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ABSTRACT. We determine in many (but not all) cases the geometric monodromy group Ggeom Of
the one-parameter local system G(f, a,x) on G, in characteristic p > 0, whose trace function (at
t € L™ for large enough finite extensions L of the field F)) is

te L == > w(f()+t/z")x(x),
xeLX

with 1 a (nontrivial) additive character, f(x) a polynomial of degree A > 1, a > 1, and x a (possibly
trivial) multiplicative character. These local systems are generalizations of Kloosterman sheaves.
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1. INTRODUCTION

We work in characteristic p > 0, and denote by FT, an algebraic closure of IF,. We also fix a prime
¢ # p to be able to speak of Qs-adic cohomology. We fix integers
A>1, a>1
about which we assume

p1 Aa.
We fix a polynomial

f(z) € k[z],deg(f) = A, k some finite subfield of F,.

We make the assumption that f (z) is Artin-Schreier reduced: this means that in the expression
f(x) =3, ciz’, we have ¢; = 0 if pli. We define

ngdeg(f) = ng({i’Ci # 0})7
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the greatest common divisor of the degrees of the monomials appearing in f. We suppose

ng(a7 ngdeg(f)) =L

We also fix a (possibly trivial) multiplicative character x of k*, with the convention that for
x # 1, we have x(0) = 0, but 1(0) = 1. We denote by G(f,a, x) the lisse sheaf on G,,/k whose
trace function at time ¢t € L*, for L/k a finite extension, is

ts = Y r(f(@) +t/a")xe (),
zeLlX
As we show in Lemmas and they are generalizations of Kloosterman sheaves.

The main results concern the geometric monodromy groups Ggeom Of the various G(f,a,x). A
key technical step in determining Ggeom is to insure that Ggeom, in its given representation, satisfies
condition (S+), cf. Proposition Condition (S+), introduced in [KTI Definition 1.2] and
motivated by [Asch] and [GT2], means that a Zariski closed subgroup G of GL,(C) acts irreducibly
on C™, preserves no (nontrivial) imprimitive decomposition, no tensor decomposition, and no tensor
induced decomposition of V', and furthermore Z(G) is finite. The later sections make essential use
of condition (S+).

In section §5, we give instances for which Ggeom is an “interesting” finite group (Weyl groups of
Eg, Eg, the Mitchell group), or is the symmetric group. We also give criteria which force Ggeom to
be infinite (see Proposition and the following results in that section, as well as Lemma .

In section §6, we prove the main result of the paper, Theorem which describe Ggeom in the
cases when we know, from section §5, that Ggeom is infinite.

The careful reader will notice that, even with condition (S+), we do not have a criterion, in the
case when x is the quadratic character xo, to determine whether a given G(f,a, x2) has finite or
infinite monodromy (although we have good information about what Ggeom can be in the infinite
case, see Theorem and some partial results for the finite case in Propositions and .
That same reader may wonder to what extent the requirement that A? > A + a, so essential in
Proposition to insure condition (S+) whenever y is nontrivial, can be relaxed.

2. BAsIC FACTS ABOUT G(f,a,X)

The local system G(f,a,x) is lisse of rank D = A 4 a on G,,,, and pure of weight one. We may
also view it as having trace function

ter = > YL(f(1/2) + ta)x, (2).
el X
Viewed this way, it is
FTy (lale(Lysa/2) © Lx@))-

Lemma 2.1. Suppose p{ Aa, f is Artin-Schreier reduced, and ged(a, gedgeg(f)) = 1. We have the
following information about G(f,a,x).

(i) The I(oco)-representation of G(f,a,x) is irreducible. It has rank A+a and all slopes A/(A+

a).
(i) If x # 1, the I(0)-representation of G(f,a,x) is the direct sum
Dpipe=xLp ® (@)A'

In particular, if a = 1, then I(0) acts through complex reflections (pseudoreflections) of
finite order.
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(iii) If x =1, the 1(0)-representation of G(f,a,1) is the direct sum
D cLoohe@)'

ppt=1,p#1
where Jo denotes a unipotent Jordan block of size 2. In particular, if x =1 and a = 1, then
1(0) acts through transvections. In general, if 7o denotes a generator of 1(0) and x = 1,
then ~v§ acts via a transvection, and G(f,a,1) has infinite Ggeom-

Proof. This is a straightforward application of Laumon’s results on the local monodromy of FT\,.
The input sheaf to FTy is lisse on G, of rank a, with I(0)-slopes A/a and I(oco)-representation
@p:pe—xL,. Then the I(oco)-representation of G(f,a,x) is FTloc(0, c0)(rank a,slopes A/a), which
has rank A + a and all slopes A/(A + a), cf. [Ka-ESDE, 7.4.4(4)].

The only subtle point is that the input sheaf has an irreducible I(0)-representation. Once we
know this, then from the fact [Ka-ESDEI 7.4.4 (4)] that FTloc(0, c0) is an equivalence of categories
between I(0)-representations and I(oco)-representations with all slopes < 1 we get that the I(co)-
representation of G(f,a, x) is irreducible. The I(0)-representation of the input is

[a e (Lop(f(1/2)) ® Lx(a))-

This [a]« direct image is irreducible if and only if for ¢ € pg := 114(Fp), we have an I(0) isomorphism

Lop(ra1/m) ® Lx@) = Lra1/¢a)) D Lx(co)
only for ¢ = 1. The isomorphism class of Ly, is invariant by multiplicative translation, so we
have such an isomorphism if and only if Ly ¢(1/0)—f(1/cz)) is trivial on I(0). But the polynomial
f(1/z)— f(1/¢x) is Artin-Schreier reduced (as a polynomial in 1/x). Because ged(a, gedgeg(f)) = 1,
the polynomial f(1/x) — f(1/¢x) is nonzero for { # 1 in g4, so has a pole at 0 of some prime to p
degree. Hence Ly (f(1/z)—f(1/cx)) has Swang > 0 for such ¢, so is certainly nontrivial on 7(0).
The I(0)-representation V of G := G(f, a, x) has

V/ (V) = FTloc(00, 0)(@p:pa=xLp) = Sppr=x Ly,
of [Ka-ESDE, 7.4.3.1]. O

Corollary 2.2. The geometric determinant of the local system G(f,a,x) is Ly if a is odd, and is
Ly, with x2 the quadratic character, if a is even.

Proof. At oo, all slopes are < 1, and at 0 all slopes are 0. Thus the geometric determinant is tame at
both 0, 0o, so is determined by its restriction to the I(0)-representation. For y # 1, this determinant
is Lp for A = Hp:pazx p. Choose an a'™ root pg of x: then Hp:pa:X p=11pacq(po0) = x1lpparyo-
The second factor is 1 for a odd, and x» for a even. For y = 1, the determinant is Ha‘:a'a:]l,a;éil o,
which is 1 if @ is odd, and x3 if a is even.

Recall from [KT1| 4.2] the following result.

Lemma 2.3. Let G be a geometrically semisimple (e.g., geometrically irreducible) local system on
Gm, all of whose I(c0)-slopes are < 1. Let I' < Ggeom be the Zariski closure of the subgroup
generated by all Ggeom-conjugates of the image of “the” inertia group I1(0). Then I' = Ggeom-

Interchanging 0 and oo, we have the following result.

Lemma 2.4. Let G be a geometrically semisimple (e.g., geometrically irreducible) local system on
G, all of whose I1(0)-slopes are < 1. LetT' < Ggeom be the Zariski closure of the subgroup generated
by all Ggeom-conjugates of the image of “the” inertia group I(co). Then I' = Ggeom-
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Corollary 2.5. Suppose pt Aa, f is Artin-Schreier reduced, and ged(a, gedgeg(f)) = 1. Let Ggeom
be the geometric monodromy group of G(f,a,x). Denote by I'y < Ggeom the Zariski closure of the
subgroup generated by all Ggeom-conjugates of the image of “the” inertia group I1(0). Denote by
I'o < Ggeom the Zariski closure of the subgroup generated by all Ggeom-conjugates of the image of
“the” inertia group I1(co0). Then I'o = Ggeom = I'nc-

Proof. Immediate from Lemmas [2.3] and given Lemma [2.1 O

Corollary 2.6. Suppose a =1, pt A, and f is Artin-Schreier reduced. Suppose x # 1 has order
d > 2. Let Ggeom be the geometric monodromy group of G(f,1,x). Then Ggeom is the Zariski closure
of the subgroup generated by complex reflections of order dividing d. In particular, if Ggeom s finite,
then it is generated by complex reflections of order dividing d.

Proof. Immediate from Corollary given Lemma according to which I(0) is generated by a
complex reflection of order d. O

The following two lemmas explain the sense in which the local systems G(f,a, x) are generaliza-
tions of Kloosterman sheaves.

Lemma 2.7. Suppose A = 1 and p t a. Then G(x,a,x) is a Kloosterman sheaf, indeed it is a
multiplicative translation of the Kloosterman sheaf KO(1, all a®™ roots of x).

Proof. Indeed, by Lemma G(z,a,x) is lisse on G, tame at 0, and totally wild at co of rank
a+1 with all slopes 1/(a+1). By [Ka-GKM)| 8.7.1], it is a multiplicative translate of a Kloosterman
sheaf, whose I(0)-representation is specified by Lemma O

*

Lemma 2.8. Suppose a = 1 and p{ A. For any p with p? = x, G(z*,1,x) is the Kummer [A]
pullback of a multiplicative translate of the Kloosterman sheaf K£(p, Char(A)).

Proof. The trace function of G(z4,1,) is
t— — ZTZJ(H?A +t/x)x(x) =

(by z — tx)
== Wttt + 1/2)x(tx).

Choose a character p with pA = y. Then this sum is

—p(t) Y w(that + 1/2)x(x).

This last expression makes obvious that G(z4,1,x) is [A]*H for the local system H whose trace
function is

ts —p(t) 3 b(ta? + 1/2)x(a).

This H is not unique; the possible descents are H @ L, for any character ¢ with ¢4 = 1. Because
G(xz4,1,x) is tame at 0 and totally wild at co of rank A 4 1 with all slopes A/(A 4 1), any [A]*
descent is tame at 0 and totally wild at co with all slopes 1/(A+1). By [Ka-GKM|, 8.7.1], any such
descent is a Kloosterman sheaf. If x # 1, its local monodromy at 0 is diagonalizable (because this
is true after [A]* pullback), therefore any descent is, up to translation, geometrically isomorphic to
Kl(p, Char(A)) for some p with p?* = x. If x = 1, then its local monodromy has a Jordan block of
size two, and in this case as well Kl(p, Char(A)), for any p € Char(A), is such a descent. O
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Lemma 2.9. Suppose p { Aa(A + a), f is Artin-Schreier reduced, and ged(a,gedgeg(f)) = 1. Let
v € I(c0) be a generator of I(c0)/P(o0). Then the action of v on G(f,a,x) has simple spectrum

(i.e., has D = A+a distinct eigenvalues) and finite order, in fact of central order D, and the image
of 1(c0) is finite.

Proof. (Compare [KT3|, proof of Theorem 2.5].) By the original form [Se-Tal Proposition on p. 515]
of Grothendieck’s local monodromy theorem, the action of v (or indeed of any element of I(c0))
on G(f,a,x) is quasi-unipotent. Because p t (A + a), our irreducible I(oco)-representation, call it
W(A, A+ a), is the Kummer direct image [A + a.(L of rank 1), cf. [Ka-GKM| 1.14.2]. Then
the Kummer pullback [A + a]*(W4, 4+4) is the direct sum of the multiplicative translates of £ by

the A + a elements of pa44(Fp), and v, acting by conjugation, cyclically permutes these A + a
summands. Thus 7A+a]W Aarq acts as a scalar, call it A € @X, and the eigenvalues of v on W4 a4,
are the (A + a)'™ roots of \. In particular, |y a.4.a has all distinct eigenvalues. The scalar A is a
root of unity, (being an eigenvalue of ¥4*), and hence v has finite order and central order D.

In general, given a finite dimensional, continuous Q-representation p of D, the set

I' := {a € I such that p(«) is unipotent}

is an open subgroup of I, cf. [Ka-GKM, 7.0.5]. Whenever p is irreducible as D..-representation
(which is automatic if p| is irreducible), the monodromy filtration, cf. [Ka-ESDEL 7.0.6] can have
only a single nonzero gr”. Therefore if p is irreducible as Ds-representation, any element o € T
must have p(«) = Id, which is to say that I' = Ker(p|l») is an open subgroup of I, i.e., I, has
finite image. O

Lemma 2.10. Let F be a Lie-irreducible local system of rank D > 2 on G,,/F, which is Lie self-
dual, i.e., the given representation V := Fg of G := Ggeom,7 Temains irreducible on the subgroup
G°, and Vgo is self-dual as a representation of G°. Suppose that both of the following conditions
are satisfied.

(i) F is tame at 0.
(ii) For any generator v of I(0)/P(0), 1 is the only repeated eigenvalue of v on V.
(iii) All co-slopes of F are < 1.
Then F is self-dual.

Proof. The dual FV of F is itself Lie irreducible, and F and F become isomorphic on an open
normal subgroup of finite index in 7§°*™(G,,). Therefore there exists a lisse, rank one £ on G, and
an isomorphism

F'=2FQL.
Both FV and F have all I(co)-slopes < 1, hence L is tame at co. Both F and its dual are tame at
0, hence £ is tame at 0. The action of an element v € I(0) which generates 1(0)/P(0) acting on
either F or on FV, has 1 as its only repeated eigenvalue. Therefore £ is trivial at 0. Being tame at

both 0 and co, £ must be trivial. Therefore F is self-dual. O

Corollary 2.11. Suppose p t Aa, f is Artin-Schreier reduced, and gcd(a,gcddeg(f)) = 1. Suppose
(A,a) # (1,1). If G(f,a,x) is Lie self-dual, then it is self-dual.

Proof. Suppose first that either A > 2 or that y = 1. In view of Lemma G(f,a,x) satisfies
all the hypotheses of Lemma [2.10] and we are done. Suppose now that A =1 and x # 1. Choose
a character p with p* = x. Then the I(0)-representation of G(f,a,x) is (pChar(a),1), and that
of G(f,a,x)" is (pChar(a),1). In the isomorphism G(f,a,x)" = G(f,a,x) ® L, write L = L. If
A =1, w are done. If not, comparing I(0)-representations gives

(pChar(a), 1) = (pChar(a),1) ® A = (ApChar(a), A).
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As A # 1, A lie in pChar(a). Then (ApChar(a),A) = (Char(a), A). Thus
(pChar(a), 1) = (Char(a), A).
Taking ath powers, we get
(1, 1) = (nl M.
Therefore we have a = 1, so we are in the excluded case (A4,a) = (1,1). [Indeed, in this excluded

case, by Lemma we are dealing with the Kloosterman sheaf KI(1, x), whose dual is KI(1,%),
which is indeed the X twist of KI(1, x). But unless x is either 1 or 2, KI(1, x) is not self-dual.] O

Lemma 2.12. Suppose p{ Aa, f Artin-Schreier reduced, and ged(a, gedgeg(f)) = 1. Then the local
system G(f, g,a,x) is geometrically self-dual if and only if Aa is odd, f(x) is an odd polynomial,
and x? = 1. Moreover, the autoduality is symplectic if x = 1 and is orthogonal if x = xo.

Proof. The “moreover” statement is standard, cf. [Ka-ESDEL pages 242-243].

The oddness conditions, and 2 trivial, imply autoduality. For p = 2, over even degree extensions
k/Fy(coef’s of f,g), after the constant field twist by 1//#k, the traces are real (in fact in Q). And
when p is odd, after the constant field twist by 1/Gauss(v, x2) and over even degree extensions of
F,(coet’s of f,g), the traces are real.

To prove the converse, we argue as follows. Since G := G(f, a, x) is geometrically irreducible, it
is self-dual if and only if H2(G,,/F,, G ® G) is nonzero (and in fact has dimension 1). We compute
this dimension as the limsup, over extensions k of Fy(coefficients of f, g), of the sums

1 a a
D ka G(f (L) + F(L/9) + 4" +5)xa(y)-

Thet =0 “missing” summand is

3 w0+ S0 = gy #k_l (X wrmuG )"

ek z,yckX

(#k(#k — 1) #k

which is O(1/(#k — 1), because the sum being squared is, by the Weil bound, of absolute value

< (A)VFE.

So the limsup doesn’t change if we add this term.Then we have the limsup of

1/(#k = 1) > Ue(f(1/z) 4+ f(1/y))xk(2y)-

z,yek* ,xt+y*=0

This is then the limsup of the sum of the a sums, one for each ¢ with (¢ = —1,
Sc=1/(#k = 1) Y e f(1/2) + f(1/¢x))xu(a?).
zekX

Recall that f(z) is Artin-Schreier reduced and ged(a, gedgeg(f)) = 1. Then the sum f(z)+ f(z/()
is Artin-Schreier reduced. Unless this sum vanishes, the S summand is O(1/v/#k), again by the
Weil estimate. And even if this sum does vanish, then the S¢ still vanishes unless x? is the trivial
character. Thus in all cases, we must have y? trivial if we are to have self-duality.

Suppose now that x? is trivial and G is self-dual. Then for at least one ¢ with (¢ = —1,
f(z)+ f(z/¢) = 0. In the case p =2, f is an odd polynomial (because Artin-Schreier reduced), so
there is nothing to prove.

Thus it remains to treat the case when p is odd. Suppose first that a is even. Then we claim
that for any ¢ with (* = —1, f(x) + f(z/¢) # 0. To see this, write f(zx) = >, ap2”, and define
Er := {nla, # 0}, the set of exponents which occur in f. By hypothesis, we have

ged(a, alln € &) = 1.
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We rewrite this as
ged(a, alln —a withn € &) = 1.

If f(x)+ f(z/¢) =0, then a,(1+1/¢(") =0 for all n € &, ie., (" =—1foralln e &, ie, (" =(*
for all n € &, and finally ("~* =1 for all n € &;. Define

D :=gcd( all n — a with n € &).

Then ¢P = 1. But ged(a, D) = 1, so there exist integers u,v with au + Dv = 1. Then ¢ =
(¢M)%(¢P)? = (—1)*. Thus ¢ is %1, neither of which has (¢ = —1 if a is even.

Suppose next that a is odd. Then the above argument shows that ¢ is +1. But of these two
choices, only ¢ = —1 has (“ = —1. For this ( = —1, we have f(z) + f(—z) = 0, which means
precisely that f is an odd polynomial. O

3. ELEMENTS WITH SPECIAL SPECTRA

Lemma 3.1. Suppose G < GL(V) = GLp(C) contains a transvection t. Then G cannot fix any
nontrivial tensor decomposition of V.

Proof. Assume the contrary: G fixes a tensor decomposition V = V; ® V5 where dim Vi, dim Vo > 2.
Suppose t = X ® Y with X € GL(V;) and Y € GL(V3). Then for any eigenvalue v of X, and
for any eigenvalue § of Y, the product vd = 1. So we may scale X and Y so that each has 1 as
an eigenvalue. Then v) = 1 forces both X,Y to be unipotent. Write each as a sum of unipotent
Jordan blocks, say

If both X and Y have a Jordan block of size > 1, then ¢ has a Jordan block J(n;) ® J(m;) with
both n;,m; > 2. But the Jordan decomposition of J(n;) ® J(m;) is J(n; + m; — 1) @ lower terms,
giving ¢ a Jordan block of size > 3. So at least one of X,Y is the identity, say X = idy,. Then Y

cannot be the identity. But any nontrivial Jordan block of YV is repeated dim(V;) > 2 times in ¢,
also impossible. O

Lemma 3.2. Suppose g € GL(V) = GLp(C) is any element whose spectrum on V', counting
multiplicities, is of the form

{1,1,...,, a1, ..., 0}
with a > 1 and aq,. .., q, pairwise distinct and different from 1. Then g cannot fix any nontrivial
tensor decomposition of V', if at least one of the following two conditions holds.

(i) a < D —V/D.
(ii) a < D=2, a1,...,a4 are all the a'™ roots of some complex number € # 1, and furthermore

(D,E) 7é (47 _1)'

Proof. Suppose we can write g = X ® Y with X € GL,,(C) and Y € GL,(C), where m,n > 2. If
for instance the matrix Y is scalar, then every eigenvalue of g repeats at least m times, contrary to
the assumption that oy is a simple eigenvalue. So we can write

Spec (X) ={71,--.,m}

(counting multiplicities) with ;3 # 2. Suppose J is a multiple eigenvalue of Y. Then dv; and
0o are distinct multiple eigenvalues, whereas 1 is the only possible multiple eigenvalue of g, a
contradiction. Thus Y has simple spectrum

{61,...,0n},
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and similarly X has simple spectrum. Now, for a fixed ¢, the set {v;6; | 1 < j < n} contains 1 at
most once. Thus the multiplicity of 1 in Spec(g) is at most m, and by symmetry of X and Y, at
most n as well. Hence
D — a < min(m,n) < VD,
i.e. @ > D —+/D. This proves (i).
For (ii), because g has an eigenvalue 1 (in fact with multiplicity D —a > 1), we may assume that

(321) ’)/1(;1 =1.
As mentioned above, X and Y have simple spectra, so
(3.2.2) If v;0; = 1 for some 4, j with 1 € {4, j}, then i =j = 1.

Moreover, when 2 < i < m and 2 < j < n, 161 # 1 and v,0; # 1 are eigenvalues of g, so
(7i61)* = € = (1160;)*, and hence
(3.2.3) Ve == =, 05 =08 = ... =042

By assumption D —a > 2, so in addition to (3.2.1) we can find vs0; = 1 with (s,t) # (1,1).
Together with (3.2.2]), we may renumber so that s = ¢ = 2, and thus

Y202 = 1.

Repeating the above arguments, we now obtain that
(3.2.4) W= =...=794, 6{=0=...=0,.

n

Now, € = (7102)® = (71/72)% and € = (1201)* = (72/71)% so € = 1. In particular, as ¢ # 1,
m,n > 2, and (D, €) # (4, —1), we must have D > 4. So we may assume that

m > 3.

It then follows from (3.2.3) and (3.2.4) that

73 =5 =
and hence
1= (méd)* = (12601)" =¢,
a contradiction. O
Remark 3.3. The bound in Lemma [3.2(i) is optimal. For instance, taking (D,a) = (9,6) and
choosing the set {1,{ = oy, ..., a6} to be the set of 7t roots of unity, we see that g is conjugate in

GL(V) to diag(1,¢, ¢3) ® diag(1, (5, ¢*). Here is the general setting of this example.
We take N > 2, (D, a) := (N?,N2—N), ¢ a primitive N2 — N 41" root of unity, S = {a1,...,an}
a collection of integers mod (N2 — N + 1), and ask that

diag({ca}aES) ® diag({c_a}aES)
have eigenvalues {1V~1 all elements of upy2_p +1}- This happens in the following cases.
N=2 5={0,1}
N =3, 5=1{0,1,3}
N =4, 5=10,1,3,9}
N =5 5={0,1,4,14,16}
N =6, 5=1{0,1,3,8,12,18}
N =8, S=1{0,1,3,13,32,36,43,52}.
N=9, 5§=10,1,3,7,15,31,36,54,63}.
There are no solutions for N = 7; we do not understand why.
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For the reader’s convenience, we recall the following well-known fact:

Lemma 3.4. Let G < S,, be a transitive subgroup with n > 2. Then G contains a derangement,
i.e. a fized-point-free permutation.

Proof. Let p denote the permutation character of G acting on {1,2,...,n}. Since G is transitive,
[p,1cle =1, 1e. 3 cqp(g) = |G| As p(1) =n > 2, we have

> plg) =Gl —n< |G| -1.
1#g€eG
It follows that p(h) < 1 for some h € G. Since p(h) € Z>(, we conclude that p(h) =0, i.e. his a
derangement. O

Lemma 3.5. Let G < GL(V) = GLp(C) be a finite subgroup which does not fix any nontrivial
tensor decomposition of V. Suppose G fixes a tensor-induced decomposition of V.. Then the following
statements hold.

(i) If G is cyclic, then |Trace(g)| < VD for any generator g of G.

(ii) G contains an element h such that |Trace(h)| < v/D.

Proof. By assumption, G acts transitively on the n tensor factors Ui, ..., U, of a tensor-induced
decomposition
V=U1002®...0U,.
Let d := dim U;.
In the case of (i), g is tensor indecomposable, so ¢ must induce an n-cycle on {Uy,...,U,}. Since

g has finite order, the formula for tensor induction[GI] then shows that
|Trace(y)| < d < VD
as D =d" > d>.

To prove (ii), we apply Lemmato get an element h which acts fixed-point-freely on {Uy, ..., Uy, }.
Conjugating h suitably, we may assume that the h-orbits on this set are

{U17 ceey Uk1}7 {Uk1+17 ey Uk’1+/€2}7 ceey {Uk1+...+k3_1+17 ey Uk1+...+k5}7

where k; > 2forl1 <i<sandn= Zle k;. Again, since g has finite order and k; > 2, the formula
for tensor induction[GI| shows that the absolute value of the trace of h on

Vii=Uk4. 4k 141 ® .. Q Uky+.. 4k,

is at most
d < \/dimVj.
AsV =V1 ®...® V;, we conclude that |Trace(h)| < v/D. O

4. CONDITION (S+) FOR G(f,a,X)

Proposition 4.1. The following statements hold for the local system G(f,a,x) of rank D = A+ a
if (D7 X) 7& (47X2)‘
(i) If x = 1, then the I1(0)-representation of G(f,a,x) (and hence G(f,a,x) itself) is tensor
indecomposable and not tensor induced.
(ii) Suppose A > 2 and x # 1. Then the I1(0)-representation of G(f,a,x) is tensor indecomposable
(and hence G(f,a,x) is itself tensor indecomposable).
(iii) Suppose x # 1 and A?> > D. Then the I(0)-representation of G(f,a,x) (and hence G(f,a,X)
itself) is not tensor induced (and by (ii) is tensor indecomposable).
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Proof. By Lemma a generator v = g of I(0) has spectrum consisting of 1 with multiplicity
A+ 6,1, and all @ — d, 1 non-identity a™ roots of x (identified with an element of the same order
in C*) — note these latter eigenvalues occur with multiplicity one each. Furthermore, v has finite
order if x # 1. Clearly we may assume

(4.1.1) D > 4.

(i) By Lemma ~v¢ is a transvection. Hence tensor indecomposability follows from Lemma
If the I(0)-representation is n-tensor induced for some n > 2, then the transvection 4™ is tensor
decomposable, contradicting Lemma (3.1

(ii) follows from Lemma [3.2(ii) applied to the element ~.

(iii) Recalling (4.1.1)), we have A > 2. So = is tensor indecomposable by (i), and has finite order.
Suppose that the underlying representation V for I(0) is n-tensor induced for some n > 2: V = U®"
with dim(U) = d > 2. By Lemma [3.5[i) we have

|Trace(v)| < d < VD.
Now, if @ > 2, then Trace(y) = A, contrary to A2 > D. Suppose a = 1. Then
(A—1)? <|Trace(y)? <d* < D= A +1,
showing A < 3, and hence A = 3, D = 4, and |Trace(vy)| = 2. The latter can happen only when x
is of order 2, which violates the assumption (D, x) # (4, x2)- O

Proposition 4.2. Suppose p { Aa(A + a), f is Artin-Schreier reduced, and ged(a, gedgeg(f)) = 1.
Then G(f,a,x) is primitive on Gy, /Fp, so long as either A+a >3 or A=a=1 and x # x2 (the
quadratic character).

Proof. We argue by contradiction. Suppose G(f,a,x) = mH for some finite etale 7 : U — G, of
degree d > 1 and some local system H on U. Then d x rank(H) = rank(G(f,a,x)) = A+ a is
prime to p. Then U is geometrically connected, otherwise m,H is not irreducible. Denote by X the
complete nonsingular model of U, and denote by 7 : X — P! the finite flat map on the complete
curves. Let C := 771(0) and D = 7~ !(c0), of cardinalities c, d respectively.
For each point x € D, denote by
Ty ¢ Spec ((Kx,z)") — Spec ((Kp1 o)")
the induced map of the spec’s of completed function fields. Then for G := G(f,a, x), we have
Gli(oo) = ®renTax(Hi(2))-

But G|r(o) is irreducible, hence there is precisely one point in D, call it coup, and

g|I(oo) = WOOUP*(,HI(ooup) ) :

Because ooup is the unique point lying over oo, the degree of muy is precisely d := deg(w), which
is a divisor of A + a. Therefore deg(msoyp) is prime to p, hence is tame. By [Ka-TLEFM, 1.6.4.1], it
follows that

Swaneeup(H) = Swan(G).
Now we turn to a global argument. On the one hand, for G := G(f, a, x) we gave
EP(U,H) = EP(G,,,, G) = —Swang(G) — Swans(G) = —0 — A.
But
EP(U, H) = EP(U)rank(H) — ) _ Swan, (H) — Swanaeu, (H) =

zeC
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= (EP(X) — ¢ — 1)rank(H Z Swan,(H) — A.

zeC
Subtracting these two expressions for EP(U, H), we find
(EP(X) — ¢ — 1)rank(H Z Swang(H) =0,
xeC
which we rewrite as
(EP(X) — ¢ — 1)rank(H Z Swan,(H
xeC

The Swan conductors are non-negative integers, and ¢ > 1. If X has genus g > 0, then (EP(X) —
c—1) < 0, not possible. If X = P! and ¢ > 2, then also (EP(X) — ¢ — 1) < 0, not possible. Thus
we must have X = P!, and (after a change of coordinates) U is G,,, with 0 the unique point over 0,
and oo the unique point over co. Then 7 is the Kummer map x — z¢ for some divisor d of A + a.

Now we look at the local monodromies of G and H at 0. H as I(0)-representation is tame (again
by [Ka-TLEM, 1.6.4.1]), and is a direct sum of various £,, ® J,,, where J,, denotes the unipotent
Jordan block of size n. The I(0)-representation of its Kummer direct image [d],(H) is the direct

sum of the various
@ @ £Ai,j ®Jni-
i Aﬁj:pi

Suppose first that G := G(f,a, x) has x = 1. Then the local monodromy of G at 0 is the direct
sum of a diagonalizable part of rank A 4+ a — 2 with a single J5. So in the above decomposition,
there is single ¢ with n; > 1; it has n; = 2 but occurs just once. On the other hand, it occurs d
times, hence d = 1, contradicting the imprimitivity of G.

Suppose next that G := G(f,a, x) has x # 1. Then all n; = 1, the local monodromy of #H at 0 is
the direct sum of various £,,, and the local monodromy of G at 0 is the direct sum

@ @ Ly

) d _
¢ )‘iyj—Pi

Consequently, for any character o of order dividing d, the two sets of characters with multiplicity
{As;} and {oA;;} coincide. Each 1 occurs A times in the local monodromy at 0 of G. Therefore
each o of order d occurs A times. But the only nontrivial characters in the local monodromy at 0
of G are the a' roots of x, and each of these occurs once. Therefore we must have A = 1. Thus
A+a=a+1,and hence d|(a+1). Therefore ged(d, a) = 1, and among the a'® roots of x are all the
characters o of order d. But ¢ is then y, but ¢ has order d (because gcd(d,a) = 1). Therefore x
has order d. For a given p with p® = y, either po = 1, or po is another a'" root of y. In the second
case 0% = 1. The second case is impossible, as o has order d and ged(d,a) = 1. Therefore every p
with p® = x has p = 1/0 for every o of order d. If d > 1, there is such a o, and hence there is only
one p. This in turn forces a = 1. Thus our situation is A = a = 1, d = 2, the local monodromy at
0 of G is p+ 1, H has rank one with {1, p} being the two square roots of some A. Thus A = 1, the
local monodromy at 0 of G is x2 + 1, and our local system G is G(z, 1, x2), the Kloosterman sheaf

Ki(¥; 1, x2) = [21«Ly- O
Putting together Propositions [4.1] and [4.2] we get

Proposition 4.3. Suppose p{ Aa(A + a), f is Artin-Schreier reduced, and ged(a, gedgeq(f)) = 1,.
If x = xo, suppose also D := A+ a # 4. Then G(f,a,x) satisfies (S+) if either x = 1 or
A2>D:=A+a.

In the case when x = 1, we can drop the condition that p{ (A + a).
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Proposition 4.4. Suppose p{ Aa, f is Artin-Schreier reduced, ged(a, gedgeg(f)) =1, and x = 1.
Then G(f,a,1) satisfies (S+).

Proof. In view of Proposition it remains to prove that G := G(f,a, 1) is primitive. To see this,
we argue by contradiction. Let k/FF, be finite extension with f € k[z]. Suppose that there exists a
finite etale 7 : U — G,,, over IFT, and a local system H on U with m,H = G. The H is irreducible
(because m,H is). By Frobenius reciprocity, H occurs in 7*G with multiplicity 1. The action of
Gal(F,/k) permutes the geometrically irreducible constituents of 7*G which occur with multiplicity
1, so after a finite extension L/k, the local system H upstairs exists as a local system Hg on Uy/L
(for some descent Uy of U), and the morphism 7 descends to a map mp : Uy — G, over L. Then
To. Ho is geometrically isomorphic to G over L. As both are geometrically irreducible, their “ratio”
is a linear character of m¥ith(G,,)/m*™(Gy,). Thus at the expense of twisting Ho by some a8,
we have an arithmetic isomorphism 7o, Ho = G on G, /L.

Once G is arithmetically induced, from some open subgroup v C Tr'i“ith(Gm), its trace function is

supported in the union, inside ﬂ?ﬂth(Gm), of all conjugates of «v. But in the world of profinite groups,

such a union of conjugates is an open (and closed) subset of 71" (G,,,) whose Haar measure is < 1

(for the Haar measure giving 73" *"(G,,) total mass 1). By Chebotarev, it follows that a positive
proportion of Frobenius traces of G vanish.

On the other hand, for each finite extension F,/L and each t € F, the trace of Frob;, |G is
—(the sum of ¢ — 1 elements of p,(Z[(p)])).

Each p'® root of unity is 1 mod P, so this trace is 1 mod P in Z[(,], hence is nonzero. Thus all
Frobenius traces of G are nonzero, the desired contradiction. O

5. DETERMINATION OF MONODROMY GROUPS: FINITENESS

In this section we address the question when Ggeom can be finite, and then determine Ggeom in
the finite cases. First we consider the cases where o(x) < 2.

Proposition 5.1. Suppose p f Aa(A + a), f is Artin-Schreier reduced, and ged(a,gedge(f)) = 1.
Suppose further a =1 and x # x2. If A+ a >4, then Ggeomg(f,1,y) S infinite.

Proof. If x = 1, then Ggeom contains transvections, so is certainly infinite. If x? # 1, then x has
order > 3, and by Lemmas and Ggeom is generated by pseudoreflections of order > 3. Such
a group cannot be finite by Mitchell’s theorem [Mit, Theorem 1]: no finite primitive group in more
than four variables contains pseudoreflections of order greater than 2. O

Proposition 5.2. Suppose p{ Aa(A + a), f is Artin-Schreier reduced, and ged(a, gedgeg(f)) = 1.

(i) Suppose that a =1 and x = x2. If A+a > 8 and G := Ggeom g(f,1,x0) S finite, then G is the
symmetric group Sayqr1 in its deleted permutation representation.

(ii) If G = Ggeom,g(f,a,x) 8 finite, and it is the symmetric group Saiq11 in its deleted permutation
representation, then A+ a + 1 is a p-power.

Proof. (i) In dimension D = A+ a > 8, the only finite primitive groups generated by reflections are
Sp+1 in its deleted permutation representation, cf. [Mitl Theorem 3] and [Ka-LAMM), 1.4.4]. By
Lemmas[2.1] and G is a finite primitive group generated by reflections, and hence G = Sp1
in its deleted permutation representation.

(ii) Assume G = Spy; in its deleted permutation representation. Then, if ¢ denotes the character
of G in the representation underlying G(f,a,x), then m := ¢ + 1g is the permutation character
corresponding to the action of G on D + 1 letters.
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Let J = QC denote the image of I(o0) in G and let @ denote the image of P(cc) in G. By
Lemma (i), ¢l is irreducible. In particular, [7|7,15]; = 1, which means that J acts transitively
on D + 1 letters, and so 7|7 = Ind§1<1jl) where J; denotes the stabilizer of a fixed letter say c.
Now, the irreducibility of ¢|; implies that

2 = [nls,7lsls = 7l Lol

and hence J acts doubly transitively on D + 1 letters.

Suppose that Q = Op,(J) = 1. Then J = C is abelian (in fact cyclic). For any other letter b,
there is some g € C such that g(c) = b, and the stabilizer of b is gJ1g~! = J;. Thus .J; fixes every
letter, which contradicts the double transitivity of J.

We have shown that O,(J) # 1, and hence J admits a nontrivial minimal normal subgroup Qo
which is a p-group. By the general structure of doubly transitive permutation groups, see [Cam)
Proposition 5.2], the socle of G must be (g, which is then transitive on D + 1 letters by [Caml,
Theorem 4.1]. This means that D + 1 = |Qg|, a p-power. O

Lemma 5.3. Suppose p is odd, f > 1, x = x2, and q¢ := pf > 5. Then G(2972,1,x2) has
Ggeom = Sq-

Proof. By Lemma applied with y := Y2, G(2972,1, x2) is the [A]* pullback of a multiplicative
translate of Kl(x2, Char(A)). By [KTIl the proof of Theorem 9.3(ii)], which applies Sawin’s trick
with (n, k) = (¢, 2), we find that Kl(x2, Char(¢ — 2)) has Ggeom = Sq- O

We will also need the following refinement of Mitchell’s theorem [Mit] (which is [Ka-LAMMI,
1.4.4] in the case D > 8), given (but not explicitly stated!) in the proof of [KT2] 4.2.3].

Theorem 5.4. Suppose G is a finite primitive subgroup of GLp(C) with D > 5 that contains a
complex reflection of order d. Then d =2, and G = Z(G)Gy, where either

(a) Go is Spy1 in its deleted permutation representation, or
(b) 5 < D < 8 and (D,Gyp) = (5,2 x SU4(2)), (6, W(Es)), (6,61 - PSU4(3) - 22), (7,W(E7)), or

Proof. The fact that d = 2 follows from [Mit, Theorem 1], since G is primitive and D > 5. Let Gy
denote the (necessarily normal) subgroup of G that is generated by all reflections in G. Next, let
H < GLp(C) denote the complex reflection group Sp1 (in its deleted permutation representation),
or 2 x SU4(2), W(FEs), 61 - PSU4(3) - 29, W(E7), W(Eg), when D =5, 6, 6, 7, or 8, respectively.
Correspondingly, let S := Ap.1, SU4(2), SU4(2), PSU4(3), Spg(2), or Q4 (2), so that S is the unique
non-abelian composition factor of H. Then Mitchell’s theorem implies that G/Z(G) = H/Z(H).
Note that H/Z(H) =2 S-2,5,5-2, 5-25, S, and S -2 in the above cases, and in each case, the
induced projective representation of S on CP is irreducible. Suppose S is not a composition factor
of Go. Then S is not a composition factor of GoZ(G). But GoZ(G)/Z(G) is a normal subgroup of
G/Z(G) =2 H/Z(H) € {S,S - 2}. So we conclude that Gy < Z(G), and hence G cannot contain
any reflection (as D > 2), a contradiction. Thus S is the unique non-abelian composition factor of
Gy, and Gy is an irreducible subgroup of GLp(C) generated by reflections. Now we can apply the
Shephard—Todd classification [ST] to Gy to see that Gy = H; in particular, Go/Z(Go) = H/Z(H) =
G/Z(G). Now, since Z(G) NGy < Z(Gy), we have that Z(G)Go/Z(G) = Go/(Z(G) N Gy) has order
divisible by |Go/Z(Go)| = |G/Z(G)|. Hence G = Z(G)Gp, and the claim is proved. O

If G is a finite primitive subgroup of GLp(C) for any D > 1 that is generated by reflections, then
G is one of the primitive groups in the Shephard-Todd list [ST].
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Proposition 5.5. Suppose pt A >4, f is odd, and G = G(f,1,x2) has finite G = Ggeom. Then G
is a primitive complex reflection group, and Go := G is as described in (a) or (b) of Theorem .
Moreover, in the case of(a), D+1=A+2 is a p-power.

Proof. By Corollary G is generated by true reflections. Suppose G is imprimitive. Then
by [ST], G = G(m,k,D) for some m > 1 and k|m. Now if m is not a 2-power, then m ad-
mits an odd divisor my > 3, and G contains an element which is conjugate in GLp(C) to z :=
diag(¢,¢,¢72,1,1,...,1), where ¢ € C is a primitive m® root of unity. Similarly, if 4/m, we have
the element x := diag(i,i,i~2,1,1,...,1). But G < Op(C) by Corollary and no element in
Op(C) can be conjugate to z, a contradiction. Thus m = 2, and so G is a split extension of a
2-group by Sp. [In fact, G is the Weyl group of Spyp if k = 1, and of SOqp if k = 2, but we will
not use this more precise information.]

It follows that a Sylow p-subgroup of G embeds in Sp, realized as a permutational matrix sub-
group of GLp(C). In particular, it acts on the underlying space V = CP” as on the natural
permutation module of Sp, and hence its character contains the trivial character. The same is true
for the image @ of P(c0), i.e. the character of ) acting on V' contains 1g. By Lemma (i), V is
I(oco)-irreducible. As P(o00) <11(00), the space of P(co)-invariants in V' is an I(oo)-stable subspace.
Being nonzero, this subspace must, by irreducibility, be all of V. Thus P(c0) acts trivially on V,
again a contradiction (otherwise V' is an irreducible representation of the abelian group I(c0)/P(c0)
of dimension D > 1).

We have shown that G is primitive. It then follows from [ST] that Gy = G satisfies either [5.4|(a)
or [5.4(b). Suppose we are in the the case of [5.4(a). Arguing as in the proof of Proposition we
see that D + 1 is a p-power. O

Theorem 5.6. In characteristic p =5, for any finite extension k/Fs, and any ag,by € k™, the local
system Ggg by 1= G(apgx” + box3,1,%2) on G, /k has Ggeom = W (E3g), the Weyl group of type Ex.
Proof. By Proposition G(apz” +boz3,1, x2) has (S+). Denote by H := Ggeom,Gay s, - BY IKRLT)
Theorem 5.1], the three parameter system Gzpar on G%L /F5 whose trace function on finite extensions
L/F5 is
(a,b,t) € (LX) = = > ¢p(t/z + az’ + ba®)xa (@),
rzelX

has Ggeom,Gspar = W (£38). As Gay b, is a pullback of Gapar, we have H < W(Eg). On the other hand,
H is a primitive group generated by reflections by Corollary It then results from [ST] that H
is either Sg in its deleted permutation representation or it is W(Ejg). The former case is ruled out
by Proposition 5.5 O

Theorem 5.7. In characteristic p = 3, for any finite extension k/Fs3, and any ag,by € k*, consider
the local systems

Gs.a0b0 := G(aozx” +box®, 1, x2)
and

Grapbo = G(aox” +box, 1, x2).
There are dense open sets Uy, Us in G2, /F3 which both contain the point (1,1) such that for (ag, by) €
(G )%(F3), we have

Ggeom,Gs ag0, = W(Es) for (ag,bo) € Us, and = Sg otherwise,

Ggeom,gl,ao,bo = W(Esg) for (ap,bp) € Uy, and = Sg otherwise.
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Proof. Denote by Hj 4, p,, respectively Hi g p,, the Ggeom of the named local system. Exactly as
in the proof of Theorem we use [KRLT, Theorems 5.2 and 5.3] to show that both Hs 4,4, and
Hj o4, are subgroups of W(Ejg). Each of these H is a primitive group generated by reflections. It
then results from [ST] that H is either Sg in its deleted permutation representation or it is W (Eg).

Exactly as in the proof of [KRLT) Theorem 5.2], a Magma calculation over Fs1 shows that each
of Hs11 and Hjp 1,1 has traces both 2 and —2, so neither of these groups can be Sg. So each must
be W (Eg). The conclusion now follows from the specialization result [KRLT) Corollary 3.2]. O

Theorem 5.8. In characteristic p = 3, for any finite extension k/Fs3, and any ag,by € k™, consider
the local system

G := G(apz® + boz, 1, x2).
Then Ggeom,g = W (Es).

Proof. From [KRLT), Theorem 6.1], Ggeom,g is finite by specializing. Now we can apply Proposition
and use self-duality of G to conclude that Ggeom,g = W (Es). O

Theorem 5.9. In characteristic p = 3, for any (ag,by) € EX x F3, consider the local system
Q(ao’bo) = g(a0x5 + box2, 1, x2).
Denote by Mit = 61 - PSU4(3) - 29 the Mitchell group [Mit], viewed as a subgroup of GLg, and define
H(ap,bp) :=G

The we have the following results

geom,G(aoz®+box?,1,x2)"

(i) For any ag € EX, there is a dense open set Uy C Gy, /F3 such that for by € Uy, we have
H(ap,bp) = Mit, and for by # 0 outside U,, we have H(ag,by) = G(3,3,6), the Shephard-
Todd imprimitive group [ST].

(ii) There is a dense open set U C G2, /F3 such that for (ag,by) € U, we have H(ag,by) = Mit,
and for (ag,bo) € G2, outside we have H(ap,by) = G(3,3,6).

Proof. On G, x A! x G,,/F3, with parameters (r, s,t), we have the local system Guiy Whose trace
function at L-valued points, for L/F3 a finite extension, is

(r,s,t) — — Z Y (ra® 4+ sx? + t/x) 2,1 (2).
relx

By [KRLT, Theorem 6.2] and the discussion at the beginning of [KRLT!, §5], Guniv has Ggeom = Mit.

We first prove (i). Fix a choice of ag € EX, and denote by G,, the r = ag pullback of Gyniv to
Al X G,,,. Its Ggeom is a subgroup Mit(ag) < Mit. Now view G, as a local system on Al X G,,, and
map Al x G, to Al by (s,t) = s. The restriction of G, to the fibre over a geometric point sq is
precisely the local system G4, ), With Ggeom = H (a0, o). By [KRLT) Theorem 3.1 and Cor. 3.2],
there is subgroup H (ag) < Mit(ag) with the following property: There is a dense open set U,, C Al
such that for so € Uy, the group H(ag,so) is conjugate in Mit(ag) to the group H(ap), and for
every so, H(ap, sp) is conjugate in Mit(ag) to a subgroup of H(ap).

Now we show H(ag) = Mit. On the one hand, the group H(ag, so = 0) is Ggeom for the local system
G(apz®, 1, x2). By Proposition H(ap,so = 0) is W(Es). Thus W(Es) < H(ap). Now consider
the group H(ag, s') for any s’ # 0. It is a finite irreducible group generated by true reflections inside
GLg, and it is not self-dual, by Lemma If H(ag,s') is primitive (in its given six-dimensional
representation) for some s’ # 0, then H(ag, s’) = Mit, by Proposition But H(ao,s") < H(ap),
so we are done in this case. Suppose H(ag, s) is imprimitive. Then it is a Shephard-Todd group
G(m, k,6) for some m > 1 and k|m. We must have 3|m, otherwise G(aox®+22, 1, x2), which a priori
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has traces in Q((3), would have traces in Q(¢3) NQ(() = Q, in which case G(agz® +22, 1, x2) would
be self-dual, which however by Lemma is not. Then this G(m, k, 6) contains G(3,3,6). Modulo
scalars, W (FEg) projects onto SO5(3) and G(3,3,6) projects only C3 x Sg, both maximal subgroups
of PSU4(3) - 29 [Atlas], which is Mit modulo scalars. It follows that H(ap) = Mit in this case as
well. Moreover, the center of Mit is Cg, whereas G(3,3,6) has center Cy. If H(ag,s') > G(3,3,6),
then we must have H(ag, s') = Ca x G(3, 3,6) which however is none of the Sheppard-Todd groups.
Hence we have shown that any imprimitive H (ag, s’) is G(3,3,6), and this completes the proof of

(i)

The proof of (i) now goes by looking at the map of G, x Al x G, /F3 to G,, x Al (r,s,t) = (1, s).
By (i), there exists some (ag, bg) with H(ag, bg) the full Mitchell group, and we conclude as above
by [KRLT), Theorem 3.1 and Cor. 3.2]. O

Next we address the cases where o(yx) > 2.

Proposition 5.10. Suppose p{ Aa(A+a), f is Artin-Schreier reduced, ged(a, gedges(f)) =1, and
(Aya,x) # (1,1,x2). Then Ggeom g(f.a,x) 18 infinite in each of the following situations.

(i) x has order > 6.
(ii) x has order 4 or 5, and A # a.
(iii) x has order 3, and A+ a > min(4a,4A4).

Proof. Suppose G = G geom,g(f,a,x) 18 finite. Then by Proposition it is a finite primitive group,
generated by diagonalizable elements g whose eigenvalues are of the form

(all the a'M'roots of y, A repeats of 1).
The a'® power h of such an element is thus
(a repeats of y, A repeats of 1),

which is a quadratic element of drop a. If x has order > 6, then by Blichfeldt’s 60-degree theorem
[BI], this element is a scalar, nonsense. If x has order 4, respectively 5, then A = a by [Wa2l
Theorem 1], respectively by [Ka-TLFM) Propositions AZ.1, AZ.2].

If x has order 3, then Ggeom contains the element

diag(a repeats of (3, A repeats of 1),
and the finite primitive group p13Ggeom contains the element
diag(a repeats of 1, A repeats of Cg)

These elements have drops a and A respectively, hence A + a < 4a and A 4+ a < 4A, cf. [Wa2l p.
606]. 0

We will now improve on the cases (ii) and (iii) of Proposition under the condition A2 > D.

Proposition 5.11. Suppose p { Aa(A + a), f is Artin-Schreier reduced, ged(a,gedge(f)) = 1,
o(x) =5, and A2> D = A+a. Then G geom,G(f,a,x) S infinite.

Proof. (a) Assuming more generally that 3 < e := o(x) < 5, suppose G' = Ggeom,g(f,a,y) 15 finite.
Then by Proposition it is a finite subgroup of GLp = GL(V) satisfying (S+); moreover G
contains an ss-element vy of central order D, as well as the element ¢ in the proof of Proposition
such that g = h is a quadratic element of order e. According to [KT1, Lemma 1.1], either
D = r™ for a prime r and G is an r-extraspecial normalizer, or GG is almost quasisimple.

(b) Here we assume that G is an r-extraspecial normalizer. Then G contains a normal r-subgroup
R = Z(R)E, where E is extraspecial of order r'+2" acting irreducibly on V = C™, and G <
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Z(GL(V))R-Spg,(r), see e.g. part (i) of the proof of [KT1l, Theorem 7.4]. We will show that either
r=2andn<5 orr=e=3andn < 3.

Suppose first that » = 2. Note that any unipotent Jordan block of size k over [F has order 2llog,
By considering the Jordan canonical form of any 2-element € Sp,,,(2) in its action on F3", we see
that o(x) < 2M1°82271_ Since exp(R/Z(R)) = exp(E/Z(E)) = r, it follows that 6(vy) < 21*Mlogz22n],
But we also know that o(y) = D = 2". It follows that n < 2 + [logy n], whence n < 5.

Assume now that r # 2; in particular D is odd and hence the two eigenvalues of h have distinct
multiplicities. If e = 4 or 5, this contradicts Proposition Assume e = 3. Then any unipotent
Jordan block of size k over F, has order r[°& ¥l By considering the Jordan canonical form of
any r-element z € Sp,,(r) in its action on E/Z(E) = F2", we see that o(z) < r['°%:-271. Since
exp(R/Z(R)) = exp(E/Z(E)) = r, it follows that 6(y) < r'*[°e-271 But we also know that
o(y) = D = r™. It follows that n < 1+ [log, 2n|, whence n < 2, or n = 3 and r = 3,5. Assume
in addition that » > 5. Then the quadratic element h of central order 3 projects onto a semisimple
element h of order 3 of Sp,,, (1), whence it has a fixed point subspace of dimension < 2n — 2 on F2",
It follows from [GT1, Lemma 2.4] that

|Trace(g)|* < r*"2? = D?/r? < D*/4.

K

On the other hand
|Trace(g)|? = (A +aG3)(A+aC3) = A —aA+a® = (A+a)? — 34a > (A +a)?/4 = D*/4,

a contradiction. Thus D = 3" with n < 3 when e = 3. The same computation shows that
A=a=D/2 and CSPQn(Q)(E) = Spy,_2(2) x C3 when (r,e) = (2,3).

Finally, we consider the case r = e = 3 and again consider the element A induced by the action of
h on R/Z(R) = F3". If this action is trivial, then, as 6(h) = 3, h is a scalar multiple of an element
in R\ Z(R), and so Trace(h) = 0, a contradiction. The above computation shows that h must
have a (2n — 1)-dimensional fixed point subspace on F3". Tt follows from [GTI, Lemma 2.4] that

|Trace(h)|? = 3"~ = D2/3 or 0. Since A% — aA + a® > 0, we get
A? — aA + a® = |Trace(g)|* = D?/3 = (A + a)?/3,
and hence {4,a} = {2D/3,D/3}.

(¢) Now we consider the case G is almost quasisimple, with Z := Z(G) and L := G(*). Then G/Z
is almost simple, with a unique minimal normal subgroup S = LZ/Z, which is simple non-abelian.
Let H := (h%) <G. Since h is quadratic, h is not central in G, and so H £ Z. Now, 1 # HZ/Z is a
normal subgroup of G/Z, so it contains the minimal normal subgroup LZ/Z. So we get HZ > LZ,
and so L = [L,L] = [LZ,LZ) < [HZ,HZ] = [H,H) < H. Hence S = LZ/Z < HZ]Z < G]Z <
Aut(S), showing that HZ/Z is almost simple with socle S.

For ¢ > 1, define H; := H and H;y1 = (hH1> < H;. The above arguments show by induction
on i that H;Z > LZ and H;Z/Z is almost simple with socle S. But G > H; > H;y; > L, so by
finiteness of [G : LZ] we must have that H; = H;_; for some j > 2. In this case,

H, = (154) = (n'h).
Since L <G and L £ Z, L is irreducible on V' by [GT2, Lemma 2.5]. As H; > L, we conclude that

H; < GL(V) is an irreducible subgroup generated by conjugates of the quadratic element h.

(d) Now we will specialize to the case e = 5. In the case of (b), we have D = 2™ with n < 5. By
[GT2, Lemma 2.5], |Trace(y)|? is an integer. On the other hand, for a fifth primitive root of unity
¢ = exp(2mic/5), 1 < ¢ < 4, we see that

ITrace(y)|* = (A4 al)(A+ al) = A% + a® + Aa(¢ + ) = A + a* + 2Aa cos(2mc/5)
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is not an integer, a contradiction.
In the case of (c), we have D = 2 by [Zall, Lemma (11.2)] applied to H;, again a contradiction. [

Proposition 5.12. Suppose p { Aa(A + a), f is Artin-Schreier reduced, ged(a, gedgeg(f)) = 1,
o(x)=3, A2>D=A+a, and D # 3. Then G geom,G(f,a,y) 15 infinite.

Proof. Suppose G = Ggeom,G(f,a,y) 18 finite. Then we repeat verbatim part (a) of the proof of
Proposition to see that either D = r™ for a prime r and G is an r-extraspecial normalizer, or
G is almost quasisimple. If necessary, we multiply h by (3 or (3 so that h has only two eigenvalues
(3 and 432 , which implies that

(5.12.1) h% 4+ h+1dy = 0.

(a) First we consider the case where G is an r-extraspecial normalizer. Then part (b) of the proof
of Proposition [5.11| shows that D = r™, and either r =2 and n < 5, or r =3 and n < 3.

Suppose that 7 = 2. As shown in part (b) of the proof of Proposition A=a=D/2=2""1
and h, while acting on R/Z(R) = F5", induces an element h of order 3 in Spy,(2) with Cg;, (2)(h) =
Spy,_2(2) x C3. The assumption A2 > D implies that D > 4, and thus n > 3. Consider the element
g induces by the action of g on R/Z(R), and recall that g* = h. If g does not act trivially on the
fixed point subspace of h on F3", then the g-fixed point subspace of R/Z(R) has dimension < 2n—3,
and so using [GTT, Lemma 2.4] we get |Trace(g)| < 2(2»=3)/2 < 271 = A, a contradiction. Hence
g acts trivially on the (2n — 2)-dimensional h-fixed point subspace, which implies that g = h (as
Sp,(2) 22 S3 does not contain any element of order 6). It follows that ¢ € Z(G)R, and hence 5(g)|6.
But this is a contradiction since 6(g) = 3a = 3 - 2"~! > 12.

Suppose that 7 = 3. As shown in part (b) of the proof of Proposition[5.11], {4,a} = {2D/3, D/3}
and h, while acting on R/Z(R) = F3", induces a transvection h of order 3 in Sp,,(3). The assump-
tion D # 3 implies that n > 2. Consider the element g induces by the action of g on R/Z(R), and
recall that g = h. Also let d denote the dimension of the g-fixed point subspace on F5". Then
A? = |Trace(g)|? € {0,39} by [GTT, Lemma 2.4]. It follows that A = D/3 =3""! and d = 2n — 2.
The assumption A? > D now implies that n = 3, and so a = 18. Now (g?)? = h has order 3 in
Spe(3), so g2 € Spg(3) must have order 27 in Spg(3), which is impossible by [GAP].

(b) From now on we may assume that G is almost quasisimple. Then, as shown in part (c) of the
proof of Proposition G contains a subnormal subgroup H; such that K := H; = <hHJ'> > L,
and K is irreducible on V. Since G is almost quasisimple, the generalized Fitting subgroup F*(K)
of K is Z(K)L, where L := G(*®). Now using (5.12.1) and reducing the representation of K on V
modulo 3 as in [Wa2l, §4] (so that one can apply results of [Chl], [Ch2]), we arrive at the possibilities
listed in [Wa2, Theorem 3] for L, which we will now analyze case-by-case.

(¢) L = Sp,,,(3) or PSp,,,(3), and n > 3. Since 6(h) = 3 and L has no outer automorphism of
order 3, we must have that K = Z(K)L. Then we can apply the results of [Zal2, [Zal3], recorded in
[TZl, Theorem 3.1] to see that h is (the image in L of) a transvection. Now, applying [TZ, Theorem
3.2], we conclude that V| is a Weil representation, of degree D = (3" + k)/2, where k = +1. In
such a representation, G = Z(G)L since the outer automorphism of L does not fix the equivalence
class of V|1. Moreover, the two eigenvalues of h have multiplicities 37! and (3"~! + k) /2, whence

{A,a} = {371, (3" 4+ K)/2}.

Suppose a = 3"~ 1. Recalling h = g%, where g is the element in the proof of Proposition we
see that L contains an element with central order 3a = 3", and hence Sp,,,(3) contains a 3-element
g' of order 3". But the size of any Jordan block of ¢ is at most 2n, so n < [logs 2n], a contradiction
since n > 3.
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Thus a = (3"! + k)/2. Again using h = g%, we obtain an element ¢’ € Sp,,,(3), such that g’
is a transvection and ¢’ has trace |Trace(g’)] = A = 3"~ on V. If n = 3, then using [GAP] one
can check that Spg(3) has no element with trace 9 in a Weil representation. So n > 4, and hence
371 — 1, respectively 32"~2 — 1, admits a primitive prime divisor ¢ > 5 by [Zs], which then divides
3a = o(¢'). As (¢')*¥/* has prime order ¢, the choice of £ implies that ¢’ acting on F2" has at least
n — 1 pairwise distinct eigenvalues not equal to £1 (which constitute the orbit of an eigenvalue
under the map A + A3). Thus the fixed point subspaces of ¢’ and zg’ on F?{L both have dimension
< n+ 1, where z is the central involution of Sp,, (3). Hence, if &, and 7, denote the irreducible
characters of Sp,,,(3) occurring in a reducible Weil representation (that contains V'), then

16n(9") + ()] < 3(n+1)/2’ 6n(29") + nu(2g')] < gt/
by [GT1 Lemma 2.4]. Using {&.(z¢"), nn(29")} = (£1){&.(¢"), —mn(¢") }, we deduce that

3"! = |Trace(q')| < (|€n(29") + mn(29)| + €0 (g)) + malg")]) /2 < 30 TV/2,
a contradiction because n > 3.

(d) L = SU,(2) or PSU,(2), and n > 4. Since 6(h) = 3 and L has no outer automorphism
of order 3, we must have that K = Z(K)L and Ck(L) = Z(K). Viewing h as an element of
GU,(2) and applying [Ch2l Theorem B(a)], we see that h is a scalar multiple of a pseudoreflection.
Now, applying [TZ, Theorem 5.2], we conclude that V|, is a Weil representation, of degree D =
(2" 4+2(—1)")/3 = (—=1)"k where k € {0,1}. In such a representation, the two eigenvalues of h have
multiplicities

{A,a} ={2" = (-1)"7H/3, "7 = (=1)")/3 — (-1)"k}.

Note that (27! — (=1)"1)/3 — (=1)"k = 2(2"2 — (~1)""2)/3 when x = 1. Thus a is either
(2" — (=1)""1)/3 or 2(2""2 — (~1)""2)/3; in particular a > 1. Recalling h = g%, we have an
element g € G, such that g“ is a scalar multiple of a pseudoreflection and ¢ has trace |Trace(g)| =
A > (271 —4)/3 on V. In the case n = 5, in fact we have |Trace(g)| > 5, which is impossible as
one can check using character tables of SU5(2) and SUs(2) - 2 in[GAP]. In the case n = 4, we have
A >+/D > /5, so |Trace(g)| > 3, which is impossible as one can check again using character tables
of SU4(2) and SU4(2) - 2 in [GAP]. So n > 6. Then (—2)"~! — 1, respectively (—2)"~2 — 1, admits
a primitive prime divisor £ > 5 by [Zs], which then divides o(g). As g := ¢°@/¢ has prime order
¢ > 2 and |Out(L)| = 2, we may assume that g; € GU,(2), and then the choice of ¢ implies that g;
acting on F} has at least n — 2 pairwise distinct eigenvalues not contained in pg (which constitute
the orbit of an eigenvalue under the map A — A~2). The same applies to gs := g°9)/t (as we have
g1 = g3). Also, we still have |Trace(gz)| = A. Thus the fixed point subspaces of z'gy, 0 <4 < 3 and
F} all have dimension < 2, where (z) = Z(GU,(2)). It follows from [TZ, Lemma 4.1] that

(2" —4)/3 < A = |Trace(gz)| < 2%,

a contradiction because n > 6.

() L = 2A, and n > 5. Since 6(h) = 3 and L has no outer automorphism of order 3, we
must have that K = Z(K)L and Ck(L) = Z(K). Viewing h := hZ(K) as an element of A,, and
applying [Ch2, Theorem B(b)], we see that h is a 3-cycle. Now, applying [Wall, Theorem 8.1], we
conclude that V|, is a basic spin representation, of degree D = 2[n/2)=1 Tn such a representation,
the two eigenvalues of h have equal multiplicities A = a = D/2. The assumption A2 > D implies
that D > 4, and hence n > 8. Again using h = g%, we obtain an element ¢’ € S,, such that
g'® is a 3-cycle and |Trace(¢’)] = D/2. When n = 8,9, one can check using [GAP] that no such
element exists. When n > 10, we have that Cs_(¢’%) = A3 x S,,_3 contains the element ¢’ of order
a = 2l"/21=2 4 contradiction.
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(f) In the remaining cases,
(5.12.2) |Trace(h)| = A=a= D/2 > 1, whence |Trace(g)| = D/2,

and L is SU3(3), 61 - PSU4(3), 2+ J2, 2- Go(4), 2+ Coy, 2- Q3 (2), 2 Spg(2), 6 - Suz. In the first
two cases, using and |[GAP| we can check that D = 6. Then, checking the character tables
of SU3(3) - 2 and 6; - PSU4(3) - 25 in [GAP], we see that there is no element g of central order 3a
that satisfies , a contradiction. In the last six cases, K = Z(K)L by [Ch2, Theorem A],
and furthermore the conjugacy class of (h) in K is determined by [Ch2, Theorem B], and we may
assume that h € L. Again using and [GAP|, we see that D = 6, respectively D = 12,
D =24 D =8, D =8, and D = 12. Then, checking the character tables of 2 - J,, respectively
2-Go(4) and 2 - G2(4) -2, 2-Coy, 2-QF(2) and 2- QF (2) - 2, 2 - Spg(2), and 6 - Suz in [GAP], we
see that there is no element g of central order 3a that satisfies , again a contradiction. [J

Proposition 5.13. Suppose p { Aa(A + a), f is Artin-Schreier reduced, ged(a,gedge(f)) = 1,
o(x) =4, and A2> D= A+a. Then Ggeom,g(f,a,x) 1s infinite.

Proof. Suppose G = Ggeom,G(f,a,y) 18 finite. Then we repeat verbatim part (a) of the proof of
Proposition to see that either D = r™ for a prime r and G is an r-extraspecial normalizer,
or GG is almost quasisimple. By Proposition we have A = a = D/2; in particular, 2|D and
|Trace(h)|? = D?/2. The assumption A2 > D now implies that D > 6.

(a) First we consider the case G is almost quasisimple. Then, as shown in part (c) of the proof
of Proposition G contains a subnormal subgroup H; such that K := H; = (h'li) > L, and K
is irreducible on V. Since G is almost quasisimple, the generalized Fitting subgroup F*(K) of K
is Z(K)L, where L := G and furthermore F*(G) = Z(G)L. Recall that G contains the element
7 with simple spectrum on V = CP and L is irreducible on V. Now the proof of [KT2, Theorem
3.1.6] shows that K is primitive and tensor indecomposable on V', unless K is imprimitive on V'
and, moreover, either (L/Z(L), D) is (PSL,(q), (¢" —1)/(q¢ — 1)) with 21 g or (M;2,12),0or D =6
and L/Z(L) = As, Ag (recall that 2|D). If we are not in these two exceptions, then we can apply
the main result of [Kor] to conclude that K contains an irreducible normal 2-subgroup (and so is
an extraspecial normalizer). But this is impossible since F*(K) = Z(K)L.

The cases of D = 6 are excluded since in this case G contains no element with trace of absolute
value 3v/2 [GAP].

The case of (Mj2,12) is excluded since in this case G contains no element with trace of absolute
value 6v/2 [GAP].

Assume that (L/Z(L), D) = (PSL,(q), (¢" —1)/(¢ — 1)) with 2t ¢. The proof of [KT2, Theorem
3.1.6] shows that the imprimitive action of K on V = CP induces a 2-transitive permutation
representation m of degree D = (¢" — 1)/(¢ — 1) > 6, where H := w(K) has socle PSL,(¢q). Note
that Ker(m) acts on V' diagonally, hence Ker(7) < K is abelian. But F*(K) = Z(K)L, so

Ker(m) < Z(K) < Z(G).

It follows from [Cam| that PSL,(q) < H < PI'L,(¢). We may assume that H is contained in
the image of the action of the group I'L(W) of all invertible semilinear transformations of W =
(e1,. .., en)r, = Fy on the set PW of 1-dimensional Fy-subspaces of W. Since |Trace(h)| > D/V/2,
the set Q of h-fixed points on PW has size at least D/v/2. Now if Q does not span W, then
Q] < ("' —1)/(g—1) = (D —1)/q < D/V2, a contradiction. So without loss of generality we
may assume that (e;)p, € Q forall 1 <i < n. If ¢ = r! for a prime r, then, changing h to a
suitable generator of (h), we can find some 0 < j < f —1, subject to j|f if j > 1, and some a; € F,
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1 <i < n, such that
n n )
(5.13.1) h: Zmiei — Zai:ﬁjei.
i=1 i=1

Note that PSL,(q) < K = (h®), so m(h) cannot be trivial. Now if j = 0, then using we can
show that either
Q] < (¢" " =1)/(¢g—1) < D/g < D/V?,
or ay = ag = ... = ay, i.e. w(h) = 1, both leading to a contradiction. So 1 < j < f/2 and j|f.
In this case, the line spanned by > ;" | z;e; is h-fixed if and only if there exists some b € 7 such
that aia:;fj = bx; for all i. For a given ¢, the equation aia:;fj = bx; has at most 77 solutions in F,. It
follows that :
o)< @D
q—1

Now if n > 3, then

Q] <7 <2 = g2 < 4 D/V2
ST TSRS AT A |

a contradiction. Son =2. If j < f/3, then f > 3 and

, 1
< 220 < Qf/3zi<g i:
Q] <r¥ <r 75575 < 7 D/V?2,

again a contradiction. We have shown that j = f/2, and hence

n n
+1
h? E T g ai\/a T;€;.
i=1 =1

Again, the line spanned by z1e1 + xaeg is h-fixed if and only if there exists some b € F* such that
Va

Y = bx; for all .. We may assume that x; # 0, whence
1=af"" = (b/ay) Vo,

showing that there are at most /g +1 choices for b. For any such b, there are at most ¢ —1 solutions
(x1,22) # (0,0). It follows that

(¢-DHa+1)
1

q_

a;x

Q) < — Vi+1<(¢+1)/V2=D/V2,

a contradiction.

(b) Assume now that G is an r-extraspecial normalizer. Then 2|D = r", so r = 2. But D > 6,
son > 3. Since |Trace(h)|? = D?/2 = 22"~1 | while acting on R/Z(R) = F3", induces an element
h in Spy,(2) with an (2n — 1)-dimensional fixed point subspace, so a transvection. Consider the

element g induces by the action of g on R/Z(R), and recall that ¢* = h. Thus an_l =hisa
transvection. It follows that g € Sp,,(2) has order 2". Also, as a > 1, |Trace(g)|? = A? = 2272
which implies by [GTT, Lemma 2.4] that g has a (2n — 2)-dimensional fixed point subspace on F3".
Thus the size of any Jordan block of the 2-element g is at most 3, and so its order is at most 4,
which is a contradiction since n > 3. O

We also offer a partial result for x of order 2:

Proposition 5.14. Suppose p { Aa(A + a), f is Artin-Schreier reduced, ged(a,gedge(f)) = 1,
o(x) =2, and A?> > D = A+a. Then one of the following conclusions holds for G := Ggeom,G(f,a,x)
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(i) G is infinite.
(ii) G is finite and G(®) s Ap1 acting on its deleted permutation module.
(iii) D < min(80a, 160A).

Proof. Suppose G is finite but (ii) does not hold. Then we repeat verbatim part (a) of the proof
of Proposition to see that either D = r™ for a prime r and G is an r-extraspecial normalizer,
or GG is almost quasisimple, moreover G contains an ss-element ~ of central order D, as well as the
element g in the proof of Proposition By Proposition [5.2] we may assume a > 1, and also

(5.14.1) D > min(80a, 160A).
Since a > 1, we have
Trace(g) = A, Trace(¢g*) = A — a.

If G is an r-extraspecial normalizer, then |[GTI, Lemma 2.4] implies that
ITrace(h)|/D < 1/+/r < 1/v/2 < 2/3

for any h € G. Suppose G is almost quasisimple. Since D > 80 and we are not in (ii), the results
of [KTT, §6] imply that G(>) is not an alternating group. It follows from [GT3} §2] that

|Trace(h)|/D < 79/80

for any h € G. Now
(D —a)/D = |Trace(g)|/D < 79/80,
implying D < 80a and hence 1604 < D < 80a by ([5.14.1f). Thus a > 2A, and
(D —2A)/D = |Trace(g*)|/D < 79/80,

implying D < 1604, a contradiction. U

6. DETERMINATION OF MONODROMY GROUPS: INFINITE CASES

Lemma 6.1. Suppose p{ Aa, f is Artin-Schreier reduced, ged(a, gedgeg(f)) =1, and x = 1. Then
the following statements hold for G = Ggeom g(f,a,1)-

(i) If 21 Aa and f is an odd polynomial, then G = Sp 4.

(ii) If 2|Aa, or f is not an odd polynomial, then G° = SL 4.

Proof. For v € I(0) which generates I1(0)/P(0), v* is a transvection, c¢f. Lemma Therefore
Ggeom,G(f,a,1) 18 infinite. Because G(f,a, 1) satisfies (S+) by Proposition G?geom,g(f,a,l) acts
irreducibly, and is normalized by a transvection. It then follows from [Ka-ESDEl Theorem 1.5]
applied to the case of a pseudoreflection of determinant 1 (i.e., a transvection) that G° = SL 44, or
SPAtq- Applying Lemma [2.12} we are done. O

Lemma 6.2. Suppose p { Aa, f is Artin-Schreier reduced, ged(a,gedge(f)) = 1, x = 1, and

G;%m,g(f,a,ﬂ) = SLA+a- Then

Ggeom,g(f,a,ﬂ) = SLA+a
if a is odd, and
Ggeom,g(f,a,ﬂ) = {g € GLA+(1| det(9)2 = 1}
if a is even.
Proof. The determinant £ := det(G(f,a, 1)) is tame at oo (because G(f,a, 1) has all co-slopes < 1)

and is tame at 0 (because G(f,a,1) is tame at 0). If a is odd, the action of an element v € I(0)
which generates 1(0)/P(0) has determinant 1, while it has determinant —1 if a is even. O
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Proposition 6.3. Suppose pt Aa(A + a), f is Artin-Schreier reduced, a = 1, x = X2, and A% >
A+1#4 (ie, A>2but A#3). If Ggeomg(f,1,x2) S infinite, then either Gaeom g(f,1,x2) = OAtas
07 Gaeom,G(f,1,x2) = 19 € GLA 14| det(g)? = 1}. Moreover, the first case occurs if and only if f is an
odd polynomial.

Proof. If G 1= Ggeom,g(f,1,y) 18 infinite, then by Proposition G° is a simple algebraic group
acting irreducibly. It cannot be SO,4, because SOy is not simple. It is normalized by a reflection
(the action of any v € I(0) which generates 1(0)/P(0)). So by [Ka-ESDE| Theorem 1.5], applied
to the case of a pseudoreflection of determinant —1 (i.e., a true reflection), G° is either SO 441 or
SLA+1-

Suppose that G° = SO4,1. Then G is self-dual by Corollary It then follows from Lemma
2.12|that f is an odd polynomial. Conversely, if f is an odd polynomial, then G < O 441 by Lemma
2.12} and hence G° = SO441 as shown above. As the determinant of G is £,, by Lemma in
this case we have G = O g41. O

Theorem 6.4. Suppose that p { aA(A + a), f is Artin-Schreier reduced, ged(a, gedgeg(f)) = 1,
A% > D := A+a. If x has order 2, assume G := Ggeom,G(f,a,x) 18 infinite. If x has order 3, suppose
D # 3. Then exactly one of the following statements holds for G.

(i) G° =SLp.

(ii) x =1, 2t Aa, f is an odd polynomial, and G = Spp.

(iii) x = x2, 21 Aa, f is an odd polynomial, and SOp = G° < G < Op.

Proof. (A) Using Lemma we will assume throughout the proof that xy # 1. By Propositions
G is infinite. By Proposition G in its given D-dimensional representation V = CP

has (S+). Thus G° is a simple algebraic group, acting irreducibly on V' via its simple module L(\).
By Lemma G contains a simple spectrum element g,. Hence we can apply [KT2, Theorem
3.3.4] to determine the simple G°-module V' = L(\).

Note that (A4,a) # (1,1) as we assume A% > A + a. Since o(x) > 2, it follows from Lemma
and Corollary that either

(a) V is not self-dual over G°, or
(b) the G°-module V is self-dual, of quadratic type, x = x2, and then G < O(V).

In view of [KT2, Theorem 3.3.4], first we consider the case goo ¢ Z(G)G°. Then V is listed in
[KT2, Theorem 3.3.4(B)(b)], and it is always self-dual as a G°-module, hence (b) holds.

If V = L(w;) for G° of type Dy, then D = 2n, and we arrive at (iii).

If V= L(ws) for G° = SLy/ 2, then D = 6, and we can view G° as SOg and again arrive at (iii).

Suppose V' = L(w3) with D = 20 for G° = SLg/us. In this case, V' is of symplectic type, cf. [Lul
Appendices A.2, A.3], contrary to (b).

The final case listed in [KT2, Theorem 3.3.4(B)]is D = 8, and V = L(w; +w2) for G° = SL3/u3.
As V is self-dual, x = x2 and 2 1 Aa by (b). Note that a # 1 by Proposition and A > 3 by
assumption. So we may assume 3 < a < 5. Now some multiple & of (gs,)? belongs to G° and has
spectrum consisting of B(ug ~ {1}) together with § repeated A+1 > 4 times on V. We may assume
h = diag(e1,e2,e3) in SLs, so that the spectrum of A on V' consists of (Eisj_l)il, 1 <i<j <3,
and 1 repeated twice. Since [ is the only repeated eigenvalue, we get 8 = 1. But g is repeated > 4
times, so we may assume €; = 2. In this case, 6153_1 = 5263_1 is repeated, so the common value is
B = 1, which shows that e3 = 1, and thus h|y = Id, a contradiction.

(B) From now on, we may assume that g, € Z(G)G°. We first show that
(6.4.1) G=17Z(G)G",
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except possibly in the case G° is of type Dy. Indeed, it suffices to prove the claim in the case Z(G)G®
has index 2 in G. By Lemma the image of I(oc0) in G is finite. The condition p { Aa(A + a)
implies that p > 2, and hence the image @Q of P(c0), a finite p-group, is contained in Z(G)G°. As g
is chosen to generate together with @ the image of I(o0) and g € Z(G)G°, we have G = Z(G)G°
by Corollary

When holds, it follows from Lemma [2.1fii) that G° admits an element g whose spectrum
on V =L(\)is

{alv"'aaaw@w"vﬁ}a
A
where a1, ...,aq, 5 are pairwise distinct. In particular, g ¢ Z(G). Our subsequent arguments will

use the key observations that if we have two linearly independent eigenvectors of g with eigenvalues
~v1 and 72, then 71 = v implies y1 = 8 = 2, whereas 71 # 72 implies «; € {71,772} for some
1 <4 < a. We will frequently embed ¢ in a maximal torus 7 of G°.

(B1) First we consider the case V = L(zw},) = AF(C") for G° the image of SL,,, and 1 < k < n—1.
By duality we may assume that 1 < k < n/2, and we arrive at (i) if k = 1. If kK = 2 = n/2, then we
can view L()A) as L(w;) for SOg = SL4/p2, and arrive at (iii). By [KT2, Theorem 3.3.4], we may
assume that goo € Z(G)G°, 2 < k <n/2 and n > 5. Hence we may assume that g is the image in
SLp of diag(eq,...,ep), so that the eigenvalues of g on V' are the products

EX = H E;
1€X
for all the k-subsets X of I :={1,2,...,n}.
Suppose first that 1, ..., e, are pairwise distinct. We claim that for each 1 < i < n, there is at
most one k-subset X containing ¢ such that ex = 8. Indeed, suppose for instance that

ey =B =¢emuz

for two different (k — 1)-subsets Y,Z C {2,3,...,n}. Since |[Y U Z| < 2k —2 < n — 2, we may
assume that 2 ¢ Y U Z. As efyuy = €16y # €26y = €qajuy, we must have that ey = ; for
some 1 < < a. Similarly ez = «; for some 1 < j < a. It follows that

[ €2y €2 €2uz Qj

B emuy e ez B
and thus «; = a; occurs with multiplicity > 2, a contradiction.
The proved claim implies that the X’s with ex = [ are all disjoint k-subsets of I, whence

A < n/k. On the other hand, if k =2 then D = (}) > (n/2)%, and if 3 < k < n/2 then

D= (Z) > (Z) > (n/3)2 > (n/k)2

Thus in all cases A2 < D, contrary to our assumption.

We may therefore assume that ¢; = e =: 7. Now for any (k — 1)-subset S C {3,4,...,n},
£{1}us = E{2}us 18 a repeated eigenvalue of g on V', so must be 3, and hence g = 3/¢1 independently
from S. Taking S = {3} UT and {4} UT for a (k — 2)-subset T of {6,...n} (which is possible since
n—5>2k—4>k—2when k<n/2andn—5>2k—52>k—2when k =n/2 > 3), we deduce
that e3 = €4, and so, more generally,

632842...:8n=:5.

Now for the same T', €(1 3yur = €{14jur is repeated, so ey 3yur = . Similarly, e(3 4301 = €(3550r
is repeated, so €3 4yur = (. It follows that v = e; = ¢4 = §, and hence g € Z(G), a contradiction.
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(B2) Next we consider the case V = L(kw;) for G° the image of SL,, or V' = L(kw,_1), with
k > 2 and n > 2. By duality we may assume V = L(kw;) = S¥(C"). One can rule out this case
following the proof of [KT2, Theorem 6.1.16] using Lemma and the (highly technical) results in
[KT2l §6.1]. Instead, we will give a more direct argument.

We may assume that ¢ is the image in SLp of diag(eq,...,&,), so that the eigenvalues of g on V'
are the monomials (in the variables €1, ..., ¢y)
EX = H E;
i€X

for all the k-multisets X of I = {1,2,...,n}.
Suppose first that 1, ..., e, are pairwise distinct. We claim that for each 1 < i < n, there is at
most one k-multiset X containing ¢ such that ex = . Indeed, suppose for instance that

g1yuy = B = g{1yuz
for two different (k — 1)-multisets Y, Z C I. As e;yuy = €16y # €26y = €{o)uy, We must have that
g2yuy = «; for some 1 < ¢ < a. Similarly eg9yyz = a; for some 1 < j < a. It follows that

Q;  E{2uy €2 E{yuz @y
B emuy & ez B
and thus «; = o occurs with multiplicity > 2, a contradiction.
The proved claim implies that the X’s with ex = [ are all disjoint k-multisets of I. Counting

the distinct e; occurring in those X’s, we deduce that A < n. On the other hand, if kK > 3 then

n+k—1 n+2 9
= > >
o= )= ()

(as n > 2), contrary to the assumption that A% > D. It follows that & = 2. In this case, the
distinctness of ¢;’s implies that there are at most ¢ < 2 multisets X = {i,i} with ex = 3, say for
1 <i < ¢. The remaining A — ¢ multisets Y with ey = § are disjoint 2-subsets of {c+ 1,...,n},
showing A — ¢ < (n —¢)/2, and thus A < (n+¢)/2 < (n+2)/2. Using 42 > D =n(n +1)/2, we
obtain n < 3. If n = 3, then A < (n + 2)/2 implies A < 2, contradicting 42 > D = 6. If n = 2,
then we can view L(\) as L(wy) for SLa/ps = SO3 and arrive at (iii).

We may therefore assume that e1 = e2. Now for any (k — 1)-multiset S of I, ef1yu5 = €205 is a
repeated eigenvalue of g on V', so must be 3, and hence eg = (/&1 independently from S. For any
i # j, taking S = {i} UT and {j} UT for a (k — 2)-multiset T" of I, we deduce that &; = ¢;. Thus

E1 =E&2=...=E&p,
ie. g € Z(G), a contradiction.

(B3) Now we consider the case where G° is of type D,, with n > 4. If V = L(w), so D = 2n,
then it is self-dual and (iii) holds. So let V = C2""' be a half-spin representation of G° = Spiny,,.
If n = 4, then V()) is quasi-equivalent to L(ww;). So we may assume n > 5 (in particular
holds), and embed ¢ in a maximal torus 7 of G°. Choose an orthonormal basis (ei,...,e;,) of
R™ and realize the set of all T-weights of V' (written additively) as Y ;" ; aje;/2 with a; = +1 and
[T, ai = (—1)". Write any such weight as

n
(6.4.2) p=px=—Y €2+ e
i=1 i€X
with X C T:={1,2,...,n} of even size.

Suppose that (e; + kez)(g) # 1 for both k = +1 and kK = —1. Then, for each odd-size subset Y of

13,4,...,n}, pryuy (9) # 20y (9) by , so at most one of these values can be 5. Moreover,
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if there are at least three such Y such that one of p1yuy (9), fiq2yuy (g) is B (so the other is some
«;), then we may assume that

(g130v: (9)s g2yuvs (9) = (@i B)s (B{13uv2(9), 230y, (9)) = (a5, B)
for two such Y7, Y5. It follows that
i _ puuvi(9) eig)  muun(9) o
B o9 e29)  ppuowlg) BT
showing o; = «; has multiplicity at least 2 as an eigenvalue of g, a contradiction.

The same arguments applied to pairs of weights uz and py 9yu7 for any even-size subset Z of
{3,4,...,n} show that these weights can take value 5 at ¢ as most twice. It follows that A < 4, a
contradiction since A2 > D > 2%

So, conjugating g by an element of the Weyl group that changes the sign of ey if necessary, we
may assume that e1(g) = e2(g) =: 7. Then for any 3 < i < n, ug44(9) = py2,3(g) is a repeated
eigenvalue, so it must be 3, and thus e3(g) = es(g) = ... = en(g). It follows that 113 43 (9) = p4353(9)
is a repeated eigenvalue, so it must be equal to 8 = g 41(g), and hence e3(g) = e1(g) = 7. Writing
§ = pg(g) we have 5 = pg 53(9) = 7?6 by (6:42). Also, pp12343(9) = py1235(9) = 70 is a
repeated eigenvalue, whence y45 = 8 = 424, yielding 42 = 1. Consequently, (e; +¢;)(g) =7> =1 =
(e; —ej)(g) for all 1 <i < j < n. Since {£e; £e; | 1 <i < j < n} is the set of T-weights for the
adjoint module of G°, we have shown that g € Z(G), a contradiction.

(B4) Next we consider the case where G° is of type B, with n > 2. If V = L(w;), so D = 2n+1,
then it is self-dual and (iii) holds. Consider the case V' = C?" is the spin representation of G° =
Spiny,, 1. We may assume n > 3, since V' is symplectic for G° = Sp, when n = 2. Choose an
orthonormal basis (eq,...,e,) of R” and realize the set of all 7-weights of V' (written additively)
as y r  a;e;/2 with a; = £1. Write any such weight as

n
(6.4.3) u:uX:—Zei/Q—i—Zei
i=1 i€X
with X C I :={1,2,...,n}. Since these weights come in pairs £, 37! is also a repeated eigenvalue
of g, whence 5 = £1. On the other hand, each «; has eigenvalue 1 and occurs as some v(g), so
—v(g) # v(g), i.e. a; # £1. Thus the a;’s also come in pairs, showing 2|a and 2|A. Write § := py(g).
First suppose that (e;+re;)(g) = 1 for some £ = £1 and some i # j. Conjugating g by an element
of the Weyl group that changes the sign of es if necessary, we may assume that e;(g) = e2(g) =: 7.
Then fu411(9) = pg23(9) by (6:4.3), so B = pg1y(g) = ¥d. In this case, for any 3 <i < n, pug;3(9) =
p1{2,i1(g) is a repeated eigenvalue, so it must be 3, and thus e3(g) = es(g) = ... = en(g) = B/70 = 1.
Now & = 1y(g) = py3y(g), forcing 6 = 8 = 4, and thus v = 1. Since {+e;, te;+e; [1 < i< j<n}
is the set of T-weights for the adjoint module of G°, we have shown that g € Z(G), a contradiction.
We may now assume that, for any i # j, (e; + ke;)(g) # 1 for both £ = +1 and £ = —1. Then,
for each subset Y of {3,4,...,n}, ugyuy(9) # py2yuy(9) by (6.4.3)), so at most one of these values
can be 3. Moreover, if there are at least three such Y such that one of ugiyuy(9), #i230v(9) is B
(so the other is some «;), then we may assume that

(L{yovi (9) 230v1(9) = (6, 8), (1{130v2(9)s ri2puvs (9)) = (@, 8)
for two such Y7, Ys. It follows that
a _ i (9) _ealy) _ ruun(9) o
B v (9)  e9)  ppuw(le) BT
showing o; = a; has multiplicity at least 2 as an eigenvalue of g, a contradiction.
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The same arguments applied to pairs of weights pz and gy 2y 7 for any subset Z of {3,4,...,n}
show that these weights can take value 3 at ¢t as most twice. It follows that A < 4. Since A% >
D > 2" 2|A, and n > 3, we must have that A = 4 and n = 3. Hence we may assume that
ppgy(g) = B = px for X or I\ X being one of () and {3}. Now 1 # ei(g)es(g) = B~ ie.
B # 6= pup(g). So pygzy(g9) = B = py23(g), which implies that e3(g) = e2(g), again a contradiction.

(B5) Here we consider the case where V = L(w;) = C?" for G° = Fg. It is convenient to use
the following realization of the weight system of type Fg given in [OVl Table 1]. Namely, in the
Euclidean space RS one can find seven vectors f,e1,...,es with (e;,e;) = 8;; — 1/6, (f,e;) = 0,
(f,f) =1/2, and 3_9_ e; = 0, so that the set of 27 T-weights of V is

{ei:tf,eij 2:—€i—6j‘1§i<j§6}.

Suppose first that f(g)? = 1. Then, for each 1 < i < 6, (e; + f)(g) = (e; — f)(g) is a repeated
eigenvalue for g, so it must be 3. It follows that e;(g) = f(g)p for all i. But then (—e;—e;)(g) = 872
is also a repeated eigenvalue for all i # j, whence 8 = 72 and g acts on V as 3-1d, a contradiction.

We have shown that f(g)? # 1. Then, for each 1 < i < 6, (e; + f)(g) # (e; — f)(g), so at most
one of these values can be 3. Moreover, if there are at least three such i such that one of (e; £ f)(g)
is B (so the other is some «;), then we may assume that

((ex 4+ /)(9), (ex = F)(9)) = (@i, B), ((e2+ f)(9), (e2 — f)(9)) = (e, B).

It follows that

a _ (ea+f)lg) _ £g)? = (e2+ f)lg) _ o

B @=nNe " T(e-No 8
showing o; = «; has multiplicity at least 2 as an eigenvalue of g, a contradiction.

Thus at most 2 among the weights e; £+ f, 1 <1 < 6, can take value 8 at g. Since 5 has multiplicity

A with A%2 > D = 27, at least 4 among the weights —e; — ej (with 1 <@ < j <6) take value 3 at g.
Each such weight corresponds to a pair {7, j}, so at least two among those pairs must intersect. So
we may assume that (—e; —eg)(g) = 8 = (—e2 — e6)(g), and hence e1(g) = e2(g) =: 7. In this case,
for each 3 < j <6, (—e1 —e;)(9) = (—e2 —e;)(g) is repeated, whence (—e; — e;)(g) = f and thus
e3(9) = ea(g) = es(g9) = es(g) =: 0 and § = 1/7d. Also, 1/6% = (—e3 — es)(g) = (—e3 — e5)(g) is
repeated, so 1/6% = 8 = 1/74, implying v = 6. Thus the 15 eigenvalues (—e; — e;)(g) are all equal
to B = 1/4%. Next, the 6 eigenvalues (e; + f)(g) are the same, so they must be 3. Similarly, the 6
eigenvalues (e; — f)(g) are the same, so they must also be equal to 8. Thus g acts on V as §-1d, a
contradiction.

(B6) Consider the case where V = L(w;) = C7 for G° = G2. We use the following realization
of the weight system of type Gg given in [OV] Table 1]. In the Euclidean space R? one can find
three vectors f,eq,...,e3 with (e;,e;) = 0;; —1/3 and Z?:l e; = 0, so that the set of 7 T-weights
of Vis {0,%e; | 1 < i < 3}. Since this set is closed under the multiplication by —1, 87! is also
an eigenvalue of g with multiplicity A > 3 (as A2 > D = 7, and so 3 = +1. Using A > 3,
we may assume kej(g) = [ for some k = £1, which then implies that both +e;(g) are equal to
B. Now if k’ea(g) = B for some k' = £1, then again both +ey(g) are equal to 8. In this case,
e3(g) = (—e1 —e2)(g) = B2 = 1, and hence (—e3)(g) = 1. Thus 1 is a repeated eigenvalue, so
g =1, and g|y = Id, a contradiction. So we have +e;(g) # [ for i = 2,3. But A > 3, hence 8 =1
and ej(g) = 1. It follows that e3(g) = (—e1 — e2)(g) = (—e2)(g) is a repeated eigenvalue, which is
however not equal to [, again a contradiction.

(B7) Now we consider the case where G° is of type C,, with n > 3. If V. = L(wy), then it is
self-dual of symplectic type, a contradiction.
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The remaining case of V = L(w3) = C!* for G° = Spg is also ruled out because V is symplectic
[Lu, Appendices A.2, A.3]. For a potential application, we give another argument without using
the type of autoduality. Embed ¢ in a maximal torus 7 of G°. Then the set of T-weights on V is
{+e;,+e1 £ea +e3 |1 <i <3}, where (eg, €2, e3) is an orthonormal basis of R?. Since this set is
closed under the multiplication by —1, 37! is also an eigenvalue of g with multiplicity A > 4 (as
A?> D =14, and so B = +1.

Suppose first that 2e;(g) # 1 for all ¢. Then +e;(g) # S for all 7. But A > 4, so without loss we
may assume £(e; +ex+e3)(g) = 8 = (e1 +e2—e3)(g). But in this case 2e3(g) = 1, a contradiction.
Hence we may assume that e;1(g) = (—e1)(g), which then implies that both +e;(g) are equal to 5.
But then, for any choice of ko, k3 = £1, (e1 + Koea + k3e3)(g) = (—e1 + Kaea + K3e3)(g), which
implies that they are both equal to f. We now have (e; + e2 + e3)(g9) = 8 = (e1 — e2 + €3)(9),
and hence 2e2(g) = 1. Thus e2(g) = (—e2)(g), implying that the common value is 5. Similarly
es(g) = (—es3)(g) = . Thus g|y = B -1d, a contradiction.

(B8) Finally, the case where V = L(w;) = C for G° = Ey is also ruled out because V is
symplectic [Lu]. Again, we give another argument without using the type of autoduality. Embed ¢
in a maximal torus 7 of G°. Consider a 3-dimensional Fo-vector space U with basis (a, b, ¢), and an
orthogonal basis (e, | u € U) of the Euclidean space R® with (e,,e,) = 1/2. Then the root system
of type Egs can be realized as

{£2ey,xe, ey +e, fe |a,y,2,t €Uz +y+2+t=0, x,y,2t pairwise distinct} .
Imposing the condition u # 0 on the roots, one obtains the root system of type F7, and the set of
56 T-weights of V is given by
(6.4.4) {tes ey, te, |z,y,zeU,x+y+2=0, x,y, z pairwise distinct} .

For brevity, we will label elements of U by {0,1,...,7} as follows:

0—~0,a—1,b—2 a+b—3 c—4, at+c—5 b+cr—=6, atbt+c—T.
Then the seven (unordered) triples (x,y, z) occuring in (6.4.4)) are
(6.4.5) (1,2,3), (1,4,5), (1,6,7), (2,4,6), (2,5,7), (3,5,6), (3,4,7).

First suppose that for 2e;(g) # 1 for all 1 < i < 7. Then, for each triple (x,y, 2) in (6.4.5) and
for each choice of ky, k, = £1, (—ez + Kyey + Kze.)(g) # (ex + Kyey + K2€2)(g), so at most one of
these values can be 3. Moreover, if

(Kzex + kyey + kze:)(g9) = B = (kpex + Fylu + Kyey)(9)

'y Ke), then we have

for two different such 6-tuples (x,v, 2, Kz, Ky, k) and (z,u, v, Kz, K
(—kges + kyey + k2€:)(9) = iy (—kKger + Ky + Kyey)(9) = ;.
It follows that
Q; (—Kzes + Kyey + Kzez)(9) _ _ (—Kzes + Ky ey + Kyeu)(9) _ 9
U = (—2kKze2)(g9) = ; ; =,
B (Kzex + Kyey + Kze2)(g) (Kzez + Kl eu + Kev)(9) B
showing o; = «; has multiplicity at least 2 as an eigenvalue of g, a contradiction.
Since A? > 56, i.e. A > 7, we may assume that 8 occurs at least twice among the 8 values
(£ei + +es + te3)(g). Changing the sign of e, if necessary, we may assume that
(6.4.6) (e +e3 +e3)(g) = 5.
The preceding observation implies that the other occurrence of 5 among (fej + t+e5 + +e3)(g) can
only be attained as

(6.4.7) (—e1 —e3 —e3)(9) = B.
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Since A > 2, we can find a triple {z,y, z} # {1,2,3} and some £y, Ky, £, = 1 such that
(ke + kyey + kze.)(g) = B.

Inspecting (6.4.5), we see that {z,y,z} intersects {I,2,3} at exactly one point, which, by the
symmetry of 1 2 3, may be assumed to be x = 1. Applying the same observation, we see that

ke # 1 by -, and Kk, # —1 by -, a contradiction.
Hence we may assume that 2ej(g) = 1. Now for each choice of k3, k3 = +1,
(e1 + raez + Kze3)(g) = (—61 + rzes + rzes)(9),
so must be equal to 8. But then (e7 + e5 + e3)(g9) = 8 = (ef — e5 + €3)(g), and hence 2e5(g) = 1.

)
Repeating this argument, we deduce that 261«( ) = 1 for all z and moreover all (+e, £e,+e.)(g) are
equal to 8 for all triples (z,y, z) occurring in . Thus g acts on V as 3-1d, a contradiction. [J
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