refinement of Mitchell’s theorem [24] (whichis [15, 1.4.4]
in the case D > 8), given (but not explicitly stated!) in the proof of [19, 4.2.3].

Theorem 5.4 Suppose G is a finite primitive subgroup of GLp (C) with D > 5 that contains
a complex reflection of order d. Then d = 2, and G = Z(G)Gy, where either

(a) Go is Sp+1 in its deleted permutation representation, or
(b) 5 = D < 8and (D,Go) = (5,2 x SU4(2)), (6, W(Ep)), (6,61 - PSU4(3) - 22),
(7, W(E7)), or (8, W(E3)).

Proof The fact thatd = 2 follows from [24, Theorem 1], since G is primitive and D > 5. Let
Gy denote the (necessarily normal) subgroup of G that is generated by all reflections in G.
Next, let H < GLp(C) denote the complex reflection group Sp+1 (in its deleted permutation
representation), or 2 x SU4(2), W(Eg), 61 -PSU4(3) - 22, W(E7), W(Eg), when D = 5,6, 6,
7, or 8, respectively. Correspondingly, let S := Ap41, SU4(2), SU4(2), PSU4(3), Spe(2), or
.{2; (2), so that S is the unique non-abelian composition factor of H. Then Mitchell’s theorem
implies that G/Z(G) = H/Z(H).Notethat H/Z(H) = §-2,S,S5-2, 525, S,and -2 in the
above cases, and in each case, the induced projective representation of S on C? is irreducible.
Suppose S is not a composition factor of Gg. Then S is not a composition factor of GoZ(G).
But GoZ(G)/Z(G) isanormal subgroupof G/Z(G) = H/Z(H) € {S, S-2}.Sowe conclude
that Go < Z(G), and hence G cannot contain any reflection (as D > 2), a contradiction.
Thus S is the unique non-abelian composition factor of G, and Gy is an irreducible subgroup
of GLp(C) generated by reflections. Now we can apply the Shephard-Todd classification
[27]to G to see that Go = H;in particular, Go/Z(Go) = H/Z(H) = G/Z(G). Now, since
7Z.(G) NGy < Z(Gyp), we have that Z(G)Go/Z(G) = Go/(Z(G) N Gy) has order divisible
by |Go/Z(Go)| = |G/Z(G)|. Hence G = Z(G)Gy, and the claim is proved. O
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If G is afinite primitive subgroup of GL p (C) forany D > 1 thatis generated by reflections,
then G is one of the primitive groups in the Shephard-Todd list [27].

Proposition 5.5 Suppose p t A > 4, f is odd, and G = G(f, 1, x2) has finite G = Ggeom.
Then G is a primitive complex reflection group, and Go := G is as described in (a) or (b) of
Theorem 5.4. Moreover, in the case of 5.4(a), D + 1 = A+ 2 is a p-power.

Proof By Corollary 2.6, G is generated by true reflections. Suppose G is imprimitive. Then
by [27], G = G(m, k, D) for some m > 1 and k|m. Now if m is not a 2-power, then m
admits an odd divisor mg > 3, and G contains an element which is conjugate in GLp(C)
to x := diag(¢, ¢, ;‘2, 1,1,...,1), where ¢ € Cis a primitive mhh root of unity. Similarly,
if 4|m, we have the element x := diag(i, i, i~2,1,1,...,1).But G < Op(C) by Corollary
2.12, and no element in Op (C) can be conjugate to x, a contradiction. Thus m = 2, and so
G is a split extension of a 2-group by Sp. [In fact, G is the Weyl group of Sp,, if k = 1, and
of SOyp if k = 2, but we will not use this more precise information.]

It follows that a Sylow p-subgroup of G embeds in Sp, realized as a permutational matrix
subgroup of GLp(C). In particular, it acts on the underlying space V = CP as on the natural
permutation module of Sp, and hence its character contains the trivial character. The same is
true for the image Q of P(c0), i.e. the character of Q acting on V contains 1p. By Lemma
2.1(1), V is I(oco)-irreducible. As P(00) <1 I(00), the space of P(co)-invariants in V is an
1 (00)-stable subspace. Being nonzero, this subspace must, by irreducibility, be all of V. Thus
P (00) acts trivially on V, again a contradiction (otherwise V is an irreducible representation
of the abelian group /(c0)/ P (c0) of dimension D > 1).

We have shown that G is primitive. It then follows from [27] that Gy = G satisfies either
5.4(a) or 5.4(b). Suppose we are in the case of 5.4(a). Arguing as in the proof of Proposition
5.2, we see that D + 1 is a p-power. O

Theorem 5.6 In characteristic p = 5, for any finite extension k/Fs, and any ag, by € k*,
the local system G p, ‘= Glapx” + box3, 1, x2) on Gy [k has Ggeom = W (Eg), the Weyl
group of type Eg.

Proof By Proposition 4.3, Glaox” + box3, 1, x2) has (S+). Denote by H := Ggeom,gao.bo'

By [16, Theorem 5.1], the three parameter system G3par On g,3n /s whose trace function on
finite extensions L/Fs is

(@.b.) € (L) > = > Yr/x +ax’ +bx*)yo L(x),
xelL>
has Ggeom,gmr = W(Eg). As Guq,p, 1s a pullback of G3par, we have H < W(Eg). On the
other hand, H is a primitive group generated by reflections by Corollary 2.6. It then results
from [27] that H is either Sg in its deleted permutation representation or it is W (Eg). The
former case is ruled out by Proposition 5.5. O

Theorem 5.7 In characteristic p = 3, for any finite extension k/F3, and any ap, by € k>,
consider the local systems

Gs.a0.by = Glaox” 4+ box>, 1, x2)

and
Gloao by = Glaox” + box, 1, x2).
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There are dense open sets Uy, Us in g,zn /E which both contain the point (1, 1) such that for
(ao, bo) € (Gm)*(F3), we have

G = W(Eg) for (ap,by) € Us, and = So otherwise,

geom.gs.ao,bo

G = W(Eg) for (ap,by) € Uy, and = Sg otherwise.

geom,gl RAR)

Proof Denoteby Hs b, respectively Hi 4y,p,» the G geom 0f the named local system. Exactly
as in the proof of Theorem 5.6, we use [16, Theorems 5.2 and 5.3] to show that both Hs 4, p,
and Hj 4, are subgroups of W(Eg). Each of these H is a primitive group generated by
reflections. It then results from [27] that H is either Sg in its deleted permutation representation
oritis W(Eg).

Exactly as in the proof of [16, Theorem 5.2], a Magma calculation over F34 shows that
each of Hs 11 and Hj 1,1 has traces both 2 and —2, so neither of these groups can be Sg.
So each must be W(Eg). The conclusion now follows from the specialization result [16,
Corollary 3.2].

For the reader’s convenience, in what follows we make explicit the Magma calculation
over [F34 of the traces of each of Hs ;| and Hj 1. We give Magma definitions of ¥ and of
X2 as follows.

psi:=function(p,n,x);

K< ¢ >:=CyclotomicField(p) ;
k:=GF (p");

x:=k!x;

x:=Trace(x) ;

x:=Integers () !x;

return ¢*;

end function;

and

chiquad:=function(p,n,x) ;

K < ¢ >:=CyclotomicField(p) ;
k:=GF (p");

x:=k!x;

x:=Norm(x) ;

x:=Integers () !x;

return JacobiSymbol (x,p) ;
end function;

Here we must look at the traces of the normalized (to have weight zero) sums
=Y v 2P+ 1/ x000/3°

X
xe]F34

as ¢ runs over IFSX4, for D =1, and for D = 5.

For each D, the list of all 80 of these traces, in the form tracem®ltiplicity jg produced by the
Magma command

{% & + [—psi(3,4, x” +xP +1/x) = chiquad(3, 4, x) : x in GF(3%)|x ne 0]/3% :
¢ in GF(3%)|t ne 0%};

[m}
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Theorem 5.8 In characteristic p = 3, for any finite extension k/F3, and any ag, by € k*,
consider the local system
G := G(aox’ + box, 1, x2).

Then Ggeom,g = W(Eg).

Proof From [16, Theorem 6.1], Ggeom‘g is finite by specializing. Now we can apply Propo-
sition 5.5 and use self-duality of G to conclude that Ggeom,g = W(Es). m}

Theorem 5.9 In characteristic p = 3, for any (ag, by) € EX x F3, consider the local system
Glag,by) = Glagx® + box>, 1, x2).

Denote by Mit = 61 - PSU4(3) - 2 the Mitchell group [24], viewed as a subgroup of GLg,
and define

H (ao, bo) := Ggeom,g(a0x5+b0x2,l,)(2)'

Then we have the following results

(i) Foranyag € Ex, there is a dense open set Ugy € Gy /R such that for by € Uy, we
have H(ag, bp) = Mit, and for by # 0 outside U,, we have H (ay, by) = G(3, 3, 6),
the Shephard—Todd imprimitive group [27].

(i1) There is a dense open set U C G,%l /IET3 such that for (ag, bo) € U, we have H (ag, bg) =
Mit, and for (ag, by) € G,Zn ~ U we have H (ag, by) = G(3, 3, 6).

Proof OnG,, x Al xG,, /F3, with parameters (r, s, t), we have the local system G,pjy Whose
trace function at L-valued points, for L/F3 a finite extension, is

(r,s,t) — — Z 1//L(rx5 + sx? +1t/x)x2,0(x).

xelL>

By [16, Theorem 6.2] and the discussion at the beginning of [16, §5], Guniv has Ggeom = Mit.

We first prove (i). Fix a choice of ap € EX, and denote by G,, the r = ag pullback of
Guniv t0 Al x G,,. Tts Ggeom 18 a subgroup Mit(ap) < Mit. Now view Gy, as a local system
on A' x G,,, and map Al x G,, to Al by (s, 1) — s. The restriction of G, to the fibre
over a geometric point sq is precisely the local system Gaq, 5y), With Ggeom = H (ao, so). By
[16, Theorem 3.1 and Cor. 3.2], there is a subgroup H(ag) < Mit(ag) with the following
property: There is a dense open set U,, € A! such that for sy € Uy, the group H (ag, so) is
conjugate in Mit(ag) to the group H (ap), and for every s’ € A, H(ay, s) is conjugate in
Mit(ap) to a subgroup of H (agp).

Now we show H(ag) = Mit. On the one hand, the group H(ap,so = 0) is Ggeom
for the local system Glagx>, 1, x2). By Proposition 5.5, H(ap, so = 0) is W(Es). Thus
W(E¢) < H(ap). Now let s’ # 0 and consider the group H (ag, s’). It is a finite irreducible
group generated by true reflections inside GLg, and it is not self-dual, by Lemma 2.12. If
H (ay, s) is primitive (in its given six-dimensional representation), then H (ag, s") = Mit, by
Proposition 5.5. But H (ag, s') < H(ap), so we are done in this case.

Suppose H (a, s’) is imprimitive. Then it is a Shephard—Todd group G (m, k, 6) = Dy, ;. ¥
S for some m > 1 and k|m, where

6
Dy := {diag((,ﬁ', e LSy la; € Z, Zai =0 (mod k)}

i=1
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is abelian of order m%/k, ¢,, € C a primitive m™ root of unity, and Sg acts via naturally
permuting the 6 coordinates. In particular, any element of G (m, k, 6) has all of its entries,
and hence its trace, in Q(&,,). Note that a priori G(ao, s’) has all traces in Q(¢3). Now if 3 { m,
then G(ao, s’) has traces in Q(¢3) N Q(&,) = Q, in which case G(agx> + s'x2, 1, x2) with
s" # 0 is self-dual, which however contradicts Lemma 2.12. Thus 3|m, in which case

Dk = Dy = {diag(¢', ..., 05) | ai € Z} N SLe(C)
> {diag(g3", ..., ¢5%) | ai € Z} NSLe(C) = D3 3,

whence G(m, k,6) = D, x x S¢ contains G(3,3,6) = D33 x S¢. We have shown that
H(ap) < Mit contains both W(Es) and G (3, 3, 6). Modulo scalars, W(E¢) projects onto
SO5(3) and G (3, 3, 6) projects onto C; x Sg, which are two maximal subgroups of distinct
indices 126 and 112 of PSU4(3) - 2, [3], which is Mit modulo scalars. It follows that H (ag) =
Mit modulo scalars. Suppose that H (ag) # Mit. Note that the subgroup Z of scalars in Mit is
Z =Z(Mit) = (g6 - I¢) = Cé, and the subgroup of scalars in G(3, 3, 6) is ({3 - Ig) = C3, of
index 2 in Z. Hence, H (ag) cannot contain Z, but it already contains Z N G (3, 3, 6) which
has index 2 in Z. So H (ap) has index 2 in Mit. The only subgroup of index 2 in Mit is the
perfect group 6 - PSU4(3) [3] which however does not contain W (Eg), a contradiction. Thus
H (ap) = Mit in this case as well.

We have shown that H(ag) = Mit, and that, for any s’ # 0, H(ag, s") equals H (ap)
if it is primitive; if it is imprimitive, then H (ap, s") = G(m, k,6) > G(3, 3, 6) for some
3|m and k|m. Suppose that H (ag, s’) > G(3, 3, 6) in the latter case. Since G(m, k, 6)Z is
still imprimitive, G(m, k, 6)Z < Mit. On the other hand, we have mentioned above that
G(3,3,6)Z is a maximal subgroup of Mit. It follows that G(m, k,6)Z = G(3,3,6)Z.
As Z = Cg¢ and Z N G(3,3,6) = (3, we must have that H(ag,s’) = G(m,k,6) =
Cy x G (3, 3, 6) which however is none of the Shephard-Todd groups. Hence any imprimitive
H (ag, s") is G(3, 3, 6), and this completes the proof of (i).

The proof of (i) now goes by looking at the map of G,, x A! x G,,/F3 to G, x Al,
(r,s,t) — (r,s). By (i), there exists some (ag, bg) with H (ag, bp) the full Mitchell group,
and we conclude as above by [16, Theorem 3.1 and Cor. 3.2]. m]

Next we address the cases where o(x) > 2.

Proposition 5.10 Suppose p t Aa(A+a), f is Artin-Schreier reduced, ged(a, gcddeg(f)) =
1, and (A, a, x) # (1,1, x2). Then Ggeom’g(f’a’x) is infinite in each of the following situa-
tions.

(i) x has order > 6.
(ii) x has order 4 or 5, and A # a.
(iii) x has order 3, and A + a > min(4a, 4A).

Proof Suppose G = Ggeom,g( Faa) is finite. Then by Proposition 4.2 it is a finite primitive
group, generated by diagonalizable elements g whose eigenvalues are of the form

(all the a®roots of X, A repeats of 1).
The a'™ power 4 of such an element is thus
(a repeats of x, A repeats of 1),

which is a quadratic element of drop a. If x has order > 6, then by Blichfeldt’s 60-degree
theorem [2], this element is a scalar, nonsense. If x has order 4, respectively 5, then A = a
by [30, Theorem 1], respectively by [14, Propositions AZ.1, AZ.2].
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If x has order 3, then Ggeom contains the element
diag(a repeats of ¢3, A repeats of 1),
and the finite primitive group 3G geom contains the element
diag(a repeats of 1, A repeats of §32).

These elements have drops a and A respectively, hence A +a < 4a and A +a < 4A, cf.
[30, p. 606]. O

We will now improve on the cases (ii) and (iii) of Proposition 5.10, under the condition
A% > D.

Proposition 5.11 Suppose p { Aa(A+a), f is Artin-Schreier reduced, ged(a, gedgeg () =
1,0(x) =5, and A2 > D= A+a. Then Ggeom,g(f,a,x) is infinite.

Proof (a) Assuming more generally that 3 < e := o(x) < 5, suppose G = G geom,G(f.a,x)
is finite. Then by Proposition 4.3 it is a finite subgroup of GLp = GL(V) satisfying (S+);
moreover G contains an ss-element y of central order D, as well as the element g in the
proof of Proposition 5.10 such that g = h is a quadratic element of order e. According to
[17, Lemma 1.1], either D = r" for a prime r and G is an r-extraspecial normalizer, or G is
almost quasisimple.

(b) Here we assume that G is an r-extraspecial normalizer. Then G contains a normal 7-
subgroup R = Z(R) E, where E is extraspecial of order r'+2" acting irreducibly on V = C"",
and G < Z(GL(V))R - Sp,,,(r), see e.g. part (i) of the proof of [17, Theorem 7.4]. We will
show that eitherr =2 andn < 5,orr =e =3 andn < 3.

Suppose first that r = 2. Note that any unipotent Jordan block of size k over I, has
order 2M°22¥1 By considering the Jordan canonical form of any 2-element x € Sp,,(2) in
its action on IF%”, we see that o(x) < 21022271 Since exp(R/Z(R)) = exp(E/Z(E)) = r,
it follows that o(y) < 21+M22271 Byt we also know that 6(y) = D = 2". It follows that
n <2+ [log,n], whencen < 5.

Assume now that » # 2; in particular D is odd and hence the two eigenvalues of &
have distinct multiplicities. If e = 4 or 5, this contradicts Proposition 5.10. Assume ¢ = 3.
Then any unipotent Jordan block of size k over F, has order r/'°% ¥1_ By considering the
Jordan canonical form of any r-element x € Sp,,(r) in its action on E/Z(E) = ]F%”,
we see that o(x) < r°2 271 Since exp(R/Z(R)) = exp(E/Z(E)) = r, it follows that
o(y) < p1tMog, 211 Byt we also know thato(y) = D = r". Itfollows thatn < 1+[log, 2n],
whence n < 2, orn = 3 and r = 3, 5. Assume in addition that » > 5. Then the quadratic
element /2 of central order 3 projects onto a semisimple element /2 of order 3 of Sp,, (r),
whence it has a fixed point subspace of dimension < 2n — 2 on IF%". It follows from [9,
Lemma 2.4] that

|Trace(g)|> < r>"~2 = D?/r? < D?/4.

On the other hand

|Trace(g)|* = (A + ag3)(A + aZ3)
= A2 —aA+d®>=(A+a) —3Aa > (A+a)?/4 = D?/4,

a contradiction. Thus D = 3" with n < 3 when ¢ = 3. The same computation shows that
A =a = D/2and Csp, 2)(h) = Spy,_,(2) x C3 when (r, e) = (2, 3).
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Finally, we consider the case r = ¢ = 3 and again consider the element / induced by the
actionof hon R/Z(R) = IF%”. If this action is trivial, then, as 0(h) = 3, & is a scalar multiple
of an element in R \ Z(R), and so Trace(h) = 0, a contradiction. The above computation
shows that 2 must have a (2n — 1)-dimensional fixed point subspace on F%”. It follows from
[9, Lemma 2.4] that |Trace(h)|> = 3%"~! = D?/3 or 0. Since A> — aA + a® > 0, we get

A2 — aA + a® = |Trace(g)|> = D?/3 = (A + a)*/3,

and hence {A, a} = {2D/3, D/3}.

(c) Now we consider the case G is almost quasisimple, with Z := Z(G) and L := G,
Then G/Z is almost simple, with a unique minimal normal subgroup S = LZ/Z, which is
simple non-abelian. Let H := (hG) < G. Since h is quadratic, & is not central in G, and so
H &£ Z.Now, 1 # HZ/Z is a normal subgroup of G/Z, so it contains the minimal normal
subgroup LZ/Z.Sowe get HZ > LZ,andso L = [L,L]1=[LZ,LZ) <[HZ,HZ] =
[H,Hl)<H.HenceS=LZ/Z<HZ/Z < G/Z < Aut(S), showing that HZ /Z is almost
simple with socle S.

For i > 1, define H; := H and H;;| = (hH") <1 H;. The above arguments show by
induction on i that H;Z > LZ and H;Z/Z is almost simple with socle S. But G > H; >
H; 1 > L, so by finiteness of [G : LZ] we must have that H; = H;_| for some j > 2. In
this case,

Hj = (hfi-1y = (n")).

Since L <G and L f_ Z, L isirreducible on V by [10, Lemma 2.5]. As H; > L, we conclude
that H; < GL(V) isanirreducible subgroup generated by conjugates of the quadratic element
h.

(d) Now we will specialize to the case e = 5. In the case of (b), we have D = 2" with
n < 5.By [10, Lemma 2.5], |Trace(y) |2 is an integer. On the other hand, for a primitive fifth
root of unity { = exp(2mic/5), 1 < ¢ <4, we see that

ITrace(y)|> = (A 4+ al)(A 4 al) = A> + a®> + Aa( + ) = A% + a® 4+ 2Aa cos(2me/5)

is not an integer, a contradiction.
In the case of (c), we have D = 2 by [31, Lemma (11.2)] applied to H;, again a contra-
diction. O

Proposition 5.12 Suppose p t Aa(A+a), f is Artin-Schreier reduced, ged(a, gedge, () =
L,o(x) =3 A2>D=A+a and D # 3. Then Ggeom,g(f,a,x) is infinite.

Proof Suppose G = G geom,G(f.a.x) is finite. Then we repeat verbatim part (a) of the proof of
Proposition 5.11 to see that either D = r" for a prime r and G is an r-extraspecial normalizer,
or G is almost quasisimple. If necessary, we multiply & by ¢3 or 532 so that & has only two
eigenvalues ¢3 and ;“32, which implies that

W+ h+1dy =0. (5.12.1)

(a) First we consider the case where G is an r-extraspecial normalizer. Then part (b) of
the proof of Proposition 5.11 shows that D = r", and either r =2 andn < 5, orr = 3 and
n<3.

Suppose that ¥ = 2. As shown in part (b) of the proof of Proposition 5.11, A = a =
D/2 = 2" and h, while acting on R/Z(R) = ]F%”, induces an element / of order 3 in
Spy, (2) with Csp, (2) (h) = Spy,—2(2) x C3. The assumption A2 >D implies that D > 4,
and thus n > 3. Consider the element g induced by the action of g on R/Z(R), and recall
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that g% = h. If § does not act trivially on the fixed point subspace of /1 on %”, then the
g-fixed point subspace of R/Z(R) has dimension < 2n — 3, and so using [9, Lemma 2.4]
we get |Trace(g)| < 22"=3/2 < 27=1 — A, a contradiction. Hence g acts trivially on the
(2n — 2)-dimensional h-fixed point subspace, which implies that g = h (as Sp,(2) = S3
does not contain any element of order 6). It follows that g> € Z(G)R, and hence 6(g)|6. But
this is a contradiction since 6(g) = 3a = 3 -2""! > 12.

Suppose that » = 3. As shown in part (b) of the proof of Proposition 5.11, {A, a} =
{2D/3, D/3} and h, while acting on R/Z(R) = ]F%", induces a transvection / of order 3 in
Sp,, (3). The assumption D # 3 implies that n > 2. Consider the element g induced by the
action of g on R/Z(R), and recall that g = h. Also let d denote the dimension of the g-fixed
point subspace on IF%". Then A% = |Trace(g)|? € {0, 3¢} by [9, Lemma 2.4]. It follows that
A =D/3=3""1andd = 2n — 2. The assumption A2 > D now implies that n = 3, and so
a = 18.Now (§2)° = h has order 3 in Spe(3), so g’e Spe(3) must have order 27 in Spg (3),
which is impossible by inspecting the character table of Spg(3) in [3] or [7].

(b) From now on we may assume that G is almost quasisimple. Then, as shown in part (c)
of the proof of Proposition 5.11, G contains a subnormal subgroup H; such that K := H; =
(hHiy > L, and K is irreducible on V. Since G is almost quasisimple, the generalized Fitting
subgroup F*(K) of K is Z(K)L, where L := G, Now using (5.12.1) and reducing the
representation of K on V modulo 3 as in [30, §4] (so that one can apply results of [5], [6]),
we arrive at the possibilities listed in [30, Theorem 3] for L, which we will now analyze
case-by-case.

(¢) L = Sp,,(3) orPSp,,,(3),andn > 3.Since 0(h) = 3 and L has no outer automorphism
of order 3, we must have that K = Z(K) L. Then we can apply the results of [32, 33], recorded
in [28, Theorem 3.1] to see that % is (the image in L of) a transvection. Now, applying [28,
Theorem 3.2], we conclude that V| is a Weil representation, of degree D = (3" + «)/2,
where k = £1.Insucharepresentation, G = Z(G) L since the outer automorphism of L does
not fix the equivalence class of V| . Moreover, the two eigenvalues of 4 have multiplicities
3"=1and (3"~! + «)/2, whence

{Aa) = (3", 3" +1)/2).

Suppose a = 3"~!. Recalling i1 = g¢, where g is the element in the proof of Proposition
5.10, we see that L contains an element with central order 3a = 3", and hence Sp,, (3)
contains a 3-element g’ of order 3". But the size of any Jordan block of g’ is at most 2n, so
n < [logs 2n7, a contradiction since n > 3.

Thus a = (3"~! + «k)/2. Again using h = g%, we obtain an element g’ € Sp,,,(3), such
that g’ is a transvection and g’ has trace |Trace(g’)| = A = 3"~ on V. If n = 3, then using
calculations with the character table of Sp(3) in [7] one can check that Spg (3) has no element
with trace 9 in a Weil representation. So n > 4, and hence 3n=l_q, respectively 32n-2 _q,
admits a primitive prime divisor £ > 5 by [34], which then divides 3a = o(g’). As (g/)%¢/*
has prime order ¢, the choice of £ implies that g’ acting on ]F%" has at least n — 1 pairwise
distinct eigenvalues not equal to &1 (which constitute the orbit of an eigenvalue under the
map A > 23). Thus the fixed point subspaces of g’ and zg’ on F3" both have dimension
< n+1, where z is the central involution of Sp,,, (3). Hence, if §, and n,, denote the irreducible
characters of Sp,,, (3) occurring in a reducible Weil representation (that contains V'), then

160 (8)) + na (8] < 3"V 15, (zg") + na(zg))| < 30D/
by [9, Lemma 2.4]. Using {£,(zg"), 1,(z8")} = (£1){&:(g"), —na(g")}, we deduce that

3" = [Trace(g")] < (16n(28") + mn (28] + [6a(8) + na(8)])/2 < 30D/,
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a contradiction because n > 3.

(d) L = SU,(2) or PSU,(2),and n > 4. Since 0(k) = 3 and L has no outer automorphism
of order 3, we must have that K = Z(K)L and Cg (L) = Z(K). Viewing h as an element
of GU,,(2) and applying [6, Theorem B(a)], we see that % is a scalar multiple of a pseudore-
flection. Now, applying [28, Theorem 5.2], we conclude that V| is a Weil representation,
of degree D = (2" +2(—1)")/3 — (—1)"«k where « € {0, 1}. In such a representation, the
two eigenvalues of 4 have multiplicities

(Aay = {2 — (=D Hy3, " = (1) /3 = (1))

Note that (2"~! — (=1)""1)/3 — (=1)"«x = 2(2""2 — (—=1)"2)/3 when k = 1. Thus a is
either (2"~ — (—1)”_1)/3 or2(2" 2 — (—1)"_2)/3; in particular @ > 1. Recalling h = g¢,
we have an element g € G, such that g¢ is a scalar multiple of a pseudoreflection and g has
trace | Trace(g)| = A > (n-1 —4)/30on V.Inthecasen = 5, in fact we have | Trace(g)| > 5,
which is impossible as one can check using character tables of SU5(2) and SUs5(2) - 2 in [3]
or [7]. In the case n = 4, we have A > VD > /3, so |Trace(g)| > 3, which is impossible
as one can check again using character tables of SU4(2) and SU4(2) - 2 in [7]. Son > 6.
Then (—2)"~! — 1, respectively (—2)"2 — 1, admits a primitive prime divisor £ > 5 by
[34], which then divides o(g). As g1 := g>°©)/¢ has prime order £ > 2 and |Out(L)| = 2,
we may assume that g; € GU,(2), and then the choice of £ implies that g; acting on )
has at least n — 2 pairwise distinct eigenvalues not contained in u3 (which constitute the
orbit of an eigenvalue under the map A — A~2). The same applies to g» := g°®/¢ (as we
have g1 = g%). Also, we still have |Trace(g2)| = A. Thus the fixed point subspaces of z g2,
0 <i < 3 and I} all have dimension < 2, where (z) = Z(GU,(2)). It follows from [28,
Lemma 4.1] that
("' =4)/3 < A = |Trace(g2)| < 2%,

a contradiction because n > 6.

(e) L =2A, and n > 5. Since 0(h) = 3 and L has no outer automorphism of order 3, we
must have that K = Z(K)L and Cg (L) = Z(K). Viewing h = hZ(K) as an element of
A,, and applying [6, Theorem B(b)], we see that / is a 3-cycle. Now, applying [29, Theorem
8.1], we conclude that V|7 is a basic spin representation, of degree D = 2"/2)=1 In such
a representation, the two eigenvalues of /& have equal multiplicities A = a = D/2. The
assumption A2 > D implies that D > 4, and hence n > 8. Again using & = g%, we obtain
anelement g’ € S, such that g’* is a 3-cycle and | Trace(g’)| = D/2. Whenn = 8, 9, one can
check using character tables of 2Ag and 2Ag in [3] or [7] that no such element exists. When
n > 10, we have that Cs, (¢"*) = A3 x S,_3 contains the element g’3 of order a = 21/21=2,
a contradiction.

(f) In the remaining cases,

|Trace(h)| = A =a = D/2 > 1, whence |Trace(g)| = D/2, (5.12.2)

and L is SU3(3), 61 - PSU4(3),2 - J,2-G2(4),2-Coy, 2 - .Q;(Z), 2-Spg(2),6- Suz. In
the first two cases, using (5.12.2) and character tables of L as given in [7] we can check that
D = 6. Then, checking the character tables of SU3(3) -2 and 6 - PSU4(3) - 25 in [7], we see
that there is no element g of central order 3a that satisfies (5.12.2), a contradiction. In the
last six cases, K = Z(K)L by [6, Theorem A], and furthermore the conjugacy class of (/)
in K is determined by [6, Theorem B], and we may assume that & € L. Again using (5.12.2)
and character tables of L as given in [7], we see that D = 6, respectively D = 12, D = 24,
D =8, D = 8§, and D = 12. Then, checking the character tables of 2 - J,, respectively
2-Gy(@)and 2 - G2(4) -2,2-Coy,2- 25 (2) and 2 - £257(2) - 2, 2 - Sps(2), and 6 - Suz
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in [7], we see that there is no element g of central order 3a that satisfies (5.12.2), again a
contradiction. ]

Proposition 5.13 Suppose p t Aa(A+a), f is Artin-Schreier reduced, ged(a, gcddeg(f)) =
L, o(x) =4 and A> > D = A+ a. Then G yooum G(f.a.y) 5 infinite.

Proof Suppose G = G geom,G( f,a, ) 18 finite. Then we repeat verbatim part (a) of the proof of
Proposition 5.11 to see that either D = r” for a prime » and G is an r-extraspecial normalizer,
or G is almost quasisimple. By Proposition 5.10 we have A = a = D/2; in particular, 2| D
and |Trace(h)|> = D?/2. The assumption A2 > D now implies that D > 6.

(a) First we consider the case G is almost quasisimple. Then, as shown in part (c) of
the proof of Proposition 5.11, G contains a subnormal subgroup H; such that K := H; =
(h”f) > L, and K is irreducible on V. Since G is almost quasisimple, the generalized
Fitting subgroup F*(K) of K is Z(K)L, where L := G, and furthermore F*(G) =
Z(G)L. Recall that G contains the element y with simple spectrum on V = CP and L is
irreducible on V. Now the proof of [19, Theorem 3.1.6] shows that K is primitive and tensor
indecomposable on V, unless K is imprimitive on V and, moreover, either (L/Z(L), D) is
(PSL,(q), (¢" — 1)/(g — 1)) with 2 g or (M12,12), or D = 6 and L/Z(L) = As, A¢
(recall that 2| D). If we are not in these two exceptions, then we can apply the main result of
[22] to conclude that K contains an irreducible normal 2-subgroup (and so is an extraspecial
normalizer). But this is impossible since F*(K) = Z(K)L.

The cases of D = 6 are excluded since in this case G contains no element with trace of
absolute value 3+/2, by inspecting character tables of the group G in question as given in [7].

The case of (M3, 12) is excluded since in this case G contains no element with trace of
absolute value 6+/2, again using character tables of G as given in [7].

Assume that (L/Z(L), D) = (PSL,(q), (¢" — 1)/(¢ — 1)) with 2 t g. The proof of [19,
Theorem 3.1.6] shows that the imprimitive action of K on V = CP induces a 2-transitive
permutation representation 7 of degree D = (¢ — 1)/(q¢ — 1) > 6, where H := 7 (K) has
socle PSL, (¢). Note that Ker(;r) acts on V diagonally, hence Ker() <1 K is abelian. But
F*(K) =7Z(K)L, so

Ker(r) < Z(K) < Z(G).
It follows from [4] that PSL,(¢) << H < PI'L,,(¢). We may assume that H is contained

in the image of the action of the group I'L(W) of all invertible semilinear transformations
of W = {(ey, ..., en)[pq = IFZ on the set PW of 1-dimensional [F,-subspaces of W. Since

|Trace(h)| > D/\fZ, the set £2 of h-fixed points on PW has size at least D/+/2. Now if §2
does not span W, then [£2| < (q”’l -D/(g—-1)=(D-1)/q < D/ﬁ, a contradiction.
So without loss of generality we may assume that {(e¢; )y, € 2 foralll <i <n.Ifg = r! for
a prime r, then, changing 4 to a suitable generator of (k), we can find some 0 < j < f — 1,
subjectto j|f if j > 1, and some a; € F;, 1 <i < n, such that

n n
h: Zx[e,- — Zaixirje,-. (5.13.1)
i=1 i=1

Note that PSL, (¢) < K = (hX), so 7t (h) cannot be trivial. Now if j = 0, then using (5.13.1)
we can show that either

12| < ("' =1/(g—-1) <D/qg < D/V2,

ora; =az =...=ay,i.e w(h) =1, both leading to a contradiction. So 1 < j < f/2 and
Jj1f- In this case, the line spanned by Y ;_; x;e; is h-fixed if and only if there exists some
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b e IF; such that a,-xl.’j = bx; for all i. For a given i, the equation aix[’j = bx; has at most
rJ solutions in . It follows that
— Drii ;
@< =D
q—1
Now if n > 3, then

n n

2l < Pagrc < L1

TP T g2 V2

a contradiction. Son = 2. If j < f/3, then f > 3 and

< D/V2,

o2 4 4 _9+t1_
121<r¥ <r —rf/352<ﬁ_o/f2,

again a contradiction. We have shown that j = f/2, and hence

n n
+1
n?: Zx,-e,- — Zai‘ﬁ x;e;.
i=1 i=1

Again, the line spanned by xje; + xae3 is h-fixed if and only if there exists some b € qu

such that a,-xl.‘/q = bx; for all i. We may assume that x| # 0, whence

L=x{"" = (b/a)Va+!,

showing that there are at most /g + 1 choices for b. For any such b, there are at most g — 1
solutions (x1, x2) # (0, 0). It follows that

(¢ —D/q+1D
q—

[£2] <
1

=Jg+1<@+1/¥V2=D/V2,
a contradiction.

(b) Assume now that G is an r-extraspecial normalizer. Then 2|D = r", so r = 2. But
D > 6,s0n > 3. Since |Trace(h)|* = D?/2 = 22"~!, h, while acting on R/Z(R) = F3",
induces an element /4 in Sp,,(2) with an (2n — 1)-dimensional fixed point subspace, so a
transvection. Consider the element g induced by the action of g on R/Z(R), and recall that
g% = h. Thus gz"’l = h is a transvection. It follows that g € Sp,,(2) has order 2. Also, as
a>1, |Trace(g)|2 = A? = 22"=2 which implies by [9, Lemma 2.4] that g has a 2n — 2)-
dimensional fixed point subspace on F%". Thus the size of any Jordan block of the 2-element
g is at most 3, and so its order is at most 4, which is a contradiction since n > 3. O

We also offer a partial result for x of order 2:

Proposition 5.14 Suppose p t Aa(A+a), f is Artin-Schreier reduced, ged(a, gcddeg(f)) =
I, o(x) = 2, and A2 > D = A + a. Then one of the following conclusions holds for
G = Ggeom,G(f.a.x)

(1) G is infinite.

(i) G is finite and G is Ap41 acting on its deleted permutation module.
(iii) D < min(80a, 160A).
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Proof Suppose G is finite but (ii) does not hold. Then we repeat verbatim part (a) of the
proof of Proposition 5.11 to see that either D = r" for a prime r and G is an r-extraspecial
normalizer, or G is almost quasisimple, moreover G contains an ss-element y of central
order D, as well as the element g in the proof of Proposition 5.10. By Proposition 5.2, we
may assume a > 1, and also

D > min(80a, 160A). (5.14.1)

Since a > 1, we have
Trace(g) = A, Trace(g?) = A —a.

If G is an r-extraspecial normalizer, then [9, Lemma 2.4] implies that
[Trace(h)|/D < 1/5/r <1/v/2 <2/3

for any 4 € G. Suppose G is almost quasisimple. Since D > 80 and we are not in (ii), the
results of [17, §6] imply that G is not an alternating group. It follows from [11, §2] that

|Trace(h)|/D < 79/80

forany h € G. Now
(D —a)/D = |Trace(g)|/D < 79/80,

implying D < 80a and hence 160A < D < 80a by (5.14.1). Thus a > 2A, and
(D —2A)/D = |Trace(g®)|/D < 79/80,

implying D < 160A, a contradiction. O

6 Determination of Monodromy Groups: Infinite Cases

Lemma 6.1 Suppose p t Aa, f is Artin-Schreier reduced, gcd(a,gcddeg(f)) = 1, and
x = 1. Then the following statements hold for G = G geom,G(f,a,1)-

() If21 Aa and f is an odd polynomial, then G = Sp 4.
(i) If2|Aa, or f is not an odd polynomial, then G° = SL g4,.

Proof For y € I(0) which generates 7(0)/P(0), y¢ is a transvection, cf. Lemma 2.1.
Therefore Ggeom,g(f,a,l) is infinite. Because G(f, a, 1) satisfies (S+) by Proposition 4.4,
GZeom G(fal) acts irreducibly, and is normalized by a transvection. It then follows from [13,

Theorem 1.5] applied to the case of a pseudoreflection of determinant 1 (i.e., a transvection)
that G° = SL a4, or Sp,,. Applying Lemma 2.12, we are done. O

Lemma 6.2 Suppose p t Aa, f is Artin-Schreier reduced, gecd(a, gedgeo () =1, x =1,

and G;com’g(f‘a’]l) = SLA+q4. Then

Ggeom,g(f,a,]l) =SLA+a

ifa is odd, and
G eomG(f.a1) = (& € GLatal det(g)? = 1}

if a is even.
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Proof The determinant £ := det(G(f, a, 1)) is tame at oo (because G(f, a, 1) has all co-
slopes < 1) and is tame at 0 (because G(f, a, 1) is tame at 0). If a is odd, the action of an
element y € I(0) which generates 7(0)/P(0) has determinant 1, while it has determinant
—1if ais even. O

Proposition 6.3 Suppose p t Aa(A + a), [ is Artin-Schreier reduced, a = 1, x = xa,
and A2 > A+ 1 # 4 (ie, A >2but A # 3). Ingeom,g(f,l,xg) is infinite, then either

Goeom,G(f1,x0) = Oatar 07 Goeom Gf.1,50) = {8 € GL A4 det(g)? = 1}). Moreover, the
first case occurs if and only if f is an odd polynomial.

Proof If G := G geom,G(f,1,12) is infinite, then by Proposition 4.3, G° is a simple algebraic
group acting irreducibly. It cannot be SOy, because SOy is not simple. It is normalized by
a reflection (the action of any y € I(0) which generates /(0)/P(0)). So by [13, Theorem
1.5], applied to the case of a pseudoreflection of determinant —1 (i.e., a true reflection), G°
is either SO441 or SLg41.

Suppose that G° = SO441. Then G is self-dual by Corollary 2.11. It then follows from
Lemma 2.12 that f is an odd polynomial. Conversely, if f is an odd polynomial, then
G < Oyp41 by Lemma 2.12; and hence G° = SO441 as shown above. As the determinant
of Gis L,, by Lemma 2.2, in this case we have G = Oz41. O

Theorem 6.4 Suppose that p t aA(A+a), f is Artin-Schreier reduced, gcd(a, gedgeg () =
1, A2 > D := A+ a. If x has order 2, assume G := Ggeom,g(f,a,x) is infinite. If x has
order 3, suppose D # 3. Then exactly one of the following statements holds for G.

(i) G°=SLp.
() x =1, 21t Aa, f is an odd polynomial, and G = Spp.
(i) x = x2, 21 Aa, f is an odd polynomial, and SOp = G° < G < Op.

Proof (A) Using Lemma 6.2 we will assume throughout the proof that x # 1. By Proposi-
tions 5.10-5.13, G is infinite. By Proposition 4.3, G inits given D-dimensional representation
V = CP has (S+). Thus G° is a simple algebraic group, acting irreducibly on V via its sim-
ple module L(A). By Lemma 2.9, G contains a simple spectrum element g~,. Hence we can
apply [19, Theorem 3.3.4] to determine the simple G°-module V = L(}).

Note that (A, a) # (1, 1) as we assume A2 > A + a. Since o(x) > 2, it follows from
Lemma 2.12 and Corollary 2.11 that either

(a) V is not self-dual over G°, or
(b) the G°-module V is self-dual, of quadratic type, x = x2, and then G < O(V).

In view of [19, Theorem 3.3.4], first we consider the case g, ¢ Z(G)G°. Then V is listed
in [19, Theorem 3.3.4(B)(b)], and it is always self-dual as a G°-module, hence (b) holds.

If V = L(w) for G° of type D,, then D = 2n, and we arrive at (iii).

If V = L(w) for G° = SL4/u2, then D = 6, and we can view G° as SOg and again
arrive at (iii).

Suppose V = L(w3) with D = 20 for G° = SLg/u3. In this case, V is of symplectic
type, cf. [23, Appendices A.2, A.3], contrary to (b).

The final case listed in [19, Theorem 3.3.4(B)] is D = 8, and V = L(w; + @») for
G° = SL3/u3. As V is self-dual, x = x2 and 2  Aa by (b). Note that a # 1 by Proposition
6.3, and A > 3 by assumption. So we may assume 3 < a < 5. Now some multiple & of
(goo)2 belongs to G° and has spectrum consisting of B(u, \ {1}) together with 8 repeated
A+ 1 > 4 times on V. We may assume & = diag(ey, &2, €3) in SL3, so that the spectrum
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of h on V consists of (8,-871)i1, 1 <i < j <3, and 1 repeated twice. Since S is the only
repeated eigenvalue, we get B = 1. But § is repeated > 4 times, so we may assume | = &2.
In this case, €1&5 I &85 Lis repeated, so the common value is 8 = 1, which shows that
&3 = &1, and thus /|y = Id, a contradiction.

(B) From now on, we may assume that go, € Z(G)G°. We first show that

G =71Z(G)G", (6.4.1)

except possibly in the case G° is of type D4. Indeed, it suffices to prove the claim in the case
Z(G)G° has index 2 in G. By Lemma 2.9, the image of /(c0) in G is finite. The condition
p t Aa(A + a) implies that p > 2, and hence the image Q of P(0c0), a finite p-group, is
contained in Z(G)G°. As g« is chosen to generate together with Q the image of 7(oco) and
800 € Z(G)G®, we have G = Z(G)G® by Corollary 2.5.

When (6.4.1) holds, it follows from Lemma 2.1(ii) that G° admits an element g whose
spectrumon V = L(A) is

{or, .. aa, B, B,
——
A

where oy, ..., o, B are pairwise distinct. In particular, g ¢ Z(G). Our subsequent arguments
will use the key observations that if we have two linearly independent eigenvectors of g with
eigenvalues y; and y», then y; = y, implies y; = B = y», whereas y; # y» implies
a; € {y1, y2} for some 1 <i < a. We will frequently embed g in a maximal torus 7 of G°.

(B1) First we consider the case V = L(wy) = AK(C") for G° the image of SL,, and
1 <k < n — 1. By duality we may assume that 1 < k < n/2, and we arrive at (i) if k = 1.
If k =2 = n/2, then we can view L(A) as L(z) for SO¢ = SL4/ 12, and arrive at (iii). By
[19, Theorem 3.3.4], we may assume that g, € Z(G)G°,2 <k <n/2andn > 5. Hence
we may assume that g is the image in SLp of diag(ey, ..., &,), so that the eigenvalues of g
on V are the products

Ex = 1_[ &

ieX
for all the k-subsets X of I :={1,2,...,n}.
Suppose first that g1, . . ., &, are pairwise distinct. We claim that for each 1 < i < n, there
is at most one k-subset X containing i such that ex = . Indeed, suppose for instance that

eyuy = B = eqyuz
for two different (k — 1)-subsets Y, Z C {2,3,...,n}.Since YU Z| <2k—-2 <n -2,
we may assume that 2 ¢ Y U Z. As gjyjuy = €16y # €26y = &[2juy, wWe must have that
epyuy = «a; forsome 1 < i < a. Similarly e;3juz = o for some 1 < j < a. It follows that

@ Epuy &2 Epuz o)

B emur & emuz B

and thus a; = o occurs with multiplicity > 2, a contradiction.
The proved claim implies that the X’s with ex = g are all disjoint k-subsets of I, whence
A < n/k. On the other hand, if k = 2 then D = (5) > (n/2)%, and if 3 < k < n/2 then

D= (Z) > (’;) S (/3 = (/R

Thus in all cases A> < D, contrary to our assumption.
We may therefore assume thate; = ¢, =: y.Now forany (k—1)-subset S € {3,4, ..., n},
g(nus = &pzjus is a repeated eigenvalue of g on V, so must be B, and hence e5 = f/¢1
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independently from S. Taking S = {3} U T and {4} U T for a (k — 2)-subset T of {6, ..., n}
(which is possible sincen —5 > 2k —4 > k—2whenk <n/2andn—5>2k—-5>k—2
when k = n/2 > 3), we deduce that €3 = &4, and so, more generally,

g3=64=...=¢&, =: 6.

Now for the same 7', e(1 3jur = &{1,4jur is repeated, so (1 3ur = B. Similarly, &3 4yuT =
&£(3,5)ur is repeated, so (3 syur = B. It follows that y = &1 = ¢4 = §, and hence g € Z(G),
a contradiction.

(B2) Next we consider the case V = L (ke ) for G° the image of SL,,,or V = L(kw,_1),
with k > 2 and n > 2. By duality we may assume V = L(kw;) = SK(C™). One can rule
out this case following the proof of [19, Theorem 6.1.16] using Lemma 2.9 and the (highly
technical) results in [19, §6.1]. Instead, we will give a more direct argument.

We may assume that g is the image in SLp of diag(ey, ..., &,), so that the eigenvalues of
g on V are the monomials (in the variables ¢, . .., &,)
Ex = l—[ &
ieX
for all the k-multisets X of I = {1,2,...,n}.
Suppose first that eq, . . ., &, are pairwise distinct. We claim that foreach 1 <i < n, there

is at most one k-multiset X containing i such that ex = B. Indeed, suppose for instance that
eyuy = B = eqyuz

for two different (k — 1)-multisets Y, Z C I. As g(1yuy = €16y # €26y = €[2juy, We must
have that e;p)uy = «; for some 1 < i < a. Similarly g;5juz = @ forsome 1 < j < a. It

follows that
A Epuy _ &2 fpjuz _ ¢

B emur & emuz B
and thus «; = o occurs with multiplicity > 2, a contradiction.
The proved claim implies that the X’s with ex = B are all disjoint k-multisets of /.
Counting the distinct &; occurring in those X’s, we deduce that A < n. On the other hand, if

k > 3 then
D— n+k—1 - n+2 o2
k - 3 -

(as n > 2), contrary to the assumption that A> > D. It follows that k = 2. In this case, the
distinctness of &;’s implies that there are at most ¢ < 2 multisets X = {i, i} with ex = S,
say for 1 <i < c. The remaining A — ¢ multisets ¥ with ey = B are disjoint 2-subsets of
{c+1,...,n},showing A —c < (n—c)/2,and thus A < (n +¢)/2 < (n + 2)/2. Using
A2 > D= nn+1)/2,weobtainn < 3.Ifn = 3,then A < (n + 2)/2 implies A < 2,
contradicting A% > D = 6.1f n = 2, then we can view L()) as L(z) for SLy /2 = SOs3
and arrive at (iii).

‘We may therefore assume thate; = &>. Now forany (k—1)-multiset S of 1, e{1yus = e2jus
is a repeated eigenvalue of g on V, so must be 8, and hence g = /¢ independently from
S.Foranyi # j,taking S = {i}U T and {j} U T for a (k — 2)-multiset T of I, we deduce
that &; = ¢;. Thus

El =&y =...=¢&y,

i.e. g € Z(G), a contradiction.
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(B3) Now we consider the case where G° is of type D, withn > 4. If V = L(w), so
D = 2n, then it is self-dual and (iii) holds. Solet V = > ' bea half-spin representation of
G° = Spin,,,. If n = 4, then V() is quasi-equivalent to L (zzr|). So we may assume n > 5 (in
particular (6.4.1) holds), and embed g in a maximal torus 7 of G°. Choose an orthonormal
basis (eq, ..., e,) of R" and realize the set of all 7-weights of V (written additively) as
Yoy aiei/2 witha; = £1 and [}, a; = (—1)". Write any such weight as

n

p=px=—Y e/2+ ) e (6.4.2)
i=1 ieX

with X C I :={1,2, ..., n} of even size.

Suppose that (e; + ke2)(g) # 1 for both k = +1 and k = —1. Then, for each odd-size
subset Y of {3,4,...,n}, uyur(g) # npyur(g) by (6.4.2), so at most one of these values
can be 8. Moreover, if there are at least three such Y such that one of w{1uy (g), njuy (8)
is B (so the other is some «;), then we may assume that

(qyuy, (8)s mizpuy, () = (i, B), ({13ur, (&), 2)uy, (8) = (), B)
for two such Y7, Y. It follows that

o pyor (@) ei(®)  nun(g) o)
B npurn @ e(e) npunE@ B

showing ; = «; has multiplicity at least 2 as an eigenvalue of g, a contradiction.

The same arguments applied to pairs of weights 117 and (1 2juz for any even-size subset
Z of {3,4, ..., n} show that these weights can take value 8 at g at most twice. It follows that
A < 4, a contradiction since A2 > D > 2%,

So, conjugating g by an element of the Weyl group that changes the sign of e; if necessary,
we may assume that e(g) = ex(g) =: y. Thenforany 3 <i < n, uq,i1(g) = n2,ij(g) is
a repeated eigenvalue, so it must be §, and thus e3(g) = ea(g) = ... = ¢,(g). It follows
that 143 4)(g) = 1(3,5)(g) is a repeated eigenvalue, so it must be equal to B = j1{1,4)(g), and
hence e3(g) = e1(g) = y. Writing § := ug(g) we have f = u1,3(8) = y25 by (6.4.2).
Also, p1,2,3,4)(8) = 1{1,2,3,5(8) = Y48 is a repeated eigenvalue, whence vy =B =2,
yielding y? = 1. Consequently, (ei+ej)(g) = yi=1= (¢ —ej)(g)foralll <i < j <n.
Since {£e; £ e; | | <i < j < n} is the set of 7-weights for the adjoint module of G°, we
have shown that g € Z(G), a contradiction.

(B4) Next we consider the case where G° is of type B, withn > 2. If V = L(wy),
so D = 2n + 1, then it is self-dual and (iii) holds. Consider the case V = C?" is the
spin representation of G° = Spin,, , ;. We may assume n > 3, since V is symplectic for
G° = Sp, when n = 2. Choose an orthonormal basis (e, ..., e,) of R" and realize the
set of all 7-weights of V (written additively) as ) 7, a;e¢; /2 with a; = £1. Write any such
weight as

)

n
p=px=— e/2+) e (6.4.3)
i=1 ieX
with X € [ := {1, 2, ..., n}. Since these weights come in pairs ., ,3_1 is also a repeated

eigenvalue of g, whence f = %1. On the other hand, each «; has multiplicity 1 and occurs
as some v(g), so —v(g) # v(g),i.e. o; # £1. Thus the ;s also come in pairs, showing 2|a
and 2|A. Write § := ug(g).

First suppose that (e¢; + ke;)(g) = 1 for some k = £1 and some i # j. Conjugating g
by an element of the Weyl group that changes the sign of e, if necessary, we may assume
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that e1 (g) = ez2(g) =: y. Then u1)(g) = 12y(g) by (6.4.3), 50 B = 1(1)(g) = y4. In this
case, forany 3 < i < n, up,1(g) = K2,i)(g) is a repeated eigenvalue, so it must be 3,
and thus e3(g) = e4(g) = ... = en(g) = B/yé = 1. Now § = ug(g) = n3)(g), forcing
d =B =yé,andthus y = 1. Since {*e;, e; *e; | 1 <i < j < n}is the set of 7-weights
for the adjoint module of G°, we have shown that g € Z(G), a contradiction.

‘We may now assume that, forany i # j, (¢; +«e;)(g) # 1 forbothk = +landx = —1.
Then, for each subset Y of {3, 4, ..., n}, uiyuy (g) # nyuy (g) by (6.4.3), so at most one of
these values can be . Moreover, if there are at least three such Y such that one of 1¢{1;uy (g),
12Uy (g) is B (so the other is some «;), then we may assume that

(yur; (8), zyur; (8) = (@i, B), (u{1juy, (&), 1izjuy, (8)) = (o), B)
for two such Y7, Y. It follows that

ai _ muun @) e _ ruun@) o)
B npun (@)  e®  wpun(@ B

’

showing «; = o; has multiplicity at least 2 as an eigenvalue of g, a contradiction.

The same arguments applied to pairs of weights iz and w20z for any subset Z of
{3,4, ..., n} show that these weights can take value 8 at g at most twice. It follows that
A < 4. Since A2 > D > 2", 2|A, and n > 3, we must have that A = 4 and n = 3. Hence
we may assume that (1 3)(g) = B = ux for X or I \ X being one of ¥ and {3}. Now
1 # ei(g)es(g) = B8~ ie. B # 8 = puy(g). So () = B = p2y(g), which implies
that e3(g) = e2(g), again a contradiction.

(B5) Here we consider the case where V = L(w) = C? for G° = Eg. Itis convenient to
use the following realization of the weight system of type Eg given in [25, Table 1]. Namely,
in the Euclidean space R one can find seven vectors f, eq, ..., eg with (e;, ej)=46;,j—1/6,
(f,e)=0,(f, f)=1/2,and Z?:l e; = 0, so that the set of 27 7-weights of V is

leix f,ejji=—ei—ej|1<i<j=<6]}

Suppose first that f(g)? = 1. Then, foreach 1 <i <6, (¢; + f)(g) = (ei — f)(g) is a
repeated eigenvalue for g, so it must be S. It follows that e; (g) = f(g)B for all i. But then
(—ei —ej)(g) = B2 is also a repeated eigenvalue for all i # j, whence § = 872 and g
actson V as § - Id, a contradiction.

‘We have shown that f(g)2 # 1. Then, foreach 1 <i <6, (¢; + f)(g) # (ei — f)(g),
so at most one of these values can be 8. Moreover, if there are at least three such i such that
one of (¢; = f)(g) is B (so the other is some «; ), then we may assume that

((e1 4+ (). e1 = (@) = (i, B), ((e2 + f)(8). (e2 = )(8)) = (e}, ).

It follows that
a (et g _ F(e)? = (24 ) _ o

B (e1— 1)) (2—fHg) B
showing «; = o; has multiplicity at least 2 as an eigenvalue of g, a contradiction.

Thus at most 2 among the weights ¢; = f, 1 <i < 6, can take value 8 at g. Since § has
multiplicity A with A2 > D = 27, atleast4 among the weights —e; —e; (with1 <i < j < 6)
take value B at g. Each such weight corresponds to a pair {i, j}, so at least two among those
pairs must intersect. So we may assume that (—e; —eg)(g) = B = (—e2 —e6)(g), and hence
e1(g) = ea(g) =: y. In this case, foreach 3 < j < 6, (—e; —e;)(g) = (—e2 —¢;)(g) is
repeated, whence (—e; — e;)(g) = B and thus e3(g) = e4(g) = es(g) = es(g) =: § and
B =1/y8. Also, 1/8% = (—e3 — e4)(g) = (—e3 — es5)(g) is repeated, so 1/82 = g = 1/y34,

’
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implying ¥ = 8. Thus the 15 eigenvalues (—e; — e;)(g) are all equal to f = 1/)/2. Next,
the 6 eigenvalues (e; + f)(g) are the same, so they must be 8. Similarly, the 6 eigenvalues
(ei — f)(g) are the same, so they must also be equal to 8. Thus g actson V as B - Id, a
contradiction.

(B6) Consider the case where V = L(w) = C’ for G° = G,. We use the following
realization of the weight system of type G, given in [25, Table 1]. In the Euclidean space R?
one can find vectors f, ey, ..., e3 with (¢;, e;) = §; j—1/3 and 21-621 e; = 0, so that the set
of 7 T-weights of V is {0, +e; | 1 <i < 3}. Since this set is closed under the multiplication
by —1, ! is also an eigenvalue of g with multiplicity A > 3 (as A> > D = 7), and
so B = %1. Using A > 3, we may assume kej(g) = p for some x = =+1, which then
implies that both t-¢;(g) are equal to 8. Now if k’e2(g) = B for some ¥’ = =+1, then again
both +e;(g) are equal to B. In this case, e3(g) = (—e1 — e2)(g) = ﬂ’z = 1, and hence
(—e3)(g) = 1. Thus 1 is a repeated eigenvalue, so 8 = 1, and g|y = Id, a contradiction. So
we have +e;(g) # B fori =2,3. But A > 3, hence 8 = 1 and ¢1(g) = 1. It follows that
e3(g) = (—e1 —e2)(g) = (—ez)(g) is a repeated eigenvalue, which is however not equal to
B, again a contradiction.

(B7) Now we consider the case where G° is of type C,, withn > 3. If V = L(w), then
it is self-dual of symplectic type, a contradiction.

The remaining case of V = L(@3) = C™ for G° = Spg is also ruled out because V' is
symplectic [23, Appendices A.2, A.3]. For a potential application, we give another argument
without using the type of autoduality. Embed g in a maximal torus 7 of G°. Then the set of
T-weights on V is {£e;, Xe; ey ez | 1 <i < 3}, where (e1, e2, e3) is an orthonormal
basis of R3. Since this set is closed under the multiplication by —1, 8~ is also an eigenvalue
of g with multiplicity A > 4 (as A> > D = 14, and so 8 = +1.

Suppose first that 2e;(g) # 1 for all i. Then £e;(g) # B for all i. But A > 4, so
without loss we may assume +(e; + e + €3)(g) = B = (e1 + e2 — e3)(g). But in this
case 2e3(g) = 1, a contradiction. Hence we may assume that e1(g) = (—e1)(g), which
then implies that both £e;(g) are equal to B. But then, for any choice of x7, k3 = =*1,
(e1 +k2ex +k3e3)(g) = (—e1 + k2e2 + k3€3)(g), which implies that they are both equal to
B. We now have (e1 + e2 + e3)(g) = B = (e1 — e2 + e3)(g), and hence 2e>(g) = 1. Thus
e2(g) = (—e2)(g), implying that the common value is 8. Similarly e3(g) = (—e3)(g) = B.
Thus g|y = B - Id, a contradiction.

(B8) Finally, the case where V = L(w) = ©3 for G° = E7 is also ruled out because V
is symplectic [23]. Again, we give another argument without using the type of autoduality.
Embed g in a maximal torus 7 of G°. Consider a 3-dimensional F»-vector space U with basis
(a, b, ¢),and an orthogonal basis (e, | u € U) of the Euclidean space R8 with (e, ey) = 1/2.
Then the root system of type Eg can be realized as

{:tZeu, texteyte; e |x,y,z,t €U, x+y+z+1t=0, x,y,z,1t pairwise distinct}.

Imposing the condition u # 0 on the roots, one obtains the root system of type E7, and the
set of 56 7-weights of V is given by

{fexteyLe |x,y,z€U,x+y+2=0, x,y,z pairwise distinct} . (6.4.4)
For brevity, we will label elements of U by {0,1,...,7) as follows:
00, ar>1,b—>2 a+b—>3,c—4 a+c—5 b+tcr>6 a+b+cr> 7.
Then the seven (unordered) triples (x, y, z) occurring in (6.4.4) are

1,2,3), (1,4,5), (1,6,7), 2,4,6), (2,5,7), (3,5,6), (3,4,7). (6.4.5)
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First suppose that 2e;(g) # 1 forall 1 < i < 7. Then, for each triple (x, y, z) in (6.4.5)
and for each choice of ky, Kk, = £1, (—ey + kyey + kze;)(g) # (ex + Kkyey +kze;)(g), S0
at most one of these values can be . Moreover, if

(kxex + Kyey + Kkze:)(g) = B = (kxex + K,;eu + Kl/;ev)(g)
for two different such 6-tuples (x, y, z, kx, ky, kz) and (x, u, v, Ky, K;, K{)), then we have
(—kxex +kyey +kze;)(g) = ai, (—kyex +kyey + Kkpey)(g) = aj.
It follows tha
Vé -~ Cever + Kyey + Kkzez)(g) (=kxex +kyen +kyen)(g) _ 9

= = (=2 = =1,
B (kxex + kyey +Kzez)(g) (~2kxex) (@) (kxex +K1/4€u +K{;€v)(8) B

showing ; = «; has multiplicity at least 2 as an eigenvalue of g, a contradiction.
Since A? > 56, i.e. A > 7, we may assume that 8 occurs at least twice among the 8
values (£ej + £e5 + £e3)(g). Changing the sign of e, if necessary, we may assume that

(e + €5 +e3)(8) = B. (6.4.6)

The preceding observation implies that the other occurrence of f among (fej + +e5 +
+e3)(g) can only be attained as

(—ey —e5 —e3)(g) = B. 6.4.7)
Since A > 2, we can find a triple {x, y, z} # {T, 2, 3} and some K, ky, k; = £1 such that
(kxex + Kyey +kzez)(g) = B.

Inspecting (6.4.5), we see that {x, y, z} intersects {1,2,3}at exactly one point, which, by the
symmetry of 1,2, 3, may be assumed to be x = 1. Applying the same observation, we see
that «, # 1 by (6.4.6), and k, # —1 by (6.4.7), a contradiction.

Hence we may assume that 2e7(g) = 1. Now for each choice of k5, k3 = %1,

(e + K365 + Kk3e3)(g) = (—ej + K365 + Kk3€3)(8),

so must be equal to B. But then (e + e5 + e3)(g) = B = (e] — e5 + e3)(g), and hence
2e5(g) = 1. Repeating this argument, we deduce that 2e,(g) = 1 for all x and moreover all
(Zey ey L e;)(g) are equal to B for all triples (x, y, z) occurring in (6.4.5). Thus g acts on
V as B - 1d, a contradiction. O
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