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Introduction

The study of exponential sums over finite fields goes back to Gauss. The importance of esti-
mating them goes back at least to Kloosterman’s 1926 paper [KI|. In the one-variable case, it was
understood by Hasse and Davenport in 1934 [HD] that the good estimate would result from the
proof of the Riemann Hypothesis for curves over finite fields. That proof was supplied by Weil in
1945 [Weill]. See also Weil’s 1948 paper [Weil2], whose Math Review was written by Kloosterman.
The following year, Weil explained [Weil3|] what should be true for projective smooth varieties of
any dimension over finite fields, in what came to be known as the Weil Conjectures. The next
big advance came with Grothendieck’s invention, and the development by his school, of ¢-adic co-
homology and its sheaf theoretic setting, cf. [SGA4], 7.2]. This setting allowed Deligne to prove
the Riemann Hypothesis part of the Weil Conjectures in the general case, cf. [Dell 1.6]. Deligne
then vastly generalized his result to the setting of ¢-adic sheaves in [De2, 3.3.1], and used this
generalization to prove the Sato—Tate Conjecture for elliptic curves over function fields, cf. [De2|
3.5.7]. To do this, Deligne brings to bear the arithmetic and geometric monodromy groups attached
to a lisse sheaf which is “pure of weight zero”, and shows that determining these groups is precisely
what leads to equidistribution theorems in the function field case.

At this point, let us clarify the notion of “pure of integer weight w” for a lisse Q; sheaf F
on a smooth, geometrically connected X/F,. The requirement is that for every field embedding
v : Q; C C, the following condition holds: for every finite extension L/F,, and every point x € X (L),
the eigenvalues of Frob, ;, on F all have, via ¢, complex absolute value (#L)w/ 2. Note that if an
element o € Q; has |¢()|c independent of ¢, then « is an algebraic number, all of whose conjugates
(as algebraic numbers) have the same complex absolute value as each other.

Another key output of the f-adic theory is the ability to interpret a parametrized family of
exponential sums as the Frobenius traces of an f-adic sheaf on the parameter space, and to control
the open set on which this sheaf is a local system. Moreover, the results of Weil and Deligne will
ensure that this local system, after a partial Tate twist, is pure of weight zero. One then obtains
equidistribution results for the family of exponential sums in question, as soon as one computes the
arithmetic and geometric monodromy groups of the local system in question.

The families of exponential sums we will deal with in this book will typically have parameter
space either the affine line A! or the multiplicative group G, := A! \ {0} over a finite field &, of
characteristic p > 0. Their incarnating sheaves will be £-adic local systems on the parameter space,
for any choice we like of a prime £ # p.

Given a prime p, it was conjectured by Abhyankar [Abh| and proven by Raynaud |[Ray]| (see
also [Pop]) that any finite group G which is generated by its Sylow p-subgroups occurs as a quotient
of the fundamental group of the affine line A’ /Ith The analogous result for the multiplicative group
G, also conjectured by Abhyankar and proven by Harbater [Har], is that any finite group G which,
modulo the subgroup Opl(G) generated by its Sylow p-subgroups, is cyclic, occurs as a quotient of
the fundamental group of G, /F,. In the ideal world, given such a finite group G, and a complex
representation V of GG, we would be able, for any prime ¢ # p, to choose an embedding of C into
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Qy, and to write down an explicit Q-local system on either A’ /F, or on G, /F, whose geometric
monodromy group is G, in the given representation.

Needless to say, we do not live in the ideal world. On G,,/F,, the simplest local systems are
the hypergeometric sheaves. They are simplest in the sense that among irreducible local systems of
rank > 1, they are characterized by having their H} of minimum possible dimension, namely one,
cf. [Ka-ESDE] 8.5.3]. So it is natural to investigate their monodromy groups. A key step in this
investigation is to show that monodromy groups of a wide class of hypergeometric sheaves H satisfy
the group-theoretic condition (S+), cf. Theorem for the precise statement. [Condition (S+)
is a slight strengthening of condition (S) introduced in [GT3|, and roughly speaking, corresponds
to Aschbacher’s class S of maximal subgroups of classical groups [Asch].] When (S+) holds, it
imposes strong restrictions on the pair (Ggeom, H). If Ggeom is infinite, then the identity component
Ggeom Of Ggeom 1s a simple algebraic group, still acting irreducibly. If G := Ggeom Is finite, then
either G is almost quasisimple (that is, S << G/Z(G) < Aut(S) for some non-abelian simple group
S), or G is an “extraspecial normalizer”, in particular, the dimension of the representation is a
prime power 7" and there is an extraspecial r-group E in G of order r'*2?" acting irreducibly.

The converse question of which (complex or modular) representations of almost quasisimple
groups satisfies condition (S) is of great importance to the Aschbacher—Scott program of classifying
maximal subgroups of finite classical groups, and ultimately to primitive permutation group theory.
We refer the reader to [T] for a detailed account of this problem. The complex representations
of almost quasisimple groups that can arise in the hypergeometric context have been classified in
[KT5], see for these representations condition (S+) is established in Theorem We
also note that the full extraspecial normalizers in GL,n(C), respectively in Sp,»(C) or O, (C),
satisfy (S); see [KIL, Proposition 7.6.2] for the result in the more general situation of ¢-modular
representations with ¢ # r.

In studying local systems and their monodromy groups, there are two kinds of natural questions
which arise. The first is this: given a simple (in the sense of simple to remember) local system,
determine its monodromy group.

One of the main themes of this book, along the lines of the first kind of question, is to investigate
what are arguably the simplest one-parameter families F (A, B, x) of exponential sums, those of the
form

(0.0.0.1) b =Y (e + taP)x (@),

for given prime to p integers A > B > 0 with gcd(A, B) = 1, a fixed additive character ¢, and a given
multiplicative character x? It turns out that these families are Kummer pullbacks of hypergeometric
sheaves, cf. Theorem This relation allows us, in §§10.2] to completely determine their
monodromy groups. In turn, building on these one-parameter results, in Chapter [11] we complete
the classification of all multi-parameter families F(A, By, ..., By, x) of exponential sums

(0.0.0.2) (tr,to, oo te) = = Y (@ + 2P 4+ )y (@)
X

that admit finite monodromy, and the determination of the corresponding geometric monodromy
groups Ggeom-

The second kind of natural question is this: given a finite group G together with a faithful
irreducible representation V' satisfying (S+), construct a simple (again, in the sense of simple to
remember) local system whose monodromy is (G, V), if such a local system exists. This second
question, when G is almost quasisimple, has already been the subject of a number of papers by the
authors, some jointly with Antonio Rojas-Ledn, cf. the Bibliography. Investigation of the other
(S+) case, when G is an extraspecial normalizer, is a second main theme of this book.
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Let us now turn to a more detailed description of the contents of this book. We work with
geometrically irreducible hypergeometric sheaves ‘H on G,,, i.e., those that are lisse on G,, and
whose Ggeom acts irreducibly. At the possible expense of interchanging 0 and oo on G, by inversion,
we may and will assume H is of type (D, m) with D > m. One knows [Ka-ESDE| 8.4.11] that
if Ggeom is finite, then a generator of local monodromy at 0 is an element of Ggeom Which has all
distinct eigenvalues in the given representation (a simple spectrum element). In general, such a
generator has regular spectrum, in the sense of Definition |1.1.5

Our first main result, Theorem shows that if such a sheaf H in characteristic p has
wild part of dimension 1 < w < (p — 1)/2, then its geometric monodromy group Ggeom is either
infinite, or finite but imprimitive (unless H has rank 2 and p = 5). This result can be viewed as
a hypergeometric version of the celebrated result [E'T] of Feit and Thompson on linear groups of
degree < (p—1)/2.

Building on [KT5, Theorem 7.4], our Theorem shows that if D > 11 and H has a finite
geometric monodromy group Ggeom Which is almost quasisimple of Lie type in some characteristic
r, then the characteristic of H must necessarily be r, aside from three exceptions for D = 12 and
D = 14. A similar result for hypergeometric sheaves with Ggeom an extraspecial normalizer was
established in [KT5| Theorem 9.19].

Our next result, Theorem extending prior work of Howe [HS| Theorem 4.6.3], gives a full
classification of representations of (not necessarily connected) simple algebraic groups that admit
elements with regular spectrum.

The next main result, Theorem vastly generalizing earlier related results in [KT5], shows
that any geometrically irreducible hypergeometric sheaf of type (D, m) with D > m satisfies (S+),
as long as it is primitive and has rank # 4,8, 9.

In Chapter @, we determine, in Theorem the possible identity component Ggeoy, 0f Ggeom
for a hypergeometric sheaf H of type (D, m) with D > m satisfying (S+) whose Ggeom is infinite.
Recall from [GT3|, Proposition 2.8] that (S+) (which by Theorem is automatic so long as
D # 4,8,9 and H is primitive) implies that Ggeom is a simple algebraic group acting irreducibly. In
[Ka-ESDE, 7.2.7], it is proved that in sufficiently large (depending on w := D — m) characteristic
p, the only such possibilities for the given representation of Ggeom are either one of the classical
groups SLp, SOp, or Spp for even D, in the standard D-dimensional representation or its dual, or
(G2 in its 7-dimensional representation, or SL3 in its 8-dimensional adjoint representation, or Spin,
in its 8-dimensional spin representation. Removing the constraint on size of the characteristic p,
Theorem [6.2.14] shows that, aside from a few possible low-rank exotic exceptions in characteristic
p = 2,3, these are the only possibilities.

Chapter [7] is devoted to the study of the extraspecial normalizer case in odd characteristic,
with Theorem as the principal result. Perhaps not surprisingly, the study of the extraspecial
normalizer case in characteristic p = 2 is hugely more complicated, and takes up Chapters [§/and [9]

Among other results, in parallel with the approach of [K'T'7], we are able to realize in Theorem|9.1.11

the extraspecial normalizers 2}r+2"f . Q;n(2f ) as geometric monodromy groups of hypergeometric

sheaves, whereas type — extraspecial normalizers gt/ Q;n(2f ) are realized in Theorem
following the approach of [KT6|]. Furthermore, a novel use of Witt vectors allows us to produce,
for the first time, explicit local systems with geometric monodromy groups of shape (4 * glt2nf ) -
Sps, (27), see Theorem

Chapter is devoted to computing the monodromy groups of the one-parameter families
F(A, B, x)in (0.0.0.1). The main results are Theorems|10.2.4]and [10.2.7| (for exponents A > B = 1),
and Theorems (10.3.13] [10.3.14] and [10.3.21| (for exponents A > B > 1). In particular, the list of
(A, x) for which the local system F (A, 1, x) in (0.0.0.1)) has finite monodromy, previously conjectured
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in [KT1] and [R-L], is proved to be complete. We also show (see Lemmas [10.3.15} [10.3.16/10.3.17}
and that the exotic possibilities for p = 2,3 in Theorem [6.2.14|do not occur in the context of
the one-parameter systems F (A, B, x). Multi-parameter analogues of these results for the families
F(A,By,..., A, x) in are obtained in Chapter

Chapter [12] is devoted to treating some of the very few cases of families with non-monomal
perturbing terms where we can say anything at all. This is very much an area in which much
remains to be done. The proofs of the main results in this chapter, Theorems [12.2.3| and [12.3.6],
once again highlight the importance of the moment Ms 5 in the study of the Ggeom of local systems.
In addition, Theorems [12.5.4} [12.5.5} [12.5.11] and [12.5.12 determine geometric monodromy groups
for some special classes of two-parameter local systems with non-monomial coefficients. This theme
will be further explored in the forthcoming paper [KT8].

The appendices consist of two Magma programs.

A word about notation. Throughout the book, we use F for a local system which is pure of some
integer weight, and we use G to denote a suitable constant field twist of F which is pure of weight
zero. The two are geometrically isomorphic, so have the same geometric monodromy group Ggeom,
but their arithmetic monodromy groups Gayith, 7 and Garith,g may differ. [They will coincide if F is
itself pure of weight zero and we take G := F.] When F has nonzero weight, the group Garith, 7 is
never finite, indeed never has a semisimple identity component, simply because its determinant is
pure of nonzero weight. It is only Garitn,g Which can ever be finite.




CHAPTER 1
The basic (S—), (S), and (S+) settings

1.1. Conditions (S—), (S), and (S+) for local systems

We work over an algebraically closed field C of characteristic zero, which we will take to be Q;
for some prime ¢ in the rest of this book. Given a nonzero finite-dimensional C-vector space V' and
a Zariski closed subgroup G < GL(V), recall from |[GT3, 2.1] that G (or more precisely the pair
(G,V)) is said to satisfy condition (S) if each of the following four conditions is satisfied.

(i) The G-module V is irreducible.

(ii) The G-module V is primitive.
(iii) The G-module V is tensor indecomposable.
(iv) The G-module V is not tensor induced.

We also say that G, or the pair (G, V), satisfies condition (S—), if it fulfills (i), (ii), and (iii).

We have the following two elementary but useful lemmas.

LEMMA 1.1.1. Suppose that H < G < GL(V) and G,H are both Zariski closed. If (H,V)
satisfies (S) (respectively satisfies (S—)), then (G,V') satisfies (S) (respectively satisfies (S—)).

PRrROOF. Immediate from the definitions. O

LEMMA 1.1.2. Suppose that G < GL(V') is Zariski closed, irreducible and primitive, and that
dim(V) is a prime number. Then (G,V') satisfies (S).

PROOF. Indeed, conditions (iii) and (iv) are automatic. O

LemMA 1.1.3. [KT5, Lemma 1.1] Suppose 1 # G < GL(V) is a Zariski closed, irreducible
subgroup. Then the following statements holds.
(i) If G satisfies (S), dim(V') > 1, and Z(G) is finite, then we have three possibilities:
(a) The identity component G° is a simple algebraic group, i.e. G° has no nontrivial connected
normal Zariski closed subgroups, and V|go is irreducible.
(b) G is finite, and almost quasisimple, i.e. there is a finite non-abelian simple group S such
that S < G/Z(G) < Aut(S).
(c) G is finite and it is an “extraspecial normalizer” (in characteristic r ), that is, dim(V) = r™
for a prime r, and G contains a normal r-subgroup R = Z(R)E, where E is an extraspecial
r-group E of order r'*" acting irreducibly on V, and either R = E or Z(R) = C}.
(ii) Z(Q) is finite if and only if det(G) is finite.

DEFINITION 1.1.4. A pair (G,V) is said to satisfy the condition (S+), if it satisfies (S) and, in
addition, |Z(G)| is finite (equivalently, det(G) is finite). More generally, if T" is any group given with
a finite-dimensional representation ® : I' — GL(V'), then we say (I', V') satisfies (S+), if (®(I"),V)
satisfies the three conditions of (S) and, in addition, det(®(I")) is finite.

DEFINITION 1.1.5. Given a group G, an element g € GG and a a finite dimensional representation
¢ : G — GL(V) over C, we say that



10 1. THE BASIC (S—), (S), AND (S+) SETTINGS

(a) g has simple spectrum on V| or g is an ssp-element on V', if ®(g) is diagonalizable and has
pairwise distinct eigenvalues on V;

(b) g has almost simple spectrum on V', or g is an asp-element on V, if ®(g) is diagonalizable and
has at least dim(V') — 1 pairwise distinct eigenvalues on V/;

(c) g is an m2sp-element on V, if ®(g) is diagonalizable and each of its eigenvalues on V has
multiplicity < 2;

(d) g has regular spectrum on V, if for any A € C, dimKer(®(g) — A -1Id) < 1, equivalently, ®(g)
has at most one Jordan block with eigenvalue A for any A € C; and

(e) g has almost regular spectrum on V', if V' decomposes as the sum Vp @ Vi of ®(g)-invariant
subspaces, dim Vy < 1, and g has regular spectrum on V.

In a perhaps unfortunate terminology due to Sylvester [Syll], an element g € GL(V) with
regular spectrum is also called “non-derogatory”. Such an element is regular in the sense that
its centralizer in GL(V') has smallest possible dimension, and this is the reason behind our term
“regular spectrum”.

The relevance of Definition to the study of monodromy groups of hypergeometric sheaves
is explained in Proposition (below). Let us also recall two elementary results.

LEMMA 1.1.6. [GT3l, Lemma 2.5] Given a Zariski closed subgroup G C GL(V) and a Zariski
closed normal subgroup H < G, suppose that (G,V') satisfies (S—). Then either H < Z(G) or Vg
s 1rreducible.

LEmMA 1.1.7. [KT5| Lemma 1.6] Let ' be a group, C an algebraically closed field of character-
istic zero, n € Z>1, ® : T' = GL,(C) = GL(V) a representation of I', and G < GL(V') the Zariski
closure of ®(T'). Then (T, V) satisfies (S+) if and only if (G, V) satisfies (S+). This equivalence
holds separately for each of the four conditions defining (S+).

To prove an analogue of Lemma for groups satisfying (S—), first we need the following
result on p-groups:

LEMMA 1.1.8. Let p be a prime and let P be a finite p-group. Suppose that every characteristic
abelian subgroup of P is cyclic, and also central if p = 2. Then P = E x C is a central product of
subgroups E and C, where E =1 or E is an extraspecial p-group, and C = Z(P) is cyclic.

PrOOF. By Hall’s theorem, see e.g. [Gor], we have that P = E % X is a central product, where
FE =1 or F is an extraspecial p-group, and either X is cyclic, or p = 2 and X is either a dihedral
group
Dym = (z,y | 2" =y =1Lyay ' =a7"),

a generalized quaternion group
m—2 _ _
Qom = (z,y | ®" " =y*,y' = Lyay ™ =a7"),
or a semi-dihedral group
SDom = (z,y | 2®"~

of order 2™ > 16. In either case, Z(P) = Z(E) * Z(X) is characteristic abelian in P, hence cyclic
by assumption, and Z(F) has order 1 or p. Hence we are done if p > 2 or if p = 2 but X is cyclic
(taking C' := X).

Assume now that p = 2, but X is non-cyclic. In the above notation, Z(X) = <m2m72> = (O,
hence Z(P) = Z(X) > Z(E). Note that P/Z(P) = E/Z(E) x X/Z(X), where X/Z(X) is dihedral
of order 21, with center (22" °)/Z(X). Now, if Q denotes the full inverse image of Z(P/Z(P))

1 _ _ m—2
=y’ =lyzy =22

)
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in P, so that Q/Z(P) = Z(P/Z(P)) = E/Z(E) x Z(X/Z(X)), then Q = E * (#2" ). Thus
Z(Q) = (me_S) = (4 is characteristic abelian, however not central in @, a contradiction. O

LEMMA 1.1.9. Let 1 # G < GL(V) be a Zariski closed, irreducible subgroup. Suppose that G
satisfies (S—), dim(V) > 1, and Z(G) is finite. Then we have three possibilities:

(a) The identity component G° = L1 x Lo * ... * Ly is a central product of simple algebraic
groups, which are permuted transitively by G via conjugation, and V|ge is irreducible.

(b) G is finite, F*(G) = Z(G)E(G), E(G) = L1*Lax...xLy, is a central product of quasisimple
groups which are permuted transitively by G' via conjugation, and V|gqy is irreducible.

(c) G is finite and it is an extraspecial normalizer in characteristic r, i.e. dim(V) = r" for
a prime v, and G contains a normal r-subgroup R = Z(R)E, where E is an extraspecial
r-group E of order r'*?" acting irreducibly on V, and either R = E or Z(R) = Cj.
Furthermore, R/Z(R) = O,(G/Z(Q)) is the unique minimal normal subgroup of G/Z(QG),
and G/Z(G)R embeds in Spa,,(r).

PROOF. (i) By Lemmall.1.3[ii), det(G) is finite. Now we can apply the arguments in the proof of
[GT3. Proposition 2.8] to G. Suppose G° # 1. Then G° is semisimple, and so G° = Ly Lox...x L,
is a central product of simple algebraic groups. Now, G permutes L1, Lo, ..., L, via conjugation.
If this action is not transitive, then we can write G° = A * B, where A is the product of the L;’s
belonging to one G-orbit, and B is the product of the rest. Furthermore, A, B<G and A, B £ Z(G).
Hence A and B are irreducible on V' by Lemma and so B < Z(G) by Schur’s lemma, leading
to a contradiction. Thus (a) holds if G° # 1.

(ii) We will now assume that G is finite. As dim(V) > 1, G > Z(G). Let L be a minimal
normal subgroup of G/Z(G). Suppose L is non-abelian. Then the arguments in part 2) of the proof
of [GT3| Proposition 2.8] show that L is the unique minimal normal subgroup of G/Z(G), and
K =Ly *Lyx*...x L, is a central product of quasisimple groups which are permuted transitively
by G via conjugation, if K = L) and L is the full inverse image of L in G. The uniqueness of
L implies that E(G) = K, and that F*(G) = Z(G)E(G). Furthermore, V|pg(q) is irreducible by
Lemma [1.1.6, and so (b) holds.

(iii) Suppose now that L is an (elementary) abelian r-subgroup for a prime 7, and let L be
the full inverse image of L in G. Then [L,L] < Z(G), whence L is nilpotent and so we can write
L =0,/(Z(G)) x Ly for an r-subgroup L1 <G. As L <G and L £ Z(G), V is irreducible over L by
Lemma and so over L; as well; in particular, Ly is non-abelian. Since dim(V') > 1, Lemma
implies that any characteristic abelian subgroup of Ly is contained in Z(G), and so is cyclic
and central in L;. By Lemma L1 = Eq % Lo, where Ej is extraspecial and Ly = Z(Lq) is
cyclic.

For any =,y € L1, we have 2" € Z(G) and [z,y] € Z(G), whence [z,y]" = [z",y] = 1. The latter
implies by [KS, 5.3.4(b)] that (zy)" = z"y" when r > 2 and (zy)* = z*y* when r = 2. Setting
r"=rifr >2and v =4 if r = 2, we then see that

(1.1.9.1) R:={zel |z" =1}

is a characteristic subgroup of Li; in particular, R <t G. Note that F; # 1 is a central product of
extraspecial r-group of order 73 and so it contains non-central elements of order 7’ (see e.g. [KS|
p. 115]), and thus R £ Z(G). By Lemma V| g is irreducible, and any characteristic abelian
subgroup of R is cyclic and central. Again applying Lemma [I.1.8] we obtain that R = E %« C, where
E is extraspecial and C is cyclic. Moreover, exp(R)|r’ by (1.1.9.1), and so Z(R) < Z(G) is cyclic of
order dividing /. It follows that either R = E, or r = 2 and C = Cy, i.e. the first statement in (c)
holds.
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Next, Z(R) = RNZ(G) = RNZ(Ly), and so 1 # R/Z(R) < L/Z(L,) = L/Z(L) = L. The
minimality of L then implies that L = R/Z(R). By Schur’s lemma, C¢(R) = Z(G), so G := G/Z(G)
embeds in

Auto(R) := {f € Aut(R) | f acts trivially on Z(R)}.
According to [Gri] (for r = 2) and [Wi] (for r > 2), Auto(R) contains the normal subgroup L of
all inner automorphisms of R and Autg(R)/L — Sp(L) = Sp,,, (), and thus G/Z(G)R < Spa,, (7).
The minimality of L implies that G/Z(G)R acts irreducibly on L. Next, L < O,(G), and the
r-group O,(G)/L < Sp(L) acting on the F,-space L must have a nonzero fixed point subspace X
which is G-invariant. Hence X = L by irreducibility, and so L = O,(G). Finally, if M is any
minimal normal subgroup of G, then the preceding arguments imply that M is abelian and equal

to O,(G), completing the proof of (c). O
For later use, we prove another result on p-groups:

PROPOSITION 1.1.10. Let p be a prime, V.= C"™ with n > 1, and let P < GL(V) a finite
irreducible p-group. Let x denote the character of G on V. Suppose that every characteristic
abelian subgroup of P is central in P. Then the following statements hold.

(i) n=p™ for some m € Z>1, P = E x C is a central product of subgroups E and C, where E is
an extraspecial p-group of order p*+?™  and C = Z(P) is cyclic.

(ii) If h € GL(V) has finite p'-order and h normalizes P, then the order M of the automorphism
f of P induced by h is less than p™*1/(p —1).

(iii) Suppose k € Z>1 and p{ k. Then Sym*(x) is a multiple of an irreducible character of degree
p™ of P. If in addition 1 < k < n — 1, the same statement holds for N\F(x).

(iv) Suppose k € Z>1 and plk. Then Sym*(x) contains at least N distinct linear characters of P,
where N := p?™ —1ifp> 2 and N := 271 (2™ +1) if p = 2. If in addition 2 < k < n—2, the
same statement holds for A*(x), with N := p*™ — 1 ifp > 2 and N := 2™~ 12™ — 1) if p = 2.

PROOF. (i) Since P is irreducible, Z(P) is cyclic, and by hypothesis every characteristic abelian
subgroup of P is cyclic. Hence P = E % C, with E and C as described in Lemma Now Vg
is irreducible, so |E| = p!*t?™ with n = p™.

(ii) Note that exp(E) = p or p?. Setting

Py={zeP|a” =1}, Cp:=0(C):={z€C | =1},

we then see that P» = {xz | z € E,z € (3}, whence P, = E % Cy is a characteristic subgroup of
P, of exponent p or p?>. As P, > E is irreducible on V, h centralizes Z(P,) < Z(GL(V)), so f|p,
belongs to

Auto(Py) = {y € Aut(Ps) | y acts trivially on Z(P»)}.

Moreover, if f7 acts trivially on Py, then h/ € Cgrv)(P2) = Z(GL(V)), and so h? centralizes P as
well. Thus f and f|p, have the same order M.

Note that aP, [z,y] € Z(P) for all z,y € P, and so [z,y]P = 1 . Hence the commutator map
(z,y) ~ [z,y] induces a non-degenerate symplectic bilinear form on P»/Z(P,) = E/Z(E) = F2™,
taking values in Q1(Z(P»)) := {2z € Z(P») | 2P = 1} = F,. Certainly, h acts on P,/Z(P,) preserving
the form, and h acts trivially on Z(P»). If some power h/ acts trivially on P»/Z(P,), then, since
p 1 o(h), we have that h’ centralizes P by [KS| 8.2.2]. Thus M is equal to the order of the map
in Sp(P,/Z(P,)) induced by f. In particular, M < meo(Sp,,,(p)), whence M < p™*1/(p — 1) by
[GMPS| Table 3].

(iii) As E is extraspecial, Z(E) = (z) = (), and we may assume z acts on V as (, - Id. Now,
given p 1 k, we see that z acts as the scalar C;f # 1 on V®k, Thus, any irreducible constituent of the
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E-character afforded by V®F lies above the character z — Czlf of Z(E), and the extraspecial p-group

F has a unique such irreducible character, which has degree p™. As both Sym* (V) and A*(V) are
inside V¥ the statement follows for E, and hence for P = E % C (as C acts via scalars on V).

(iv) Denote ¥ := Sym or A, and assume 1 < k < n—1 when ¥ = A. It is well-known that X¥(V)
is a nontrivial irreducible module for SL(V'). As GL(V) = Z(GL(V))SL(V) and SL(V)/Z(SL(V))
is simple, the only elements of GL(V) that can act via scalars on X¥(V) are the ones in Z(GL(V)).
It follows that ¥*(x) cannot be a multiple of a single linear character of P. As pl|k in this case, the
generator z of Z(E) acts as ¢(§ = 1 on V®* and thus the character of £ on V®* is a sum of p™*
linear characters. The previous observation implies that AF(x)|r must contain at least two distinct
linear characters. Since P = ExC with C < GL(V), ¥ () must contain at least two distinct linear
characters, say « and 8, with a|g # B|g.

First we consider the case p > 2. Denoting D := ((,2 - Id) < Z(GL(V)), one readily check that
ExD =PyxD = ET %D, where B+ = pfzm is extraspecial of exponent p. Extending o to Py x D,
we may assume that «|g+ is nontrivial. It is well-known that

NGL(V)(E+) = Z(GL(V))E+ X Spo, (P),

and Sp,,,(p) has two orbits on Irr(ET/Z(E™T)): {1g+}, and one of length p?>™ — 1. Also, Z(E™T) =
Z(E) acts trivially on V¥, Since N (E™) also acts on AF(V), Clifford’s theorem implies that
Y¥(x)|g+ contains the Nerv)(E™)-orbit O of a|g+ which has length p*™ — 1.

Now we can write every element g € P, (not uniquely) as g = xd with € ET and d € D. Then
d acts on 3*(V) as pu(d), where p € Irr(D) and p((p2 -1d) = C;fg. For each A € O, the ET-eigenspace
W)y in XF(V) that corresponds to A is invariant under P,, and g acts on this subspace as the
scalar A(z)u(d). If these actions of each g € Py are the same on W)y and W)y, for O 3 X # A, then
A(z) = N(z), a contradiction because ET < P,D. Hence, X¥() must contain at least |O] = p™ —1
distinct linear characters of P», whence the statement follows for P.

Next we consider the case p = 2. It is well known, see e.g. [Gri|, that either

Py =E =2 for some ¢ =+ and Ngp(P,) = Z(GL(V))P; - 05,,(2),

or
Py = E x Cy and Napv)(F2) = Z(GL(V)) P - Spy,, (2).

Choose x = + if ¥ = Sym and k = — if ¥ = A. Since C} acts via scalars on ©¥, arguing as above,
we see that it suffices to show that ¥*(y) contain at least N distinct linear characters for Cy % E.
Repeating the argument and using Cy x E = Cy * E*, we see that it suffices to show that X (y)
contains at least N distinct linear characters for B = 21+2™. Note that the representation of E*
on V is orthogonal if kK = +, and symplectic if Kk = —. Moreover, the contraction map shows that
(V) contains ¥*~2(V) as modules over O(V), respectively over Sp(V), see [OV] Table 5]. As
2|k > 2, it suffices to prove the statement for k = 2. Now, V&2 = Sym?(V) @ A%(V) affords the
regular character of E%/Z(E"), which breaks into three Nqp, ) (E")-orbits: {1g«}, one of length
2m=1(2m — k), and another, say O, of length (27! + k)(2™ — k). By the choice of x, X2(x)|g~
contains 1p+, and dim ¥*(V) = 1+ [O|. Since Ngr,)(E”) also acts on ¥*(V), Clifford’s theorem
implies that X2(V) affords 1z« and the orbit O, proving the statement with N = dim ¥2(V). O

1.2. Kloosterman and hypergeometric sheaves

We work in characteristic p, and use @—coﬁefﬁcien‘cs for a chosen prime £ # p. We fix a nontrivial
additive character ¢ of ), with values in 11,(Q;). We will consider Kloosterman and hypergeometric
sheaves on G, /IF}, as representations of 7 := m1(G,/Fp), and prove that, under various hypotheses,
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they satisfy (S4) as representations of m1. As noted in Lemma this is equivalent to their
satisfying (S+) as representations of their geometric monodromy groups.
On G, /FF,, we consider a Kloosterman sheaf

Kl := Kly(x1,---,XD)

of rank D > 2, defined by an unordered list of D not necessarily distinct multiplicative characters
of some finite subfield F, of F,,.

One knows that Kl is absolutely irreducible, cf. [Ka-GKM)J, 4.1.2]. One also knows, by a result
of Pink [Ka-MG!| Lemmas 11 and 12] that Xl is primitive so long as it is not Kummer induced.
Recall that Kl is Kummer induced if and only if there exists a nontrivial multiplicative character p
such that the unordered list of the x; is equal to the unordered list of the px;. Thus primitivity (or
imprimitivity) of Kl is immediately visible.

Recall that for any smooth, geometrically connected X/F, and any lisse Qy sheaf on X, with
geometric monodromy group Ggeom, & celebrated theorem of Grothendieck [De2l, 1.3.8] tells us that
the radical of Gg.,y, is unipotent. Thus if F is geometrically semisimple, then Gg.y, 1s semisimple.

Applying this last statement to det(F), we see that det(F) is geometrically of finite order, since its
GS being a semisimple subgroup of GL1(Qy), is trivial.

geom>

THEOREM 1.2.1. [KT5| Theorem 1.7] Let Kl be a Kloosterman sheaf of rank D > 2 in charac-
teristic p which is primitive. Suppose that D is not 4. If p = 2, suppose also that D # 8. Then Kl
satisfies (S+).

More generally, we consider a (Qg-adic) hypergeometric sheaf H of type (D, m) with D > m > 0,
thus

H = Hypy(X1;-- -, XD; P15+ - - Pm)-

[A Kloosterman sheaf is none other than a hypergeometric sheaf H of type (D,0).] Here the x;
and, if m > 0, the p; are (possibly trivial) multiplicative characters of some finite subfield F, with
the proviso that no x; is any p;. [The case m = 0 is precisely the Kl case.] One knows [Ka-ESDE]
8.4.2, (1)] that such an H is lisse on G,,, geometrically irreducible. Its local monodromy at 0 is
tame, a successive extension of the x;. It is of finite order if and only if the y; are pairwise distinct,
in which case that local monodromy is their direct sum @;x;, cf. [Ka-ESDE, 8.4.2, (5)]. Its local
monodromy at oo is the direct sum of a tame part of rank m which is a successive extension of the
pj, with a totally wild representation Wildp_,, of rank D —m and Swan conductor one, i.e. it has
all co-breaks 1/(D —m). It is of finite order if and only the p;, if any, are pairwise distinct, in which
case that local monodromy is the direct sum of @;p; with Wildp_,,,. We denote by w := D —m the
dimension of the wild part Wild, and let

(1.2.1.1) J := the image of I(c0) on H.

THEOREM 1.2.2. [KT5, Theorem 4.1] Let H be an irreducible Qq-hypergeometric sheaf on
G /Fp, with p # £, and of type (D,m) with D —m > 2. Denote by Gq the Zariski closure inside
the geometric monodromy group Ggeom of the normal subgroup generated by all Ggeom-conjugates of
the image of 1(0). Then Gy = Ggeom- In particular, if Ggeom is finite then it is generated by all
Ggeom-congugates of the image of 1(0), and Ggeom = OP(Ggeom)-

THEOREM 1.2.3. [KT5| Theorem 4.7] Let H be an irreducible Qq-hypergeometric sheaf on G, /F,
definable on Gy, /F, for some finite extension Fy/F,, with p # ¢, and of type (D, m) with D > m.
Denote by Gp(oo) the Zariski closure inside the geometric monodromy group Ggeom of the normal
subgroup generated by all Ggeom-conjugates of the image of the wild inertia group P(oc). Then
Ggeom/ G p(oo) 15 a finite cyclic group of order prime to p.



1.3. MORE ON CONDITION (S+4) FOR HYPERGEOMETRIC SHEAVES 15

In the case of a hypergeometric sheaf H with m > 0, primitivity is less easy to determine at
first glance, because there is also the possibility of Belyi induction, cf. [KRLT3| Proposition 1.2].
It is known that an H of type (D, 1) is primitive unless D is a power of p, cf. [KRLT3, Cor 1.3].
It is also known [KRLT3\ Proposition 1.4] that an H of type (D, m), with D > m > 2 and D a
power of p, is primitive.

THEOREM 1.2.4. [KT5L Theorem 1.9] Let H be a hypergeometric sheaf of type (D,m) with
D >m >0, with D > 4. Suppose that H is primitive, pt D, and w > D/2. If p is odd and D =8,
suppose w > 6. If p # 3, suppose that either D # 9, or that both D = 9 and w > 6. Then H
satisfies (S+).

THEOREM 1.2.5. [K'T5| Theorem 1.12] Let H be a hypergeometric of type (D, m) with D > m >
0, with D > 4. Suppose that H is primitive. Suppose that p|D, and w > (2/3)(D —1). If p = 2,
suppose D # 8. If p =3, suppose (D,m) is not (9,1). Then H satisfies (S+).

These two results will be significantly strengthened in Theorem [5.2.9

THEOREM 1.2.6. [KT5, Theorem 9.19] Let H be an irreducible hypergeometric sheaf of type
(D,m) in characteristic p with D > m, D > 11, such that its geometric monodromy group G =
Ggeom 15 a finite extraspecial normalizer in some characteristic r. Then p = r, D = p" for some
n € Z>1, and the following statements hold.

(i) Suppose p > 2. Then H is Kloosterman, in fact the sheaf KCI(Charpn i1 \{1}) (studied by Pink
[Pink| and Sawin [KT1l p. 841]).
(ii) Suppose p = 2. Then Z(G) = Cy, and so in Lemma[1.1.3(i)(c) we have that R = E is a

normal extraspecial 2-group 212" of G for some € = +.

1.3. More on condition (S+) for hypergeometric sheaves

Over a field k, a representation ® : G — GL(V') of a group G is called tensor decomposable
if there exists a k-linear isomorphism V = A ®; B with both A, B of dimension > 2, such that
®(G) < GL(A) ®, GL(B), the latter being the image of GL(A) x GL(B) in GL(A ®; B) by the
map (¢, p) — ¢ ® p. Tensor indecomposability is one part of the condition (S+), which is shown in
[KT5] to play a central role in the study of hypergeometric sheaves. More precisely, a geometrically
irreducible hypergeometric sheaf H satisfies (S+) if and only if it is primitive, tensor indecomposable,
and not tensor induced.

Various results in [KRLT3]| on tensor indecomposability for the monodromy groups of hyperge-
ometric sheaves of type (D, m) with D > m > 0 are proved relying on the following representation-
theoretic fact:

THEOREM 1.3.1. [KRLT3| Theorem 2.3] Let J be a finite group, with normal Sylow p-subgroup
P and with cyclic quotient J/P. Let V be a finite-dimensional CJ-module which is the direct sum
ToW of a nonzero tame part T (i.e., one on which P acts trivially) and of an irreducible submodule
W which is totally wild (i.e., one in which P has no nonzero invariants). Suppose that one of the
following conditions holds.

(a) dim(V') is neither 4 nor an even power of p.

(b) dim(V') is an even power of p and dim(T") > 1.

(¢) dim(V) =4, p > 2, and dim(T) # 2.

Then J does not stabilize any decomposition V= A ® B with dim(A),dim(B) > 1.

We offer another result which applies to some situations not covered by Theorem [I.3.T}
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THEOREM 1.3.2. Let p be any prime, n > 1. Let G < GL(V) =2 GLy» (C) be a finite group with
a normal subgroup P which is an extraspecial p-group of order p'*2". Suppose that p*™ — 1 admits
a primitive prime divisor £ (in the sense of |Zs]) and that G contains an element g of order ¢ that
does not centralize P. Then G is irreducible, primitive on V', and cannot fix any nontrivial tensor
decomposition or a tensor induced decomposition of V.

PROOF. (i) It suffices to prove the statement in the case G = P{g) = P x Cy. Note that any
complex irreducible representation of P is either trivial on Z(P) = C), or has degree p". It follows
that V|p is irreducible. Thus G acts irreducibly on V', with character say ¢.

By Schur’s Lemma, Z(P) acts on V' via scalars, and so Z(P) < Z(G) and g centralizes Z(P).
Next, the assumption about ¢ = |g| implies that the action of g on P/Z(P) is irreducible. Hence, if
g has nonzero fixed points on P/Z(P), then g acts trivially on P/Z(P). As g acts coprimely on P
and g centralizes both Z(P) and P/Z(P), we then have that g centralizes P, a contradiction. We
have shown that |[Cp,zp)(g)| = 1, whence Z(P) is the complete inverse image of Cp/zp)(g) in P.
It follows by [GT1l Lemma 2.4] that

(1.3.2.1) lo(g)| = 1.

(ii) Next we observe that if 1 # P; < P is a g-invariant subgroup, then either P, = Z(P) or
P, = P. Indeed, the claim is obvious if P; < Z(P). Suppose P; £ Z(P) and P, < P. Then
P\Z(P)/Z(P) is g-invariant, and so PZ(P) = P by irreducibility. As P, N Z(P) = 1, we have
P, = P/Z(P) is abelian. In this case, P = P} x Z(P) is also abelian, a contradiction. A similar
argument shows that

(1.3.2.2) 0'(G)=aG.

Suppose now that G fixes a nontrivial imprimitive decomposition V' = @®;_;V; with s > 1. As
s|p™, [G : Stabg(V1)] = s is coprime to ¢, and so we may assume that ¢ fixes Vi. Now Stabp(V})
is g-invariant, and has order at least |P|/s > p"*!. Tt follows by the preceding statement that

Stabp(Vy) = P, i.e. P fixes V4. But in this case V; = V by irreducibility, a contradiction. We have
shown that G acts primitively on V.

(iii) Assume now that G fixes a tensor decomposition V' = A ® B, with
(1.3.2.3) 1 <p®:=dimA<dimB < p".
This leads to projective representations of G on A and on B, which are both irreducible over P
since P is irreducible on V. Since |G| = p?>**1¢, by [Is, (11.21)] the Schur multiplier of G is a
p-group. Thus we can find a finite group G with a central p-subgroup Z1, such that G /Z1 = G and
the projective representations of G on A and B lift to linear representations of G, with characters

« and 3, respectively. R
Let Z; <11 < Q < G be such that Q/Z; = P and T1/Z; = Z(P). Note that

(1.3.2.4) G/Q=G/P=Cy.

By irreducibility, Z; acts via scalars on A, so Z; < Ker(aa). Hence, a@|g can be viewed as a
character of P, which then contains 1p as an irreducible constituent since aar|g contains 1g. Now
ad|p — 1p is a P-character of degree p** —1 < p™ — 1 (recalling (1.3.2.3)). Inspecting Irr(P) as we
did at the beginning of (i), we see that Z(P) < Ker(aa|p — 1p). Thus, for any ¢ € T7,

la(t)]” = (a@ — 10)(t) + 1 = (e — 1g)(1) + 1 = a(1)%,

which means that T} acts via scalars on A. A
Let the subgroup T consist of all elements of G that acts on A via scalars, so that T > T7. We
claim that T" < @. If not, then, keeping in mind (1.3.2.4]) and the fact that Z; is a p-group, we may
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assume that an inverse image § of order £ of g in G is contained in 7. This implies that a(g) = pZ,
with € € C* a root of unity. Certainly, 5(g) is an algebraic integer. It follows that

e(g) = a(9)B(9) = Py
for some algebraic integer 4. This in turn implies that |¢(g)|?/p? = 77 is an algebraic integer,

contradicting ((1.3.2.1). Thus T' < @ as stated.
Modding out by Ker(«) (which is contained in T'), we may assume that « is faithful. Slightly

abusing the notation, we will denote the images of G, @, T in this quotient by the same letters.
Now we have that «q is a faithful irreducible character of the p-group @, with 7" acting via scalars.

Let ¥ denote the representation of () on A. Next we show that
(1.3.2.5) Q/T = Cpm.

Indeed, since /T is a quotient of P/Z(P) = Cg”, Q/T is elementary abelian of order p¢ for some
¢ < 2n. Now if ¢ < 2n, then the choice of ¢ = |g| implies that ¢ centralizes Q/T. As T acts on A
via scalars and ¥ is faithful, § also centralizes T. The coprime action of § on the p-group ) now
yields that § centralizes @), and so g centralizes P, a contradiction.

Recall we have shown that /T acts projectively and irreducibly on A. It is well known, cf [Is|
(11.16), p. 197] that the Schur multiplier of the elementary abelian group Q/T is also elementary
abelian. Hence, we can find a p-group R with an elementary abelian central subgroup Zs and with
a faithful irreducible linear action © on A that lifts the projective action of Q/T = R/Z5. More
precisely, if we fix a representative g € @ of a coset ¢g7" € /T, then there is a representative h € R
of g7 but now viewed as a coset in R/Z; such that U(g) = ©(h). In this case, ©(h) can be scalar
only when W(g) is, whence g € T' by the choice of 7. Thus Zy consists precisely of all elements
h € R such that ©(h) is scalar. The faithfulness of © now implies that Zs is cyclic. Also, Zs # 1 as
otherwise R would be abelian and so cannot act irreducibly on A. It follows that Z(R) = Zy = C,,.
Since R/Zs is elementary abelian, it now follows that [R, R] = ®(R) = Z(R) (where ®(R) is the
Frattini subgroup of R). In other words, R is extraspecial, of order |Z(R)| - |[R/Zs| = p'*?" by
. As O is a faithful irreducible representation of R, we must have that

dim A = deg©® = p",
contradicting (|1.3.2.3)).

(iv) We have shown that G fixes no nontrivial tensor decomposition of V. Suppose now that G
fixes a tensor induced decomposition V =V Q Vo ® ...V, = V1®m, where dim V; = pd, m > 1,
and dm = n. Note that the choice of ¢ implies that £ > 2n + 1 > m. Hence, every element of order
¢ of G must act trivially on the set {Vi,...,V;,}. This in turn implies by that G also acts
trivially on the same set, that is, G fixes each of the tensor factors V;. But this contradicts the
previous result. O

We now state a well-known result which will be useful later.

THEOREM 1.3.3. Let k be a finite field of characteristic p, X/k a smooth, geometrically connected
scheme, { # p a prime, and F,G two lisse Qp sheaves on X, each of which is pure of weight zero.
Suppose that F and G have identical trace functions: for every finite extension L/k, and every point
z € X (L), we have

Trace(Frob, 1| F) = Trace(Frobg, 1,|G).

Then we have the following results.

(i) There ezists a geometric isomorphism ¢ of F with G, i.e., an isomorphism of their pullbacks
to X @y k.
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(ii) Pick a geometric point 1 of X, and use ¢ to view F and G as representations pr and pg
of 8™ := (X ®y k,7) on the same finite dimensional Qq vector space V. (V being the
stalk Fz = Gy via ¢). Then the two image groups pr(mi ") and pr(ni™) are conjugate
subgroups of the ambient GL(V).

(i) The geometric monodromy groups Ggeom,7 and Ggeom,g are conjugate subgroups of the

ambient GL(V).

PROOF. Assertion (iii) is obtained from the last sentence of (ii) by passing to Zariski closures
of the conjugate image groups. Assertion (ii) is just a concrete spelling out of assertion (i).

To prove (i), we argue as follows. By Chebotarev, the equality of traces implies that F and G
have isomorphic arithmetic semisimplifications, i.e., isomorphic semisimplifications as representa-
tions of mHith .= 711 (X, 7). Because 7§°™ <1 73%ith is a normal subgroup, it follows that F and G
have isomorphic semisimplifications as representations of 7§*™. Because F and G are each pure of
weight zero, each is semisimple as a representation of 7", by [De2l 3.4.1 (iii)]. Hence F and G

are isomorphic as representations of 7§, i.e., they are geometrically isomorphic. O
To end this section, we give a well-known result for which we do not know an explicit reference.

THEOREM 1.3.4. Let n > 1 be an integer, p a prime and k/F, an algebraically closed field of
characteristic p. Then for G a finite group of order prime to p,

Homygp (1 (A"/k),G) = 1.

PROOF. For n = 1, this is Abhyankar’s insight [Abhl Proposition 6, (I) and (II)]. For n > 2, we
use the “weak Bertini” result of [Ka-ACT, Corollary 3.4.2], applied with V = A" 7 =1d,f =0
there to reduce from n to n — 1, viewing A"~! as the zero set of the polynomial f Ay = Az + b
there. 0

1.4. Moments and monodromy

We first recall the notion of moments. Let C (sic) be an algebraically closed field of characteristic
zero, V a finite dimensional C vector space, and G < GL(V') a Zariski closed subgroup. For non-
negative integers a, b, the (a,b)-moment M, (G, V) is the dimension

M, (G, V) := dim((VE* @ (VY)®)%).

In applications, F will be a lisse Qs-sheaf on some geometrically connected X/Fy, £ # p, V will be
the representation of Ggeom attached to F, G will be Ggeom, and Qg will be the algebraically closed
field of characteristic zero. By fundamental results of Grothendieck and Deligne [De2) 1.3.8 and
3.4.1 (iii)], Ggeom is a semisimple algebraic group (meaning that its identity component G2, is
semisimple).
The importance of the M>2 moment is given by Larsen’s Alternative. First recall the following
basic facts. Suppose G < GL(V') and dim(V) > 2.
(a) If SL(V) < G, and dim(V') > 2, then My5(G,V) = 2.
(b) If V is given with an orthogonal autoduality (-, -), and either G = O(V') or both dim(V') #
2,4 and G = SO(V), then M2 2(G,V) = 3.
(c) If V is given with an alternating autoduality (-,-) and dim(V') > 4, then M »(Sp(V), V) =
3.

REMARK 1.4.1. The special behavior in dimensions 2 and 4 is this. The group SO; is not
semisimple, but rather is GL; with the 2-dimensional representation = — diag(z,1/z), and has
M35 = 6 in this representation. The group SO4 has M>o = 4 in its standard representation
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because it is (SL(2) x SL(2))/(+diag(id,id)) in the representation stds ® stds. In both cases, this
“too large M>o” issue is cured by passing to O instead of SO.

THEOREM 1.4.2. (Larsen’s Alternative, [Ka-LAMM, 1.1.6]) Suppose G < GL(V) is semisimple
and dim(V') > 2. Then we have the following results.

(i) If M22(G, V) =2, then either G is finite or G° = SL(V).
(i) If V is given with an orthogonal autoduality (-,-), G < O(V), and M22(G,V) = 3, then
either G is finite or SO(V) < G < O(V).
(iii) IfV is given with an alternating autoduality (-,-), dim(V) > 4, G < Sp(V), and M22(G,V) =
3, then either G is finite or G = Sp(V').

The cases in dimension > 5 when Larsen’s alternative implies finiteness are given by the following
theorem.

THEOREM 1.4.3. [GT2, Theorem 1.5] Let V = C? with d > 5, G = GL(V), Sp(V), or O(V).
Assume G is a semisimple subgroup of G. Set S = S/Z(S) for S := F*(G) if G is finite. Then G
is irreducible on every G-composition factor of V@ V*, equivalently, M2 2(G,V) = Mao(G,V), if
and only if one of the following holds.

(A) G > [G.q).

(B) (Lie-type case) One of the following holds.

(i) S = PSpy,(q), n > 2, ¢ = 3,5, G = Z(G)S, and V|s is a Weil module of dimension
(" £ 1)/2.

(ii) S = PSUL(2), n > 4, and V|s is a Weil module of dimension (2" 4 2(—1)")/3 or (2" —
(—1)")/3.

(C) (Extraspecial cases) d = p* for some prime p, p > 2 if G = GL(V) and p = 2 otherwise,
F*(G) = Z(G)E for some extraspecial subgroup E of order p'*2% of G, and one of the conclu-
stons (1)—(iil) of [GT2, Lemma 5.1] holds.

(D) (Ezceptional cases) (dim(V), S, G, G) is as listed in Table I.

The following two results of [GT2| address higher moments of closed subgroups of G.
THEOREM 1.4.4. [GT2, Theorem 1.6] Let V = C? with d > 5, G = GL(V), Sp(V), or O(V).

Assume G is a semisimple subgroup of G. Then G is irreducible on every G-composition factor of

V&3, equivalently, M3 3(G,V) = Ms3(G,V), if and only if one of the following holds.

(A) G > |G, G]; moreover, G # SO(V) if d = 6.

(B) (Extraspecial case) d = 2% for some a > 2. If G = GL(V) then G = Z(G)E - Spy,(2) with
E =217 [fG = Sp(V), respectively O(V), then E-Q5,(2) < G < E-05,(2), with E = 2112
and € = —, resp. € = +.

(C) (Exceptional cases) G is finite, with the unique nonabelian composition factor

S € {PSLs(4), SU3(3), PSUL(3), Ja, Ag, O (2), SUs(2), Ga(4), Suz, J3, Coy, Cor, Fy(2)},
and (dim(V), S, G, G) is as listed in the lines marked by *) in Table I.

THEOREM 1.4.5. [GT2, Theorem 1.4] Let V = C? with d > 5 and G be GL(V), Sp(V), or
O(V). Assume that G is a Zariski closed subgroup of G such that G° is reductive. Then one of the
following statements holds.

(i) M474(G, V) > M474(G, V).
(ii) G > |G, G].
(iii) d =6, G =Sp(V), and G = 2.J5.
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The largest 2k with

Mk+1’k+1 (G, V) VS.

d 5 ¢ G My k(G V) = My x(G,V) My 1641(G,V)
6 A7 6A7 GL6 4 21 vs. 6
6 || PSL3(4) ™ | 6-PSL3(4)-2; | GLg 6 56 vs. 24
6 || PSU3(3) ® | (2 x PSU3(3)) -2 | Spg 6 195 vs. 104
6 || PSU4(3) ™ | 6, - PSU4(3) GLg 6 25 vs. 24
6 Jo ) 2.J5 Spe 10 10660 vs. 9449
7 SL2(8) SL2(8) -3 07 4 81 vs. 15
7 Spe(2) Spe(2) 07 4 16 vs. 15
8| PSL3(4) 4y - PSL3(4) GLg 4 17 vs. 6
8 Ag ™) 2Ag Og 6 191 vs. 106
8| Qf(2)™ 2004 (2) Os 6 107 vs. 106
10| SUs(2) ™ | (2xSU5(2))-2 | Spyg 6 120 vs. 105
10 M12 2M12 GL10 4 15 vs. 6
10 MQQ 2M22 GL10 4 7vs. 6
12] Ga(4)® 2G5(4) - 2 Sp1y 6 119 vs. 105
12 Suz ) 6Suz GL12 6 25 vs. 24
14 2By (8) 2B,(8) - 3 GL4 4 90 vs. 6
14 G2(3) G2(3) 014 4 21 vs. 15
18 Sp4(4) (2 X Sp4(4)) -4 OIS 4 25 vs. 15
18 Jg ) 3J5 GL1s 6 238 vs. 24
22 McL McL O 4 17 vs. 15
23 003 003 023 4 16 vs. 15
23 || Coy ™ Coy Oa3 6 107 vs. 105
24| Co @ 2C 0, O 6 106 vs. 105
26 25y (2) 2Fy(2) GLog 4 26 vs. 6
28 Ru 2Ru GLog 4 7vs. 6
45 M23 M23 GL45 4 817 vs. 6
45 M24 M24 GL45 4 42 vs. 6
52 | Fu(2) ™ 2F,(2) - 2 Os2 6 120 vs. 105
78 Figg Figg 078 4 21 vs. 15
133 HN HN O133 4 21 vs. 15
248 Th Th Oaug 4 20 vs. 15
342 O'N 30'N GL342 4 3480 vs. 6
1333 J4 J4 GL1333 4 8 vs. 6

TABLE I. Exceptional cases with small moments in dimension d > 5

As in Theorem [1.4.3|(C), consider finite groups G with F*(G) = Z(G)E of symplectic type, i.e.
FE is either extraspecial of odd exponent p, an extraspecial 2-group of type =+, or a central product
of an extraspecial 2-group with a cyclic group of order 4 (with the central involutions identified).

If E is extraspecial of order p'*2¢, then an irreducible faithful module V over an algebraically
closed field F of characteristic £ # p for E has dimension p® and is unique once the character of Z(E)
is fixed. Moreover, we consider the following situations: £ <G < G < GL(V), where Z := Z(G),

and

(a) pisodd, G < N :=(EZ) x Spy,(p) and G = GL(V);
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(b) p=2,G<N:=(EZ) Spy,(2) and G = GL(V);
(¢) p=2,G<N:=FE-05,(2) and G = O(V);
(d) p=2,G<N:=FE-0,,(2) and G=Sp((V).

We now assume that £ <G < N, |E| = p!*2%, d = dim(V) = p* > 4, W := F%a the natural
module for N/(EZ N N), and take this opportunity to correct some inaccuracies in the proofs of
Propositions 5.2 and 5.3 of [GT2].

PROPOSITION 1.4.6. (cf. [GT2, Proposition 5.2]). Assume £ =0 and p* > 4.
(i) Assume G = GL(V). If p > 2 then M33(N,V) — M33(G,V) > 2p — 5. If p = 2 then
M4’4(N, V) > M4’4(G, V) and M3’3(N, V) = M3’3(G, V)
(ii) Assume p = 2, a > 4, and G = Sp(V) or O(V). Then M33(N,V) = M33(G,V) and
M4’4(N, V) > M4’4(G, V).

PROOF. (i) It was stated at the beginning of the proof of [GT2l, Proposition 5.2], that
M:=V"eV

is trivial on Z, and, considered as a module over EZ/Z, it is the permutation module on W with
E/Z(E) acting by translations, and, as a module over N/Z, it is the permutation module on W
with N/EZ = Sp(W) acting naturally. The emphasized part of the statement is true only when
p > 2. Indeed, if p = 2 then N/Z is non-split over EZ/Z, see |Gri, Theorem 1]. Assume that p > 2.
It is well known that N is split over EZ (with a complement S 2 Sp(WW) being the centralizer of a
suitable involution), and Vg is reducible (in fact it is a sum of two irreducible Weil modules). Let
M, = Indg/ Z(ls) denote the permutation N/Z-module on W with S acting naturally. Since the
corresponding permutation action is doubly transitive, M; = F@ My with Ms nontrivial irreducible.
By Frobenius reciprocity,

HOInN/Z(M, M) 2 Homg(M|g,1s) = Homg(V]s, Vs)

has dimension at least 2. Since Hom (M, F) = Homy (V, V) =T, it follows that M contains both
F and Ms, and by dimension comparison we conclude that M =2 M;.

Now, if p > 2, then all the arguments in part (i) of the proof of [GT2, Proposition 5.2] apply,
and we are done. Assume p = 2. To prove My4(N,V) > My4(G,V), by [GT2, Remark 2.3] it
suffices to show that N is reducible on the simple G-module Sym*(V) of dimension

D :=2"2(2" + 1)(2°7 1 +1)(2* + 3)/3.

Assume the contrary. Recall that E = Cy x 217** and Z(FE) = Cy acts trivially on Sym*(V) but E
does not (as one can check by computing the trace of some non-central involution). Since N/EZ acts
transitively on the 22¢ — 1 nontrivial irreducible characters of E/(E N Z), it follows from Clifford’s
theorem that 22¢ — 1 divides D, which is impossible.

Next we observe for p = 2 that M3z3(N,V) > M33(G,V) = 6. As mentioned in the proof
of [GT2| Proposition 5.2, the E/Z(E)-module M affords the character p := ) .y, v, where we
again identify Irr(E/Z(FE)) with W as in the proof of [GT2, Lemma 5.1]. It follows that M®?3 is
the permutation module on W x W x W, and that the fixed point subspace for ZE inside M®3

affords the E/Z(E)-character 1 - (Zu,v,wEW,u+v+w:0 1). On the triples (u,w,w), u,v,w € W,
u+v+w =0, Sp(W) acts with exactly 6 orbits, with the first four orbit representatives being
(0,0,0); (u,0,—u), (u,—u,0), (0,u, —u) with u # 0; and 2 orbits of (u,v,u + v) with u,v € W
linearly independent and the inner product (ulv) = p € Fy. Each orbit gives rise to an induced
module Ind%(Li), 1<i <6, for S := Sp(W), with dim L; = 1. Since

dim Homg(Ind?, (L;),F) = dim Homp, (L;,F) < 1,
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it follows that Mj33(N,V) < 6, and we are done. In fact, now since Ms33(N,V) = 6, the previous
inequality must in fact be an equality, and thus L; = I, i.e. all the six induced modules are
permutation modules.

(ii) A similar argument as in (i) also applies to show that My 4(N,V) > M4 4(G,V) in the case
G = Sp(V). Indeed, assume that N is irreducible on the simple G-module Sym*(V') of the same
dimension D. Since Z(FE) acts trivially on Sym*(V) but E does not, and N/E has two orbits of
length d(d + 1)/2 and (d — 2)(d + 1)/2 on the 22¢ — 1 nontrivial irreducible characters of E/Z(FE),
we see from Clifford’s theorem that one of these two lengths divides D. But this is impossible.

Next we show that My4(N,V) > Ms4(G,V) in the case G = O(V). Indeed, assume N is
irreducible on the simple G-module Sym*(V)/Sym? (V) of dimension

D' :=2072(2% 4 1)(2°71 + 3)(2% — 1) /3.

Since Z(E) acts trivially on Sym*(V')/Sym?(V) but E does not, and N/E has two orbits of length
d(d—1)/2 and (d + 2)(d — 1)/2 on the 22% — 1 nontrivial irreducible characters of E/Z(E), we see
from Clifford’s theorem that one of these two lengths divides D’. But this is again impossible.

To show that M33(N,V) = M33(G,V), first we observe that M33(N,V) > M33(G,V) = 15.
Next, as mentioned in the proof of [GT2, Proposition 5.2], the fixed point subspace of E on M®3,
considered as an N/E-module, is the direct sum of 15 induced modules (from one-dimensional
submodules). Arguing as in (i), we obtain the upper bound M3 3(N, V) < 15, hence the equality
M3 3(N,V) =15, and thus the 15 induced modules are in fact permutation modules. O

PROPOSITION 1.4.7. (cf. [GT2, Proposition 5.3].) Assumel =0 andp® > 4. Then M33(G,V) =
M3 3(G, V) if and only if G is as described in case (B) of |[GT2, Theorem 1.6].

PROOF. By Proposition [[.4.6] we may assume p = 2. In fact the proof of Proposition [T.4.0]
establishes the “if” part of our claim. For the “only if” part, suppose that M3 3(G, V) = M33(G, V).
The decomposition of the E-fixed point subspace on (V*®V)®3 as the sum of permutation N/(EZN
N)-modules in the proof of Proposition also shows that G/Z(G)E has the same orbits on
W xW asof M := N/(EZNN). Now the proof of [GT2, Proposition 5.3] shows that H > [M, M|,
yielding the statement. O



CHAPTER 2

Some basic facts about monodromy groups

2.1. Arithmetic semisimplicity

Let k be a finite field of characteristic p > 0, X/k a smooth, geometrically irreducible k-scheme,
¢ # p a prime, and F a lisse Q sheaf on X which is pure of some weight. By [De2] 3.4.1 (iii)],
F is completely reducible (:= semisimple) as a representation of 75" (X), or equivalently as a
representation of its Ggeom. However, F need not be arithmetically semisimple, i.e. semisimple as
a representation of w?mh(X ). Equivalently, F need not be semisimple as a representation of its
G arith- However, we have the following fundamental result of Faltings, Mori, and Zarhin, cf. [Zarl]

and [Zar2l, Theorem 1.2].

THEOREM 2.1.1. Let A/X be an abelian scheme, with structural morphism f : A — X. Then
R f.Qy is arithmetically semisimple.

Passing to Jacobians, we find

COROLLARY 2.1.2. Let C/X be a proper smooth family of curves, with geometrically connected
fibres of some genus g > 1, and structural morphism f : C — X. Then R' f,Qy is arithmetically
semisimple, and hence every direct factor of R' f,Qy is arithmetically semisimple.

In what follows, we often deal with the following situation: X/k is an affine dense open set
Spec (R) in an affine space A" /k, and C/X is either an Artin-Schreier curve of affine equation

y? —y = a polynomial f.(z) € R[x] of degree 2g + 1,
(whose complete nonsingular model has a single point at co), or an Artin-Schreier-Witt curve (with
Witt vectors of length two)
1P, 0P] = [u, 0] = [ar(z), by (2)]
with a,(z),b,(x) € R[z] polynomials each of which is Artin-Schreir reduced and of fixed degree
dg, dy. Here too the complete nonsingular model has a single point at cc.
In the Artin-Schreier case, the R!f, is the direct sum of p — 1 summands, each of rank 2g,

corresponding to the p — 1 nontrivial additive characters ¢ of F,. The trace function of the 1
component, call it Fy, is given as follows. For L/k a finite extension, and 79 € R ®y, L,

Trace(Frob,, | Fy) = — Z YL (fro(2))-
zel

In the Artin-Schreier-Witt case, there are p? —p summands, each of rank max(pd,, dy), corresponding
to the p? — p faithful characters s of Z/p?Z. The trace function of the ¥ component, call it Fipos
is given as follows. For L/k a finite extension, and 79 € R ®y, L,

Trace(Froby, 1 Fy,) = = > 2.1 ([ar (), bry (2)]).
€L

We will use without further reminders that these local systems are arithmetically semisimple,
and we will refer to each of them simply as “the local system whose trace function is ...”.

23
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2.2. Finiteness of Ggeom and Garith

In this section, I, is a finite field of characteristic p, and X/F, is a smooth, geometrically
connected [Fy-scheme. We also fix a choice of prime ¢ # p, and consider lisse Q¢ sheaves F on
X. Taking as base point an algebraic closure of the function field of X, we have the (profinite)
arithmetic fundamental group

T3 (X) 1=y (X)
and its closed normal subgroup
TiO(X) == m (X ®p, Fy) < rorith (x,

which sits in the short exact sequence

1 — 78°™(X) — 7 (X) — Gal(F,/F,) — 1.
A lisse Q; sheaf on X of rank d is a continuous representation pr : 7% (X) — GL4(Qy). One
knows [Ka-Sarl 9.0.7] that for any such F, there exists a finite extension E)/Qy such that pr has
image in GLg4(E)), and indeed in a suitable basis has image in GL4(O,), for O, the ring of A-adic
integers in F).

We say that F is arithmetically semisimple (respectively geometrically semisimple) if it is com-
pletely reducible as a representation of w1t (X) (respectively 7$°*™(X)). Similarly for the notions
of arithmetic and geometric irreducibility.

Attached to F we have two algebraic groups, Garith and Ggeom < Garith C GL4(Qy), namely

geom

Ggeom,F = Ggeom = the Zariski closure of pr(n7™" (X)),
Garith,F := Garith := the Zariski closure of p;(ﬂ?rith(X)).

THEOREM 2.2.1. ([KRLT1T] Prop. 2.1 and Remark 2.2]) Suppose F is arithmetically semisimple
and pure of weight zero for all embeddings of Q; into C. Then F has finite Gaien if and only if for
every finite extension k/Fy and every point x € X (k), the Frobenius Frob, ; has Trace(Frob, 1| F)
an algebraic integer.

REMARK 2.2.2. Here is an example to show that the hypothesis of arithmetic semisimplicity
is essential in the above Therem cf. [KRLT1, Remark 2.2]. On X/F,, take the rank two
sheaf F on which 7$°™(X) acts trivially (so that F is geometrically isomorphic to Q @ Qy),

and on which 78" (X) acts through its quotient Gal(F,/F,) by having Frob, act as the upper

unipotent automorphism with matrix . Then F is arithmetically indecomposable, but its

11

0 1

arithmetic semisimplification is trivial. Its Garitn, 7 is not finite, rather it is the upper unipotent
1 . . . .

group { <0 i) }, but each of its Frobenius traces is the algebraic integer 2.

Conversely, if a sheaf F has finite G,tn, then in particular G is reductive, and hence F is
arithmetically semisimple.

We also remark that if F has finite Gayith, then F is (trivially) pure of weight zero and (trivially)
has det(F) arithmetically of finite order.

Theorem implies the following consequence, which allows us to deduce finiteness of Gayith
(and Ggeom) in all the cases we are interested in.

COROLLARY 2.2.3. Suppose F is arithmetically semisimple and pure of weight zero for all em-
beddings of Qq into C. Suppose further that for some finite extension K/Q, all Frobenius traces of
F take values in Og[1/p], for Ok the ring of integers of K. Then F has finite Gaitn if and only
if all Frobenius traces are p-adically integral at all p-adic places p of K.
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THEOREM 2.2.4. ([Ka-ESDE, 8.14.3.1 and 8.14.4]) Suppose F is geometrically irreducible and
det(F) is arithmetically of finite order. Then Ggeom is finite if and only if Guien s finite. If F
is pure of weight zero, this finiteness is equivalent to F having all its Frobenius traces algebraic
integers.

LEMMA 2.2.5. Suppose F is a finite direct sum F = @, F;. Then F has finite Ggeom (Tespec-
tively finite Garien) if and only if each F; has finite Ggeom (respectively finite Gaitn). In general,
without assuming finiteness in either of the two cases, i.e. arithmetic or geometric, the relevant
group Gz is a subgroup of the product group [[, Gz, which maps onto each factor.

PROOF. In each of the two (geometric and arithmetic) contexts, pr is the direct sum of the
pF;- Thus Ker(pz) lies in each Ker(pr;), so each of the latter groups will be of finite index in the
appropriate 7 if Ker(pr) is of finite index. Conversely, if each Ker(pz,) is of finite index, then
Ker(pr), being the intersection of these normal subgroups of finite index, is itself of finite index.
In the finite monodromy case, each of the relevant monodromy groups is the literal image of pr,
respectively of the pr, (the Zariski closure of a finite subgroup of a GL is itself).

In the finite case, the second assertion results from the fact that in each context, i.e. either
geometric or arithmetic, pr is the direct sum of the pr,. If we no longer assume finiteness, then
we must deal with the Zariski closures of the images on the respective 7m1(X) (i.e., either geometric
or arithmetic) under the homomorphisms pr and the pz;. Let us temporarily denote these literal
image groups as I'z and the I'z,. Then 'z is a subgroup of the product group ILT #; which maps
onto each factor. So we must check that an inclusion of subgroups A < B < GL4 gives an inclusion
of their Zariski closures, which is immediate from the definition of Zariski closure, and that given a
finite product of subgroups A; < GLg,, the Zariski closure of the product [[, 4; in [[, GLg, is the
product of the individual Zariski closures of the A; < GLg,. An obvious induction reduces us to
treat the case of two factors, call them X,Y. Denoting the Zariski closure of A by A, we argue as
follows. Since X x Y is closed and contains X x Y, we have X x Y D X x Y. Conversely, suppose
a polynomial f(z,y) vanishes on X x Y. Then for any 2’ € X, the polynomial f(z’,y) vanishes on
{2’} x Y, so it also vanishes on {2’} x Y. Thus f vanishes on X x Y. Hence, for any ¢y’ € Y, the
polynomial f(z,y’) vanishes on X x {y'}, so it also vanishes on X x {¢'}. Thus f(z,y) vanishes on
X x Y, showing X xY C X xY. O

Theorem [2.2.4] remains true under a weaker assumption.

THEOREM 2.2.6. Suppose F is arithmetically irreducible and det(F) is arithmetically of finite
order. Then Ggeom 15 finite if and only if Garitn 15 finite.

PRrOOF. Because Ggeom < Garith, it is obvious that if Gy is finite, then Ggeom is finite. To
prove the converse, we argue as follows. Suppose that F has finite Ggeom and that det(F) is
arithmetically of finite order.

One knows [De3l 1.2] that geometrically, F is the direct sum of pairwise non isomorphic
constituents, transitively permuted by Gal(F,/F,). For n the number of such summands, and
Xy = X ®p, Fgn, the pullback of F to Xj, is the direct sum of n irreducible lisse sheaves G; on X,.
For any of these, say G;, denoting by

m: X, > X
the projection, we have

]: = W*(gl).
By Lafforgue [L, VIL.7], cf. also [De3, proof of 1.9], one knows that F is pure of weight zero.
Therefore its pullback to X, is pure of weight zero, and hence each G; is pure of weight zero. By

Grothendieck’s “the radical is unipotent” theorem [De2l 1.3.8, 1.3.9], one knows that det(G;) is
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geometrically of finite order, say of order d. Then det(G;)®? is geometrically trivial, so arithmetically
of the form ad¢/Fs» . Choosing 8 with " = 1 /o, we have that G; @ grdes /Fan has determinant
which is arithmetically of finite order.

On the other hand, F has finite Ggeom, hence so does each G;, and hence so does G1 ® 5" deg /Fgn
. Then by the previous Theorem we conclude thatG; ® Bmdes /Fqn has finite Garith- Therefore
its direct image by 7 has finite Gt (simply because m1(X,) < 71(X) has finite index). But
this direct image is F ® $98/Fa. Therefore det(F ® B9°8/Fq) is arithmetically of finite order, i.e.
det(F) @ gravk(F)deg/Fq s arithmetically of finite order. As det(F) is arithmetically of finite order
by hypothesis, the quantity [ is itself a root of unity: G; itself already had finite G,yitn- g

REMARK 2.2.7. Here is an example to show that we can have a geometrically irreducible F
which is pure of weight zero and with finite Ggeom Whose Gayitn is not finite. Namely, we start with
a geometrically irreducible G whose Gg,itn is finite. We then choose an f-adic unit « which is pure
of weight zero but which is not a root of unity. Then the constant field twist F := G ® a8 has
the same Ggeom as G, but its Gaign is not finite, indeed det(F) is not arithmetically of finite order
(precisely because « is not a root of unity). Here is a concrete example. Choose a prime number
r # { with r = 1 (mod 4), so that r = a® + b? for some a,b € Z. Then take o := (a + bi)/(a — bi).

2.3. Geometric and arithmetic determinants
We begin with a general result on geometric determinants.

PROPOSITION 2.3.1. Let p be a prime, { # p a second prime, F,/F, be a finite extension, d > 1
an integer, and F a Qq-local system on Ad/Fq. Suppose that all Frobenius traces of F take values
in a field K. Define the integer N > 0 to be the largest integer n such that the group piym (Qp) lies
in K. Then det(F) is geometrically of order dividing p" .

ProOOF. We may replace F by its determinant, which still takes values in K. Thus we are
reduced to the case when F is lisse of rank one, call it £. By Grothendieck’s global version of his
local monodromy theorem, cf. [De2, 1.3.8], the group Ggeom for £ is a semisimple subgroup of GLy,
i.e., it is a finite group, hence it is p4 for some integer A > 1. We first observe that A is some
power p" of p for some n > 0. Indeed, if we write A = Agp™ with p{ Ag, then LZP" is geometrically
of order Ay prime to p. But 7§*™" of Ad/Fq has no nontrivial prime to p quotient. Thus Ay = 1.
Thus L is geometrically of order p™ for some n > 0.

Suppose first that £ satisfies the following condition: for every integer d > 1 and every point

x € AYF ), we have

Trace(Frobm,qu |£) = (Trace(Frobg 1£))4.
Then we claim that £ is geometrically trivial, or equivalently that £ as a character of 73ith
is trivial on 7™ or equivalently that as a character of w%rith it factors through the quotient
mipith /7 8¢0M o Gal(F, /F,), i.e. as a function on “Z of the form d — o for some a. By Chebotarev,
it suffices to check this on Frobenius elements in ﬂ%rith, which is exactly the displayed equation,
with o := Trace(Frobor,|L).
Thus the minimal n such that £ is geometrically of order p™ is the minimal n such that for

every integer d > 1 and every point x € Ad(qu), we have
(Trace(Frobm,qu |£))P" = (Trace(Frobg r, L))"
If this holds, then each ratio
Trace(Frobx,qu |£)/(Trace(Frobg r, 1£))4



2.3. GEOMETRIC AND ARITHMETIC DETERMINANTS 27

must lie in jp», and n is minimal such that this holds. But these ratios all lie in K, which therefore
contains fipn. U

Here is a variant.

PROPOSITION 2.3.2. Let p be a prime, { # p a second prime, Fy/F, be a finite extension, X/F,
a smooth, geometrically connected Fq-scheme, and F a Qg-local system on X. Suppose that all
Frobenius traces of F take values in a field K (which we may always take to be a finite extension of
Qy, ¢f. [Ka-Sarl 9.0.7]). Denote by A the order of the group of all roots of unity in K. The det(F)
1s geometrically of order dividing A.

ProoF. The question is geometric, so at the expense of replacing IF, by a finite extension, we
reduce to the case when X (F,) is nonempty. Choosing a point zg € X (F,), the argument proving
Proposition m shows that the geometric order of det(F) is the order of the subgroup of K*
generated by all ratios

det(Frobx,]qu |F)/ det(FroszO,Fq \F)d
for all d > 1 and all x € X (FF ). O
In this section, p is a prime, £ is a prime £ # p (specified so we can speak of Qy-adic cohomology),
1 is a nontrivial additive character of Fp, k = F is a finite extension of F,,, x is a (possibly trivial)
multiplicative character of k™, D > 3 is an integer which is prime to p, and a strictly positive integer

d < D. For an integer N prime to p, we denote by ¥y the additive character z — ¥ (Nz), and by
Yk, N its extension to k by composition with the trace: x n(2) := ¥(Try/p, (N)).

THEOREM 2.3.3. Fiz a monic polynomial

d
FX) =XP+> X € k[X].
i=1
We have the following results.
(i) If D = 2d + 1 is odd, then
det (Frobg| X (A /k, Ly(s(x)) =
(ii) If D = 2d + 2 is even, then

det (Frobg | H} (A /k, Ly(s(x))) = (—Gauss(yy, p2, x2)) -
(i) If D =2d+ 1 is odd and x is nontrivial, then

det(Frobq|Hcl(Gm/E, ﬁw(f(X)) & ‘CX(X))) = (—G3U55(¢k,D7X))qd~
(iv) If D =2d+ 2 is even and x is nontrivial, then

det (Froby|H, (G /K, Ly(r(x)) ® Lyx))) = (—Gauss(¥r,—p, x)) (—Gauss(¥y p 2, x2)) ¢

PrROOF. Exactly as in the proof of [KT1] 2.3], we unify the first two cases, where “there is no
X", with cases (iii) and (iv) by replacing H}(A!/k, Ly#(x))) by HNG,, /k, Ly#(x))), and allowing
X = 1 in cases (iii) and (iv). This changes the dimension of the cohomology group from D — 1 to
D, but does so by adding the extra eigenvalue 1. So this does not change the determinant. In the
formulas (iii) and (iv), the factor (—Gauss(¢y, 1)) is also 1.

On the one hand, the L-function is given cohomologically by

L(T) = det(1 — (FrobyT|H} (G /K, Ly (x)) ® Lo(x)))-
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The Hasse-Davenport method is to write the additive form of the L-function:

T)=1+ ZAHT”,

n>1
An = > X(PO)( Y fl@)
monic P(X) € k[X], roots «
deg(P) =n, P(0) #0 of P

The “miracle” is that L(T') is not an infinite series, but rather a polynomial of degree D. Comparing
the coefficients of the term of degree D, we get

(—1)D det(Frobq|Hcl((Gm/E, Ed)(f(X)) & Ex(X))) = Ap.

Thus our determinant is (—1)” Ap. To compute Ap, we argue as follows. To deal with the expression
inside the v, we observe that for each integer n, the sum of the n'" powers of the roots of P is
simply the n*® Newton function Ny (roots of P), which is a universal polynomial in the coefficients
of P that we also denote by N,,. Thus

d
Z fla) = Z (aD + Z a;a’)
roots a of P roots a of P =1
d
= Np(roots of P)+ Z a;Nj(roots of P),
i=1
and hence
d
Ap = > X(Sp)¢k(Np(Sy,- ., Sp) + Y aiNi(Sh, -, Sp)).
S1,..,Sp€k, Sp#0 =1

We compute the NN; as polynomials in the S; by the identity
/(14 (-1)'SiT") = exp(D>_ N, T"/n).
i>1 n>1
Applying d/dT, we have the identity
—O S (=DHSTH /(1 + Y (—1)8;T7) =Y N, T™.
i>1 i>1 n>1

We now expand the left side, as

—O S EDHESTYA+ Y (=Y (=1)78,1)™).

i>1 m>1 7>1

When we ignore all but the first two terms in the geometric series, we find that Np, the coefficient
of TP, is thus
Np = (-1)P*1DSp — > (-1)MS(-1YTS; + R,
i+j=D,i>1,j>1
with R a polynomial in which every monomial has usual degree > 3 in the variables S;.
Let us first look at the case when D = 2d + 1 is odd. Combining the terms S;Sp_; and Sp_;S;,
their coefficients add to (—1)” D, we see that

d
Np = (—1)D+1DSD + (—I)DDZ SiSp_i + Rp,
=1
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with Rp isobaric of weight D in the .S; but in which every monomial has usual degree > 3. Thus
(-1)P Ap is equal to

> X(Sp)vk((=1)PF1DSp + ( DDZSSD_Z+RD+Z% (S1,..,50),
S1,..,Sp€k, Sp#0 =1 i=1

where we use the fact that IV; is a polynomial in S1,...,S;. The variable Sp occurs only once, so
(—=1)P Ap is now equal to

(3" xSp)en((—1)P'DSp)) > (- DDZSSD1+RD+ZCLZ (S1,...,5)).

SpekX S1,.-0SD_1€k =1 i=1
Because Np is isobaric of degree D, for each ¢ < d, the variable Sp_; appears in this sum as
(-1)PDSp_; (S; + a polynomial in only the S}, j < ,every monomial of usual degree > 2).

Summing first over Sp_1, we get 0 unless S; = 0, in which case we get ¢. Once we know S; =0 in
our sum, summing over Sp_o gives 0 unless S5 = 0, in which case we get q. Continuing in this way
we get

AD = qd( Z X(SD)¢;€((—1)D+1DSD))GauSS(T,Z)k’(,l)D+1D, X),
SpekX*
and thus det(Froby) = (—1)DGaUSS(1/}k7(_1)D+1D,X)qd.

When D = 2d + 2 is even, the only difference is that the coefficient of TP now has the extra
term Sp/2Sp /2, which occurs with coefficient (—=1)P(D/2). This extra “middle term” persists, and
at the end of the argument getting the previous answer, this “middle term” creates an extra factor
Gauss(Yy, (—1)p(D/2)s X2)-

Thus for D = 2d + 1 odd, the determinant is (—Gauss(¢ p, x))q?, while for D = 2d + 2 even it
is (—Gauss(vy, p/2, X2))(—Gauss(vr _p, x))q*. O

COROLLARY 2.3.4. Suppose we are given a prime to p integer D > 3, and a multiplicative
character x of a finite extension k = F, of Fp,, and a strictly positive integer d < D. Consider the
lisse sheaf F(D,< d,x) on A%/k whose trace function is given as follows.

(a) For F(D,< d,1) on A/F,, L/F, a finite extension, and (ay,...,aq) € L%, the trace is

(a’lv"'7 Z¢L$ +Zaz

zeLl

(b) For F(D, < d,x) with x a nontrivial character of k*, L/k a finite extension, and (a1,...,aq) €
LY, the trace is

(a17"'7 ZLDLiU +Zaz XL

el
These local systems are geometrically irreducible, pure of weight one, of ranks D — 1 and D re-
spectively. For d := [(D — 1)/2], their geometric determinants are trivial. Moreover, we have the
following results on their arithmetic determinants.
(i) If D =2d + 1 is odd, then for either choice of \/p, the local system F(D, < d,1)(1/2) has
arithmetically trivial determinant. Indeed, for any choice of ap 1 with (04,:),]1)1)*1 = p
the local system F(D,< d,1) ® (ap 1)~ 9 has arithmetically trivial determinant.

7
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(ii) If D = 2d + 2 is even, then for any choice of apy with

)Dfl

(apa — (—Gauss(@DD/Q, Xz))pdv

the local system F(D,< d,1) ® (ap 1)~ 9 has arithmetically trivial determinant.
(ili) If D =2d + 1 is odd, then for any choice of ap , with

(ap,y)” = (~Gauss(vy,p, x))d",
the local system F(D,< d,x) ® (ap, )~ 9 'k has arithmetically trivial determinant.
(iv) If D = 2d + 2 is even, then for any choice of ap, with
(ap,)? = (=Gauss(vy,—p, X)) (~Gauss(vy, pja, x2)))4*,
the local system F(D, < d,x) ® (ap,x)”%8/* has arithmetically trivial determinant.

PROOF. That the sheaves F(D,< d,x) are lisse results from the fact that their ranks are
constant and they are sheaves of perverse origin in the sense of [Ka-Scont|. The purity is due
to Weil. The explicit formulas for their determinants, and the behavior of Gauss sums under field
extension give the asserted arithmetic triviality of the ap ,-twisted sheaves. Each is geometrically

irreducible because already pulled back to the A! which is (s1,0,...,0) each is the Fourier transform
of a lissse rank one sheaf on G,,, extended across 0 by direct image (and hence perverse irreducible
on Ab). O

REMARK 2.3.5. Suppose we “go too far” in Corollary when D is even, in the sense that
we also allow a term ap /X D/2 in f(X). What changes in the argument is that the involvement of
Sp/2 now comes also from the Np o term, so that what was previously the sum

> (1) (D/2)(Spy2)?) = Gauss(vy (10 (p /2y X2)
SD/Qek
now becomes
Z Ur((—1)P(D/2)(Spy2)? = (—1)P2ap5(D/2)Sps) =
SD/Qek

= Gauss(vy, (1) (p/2)> X2) Uk, (— 1) (p/2) (—ap2)? /4),

the last equality by completing the square. The consequence for the corresponding local systems on
A4l in cases (ii) and (iv) of Corollary is that even after the ap , twistings, their arithmetic
and geometric determinants are no longer trivial, but are rather ‘wa,l) D(p) ((ap2)2/4):

Similarly, suppose we “go too far” in Corollary when D = 2d + 1 is odd, in the sense that
we also allow a term agy 1 X! in f(X). What changes now is at the end of the argument, when we
have already set Si,...,S4—1 to vanish, the terms involving Sy11 and Sy, previously just the single
term (—1)P DS54, are now

(=1)PDSa1Sa + (—1)"2(d + Dagp1Sars + (=1)" ' dagSy =
e Sd+1((—1)DDSd + (—1)d+2(d + 1)ad+1) + (—l)d“dade.
So when we sum over Sg42 we solve for Sy and get g times ¢y (—d(d+1)agaq+1/D). The consequence
for the corresponding local systems on A%*! in cases (i) and (iii) of Corollary is that even after

the ap, twistings, their arithmetic and geometric determinants are no longer necessarily trivial,
but are rather ‘C¢k(—d(d+1)adad+1/l))‘

The second part of the above Remark [2.3.5] gives the following corollary.
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COROLLARY 2.3.6. For D = 2d + 1, and any X, consider the local system F(D,d + 1,<
d—1,x) on Ad/Fq whose trace function is given as follows. For k/F, a finite extension, and

(ala <oy Qd—1, ad+1) € Ad(k)}

d—1
(@1,...,a4-1,0441) — — Z V(2P + agp x4 Z a;x")xk ().
zekX i=1

Its geometric determinant is trivial, and after an ap, twist, its arithmetic determinant is trivial
as well.

A second, somewhat artificial, corollary is this.

COROLLARY 2.3.7. If p|d(d + 1), then F(D,< d+ 1,x) has geometrically trivial determinant,
and its ap  twist has arithmetically trivial determinant.

The next corollary is an exercise in Gauss sums, left to the reader.

COROLLARY 2.3.8. We have the following results about the systems F (D, < d,x) introduced in
Corollary [2.5.3.
(i) If p is odd, and D = 2d + 1 is odd, then for either choice Gauss of quadratic Gauss sum
over IFp, the local system
F(D,< d,1) ® (—Gauss)~ 8

on AY/F, has arithmetic determinant (xo(—1)?)3°8 (which is trivial if either d is even
or if p = 1 mod 4, otherwise is (—1)38). In all cases, the pullback of F(D,< d,1) ®
(—Gauss)~ 9% to A?/F 2 has arithmetically trivial determinant.

(i-bis) If p=2 and D =2d + 1 is odd, then on AY/F,:, the local system

F(D,<d, 1)@ (p)~ &/

has arithmetically trivial determinant.
(ii) If D = 2d + 2 is even (which forces p to be odd), then the local system

F(D,<d,1)® (—Gauss(w(_l)dD/Q,xg))_deg

on AY/F, has arithmetically trivial determinant.
(iii) If p is odd, and D = 2d + 1 is odd, then the local system

]:(Da < d7 XQ) ® (—GaUSS(¢(_1)dD, XQ))_deg

on AY/F, has arithmetically trivial determinant.
(iii-bis) If D = 2d + 1 is odd, q a power of p and x a nontrivial character of FZQ of order dividing
q+ 1, then the local system

f(DJ S d7 X) & (_GaUSS(’l/JFq%iD’X))_deg/FqZ

on Ad/Iqu has arithmetically trivial determinant. [Notice that every element of F, in
particular —D, becomes a (¢ + 1) power in F,2 (surjectivity of the norm), so we could as
well use (—Gauss(zp]}rq2 ,x)) e8]

(iii-ter) If D = 2d + 1 is odd, p = 2, q a power of p and x a nontrivial character of F; of order
dividing q + 1, then the local system

F(D, < d,x) ® (—q)~ /5
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on Ad/qu has arithmetically trivial determinant. Indeed, when p = 2, then by Stickel-
berger’s theorem [BEW. Theorem.11.6.1], fGauss(quQ,_D,x) = —q. Hence on Ad/Fq4,
the local system

Z/{D,X ® (q2)—deg/IFq4

has arithmetically trivial determinant, simply by the Hasse-Davenport relation

~Gauss(¢r,,,—p, x) = (—Gauss(vr -, x))*.

(iv) If D = 2d + 2 is even (which forces p to be odd), then for either choice Gauss of quadratic
Gauss sum over I, the local system

f(Da < d7X2) ® (_Gauss(w7x2))ideg
on A?/F, has arithmetic determinant (x2(—2))d°e.
(iv-bis) If D = 2d + 2 is even, q a power of p and x a nontrivial character of IFqXQ of order m

dividing q + 1, then the local system
F(D,<d,x)®q “®/F

on A?/F 2 has arithmetic determinant ((—1)q2i+qmi)_degmq2, this last statement using
Stickelberger’s determination [BEW, 11.6.1] of Gauss(¢Fq27,D,X) as being (—1)@+tD)/mg,

In general, we can only say the following about geometric determinants.

LEMMA 2.3.9. For any character x of k* for k/F, a finite extension, the system F(D,< D—1,x)
and any pullback of it has geometric determinant of order dividing p.

Proor. This is immediate from Proposition since the K there for F(D,< D — 1, x) can
be taken to be Q((p, values of x). O

2.4. Infinite monodromy groups
We begin with an elementary lemma which will be used below.

LEMMA 2.4.1. Let k be an algebraically closed field, X/k and Y/k smooth connected schemes,
f:Y—=X

a finite étale map, ¢ a prime invertible in k, and F a lisse Qg sheaf on Y. Suppose that the direct
image G := fuF on X has finite Ggeom- Then F on'Y has finite Ggeom-

PRrROOF. The pullback f*G has finite Ggeom, since 7 (Y") < m1(X) is a subgroup (of finite index, a
fact we use next). By Frobenius reciprocity, this pullback f*G = f* f,F contains F as a constituent,
indeed as a direct factor since in characteristic zero finite-dimensional representations of finite groups
are completely reducible. Therefore F itself has finite Ggeom- O

PROPOSITION 2.4.2. Let H be a hypergeometric sheaf Hypy(xi,..-,XD:pP1s---1pm) of type
(D,m) in characteristic p, with wild part Wild of dimension w = D —m > 0. Then the action
of I(c0) on Wild has finite image.

PROOF. The key points are that Wild is I(co)-irreducible (because all its slopes are 1/w) and
is the restriction to I(c0) of a representation of the decomposition group D(oco) (because H lives
on Gy, over some finite field k/F,). By the I(oco)-irreducibility, Deligne’s monodromy filtration
[Ka-ESDE, 7.0.6] on Wild must be trivial, i.e. the action of I(co) must be trivial on some open
subgroup. O
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PROPOSITION 2.4.3. Let H = Hypy(X1,---,XD;P1,---,Pm) be an irreducible hypergeometric
sheaf in characteristic p of type (D, m) with D > m > 0. Let G = Ggeom denote the geometric
monodromy group of H and V be the underlying representation.

(i) Suppose x1,...,xp are pairwise distinct. Then I(0) has finite cyclic p'-image {(go), and go is
an ssp-element on V.

(ii) Suppose pi,...,pm are pairwise distinct if m > 0. The image J of I(c0) is finite, the image Q
of P(00) is a normal subgroup Q <1 J, and the quotient J/Q is a finite cyclic p'-group, which
is generated by the image goo i Ggeom Of any element v € I(oo) of order prime to p that
generates 1(00)/P(oc0). The element g is an m2sp-element on V. If m = 0 then g is an
ssp-element on V, and if m = 1 then goo is an asp-element on V. Moreover, 6(gs) is divisible
by w:=D —m if ptw, and by wo(qo + 1) if plw = woqo with pt wy and qo a power of p.

PROOF. (i) This is proved in [Ka-ESDE| 8.4.2 (6)].

(ii) One knows [Sel, pp. 80-82] that P(o0) <1 I(00) with pro-cyclic p’-quotient. By Proposition
I(00) has finite image on Wild. By [Ka-ESDE] 8.4.2 (6)], I(c0) has finite, prime to p cyclic
image on Tame. By Propositions 4.8 and 4.9 of [KRLT4], g, has simple spectrum on Wild. If m > 0,
Joo also has simple spectrum on Tame because p1, . . ., pn, are pairwise distinct, cf [Ka-ESDE] 8.4.2

(6)]. Next, if p f w, then go permutes the w simple @Q-summands of Wild cyclically, so w|6(geo)-

If plw = woqp, then gg)oo(q°+1) acts as a scalar on Wild, but g has woqo > wo(qo + 1)/2 distinct

eigenvalues on Wild. This shows that the central order of the image of go, on Wild is wy(qo + 1),
hence wg(go + 1)|6(geo). Hence the statements follow. O

THEOREM 2.4.4. Let H be a hypergeometric sheaf Hypy (X1, --.,XD;P1s---,Pm) of type (D, m)
in characteristic p, with wild part w =D —m > 0. Suppose that p > 2w + 1 and D > 2. Then one
of the following statements holds.

(a) Ggeom s infinite.
(b) Ggeom is finite, and H is imprimitive and Kloosterman. Moreover, p t D, and for some tame

character A, H = L ® Kl(Char(D)) is Kummer induced from a Kloosterman sheaf of rank 1.
(¢) Ggeom s finite, and (w,p, D) = (1,5,2).

PRrROOF. (i) We will assume that G = Ggeom is finite, and aim to show that H is imprimitive
unless (w,p, D) = (1,5,2). Let V denote the representation underlying H, and let @) denote the
image of P(c0) in G. We claim that @ is isomorphic to the additive group of I, (), where ¢ is a

primitive w'" root of unity in IFTJX, and that the set of characters of () on Wild is
(2.4.4.1) x> (Trg (¢ p, (W), 0<j <w—1.

In the special case when our H has [[, xi/ Hj p; trivial if w is odd, and equal to the quadratic
character when w is even, this is proven in [KRLT3| Lemma 3.1]. In general, there exists a tame
character A such that £, ® H has the desired ratio. This operation of tensoring replaces Wild by
Wild ® A, a change which does not affect the restriction to P(00).

By |[KT5, Proposition 4.8], @ £ Z(G). As @ is elementary abelian, we can find a p-element
g € @ such that

(2.4.4.2) gEQNZLG), ¢° =

Consider the case g as chosen in has at most (p — 3)/2 distinct eigenvalues on V. By
Zalesskii’s conjecture, proved in [Rob], the normal closure A := (g%) of (g) in G is abelian, but not
central since g ¢ Z(G). It follows from Clifford’s theorem that the restriction of V' to A is a sum
of at least A-isotypic components, and so (G, V) is imprimitive. In particular, A is imprimitive if
1<w<(p—-5)/2,orifw=D=(p—3)/2.
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(ii) Now we consider the case w = (p — 3)/2 < D; in particular Tame # 0. If p =5 but D > 2,
then @ is infinite by Theorem The possibility (w,p, D) = (1,5,2) is recorded in (c).

Suppose now that p > 11. Then w = (p — 3)/2 does not divide p — 1, and so K :=TF,(§) is a
proper extension of IF,,. Clearly, K is the F,-span of the powers €,0<i<w-—1,of & and the
kernel K of Trg p, has codimension one in the F, vector space K. Hence, if for all z € K we
were to have Trg/p, (x€%) = 0 for all i, then we would have K7 = K, a contradiction. Thus for any
nonzero z € K, there is some power & with 0 < j < w — 1, such that TrK/Fp(zﬁj) #0. As K > T,
we can pick 0 # z € K. Then z has trace zero, but some z¢/ has nonzero trace. By ,
this means precisely that of the w eigenvalues of z on Wild, at least one eigenvalue is 1, but not all
eigenvalues are 1; in particular, z ¢ Z(G). Recall that 1 is the only eigenvalue of z on Tame. It
follows that z has at most w = (p — 3)/2 distinct eigenvalues on V| and we are done by the result
of (i).

Next, let p = 7. Then (2.4.4.1)) shows that Q = C; admits two nontrivial characters A and A~}
on Wild. In particular, the element g as in can be chosen to have eigenvalues (7 and (; on
Wild, and 1 on Tame as Tame # 0. It follows from Blichfeldt’s 60-degree theorem [BI, Theorem 8,
p. 96] that G is imprimitive.

(iii) Now we may assume that G is finite and imprimitive, and that (w,p, D) # (1,5,2). Since
(p — 1) f w, H cannot be Belyi induced, and so it is Kummer induced by [KRLT3| Proposition
1.2]. In other words, for some prime to p integer N > 1, H is [N],H', for H' a hypergeometric
sheaf of type (D/N,m/N). Note that H' has wild part of dimension 1 < w/N < w < (p—3)/2 (in
particular p > 7), and has finite geometric monodromy group, by Lemma above, applied to
the degree N Kummer covering of G,,, by itself.

Choose the largest possible such N. If D > N, so that D/N > 2, then, as p > 7, we can apply
the above results to H’, and conclude that H' is again Kummer induced, contrary to the choice of
N. It follows that D = N and so m = 0, i.e. H is Kloosterman of rank D = N prime to p, H’
is Kloosterman of rank one, and H is Kummer induced of degree D. Hence, by [Ka-MG/, Lemma
12}, H is Kly(x1, - - ., xp) with the x; all the D' roots of some tame character o, which we write as
o = AP. Thus the set of y;’s is precisely the set AChar(D), and hence H is £, ® Kly(Char(D)). O

REMARK 2.4.5. (i) Note that (half of) the local systems considered in [KT1l, Theorem 11.1]
have Gigeom = SL2(p), and they are Kummer pullbacks of hypergeometric sheaves in charac-
teristic p with w = (p—1)/2. This example shows that the bound p > 2w+ 1 in Theorem [2.4.4]
is best possible. Furthermore, [KRLT4, Theorem 29.7] gives a hypergeometric sheaf of type
(2,1) in characteristic p = 5 with Ggeom = 5 x SL2(5), a finite primitive complex reflection
group. Hence case (c) of Theorem is a real exception.

(ii) In the case of Kloosterman sheaves, Theorem was already proved in [Ka-MG] Proposi-
tion 6], which in turn relied on the well-known result of Feit and Thompson [FT].

Let us now recall the notion of “Lie irreducible”. Given an algebrically closed field k in which £ is
invertible, a smooth, geometrically connected scheme X/k, a lisse Qg-sheaf F on X is said to be Lie
irreductble if, in the given representation of Ggeom, the identity component Gg,,, acts irreducibly.
Equivalently, F is Lie irreducible if, for any finite étale f : Y — X with Y connected, the pullback
f*F on Y remains irreducible. [Just pass to the covering which trivializes Ggeom/Ggeom-] In a
similar vein, we say that F is Lie self-dual if it is Lie irreducible and if the restriction to Ggeop, of
the given representation is self-dual. Finally, we say that two Lie irreducible sheaves F; and F3 on
X are Lie-isomorphic if for some finite étale f : Y — X with Y connected, the pullbacks f*F; and

f*F2 on Y are isomorphic.
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LEMMA 2.4.6. Let H; and Ha be (geometrically irreducible) hypergeometric sheaves on Gy, /F,,
formed using possibly different additive characters 11 and 1. Denote by (D1, m1) and (D2, ms2),
with D1 > my and Dy > mg, their types. Suppose that Dy > 2 and that (D2, mg) # (2,1). Suppose
further that both Hq and Ha are Lie irreducible, and that they are Lie isomorphic. Then there exists
a multiplicative character x of some Fy and an isomorphism

H = LX ® Ho.

PROOF. Let Y — G,, be a finite étale pullback, with Y connected, on which H; and Hs become
isomorphic. Think of Y as corresponding to the open subgroup of finite index in 7 (G, /F,), namely
m1(Y). Then passsing to a smaller open subgroup of finite index which is normal in (G, /Fp),
we may reduce to the case when 71(Y) < m1(G,,,/F,) is a normal subgroup. Then H; and Ha are
representations of (G, /F,) whose restrictions to 71(Y) are irreducible and isomorphic. Here
there exists a linear character A of the quotient group m1(G,/F,)/m1(Y) such that we have an
isomorphism

Hi = AR Hos.
Let us observe the trivial consequence that Dy = Ds.

We must show that A is tame at both 0 and oco. It is tame at 0 because both H; and Hsy are
tame at 0. If A were not tame at 0, it would have Swan conductor > 1 at 0, which in turn would
force Hy to be totally wild at 0, which it is not. If If A were not tame at oo, it would have Swan
conductor Swans(A) > 1. Suppose first that Dy — mg > 2. Then the oo slopes of Ha, which are
either 0 or 1/(Dy — mg), are all < 1, and so ‘H; would have all slopes equal to Swans(A) > 1, and
hence Swane,(H1) = Swano(A)Dy > Dy > 2, again a contradiction as Swany,(H1) = 1. Finally,
suppose Do —mg = 1. Then by hypothesis mga > 2, so that Ho has mo > 2 oo slopes 0. Then H;
has mgo > 2 00 slopes Swanso(A), so Swaneo(H1) > Swane(A)mse > 2, the same contradiction. [

COROLLARY 2.4.7. In the situation of the above Lemma let A be a prime to p integer
such that both Kummer pullbacks [A]*H1 and Haz have unipotent local monodromy at 0. Then we
have an isomorphism

[A]*H1 = [A]"Hs.

PROOF. Indeed, after the pullback we have an isomorphism
[A]*Hl = ﬁXA & [A]*HQ

But both [A]*H; and Hz are unipotent at 0, hence £, 4 is trivial at 0. Being a tame character, it
is then trivial. O

COROLLARY 2.4.8. Suppose that the hypergeometric sheaf H on G, /F, is Lie self-dual. Let A

be a prime to p integer such the Kummer pullback [A]*H has unipotent local monodromy at 0. Then
[A]*H is self-dual.

PROOF. Apply the previous Corollary to H and its dual. O
In the same spirit, we have the following lemma.

LEMMA 2.4.9. Let H be a geometrically irreducible hypergeometric sheaf of type (D, m) with
D—m > 2. Suppose that Gy, = SLp. Then the determinant gives an isomorphism Ggeom/Ggeom =

geom geom

un(Qy) for some prime to p integer N > 1. Equivalently, det(H) = Ly for some tame character x.

PROOF. Because Gy, = SLp, the determinant gives an isomorphism Ggeom/Ggeom = 1N (Q)

for some integer N > 1. Because D —m > 2, we know by [KT5, Theorem 4.1} that Ggeom is
the Zariski closure of the normal subgroup generated by the image of 1(0). Therefore the quotient
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group uy, being abelian, is generated by the image of I(0), which is a group of (pro) order prime
to p. Thus the quotient is a character of m1(G,,/F,) of finite order prime to p, necessarily an L.
Alternatively, by [Ka-ESDE, Theorem 8.12.2], det(#) = L, for x the product of the “upstairs”

characters of H. O
COROLLARY 2.4.10. Let H be a geometrically irreducible hypergeometric sheaf of type (D, m)
with D —m > 2. Suppose that Gge,y, = SLp. Let A be a prime to p integer such that the Kummer

pullback [A]*H has unipotent local monodromy at 0. Then [A]*H1 has Ggeom, (aj»% = SLp.

PROOF. Indeed, if [A]*H is unipotent, then each character occuring in the image of I(0) has
order dividing A, so N divides A, i.e., x4 = 1. O

REMARK 2.4.11. Suppose H is of type (D,m) with D —m = 1. Then one knows [Ka-ESDE|
Theorem 8.12.2] that det(H) = Ly ® Ly, with x the product of the “upstairs” characters of #.
So in this case, if A is a prime to p integer such that the Kummer pullback [A]*H has unipotent
local monodromy at 0, det([A]*H) = Ly. In particular, if H has GG, = SLp, then [A]*H has
Ggeom,[A}*’H = {y € GLp|det(y)? = 1}.

2.5. Estimating the size of Gy, When it is finite

LEMMA 2.5.1. Let X/F, be smooth and geometrically connected. Let F be a lisse Q¢-adic sheaf
on Gy, /Fy which is pure of weight zero and for which Gayitn is finite. Then Ggeom < Garith, and the
quotient group Garith/Ggeom 15 cyclic of order

#(Garith/Ggeom) = ged(d € Z>1 | there exists x € X (Fa) with Frobz,qu|}' =id)

= ged(d € Z | there exists 2 € X (Fa) with Trace(FrobLqu]]:) = rank(F)).

PrOOF. The two asserted formulas are equivalent, since in a faithful C-representation V' a finite
group, here the action of Gitn on F, only the identity element has trace equal to dim(V).

The quotient Garith/Ggeom is a finite quotient of the pro-cyclic group Gal(IETq/Fq), so is itself
cyclic. The coset Ggeom Of Garith is the unique coset containing the identity element of Ggeom, and
this element is also the identity element of G- If some Frob,, Fa |F = id, then over Fga we have

Ggeom = Garith, which is to say that |Garith/Ggeom| divides d. So if the asserted ged is 1, then the
index must be 1. Conversely, if Ggeom = Garith, then by Deligne’s equidistribution theorem in this
finite case [Ka-Sar, Theorem 9.7.13], we will obtain Frobenii which attain any specified element of
Garith over all extensions of I, of sufficiently large degree. O

LEMMA 2.5.2. Let F be a lisse Qp-adic sheaf on G,/F, which is pure of weight zero and for
which Ggeom = Garith 15 finite. Let Sy and So be real constants such that all I1(0)-slopes of F are
< Sy and all I(c0)-slopes of F are < Soo. Then we have the inequality

#{x € F|Trace(Frob, r,|F) = rank(F)} 1 ’ < (
q— 1 ‘Ggeom‘ o

g—1

PROOF. Let us write G := Ggeom (= Glarith). Write the regular representation Rep as the usual
sum of irreducible representations A of G

Reps — 1 = GB dim(A)A,
A#1L

and recall that Repg is |G| times the characteristic function of idg.
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Sum both sides of this equality over the Frob, g |F. We get
(2.5.2.1)

|G| - #{z € F|Trace(Frob, r,|F) = rank(F)} — (¢ — 1) = Z dim(A) Z Trace(A(Froby r, |F)).
AF#L z€F )

Because each A is a representation of G = Gyith, we may form the pushout sheaf A(F) on G, /F,.
It will be lisse, pure of weight zero, and its I(0) (respectively I(co)) slopes will be bounded by Sp

(respectively S..), because each A(F) is a direct factor of some tensor power F® @ (F¥)®. By
the Lefschetz trace formula, we have

> Trace(A(Froby g, | F)) = > _(—1)'Trace(Froby| Hi(Gpm /Fq, A(F))).
xGF; i

The only possibly nonvanishing H! are H? and H}. For A nontrivial, the H? vanishes, because
A is irreducible nontrivial on G = Ggeom. By the Euler-Poincare formula on G,,, applied to A
nontrivial, we have

dim (H(Gyy, /Fq, A(F))) = Swang(A(F)) + Swanag (A(F)) < (So + Seo) dim(A).
By Deligne [De2, 3.3.4], each H! is mixed of weight < 1, so we have the estimate
| Trace(Frobgy|H, (G /Fq, A(F)))| < dim(H2)\/q < (So + Soc) dim(A)/q
Thus we have the estimate

1)~ dim(A) ) Trace(A(Froby g, | F))| < Y (dim(A)*(So + Se)v/ < |G|(So + Sse) /4.

AL ey AZL
Dividing through Equation (2.5.2.1)) by |G|(¢ — 1) we get the asserted result. O

COROLLARY 2.5.3. Let H be an irreducible hypergeometric sheaf of type (D,m) with w :=
D —m > 0. Suppose that Ggeom = Garith 15 finite. Then

‘#{w € F|Trace(Frob, r,|H) = rank(H)} 1 Va
q— 1 |Ggeom| o (q - ]-)w
PROOF. Indeed H is tame at 0, so we may take Sy = 0, and all its co-slopes are either 0 or 1/w,
so we may take Soo = 1/w. O

Here is a variant on A!. What we use here is that for G lisse on A! whose HC2 vanishes, the
Euler-Poincaré formula gives

dim(H!(A'/F,, G)) = Swan(G) — rank(G).

LEMMA 2.5.4. Let F be a lisse Q-adic sheaf on Al/Fq which is pure of weight zero and for
which Ggeom = Garith 15 finite. Let S be a real constant such all I(oco)-slopes of F are < Su.
Then we have the inequality

#{z € Fy|Trace(Frob, r,|F) = rank(F)} 1 < (Seo — 1)

q ‘Ggeom| o \/a

PROOF. The only new point here is that for any A(F), its oo slopes are still < S, so for A # 1
we have

dim (H (A'/Fq, A(F))) = Swanoo(A(F)) — dim(A) < Seo dim(A) — dim(A) = (Sso — 1) dim(A).
The rest of the proof proceeds as in the proof of Lemma [2.5.2 O
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2.6. Limsup formula for moments

Let Xo/F, be smooth and geometrically connected, of dimension d > 1, £ # p a prime, and F
a lisse Q; sheaf on X, which is pure of weight zero. By fundamental results of Grothendieck and
Deligne [De2| 1.3.8 and 3.4.1 (iii)], Ggeom i & semisimple algebraic group (meaning that its identity
component GO is semisimple). For V the representation of Ggeom attached to F, a, b nonnegative
integers, and

geom

X = XO ®Fq Ev

we have

M, p(F) = dim((VE @ (VV)8P)Caeom)
= dim(H2(X, F** @ (F¥)®)).
Because F is pure of weight zero, the trace function of 7 is the complex conjugate of the trace
function of F.

THEOREM 2.6.1. As L/F, runs over finite extensions, we have the limsup formula

M, p(F) =lim sup‘

1
— Trace(Frob, 1 |F)*Trace(Frob, 1| F¥)?)|.
P ) > ( Ll F) ( LIF))

Z’EXO(L)

PROOF. For the auxiliary sheaf G := F®% @ (FV)®?, which is lisse and pure of weight zero on
X, this is the statement that we recover dim(H2%(X,G)) as the limsup

Z Trace(Frob,, 1 |G)|.

rEXo(L)

lim sup|

1
LE,  (#L)?
By the Lefschetz trace formula, we have
> Trace(Frob,1,G) = Y (—1)'Trace(Froby |H.(X,G)).
x€Xo(L) 0<i<2d
For i < 2d, the group HY(X,G) is mixed of weight < i, by Deligne’s fundamental estimate [De2],
3.3.4], so for every finite extension L/F, we have
| > (=1)Trace(Froby [HA(X,G)| < (#L)"™2( > hiX,0))
0<i<2d—1 0<i<2d—1
So if H??(X,G) vanishes, we are done. When H 2d(X ,G) is nonzero, we must show that
dim H*(X,G) = hmsup‘
L/F, )

The key point here is that H?¢(X,G) is pure of weight 2d: the eigenvalues of Frobr, on H*(X,G)
are of the form ¢%a;, for 1 < j < dim H?¢(X,G), with each |a;| = 1. For L/F, of degree n, the
eigenvalues of Froby, on this space are (#L)da?. Thus we are reduced to the statement that given

lim sup‘ Z

1<5<D

Trace(FrobL]HM(X g))|

D > 1 points a; € S1, we recover D as

which holds because in the compact group (S 1) , powers of any point (a1, ...,ap) come arbitrarily
close to the identity element (1,...,1). O



CHAPTER 3

Representations of reductive groups containing elements with
special spectra

3.1. Almost quasisimple groups containing elements with simple spectra

One of the main goals of [KT'5] was to describe triples (G, V, g) subject to the following condi-
tion:

G is an almost quasisimple finite group, with S the unique non-abelian composition
factor, V' a faithful irreducible CG-module, and g € G has simple spectrum on V.

With G as in (3.1.0.1), let E(G) denote the layer of G, so that E(G) is quasisimple and S =
E(G)/Z(E(G)). On the other hand, G/Z(G) is almost simple: S < G/Z(G) < Aut(S). We will
frequently identify G with its image in GL(V). Let 9(S) denote the smallest degree of faithful
projective irreducible complex representations of S, and let 6(g) denote the order of the element
9Z(G) in G/Z(G). Adopting the notation of [GMPS], let meo(X) denote the largest order of
elements in a finite group X. An element g € G < GL(V) is called an ssp-element, or an element
with simple spectrum, if the multiplicity of any eigenvalue of g acting on V is 1. (Note that in
(3.1.0.1), we do not (yet) assume that Vg is irreducible.)

We begin with a useful observation:

LEmMA 3.1.1. [KT5, Lemma 6.1] In the situation of (3.1.0.1), we have
0(5) < dim(V) <o(g) < meo(G/Z(G)) < meo(Aut(5)).

(3.1.0.1)

Let S(=L1) denote the deleted permutation module of S,. We vyill also need to consider the
so-called basic spin modules (acted on faithfully by the double cover A,), see e.g. [KIT) §2].

THEOREM 3.1.2. [KT5| Theorem 6.2] In the situation of (3.1.0.1]), assume that S = A, with
n > 8. Then one of the following statements holds.
(i) E(G) = A, and one of the following holds.
(a) dimV =n—1, V|a, = S®=LD|s | and, up to a scalar, g is either an n-cycle, or a disjoint
product of a k-cycle and an (n — k)-cycle for some 1 <k <mn —1 coprime to n.
(b) n =38, dimV = 14, and, up to a scalar, g is an element of order 15 in As.
(i) E(G) = A, and one of the following holds.
(a) n =38, dimV =8, V|gq) is a basic spin module, and 6(g) = 10, 12, or 15.
) GJZ(G) = Ag, dim V' =8, Vg is a basic spin module, and 5(g) =9, 10, 12, or 15.
c) G/Z(G) =Sy, dimV = 16, V|g(q) is the sum of two basic spin modules, and 6(g) = 20.
) G
)

(f) G/Z(G) = S12, dimV = 32, Vg is a basic spin module, and 6(g) = 60.

Table II, reproduced from [KT5|, summarizes the classification of ssp-elements in the non-
generic cases of sporadic groups and Ay and some small rank Lie-type groups, under the additional
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] S \ meo(Aut(S)) \ 0(9) \ G \ dim(V) \ ssp-classes
Az 12 4 2A7 4 (2 reps) [KRLT4J 9 classes
Sy 6 (2 reps) [KT5] TA, 6C, 104, 12A (4 classes)
3A7 6 (2 reps) [KRLT4] 6 classes
6A7 6 (4 reps) [KRLT4] 15 classes
My, 11 10 My 10 (3 reps) [KRLT4] 11AB (2 classes)
11 [KRLT4] 11AB (2 classes)
M2 12 10 | 2Mj2 -2 10 (4 reps) (-) 11 classes
M, 11 (2 reps) (-) 11AB (2 classes)
2Mjy - 2 12 (2 reps) (-) 24AB (2 classes)
Moo 14 10 2Myy -2 | 10 (4 reps) [KRLT4] 10 classes
Mos 23 22 Moas 22 [KRLT4] 23AB (2 classes)
Moy 23 23 Moy 23 [KRLT4] 23AB (2 classes)
Ja 24 6 2J 6 (2 reps) [KRLJ 17 classes
2J2-2 | 14 (2 reps) [KRLT4] | 28AB, 24CDEF (6 classes)
J3 34 18 3J3 18 (4 reps) [KRLT4] | 19AB, 5TABCD (6 classes)
HS 30 22 HS -2 22 (2 reps) (-) 304
McL 30 22 McL -2 |22 (2 reps) [KRLT4] 304, 22AB (3 classes)
Ru 29 28 Ru 98 [KRLT4| 90AB, 58AB (4 classes)
Suz 40 12 6Suz 12 (2 reps) [KRLT3)| 57 classes
Coy 60 24 2Co; 24 [KRLTS3] 17 classes
Coa 30 23 Coa 23 [KRLT?2| 23AB, 30AB (4 classes)
Cos 30 23 Cos 23 [KRLT1] 23AB, 30A (3 classes)
PSL3(4) 21 6 65 -2 6 (4 reps) [KRLT4] many classes
4,5 -23 | 8 (8 reps) [KRLT4] 12 classes
2529 | 10 (4 reps) [KRLT4] 14CDEF (4 classes)
PSU4(3) 28 6 61522 | 6 (4 reps) [KRLT4] many classes
Spe(2) 15 7 | Spe(2) 7 [KRLT4] 7A, 8B, 94, 12C, 154
2Sp(2) 8 [KRLT4] 8 classes
Spe(2) 15 () 154
Q4 (2) 30 8 [207(2)-2 8 [KRLT4 22 classes
2By (8) 15 14 | 2Bo(8)-3 | 14 (6 reps) [KRLT4] 15AB (2 classes)
G2(3) 18 14 | G2(3)-2 |14 (2 reps) [KRLT4] 14A, 18ABC (4 classes)
Ga(4) 24 12 | 2G2(4) -2 | 12 (2 reps) [KRLT4] 20 classes

TABLE II. Elements with simple spectra in non-generic cases

condition that V| E(q) s irreducible. For each V', we list all almost quasisimple groups G with com-
mon E(G) that act on V, and we list the number of isomorphism classes of such representations
in a given dimension, for a largest possible G up to scalars (if no number is given, it means the
representation is unique up to equivalence in given dimension). For each representation, we list the
names of conjugacy classes of ssp-elements in a largest possible G, as listed in [GAP], and/or the
total number of them. We also give a reference where a local system realizing the given represen-
tation is constructed. The indicator (-) means that no hypergeometric sheaf with G as monodromy
group can exist.
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THEOREM 3.1.3. [KT5, Theorem 6.4] In the situation of (3.1.0.1), assume that S is one of
26 sporadic simple groups, or A7, and that V|gq) is irreducible. Then (S,G,V,g) are as listed in
Table II.

LEMMA 3.1.4. Let ¢ = p/ > p and ¢ # 4, 8, 9, 25. Suppose that S = PSLa(q) and g € Aut(S)
has order at least (¢ — 1)/ ged(2,q — 1). Then g € PGLa(q).

PROOF. Suppose that g ¢ H := PGL2(q), and thus the coset gH is an element of order e > 2
in the cyclic quotient Aut(S)/H = Cy. As shown on [GMPS| p. 7679], we then have that
o(g) < e(g"*+1).

Suppose p = 2. Then one can check that e(¢!/¢ +1) < ¢ — 1, unless (e, q) = (2,4), (3,8).

Suppose p > 2. Then one can check that e(¢'/¢4+1) < (¢—1)/2, unless (e, q) = (2,9), (2,25). O

THEOREM 3.1.5. In the situation of (3.1.0.1)), assume that S is a finite simple group of Lie type.
Then one of the following statements holds.

(i) S = PSLa(q) and dim(V) < 0o(g) < g+ 1. Moreover, if ¢ > 11 then the image of g in Aut(S)
lies in PGLa(q).
(ii) S =PSLyn(q), n > 3, E(G) is a quotient of SLy(q), and V|g(q) is one of ¢ — 1 Weil modules,
of dimension (¢"—1)/(qg—1) or (¢" —q)/(qg—1). Moreover, dim(V) <o(g) < (¢"—1)/(¢—1).
(iii) S =PSUn(q), n > 3, E(G) is a quotient of SU,(q), and V|g(q) is one of ¢+ 1 Weil modules,
of dimension (¢" — (=1)")/(q+ 1) or (¢" +q(=1)")/(g +1).
(iv) S = PSpy,(q), n > 2, 21 q, E(G) is a quotient of Spsy,(q), every irreducible constituent of
Vg is one of four Weil modules, of dimension d := (¢" £1)/2, and dim(V') = d or 2d.
(v) Non-generic cases:
(a) S is one of the following groups: PSLs(4), PSU4(3), Sps(2), Q4 (2), 2B2(8), G2(3), G2(4),
Vg is simple, and the classification of ssp-elements in G' can be read off from Table I.
(b) Vlg(a) is the direct sum of two simple modules of equal dimension, and one of the following
possibilities occurs.
(o) E(G) =8 =SU4(2), G/Z(G) = Aut(S), either dim(V) = 8 and 6(g) = 9, 10,12, or
dim(V') = 10 and o(g) = 10, 12.
(B8) S =8U5(2), G/Z(G) = Aut(S), dim(V') = 22, and o(g) = 24.

Proor. If S 2 PSLa(q), then the theorem is just [KT5, Theorem 6.6], which also gives the
first statement in (i) when S = PSLy(gq). For the second claim in (i), assume ¢ > 11. Then

o(g) > dim(V) > (¢ — 1)/ ged(2,q — 1)

by Lemma and so we are done unless ¢ = 25. If ¢ = 25, but the image of g is not contained
in PGL2(25), then using [CCNPW] we can check that o(g) < 12; on the other hand, V|gg) is
either irreducible of dimension > 24, or a sum of two simple summands of dimension 12 or 13 that
are fused by g. Thus 6(g) < dim(V'), a contradiction. O

THEOREM 3.1.6. In the situation of (3.1.0.1)), assume in addition that V\E(G) 15 1rreducible and
that dim(V') # 4,6. Then the following statements hold.

(i) The action of G on V is tensor indecomposable and not tensor induced.

(ii) Ez’ther (G,V) satisfies (S+), or (G,V) is imprimitive and one of the following cases occurs.
(a) E(G)/Z(E(G)) = PSLa{q), n > 2, ¢ > 3, and dim(V) = (¢" — 1)/(g — 1).

(b) E(G) = PSLy(7) and dim(V) = 7.

(c) E(G) =M and dim(V) = 11.

(d) E(G) =2Mi2 and dim(V) = 12.
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PROOF. (i) The statement is obvious in the case dim(V') is a prime, so we may assume that
dim(V') > 8. In particular, using [CCINPW] we see that S 2 As and so ?(S) > 3.

If S = Ag, then we can check directly using [CCINPW]| that dim (V') # 9 (because G possesses an
ssp-element), and 9(.5) = 3. If furthermore dim (V') > 10, then we get E(G) = SLy(9), dim(V) = 10,
and G/Z(G)E(G) < Cs, in which case one can check the statements readily. Hence we may assume
dim(V) < 8 when S = Ag. Now, Theorems [10.3.5} [3.1.3} and [3.1.5 imply that dim(V) < 9(S)?
in all remaining cases. Hence, if (G,V) is tensor decomposable: G < GL(A) ® GL(B) with 1 <
dim(A) < dim(B), then we may assume that dim(A) < 9(S), and so the projective representation
of E(G) on A is reducible, contradicting the irreducibility of E(G) on V = A® B. Thus (G,V) is
tensor indecomposable.

Assume now that (G, V) is tensor induced and let H <t G be the subgroup of G that stabilizes
each of the n > 2 tensor factors, each of dimension d so that dim(V) = d". Then dim(V) < 2(5)?
again implies that d < 9(S) and so E(G) £ H (because otherwise E(G) would stabilize each of
the tensor factor and act reducibly on each of them). As E(G) is quasisimple, we must have that
E(G)NH =Z(E(Q)). Thus S = E(G)/Z(E(G)) embeds in G/H — S,, and acts faithfully on the
set of n tensor factors. However, as 9(5) > 3 we have

n = log,; dim(V) < log, 9(S)? < 9(S) + 1 < P(S),

where P(S) denotes the smallest index of proper subgroups in S, contradicting S < S,,.

We have shown that (G,V) is not tensor induced, whence the statement follow. For a later
application in Theorem we also note that when dim(V) =6 and 9(5) < 3, S = As and V' is
imprimitive by [CCNPW]. Hence, (S+) also holds if dim(V') = 6 and V is primitive.

(ii) Note by Lemma that (S+) necessarily implies that E(G) is irreducible on V. In view
of (i), it suffices to determine whether the G-module is primitive.

Assume that G fixes an imprimitive decomposition V = &!_,V; with ¢ > 1. Since Z(E(G)) <
Z(G) by irreducibility of E(G), we see that Z(G) acts trivially on {V1,...,V;}. Now irreducibility
of E(G) on V implies that S := E(G)/Z(E(G)) acts transitively on this set, when S has a proper
subgroup of index ¢ that divides dim(V). Using [KIL, Table 5.2.A] and [CCNPW]|, and going
through the cases listed in Theorems [10.3.5} [3.1.3| and [3.1.5, we can check that when dim(V') > 12,
the latter is possible only when (S, dim(V')) # (PSL,(q), (¢" —1)/(¢ — 1)), leading to (a). Assume
now that dim(V’) < 12 and we are not in (a). Now we have

5 < P(S) <t < dim(V),

and that dim(V') # 6 by assumption. We will use [GAP] to check this condition for the modules
listed in Theorems [10.3.5} [3.1.3] and [3.1.5] when S 2% A5, Ag, and in [GAP] when S = As, Ag.

When S = A; = PSLy(4), the possibility dim(V) = 5 is already included in (a) (indeed, if
X € Irr(S) has degree 5, then y = Indf/[(a) for a non-principal linear character o of M = Ay).

When S = Ag = PSL2(9), any proper subgroup of S has index 6 or > 10 whereas dim(V) <
meo(Aut(S)) = 10 [CCNPW]|, so, in view of (a) and the assumption dim(V') # 6, no further
consideration is needed.

When S = A7, any proper subgroup of S has index 7 or > 15 whereas dim(V') < meo(Aut(S)) =
12 [CCNPW]|, so V' can only have dimension 7 which is impossible.

When S = Ag, any proper subgroup of S has index 8 or > 15 whereas dim(V') < meo(Aut(S)) =
15 [CCNPW]|, so V can only have dimension 8 or 15. There is no V' of dimension 15, see
[CCNPW]|, and the ones of dimension 8 are primitive (since any subgroup of index 8 of E(G) = 2Ag
is isomorphic to 2A7, which is perfect, and so any linear character of it is trivial and cannot induce
to E(G) to yield V|g))-
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When S = PSLy(7), we only need to look at the case dim(V') = 7, which leads to (b); (indeed,
if x € Irr(S) has degree 7, then y = Ind?,() for a non-principal linear character o of M 2 Sy).

When S = PSLy(11), P(S) = 11 and dim(V) < meo(Aut(S)) = 12 [CCNPW]|, so in view of
(a), V can only have dimension 11. However, such a module is primitive (since any subgroup of
index 11 of E(G) = S is isomorphic to As, which is perfect, and so any linear character of it is
trivial and cannot induce to S to yield V|g).

When S = My, P(S) = 11 = meo(Aut(S)) [CCNPW], so dim(V) = 11, leading to (c); indeed,
if x € Irr(S) has degree 11, then x = Indf/[ () for a non-principal linear character o of M =2 Ag - 23.

When S = My, P(S) = 12 = meo(Aut(S)) [CCNPW]I, so dim(V') = 12, leading to (d); indeed,
if x € Irr(E(G)) has degree 12, then E(G) = 2M;3 and x = Indf/[(G)(a) for a non-principal linear
character o of M =2 2 x M;y;. O

Using the aforementioned results on representations of almost quasisimple groups admitting
ssp-elements, we now prove

THEOREM 3.1.7. Let H < GL(V') 2 GL4(C) be a finite almost quasisimple group that admits an
element h with simple spectrum. Assume in addition that V is irreducible over L := E(H). Then
either

o(h) < d?/2
or one of the following cases occurs.
(a) d =2, H=SLs(5), and o(h) =2, 3, or 5.

(b) d=3, H = As, and 6(h) = 5.

(¢c) d=3, H="PSLy(7), and o(h) =T7.

(d) d =3, H = 3Aq, and 5(h) = 5.

(e) d=4, H=Sp,(3), and o(h) =9 or 12.

(f) d=6, L =6, - PSUL(3), H/Z(H) = PSUL(3) - 25, and 6(h) = 18.

Proor. We will assume that
(3.1.7.1) o(h) > d*/2.

The list of possible H in the case d = 2, 3 is well known, see e.g. [HM], and we easily arrive
at (a)—(d). From now on, we will assume d > 4, and let S = L/Z(L) be the unique non-abelian
composition factor of H. Also, let meo(Aut(S)) denote the largest order of elements in Aut(.5).

(i) Here we consider the case S = A,, withn > 5. If n = 5, then 6(h) < meo(Aut(S)) =6 < d?/2,

contrary to (3.1.7.1)). If n = 6, then 6(h) < meo(Aut(S)) = 10, so implies that d = 4. In
this case, we have by [CCNPW] that L = 2A¢ and S < H/Z(H) < S - 2;, which then implies that
o(h) < 6, again contradicting (3.1.7.1)). If n = 7, then 6(h) < meo(Aut(S)) = 12, so again
implies that d = 4. In this case, we have by [CCNPW] that H = 2A7 and so 6(h) < 7, again
contradicting .

Assume now that n > 8. Then we can apply Theorem to see that implies that
we are in case (i)(a) of Theorem and so 6(h) < n?/4 < (n —1)2/2 = d?, a contradiction.

(ii) Assume now that S is one of 26 sporadic simple groups, and apply Theorem Using
the information on (V, meo(Aut(S)) listed in Table 1, we see that (3.1.7.1) implies that H = 2J,
and d = 6, in which case we also have 6(h) < 15, violating (3.1.7.1]).

(iii) From now on we may assume that S is a simple group of Lie type, and apply Theorem
First consider the case S = PSLa(q) with ¢ > 7 and ¢ # 9 (note that the cases SLa(4) =
PSLa(5) = As and PSL2(9) = Ag have already been considered in (i)). If ¢ = 7, then o(h) < 8§,
and so implies that d = 4, whence H = L = SLy(7) and o(h) < 7 (see [CCNPW]), a
contradiction. If ¢ = 8, then 6(h) < 9 whereas d > 7, see [CCNPW], contradicting (3.1.7.1). If
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q > 11, then 6(h) < g + 1 by Theorem [3.1.5(i), whereas d > (¢ — 1)/2 (see [TZ1], Theorem 1.1]),
and this again violates .

Suppose S = PSL,(¢) with n > 3 and (n,q) # (3,2), (3,4). Then d > (¢" — q)/(¢ — 1)
and meo(Aut(S)) = (¢" —1)/(¢ — 1) < d + 1 by [GMPS), Theorem 2.16], contradicting (3.1.7.1)).
The case SL3(2) = PSLa(7) has already been treated. Suppose now that S = PSL3(4). Then
meo(Aut(S)) = 21, so yields that d =6, L =65, S< H/Z(H) < S -2; (see [CCNPW]),
in which case we have o(h) < 8, a contradiction.

Suppose next that S = PSpy,(q) with n > 2 and (n,q) # (2,3). Then d > (¢" — 1)/2 and
meo(Aut(S)) < ¢"™/(¢ — 1) by [GMPS| Theorem 2.16], again violating (3.1.7.1)). Assume now
that S = PSp4(3). Then meo(Aut(S)) = 12, so yields that d = 4, H = Sp,(3), o(h) =9 or
12 (see [CCNPW]), and we arrive at (e).

Suppose S = PSU,(¢q) with n > 3 and (n,q) # (3,2), (3,3), (4,2), (4,3), (5,2). Then d >
(@™ — q)/(¢ + 1) and meo(Aut(S)) < ¢"! + ¢*> by [GMPS, Theorem 2.16], again contradicting
(3.1.7.1). Note that PSU;3(2) is solvable, and PSU4(2) = PSp,(3) has already been handled. If
S = SUs(2), then d > 10 and meo(Aut(S)) = 24, contrary to (3.1.7.1). If S = SU3(3), then d > 6
and meo(Aut(S)) = 12, again contradicting (3.1.7.1). Suppose next that S = PSU4(3). Then
meo(Aut(S)) = 28, so (3.1.7.1)) yields that d =6, L =61 -5, S<<H/Z(H) < S -2, and 6(h) = 18
(see [CCNPW)), leading to (f).

Finally, in the exceptional cases S = Spg(2), Q4 (2), 2B2(8), G2(3), and G2(4) of Theorem
3.1.5(v), using the information on (V, meo(Aut(5)) listed in Table 1, we can check that meo(Aut(S)) <
d®/2, violating . O

THEOREM 3.1.8. [KT5l Corollary 8.4] Suppose gives rise to a hypergeometric sheaf H
of type (D, m) with D —m > 2, with G = Ggeom, g @ generator of the image of 1(0) in G, and V
realizes the action of G on H. Suppose in addition that we are in the cases (ii)—(iv) of Theorem

and that V|gq) is irreducible. Then G/Z(G) = PGLy(q), respectively PSpy,(q), PGU,(q).

THEOREM 3.1.9. [KT5, Theorem 8.5] Let p be a prime. Let G be a finite irreducible subgroup
of GL(V') =2 GLyn (C) that satisfies (S+) and is an extraspecial normalizer, so that G> R = Z(R)E
for some some extraspecial p-group E of order p'T2" that acts irreducibly on V', and furthermore
either R = E or Z(R) = C4, as in [GT3l, Proposition 2.8(iii)]. Suppose that a p'-element g € G
has simple spectrum on V and that p™ > 11. Then the following statements hold.
(i) Suppose p > 2. Then exp(R) = p, o(g) = p" + 1, and the coset gZ(G)R as an element of
G/Z(G)R < Spa,(p) generates a cyclic mazimal torus Cyny1 of Spa, (p).
(ii) Suppose p = 2. Then one can find integers a1 > ag > ... > a;y > 1 such that n = Zle a;,
ged(2% +1,2% +1) = 1 if i # j, o(g) = [[}= (2% + 1), and the coset gZ(G)R as an element
of G/Z(G)R — Sp,,,(2) generates a cyclic mazimal torus Coa1 41 X ... X Coar41 0f Spy,(2).

Our next result offers an optimal refinement of [KT5], Theorem 7.4]:

THEOREM 3.1.10. Let H be a hypergeometric sheaf in characteristic p of type (D, m) with D > m
and with finite geometric monodromy group G = Ggeom- Suppose that G is an almost quasisimple
group of Lie type:

S AG/Z(G) < Aut(5)
for some finite simple group S of Lie type in characteristic r, and either H is (S+), or G(>) s
irreducible on H. Then at least one of the following statements holds.
(i) p=r, i.e. H and S have the same characteristic.
(ii) D <10 and S is one of the following simple groups: As, Ag, Ag, PSLa(7), SL2(8), PSLa(11),
PSL3(4), SU3(3), SU4(2) = PSp4(3), SU5(2), PSU4(3), Sps(2), Q4 (2). More precisely, one of
the following statements holds.
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(ii-2) D =2, and S = As.
(ii-3) D =3, and S = As, Ag, PSLa(7).
(ii-4) D =4, and S = A5, Ag, PSL2(7), SU4(2).
(ii-5) D =5, and S = As, Ag, PSLa(11), SU4(2).
(ii-6) D =6, and S = As, Ag, PSLa(7), PSL2(11), PSL3(4), SU3(3), SU4(2), PSU4(3).
(ii-7) D =7, and S = Ag, PSLy(7), SLa(8), SU3(3), Spg(2).
(ii-8) D =8, and S = Ag, As, PSL2(7), SL2(8), PSL3(4), Sps(2), Q4 (2).
(ii—9) D = 9, and S = A6, SLQ(S).
11—10) D = 10, and S = A6; PSLQ(ll), PSL3(4), SU4(2), SU5(2)
(ili) D =12, S =SU3(4), and p =5 or 13.
(iv) D =14, p = 13, and S = 2By(8) or G2(3).

PROOF. Assume (H,G) is as in the theorem, but p # r. Note that (S+) implies by Lemma
that the central cover L := G(®) of S is irreducible on the underlying representation V = Vy
of H; in paricular Z(G) = Cg(L) and G/Z(G) — Aut(S). Recall that a generator gg of the image
of I(0) in G, a p’-element, has simple spectrum on V', which implies

(3.1.10.1) D <0(go) < meo(Aut(S)).

Let @ denote the image of I(o0) in G, and let ¢ denote the character of the G-module V. Suppose
that there exists a constant 0 < o < 1 such that |p(z)|/¢(1) < a for all z € Q \ Z(G). We will
frequently use the following lower bound

(3.1.10.2) Q] >w > D(1—a)(1-1/[Q)

for w := dim Wild = D —m. [Indeed, the action of @ on Wild implies by Propositions 4.8 and 4.9 of
[KRLT4] that w < |Q|, and the second inequality in is reproduced from [KT5| (7.2.2)].]
Furthermore, in the cases where Q/(Q N Z(QG)) is cyclic, in particular when Sylow p-subgroups of
Aut(S) are cyclic, we must have that

(3.1.10.3) w < [Q: QNZ(G).

Indeed, the cyclic assumption implies that @ is abelian. By Propositions 4.8 and 4.9 of [KRLT4],
the character of the -module Wild is a sum of w distinct linear characters A;, 1 < < w. Note that
Q NZ(G) acts on Vy via a central character v, and @) has exactly [Q : Q N Z(G)] linear characters
lying above v. Hence the claim follows.

Now we can apply [KT5, Theorem 7.4] to see that D < 22, and arrive at the following possi-
bilities for S

PSL2(5,7,8,9,11,25), As, PSL3(3,4), PSU4,576(2), PSU374(3)
PSU5(4,5), Sps(2), PSpg(3), PSpy(5), Q4 (2), 2Ba(8), G2(3,4),

which we will analyze individually. We also let go, € G be a p’-element that generates the image of
I(c0) in G modulo @, and note that the cases S = G2(4) and S = SU3(4) are treated by Theorem
24.6, respectively Corollary 24.7, of [KRLT4].

(a) If S = PSLy(q) with ¢ = 4,5, 7,8, then meo(Aut(S)) < 9 [CCNPW], so D < 9 by (3.1.10.1)),
and (ii) holds. If S = Ag = PSL2(9) = Spg(2)’, then meo(Aut(S)) < 10, so again D < 10 and (ii)
holds. In addition, if D = 10, then 6(go) = 10 by (3.1.10.1)), whence p = 3 since g is a p’-element.
More generally, the list of possibilities in (ii-2)—(ii-10) can be verified using [HM].

Suppose S = PSLy(11), but p # 11 and D > 10. Note that S < G/Z(G) < Aut(S) = S - 2,
and both S and S - 2 inject in GL3(F11) as irreducible subgroups. By [KT5, Theorem 4.14], this
implies that w < 3. On the other hand, D < meo(Aut(S)) = 12, and using [GAP] we can check



46 3. REPRESENTATIONS CONTAINING ELEMENTS WITH SPECIAL SPECTRA

that |p(x)| < 2 for all x € G\ Z(G). Thus we can take o = 1/5, and as |Q| > 2, implies
w > 4, a contradiction.

Suppose S = PSL2(25), but p # 5 and D < 22. Since V|, is irreducible, we have D = 12 or
13 by [GAP], and so S < G/Z(G) < S - 25. Next, each of S and S - 29 injects in GL4(F5) as an
irreducible subgroup for some d < 4. By [KT5, Theorem 4.14], this implies that w < 4. Using
[GAP] we can check that |p(z)| <5 for all z € G \ Z(G), and thus we can take o = 5/12. Hence
(3.1.10.2)) yields |Q| > w > 4. Since |Q| > 5, now implies w > 6, a contradiction.

Suppose S = Ag = SL4(2), but p # 2 and D > 8. Since meo(Aut(S)) = 15 [GAP] and V|, is
irreducible, we see that D = 14 and 6(gog) = 15. The latter rules out p = 3,5. In the remaining case
p = 7, the Sylow p-subgroups of Aut(S) are of order 7, so w < 7 by (3.1.10.3]). However, ¢(z) =0
for all z € Q \ Z(G), yielding & = 0 and so w > 12 by (3.1.10.2)), a contradiction.

Suppose S = SL3(3), but p # 3. Since V|, is irreducible and D < meo(Aut(S)) = 13, we have
D =12 or 13 by [GAP], L = S and S < G/Z(G) < S - 2. Next, each of S and S - 2 injects in
GL4(F3) as an irreducible subgroup for some d < 6. By [KT5|, Theorem 4.14], this implies that
w < 6. Using [GAP] we can check that |¢p(x)| < 4 for all z € G \ Z(G), and thus we can take
a = 1/3. Hence yields |Q| > w > 4. Since |Q| > 5, now implies w > 6, a
contradiction.

Suppose S = PSL3(4), but p # 2 and D > 11. Since V|, is irreducible and D < meo(Aut(S)) =
21, we have D € {15,20,21} by [GAP]. Now, since 0(gg) > D > 15, we can see that 3 always
divides 6(gp), showing p # 3. We can then check using [GAP] that |p(x)| < 1 for all x € Q N\ Z(G).
Thus we can take o = 1/15, which implies w > 12. This however contradicts , since Sylow
p-subgroups of Aut(S) have order p.

Suppose S = SU4(2) and D > 11. Then D < meo(Aut(S)) = 12, and L has no irreducible
characters of degree 11 or 12 [GAP], a contradiction.

Suppose S = SU;(2), but p # 2 and D > 11. Since V|1, is irreducible, we actually have D = 11
and G = Z(G)S by [GAP]. Now S is an irreducible subgroup of GLs5(Fz), so w < 5 by [KT5),
Theorem 4.14]. If p = 5 or 11, then by |[GAP] we have that |p(z)| < 1 for all x € Q \ Z(G).
Thus we can take o = 1/11, which implies w > 8 by , a contradiction. Suppose p = 3.
Again using [GAP] and (3.1.10.2), we see that |Q| > w > 4, whence |Q| > 9, yielding w > 5. Thus
w =5 and so W = 3% is elementary abelian by [KRLT4, Proposition 4.8]. Next, 3 { |Z(G)| by
[K'T5| Proposition 4.8(iv)], hence @ < S. Also, 5/6(g0) by [KRLT4, Proposition 4.8], and thus an
element of order 5 of S acts nontrivially on (). It follows that () is a maximal torus of S and hence
contains an element of class 3¢ in the notation of [GAP], which however has eigenvalue 1 only with
multiplicity 2 on V, showing w > 9, a contradiction.

Suppose S = PSUg(2), but p # 2. Since V|, is irreducible and D < meo(Aut(S)) = 36, we have
D = 21 or 22 by [GAP]. Now, since 6(gg) > 21, we can see that 3 always divides 6(gp), showing
p # 3. We can then check using [GAP] that |p(x)| < 2 for all z € Q \ Z(G). Thus we can take
a = 2/21, which implies w > 16. This however contradicts , since Sylow p-subgroups of
Aut(S) have order p.

Suppose S = SU3(3) and D > 8. Then D < meo(Aut(S)) = 12, and L has no irreducible
characters of degree 9 < D < 12 [GAP)J, a contradiction.

Suppose S = PSU4(3), but p # 3 and 7 < D < 22. Since V|, is irreducible, we have D €
{15,20,21} by [GAP]. Now, since 06(gg) > D > 15, we can see that 2 always divides 6(go), showing
p # 2. We can then check using [GAP] that |p(x)| < 1 for all z € Q \ Z(G). Thus we can take
a = 1/15, which implies w > 12. This however contradicts , since Sylow p-subgroups of
Aut(S) have order p.

Suppose S = SUj3(4), but p # 2. Since V| is irreducible and D < meo(Aut(S)) = 16, we
actually have D = 12 or 13 by |[GAP]. First we consider the case D = 13, which implies that
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G = Z(G) x S. In particular, G admits an irreducible representation G — GL3(Fy), hence [KT5),
Theorem 4.14] implies that w < 3. For p # 5, we can check that |p(z)| <1 for all x € Q \ Z(G).
Thus we can take o = 1/13, which implies w > 8 by , a contradiction. If p = 5, then using
IGAP] we see that any element x € @ \ Z(G) has all eigenspaces of dimension < 4, which implies
that w > D —4 =9, again a contradiction. Now suppose that D = 12. Note that the cases p =5
and p = 13 are recorded in (iii), so we have p = 3. Since the Sylow 3-subgroups of Aut(S) are of
order 3, by we have that w < 3. On the other hand, applying with o = 0 we
have w > 8, a contradiction.

Suppose S = PSUs(5), but p # 5. Since V|, is irreducible and D < meo(Aut(S)) = 30, we
actually have D = 20 or 21 by [GAP]. Now we can use [GAP] to check that no 3’-element can
have a simple spectrum on V, ruling out the case p = 3. For p # 3,5, we can check that |p(z)| <5
for all z € @\ Z(G). Thus we can take a = 1/4, which implies |Q| > w > 8 by (3.1.10.2). Applying
(3.1.10.2)) with |Q| > 9, we actually have w > 14. Also, since go has simple spectrum on V', we see
that goZ(G) € S - 3. Hence we can apply Theorem to get that S < G/Z(G) < S - 3. Since
each of S and S -3 is an irreducible subgroup of GL4(F5) for some d < 8, it follows from [KT5,
Theorem 4.14] that w < 8, a contradiction.

Suppose S = Spg(2). Then D < meo(Aut(S)) = 15, and so D < 8 since V|, is irreducible, see
I[GAP]. Thus (ii) holds in this case.

Suppose S = PSpy(5), but p # 5. Since V| is irreducible and D < meo(Aut(S)) = 30, we
actually have D = 12 or 13 and G/Z(G) = S by [GAP]. Since S is an irreducible subgroup
of GL5(F5), it follows from [KT5, Theorem 4.14] that w < 5. Using [GAP] we can check that
lo(x)| < 5 for all z € Q \ Z(G). Thus we can take a = 5/12, which implies |Q| > w > 4 by
. Applying with |Q| > 5, we actually have w > 6, a contradiction.

Next suppose S = Qg (2) and D > 9. As D < meo(Aut(S)) = 30, we have D = 28 since V|f,
is irreducible, see [GAP]. Now implies that 6(go) = 30, but such elements do not have
simple spectrum on V', a contradiction.

(b) The last three cases of PSpg(3), 2B2(8), and G3(3) require a more substantial analysis.
Suppose S = PSpg(3), but p # 3. Since V|, is irreducible and D < meo(Aut(S)) = 40, we actually
have D = 13 or 14 and G/Z(G) = S by [GAP]. For p # 2, we can check that |p(z)| < 2 for all
2 € Q \ Z(G). Thus we can take a = 2/13, which implies w > 9 by (8.1.10.2)). Since the Sylow
5-subgroups and 7-subgroups of S have order 5, respectively, this bound rules out the cases p =5
and 7 by . Assume p = 13. Then any = € Q \ Z(G) has central order 13 and spectrum
B 13 on V for some 8 € C*. This implies that w > 12. Since Sylow 13-subgroups of .S have order
13, @ is abelian, and so w # 13 by [KRLT4, Proposition 4.9] and w # 14 by . Thus
w = 12, in which case 12|0(goo) and goo has spectrum - u12 on Wild for some v € C* by [KRLT4l,
Proposition 4.8]. However, using [GAP] one can check that no such element exists in G = Z(G)L.

We have shown that p = 2. Then the 2’-element gy has simple spectrum on V. Using [GAP]
we can check that 6(ggp) = 13 = D, so L =5, and G = Z(G)S = Z(G) x S. Also, 2 1|Z(G)| by
[KT5| Proposition 4.8(iv)]. By [KT5, Corollary 5.2], we can replace ‘H by another hypergeometric
sheaf of the same type (D, m) but now with G = S. So we may assume G = S = PSpg(3); in
particular, |@Q| < 2°. Checking the spectrum of go on V, we see that the set of “upstairs” characters
of H is Charyz. Using [GAP] we can check that |p(z)] < 5 for all 1 # z € . Thus we can take
o = 5/13, which implies |Q| > w > 4 by (3.1.10.2). This in turn implies that |Q| > 8, and so w > 7
by . If w = 13, then Q = 2!2 by [KRLT4, Proposition 4.8], a contradiction. The case
w = 11 is impossible since g, € S would have order divisible by 11. If w = 7, then Q = 23 and each
1 # x € @ has trace —1 on Wild by [KRLT4, Proposition 4.8]. It follows that these involutions
x have trace m — 1 = 5 on V, which is impossible by [GAP]. Suppose w = 9. Then @Q = 2° by
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[KRLT4, Proposition 4.8], and consists of, say A involutions of class 2a and B involutions of class
2b, in the notation of [GAP]. Then A+ B = 63, and

4=m=[plg,1qle = (13 —-34+ B)/64,

yielding A = —45, a contradiction.

Suppose w = 10. By [KRLT4l Proposition 4.9], g, € S has order divisible by 5; in particular,
g'% =1d, and spectrum all the 5" roots of 3 - (3 ~ {1}) on Wild for some 3 € C*. It follows that
3% =1, and g3, has order 5 and spectrum all the 5'" roots of unity on Wild, each with multiplicity
2, which can be seen to be impossible by [GAP].

Suppose w = 8. By [KRLT4, Proposition 4.9], goc € S has order divisible by 9; in particular,
g° = 1d, and spectrum all the 9" roots of v - (g ~ {1}) on Wild for some v € C*. It follows that
79 =1, and the spectrum of g, on Wild is g \ {7}. On the other hand, since G is finite, go, also
has simple spectrum on Tame. Checking the spectra of elements of order 9 of S on V' and replacing
goo by its inverse if necessary, we see that the spectrum of goo on V' is pg U {¢} | j =1,4,6,7} as a
multi-set, and so the spectrum of go, on Tame is {¢} | 7 = 1,4,6,7,jo} for some jo € {0,2,3,5,8}.
The irreducibility of H implies jo # 0 (as 1 already appears “upstairs”), and Q(¢) = Q({3) implies
that the spectrum of g is stable under the unique subgroup C3 of Gal(Q((9)/Q), whence jo = 3.
Thus the set of “downstairs” characters of H is {&) | j = 1,3, 4,6, 7}. However, the resulting H now
fails the V-test, as can be shown by direct computation.

Suppose w = 12. By [KRLT4, Proposition 4.9], goc € S has order divisible by 3 and spectrum
all the 3" roots of § - (us ~ {1}) on Wild for some § € C*. It follows that 5 divides o(g3) and in
fact o(g) = 15. Checking the spectra of elements of order 15 of S on V', we see that the spectrum
of goo on V' contains 4 eigenvalues with multiplicity 2, which is a contradiction since g~ has simple
spectra on both Wild (of dimension 12) and Tame (of dimension 1).

(c) Suppose S = 2By(8). Since D < meo(Aut(S)) = 15 and V|, is irreducible, we have D = 14
and L = S by [GAP]. Now, implies that o(gp) = 15, ruling out p = 3,5. The case
p = 13 can indeed arise, see [KRLT4, Theorem 26.2], leading to possibility (iv). We can also rule
out p = 2 as follows. Using [GAP] we can check that |¢(x)| < 2 for all 2-elements = € Q \ Z(G),
and thus we can take o = 1/7. Hence yields |Q] > w > 6. Hence |Q| > 8, and ((3.1.10.2)
now implies w > 11. We also note by [K'T5l Proposition 4.8(v)] that |Z(G)|2 < 2, and so |Q] < 2.
The case w = 11 is now impossible by [KRLT4, Proposition 4.8], since no element in Aut(S) has
order 11. If w = 13, then |Q| = 2'2 by [KRLT4, Proposition 4.8], again a contradiction. Suppose
w = 14. Applying [KRLT4| Proposition 4.8] again, we see that 7|06(goo), which implies that goo
and @ are both contained in Z(G)S. In this case, G = Z(G)S by [KT5, Theorem 4.6]. But this
is a contradiction, since go ¢ Z(G)S. Finally, suppose w = 12. In this case, ) has an irreducible
summand of dimension 4 on Wild by [KRLT4, Proposition 4.8]. However, Q) < Z(G)P for a Sylow
2-subgroup P of S, and all irreducible characters of P are of degree 1 or 2, again a contradiction.

(d) Finally, we consider S = G3(3). Since D < meo(Aut(S)) = 18 and V|, is irreducible, we
have D = 14 and L = S by [GAP]. Now, implies that o(gg) = 14 or 18, ruling out
p = 2. The case p = 13 can indeed arise, see [KRLT4, Theorem 23.2], leading to possibility (iv).
If p =7, then p(z) = 0 for all z € Q \ Z(G), which implies w > 12 by (3.1.10.2). But this
contradicts (3.1.10.3)), since Sylow 7-subgroups of Aut(S) have order 7. Next we rule out p = 3
as follows. Using [GAP] we can check that |p(z)| < 5 for all 3-elements x € @ \ Z(G), and thus
we can take o = 5/14. Hence yields |Q| > w > 6. Hence |Q| > 9, and now
implies w > 8. We also note by [KT5l Proposition 4.8(iv)] that 3 1 |Z(G)|, and so |Q| < 3% and
@ < S. The case w = 10, respectively 11, is impossible by [KRLT4, Proposition 4.8|, since no
element in Aut(S) has order 5 or 11. If w = 14, then Q = 3% is elementary abelian by [KRLT4,
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Proposition 4.8], again a contradiction (since Sylow 3-subgroups of S have order 3° but exponent
9). Suppose w = 9. Then @ is irreducible on Wild by [KRLT4, Proposition 4.9]. Since @ acts
trivially on Tame (of dimension 5) and faithfully on V, an element z € Z(Q) of order 3 will act
as scalar (3 on Wild and thus ¢(z) = 9(3 + 5, which is impossible by |[GAP]. Suppose w = 8,
respectively 13. Applying [KRLT4, Proposition 4.8] again, we see that w|0(geo), which implies
that g and @ are both contained in Z(G)S. In this case, G = Z(G)S by [KT5, Theorem 4.6].
But this is a contradiction, since g9 ¢ Z(G)S. Finally, suppose w = 12. As in the previous case, we
have goo ¢ Z(G)S. On the other hand, 4]|6(g~) by [KRLT4, Proposition 4.9]. So, modulo Z(G),
goo belongs to class 4b in the notation of [GAP], and has traces 0 on Wild and on V, whence on
Tame as well. Since dim Tame = 2, it follows that the set {p1,p2} of “downstairs” characters of
‘H is stable under multiplication by the quadratic character £&. As p = 3 and 06(go) > D, we also
see that, modulo Z(G), go belongs to class 14a in the notation of [GAP], and so has spectrum
B - p1g on V, for some § € C*. It follows that the set {x1,...,x14} of “upstairs” characters of H
is stable under multiplication by &2, and so H is Kummer induced by [KRLT4, Proposition 3.7], a
contradiction. 0

REMARK 3.1.11. In the case where D # 4,8, 9, it is shown in Theorem (below) that if H is
primitive then it is (S+). Also, the construction of particular hypergeometric sheaves with (p, D, 5)
as indicated in cases (iii)—(iv), and in various subcases of (ii), of Theorem is carried out in
[KRLT4]. Our proof of Theorem also shows that, conversely, if S = “B2(8) or G2(3), then
(D,p) = (14,13).

3.2. Modules with small weight multiplicities

Let G be a simple, simply connected Lie group over C, of rank r. With respect to a fixed
maximal torus T in G, let {a1,a9,...,a,} be a system of simple roots, {wi,ws,...,w,} be the
corresponding fundamental weights, with the same labeling as given [Huml, §11.4]. For a dominant
integral weight \ € (w1, w2, ..., ™)z, let L(A) denote the irreducible rational CG-module with
highest weight .

DEFINITION 3.2.1. (i) In the above notation, L(\) is called weight multiplicity-free, or WMF,
if the largest multiplicity of any weight in L(\) is at most 1. Similarly, L(A) is called WM2,
respectively WM3, if the largest multiplicity of any weight in L(\) is at most 2, respectively 3.

(ii) A semisimple element g € G is called WMF, respectively WM2, WM3, on L(}), if the largest
multiplicity of any eigenvalue of g on L()\) is at most 1, 2, or 3, respectively.

WMF modules were classified by Howe in [HS| Theorem 4.6.3]. In the cases where G admits a
(nontrivial) graph automorphism 7 of order 2, i.e. when G is of type A, with r > 2, D, with r > 4,
and Fjg, we need to extend Howe’s result to deal with WM2 modules that are 7-invariant. When G
is of type Dy, we also need to classify WM3 modules.

In theory, the multiplicity my(u) of any weight p in L(A) can be determined using Freudenthal’s
formula, or Kostant’s formula, see [Hum)|. Based on these formulas, algorithms are developed and
implemented in various computer packages to compute my(u), see [Li€] in particular. However, it
is highly nontrivial to deduce a closed, effective formula for all my(u). In practice, the following
reduction formula turns out to be useful in many cases:

PROPOSITION 3.2.2. [Cavl, Proposition A] Let A = >\, a;,w; be a dominant integral weight and
let p be a dominant weight such that =X — "\, ;o with c1,...,¢, € Z>o. Also, assume that J
is a subset J of {1,...,r} with the property that c; < aj for allj € J. Set X' := A=3". ;(a;—c;)w;
and pi' = p =3 e j(a; — ¢j)wj. Then my(p) = my ().
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First we treat type As:

LEMMA 3.2.3. Let G be of type As and let L(X\) be WM2. Then X is one of the following weights:
awi or aws with a € Zx>q, aws with 1 < a <3, wy + wa, ws + w3.

PROOF. Recall (see e.g.[Hum| Table 1, p. 69])

w, = (3a1 + 209 + 043)/4, Wy = (2&1 + 4o + 26!3)/4, wy = (a1 + 200 + 3043)/4.
Write A = aw; + bws + cws also as (a, b, c). We will also write my , .(a, b, c) for the multiplicity of
the weight (z,vy,2) = xw) + ywa + zws in L(a,b,c) = L(\).

(i) First we consider the case a,c¢ > 1 and let p:= A — (w1 + w3) = (a — 1,b,¢ — 1). Note that
w1 + w3 = a1 + ag + ag. Assume b > 1. Then, by Proposition we can take J = {1,2,3} and
get my(p) = my, (u1) for

AM=A—(a—1,b—-1,c—-1)=(1,1,1), ypp=p—(a—1,b—1,¢—1)=(0,1,0).
Thus my (@) = m1,1,1(0,1,0) = 4, with the second equality checked using [Lie].

Assume now that b = 0. By Proposition we can take J = {1,3} and get mx(p) = my, (u2)

for

X=A—(a—1,0,c—1)=(1,0,1), po=p—(a—1,b—1,¢—1) =(0,0,0).
Thus my(p) = m1,0,1(0,0,0) = 3 (with the second equality again checked using [Lie] — in what
follows we will skip similar references to [Li€]).

(ii) We have shown that at least one of a,c is 0, and may therefore assume a = 0. Assume in
addition that b > 2 and ¢ > 1, and take pu := X\ — 29 = (0,b — 2, ¢), noting 2ws = a1 + 29 + 3.
By Proposition we can take J = {2,3} and get my(u) = my,(us3) for

Ad3=A—(0,b—2,¢—1)=(0,2,1), ps=p—(0,b—2,¢—1) =(0,0,1).
Thus my(p) = mp2,1(0,0,1) = 3.

Suppose now that b = 1 but ¢ > 2, and take p := A\ — (w2 + 2w3) = (0,0,¢—2). As wa +2w3 =

a1 + 2a + 2a3, by Proposition we can take J = {3} and get my(u) = my,(u4) for

A =A—(0,0,c—2)=(0,1,2), us = p— (0,0,c—2) = (0,0,0).

Thus m (@) = mo,1,2(0,0,1) = 3.
Finally, assume that a = ¢ = 0 but b > 4, and take p := A — 4wy = (0,b — 4,0). As 4wy =
2a1 + 4ag + 2a3, by Proposition we can take J = {2} and get my(p) = my, (us) for

A=A—(0,b0—-4,0)=(0,4,0), pa =p—(0,b—4,0) = (0,0,0).
Thus my(p) = mo4,0(0,0,0) = 3. O

Recall we label the simple roots for type Dy in such a way that a triality graph automorphism
fixes ao and permutes a1, ag, and ay.

LEMMA 3.2.4. Let G be of type Dy and let L(\) be WM3. Then X is one of the following weights:
aw; with i € {1,3,4} and 0 < a < 3, wi + w3, w1 + w4, w3 + wy. If moreover L(\) is WM2, then
A€ {0, w1, W3, W4}.

PROOF. Recall (see e.g. [Huml Table 1, p. 69])

w1 = (200 4+ 209 + as + ay) /2, wo = a1 + 209 + a3 + oy,
wsg = (a1 + 209 + 23 + ) /2, wa = (a1 + 200 + a3 + 2a4) /2.

Write A = aw; + bws + cws + dwy also as (a,b,c,d). We will also write my 4 . ¢(a,b, c,d) for the
multiplicity of the weight (x,y, 2z,t) = xw) + ywa + zws + twy in L(a,b,c,d) = L(\).
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(i) First we consider the case b > 1 and let p:= A — wy = (a,b — 1,¢,d). Also set
a; := min(a, 1), ¢; := min(c, 1), d; = min(d, 1),
so that
(3.2.4.1) a=aa, c=cic, d=did, 0<ay,ci,dp <1.

Note that wy = a1 + 200 + a3 + ay.
Assume in addition that b > 2. Then by Proposition [3.2.2| we can always put 2 in J. Moreover,
we will put 1 in J if and only if a; = 1, and similarly for 3 and 4. With this convention and using

(3.2.4.1), we now have my(u) = my, (p1) for
AM=A—(a1(a—1),b—2,c1(c—1),di(d - 1)) = (a1,2,¢1,d1),
w =p—(ar(a—1),b—2,c1(c—1),d1(d—1)) = (a1, 1,c1,dy).
Thus my (@) = Ma, 2.61.d, (01,1, ¢1,d1) > 5, with the latter inequality checked using [Lie].
Assume now that b = 1. Then, we will put 1 in J if and only if a; = 1, and similarly for 3 and

4. With this choice of J and using Proposition [3.2.2| and (3.2.4.1)), we now have my(u) = my, (u2)
for

Ay = A — (al(a - 1)a 0, Cl(c - 1)7 dl(d - 1)) = (ala Lye, d1)7
p2 = p—(a1(a—1),0,c1(c — 1),di(d — 1)) = (a1,0,c1,d1).
Thus my (@) = May 1.61.d, (01,0, ¢1,d1) > 4, with the latter inequality checked using [Lie| again.
(ii) We have shown that b = 0. Assume in addition that @ > 4 and let p = A\ — 4wy =
(a —4,0,c,d). Also set
¢ :=min(c,2), do = min(d,?2),
and choose v, € {0,1} so that v = 1 if and only ¢ > 2 and 6 = 1 if and only d > 2. Note that
4wy = 4oy + dag + 2a3 + 2a4. We will put 1 in J. In addition, we will put 3 in J if and only if
¢y = 2 (i.e. v =1) and similarly for 4. With this choice of J and using Proposition we now
have my(p) = m,(ug) for
)‘3 =A- (a - 47 0772(6 - 2)7 52(d - 2)) = (47 07 027d2)7
pr=p—(a—4,0,7(c—2),02(d — 2)) = (0,0, cz, d2).
Thus mx(1) = M4,0,60.d(0,0,c2,dz). Using [Lie|, we can check that ma4g ¢, 4,(0,0,c2,d2) > 6 for
0<cy,dy <2
We have therefore shown that 0 < a,c¢,d < 3 and b = 0. A direct check using [Lie] shows that,

if X\ is one of these 64 weights, but not listed in the lemma’s first statement, then L(A) has some
weight multiplicity > 6. The second statement is then checked using [Lie]. O

LEMMA 3.2.5. Let G be of type As or Ay, with graph automorphism T, and let L(\) be WM2
and T-invariant. Then either A =0, or G is of type As and A = wi + wo.

PROOF. (i) First we consider the case of A4. Using [Hum| Table 1, p. 69] one can see that
(3.2.5.1) w1 + Wy = a1 + as + ag + ay, @y + w3 = ay + 209 + 2a3 + a4.

Since 7 interchanges toy with wy and wy with ws, we can write A = a(w; + w4) + b(w2 + @3);
abbreviate it as (a,b). We will also write my y(a,b) for the multiplicity of the weight (z,y) =
z(w1 + wa) + y(wa + ws) in L(a,b) = L(N).

First we consider the case a > 1 and let p := XA — (w1 +w4) = (a— 1,b); also set by := min(b, 1).
By Proposition [3.2:2] we can always put 1 and 4 in J. Moreover, we will put both 2 and 3 in J if
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b1 = 1, and none of them if by = 0. With this choice of J and using Proposition [3.2.2] we now have
m(p) = ma, (p1) for
AL =A— (a’ - 1ab1(b - 1)) = (Lbl)’ H1 == (CL - 1,b1(b - 1)) = (Oabl)

Thus my(p) = mqp, (0,b1) > 4, with the latter inequality checked using [Lie].
We have shown that a = 0. Assume now that b > 2, and let y := X\ — (w2 + w3) = (0,b — 1).

By (3.2.5.1) and Proposition we can choose J = {2,3} and obtain my () = my, (u2) for
)\2 =A— (0,[7—2) = (0,2), Ho = U — (0,()—2) = (0,1).
Thus my(p) = mp2(0,1) = 7, with the latter equality checked using [Lie].
Finally, mg1(0,0) = 5, and the statement follows.
(ii) For Az, an analogous argument shows that mg(e, 4o, (@ —2) (1 +@2) = Mo(em; 40y (0) = 3
when a > 2. 0

LEMMA 3.2.6. Let G be of type As, with graph automorphism 7, and let L(\) be WM2 and
T-invariant. Then A =0 or A = w3 (and corresponds to the middle node of the Dynkin diagram).

PrOOF. Using [Huml Table 1, p. 69] one can see that

w1 +ws = a1 + ag + ag + ag + as,
(3.2.6.1) wy + w4 = a1 + 200 + 2a3 + 204 + a,
23 = a1 + 2a9 + 3as + 204 + as.

Since 7 interchanges w; with ws and wy with wy, we can write A = a(w +ws) + b(ws + wy) + cws;
abbreviate it as (a, b, ¢). We will also write my , .(a, b, ¢) for the multiplicity of the weight (z,y, z) =
x(w1 + ws) + y(wa + wy) + zws in L(a,b,c) = L(A).

First we consider the case a > 1 and let p := A—(w1+ws) = (a—1,b,¢). Also set by := min(b, 1)
and ¢; := min(c, 1). By Proposition we can always put 1 and 5 in J. Moreover, we will put

both 2 and 4 in J if by = 1, and none of them if b; = 0, and similarly for 3. With this choice of J
and using Proposition we now have my(u) = my, (1) for

AM=A—(a—1,b1(b—1),c1(c—1)) = (1,b1,¢1),
i =p—(a—1,b1(b—1),ci(c—1)) = (0,b1,c1).

Thus my (@) = mip, ¢, (0,b1,¢1) > 5, with the latter inequality checked using [Lie].
We have shown that ¢ = 0. Assume now that b > 1, and let

pi=A— (w2 +ws—w —ws) =(1,b—1,¢).

Note from (3.2.6.1) that wy + w4 — w1 — w5 = ag + a3 + a4. Hence, by Proposition we can
always put 2 and 4 in J. Moreover, we will put 3 in J if and only if ¢; = 1, but none of 1,5. With

this choice of J and using Proposition we now have my(u) = my, (uz2) for
A2 = A — (O)b_ 1)01(0_ 1)) = (07 1701)7 M2 = [ — (07b_ 1761(0_ 1)) = (170761)‘

Thus my(p) = mo1,¢, (1,0, c1) > 3, with the latter inequality checked using [Lie].
We have therefore shown that @ = b = 0. Assume now that ¢ > 3, and let p := A\ — 2w3 =
(0,0,c — 2). Using Proposition with J = {3}, we now have my(p) = my,(ug) for

A3=A—(0,0,c—3)=1(0,0,3), uz =p—(0,0,c—3) = (0,0,1).
Thus my(p) = mop,3(0,0,1) = 6. Finally, mg,0,2(0,0,0) =5, and the statement follows. O

PROPOSITION 3.2.7. Let G be of type Eg, with graph automorphism 7, and let L(\) be WM2
and T-invariant. Then A = 0.
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PROOF. In the chosen labeling, 7 interchanges w; with wg, ws with ws, and fixes wy and wy.
Hence we can write A = a(wi + wg) + b(ws + ws) + cwa + dwy; abbreviate it as (a, b, ¢, d). We will
also write my . +(a,b, ¢, d) for the multiplicity of the weight

(x,y,2,t) = x(w1 + we) + y(ws + ws) + 2w + dwy

in L(a,b,c,d) = L(\).

Note that there is a positive root g such that {—ap,aq,...,as} is the set of vertices for the
extended Dynkin diagram Eél); moreover, o is connected only to as in this diagram. Consider the
subsystem subgroup

H = (X,,,X 0, |0<i<6, i #2),
where as usual Xz is the root subgroup corresponding to the root 3. Then H is the direct product
H, x H; of semisimple subgroups Hy of type A; with simple root system {ap}, and H; with
simple root system As, and 7 induces a graph automorphism of H;. We can choose a maximal
torus T' = Ty X T'1, where T is a maximal torus in Hy and T'; is a maximal torus in H;. Then,
without loss of generality, we may identify the set of fundamental weights of H; with {w; | 1 <
i <6, i # 2}. As shown in [GLT) Lemma 4.1], the restriction of L(\) to H contains a simple
subquotient Uy ® U;, where Uy is a simple Hp-module, and U; is the simple H;-module with highest
weight a(w; + we) + b(ws + ws) + dwy, which is 7-invariant. Now, since the T-module L(A) is
WM2, the same holds for Uy ® Uy, and so for the T1-module Uy as well. Applying Lemma we
obtain that a =b=0 and d € {0,1}.
Using [Huml Table 1, p. 69] one can see that

w1 + we = 201 + 209 + 3ag + 4ay + 3as + 2a,
(3.2.7.1) wo = a1 + 200 + 203 + 3y + 205 + g,
w4 = 201 + 3ag + dag + 6ay + 4das + 206.
Consider the case d = 1 but ¢ > 1, and let p := X\ — (wy — w1 — wg) = (1,0,¢,0). Applying
Proposition with J = {2}, we have my(u) = my, (p1) for
A =A—(0,0,c—1,0) = (0,0,1,1), p1 = p— (0,0,¢—1,0) = (1,0,1,0).
Thus my(p) = mop,1,1(1,0,1,0) = 6, with the latter equality checked using [Lie].

Since m,0,0,1(1,0,0,0) = 4, we have shown that d = 0. Assume now that ¢ > 2, and let
p=A— 2wy —wi; —ws) = (1,0,c—2,0). Again applying Proposition with J = {2}, we have
m(p) = max, (p2) for

A2 =A—(0,0,c—2,0) = (0,0,2,0), ps=p— (0,0,c—2,0) = (1,0,0,0).
Thus my(p) = mo020(1,0,0,0) = 3, with the latter equality checked using [Li€]. Also, by [Lie] we
have mg,1,0(0,0,0,0) = 6, whence the statement follows. O

Recall we label the simple roots for type D, with > 5 in such a way that the graph automor-
phism 7 interchanges a,._1 and «.., and fixes every other simple root a;, 1 <i <r — 2.

LEMMA 3.2.8. Let G be of type D5 and let L(\) be T-invariant. Suppose G contains a semisimple
element g, whose image in SO10(C) has an eigenvalue equal to 1, such that g is WM2 on L(\). Then
A=0 or ws.

PROOF. (i) Write A = aw; + bws + cws + dwy + ews. Since A is T-invariant, we have that d = e.
It is well known, see e.g. [Lul, Appendix A.2] that Z(G) = (z) = Oy, with wy(2) = {4 = w5(2) !
and w;(2?) = 1 when 1 < i < 3; in particular, A\(22) = 1. Next, any simple root takes value +1 on
z, (see e.g. [Huml Table 1, p. 59]), and any weight of L(\) is A — 3.7, by with b; € Zsg, (see
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e.g. [Lu, Theorem 2.1]). Hence, any weight of L()\) takes value 1 on 22, and so, without loss, we
may replace G' = Spin;(C) by Spin;((C)/(22) = SO10(C) = SO(V) with V = C*°.

(i) Let (e1,e9,...,es5, f1, f2,..., f5) be a hyperbolic basis for the G-invariant bilinear form on
V. By assumption, we may assume that

(3.2.8.1) g = diag(x1, e, x3, 24, 1, xl_l, 1‘2_1, :1:51, x;l, 1)

with z; € C* in this basis. In particular, g belongs to a Levi subgroup Ly = SOg(C) x GL2(C) of
the parabolic subgroup P9 := Stabg({e4, e5)c) of G. We also choose the maximal torus

T = {diag(y1, y2, Y3, ya, Y5, 41 Y2 Y5 ¥r Y5 ) | yi € CF
By Smith’s theorem [Sml], L(\)|z, contains a simple submodule U; ® Uy, where the SOg(C)-module
U; has highest weight dw) + cw), + dw}, with {@], @), w4} being the set of fundamental weights
of SL4(C) (a double cover of SOg(C)). In particular, Uy, viewed as an SLy(C)-module, is invariant
under the graph automorphism of SLy(C). Writing g = gohg with go := diag(z4, 1,25, 1) € GLy(C)
and ho = diag(xl,mg,xg,xfl,xgl,:ngl) € SO4(C), and using the assumption that g is WM2 on
L(X), we see that hy is WM2 on Uj. This in turn implies that U; is WM2, whence

(3.2.8.2) d=e=0and0<c<3

by Lemma [3.2.3

(iii) Note that g also belong to a Levi subgroup Ls = GL5(C) of the parabolic subgroup
P; := Stabg(W) of G, where W := (eq, ea, ..., e5)c. Next we claim that every composition factor X
of the restriction of L(\) to any standard subgroup H = SL4(C) of L5 is WM2. (Here, by an SL4(C)
standard subgroup of GL5(C) = GL(W) we mean any subgroup of GL(W) that is isomorphic to
SL4(C), fixes w and stabilizes W’ for some decomposition W = (w) @ W’ with 0 # w € W.) Indeed,
we may assume that the element g in is represented by diag(x1, z2, x3, x4, 1) in GL(WW), and
take the standard subgroup H to fix e5 and stabilize (ey, ea, €3, e4)c. Consider any composition factor
Y of the restriction of L(\) to Ls and any composition factor X of the restriction of Y to H. Also,
fix z € C* such that 22Y = z1w92374, and inside L5 we write g = diag(z1, z2, 23, 74,1) = hshfgs,
where

hs =2 1d e Z(Ls), hy:= diag(z, z, 2, 2, z_4), g5 1= diag(:rlz_5,x2z_5,:L‘gz_5,x4z_5, 1) € H.
Then hs acts as a scalar on Y. Furthermore, hf centralizes H, with
H « (hy) = Stabgr, ) ({es)c, (e1, €2, e3, ea)c) = GLy(C).

So without loss we may assume X is hi-invariant and so hf acts as a scalar on X. As g = hshigs
is WM2 on L(\) and hshy is scalar on X, g5 is WM2 on X, whence X is WM2 as claimed.

(iv) By Smith’s theorem [Sm), the restriction of L(\) to [Ls, Ls] = SL5(C) contains a direct
summand which is simple of highest weight aw + bws + cws + dwy, with {w1,ws, ws, w4} being the set
of fundamental weights of SL5(C). Similarly, the restriction of the latter to the standard subgroup
H that fixes e; and stabilizes (e, e, €3, e4)c contains a direct summand X which is simple with
highest weight aw] + bw), + cwf, with {w],w),ws} being the set of fundamental weights of SL4(C).
Applying (iii) to X and using Lemma we see that one of the following occurs:

ea=0=0,1<c¢c<3;

ea=0,b=c=1;

eb=c=0,0<a<3;

ea=b=1,c=0;or

ea=c=0,1<b<3.

Recall d = e = 0 by (3.2.8.2). Now using [Lie] we can check that in the 12 listed above cases,
there is some g such that my(p) > 4, unless A = 0 or w;. O



3.2. MODULES WITH SMALL WEIGHT MULTIPLICITIES 55

PROPOSITION 3.2.9. Let G be of type D, with r > 5 and let L(\) be T-invariant. Suppose G
contains a semisimple element g, whose image in SO2,(C) has an eigenvalue equal to 1, such that

g is WM2 on L(\). Then A =0 or w;.

PROOF. (i) We proceed by induction, with induction base r = 5 proved in Lemma For
the induction step r > 6, since A = Y .;_, a;w; is 7-invariant, a,—; = a,. If 2 1 r, then the same
arguments as in part (i) of the proof of Lemma shows that Z(G) = (z) = Cy with 22 acting
trivially on L(\). Suppose 2|r. Then Z = (z1,22) & C3 with G/{z122) = SO4,(C). Now we can
check using [Lul, Appendix A.2] that each of w,_jw, and w;, 1 <1i <r — 2, takes value 1 at z;z9.
Arguing as in the proof of Lemma we again see that z1zo acts trivially on L(\).

Thus, regardless of the parity of 7, we may replace G by SOq,.(C). Let (e, ea,...,er, f1, f2,.- -, fr)
be a hyperbolic basis for the G-invariant bilinear form on C?". By assumption, we may assume that

(3.2.9.1) g = diag(x1,x2,...,2r-1,1, ajfl, x;l, oz )

sy Yr—19

with x; € C* in this basis. In particular, g belongs to a Levi subgroup L 2 SOs,_2(C) x GL;(C)
of the parabolic subgroup P := Stabg({e1)c) of G. We also choose the maximal torus

T = {diag(y1, Y2, - - - Yrs U1 Y5 o5 4y ) |y € CFF.
By Smith’s theorem [Sm)], L(\)|z contains a simple submodule U, where the SO,_2(C)-module U
has highest weight >\, a;,w,_;, with {w], @}, ..., @, _;} being the set of fundamental weights of
Spiny,_(C). In particular, U is invariant under the graph automorphism of SOg,_o(C). We can

also write the element ¢ in as g = hg', with
h:= diag(z1,1,..., 1,275 1,...,1) € GLy(C) < Z(L)
and
¢ = diag(1,x2,..., 21,1, Loyt ... 2t 1) € SOg—2(C).
In particular, as an element of SO, 5(C), ¢’ has eigenvalue 1 on C?*~2. Furthermore, h acts as a

scalar on U. Hence, since g is WM2 on L(})), ¢’ is WM2 on U. By the induction hypothesis,

ag=a4=...=a, =0, 0<ax <1.

(i) Consider the case as = 1. First we note, see [OV] Table 5] that L(ws) = A%(V) for
V := L(w;) = C?", and it is easy to see that m,(0) = r > 6.
So we may assume that a; > 1, and let y := A — wy = a1w;. Note that
r—2
wy = a1 +2Zaz‘ + a1 + ap,
i=2
see [Huml Table 1, p. 69]. Hence, applying Proposition with J = {1}, we obtain that

m)\(ﬂ) = M) +wy (wl)
Again by [OV], Table 5],
VoA (V)=ANV)OV @ L(w + w).

Analyzing the action of T' on these modules, we see that w; has multiplicity 1 in V, 7 — 1 in A3(V),
and 3r — 21in V ®@ A2(V). Thus my () = Me, o, (1) = 2(r — 1) > 10.

(iii) Now we consider the case ag = 0 but a; > 2, and let p := A\ — 2w = (a1 — 2)w;. Note that

r—2
2009 = 22047; + a1 + Qp,

=1
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see [Hum! Table 1, p. 69]. Applying Proposition with J = {1}, we obtain that my(p) =
M2, (0). Again by [OV] Table 5],
Sym?(V) = C @ L(2w).

Analyzing the action of T on these modules, we see that 0 has multiplicity 1 in C and r in Sym?(V).
Thus my(p) = mee, (0) =7 —1>5. O

PROPOSITION 3.2.10. Let G = SL,41 with v > 4 and let L(\) be T-invariant. Write r + 1 =
2m + j with j € {0,1}. Suppose G contains a semisimple element

g=diag(ti, to,... . tm, Lttt )
j times

with t; € C* such that g is WM2 on L(\). Then A =0, orr =15 and A\ = ws.

ProoFr. We proceed by induction on r > 4. The induction base r = 4, 5 is already established
in Lemma [3.2.5] and Lemma [3.2.6]
For the induction step r > 6, assume A # 0. Let W = (e1,e9,...,€,41)c, so that G = SL(W).
We can extend L(\) to a GL(WW)-module V', and write
(3.2.10.1) g =diag(ti,h,t;"), with h:=diag(ta,ts, ..., tm, 1ttt 851, 1) € SL,_y.
J times
Note that g belongs to the Levi subgroup L = GL; x GL,_1 x GL; of the parabolic subgroup

P = StabGL(W) (<el>(C7 <€17 ERR) €T>C)7

and [L,L] = {1} x SL,_1 x {1} in L. Let T denote the diagonal torus of G. By Smith’s theorem,
V|L contains a simple submodule U, which, as [L, L]-module, has highest weight v, which is the
restriction of A to T'N [L, L] and hence invariant under the graph automorphism 7’ of [L, L].

Since g is WM2 on V, it is WM2 on U. By (3.2.10.1)) we have g = zh, with h € [L, L] and
z = diag(ty1, Ir—1, tfl) € Z(L). Hence, h is also WM2 on U. By the induction hypothesis applied to
r—2, either v = 0, and so A = a(w; +w,) witha > 1, or r =7, v = wy, and so A\ = a(w) +w7)+ w4
with a > 0.

Suppose a > 1 in either case, and consider p := A\ — (w; + w,). By Proposition we can
choose J = {1,r} and obtain my(v) = my, (1) for

M=A—(a—1)(wi1+w)=w1+ @, p1 =p— (a—1)(w1 +w,) =0
in the first case, and
A= A— (a—l)(wl—i—wﬁ =w] + w7+ W4, Y1 = U — (a—l)(w1+zD7) = Wy

Direct computation shows that my, (u1) =7 > 5 in the first case. In the second case, my, (11) = 16
by [Lie|]. In either case, g cannot be WM2 on V.

Finally, we consider the case (r,\) = (7,24). Then L(\) = A*(W), and direct computation
shows that g has eigenvalue 1 with multiplicity > 6 on L()), again a contradiction. O

3.3. Regular spectrum and simple spectrum elements

Let V' be a finite dimensional C-vector space. Recall from Definition that an element
g € GL(V) is said to have regular spectrum if each eigenvalue of g occurs with a single Jordan block.
We have the following elementary lemma of linear algebra, whose proof is left to the reader.

LEMMA 3.3.1. For a given element g € GL(V'), the following conditions are equivalent.

(i) g has regular spectrum.
(ii) The minimal polynomial of g is equal to the characteristic polynomial of g.
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dim(V)—1

(iii) The powers ¢° :=1dv,g,4%,...,9 are linearly independent in End(V).

Recall also from Definition that an element g € GL(V) is said to have simple spectrum if
it has dim (V') distinct eigenvalues. Thus an element with simple spectrum has regular spectrum,
but not conversely. For example, a single Jordan block of size dim(V') has regular spectrum, but
not simple spectrum so long as dim(V') > 2.

PROPOSITION 3.3.2. Let V' be a finite dimensional C-vector space, and G < GL(V) a Zariski
closed subgroup which is reductive. Let the connected components of G be denoted G, with the
identity component denoted G°. Suppose a given connected component GY contains an element g
which has reqular spectrum. Then this component G\ contains an element with simple spectrum,
and the set of simple spectrum elements in G is Zariski dense in G .

PRrROOF. By Lemma the powers ¢* := Id, g, ¢2, ..., ¢g%™(V)=1 are linearly independent in
End(V), or equivalently the vector

P AgGAGENA. A gImVITL e Adm(V) (Bpg(1))
is nonzero. Thus the wedge map
(3.3.2.1) AecGD s AONANAZA . A ATV)ZL g Adim(V) (Epq(1))

is a morphism from G to A4™(V)(End(V)) which is not identically zero, and hence is nonzero on
a dense open set of G,

Now choose a maximal compact subgroup K of the complex Lie group G(C). One knows, cf.
[Mos| p. 44] or [Hol Theorem 3.1], that topologically G(C) is the product of K with a Euclidean
space, and (hence) that K meets each G, and that the intersections K N G (C) are precisely the
connected components of K. Because G is reductive, K° is a maximal compact subgroup of G°(C),
and hence K° is Zariski dense in G° (Weyl’s unitarian trick). Now pick elements k; € K N G®(C).
Then the connected components of K are the cosets K () = k; K°, the connected components of G are
the G@ = k;G°, and thus each K = k; K° is Zariski dense in G = k;G°. Because the wedge map
(3.3.2.1)) above is nonzero on the given G it must be nonzero on K (by Zariski density). Thus
K@ contains elements with regular spectrum. But every element in K, being an element of the
compact group K, is diagonalizable. For diagonalizable elements, the notions of regular spectrum
and simple spectrum coincide. Thus K ) contains elements with simple spectrum. As K@ c G,
G contains elements with simple spectrum. In G, the set of elements with simple spectrum
is open (this being an open condition on the characteristic polynomial), and being nonempty will
necessarily be Zariski dense in G, O

THEOREM 3.3.3. Let V.= CV and let G < GL(V) be a reductive subgroup such that G° is a
simple algebraic group of rank r > 4, V|ge is irreducible, and some element g € G\ Z(G)G® has a
reqular spectrum on V. Then one of the following holds.

(a) G° = SO0gq, is of type Dy, N =2r, and V|ge = L(w).
(b) G° is of type As, N =20, and V|go = L(w3).

PROOF. (i) Since V|ge is irreducible, Cq(G°) = Z(G). It follows that, modulo Inn(G°), the
conjugation by g induces a graph automorphism 7 of G° of order e > 1; in particular, G° is of type
A,, D,, or Es. By Proposition [3.3.2] we may replace g by another element in the same gG°-coset
and assume that ¢ has simple spectrum on V; in particular, g is semisimple. If V|ge = L(A) has
highest weight A, then \ is 7-invariant. We also note that h := g¢ € Z(G)G° (because ¢g°¢ induces
an inner automorphism of G°), h is semisimple, and that the multiplicity of any eigenvalue of h on
V is at most e, as g has simple spectrum on V. Writing h = zh; with z € Z(G) and h; € G°, we
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also have that the multiplicity of any eigenvalue of hy on V is at most e. Furthermore, e < 2, or
e =3 and G° is of type Djy.

(ii) Now, if G° is of type Eg, then e = 2 and so L(A) is WM2. Hence A = 0 by Proposition [3.2.7]
a contradiction.

Next, suppose that G° is of type Dy. If e = 3, then L(\) is WM3, and A can be identified by
Lemma however, none of these weights is T-invariant. So e = 2, L()\) is WM2, and so (a)
holds by Lemma (with the proviso that V]ge = L(wo1) up to a twist by Aut(G°)).

Now assume that G° is of type D, with r > 5, so that e = 2, and Aut(G°) = O,,./Cs. Hence
the image of g in Aut(G°) is the image of some g; € Og, \ SOg,. Such an element g; must have
eigenvalue —1 on C?". Now the image of h; in Aut(G°) is the image of g2, and the latter belongs
to SOg, and has eigenvalue 1 on C?". Also, hq is WM2 on V. Hence (a) holds by Proposition

(iii) Finally, we consider the case G° is of type A,, so without loss we may assume that G° =
SL,41 and 7(X) = X~!. Then the image of g in Aut(G®) is the map X — 7(AXA™!) for some
A € G°, and the image of g and hq is the map X — (7(A)A)X(7(A)A)~!. Hence, we may assume
that the semisimple element h is 7(A)A, the cosquare of A. The possible Jordan canonical form
of cosquares are known, see e.g. [Bal, Theorem 3.6]. In particular, since 7(A)A is semisimple, it is
similar to . )

dlag(al,al yee ey Qmy,y Gy ,1,...,1)

N times

for some a;,b; € C*. As hy is WM2 on L(\), we can apply Proposition |3.2.10/ to arrive at (b). [

Now we are ready to classify irreducible representations of (possibly disconnected) simple alge-
braic groups that admit elements with regular spectrum. See also [Za2] for related results.

THEOREM 3.3.4. Let G be a (not necessarily connected) reductive group over C with G° being
simple. LetV be a finite-dimensional faithful representation of G such that V'|ge is irreducible. Then
G admits an element g with regular spectrum on V if and only if one of the following statements

holds.

(A) g € Z(G)G®, and V|go = L(\) is WMF and classified in [HSl, Theorem 4.6.3]. Specifically, one
of the following holds.
(a) G° is of type A, withr > 1, and L(\) = L(aw) or L(aw,) with a € Z>p, or L(\) = L(w;)
with 2 <1 <r—1.
(b) G° is of type B, with r > 1, and L(\) = L(w1), the natural representation of degree 2r+1,
or L(w,), the spin representation of degree 2.
(¢) G° is of type Cy with r > 3, and L(\) = L(w1), the natural representation of degree 2r, or
L(\) = L(ws) of degree 14 when r = 3.
(d) G° is of type D, with r > 4, and L(\) = L(w1), the natural representation of degree 2r, or
L(\) is one of the two half-spin representations L(ww,_1) and L(w,) of degree 2" 1.
(e) (G°,V|ge,dim(V)) = (Ga, L(w1),7), (Es, L(w1 or ws),27), (Ev, L(wy), 56).
(B) g ¢ Z(G)G°, and one of the following holds.
(a) G° is of type D, with r >4 and V|ge = L(wy).
(b) (G, V]ge,dim(V)) = (SLe, L(5),20), (SLs, L(2), 6), (SLs, (1 + 2), 8).

PROOF. (i) For the “only if” direction, by Proposition we can replace g by another element
from the same G°-coset and assume that g has simple spectrum on V. Now, if g = zh € Z(G)G®
with z € Z(G) and h € G°, then h also has simple spectrum on V, and it is semisimple. Hence
V|ge is WMF, and (A) follows from Howe’s result [HSl, Theorem 4.6.3].

Consider the case g ¢ Z(G)G°. If G° has rank r > 4, then (B) follows from Theorem [3.3.3]
As g induces a non-inner automorphism of G°, it remains to consider the case G° is of type Ay or
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Az, and V]ge = L(\) is invariant under the graph automorphism 7. Arguing as in the proof of
Theorem we see that L(A) is WM2, and A # 0 by faithfulness. Now the statement follows
from Lemma for type As. Suppose G° is of type As. By Lemma [3.2.3] A = awy with
1 < a < 3. Arguing as in the proof of Theorem we may assume that ¢2 is a scalar multiple of
hy = diag(ty,to, 171,15 1). Viewing G° = SL(W), we have
L(wz) 2 NA(W), L(2w2) = Sym®(A*(W))/L(0), L(3w2) = Sym*(A\*(W))/ A2 (W).

Using these identifications, one easily checks that the multiplicity of 1 as an eigenvalue for h; on
L(2wy) is > 4, and on L(3w3) is > 6. As g is WM2 on V, we conclude that A\ = ws.

(ii) For the “if” direction, in the case of (A), L(A) is WMF and so some element in a maximal
torus of G° has simple spectrum on L(\).

Suppose we are in (B). In the case of (a), twisting L(\) by a suitable automorphism of G° when
G° is of type D4, we may assume that L(\) = L(wy), and G/Cg(G°) = POs,. Now, we may take
g to be a multiple of diag(—1,1,h), where h € SOg,_5 has simple spectrum and no eigenvalue +1
on C?'=2, and such ¢ has simple spectrum on V.

The case of SL4 in (B)(b) then also occurs, because A3 = D3. Next, as shown in [Ka-ESDE]
10.7.1 (4)], a hypergeometric sheaf H of type (8,2) in (any) characteristic p > 7 has Ggeom = PSL3-2.
By Theorem the image of 1(0) in Ggeom cannot be contained in Ggg,,, hence a generator go

of it is in Ggeom \ Ggeory and has regular spectrum on H, and thus the case of SL3 in (B)(b) occurs.

Finally, we show that the case of G° = SL¢ in (B)(b) also occurs. Consider J := OI IS’)
—13

and the outer automorphism 7 : X — J MX~1J of G°. Then H := Cgo(7) = Spg. As L(w3) is
T-invariant, L(ws3) extends to a module V over G := G° x (7). Next, V|g = A@® B, a direct sum of
irreducible H-modules A = L(w}) = L(w1 )|y of dimension 6 and B = L(wj) of dimension 14. As
7 centralizes H but not G°, and has order 2, it must act on V as
(3.3.4.1) e - diag(Id, —Idp)
for some € = +1. Now consider h = diag(a,b,c,a!,b1, c7!) € H with a,b,c € C*. Then h acts
on V as A3(h), which is conjugate to

diag((abe)FV, a1, qB1) U pEET] (B (ghe ) (gh=1 o) (g~ Tpe)EEY

(here the notation d*! means that the matrix has two consecutive entries d and d~! on the diago-
nal). As A= L(w)|g, h acts on A as

(3.3.4.2) diag(a,b,c,a™ b1, c7h).
Hence, h acts on B as
(3.3.4.3) diag((abc) B I (ahe ™YY (b1 o) (a7 be) HE”).

Choosing a, b, ¢ suitably (say a = (3, b = (5, and ¢ = (7), we see from (3.3.4.1)—(3.3.4.3) that
:= hT € G \. G° has simple spectrum on V. g







CHAPTER 4

Hypergeometric sheaves with wild part of dimension one

In this chapter, we consider hypergeometric sheaves H in characteristic p of type (D, D — 1).
Recall that a complex reflection is an element v € GLp that is conjugate to diag(¢,1,...,1) for
some 1 # ¢ € C*; v is a (true) reflection if { = —1.

4.1. General situation

THEOREM 4.1.1. Let H be a hypergeometric sheaf in odd characteristic p of type (D, D —1). If
Ggeom 18 infinite, then Ggeon, = SLp, Ggeom = pun * SLp for some N € Z>1, and H satisfies (S+).
If D >4 when p=3, D >2 whenp=25, or D > 2 when p > 7, then Ggeom 15 infinite.

PROOF. In odd characteristic p, any hypergeometric sheaf of type (D, D — 1) satisfies (S—). To
see that it is primitive, notice that it cannot be Kummer induced because ged(D,D — 1) = 1. It
cannot be Belyi induced because its wild part has dimension w = 1, which is not divisible by p — 1,
cf. [KT5l proof of Theorem 3.13]. By [KT5, Lemma 2.4], it is tensor indecomposable.

Because w = 1, P(oc0) acts through complex reflections of order p. By Mitchell’s theorem
[Mitl, Theorem 1], no finite primitive group containing complex reflections of order > 4 exists in
any dimension > 2, and none containing complex reflections of order 3 exists in any dimension
> 4. Moreover, no finite primitive linear groups of degree 2 can contain non-central elements
of order p > 7. Therefore Ggeom is infinite. Because the given representation V3 of Ggeom is
both primitive and tensor-indecomposable, it results from [Ka-MGIl Prop. 1] that the action
of Ggeom is Lie-irreducible, i.e. Ggeop acts irreducibly. By Deligne [De2l 3.4.1(iii) and 1.3.9],
Ggeom is a semisimple algebraic group, and hence Lie(Ggeom) is a semisimple Lie subalgebra of
End(V3) which acts irreducibly on V3. But Lie(Ggeom) is normalized by the image of P(c0), so in
particular by a complex reflection of order p. As p > 3, one knows, cf. [Ka-ESDE] 1.5] or [BH,
Proposition 6.4] that Lie(Ggeom) must be Lie(SL(Vy)), and hence that Gg..,, = SL(Vy) = SLp.
Now GLp = GL; * SLp, and Z(Ggeom) is finite (see Lemma [1.1.3{(iii)). Hence Ggeom is the central
product py * SLp for some integer N > 1. Also, note that SLp has no finite quotient and has no
nontrivial projective representation of degree < D, see [KIL), Proposition 5.4.11]. It follows that H
is not tensor induced, and thus satisfies (S+). O

REMARK 4.1.2. As shown in [KRLT4, Theorem 29.7], there are hypergeometric sheaves of type
(D,D —1), of rank D = 2,4 in characteristic p = 3 and of rank D = 2 in characteristic p = 5, with
Ggeom @ finite, primitive complex reflection group. This shows that the bounds D > 4 for p = 3
and D > 2 for p =5 in Theorem are best possible.

COROLLARY 4.1.3. Let p be a prime and A € Z>3 be such that p{ A(A—1). For x a character
of E* for some finite extension E/F,, consider the local system

F(A,A-1,x)
of rank A on Al/Fp whose trace function for K/E a finite extension and t € K is
t— — Z V(x4 =tz Yk (2).
TeEKX
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Then we have the following results.

(i) Suppose that A > 3 whenp > 7, A > 4 when p =5, and A > 6 when p = 3. Then the
Ggeom of F(A,A—1,1) has Gypppy = SLa_1.

geom
(ii) Suppose that A > 2 whenp >7, A>3 when p=25, and A > 5 when p = 3. Then for any
nontrivial X, the Ggeom of F(A, A —1,x) has Ggeor, = SLa.

PROOF. At the expense of replacing ¢ by the additive character = +— 1 (—Ax), these local
systems are geometrically isomorphic to multiplicative translates of the [A]* Kummer pullbacks of
hypergeometric sheaves of types (A—1, A—2) and (A4, A—1) respectively, cf. [KT6| Corollary 3.10,
(i) and (ii)]. Because pt A(A — 1), p must be odd. Finite pullback does not change the identity
component Gy.,, 0f Ggeom, S0 the result follows from Theorem m O

geom

REMARK 4.1.4. Unlike the case p > 2, hypergeometric sheaves of type (D, D—1) in characteristic
p = 2 can be imprimitive. No such sheaf can be Kummer induced (simply because ged(D, D —1) =
1), but it can be Belyi induced. By [KRLT4, Proposition 3.7], this can happen precisely when there
are characters A and o such that one of the following holds for H = Hyp(x1,-.-,XD;P1,---,PD-1):

(a) D =2, {x1,x2} = (Ao}, pr = (Ao) V2
(b) 24D >3, {x1,...,xp} is the set of all D*" roots of Ao, {p1,...,pp_2} is the set of all (D —2)th
roots of A, and pp_1 = 0.

Such a Belyi induced sheaf is induced, by the map = ~ 1/z%(x — 1)B with (A, B) either (1,1) or
(2, D — 2), from the rank one sheaf L)) ® L(;—1) Which has finite Gigeom, and hence any Belyi
induced sheaf has finite Ggeom. Thus, when p = 2, a hypergeometric sheaf of type (D, D — 1) with
D > 1is either primitive, or has finite Ggeom. [In the trivial case D = 1, the sheaf is £, ® L, which
is both primitive and has finite Ggeom ]

THEOREM 4.1.5. Let H be a hypergeometric sheaf in characteristic p = 2 of type (D, D — 1).
Suppose Ggeom 15 infinite. Then Ggeom is either SLp or SOp. If furthermore D # 4, then H
satisfies (S+).

PROOF. Since Ggeom is finite when D = 1, so we will assume D > 1. Now H is primitive by
Remark and tensor indecomposable by [KT5|, Lemma 2.4]. Thus Ggeom is infinite, primitive,
and tensor indecomposable, so it results from [Ka-MG| Prop. 1] that the action of Ggeom is Lie-
irreducible, i.e. Ggeopy acts irreducibly. Just as in the proof of Proposition above, we see
that Lie(Ggeom) is a semisimple Lie subalgebra of End(Vy) which acts irreducibly on V. But
Lie(Ggeom) is normalized by the image of P(00), so in particular by a reflection. In this case, one
knows [Ka-ESDE, 1.5] that Lie(Ggeom) is either Lie(SLp) or Lie(SOp), and hence that Gge,, is
either SLp or SOp.

When D # 4 and H is primitive, we need to show that # is not tensor induced, which is obvious
unless D is a proper power. We may therefore assume that D > 8. The same arguments as at the
end of the proof of Theorem yield the result when G° = SLp or SOp. (Note Spinp has no

nontrivial projective representation of dimension < D, see [KILlL Proposition 5.4.11].) O

4.2. Further analysis
Here is a way to distinguish the two cases of SL and SO in Theorem
THEOREM 4.2.1. Let H be a hypergeometric sheaf in characteristic p = 2 of type (D, D — 1).

Suppose D > 2 and Ggeom s infinite. If Ggeony = SOp, then there exists a tame character x such
that H & Ly 1s orthogonally self-dual, and has Ggeom neor, = Op. If there exists no tame character
X that makes H @ Ly self-dual, then Ggeop, = SLp.
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PROOF. Suppose that G;eom = SOp. As Ggeom contains a reflection, we have Op < Ggeom-
The normalizer of SOp in GLp is the central product GL; * Op. Thus Ggeom is the central product
pun * Op for some integer N > 1; each element in Ggeom can be written as Ay with A € uy and
v € Op. If N is odd, this writing is unique, but if N is even then there is precisely one other
writing of this element, namely (—\)(—~). In either case, A\? is well defined as a character A of
Ggeom- Viewed as a character of m1(G,,/F2), A is tame at 0 and has Swan(A) < 1.

Suppose first that Swan(A) = 0. Then A is a tame character, so has a unique tame square
root, which we write . Then for H® L,, this “formation of 27 character is trivial, which is to say
that Ggeom,?—[@ﬁx < Op. Tensoring with a tame character does not change the identity component
of Ggeom (because it disappears after a Kummer pullback). Thus we have

SOp < Ggeom,?—l@ﬁx < Op.

But the geometric determinant of H ® L, is always of order divisible by p (here 2) in the w =1
case, cf. [Ka-ESDE, 8.12.2 (2)], which rules out the SOp possibility.
We now argue by contradiction, to show that the case when Swans(A) = 1 cannot occur.
Suppose that A has Swans(A) = 1. Then we may again choose a square root L of A, but now
L has Swans (L) = 2, and Swan,,(L?) = Swan..(A) = 1. Just as in the previous paragraph, L @ H
has its Ggeom,Len < Op. Now look at the I(oo)-representation of H; it is

Wildi @ p1 @ ... ® pp-1,

for some wild part of rank one and some list of length D — 1 of tame characters p;. After tensoring
with L, the I(co)-representation of L ® H is

LWildi @ Lp1 & ...® Lpp_;.

This I(oo)-representation is now self-dual, so the set of characters which occur must be stable by
complex conjugation (i.e. by inversion). So we may pair up pairs of inverses, with at most two
singletons left over.

If there are two singletons left over, at least one of them must be one of the Lp;, say Lpi. Then
Lpy = (Lp1)~ 1, ie., L? = (p1) 2. But (p1)~? is tame, hence L? is tame, but L? = A has Swany, = 1,
contradiction.

If there is one singleton left over, then either that singleton is an Lp; and we get a contradiction
as in the previous paragraph, or the singleton is LWild;, and, as D > 3, there is at least one pair,
say Lp; and Lps, of inverses. In this case we have Lp; = (Lp2)~!, hence L? is tame, being (p1p2)~!,
again a contradiction.

If there are no singletons, there is at least one pair, say Lp; and Lps, of inverses, and we get
the same contradiction. O

REMARK 4.2.2. In contrast to the situation in Theorem where we only need D > 4, in
the situation of Theorem the assumption that Ggeom is infinite is essential, because we can
have finite Ggeom for all even D > 4. For any odd integer n > 5, the hypergeometric sheaf of type
(n — 1,n — 2) in characteristic p = 2,

H := Hyp(Charpgriv(n); Char(n — 2)),
whose “upstairs” characters are all the nontrivial characters of order dividing n, and whose “down-

stairs” characters are all the characters of order dividing n — 2, has Ggeom the full symmetric group
S, in its deleted permutation representation, cf. [KT5] 9.3(i) and its proof].

THEOREM 4.2.3. Let H be a (geometrically irreducible) hypergeometric sheaf in characteristic
p =2 of type (D, D — 1) which is primitive. Suppose that D > 5 and that Ggeom s finite. Then D
1s even, and one of the following statements holds.
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(a) There ezists a tame character x such that H & L, is geometrically isomorphic to the sheaf
H := Hyp(Charygyiy (D + 1); Char(D — 1))

of Remark whose Ggeom 15 the symmetric group Spy1 in its deleted permutation repre-
sentation.

(b) G =Z(G)Go, Gy is a complex reflection group, and either D = 6 and Go is W (Eg) = SU4(2) -2
or the Mitchell group 61 - PSU4(3) - 29, or D = 8 and Gy = W (Es).

PROOF. (i) Since p = 2 and w = 1, the image of P(00) in G = Ggeom is generated by a single
element h, which acts as —1 on Wild and 1 on Tame, i.e. a (true) reflection. Let G¢ denote the
normal closure of (h) in G. By Theorem G/Gy is cyclic of odd order.

By assumption, G is a finite primitive subgroup of GLp(C) that contains the reflection g. We
will need the following refinement of Mitchell’s theorem [Mit] (which is [Ka-LAMM, 1.4.4] in the
case D > 8):

G = Z(G)Gy, and either Gy is Spy1 in its deleted permutation representation, or
(D7 GO) = (57 2 X SU4(2))’ (67 W(E@)), (6a 61 - PSU4(3) ’ 22)7 (7’ W(E7))7 or (8’ W(ES))

Indeed, let H < GLp(C) denote the complex reflection group Sp41 (in its deleted permutation
representation), or 2 x SU4(2), W (Eg), 61 - PSU4(3) - 22, W(E;), W(Es), when D = 5, 6, 6, 7,
or 8, respectively. Correspondingly, let S := Api1, SU4(2), SU4(2), PSU4(3), Spg(2), or Q4 (2),
so that S is the unique non-abelian composition factor of H. Then Mitchell’s theorem implies
that G/Z(G) = H/Z(H). Note that H/Z(H) = S -2, 5, 5-2, 52, S, and S -2 in the above
cases. As G/G) is cyclic, it follows that S is also the unique non-abelian composition factor of Gj.
Now we can apply the Shephard-Todd classification [ST] to Gy to see that Gy = H; in particular,
Go/Z(Gy) = H/Z(H) = G/Z(G). Now, since Z(G) N Gy < Z(Gy), we have that Z(G)Go/Z(G) =
Go/(Z(G) N Gyp) has order divisible by |Go/Z(Go)| = |G/Z(G)|. Hence G = Z(G)Gy, and the claim
is proved.

Also note that Z(G) is a finite group of scalars py for some N > 1.

(ii) Here we consider the case Gy = Sp41. Then h is a 2-cycle in Sp1, whence Gp(x) < Sp+1,
and so a fortiori the quotient Ggeom/Sp+1 = pn has order prime to p = 2. So the projection of
Ggeom = Sp+1 X pun onto the py factor is a character of odd order, so tame, say X! Then H ® Ly
has Ggeom = Sp+1-

Thus we are reduced to treating the case when H has Ggeom = Sp+1 in its deleted permutation
representation. Without loss, we may assume h = (n — 1,n) € Spy1. As usual, let gy generate
the image of I(0) and let goo, of odd order, generate the image of I(co) modulo P(c0). Since
dim Wild = 1, g, centralizes the 2-cycle h, hence g, belongs to the subgroup Sp_; that fixes both
n— 1 and n, and has simple spectrum on Tame which is now the permutation module for Sp_;. By
[KT5|, Theorem 6.2], g is either a (D — 1)-cycle and 2| D, or the disjoint product of an a-cycle and
a b-cycle, with a + b =D — 1 and ged(a, D — 1) = 1. However, in the latter case, the spectrum of
Joo On Tame would contain 1 twice, a contradiction. Hence we are in the former case, and so 2|D
and the set of “downstairs” characters of H is Char(D — 1). As go has simple spectrum, again by
[KT5|, Theorem 6.2], go is either a (D + 1)-cycle, or the disjoint product of a c-cycle and a d-cycle,
with ¢+d = D + 1 and ged(e, D + 1) = 1. However, in the latter case, the spectrum of gy on
H would contain 1, and so 1 would occur both “upstairs” and “downstairs”. Hence we are in the
former case, and so the set of “upstairs” characters of H is Charpiy (D + 1), as stated.

(iii) Next we consider the additional possibilities in the cases with D = 5,7. Then Z(G)NGy =
Z(Gy) = Cy; in particular, N = 2Ny. Furthermore, G/Go = Z(G)Go/Go = Z(G)/Z(G)) is cyclic of
odd order, which equals Ny. It follows that 2 { Ny, and G = Zy x Gg with Zp := O (Z(G)) = pun,-
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Arguing as in (ii), we may tensor H with a suitable £, to get Gigeom = Go. As in (ii), we also get
an odd-order element g, that centralizes h and has simple spectrum on Tame of dimension D — 1.
Suppose D = 7, so that Gp = W(E7) = 2 X Spg(2). As 21 0(gso); oo € Spg(2), of order > 6
since it has simple spectrum on Tame. Thus g has order 7, 9, or 15, see [GAP]. On the other
hand, g centralizes —Id - h, an involution in Spg(2), and this is impossible.
A similar argument rules out the case of D = 5. 0

REMARK 4.2.4. It is shown in [KRLT4] that the three cases listed in Theorem b) do
indeed give rise to primitive hypergeometric sheaves with w = 1 in characteristic p = 2 and with
Ggeom = GO-

We find the following result amazing, for which it would be nice to find a conceptual, rather
than a case-by-case, explanation.

THEOREM 4.2.5. Let H be a (geometrically irreducible) hypergeometric sheaf in characteristic p
of type (D, D — 1) with D > 1, which is primitive. If Ggeom is finite, then D is even. [But notice
that, as explained in Remark there are such sheaves in characteristic p = 2 of any odd rank
D > 3 which are imprimitive.]

PROOF. (i) Assume the contrary: there exists such a sheaf H, but of odd rank D > 3. By
Theorem if p > 3, then we actually have p = D = 3. By Theorem we also have D = 3
when p = 2. Thus D = 3 and p = 2 or 3. We will consider the elements gy and g, as in the proof
of Theorem and a complex reflection 1 # h in the image of P(c0).

Since H is primitive and D = 3, H satisfies (S+), and s0 G = Ggeom is either almost quasisimple,
or an extraspecial normalizer, by Lemma Suppose we are in the former case. Then it is well
known, see also [HM], that G = Z(G) x L, where L = A5, SL3(2), or 3 - Ag. Write h = zt, with
z € Z(G) and t € L, so that t is a scalar multiple of a complex reflection of order p. Checking the
spectra of elements of L in a 3-dimensional irreducible representation, we see that o(t) = 2 and so
p = 2. Now g has odd order, centralizes ¢, and is not central, since it has two distinct eigenvalues
on Tame. But this is a contradiction, since Cr(t) is a 2-group in all three possibilities.

(ii) So we are in the extraspecial normalizer case. As D = 3, we get G < ZGy, where Z :=
Z(GL3(C)) and Gp = 312 x SL(3). Again write h = 2t, with z € Z and ¢ € Gy. Suppose p = 3,
so that t is a scalar multiple of a complex reflection of order 3. As go, has 3'-order, centralizes t,
and is non-central, we see that goo = 2ootoo, Where zoo € Z and o, € G has order 2. Similarly, as
go has 3/-order and simple spectrum on H, we see that gy = zotg, where 29 € Z and ty € Gy has
order 4. Now, the spectra of elements of order 2 and 4 of Gy on C® are {—1,—1, 1}, respectively
{¢4, (4,1} (with counting multiplicities); in particular, to has to admit both 1 and —1 as eigenvalues
on Tame. By tensoring H with £, for a suitable multiplicative character x, which does not change
the finiteness and irreducibility of Ggeom, see [KRLT4l, Lemma 4.10], we may assume that

(4.2.5.1) H = Hyp(1L, &, €57, 7vE2)

for some multiplicative character v. By [Ka-ESDE] 8.12.2(2)], the determinant of #H is Ly; in
particular, any p’-element in G has determinant equal to 1. With this identification of
H, goo has spectrum o, —a, —a for some a € C*. Hence 1 = det(gs) = a2, but 3 { 0(geo), SO
a = 1. This forces v € {1,&}, and so 1 occurs both “upstairs” and “downstairs” in H, violating
the irreducibility of H.

We have shown that p = 2, so that ¢ is a scalar multiple of a complex reflection of order 2.
As g has odd order, centralizes t, and is non-central, we see that goo = Zootoo, Where 2o € Z
and to € G has order 3. Similarly, as gg has odd order and simple spectrum on H, we see that
go = zoto, where zg € Z and tg € Gy has order 9. Now, the spectra of elements of order 3 and 9
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of Gy on C? are {a,a, B} with a # B and a® = 32 = 1, respectively {C;A’?} or {43’5’8}. By again
tensoring ‘H with £, for a suitable multiplicative character x and dualizing it if necessary, which
do not change the finiteness and irreducibility of Ggeom, We may assume that

(4.2.5.2) H = Hyp(Eo, &, 657, 763)

for some multiplicative character v. By [Ka-ESDE, 8.12.2(2)], the determinant of H is L¢,Ly; in
particular, any p’-element in G has determinant a cubic root of 1. With this identification
of 1, goo has spectrum 6, 8, (3 or 6, 6(3, 63 for some § € C*. Hence 1 = det(go)? = 6°. This forces
v = {g for some 0 < 5 < 8. Since the “upstairs” and “downstairs” characters of H do not intersect,
j # 1,4,7. Now, if j = 0,3,6, then choose A := fg’“ = v&3 and o = fgj, so that v = ¢'/2 and
Ao = §Sj+3 =&, If j = 2,5,8, then choose A := 53 =~ and o := £§j+6, so that 7¢3 = o'/2 and
Ao = Sj 6 — &3. In both cases, the “upstairs” characters in (4.2.5.2)) are cubic roots of Ao, and
the “downstairs” characters are A and ¢'/2. This shows by [KRLTS3, Proposition 1.2] that H is
imprimitive, a final contradiction. O

A further note is that the reflection representation of the Weyl group W (Fy) cannot give rise
to primitive hypergeometric sheaves with w = 1 in any characteristic p (for the reason that every
complex reflection in W (Fy) has order 2, forcing p = 2 if such a sheaf exists, but no odd-order
elements of W (Fy) can have simple spectrum in this representation, contradicting the existence of
the element gp). Finally, the Weyl groups of type B/C and D are ruled out in the following lemma:

LEMMA 4.2.6. Let n > 3 and let G be the Weyl group of type B, or D,. Then there is no
hypergeometric sheaf H of type (n,n — 1) in any characteristic p with Ggeom realizing G in its
reflection representation.

PROOF. Assume the contrary. Note that the complex reflections in G are of order 2, in particular
the non-identity element A in the image of P(co) in G has order 2. Hence p = 2, and we can consider
the elements gg and g of odd order in G as in the proof of Theorem Note that G = F x S,
where E is a 2-group (of order 2" if G = W(B,,) and of order 2" ! if G = W(D,,)), and S = S,,,
acting in its natural permutation representation II. Now Ey := E({go) is a subgroup of order
|E| - o(go), with 21 0(go). Thus (go) is a complement to F in Ey, and so by the Schur-Zassenhaus
theorem, all such complements are conjugate in Fy. As Ey = E x (Ep N S), we see that gg is
conjugate to an element hg € S. Thus hg acts on II with simple spectrum, and this is possible only
when hg is an n-cycle. It follows that 2 t n, and the set of “upstairs” characters of H is Char(n);
in particular, no “downstairs” character is 1. Similarly, g is conjugate to some ho € S, and goo
acts on Tame with n — 1 distinct eigenvalues, none of which is 1. On the other hand, Ao, acting on
IT admits eigenvalue 1, and so it must have n distinct eigenvalues on H. This again implies that
heo is an n-cycle, and the set of “downstairs” characters of H is Char(n) ~\ {1}, which intersects the
upstairs set nontrivially, violating the irreducibility of . O



CHAPTER 5

Tensor induced local systems

5.1. 2-tensor induced sheaves

Given a representation ® : G — GL(V), and an integer n > 2, we say that (G,V) is n-tensor
induced if dim (V) is an n*® power d" with d > 2 and there exists a tensor factorization of V as

V=1ehe -V,
with each dim(V;) = d, such that
G < (@1 GL(V)) > S,

with the symmetric group S,, acting by permuting the tensor factors V; transitively.
One says that (G, V) is not tensor induced if it is not n-tensor induced for any n > 2.
We have the following obvious but useful lemmas.

LEMMA 5.1.1. Given (G,V) whose dimension D := dim(V) > 2 not a power (i.e., not an n'®

power for any n > 2), then (G, V) is not tensor induced.

LEMMA 5.1.2. Let V = A®c B be a tensor product of two C-vector spaces A and B, both of
dimension > 2. Suppose h =X ® Y with X € End(A) and Y € End(B).

(i) If h has almost simple spectrum on V', then X has simple spectrum on A and Y has simple
spectrum on B.

(ii) If h has almost reqular spectrum on V', then X has reqular spectrum on A and Y has regular
spectrum on B.

PROOF. (i) Suppose for instance that X acts as (a Z) on some 2-dimensional subspace A; C

0

A, for some o« € C. We may assume that Y acts as (6 on some 2-dimensional subspace

0
By C B, for some g,v € C. If 8 = =, then af is the unique eigenvalue for h on A; ® By of
dimension 4. If 8 # ~, then both a3 and a~y are eigenvalues of multiplicity 2 for h on A; ® By. It
follows that A cannot have almost simple spectrum on V.

(ii) Assume that X does not have regular spectrum on A. Then the Jordan canonical form for
X on A contains a.J, @ aJp for some a,b > 1 and some o € C, where J, denotes the Jordan block
of size a and with eigenvalue 1. In particular, X has two linearly independent eigenvectors w1, us
on B, with eigenvalue . Now, if Y has two linearly independent eigenvectors vi,vs on B, with
(not necessarily distinct) eigenvalues (1, B2, then u; ® vy, us ® v1 are h-eigenvectors with eigenvalue
af1, and u1 ® vg, us ® V9 are h-eigenvectors with eigenvalue oo, contradicting the assumption that
h has almost regular spectrum. So we may assume that Y is represented by a single Jordan block
Je on B, with ¢ := dim(B) > 2. Recall, see [F1l, Theorem VIIL.2.7], that

(5121) In @ Jn Z Iman—-1 P Imtn-—3P ... B Jm—nt1
when m > n > 1. It follows that h has Jordan blocks aJgyc—1 and adpy.—1 with a+c—1,b+c—1 > 2,
again a contradiction. O

67



68 5. TENSOR INDUCED LOCAL SYSTEMS

To deal with the case when D is a power, we begin with recalling the following lemma.

LEMMA 5.1.3. [KT5, Lemma 3.2] Let F be either a Kloosterman sheaf Kl of rank D > 4 or a
hypergeometric sheaf H of type (D, m) with D > m >0 and D > 4. Suppose F is n-tensor induced
for a given n > 2. Consider the composite homomorphism

71 (G /Fp) — (@1 GL(A;)) % Sy — Sy,
obtained by projecting onto the last factor. Suppose we are in either of the following four situations.
(i) F is a Kloosterman sheaf of rank D > 4.
(ii) F is a hypergeometric sheaf H of type (D, m) with D # 4. Denote by po the least prime
dividing D, and suppose we have the inequality D — m > D/p%.
(iil) F is a hypergeometric sheaf H of type (4,1) and p is odd.
(iv) F is a hypergeometric sheaf H of type (4,2) and p = 2.

tame at 0,00’ and

Then this composite homomorphism factors through the tame quotient Wl(Gm/E)
its image is an n-cycle in S,,. Moreover, n is prime to p.

Now we will focus on 2-tensor induced sheaves. In this case, we can do much better.

LEMMA 5.1.4. Suppose that p = 2. Let H be a hypergeometric sheaf of type (D, m) with w :=
D—m>2and D > 4. Then H is not 2-tensor induced.

PROOF. Suppose H is 2-tensor induced. The projection of Ggeom onto So is a linear character
of 71 (G, /F2) which is tame at 0 and whose oo-slope is < 1/w < 1 (because w > 2). Hence (by the
integrality of Swan conductors) this character is tame at both 0 and co. But (G, /Fa)tame at 0,00
is a group of profinite order prime to 2, so admits no nontrivial homomorphism to S. Thus H is
tensor decomposed, impossible if D > 4 by [KT5l, Lemmas 2.2 and 2.3]. O

REMARK 5.1.5. The case when p = 2 and w := D —m =1 is dealt with in Theorem

LEMMA 5.1.6. Suppose that p is odd. Let H be a hypergeometric sheaf of type (D,m) with
D > m. Suppose that H is 2-tensor induced. Consider the composite homomorphism

(G /Fp) = (®7—1GL(A;)) xSz — So,

obtained by projecting onto the last factor. Then this composite homomorphism factors through the
tame quotient 71 (G, /Fp)tame 8t 050 If in addition D > 4, its image is an 2-cycle in Ss.

PROOF. If p is odd, any homomorphism from 7 (G, /F,) to a group of order 2 is tame at both 0
and co. This homomorphism must be nontrivial if D > 4, otherwise H would be tensor decomposed,
and this is not the case, cf. [KT5, Lemmas 2.2 and 2.3]. O

COROLLARY 5.1.7. Suppose that p is odd. Let H be a hypergeometric sheaf of type (D,m)
with D > m. Suppose that H is 2-tensor induced. Then the Kummer pullback [2]*H is tensor
decomposable.

PRrROOF. Immediate from Lemma O

LEMMA 5.1.8. Suppose p is odd. Let H be an (irreducible) hypergeometric on G, /F, of type
(D,m) with D > m. Denote by W the wild part of the I(co)-representation, and w := dim(W) =
D —m. Then we have the following results.

(i) If w is odd, then the Kummer pullback [2]*W is irreducible (as I(oco)-representation,).
(ii) If w is even, then [2]*W is the direct sum W, & Wy of two non-isomorphic irreducible
I(c0)-representations, each of which is totally wild of dimension w/2 with all slopes 2/w.
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Proor. All slopes of [2]*W are 2/w. If w is odd, then ged(2,w) = 1, and the asserted ir-
reducibility is [Ka-GKM, 1.14 (1)]. If w is even, then we apply [Ka-GKM, 1.14 (2)]; write
w = 2ngp® with ng prime to p (which is odd) and with e > 0. Then W is [2n¢].V for an irreducible
I(oco)-representation of rank p® and all slopes 1/p®. Thus W is [2], W, for Wy := [ng]«V. The rank
of Wy is w/2. and all its slopes are 2/w. Then

21 W = [2][21.Wo = Wo @ [z — —a]*Wh.

Because Wy has Swany(Wp) = 1, it is inequivalent to any nontrivial multiplicative translate of
itself, cf. [Ka-GKM] 4.1.4]. O

PROPOSITION 5.1.9. Suppose p is odd. If D > m > 0 and w is odd, then H is not 2-tensor
induced.

PROOF. Because m > 0, the I(oco)-representation of H is T'@® W, with T tame and nonzero
(because of dimension m). Therefore the I(co)-representation of [2]*H is of the form T7 & Wi with
T) tame and nonzero, and Wj irreducible and totally wild. By [KRLT3l Proposition 10.1], the
I(oo)-representation of [2]*H is tensor indecomposable, and hence a fortiori [2]*H is itself tensor
indecomposable as a lisse sheaf on G,,/F,. One knows, by Corollary that if H were 2-tensor
induced, then [2]*H would be tensor decomposable. O

PROPOSITION 5.1.10. Suppose p is odd. Suppose H is primitive, of type (D, m) wth D > m > 0,

and w := D —m even. Then H is not 2-tensor induced under any of the following three conditions.
(i) D >09.
(i) D=9, p# 3, and m # 3.

(ili) D=9, p=3, and m # 1.

PRrOOF. If H is 2-tensor induced, then D is a square, D = d? with d > 3 (because D > 9 by
hypothesis), and [2]*H is isomorphic to A; ® Az with A; and As local systems on G, /F,, each of
rank d. Passing to the I(co)-representations, let

Aill(o0) =Ty ® Wy, Az|l(c0) =Ty ® Wo,

with the 7; tame and the W; totally wild I(oco)-representations.
On the other hand, by Lemma (2), when w is even the I(oo)-representation of [2]*H is of
the form
H|I(c0) =T + Wy + Wy,
with 7" tame and nonzero, and W, and W} nonisomorphic irreducible I(co)-representations, each
of dimension w/2 with all slopes 2/w. Thus we have an isomorphism of I(oco)-representations

T+Wa+Wb:(T1+W1)®(TQ+W2).

We next replace each term by its I(0)-semisimplification (but don’t change their names). We
still have this tensor decomposition, simply because for characteristic zero representations, semisim-
plification commutes with tensor products.

We wish to derive a contradiction. Suppose first that 77 # 0. Then

T+ W,+Wy,=T @ Wy +W; ® Wy + other terms.

Because each totally wild irreducible on the left hand side occurs with multiplicity 1, either Ws =0
or dim(77) = 1 and 71 ® Wy is either W, or W, or W, + Wj,.
If T1 # 0 but W5 = 0, then

T+Wodt W= T+ W) QT =Ty @ Ty + Ty @ Wj.

Thus dim(73) = 1, and the second factor has dimension 1, not d.
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If 77 # 0 and Wy # 0, then as above we have that dim(7}) = 1 and 71 ® Wy is either W, or W,
or W, + W,

We cannot have T7 ® Wy = W, + W, for then W7 ® Wy is totally tame. This could happen
if Wy = 0, but then the first factor 77 + W has dimension 1, not d. Thus W7 and W5 are both
nonzero, and their tensor product is totally tame. Write the decompositions of Wi = >, Wy,
Wy =>" ; Wa,; as sums of I(o00) irreducibles. Then every tensor product Wi ; ® Wa ; is totally tame.
By [KRLT3| Lemma 10.2], this can only happen when each Wj; and each W5 ; has dimension 1,
and each Wy j is (a tame character) @ Wy, for every i, j. Thus

Wy = (tame T3) @ Wy,1, Wa = (tame Ty) @ Wy;.
Then we would have
TH+Wo+Wy=(Ti+T5@Wi1) @ (To + Ty @ WY5).

In this case, each of W,, W, is one-dimensional, so both 77 ® T4 and T, ® T3 are one-dimensional.
Then both tensor factors have dimension 2, not d > 3.

Thus we have T1 ® Wy is either W, or Wy, say T3 @ Wy = W,. We next claim that 75 # 0. For
if T» = 0, then the second factor has dimension dim(W,) = w/2. But each factor has dimension
d. Thus w/2 = d, and 2/w = 1/d. The first factor 71 + W; has dimension 1 + dim(W;), which is
necessarily d. This dim(WW;) = d — 1. Thus every irreducible constituent of W is totally wild of
rank < d — 1, and so has all its slopes > 1/(d — 1). Then every slope of W; is > 1/(d —1). Then in

T+ W+ Wy = (T1 + W1) ® (Tz + Wa),
we have
T+ Wo+Wy=(T1+ W)@ Wy =W, + Wi @ Wa.

Here W, and Wj have all slopes 1/d, but W; has all slopes > 1/(d — 1), hence[Ka-GKM]| 1.3]
W1 ® Wa has all slopes > 1/(d — 1). But every nonzero slope in T'+ W, + Wp, is 1/d.

Thus if T} # 0, then also Ty # 0, and (by symmetry) both 77,7, have dimension 1, and both
W1, Wy are nonzero. Tensoring our putative decomposition by the inverse of the tame character
T ® T, we reduce to the case of a decomposition

T+W,+W,=(1aW) e (1eW).

Then both Wy and W7 are nonzero totally wild summands of T4+ W, + W};,. Therefore we must
have, up to interchanging a,b, W1 = Wy, Wy = W;. But then W, ® W is totally tame, which
implies [KRLT3, Lemma 10.2] that each of W,, W}, has dimension 1. Then each tensor factor has
dimension 2. But each factor has dimension d > 3, contradiction.

Thus in order to have a tensor decomposition, we must have T} = T5 = 0, and

T+Wa+Wb:W1®W2

is the tensor product of two totally wild I(oco)-representations, each of rank d.
We next show that both W; and Wa must be irreducible as I(oo)-representations. Write

Wy =Wii+Wia+--+ Wiy
as the sum of irreducibles, with dim(W;;1) > dim(Wi2) > --- > dim(W f). Similarly, write
Wo=Wai+--+Wae

as the sum of irreducibles, with dim(Ws 1) > --- > dim(Wa ).

We first rule out the case when f > 2 and dim(W5;) = 1. Then every irreducible constituent of
W3 has dimension 1, hence there are d constituents. Let us call them Ly,..., Ly If dim(W; ) > 2,
then each of the d tensor product W; ; ® L; is I(co)-irreducible, and having dimension > 2 must be
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totally wild (otherwise it would be totally tame, because the P(c0) invariants are a subrepresenta-
tion, and this can only happen [KRLT3, Lemma 10.2] when both factors have dimension one). So
we would have at least d > 4 totally wild irreducible summands in W; ® W5, contradiction. If both
dim(Wi,1) = 1 and dim(Ws1) = 1, then also W is the sum of d one-dimensional summands, say
M, ..., Ny. Then of the d? tensor products N ® Lj, precisely two of them are wild (namely the
W, and W}, pieces), and the other d? — 2 are tame.

This leads to a contradiction, as follows. Renumbering, we may suppose that N; ® £ is wild.
If also M7 ® £; is wild for some jo > 2, then every N; ® £; with ¢ > 2 is tame. In particular, taking
i =2, every L;j is

Ny @ (some one — dimensional tame T3 ;).

But for j # 1, jo, and there are such j, because d > 3 N1 ® L; is tame, hence N is a tame character
times EJV, i.e. Nj is a tame character times N5. Thus all the A are tame twists of each other,
all the £; are tame twists of the dual, and W7 ® W» is totally tame, contradiction. If N7 @ £y is
wild but A7 ® L; is tame for all j > 2, a similar argument, left to the reader, leads to the same
contradiction.

We now treat the case when f > 2 and dim(Ws;) > 2. In this case, we again get a contradiction
if dim(W;,;) = 1. Thus

Wi = Wi 1 + Wiz + (other terms), Wy = Wy + (other terms),
with both Wi 1, Wa 1 of dimension > 2. We first show that W5 must be irreducible. Otherwise
Wy = Wy 1 + Wa o + (other terms),
and so W7 ® Wy contains at least three constituents, namely
Wit @ Wa1, Wig®@Wao, Wio® Way,

none of which is totally tame, a contradiction.

We now treat the case when Wy is irreducible. Then we have the a priori inequality f < 2 on
the number of irreducible constituents of Wi. If f = 2, so that $W; = Wy 1 + W) 2, then at least
one of Wi 1 ® Wa or Wi 2 ® Wy has a tame part, since T+ W, + W}, has nonzero tame part 7T'. Say
Wi ; ® W has a tame part. Then for x a tame character in this tame part, Wi ; ® (Wa ® Y contains
1, which means that W ; is the dual of W5 ® X. So in this case already the single component W1 ;
of Wi has full dimension d. Thus W is irreducible, and its dual is Wa ® .

Tensoring with x, we have the following situation. W is a totally wild ireducible I(o0)-
representation of dimension d > 3, and End(W) is of the form T + W, + W} with a nonzero
tame part T, and two inequivalent totally wild ireducible I(oo)-representations W, and W, each of
the same dimension w/2, and each with all slopes 2/w.

Suppose first that p 1 d. The argument of the end of the proof of [KRLT3| Lemma 10.2] shows
that End(W) has a tame summand of rank d and d — 1 totally wild summands, each of rank d. If
d > 4, this is a contradiction. If d = 3 and p > 3, then the tame part of 4 has dimension d = m = 3,
which is a contradiction because we assume m # 3 when D = 9 and p # 3..

Suppose next that p|d. Write d = ngq with p { ng and with ¢ a strictly positive power of p. The
argument of [KRILT3| Lemma 10.2] shows that End(W) has ny summands, each of which has a
nonzero wild part, and that the tame part of End(W) has dimension ng. Thus if ng > 3, we have
a contradiction.

If ng = 2, then the argument shows that we have two summands, one of which is totally wild
and the other of which has a tame part of dimension 2. In this case, our H of type (D = d?,m)
has m = 2, and hence a wild part of dimension w = d?> — 2. But as d > 3 by hypothesis, we have
w > (2/3)(D — 1), ie., d? —2 > (2/3)(d* — 1), ie., 3d*> — 6 > 2d> — 2, i.e. d?> > 8, which holds
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because d > 3. So in this case, H satisfies (S+), by [KT5, Theorem 1.12], and in particular is not
2-tensor induced.

If ng = 1, then as explained at the end of the proof of [KRLT3, Lemma 10.2], End(W) has a
tame part of dimension 1. Thus m = 1, our H is of type (D, 1), with w = D — 1, and again we
trivially have D — 1 =w > (2/3)(D — 1). Except in the case ¢ = p = 3, which is the excluded case
(D,m) = (9,1) and p = 3, once again H satisfies (S+), by [KT5l Theorem 1.12], and in particular
is not 2-tensor induced. 4

REMARK 5.1.11. The excluded cases really can be 2-tensor induced, cf. [Ka-ESDE] 10.9.1] for
the case D =9, m = 3 and cf. [Ka-CC| Theorems 6.3 and 6.5] for the cases D =4, m =0 or 2.

5.2. Tensor induced sheaves: General case

PROPOSITION 5.2.1. Let V = V1 ® ... ® V, be a tensor product of n > 2 C-vector spaces each
of dimension d > 2. Suppose g € (GL(Vl) ®R...® GL(Vn)) X S, permutes the n tensor factors
Vi cyclically and that g has almost simple spectrum and finite order on V. Then the following
statements hold.

(i) The action of g" on Vi has simple spectrum.
(ii) Ifd > 3 then n = 2.
(iii) If d = 2 then n < 3.

PrOOF. The automorphism g is, by hypothesis, the composition of isomorphisms g; : V; — Vi41
for i < m with an isomorphism g, : V,, — Vi. If we use ¢g1,...,9n—1 to identify the V; with each
other, then V is V1®”, and g is the map 11 @ V2 @ ... @ vy — gn(Vy) @ V2 ® ... @ V1. And the
automorphism g" of V" is g©" i.e. ¢"(v1®...®@vy) = gn(v1)®...®¢n(vs). Since g has finite order
on V1®", so also does ¢", and hence g, has finite order on V7. By “the action of ¢" on V1” we mean

1 1

the action of g, on Vj. Since o(g) < oo, we can diagonalize the action of g™ on Vi: g”(ej) = aje;

for a basis (el,...,e}) of V4 and a; € C*. Now we can fix bases (e!,...,e}) of V; such that
grels el el = agel,
1 2 3 n 1
€y > €5 > €5 > ... > el > e
(5.2.1.1) 2 2 >
ehis el el el s agel.
(a) Note that
l & 2 ") = el ® e2 n
glej®ej®...0e)) =aqe; ®e; ® ... Q€.

Assume now that a; = as. Then by ((5.2.1.1]), ejl» ® e? ®...®e} with j = 1,2 are eigenvectors for g
with eigenvalue «, and in fact

elReEPE®.. 0 telRelel®.. . Qe +... +tea@et®... 0 @l

is a third such an eigenvector, with all three being linearly independent. Thus « is an eigenvalue of
¢ with multiplicity at least 3, a contradiction. Hence (i) follows.

(b) Using (5.2.1.1)), we can see that

g"(ejlz1 ® e?z ®...0€e ) =a5aj... Ozjnejl-1 ® ej2-2 ®...Q€] .
Thus, every eigenvalue of ¢g" on V is of the form § = aj,aj, ... a;, with 1 < j; < d. Hence, the
number N of distinct eigenvalues (without counting multiplicities) of ¢g” on V' is at most the number
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of ordered d-tuples (ki, ko, ..., kq), where kj, 1 < j < d, is the number of indices ¢, 1 <1i < n, such
that j; = j. Thus
N < N(n,d),

where N(n,d) the number of ordered d-tuples (ki,ks, ..., kq), where k; € Z>( and 22’1:1 kj = n.
We now prove by induction on d > 1 that

(5.2.1.2) N(n,d) = <

Clearly, N(n,1) = 1, proving the induction base d = 1. To prove the induction step from d —1 to d,

n

n+d—1>

we proceed by another induction on n > 1, with the obvious induction base N(1,d) =d = (‘f) By
counting tuples with a fixed value 0 < k1 < n (and noting there is exactly one tuple with k1 = n)
we get
N(n,dy=1+N(1,d—1)+...+ N(n—1,d—1)+ N(n,d —1)
and similarly
Nn—-1,d)=1+N(l,d—1)+...+ N(n—1,d—1).
It follows that N(n,d) = N(n —1,d) + N(n,d — 1). By the two induction hypotheses, we have

N(n,d) = n+d—2 n n+d—-2\ (n+d-2 n n+d-2\ (n+d-1\ (n+d-1
R N n )\ d-1 i-2 )"\ a-1 )=\ o )
completing the proof of (5.2.1.2]).

Since each eigenvalue of g on V is an n'®

root of some eigenvalue of ¢g", we have shown that g

has at most n(”Jrz*l) distinct eigenvalues on V. As g has almost simple spectrum on V', it follows
that

d—1
(5.2.1.3) d" —1=dim(V) - 1< n<" + >

n

Suppose now that d >4 and n > 3. Then 3(“}?%) = d(d + 1)(d +2)/2 < d* — d. In general, if j > 2,
then (d + j)/j < d, whence

n—1 .
n+d-—1 dd+1)...(d+n-1) d+2 d+ ; »
= = . -4 < _ n n
n< n > 1-2...-(n—1) 3 3 || j <(d d)d <d 3,

Jj=3

violating ([5.2.1.3)).
We have shown that n =2 if d > 4. If d = 3, then (5.2.1.3]) implies that

3"—1<nn+1)(n+2)/2,
and so n < 3. If d = 2, then ([5.2.1.3)) implies that 2" — 1 < n(n+ 1), and so n < 4.
(c) Assume now that d =n = 3. Using (5.2.1.1)), we see that
g: e% ® e% & eg — agezl), b2y e% & eg — agageé & e% & e:f' — alagage% ® e% & e%.
Thus g stabilizes the 3-dimensional subspace
(ei@es®es, e3@ef@es, 3@ el @ef)e
and admits all the 3 cubic roots of ajasas as eigenvalues on this subspace. The same is however
also true for the subspace
(el@eE®es, e3@ef ®e3, 303 e,

contradicting the assumption that g has almost simple spectrum. Hence n = 2 if d = 3, proving

(ii).
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Next we consider the case d = 2 and n = 4. Again using , we see that
g:e%®e%®e?®e§|—>age§®6f®e§®e‘fHalage%@@e%@e?@e%.
Thus g stabilizes the 2-dimensional subspace
(eleed@cl@e;, eh@el@ed ®@el)c
and has both square roots of ajas as eigenvalues on this subspace. On the other hand, g also maps
e%@e%@e%@e‘f = oqe%@e%@e%@e% = 0410426%@6%@6?1’@6% = ala%é@e%@e?@e‘f — a%a%ei@e%@e%@e‘f.
Thus g stabilizes the 4-dimensional subspace
<e%®e%®e%®e%, e%@e%@e%@e%, e%@e%@e?@e%, e%@e%@e?@e‘f}c

and has all four quartic roots of a?a2 as eigenvalues on this subspace. In particular, each of \/a7an
and —,/ajag has multiplicity > 2 as g-eigenvalue on V', again a contradiction. Hence n < 3 if d = 2,
establishing (iii). O

LEMMA 5.2.2. Let V =V1 ® ... ® V, be a tensor product of n = a + b C-vector spaces each of
dimension d > 2, with a,b € Z>3. Suppose g € (GL(V1) ® ... ® GL(V,)) x S, permutes the first
a tensor factors Vi, 1 < i < a, cyclically, and the next b tensor factors Vi, a +1 < i < a + b,
cyclically, and that g has almost simple spectrum and finite order on V. Then (a,b) # (2,2) and

(a,) £ (3,3).

PROOF. Assume that (a,b) = (2,2). Arguing as in the proof of Proposition but changing
the notation for simplicity, we may assume that in some bases (e; | 1 <i < d) for V1, (fi | 1 < i <d)
for Vo, (g; | 1 <i <d) for V3, and (h; | 1 < i <d) for V4, we have

g: e fi = aiei, gi — hi = Bigi

for some «, 5; € C*. It follows by inspecting the action of g on (e} ® fa,e2 ® f1)c that g admits
both v := /ajaz and —v as eigenvalues on Vi ® V5. Similarly, g admits both § := /8182 and —§
as eigenvalues on V3 ® V4. Since v6 = (—v)(—0) and (—v)d = v(—6), it follows that both vé and
—~d are eigenvalues with multiplicity > 2 for g on V, a contradiction.

Assume now that (a,b) = (3,3). As above, we may assume that in some bases (e; | 1 < i < d)
for Vi, (fi | 1 <1 <d) for Vo, (g; | 1 < i <d) for V3, we have
g€ fi— gi— ase
for some «; € C*. It follows by inspecting the action of g on

(e1® f1 ®g2,e2® f1 ®g1,e1 ® fa ® g1)c

that g admits all three roots v, (s, ’ygg of v3 := a2ay as eigenvalues on V; ® Vo ® V3. Similarly, g
admits all 6, 63, 5C§ for some 6 € C* as eigenvalues on V; ® V5 ® Vg. Since

v6 = (vG3)(8¢3) = (v¢3)(6¢3),

it follows that v is an eigenvalue with multiplicity > 3 for g on V', again a contradiction. O

PROPOSITION 5.2.3. Let V = V1 ® ... ® V, be a tensor product of n > 2 C-vector spaces each
of dimension d > 2. Suppose g € (GL(V1) ® ... ® GL(V;,)) % S,, induces a nontrivial permutation
m on the set of n tensor factors V; and that g has almost simple spectrum and finite order on V.
Then the following statements hold.

(i) Suppose d > 3. Then m is a 2-cycle. Suppose that g interchanges Vi and Va. Then the action

h of g> on Vi (which is defined uniquely up to a scalar) has simple spectrum. Moreover, if
n >3 or if g has simple spectrum on V., then o(h) > d*/2.
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(ii) If d = 2, then 7 is either a 2-cycle, a 3-cycle, or a disjoint product of a 2-cycle and a 3-cycle.
PROOF. Write m# = 0102 ... 07 as a product of disjoint cycles of non-increasing lengths
ki >ke>...2k >1.

Suitably conjugating ¢g in GL(V'), we may assume that
-1 -1
m=(1,2. . k) + Lk 42, kit k). (O k+1Y ke +2,...,n).
i=1 i=1

By Lemma (i), ¢ has almost simple spectrumon Vi @ Vo ® ... @ Vi, VI @ Va® ... ® Vi, 4g, (if
[>2),andon Vi ® Va ® ... ® Vi 4ky+ks if L > 3. Applying Proposition to the action of g on
VieoVe®...® Vg, weseethat ky =2ifd >3 and k; <3ifd=2.

Suppose d = 2 but I > 2 and ks > 2. By applying Lemma to the action of g on
V1@Va®...® Vi, +k,, we see that (k1,k2) = (3,2). Again applying Lemma [5.2.2] we conclude that
ks =11if [ > 3. Hence (ii) follows.

Assume now that d > 3. If | > 2, then by applying Lemma to the action of g on
Vi@ Ve®...® Vi, +k,, we see that (ki, k) = (2,1). Thus 7 = (1,2) is a 2-cycle. By Proposition
5.2.1[(i), h has simple spectrum on V;. To bound m := 6(h), we follow the proof of Proposition
and consider an eigenbasis (e1,...,eq) of g2 on V4 and the basis (f1 = g(e1), ..., fa:= g(eq)) of Va.
By the choice of m, ¢g*™ =~ -1d on V; for some v € C*. Now

G (f) =" (9(e) = 9(9°™ (&) = g(ve:) =+ fi

for all i, i.e. ¢g?™ = v -1d on V5 as well. Thus ¢ = ~2.1d on V; ® Vs, and so €2™ = ~? for all
eigenvalues € of g on Vi ® V5. However, by Lemma g has simple spectrum on V; ® V5. It
follows that d? = dim(V; ® V5) < 2m, as stated in (i). O

PROPOSITION 5.2.4. Let V =V1 ® ... ® V,, be a tensor product of n > 2 C-vector spaces each
of dimension d > 2. Suppose g € (GL(Vl) ®R...0 GL(Vn)) X S,, permutes the n tensor factors V;
cyclically and that g has almost regular spectrum on V. Then the following statements hold.

(i) The action of g" on Vi has regular spectrum.
(i) n=21ifd>3, andn <3 ifd=2.

PROOF. (i) Assume that ¢g" does not have regular spectrum on V3. Then we can find linearly
independent eigenvectors el and e} for g" on V3, for the same eigenvalue o € C. The arguments in
(a) of the proof of Proposition show that dim Ker(g — «-Id) > 3. Hence the statement follows.

(ii) Replacing g by a scalar multiple, we may assume that ¢” is unipotent on each V;, and hence
acts as the single Jordan block J; (with eigenvalue 1) on each of them by (i). In general, if J,
denotes the Jordan block of size a with eigenvalue 1, then J, ® J, is conjugate to

Jatb-1 D Jatb-3 D ... & Ja—by1,

when a > b > 1, see [F1, Theorem VIIL.2.7]. An induction on n shows that the Jordan canonical
form of g" on V' consists of one block J;,(q—1)4+1 and some other blocks of size at most n(d —1) — 1.

As g™ is unipotent, all distinct eigenvalues ¢;, 1 < i <1, of g on V are n'! roots of unity. But g
has almost regular spectrum, so, aside from possibly one additional Jordan block of size 1, each of
these eigenvalues ¢; gives rise to a unique Jordan block of g, say of size d; and with eigenvalue ¢;,
which then yields a Jordan block of same size (but with eigenvalue 1) for g". By the above analysis,
one of these blocks has size n(d — 1) + 1, and all others have size < n(d — 1) — 1, and possibly one
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extra of size 1. It follows that
l
d"=>"d; <(n(d—1)+ 1)+ (- 1)(n(d—1)—1)+1
i=1

<(md-1D+1D)4+n-1)nd-1)-1)+1=n*d—-1)+3—n.
Hencen=2if d >3, and n <3 if d = 2.

Now we consider the general case, and let e denote the number of distinct eigenvalues of g*!
on V; (without counting multiplicities). If e > 3, then n = 2 by Proposition (applied to g on
U®" where U C V; is spanned by three eigenvectors for three distinct eigenvalues of ¢g"). If e = 1,
then we are done by the unipotent case.

Consider the case e = 2. If d = 2, then ¢" has simple spectrum on Vi, and so n < 3 by
Proposition Suppose now that d > 3 but n > 3. As e = 2, the largest size of Jordan blocks
of g" on V; is at most d — 1, and ¢" has two distinct eigenvalues @ # 8 on Vi. Hence, arguing as
above, g™ has on V at most one Jordan block of size n(d — 2) + 1 and all others of size at most
n(d — 2) — 1. Up to a scalar, the eigenvalues of g" on V are a" *f’, 0 < i < n, a total of at most
n + 1 distinct eigenvalues. Thus g has at most n(n + 1) eigenvalues on V. As g has almost regular
spectrum on V', they lead to at most n(n + 1) Jordan blocks for ¢”, and possibly one extra of size
1. We now have that

d*<nn+1)(n(d—2)—1)+2+1,
which is impossible unless (n,d) = (3,3). In this remaining case, g> has 3 Jordan blocks of size 3
with eigenvalue a3? and 3 Jordan blocks of size 1 with eigenvalue o3, if we assume that g3 acts on
Vi as aJ; @ fJa. These six Jordan blocks of g2 come from six Jordan blocks of g with eigenvalues
among the three cubic roots of a3?. Thus either some such cubic root leads to at least 3 Jordan
blocks of g, or each of them leads to two Jordan blocks. Both of these possibilities contradict the
assumption that g has almost regular spectrum on V. O

LEMMA 5.2.5. Let V =V ® ...V, be a tensor product of n = a + b C-vector spaces each of
dimension d > 2, with a,b € Z>y. Suppose g € (GL(Vl) ®R...® GL(Vn)) X S, permutes the first a
tensor factors Vi, 1 <1i < a, cyclically, and the next b tensor factors V;, a+1 <1i < a+b, cyclically,
and that g has almost regular spectrum on V. Then (a,b) # (2,2) and (a,b) # (3,3).

PROOF. (i) Assume that (a,b) = (2,2). We may assume that in some bases (e; | 1 <1i < d) for
Vi and (f; | 1 <i <d) for Vo we have

g:e1— f1 = ager, ex = fa = ager
for some a1 # ag € C*, or
g:e1— f1— ajer, eg— fo > 041(61 + 62)

for some a7 € C*. As shown in the proof of Lemma in the former case g admits both
v = y/ajaz and —v as eigenvalues on V; ® V5. Direct computation shows that in the latter case g
admits both v := a1 and —v as eigenvalues on V; ® V5. Similarly, there is some § € C* such that
g admits both 6 and —d as eigenvalues on V3 ® V4. Since 7§ = (—v)(—0) and vy(—9) = (—7)9, it
follows that dim Ker(g — ¢ - Id) > 2 and dim Ker(g + 79 - Id) > 2, a contradiction.

(ii) Assume now that (a,b) = (3,3). As above, we may assume that in some bases (e; | 1 <i < d)
for Vi, (fi | 1 <1 <d) for Vi, (g; | 1 < i <d) for V3, we have

g:er fi g1 arer, e2 > for go o anen
for some a1 # ag € C*, or

g:er— f1 g1 ajer, ea— fors go— ag(er +e2)
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for some a; € C*. As shown in the proof of Lemma in the former case g admits all three

roots 7y, v(s, 7C§ of 43 := a?ay as eigenvalues on Vi ® Vo ® V3. Direct computation shows that in the

latter case g admits all three roots v, y(3, 72 of 42 := af as eigenvalues on V; ® Vo ® V3. Similarly,
there exists some § € C* such that g admits all §,(3, (3 as eigenvalues on V4 ® V5 ® V. Since

76 = (v¢3)(0¢2) = (7¢3)(3(3), it follows that dim Ker(g —~4 - Id) > 3, again a contradiction. O

PROPOSITION 5.2.6. Let V =V1 ®...QV, be a tensor product of n > 2 C-vector spaces each of
dimension d > 2. Suppose g € (GL(V1) ® ... ® GL(V,)) x S, induces a nontrivial permutation
on the set of n tensor factors V; and that g has almost regular spectrum on V. Then the following
statements hold.

(i) Suppose d > 3. Then m is a 2-cycle.
(ii) If d = 2, then 7 is either a 2-cycle, a 3-cycle, or a disjoint product of a 2-cycle and a 3-cycle.

PROOF. (a) Write m = 0109...0; as a product of disjoint cycles of non-increasing lengths
ki>ky>...>k >1.
Suitably conjugating ¢ in GL(V'), we may assume that

-1 -1
71':(1,2,...,]{}1)(1{51—|—1,k‘1—|—2,...,]€1+/{32)...(Z/{?1+1,Zk2+2,...,n).
=1 =1

By Lemma (ii), ¢ has almost regular spectrum on Vi @ Vo ® ... @ Vi, VI @ Vo ® ... @ Vig 4k,
(lfl > 2), andon V1 @ Vh®...® Vk’1+k2+k3 if I > 3.

Applying Proposition to the action of gon V1 @ Vo ® ... ® Vj,, we see that ky =2if d > 3
and k1 < 3if d = 2.

Suppose d = 2 but [ > 2 and ks > 2. By applying Lemma to the action of g on
Vi@ Va®...® Vi, +k,, we see that (ki,k2) = (3,2). Again applying Lemma [5.2.5] we conclude that
ks =1 if | > 3. Hence (ii) follows.

Assume now that d > 3. If [ > 2, then by applying Lemma to the action of g on
Vi®@Va®...® Vi 1k, we see that (ki, k2) = (2,1). Thus 7 = (1,2) is a 2-cycle. O

PROPOSITION 5.2.7. Let H be a hypergeometric sheaf in characteristic p of type (D, m) with
D —m > 1. Suppose that H satisfies (S—) but is n-tensor induced:

Ggeom < (GL(V1) ® GL(V2) ® ... ® GL(V,,)) x S,
with d :== dim(V;) > 2 and n > 2. Then one of the following statements holds.

(a) The action of G on {V1,Va,..., V,} induces a subgroup C,, <S,,, generated by an n-cycle, and
furthermore p t n.
(b) p=2 and d = 2. Furthermore, D =4 if D —m =1 or if m > 0.

PROOF. Let ¢ denote the character of the representation ® : Ggeom — GL(V') realized by #,
and let @) denote the image in Ggeom 0of P(00); note that @ is finite. Also let Go < G consist of all
elements in G := Ggeom that fix every tensor factor V;. Then Gy is Zariski closed.

(i) First we consider the case Q < Gy. Then the Zariski closure of the normal closure of @
in G is contained in Gy, and so G/Gy is a finite cyclic p’-group by Theorem On the other
hand, G/Gy is a transitive subgroup of S,,, since (G, V) is tensor indecomposable. Hence, G/G) is
generated by an n-cycle and p t n, as stated in (a).

(ii) We may now assume that Qo := Q N Gy is a proper subgroup of (). Consider any element
T € Q@ ~ Qo. Then the p-element = induces a nontrivial permutation of p-power order of S,,, which
then has at least one orbit of length > p on {V1,Va,...,V,,}. The formula [GI, 2.1] for tensor
induced characters implies that |¢(z)| < D/dP~L.
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Assume in addition that D —m = 1. Then z acts trivially on Tame of dimension D — 1, whence
A" > D/dP > |p(x)| > D —2=d" -2,

and so D =4 and p = 2, as stated in (b).
Now we may assume that D —m > 2. Using the obvious estimates |p(y)| < D for y € Qo and
|Qol < 1Q|/p, for the dimension m of the tame part Tame we have

= [¢le, 1ol ||Q| > ()
z€Q

(5.2.7.1) - DIQo| + DdP(|Q| — Qo)
- Q|
D

<D P
Q/Qo| — dr~t

D(1/p+d'7P),

and thus m/D < 1/p + d*~P.

o If p> 3, then m/D < 1/3+1/4 < 3/4.

e Suppose p = 2. Then m/D < 1/2+1/4 =3/4 when d > 4, m/D < 1/2+41/3 = 5/6 when
d=3,and m/D < 1/4+1/2 = 3/4 when |Q/Qo| > 4.

e Finally, assume that p = 2 = d = |Q/Qo|, D > 4, and m > 0. In this case, all elements
x € Q \ Qo induce the same permutation o of order 2 on the set {Vi,V5,...,V,}. On the other
hand, by [KRLT3|, Corollary 10.4], I(co) does not preserve any nontrivial tensor decomposition of
V', and so it must induce a transitive subgroup of S,, while permuting V1, Va, ..., V,. As P(00)<1I(c0)
and o(o) = 2, it follows that o is a product of disjoint cycles of the same length 2. The number
of g-orbits on {Vi,Va,...,V,} is n/2 > 2 since D = 2" > 4. Hence the formula for tensor induced
characters implies that |¢(z)| < D/d? for all z € Q \ Qo, and the estimates in again imply
that m/D < 1/|Q/Qo| + 1/d* = 3/4.

In all three cases, w = D —m > D/pZ, where pp is the smallest prime divisor of D. Hence (a)
holds by Lemma [5.1.3 g

COROLLARY 5.2.8. Let ‘H be a hypergeometric sheaf in characteristic p of type (D, m) with
D —m > 2. Suppose that H satisfies (S—) but is n-tensor induced:

Ggeom < (GL(V1) ® GL(V2) ® ... ® GL(V,,)) x S,

with d := dim(V;) > 2 and n > 2. If p =d = 2, assume in addition that m > 0 and D > 8. Then
one of the following statements holds.

(a) n=21i.e. (G,V) is 2-tensor induced, and p > 2.

(b) D =38, and (G,V) is 3-tensor induced.

Proor. Note that the action of G = Ggeom induces a transitive subgroup G < S, since H
is tensor indecomposable. Furthemore, G is generated by an n-cycle by Proposition m Using
D —m > 2, we see by Theorem that Ggeom is the Zariski closure of the normal closure of the
image (go) of 1(0) in it. In particular, this implies that the permutation 7 induced by the action of
go on {V1,Va,...,V,,} is nontrivial. Next, one knows [Ka-ESDE| Theorem 8.4.2 (6)] that gy has
regular spectrum on V', and so we can apply Proposition In the case of i), m is a 2-cycle.
When gy has finite order, i.e. when the “upstairs” characters are all distinct, that order is prime
to p, so the cyclic group (go) cannot map onto Z/27Z unless p is odd. In the general case, when the
“upstairs” characters have repetitions but each characters has finite order dividing ¢ — 1 for g some
power of p, gg_l is unipotent, and hence of pro-f order (remember we are dealing with an (-adic
representation). If p were 2, then ¢, being # p, must be odd, and (gp) is a group whose pro-order is
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odd, so cannot map onto Z/2Z if p = 2. Thus we must have that p > 2. Since 7 € G, we conclude
that n = 2.

In the case of (ii), d = 2, and 7 is either a 2-cycle, a 3-cycle, or a disjoint product of a
2-cycle and a 3-cycle. also, 7 is a power of an n-cycle. As D = 2" > 8, we must have that n = 3,
as stated in (b). O

One of the main results of the book is the following theorem:

THEOREM 5.2.9. Let H be a hypergeometric sheaf in characteristic p of type (D, m) with D > m.
Suppose that D # 4,8,9 and H is primitive. Then H satisfies (S+).

PROOF. First we note that, by Lemmas 2.3 and 2.4 of [K'T5], H is tensor indecomposable, and
thus satisfies (S—). It remains to show that A is not tensor induced. Since the statement follows
from Theorem when m = 0 and from Lemma when D is not a proper power, we will
assume that m > 0 and that D > 9. Assume the contrary: H is n-tensor induced.

First we consider the case D —m > 2. Then, by Corollary we have that n = 2 and p > 2.
But this contradicts Propositions [5.1.9] and [5.1.10]

Next assume that D —m = 1. Choose a p’-element in I(co) which topologically generates
a complement to P(oc0), with image goo. Then Proposition and its proof imply that Ggeom
induces a subgroup G = C,, generated by an n-cycle ¢ in S,,, which is induced by the action of
goo- Ome knows [Ka-ESDE, Theorem 8.4.2,(6)] that g has regular spectrum on the tame part
Tame of dimension m = D — 1 and fixes the wild part of dimension 1, and so g, has almost regular
spectrum on H. Thus we can apply Proposition t0 goo to determine the permutation o. Let
d denote the common dimension d of the tensor factors in .

Suppose d > 3. Then o is a 2-cycle. We claim that p must be odd. Indeed, g, stabilizes the
wild part and has finite order [Ka-GKM| Lemma 1.11 (3)] on the wild part. On the tame part
Tame, if say all its characters have order dividing ¢ — 1 for a power ¢ of p, then gZ Uis pro-¢ on
Tame. Thus a prime-to-p power of g, is pro-¢ on the entire I(oo)-representation. So, using the
fact o is a 2-cycle and arguing as in the proof of Corollary we conclude that p # 2. This is a
contradiction, by Propositions [5.1.9/and [5.1.10 [Alternatively, we can also apply Theorem [4.1.1}]

Suppose now that d = 2. As D > 8, we have n > 4. By Proposition [5.2.6] o € S,, is either
a 2-cycle, a 3-cycle, or a disjoint product of a 2-cycle and a 3-cycle. As n > 4, none of these
permutations can be an n-cycle, again a contradiction. O

REMARK 5.2.10. The excluded cases can be tensor induced, cf. [Ka-ESDEL 10.9.1] for the case
D =9, m =3, cf. [Ka-ESDE| 10.8.1] for the case D = 8, m = 2, and cf. [Ka-CC| Theorems 6.3
and 6.5] for the cases D = 4, m = 0 or 2. And there are D = 4 cases which are tensor decomposable,
cf. [Ka-CC| Theorems 5.1 and 5.3] for the cases D =4, m =1 or 2.

LEMMA 5.2.11. Let X < PGLy(C) be a finite, elementary abelian 2-group, which is the image
of some irreducible subgroup of GLa(C). Suppose that h € PGLy(C) is an element of odd order that
normalizes X. Then h3 centralizes X .

PROOF. Since the Schur multiplier of any finite 2-group is a finite 2-group, see [Is| Corollary
(11.21)], we may assume that X is the image in PGLy(C) of a finite irreducible 2-group X < GLy(C):
X = X/Z(X). Let ¢ denote the character of X (acting on C2), and consider any y € X ~ Z(X).
Then y is not a scalar matrix, but y? € Z(X ) is, since X is elementary abelian. Thus y is conjugate
to diag(a, —a) for some a € C*, and so p(y) = 0. It follows that

1 1 4|1Z(X)|
1 = s S = —— 2 = —= 2 = N Y
[o, ] ¢ X yEeX lo(y) X y;zoz) lo(y)] x|
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ie. |X|=|X/Z(X)| = 4. Thus X = C3, and so Aut(X) = S3. Now the conjugation by % induces
an element of odd order of Aut(X), hence the cube of the latter is trivial, i.e. h® centralizes X. 0O

The next result overlaps with Theorem but we will give an independent proof which does
not rely on the analysis of 2-tensor induced sheaves:

THEOREM 5.2.12. Let H be a geometrically irreducible hypergeometric sheaf in characteristic p
of type (D, m) with D —m > 1. Suppose that H has finite geometric monodromy group G = Ggeom
and is primitive. Suppose in addition that D # 4,8,9. Then one of the following statements holds.
(a) G is an almost quasisimple group and satisfies (S+).

(b) D =3,5,7 and G satisfies (S+).
(¢c) p>2, D=p", and H is Kloosterman, in fact the sheaf KI(Charpni1 \ {1}) (studied by Pink

[Pink] and Sawin [KT1), p. 841]).

(d) p=2, D =2", G satisfies (S+) and is an extraspecial normalizer as in Lemma[l.1.5(i)(c) with
r=2.

PROOF. (A) Let ® : G — GL(V) be the faithful representation realized by #. Again by Lemmas
2.3 and 2.4 of [KT5|, (G, V) is tensor indecomposable, and hence satisfies (S—). Note that if G is
almost quasisimple, then (S—) implies by Lemma [1.1.6] that E(G) is irreducible on H, and so (S+)
holds by Theorem [3.1.6] So we will assume that G is not almost quasisimple. The arguments in the
proof of [GT3, Proposition 2.8] (but assuming only that ® is primitive and tensor indecomposable)
show that G/Z(G) has a unique minimal normal subgroup L, which is either a direct product S™
of n > 2 copies of a finite non-abelian simple group S, or an elementary abelian r-group of order
r2" = D? for some prime r. Our proof will be divided into cases according to this dichotomy. Let gg
denote a generator of the image of I(0) in G and note that gy has finite order coprime to p. Clearly,
‘H satisfies (S+) when D is a prime number, and so we may assume D > 10 or D = 6.

First we consider the case D —m = 1. Then any nontrivial element z in the image of P(c0) in G
acts trivially on the tame part Tame of dimension D—1 and nontrivially on the wild part of dimension
1 and thus is a complex reflection. Applying Mitchell’s theorem [Mit], we see that G = Z(G)Go,
where either Go = Spy; in its deleted permutation module, or D = 6 and Gy = PSpy(3) - 2
or 61 - PSU4(3) - 22) (recall we are excluding D = 7,8). But this violates the above dichotomy.
[Alternatively, we can also apply Theorem to rule out this case.]

From now on we may therefore assume that D —m > 2.

(B) Here we assume that L = S™ with S simple non-abelian and n > 1. Let L denote the full
inverse image of L in G and let R := L(®). As shown in part 2) of the proof of [GT3|, Proposition
2.8] (see also Lemma [1.1.9(b)), R = Ry * Ry * ... * Ry, is a central product of n quasisimple groups
Ry =2 Ry =2 ... 2 R,, which are transitively permuted by G. Furthermore, the R-module V
decomposes as V1 @ Vo ®@...® V), where V; is an irreducible R;-module, R; acts trivially on V; with
i # j (since R; is perfect), and G permutes the spaces V; transitively, that is,

G < (GL(V}) @ GL(Va) @ ... ® GL(V,)) % Sy,

and (G,V) is n-tensor induced. Moreover, the arguments in the proof of [GT3l, Proposition 2.8]
(and of [GT3, Lemma 2.6]) show that the image of G in the resulting homomorphism © : G — S,
agrees with the homomorphism G — S,, induced by the conjugation action of G on { Ry, Ra, ..., Ry,}.

Let d := dim(V}), so that D = d". Since W = D —m > 2, by Theorem G is the
normal closure of (go). It follows that gp induces a nontrivial permutation 7 = ©(go) on the set
{1, Va, ..., Vi ).

(i) First we consider the case d > 3. By Proposition 7 is a 2-cycle, and we may assume
that gg interchanges V1 and V5. Furthermore, if h denotes the action of gg on V7, then h has simple
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spectrum and
(5.2.12.1) o(h) > d?/2.

Correspondingly, go interchanges R; and Ry and normalizes each R; with j > 2; in particular, gg
normalizes R;. Recall that the quasisimple group R; acts irreducibly on Vi, via a representation
®;. Now ®;(R;) is quasisimple, and Ry := (®1(Ry),h) is an irreducible, finite (since R; and g
have finite order), almost quasisimple (since any element that centralizes it is a scalar) subgroup of

GL(V1). Applying Theorem and using (5.2.12.1)), we see that one of the conclusions (b)—(f) of
Theorem [B.1.7 must hold.

(ii) Assume we are in the case of (e), so that d = 4 and R; = Spy(3). First consider the case
o(h) =9. Using [GAP] we can check that h has eigenvalues
{oj [1<j <4} =7-{¢|i=1,467T}

for some v € C*. Arguing as in the proof of Lemma we see that the spectrum of gg on Vi ® V5
consists of

Qaj, 1 <5 <4, :i:‘/O[iOéj, 1<i<y <4

In particular, v¢§ = /(7(o)(v(g) is a multiple eigenvalue for gy on Vi ® V4, which is impossible by
Lemma [5.1.2] since g has simple spectrum on V.

Next we consider the case 6(h) = 12. Using [GAP] we can check that h has eigenvalues
{Bi11<i<4}=0-{C]i=0,1,47}

for some v € C*. As above, the spectrum of gy on V] ® V5 consists of
B, 1<) <4, £/BiBj, 1<i<j<4
In particular, 6¢fy = \/(6¢12)(6¢]) is a multiple eigenvalue for go on V3 ® Vs, again contradicting
Lemma [5.1.2
(iii) Now we consider the case of (f), so that d = 6, Ry /Z(R;) = PSU4(3) - 22, and o6(h) = 18.
Using [GAP] we can check that h has eigenvalues
{aj11<j <6} =7 {Cig|i=1,3,6,7,13,15}
for some v € C*. As above, the spectrum of gy on V7 ® V5 consists of
Qaj, 1 <5 <6, :i:,/OéiOéj, 1<i<y L6
In particular, v(Tg = v/(7¢1s)(7¢ig) is a multiple eigenvalue for gy on V4 ® Vs, which is impossible
by Lemma [5.1.2
(iii) Assume now that we are in the cases (b) or (d) of Theorem so that 6(h) = 5. Using
IGAP] we can check that h has eigenvalues
{oj [1<j <3} =7{G]i=014}
for some v € C*. As above, the spectrum of gy on V7 ® V5 consists of

aj, 1<j <3, £ /ma;, 1<i<j<3.

In particular, v = /(7¢5)(7¢5) is a multiple eigenvalue for gy on Vi ® Vs, which is impossible by
Lemma .12

Next, consider the case (c) of Theorem so that Ry = PSLy(7) and 6(h) = 7. As R; acts
trivially on V; with j > 2, we see that R; = Ry = PSLy(7). As shown in the proof of Proposition
the action on gp on V; ® V, has order 26(h) = 14. For any j > 3, go normalizes R; and fixes V.
As the 3-dimensional representation of R; = PSLy(7) on Vj is not fixed by any outer automorphism
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of R;, g0|Vj is a multiple scalar of an element in I7;, and so has central order 2, 3, 4, or 7. It follows
that

(5.2.12.2) 0(go) divides 84 and is divisible by 14.

In particular, we have by Lemma that D = 3" < 84, and p # 2,7. By assumption, n > 3.
If moreover p # 3, then by Proposition we get that ©(G) is a cyclic transitive subgroup of
S, generated by an n-cycle. But this is impossible, since ©(gg) is a 2-cycle. Now if D = 3%, then
0(go) = 84 by Lemma and , forcing p # 3, and we arrive at a contradiction. Suppose
D = 3% and p = 3. Then we must have 6(gg) = 28 by Lemma [3.1.1 and (5.2.12.2). In particular,
we may assume that the simple-spectrum (by Lemma |5.1.2)) element g|y;, has central order 4, and
so has eigenvalues 1,(4,(} on V3. On the other hand, if h has eigenvalues Bj, 1 < j <3, on Vi,
then, as above, gy has both £+/51 52 as eigenvalues on V; ® Va. It follows that (44/51 52 is a multiple
eigenvalue for gy on V7 ® Vo ® V3 =V, again a contradiction.

(iv) Now we consider the case e = 2. As mentioned in the proof of Theorem we now have
that the almost quasisimple group R; in GLy(C) must be SLy(5), and so R; = Ry = SLy(5). As
the 2-dimensional representation of R; = SLy(5) on Vj is not fixed by any outer automorphism of
Rj, if go fixes Vj then go|y, is a multiple scalar of an element in R;, and so has central order 2, 3,
or 5. By Proposition m = 0(go) is a 2-cycle, a 3-cycle, or a disjoint product of a 2-cycle with
a 3-cycle. Given any orbit of length e of ©(gp), we know that the action of g¢ on each tensor factor
in this orbit has central order 2, 3, or 5. It follows that

(5.2.12.3) o(go) € {6,12,18,30,36,60,90}.

By Lemma D =2" <6(go) <90, and D # 4,8 by assumption. Hence D = 2" with 4 < n < 6.
Assume D = 2° or 26, and 6(go) € {36, 60,90} by Lemmal3.1.1|and (5.2.12.3)). In particular, p # 2,3
as go is a p’-element. Again applying Proposition [5.2.7, we see that ©(G) = C), is generated by an
n-cycle in S,,. For n =5 or 6, this however contradicts the given shape of m = O(gp).

Finally, assume n = 4. Then m = ©(gg) can be only a 2-cycle, or a 3-cycle. Hence instead of
(5.2.12.3), we now have that o(gg) € {4,6,9,10,15}. Hence 0(go) < 16 = D, contrary to Lemma
BT

(C) Now we consider the case where L is an elementary abelian r-group of order r?® = D2. Note
that in this case, by Lemma we have that G admits a normal r-subgroup R as in Lemma
1.1.9|(c); in particular, R acts irreducibly on V', and

(5.2.12.4) R/Z(R) is elementary abelian of order 7"

It is clear that G cannot be tensor induced and hence satisfies (S+) when D = 2,3,5,7. Assuming
D =r"¢{2,3,4,5,7,8,9}, we then have D > 11 and therefore can apply Theorem Assuming
furthermore that conclusion (c¢) does not hold, we must then have that p = r = 2. If (G,V) is
moreover (S+), then we arrive at (d). Hence we may assume that (G, V) is k-tensor induced for
some k > 2, and that

G < (GL(V1) ® GL(Va) ® ... © GL(V4)) Sy
Let © : G — Sy denote the corresponding homomorphism, and let 7 := ©(gp). If 7 = Id, then we
can again apply Theorem to conclude that O(G) = {Id}, a contradiction. So 7 is a nontrivial
permutation of odd order. By Proposition this implies that dim(V;) =2, 2" = D = 2k .
k =n, and 7 is a 3-cycle.
Let K := Ker(0), so that K > Z(G). Assume that K = Z(G). Then, as RNZ(G) = Z(R) by
Schur’s lemma, we have by that

C2" = RJZ(R) = R/(RNZ(Q)) = RZ(G)/Z(G) < GJZ(G) = G/K < Sy,
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which is impossible, since the 2-part of |S,,| is

2Ln/2j+Ln/22J+Ln/23J+... < o
Hence K > Z(G), and so K/Z(G) is a nontrivial normal subgroup of G/Z(G). But L = R/Z(R)
is the unique minimal normal subgroup of G/Z(G), so we conclude that K > R. In particular, R
fixes each V; and induces a projective representation on V;.

Let X < PGL(V;) denote the image of R in this projective representation. Note that Z(R) acts
as scalars on V;, so using (5.2.12.4)) we see that X is an elementary abelian 2-group. Recall that
g8 € K. As R < K, we see that g3 normalizes X, and g§ has odd order. By Lemma [5.2.11} g
centralizes X, i.e. [g), ] acts as a scalar on V; for each x € R. It follows that [g], 2] acts as a scalar
on V, and so belongs to Z(G). Thus we can find

f:R—Z(G)
such that ggacgo_g =z f(x) for all z € R. Now for z,y € R we have

vy f(zy) = gowygy® = 90wy ” - 90ygy” = wf (2) - yf(y) = wyf() f(y),
i.e. f€ Hom(R,Z(G)). In particular, if 2% denotes the exponent of R, then (f(x))* = f(2*") =1
for all x € R. On the other hand, an induction on j > 1 shows that
gy xgy " = x(f(2)).
In particular, if b denotes the odd order of 98, then
x = g3'egy ™ = x(f(x))".
Thus f(z)? = f(#)*" =1, and so f(x) = 1 for all z € R. We have shown that g7 centralizes R.

Hence, by Schur’s lemma, gg acts as a scalar, and so 6(gg) divides 9. But this contradicts Lemma
since D > 16. O






CHAPTER 6

(Non-)existence results

6.1. Type A
We begin with an elementary fact and some lemmas about exotic behavior in low characteristic.

LEMMA 6.1.1. Let Q < Sp(V) =2 SLy(C) be a finite 2-subgroup which acts irreducibly on V = C?
and has only integer traces. Then @ = Qg, the quaternion group of order 8.

PROOF. Certainly, @ is non-abelian, and so |Q| > 8. Next, any involution z € @ acts on V
as —Id, and thus is unique. Consider any y € @ of order > 4. Then y acts as diag(a, a™!) with
a € C* of 2-power order > 4 and a + a~! € Z, hence {a,a'} = {1,—1}. Now, if ¢ denotes the
character of the Q-module V', then

QI =101 [p,¢le = Y _ le@)* = 4+4,
yeQ
ie. Q= Dgor Qg. As @ has a unique involution, we conclude that @ = Qs. O
LEMMA 6.1.2. Suppose p = 3. Let H be a Kloosterman sheaf K := KClyy(x,X) with Ggeom = SLo

(e.g., take x = 1, or take x of prime order >5). Then Sym?3(K) is a hypergeometric sheaf of type
(4,2), whose Ggeom is SLo in its 4-dimensional irreducible representation.

PROOF. The I(oco)-representation of any K := Kly(x,X) is independent of which x we choose,
cf. [Ka-ESDE! 8.6.4]. This allows us to compute the I(co)-representation by choosing a particular
K. We take the particular choice of

Ko := Ky (§4,€3) = Le, ® Kly(1, &),
which by [Ka-GKM, 5.6.2] is geometrically the Kummer direct image
[2]*([’52 ® [’1/)(21))‘
Thus the I(oco)-representation of [2]*(K) is the direct sum
Le, @ (Lyp2a) D Lyp(—20))-
So the I(oo)-representation of [2]*(Sym?(K) is
Ley @ (Lus(or) B L) © Ly(-20) S Lu(-6))-

Up to this point, the discussion has been valid in any odd characteristic. But when p = 3, the two
characters Ly (+6,) become trivial, so the I(co)-representation of [2]*(Sym?(K)) is just

Lo @M ST S Lya) D Liy(—20))-

Therefore Swane ([2]*(Sym?(K))) = 2, and hence Swane(Sym?(K)) = 1. We also see that the
I(oco)-representation of any such K is the direct sum Wildy & Tames.

Thus Sym?(K)) is a lisse sheaf on G,,, /F3 which is geometrically irreducible (its Ggeom being SLo
in its 4-dimensional irreducible representation, which is tame at 0 because K is tame at 0) and with
Swan,, = 1. By [Ka-ESDE] 8.5.3], it follows that Sym?(K) is hypergeometric of type (4, 2). O

85
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LEMMA 6.1.3. Suppose p = 2. Let H be a Kloosterman sheaf K := Kly(x,X) with Ggeom = SLo
(e.g., take x = 1, or take x of prime order > 5). Then Sym*(K) is a hypergeometric sheaf of type
(5,2), whose Ggeom is the image of SLo in its 5-dimensional irreducible representation.

PROOF. One knows [Ka-ESDE] 8.6.4] that the P(co)-representation of K is independent of
the choice of y. Take the particular choice of

Ko := Kl (&3, 3).
We now specialize to the case p = 2. Then P(c0) acts irreducibly, cf. [Ka-GKM, 1.15]. One knows
that the Kummer pullback |3]*(Ky) on G,,/F4 is geometrically isomorphic to the local system
whose trace function at t € Fya is ¢t +— (1/2%) > (23 +tx). This local system has its Ggeom a finite
[KTT), 20.1] 2-group. All Frobenius traces are thus integers, and the representation is symplectic.
Thus the image of P(c0) is a finite 2-group inside SLgo(C) which is irreducible and has traces in
Z. By Lemma we see that the image of P(oc0) is the quaternion group Qg in its irreducible
2-dimensional representation stds. From the character table of Qg, one sees that Sym®*(stdy) is the
direct sum of 2 copies of 1 and each of the three linear characters of order 2. This shows that
the P(c0) representation of [3]*(Sym®*(K)) is the direct sum of 2 copies of 1 and each of the three
linear characters of order 2. Therefore the I(oco)-representation of Sym*(K) is the direct sum of a
2-dimensional tame part and a 3-dimensional wild part, say Tamey @ Wilds. But Sym®*(K) has all
oo-slopes < 1/2, and hence has Swany, < 3/2. But Swan conductors are integers, so Swan, is 0 or
1. It cannot be 0 since the wild part is nonzero. We now conclude exactly as in the proof of Lemma

[6.1.21 above. O

LEMMA 6.1.4. Suppose p = 2. Let H be the hypergeometric sheaf Hypy(1,1;p) with p # 1.
Then Sym?(H) is geometrically isomorphic to the hypergeometric sheaf Hypy (1,1, 1; p%,p%) of type
(3,2), whose Ggeom is Os.

PROOF. The P(o0c) representation of H is 1 & L. Hence the P(co) representation of Sym?(H)
is 1® 1@ Ly, More precisely, let us consider the I(oco)-representation of H. By [Ka-ESDE,
8.12.2 (1)], det(H) = L, geometrically. Therefore the I(oco)-representation has det = Ly, and £,
is one summand. So the I(oco)-representation is the direct sum £, L5 ® Ly. Thus the I(oco)-
representation of Sym?(#) is

ﬁpz & £p72 D L; R Ly.
Now H has Ggeom = SLy, because it is a semisimple subgroup of SLo which contains a nonsemisimple
element (namely local monodromy at 0, which is a unipotent Jordan block of size 2). Therefore
Sym?(H) has Geom = SO3. Thus Sym?(H) is geometrically irreducible, lisse on G, tame at 0 and
has Swan,, = 1. Thus Sym?(#) is hypergeometric of type (3,2). From its local monodromies, it
is a multiplicative translate [Ka-ESDE| 8.5,5] of Hypy (1,1, 1;p?,p%). This sheaf is orthogonally
self-dual, cf. [Ka-ESDE] 8.8.1], but its determinant is Ly, so its Ggeom contains but cannot be
SO3, 50 its Ggeom is O3. In fact, there is no multiplicative translate, because its determinant, Ly,
detects multiplicative translates. O

THEOREM 6.1.5. Let H be a hypergeometric sheaf in characteristic p, of type (D, m) with D > m
and D > 3, such that Gge,y, is a simple algebraic group of type Ay acting irreducibly on H. Then
(D,m,p) = (5,2,2), (4,2,3), (3,1,p > 2), (3,0,2), or (3,2,2). Conversely, all the listed cases do
oceur.

PROOF. (i) Writing G := Ggeom, We have Z(G°) = Z(G) N G° by Schur’s lemma, and G =
Z(G)G” since G° has no outer automorphisms. Hence G/Z(G) = G°/Z(G°) = PGLs and so G
admits an irreducible representation A : G — GL3. Set e :=3 if p=21 D.
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Assume in addition that 2|D, so that G° = SLa. If m := |Z(G)| is odd, then G = Z(G) x SLs
admits an irreducible representation A : G — GLg with kernel Z(G); set e = 2 in this case. If 2|m,
then G = Z(G) o SLy is a central product, with Z(G) N SLy = (2™/?), where Z(G) = (z). In this
case, G admits a faithful irreducible representation A : G — GLg, with SLy acts via its natural
representation and z acts as the scalar (,,; again set e := 2.

Now consider the case p > 2 and 2 { D, so that G° = PSLy and G = Z(G) x G°. Then
G = T'/(3), where I' := Z(G) x SLy and Z(SLy) = (j) = C3. Now I' admits an irreducible
representation A : I' — GLg, with kernel Z(G) and with SLy acting via its natural representation.
Set e := 2 in this case.

Applying [KT5l Theorem 4.14] to A, we obtain

(6.1.5.1) 1<w:=D-m<e<3.

Without any loss, we may assume that G° = SL(W) = SLy acts on H via Sym™(W), where
n=D-—1.

(ii) Now we consider any element g # 1 in the image @ of P(c0) in G, and write g = zh with
z € Z(G) and h is conjugate to diag(a,a™!) € G° for some o € C* and

(6.1.5.2) o #1,
since g ¢ Z(G). Then z acts on H as a scalar § € C*, whereas h acts on H as
(6.1.5.3) diag(a”,a”_Q, oAl a_"),

and D —w > n— 2 of these eigenvalues occur on Tame and so are all equal to 5~ (as g acts trivially
on Tame). On the other hand, no two consecutive eigenvalues o/ and /=2 can be equal, because
otherwise o = 1, contrary to . Now, if D > 8, then each of the four pairs {a/, o/ =2} with
j=mn,n—4,n—8,and n—12 > 2 —n, contains 37! at most once, forcing m = dim Tame < D —4,
contrary to (6.1.5.1)).

(iii) Assume now that D = 6 or 7. Again, each of the three pairs {a/,a/=2} with j = n, n — 4,
n —8 > 2 —n, contains ! at most once. But dim Tame > D — 3 by (6.1.5.1]), so each of them
contains 7! exactly once, and furthermore w = 3. Since e = 2 when 2 implies that
D = 7. Thus either o = a" % =371, or a" 2 = a" % = 371, In either case we have o* = 1, and
so we may assume that a = {4 because of . Now g acts as (8 - diag(—1,1,—-1,1,—1,1, —1).
As 1 is an eigenvalue of multiplicity > 4 for g, we have § = —1, and g acts on Wild as the scalar
—1. We have therefore shown that each nontrivial element g € @) acts on Wild as the scalar —1.
But this is impossible since we also have w = 3.

(iv) Suppose D = 5. Then h acts on H as diag(a*,a?,1,a72, a™%), see , and 1 is an
eigenvalue for g with multiplicity m > 2. This implies that a8, or of, or a* = 1. Together with
(6.1.5.2), we have one of the following three situations.

e a® =1but a? # 1. Then o* = —1, and g acts as /3 - diag(—l,@;, 1, -4, —1). Asm > 2, we
must have that § = —1, g is a 2-element and hence p = 2, and w = 3. As p{ w, @ is elementary
abelian by [KT5|, Proposition 4.10], and thus g2 = 1, which is a contradiction as it has eigenvalue
Ca-

e a5 =1 but a? # 1. Then we may assume that o = (3, and so g acts as B-diag(cg, (3,1, Cg, Cg).
As m > 2, we must have that § = (35 or C§7 g is a 3-element and hence p = 3, and w = 3. But this
contradicts , since e = 2 in this case.

e o' =1but o® # 1. Then o? = —1, and g acts as [ - diag(l,—l,l,—l,l). If m > 3, then
8 =1, and g acts on Wild as the scalar —1, a contradiction since w = 2. Som =2, w =3, f = +1,
p = 2, as stated.
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(iv) Suppose D = 4. Then h acts on H as diag(a?,a,a™t a™3), see , and 1 is an
eigenvalue for ¢ with multiplicity m > 2. This implies that o, or a® = 1. Together with ,
we have one of the following two situations.

e o* =1 but a? # 1. Then we may assume that o = (4, and g acts as 3 - diag(—@, Cay —Ca,s §4).
As m > 2, we must have that § = +(4, and g acts on Wild as the scalar —1, a contradiction since
w = 2.

e 0% =1 but a® # 1. Then we may assume that o = +(3, and so g acts as iﬂ-diag(l, (3, Cg, 1).
As m > 2, we must have that § = £1, ¢ is a 3-element and hence p = 3, and w = 2, as stated.

(v) Now we consider the case D = 3. Assume first that p > 2. By (6.1.5.1), 1 <w < 2. Assume
(6.1.5.3

in addition that w = 1. Now h acts on H as diag(a?,1,a~2), see (6.1.5.3), and 1 is an eigenvalue
for g with multiplicity m = 2. This implies by that o> = —1, B8 = —1, and g acts as
diag(1,—1,1), i.e. p =2, a contradiction.

Assume now that p = 2 and w = 2. By [KT5, Proposition 4.8(iv)], Z(G) has odd order,
and recall that G = Z(G) x PSLy. Hence, Z(G) acts on H via a linear character x of odd order.
Tensoring with Ly, we get a hypergeometric sheaf H' with Ggeom = PSLa, hence self-dual. Now
the set {x1,x2, x3} of “upstairs” characters of H’ is stable under complex conjugation, and so it
contains 1. Similarly, the single “downstairs” character of H’ is stable under complex conjugation,
and so it equals to 1. But this violates the geometric irreducibility of H'.

(vi) For the converse, as shown in Theorems 3.3 and 3.7 of [Ka-CC]J, there exist hypergeometric
sheaves, of type (3,0) in characteristic p = 2 and of type (3,1) in any characteristic p > 2, with
Glgeom Tealizing PSLy in its irreducible 3-dimensional representation. The cases (D, m,p) = (5,2, 2),
(4,2,3), and (3,2,2) are shown in Lemmas|6.1.3] |6.1.2} and [6.1.4} to occur. O

To handle higher rank groups of type A, first we need a lifting lemma. For brevity, in what follows
we use X*(V) to denote Sym* (V') when k € Z>; and ¥ = Sym, and A*(V) when ¥ = A. In fact, we
make the convention that the notation X*(V) when ¥ = A always implies that 1 < k < dim(V) — 1.
Slightly abusing the terminology, we will call a character of a finite group @ scalar, if it is a multiple
of a linear character of Q).

LEMMA 6.1.6. Let k € Z>1, V = C¢, and ¥ € {Sym, A}. Suppose H = CV and G < GL(H) is
a reductive group with finite center Z(G), such that G = Z(G)G° and G° acts on H as SL(V') acts
on F(V). Then we can find a reductive subgroup H < GL(V) with finite center Z(H) and a finite
cyclic subgroup Z < H NZ(GL(V)) of order k, such that the following conditions hold:
(a) H=1Z(H)SL(V).
(b) Let W denote the natural action of GL(V) on $¥(V). Then Z is the kernel of ¥|y.
(¢) There is a surjective homomorphism m : H — G with Ker(r) = Z and V|g = ® o7, where ®
denotes the representation of G on H.

In other words, G acts on H as H acts on $F(V).

PROOF. Since G° is irreducible on H, we have that Z(G) = (z), where z = (,, - Idy € GL(H)
for some n € Z>;. By assumption, Z(G°) = Z(G) NG° is the image of Z(SL(V)) = (j) = Cy acting
on ¥¥(V). Choosing j = (4 -Idy € GL(V), we have that j acts on H as ij -Idy. Since the latter
belongs to Z(G), we have 1 = ¢k, i.e. d|kn. Set

t:= Cpn - 1dy € GL(V), H := ()SL(V) < GL(V), Z := {t").

This ensures that (a) holds. Also, the kernel of GL(V) acting on ¥¥(V') is precisely (¢, - Idy) = Z;
in particular, (b) holds. Next, t acts on ¥¥(V) as the scalar (¥ = (,, which is the same as the
action of z on H. Now we can define 7 : H — G by setting 7 (t) = z and 7|gy,(y) to be the natural
projection SL(V') — SL(V)/(Z N (SL(V)). O
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LEMMA 6.1.7. Let Q be a finite group, and let x, v be complex characters of Q.

(i) Suppose that x1 is a multiple of some linear character 7. Then x = x(1)a and v = ¥ (1)8 for
some linear characters a, 8 of QQ such that af = 7.

(ii) Suppose that ¢ = @(1)\ for a linear character \ of Q, where either ¢ = Sym*(x) for some
kE>1, or p=AF(x) for some1 <k <d—1. Then x = x(1)v, where v is a linear character
of Q with v* = \.

(iii) Suppose that x = Indg(a) for some character a of a subgroup R < Q) and that x is a multiple
of a linear character A of Q. Then R=Q and o = x.

(iv) Suppose @ acts on a finite non-empty set Q, and suppose for some m, 1 < m < |Q|, Q
stabilizes every m-subset of Q. Then Q acts trivially on Q.

PROOF. (i) First we consider the case 7 = 1g. Write x = >.7", x; and ¢ = > | ¢;, with

Xi, Y5 € Irr(Q). By assumption, @ = Ker(x;1;); in particular, 1 < [xiv;, 1q] = [xi,¥;]. As x; and

1; are irreducible, it follows that x; = v;. If moreover x;(1) > 1, then, as 1 = [[Xi,@j], we see that
Xi%; must involve some nontrivial irreducible character of @), a contradiction. We have shown that,
for any pair i, 7, x; = @j and has degree 1, whence the statement follows in this case.

The general case then follows, if we replace ¥ by v’ := 9T and apply the previous case to y'.

(ii) It suffices to show that, in a representation ® affording x, each g € @ acts as a scalar
matrix. Assume the contrary, so that d > 2. We may assume that ®(g) = diag(ai, az, ..., a,1)),
but a; # az. Now, if ¥ = Sym, then ¥*(®)(g) admits (at least) two distinct eigenvalues of and
i lay. f1 <k < x(1) —1and ¥ = A, then X*(®)(g) admits (at least) two distinct eigenvalues
a1as0y ... g and agazay ... apy1. We reach a contradiction in both cases.

(iii) Assume the contrary: Q > R. By assumption, x = x(1)A, so for any g € @ ~ R we have

) = @N@| = | Y alasa NG| < <'Q‘—1‘;§7<”A<” <[Q: Rla(1) = x(1),
z€Q, zgr—1eR

a contradiction.

(iv) Assume the contrary: there exists some w €  and g € @ such that g(w) # w. Then we
can find an m-subset A C Q \ {g(w)} that contains w. As w € A but g(w) ¢ g(A), g(A) # A, a
contradiction. |

LEMMA 6.1.8. Let C* =V =Vi@aVa®...®V,, where dimV; = e = d/n. Let G := G1 xS,,, with
G1 =[], GL(V;), be the stabilizer of this decomposition in GL(V'). If k € Z>1 and ¥ € {Sym, A},
then there is an isomorphism of G1-modules
(6.1.8.1) ¢: SRV a (V) @82(Vh)@...0 8 (V,),

115esin€Z>0, 11+i2+...Fin=kK

which is also an isomorphism of G-modules in the case ¥ = Sym. If ¥ = A, then ¢ needs not be
G-equivariant, but ¢ has the property that the permutation actions of G on the sets of subspaces
P (E (V1) @ E2(Va) ®@...@ X (Vy)) (on the left) and X7 (Vi) @ £2(V2) @ ... @ £ (V;,) (on the
right) are the same.

PROOF. The existence of a vector space isomorphism ¢ is well known, see [FH| (B.1), (B.2)].
Now assume ¥ = Sym. By viewing V = (V*)*, we may identify S¥(V) as the space of homogeneous

polynomials of degree k in d = en variables z1,...,x4, where V; is spanned by x(;_1)eq1,- -, Tie,
and on which GL(V) acts via linear substitutions. Identifying each S/(V;) with the span of degree
J homogeneous polynomials in variables x(;_1)ei1,...,%ie, We get a canonical isomorphism ¢ of

G-modules.
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Next assume that ¥ = A. Recall that AF(V) is the quotient of V®* by the subspace X spanned
by all v ® ... ® v, with two of the vectors equal. If m denotes the natural projection, then
VI A A = T(v @ ... @ vg). Furthermore, if W is another C-space, then there is a canonical
linear map from A*(V) ®@ AY(W) into ATY(V @ W), taking (v1 A ... Avg) @ (w1 A ... Awp) to
V1A ... ANvg Awi A ... AN wp. This determines an isomorphism

(6.1.8.2) NVew) = @ AYV) A W),
a+b=k

see [FHJ, (B.1)], which can easily be seen to be an isomorphism of GL(V') x GL(W)-modules. Assume
in addition that dim(W) = dim(V') and let 7 € GL(V & W) be the involution e; <+ f;, for a fixed
basis (e1,...,eq) of V and a fixed basis (f1,..., fq) of W. With v; € V and w; € W as before, 7
sends v1 A ... Avg Awy A... A wp to

T(1) Ao AT(Va) AT(wi Ao Awp) = £7(w1) A e AT(wp) AT(v1) Ao AT(vg)
on the left-hand-side of (6.1.8.2)), and (v1 A ... Ave) ® (w1 A ... Awyp) to
(T(V1) Ao o AT(V0)) @ (T(wi) Ao AT(wp)) = (T(wi) Ao AT(wp)) @ (T(v1) A e o AT(vq))

on the right-hand-side of . Taking v; among e1,...,eq and w; among f1,..., f4, we see
that the actions of o on the basis vectors of the two spaces in agree with the indicated
isomorphism up to a sign. This proves the case n = 2 for AF. The general case then follows by
iterating the isomorphism in , noting that S,, is generated by transpositions. 0

The heart of the proof for type A groups relies on the analysis of the following situation:
HyPOTHESIS 6.1.9. Let V = C? with d > 3, k € Z>g, & € {Sym, A}, paprime, and 2 < k < d—2
when ¥ = A. Let J < GL(V) be a finite subgroup with the following properties:

(a) J = @Q x C, where @ is a normal p-subgroup, and C = (Z,o) is a p’-subgroup for some
Z < Z(GL(V)) and some o € J;
(b) There exists a linear character 7 of @) such that the character of the J-module ¥¥(V) is

m
o+ >0
i=1
where ¢ € Irr(J), ¢(1) > 1, and [¢|g,7]g = 0. Furthermore, either m = 0, or 6; € Irr(J) and
Oilg = 0;(1)y for all 1 <i <m.
Note that in the case > = A we may, and will always, assume further that
(6.1.9.1) 2<k<d/2

Indeed, it is well known that A9~*(x) = AF(x)det(x). Now, if J satisfies for AF(V), then it
also satisfies for AY=*(V), but with ~ replaced by 7 - det(x)|g. Replacing k by d — k, we can
6.1.0.1).

therefore ensure ((6.1.9.

PROPOSITION 6.1.10. Assume Hypothesis and assume in addition that d > 5 if ¥ = A.
Then J acts irreducibly on V.

PROOF. (i) Assume the contrary: J satisfies but the J-character y afforded by V is
reducible: x = a + f for some characters a and  of J, where a := (1) > (1) =: b > 1. In
particular, 2a > a + b = d. We note furthermore that

(6.1.10.1) ¢|g is not scalar.
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For, otherwise we would have ¢|gz = ¢(1)v for some linear character v of QZ (since Z acts via
scalars on ©¥(V)). Then v is J-invariant. But .J/QZ is cyclic, so v extends to J, and, by Gallagher’s
theorem [Is, (6.17)], any irreducible character of J that lies above v is of degree v(1) = 1. Thus
(1) = 1, contradicting |6.1.9(b).

(ii) By Lemma we can write

(6.1.10.2) <,0+29 = (a+ B) = Zz’“ i

=1

Here, some summands ©*~!(a)X!(8) may be zero in the case ¥ = A. We will call the summand
Y)Y (B) admissible, if either ¥ = Sym, or X*~!(a)X!(B8) # 0 and ¥ = A. Since ¢ # 6; by
hypothesis, there always exists a unique j such that ¢ is a constituent of an admissible summand
S+ (a)%7(B) in (6.1.10.2)). Moreover, any admissible £¥~!(a)¥!(8) with [ # j is a sum of some 6,
and hence is a multiple of v on restriction to Q.

Consider the case j # 1. By the above, (Zkil(a)ﬁ) | is a multiple of v, and 1 < k—1<d/2 < a
in the case ¥ = A, see (6.1.9.1). By Lemma both a|g and B|g are scalars: alg = aX and
Blg = bv for some linear characters A\, v of Q. In this case, (E*7J(a)X7(8))|q is a multiple of
AF=ipi - and so is ¢|g, contrary to (6.1.10.1)).

(iii) We have shown that j = 1. In the case ¥ = A, k < a by (6.1.9.1)), hence ¥*(a) is
always admissible and so is scalar on Q). Assume in addition b = 1. If ¥ = A, (6.1.9.1) implies
4 <2k <a+1,and so k <a—1. Hence a|g = a(1)X is scalar by Lemma It follows that

Zk_l(a)ﬁ)|Q is a multiple of the linear character A¥~1 . 8|g, whence ¢|q is scalar, contradicting
(E-110.0).

Next suppose b = 2. If ¥ = A, then d > 5 by assumption, whence k < a by . Hence
we can apply Lemma to X*(a) to see that a|g is scalar, and so, as Z acts via scalars on V,
gz = aX for some linear A € Irr(QZ). It follows that (X*~!(a)B)|oz is a multiple of A*~1- 8|gz.
Consider the case 8oz € Irr(QZ). Then ¢|qgz is a multiple of the irreducible character A*~1- 8|qz,
whence the latter is J-invariant, and so, J/QZ being cyclic implies by Gallagher’s theorem that
¢loz = \¥71-Bloz. Note that X*~1(a)(1) > 1, so ¥¥~1(a)B— ¢ is a true character, whose restriction
to @ is still a multiple of A*~1. 8|g, contradicting . Assume now that f|gz is reducible.
Then (Ek_l(a)ﬁ) |z is a multiple of \¥~1. Blgz = B + B2 with B; € Irr(QZ) of degree 1. Without
loss, we may assume @|gz contains f1. As J/QZ is cyclic, Stab;(f1) is cyclic over QZ and has
index < 2 in J. Again by Gallagher’s theorem, either ¢ is of degree 1 and ¢|gz = 1, or ¢ is of
degree 2 and ¢|gz = B1 + B2. However, as ¥¥71(a)(1) > 1, £¥71(a)B — ¢ is again a true character,
whose restriction to @ contains (31 + f2)|q, contradicting (6.1.10.2).

We have shown that b > 3. Consider the case k¥ > 3. Then we can apply Lemma to
SF2()5%(B) to see that a|g = aX and Slg = bv for some linear \,v € Irr(Q). In this case,
(Ekil(a)ﬁ) o is a multiple of A*~1v, whence so is ¢|q, contrary to . Finally, assume that
k = 2. Applying Lemma to X%(a) and X?(8), we again see that a|g = aX and S|g = bv for
some linear A\, v € Irr(Q), and arrive at a contradiction as in the previous case. ]

PROPOSITION 6.1.11. Under Hypothesis[6.1.9, suppose that J acts transitively on the summands
of a decomposition V=V, & Vo ® ... ® V,, with dimV; =:t = d/n < d. Then one of the following
statements holds.

(A) Q stabilizes each V.
(B) ¥ = A, t =1, and one of the following possibilities occurs:
(a) p=2,d=4, and k = 2.
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(b) p=3,d=6, and k = 3.

(c) p=2,d=28, k=3, J is irreducible on N3(V), and o has at most 14 distinct eigenvalues
on N3(V).

(d) d =p°, k=2, J is irreducible on N2(V), and o has at most k(d—1)/2 distinct eigenvalues
on A2(V), where either k = 4, or d = 3(mod4) and r = 5.

PROOF. Let x denote the character of J acting on V, and € := + or — according as > = Sym
or A. Note that .J is contained in the stabilizer [[;"; GL(V;) x S,, of the decomposition. Hence we
can use Lemma and the isomorphism ¢ in to replace ¥¥(V) by the direct sum in the
right-hand-side of (6.1.8.1); in particular, we will identify each ¢~ (X (V1) @X2(V2)®...@%"(V,,))
with X (17) @ £2(V3) ® ... ® ¥ (V,). We will assume that (A) does not hold, that is, Q acts
nontrivially on  := {V1,Va, ..., V,}, and let D denote the kernel of the action of J on .

(i) First we consider the case where either ¥ = Sym, or ¥ = A but k£ < ¢. Then we use (6.1.8.1])
to write ©%(V) = A @ B as a direct sum of two J-submodules, where A = S*(V}) @ ... ® ©F(V},)
and B is the direct sum of all remaining summands.

Suppose that ¢ is a constituent of the character of B. Then the character of the @-module A is
scalar. Now, for any Q-orbit on Q, say {Vi,...,V;,}, the submodule &7, *(V;) of A is an induced
@-module. It follows from Lemma, (iii) that m = 1, and thus @Q acts trivially on €.

We have shown that ¢ is a constituent of the character of A, whence the character of the Q-
module B is scalar. Since () permutes the summands in B, applying Lemma (iii) as above, we
see that @) fixes each summand occurring in B. In particular, if £ > 3, or if £ = 2 but n > 3, then
@ must fix each of the summands ¥71(V;) ® V; with 1 < i # j < n, and so it again acts trivially
on €. It follows that

k=n=2V=Vial S}(V)= (2}(\) o 2*(k) & Vi ® V.

As @ acts nontrivially on Q, we have @ = (Q1,g), where @1, of index 2 in @, fixes each of
Vi and Vo, and g : Vi < Va; in particular, x(¢) = 0. Fix a basis (e1,...,e;) for Vi, so that
(fi == g(e;) | 1 <i <t)is abasis for Vo. As Q1 < G1 = GL(V1) x GL(V2), by Lemma [6.1.8] the
@1-modules B and V; ® V5 are isomorphic. But Q|p is scalar, so @1 is scalar on both V; and Vs by
Lemma i). As g% € Qq, it follows that

(6.1.11.1) g% e aeq, fi=gle) — g3(e;) = g(g(es)) = glae;) = af;, 1<i<t
for some root of unity o € C*. Also note that g : X2(V;) + %2(V3), so

x(9)* + ex(g?)
Te(als) = Te(glyzqr) = 22(0)(g) = 2 )
by (6.1.11.1). On the other hand, dim(B) = ¢?, and t = d/2 > 1. It follows that g|p is not a scalar,

a contradiction.

(ii) We have shown that ¥ = A and k£ > ¢ = dim(V;). Since 2 < k < d/2, we can write k = at+Db,
with a <n/2 and 0 < b <t — 1. Here we consider the case t > 2. Write /\k(V) = A® B, where A is
the sum of summands A" (V7)) ® ... ® A" (V},) subject to the condition that exactly a of the i; take
value t, one of the remaining takes value b, and all the others equal 0; in particular, A contains the
summand Aj := A' (V) @ A(V2) @ ... @ AL(V,) @ AP (V11).

Consider the case ¢ is a constituent of B. Then Q|4 is scalar. It follows from Lemma [6.1.7iii)
that @ stabilizes every summand in B (as any nontrivial Q-orbit would lead to a non-scalar im-
primitive @Q-module). Let A := {Vi,...,Vo} if b =0 and A := {Vi,...,V,, Voy1} if b > 0. As
Q fixes Aj, Q fixes A. If b = 0, then |A] = a = k/t < d/2t = n/2 < n—1. If b > 0, then
tn =d > 2k = 2at +2b > 2at, whence n > 2a+1 and |[A| =a+1 <n—1. Thus A # Q. The same

=ta
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argument applied to any S,-conjugate of A shows that @ fixes any |A|-subset of Q. By Lemma
6.1.7(iv), @ must act trivially on €2, i.e. (A) holds.

Next assume that ¢ is a constituent of A. Then Q|p is scalar, and so, by Lemma [6.1.7]iii),
@ stabilizes every summand in B. Assume in addition that 0 < b < ¢t — 2. Then B contains the
summand

Bi = ANV) @A (V2) ®...@ AN (V1) @ ATHVL) @ AT (V)

whence @ fixes Ay :={V1,Va, ..., Vor1}. If @ <n—2, then A’ # Q. The same argument applied
to any (a + 1)-subset of Q, and so @ acts trivially on by Lemma [6.1.7(iv). So n/2 >a >n—1,
whence n =2, a =1, and b =0 as k < d/2. Hence k = t, which is impossible by (i).

Assume now that b =t—1. Then tn =d > 2k = 2at+2t—2 > t(2a+1),i.e. n > 2a+1 > a+2.
Suppose in addition that a < n — 3. Then B contains the summand

By = AN (W) @A (R) @ ... 0 AN (V1) @ ATHVL) @ ATH (V1) @ Vs,

whence @ fixes Ag := {V1, Vs, ..., Vai1, Vaso}, a proper subset of Q. The same argument applied
to any (a + 2)-subset of €, and so @ acts trivially on ©Q by Lemma [6.1.7(iv). So a = n — 2,
whence a = 1, n =3, 3t =d > 2k = 2(2t — 1), and so ¢t = 2. In this case, J acts transitively on
Q = {V1, V5, V3}, and the normal p-subgroup @ acts nontrivially on it. It follows that Q = (Q2, h),
where ()2, a normal subgroup of index 3 in @), fixes each of V;, and h : V} — V5 — V3 — V7; in
particular, x(h) = 0. Fix a basis (u1, uz) for Vi, so that (v; := h(u;) | i = 1,2) is a basis for V5, and
(w; := h%(u;) | i = 1,2) is a basis for V3. As Q2 < G = GL(V;) x GL(V3) x GL(V3), by Lemma
the Q2-modules B and Vi ® V5 ® V3 are isomorphic. But Bl is scalar, so Q2 is scalar on each
Vi by Lemma (1) As h3 € Qo, it follows that

(6.1.11.2)

B3 uy = Bug, v = B (w) = h(h3(w)) = Bui, wi — h°(u;) = R2(h3(wg)) = Pw;, i=1,2

for some root of unity 5 € C*. One can check that the trace of h on A is 0, so

h)? = 3x(h?)x(h) +2x(0%) _
6

by (6.1.11.2). On the other hand, dim(B) = 8, whence h|p is not a scalar, a contradiction.

(iii) It remains to handle the case t = dim(V;) = 1. Let Q(k) denote the set of all k-subsets of
Q. By Lemma iii), any nontrivial @Q-orbit on Q(k) leads to a non-scalar @-module. A J-orbit
on Q(k) will be called Q-nontrivial if @ acts nontrivially on it. It follows from [6.1.9(b) that

Te(hlp) = Tr(h| o) = A (0)(R) = X

(6.1.11.3) J has at most one Q-nontrivial orbit on Q(k).
Here we aim to show that J acts k-homogeneously on €, i.e.
(6.1.11.4) J acts transitively on Q(k).

Since J acts transitively on 2 and @ < J acts nontrivially on €, all Q-orbits on {2 have the same

length s > 1. If s 1 k, then any A € Q(k) cannot be stabilized by @, whence @ acts nontrivially

on the J-orbit of A, and so this orbit is the entire Q(k) by (6.1.11.3), and thus holds.

Hence, we may write & = as for some a € Z>1. Since () acts nontrivially on 2, we may assume that

g(V1) =V for some g € ). Also recall that |2 =n > 2k = 2as. So we can find distinct Q-orbits

Q1. Q.o Qg (all of length s). We may assume 2, contains Vj, hence also Vo = g(V7).
Consider the case s > 3. Then we may assume V3 € Q,, and take the k-subset

X::QlIJQQIJ...l_lQa_lU(Qa\{‘/z})l_l{‘/;o},
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with V;, contained in Q,41. As g(V1) =Va ¢ X, g(X) # X. Now if n/s > a + 2, then we can find
Vj, contained in €442, and set

Yi=QuUQoU...UQe1U(Qg ~{Va,Va}) U{Vi, } U{V, }.

Again, g(V1) = Vo ¢ Y, so g(Y) # Y. Thus the J-orbits of X and of Y are both (-nontrivial.
However, these two orbits are distinct (since X intersects exactly a + 1 Q-orbits and Y intersects
exactly a + 2 Q-orbits), and this contradicts (6.1.11.3). If n/s < a + 1, then in fact (a,k,n) =
(1,s,2s). Note that if s = 3, then p = 3 as @) has orbits of length s, and we arrive at (B)(b). So we
may assume s > 4 and choose a k-subset Y7 of = Q; Uy with {|Y1 N Q4], Y1 NQe|} ={s—2,2}.
Clearly, Y7 is not @-invariant, so its J-orbit is again Q-nontrivial, and distinct from the J-orbit of
X, since {|X N|,|X NQ|} = {s — 1,1}, again contradicting (6.1.11.3).

Next suppose that s = 2, so that £ = 2a and p = 2, but (B)(a) does not hold. Now we have
n = d > max(5,2k), and so n/s > a + 2. Choose X as before, and take a k-subset Y5 of Q with
Yoo Qi U...UQq 2and [YonQ|=1fora—1<j<a+2. Clearly, Y is not Q-invariant, so its
J-orbit is again @-nontrivial, and distinct from the J-orbit of X (since X intersects exactly a + 1
Q-orbits and Y intersects exactly a 4+ 2 @Q-orbits), again contradicting .

(iv) We may now assume that J is k-homogeneous on €2, see (6.1.11.4). Let J = J/D < S(€2)
denote the permutation group induced by this action, and let @@ denote the image of @, which is
a nontrivial p-subgroup by assumption. We claim that €2 can be identified with some W = F,
e € Z>1, such that the action of J on € is realized by a subgroup of the group

AGL(W) = {w > f(w)+v | f € GL(W), ve W} = AGL.(p)

of affine transformations of W. Since O,(J) > @ > 1, the claim follows if J is 2-transitive, see
[Caml, Theorem 4.1]. Assume J is not 2-transitive. Then it cannot be k-transitive, and such groups
are classified in [Kan2, Theorem 1]. As J is solvable, we can easily check that the claim holds in
these cases as well; in fact, we can verify that £ = 2 and n = 3(mod 4).

Note that in all cases, .J is a primitive subgroup of S(Q2). Now we can write J = W x .Jy, where
W consists of translations w ~ v+w and it is the unique minimal normal subgroup of J, see [Cam,
Theorem 4.1], and Jy < GL(W) is the stabilizer of 0 in J. We can now write

(6.1.11.5) V = EB Vy with V, = (e;)c, and Vh € @Q, there is v € W such that h(e;) € Vygyp.
zeW

Next we aim to show that k = 2. Assume the contrary: k > 3. If p > 2, then Jy < GL(W)
cannot act 2-transitively on W ~\ {0} (indeed, it acts imprimitively, preserving the sets of nonzero
points on [F-lines of W), whence J is not k-transitive on W with k& > 3. The latter cannot happen
by [Kan2l, Theorem 1], since n = p° is odd and J is solvable.

If p =2, then n = 2¢ > 8, and Jy < GL(W) cannot act 3-transitively on W~ {0} (indeed, it acts
on the sets of nonzero points {z, v,z +y} on Fa-planes of W), whence J is not k-transitive on W. If
k > 4, then the latter cannot happen by [Kan2, Theorem 1], since J is solvable. So assume k = 3.
Again applying [Kan2l, Theorem 1], we see that J is still 2-transitive, and thus Jy is transitive on
W~ {0}. As J1>Q # 1, we must have W < Q. Now, if @ > W, then 1 # Q/W < O,(.Jp), and
so Jo fixes the Op(jg)—ﬁxed point subspace in W, which is nonzero and proper, contradicting its
transitivity on W~ {0}. So Q@ = W, and so Jy = J/Q is a cyclic 2’-subgroup of GL(W). Any odd-
order subgroup cannot be 2-transitive, so .J is 3-homogeneous but not 3-transitive on n = 2¢ > 8
points of W, with socle W and cyclic .Jo. Applying [Kan2), Theorem 1] once more, we conclude that
n =8 and J = AGL;(8) = 23 x 7. In this case, consider the action of h € Q on the decomposition
(6.1.11.5)). For any three distinct x,y,z € W,

hex Ney Aes) € (egiv A €ytv A €spv)C
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can be a multiple of e, A ey A e, only when {z,y,2} = {x + v,y + v,z + v}, in which case 3v =0
and v = 0, i.e. h € D. It follows that @ acts on ©(3) with 7 orbits, of length 8 each. Hence the
restriction of A3(x) to @ is the sum of seven characters of the form Indgm p(A), with A being linear.
As ~ is linear,

(6.1.11.6) Ind@-p (M), 7le = M Alennlenn < 1,

whence [A%(x)]g,7]g < 7, and so ¢(1) > A3(x)(1) — 7 = 49 by (6.1.9)(b). Since D is an abelian
normal subgroup of J, ¢(1) divides |J/D| = 56 by Ito’s theorem [Is, (6.15)]. Thus ¢(1) = 56, i.e.
J is irreducible on A3(V). Next, o induces a generator t of .Jy = C7 and so permutes cyclically the
set W . {0}. Note that o7 fixes each V, in the decomposition (6.1.11.5)), and commutes with o
that permutes the 7 spaces V, with x # 0 cyclically. Hence we can find «, § € C* such that

o eg— aey, ex > Beg, Va #0.
Thus o7 has only 2 eigenvalues 3%, 3% on A3(V), and so o has at most 14 distinct eigenvalues on
A3(V), and we arrive at (B)(c).

(v) It remains to deal with ¥*(V) = A%(V). We now show that
(6.1.11.7) d=p° Q=W, and |J/D| € {d(d —1),d(d —1)/2}.

First, d = p® by . Next, as mentioned above, if J is 2-transitive, then W = @Q, and so
Jo =2 J/Q = J/QD is a cyclic p’-subgroup of GL(W) 2 GL.(p). Any such subgroup is contained in
a maximal torus of GL.(p), hence has order N < p® — 1. The transitivity of Jy on W ~. {0} implies
that N = p° — 1, and so |J| = N - |W| = d(d — 1). Next, o induces a generator ¢ of Jy and so
permutes cyclically the set W ~. {0}. Note that ” fixes each V, in the decomposition ,
and commutes with o that permutes the N spaces V, with « # 0 cyclically. Hence we can find

a, f € C* such that

o i eg— aeg, ex — Bey, Va = 0.

Thus o has only 2 eigenvalues a3, 32 on A%(V), and so o has at most 2N = 2(d — 1) distinct
eigenvalues on A%(V).

Suppose J is not 2-transitive, whence it has odd order and d = n = p® = 3(mod 4). One
can identify W with the field Fye such that Jy has 2 orbits on W ~ {0}: the set W, of squares
and the set W_ of non-squares of F;e, and is contained in the subgroup I'L; (p°¢) of the semi-linear
transformations of e, see [Kanll, Proposition 3.1]. If W < @ in this case, then Jy would stabilize
a nonzero proper subspace of W, hence a subset of size 2 < p¢ — 1 < (p¢ — 1)/2 of W ~ {0},
which is impossible. Thus we again have Q = W, and so Jy = J/Q is a cyclic p/-subgroup of
GL(W) = GL¢(p), of order N < p® — 1 as above. As Jy has two orbits of length (p¢ — 1)/2 on
W N {0}, we must have that N =d —1 or (d — 1)/2, and is proved. Next, o induces a
generator t of Jy and so permutes cyclically each of the sets W, and W_. Now o(@=1)/2 fixes each
V., in the decomposition , and commutes with o that permutes the (d — 1)/2 spaces V,
with x € W, respectively with x € V_, cyclically. Hence we can find «, 54, - € C* such that

o@=1/2 e aeg, ep— Breg, Ve e Wy, ey — B_ey, Yy c W_.

Thus o(41/2 has only 5 eigenvalues a&r,aﬁ,,ﬁi,ﬁz,&rﬁ, on A%2(V), and so o has at most
5(d — 1)/2 distinct eigenvalues on A2(V).

We again consider the action of any h € @) on the decomposition (6.1.11.5)). For any x # y € W,
h(ex Ney) € (€z4v Ae€yty)c can be a multiple of e, A e, only when {z,y} = {x+v,y+0v}. If p>2,
we then have 2v = 0 and v = 0, i.e. h € D. It follows that @ acts on (2) with (d — 1)/2 orbits,
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of length d each. Hence A?(x)|q is the sum of (d — 1)/2 characters of the form Indng()\), with A
being linear. Using (6.1.11.6]), we see that [A2%(x)|g, 7)o < (d —1)/2, and thus
(6.1.11.8) (1) > A2(x)(1) = (d —1)/2 = (d — 1)?/2
by GEII)(b).

If p = 2, then we have either v = 0, or v = z 4+ y. It follows that @ acts on ©(2) with d — 1
orbits, of length d/2 each. Hence A?(y)|¢ is the sum of d — 1 characters of the form Indg1 (N), with

A being linear and |Q1/(Q N D)| = 2. Again using (6.1.11.6)), we see that [A?(x)|g,Y]o < d—1, and
o

(6.1.11.9) p(1) 2 A(0(1) — (d-1)/2=(d - 1)(d —2)/2
by (6-L9)(b).

In both cases, D is an abelian normal subgroup of J, so ¢(1) divides |J/D| by Ito’s theorem,
and |.J/D| divides d(d — 1) = 2(dim A%(V)) by (6.1.11.7). Noting 2 = k < d/2 and assuming (B)(a)
does not hold, we conclude from (6.1.11.8)) and (6.1.11.9) that (1) = d(d—1)/2, i.e. J is irreducible
on A?(V), establishing (B)(d). O

PROPOSITION 6.1.12. Under Hypothesis[6.1.9, suppose that J acts irreducibly on' V. Then either
acts irreducibly on V', or one of the following holds.

Q

(a) X% =Sym?, d =3, and V|q is a sum of 3 irreducible submodules of dimension 1.

(b) ¥=A, k=2,3,d=6, and V|q is a sum of d/k irreducible submodules of dimension k.
(c) E=Nk=2,3,d<2k, and V|qg is a sum of d irreducible submodules of dimension 1.

PROOF. Assume that @ is reducible on V. Then QZ is also reducible on V| and since J/QZ is
cyclic but J is irreducible, we can decompose

Vigz=Vi@eVa®...® Vi,

where V; € Irr(QZ), dimV; =: t = d/m and m > 2. Since o generates J/QZ, we may also write
(6.1.12.1) o VimVo— ...V, =V,
in particular, R := (6™, QZ) fixes each V;. Since R <1 J, if a subspace U C X*(V) is R-stable, then
sois o'(U), and (o)(U) = Zi’gl oi(U) is a G-submodule. In what follows, we will choose U to be
some summand in the decomposition ((6.1.8.1]).

(ii) First we consider the case ¥ = Sym. Using Lemma we can write Sym*(V) = A @ B,
where A = @7, Sym”(V;) and B, the sum of the remaining summands, are both J-invariant. If the
J-character of A contains ¢, then @ is scalar on summands Sym*~1(V;) ® V; (with i # ), and so

Q|v; is scalar by Lemma say V; affords the Q-character \;. By (6.1.9)(b), AF"1); = « for all
i # j,and n =d > 3. Tt follows that \; = A\; and \¥ = 4. But in this case, Q acts on A via the

character dim(A)vy, and so [¢|g,v]g > 0, violating (6.1.9)(b).
Hence the J-character of B contains ¢, and so Q|4 is scalar and Q)|y; is again scalar by Lemma

m(u) Again let \; be the Q-character of V;, and we also have n = d > 3 and A} = ~. Note that
the \; are pairwise distinct, since J is irreducible on V. If k > 3, then B contains the direct sum of
two proper J-submodules B; ® By, where

By :=Sym* (Vi) @ Vo @ Sym* ™! (12) @ V3 @ ... @ Sym* ! (Vin) @ 4,
By := Vi ©Sym* 1 (1h) & Vo ® Sym" ' (V3) & ... & V;, ® Sym" ™ (V;n).

If moreover the character of By contains ¢, then Q|p, is scalar, and in fact )\'f_l)\g =5 = /\’f,
whence A\; = A9, a contradiction. Otherwise Q|p, is scalar, and in fact )\1)\5_1 =5 = )\S, whence
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A1 = Ao, again a contradiction. If k = 2 and d > 4, then B contains the direct sum of two proper
J-submodules By & Bs, with

B ={)(Vieh)=V1elhehelse.. eV, 10V,e&V,dV,
B3 =(o)(Vi®@V3) =V1@V30Va@Vi®...® Vi1 @ V1 @ Vi @ V2.
Now we can repeat the previous argument to reach a contradiction.
(ii) From now on we may assume X = A and 2 < k < d/2, see . We also write
k=qt+r,

where ¢,7 € Z>¢ and 0 <r <t — 1. Here we consider the case ¢t > 3.

First assume that » > 2. If ¢ =0, then m > ¢+ 2. If ¢ > 1, then mt = d > 2k = 2qt + 2r > 2qt,
and so m > 2q+1 > g+ 2 as well. Hence, implies that A* (V) contains the direct sum
(o)(X) @ (o)(Y) of G-modules, where

X = N(WV)@A(V2)@. .. @A (V)N (Vgr), Y = NV @A (V2)®. .. @A (V) @A™ (Vo 1) @ V.

By (6.1.9)(b), the character of at least one of them, say (o)(X), does not contain ¢. It follows from
Lemma that Qlv,,, is scalar, and so 1 = dim(V{41) =t by irreducibility, a contradiction.

Next assume that » = 1. Then we still have mt = d > 2qt and m > ¢ + 2; also ¢ > 1 as
2 < k = qt + 1. Hence, (6.1.12.1)) implies that A¥(V) contains the direct sum (a)(X) @ (o)(Y1) of
G-modules, where X is as above, and

Vi=ANW) @A (V) @...@ N(Vier) @ ATHV) @ A% (Vii).

By (6.1.9)(b), the character of at least one of them, say ()(Y7), does not contain ¢. It follows from
Lemma that Qly, is scalar, and so 1 = dim(V;) = ¢, again a contradiction.

Assume now that r = 0. Then ¢ > 1 as 2 < k = gqt, and mt = d > 2qt implies m > g+ 1. If
moreover (m,t) = (¢ + 1,3), then (d,k) = (6,3). Hence we may assume m > ¢ + 2 when ¢ = 3.
Now, (6.1.12.1)) implies that A*(V) contains the direct sum (&)(X2) @ (o)(Y2) of G-modules, where

Xo=ANW) @A (Vo) ®... @ A (Vgu1) @ ATH(Vy) ® Vg,
Y, — ANV @A (V) @ ... @ AH(Vym1) @ AT2(V,) @ A2(Vyya), ift >4,
ANV @ AN (Va) @ ... @ AH(V—1) ® Vg ® Vi @ Vg, if ¢ =3.
By (6.1.9)(b), the character of at least one of them, say (o)(Xz2), does not contain . It follows
from Lemma that Q|y, is scalar, and so 1 = dim(V}) = ¢, again a contradiction.

(iii) Now we consider the case t = 2. We will use the same arguments as in (ii), by exhibiting
a direct sum of two G-submodules (o)(X) @ (o)(Y). Since at least one of them does not contain
© in its character, Lemma [6.1.7 will imply that @ is scalar on tensor factors of X or Y, leading to
the contradiction that dim(V;) =¢ = 1.

Suppose k =2q+ 1> 3. Asn =2m > 2k, we have m > ¢ + 2, and can choose

X = NN (VR)e... 0 (V) Ve, Y = (V) A?(B)@. . @A} (V1) @ V@ Ve @ V.
Next, suppose that k = 2q > 4. As n = 2m > 2k, we have m > ¢ + 2, and can choose
X =NW) @A (V) ®...0 N (Ve1) © Vg @ Vo,
Y = (V) @A (Va) ® ... @ A2 (Vama) @ Voot © Vg ® Vo ® Vs,
If k=2 and d = 2m > 8, then we choose X =V; ® V, ans Y = V] ® V3, so that
(@) X)=VieVhehoVza.. . VaoV, (o)(V)=NoehoVid...,
(note that dim(e)(X) = 2m, dim(e)(Y) = 2m if 21 m and dim(o)(Y) = m if 2|m).
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(iv) Finally, we consider the case t = 1, so that d = m, and write V; = (e;)c. Now, for any
k-subset {i1,...,ix} of {1,2,...,d}, (o)({(ei, Aei, A...)c) is a J-submodule of dimension < d, and
AF(V) is a direct sum of such submodules. By [6.1.9(b), one of them contains ¢ in its character, in
particular,

(6.1.12.2) o(1) <d,
and @ acts via a multiple of v on all others. Let \; denote the Q-character of V;. Since J/QZ is
cyclic and J is irreducible on V, the d characters A1, Ao, ..., A\q are pairwise distinct.

Suppose k > 3 and d > 7, and there exists a (k — 1)-subset S = {j1,...,jk—1} of {3,4,...,d}
such that @ acts on both e Aej, Aej, A...Aej, , and eaAej, Aej, A...Aej, | via the same character
~. It follows that v = A\q Hi:ll Aj; = A2 Hf:_ll Aj;» and so A1 = Ay, a contradiction. Thus, for each
such S, the character of @ on at least one of e1 Aej, Aej, A...Aej, , and eaAej, Aej, A...Nej,

differs from ¢. It follows that
d—2 d—2
1) > >

(as 3 <k <d/2and d>7), and this contradicts (6.1.12.2]).
So we have k = 2 and d > 5. Suppose ¢ is contained in the character of

M = (o)({e1 Nea)c) = (e1 Neg,ea Aes,...,eq-1 N eq,eq N\ er)c.

In this case, @) acts via v on e; A ez and e; A eq, whence A\ A3 = v = A\, and so A3 = A4, again a
contradiction. Hence @) acts via the character dy on M, and so v = A A2 = A3, leading again to
the contradiction that Ay = As. O

LEMMA 6.1.13. Let H be a hypergeometric sheaf of type (6, m) with m < 6 in characteristic p.
Suppose that G, realizes the image of SLg on its representation L(2w;). Then p = 2.

geom

PROOF. We will show that if p > 2, no such H exists. In view of Theorem [£.1.1] we know w > 1.
Because G2, has no nontrivial outer automorphism which preserves the given representation,
Lemma tells us that after replacing H by some £, ® H, x some tame character, we may
assume that Ggeom = SL3/us. View H as giving a homomorphism ¥y : 75" (G,,) — SL3/u2, and
use the vanishing of H?(7$*™, ua) to lift ¥o to a homomorphism ¥ : 7$°°™(G,,) — SL3. Then view
U as giving a rank 3 lisse sheaf on G,,/F, with Sym?(F) = H. Because p # 2, the fact that  is
tame at 0 and has highest co-slope 1/w tells us that F is tame at 0 and has highest oco-slope 1/w.
Then w < 3, because F is not tame at oo but has Swan < rank(F)(1/w) = 3/2.

Suppose first that p > 5. Then w # 2 by [Ka-ESDE, 7.2.7], applied to H. [For w = 2, the only
bad primes are 2, 3, so if w = 2 then H would have its Ggél)enﬁ either SLg or SOg or Spg.] Therefore
w = 3. This in turn implies that F is Kloosterman of rank 3. So its P(co) representation is the

direct sum of three linear characters
D Lo

Ceps(Fp)
If we arbitrarily label the three elements of 13(FF,) as (i, Ca, (3, then Sym?(F) has P(co) represen-
tation the direct sum of the six linear characters

D1 Lyp(oci) D O1<i<i<sLu(3ci+0)-
Because p > 5, each of these characters of P(oc0) is nontrivial (i.e. each of ¢; and (; + (; is nonzero
in F,), and thus Sym?(F) = H is totally wild, contradicting the fact # has w < 3.
It remains to treat the case p = 3. If w = 3, then F is Kloosterman of rank 3, the image @ of
P(c0) is 31*2 in one of its irreducible representations of dimension 3. So on JF, the center of Q acts
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as 3¢ for some nontrivial character of the center, i.e. a nontrivial additive character of C3. Then
the center acts on Sym?(F) = H as 6¢2. Thus H is totally wild, contradicting the fact that # has
w < 3. Suppose now w = 2. Then the P(c0) representation of F is Wo @ 1, with Wy the sum of
two linear characters L,y @ Ly(—z). Then Sym?(F) = H has P(co) representation given by

Then m = 2, i.e. H has w = 4, contradiction. O
LEMMA 6.1.14. Let H be a hypergeometric sheaf of type (15, m) with m < 15 in characteristic
p. Suppose that G, realizes the image of SLg on its representation L(ws). Then p = 2.

geom

PRrOOF. (i) We will show that if p > 2, then no such H exists. In view of Theorem we

know w := 15 —m > 1. Because G, has no nontrivial outer automorphism which preserves
the given representation, Lemma tells us that after replacing H by some £, ® H, x some
tame character, we may assume that Ggeom = SLg/p2. View H as giving a homomorphism ¥y :

geom geom

78" (Gpm) — SLg/p2, and use the vanishing of H?(78°™ us) to lift ¥y to a homomorphism ¥ :
7™ (G,,) — SLg. Then view U as giving a rank 6 lisse sheaf on Gy, /F,, with A%(F) = H. Because
p # 2, the fact that H is tame at 0 and has highest oco-slope 1/w tells us that F is tame at 0
and has highest co-slope 1/w. Now F cannot be tame at oo (simply because H is not). But
Swans (F) < (rank(F))(highest slope) = 6/w must be > 1 (otherwise F is tame at oo), hence

w < 6, i.e.

(6.1.14.1) m> 0.

(i) Suppose first p f w. Then @, the image of P(o0) on H, is an abelian group of exponent
p by [KT5l Proposition 4.10]. Because p is odd, @ lifts uniquely from SLg/u2 to SLg. Thus
Q < SLg = SL(V); let 2?21 «; denote the Q-character of V, so that @ acts on H with the
character ), <j Q. Consider first the case where the «;’s are pairwise distinct. Then each
of the following five sets of characters {ajaoe, ajas, a1ag, aras, arag}, {asas, asay, asas, asagt,
{asau, azas, azas}, {ouas, cuas}, {asae} consists of pairwise distinct characters, and so 1g can
occur at most five times, contradicting .

Suppose instead that oy = ap =: a. Then for each i € {3,4,5,6}, aq; = apar;. But 1 is the
only character in H|g occurring more than once. Thus a3 = a4 = a5 = ag =: (, and the character
of H|g is a?+8afB+64%. Since only 1g occurs more than once, aff = p% = 1g, whence o = 8 = 1
as p > 2, and so @ acts trivially in H, which is nonsense because w > 0.

(iii) It remains to treat the cases when 2 < p | w. As 2 < w < 6 by (6.1.14.1]), the only cases of
(p, w) to consider are (5,5),(3,3),(3,6). We first treat the case p =5 = w, so @ is non-abelian by
[KT5| Proposition 4.10]. In this case, the @-module V' decomposes as X @Y with X, Y irreducible
of dimension 5 and 1. Hence the Q-module H breaks as A?(X)® X ® Y. Let Qx denote the kernel
of @ on X and let 5¢ denote the character of Z(Q/Qx) on X. Then Z(Q/Qx) acts on A?(X) with
character 10£2; in particular A?(X) is totally wild, contradicting w = 5.

In the case p = 3, the -module V decomposes as X @Y with X irreducible of dimension 3
and Y either irreducible of dimension 3, or a sum of three irreducible submodules 1. In the latter
case, the Q-module H breaks as A2(X) @ X @ Y @ A%(Y), with A%(X) totally wild (by a similar
argument as in the case p =5) and X ® Y a sum of three irreducible modules each of dimension 3
and so totally wild as well, yielding the contradiction w > 12. In the former case, both A?(X) and
A%(Y) are again totally wild, and so, as w < 6, X ® Y must be tame. By Lemma i), Q acts
via scalars on X, contradicting its irreducibility. O

LEMMA 6.1.15. Let H be a hypergeometric sheaf of type (20, m) with m < 20 in characteristic

o

p. Suppose that Ggeoy, Tealizes the image of SLg on its representation L(ws). Then p < 3.
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PROOF. (i) Arguing by contradiction, assume p > 5. Since Out(SLg) = Co, the subgroup G of
G = Ggeom that induces only inner automorphisms of G° has index < 2 in G. Moreover, since G°
is irreducible on the underlying representation Vi, Cq(G°) = Z(G), and G; = Z(G)G°. If G = G4,
set Hy := H. In this case, H; has largest oo-slope 1/w.

If G > Gy, then G/G; = Cy. The composite map

F%eom((@m) — G — G/G1 = CQ

is then trivialized by the unique (because p # 2) étale double covering of G, /F,, namely the Kum-
mer double covering. Thus the Kummer pullback H; := [2]*H has G as its geometric monodromy
group. In this case, H; has largest co-slope 2/w.

In both cases, H; has G; as its geometric monodromy group and has largest oo-slope < 2/w.

Applying Lemma we obtain a reductive subgroup H < GLg = GL(V) which admits a
surjection o : H — G with kernel C3, and such that G7 acts on Vi as H acts on A3(V). The
homomorphism ¥y : 75" — Gy given by H; can be lifted to a homomorphism ¥ : 7§*" — H
(by the vanishing of H?(7$**™,C3)). We view VU as giving us a rank 6 lisse sheaf F on G,,/F, with
A3(F) = Hi. Because p # 3, F and H; have the same highest oo-slope, which is < 2/w. Thus F
has Swane, < rank(F)(2/w) = 12/w. As F is not tame at oo, we must have w < 12, or equivalently

(6.1.15.1) m > 8.

(ii) Let @ denote the image of P(o0) in G. Since p # 2, Q < G;. Next, since p # 3, Q embeds
in H as a finite p-subgroup. Note that () acts on the tame part Tamey; of H via the character m-1g
with m > 8, and the Q-module Wildy of H is multiplicity-free. Because p # 2, the action of ) on
Wildy, = [2]*Wildy is isomorphic to its action on Wildy, so is multiplicity free, and its action on
Tamey, remains trivial of rank m. We now exploit the fact that A3(F) = H;.

Assume first that ) is abelian. Then () acts on F via a sum Z?Zl «; of six linear characters,
and acts on H; via the character Zi<]~<k ajajag. Suppose that a; # o whenever ¢ # j. Then each
of the 6 collections

{asaga | (i, k) = (123), (124), (125), (126)}, {owyan | (3., k) = (134), (135), (136)},
{aaja | (ir 7, k) = (234), (235), (236)}, {asaja | (irj. k) = (145), (245), (345)},
{aiajar | (i,5,k) = (156), (256), (356), (456)}, {ouajar | (4,5, k) = (146), (246), (346)}

contains 1g at most once, and thus m < 6, a contradiction. Hence we may assume a1 = as =: o
Now, for each 3 <7 < j <6, o105 and apo; coincide, hence cannot be among @-characters on
Wild, and so aja;0j = . It follows that ag = au = a5 = ag =: 8. In this case, we see that
the character of Q on H; is 12a8% + 4a?B + 4/3%. This contradicts the fact that every irreducible
Q-character on Wild occurs exactly once in the Q-character of H;.

(iii) It remains to treat the case when @ is non-abelian, whence p|w by [KT5l Proposition 4.10];
moreover () NZ(G) = 1 by [KT5| Proposition 4.8(i)]. Since p # 3 = |Ker(o)|, o injects Q N Z(H)
into @ N Z(G), hence @ NZ(H) = 1. On the other hand, Q < H = Z(H)SLg, so Q embeds in
H/Z(H), a quotient of SLg by Z(H)NSLg and so semisimple. By [Bor| E-44, I1.5.16], ) embeds in
the normalizer of some maximal torus 7 of H/Z(H ), which has Weyl group Sg. Now, if p > 7, then
p1 S|, and so @ < T would be abelian. As w < 12 and p > 5, it therefore remains to consider the
case p = b|w, i.e. w € {5,10}. Now Fg is a faithful module for the non-abelian 5-subgroup @, so it
decomposes as X @Y with X, Y irreducible of dimension 5 and 1. Hence the Q-module H; breaks
as A3(X) @ A2(X) ® Y. Let Qx denote the kernel of @ on X and let 5¢ denote the character of
Z(Q/Qx) on X. Then Z(Q/Qx) acts on A3(X) with character 10£3; in particular A3(X) is totally
wild of dimension 10. As w < 10, this implies that A%2(X) ® Y is tame, whence @ acts via scalars
on X by Lemma (ii), contradicting its irreducibility. O



6.1. TYPE A 101

Now we can prove the main result of this section:

THEOREM 6.1.16. Suppose that H is a hypergeometric sheaf in characteristic p, of type (D, m)
with D > m, such that Ggeoy, 1s a simple algebraic group of type Ag—1 for some d > 3 and acts
irreducibly on H. Then one of the following statements holds.

(a) d =D and SLp < Ggeom < GLp.
(b) (p,d, D) = (2,3,6), and Ggeop, acts on H as SLg = SL(V) acts on Sym?(V) or Sym?(V*).

)
(c) (d,D) = (3,8), and Ggeop, acts on H as SLz = SL(V') acts on the adjoint module.
) d

(d) d=4,6, and Ggeop, acts on H as SLg = SL(V) acts on A¥ (V) or AF(V*) for some 2 < k < d/2.
Moreover, if d = 6 then p < k.

PRrROOF. (i) Recall that a (topological) generator gy of the image of I(0) in G := Ggeom has a
regular spectrum on the representation V3 underlying H. Staying aside from exceptions listed in (c)
and (d), as well as the main case (a), we may apply Theorem to conclude that gy € Z(G)G°,
and G° acts on Vy; as SL(V) = SLy acts on X¥(V) with ¥ = Sym or A, k >2,and 2 < k < d — 2 if
T=A

Let G denote the Zariski closure of the normal closure of (go) in G. Then Gy < Z(G)G°. If
m < D —2, then G = G by Theorem If m = D —1, then G/Gy = C, by [KRLT4| Theorem
4.5]. Since G° is irreducible on Vi, G/Z(G)G° can only induce outer automorphisms of G°, and we
conclude that G = Z(G)G® if p > 2. If p = 2, then by Theorem we arrive at (a) or (d) (the
latter being the case if d = 4 and G° = SOg). We also note that, in the case of (d) with d = 6, the
conclusion p < k follows from Lemmas |6.1.14 and [6.1.15, and p = 2 in the case of (b) by Lemma
0.1.13]

(ii) From now, we will assume that none of (a)—(d) holds, and so G = Z(G)G°. By Lemma
there is a reductive subgroup H < GL(V') with finite center and a finite subgroup Z < HNZ(GL(V)),
such that G = H/Z and G acts on Vi as H acts on X¥(V). Let ® denote the representation of
I(c0) on the wild part Wild of V. Also, let Jy denote the image of I(c0) in G, and let Qo
denote the image of P(o0) in G. One knows by Proposition that the I(oo)-representation H is
Wild @ Tame, and ®(I(c0)) is a finite subgroup of GL(Wild), with ®(P(c0)) as a normal subgroup
with cyclic p’-quotient. Hence we can find an element g, € J such that ® (g ) has finite p’-order
and generates ®(I(oc0)) modulo ®(P(c0)). Since o(P(gs)) is finite, the unipotent part uso of goo
acts trivially on Wild, and ®(g) = ®(ss) for the semisimple part s of goo. The finite subgroup
Qo is closed in G, and so is its normalizer N (Q o), which must then act on Tame, the fixed point
subspace for Qo on H. As s belongs to the Zariski closure in G of Joo < Ng(Qx), Soo also acts
on Tame and normalizes Q. Recall that the “downstairs” characters of H determine the action
of (s) on Tame. It follows that s is an element of finite p’-order in G, and by the construction,
D (s ) still generates ®(I(oc0)) modulo ¢(P(c0)).

Now we let J be the full inverse image in H of the finite subgroup (Qso, sco); in particular,
J < GL(V) is finite. Then R < J for the full inverse image R of Q in H. Now R/Z = Qo is
a finite p-group and Z < Z(J), so R = @ x Oy(Z) for a Sylow p-subgroup @ of R, and Q < J.
Since (Qo, Soo) /@0 18 a cyclic p’-group, by the Schur-Zassenhaus theorem [KS| 6.2.1] we can write
J = Q » C for a p’-subgroup C, and C' = (O (Z), o) for some element o € J. Since J is solvable,
by Hall’s theorem [KS| 6.4.6] we can choose o such that it projects onto se under H — G. The
action of (Quo, Soo) on Wild, which is the same as the action of I(c0), is described in Propositions
4.8 and 4.9 of [KRLT4], and recall that Z acts trivially on X*(V). Also, Q acts trivially on Tame.
Switching from AF(V) to A?7%(V') to ensure in the case X% = AF with k > d/2, we still have
that the @Q-character afforded by Tame is a multiple of a linear character v. Hence Hypothesis
holds, with ¢ being the J-character of Wild. Again using Propositions 4.8 and 4.9 of [KRLT4], we
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note that
(6.1.16.1) o has simple spectrum in a representation affording ¢.

Indeed, write ¢(1) = dimWild = D —m = p®*W, with p f Wy. If a = 0, then by [KRLT4,
Proposition 4.8] the spectrum of o on Wild consists of all W{! roots of some ¢ € C*. If @ > 0, then
by [KRLT4, Proposition 4.9] the spectrum of o on Wild consists of all Wgh roots of all elements
in the set ¢ - (ppeq1 \ {1}) for some ¢ € C*.

(iii) If ¥ = A, then d > 4 as k > 2. As (d) does not hold, we may assume d > 4 when ¥ = A.
Hence, by Proposition J is irreducible on V. Now, since we are not in (b) nor in (d), we
have by Proposition [6.1.12] that @ is irreducible on V.

Let A be any characteristic abelian subgroup of (). Then A <1.J, and so J preserves a decompo-
sition V =V1@Vo®...®V, of V into A-isotypic components. By irreducibility, J acts transitively
on its summands, and we can apply Proposition Note that, in the cases (c¢) and (d) of
6.1.11(B), X = A, and ¢(1) = D equals 56, respectively d(d — 1)/2 with d = p®, whereas o has at
most 14, respectively k(d—1)/2 < D = d(d—1)/2 (note that k < 5, and Kk = 4 when d = 5). Hence
(6.1.16.1)) rules out these possibilities, and we conclude that @ fixes each summand V;. However, @
is irreducible on V', so n = 1. As A is abelian, it follows that A acts via scalars on V| and so it is
central.

We have shown that every characteristic abelian subgroup of @ is central; also @ < GL(V)
is irreducible on V; in particular, d = p™. Hence Proposition applies to Q. Consider the
case p { k. By Proposition [1.1.10{iii), the Q-character afforded by W = ¥¥(V') is a multiple of a
single irreducible character of degree p™ = d of (). Hypothesis now implies that ¢(1) = D,
i.e. H is Kloosterman and p|D. Also, ¢|g is multiplicity-free by [KRLT4, Proposition 4.9], so
d=p"=D> (g), a contradiction.

Finally, assume that p|k. By Proposition (iv), the Q-character afforded by W = XF(V)
contains at least N distinct linear characters of ), where N := p*™ —1if p > 2, N := 27~ 1(2™m 1 1)
if p=2and ¥ = Sym, and N :=2""1(2™ — 1) if p = 2 and ¥ = A. Hypothesis now implies
that ¢|g contains at least N — 1 distinct linear characters of @), and all these must be permuted
transitively by o. On the other hand, by Proposition (ii), the order M of the automorphism
f of @ induced by o is less than p™*+!/(p — 1). As d = p™ > 3, we arrive at the contradiction that
N — 1> M, unless d = 4. In the case d = 4, we may assume ¥ = Sym, whence N = 10, whereas
M <8 (in fact M < 5), again a contradiction. O

For later use, we will prove some more statements about case (d) of Theorem [6.1.16
LEMMA 6.1.17. In case (d) of Theorem ifd=6 and p =k =3 then m # 1.

PROOF. Assume thatd =6andp =k =3in Theorem(d)7 but m = 1, so that w = 19. By
[KRLT4, Proposition 4.8], @ is elementary abelian of order 3'8, and it is normalized by a 3'-element
goo that permutes the 19 characters of @ on Wild cyclically. Since p{ D = 20, p{ |Z(G)| by [KT5,
Proposition 4.8(iv)]. So we have that Q < G° = G/Z, where G = Ggeom and G = SL(V) = SLg,
Z = (C3; moreover, g2 € Z(G)G® acts irreducibly on Q. Let R be the full inverse image of @ in G,
so that Z(R) > Z > [R, R]. The irreducible action of g2, on R/Z shows that either Z(R) = R, or
Z(R) = Z. Suppose we are in the former case. Then R is abelian of exponent < 9 and order 3.
Hence Q1(R) := {z € R | 23 = 1} is an elementary abelian 3-subgroup of SLg of order > 30, a
contradiction. In the latter case, [R, R| = Z = Z(R) and the Frattini subgroup ®(R) is also Z since
exp(Q@) = 3, whence R is extraspecial 3-group 33:“18. In such a case, any complex representation of

R which is nontrivial on Z must be of dimension > 3%, too big for dim(V') = 6. g
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LEMMA 6.1.18. In case (d) of Theorem if (d,k) = (6,2) then the set of “upstairs”

characters cannot be pys.

PROOF. Assume that [6.1.16(d) occurs with (d,k) = (6,2) and 15 as the set of “upstairs”
characters. Since G = Z(G)G° with G = Ggeom and G° = SLg/Cy, we see that there exist ¢ € C*
and A € SLg such that the spectrum of go = c - A2(A) is py5. It follows that 1 = det(go) =
et det(A2(A)) = !5 ie. ¢ € puys and so we can replace gg by ¢ 1gy to achieve gy = A%(A). Since
A% maps SLg into SLi5 with kernel Co and o(go) = 15, we can choose a unique A of order 15. Now

write A = diag(ay,...,as) with a; € pis. The simple spectrum 5 of go shows that all a; are
pairwise distinct. A computation on Mathematica shows however that no such (a1, ..., as) can yield
the spectrum py5 for gg. O

6.2. Other types

We will now work with spin representations of Spiny. When 24 N = 2n + 1 > 3, Spiny has
center Cy and a unique spin representation of degree 2”. When N = 2n > 10 is even, Spiny has
two half-spin representations, of degree 2"~ ! and fused by any outer automorphism of Spiny. If
2t n, then Z(Spiny) = (z) = C4, and the half-spin representations are faithful, see [Lul, Appendix
A.2). If 2|n, then Z(Spiny) = (z1,22) = C2 with Spiny/(z122) = SOy, and the two half-spin
representations factor through the two half-spin groups HSpiny = Spiny/(z;) with ¢ = 1,2, again
see [Lu, Appendix A.2].

LEMMA 6.2.1. Let N > 9, and H a hypergeometric sheaf of type (D, m) with D > m in charac-

teristic p. Consider the following three situations.

(a) N=2n+1 is odd, and Ggeom for H is Spiny in its 2" -dimensional spin representation.

(b) N = 2n+ 2 = 2(mod 4) and Ggeom for H is Spiny in one of its 2"-dimensional half-spin
representations.

(c) 4|N =2n+2 and Ggeom for H is one of the two half-spin groups HSpiny, i.e. the image of
Spiny in one of its 2"-dimensional half-spin representations.

Then we have the following results.

(i) If N is odd, then there exists a tame character x such that Ggeom for the hypergeometric sheaf
Ly @ H is Spiny. Moreover, if p > 2 then w := D —m is even.

ii) If N = 2(mod 4), then there exists a tame character x such that Geeom for the hypergeometric

X g yperg

sheaf £, @ H is Spiny.

iii) If 4|N, then there exists a tame character x such that Ggeom for the hypergeometric sheaf

g

Ly @ H is HSpiny. Moreover, if p > 2 then w := D —m is even.

PrROOF. When N =2n +1is odd or N = 2n + 2 = 2(mod 4), the normalizer of Spiny in the
ambient GLg» is GL1 * Spiny;, and hence Ggeom is of the form (a finite group A of scalars)*Spin .
The center of Spiny is cyclic of order 2 when N is odd, and cyclic of order 4 when N = 2(mod 4).
When 4|N = 2n + 2, the normalizer of HSpiny in the ambient GLon is GL; * HSpiny;, and hence
Ggeom is of the form (a finite group A of scalars)*HSpiny. When 4|N, the center of HSpiny is
cyclic of order 2. To keep track of orders of centers, let us define

¢(N):=2if N isoddorif 4N, ¢(N):=4if N =2(mod 4).
Thus when we write any element g € Ggeom as A(g)h with A(g) € A and h € Spiny (respectively
in HSpiny ), the map
g~ Mg
is a well-defined homomorphism from Ggeom to A, so in particular a linear character of Ggeom,
call it p. We claim that p is a tame character. To see this, view p as a character of 7" which
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factors through the homomorphism to Ggeom given by H. Thus p is tame at 0, and its oo slope is
< 1/w. Admit for a moment that w > 2. Then p is also tame at oo (because Swan conductors are
integers, cf. [Ka-GKM, 1.9] or, for this linear case, [Se, Thm. (Hasse-Arf), p.82]). Whatever the
characteristic p, a tame character always has a tame square root and a tame fourth root (the latter
unique if p = 2, four in odd characteristic). Choose a tame x so that x*™¥) = 1/p, and then we
indeed have Ggeom for £, ® H being Spiny (respectively HSpiny ).

To show that w > 1, we argue as follows. Because its Ggeom is not finite, if w = 1 then by
Theorems |4.1.1| and |4.1.5| its Ggeom is either SLon or SOgn (recall D = 2" is the rank of H), and
2™ > N since N > 9.

We now turn to the discussion of w, which is unchanged when replacing H by £, ® H. The key
point is that when N is odd, the spin representation is self-dual, and when 4| N each of the half-spin
representations is self-dual (indeed, they have different kernels in Spiny). So in both these cases,
once we replace H by £, ® H so that Ggeom is Spiny, respectively HSpiny;, our (new) # is self-dual.
This autoduality forces pw to be even, by [Ka-ESDE] 8.8.1]. [In the case when N is even but is 2
mod 4, the half-spin representations are duals of each other.] O

For ease of later reference, we give a more general version of the above lemma.

LEMMA 6.2.2. Let ‘H be a hypergeometric sheaf of type (D, m) with w := D —m > 2 in char-
acteristic p. Suppose that G := GgeomH is an irreducible subgroup of GLp which has no nontrivial
outer automorphism that preserves the given D-dimensional representation. Then there exists a

tame character x such that £, @ H has Ggeom,c,omn = G-

PROOF. The group Ggeom,# normalizes its identity component, which is irreducible, hence
Ggeomz lies in GLy * G. Thus Ggeom,# is of the form (a finite group A of scalars)*G. Thus
each element g € Ggeom,» can be written as A(g)h with A(g) € A and h € G. For ¢ the order of the
center, the map

9= Mg)*®
is a well-defined homomorphism, call it p, from Ggeom, 1 to A. Exactly as in the proof of Lemma
we view p as a linear character of a character of 7$°™, whose slope is > 1/w for w := D —m. Thus

p is tame because w > 2 by hypothesis. Then we take for y any tame character with x¢ = p~!. O

REMARK 6.2.3. In the above Lemma [6.2.1| we take N > 9 because for N < 8 all the spin
and half-spin groups are known to occur hypergeometrically. For N = 3, Sping = SLs, which
occurs from KI(1,1) in every characteristic p, cf. [Ka-GKM] 11.1]. For N = 4, the two half-
spin groups are again SLy. For N = 5, the spin group is Sp,, which occurs from KI(1,1,1,1)
in every characteristic p, again by [Ka-GKM), 11.1]. For N = 6, the spin group is SLy, which
occurs from H (&2, &2, &2, &2; 1) in every odd characteristic p (use [Ka-GKM,, 11.6] and the fact that
w = 3 is odd to rule out the other cases, all of which are self-dual). For N = 7, see [Ka-ESDE|
10.1.3] for examples in all sufficiently large characteristics. For N = 8, the half-spin groups are all
isomorphic to SOg. Quite generally, we obtain Op for any even D > 4 in characteristic p = 2 from
hypergeometric sheaves of type (D, D — 1) with upstairs any collection of D/2 nontrivial characters
and their inverses, and downstairs 1 repeated D — 1 times, cf. Theorem the infinitude of
Ggeom from the unipotent block of size D — 1 given by the tame part of the I(co)-representation.

In characteristic p > 5, one can use [Ka-ESDEL 7.2.7] to show that, again with D > 8 even,
the hypergeometric sheaf of type (D, D — 2) with upstairs characters £4 repeated D/2 times and &}
repeated D/2 times, and downstairs characters 1 repeated D — 3 times and £, repeated once will
have Ggeom = SOp. To see this, let us admit for a moment that this sheaf H is Lie-irreducible. Then
[Ka-ESDE, 7.2.7], applied with b there our w = 2, for which the only excluded primes are 2,3,
says that G is one of SLp, SOp, Spp. But by the duality recognition theorems [Ka-ESDE|

geom
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8.8.1-2], our H is orthogonally self-dual, and has trivial geometric determinant (because w > 1),
and hence its Ggeom must be SOp.

It remains to explain why this H is Lie-irreducible. After Kummer pullback by [4], the I(0)
representation is the sum of two unipotent blocks of size D/2. At the same time, the I(co)-
representation of this pullback is the direct sum of a unipotent block of size D — 3 > D/2 with a
three dimensional piece. So if some further finite pullback of [4]*H were reducible, it would have
to break into two irreducible pieces of dimension D/2, neither of which can contain the unipotent
block of size D — 3.

LEMMA 6.2.4. There is no hypergeometric sheaf H of type (D, m) in characteristic p > 2 with
D =2k+m, k € Z>2, m € Z>1 in which every nontrivial element g in the image Q of P(oc0) in
Ggeom acts on the underlying module Vi with Jordan canonical form diag(Idm, a-Idg, a7t -Idk),
for some o € C* depending on g.

PROOF. Take 1 # z € Z(Q) of order p. Then z acts on W as diag(C dg, 1 -Idk) for a pth
root of unity ¢ # 1. Then each g € Q ~ {1,271} must act on Wy := Ker(z|yy — ¢ - Id) and on
W_ = Ker(z|w — ("' -1d), and it acts on W as diag(a - Idg, ™' - Idy) for some 1 # a € C*, and
the same holds for gz # 1. If g affords both eigenvalues o and o' on W, then the two eigenvalues
of gz are (o and (a1, forcing 1 = ((a)(Ca™t) = (2, a contradiction as p > 2. Hence g acts as
a scalar on W,. It follows that the @Q-module W, is a sum of k > 2 copies of a simple module,
contradicting [KRLT4, Proposition 4.8]. O

PROPOSITION 6.2.5. There is no hypergeometric sheaf H of type (16, m) in characteristic p, with
m =8 or (m,p) = (7,2), and with Ggeom realizing G := Sping in its spin representation.

PROOF. (i) Assume the contrary, and let @ # 1 be the (finite) image of P(c0) in G. The first
step of the proof is to find the spectrum of any element 1 # g € Q) on the underlying representation
Vy. We can embed ¢ in a maximal torus 7 of G. Choose an orthonormal basis (eq,...,e4) of
R* and realize the set of all T-weights of the G-module V3; as Y1 a;e;/2 with a; = +1 (written
additively). In fact, we will write any such weight as

4

M:MJ:—Zei/2+Z€i:Z€i/2— Z ei/2

i=1 icJ icJ i€ANT
with J C A= {1,2,3,4}. Let
F=Flg):={J CA|ps(g) =1},
(recall weights are elements of Hom(7,C*)). Note that p;(g) - na<s(g9) =1, so
(6.2.5.1) J € Fif and only if (AN J) € F,
in particular, #F is even. But m = dim Tame is 7 or 8, so we conclude that

(6.2.5.2) #F > 8.

(ii) First we consider the case

(6.2.5.3) ei(g) # 1 forall 1 <i<4.

Suppose first that @ € F, whence A := {1,2,3,4} € F by (6.2.5.1)). Then p1(;,(9) = pe(9)ei(g) # 1,
so F contains no 1-subset, hence also no 3-subset, of A. Now ((6.2.5.2]) implies that F consists of all
even-size subsets of A. In particular, 1 = puy; ;3(9) = pe(g)ei(g)e;(g) for all i # j. It follows that
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ei(g) has some constant value « for all i, and moreover a? = 1. Condition (6.2.5.3) implies a = —1,
and evaluating all weights of Vi at g, we see that

(6.2.5.4) g acts on Vy as diag(—Ids,Idg).
Suppose now that @ ¢ F, so that A ¢ F. Then (6.2.5.2) and (6.2.5.1) show that we may assume
(6.2.5.3

F contains some 1-subset, say {1}, hence {2,3,4} € F. Now ) implies that none of {2, 3},
{2,4}, and {3,4} belongs to F, whence F contains none of {1,4}, {1,3}, and {1,2} as well. In
this case, shows that F consists of all odd-size subsets of A. In particular, g, (g9) = 1,
and 1 = pg; 56 (9) = iy (9)ej(g)ex(g) for all 3-set {i,7,k}. It follows that e;(g) = a for all i, and

a? = 1. Condition (6.2.5.3) again implies & = —1, and we again arrive at (6.2.5.4)).

(iii) Next we consider the case
(6.2.5.5) es(g) =1, but B:=-ei(g) # 1.

Write a := pg(g), v := e2(g), 0 := e3(g). Condition implies that X C {1,2,3} belongs to
F if and only X LI{4} € F, but F cannot contain both ¥ and Y LI{1} for any Y C {2,3}. It follows
from that F contains exactly one subset from the four pairs {Y,Y L {1}} with Y C {2,3}.
The corresponding weights take values

{a,aﬁ}, {afyaaﬂV}a {a57a/85}7 {a’yé,aﬂfyé},

at g, respectively; and each pair (as a multi-set) contains 1 once.

Suppose v = § = 1. Then each of o and af is an eigenvalue for g on Vg with multiplicity 8.
Exactly one of them is 1 (because m > 0), and self-duality of V' implies that the other one is —1,
whence holds.

Suppose now that v # 1 = §. Then exactly one among «, a3 and exactly one among oy, a3~y
is 1. If a = 1, then 1 # a~y by assumption, hence 1 = a3y, i.e. v = ~!. Evaluating the weights at
g, we see that

(6.2.5.6) g acts on Vi as diag(ldg,ﬁ Idy, 871 ~Id4).

If & # 1, then a8 = 1 and 1 # oy by assumption, hence 1 = o, i.e. ¥ = 3 = o~ !. Evaluating
the weights at g, we see that holds (with § replaced by «).

Next suppose that v # 1 # §. First consider the case « = 1. Then av,ad # 1 by assumption,
hence afy = a6 = 1,ie. v =3 = B71. Now {avd,aBv6} = {372,371} contains 1 once, whence
8 = —1, and we arrive at . Assume now that « # 1, forcing a5 = 1. Then afvy,aBd # 1 by
assumption, hence ay = ad = 1,ie. =7 =38 = a . Now {av§,apyd} = {a~!, a2} contains 1
once, whence a = —1, and we again arrive at .

(iv) Note that if e;(g) = 1 for all 4, then g acts on Vi via the scalar ug(g), forcing g = 1 since
m > 0. Thus we have shown that any 1 # g € () must act on V" as in (6.2.5.4)) or (6.2.5.6]).

Consider the case p > 2, so that m = 8 by assumption, and any 1 # g € Q acts on Vg as
diag (Idg, B-1dy, Bt - Id4) for some 1 # B € C* by . This is impossible by Lemma

We may now assume p = 2. First suppose m = 7. Then W := Wild has dimension 9, so @Q = 26
by [KRLT4, Proposition 4.8]. Now (6.2.5.4)) and (6.2.5.6|), together with exp(Q) = 2, imply that
holds for any 1 # g € @, and that g has trace 0 on V3. Counting the dimension of the
fixed point subspace Tame, we get 7 = 16/|Q)|, a contradiction.

(v) We may now assume p = 2 and m = 8. By [KRLT4, Proposition 4.9], @ acts faithfully
and irreducibly on W := Wild of dimension 8; in particular, |Q| > 27. By and ,
any 1 # g € @ acts on W as —Idg or diag(ﬁ -Idy, B -Id4) for some 1 # 8 € C*. In particular,
Z(Q) = (z) = (O3, and z is the unique involution in Q). Now Q)/Z((Q) contains a central subgroup
C/Z(Q) = Cy, so that R is (abelian) of order 4. But z is the only involution in @, so C = (t) = C4.
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It follows that W = W, @ W_, where ¢ acts on W, via the scalar (4 and on W_ via ¢, L
C'<@ and @ is irreducible on W, () must permute W, and W_, with kernel R of index 2. Consider
any g € R~ Z(Q), which then acts on W as diag(ﬁ Idy, 71 -Id4) for some +1 # g € C*. If

g affords both eigenvalues 3 and 87!, then gt has distinct eigenvalues (43, 48~" on W, forcing

1 = (¢B)(Cup™t) = (2 = —1, a contradiction. Hence R acts on Wy via scalars. It is now easy to
check that for any 0 # v € Wy and h € @ . R, Q stabilizes the 2-dimensional subspace (v, hv)c,
contradicting its irreducibility on W. g

LEMMA 6.2.6. Suppose H is a hypergeometric sheaf of type (16, m) with m € {6,7,8} in char-
acteristic p > 2 whose Ggeom 15 Spinyg in one of its half-spin representations. Then any element
of order p in the image Q of P(00) in Ggeom has a spectrum in the underlying representation Vay of
the following form, where the superscript [m] indicates that the multiplicity is m.

() p=3, spectrum is (19, ¢, &™) or (119, &7, G5,
(b) p > 5, spectrum is (1[8} (4] N [4})
[4] &M 260,

PRrOOF. We first apply [Ka-ESDE| 7.2] to show that for any given imposed value of w :=
D —m € {8,9,10}, there are only finitely many characteristics p for which Ggeom can fail to be
one of SL1g, SO16, Sp1g- Let us explain this. Our H has its Ggeom @ connected semisimple group,
irreducible inside SLig. Thus our H is Lie-irreducible, and is its own derived group. For each
imposed value of w, the highest co slope is 1/w. According to [Ka-ESDE, 7.2], if p does not
divide the product denoted 2N;(w)Na(w) there, then any hypergeometric in characteristic p of type
(16,16 — w) has Ggeom one of SLig, SO16, Spig. The construction of Ni(w) and Na(w), explained
in [Ka-ESDE] 7.1.1] is to take

N (w) := H (a—b—c+d), Nao(w):= H (a—b—c),

a,b,c,d€pqy (C) with a—b—c+d#0 a,b,c€ paw (C) with a—b—c#0

(c) p > 5, spectrum is (1[5,

Galois invariance shows that both Nj(w) and Na(w) are (visibly nonzero) integers.
Somewhat surprisingly, the primes dividing 2N (w)N2(w) for each w € {8,9,10} are not too
large. Here they are.

w=10: p=2,3,5,11,31,41,61,
(6.2.6.1) w=9: p=23,57,19,37,73,109, 127,
w=8: p=23,51741.

Now we consider the 16 weights which occur in the half spin representation whose highest weight
is (1/2)(z1 + z2 + 3+ x4 — x5). [The other half-spin representation is the dual of this one.] So the
lowest weight is —(1/2) ZZ 1 %;, and the weights of the representation are

—(1/2) Z x; +sum of evenly many of the x;.
i=1
Now let v be an element of order p in Spin;y. It lies in a maximal torus, so its spectrum is the
list of its images under the 16 weights of the representation. Each z;(7y) is some element of 11,(C),
and the lowest weight assigns to v the unique element of 1,(C) whose square is 1/ H?Zl zi(7y). We
cannot assign all z;(y) := 1, for then v has order 1, not p. Renumbering the z;, we may assume
that x1(y) = (,, a primitive p*® root of unity. Thus we may write

aj

.%'z(’}’): D aieIFZh

||Mo1

Z Cp? fervf_

=1

[\.')M—t
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The eigenvalues of v are then the following 16 powers of (,, where we write a = 1,b,¢,d, e for
aj,as,as,aq,as, and where f = ((p—1)/2)(a+b+c+d+e):

ffta+b f+at+e, fra+d, f+ate, f+bt+e, f+b+d, f+b+te f+et+d, f+ete, f+d+e,
_f_a’v_f_ba_f_ca_f_dv_f_e‘

From the assumption that the wild part has dimension w < 10, our element v must have at least
6 eigenvalues 1, or equivalently the number 0 € F,, must occur at least 6 times in the above list of
length 16 of elements of F,,.

For a given odd prime p, it is a simple matter to tabulate the lists of length 16 which arise
having 0 at least 6 times. We did this calculation using the Magma program in Appendix Al for
each odd prime which divides 2Ny (w)Na(w) for each of w = 8,9,10. In all cases, the spectrum was
as asserted. O

PROPOSITION 6.2.7. Let ‘H be a hypergeometric sheaf of type (16,m) in characteristic p, with
6 < m < 15 and with Ggeom Tealizing G := Spiny in a half-spin representation. Then p = 2 and
6 <m <8.

PROOF. (i) Let @ be the (finite) image of P(oc0) in G. First we consider the case m > 9. By
[KT5| Proposition 4.8], we can find g € @\ Z(G), and embed g in a maximal torus 7 of G. Choose
an orthonormal basis (e, ..., e5) of R® and realize the set of all weights of the underlying module
Vy as Zg’zl a;e;/2 with a; = £1 and H?:1 a; = 1. Again write any such weight as

5
M:MJ:—Zei/Q-i-Zei
1

i= ieJ
with J C A:={1,2,...,5} of even size, and let

F=Flg)={J S Alpsg) =1}, a:=ps(g).
Suppose that (e; + ke2)(g) # 1 for both kK = +1 and kK = —1. Then, for each choice of k and each
choice of (a3, ...,as) € {#1}3 with agasas = &, at most one of the two weights 2?23 aje;/2 £ (e1 +
key)/2 can take value 1 at g. It follows that m < #F < 2- 22 = 8, a contradiction.
Repeating this argument, we see that for each pair ¢ < j there is exists some r;; = £1 such that
(ei + kije;)(g) = 1. Conjugating g using the Weyl group, i.e. using an even number of sign changes
on e;, we may therefore assume that there is some x = +1 such that

B :=e1(g) = ea(g) = e3(g) = es(g) = es(g)".

Consider the case K = 4+1. Then py(g) = a8’! for any J C A. So among the even-size subsets .J
of A, uy(g) yields a, af8%, and a8* with frequency 1, 10, and 5, respectively. Hence, if a3 # 1 then
#F < 6 < m, a contradiction. It follows that a3? = 1. Also, note that 1 = pg(g)ua(g) = a?35.
Hence a = =1, i.e. g =1d, again a contradiction.

Assume now that k = —1. Then ug(g) = o/l and prusy(g) = aflEI=1 for any K C
{1,2,3,4}. So among the even-size subsets K of {1,2,3,4}, ux(g) yields a, af?, and a3* with
frequency 1, 6, and 1, respectively. Among the odd-size subsets K of {1,2,3,4}, uKu{5}(g) yields
a and af? with frequency 4 each. Thus the weights of Vy take values o, af?, and af? at g,
with frequency 5, 10, and 1, respectively. Hence, if a8? # 1, then #F < 6 < m, a contradiction.
Thus % = 1. Also, note that 1 = pg(g)ua(g) = a?B3. Hence a = B = 1, i.e. ¢ = Id, again a
contradiction.

(ii) It remains to consider the case 6 < m < 8 and p > 2; in particular, @ N Z(G) = 1. First
suppose that m = 8, i.e. w:= D —m = 8. By [KRLT4l Proposition 4.8], @ is elementary abelian.
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Applying Lemma we see that any element 1 # g € @ acts on Vy as diag (Idg, a-Idg, a7t -Id4)
for some o € C* depending on g. But this is impossible by Lemma .

Suppose m = 7, so that w = 9. If p = 3, then @ acts irreducibly and faithfully on Wild by
[KRLT4l Proposition 4.9]. Hence any element 1 # z € Z(Q) of order 3 has an eigenvalue ¢ # 1
with multiplicity > w = 9, contradicting Lemma [6.2.6] Thus we may assume p > 3 in this case, and
so @ is elementary abelian by [KRLT4, Proposition 4.8]. By Lemma any g € () has real trace
on Vi, i.e. ¢(g) € R for the character ¢ of @ afforded by V3. In particular, for 1o # v € Irr(Q), v
and 7 have the same multiplicity in (. This implies that w must be even, a contradiction.

We may now assume that m = 6, i.e. w = 10. If 10|/(p — 1), then @ is cyclic of order p by
[KRLT4l Proposition 4.8], but then Lemmashows that the @-module Wild is not multiplicity-
free, a contradiction. Suppose p = 3. Then Q is elementary abelian of order 3* by [KRLT4,
Proposition 4.8], and any 1 # g € Q acts on H as diag(Ids, ¢ -1d4, -1d4) (say with frequency a) and
diag(Idg, ¢ - Ids, ¢ - Id5) (with frequency b) for a cubic root ¢ # 1 of unity; in particular, ¢(g) = 4 or
1, respectively. It follows that

6=m=[p,1glog=(16+4a+0b-4)/81, a+b=80,

yielding (a,b) = (130, —50), a contradiction. The only remaining bad prime is p = 5, see (6.2.6.1)).
By [KRLT4| Proposition 4.9], the @-module Wild is faithful and is a sum of two simple submodules
of dimension 5 each. Hence, any 1 # z € Z(Q) of order 5 must have an eigenvalue { # 1 with
multiplicity at least 5, which is again impossible by Lemma [6.2.6 O

PROPOSITION 6.2.8. There is no hypergeometric sheaf H of type (32, m) in characteristic p with
31 > m > 20 and with Ggeom realizing G := Spiny in a half-spin representation.

PROOF. (i) Assume the contrary, and let @ be the (finite) image of P(o0) in G. By [KT5|
Proposition 4.8], we can find g € Q \ Z(G), and embed ¢ in a maximal torus 7 of G. Choose an

orthonormal basis (e1,...,eg) of RS and realize the set of all weights of the underlying module V3
as E?:l a;e;/2 with a; = £1 and H?Zl a; = 1. Write any such weight as
6
p=pr=—Y e/2+ ) e
i=1 ic

with J C A:={1,2,...,6} of even size, and let

F=Fg) ={J S A|pslg) =1}, a:=pus(g).
Suppose that (e; + ke2)(g) # 1 for both kK = +1 and kK = —1. Then, for each choice of k and each
choice of (as,...,ag) € {£1}* with [[?_; a; = », at most one of the two weights 30 _; a;e;/2+ (e1 +
Kkea)/2 can take value 1 at g. It follows that m < #F < 2-23 = 16, a contradiction.

Repeating this argument, we see that for each pair ¢ < j there is exists some r;; = %1 such that
(ei + Kije;)(g) = 1. Conjugating g using the Weyl group, i.e. using an even number of sign changes
on e;, we may therefore assume that there is some x = 41 such that

Bi=ei(g) =ealg) =... = es5(g) = es(9)"

(ii) Consider the case k = +1. Then p;(g) = aBll for any J C A. So among the even-size
subsets J of A, us(g) yields o, aB?, o8, and af® with frequency 1, 15, 15, and 1, respectively.
Hence, if a8 # 1 or aB8* # 1, then #F < 32 — 15 < 20 < m, a contradiction. It follows that
1=aB?=apt ie. B2 =1, and thus g|y,, = a-1d, i.e. g € Z(G), again a contradiction.

(iii) Finally, we consider the case k = —1. Then ux(g) = a8/%! and pru{ey(9) = afEl=1 for
any K C A~ {6}. So among the even-size subsets K of A \ {6}, ux(g) yields a, af?, and aB*
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with frequency 1, 10, and 5, respectively. Among the odd-size subsets K of A \ {6}, 1k 163(9)
yields o, af?, and of* with frequency 5, 10, and 1, respectively. Thus the weights of V3 take
values a, af?, and aB* at g, with frequency 6, 20, and 6, respectively. Hence, if 3% # 1, then
#F < 32—-20 < 20 < m, a contradiction. Thus af? =1, i.e. o = B72. Now, if 42 = 1, then
glv,, = a-1d and g € Z(G), again a contradiction.

Hence o # 1, and gly,, has eigenvalues 1, «, a~ ! with multiplicity 20, 6, and 6, respectively.
But dim Tame = m > 20, so g acts on W := Wild as diag(a Idg, ! ~Id6) for any 1 # g € Q. This
is impossible by Lemma [6.2.4 O

PROPOSITION 6.2.9. There is no hypergeometric sheaf H of type (512,m) in characteristic p
with 511 > m > 322 and with Ggeom realizing G := Spiny, in a half-spin representation.

PROOF. (i) Assume the contrary, and let @ be the (finite) image of P(c0) in G. By [KT5|
Proposition 4.8], we can find g € Q \ Z(G), and embed ¢ in a maximal torus 7 of G. Choose an
orthonormal basis (e1, . .., e10) of R!? and realize the set of all weights of the underlying module V3
as 3,0, aze;/2 with a; = +1 and [[12, a; = 1; in particular it has the lowest weight — 310, ¢;/2.
Write any such weight as

10
(6.2.9.1) p=pr=-Y e/2+) e
i=1 icJ

with J C A:={1,2,...,10} of even size, and let

F=F(g)={JSAlns(g) =1}, a:=psz(g).
Suppose that (e; + kea2)(g) # 1 for both kK = +1 and kK = —1. Then, for each choice of k and each
choice of (as,...,a1n) € {£1}® with [[}°5a; = &, at most one of the two weights Y10, a;e;/2 +
(e1 + Kez)/2 can take value 1 at g. It follows that m < #F < 2-27 = 256, a contradiction.
Repeating this argument, we see that for each pair ¢ < j there is exists some x;; = £1 such that
(ei + kije;)(g) = 1. Conjugating g using the Weyl group, i.e. using an even number of sign changes
on ¢;, we may therefore assume that there is some x = £1 such that

(6.2.9.2) B :=ei(g) =e2g) = ... =e9g(g9) = e10(9)".

(ii) Consider the case k = +1. Then p;(g) = aBl’l for any J C A. So among the even-size
subsets J of A, u(g) yields a, a8?, af?*, af®, aB®, and a3'° with frequency 1, 45, 210, 210, 45, and
1, respectively. Hence, if a3* # 1 or 8% # 1, then #F < 512 — 210 < 322 < m, a contradiction. It
follows that 1 = a8* = a5, i.e. 82 =1, and thus g|y,, = a-1d, i.e. g € Z(G), again a contradiction.

Next we consider the case kK = —1. Then ug(g) = af!¥l and prugioy(9) = aflKI=1 for any
K C A~ {10}. So among the even-size subsets K of A\ {10}, ux(g) yields o, af?, af?*, a5, and
af® with frequency 1, 36, 126, 84, and 9, respectively. Among the odd-size subsets K of A ~ {10},
prugoy(g) yields a, aB?, apt, apb, and oB® with frequency 9, 84, 126, 36, and 1, respectively.
Thus the weights of V3 take values a, a2, a3*, a8%, and a® at ¢, with frequency 10, 120, 252,
120, and 10, respectively. Hence, if af8* # 1, then #F < 512 — 252 < 322 < m, a contradiction.
Thus af* = 1. Now, if af? # 1 # af®, then #F < 512 — 240 < 322 < m, again a contradiction.
Hence either a8? =1 or a3% = 1. We conclude that 82 = 1, and thus g|y,, = - 1d, i.e. g € Z(G),
again a contradiction. O

THEOREM 6.2.10. Let p be a prime and N > 9. Suppose that there exists a hypergeometric sheaf
H in characteristic p, of type (D, m) with D > m, such that Gge,, realizes Spiny with 24 N in its
spin representation, or the image of Spiny with 2|N in one of its half-spin representations. Then

p=2and N € {10,12,16}.
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PROOF. (i) Assume that such an H exists. By Lemma we may assume that Ggeom is
G := Spiny when 4+ N and G = HSpiny when 4|N. Now we construct a group homomorphism
A : G — GL; with A and s as follows. First, if 2 + N, then we choose s := N and A to be the
natural projection Spiny — SOp, with kernel equal to Z(G) = Cy. If 2|N but 4 { N, then we
choose s := N and A to be the natural projection Spiny — SOy, with kernel equal to (22) = Cs.
Suppose 4|N. Then Spiny acts on L(ws) = A%(L(zw1)) with kernel (21, z9); so we choose s :=
dim L(wy) = n(2n — 1) and A the action of G on L(w3), with kernel equal to Z(G). Applying
[KT5|, Theorem 4.14], we obtain that w < s. It follows that

(6.2.10.1) m=D—w>D —s.

In fact, we observe that if p > 2 and 4|N then also holds with s := N. Indeed, in this
case we may assume G = G/(z2), where G := Spiny. Consider the natural projections 7 : G — G
with kernel (z5), and © : G — SOy with kernel (z12z5). Now we can apply [KT5, Theorem 4.14]
to conclude that w < N, as stated.

(ii) By [KT5|, Proposition 4.8], the image @ of P(c0) in G = Ggeom contains an element
g ¢ Z(G). We may put the semisimple element g in a maximal torus 7 of G. The condition
(6.2.10.1)) now implies that there is a subset F of weights of the module V = CP, of cardinality at
least D — s, such that all weights p € F take the same value 1 at g.

Consider the case N = 2n+ 1. Then we can choose an orthonormal basis (e, ..., e,) of R" and
realize the set of all weights (written additively) of the G-module V as > | a;e;/2 with a; = £1.
Recall that Z(G) is the common kernel of all weights that belong to the root lattice (e1,...,e,)z,
and that g ¢ Z(G). Hence we may assume that

(6.2.10.2) e1(g) # 1.

We can represent any p € F as

n
(6.2.10.3) p=ps=— /24 e

i=1 icd
with J C {1,2,...,n}. Consider any subset J' C {2,3,...,n}. If both p; and w5y belong to
F, then we get

1= ppuay(9)/pa(g) = eg),
contradicting (6.2.10.2)). It follows that #F is at most the number of subsets of {2,3,...,n}, and
SO
2" —(2n+1)=D—-s<#F <21

a contradiction when n > 5. Assume n = 4. The previous inequality now shows #F < 8, and

#F > m > 7 by (6.2.10.1), whence m € {7,8}. Moreover, if p > 2 then 2|m by Lemma
Applying Proposition [6.2.5] we arrive at a contradiction.

(iii) Now assume that N = 2n. Then we can choose an orthonormal basis (ey,...,e,) of R”
and realize the set of all weights of the G-module V as > " | aje;/2 with a; = £1 and [[}"; a; = 1;
in particular it has the lowest weight — > """ | e;/2. Again recall that Z(G) is the common kernel of
all weights that belong to the root lattice (e; = e; | 1 < i # j < n)z, and that g ¢ Z(G). Hence,
we may assume that (e; + kes)(g) # 1 for some k = +1. Conjugating g using some element in the
Weyl group that fixes the weight e; with ¢ # 2,n and changes the sign of each es and e,, we may
assume that

(6.2.10.4) (e1 + e2)(g) # 1.
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We can again represent p = py as in (6.2.10.3)), but with the additional proviso that #J is even.
Consider any subset J' C {3,4,...,n} of even size, and suppose that both weights 177 and g 511,93
belong to F. Then we get

L= pyoge3(9)/ 1o (9) = (e1 +e2)(g),
contradicting (6.2.10.4). It follows that F has to miss at least one of these two weights for each
even-size subset J' C {3,4,...,n}, and so

Ml _s=D—s<H#F <293

This is a contradiction when n > 7 and either 24 n or p > 2 (since s = 2n in these cases), and when
2|n > 12 and p = 2 (since s = n(2n — 1)).
If N = 20, then m > 322 by (6.2.10.1f), and this case is ruled out by Proposition

IfN =12

and p > 2, then m > 20 by ((6.2.10.1]), and this case is ruled out by Proposition If N =10,
then m > 6 by (6.2.10.1)), and the subcase p > 2 is ruled out by Proposition O

PROPOSITION 6.2.11. There is no hypergeometric sheaf H of type (14, m) in characteristic p,
with m < 14 and with G, realizing G := Spg in its representation L(ws).

geom

PROOF. Assume the contrary that such a sheaf H exists. By Theorems [£.1.1] and [.1.5] we
have m < 12, and so, by Lemma tensoring H with a suitable £, we may assume that
Ggeom = G = Sp(V); in particular, #H is symplectically self-dual. Applying [KT5, Theorem 4.14]
to the natural representation of G on V = CS, we get 6 > w := 14 — m, and thus m > 8.

Consider any element 1 # ¢ in the image @ of P(co) in G. Then g € Sp(V) is conjugate
to diag(a,b,c,at,b71 ¢ ) for some a,b,c € C*. It is well known, see e.g. [OV] Table 5] that
A3(V) =2V @ L(ws) as G-modules. Hence the spectrum of g on the underlying representation V3 is
the (multi)set of a*!, bt ¢t and a1t ¢t among which at least m > 8 are equal to 1. Suppose
for instance a® # 1. Then 1 is not in {a,a™'}, and each of the 4 pairs {ab’c’,a~'b'¢’} with i, j = +1
contains 1 at most once. It follows that b = ¢ = 1, in which case no a*b*¢/ with i, j,k = 41 can be
1, and thus 1 is an eigenvalue of g on V3 of multiplicity 4 only, a contradiction. We have therefore
shown that a? = b2 = ¢ = 1 and so ¢g> = 1. It follows that @ is an elementary abelian 2-group,
whence p = 2 and 2 { w by [KRLT4l Proposition 4.9]. But the oddness of w contradicts the fact
that, geometrically, H is symplectically self-dual, see [Ka-ESDE! 8.8.2]. 0

THEOREM 6.2.12. Let p be a prime, and suppose that there exists a hypergeometric sheaf H in
characteristic p, of type (56, m) with D > m, such that G := Ggeom 5 of type Eq. Then p < 3.
Moreover, m # 1.

PROOF. (i) Theorems {4.1.1] and [4.1.5| show that w := D —m > 2. Since G has no outer
automorphism, Lemma allows us to assume that Ggeom = G-

We argue by contradiction, relying on [KT5, Theorem 4.17]. Assume that either p > 7 (so p is
coprime to the order of the Weyl group W(G)), or p € {5,7} (so p is not a torsion prime for G).
Since V3 is self-dual, the Q-characters on Wild have to occur in pairs (6,6) with equal multiplicity,
hence 2|w in the latter case. Postponing the case where p € {5,7} and 2p|w until (iv), we have that
either p > 7, or p € {5,7} and p f w. Applying [KT5, Theorem 4.17], we see that w divides the
order of some element in W(G) = Spg(2) x 2, hence either w = 30 or w < 18, see [CCNPW]; also,
its proof shows that () is abelian.

Suppose w = 30. We work with the finite group (Q, 7ss) of G constructed in [KT5l Proposition
4.11], where @ is the image of P(co) in G. As shown in the proof of [KT5, Theorem 4.17], g
has order 30 in Ng(Q)/Cq(Q), and transitively permutes the 30 distinct linear characters of () on
Wild. Furthermore, @ is contained in a maximal torus 7 of G, and we can find ¢ € Cg(Q) such
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that vssc normalizes 7 and induces an element w € W(G) of order divisible by 30. It follows that
o(w) = 30, w is unique up to conjugacy in W(G), and it has a unique orbit O of length 30 on the
set Q of 56 T-weights of V3. Note that - and 7gc have the same action on the 30 Q)-characters
afforded by Wild. As @ < T, it follows that these 30 characters are obtained by restricting the
T-weights in O. A computer calculation done by F. Liibeck shows that if ¢t € 7 and «(t) = 1 for
all 26 weights a € Q . O, then t = 1. As @ acts trivially on Tame of dimension 26, we conclude
that () = 1, a contradiction.

(ii) Now we assume that w < 18, and so m = dim Tame > 38. Consider any element 1 # g € Q
of order p, and we aim to find the spectrum of g on V. Let

F:=F(g) ={a€Q]alg) =1},
so that
(6.2.12.1) #F > m > 38.

It is convenient for us to realize the set (2 as follows. Consider a 3-dimensional Fa-vector space U with
basis (a, b, c), and an orthogonal basis (e, | u € U) of the Euclidean space R® with (e, e,) = 1/2.
Then the root system of type Eg can be realized as

{*2ey,+e, ey, te. te |z,y,2,t €U z+y+2+t=0, z,y,2t pairwise distinct} .

Imposing the condition u # 0 on the roots, one obtains the root system of type E-, and moreover
the set 2 of the 56 T-weights of V3 is given by

(6.2.12.2) Qi={te, e, e, |z,y,z€U,x+y+2=0, z,y,z pairwise distinct} .
For brevity, we will label elements of U by {0,1,...,7} as follows:
0—0,a—~1, b2 a+b—=3, c—4, atc—5 b+tcr—6, at+tbtecrT.

Then the seven (unordered) triples (x,y, z) occuring in are
(1,2,3), (1,4,5), (1,6,7), (2,4,6), (2,5,7), (3,5,6), (3,4,7).

(iii) Note that, since p > 2, the weight 2e; takes value 1 at g if and only if e; does. Suppose
first that e;(g) # 1 for at least two different values of 4, 1 < i < 7. Since SL(U) = SL3(2) embeds in
W(G) and acts doubly transitively on U \ {0}, we may assume that ej(g) # 1 and e53(g) # 1. Then
for each choice of (k2,k3) = (£1,£1), each pair +ej + k2e5 + K3e3 can contain at most one weight
from F, and thus the triple (1,2, 3) yields at most 4 weights in F. The same is true for (1,4,5) and
(1,6,7). Repeating the argument for e5, we see that the same holds for (2,4,6) and (2,5,7). Thus
#F <4-542-8 =36, contradicting .

We may therefore assume that e;(g) = 1 for 1 < ¢ < 6. Setting e=(g) = /5, we now see that
the weights in take values 1, 3, and 871, at g, with frequency 32, 12, and 12. But then

(16.2.12.1)) implies that § = 1, and thus ¢ = 1, a contradiction.

(iv) As promised, we now return to the case where p € {5, 7} and 2p|w. By [KRLT4|, Proposition
4.9], this implies that @ is non-abelian. Since @ is nilpotent, it is supersolvable and so embeds in
N¢g(T) for some maximal torus 7 of G, see [Bor, E-44, 11.5.16]. Now the nontrivial p-group Q/Qr,
with Q7 := QNT, embeds in W(G) = Spg(2) x 2, so in fact @)/Q7 has order p, and we may assume
it is generated by an element 1 of order p in W(G). If Z(Q) £ Q7, then Q = Z(Q)Q7 would be
abelian, a contradiction. Hence 1 # Z(Q) < Q7; in particular, Q7 contains an element z € Z(Q) of
order p. Note that if 8 # 1 is an arbitrary eigenvalue for z on V4, then the corresponding eigenspace
is a sum of wild simple @)-submodules, hence all of dimension divisible by p.

Suppose now that p = 7. The above condition on z implies by [CGl Table 6] that 1 is not an
eigenvalue for z on V3. Thus Tame = 0, i.e. H is Kloosterman of rank 56. By [KRLT4, Proposition
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4.9], the @Q-module V4 is the sum of 8 simple submodules, V;, 1 < I < 7, permuted transitively
by vss. Next, h := 75 fixes each Vj, and the spectrum of h on one, hence on every by ~s-action,
submodule V is € - (ug \ {1}) for some root of unity £ € C*. In particular, the trace of h on Vy
is —8¢. As Vy is self-dual, we must have that £ = 41, which implies o(h) = 8. Since the central
involution z of G acts as —Id on Vy, replacing h by dz, we may assume that £ = 1, and thus h is
an element in G of order 8, whose eigenvalues on V3 are the 7 nontrivial 8™ roots of unity, each
with multiplicity 7. It follows that h? is an element of order 4 in G that has eigenvalues 1, (4, —1,
and Qrf, with multiplicity 8, 16, 16, and 16, respectively. However, such an element does not exist
in G, see [CG| Table 6].

Suppose now that p = 5 and 10/w. The above condition imposed in on z implies by [CGl| Table
6] that 1 is an eigenvalue of z of multiplicity 6 or 16; in particular m < 16, and so w = 50 or
w = 40. Since Q/Q7 = (n) = C5 and Q7 is abelian, Ito’s theorem [Is| (6.15)] implies that any
simple @-module has dimension dividing 5, ruling out the case w = 50. Consider the case w = 40,
in which z is an element of type 5.J in [CG| Table 6], that is,

(6.2.12.3)  the multiplicity of Cg as an eigenvalue of z on Vg is 16 if j =0 and 10if 1 < j < 4.

Recall that z € G is centralized by the element n € W(G) of order 5. It is now convenient to use
yet another realization of the weight system of type E7 given in [OV] Table 1]. Namely, in the

Euclidean space R® one can find f1,..., fs with (fi, fj) = &;; — 1/8 and
8
(6.2.12.4) d fi=0,
i=1

so that Q = {£(f; + f;) | 1 <i < j < 8}. This construction exhibits the action of the natural sub-
group Sg of W(G) (permuting fi, ..., fs), and we may assume that n permutes fi,..., f5 cyclically
and fixes each of fg, f7, fs. Taking (6.2.12.4)) and o(z) = 5 into account, we now have

Az)=fi)=...=f5(z) =, folz) =B, f1(2) =7, fs(z) =6 =(By)"",

where o, 3,7 € C* and o® = 3° = 4° = 1. Now, if @ = 1, then all 20 weights £(f; + f;) with
1 <4< j <5 take value 1 at z, contradicting (6.2.12.3)). Hence

(6.2.12.5) a1,

and (f; + f;)(z) with 1 < i < j < 5 yield o? with frequency 10, and (—f; — f;)(z) for these i, j
yield a2 with frequency 10, and, by , the remaining 36 weights of ) must take value 1
at z 16 times. If, however, none of af, a7y, ad is 1, then 1 can be achieved only by the 6 weights
+(fi + fj)(2), 6 < j < 8, a contradiction. Using an element (6,7,8) € Sg that centralizes 1, we
may assume o = 1. Now, if none of ay,ad is 1, then 1 can be achieved only by the 10 weights
+(fi + f6), 1 <i <5, and the 6 weights =(fs + f;)(2), j = 7,8, and =(f7r + f3). It follows from
that all the latter 6 weights take value 1 at z, i.e.

py=pd=v=1,

yielding %2 = 1, and so a = 87! = 1, contradicting (6.2.12.5). Using the action of (7,8) € Sg if
needed, we may assume ay = 1. But then the 20 weights +(f; + fs) and £(f; + f7) with 1 <i <5
all take value 1 at z, again contradicting (6.2.12.3)).

(v) Suppose now that m = 1, so that w = 55. By the above results, p = 2 or 3. Hence, [KRLT4,
Proposition 4.8] implies that @ is elementary abelian of order 22° or 3!°, which is impossible for
subgroups in G by the main result of [CS]. O
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THEOREM 6.2.13. Let p be a prime, and suppose that there exists a hypergeometric sheaf H in
characteristic p, of type (27, m) with D > m, such that G := Goeom 15 of type Eg. Then p < 3.
Moreover, either m > 1, or (m,p) = (0,3).

PROOF. (i) Theorems and [4.1.5]show that w := D —m > 2. Since any automorphism of G
which preserves the isomorphism class of the underlying representation V4 for G is inner, Lemma
allows us to assume that Ggeom = G.

We argue by contradiction, again relying on [KT5, Theorem 4.17]. Assume that either p > 5
(so p is coprime to the order of the Weyl group W(G)), or p =5 (so p is not a torsion prime for G).
Postponing the case where p = 5 and p|w until (v), we have that either p > 5, or 5 = p { w. Applying
[K'T5, Theorem 4.17], we see that w divides the order of some element in W(G) = SU4(2) x 2,
hence w < 12, see [CCNPW]; also, its proof shows that @ is contained in a maximal torus 7 and
so is abelian. In particular, m = dim Tame > 15.

It is convenient to use the following realization of the weight system of type Eg given in [OV]
Table 1]. Namely, in the Euclidean space R® one can find f,eq,...,e with (e, ej) = &;; — 1/6,

(f,es) =0, (f,f)=1/2, and
(6.2.13.1) S e =0,

so that the set ) of 27 T-weights of V3 is
Q={e;* f,eij:=—€e;—e; |1 <i<j<6}
This construction exhibits the action of the natural subgroup Sg x Cy € W(G) (with S¢ permuting
el,...,e¢ and fixing f and Cy fixing e1, ..., e and changing sign of f).
(ii) Consider any element 1 # g € @ of order p. Note that, since p > 3, the weight 6e; takes

value 1 at ¢ if and only if e; does. Call a weight w € © good (for g) if w(g) = 1, and bad otherwise.
As m > 15, we have that

(6.2.13.2) the number of bad weights (for a fixed g¢) is at most 12.
We show that the action of g on Vy is conjugate to
(6.2.13.3) diag(Idys, ¢ - Ide, ¢ - Ids)

for a primitive p" root ¢ of unity.

Here we consider the case f(g) # 1. Then each pair e¢; + f, 1 < i < 6, must contain at least one
bad weight. Now, if e1(g) = e2(g) = ... = eg(g) =: £, then implies that €6 = 1 and so
& =1, in which case holds with ¢ := f(g). So, using the Sg-action, we may assume that
e1(g) # e2(9)-

Suppose first that es(g) # es(g). Then each of the 6 pairs (e13,e23), (€14,€24), (e15,€25),

(e16,€26), (€35,€45), (€36, €46) also contains at least one bad weight from F. Hence (6.2.13.2)) implies
that there are no more bad weights among the remaining 3 weights ej9, e34, and es5g, and so

e1(g) = a, ex(g) = a™, es(g) = B, ealg) = 671, es(g) =7, es(9) =77
for some «, 3,y € C*. It also follows that each of the aforementioned 12 pairs contains exactly
one bad weight and one good weight. Applying this to (13, e23), we see that 1 = af or 1 = a~!j.
Conjugating by (3,4) € Sg if necessary, we may assume /3 = «. Applying this argument to (ejs, €25)
and e; £+ f, we may also assume that f(g) = v = a. Thus, at g the 27 weights in Q take value 1,
a?, and a2, with frequency 15, 6 and 6, respectively, and thus holds with ¢ := o?.

Now we consider the case o := e1(g) # S = ea2(g) but e3(g) = es(g) = e5(g9) = es(g) =: 7.
Suppose in addition that v # 1. Then all 6 weights e;;, 3 < ¢ < j < 6 are bad. Hence ((6.2.13.2))
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implies that the remaining weights are all good, including e;3, and es3. In this case, ay =1 = 7,
contradicting the assumption « # . Thus v = 1. If in addition « # 1 # 3, then the 8 weights
ei; with ¢ = 1,2 and 3 < j < 6 are all bad, contradicting . Hence 1 € {«, 8}, which then
implies by that « = 1 = 3, again a contradiction.

(iii) Now we consider the case f(g) = 1. Suppose that e;(g) # 1 for all 1 < ¢ < 6. Then the
12 weights e; + f are all bad, hence by , all the 15 weights e;; are good. It follows that
1#ei(g) =...=eg(g9) = a but a® = 1, a contradiction.

So we may assume that e;(g) = 1. Suppose that e;(g) # 1 for all 2 < ¢ < 5. Then the 12
weights e; + f and ey; with 2 < 4 < 5 are all bad. Hence by , all the other 15 weights,
including es3, ea4, €34, are good. It follows that 1 # es(g) = e3(g9) = es(g) =: a but a? = 1, again a
contradiction.

Hence we may assume that e;(g) = ea(g) = es(g) = 1. If ;(g) # 1 for all 4 < i < 6, then the
15 weights e; £ f and e;; with 4 <4 <6, 1 <7 < 3 are all bad, contradicting (6.2.13.2). We may
now assume that ej(g) = e2(g) = e3(g) = ea(g) = 1. In this case, (6.2.13.1)) implies that e5(g) = «

and eg(g) = a1, showing that (6.2.13.3) holds for ¢ := a.

(iv) Now that we have established (6.2.13.3), the condition m > 15 implies that in fact m = 15
and w = 12. As 5 < p{w, [KRLT4, Proposition 4.8] shows that @) is elementary abelian of order
p® for some a € {1,2}, and the @-module Wild is multiplicifty-free. If a = 1, then shows
that @ = (g) has a simple submodule of dimension 1 with multiplicity 6 on Wild, a contradiction.
So we can write @ = (g, h) = Cg. By , the g-module Wild is the sum of two g-eigenspaces
W and We-1, each of dimension 6. The @Q-module Wild being multiplicity-free forces h to act on
W, with 6 distinct eigenvalues, and this contradicts (6.2.13.3)) applied to h.

(v) As promised, we now return to the case where 5 = plw. By [KRLT4, Proposition 4.9], this
implies that @ is non-abelian. Since @ is nilpotent, it is supersolvable and so embeds in Ng(7)
for some maximal torus 7 of G, see [Bor| E-45, I11.5.16]. Now the nontrivial p-group Q/Q7, with
Q1 :=QNT, embeds in W(G) = SU4(2) x 2, so in fact Q/Q7 has order 5, and we may assume it is
generated by an element 7 of order 5 in W(G). If Z(Q) € Q7, then Q = Z(Q)Q7 would be abelian,
a contradiction. Hence 1 # Z(Q) < Q7; in particular, Q7 contains an element z € Z(Q) of order
5. Note that if 8 #£ 1 is an arbitrary eigenvalue for z on V3, then the corresponding eigenspace is
a sum of wild simple @-submodules, hence all of dimension divisible by 5. This implies by [CW|
Table 2] that 1 is an eigenvalue of z of multiplicity 2 or 7; in particular m < 7, and so w = 25 or
w = 20. Since Q/Q7 = (n) = Cs and Q7 is abelian, Ito’s theorem [Is| (6.15)] implies that any
simple Q-module has dimension dividing 5, ruling out the case w = 25.

Consider the case w = 20, in which z is an element of type 5E in [CW] Table 2], that is,

(6.2.13.4) the multiplicity of Cg as an eigenvalue of z on Vi is 7if j=0and 5if 1 < j < 4.

Recall that z € G is centralized by the element n € W(G) of order 5, and we may assume that
n permutes eq,...,e; cyclically and fixes each of eg and f. Taking (6.2.13.1) and o(z) = 5 into

account, we now have

e1(z) =ex(z)=...=e5(2) =, es(2) =1, f(2) =0,

where o, 8 € C* and o® = 1. Now the 10 weights e;;, 1 < i < j < 5, all take value a™? at z,
violating ((6.2.13.4)).

(vi) Assume now that m < 1. By the previous results, we may now assume that p = 2 or 3.
Suppose m = 0 but p = 2. As w = 27, by [KRLT4, Proposition 4.8], @ is elementary abelian of
order 2'8) but G does not possess such a subgroup by the main result of [CS].
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Suppose m = 1, so that w = 26. If p = 3, then [KRLT4, Proposition 4.8] implies that g3
has spectrum (1[13], (-1 ]) on Wild. Then the 2-part h of ¢g!2 has the same spectrum on Wild,
and {3} on Tame for some 8 € C* of finite order 2°. If b < 1, then & is an involution, and [CW],
Theorem 3.1] shows that G' cannot have an involution with such a spectrum. If b > 2, then B2
has spectrum (1[26} (—1)), which is again ruled out by [CW Theorem 3.1].

If p = 2, then [KRLT4, Proposition 4. 9] implies that g'2 has spectrum (5[13] §C[13]) on Wild,

for some £ € C*. Then the 3-part h of g2 has spectrum (a[13] a§[13]) on Wild and {$} on Tame
for some a, 3 € C* of finite order 2¢ and 2°. Replacing (3 by (5 and a by a3, we may assume
that o(a) > o(a(3) and thus a > 1. Now, if b > a or if a > max(b,1), then A™#x(@0)=1 j5 an
element of order 3 with some ¢ € us3 as an eigenvalue of multiplicity 26, which contradicts [CW|,
Theorem 3.1]. If @ = 1 > b, then two of 1,(3, (3 are eigenvalues of multiplicity > 13, which is again
impossible by [CW], Theorem 3.1]. In the remaining case a = b > 2, B3 acts as multiplication by
o3 7" € pz~ {1} on Wild and 83"~ on Tame. Using [CW], Theorem 3.1], we see that 3*" = a3" "
Replacing h by o~ 'h, we see that h has spectrum (Célg], 1[13]) on Wild and an eigenvalue of order
39~ > 3 on Tame, which is ruled by the argument for the b > a = 1 case. O

Now we can formulate one of the main results of the book:

THEOREM 6.2.14. Suppose H is a hypergeometric sheaf in characteristic p, of type (D, m) with
D >m and D > 2 such that Ggeom 15 primitive and infinite. If D = 4,8,9, suppose in addition that
H satisfies (S+). Then G := Ggeo, is a simple algebraic group that acts irreducibly on H, and one

of the following statements holds.
() G is SLp, SOp, or, Spp with even D, acting on H via the natural representation or its dual.
D=4, p=23, and G is the image of SL2 = SL(V) acting on Sym3(V).
D=5, p=2, and G is the image of SLy = SL(V) acting on Sym*(V).
D=6, p=2, and G = SL3 = SL(V) acting on H as on Sym?(V') or Sym?(V*).
D=7 nd G is Go.
D =8, and G acts on 'H as SL3 = SL(V') acts on the adjoint module.
D= 8 and G acts on H as Spin; acts on its spin module.

= 2 D = 2N/2=1 with N € {10,12,16}, and G = HSpiny.
(x) 2§p§3 and (D,G) = (27, E) 07"(56 Ey).

Moreover, if w:= D —m > 2 in addition, then we have the following more precise information.

(ix

(a) In case (i), there exists a tame character x such that the geometric monodromy group of L, @ H
is either G, or Op with 2|D.
(b) In cases (ii)—~(v), (ix), and (x), there exists a tame character x such that L, @H has Ggeom = G-

PRrROOF. By Theorem the primitivity of H implies (S+) when D # 4,8,9. Hence, (S+)
holds in all cases, and so G = Gy, Is a simple algebraic group acting irreducibly in the underlying
representation Vy. Next, recall that a (topological) generator gy of the image of I(0) in Ggeom has
a regular spectrum on V3, and so we can apply Theorem to recognize V. In the case G
is of type A,, the statement now follows from Theorem when r = 1 (note that the image of
SLy = SL(V) on Sym?(V) is just SO3 on its natural module), and Theorem when r > 1
(again note the image of SLy = SL(V') on A%(V) is just SOg on its natural module). If G is of type

C, the statement follows from Proposition For the remaining types B,, D, and Eg, E7, the
statement follows from Theorems [6.2.10] [6.2.13] and [6.2.12]
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The “moreover” statement results from Lemma together with the fact that for D > 4
even, the normalizer of SOp in GLp is the central product GL; * Op. ]

REMARK 6.2.15. The requirement that w := D—m > 2 in the “moreover” statement of Theorem
6.2.14]is essential. For if w = 1, then in any odd characteristic p, we have Ggeom = SLp, cf. Theorem
4.1.1|; but (because w = 1) det(H) has order divisible by p. So we would need to twist by a character
whose D™ power has order divisible by p, and no such character is tame. The best we could do is
twist by a tame character so that the “upstairs” characters have product 1, in which case Ggeom
will be the group {g € GLp|det(g)? = 1}.




CHAPTER 7

Extraspecial normalizers and local systems in odd characteristics

7.1. A supersingularity result

Given an integer n > 1, and a power g of p, consider the universal family of polynomials of the

form
n

Z siﬂzH‘qi +s_qx
i=0
over the space (G, x A" /F,, with coordinates (s, sp—1,...,5-1). On (G, x A"1)/F,, we have
a local system Uy, , of rank ¢" whose trace function is as follows: for k/IF, a finite extension, and
(Sny Sn—1,-..,5.1) € kX x kT,
n
Trace(Frob(smsnil7“.7371)’,6|Z,{n7q) - _ Z U ( Z szl T 5—1$)-
zek =0
THEOREM 7.1.1. Over F 2, the Tate twisted local system Uy, 4(1/2) is geometricallly irreducible,
and has finite arithmetic and geometric monodromy groups.

PROOF. To see the geometric irreducibility, notice that pulled back to the line (1,0,...,0,s5_1) it
is the Fourier transform of the lisse rank one sheaf E¢(x1+qn), so already this pullback is geometrically
irreducible. It is proven in [Ka-MMP| 3.8.6] that each curve

n
yw—y= Zsia:Hq +s_1T
=0

is supersingular. For such a curve over F,/F,2, each Frobenius eigenvalue is of the form qL/?

times a root of unity (where we write g2 = pdeg(Fq/ IF1’2)). In particular, each eigenvalue of

Froby, (s,.,sn_1,....s_1)[Un is of this form. Thus U, (1/2) is pure of weight zero, and all of its Frobenius
eigenvalues are roots of unity. This implies the asserted finiteness, cf. [KRLT1] 2.1]. O
THEOREM 7.1.2. Fork a finite extension of Fp, ¢ a power of p, n > 1, and (Sn, Sp—1,...,50,5-1) €

E* x k"t define
S(s-1, 50 Sn; k) = -1 Z@Dk (z”: sixHqi + s 1:6)
\/ﬂ z€ek =0
Then we have the following results.
(a) If k is an extension of Fy, then |S(s_1,50,...,5n;k)|? is either 0 or a power ¢ of q with
0<v<2n. Ifs_1 =0 and q is odd, the value 0 does not occur.
(b) Ifk is a subfield of Fy and p is odd, then |S(s_1, S0, .., 5n; k)|? is either 0 or 1 or #k, and
all three are attained as we range over all possible (sy,Sp_1,--.,50,5-1) € k> x k"L, If
s_1 =0 and q is odd, the value 0 does not occur.
(c) If k is a subfield of Fy and p = 2, then |S(s_1, 80, ..., sn; k)|? is either 0 or #k, and both

are attained as we range over all possible (sp, Sp—1,.-.,50,5-1) € k* % Entl,

119
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(d) If n is odd, and if s; = 0 for all even i, and if k is a finite extension of F,2, then
|S(s-1,80y--.,8n; k)| is either O or a power of q. If s_.1 = 0 and q is odd, the value 0
does not occur.

PROOF. This is a variation of the argument of [vdG-vdV], Section 5].
2

We first prove (b). Suppose now k is a subfield of F,. Then for « € k each term szt = g;22,
SO our raw sum

_Z¢k(z Si:L'H'qi —|—8,1£L‘ = Zﬂ)k Zsl x° + s_ 11‘)

xck =0 xck =0
is either 0 (if -7 ;s; = 0 and s_; # 0) or a quadratic Gauss sum over k (if (3°7" ;s; # 0) or —#k
(1Y gsi=0=s5_1).
For (c), we use the fact for x € k, s;x 21+ = ;22 has the same Try/p, as 81/2£E, and hence our
1/2
)

raw sum is ¢ applied to a multiple of z (the multiple being s_; + EZ>0 , SO the raw sum is

either 0 or #£k, and both are attained.
We now turn to the proof of (a). Denote by R(x) the g-linear polynomial

n .
= Z s;xd .
i=0
Then the square absolute value of the sum in question is

(1/#k) > r(R(@)z + 512 — R(y)y — s-1y)

z,y€k
= (1/#k) > ve(R(z +y)(x +y) — R(y)y + s_12)
z,y€k
= (1/#k) > r(R@)z +s_12) Y vp(R(z)y + R(y)z).
z€k yek

The inner sum is ¢ applied to
Tresr, (R(x)y + R(y)z),
which is an Fj,-valued symmetric bilinear form on k, viewed as vector space over [Fj,: let us denote
it as
(,y)r = Trym, (R(x)y + R(y)z),
More precisely, we have

Tr/m, (R(x)y + R(y)z) = Tryp, (R(z)y + Z Siyqi)

=0
= Tryyp, (R(x)y + Y _(siz)"/Ty)
i=0
—Trk/]F —i—stl/q

So by nondegeneracy of the Trace, the inner sum over y Vanlshes unless x satisfies

)+ (siw)e =0,
1=0
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1.e. n | n |
> osia? + Y (siw)'/" =0,
=0 =0

or equivalently, applying the ¢ power map,

n n
qn i+n n—i o

g s; x? T+ E (s;x)t =0,

1=0 1=0

in which case the inner sum is #k. Let us denote by

n n
Wg = {x €k: ngnxqwn + Z(siw)qnﬂ = 0} .
=0 i=0

On the one hand, this is visibly an [F, vector space, of dimension < 2n. On the other hand, it
is set of elements in k& which are orthogonal to every element y € k for (x,y)r. From this second
interpretation, we see that the map

Wg — Fp 2= Tryp, (2R())
is additive. Indeed, for z,y both in Wk, using the additivity of x — R(x), we have
(z +y)R(z +y) = 2R(x) + yR(y) + zR(y) + yR(z),

and we take Try g, . Thus z — Tryp (zR(z) + s—17) is an additive map from W to F,.
Recall that we have

[S(s-1, 50, 50 R)P = D o(Trgsm, (@R(2) + 5-12)).
zeWpr

If 2 = Tryp, (vR(z)+s_17) is the zero map, then we get [S(s—_1, 50, - -, Sn; k)|? = #Wg. Otherwise
we get 0. Because W is an IF, vector space of Fy-dimension < 2n, its cardinality is the asserted
power of q.

To prove (d), we observe that if n is odd and the only nonzero s; have ¢ odd, then in the equation
defining Wg, only even powers of g appear as exponents, so in this case Wg is an F2 vector space.
So its cardinality is a power of ¢2, and hence |S(s_1, 50, - . -, sn; k)| itself is a power of q. O

COROLLARY 7.1.3. Let k be a subfield of Fy, say #k = qo and q = q[’; for some integer f > 1.

Let L/k be a finite extension. For (sp,Sn_1,...,80,5_1) € L* x L"! the square absolute value of
n
(—1/V/#L) Z VL (Z szt + s y3).
x€eLl =0

is either 0 or a power qf of qo with 0 < v < 2nf. If s_1 =0 and q s odd, the value zero does not
occur.

PROOF. View the situation as lying over Iy, and apply Theorem O
We will need the following, quite surprising, congruence result for certain trace functions:

THEOREM 7.1.4. Let p be a prime, £ # p, \/p € Q¢ a chosen square root of p, q a power of p,
n > 2 an integer, and let a1 > ao > ... > a, > 0 be odd integers. Consider the local system G on
Gy x A" over IF), whose trace function is

—1 - o
(81, 8n,t) €K X k" — \/ﬂ;d}k(;&xq 41 +t:n),
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in which we understand /#k to mean \/;Edeg(k/Fp). Denote by Gaien the (finite, by Theorem
arithmetic monodromy group of F.
If p=2, let k be a finite extension of Fyp2. If p is odd, let k be a finite extension of Fpa. Given
a point
(s,t) :=(S1y.--,8n,t) €K X K™,
denote by Fs4) i the image of Frob(g ) . in Garin. Let K/k be a finite extension field whose degree
N is 1(mod p). Then the traces of Fsy) ) and of (F(S’t),k)N = Fls 1)K are related by the congruence

Trace ((F(s44)" ) = Trace(Fsy ) (mod (q+ 1)Z[G)).

PROOF. We first remark that over extensions of 2, the “clearing factor” V#k is an integer,
and hence over such extensions all Frobenius traces lie in Z[(,]. We now turn to our particular k
containing fig41 (and containing ¥4 if p is odd) and its extension K/k of degree N which is 1 (mod
p). The first key point is that p|(N — 1) implies for all y € k that

(7.1.4.1) Tri/k(y) = Ny =y.
Thus every element x € K can be written uniquely in the form
(7.1.4.2) r=y+z withy €k, z€ K, and Trg,,(2) = 0.
Indeed, taking y := TrK/k(x) € k and z := x — y, we have
Trgr(2) = Trge(z) — Trgpp(y) =0,

giving such a writing. The writing is unique because k N Ker(Trg ;) = {0}.
Having fixed (s1,...,8n,t) € k™ x k™, let us write

n
f(x) = Z sixd" Tt
i=1

Then, given ([7.1.4.2)), we readily compute

n

Fly+2) = sily+2)"" +t(y +2)
=1

n
=tly+z)+ Z sy + 2)(y?" +29"7)
i=1

= fW) + F(2)+ D silyz"" +y72).
i=1
The second key point is that because Gal(F,/F,) is abelian, Ker(Trg ) is mapped to itself by

any power of Frobp,. Therefore not only z but each 24" lies in Ker(Trg ;). By definition, ¢x =
Y o Trg /i, and hence

(7.1.4.3) 1/1K(f(y + z)) =YK (f(y) + f(2) + elements with Trg/, = O) = wK(f(y) + f(z))

The clearing factor /#k is a power of ¢ if p = 2, and a power of ¢? if p is odd. As N is odd

for p = 2, the two clearing factors \/#k and \/#k:N are congruent to each other modulo ¢ + 1. For
p odd, each of the clearing factors is a power of ¢2, so each is 1 modulo ¢ + 1. Thus it suffices to
show the asserted congruence for the ) _ 1 sums without their clearing factors.
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By , we have
S Uk(f(2) = 3 v(f) + 1) = vk (Y. vk(f(2).

zeK y€k, z€Ker(Trg /i) yek z€Ker(Trg 1)

The first factor is

D uk(f) = vr(f(w))

yek yek
simply because f(y) lies in k, so is its own Trg /i, see ((7.1.4.1). We write the second factor as
1+ Z Vi (f(2))-
0#z€Ker(Trg 1)

So it suffices to show that

Si= Y. ¢r(f(2) =0 (mod (g+ 1)Z[G)).

0#z€Ker(Trg /1)

Because k™ contains jiq11, the set S := Ker(Trg ;) \ {0} is stable by homothety by jiq11. So if we
pick a set of representatives z; € S of the quotient space S/ji4+1, then

> =Y > vr(f(¢z)

OsézeKer(TrK/k) 1 (€ug+1

If we write f(z) = g(z) +tz with g(z) := Y1 | s;29" 1 then g(z) is a polynomial in 297! (because
the a; are odd). Hence f(Cz;) = g(zi) + (tz;, and our sum ¥ becomes

D Ur(gG( 3 v(tz)

CEpg+1
By the choice of 2, Trg/(Ctzi) = 0 for all ( € pg41. Hence the inner sum is
> owk(Cta) = Y k(Trg(Ctz) = D ¢k(0) =g +1,
CEHg+1 CEHg+1 CEpg+1

completing the proof. O

COROLLARY 7.1.5. Hypotheses and notations as in Theorem|7.1.4 above, suppose F ) . € Garitn
s an element of order prime to p. Then every power (F(s,t),k)d of Fisp)x has

Trace((Fiy )% = —1 (mod (¢ + 1)ZIG,).

Proor. If (F(S7t)7k)M = Id with M prime to p, then after replacing M by N := MP~! we have
(Fis,06)Y =1d with N =1 (mod p). Then

Trace((F(s’th)N) = Trace(Id) = ¢"* = (—1)"* = —1(mod (g + 1)Z[{p)).

So by Theorem applied with N, we get Trace((F(ss)) = —1 (mod(g + 1)Z[(,]). But each
power (F 4, )¢ also has trivial N*® power, so this same argument gives the asserted congruence. [J
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7.2. Linear groups in characteristic p > 2

Let p be a prime. Recall that an extraspecial p-group is any finite p-group F such that Z(E) =
[E,E] = ®(E) is cyclic of order p. Any such group has order p!*2¥ for some N € Z>1, in which
case it has p — 1 faithful, irreducible irreducible representations of degree p~V. For such a group E,
the following statement is extracted from [GT1), Lemma 2.4] and its proof.

LEMMA 7.2.1. Let p be a prime and let E an extraspecial p-subgroup of order p*t2V. Suppose
X is a finite group with a normal subgroup R = Z(R)E. Suppose that v is an irreducible complex
character of X of degree p" such that 1|r € Irr(R). Then for any g € X, |(g)|*> = |Cr/z(r)(9)] if
g acts trivially on the complete inverse image of Cg zr)(g) in R, and 1(g) = 0 otherwise. In fact,
for any g € X, the coset gR contains at least p elements h with |1 (h)|* = |Cg/zr)(9)|.

In the rest of this section, we fix an odd prime p and prove some recognition results for finite

subgroups of GL,~(C). We will consider the extraspecial p-group £ = p_f“QN with exponent p,

embedded in GL,~(C) via one of its faithful irreducible representation V' = CP" of degree pN.
It is well known, see e.g. [Gr], that this embedding extends to a larger group that induce all
automorphisms of E which are trivial on Z(E) = C,, and in fact

L(p, N) = Nevw) (E) = Z(GL(V))E % Spon (p), D(p, N)™) = E % Spyy ().
For any divisor e of N, we have a standard subgroup Spyy . (p°) x Ce of Sp,yy(p), obtained by base
change the natural module IF‘IQ)N to Fiiv/ ¢, see [KT2, §4].

THEOREM 7.2.2. Let ¢ = p/ be a power of a prime p > 2, n € Z>1, N :=nf, and let ¢g" > 11.
Let G < GL(V) =2 GL,~ (C) be a finite irreducible subgroup that contains a subgroup G1 = Spy,,(q)-

Then there exist an irreducible subgroup E = p}r”N < GL(V), a divisor e of f, a divisor d of e,
and a standard subgroup L := Spyy/.(p®) X Cy inside Spyy.(p®) X Ce < Spay(p) such that

G = E x Spyn/e(p°), and Z(GL(V))G = Z(GL(V))(E x L).

More precisely, any element in G can be written as ah with « € C* a root of unity and h € E x L,
and vice versa, any element in E x L can be written as Bg with 8 € C* a root of unity and g € G.

PROOF. (i) By assumption, G > G acts irreducibly on V = CP". Next, by [TZ1, Theorem
1.1], any nontrivial projective representation of PSp,, (¢) has degree at least (p”¥ — 1)/2. We also
observe that G; cannot be irreducible on V. Indeed, if n > 2, then since ¢" > 11, [TZ1, Theorem
5.2] implies that G; has no irreducible C-representation of degree ¢". If n = 1 (and so ¢ > 11), then
the only irreducible C-representation of G; = SLa(q) of degree ¢ is the Steinberg representation,
which is however trivial on Z(G1) = (j)C2, and this contradicts the faithfulness of G; on V. Hence,
the Gi-module V' is reducible, and each of its irreducible summands has dimension 1 or at least
WY —1)/2.

We also recall the fact that the smallest index P(G1) of proper subgroups of G; is at least
q" = p~ (with equality only when ¢" = 11), see [KIL|, Table 5.2.A].

(ii) Suppose that G fixes an imprimitive decomposition V' = @, V; with m > 1. If m < P(Gy),
then G has to fix each of the V;’s. On the other hand, dim(V}) is a proper divisor of dim(V) = p",
whence dim(V;) < pV~! < (p"¥ — 1)/2. Given the shape described in (i) of the Gj-module V, this
can happen only when dim(V;) = 1, which implies that G; acts trivially on V, a contradiction.
Thus m > P(G1), and by (i) this is possible only when ¢"” = 11 and dim(V;) = 1. We have also
shown that G; = SLg(11) permutes the 11 subspaces V; transitively. Let G1; denote the stabilizer
of V1 in G1. According to [CCNPW], Gi; is a subgroup of type 2 - A5 in G;. In fact, since G
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has only one involution, namely the central involution j, we must have that Gi; = SLy(5). Now
the action of the perfect group G1; on the 1-dimensional space Vi must be trivial; in particular j
acts trivially on Vj. As G; permutes the V;’s transitively and j € Z(G1), j acts trivially on every
V; and so on V, contradicting the faithfulness.

We have shown that G acts primitively on V. Suppose G fixes a tensor decomposition V = A®¢
B, that is, G < GL(A) ® GL(B), with 1 < dim(A), dim(B). This induces projective representations
of G on A and B, which have dimensions at most p"¥/3 < (p¥ — 1)/2. By (i), this is possible
only when these projective representations are trivial, that is, G; acts via scalars on A and on B.
This implies that G acts via scalars on V', whence this action is trivial since G is perfect, again
contradiction.

Assume now that G fixes a tensor induced decomposition V = U®™ for some m > 1. Then
dim(U) > 1 is a power of p, whence m < N < p" = ¢" < P(G). This shows that the action of G4
on the m tensor factors is trivial, and so G fixes a tensor decomposition V =U; Q Us ® ... R Uy,
with dim(U;) = dim(U). But this is impossible by the preceding case.

(iii) We have shown that the finite group G satisfies condition (S) of [GT3] and so can apply
IGT3|, Proposition 2.8] to conclude that either

(a) G is almost quasisimple with G(®) acting irreducibly on V, or

(b) E <G < Ngpv)(E) for some extraspecial p-group E of order pl T2V

acting irreducibly on V.

Here we consider the second possibility (b). First we note that
(7.2.2.1) GiNZ(GL(V))E = 1.

Indeed, the quasisimple group G normalizes the nilpotent subgroup X := G1 NZ(GL(V))E, hence
X =1or X = Z(Gy) = (7). In the latter case, if j ¢ Z(GL(V)), then it is a scalar multiple
of a non-central element in F, whence it has trace 0 on V. On the other hand, the involution j
has only eigenvalues 1 and —1 on V = Cr" of odd dimension, and so its trace must be nonzero,
a contradiction. So j € Z(GL(V)), whence it acts as scalar —1 and so has determinant —1 on V.
This is again a contradiction, as G is perfect and so lies in SL(V).

Next, we consider the conjugation action of G; on E. The kernel of this action is G; N
Z(GL(V)) = 1 by (7.2.27)), so the action embeds G in the group Aut;(E) of all automor-
phisms of F that act trivially on Z(F), which is equal to IF}%N X Spyn(p) if exp(E) = p and
F2V % (P3N 1% Spyn_o(p)) if exp(E) > p, see [Wi, Theorem 1]. Now, if N = 1 then |G1| = |Spyy (p)]-
If N > 1, using [Zs], we can find a primitive prime divisor £ = ppd(p,2N) of p?~ — 1 which then di-
vides |G1|. In either case, G; cannot embed in the subgroup IFZQ,N X (p%rN*1 X Spyn_a(p)) of Auty(E).

This implies that exp(E) = p, i.e. £ = pf2N.

(iv) We have shown that E < G in the possibility (b). Now, if f = 1, then, by (7.2.2.1), G; =
Span(p) embeds in G/Z(G)E — TI'(p, N)/Z(GL(V))E = Spyyn(p), and so Z(GL(V))G = I'(p, N).
In this case,

G > G™ = (Z(GL(V))G)™) =T(p, N)>) = E x Spay(p).

The statements now follow; indeed, if X and Y are two finite subgroups of GL(V') that agree
modulo Z(GL(V)), then any element = in X can be written as ay with a € C* and y € Y; taking
determinants we see that « is a root of unity.

Consider the remaining case f > 1 and write I'(p, N) = EA, where A := Z(GL(V))Sp,, (p).
[Here, we have chosen a fixed conjugate of Sp,y, (p) in I'(p, N), equivalently, a fixed central involution
of Spy,(p).] As G > E, we can also write G = EH, and G1 — H := GN A by (7.2.2.1). Without
loss, we will identify G with a subgroup of H. Recall that Sp,,, (p) acts on V with two irreducible
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N

summands V. of dimension (p" — €)/2, € = £, each affording an irreducible Weil character with

values in Q(1/(—1)®~1/2p) and having trivial determinant.

Assume now that H(>®) > G acts reducibly on the summand V; of even dimension. Recall
that any irreducible C-representation of Sps,,(¢) has dimension at least (¢" —1)/2 = (pV —1)/2 by
[TZ1, Theorem 1.1]. First suppose that p” = 3(mod 4). Then V, has odd dimension (p?¥ —1)/2 =
(¢" — 1)/2 and so the central involution j of G acts trivially on V. As Gy < H(®) acts reducibly
on V_, each of it irreducible summands on V_ has dimension 1 or (¢" — 1)/2, which is always odd
and so forces 7 to act trivially on all of them, i.e. j acts trivially on V', a contradiction. In the
other case p" = 1(mod 4), by assumption each irreducible Gj-summand on V, has dimension 1,
so j acts trivially on V. If G acts irreducibly on V_ which now has odd dimension (¢" + 1)/2,
then j acts trivially on it as well, a contradiction. Hence GG; acts reducibly on V_, and so V_ splits
off as a trivial module Vp, on which j is trivial, and another submodule V’ of dimension (¢" — 1)/2
on which j acts nontrivially. It follows that V' is irreducible over G, and thus j acts as —1 on V’
and 1 on V) and on V. On the other hand, the central involution j" of Spyy(p) acts as —1 on V.
and 1 on V_ =V @ V’. Thus the involution jj' of A has trace 2 — p%¥ on V, and this contradicts
Lemma (applied to E x (j3')).

We have shown that H(°®) < Sp,(p) acts irreducibly at least on the even-dimension summand
Ve, and so the same holds for H; also, Spyn(p) acts faithfully on V.. Now, applying Theorems
4.1 and 4.2 of [KT2] to the faithful action of H(*) > Sp, (q) on V. we conclude that H(>) is a
standard subgroup Sp, N/e(pe) for some divisor e of f. Furthermore, H < A acting on H(*) can
induce only a subgroup of

NSP2N(P)(Sp2N/e(pe)) = SPQN/S(pe) x C,.

It follows that we can find a standard subgroup L := Spyy/(p®) x Cy inside SpQN/e(pe) X Cy, for
some dle, such that Z(GL(V))H = Z(GL(V))L. As G = EH, the statement follows.

(v) Now we handle the possibility (a), and recall that L := G(*) acts irreducibly on V. As G
is almost quasisimple, L is a cover of a simple group S; furthermore, L > G1 = Spy,(q) as Gy is
perfect.

First we consider the case S = A, for some m > 5. Then m > P(G;) > ¢" > 11. Since
dim(V) = p", we can apply [BBOO), Theorem 2.4] to deduce that m = p¥ + 1 and L = A,,; in
particular, P(G1) < ¢" + 1. This in turn implies by [KIL, Table 5.2.A] that n = 1. According
to [BHRJ, Table 8.1], G1 = Spy(q) has only conjugacy class of proper subgroups of index < ¢ + 1,
and any such subgroup contains the central involution j. Thus G cannot embed in L = A, a
contradiction.

From now on we may assume S # A,,, and apply [MZ, Theorem 1.1]. We will rule out the
arising possibilities case-by-case.

e [ = S is a simple group of Lie type in characteristic p, and V|, is the Steinberg representation.
In this case ¢" = dim(V') is the order of a Sylow p-subgroup P of S > G;. On the other hand, a
Sylow p-subgroup of G1 = Sps,,(¢) has order q"2, hence n = 1, and P is elementary abelian of order
q. As S is of Lie type in characteristic p, this can happen only when S is of (untwisted) Lie rank 1
and thus S = PSLa(gq). But then G; = Spy(¢) cannot embed in L = 5, a contradiction.

e L is a cover of PSLy(r) for some prime power r, and ¢" = dim(V) € {r £1,(r £1)/2}. As
q" > 11, L is a quotient of SLy(r), and so L admits a faithful irreducible representation of degree 2
or 3 over F,. But this contradicts the Landazuri-Seitz-Zalesskii bound [KIL, Table 5.3.A]

(7.2.2.2) 2(PSpy,,(9)) = (¢" —1)/2
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for the smallest degree d(PSp,,(q)) of nontrivial projective representations of PSp,,,(¢) over fields
of characteristic # p.

o (S,dim(V)) is (PSLy,(r), (r™ — 1)/(r — 1)) or (PSUp(r), (r™ +1)/(r + 1)) with 2t m > 2,
or (PSp,,(r), (r™? £ 1)/2) with 2|m > 4, and r a prime power. In any of these cases, S has a
faithful projective representation of degree m over F,, hence m > (¢" — 1)/2 > 5 by (7.2.2.2) m If
q" > 13, then this forces dim(V) > 2m+2 > p" + 1, a contradiction. When 11 < ¢" < 13, the only
possible cases are (L,q") = (SUs(2),11) or (PSpg(3),13), which are then ruled out for the reason
that G7 = SLa(¢) cannot embed in L by [CCNPW].

e Either dim(V) = 11 and L = Mjj, Mjo, or dim(V) = 23 and L = Moy, Cos, Cos. By
[CCNPW]|, G; = SLa(11) cannot embed in L, a contradiction.

e dim(V) = 27, and L = Spg(2), 3 - Q7(3), 3 - G2(3), 2F4(2)". By [CCNPW], G; > SL(27)
cannot embed in L, a contradiction.

e Either dim(V) = 3% and L = 3-PSU4(3), 3-G2(3), or (dim(V) = 3°,3-07(3)). By [CCNPW],
G1 > SLa(¢™) cannot embed in L, again a contradiction. O

7.3. Local systems in characteristic p > 2

DEFINITION 7.3.1. Given any prime p > 2, any integers A > B > 0 coprime to p, a finite
extension k/IF,, and a character x of k*, we denote by F(A, B, x) the arithmetically semisimple
local system on A!/k whose trace function is given as follows: for L/k a finite extension and s € L,

Trace(Frobg 1| F (A, B, X)) Z¢L T+ sz )XL( )-
zeL

Its constant field twist by (—Gaussy )~ 9°8/¥ is denoted G(A, B, x):

. > vr(@? + s2P)xi ().

Trace(Frobs |G(A, B, x)) = Gauss(1r, x2)
’ €L

When ged(A, B) is not explicitly assumed to be 1, these local systems will be denoted
Jrnngcd(Aa B7 X) and gnngcd(A7 37 X)7
the subscript nnged standing for "not necessarily ged = 17.

Fix a prime p > 2 and N € Z>;. In this section, when N > 2 we will work with the local system

(7.3.1.1) Gt =GN +1,p+1,2,1,1)
on A3/F, whose trace function is given as follows: for k/F, a finite extension, and (r, s,t) € k?,
1
’t — p N1 p+1 t
(r,s,t) Gauss(r x3) Zl/)k x + raP T s2? 4 ).

z€k
The notation G is included for convenience in working with various specializations. In particular,
the specialization r =t = 0 is just gnngcd(pN +1,2,1):
G"* = Gungea(®@™ +1,2,1).
For completeness, for NV = 1 we consider the local system
(7.3.1.2) G5 =G(p+1,2,1,1)
on A?/F, whose trace function is given as follows: for k/F, a finite extension, and (s,t) € k?,

1
t E p+1
(5,8) = Gauss(Yk, x2) ?l)k * sz’ t:n)
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First we need some preliminary results.

LEMMA 7.3.2. Let ¢ > 5 be a power of an odd prime p. Then the local system Gppngea(q+1,2,1)
in characteristic p has Ggeom = Spo(q) in a total Weil representation.

PRrooOF. This system is the direct sum of the two systems, G,qq with geometric monodromy
group PSpsy(q), and Geven with geometric monodromy group Spy(q), in respective irreducible con-
stituents Wy and W of a total Weil representation W of degree ¢ of Spy(q), see [KT1, Theorem
17.2]. By Lemma 2.2.5] Ggeom is a subgroup of Spy(q) x PSpy(g) that maps onto each of the factors.
Since 2 1 ¢ > 3, Spy(q) is quasisimple, with center Cy. So, by Goursat’s lemma, Ggeom is either
PSp,(q) X Spa(q) acting on Wi @Wa, or Ggeom = Spo(q) acting in a total Weil representation. In the
former case, by Burnside’s theorem we can find an element g = (g1, g2) of Ggeom, With g1 € PSp,(q)
having trace 0 on W; and g2 € Spy(¢) having trace 0 on Wh, whence g has trace 0 in the underly-
ing representation for Fpngeq(q + 1,2,1). However the squared absolute value of the trace of any
element in Ggeom is a power of ¢ by [KT6l, Theorem 2.8(i)]. Hence we are in the latter case, and
the statement follows. O

LEMMA 7.3.3. The local system Gpnged(4,2,1) in characteristic 3 has Ggeom = Spa(3) in a
total Weil representation, with the convention that both the linear characters of order 3 are to be
considered “Weil representations” of Spy(3) = 2272 x 3.

PROOF. Its trace function is

1
tEk/FgH

Gaussy,

> k(e 4 t2?).
r€k

This is the direct sum of two local systems G(2,1,1) ® G(2, 1, x2), whose trace functions are respec-

tively
1

Gaussy,

1
> y(a® +tx), t € k/Fs c
z€k

It is visible that for the first of these, namely G(2,1,1), we have Ggeom,1 = Garith,1 = f3. For the
second, namely G(2,1, x2), it was proven in the first paragraph of the proof of Theorem that
Ggeom,2 = Garith,2 = SL2(3) = Spy(3). Thus Ggeom of Grngea(4,2,1) is a subgroup of Spy(3) x u3
which maps onto each factor. Since it maps onto Spy(3), its order is divisible by |Spy(3)| = 24, but
as a subgroup of the product its order divides 3 x 24 = 72. So either the order is 24, and Ggeom is
Spy(3) in a total Weil representation, or its order is 72.

We now appeal to a Magma calculation, which shows that for G,ngcq(4,2,1), over both Fgs
and Fsa there are Frobenii with trace 3. So by Lemma we conclude that for Gppngca(4,2,1),
we have Ggeom = Garith- We now invoke Lemma applied to Gpngea(4,2,1). Each of its two
summands has Swan,, = 2, so we may take S, = 2 in that lemma. Then we have the inequality,
for each finite extension F,/F3,

#{x € Fy|Trace(Froby f, |Gnngea(4,2,1)) =3} 1 oL
q |Geom| | — V@'
According to another Magma calculation, over F3o there are 820 Frobenii with trace 3. Thus
1820/37 — 1/|Ggeom|| < 1/140.296,

hence
820/39 —1/140.296 < 1/|Ggeom| < 820/39 + 1/140.296,

which is to say
0.0245 < 1/|Ggeom| < 0.0488,
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which gives

20.49 < |Ggeom| < 40.82,
Since the only possible orders of Ggeom are 24 or 72, we conclude that |Ggeom| = 24, and hence
Ggeom = Spy(3) as asserted. O

THEOREM 7.3.4. Suppose pV > 11. If N > 2, then the geometric monodromy group Gg’eso’ﬁl of
the local system G™*! defined in (7.3.1.1)) is isomorphic to the group

T(p, N)©) = pl2N 5 Spyy (p).

When N =1, the geometric monodromy group Gg’etom of the local system G5t defined in (7.3.1.2) is
isomorphic to the group

T(p, 1)) = pl*2 % Sp,(p).

PROOF. We can choose k to contain )2, so that any element of FS is a square in k. In this
case, Gauss(Vk, x2) = Gauss((Ya)k, x2) for any v, : t = t(at) with a € F. First assume that
N > 2. Then G"%0 is the local system Ws_param (¥, N, p) introduced in [KT3, §4] when 2 { N and
in [KT3, §9] when 2|N. Hence G"*° has geometric monodromy group Gg’e‘%& = L := Spyn(p) by
Theorem 4.3 and Theorem 10.3 of [KT3]. Similarly, when 2|N, G"*9 has geometric monodromy
group Ggapm = L by [KT3|, Theorem 10.6]. On the other hand, G%% is the Fourier transform of the

lisse rank one sheaf £ p(ai+eN ) SO is geometrically irreducible, hence its geometric monodromy group

G(g)’e%fn is irreducible and finite by Theorem It follows that G := Gg’égﬁl is a finite irreducible
subgroup of GL,~ (C) that contains L = Spyy (p).

Next we show that when N =1, ngfom is also an irreducible subgroup of GL,(C) that contains
L := Spy(p). First, the irreducibility is established by the same argument as above, but applied to
G, Next, G*Y is the direct sum of two irreducible local systems of rank (p—¢)/2 and (p+¢)/2, with
p = €(mod 4), which were shown in [KT1l, Theorem 17.2] to have geometric monodromy groups
SLa(p), respectively PSLa(p), when p > 5. Now the & la Goursat proof of [KT2, Proposition 6.6]
can be repeated verbatim, see Lemma to show that the geometric monodromy group L of
G*0 is isomorphic to SLa(p), again provided that p > 5. The same statement holds for p = 3, see

Lemma [7.3.3
In the rest of the proof, slightly abusing the notation, we use G™*! and G = Gr’esc;fn to denote

G*t and Gggtom when N = 1. By Theorem G is finite. Applying Theorem [7.2.2) we deduce
that
G =Z(G)L(p,N)™) <T(p,N).

Furthermore, the trace function takes values only in Q((,). Hence Z(G) > Z(E) = C), can contain
only scalars a - Id, where E = O,(T(p, N)(®)) = p}ﬁQN and o € Q((p) is a root of unity; in
particular, a®” = 1 and |Z(G)| divides 2p. Now, if Z(G) > Z(E), then Z(G) = Ca, contains —1-1d,
and so G = Cy x I'(p, N )("O) would have Cy quotient, which is impossible since H(A"/F,, uq) =0
if ptd. It follows that Z(G) = Z(F), and the statement is proved. O

Next we prove a full generalization of Theorem [7.3.4

THEOREM 7.3.5. Let g = p! be a power of an odd prime p, n,l € Z>1, and ¢" > 11. Consider
any sequence
n>mp;>mg>...>m; >0

with 1 > 1, 2|lnmy ... my, and ged(n,mq,...,my) =1, and the local system

gsh"'vslvt = g(qn + 1)qm1 + 1) R qml + ]" 1’ ]1)
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on A1/, whose trace function is given as follows: for k/F, a finite extension, and (s1,...,s;,t) €
k;l-l—l’
1 n m m
(81, .. .,Sl,t) — m Zwk(xq +1 + Slxq 1+4+1 4+ ...+ Squ 1+1 —i—tm)

€k

is a standard subgroup prN X Spa,,(q)

(a) Then the geometric monodromy group Ggeom of G515t

of T(p, N)(®) = pt2N 5 Spyn(p), where N :=nf.
(b) For any k a finite extension of Fy, there exists a scalar subgroup Caritn t, of order at most 2 such

that the arithmetic monodromy group Garithi Of GstSut over k is Carith,k X Ggeom if b 2 Fy,
and (Carith & X Ggeom) - Gal(Fy/k) if k C Ty.

PROOF. (i) First we aim to show that Ggeom contains a subgroup isomorphic to Spyx(¢) (acting
on G530t yia a total Weil representation). When N =1, GS1S0t ig the system G5t considered
in Theorem @L hence Ggeom = I'(p, N )(OO). So we will assume N > 1. As explained in the proof
of Theorem @, specializing s1 = ... = 5; = 0, we see that Ggeom is a finite irreducible subgroup
of GL,~ (C). Furthermore, while working over extensions of F2, it does not matter what choice of
Gauss sums is taken, and moreover

(7.3.5.1) lo(g)|? is either zero or a g-power

by Theorem a), if ¢(g) denotes the trace of any g € Ggeom (or even for any g € Garitn,F,)-

Consider the case where there exists an index j such that m := m; is coprime to n and 2|mn.
Then the system G515t where all s; with i # j and also t are specialized to be 0, is the local
system W(1p,n,m,q) on A'/F, defined in [KT6, (9.0.4)], whose geometric monodromy group is
shown in [KT6, Theorem 9.2] to contain Sp,,(q), as stated. (As shown in Theorem the
assumption m < n/2 in Theorems 9.2 and 10.2 of [KT6] is redundant.) In particular, we are done
if l=1. If n =2 but { > 1, then (m1,m2) = (1,0) and so we are also done by taking m := m;. So
we may assume that [ > 1 and n > 3. We may also assume that

(7.3.5.2) (m1,m2) # (1,0) when (f,1) = (1,2),

since the case (f,l, m1, m2) = (1,2,1,0) is precisely the one considered in Theorem m

(ii) For any 1 < j < [, write d; := ged(n,m;), so that ged(n/d;j,m;/d;) = 1. By assumption,
(ql)M% = ¢g* = pN > 11; also, if mj > 0 then dj <n/2 as m; <n.

First suppose 2\(nmj/d?) for a given j. Then the system G50t where all s; with i # j
and also t are specialized to be 0, is the local system W (i, n/d;, m;/d;,q%) on Al/F, defined in
[KT6l, (9.0.4)], whose geometric monodromy group is shown in [KT6, Theorem 9.2] to contain
Sp2n/dj (qdj ) :

We also note that 2|(nmy,/d3)) for at least one ig. (Indeed, assume 2 { (nm;/ dJQ) for all j. If
2|n, then since 2 1 (n/d;), we have that 2|d; and so 2|m; for all j and thus 2| ged(n, m1,...,my),
a contradiction. So 2 { n, forcing 2 t d;, and so, as 2 { (m;/d;), we have 2 { m; for all j and thus
2 { mmy ... my, again a contradiction.) As we explained above, this implies that Ggeom contains
SPan/dy, (q%0). By Theorem modulo Z(GL(V)) the subgroup Ggeom is E x L, with E = pi”N
and Spyy /s (p?) < L < Spyy Je! (p) x C.s for some €'|d;, f, and V is the underlying representation.
2=

Sl

Since Spyp/er (p¢) is a standard subgroup of Spyy (p) acting in a total Weil representation, |¢(h)
p¢ for some h € SPan /e (p¢) by [KT3, Theorem 3.5]. It follows from (7.3.5.1)) that €’ = ef for some

eld;,.
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If e = 1, then we have Spy,(¢) = Ggeom as desired. So we will assume e > 1. This argument
also shows that

(7.3.5.3) e|ld; whenever 2|(nmj/d?).
Next we show that we may also assume that
(7.3.5.4) e|ld; whenever 2 { (nmj/di)

Consider any such j; in particular d; < n/3 (since m; > 1). Then over qudj the system G515t

where all s; with i # j and also ¢ are specialized to be 0, is the pullback by the map s; — —s; of
the local system W™/ %mi/di defined in [KT6l §10], whose geometric monodromy group is shown
in [KT6), Theorem 10.2] to contain SU,, 4, (¢%) (acting in the total Weil representation) and hence
contains a maximal torus of order

(qdj)n/dj_l _ 1 — qn—dj _ 1 — pf(n—d]) _ 1

Note that f(n —d;) > 2N/3 > 2, with equality only when (n, f) = (3,1) and d; = 1. In the
latter case, by , we have (f,1,m1,mg) # (1,2,1,0), so my = 2 for some i’ and we are done
by (i). Hence we may assume that f(n —d;) > 3, and so p/(»~%) — 1 admits a primitive prime
divisor ¢; > f(n —d;)+1 > 2N/3 41 by [Zs], and Ggeom contains some non-scalar element g; of
order ¢;. As g; is non-scalar and of order coprime to p, |g;| = ¢; divides |L|. We next note that
¢ in fact divides [Spyy,/.(¢°)|- (Indeed, if £; > 2N/3 divides ¢’ = ef, then, as €/|N we must have
l; =€ = Nisprimeand sod; =1, e =€ (ase > 1), and f = 1. In this case, PSUx(p) embeds
in Z(GL(V)) EG geom/(Z(GL(V))E) = L < Spy(p") x Cy, which is impossible since N > 3.) Tt
therefore follows that, there is some 1 < ¢; < n/e such that ¢; divides ¢%¢% — 1. By the choice of
¢;, we have that (n — d;)|2ec; < 2n < 3(n — d;). Hence,

either n —d; = 2ec;j, or n —d; = ecj, or 3n — 3d; = 2ec; = 2n and d; = n/3 = m;.

Since e|n, holds in the first two cases. So if e { d;, we must be in the third case. Then
PSU;(¢"/?) embeds in Z(GL(V))EG geom/(Z(GL(V))E) = L < SP2n/e(q°) ¥ Cer. As mentioned
above, a Sylow /;-subgroup of PSU3(¢"™3) embeds in SPan/e(q®) for £; a primitive prime divisor
of pN/3 — 1 = ¢?*/3 — 1, and this Sylow subgroup is non-cyclic. However, the Sylow {j-subgroup
of Cpan_y is of course cyclic. So there exists another 1 < c} < n/e = ¢; such that ¢; divides
qzec;. — 1. Using e { d; and repeating the previous argument for cg- in place of ¢;, we obtain that
3n — 3dj = 2ec; = 2n and thus ¢; = n/e = ¢;, a contradiction.

We have therefore shown in ((7.3.5.3) and (7.3.5.4) that e|d; for all j, and thus e|m; for all j.
As e > 1 and e|n, we get ged(n,m1,...,m;) > 1, a contradiction.

(iii) Thus Ggeom contains Spy,,(¢). Again applying Theorem we see that, modulo Z(GL(V))
the subgroup G := Ggeom is £ % L, with F = prN and L = szN/c(pC) x Cy a standard subgroup

of Spyy(p) for some ¢|f and some d|c; moreover, G(>) = E x SPan/e(p€)- By [KT3, Theorem 3.5],

lp(R')|? = p/? for some scalar multiple A’ of an element in L. It follows from that f divides
¢/d, and so ¢ = f, d = 1 and thus L = Sp,,(q) < G(®). It follows that G = Z(G)(E x L). Now,
the same arguments as in the proof of Theorem show that G = E x L.

The same arguments as in the proof of Theorem but applied to Garith i, also show that
Z(Garith ;) = Z(E) X Caritn i, for some central scalar subgroup Cayith  of order < 2, and moreover
when £ O F; we have Garith k = Carith,k X Ggeom-

Consider the case k = Fprm C Fy for some r|f. We first observe that #k = ¢'/" is attained as a
|2

value of |p(v)|* for some v € Gyith k- One need simply take the image of Frobenius at the k-point



132 7. EXTRASPECIAL NORMALIZERS AND LOCAL SYSTEMS IN ODD CHARACTERISTICS

s1 = —1, other s; = 0, t = 0, where the trace is

1 n m 1 #k
- v AL o -2 = ——
Gauss(Yk, x2) gczekwk( ) Gauss(¥g, x2) %wk( ) Gauss(Yk, x2)

which indeed has the asserted square absolute value #k, cf. the proof of Theorem Together
with Theorem [7.1.2(b), instead of (7.3.5.1) now we have that \(p(vi 2 is 0 or a power of ¢'/”, with

¢'/" attained. Using H := Garith k > Ggeom and applying Theorem |7.2.2) we have that
E % Spg,(4) = Ggeom = H'™), Z(GL(V))H = Z(GL(V))E x (Spy,(q) % Cs)

for some s|f. Since Spy,(¢) % Cy is a standard subgroup of Spy,,(¢"/*) < Spyx(p), by Lemma
applied to E X Sp,,;(¢'/*) we have that |¢(g)|? is either 0 or a power of ¢*/* for all g € Garitn . As
¢*/" is attained, we have that 7|s. On the other hand, [KT3], Theorem 3.5] shows that |p(u)|?> = ¢'/*

for some u € Spy,,(¢q) x Cy, showing ¢'/* is a power of ¢'/", i.e. s|r. We conclude that s = r, and the
subgroup Cj of field automorphisms of Sp,,,(¢) can then be identified with Gal(FF,/k), as stated. O

REMARK 7.3.6. In some cases, Cyyith i in Theorem can have order 2. For instance, if
2{n >3, q=p=3(mod4), and k 2 F2, then Guimn i contains —1 - Id by [KT6, Theorem
9.4(iii)], whence Caith i = Ca.

REMARK 7.3.7. In contrast to Theorems and it was shown in [KT5, Theorem 9.19]
that the only hypergeometric sheaves H in odd prime-power dimension ™ > 11 that can have
extraspecial normalizers as their geometric monodromy groups are the Pink-Sawin Kloosterman
sheaves

H = KI(Char(r" 4+ 1) ~ {1})
in characteristic p = r, which has Ggeom = T}FH” X Cpngq.

The situation when r = 2 is completely different, and will be addressed in the following chap-
ters. We now improve some results of [KT1], [KT3l Theorem 5.2], and [KT6, Theorem 10.2] on
arithmetic monodromy groups of local systems for SU,,(¢q) with gn odd, as well as determine the
arithmetic monodromy groups of the Pink-Sawin sheaves in any characteristic p.

We start with the Pink-Sawin sheaves:

THEOREM 7.3.8. Let ¢ = p/ with f € Z>1, and consider the Pink-Sawin local system G on
AY/F, with trace function

-1
teks — Y (2?4 ta).
L
Set k:=11if p=2 and k := 2 if p > 2. Then, over any finite extension k of Fpax, G has arithmetic

and geometric monodromy groups Garithk = Ggeom = E where B = prLQf is the extraspecial p-

group of order pg® and exponent p when p > 2, and E = 21f2f, the extraspecial 2-group of type

— and order 2¢*> when p = 2. Over any subfield k of Fy2x, G has arithmetic monodromy group
G arith,k = Ggeom - Gal(F 2 /k).

PROOF. (i) Consider the images h; of Frob;, for i = 0,1 in G := Guitnr,- First we show that
(7.3.8.1) hel #1d = hy!.
Indeed, note that w(hgf) =(-1/q) erqu2 UF (z9%1). Assume p = 2. Then for any = € F2, we

2
have Trp , /g, (2971) = 29F1 4 207+ = 229+ = 0, s0
q

Ve, (271) = §(Trp, /r, (2777)) = ¥(Trp, m, (Trg o m, (2771)) = 9(0) = 1.
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Hence Lp(hgf ) = —q, yielding hgf = —Id and héf = Id.
Suppose p > 2. Then

2 —1
p(hy!) = — Z Yr, (@) =— > Gaussp,(v,%)-
z€F 2 1#xeChar(g+1)

By Stickelberger’s theorem [BEW], 11.6.1], we have
1
—Gaussy , (1, x) = (=1)FD/" for ¢ the order of .
q

These signs are not all the same as x varies: they are —1 when r = ¢ + 1, but are 1 if either r is
odd (always possible unless g + 1 is a power of 2) or if » = 2 in this last case. So we have some

cancellation, and hence |<p(h3f)| < q, ie. hgf # 1d, in fact,
(7.3.8.2) hel ¢ 7(Q).
On the other hand
-1 -1
h4f - Z xq+1 = Z Gaussg , (¥, X)-
€F 4 1#x€eChar(g+1)
But we have the identity
_GaUSSFq4 (¥, x) = (_Gausqu2 (¢, X))2 = (iQ)z = q27

and hence go(héf) =g, i.e. héf = Id, proving ([7.3.8.1)).
Now, for any divisor jl4f with 1 < j <4f/3,

() I—ij/2 Z e, (2] < P <P < g,

$€IF

showing h% # 1d. Together with (7.3.8.1)), this implies that
(7.3.8.3) |ho| = 4f.

142f 1+2n

(ii) Next we observe that G := Ggeom is G = 2 when p = 2 and G = p;*" when p > 2. The
case p > 2 is [KT1l Theorem 21.1]. Assume p = 2. Then G is a 2-group and G/Z( ) is elementary
abelian of order ¢? by [KT1l, Corollary 20.3]; in particular, Z(G) # 1. Next, F is of symplectic
type [Ka-MMP| 3.10.1-3], implying Z(G) = Csy. It follows that ®(G) = [G,G] = Z(G), and so G

is extraspecial. Finally, F being symplectic implies that G = 21+2f

Now suppose that k 2 F2«. Then the proofs of (7.3.8.1)) and (7.3.8.3]) shows that h%f € E. By
[KRLT4, Lemma 4.1], Garlth7Fp2Fuf = (F, hg“f> =FE. It follows that Ggeom = Garith k-
We also show that

(7.3.8.4) [Garith,IE‘qg : E] = 2 when p > 2.

Indeed, (7.3.8.2) and (7.3.8.3) imply that hgf is a non-central involution, and there is no such
element in F, so Garith,]qu >FE = Garith,Fq 4

(ili) By [KRLT4, Lemma 4.1] and the results of (ii), it suffices to show that G/E = Cy, s, where
G = Gaimnr, and F = Garith,pq%. Denoting m := |G/E|, we have that h{' € E. As G/E = C,,
embeds in Gal(F 2xs /F2) = Ca,p, we have that m|2xf.

Suppose that p = 2, so that k = 1. Then any element in F = 212/ has order dividing 4. In
particular, hg™ = 1. As hq has order 4f by , we must have that f|m. As m|2f, we are done
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if m > f. Consider the remaining possibility m = f. In this case, h{ € F, and so \go(h{)| =0orgq.
On the other hand, for any x € F,, 291 +2 = 2% +z, and so Trp, /F, (x0Hl42) = Trp, /F, (22 +x) =0,
and thus g, (277! + ) = 1. It follows that

o(hl) = an Z Y, (291 + 2) = —¢!/2,

z€lFy

a contradiction.
Assume now that p > 2, so that k = 2. By (7.3.84)), F < Garith,IFqg = <E,h(2)f>, whence

hgf ¢ FE and m # 2f. To show that the divisor m of 4f equals to 4f, we must exclude the

divisors of 4f/(2j — 1) with j € Z>2. So assume that h4f/(2j Y ¢ F for some J € Z>9 and set
r o= pif/(2-1) = % with s := p//Z=D. Then 1/ = pf+(23*1)f/(2j+1) = ¢s%*1. Hence, for any
x € F, we have

v, (1) = (Teg, e, (2741))) = (Tag, g, (2T 7)) = (Trg, s (2577 1)) = g, (277 F1),

As r = s*, applying Theorem [7.1.2(d) to > ek, UF, (3352j+1+1), we see that gp(h4f/(2] 2 ) # 0, and
so the element h4f/(2j Y ¢ E must then belong to Z(E) < Z(G). In such a case,
(n: pAf/(2i=1) )’ < pl/2 = p2f/25-1)

P =q=lp
i.e 25 —1 <2 a contradiction as j > 2. U

LEMMA 7.3.9. Let ¢ = p/ be any odd prime power, n > m > 1, ged(n,m) = 1, and 2 t nm.
Consider the local system G on Al /F, with trace function

1 m
ek g (20" D) a0
Gauss(¥k, x2) €k¢k )XQ( )

as introduced in [KT6, §10]. If g denotes the image of Frobop, in Garitnr,, then ¢*" = 1d and
Trace(¢g™) = 1. In fact, all odd powers of g have Trace = 1. If (n,q) = (3,3) in addition, then
Trace(g) = Trace(g?) = 1.

ProoF. For any integer d > 1, gd is the image of Frobg o in Garitnr,- Its trace is thus

ZwF . (¢"+1) /(q+1))X2(l‘)'

Gauss( 1/1F d,xg

If d is odd, we observe that the numerator is equal to the denominator, i.e. that as x runs over
F o, 2@ +D/(@+1) pung over F ¢, i.e. that

ged((¢"+1)/(g+1),¢" 1) = 1.
To see this, compute it as
ged((¢" +1)/(g+1),¢" + 1,47 = 1) = ged((¢" +1)/(q + 1), ged(¢" + 1,47 = 1)).

We first observe that M := gcd(¢" + 1,¢% — 1) = 2. Indeed, it is obvious that 2 divides this M.
In Z/MZ, we have ¢¢ = 1, ¢" = —1. Thus we have ¢"¢ = (—=1)? = —1 (because d is odd), and we
also have ¢"¢ = (1) = 1. Thus 1 = —1 in Z/MZ, and hence M divides 2. Thus M = 2. Thus
ged((¢® +1)/(g+1),¢% — 1) = ged((¢" + 1) /(g + 1),2) = 1, the last equality because

(@"+D/(q+1)=1+ql¢-)A++...+¢"°)
is odd.
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We next show that g2 = Id, or equivalently (because we are in a finite group) that Trace(g?") =
(¢" +1)/(¢+1). Once again, we examine the formula for this trace. It is

1 Z ¢]F2 (q +1)/ q+1))X2($)-

Gauss(w,b]pq% ,X2) =

Here we have

ged((¢" +1)/(g+1),¢*" = 1) = ((¢" + 1)/ (g + 1),
simply because (¢" +1)/(q + 1) divides ¢" + 1, which divides ¢ — 1. Let us write

D:=(¢"+1)/(¢+1).

Because D is odd, the numerator of the formula for Trace(g?") is

Y e (@ )xe(@) = Y v, (27)xe(2?)

z€F 2n z€F 2n
= D Vra (Wxe(w)#{e €Fyp,2” = u})
uEIF:Qn
= Y e e Y pw
ue]F:Qn péechar(D)
S S Gauss(in, xar)
pEchar(D)

We now apply Stickelberger’s theorem [BEW] 11.6.1], that for @) a power of p and A a nontrivial
character of order m dividing @ + 1, we have the identity

Gauss(vr,;, A) = (—1)@+D/mQ.

We apply this with @ := ¢", and each of the characters ysp. Each has order dividing 2D, so
dividing ¢"™ + 1, each is nontrivial because each p has odd order, and the order of each is 2xodd.

Thus the numerator is simply (—1)@"+1)/2Dg"  while the denominator is, again by Stickelberger,
(1)@ +D)/2gn,

The final assertion, that Trace(FrobaF ) =1 when ¢ = n = 3, holds because gcd( —-1) =
ged(7,8) = 1. O

LEMMA 7.3.10. Let ¢ = p/ be any odd prime power, n > m > 1, ged(n,m) = 1, and 2  nm.
Consider the local system W™™ on Al/F, with trace function

1 n m
rek— —— g0 T g™
ot ) 2 )
and its two summands W™I@t)/2 5 e 10,1}, with trace functions
1 n m y
ey — (¢"+1)/(g+1) _ (@™ +1)/(g+1))
rere Gauss(¢g, x2) Z¢k($ " )G(@),

as introduced in [KT6l §10]. Then we have the following results.

(a) For any subfield k of Fy, and any a € k, ]Trace(Frob%k\W”’m)P is a power of #k.

(b) For any subfield k of F,, |Trace(Froby x| W™™)|? =

(c) For any subfield k of F,, |Trace(Froby x| W™0)|2 = #k: and Trace(Froby x| Wmm(a+1)/2) = (.
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PROOF. The first statement was proven in Theorem For the second, notice that for k
a subfield of F, and = € k, the summand 29" *! — 29”1 = 22 — 22 vanishes, so the trace is just
#k/Gauss(¢g, x2), which indeed has square absolute value #k as asserted. For the third, again
notice that for k a subfield of F, and = € k, the summand 2(@"+D/(@+1) _ g@™+1)/(a+1) — 5 5
vanishes, so the first trace is #k/Gauss(¢k, x2), which has square absolute value #k as asserted,
and the second trace is a multiple of >~ . x2(z) = 0. O

More generally, we can consider the system W™™  introduced in [KT6] for any two coprime
integers n > m, which is also denoted by Frngea(q”™ + 1,¢™ + 1,1), see Definition [7.3.1}

THEOREM 7.3.11. Let p > 2 be a prime, ¢ = pf, n > m > 1 be any two coprime integers, and
let ¢ > 9. Then Theorems 9.2-9.4 of [KT6] hold when 2|mn, and Theorems 10.2, 10.3, and 10.5
of [KT6] hold when 24 nm. In particular, the geometric monodromy group of

wenm = fnngcd(qn + 17qm + 1; ]1)
18
(i) Spy,,(q) in its total Weil representation of degree q", if 2|lnm; and
(ii) SU,(q) in its total Weil representation of degree q", if 21 nm.

PROOF. We first note that the treatment of unitary groups in [KT6, §10] does not need the
assumption m < n/2 made in [KT6, (10.0.1)], and hence its main results Theorems 10.2, 10.3, and
10.5 all hold, implying our statement, whenever 2 { nm.

We next turn our attention to the case 2|nm and first show that Theorem 9.1 of [KT'6|] holds for
(n,m). The only place where the condition m < n/2 made in [KT6l (9.0.1)] was needed is to show
that the parameter d in [KT6l (9.1.5)] is 1 in the case n > 4, in part (iii) of the proof of [KT6
Theorem 9.1]. We now prove that the same conclusion holds if 2 < n/2 < m. In the notation of
that proof, consider a p’-generator h of the image of I(§) modulo the image of P(§), and note that
its spectrum on the tame part of H(n, m,€) with e = & is a scalar multiple of pup or pp ~ {1}, with
B := (¢™+1)/2. Since m > 3, we have B > 14 and the central order of h is divisible by B. Also,
by [Zs], we can find a primitive prime divisor ¢ of p?™f — 1, which then divides B. Letting hg be
the (-part of h, we have that £|6(hg) and ¢ > 2mf + 1.

Recall that the parameter d in [KT6, (9.0.1)] satisfies d|n, and a scalar multiple of hy belongs
to Sp%/d(qd) x Cgp. Since £ > 2mf > nf > df, in fact we have that hg € Sp2n/d(qd). Hence there
exists an integer i, 1 < i < n/d, such that £|(¢*¥ — 1). By the primitivity of ¢, 2mf divides 2dif,
and so mf divides dif, which is at most d(n/d)f = nf < 2mf. It follows that dif = mf and thus d
divides both m and n. Since ged(m,n) = 1 by hypothesis, we conclude that d = 1. Thus Theorem
9.1 of [K'T6| holds for (n,m).

The proofs of Theorems 9.2-9.4 of [KT6] rely only on Theorem 9.1 of [KT6] and again do not
use the assumption m < n/2 made in [KT6, (9.0.1)]. O

LEMMA 7.3.12. Let ¢ = p/ be an odd prime power, 2 fn >3, and let O denote the restriction
Clg+1)/2,n of the Weil character CN(qul)/Q,n of GU,(q), as defined in [KT3, (3.1.2)], to SU,(q). Let
G be a finite group containing S = PSU,(q) as a normal subgroup of index < 2, and with an
irreducible character ¢ such that ¢|s is equal to 6 viewed as an S-character. Suppose that there
exists an element g € G .S such that either

(a) (m,9) # (3.3), 9(g") = 1 and g?" =1d, or

(b) v(g9) = cp(gQ) =1,9g¢ 5, and g2 s a p-element.

Then G = S x (1) = S -2, where T is the field automorphism of S induced by the map (z;;) — (mgj)
on SU,(q), and g ¢ S.
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PROOF. Note that Z(SU,(q)) = Cyed(n,g+1) has odd order, so 0 is trivial at Z(SU,(g)) and so
can indeed be viewed as an H-character.

First assume that either C5(S) # 1 or g € S. Since [G : H]| < 2, it follows in the former case
that Cg(S5) = (2) & C and G = Cg(S) x S, where z acts as the scalar —1 in a representation
affording . In either case, we may write g = 27s with s € S and j € {0, 1}.

In the case of (a) we have (n,q) # (3,3) and
(7.3.12.1) 0(s") = p(27g") = (—1) = +1.

In particular, s” # 1, but s2" = ¢?" = Id, so |s"| = 2. We can therefore view s" as represented by

diag(1,...,1,-1,...,-1)
~—— _b__/
a 2
in SU,(q) with a,b € Z>1 and a + 2b = n. Using [KT3, (3.1.2)], we have that
o(smy = L0 =D+ (D@ (—g)? — 1) _ { (" +¢®)/(g+ 1), g = 1(mod 4),
q+1 —(¢** —q*—2)/(q¢+1), q=3(mod 4).

Now, if ¢ = 1(mod 4), then ¢|f(s™), contradicting (7.3.12.1)). Hence ¢ = 3(mod 4). If moreover
j =0, then ¢* — ¢® + ¢ = 1, again a contradiction. So j = 1 and ¢?* — ¢* — 2 = ¢ + 1, whence
3 = ¢% — ¢® — ¢ is divisible by ¢ and so ¢ = 3. Now ¢ + 3 = ¢%* — ¢® and b > 1, so comparing the
3-part we have that @ = 1. Thus 2¢ 4+ 3 = ¢?°, forcing b = 1 and (n, q) = (3, 3), a contradiction.

In the case of (b), j =1as g ¢ S, g2 = s? is a p-element, and 0(s?) = ¢(g?) = 1. We will again
view s as an element in SU,(¢). Using [KT3| (3.1.2)], we have that

_1-(=9)
q+1
2

1=0(s%)

where e := dimp , Ker(s%2—1). It follows that e = 1, i.e. s? is a regular unipotent element of SU,,(q).

In particular, Cg(s?) is a p-group, so s € Cg(s?) is also a p-element. Again using [KT3, (3.1.2)],
we have that

- qg+1
where ¢’ := dimg , Ker(s — 1) > 1. This is impossible, since |(—¢)¢ —1| > ¢> =1 > g+ 1if ¢/ > 2,
and ((—¢) = 1)/(g+1) = —L

We have shown that Cg(S) = 1 and g ¢ S. Thus G/S = (s, and it embeds in Out(S) =
C,

scd(n,g+1) X C2y. Since 2 1 n, all subgroups of index 2 in Out(S) are conjugate to (7). It follows
that G is conjugate to S x () in Aut(S5). O

PROPOSITION 7.3.13. Let ¢ = p/ be any odd prime power, n > m > 1, ged(n,m) = 1, and
2t nm. Consider the local system W(HD/2 .= ynrm.(a+1)/2 oy AY/F, with trace function

1 n m
ek o STy () @) o
Gauss(Yk, x2) =t i )Xz( )

as introduced in [KT6l §10]. Then the arithmetic monodromy group Garith,F, of the system on IFy is
isomorphic to PSU,(q) x (1) =2 PSU,(q) - 2, where T is the field automorphism of PSU,(q) induced
by the map (x;j) — (a:?j) on SU,(q).

PROOF. As shown in Theorem [7.3.11] Theorem 10.2 of [KT6|] holds not only when m < n/2
but for any m < n; in particular, W+! /2 has Garith’]Fq4 = Ggeom = S := PSU,(q), the image of
SUn(q) in the Weil representation with character {(441)/2,,- Moreover, if m = 1, then, as shown in
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[KT3| Theorem 5.2(b)], over g2 we have C}Mithﬂzq2 = S as well. Next, if m =1 and ¢ = 3(mod 4),
then [K'TT, Theorem 2.3(4)] shows that W(+1)/2 has arithmetic determinant (—1)3° over F,, and
SO [GarithJFq : S] = 2.

For general m < n, [KT6l, Theorem 10.2] shows that S < Garith,FqQ < S x (j) for some central
involution j (which acts trivially on the Weil representation of GU,,(q) with character )ng‘(qﬂ) /2m)-
By [KT6, Corollary 5.8], over F . the system WU@t1)/2 hag trivial arithmetic determinant. Since
W(@tD/2 has odd rank, this implies that j acts trivially on W(@HD/2 and thus Garith’yqz =S In
particular, [Gaitnr, : S] < 2.

Now we consider the element g € Gain r, constructed in Lemma /?9} The above considerations
imply that g ¢ S when (n,q) = (3,3). Applying Lemma [7.3.12] we conclude that Gaimr, =
S X (T). d

THEOREM 7.3.14. Let ¢ = p! be any odd prime power, n > m > 1, ged(n,m) = 1, and 2 { nm.
Consider the local system W := W™ on Al /F,, with trace function

1 n m
rekr— ———— wkxqﬂ—rxq +1
Gavss (o o) 2 )

as introduced in [KT6, §10]. Then, for any subfield k C Fp, the arithmetic monodromy group
Garithk 0f the system on k is isomorphic to (C2 x SU,(q)) - Gal(F 2 /k), which induces the subgroup
PSU,(q) x Gal(F,2/k) of automorphisms of SUy(q), and Cy may be identified with the central
subgroup of order 2 of GUy(q).

PROOF. (i) Consider H := GU,(q), acting in its total Weil representation ® = @®7_ ®; with
character (,, see [KT3, Theorem 3.1], and let z denote a generator of Z(H), so that z acts as the
scalar p’ on ®; for some (¢ + 1)™ root p of unity. It is well known that ®(441)/2 is orthogonal of
dimension D := (¢" +1)/(¢+ 1), and ®q is symplectic of dimension D — 1, see [KT3, Lemma 3.2].
In fact, if o denotes the Galois automorphism z — z? of F,, then we can embed GU,(q) x (o) into
SPan(q) 3 (o) < Spg,,r(p), and extend @ to a total Weil representation of Spy,, ¢(p).

In the case k = F 2, the statement also holds by [KT6, Theorem 10.2]: Garith,FqQ =Cyx L <H,
with L := SU,(q) acting in its total Weil representation, and Cy = (j) = (2(471/2). Also recall
KT8, §10] that W = @!_ W', where W' := W™ is geometrically orthogonal of rank D if and
only if i = (¢+1)/2, and W' is geometrically symplectic of rank D —1 if and only if i = 0. It follows
that Garith,ﬂ;‘qz and L act on WY via restrictions of ®¢, and on WT1/2 via restrictions of Pgr1)/2-
Moreover, since L = [Garith,FqQ , Garith,FQQ] <1 Garith &, it follows from Clifford’s theorem that Garith k
stabilizes each of W? and W(@+D/2 (but may permute the other subsheaves). Let ¥ = el_ v
denote the representation of G := Gayitnr, on W, with U’ denoting the resulting representation on
W:. Then we have shown that W¢|;, = ®|, for i =0 and i = (¢ +1)/2.

(ii) Consider the case k = ;. Then Garisn r, contains Garith,qu = 2 x L as a subgroup of index

< 2. On the other hand, by Proposition the arithmetic monodromy group plat1)/ 2(Garith7[@q)
of W(@t1)/2 is PSU,,(¢) x (7), and thus it contains W(¢+1/2(2 x L) = PSU,,(¢) with index 2 (and
induces the outer automorphism 7 on the latter). It follows that Gartnr, = (2 x L) - (), and we
can identify (7) with Gal(F,2/k) in this case.

(iii) To prove the statement for any proper subfield k of I, it suffices to prove it for k = F,
(using the facts that [Garith,k’ : Garith,]Fqg] divides ¢ = [FqQ : kl], [Garith,Fp] : Garith,kz’] divides
2f/c = [k : Fp] for any subfield k' = F 27/ of Fy2, and that Gal(Fg/F,) is cyclic of order 2f).
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Let g denote the image of Frobyp, in G = Gayithr,- Then gf is the image of Frobyr, in G,
and so it lies in Gaitnr, = (2 x L) - (1), but not in its proper subgroup Garith,FqQ. It follows
that, modulo Inn(L) = S = PSU,(q), ¢/ induces the outer automorphism 7. Since Inn(L) is a
normal subgroup of odd index ged(n,q + 1) in Inndiag(L) = PGU,(q), modulo Inndiag(L) the
element g/ still induces the involutive outer automorphism 7 = of. Hence the order of g in
Aut(L)/Inndiag(L) = Gal(F,2/F,) = Cyy is some even integer 2f/j with j[f. In other words, we
can find an element h € GU,,(q) x (¢7) such that g and h induce the same action on L, and moreover
{(g), (h) and (07) are all the same modulo Inndiag(L).

Recall that ®|; = ¥|f, is a sum of pairwise inequivalent Weil representations. It follows that

O(h)®(2)®(h)~" = ®(hah™") = W(hah™) = U(gug™") = V(g)(x)¥(g) "

for all z € L, and thus ®(h)~!¥(g) commutes with all ®(z), 2 € L. By Schur’s lemma, ®(h)~1¥(g)
fixes each of the summands W' and in fact acts via some scalar ¢; on W*, with ¢; € C*. As g and
h both fix ®t|;, for i =0, (¢ + 1)/2, we have

(7.3.14.1) Ti(g) = c;®'(h), i =0,(q+1)/2,

where for i = 0, (¢ + 1)/2, ®(h) is the action of ®(h) on the representation space of ®‘|; and
similarly for W?(g). Since both g and h have finite order, det(¥*(g)) and det(®%(h)) have finite
order, and so implies that co and ¢(44.1)/2 are roots of unity.

We already noted that each ®¢|;, = ¥¢| is stable under GU,,(q), and that g and h both stabilize
@0, and ®@+D/2|; . On the other hand, (¢7)//7 = o/ = 7 acts as inversion on Z(H) = (z) and
hence swaps ®¢|;, and ®4+17% for i # 0, (¢ + 1)/2. It follows that the traces of ®(g) and ¥(h) on
the representation space of ©;q (411 /Q‘Iﬂ 1, are both zero. Next, ¥(@+1/2(g) has trace 0 by Lemma

7.3.10{c), whence ®@+1/2(h) also has trace 0 by (7.3.14.1). It now follows from (7.3.14.1)) that
|Trace(¥(g))| = |Trace(¥°(g))| = |coTrace(®°(h))| = |Trace(®°(h))| = |Trace(®(h))|.

By Lemma (b), |Trace(¥(g))|? = p. On the other hand, we already mentioned in (i) that
the representation ® of GU,(q) x (07) is obtained by restricting a total Weil representation of
Spa,(q) x (07). Applying [KT3, Theorem 3.5], we see that |Trace(®(h))|? is a power of p/. It
follows that 7 = 1.

We have shown that, modulo Inndiag(L) = PGU,(gq), g induces an outer automorphism of
order 2f. Recall that g/, the image of Frobyr, in G, induces 7 = o/ modulo Inn(L). Clearly g
centralizes g/, so the image of ¢ in Out(L) = Cgcd(n,g+1) X C2f is contained in the centralizer of
7. Next, 7 centralizes the subgroup Cyy = (o) of Out(L), but acts as inversion on the odd-order
subgroup Cged(n,g+1)- 1t follows that the image of g in Out(L) belongs to this subgroup Cyy and
so has order dividing 2f. As the order of g modulo Inndiag(L) is 2f, we conclude that, modulo
Inn(L), g generates the subgroup Cy¢ = (o). Since Garithﬁqz = 2 x L has index dividing 2f in G,

we have that G = (2 x L,g) = (2 x L) - Gal(F,2/F,), as stated. O

COROLLARY 7.3.15. Let k be a subfield of Fp2. In the notation of Lemma[7.3.10, we have the
following results.

(a) The arithmetic monodromy group of W™ is (2x PSUy(q))- Gal(F 2 /k) if ¢ = 1(mod 4), and
PSU,(q) x Gal(F2/k) if ¢ = 3(mod 4).

(b) The arithmetic monodromy group of W™ 4+1)/2 s PSU, (q) Gal(F2/k).

(c) If any other summand W™ of W™ with i # 0, (q¢+1)/2, is defined over k, then its arithmetic
monodromy group Garithik over k is the image of (2 x SUy(q)) - Gal(F2/k) in a representation
whose restriction to SU,(q) affords a Weil character (s ,, for some i’ # 0, (q+1)/2; in particular,
it has the full index [qu : k] over the arithmetic monodromy group Garith,i,pqz over Fg2.
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Proor. We apply Theorem and observe that the central involution j = z(@t1/2 in
2 x SU,(q) acts as (—1)@+1D/2 on W0 and as 1 on W"(@+1D/2 see [KT3, (3.2.1)]. The image
of (2x L)-Gal(Fp/k) in Aut(L) is conjugate to S x Gal(FF,2/k), as shown in the proof of Theorem
It follows that the kernel of the action of (2 x L) - Gal(F2/k) on W™™" is contained in
2 x Z(L) for any 4, and contains Z(L) for i = 0, (¢ + 1)/2. Hence the statements follow. O



CHAPTER 8

Extraspecial normalizers and local systems in characteristic 2

8.1. Squared traces in characteristic 2

Fix a power ¢ of p = 2, and an integer n > 2. Fix a choice of a := /2. For K/Fy a finite
extension, define ax := a98(E/F2)  Denote by 1 the unique nontrivial additive character of Fo.
For K/Fs a finite extension, define ¢ := 1 o Trg/r,. Given an integer n > 1, form the n + 1-
parameter local system (parameters (rg,...,r,)) on (A" x G,,)/Fo whose trace function at a point
(roy...,m) € K™ x K*, K/F5 a finite extension, is

(roy...,mn) — (—1/axk) Z 1,!)(2 TNCHqi)-

zeK =0

THEOREM 8.1.1. For K a finite extension of Fy, and (ro,...,1rn) € K" X< K>, the square absolute

value of
n

(~1/ax) Y (> rat+?)

zeK =0
is either 0 or a power ¢ of ¢ with 0 < v < 2n. For K a subfield of F,, the square absolute value s
either 0 or #K.

PRrOOF. This is proven in [vdG-vdV] Section 5]. For the reader’s convenience, we recall the
proof. Fix (rg,...,r,) € K™ x K*, and denote by R(x) the g-linear polynomial

n

R(z) := Zrixqi.

1=0

Then the square absolute value of the sum in question is

(1/#K) Y vx(R@)e+ Ry)y) = (1/#K) Y ¢x(R@+y)(+y)+ Ry)y)

z,yeK r,yeK
= (1/#K) > ¢x(R(x)z) Y ¢r (R)y + R(y)z).
reK yeK

The inner sum is ¢, applied to the Try g, of a sum of two products:

n n

R(@)y + R(y)z = (O raa® )y + 3 ray ).

1=0 1=0

Each term riyqix in the second product has the same trace to I, as (rix)q_iy. So the inner sum is

Vg applied to
(Z rizd + Z(rix)qii)y.
i=0 i=0

141
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By orthogonality of characters, the inner sum vanishes unless x € K satisfies

n n
Z riz? + Z(rim)qﬂ =0,
i=0 i=0

or equivalently, raising to the ¢" power,

n n

qTL i+n n—i o
g ria? + g (rix)t =0,
i=0 1=0

in which case the inner sum is # K. Denote by Wr(K) the set of z € K for which

n n
ngnxqz-m + Z(rix)qn_z =0.
i=0 i=0
So the square absolute value of our sum is
Z Vi (R(z)z).
xGWR(K)

The set Wr(K) is an Fy-vector space (under addition and scalar multiplication by F), of dimension
< 2n. But we can also describe Wg(K) as the set of those z € K such that for any y € K, we have

Trg/m, (R(x)y + R(y)z) = 0.
We then infer that the function on Wg(K) given by
z € Wr(K) — Trg/p, (R(z)z)

is additive on Wgr(K). Thus the function 2 € Wr(K) — ¢k (R(z)z) is an additive character of the
F,-space Wg(K'), with values in +1. The sum

Z VK (R(:):)x)
2€Wr(K)

is thus the sum of an additive character of an [F;-space over that space. If the character is nontrivial,
the sum vanishes. If the character is trivial, the sum is #Wgr(K) = g4imeg Wr(K),

When K is a subfield of F,, every term 214 with z € K is equal to 22, so the sum in question
is .

(—1/ar) Y w(O_ria?).
zeK =0

If 77 i = 0, the sum is #K//#K. If 31" r; # 0, then the sum vanishes (simply because

S vk(aa?) = > vx(a® @),

zeK zeK
which vanishes if a # 0). O
COROLLARY 8.1.2. For K a finite extension of F, of even (respectively odd) degree, and for any
point (ro,...,rn) € K™ x K*, the square absolute value of
n
(71/0[[() Z ¢(Z 7,,ixl-l-qz)
zeK =0

is either O or an even (respectively odd) power of q.
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ProOF. View K as an Fg-vector space. Because we are in characteristic 2, the Fy-bilinear form

(z,y) == Trgr, (R(z)y + zR(y))

has (z,x) = 0; in other words it is a symplectic form. The F,-space Wr(K) is the kernel of this
form: it is the set of vectors y € K such that (z,y) = 0 for all z € K. One then knows that
the dimensions over F, of Wx(K') and of K have the same parity. [Recall the argument: pick any
[F,-subspace U C K which is an Fj-complement to Wr(K). Then the restriction of the symplectic
form to U is non-degenerate, and hence U has even F, dimension.|

As explained in the proof of Theorem the square absolute value of the trace is either 0 or
#Wgr(K) = g7 WR(K): hence the statement follows. O

REMARK 8.1.3. Because the character ¢ i takes values £1, and the clearing factor ay is real,
each “square absolute value” of a trace is just the square of that trace. Thus Corollary [8:1.2could be
restated as follows. For K/F, an extension of even degree, each trace is either 0 or 4(a power of q).

For K/F, an extension of odd degree, each trace is either 0 or +(an odd power of \/gq).

COROLLARY 8.1.4. Let K be a subfield of Fy, say #K = qo and q = qf for some integer v > 1.
Let L/K be a finite extension of even (respectively odd) degree, and and (rg,...,rn) € L™ x L*.
Then the square absolute value of

n

(~1/a2) Y_ (> ratt)

x€L =0

is either 0 or an even (respectively odd) power of qq.
PROOF. View the situation as lying over F,,, and apply the previous Corollary O

COROLLARY 8.1.5. If throughout we consider instead the n + 2 parameter system on (A"T! x
Gum)/Fa, parameters (r_1,70, ..., n), whose trace function at a point (r_1,7g, ...,ry) € K" x K*,
K/Fy a finite extension, is

n
(r_1,70,...,mn) — (—1/agk) Z 1/1(2 rtte 4 r_1z),

zeK =0

then all of the results of this section, namely Theorem Corollary Remark and
Corollaty [8-1.4, remain valid as stated.

PROOF. Because we are in characteristic 2, the linear term r_;x is Artin-Schreier equivalent to

0
r x? =2 2

So the trace at (r_1,7g,...,7,1) is simply the previous trace at (ro +7r2,... 7).
We can also give an alternative argument, along the lines of the proof of Theorem [7.1.2] as
follows. With

R(z) := Zn:ri:cqi,
i=0

our sum is

(—1/ak) Y ¢(R(@)z +riz).
zeK
The square absolute value of this sum is

= (/#K) > ¢x(R@+y)(z+y)+ Ry +raz),
z,ye K
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which, just as in the proof of Theorem [8.1.1} is equal to
Z Vg (R(z)x +r_1z).
CCEWR(K)
As already noted,
x € Wgr(K) — Try/r, (R(:v)a:)
is an additive character on Wr(K), and hence so also is
x € Wr(K) — Trgp, (R(z)x +r_1z).

The proof now concludes exactly as the proof of Theorem the only difference being that a
different additive character is being summed over Wr(K). O

8.2. Traces of elements in normalizers of extraspecial 2-groups

In the case p = 2, there exist precisely two non-isomorphic extraspecial groups of order 8§,
namely the dihedral group Dg = 2?’2 and Qg = 2172, More generally, for any N € Z>1, there exist

precisely two non-isomorphic extraspecial groups of order 2!*2V  namely the central products

2}&2]\[ = Dg* Dgx...x* Dg, o1 +2N = Dg * Dg x...*x Dg*Qg.
N times (N—1) times
Fixed ¢ = +, F = 22V and identify the elementary abelian E/Z(F) with V := F3" and Z(F)
with Fo. Then the commutator map
()= ()1t (2Z(E),yZ(E)) = [z,y] € Z(E)
defines a non-degenerate symplectic form on V', and the map
Q=Q:2Z(E) —~ 2% € Z(E)

defines a quadratic form on V', associated to (-,-) and of type e. Clearly, Aut(FE) preserves Q and
so one has a homomorphism Aut(E)/Inn(E) — O(V) = O55(2). When N > 3, the map is an
isomorphism and Aut(F) is a non-split extension of Inn(E) = E/Z(E) by O(V), see [Gri, Theorem
1]. Furthermore, the unique (up to isomorphism) complex irreducible representation of degree 2
of E gives rise to a non-split extension 2.2V - 05 /(2):

THEOREM 8.2.1. Let N > 3 and ¢ = £. There exists a finite irreducible subgroup
I'(2,N,e) :== Hf < GLyn(C)
such that Oy(HY) = E = 212N Z(Hf) = Z(E), H{/E = 055(2), and H{/Z(Hf) = Aut(E).
Furthermore, H” < & := Oyn (C), and H; < & := Spyn(C). In either case, H{ = Ng(E).
PROOF. The first statement is [Gri, Theorem 5(a)]. If e = +, then an explicit construction of

Hf inside Oqyn (R) is given in [NRS|, Theorem 2.2]. To show that Hf preserves a non-degenerate

symplectic form on C2" when € = —, first note that this is true for the subgroup E of H; . Next,
we can embed a central product

_ _ ~ N
Hy % Qg =272V .05, (2) ¥ 212 s A7 = 217N ot (2),

where H;™ < Oqn+1(C) by the previous case. Now if ¢ denotes the character of H; acting on the
orthogonal module Cc2"™ and 1 denotes the character of H, acting on CQN, then ¢ is real-valued
and |y = 2¢. Thus 9 is real-valued, but ¢|g is of type —, so 9 is of type — and H; < Spyn (C).

For the third statement, first we note that Cg(E) = Z(®) = Z(E) by Schur’s Lemma. Now
consider any € Ng(F). Since Hf/Z(E) = Aut(E), we can find h € Hf such that conjugations
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by  and by h induce the same automorphism of E. Thus h™ 'z € Cg(E) = Z(E) < Hf, and so
x € H. O

LEMMA 8.2.2. In the notation of Theorem consider a subgroup P> E of H{, with P/E
a cyclic mazimal torus of order 2N — € of O55(2). Then P = E x {c) for some element ¢ of order

2N — ¢, and the action of C := (s) on C2" affords the character rego +e-1c.

PROOF. Note that F is a normal subgroup of P, of index coprime to its order. Hence, by the
Schur-Zassenhaus theorem, E has a complement C, with C' = P/E, and so C = (¢) = Cy~_,. The

image of ¢ in 0% (2) acts on E/Z(E) = F2V with eigenvalues ¢,¢?, ..., A e W SO e
where ¢ € Fy " has order 2V —e. It follows that the image of ¢/, with 1 < j < 2N —¢, acts on E/Z(E)

with no eigenvalue 1. Hence, if ¢ denotes the character of C acting on C2" | then |p(c/)| = 1 by
Lemma, [7.2.1] - On the other hand, ¢ is real-valued by Theorem [8.2.1] u hence go(cj) +1. It follows

that ¥ := 22__6 ! ¢(c?) is an even integer of absolute value at most 2 — ¢ — 1. Also note that

7j=1
Z 3 lples1cle = ¥ +2)/(2N —¢),
whence ¥ + € is divisible by 2V — e. ‘
Now, if € = 4, then we must have that ¥ +1 =2V — 1, ie. p(c/) =1 for all 1 < J< 2N ¢,
and so p|c = rego + 1¢. If € = —, then we must have that ¥ — 1 = -2 — 1, i.e. p(¢/) = —1 for
all 1 < j <2V —¢ and so ¢|c = reg — 1c. O

Now consider any 2-power ¢ = 2f and n € Z>y such that N = nf > 3. Also consider a 2n-
dimensional space U := FQ”, endowed with a non-degenerate symplectic form (-,)s : U x U — Fy
and a quadratic form Qf : U — F, of type — associated to (-,-)s. Then, choosing £ = 212y
base change we can identify the Fa-space U with V, Trg_/p,((-,-)r) with (-,-)1, and Try_r,(Qy)
with Qi. This gives rise to an embedding of O(U) = Oy, (¢) into O(V) = O, (2), and by Theorem
[R.2.7] we obtain

(8.22.1) Hy = E-Oy,(q) < H, Hj := [H} H}] =

(Note that H;Z is perfect if n > 2. Indeed, the faithful irreducible action of the simple group €5, (q)
on E/Z(E) implies that Z(E)X = H; for X := (HJ?)(OO), and thus [H} : X] < 2. Hence, if X < H7,
then Hy = X x Z(E) and so E' = Z(E) x (E'N X) splits over Z(E), a contradiction.)

In what follows, by Hf_ and HJ? we mean the subgroups as defined in (8.2.2.1f), where the
— glt2nf |

_ . —\ ~ ol+2
E-Q5,(q), with E:= Oy(Hy) =2,

embedding H, /E — Hy /E is obtained via base change as described above, and Hy
0,,,4(2) < GLW (C) is constructed in Theorem

PROPOSITION 8.2.3. In the above notation, assume n > 2 and nf > 3. Then there is an element
oceOV) = O,,,1(2) of order 2f such that the following statements hold:

(i) o induces an outer automorphism of order 2f of QU) = Q5 (27).

(i) Now((U) = (1), 0) = Aut(Q(U)) = Q(U) x Cay = O(U) - Cy.

(iit) If f = ab for some a,b € Zs1, then (UU),0%) < Oy,.(¢"/*), (QU), o) < Q5 . (¢"?), and
|ICy (0®)| = 227~V Furthermore, if b > 1 then there exists an element o' € (Q ( ), o ) such
that |Cy (o) = 2273, If b =1 and 21 f, then there exists an element o' € (QU), o) such
that |Cy (o')| = 2272,

(iv) Suppose f = ab for some a,b € Z>1 with 2 + a > 3. Then there exists an element T €
(QU), ) such that |Cy ()| = 22° if b > 1 and |Cy(7)| = 22" if b= 1. If in addition b =1
and n > 3, then there exists an element 7' € (Q(U), o) such that |Cy (/)| = 2272
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PRrROOF. (a) We will follow the proof of [KIL, Proposition 2.8.2]. Fix an element ¢ € F, such
that the polynomial t? + ¢ + ¢ € F,[t] is irreducible over F,. Note that

(8231) TrIFq/]F‘z(C) =1.

(Indeed, the map 7 :  +— 2% + x on F, is Fo-linear with kernel {0, 1}, hence [Im(7)| = ¢/2. Next,
if y = 22 + 2 € Im(7), then Trg, /r,(y) = x + 2% = 0. Since the equation Trg_/r,(y) = 0 can have
at most ¢/2 roots in Fy, we see that its roots are exactly the elements of Im(w). As ¢ ¢ Im(n),

(8.2.3.1)) follows.)

Now we can choose a basis (u1,...,up,v1,...,0,) of U = ]Fg" in which (-,-)s has Gram matrix
0 I,
< I, 0> and furthermore
Qf(ui) = Qp(v) =0, 1 <i<n—1, Qlun) = 1,Qp(vy) = ¢.
Define
n n—1
(8.2.3.2) o: Z(xlul + yiv;) — Z(w?uz + yvg) + 22upn + y2 (Cun + vp), Vo, y; € Fy,.
i=1 i=1

In particular, o is Fa-linear, and
(8.2.3.3) Qr(ov) = Qs(v)?, Yv € U.
It follows that o preserves Qi, whence o € O(V). Also, (8.2.3.3)) implies that o normalizes O(U)
and Q(U), i.e. 0 € No(V)(Q(U))
Suppose in addition that f = ab for some a,b € Z>1. Then we can view U as an [Fy-vector

space, and endow it with the following non-degenerate symplectic form and associated quadratic
form

(u,v)p 1= Tr]Fq/IFQb((uv U)f)v Qp(v) := Tr]Fq/]FQb(Qf('U))-
Writing 7 := 2° and

(8.2.3.4) ni=C4+C4 .+

from (8.2.3.2) we obtain that
n n—1

(8.2.3.5) ol Z(%Uz + yiv;) Z(wfuZ +yivi) + x) un + Y (g, + vy).
i=1 i=1

In particular, o® is F,-linear, and, using (8.2.3.1)) we see that
(8.2.3.6) ol (v) = v + (up,v) pun, Yo €U,
that is, o/ is the reflection p,, corresponding to u, and so (QU),o;) = O(U). Furthermore,
(8.2.3.3)) shows that o ¢ O(U) when 1 <i < f — 1, and so
(8.2.3.7) (QU),0) =Q(U) x Cyy.
We also note from ([8.2.3.3)) that

Qu(0”(v)) = Trp, s, (Qr(c”(v)) = Trg,/m, (Qr(v))") = Trg,/m, (Qr(v)) = Qu(v)
for all v € U, i.e. o, preserves Qp. Since the same obviously holds for Q(U), we have shown that
(QU),0 < 05,,(¢"%). As Q(U) = O3, (q) is perfect and Q, (¢"/*) has index 2 in O, (¢"/?), it
follows that (Q(U),0?) < Qy, . (¢"/%).

(b) Note that Q(U) acts irreducibly on V = F3". Therefore E := Cpyqqr)(Q(U)) is a division
ring by Schur’s lemma, hence a finite field by Wedderburn’s theorem. Next, since Q(U) is centralized
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by Z(GL(U)) U{0}, a field of size ¢, we have that E is an extension of F,, say of degree e > 1. Now,
considered as Q(U)-module over E, V' is absolutely irreducible, and dimg V' = 2n/e. When n > 3,
applying [KIL|, Proposition 5.4.11], we see that e = 1 and E \ {0} = Z(GL(U)). This also holds
when n = 2, see [KIL, Proposition 2.9.1(v)]. It follows that Cqr,v)(2(U)) = Z(GL(U)).

Next we show that Co ) (2U)) = 1. In fact we will show that

(8.2.3.8) Csp) (QUU) = 1.

By the previous result, it suffices to show that if A € Fy is such that (Au, Av); = (u,v); for all
u,v € U, then A = 1. Assume the contrary: A # 1. We apply the given identity to (u,v) =
(u1,¢/(A? = 1)uy), so that (u,v)s = ¢/(A\? —1). For such (u,v) we now have

(Au, A\v)p — (u,v)1 = Trg, /F, (()\u, )¢ — (u, v)f) = Trg,/F, (()\2 — 1)(u,v)f) = TrFq/FQ(C) =1,

a contradiction.

We have shown that Noy)(2(U)) < Aut(2(U)), and the latter is isomorphic to Q(U) x Cay by
I[GLS|, Theorem 2.5.12]. Together with (8.2.3.7)), this implies that No ) (Q(U)) = (Q(U),0) and
that o is an outer automorphism of order 2s of Q(U). As (Q(U),of) = O(U), we also obtain that
(QU),0) =0(U) - Cy, the latter being a split extension only when 2 { f.

(¢) To prove statement (iii), note that any o’-fixed point v € V is also of-fixed, and so belongs

to
= (U1, ..., Up, 01, .. , Un—1)F,
by (8.2.3.6). Applying (8.2.3.5)), we then see that
Cv (o) = (u1,...,up,v1,... ,vn,1>]p26,

and so |Cy (c?)| = 22n=10,
Assume b > 1. Then there exists 5 € F, \ (21| z¢€ F,}. Then we take o’ := ho®, where
h € O((u1,v1)F,) sends u; to Buy and vy to S~ tv;. The condition on 3 implies that the system

2b -1, 2°
LU:ﬂl' 7y:B y )I7y€Fq

has only one solution (0, 0). This means that o’ fixes only the zero vector in (u1,v1)r,. The previous
case shows that o’ fixes exactly 2(2n=3)0

2(2n—3)b'

Next, consider the case b = 1 but 2 { f. Then we take o’ := ho, where h € O((u1,v1)r,) sends
u1 to v1 and vy to u;. As 24 f, the system

vectors in (ug,...,Un,v2,...,Un)F,, and so |Cy (o) =

2

r=y% y=1° 1,ycF,

has exactly two solutions x = y € Fy. This means that ¢’ fixes exactly 2 vectors in (uj, vl)Fq. As

(2n—3)

before, o’ fixes exactly 2 b vectors in (ug, ..., un,va,... , Un)F,. Hence |ICy (o")| = 2(2n—2)b

(d) Finally, we prove statement (iv). Again write r := 2°, so that ¢ = r%, and choose ¢’ € F,
such that 2 + t + ¢’ € F,[t] is irreducible over F,. Then, for any root & of t? + t + ¢’ we have
£ €F,2 \F,. But ais odd, so £ € F 2 \ Fg, which means that ¢* 4+t + ¢’ € Fy[t] is irreducible over
[F,. Hence, in what follows we may assume that the element ¢ in (a) is chosen to be equal to ¢’ and
thus

¢ €F,.
For the element 7 defined in (8.2.3.4]), the proof of (8.2.3.1)) now shows that
b—1
n=C+C+...+¢ =T p,() =1
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Together with (8.2.3.5)), this implies that
n

n
(8.2.3.9) o2 Z(ZEZUZ + yiv;) — Z(:Ufuz + yfvi).
=1 =1

We also note that
(8.2.3.10) ged(r? —1,¢ — 1) = ged(2?® — 1,29 — 1) =20 — 1
since a is odd.
Assume first that b > 1. Fix a generator vy of F, of order ¢ — 1 =r% — 1, and consider

1

teQU) :uj— yui, vi—=>y vy, 1<i<n—1, up > Uy, Uy — Up.

We claim that x = 0 is the only solution of the equation fyxTZ = x over F,. (Indeed, if x € F is

2
1= "and so

(¢-1)/(r=1) _ y(~1-r)(a-1) _ 1,

any such solution, then v = x

Y
Since r —1 =2 —1> 1 and (r —1)|(¢— 1), this contradicts the choice of v.) Together with (8.2.3.9)
and (8.2.3.10)), this implies that >, ; (zju; +y;v;) € U can be fixed by to?? exactly when z,, y, € F,
and z; = y; = 0 for 1 < i < n — 1, showing |Cy (to?*)| = 22°. Thus we can take 7 := to?® in this
case.

Assume now that b = 1. Then (8.2.3.9) and (8.2.3.10) show that > ;" , (zju; + y;v;) € U can be

fixed by 0% exactly when z;,y; € F, for 1 < i < n, yielding |Cy (7)| = 22" for 7 := 0.

Finally, assume that b =1 and n > 3. Then U’ := (u1, ug, v1, v2)F, is a quadratic space of type
+, and so Q(U’) = Qf (¢). Recalling that ¢ = 2%° > 8 and (u1, u2)p, is a totally singular plane in
U’, we can find an element

- diag(<(1) }) , G (1’)) € GLa(q) < QU

(written in the basis (u1,us,v1,v2)). Letting ¢’ acting trivially on (U’)1, we obtain an element in
Q(U) which we denote by the same letter ¢'.
We claim that (z,y) = (0,0), (1,0) are the only two solutions of the system
dryl =2yt =y
over F,. (Indeed, y* = y implies that y € FyNFyr = Fy (as 24 a = f). If y = 0, then z* = z implies
that x € Fy NFyy = [y, giving rise to the two indicated solutions. Assume y = 1. Then
=@+ =2t +1=0,

and so & € F1g N Fyr = Fy, for the same reason that f is odd. But in this case, 2%+ 2 =0 # 3*, a

contradiction.) Together with (8.2.3.9)) and (8.2.3.10)), this implies that Y ;" (z;u; + y;v;) € U can

be fixed by 7/ := t'0?® exactly when

(xlva) € {(0,0), (170)}a (yl,yQ) € {(070)7 (07 1)}7 T,y € Fo, 3<i<n.
Thus |Cy (7)| = 2272, as stated. O

The next result is concerned with orthogonal groups of both types + and —.

PROPOSITION 8.2.4. Let ¢ = 2/, n > 1, and let U = ]FZ" be endowed with a non-degenerate

Fy-valued quadratic form Q; of type e = &. View U as a 2nf-dimensional vector space V = anf,

endowed with the Fa-valued quadratic form Qi(v) = Trg, sk, (Qy(v)), which naturally embeds O(U)
in O(V). Then the following statements hold.
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(i) If e = —, then N (UU)) contains a subgroup A= Q(U) x Cay and an element T € A such
that |Cy ()] = 2.
(ii) Suppose € = + and 21 f. Then N (UU)) contains a subgroup A = Q(U) x Cyy and an
element T € A such that |Cy (1) =2 if 24 n, |Cy(7)| =4 if 2|n. In the latter case when 2|n,
A also contains 7' such that |Cy (7')| = 227~ L.
(iii) If € = + and 2|f, then Nou,(UU)) contains a subgroup A = QU) x (C2 x Cy) and an
element T € A such that |Cy (7)| = 4. Furthermore, |Cy(g)| is a power of 4 for all g € A.

PROOF. (a) In the case e = —, part (a) of the proof of Proposition which was formulated
with the conditions n > 2 and nf > 3, also works for n = 1 and for n = 2, and we can take
A=(QUU),o).

Consider the case n = 1. Then part (c) of the proof of Proposition also works when
n =1 = b and shows that |Cy (0)| = 2.

For the general case of any n, we apply the preceding remark to 5 (2"/) = Q(Q,, ) to get
(8.2.4.1) |ICy(0)| = 2,

where ¢ is induced by the field automorphism x — 2%, and Q,,f is the quadratic form of type — on
W = anf specified in part (a) of the proof of Proposition As mentioned there, o/ is then
F-linear. Now we view W as U = ]Fg” with the Fj-valued quadratic form

Q'(v) = Try, /5, (Qug(v)),
which is invariant under Q(W) and o/. In particular, Q(U;) = Cyny1 embeds in O(U). Furthermore,
(8.2.3.3) applied to W shows that
Quf(0(v)) = Qup(v)”
for all v € W. Now, for any g € O(U), writing u := o~ !(v) we have

Q' (ogo'(v)) = Q' (a(g(u))) = Try,./m, (an (U(Q(u)))> = Tz, v, (an (g(u))2)
= (1 oot} = (@) = @0’

_ 2 , 2
= (TrIFqn/IFq (Qus(o 1(”)))) = Trg, . /r, (an (07 (v)) )
= Trg, . /p, (Quf(v)) = Q'(v)
showing that o normalizes O(U), and hence Q(U) = [O(U), O(U)] as well.
Claim that O(U) has type —. It suffices to prove it for n > 2. If (n, f) # (3,1), then 22%/ — 1
admits a primitive prime divisor ¢ by [Zs], which divides ¢" + 1 but not |03, (¢)|, whence the claim
follows. If (n, f) = (3,1), then Q(W) = Cy, whereas Of (2) = Sg has no element of order 9, so we

are also done.
Hence we can identify Q" with Q 7. Now o fixes

Trg, /5, (Qny) = Trr, jr, (Q) = Trp, /5, (Qr) = Qu,

and so o € O(V). We have shown above that ¢/ € O(U) and o € Now)(2(U)); furthermore, o
is induced by the field automorphism z ~— 22 (in a suitable basis of U). Hence (8.2.4.1)) yields the
desired property for the element o in A.

(b) Now assume that ¢ = +. Then we consider U = Fg” = (U1,...Up,V1,...,0n)F, With the
Fg-valued quadratic form Qs (>, (ziu; +yiv;) = >, xiy; of type +. Also consider the endomorphism

(8.2.4.2) o () (wiws + yivi) = > _(wFui + yivi)

3 (2
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of U, induced by the field automorphism z + 22, and the involution
(8.2.4.3) J iUl &1, up e U, v v, Vi 2
in O(U). Arguing as in (a), we see that o € O(V'), o has order f and normalizes Q(U), and we
can take A := Q(U) x (j,0). Note that |Cy(0)| = 2?7, so o has quasideterminant 1 in O(V).
Furthermore, |Cy (5)| = ¢** 1. If 2|, then j has quasideterminant 1 in O(V), and so 4 < Q(V);
in particular, |Cy (g)| is a power of 4 for any g € A. If 2 f, then j has quasideterminant —1 in
o(V).

Direct computation shows that |Cy (0)| equals 2271 if 24 f and 22" if 2|f. In particular, we
are done if n = 1.

(¢) Assume now that € = + but n > 1. Then we consider W = F3,; = (u, v) with the Fyn-valued
quadratic form Q,¢(xu + yv) = zy of type +. Also consider the endomorphism

o(zu+ yv) = 2%u + y*v

of W, induced by the field automorphism z +— 22, and the involution j : u <> v in O(W). Then W
can be considered as a 2n-dimensional vector space U = Fi", endowed with the Fy-quadratic form

Q' (v) = Trr,, /7, (Quy(v))-

In turn, U can be considered as a 2nf-dimensional vector space V = ]F;nf , endowed with the
Fo-quadratic form
Qi (v) = Trp, /m, (Q'(v)).

Under this identification, (u>]pqn turns into a totally singular subspace of size ¢", showing that Q’

and Q] are of type +. Hence we may assume Q F= Q' and Q; = Q. The same computations as in

part (a) then show that o/, j € O(U) and 0,5 € No)((U)). Furthermore, the last sentence in

(b) applied to ¢j then shows that |Cy (0j)| equals 2 if 2t nf and 4 if 2|nf. O

THEOREM 8.2.5. In the notation of , the following statements hold when nf > 3.
(i) Ifge Hy :==E-Q5,(q) < Hy, then |Trace(g)|? is either O or a power of ¢*> = 2%/.

(ii) If g € H, then |Trace(g)|? is either 0 or a power of ¢ = 2. Moreover, there erists some
h € H; such that | Trace(h)|? = q.

(i) Assume that n > 2 and embed H; in & := Spons(C). Then there exists s € NH;(HJ‘?) such
that sE induces an outer automorphism of order 2f of Hy/E = Q,,(q), H; = <H]?,sf>, and
Ng(H}) = (H},s) = Hj - Coy. Furthermore, if H; <X < & and [X : H}| = a1, then we have
the following.

(a) a1]2f and X = <Hj?,s2f/“1>.
(b) If ay = 2a for some a|f, then X contains elements t,t' with |Trace(t)|? = ¢@n—D/e,
|Trace(t')|? = ¢(?*=3)/e if 4 < f, and |Trace(t')|? = ¢>»=2/e if 24 a = f.
(c) If 21 ay, then X < Hy = E- Qz_ml(ql/al). If 2t a1 > 3, then X contains an element t
with | Trace(t))? = ¢>/* when ay < f and |Trace(t)|? = 22" when a; = f. If2fa; = f > 3
and n >3, then X contains an element t' with |Trace(t')|? = 2272,
PROOF. (i) It is well known, cf. [GT1], Lemma 5.8], that dimp, Cy;(g) is even, i.e. |Cy(g) is a
power of ¢?. Hence the statement follows from Lemma |7.2.1

(ii) The first statement follows from Lemma as in (i). For the second statement, consider
an involution j € O3 (¢) and a regular semisimple element z of order ¢"~1 +1in O, ,(g) and set

7= jz € 03 (q) x Og,_5(q) < O3,(q)-
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Then it is straightforward to check that |Cy(y)| = ¢. By Lemma if y is an inverse image of
y in H; , then |Trace(h)|?> = q for some h € yE.

(iii) We will choose s € H; such that the coset sE in H; /E = O(V) corresponds to the
element o constructed in Proposition By its construction, s € N HY (HJ‘?), sE induces an outer
automorphism of order 2f of Hy/E =y, (q), H; = (Hy, sf), and NHl_ (Hf) = (H},s) = Hj - Coy.
Next, since E' = O3(H}), we have by Theorem that

Ne(H?) < Ng(E) = Hy .
It follows that £' < Ng(H}), and so by Proposition (ii) we obtain
Ne(Hy)/E = Now)(QU)) = (QU),0) = (Hf,s)/E,
yielding the equality Ne(Hj}) = (Hy, s).

Now consider any subgroup X < & that contains HJ‘? as a normal subgroup. Then X < Ng(H }‘2),
and as Ng(H;) = (Hy,s) = H; - Cyp, we must have that X/H; = C,, for some a1|2f and
X = <H]?,s2f/“1>. Assume in addition that a; = 2a, so that a|f, and write b := 2f /a1 = f/a. As
|ICu(0?)| = ¢?»~D/e by Proposition (iii), we can apply Lemma to find an element ¢t € X
whose coset in H; /E corresponds to o® and such that |Trace(t)|> = ¢>"~1)/2. Next, by suitably
choosing ' € X whose coset in H; /E corresponds to the element ¢’ in Proposition (iii), we
achieve that |Trace(t')|? equals ¢®*"~3)/% when a < f, and equals ¢?"~2/% when 2} a = f.

Assume now that a; is odd. Then a;|f, and so by Proposition [8.2.3[iii) we have that

X/E = (QU),o* /")) <y, (¢ = H, /B,

Le. X < H}’/al. Assume in addition that a; > 3. Then we can choose b := f/a; and repeat the
above arguments, but applying Proposition iv). O

8.3. Linear groups in characteristic 2

First we prove the following group-theoretic result, which is a “p = 2” version of [KT2| Theorem
4.6]. Recall, see [Zs], that for any integer m > 2 and m # 6, 2" — 1 admits a primitive prime divisor
ppd(2,m), that is, a prime divisor that does not divide Hf:ll(T — 1). Furthermore, if in addition
m # 2,4,10,12,18, then 2™ — 1 admits a large primitive prime divisor, i.e. a primitive prime divisor
¢ where either £ > m + 1 (whence £ > 2m + 1), or £2|(2™ — 1), see [F2].

THEOREM 8.3.1. Let gy = 2 be a power of 2 and let d > 2. Assume in addition that

df # 2,4,6,10,12,18;

in particular, 2% —1 admits a large primitive prime divisor £, and we choose such an £ to mazimize
the L-part of 2% — 1. Let W = ]Ffllo and let G be a subgroup of GL(W') = GL4(qo) of order divisible
by the l-part Q := (qd — 1)y of g8 — 1. Then either L = 0% (@) is a cyclic (-group of order Q, or

there is a divisor j < d of d such that one of the following statements holds.
(i) L = SL(Wj;) = SLd/j(qg), d/j > 3, and Wj is W viewed as a d/j-dimensional vector space
over IF'qj. Furthermore, if 2|df > 4 then L does not fiz any Fay-valued non-degenerate quadratic

0

form on W viewed over Fo. Moreover, L does not fiz any Fa-valued non-degenerate alternating

form on W viewed over Fa.
(ii) 2jld, W; is W wviewed as a d/j-dimensional vector space over F i endowed with a non-
0

degenerate symplectic form, and L = Sp(W;) = Spd/j(qé). Furthermore, if 2|df > 4 then
L does not fix any Fa-valued non-degenerate quadratic form on W viewed over Fs.
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(iii) 2[jf, 21 (d/3), W; is W viewed as a d/j-dimensional vector space over F i endowed with a
0
non-degenerate Hermitian form, and L = SU(W;) =2 SUd/j(qé/Q).
(iv) 2jld, d/j > 4, W; is W viewed as a d/j-dimensional vector space over F i endowed with a
0

non-degenerate quadratic form of type —, and L = Q(W;) = Q;/j(q{)).

v) (d,L) = (45,°B, qj , (67, Ga qj or some j € Z>1. Furthermore, if jf > 1 then L does not
0 0 >
fix any Fa-valued non-degenerate quadratic form on W viewed over Fs.
(vi) (d,qo,¢, L) = (8,2,17,PSLa(17)), (20,2,41,PSLo(41)). In the former case, L does not fix any
Fa-valued non-degenerate quadratic form on W.

PROOF. (a) We proceed by induction on d > 2. For the induction base d = 2, note that
L < GnNSLa(qo) and £ > 11. The list of maximal subgroups of SLa(gp) is well known, see e.g.
Tables 8.1 and 8.2 of [BHR]. Using this list, one easily checks that either L = Cq, or (i) holds
with j = 1.

(b) For the induction step d > 3, we will assume that L 2 Cg, and apply the main result
of [GPPS] to see that G is one of the groups described in Examples 2.1-2.9 of [GPPS]. By
assumption,

(8.3.1.1) Either ¢ > 2df + 1, or Q = (¢d — 1), > ? > (df +1)%.

If G is described in Example 2.1 of [GPPS], then ay = 1 since ¢ = ppd(2,df). Furthermore,
one of (i)—(iv) holds, with j = 1.

Next, as ¢ does not divide the order of any (maximal) parabolic subgroup of GL(W) = GL4(qo),
G must act irreducibly on W, and so cannot be any of the groups in Example 2.2 of [GPPS].
Likewise, the condition ¢||G| rules out all the groups listed in Example 2.3 of [GPPS]. Next,
Example 2.5 of [GPPS]| does not occur in characteristic 2, which is our case.

(c) Suppose G is among the groups described in Example 2.4 of [GPPS]. Again, as ¢ > df, G
can appear only in Example 2.4(b) of [GPPS]. Thus there is a divisor 1 < j|d and W is endowed
with the structure of a d/j-dimensional vector space W; over qu, and G < GL(W;) x C}, where

0

C; is the group of field automorphisms of Iqu over [F,. Note that j < d < df </, so L is contained
0

in GL(W;) 2 GL,/;(q}) and has order divisible by @ = ((¢})¥7 — 1), = Q. If j = d, then L = Cy,
contrary to our assumption. If d/j = 2, then the induction base implies that (i) holds with j = d/2.
If d/j > 3, then the induction hypothesis then implies that one of (i)—(v) holds.

(d) In Examples 2.6-2.9 of [GPPS|, S < G/(GN Z) < Aut(S) for some non-abelian simple
group S, where Z := Z(GLg(q0)) = Cyy—1 and the full inverse image N of S in G acts absolutely
irreducibly on W. Moreover, G < GL4(q1) * Z for some root q; of qo. If g1 < qo, then |G| is not
divisible by ¢ = ppd(2,df). Hence q; = qo, i.e. Fy, is the smallest field over which G is realizable
modulo scalars (in the sense of [GPPS| p. 172]).

In Example 2.6 of [GPPS] we have S = A,; in particular, £ < n. First, in Example 2.6(a) of
[GPPS|] we have n —2 <d<n—1,andso £ >d+1>n—1>n/2, whence /2 {|G|. As {is a
large primitive prime divisor, we then have ¢ > 2d 4+ 1 > n and so ¢ { |G|, a contradiction. Example
2.6(b) of [GPPS]| does not occur in characteristic 2. In Example 2.6(c) of [GPPS], we must have
that £ = 7 and d = 4, but then ¢ cannot be a primitive prime divisor of 2% — 1.

In Example 2.7 of [GPPS], S is a sporadic simple group. With ¢ being a primitive prime divisor
of 24 — 1, we are in one of the following cases:

(G,,d,f) = (Mj1,10,11), (My2,10,11), (Mao,10,11), (Ru,28,29),
(M23a11723)’ (M24711a23)> (3']3’9’ 19)
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In the first four cases, we have £ = d + 1 and ¢2 { |G|, contradicting the largeness of /. In the next
two cases with (d, £) = (11,23), since £? { |G| and £ = 2d + 1, the largeness of ¢ implies that f = 1.
But in this situation, we can choose 89 as a primitive prime divisor of 2¢ — 1, and this contradicts
the maximality of Q. In the last case of (3.J3,9,19), as 192 { |G| and 3.J3 # SLg(2), we must have
that f = 2, giving df = 18.

In Example 2.8 of [GPPS], S is a simple group of Lie type in the same characteristic 2. The
condition ¢ = ppd(2,df) leads to (d,L) = (4,?B2(q1)), (6,G2(q1)) with q1 = go, and we arrive at
possibility (v) with j = 1.

In Example 2.9 of [GPPS], S is a simple group of Lie type in characteristic # 2 and appears in
Tables 7 and 8 of [GPPS]. The only case in Table 7 that occurs in characteristic 2 is G2(3) with
d = 14 which however does not permit the primitive prime divisor ¢ to exist. Consider the case
when S appears in Table 8 of [GPPS]|. Using the fact that ¢ is a large prime divisor of 2df _ 1,
we can again rule out all cases except for the case (d,¢,5) = ((¢{ —1)/2,¢,PSLa(¢)). In this case,
|G|¢ = ¢ = 2d+1, and the largeness of £ forces f = 1. To handle this last case, we use a strengthening
[Tr, Theorem 3.2.2] of the main result of [F2], proved by A. MacLaughlin and S. Trefethen. This
result asserts that, £ can be chosen so that (2d — 1)y > 2d+1, unless d € {2,3,4,6,8,10,12,18,20}.
Given our assumptions on (d, f) and the fact that PSLy(7) = SL3(2), we are left with the two last
possibilities in (vi). Note that PSLy(17) is a maximal subgroup of Spg(2) [CCNPW], so cannot
embed in 93(2).

Suppose now that 2|df > 4 and Q is any Fs-valued non-degenerate quadratic form. Then it
takes both values 0 and 1 on W ~ {0}, and so any subgroup of O(Q) cannot act transitively on
W~ {0}. Since the group L in (i) and (ii) are transitive on W ~\ {0}, in none of these cases G' can
fix Q. The same applies to the case L = Ga(g)) in (v), see |[Li, Appendix 1]. Consider the case
L = 2By(g}) in (v), in which case L has two orbits, of length g} (g2’ +1)(¢} — 1) and (g2 +1)(¢} — 1)
on W~ {0}, see [Li, Table 12]. These orbits must then match the sets of (nonzero) Q-isotropic and
Q-anisotropic vectors on W, which are however of size (qu + 1)(q(2)3 /2 —1) and qgj (qgj +1)/2, a
contradiction.

Finally, suppose we are in case (i) and L fixes a non-degenerate symplectic form on Fgf , which

implies L < Spgr(2). Then we can find an element g € L of order |g| = (qf — 1)/(qg -1) =
(2% —1)/(g}— 1) which is divisible by £ = ppd(2, df). Such an element g is irreducible on F gf , hence
|g| divides 2%/2 + 1 by [Hup), Satz 11.9.23], which is impossible since j < d/3. O

The case df = 6 is a real exception in Theorem since 2% — 1 does not possess any primitive
prime divisor. Before dealing with the remaining exceptions in Theorem we record the
following well-known facts:

LEMMA 8.3.2. Let F be a finite field and W a finite-dimensional vector space over F. Let
G < GL(W) be an irreducible subgroup. Then the following statements hold.

(a) E := Endg(W) is a finite field containing F. Moreover, W is endowed with a structure of
EG-module structure Wg, compatible with the action of G on W, such that Wg is absolutely
1rreducible.

(b) Suppose that W can be endowed with a structure of LG-module structure Wy,, compatible with
the action of G on W, for some finite extension I of F, and that Wy, is absolutely irreducible.
Then E = L, in fact, it is the set of scalar maps on Wi,.

PROOF. (a) By Schur’s lemma, E is a finite division ring, hence a field in which F embeds via
a — «-idy. Now for any 8 € E we define

(8.3.2.1) B-v=p(v)
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for all v € W, and this turns W into an EG-module Wy. If Wy is any nonzero EG-submodule of Wy,
then it is also a submodule of W, whence Wi = Wg and thus Wk is irreducible. Next, Cgpq(w,)(G)
contains E (by the definition of W), and is contained in Cgpqw)(G) = Endg(W) = E, so

(8.3.2.2) Cnay) (G) = E.

The latter implies by [Isl Theorem 9.2] that Wy is absolutely irreducible.

(b) Since Wy, is absolutely irreducible, Cguqm;)(G) = L again by [Is, Theorem 9.2]. As
End(W) C End(W), we have that L. C E. Now Wg can be obtained from Wy, via (8.3.2.1)),
and End(Wg) C End(WL), so (8.3.2.2) implies that E C Cgpqqw,)(G) = L. Thus E = L. O

PROPOSITION 8.3.3. Let qo = 27 be a power of 2 and let d > 2. Assume in addition that
df € {2,4,10,12,18};
in particular, 2% — 1 admits a primitive prime divisor ¢. Let W = Fgo and let G be a subgroup of

GL(W) = GLg(qo) of order divisible by the £-part Q := (¢¢ —1)¢ of ¢} — 1. Then either L := O%(G)
18 a cyclic £-group of order @), or one of the following statements holds.

(i) There is a divisor j < d of d such that one of the conclusions (i)—(v) of Theorem [8.5.1] holds.
i

(i) (d,qo0,¢) = (4,2,5) and L = Ag or As.
(iii) (d,qo,¢, L) = (5,4,11,PSL2(11)).
(iv) (d,qo, ¢, L) = (6,4, 13, PSLy(13)).
v) (d,q0, ) = (9,4,19), and L = 3 - J3 or PSLy(19).
(Vl) (d qo, ) (10,2, 11) and L € {PSLQ(ll),M11,M12,M22,A11,A12}.
( 1) (d q0, ) (12,2,13) and L € {PSL2(13),PSL2(25),SL3(3),A13,A14}.
(Vlll) (d qo,@ (18, 2, 19) and L € {3 : J3,PSL2(19), A1, AQ()}.

PROOF. The case df = 2 is obvious, and the case df = 4 can be checked using [CCNPW]. So
we will assume that df > 10, so that £ > 11, and that L 2 Cg. We also assume that L # SLg(qo),
as otherwise [8.3.1i) holds with j = 1.

(a) We will argue by a partial induction on d > 2. First, part (a) of the proof of Theorem
already handles the case d = 2. Next assume that d = 3. As ¢ > 16 in this case, L < O (GLs3(g)) =
SL3(qo). As L # SL3(qo), L < M for some maximal subgroup M of SL3(gg), whence L < O (M).
The list of maximal subgroups of SL3(qp) is given in Tables 8.3 and 8.4 of [BHR], and using the
condition £|O (M)| we see that L < SUg(qé/z). Now we can apply the same argument and use the
list of maximal subgroups of SUg(qO/Q) [BHR. Tables 8.5, 8.6] to conclude that L = SU;:,(qé/2)7 ie
8.3.1(ii) holds with j = 1.

Next assume that d = 4, so that df = 12 and g9 = 8. As above we have that SLy(qp) # L <
0% (GLy4(g0)) = SL4(go), and so L < O (M) for some maximal subgroup M of SLy(go). Inspecting
the list of maximal subgroups of SL4(8) as given in [BHR), Tables 8.8, 8.9], we have L is contained
in (a natural subgroup) SLa(g3) or Sps(qo). In the first case, the result of the case d = 2 implies
that L = SLa(g?), i.e. [8.3.1](i) holds with j = 2. If L = Spy(qo) then [8.3.1](ii) holds with j = 1. If
not, L < OEI(N ) for some maximal subgroup N of Sp,(qo), and using the list of maximal subgroups
of Spy(qo) [BHR), Table 8.14], we obtain L is contained in (a natural subgroup) Spy(q3), € (q0),
or 2Bs(qo). Now the results for d = 2 and the list of maximal subgroups of ?Bs(qo) [BHRJ, Table
8.16] shows that L = Sp,y(q?), 25 (q0), or 2B2(qo), i.e. (ii), (iv), or (v) holds.

Consider the case d = 5, so that df = 10 and gy = 4. Then L < OY(GL5(qo)) = SL5(qo). As
L # SLs(qo), L < M for some maximal subgroup M of SLs(go), whence L < OY(M). The list of
maximal subgroups of SLs(qo) is given in Tables 8.18 and 8.19 of [BHRIJ, and using the condition
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(|0 (M)| we see that L < SUs(2). Using the list of maximal subgroups of SUs(2) and PSLy(11)
[CCNPW], we see that L = SU5(2) or PSLy(11), i.e. either [8.3.1](iii) holds or we arrive at (iii).

Now let d = 6, so that df = 12 or 18, and ¢p = 4 or 8. As above we have SLg(qy) # L <
0% (GLg(q0)) = SLs(qo), and so L < O (M) for some maximal subgroup M of SLg(go). Inspecting
the list of maximal subgroups of SLg(qo) as given in [BHRI Tables 8.24, 8.25], we have that L is
contained in (a natural subgroup) SLa2(g3), SL3(g), or Spg(go). In the first two cases, the results
of the cases d = 2 and d = 3 imply that L = SLa(g3), SL3(q¢?), or SUs(qo), i.e. either m(l) holds
with j = 2,3, or [8.3.1fiii) holds with j = 2. If L = Spg(qo) then [8.3.1fii) holds with j = 1. If not,
L < OY(N) for some maximal subgroup N of Sps(go), and using the list of maximal subgroups
of Spg(qo) [BHR), Tables 8.28, 8.29], we obtain L is contained in (a natural subgroup) Spy(qg),
Q% (q0), or G2(qo). Now the results for d = 2 and the lists of maximal subgroups of €5 (¢o) and
Go(go) [BHRJ, Tables 8.33, 8.34, 8.30] show that L = Spy(q3), Q5 (0), G2(q0), SUs(q0), i-e. [8-3.1](it),
(iii), (iv), or (v) holds, or gy = 4 and L = PSLy(13).

Next we consider the case d = 9 and gy = 4. Again, SLg(4) # L < OY(GLg(4)) = SLg(4), and
so L < OY (M) for some maximal subgroup M of SLg(4). Inspecting the list of maximal subgroups
of SLg(4) as given in [BHRIJ, Tables 8.54, 8.55], we have that L is contained in (a natural subgroup)
SL3(g3) or SUg(2). In the first case, the result of the case d = 3 implies that L = SL3(q3), i.e.
B.3.1](i) holds with j = 3. If L < SUg(2) then, using the list of maximal subgroups of SUy(2) [BHR),
Tables 8.56, 8.57], we see that L = SUg(2), SU3(8), i.e. [8.3.1](iii) holds with j = 1,3, or L = 3 J3
or PSLy(19), i.e. we are in (v).

(b) It remains to consider the cases where f =1 and d € {10,12,18}. First we note that L is
irreducible on W = F¢ since |L| is disivible by £ = d + 1. Now if the L-module V is not absolutely
irreducible, then E := Endy (W) is a finite field of order 2/ for some 2 < j|d, and W becomes an
absolutely irreducible EL-module of dimension d/j by Lemma W(l) In this case, L < GLg/;(27),
and we are done by the results of (b). So we may assume L is absolutely irreducible on W but
L < SL4(2), and apply [KIL, Theorem 1.2.1] to L, to see that either L = O%(L) is simple, or
L < Spy(2). In the first case, using [HM]| we arrive at (vi)—(viii). Assuming L is not simple,
we then have L < Spy(2) (as otherwise [8.3.1f(ii) holds). Applying [KIL, Theorem 1.2.1] we get
L < Q;(2). Applying [KIL, Theorem 1.2.1] one more time, we obtain L = Q;(2), i.e. (iv)
holds. O

THEOREM 8.3.4. Let g = 27 be a power of 2 and let n > m > 1 with 2|mn, ged(m,n) = 1, and

nf >4. Let W = anf and let Q be a non-degenerate Fo-valued quadratic form on W. Suppose G

is a subgroup of GL(W) 22 GLay,f(2) of order divisible by lem(q¢™ +1,¢™ +1,¢""™ — 1) that fizes Q.

Then, with ¢ as chosen in Theorem and Proposition m L= OZ/(G) is not cyclic.
Suppose in addition that the action of L on W carries an Fq-structure. Then one of the following

statements holds.

(a) L =Q(Wy) =Q,, (q), where Wy is W viewed as a 2n-dimensional vector space over F, endowed
with a non-degenerate quadratic form Qg of type —. Moreover, there is o € Fy such that
Q(u) = Trg, /p, (- Qp(u)) for all u € Wy.

(b) (n,m,q) =(5,2,2) and L € {A11,A12}.

PROOF. (i) First we note that 2|mn and ged(m,n) = 1 imply by Lemma [10.3.2| that
(8.3.4.1) ged(¢" 4+ 1,4 +1) =ged(¢" +1,¢" ™ —1) =ged(¢™ +1,¢" ™" - 1) =1,

and so |G| is divisible by (g™ + 1)(¢™ + 1)(¢"~™ — 1). By assumption, 2?*/ — 1 admits a primitive
prime divisor ¢ |Zs], which we can choose to be a large primitive prime divisor when nf # 5,6,9
[F2]. Among such ¢, choose ¢ to maximize the f-part of 22°/ — 1. Again by hypothesis, |G| is
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divisible by @ := (¢*" — 1)4, hence we can apply Theorem and Proposition with ¢ = 2,
to the Fa-vector space W to determine L. By the choice of ¢, any element of order ¢ in O(Q) acts

irreducibly on W, and is contained in a conjugate of a fixed cyclic maximal torus 1" of order ¢" + 1
with normalizer T" - Co, ¢ in O(Q).

Suppose L = Cg. Then we may assume L is the unique Cp-subgroup of T', whence G < T'-Cay, ¢
and so (¢™ + 1)(¢"~™ — 1) divides nf. Note that 2 — 1 > 2a whenever a € Z>3 and 2% + 1 > 2a
whenever a € Z>;. Now, if m < n/2, then since 2 { (n — m) we have n —m > 3, whence
q"™ —1>2(n—m)f >nf, a contradiction. Now, if m > n/2, then ¢™ +1 > 2mf > nf, again a
contradiction.

We have shown that L 2 Cg. As mentioned above, any element of order ¢ in L is regular
semisimple in O(Q) and has centralizer conjugate to T = Cynq. Hence, implies that the
order of Cg(L) < Cq(q)(L) is coprime to (¢™ + 1)(¢"~™ —1). As L <G, it follows that

(8.3.4.2) (@™ +1)(¢"™ — 1) divides |Aut(L)|.

Note that @ divides |L|. By Theorem and Proposition but now applied to W viewed
as an I, L-module, we have one of the following cases.

(ii) There is some divisor j € Z>1 of n such that j < n, 2tn/j, and L = SU(W;) = SU,, /;(¢’),
where W; is W viewed as an n/j-dimensional vector space over [ 2; endowed with a non-degenerate
Hermitian form. Note that m # n/2, because otherwise we have (n,m,j) = (2,1,1) and so 2|(n/j).

First consider the case m < n/2. Then 21 (n—m) > 3. Assume in addition that (n —m)f # 6.
Then by [Zs] we can find a primitive prime divisor #; of 2(*=™f —1 which certainly divides ¢"~™ —1
and is at least (n—m) f+1 > max(3f+1,n/241). On the other hand, |Aut(L)| = [PGU,,/;(¢’)|-2j f,
with j < n/3. So implies that ¢; divides [PGU,,/;(¢’)|, and so there exists some i < n/j
such that ¢1|(¢” — (—=1)%). Hence ¢1|(¢*J — 1), and the primitivity of ¢; implies that (n —m)|2ij.
As 2 1 (n —m), we have (n —m)|ij. But ij < n < 2(n —m), so ij = n —m and thus 2 { 4, in
which case ¢1 divides ¢ — (—1)! = ¢"™ + 1, a contradiction. Suppose now that (n —m)f = 6,
ie. (n—m,q) = (3,4). Then we have (n,m) = (4,1) or (5,2). Now we can take ¢; = 7, which is a
primitive prime divisor for ¢"~™ — 1, and repeat the preceding argument.

We have shown that m > n/2. Assume in addition that mf # 3. Then by [Zs] we can find a
primitive prime divisor 5 of 22™f — 1 which then divides ¢ + 1 and is at least 2mf +1 > nf + 1.
As j < n/3, implies that ¢ divides [PGU,,;(¢’)|, and so there exists some i < n/j such
that f5](¢" — (—=1)%). Hence f2|(¢*” — 1), and the primitivity of ¢ implies that mlij < n < 2m,
and so ij = m. Now if 2 { n, then 2 { j and 2|m, so 2|i, and £ divides ¢¥/ — (—1)! = ¢™ — 1, a
contradiction. If 2|n, then 2 { m, whence 2 { j and so 2|n/j, again a contradiction. Suppose now
that mf = 3, i.e. (m,q) = (3,2). As 2|n < 2m, we have n = 4, in which case there is no divisor
Jj <nof nwith 21 (n/j).

(iii) There is some divisor j < n/2 of n such that L = Q(W;) = Q;n/j(qj), where Wy is W
viewed as a 2n/j-dimensional vector space over F,; endowed with a non-degenerate quadratic form
Q;s of type —. In this case, Aut(L) = O;n/j(qj) - Cj5. We will show that

(8.3.4.3) j=1.

First, if m = n/2, then (n,m) = (2,1) and so j = 1. Next we consider the case m < n/2. Then
21 (n—m) > 3. Assume in addition that (n—m)f # 6. Then by [Zs| we can find a primitive prime
divisor £1 of 2(»=")/ _1 which then divides ¢"~™—1 and is at least (n—m)f+1 > max(3f+1,n/2+1).
As j <n/2, implies that ¢; divides \O;n/j(qj)|, and so there exists some i < n/j such that
?1|(¢*7 —1). Hence the primitivity of /1 implies that (n—m)|2ij. As2{ (n—m), we have (n—m)|ij.
But ij < n < 2(n—m), soij =n —m. It follows that j divides both n and m, and hence j = 1,
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as stated in (8.3.4.3). Suppose now that (n —m)f = 6, i.e. (n —m,q) = (3,4). Then we have
(n,m) = (4,1) or (5,2). Now we can take ¢; = 7, which is a primitive prime divisor for ¢"~" — 1,
and repeat the preceding argument.

Now suppose that m > n/2. Assume in addition that mf # 3. Then by [Zs| we can find a
primitive prime divisor £ of 22"/ — 1 which then divides ¢™ + 1 and is at least 2mf +1 > nf + 1.
As j <n/3, implies that £5 divides \O;n /i (¢7)|, and so there exists some i < n/j such that
5|(¢*7 — 1). Hence the primitivity of f5 implies that m|ij < n < 2m, and so ij = m. It follows
that j| ged(n,m) = 1, as desired in (8.3.4.3). Suppose now that mf = 3, i.e. (m,q) = (3,2), but
j > 1. As 2|n < 2m, we have n = 4 and j = 2. In this case, the order of Aut(L) = Aut(2; (¢?)) =
Aut(SLa(16)) = SLy(16) - 4 is not divisible by 9 = ¢* + 1, contrary to (8.3.4.2).

With established, consider the non-degenerate L-invariant F,-valued alternating form
(:|-)f on Wy associated to Q¢, which leads to the non-degenerate L-invariant Fo-valued alternating
form (ulv)1 := Trg, /m, ((u|v)f). Fix a basis of W as Fa-vector space, and consider the Gram matrices
of (+|-)1 and of the form (:|-) associated to Q relative to this basis:

(u|v)1 = wiv, (ulv) =udov

for any u,v € W written as coordinate vectors in anf with respect to this basis. For any element
of L written as a matrix X in this basis, the L-equivariance of the two forms implies that

(X))t =uxJt =X,
hence J;'J € GL(W) commutes with all X € L and thus J;'J € Endg (W) = F, by Lemma

8.3.2(ii). It follows that there is a scalar o € F( such that J = J1T,,, where Ty, is the matrix of the
transformation x — ax on W written in the chosen basis, and so

(ulv) = uJv = w1 Tov = (u|Tyv);.
Back to viewing u, v as vectors in W, we now have

(ulv) = (u|aw); = TTIFQ/JITZ (a(u|v)f).
Rescaling (-|-)s by a, we may therefore assume that (u|v) = (u|v);. Now L fixes quadratic forms
Q and Qi := Trp, /p, (Qf), which are both associated to (:|-). Hence L fixes Q — Qi, a map in
Homp, (W, F2), which can be identified with W using (-|-). Since L has no nonzero fixed point on
W, it follows that Q = Q1, and we arrive at (a).

(iv) (2n,q,L) = (8,2,PSLy(17)), (20,2, PSL2(41)). Here, implies that (2™ +1)(2" ™ —
1) divides 9, respectively 5 - 21, a contradiction.

(v) (2n,q) = (18,2) and L € {3 - J3,PSL2(19),A19,A9}. Here, m = 2, 4, or 8, hence (2™ +
1)(2"™ — 1) is divisible by 127, 31, or 257, respectively, and so cannot divide |Aut(L)|, contrary
to (53.19).

(vi) (2n,q) = (12,2) and L € {PSL2(13),PSLy(25),SL3(3), A13,A14}. Here, m = 1 or 5, hence
(2™ +1)(2"™ —1) is divisible by 31 or 11, respectively, and so cannot divide |Aut(L)|, contrary to
E312).

(Vii) (27’L, q,f) = (10,2, 11) and L € {PSLQ(ll),Mll,Mlg,MQQ,AH,Alg}. Here, if m = 4, then
(2™ + 1)(2"™ — 1) is divisible by 17, and so cannot divide |Aut(L)|, contrary to (8.3.4.2]). Thus
m = 2, and rules out L = PSLy(11), My, and Myz. Since My cannot embed in €7,(2),
we arrive at (b).

(viii) Since nf > 4, we are left with one case (2n,q, L) = (6,4, PSL2(13)). In this case, m = 2,
(4™ +1)(4"~™ — 1) is divisible by 17, and so cannot divide |Aut(L)]|, contrary to (8.3.4.2). O

We will also need to classify another kind of linear groups in characteristic 2.
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THEOREM 8.3.5. Let gy = 2/0 be a power of 2 and let a,b, f € Z>1 and d € Z>z be such that
ged(a,b) =1, 2|ab, a > b, dfo=2(a+0b)f, af #3, (a+b)f # 3,6.
Let 01 = ppd(2,2af) and £y = ppd(2, (a+Db)f) be primitive prime divisors of 22*f —1 and 2@/ —1,
which exist by [Zs]. Let W = F& and let G be a subgroup of GL(W) = GLg(qo) that contains
elements hy of order Q1 := (2“f—|—1)41, and hy of order Qg := (2(4t0S —1),, with Cy (hy) = 0. Then
there exists a divisor j < d/3 of d such that one of the following statements holds for L := Gglat}
the normal subgroup of G generated by Sylow £1-subgroups and Sylow €2-subgroups of G.
(i) L = SL(W;) = SLd/](qo) and W; is W viewed as a d/j-dimensional vector space over EE
Moreover, G does not fix any Fa-valued non-degenerate quadratic form on W viewed over IFQ
(il) 2jld, L = Sp(Wj) = Spy,;(q3), and W is W viewed as a d/j-dimensional vector space over F i
endowed with a mon-degenerate symplectic form. Furthermore, G does not fix any Fa- valued
non-degenerate quadratic form on W viewed over Fs.
(iii) 2|jfo, L = SU(W;) = SUd/j(q(J)/Q), and W; is W viewed as a d/j-dimensional vector space
over Fqg endowed with a non-degenerate Hermitian form.
(iv) 2jld, d/j >4, L = Q(W;) = Qg/j( ) and W; is W viewed as a d/j-dimensional vector space
over F i endowed with a non-degenerate quadratic form of type € = +.

(v) (d,qo,a, b fili,02,L) =(20,2,3,2,2,13,11, Ag2). Moreover, G does not fix any Fo-valued non-
degenerate quadratic form on W.

PRrROOF. (a) Since Cy(h2) = 0 and
(8.3.5.1) o(hg) = ly = ppd(2,dfy/2) > dfo/2 + 1,
the semisimple (hs)-module W is the direct sum of two simple modules, both of dimension d/2.

Hence, if 0 # U # W is a simple L-submodule, then as hy acts on both U and W/U, we have
dimU = dim(W/U) = d/2 < 2af/ fo. However, using

(8.3.5.2) o(h1) =41 = ppd(2,2af) > 2af +1 > dfp/2 + 2,

we can see that the semisimple (g;)-module W contains a simple submodule of dimension 2af/ fo,
a contradiction. Thus L is irreducible on W. For future reference we note that

(8.3.5.3) af >4, 6, > 11.

(Indeed, af > 2 and af # 3 by hypothesis. If af = 2, then (a, f,b) = (2,1,1) and so (a +b)f = 3,
a contradiction. So 2af > 8 and ¢; = ppd(2,2af) > 11.)

Suppose L is imprimitive: G permutes transitively ¢ summands of a decomposition W = @&!_, W;
with 1 < t|d. If t = d and gp = 2, then dimp, W; = 1, so L permutes transitively an Fo-basis of W
and so is reducible, a contradlctlon Hence either 2 <t < d/2, or t = d but fp > 2. In either case,
we have dfy/t < df0/2 <2af and t < dfo/2 < 2af. It follows that the order of GLg/4(q0) 1St > G is
not divisible by f5 > 2af, a contradiction. Thus L is irreducible and primitive on W.

(b) We proceed by induction on d > 2. For the induction base d = 2, note from that
011 (go —1). Hence ¢1|(qo + 1), and so 2af|2fy by primitivity of ¢;, whence implies that
2af =2fp =2(a+0b)f,ie. b= 0, a contradiction.

For the induction step d > 3, we will apply the main result of [GPPS] to the prime ¢; to see
that G is one of the groups described in Examples 2.1-2.9 of [GPPS|. The choices of ¢; 2 imply
that fl,fg 1’ (qO — 1)

Suppose G is described in Example 2.1 of [GPPS], in which ¢; is a primitive prime divisor of

qg/ao — 1 for some e < d and ag|fy, whence 2af divides efy/ag < dfo/ao < dfp. If ag > 1, then
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dfo/ao < dfp/2 < 2af by (8.3.5.2)), a contradiction. Hence ag = 1, and we arrive at (i)—(iv) with
j=1.

Next, the primitivity of G on V rules out the groups in Examples 2.2 and 2.3 of [GPPS]; also,
Example 2.5 of [GPPS] does not occur in characteristic 2, which is our case.

Suppose G is among the groups described in Example 2.4 of [GPPS|]. Thus for a divisor
1 < jld, W is endowed with the structure of a d/j-dimensional vector space W; over Iqu, and
0

G < GL(W;) x Cj, where Cj is the group of field automorphisms of Iqu over [Fy,. Suppose j = d, i.e.
0

G < GL1(qd) x Cy. If £1|d, then implies that fo = 1 and ¢ = d = 2(a+0b) f, a contradiction.
So £1](gd — 1), which implies by primitivity of ¢1 that 2af > dfo/2 divides dfo, whence 2af = dfy =
2(a+0b)f, i.e. b =0, a contradiction. Hence 2 < j < d/2, in which case j < dfy/2 < min(¢y, f2) by
and (8.3.5.2). It follows that L is contained in GL(W;) = GLy/;(¢?). Since hi,hg € L, we
can apply the induction base and the induction hypothesis to see that one of (i)—(iv) holds.

(c) In Examples 2.6-2.9 of [GPPS|, S < G/(G N Z) < Aut(S) for some non-abelian simple
group S, where Z := Z(GL4(qo)) = Cy4y—1 and the full inverse image N of S in G acts absolutely
irreducibly on W. Moreover, G < GL4(q1) * Z for some root q; = 2/1 of qo. If ¢1 < qo, then, since
2af > dfo/2 > df1, |G| is not divisible by ¢; = ppd(2,2af). Hence ¢1 = qo, i.e. [y, is the smallest
field over which G is realizable modulo scalars (in the sense of [GPPS| p. 172]). As 4; 1 (g0 — 1),
we have that Aut(S) contains elements of order @1 and Q2.

In Example 2.6 of [GPPS| we have S = A,, with n > 5; in particular, ¢1,f2 < n. First, in
Example 2.6(a) of [GPPS] we have n —2 < d <n—1, and so implies that ¢; > d/2+2 >
n/2 + 1, whence 2 { |G|. In fact, if fo > 2 then we have ¢; > d + 2 > n, whence n = f; is odd,
in which case d = n — 1 and ¢; > n, a contradiction. So fy = 1. If moreover 2af ¢ {10,12,18},
then by [F2] we can choose £; to be a large primitive prime divisor of 224/ — 1, for which we have
6y >4af +1>d+3>nandso l1t]|G| acontradiction. Hence

(8.3.5.4) af € {5,6,9}.

Suppose (a+0b)f ¢ {8,10,12,18,20}. By [Tx, Theorem 3.2.2] we can choose {2 to be a “very large”
primitive prime divisor of 2(@+®)f — 1, for which we either have fo > 3(a + b)f +1>3d/2+1 > n,
or fo=(a+b)f+1=d/2+12>n/2but Qy > (3. The former case is impossible, and in the latter
case Aut(A,) cannot contain elements of order Q2. Hence

(8.3.5.5) (a+b)f € {8,10,12, 18, 20}.

By hypothesis, 2 t a +b > 3. Now if (a 4+ b)f € {8,12,20}, then 4|f, contrary to (8.3.5.4). If
(a+0b)f =18, then 2|f, so af = 6 and (a, f) = (3,2) by (8.3.5.4), but then a+b =9 and b = 6 > a,
a contradiction. Hence (a +b)f = 10, f =2, a = 3, b = 2, {1 = 13, {s = 11, d = 20, and
n € {21,22}. If n = 21, then elements of order Q2 = 11 have nonzero fixed points on W = F3°,
again a contradiction. So n = 22, and we arrive at (v). Note that W can support a non-degenerate
L-invariant alternating, but not quadratic, form, because 22 = 2(mod 4), see [Ben, Lemma 6.2].

Example 2.6(b) of [GPPS| does not occur in characteristic 2. In Example 2.6(c) of [GPPS],
we have ¢; € {5, 7}, contrary to (8.3.5.3)).

Example 2.7 of [GPPS] lists 11 cases with S being a sporadic simple group. In six cases, we
have d > 10 and ¢; = ppd(2,d). It follows that dfy/2 < 2af = d, so fo = 1, but then d = dfy =
2(a+b)f > 2af, a contradiction. In another case we have d = 20 and ¢; = ppd(2,d —2) = 19. It
follows that dfy/2 < 2af = d — 2, so fo = 1, whence d = dfy = 2(a + b) f, whence (af,bf) = (9,1)
and 2 1 ab, again a contradiction. In two cases we have d = 11 and ¢; = ppd(2,d—1) = 11. It follows
that dfp/2 < 2af = d—1, so fy = 1, but then d = dfy = 2(a+Db) f is even, a contradiction. In another
case we have (d,L) = (9,3J3), 2|fo, and ¢; = ppd(2,2d) = 19. It follows that dfp/2 < 2af = 2d,
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so fo = 2, whence 2d = dfy = 2(a + b)f and b = 0, again a contradiction. In the final case we
have (d, L) = (6,3Ma2), 2| fo, and ¢; = ppd(2,10) = 11. It follows that 3fy < 2af = 10, so fo = 2,
whence 12 = dfy = 2(a +b)f, (af,bf) = (5,1), and 2 { ab, a contradiction.

Example 2.8 of [GPPS| lists six examples with S a simple group of Lie type in the same
characteristic 2. In two of them, with (d,L) = (4,%Ba(q0)), (6,G2(qo)), ¢1 is a primitive prime
divisor of 2% — 1, so we get 2af = dfy = 2(a + b)f and thus b = 0, a contradiction. In three of
them, we have d = 8 and ¢; is a primitive prime divisor of both 26/0 — 1. Hence af = 3fy, and
8fo=2(a+0b)f,ie. bf = fo. It follows that f = ged(af,bf) = ged(3fo, fo) = fo, so (a,b) = (3,1)
and thus 2 ab, a contradiction. In the remaining case, we have d = 9, L is a quotient of SL3(g?),
and /; is a primitive prime divisor of 26/0 — 1. Hence af = 3fo, and 9fy = 2(a +b)f, i.e. 2bf = 3.
It follows that 2f = ged(2af,2bf) = ged(6fo,3f0) = 3fo, so 2f = 3fp and (a,b) = (2,1). But now
we can check that fo = ppd(2, (a +b)f) = ppd(2,9fy/2) does not divide |L|, again a contradiction.

In Example 2.9 of [GPPS], S is a simple group of Lie type in characteristic # 2 and appears
in Tables 7 and 8 of [GPPS]. The only case in Table 7 that occurs in characteristic 2 is G2(3)
with (d,¢1) = (14,13), in which case 12 = 2af > dfy/2, whence fy = 1, (af,bf) = (6,1), but then
¢y = ppd(2,7) = 127 does not divide |G|. In all but one example appearing in Table 8 of [GPPS],
we have d — 1 < {3 < d+1, |S|s, = €1, {1 is coprime to the order of Out(S) and of the Schur
multiplier of S. It follows that

(8.3.5.6) 211G

Moreover, ¢ is a primitive prime divisor ppd(qo,¢; — 1) of qél_l — 1. As ¢ divides 22%f — 1 and
(q(z)“f — 1), we have ({1 — 1)|2af and so 2af > d — 2. If fo > 2, then {; > d+ 2 by (8.3.5.2), a
contradiction. So fo = 1, d = 2af + 2bf, and therefore (af,bf) = (d/2 —1,1), f = b =1, and
{1 =d—1=2af + 1. The latter conclusion, together with implies that 222/ — 1 does
not possess large primitive prime divisors. Applying [F2, Theorem A] and , we obtain
af € {5,6,9}. As 2|ab = a, it follows that af = 6 and thus ¢; = 13. Using the information from
[GPPS| Table 8], we have S = PSp,,,(s) for some odd prime power s, and either V' comes from
a Weil representation of degree (s™ + 1)/2, which is impossible in characteristic 2, or s = ¢; and
m = 1. Thus S = PSLy(13). But then ¢5 = ppd(2,7) = 127 does not divide |G|, a contradiction.

In the remaining case of [GPPS| Table 8], (d,S5) = ((¢1 —1)/2,PSL2(¢1)), and ¢; is a primitive
prime divisor ppd(qo,d) of g¢ — 1. As ¢, divides 22¢/ — 1 and qgaf — 1, we have d|2af. Also,
2d+1 =10, > dfy/2+ 2 by , so fo < 3. On the other hand, dfy = 2(a + b)f > 2af > d,
we have fo > 1. If fo = 2, then 2d = 2(a + b)f > 2af, whence 2af = d = 2bf and a = b, a
contradiction. So fo = 3, 3d = 2af + 2bf > 2af and 3d/2 < 2af, whence (2af,2bf) = (2d,d).
In this case, we have 2f = ged(2af,2bf) = ged(2d,d), so d = 2f and (a,b) = (2,1). But then
ly = ppd(2,3f) = ppd(2,3(¢; — 1)/4) > (3(1 +1)/4 > 8 (as {1 > 11 by (8.3.5.3)) cannot divide
go — 1 =7 and |Aut(S)| = |[PGL2(¢1)| and thus ¢s 1 |G|, a contradiction.

Finally, suppose 2|df > 4 and Q is any Fe-valued non-degenerate quadratic form. Then it takes
both values 0 and 1 on W N\ {0}, and so any subgroup of O(Q) cannot act transitively on W ~ {0}.
Since the group L in (i) and (ii) are transitive on W ~ {0}, in none of these cases G can fix Q. O

THEOREM 8.3.6. Let a,b, f € Z>1 be such that ged(a,b) = 1, 2|ab, a > b. Set d := 2(a +b)f
and let W = }Fg be endowed with a non-degenerate Fo-valued symplectic form Q of type 4+. Assume
G is subgroup of O(W) = O:{(Z) that contains an element g1, a generator of a maximal torus
Chary1 X Cors 1, and an element go of order 20+9S — 1 with Cy(g2) = 0, of O(W). Then there

exists a divisor j < d/4 of d/2 such that L := G(>) = Q(W;) = Qj/j(2j), where Wj is W viewed as
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a d/j-dimensional vector space over Fy; endowed with a non-degenerate quadratic form Q; of type
+. Moreover, there is o € FJ; such that Q(u) = Try_, /r, (- Q;(u)) for all u € W;.

PROOF. (a) First we consider the case (a +b)f = 3, i.e. W =TS, but G 2 Q(W). In this case,
(a,b, ) = (2,1,1), o(g1) = 15, and o(g2) = 7. Then G N Q(W) is a proper subgroup of 0 (2) = Ag
that contains both g; and ga. Checking maximal subgroups of Ag listed in [CCNPW]|, we see that
G N Qf(2) is contained in A7, which is a contradiction since A7 contains no elements of order 15.

Next we consider the case d = 10, W = F1° but G % Q(W). In this case, o(g;) = 45 or 51, and
o(g2) = 31. Then G NQ(W) is a proper subgroup of Qf;(2) that contains both g; and g2, and this
contradicts the list of maximal subgroups of Q,(2) [CCNPW]. We also note that if af = 3, then
(a, f,b) = (3,1,2) and so d = 10.

Note that a+b > 3 is odd. In what follows we may assume that (a+b)f > 6 and af # 3. Hence
22¢f _ 1 has a primitive prime divisor ¢; = ppd(2,2af) [Zs], and Q; := (22¢/ — 1),, divides o(g1).
Next we consider the case (a +b)f = 6. As 21 (a+ b) > 3, we have that (a,b, f) = (2,1,2). In this
case, o(g1) = 85 and o(g2) = 63. Assuming G ? Q(W), and using the list of maximal subgroups
of 0,(2) [BHRJ, Table 8.83], we must then have G N Q(W) < Qf (4) - 4. Again using the list of
maximal subgroups of Q¢ (4) = SL4(4) [BHR), Table 8.8], we arrive at the conclusion with j = 2.

(b) From now on we may assume (a + b)f # 6, whence 2(¢t?)f — 1 admits a primitive prime
divisor £y = ppd(2, (a + b)f) [Zs], and Qo := (2(¢+0f —1),, divides o(gs). Since Cy(g2) = 0, we
can apply Theorem to G. Since G fixes Q, cases (i), (ii), and (v) of Theorem [8.3.5

Suppose we are in the case of (iii). If 2t d/j, then |L|, and hence |Q;’(a+b)f(2)|, is divisible

by (2j/ 2)d/ i 41 = 20@t)f 1 1 which can be seen impossible by using a primitive prime divisor
ppd(2,2(a+b)f) |Zs|. Hence 2j|d, and so
(8.3.6.1) jl(a+0)f.
As L acts absolutely irreducibly on W;, Endy (W) = Fy; and thus Cg(L) — Cs;_;. Now ({8.3.6.1)
implies that j < 2af, so {1 1 |Cg(L)|. It follows that ¢; divides |G/Cqg(L)| and Aut(L) =
PGUd/j(2j/2) -Cj. As £1 > 2af + 1> j, we can find 1 < i < d/j such that ¢; divides 27/2 — (—1)".
In particular, ¢1|(2¥ — 1), and the primitivity of ¢; implies that 2af|ij. Now 2af > d/2 and ij < d,
so ij = 2af. As f11(2%7 — 1) by primitivity, we have that 2 {4, and so j is divisible by the 2-part
of 2af. But this contradicts (8.3.6.1]), since 21 (a + b).

Hence we are in the case of (iv). If € = —, then |L|, and hence \Q;(a+b)f(2)|, is divisible
by (Qj)d/zj +1 = 2@+ 4 1 which is impossible as mentioned above. Hence ¢ = +. To link the
quadratic form for L on W; to Q, we can argue as in part (iii) of the proof of Theorem m O

8.4. Unitary-type subgroups

Let ¢ = p/ be any power of a prime p and n > 2. Throughout this and all the subsequent
sections, we will assume that (n,q) # (2,2), (3,2), so that G := SU,,(q) is perfect.
It is well known, see e.g. |Ge, Theorem 4.9.2], that the function

(8.4.0.1) Cng =Cn g = (=1)"(=q)
defines a complex character, called the (reducible) Weil character, of the general unitary group

G = GU(W) = GU,(q), where W = F72 is a non-degenerate Hermitian space with Hermitian
product o. Fix some 0 € FqXQ with 9= = —1; if p = 2 we will take § = 1. Then the [F-bilinear form

dimp ,, Ker(g—1w)
q

(ulv)y = Trg , /, (Qu o)
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on W, viewed as an F,-vector space Uy, is non-degenerate alternating. This leads to an embedding
G = GU(W) = Sp(Uy) = Spy,(q).

Similarly, the IF,-bilinear form

(8.4.0.2) (uv)1 = Trp_sp, ((ulv)f) = TrFqQ/]Fp(Qu o)

on W, viewed as an F,-vector space Ui, is also non-degenerate alternating, and this leads to an
embedding 3
G = GU(W) = Sp(U1) = Spyy,f(p).

If p = 2, then G preserves the quadratic form Qf(u) = uou on Uy, and, since [G, G] = SU(W) =
G has odd index ¢ + 1 in G, this leads to an embedding

G = GU(W) < QUy) = 0y, (q).
In general, G preserves the Fo-valued quadratic form
(8.4.0.3) Q1 = Trp, r, (uou)

on U;. When n is odd, the type of the quadratic form Q; is —, as one can see using the fact that
¢" + 1 divides both |G| and |Q(U;)|, and this justifies the use of the same notation Q for this
quadratic form on Uy, cf. Moreover, G, being embedded in Q(U7), acts on the extraspecial 2-
group F = gltans Og(Hf_), with [, constructed in . We also fix the generator z = p- 1y

of Z(G) = Cyy1.
We start with a general fact for any prime p:

PrOPOSITION 8.4.1. Given the above notation for any prime p and any n > 3, the following
statements hold.

(a) Let Gy be any subgroup of Sp(Us) = Spa,(q). Assume that Gy is isomorphic to SU,(q). Then
Uy = Fg” can be endowed with an Fp-vector space structure Wy (compatible with FFy-vector
space structure on Uy) such that Gi = SU(W7q).

(b) Let Gy be any subgroup of Sp(U1) = Spay,s(p). Assume that Uy = anf can be endowed with
an F2-vector space structure Wi (compatible with Fp-vector space structure on Uy) such that
G1 = SU(Wh). Then the following statements hold.

(b1) There is some o € F' such that the symplectic form (:|-) on Uy and the Hermitian form o
on W1 satisfy (u|v) = Tr]FqQ/Fp(ozﬁu ow) for all u,v € Wy.

(b2) Assume in addition that p = 2 and G preserves a quadratic form Q on Uy that is associated
to the symplectic form (:|-). Then Q(u) = Trg_/r,(quou), with a chosen in (bl). Moreover,
if nf > 4 then No(Q)(Gl) = GU(Wl) X Gal(Fq2/F2).

PRrROOF. (a) By assumption, p?"f — 1 admits a primitive prime divisor £ [Zs], and G contains
an element of order /. Any such element acts irreducibly on Uy (in fact also on U;), so the 2n-
dimensional [F-representation of G on Uy is irreducible. This representation becomes absolutely
irreducible (and still nontrivial) over E := Endg, (Uy) 2 Fy, of dimension dividing 2n < n(n+1)/2.
By [KIL, Proposition 5.4.11], up to an isomorphism of G; and taking the dual when n = 3 if
necessary, the E-representation is just the natural n-dimensional representation of Gy and E = [F 2,
giving the desired structure of Wj.

(bl) As shown in (a), the F)-representation of G; on U; is irreducible, so E := Endg, (U1) is a
finite field. By assumption,

(8.4.1.1) E = Endg, (Wi) = Fp.
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Now using the Gi-invariant Hermitian form o on W7, we can define a non-degenerate Gi-invariant
alternating form (-|-); as in (8.4.0.2). Fix a basis of Uy as [F)-vector space, and consider the Gram
matrices of (+|-) and (+|-); relative to this basis:

(ulv) = v, (ulv); = uiv

for any u,v € U; written as coordinate vectors in F,zjnf with respect to this basis. For any element
of G written as a matrix X in this basis, the invariance of the two forms implies that (2X)~! =
JXJ L = JlXJfl, hence JflJ € GL(U;) commutes with all X € G7 and thus JflJ cE It
follows from that there is a scalar o € IF';Z such that J = J1T,, where T, is the matrix of

the transformation = — ax on W written in the chosen basis, and so
(ulv) = uJv = w1 Tov = (u|Tpv):.

Back to viewing u, v as vectors in W; and using , we now have
(ulv) = (u|law); = TrFQQ/]Fp(Qu o av).

Recalling that (-|-) is alternating and w o u € F,, we have

(8.4.1.2) 0 = (ulu) = Trg, /5, ((0a? + %) (uou))

for all w € Wy. Since Trp /r, maps F, onto Fp, we can find A € Fy with Trg_/p,(A) = 1. Now, if
0a? + 09a # 0, then we can find u € Wy with uou = (fad + 69a)~1), and shows that
(u|lu) = 1, a contradiction. Thus #a? + 69a = 0, and so, since §9~! = —1, we get a € F,, proving
the statement.

(b2) Applying (b1l) and changing wowv to auowv on W, we may assume that (-|-) = (:|-)1. Thus
both Q and Q; are Gj-invariant, and associated to the same symplectic form (-|-). It follows that
G stabilizes Q — Qq, a map in Homgp, (Uy, F2), which can be identified with U; using (-|-). Since Gy
acts irreducibly on Uy, we conclude that Q = Q.

The Hermitian Fgp-structure on Wi shows that Noq)(G1) contains GU(W1) x Gal(F 2 /Fa).
Under the assumptions nf > 4 and n > 3, the latter group induces (via conjugation) the full
automorphism group of G; = SU(W7). So, to prove the last statement in (b2), it suffices to show
that Co(q)(G1) < Z(GU(W1)) = Cy11. In fact we will show the stronger statement

(8.4.1.3) Csp(y)(SUWL)) = Z(GU(W1)) = Cyr.

Assume the contrary. As IFqX2 = pg+1F; for p = 2, it then follows from (8.4.1.1) that Cgp,)(G1)

contains a scalar map z := u — Au on Wy for some 1 # A\ € qu. The inclusion z € Sp(U;) implies
that

Trqu/F2()\u o A) = (Au|Av) = (ufv) = Tl"]Fq2/IF2 (uow),

ie. Trp s, (A2 =1)(uov+wvou)) =0, for all u,v € W;. Since uo v+ vou covers Fy, this identity
shows that A2 =1, i.e. A =1, a contradiction. O

From now on, we will assume p = 2.

PROPOSITION 8.4.2. Assumen > 3 is odd, p =2, and (n,q) # (3,2). Let Z be an inverse image
of odd order of a generator z of the center of G < Q(Uy) in Hy < Hy . Then CH{ (2) = CHf—(i) =

G x Cy, where Cy can be identified with Z(E). Furthermore, if
Y(x) = Trace(x)
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for any v € H; < GLgn(C), then the restriction of ¥ to G = GU,(q) is the total Weil character
o in , if we identify G with Gy = 02(CHf_(2)). Moreover, if G is a subgroup of H, that
centralizes z modulo E and G = SU,(q), then G is conjugate in EG; to [G1,G1].

PROOF. Clearly, |2| = ¢+ 1 as E is a 2-group. Thus the coset EZ contains elements Z of order

g+ 1, and jZ of order 2(q + 1), where Z(E) = (j). Next, z fixes no no-identify element in F/Z(FE),
and so

(8.4.2.1) Cr(2) =Z(E).
It follows that exactly half of EZ is E-conjugate to Z, and the other half is E-conjugate to jZ.
(Indeed, note that 2z~ € E2 as E < HJ? Next, when z,y € E, then z22~! = y2y~ ' if and only
if y~'z € Cp(2) = Z(E). Tt follows that 2 has exactly |E|/|Z(E)| = |E|/2 E-conjugates in EZ.)
Now note that CO;nf(2) (2) =G = CO(Uf)(z), whence the full inverse image X of G in H; fixes
EZ and contains C := CHl_ (2). Hence 2% = 2X N E2 = 2F it follows from the above result that
x| x| x|
12X 12 |E]/2
Since C' N E = Z(FE) by (8.4.2.1]), this implies that
X/Z(E) = (E/Z(E)) x (C/Z(E)),

ICl = [Cx(2)| =2-G].

and so
(8.4.2.2) C/Z(E) =~ X/E = G.
The same arguments show that (8.4.2.2)) also for CH; (2), whence C = CH; (2). Next, the assump-
tions on (n, ¢) imply by [KIL, Theorem 5.1.4] that SU,,(q) is perfect and has trivial Schur multiplier.
Hence we see from (8.4.2.2)) that the last term D := C() of the derived series of C' satisfies
D/(DNZ(E)) = DZ(E)/Z(E) = (C/Z(E))'™) = G = SU,(q),

whence DN Z(E) = 1 and D = SU,(q). As G/G = Cyy1, ([8:4.2.2) now implies that C/DZ(E) =
Cy+1 and C/D = Cy x1 Cyyq = C2 x Cyyq. Since D is perfect, it follows that O%(C) contains D and
has index 2 in C, and in fact C' = Z(E) x O*(C). Now, O*(C) = C/Z(E) = G by (8.4.2.2), and so
we can identify G with G := O%(C).

The statement about 9|5, follows from Theorems 3.3 and 4.9.2 of [Ge].

To prove the last statement, note that G < EG) since CHl_/E(z) = EG4/E. First we work in
X = X/Z(E) = (E/Z(E)) % G and recall that E/Z(E) can be identified with the natural module
for G = GU,(q). Since G is perfect and O2(G) = 1, G embeds in [X, X] = [z > SU,(q), and in fact
we have (E/Z(E)) x G = (E/Z(E)) x [G, ). Since H'(SU,(q),F%) = 0, see [CPS|, Table 4.3], G is
conjugate to [G, G] in X. Conjugating G in F suitably, we may assume that GZ(E) = (G, GH|Z(E).
Taking the derived subgroup, we obtain G = [G1, G1]. O

In view of Proposition |8.4.2, we will now fix a subgroup C := CHf_ (2) = G x Z(E) in Hy . Fix

a generator o of IF(;Q and set p := 0971, We also fix a primitive (¢ — 1)*" root of unity & € C* and
let p = 0!, By [TZ2], Lemma 4.1],

q
(8.4.2.3) G = Cim
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decomposes as the sum of g + 1 characters of é, where
(8 4.2 4) 5 (g) — (_1)’ﬂ i pil(_q)dimKer(gfpl-lw)
A L. 7,1 g+ 1 < .

In particular, ¢;, has degree (¢" — (=1)")/(q + 1) if i > 0 and (¢" + (—1)"q)/(q + 1) if i = 0.
We will let ¢; ,, denote the restriction of ; ,, to G = SU,(q), for 0 < i < ¢. By [TZ2| Lemma 4.7],
these ¢ + 1 characters are all irreducible and distinct. Formula (7.2.1]) implies that Weil characters

Cin enjoy the following branching rule while restricting to the natural subgroup H := Stabg(w) =
SU,,-1(q) (w € W any anisotropic vector):

q
(8.4.2.5) GinlH = Z Cjm—1-

=0, j#i
Furthermore, complex conjugation fixes Eo,n and sends fj,n to fqﬂ_jm when 1 < j <gq. Asn>3is
odd, it is also known that (o, is of symplectic type. Let

Uy:C — Sp(V)

be a complex representation affording this character on restriction to G and being faithful on Z(E).
For the remaining 1 < i < ¢, also let

U, : C — GL(V)
be a complex representation affording the character Q:m on restriction to G and again being faithful
on Z(E).

LEMMA 8.4.3. Assume n > 3 is odd and (n,q) # (3,2).

(i) ¥o(GUL(q)) = PGU,(q) is contained in Sp(V) and contains Vo(SU,(q)) = PSU,(q) with
index d, where d := ged(n,q+1).

(ii) If 1 < i < q, then Ker(V;) is a central subgroup of order ged(i,q + 1), and Ker(¥;|sy, (q))
is a central subgroup of order ged(i,n,q + 1). Furthermore, V;(GU,(q)) N SL(V) contains
U,;(SU,(q)) with index ged(i,n,q + 1).

(iii) Suppose H < GU,(q). Then V;(H) < SL(V) for all 0 < i < q if and only if H < SU,(q).

(iv) Suppose H < C = GxZ(E). Then W;(H) < SL(V) for all0 < i < q if and only if H < SU,(q).

PROOF. According to [TZ2] §4], one can label ¥; in such a way that
(8.4.3.1) Ui(2) =p' -1y

for the generator z = p - 1y of Z(G). In particular, Ker(¥g) N Z(G) = (z), and (i) follows.

Now we can assume 1 < ¢ < ¢. By , 2J € Ker(V;) if and only if j is divisible by (g +
1)/ ged(i, g4 1). Furthermore, 27(4+1)/d ¢ Ker(¥;|su, (g)) if and only if j is divisible by d/ ged (i, d) =
d/ ged(i,m, q+1) for d = ged(n, g+1), equivalently, if j(g+1)/d is divisible by (¢+1)/ ged(i, n, g+1).
Hence (ii) follows.

Consider the element g := diag(p,1,1,...,1) € G; note that G = (G, g). Then implies
that

: ok -1
Cin(9") = 1 P
when 1 < k < ¢. Tt follows that ¥;(g) has eigenvalues p/, 1 < j < ¢, with multiplicity (¢"~! —

D/(g+1)ifj#iand 1+ (¢" 1 —1)/(¢g+1) if j =4, and so
det(T;(g)) = p'.
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In particular, ¥;(g’) € SL(V) if and only if j is divisible by (¢ 4+ 1)/ ged(i,q + 1). Since SU,(q) is
perfect, (ii) and the “if” directions of (iii), (iv) follow.

For the “only if” direction of (iii), assume that ¥, (H) < SL(V), and consider any h € H. If
det(h) = p? for 0 < j < g, then hg=7 € SU,(q) and so ¥;(hg~7) € SL(V) by the previous statement.
It follows that

1 = det(¥1(h)) = det(¥1(hg™)) det(¥1(g7)) = det(¥1(¢’)) = o/,
whence j = 0 and det(h) = 1, as stated. )

For the “only if” direction of (iv), again assume that W1 (H) < SL(V). If H < G = GUyu(q),
then we are done by (iii). Suppose H £ G, and consider any h € H ~ G. Then h?*! = jh; for some
hi € SU,(q). Since ¥;(j) = —1y and dim V' is odd, we have that

det(W1(h)™! = det(¥1(4)) det(1(h1)) = —1,
a contradiction. O

The first main result of this section is the following theorem:

THEOREM 8.4.4. Let ¢ = 27 and let n > 3 be an odd integer, with (n,q) # (3,2). Consider
the subgroup H| = gltans O;nf(Q) < GLgns (C) constructed in Theorem |8.2.1| and its natural
representation ® on V := c2. Suppose that G < H{ is a subgroup such that ®|q = @?Z(fbj s a
sum of ¢+ 1 irreducible summands, Py of degree (¢" — q)/(q¢+ 1) and ®; of degree (¢" +1)/(¢+1)
for1 < j <gq. Then G is conjugate to a subgroup of Co x G = Cy x GU,(q) identified in Proposition
where GU,(q) is acting on V' via the total Weil representation with character 571 in .
Moreover, SU,(q) < G < Cy x GU,(q), with one exception G > Ly € {PSLy(11),SLa(11)} when

(n,9) = (5,2).

PROOF. (a) The assumption n > 3 and (n,q) # (3,2) implies that 22"/ — 1 admits a primitive

prime divisor ¢;. Furthermore, since ®; is irreducible of degree (¢" + 1)/(¢ + 1), ¢ divides |G|, and
so G admits an element g of order ;. Next, G normalizes E := 27" and U, := E/Z(E) = F2"/,
and CH;(E/Z(E)) = FE, so G acts faithfully on E/Z(FE); in particular, g induces an element of

order ¢; in H; /E. The choice of ¢; ensures that any such element acts irreducibly on E/Z(E).
Hence, if Z(E)G N E # Z(E), then Z(E)G > E, and so Z(E)G acts irreducibly on V. Since
Z(FE) acts via scalars on V, this contradicts the reducible action of G on V. We have shown that
Z(E)GNE =Z(F), and so

G = Z(E)G/Z(E) = G/(G N Z(E)) = G/(GN E)
embeds in Hy /E = O(U1) = O,,,(2). The main bulk of the proof is to identify this subgroup G
inside O(Uy) < GL(Uy).
(b) First we assume that nf # 5,6,9; in particular,
nf =1,

so that 22"/ — 1 admits a large primitive prime divisor ¢, in which case we choose such an ¢
to maximize the f-part of 22/ — 1. Note the assumptions imply that |G| is divisible by both
(¢" —q)/(¢g+1) and (¢" +1)/(¢+1). In particular, G < GL(U;) has order divisible by

(8.4.4.1) qQ = q(2>V - 1),.
Let L := O (G), M denote the full inverse image of L in G so that
(8.4.4.2) cither M = L, or Z(G) > Z(E) = Cy and M/Z(E) = L,
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and let d(L) denote the smallest degree of nontrivial complex projective irreducible representations
of L. Note that

(8.4.4.3) d(L) < (¢"+1)/(g+1) <(¢"+1)/3.

(Otherwise ®; induces a trivial projective representation of L. Then ®; (M) is a scalar, hence cyclic
central subgroup of ®;(G), and ®;(G)/®1(M) has order dividing 2|G/L|, a prime to ¢ integer. It
follows from Ito’s theorem [Isl, (6.15)] that deg(®1) is also coprime to ¢, a contradiction.) Similarly,
if L is cyclic of order @, then M = C x My, where M; is cyclic of order @ and |C| < 2. In this
case, again by Ito’s theorem, the degree of any irreducible character of G divides |G /M|, an integer
prime to ¢, and so again G cannot be irreducible on ®;. Now we can apply Theorem with
(q0,d) = (2,2nf) to arrive at one of the following cases (note that [8.3.1(i), (ii) cannot occur since
G fixes Qq).

(bl) L = Q2_nf/j(2j) for some divisor 1 < j < nf/2of nf. If j <nf/3, then by [TZ1], Theorem
1.1] we have d(L) > (¢"+1)/3, contradicting (8.4.4.3)). If j = nf/2, then L = SLy(g") with ¢" > 27,
and so by [TZ1], Theorem 1.1] we have d(L) = ¢" — 1 > (¢" + 1)/3, again contradicting (8.4.4.3).

(b2) There is some even divisor j = 2k of 2nf with k|nf and 2 { nf/k > 1, such that U; =
]anf can be viewed as a nf/k-dimensional vector space over F, endowed with a non-degenerate
Hermitian form and L = SU(Uy) 2 SU,,;,(2%). Now if k < f — 1, then by [TZ1], Theorem 1.1] we
have

d(L) > (212 = ¢ 2 > g > (" + 1)/ (g + 1),

contradicting (8.4.4.3)). Suppose k > f, and let ¥ be an irreducible constituent of the M-character
afforded by ®g, so that ¢(1)|(¢" — ¢)/(¢ + 1). By [TZ1], Theorem 4.1],

qn 41 qn _ Qk
p(1) € {1,2@17 2 }

Note that (1) # (¢" — 2F)/(2¥ + 1) as k > f. The possibility ¥(1) = (¢" + 1)/(2* + 1) is also
ruled out since £  dim ®g. Hence (1) = 1. Note that L contains an element of order ¢, and so
by , this has an inverse image h € M of same order ¢ which then acts trivially in ®q. As
|G /M| is coprime to ¢, each irreducible constituent of (®;)|5; with ¢ > 0 has ¢-defect 0 and so h has
trace 0 on it. It follows that Trace(®(h)) = dim &y = (¢" — ¢q)/(¢+ 1) > 1, which is a contradiction
since h has no nonzero fixed point on U; and so |Trace(®(h))| < 1 by Lemma [We take this
opportunity to mention that this same argument shows that (1) # 1 in part (iii) of the proof of
[KT3|, Theorem 3.4], fixing an inaccuracy therein.|

We have shown that £ = f, i.e. L = SU(U;) = SU,(q). As 2 {n > 3 and (n,q) # (3,2),
SU,(q) has trivial Schur multiplier, whence M = C x L with C < Cy and L1 = L. Also, U
carries the structure of the natural module W; = IFZQ for L, and L < OQ_nf(Q) preserves the [Fo-
valued quadratic form Q; on U;. Hence L satisfies the hypothesis of Proposition (b)7 and
so, after a suitable rescaling of the Hermitian form o on Wi, Qp is obtained from o via ,
ie Qi(u) = Trp, jp,(uowu) and L = SUW;) < QUy) < Q(U1). In particular, L centralizes a
generator z of the center of GU(W7) = GU,(q). Applying Proposition we conclude that
Ly = [G1,G1] = SU,(q) after a suitable conjugation in H; (where G 2 GU,(q) is constructed in
Proposition . We also know that the restriction of ® to Gy is a total Weil representation of
C~¥1, and so the restriction ®|r, is the total Weil representation of L. As L < G,

G < Np- (L) = GUW) x (o),

where o is an involutive automorphism of GU(W;) that sends z to 2~ !. Recall the decomposition
D|s = ®_Vi, where g of degree (¢" —¢)/(¢+1) and ¥; of degree (¢" +1)/(¢+1) for 1 <i < g,
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and W;(2) is the multiplication by & for a primitive (¢ + 1) root of unity & € C*. In particular, &
fuses ¥; and ¥,. Since Ly = [M, M] < G, the assumption on ®|¢ now implies that G < GU(Wy),
and so L1 <G < CHI—(,%) = Z(FE) x G, as stated.

(b3) (2nf, L) = (67, Ga(r)) with r = 27f/3 = ¢*/3 or (2nf, L) = (64,%Bs(r)) with r = 27//2 =
¢"™?. In the former case, d(L) > r(r? — 1) > ¢"/2 (see e.g [TZ1] Table 1]), contradicting (8-4.4.3)).
In the latter case, let 1 be an irreducible constituent of the M-character afforded by ®¢, so that
Y()|(g" — q)/(q+ 1) < r2/2. Tt follows from [Bur] that ¢(1) = 1 or ¥ (1) = /r/2(r — 1). The
same arguments as in (b2) rules out the possibility ¥ (1) = 1. So ¥(1) = /r/2(r — 1), and so, by
comparing 2-parts, we have r < 2¢? and so either n = 3 or (n,q) = (5,4). Now, if n = 3 then
r—1=¢%?—1 does not divide (dim ®y)/q = ¢ — 1, and if (n,q) = (5,4) then r —1 = ¢*/? =1 =31
does not divide (dim ®¢)/q = 51, a contradiction.

(b4) (f,nf,L) = (1,10,PSLy(41)) or (1,8,PSLy(17)). These cases are excluded since 2 { n.

(c) It remains to consider the cases nf = 5,6,9. Then, aside from cases already handled in (b),
by Proposition we need to consider the following possibilities.

(c1) (f,nf) = (1,6). This case is excluded since 2 t n.

(c2) (f,nf) = (1,9) and L is one of 3J3, Ajg, Agg, or PSLa(19). In all these cases, L acts
irreducibly on Uy = F8, and so Co(v,)(L) embeds in a finite extension of Fa, hence a cyclic group
of odd order. Next, |Out(L)| < 2 and L < G, so we see that G has index at most 2 over Cg(L)L.
It follows that Ly <G < (ALy) - 2, where L; is a cover of L and M = AL; and A an abelian group
centralizing L1, see . Restricting ®; to L1, we see that L; admits irreducible representations
of degree 171, and also either 85 or 170. This rules out the last three cases, see [GAP]. Note that
3J3 < SUy(2), see [BHRJ, Table 8.57]. However, 3J3 does not have an irreducible representation of
degree 170, and 3J3 - 2 does not have an irreducible representation of degree 171, see [GAP].

(e3) (f,nf) =(1,5) and L is one of My1, M1a, Maa, A11, Ajo, or PSLy(11). In all these cases, L
acts irreducibly on U; = Fi°, and so CO(UI)(L) embeds in a finite extension of Fs, hence a cyclic
group of odd order. Next, |Out(L)| < 2 and L <1 G, so we see that G has index at most 2 over
Ca(L)L. Tt follows that Ly <« G < (ALj) - 2, where Ly is a cover of L and M = AL; with A
an abelian group centralizing Ly of order at most 2, see (8.4.4.2). Restricting ®; to L1, we see
that L1 admits irreducible representations of degree 11, and also either 5 or 10. This rules out the
cases L = Mga, Aj; and Ajg, see [GAP]. In the case L = My or M2, we see that Trace(®;(g))
equals 1 for ¢ = 0 and 2 for ¢ = 1,2, if g belongs to class 3a in [GAP], and thus Trace(®(g)) = 5,
contradicting Lemma [7.2.1] [Note that PSLy(11) < SU5(2), see [CCNPW] ] O

The next result will be used frequently in “going-up” situations:

THEOREM 8.4.5. Let N > 4 be an integer and consider the subgroup H; = ol 2N . O,n(2) of
Spon (C) constructed in Theorem |8.2.1.

(a) Let G < GL(V) 2 GLyn~ (C) be a finite subgroup that satisfies (S+) and contains an ssp-element
of central order 2N + 1. Then either G is in the extraspecial normalizer case of [KT5, Lemma
1.1], or PSLa(q) < G < Aut(PSL2(q)) for some prime power 2V < ¢ < 2N*1 4+ 1. Suppose in
addition that G < Sp(V') = Spyn (C). Then one of the following statements holds.

(o) Up to conjugation, Oz(H; ) <G < Hy .
(B) q:= 2N+ 11 is a Fermat prime and G = SLa(q).

(b) Let G < GL(V) = GLy~ (C) be any finite irreducible subgroup that contains a subgroup G =
SU,(q) with ¢" = N and 24 n > 3. Suppose Gy acts on 'V = C2" wia its total Weil representa-
tion. Then G satisfies (S+) on V.
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(c) If 2 ¢ N, then Hy is a mazimal finite subgroup of Spon(C). If 2|N and H, satisfies (S+),
then H{ is a mazimal finite subgroup of Span (C). [It will be shown in Theorem m that Hy
always satisfies (S+).]

PROOF. (a) Since G satisfies (S+), we can apply [KT5, Lemma 1.1] to G. First suppose that
G is almost quasisimple, and let S be the unique non-abelian composition factor of G. By [KT5|
Lemma 1.4], V is irreducible over L := G(®) | a cover of S. By hypothesis, V is an irreducible CG-
module of dimension 2V > 16 and G admits an ssp-element g of central order 6(g) = 2V + 1. This
excludes the case S = A,, with n > 8 by [KT5l, Theorem 6.2]. The cases S = A, with 5 <n <7
are also excluded because G/Z(G) — Aut(S) would contain elements of central order only < 12
IGAP]|. Next, the cases where S is a sporadic group are excluded by [KT5L Theorem 6.4]. This
leaves only the case S is a simple group of Lie type in characteristic p. Now we can apply [KT5]
Theorem 6.6] to see that either

(al) V comes from a Weil module of a finite classical group G with S = PSL,(q) with n > 3,
PSU,(q) with n > 3, or PSp,,(¢) with n > 2, or
(a2) S = PSLa(q) and dim(V) <6(g) < ¢+ 1.
If S = PSL,(q) with n > 3, then since dim(V) + 1 = 6(g), by [KT5, Theorem 8.1] we must
have that 2V = dim(V) = ¢(¢" ' — 1)/(q — 1), which is impossible. If S = PSp,(¢) with n > 2,
then since dim(V') + 1 = 6(g), by [KT5, Theorem 8.2] we must have that

(8.4.5.1) 2N = dim(V) = (¢" — 1)/2,

ie. ¢" —1=2N*! This implies that n is a 2-power (otherwise ¢" — 1 would have an odd divisor
> 1), and in fact n = 2 (otherwise (¢™/2 +1)/2 > 1 is again an odd divisor of ¢" — 1), in which case
q = 3 and 2V*! = 8 (otherwise one of (¢—1)/2 > 1 and (¢+1)/2 > 1 is odd), again a contradiction.
Suppose S = PSU,,(¢q) with n > 3. Since dim(V) + 1 = 6(g), checking the cases

(n,q) = (3,3), 3,4), (4,2), (4,3), (5,2), (6,2)

directly using [GAP], we may apply [KT5, Theorem 8.1] to see that 2 { n and 2V = dim(V) =
q(¢" ' —1)/(q+ 1), which is again impossible.

Thus we must be in (a2). Then 2V = dim(V) = 6(g) — 1 < q. Thus S = PSLa(q) and ¢ > 17,
and so 2V = dim(V) > (¢ — 1)/2, i.e. ¢ < 2N+ + 1.

Assume in addition that G < Sp(V)). Then V is irreducible over L, a cover of S, so the
symplectic type of V rules out the case 2 = ¢. Since 2!V > 16, this leaves only 2V = (¢ £1)/2. If
2NV = (g+1)/2, and thus G/Z(G) — Aut(PSLa(q)) admits an element of odd order (q+3)/2 > 17,
a contradiction. So 2V = (¢ — 1)/2, and so, the analysis of shows that ¢ = 2V+! + 1 i
a Fermat prime. It is easy to see in this case that L = SLa(q), Cgpv)(L) = Z(L), and so G = L,
leading to possibility (3).

The remaining case is that G is an extraspecial normalizer. Applying [KT5, Theorem 8.5], we
see that G > R, where R = Z(R)E with E = 2112V and Z(R) — C,. Assuming G < Sp(V), we
then have Z(R) = Z(E), R = E, and € = —. Up to conjugation, we now have £ = Oy(H; ) and
G < Hy, as stated in ().

(b) Since N > 4 and ¢" = 2V with 2{n > 3, we either have n > 5, or n = 3 or ¢ > 4. Hence, if
P(Gy) denotes the smallest index of proper subgroups of G, then
(8.4.5.2) P(G1) > ¢,

see |[KIL, Table 5.2.A]. By assumption, G is irreducible on V. Suppose the G-module V is im-
primitive: G permutes transitively the ¢ > 1 summands of some decomposition V = &!_,V;. Since
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t < dim(V) = ¢", (8.4.5.2) implies that Gy fixes every summand V;, and hence each V; is a direct
sum of some irreducible Weil modules of Gi. As Vg, is a total Weil module, we may assume that
" —q  ¢"+1

dim(V1) = dim(Va) = b4
1 +aq+1 = dim(V}) = dim(Va) = |
for some integers a > 0 and b > 1, whence (a+ 1 —b)(¢" +1)/(¢ + 1) = 1, a contradiction. Hence
V' is primitive.

Suppose the action of G; on V preserves some tensor decomposition V' = A®c B with dim(A) >
dim(B) > 1. Then B yields a projective G-representation of dimension < ¢"/? (see part (i) of the
proof of [KRLT3| Theorem 2.4]). Since G is perfect and the dimension of any nontrivial irreducible
projective representation of G is at least (¢" —¢q)/(q+1), cf. [TZ1, Theorem 1.1}, the action of G;
is linearized as a trivial representation, whence the projective action of GGy on A is actually linear.
Thus the Gi-module V' is a direct sum of dim(B) copies of the Gi-module A, contradicting the
prescribed action of G7 on V. In particular, G does not fix any tensor decomposition structure on
V.

Finally, suppose that the action of G on V preserves some tensor induced decomposition V =
V1®t with t > 1. Then t < log, ¢ < ¢". As GG permutes the ¢ tensor factors of this decomposition,
(8.4.5.2) now implies that this permutation action is trivial, i.e. G preserves a tensor decomposition
V=V&...0V, with V; 2 V4. This however contradicts the preceding conclusion. Hence (G, V)
satisfies (S+).

(c) Suppose H; < G < Spyn(C) for some finite subgroup G. If 2 { N, then by Proposition
8.4.2, H, contains a subgroup G; = GUy(2) that acts on V via a total Weil representation. It
follow from (b) that G satisfies (S+) on V. So we may now assume that H, satisfies (S+) for all
N. Next, any generator of a cyclic maximal torus Cyn 1 of §5,(2) gives rise to an ssp-element on
V of central order 2V + 1, cf. Lemma By (a), G must either satisfy (a) or (). In the former
case, |G| < |H |, and so G = H; . In the latter case, SLo(2V+! +1) = G > Hy =217V . 05, (2),
a contradiction. O

Note that it was shown in [NRS|, Theorem 5.6] that I'(2, N,+) = H; is a maximal finite
subgroup of GLy~ (R) if N > 2. Also, it will be shown in Theorem that I'(2, N, —) = H;
satisfies (S+) when 2|N.

8.5. Local systems in characteristic p = 2
In this section, we fix a power ¢ = 2/, and work with the local system
(8.5.0.1) G(n,my,....mp;q) =G60Q"+1,¢™+1,....,¢d" '+ 1,k,1)
on A" /IFy whose trace function is given as follows: for k/Fy a finite extension, and (si,...,s,) € k",

n my mp—1
> (27T a2 s g2 T s,
€k

-1
S1y..0,8) F ———
Bt ™
where r > 1 and n > my > ... > m, > 0; furthermore, x := ¢"" + 1 if m,, > 1 and x := 1 if
m, = 0. [The first notation in (8.5.0.1)) is chosen for brevity, whereas the second follows our general

notational scheme in the book.]
For future reference, we state the following general fact:

LEMMA 8.5.1. Let p be a prime, k > 2, and let A > By > ... > By > 1 be integers with
pt ABy...By. Consider the local system F = F(A, By,..., By, 0) over A¥ with trace function for
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any finite extension L/F),

(t1,...,tr) € LF — *ZTX)L(CEA + tyz +...+tk$Bk)9(m),
T

and the local system F* = FY(A, By, ..., By, 0) over G, x A* with trace function
(5,t1,...,tg) € L x LF — — ZwL(sxA + 1P+ PR 0(),
X

Then the geometric monodromy group H of Ft contains the geometric monodromy group G of F
as a normal subgroup, with cyclic quotient of order dividing A.

PRrOOF. Consider the local system F* over G,, x A* with trace function
(Syt1y..yty) — — ZwL(sA:BA + 2B 4+ tk:ka)H(x).
x

Then F* is the [s — 5] Kummer pullback of F*, so H contains the geometric monodromy group K
of F* as a normal subgroup, with cyclic quotient of order dividing A. Next, the change of variable
x +— x/s shows that F* is geometrically isomorphic to the tensor product of the constant sheaf on
Gy, and F, whence K = G. O

We also consider the local system
(8.5.1.1) Gnyma, .. meq) =GH"+1,¢™ +1,..., ¢ 4+ 1,k, 1)

on (G, x A")/FFy whose trace function is given as follows: for k/F2 a finite extension, and any point
(80, 815+, 8r) € KX X K",

—1 q"+1 qm1+1 gmr141 K
(S0, 81y, Sr) —> \/ﬂgdjk(sox + 51 + ... sz + 8,@ ),
with x as defined above. One knows [Ka-MMP| Theorem 3.10.6] that both the local systems
G(n,m1,...,my;q) and G¥(n,my,...,m,;q) are symplectically self-dual. Furthermore, by Lemma
the geometric monodromy group G of G(n,my,...,m;;q) is a normal subgroup of the geo-
metric monodromy group G* of G¥(n,m1, ..., m.;q), with G*/G — Cyn1.
For later use, we record the following lemma.

LEMMA 8.5.2. For k a subfield of F,,

Trace(Frob(o’m,O’l)’k!g(n,ml, .. .,mr_l,mr;q)) = —\/#k.

et
, V#k
x7), where j = 1if m, = 0 and j = ¢ + 1 otherwise. But for k C F,, each z € k satisfies

Proor. Without the clearing factor , the “raw trace” is the sum over = € k of vy (211" +

z1td = 22 for any | € Z>1. Also, = is Artin-Schreier equivalent to 22 (because of the characteristic
p =2). So each summand is ¥y (2? + 22) = 14 (0) = 1. Thus the “raw trace” is #k, and hence the

trace is —v/#k. O

We next give some technical lemmas.

LEMMA 8.5.3. Let n > 2 and ¢ = 27 be a power of 2 such that nf > 4. Let 2V = ¢",
E = 212N an extraspecial 2-group of type ¢ = =, R = Z(R)E a finite 2-group, embedded as a
normal irreducible subgroup of a finite subgroup G of GL(V') 2 GLy~ (C). Set qo := 2, d := 2N, and
suppose that L := O (G/Z(G)R) is perfect and satisfies one of the conclusions (i)~(v) of Theorem
8.3.1], or (i)-(iii), (vi) of Proposition[8.5.5 Suppose that

(a) |Trace(g)|? is 0 or a power of q for any g € G.
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(b) In the cases (iii), (iv) of Theorem |Trace(g)| s 0 or a power of q for any g € G.
Then W := R/Z(R) carries an FqL-module structure.

PROOF. Tt suffices to prove the statement for ¢ = 2/ > 4.

In the case of i), there is a proper divisor j of d = 2nf such that 3 < 2nf/j and L =
SL(W;) =2 SLg/;(27), where Wj is W = F§ viewed as a d/j-dimensional vector space over Fy;. Here,
L is perfect. We consider an R-coset in G which corresponds to a regular unipotent element in L,
whose fixed point subspace in W has size 2/. By Lemma this coset contains an element h
with |Trace(h)|? = 27. By hypothesis, 27 is a power of q.

In the case of (ii), there is a divisor j of d/2 = nf such that L = Sp(W;) = Spd/j(2j),
where W; is W = F§ viewed as a d/j-dimensional symplectic space over Fo;. Here, L is perfect as
nf > 4. We can consider an R-coset in G which corresponds to a regular unipotent element in L,
whose fixed point subspace in W has size 2/. By Lemma this coset contains an element h
with |Trace(h)|?> = 27. By hypothesis, 2/ is a power of q. The same argument applies to the case
L = 2B5(27) < Spy(27) of Theorem M(V) (where j = nf/2 > 1), since any element of order 4 in
L must have one Jordan block of size 4 on IF;‘]- and hence is regular unipotent in Sp,(27). Suppose
we are in the case L = G2(27) < Spg(27) of Theorem v). Here j > nf/3 > 1, so L is perfect.
Also, L > G3(2) contains an element of order 8 [CCNPW], which must have one Jordan block of
size 6 on Ing and hence is regular unipotent in Spg(2’). So we can repeat the same argument as
before to see 27 is a power of q.

In the case of[8.3.1](iii), there is a proper divisor j of nf such that 2{ (nf/j) and L = SU(Wy;) =
SU, ¢ /j(2j ), where Wh; is W viewed as an n f/j-dimensional vector space over Fy2; endowed with a
non-degenerate Hermitian form. If j = 1, then nf/j > 4; in general, nf/j > 3. Hence in all cases
L is perfect. We consider an R-coset in G which corresponds to a regular unipotent element in L,
whose fixed point subspace in W has size 2%/. By Lemma this coset contains an element h
with |Trace(h)| = 2. By hypothesis, 27 is a power of q.

In the case of [8.3.1[iv), there is a divisor j of nf such that nf/j > 2 and L = Q(W;) =
(¢7), where W; is W viewed as a 2nf/j-dimensional vector space over Fy; endowed with a

2nf/j
non-degenerate quadratic form of type —. Here L is perfect. We consider an R-coset in G which

corresponds to some element in L, whose fixed point subspace in W has size 2%/. By Lemma [7.2.1
this coset contains an element h with |Trace(h)| = 27. By hypothesis, 2/ is a power of q.

In the cases (ii), (iii), (vi) Of we have ¢" = 22, 25, and 2°. Since n > 2, we must have
q = 2, and so we are done. O

LEMMA 8.5.4. Supposen >my > ... >m, >0, n>2, and ¢ = 2/ a power of 2 are such that

q® > 2% and G(n,mq, ..., my;q) is geometrically irreducible, with geometric monodromy group G.

(a) For any g € G, |Trace(g)| is zero or a power of q.

(b) Suppose that E := Oq(H; ) <G < H{, with H{ defined in Theorem for 2NV = ¢". Set
qo := 2, d := 2N, and suppose that L := O" (G/E) is perfect and satisfies one of the conclusions
(i)—(v) of Theorem or (i)—(iii), (vi) of Proposition|8.3.5. Then W = E/Z(E) carries an
F,L-module structure.

PRrROOF. (a) follows from Corollaries [8.1.2] and 8.1.5|7 working over finite extensions of F 2.
(b) follows from (a) and Lemma [8.5.3} note that W (viewed over F3) carries an Fa-valued
L-invariant non-degenerate quadratic form induced by the map z — z? on E. O

For coprime positive integers A # B, we will consider the hypergeometric sheaf

(8.5.4.1) Homait,A,B := Hypy(Char(A) ~ {1}; Char(B) \ {1}),
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of type (A—1, B—1) and rank max(A, B)—1. It is pure of weight A+ B —3. For each multiplicative
character y with x* # 1, we consider the hypergeometric sheaf

(8.5.4.2) Hbig.A,Bx ‘= Hypy(Char(A); char(B, X)),
of rank max (A, B). These sheaves have been studied in [KT6) §3].

THEOREM 8.5.5. Assume ¢ = 2 and n > m > 1 are integers such that N := nf > 4, 2|nm,
and ged(n, m) = 1. Then the following statements hold.

(i) The geometric monodromy group G = Ggeom 0f the local system G(n,m;q) defined in
is isomorphic to the subgroup H; = ol 2N . Q.. (q) of the group I'(2, N,—) = H; , as defined
in 223,

(ii) The hypergeometric sheaf Hsmait gn+1,qgm+1 defined in has geometric monodromy group
equal to G = H]?

(iii) If f =1, then over any finite extension k of Fa, for the arithmetic monodromy group Garith i
of G over k we have Garign g = G = HY if k 2 Fy, and Garignhx = H, otherwise.

(iv) Furthermore, both Hy and H; satisfy (S+).

Proor. (a) By [KT6l, Corollary 3.10(i)], G(n,m;q) is geometrically isomorphic to the [A]*
Kummer pullback of the hypergeometric sheaf H := Hgpau,4,5 defined in with A :=¢"+1
and B := ¢™ + 1. The integrality result Theorem and [KT2, Lemma 5.1] show that both G
and the geometric monodromy group H of H are finite, with G < H and H/G < Ca.

The choice of n, m ensures that gcd(A, B) = 1, see Lemma and A > 17, hence H satisfies
(S+) by Corollary Moreover, H is symplectically self-dual by [Ka-ESDE, 8.8.1-2], whence
H < Spyn(C). Now, a generator go of the image of I(0) in H is an ssp-element of central order
A = 2N 41, since the “upstairs” characters of H are Charygiy (A). Next, the wild part Wild of H has
dimension A — B = ¢™(¢"™ — 1), and the “downstairs” character of H are Charyiy(B). Hence,
a generator ¢go, of the image of I(co) modulo the image of P(co) in H permutes transitively the
¢"~™ — 1 simple P(oo)-summands on Wild, and has spectrum pp ~ {1} on Tame, see [KRLT4|
Proposition 5.9]. In particular,

(8.5.5.1) |H| is divisible by lem(¢"™ 4+ 1,¢™ +1,¢"~™ — 1).

Now we can apply Theorem [8.4.5(a) to H. In the case of a)(B), we have that ¢y := 2V+1 4+ 1
is a Fermat prime and H = SLa(q1), so 21 N = nf and hence 2|m. Also, by [KRLT4, Proposition
5.9], when mf > 4, the image of P(oco) in H has order at least

n—m __ 1)q2m — qn+m _ q2m > qn+m n+m—1 > qn+m—1 > 2N+3’

(q —q
whereas the Sylow 2-subgroups of SLa(q1) have order 2V*2 a contradiction. So mf = 2, ¢ = 2,
m = 2. Now H = SLy(q1) has order divisible by ¢™ 4+ 1 = 5 by (8.5.5.1), which is impossible since
@1 = 2(mod 5). So E :=0y(H; ) <H < H; . Since H/G — Cj4, we also have that

(8.5.5.2) E<G<H;.

(b) We will now identify H := H/E < O(W), where W = E/Z(E), a quadratic space of type
— and dimension 2N over Fy, with quadratic form Q(zZ(E)) = z* € Z(E) (and we have identified
Z(E) with Fy). Clearly, (8.5.5.1]) implies that |H| is still divisible by lem(¢" +1,¢™ 4+ 1,¢""™ — 1),

and moreover
(8.5.5.3) H contains an element of order 2V + 1.

By the first part of Theorem
L:=O"(H)
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is not cyclic (where ¢ is as chosen in Theorem and Proposition [8.3.3). In order to be able
to apply the second part of Theorem we need to show that the L-module W carries an F-
structure. To show this, we will assume ¢ > 2 and apply Theorem [8:3.1] and Proposition [8.3.3]

with go = 2 and thus viewing H < Ogn(2). We will use the observation that if L is perfect,
then G > [H, H] and (8.5.5.2)) imply that G > EL. Now Lemma shows that W carries an

F,L-module structure in the cases (i)—(v) of and (i)-(iii), (vi) of [8.3.3

Assume we are in the cases (vii), (viii) of [8.3.3and L = A;. Then L acts absolutely irreducibly
on W = F3¥, whence Cy(L) < Cqruw)(L) = 1 and so H < S;. In particular, H cannot satisfy
(18.5.5.3)), a contradiction.

In the remaining cases (vi) of[8.3.1} and (iv), (v), (vii), (viii) of|8.3.3| (with L 2 A; in the last two
cases), we can check directly that |Aut(L)| is not divisible by (¢ + 1)(¢"~™ — 1). The arguments
used in deducing (8.3.4.2)) show that this contradicts (8.5.5.1)).

(c) Now we can apply the second part of Theorem viewing L < GLa,(q), to arrive at one
of the following two possibilities for L .

(c1) (n,m,q) = (5,2,2) and L = Ay or Ajp. In this case, the action of L on W is absolutely
irreducible, so End (W) = [Fy; in particular, Coy)(L) = 1. On the other hand, the action of H on
L induces a subgroup of Aut(L) = L-2. It follows that A;; < L < H < Aut(L) < Sy; in particular,
H = H/FE contains no element of order 33. But this contradicts the fact that go has order 33.

(c2) L = Q(Wy) = Q5,(q), where Wy is W viewed as a 2n-dimensional vector space over [,
endowed with a non-degenerate quadratic form Qy of type —. Moreover, there is o € I such that
Q(u) = Trp, /p, (o - Qf(u)) for all u € Wy.

Rescaling Qy suitably (without any effect on L), we may assume that Q(u) = Try_/r, (Qy(u))
for all u € Wy, whence H}’ <H < H{. As [H,H] < G < H, we also have H; 4G < Hy; let
a1 :=|G/Hj|. If a1 =1, then G = H} as stated.

Assume that a; > 1. Since G(n,m;q) lives over Al, G = 0% (G) and so 2|a;. Now we can
apply Theorem (iii) to see that G > H; . Hence, by Theorem (ii), G contains an element
h € H, with |Trace(h)| = /g, contrary to Corollary

When ¢ = 2 (so that f = 1), we also note that, since H/G has odd order and G = H} < H < Hy,
we have shown that H = H}. As H satisfies (S+), we conclude that both H{ and H; satisfy (S+).

(d) Here we will show that H = G. Since N > 4, 22N — 1 has a primitive prime divisor s by
[Zs], which then divides ¢” + 1. Recall that G/E = H}/E = ,,(q) contains a cyclic torus (f) of
order ¢" + 1. An inverse image t of ¢ in G has order divisible by ¢" + 1, and so for some power g;
of ¢ that has order s, we have

(8.5.5.4) q" + 1 divides |Cga(g1)].

It is clear that the Sylow s-subgroups in Sps,(2) are cyclic, hence the same holds for Sylow s-
subgroups in H. As a consequence, all cyclic subgroups of order s in H are conjugate. As mentioned
above, the element gy of H has order divisible by ¢"™ + 1, so some power ¢} of it has order s.
Conjugating go suitably, we may assume that (g1) = (¢}). Replacing g1 by an s'-power of it it, we
may in fact assume that ¢f = ¢g1. Since H/G — C4, we also have

(8555) €= [CH(gl) : Cg(gl)] divides q” + 1.

By the choice of s, the element g;, which acts nontrivially on W = F2V acts irreducibly on W.
By Lemma W(l), E := Cgnaw)(g1) is a finite extension of Fz, and W considered as an E(g)-
module is absolutely irreducible. Any such module is of dimension 1 as (g1) is cyclic. It follows

that 1 = dimg W, i.e. |E| = |W| = 22V = ¢*". In particular, |Csp,, (2)(91)| divides ¢°* — 1, and
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so C(g1) has order dividing |E|(¢*® — 1) = 2¢*"(¢*" — 1). Writing |Cg(g1)| = a(¢™ + 1) for some
a € Z using (8.5.5.4)), we then have

[Cr(g1)| = ae(q" +1)
divides 2¢?"(¢*" — 1); in particular e divides 2¢?"(¢" — 1), which is coprime to ¢" + 1. Together with
(8.5.5.5)), this implies that e = 1. Thus Cg(g1) < G. Since gy obviously centralizes gj = g1, we have
therefore shown that gy € G. On the other hand, the wild part of H has dimension ¢ — ¢ > 2, so
by [KT5l, Theorem 4.1], H is the normal closure of {gy), and G << H. Consequently, H = G.

(e) Now we determine Gayith ,, when f = 1. Over Fy, G is symplectically self-dual by [Ka-MMP},
Theorem 3.10.6], hence Gayithr, < Spon (C). As Gayith , normalizes Ggeom = HY, it also normalizes
E := Oy(HY), so by Theorem [8.2.1, Garith,Fr, < Nszzv((C) = H;, and thus H} < Gaithr, < Hi .
Observe that the trace of Frob; , is —v2. On the other hand, |Trace(g)| is an integer for any
g € HY by Theorem [8.2.5(i). Hence Gayithr, = Hy - O

COROLLARY 8.5.6. Let n € Z>4. Then the geometric monodromy group Ggeom of the local
system G (n,n —1,...,0;2) defined in is isomorphic to H} = ol+2n. 5,,(2). Furthermore,
its arithmetic monodromy group Gaithk over any finite extension k/Fo is Hy = olt2n . 0,,(2) if
k 2 F4, and HY = Ggeom if k 2 Fy.

ProOOF. The integrality result Theorem (applied with a change of variable z — x/sg)
and [KT2, Lemma 5.1] show that both Ggeom and Gayith k are finite subgroups of Spyn(C). Next,
a pullback of G#(n,n — 1,...,0;2) yields the sheaf G(n,n — 1;2) which has geometric monodromy
group Hgeom = H7, and arithmetic monodromy group Harith k = Hgeom if £ 2 F4 and H| otherwise,
according to Theorem Thus Garith F, is a finite subgroup of Spy. (C) which contains H; , and
H; satisfies (S+). Applying Theorem [8.4.5(c), we obtain Gaitng, = H; . Now, |Trace(g)| is an
integer for any g € Garith,r, by Theorem and

— o
H1 > Garith,F4 > Harith,]F4 = ngom = H1 .

As H; = Hyith r, admits elements h with | Trace(h)|* = 2 (e.g. Frob; r,), and has index 2 over HY,
we conclude that Guitnr, = Hy. Finally,

Hf = Garith,IF'4 > Ggeom > ngom = Hfa

50 Ggeom = H7. O

THEOREM 8.5.7. Assume q = 2f, r>1, andn >mg > ... > m, > 1 are integers such that
nf >4,2¢nmy...my, and gcd(n,m1,...,m,) = 1. Then the local system G := G(n,m1,...,my;q)
over A" [Fy, defined in (8.5.0.1), has geometric monodromy group G = Ggeom = SU,(q) acting in
its total Weil representation. QOver any finite extension k of Fo, for the arithmetic monodromy
group Garigh i of G over k we have Gaign, = G if k 2 Fpa and Garign g = (C2 x G) - Gal(F 2 /k) if
k CFp. In the latter case, Gal(F 2 /k) may be identified with the subgroup Gal(F,2/k) of outer field
automorphisms in Out(G) = Cyeqn,g+1) X C2p, and Cy is the scalar subgroup of order 2.

PROOF. (a) Let N := nf, and define m,; := 1 if 2|f and m,41 := 2 if 24 f. Then G is the

specialization s,11 = 0 of the local Sys‘cem~g~ =G(nf,mif,...,myf,my41;2) on ATH/FQ. Again
by Theorem and [KT2, Lemma 5.1], G has finite geometric monodromy group G that contains
G. On the other hand, the specialization s; = ... = s, = 0 of G is the local system G(nf, my41;2)

on A!/Fy considered in Theorem Hence G contains the geometric monodromy group HY of
the latter, which was shown to satisfy (S+) and contains an ssp-element of central order 2N 4 1.
Also, G is symplectically self-dual by [Ka-MMP), Theorem 3.10.6], so that G < Spyn(C). Hence
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we can apply Theorem a) to G and conclude (since HY £ SLy(2V+! 4 1)) that G < Hy, and
thus G < H .
Note that 2 1 nm; ... m, and ged(n, mi,...,m,) =1 imply by Lemma [10.3.2(iii) that

ged(¢" +1,¢™ +1,...,¢" T + 1) =g+ 1.

Applying [KT6l Corollary 2.7], we see that G is geometrically isomorphic to the direct sum of ¢+ 1
pairwise non-isomorphic sheaves, one Gy of rank (¢" —q)/(¢+ 1) and ¢ of rank (¢" +1)/(¢+ 1), say
G; with 1 <14 < ¢q. Now we can apply Theorem to arrive at one of the following two cases.

(al) SU,(q) <G < Cy x GU,(q), with SU,,(¢) and GU,,(q) acting in total Weil representations.
In this case, [G,G] = SU,(q), and G/[G,G] — Ca x Cyq1. However, G lives over A"/Fa, so
G = 0%(G) by Theorem and therefore G = SU,(q) or Ca x SU,(q). In the latter case,
Cy = Z(E) = (j), with j acting as the scalar —1 on G. In particular, j has determinant —1 on
each of the ¢ subsheaves G; with ¢ > 0, of odd rank (¢" +1)/(¢+ 1), and this contradicts Corollary
2.3.8((iii-bis). Hence G = SU,(q), as stated.

(a2) (n,q) = (5,2) and G > L1 € {PSL2(11),SLy(11)}; in particular, my,...,m, € {1,3}. As
shown in part (c3) of the proof of Theorem G < (ALy) - 2, with |A| < 2, whence the Sylow
2-subgroups of G have order at most 2°. Now, if m, = 1, then by applying Theorem to the
specialization m; = ... = m,_1 = 0 of G, we see that the image of the geometric monodromy group
of the specialization, which is a subgroup of GG, on each of the three subsheaves of the specialization
is (the image of) SU5(2) on a Weil representation. This clearly violates the indicated upper bound
on G. Hence we must have that (r,m;) = (1,3). In this case, each of G; has wild part of dimension
8, so by [KRLT4| Proposition 5.9], the Sylow 2-subgroups of G have irreducible representations of
degree > 8 and hence of order at least 27, again a contradiction.

(b) Over F9, we know that G is symplectically self-dual by [Ka-MMP| Theorem 3.10.6]. Next,
by Theorem (and its proof), over [Fy the arithmetic monodromy group of G(n f,m,1;2) is Hy
and satisfies (S+). Hence H; is a maximal finite subgroup of Spyn (C) by Theorem [8.4.5(c). As

the arithmetic monodromy group of G over [y is finite, contains that of G(nf, m,y4+1;2) (which is
H ), and is contained in Spyn (C), the maximality of H; implies that it is H; . Specializing back
to G, we see that Garitnr, < Hy -

Now, over F 2 the system G is still a direct sum of ¢ + 1 irreducible subsheaves G;, see [KT6|
Corollary 2.7]. Hence we can apply Theorem to Garith’FqQ < GarithF, < H{, and using

Garith,Fq4 > Ggeom - SUn(Q)a we now see that SUn(Q) < Garith,Fq4 S Garith,]Fqg S C'2 X GUn(Q)a
with both SU,,(¢) and GU,(q) acting in their total Weil representations. Furthermore, each G; has
trivial arithmetic determinant by Corollary (iii—ter). Applying Lemma (iv)7 we conclude
that Garith,IF'q4 = Ggeom-

Next, over F,2, the determinant of the subsheaves G; is trivial for the unique one of even rank
(¢" —q)/(g+ 1), and —1 for all other ¢ of odd rank (¢" +1)/(q + 1) by Corollary [2.3.§[iii-ter). As
Garith71{i‘q4 = SU,(q) is perfect, it follows that Garith,Fqg = (Ggeom, h), of index 2 over Gigeom. Using
perfectness again, the determinant of Ggeom on each G; is trivial, so the determinant of h on G;
must be —1 for odd-rank subsheaves, and 1 for the even-rank one. Recalling Cy = Z(E) = (j),
with the central involution j acting via —1, we have that jh has determinant 1 on every G;. By
Lemma (iv), this implies that jh € SU,(q) < Garith’]Fq2. It follows that j € Garith,Fqu and so
Garith F » = C2 X SUn(q).

Let g denote the image of Frob o o) r, in GarithFy, 50 that Garihr, = (Garith7yq2,g>. We

will now show that GayithF,/ Garith,FQQ = Oy = Gal(F;2/F2), and moreover, the conjugation by g
induces an element of order 2f modulo Inndiag(G) = PGU,(q) in Aut(G) for G = SU,(q). First,
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the construction of G inside H; in Proposition shows that G < D := Cy x GU,(q) < Hy,
whence C' > Cp(G) = Z(D) = Cy x Z(GU,(q)) for C := CHl_ (G). In fact, we have

(8.5.7.1) C = Cp(Q).

Indeed, since the action of G on G splits it into ¢+ 1 pairwise inequivalent irreducible subsheaves G;,
C preserves each of the summands G;. Hence, Theorem applied to CG shows that CG < D,
and so C' < Cp(G) = Cy x Z(GU,(q)).

Now let j denote the order modulo Inndiag(G) of the automorphism of G induced by the
conjugation by g; in particular, j|2f as g*/ € Garith,IFq2 = (Cy x G. By , D induces the
subgroup D/C = Inndiag(G) of Aut(G). Hence we can find ¢ € CH; (G) and d € D such that

¢’ = cd and thus ¢/ € D = Oy x GU,(q). As GU,(q) acts via its total Weil representation, it
follows that |Trace(g?)|? is a power of ¢?> = 22/. On the other hand, since 2 { nmy, for any x € Fy;
we have 27" t! = 0! = 29" and so ¢y ; (9" T + 297 = ¢p_ (0) = 1. As ¢/ is the image of
FrOb(l,O,...,O),FQJ- in GarithFy, it follows that |Trace(g?)|* = | — 27/2|2 = 27, Thus 2f|j, and so j = 2f
as stated; in particular, Garithr,/ Garith’]Fq2 = Cyy.

Recall that Out(G) = Cyeqn,g+1) ¥ C2p, with Cyp generated by the field automorphism o :
y — yP. As 2|q, any involution in this group is conjugate to 7 := o/. But g/ has order 2 in
Out(G), so we may assume that g/ induces 7 modulo Inn(G). Clearly g centralizes g/, so the image
of g in Out(G) is contained in the centralizer of 7. Next, 7 centralizes the subgroup Cay = (o)
of Out(L), but acts as inversion on the odd-order subgroup Cycq(n,g+1) = Inndiag(G)/Inn(G). Tt
follows that the image of g in Out(G) belongs to this subgroup Cay. As the order of g modulo
Inndiag(G) is 2f, we conclude that, modulo Inn(G), g generates the subgroup Cyy = (o). Thus
Garith,F, = (2 X G) - Gal(F 2 /[F2), completing the proof of the theorem. O

THEOREM 8.5.8. Assume q = 2f, r>1,andn >mi > ... > m, > 1 are integers such that nf >
4, 2 f nmy...m,, and ged(n,my,...,m,) = 1. Then the local system G := G(n,my,...,my,0;q)
over A" /Fy, defined in , has geometric monodromy group G = E x SU,(q) < H]‘? < Hy,
with E := Og(H; ) = 2120 and with SU,.(q) acting in its total Weil representation. Over any finite
extension k of Fa, for the arithmetic monodromy group Garitnk of G over k we have Garith iy = G if
k2 Fp and Gaigmr = G - Gal(F2/k) if k C Fpe. In the latter case, Gal(F,2/k) may be identified
with the subgroup Gal(F2/k) of outer field automorphisms of SUy(q).

PROOF. (a) As 2 4 n and nf > 4, in fact we have nf > 5. Define m,4q = 1 if 2|f
and my41 = 2 if 2 1 f. Then G is the specialization s,y; = 0 of the local system G =
G(nf,mif,...,mf,my11,0;2) on A™"2/Fy, which, by Theorem and [KT2, Lemma 5.1], has
finite geometric monodromy group G that contains G. Next, the specialization s; = ... = s, =
Sp42 =0 of G is the local system G (nf,ma;2) on A /Fy considered in Theorem Hence G con-
tains the geometric monodromy group Hy of the latter, which is shown to satisfy (S+) and contains
an ssp-element of central order 2V + 1. As mentioned above, G is symplectically self-dual, so that
G < Spyn (C). Hence we can apply Theorem (a) to G and conclude (since HY £ SLy(2V+141))
that G < H?Y, and thus G < H7Y; in particular, G normalizes E := Oq(H; ).

On the other hand, the specialization s; = 0 of G is the irreducible Pink-Sawin local system con-
sidered in Theorem so G is irreducible and contains F; := 2172V Yet another specialization
sr+1 = 0 of G (which is also the specialization s, = s,19 = 0 of é) is the sheaf G(n,my,...,my;q)
over A"/F; considered in Theorem [8.5.7 This shows that G contains S := SU,(g) acting in its total
Weil representation. The rest of the proof is to show that G = E x S.
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(b) We aim to show that G > E and to determine
G := EG/G < HY/E = Q;(2),

a subgroup of Q(W) that preserves the natural quadratic form Q(zZ(E)) = 2% on W := E/Z(E).
As G > Sand ENS < 02(S) = 1, S < G; in particular, |G| is divisible by a primitive prime
divisor ¢ of ¢*® — 1 = 22N — 1, as chosen in and We can now apply Theorem and
Proposition (with go = 2 and thus viewing G < GLgy(2)) to determine L := OY(G). Note
that OY(S) = S, so S < L; in particular, L is not cyclic.

In the case of Vi), ¢" = 29 so (n,q) = (5,4), but then S = SUj5(4) cannot embed in

L = PSLy(41).

Case (ii) cannot occur, since ¢ = 2™ > 24,

In the cases (iii) and (vi) of q" = 25,50 (n,q) = (5,2), but then S = SU5(2) cannot embed
in any L € {PSLy(11), M11, M12, Maa, A11,A12} (since the smallest index of proper subgroups of S
is 165, see [CCNPW]).

In the cases (iv) and (vii) of q" =25 50 (n,q) = (3,4), but then S = SU3(4) cannot embed
in any L € {PSLy(13), PSL2(25),SL3(3),A13,A14} (since the smallest index of proper subgroups of
S is 65, see [CCNPW]).

In the cases (v) and (viii) of " = 2% so (n,q) = (3,8) or (9,2), but then S > SU3(8)
cannot embed in any L € {3 - J3,PSL2(19),A19, A} (since 7||S| and the smallest index of proper
subgroups of S is > 513, see [CCNPW]).

We have therefore shown that either (iii) or (iv) of Theorem occurs; in particular, L =
SU.(2¢) with ¢ > 3 and cd = N, or Q5,(2%) with ¢ > 2 and ed = N; in both cases ¢ divides nf > 5.
As L acts irreducibly on W, we note that Cx(L) embeds in the finite field Endz (W) and so is
cyclic; on the other hand L is quasisimple. Hence G/LC (L) is solvable, and so G(>) = L.

Note that G > Z(E;) = Z(E). Next, any element of order ¢ of O(W) acts irreducibly on W.
The same is true for G, so either GNE = Z(E), or G > E. Suppose we are in the former case. Then
G =EG/E=G/(GNE)=G/Z(E). Hence G has order either |L| = |G| or 2|L|, and G(>)
is a cover of PSU.(2%) or € (2¢), which contains the perfect subgroup S as S < G. As mentioned
above, GG acts irreducibly on G of dimension 2N Tt follows that every irreducible G(*®)_summand
on G has dimension dividing 2°?. Applying [TZ1], Theorem 1.1}, we see that this is possible only
when ¢ = 2 and G(*) = Q (2%) 2 SLy(2V). However in this case the G(*)-module G is irreducible
and orthogonally self-dual, a contradiction.

Therefore we are in the latter case: G > E, and so G > E.

(c) Now we can apply Lemma to see that W carries an FyL-module structure. As |L| is
still divisible by ¢, we can again apply Theorem [8.3.1] and Proposition [8:3.3] now with ¢y = ¢ and
thus viewing L < GLg,(q), to determine L = O (L). The arguments in (b) show that, in fact, we
have one of the cases (iii) and (iv) of Theorem [8.3.1}

In the case of @(iv), there is a divisor j of n such that n/j > 2 and L = Q(Wy;) = 0, (¢%),
where W;; is W viewed as a 2n/j-dimensional vector space over F,; endowed with a non-degenerate
quadratic form of type —. In fact, since 2 4 n, we have that 21 j < n/3; also nf > 5. In particular,
(2n — 27)f > 4nf/3 > 6. Hence by [Zs] we can find a primitive prime divisor ¢; of 22(*=)f — 1,
which then divides both (¢7)*7~' + 1 and |L]|.

Certainly, L contains an element of order ¢;, which lifts to an element g € G of (odd) order ¢;.
Now, a := Trace(g) is an integer, so Trace(g’) = a for 1 < i < f; — 1 (by Galois action). On the
other hand, Trace(Id) = ¢". Computing the multiplicity of the trivial character in the character of
(g9) acting on G, we get Z > (¢" + a(f1 — 1)) /44, i.e.

(8.5.8.1) a = ¢"(mod £1);




8.5. LOCAL SYSTEMS IN CHARACTERISTIC p =2 179

in particular, a # 0. By Theorem (d), a = +¢* < ¢" for some 0 < k < n. Suppose a = ¢",
so that 0 < k < n. Then (8.5.8.1) implies that ¢1|(¢"* — 1), so by primitivity of ¢; we have
(2n — 25)|(n — k), a contradiction since 2n — 2j > 4n/3 > n —k > 0. Hence a = —¢*, in which case
implies that ¢;|(¢" % + 1). By primitivity of £; we have (n — j)|(n — k). Note that k # n
as g has order £1 > 2,800 <n —k < 4n/3 <2(n — j). It follows that n —k =n — j, i.e. a = —¢’.
As 21 j, we now have that Trace(g) = —¢ = 1(mod (¢ + 1)). But this contradicts Corollary
according to which Trace(g) = —1(mod (q + 1)).

(d) We have shown that L satisfies [8.3.1f(ii), i.e. there is a proper divisor j of n such that
21 (n/j) and L = SU(Wyy;) = SU,,/;(¢’), where Wyy; is W viewed as an n/j-dimensional vector
space over I »; endowed with a non-degenerate Hermitian form. Since SU,(q) < L, we have j = 1
(by order consideration). Thus L = SU,(¢). By Proposition [8.4.1(b2), we now have that

L<1G=G/E < GU,(q) x Cay.

Suppose that G/L has even order. As L = SU,(q), we may assume that G contains an element
h, whose image in G is to, where t := diag(1,...,1,\) in some orthonormal basis (e1,...,e,) of
the Hermitian F 2-space Wyy = ]FZQ, Mt =1, and o acts via > Tie; — x?ei. Since the equation
2971 = X has ¢ — 1 roots in F2 for any such A, we see that |Cw, (to)| = ¢". Tt follows from Lemma
that the coset hE in G contains some element hi with |Trace(h1)|? = ¢". On the other hand,
working over extensions of IF 2, we have |Trace(h1)|? = 0 or an even power of ¢ by Corollary m
and this is a contradiction since 2 t n.

We have shown that G/L has odd order. Since G lives over A”*!, G = O?(G) by Theorem
It follows that G = L, G = E - L, and so G = E x S. We also note that G < H]?, since

L < €5,,(q) by Proposition (b2).

(e) To determine Gaith i, let H = Hgeom = SUy(¢q) and Hyyith, 1 denote the geometric monodromy
group and the arithmetic monodromy group over k of the specialization s,;1 = 0 of G, which is
the sheaf G(n,m1,...,my;q) over A"/Fy considered in Theorem [8.5.7, By [KRLT4, Lemma 4.1],
Garith,F; = (Ggeom; g) for the image g of any element Frob(y, s, . .1)F, I GarithF, With s; € Fa.
Choosing s,+1 = 0, we can identify g := Frob(,, s, . s, 0)F,, Which tautologically lies in the subgroup
Hpith Fy Of Garith F,, with the element Frob(y, ,, ¢ yr, in HarithF,- In particular, by Theoremm7
¢*f e Harith’FqQ = Cy x H, with Cy acting as the scalar subgroup of order 2 and thus Cy = Z(E).
As G = E x H, we conclude that ¢2f € G and thus Glarith,ro /G — Cay. It follows that the order j
of g modulo G divides 2f, and Garithfqz =dG.

We next observe that

(8.5.8.2) N (H) = Z(E) x H.

Indeed, Ng(H) certainly contains Z(FE)H. If Ng(H) > Z(E)H, then Ng(H) N E > Z(E) as
G = EH. 1t follows that 1 # (Ng(H) N E)/Z(E) is normalized by Ng(H) > H. As H acts
irreducibly on F/Z(E), we must have that Ng(H) > E and thus Ng(H) = G, i.e. H<G. As
G=FH, E<G,and ENH =1, we then have that G = E x H, a contradiction.

Now, g € Hurithr, normalizes H, so ¢/ € Ng(H). Hence implies that ¢/ € Harith,qu
and so 2f|j since Hyrith r, = (H, g) has quotient Cyy over HarithJFqQ. Thus j = 2f and Garithr, /G =
Cyf. By Theorem g induces the subgroup Cy¢ of outer field automorphisms of H, and so we
are done. 0

THEOREM 8.5.9. Assume ¢ =27, r>1, andn >mq > ... > m, > 0 are integers with nf > 4.
If m, > 1, we assume that 2lnmy ...m, and ged(n,my,...,m,) = 1. If m, = 0, we assume
r > 2, 2l]nmy...my_1 and ged(n,my,...,my_1) = 1. Then the geometric monodromy group G
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of the local system G := G(n,mq,...,my;q), defined in (8.5.0.1), is isomorphic to the subgroup

Hp = gltanf 5, (q) of the group I'(2,nf,—) = Hy, as defined in (8.2.2.1). Over any finite
e:ctenszon k of Fa, for the arithmetic monodromy group Gasith k. of G over k we have Garitn i = G if
kD Fp and Gaigng = G - Gal(F2/k) if k C Fp. In the latter case, Gal(F2/k) may be zdentzﬁed

with the subgroup Gal(F 2 /k) of outer automorphisms of €5,,(q).

PROOF. (a) Define m,y; := 1if 2|N :=nf and m,41 :=2if 24 N. Then G is the specialization
sr11 = 0 of the local system G := G(nf,mif,...,myf, my41;2) on AT“/FQ Again by Theorem
and [KT2, Lemma 5.1], G has finite geometrlc monodromy group G that contains G. On the
other hand, the specialization s; = ... = s, = 0 of G is the local system G(nf,myy1;2) on Al /Iy
considered in Theorem m Hence G contains the geometric monodromy group H? 1 of the latter,
which was shown to satisfy (S+) and contains an ssp-element of central order 2V + 1. Also, G is
symplectically self-dual by [Ka=MMP, Theorem 3.10.6], so that G < Spyn (C). Hence we can apply
Theorem ( ) to G and conclude (since H? £ SLp(2V*! + 1)) that G < H, and thus G < HY;
in particular G normalizes E := Oq(H;).

Write

e; = ged(n,m;), n; :=n/e;, and k; := m;/e;
for all ¢ such that m; > 0. Suppose that n;k; = nm;/ e? is odd for all such 7. Now if n is odd, then
ei|n is odd, whence 2 { m; for all such 4, and thus n[[;,, omi is odd, a contradiction. Hence n is
even, forcing 2|e;, whence 2|m; for all such 4, and thus ged(n,m; | m; > 0) is even, a contradiction.
Therefore, we can find 7o > 1 such that

2 Jf niokioa ng(n%? kZO) =1

Now the specialization s; = 0 for all i # i of G is the sheaf G(n;,, ki,; ¢%0) over A!/Fy considered
in Theorem hence G is irreducible and contains

Hy:= H}’eio = FEy- Sy, where Ey =2 FE and Sy := Q;nio (g%0).

Note that both Z(Ey) and Z(F) is generated by the central involution j (acting as the scalar —1
on G), so G > Z(Ey) = Z(E).
(b) We aim to show that E = Ej, so that G > F, and to determine

G:= EG/G < HY/E = Q,(2),

a subgroup of Q(W) that preserves the natural quadratic form Q(zZ(E)) = 2% on W := E/Z(E).
As |G| is divisible by the order of the simple group Sp; |G| is divisible by a primitive prime divisor
¢ of ¢*» —1 = 22N — 1, as chosen in and Note that any element of order ¢ of O(WW) acts
irreducibly on W. The same is true for Hy > Z(Ep) = Z(FE). This irreducible action shows that
O3(Hp) must act trivially on W. On the other hand, Hy < H; and H; /E = O(W) acts faithfully
on W. Hence Ey = Oy(Hy) < E, and so Fy = E by order comparison, and G > E.

Now we apply Theoremand Propositionm (with go = 2 and thus viewing G' < GLay(2))
to determine L := O%(G). Note that O%(Sy) = Sy, so Sy = Hy/E < Lj; in particular, L is not
cyclic. To rule out various cases, we note that Sy contains an element of order (¢%0)™o +1 = ¢" + 1.

Case [8.3.1|(vi) is ruled out since PSL2(41) does not contain an element of order ¢" + 1 = 1025.

Case [8.3.3(ii) cannot occur, since ¢ = 2"/ > 24,

Cases (iii) and (vi) of are ruled out since none of the groups PSLy(11), M1, M1, Moo,
A11, A2 can contain elements of order ¢ + 1 = 33, see [CCNPW]).

Cases (iv) and (vii) of [8.3.3] cannot occur since none of the groups PSLy(13), PSL2(25), SL3(3),
A1, A14 can contain elements of order ¢ + 1 = 65, see [CCNPW]).
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Cases (v) and (viii) of are also ruled out since none of the groups 3 - J3, PSL2(19), Ay,
Agg can contain elements of order ¢" + 1 = 513, see [CCNPW]).

We have therefore shown that either (iii) or (iv) of Theorem occurs; in particular, L =
SU.(2%) with 24 ¢ > 3 and c¢d = N, or Q,.(29) with ¢ > 2 and ¢d = N. As L acts irreducibly on
W, we note that Cx(L) embeds in the finite field Endy, (W) and so is cyclic; on the other hand L
is quasisimple. Hence G/ LCg(L) is solvable, and so G(*) = L.

(¢) Now we can apply Lemma[8.5.4] to see that W carries an FyL-module structure. As |L| is still
divisible by ¢, we can again apply Theorem and Proposition now with (qo,d) = (¢,2n)
and thus viewing L < GLa,(q), to determine L = O (L). The arguments in (b) show that, in fact,
we have one of the cases (iii) and (iv) of Theorem [8.3.1]

In the case of [8.3.1f(iii), there is a proper divisor j of n such that 2t (n/j) and L = SU(Way;) =
SU,,/;(¢7), where Wyy; is W viewed as an n/j-dimensional vector space over F2; endowed with
a non-degenerate Hermitian form. Let d(X) denote the smallest degree of nontrivial complex
representations of the quasisimple group Sy. Then, according to [TZ1, Theorem 1.1], d(Sp) = ¢" —1
when n;, = 2 (and so Sy = Q (¢™?) = SLa(¢™)), d(So) = (¢*/3—1)/(¢"/>+1) > ¢"/2 when n;, = 3
(and so Sy = Q5 (¢"/3) = SU4(¢"™?)), and d(Sp) > ¢%0?"0~3) > ¢ when n;, > 4. On the other
hand, d(L) = (¢" — ¢’)/(¢’ + 1) < ¢"*/2, and this contradicts the embedding Sy — L.

(d) Hence we must be in the case of [8.3.1fiv), i.e. there is a divisor j of n such that n/j > 2
and L = Q(W;;) = Q. /j(q]), where Wy; is W viewed as a 2n/j-dimensional vector space over [F;
endowed with a non-degenerate quadratic form Qy; of type —.

We will show that j = 1. Since

ged(e; | m; > 0) divides ged(n,m; | m; > 0) =1,
it suffices to show that
(8.5.9.1) jle; for all ¢ with m; > 0.

Consider any such i. Then the specialization s; = 0 for all i’ # i of G is the sheaf G(n;, k;; ¢°)
over Al /Fy considered in Theorem when 2|n;k; and in Theorem when 2t nk;.

(d1) When 2|n;k;, Theorem shows that G contains
H;, .= FE;-S;, where F; 2 F and S; := Q;nl(qel)

The arguments in (b) show that E; = E and thus S; < L as S; is simple. First suppose that
n; > 3, so that (n; — 1)e; > nje;/2 = n/2. Now, if ((n; — 1)e;, q) # (3,2), then (¢°)%™~1Y — 1 has a
primitive prime divisor ¢; |Zs], which then divides both |S;| and |L|. It follows that there is some
1 <t < n/j such that ¢; divides ¢*) — 1. Note that tj < n < 2e;(n; — 1), so by primitivity of ¢;
we have tj = e;(n; — 1) = n — e;. Since j|n, follows. In the case ((n; — 1)e;, q) = (3,2), as

n; >3 we have e; =1, n; =4, n =4, and S; = Qg (2) — Qg/j(23), implying j = 1.

Next suppose that n; = 2, i.e. S; = Qz(q"ﬂ) = SLa(¢™). Now, if (n,q) # (6,2), then, as n > 2
and 2|q, ¢" — 1 has a primitive prime divisor ¢; [Zs], which then divides both |S;| and |L|. Since
€; 1 (¢" + 1), it follows that there is some 1 < t < n/j such that ¢; divides ¢/ — 1. Note that
2tj < 2n, so by primitivity of ¢; we have 2tj = n, i.e j|(n/2) = e;, and follows. In the case
(n,q) = (6,2), as jln and 7 < n/2 we have j € {1,2,3}. If j # 2, then j|(n/2) = 3 and
follows. If j = 2, then SLa(¢%) = S; — L = Qg5 (¢*) = SU4(¢?), which is a contradiction since
d(L) = (¢® —1)/(¢* +1) < ¢® — 1 = d(S;) in such a case, see [TZ1, Theorem 1.1].

(d2) When 2 { n;k;, Theorem shows that G contains S; := SU,,(¢%). Since O2(S5;) = 1,
S; < L. In the case ((n; — 1)e;, q) = (6,2), as 24 n; > 3 we have (e;,n;,n) = (3,3,9) or (1,7,7).
As j|n and j < n, jle; and follows in both cases.



182 8. EXTRASPECIAL NORMALIZERS AND LOCAL SYSTEMS IN CHARACTERISTIC 2

So we may assume that ((n; — 1)e;, q) # (6,2). Then (¢%)™~! —1 has a primitive prime divisor
¢; |Zs], which then divides both |S;| and |L|. Now suppose that there is some 1 < ¢ < n/j such
that ¢; divides ¢*” — 1. Since n; > 3, 2tj < 2n < 3e;(n; — 1). So by primitivity of #; we either have
tj = ei(nj —1) =n—e; or 2tj = e;(n; — 1) = n — e;. Since j|n, follows in both cases.
In the remaining case, ¢; is coprime to H?,/:JI_ l(th/j —1). Hence the divisor ¢; of |L| must divide
(¢))"7 +1 = (¢%)™ + 1. By the choice of ¢;, it follows that ¢;|(¢ + 1) and so (n,,e;) = (3,n/3). In
particular, the Sylow £;-subgroups of S5; = SUj3 (q”/ 3) are not cyclic, whereas the Sylow /;-subgroups
of L are contained in maximal tori of order ¢" + 1 and are cyclic. This again contradicts the
embedding S; — L.

(e) We have shown that L = Q(W;) = 5, (¢), where Wy is W viewed as a 2n-dimensional vector
space of Iy with quadratic form Qf. Now, the arguments in part (iii) of the proof of Theorem m
show that there is a € FJ such that Q(u) = Trp /p,(a - Qs(u)) for all u € Wy. Rescaling Q
suitably (without any effect on L), we may assume that Q(u) = Try,_r,(Qg(u)) for all u € Wy,
whence Hy < G < Hy . Suppose that a1 := |G/Hj| > 1. By Theorem@ G = 0% (@), and so
2|a;. Now we can apply Theorem (iii) to see that G > H,. Hence, by Theorem (ii), G
contains an element h € H; with |Trace(h)| = /g, contrary to Corollary when m, > 0 and
Corollary when m, = 0. Hence a1 = 1, i.e. G = H} as stated.

(f) Now we determine Gyyith k. Over Fa, we know that G is symplectically self-dual by [Ka-MMP),
Theorem 8.10.6]. Also, Garith 7, > G = HJ‘? Hence, by Theorem (iii),

G < Garith,IF'z < NSPZN (©) (G) =G- CQf;

in particular, Gasithr, /G — Ca5 and G‘(mthgpq2 =G.

Let g denote the image of Frob o o), iIn GarithFy, S0 that Ganithr, = (G,g). Then by :=
|Garith 7, /G| is the order of g modulo G, and b;|2f. For any = € Fy we have 27" 1 = 22 = z4™'+1,
and 50 Y, (x7 1+ 27" +1) = o, (0) = 1. Tt follows that |Trace(g)|?> = 2. Now, if 24 by, then b1 |f,
and statements (iii)(b) and (i) of Theorem imply that |Trace(g)|? is either 0 or a power of
22f/b1 which is a power of 4, a contradiction. Hence 2|b1, and by = 2b with b|f. In the notation of
Proposition ’m‘(iii) and Theorem (iii), GaritnF, = (H7, sT/by < H . It follows from Theorem
8.2.5(ii) that 2 = |Trace(g)|? is either 0 or a power of 2//%, whence b = f.

We have shown that Garithr,/G = Cop = Gal(F 2 /F2), and

(8.5.9.2) Glarith,Fy = NSPQN(C)(H;)'

In particular, Gaithr, contains the element s constructed in Theorem [8.2.5((iii) which corresponds
to the automorphism o of S := Q;, (q), constructed in Proposition so that Aut(S) = (S,0) =
S x Cyy. The proof is now completed, since for any subfield k C 2, [Glarith,k Garith,FqQ] divides

[F 2 ! k] and [Garith,IFz : Garith,k] divides [k: : FQ]. O

q



CHAPTER 9

Two further kinds of local systems in characteristic 2

9.1. Another kind of hypergeometric sheaf in characteristic 2

In the paper [KRLT3\ §4], we considered the following situation, in arbitrary characteristic
p > 0. We were given two integers A, B, each > 3 and prime to p, with gcd(A, B) = 1. We formed
the hypergeometric sheaf

Hypy(A x B; 1),
whose “upstairs” characters are the (A — 1)(B — 1) characters of the form yp with x # 1, x4 =1
and p # 1,pP = 1, and whose “downstairs” character is the single character 1. It is defined on
Gy, /F, for any finite extension of F,, containing the AB'™ roots of unity. One knows [Ka-ESDE,
8.8.13] that Hypy (A x B;1) is pure of weight (A — 1)(B — 1), and geometrically irreducible. We
showed [KRLT3| 4.1, 4.2] that Hyp, (A x B;1) has geometrically trivial determinant, and that in
chararcteristic p = 2, it is orthogonally self-dual. We also gave the criterion for the Tate twist

Hypy (A x B;1)((A - 1)(B —1)/2),
to have finite arithmetic and geometric monodromy in terms of Kubert’s V-function. The criterion
is that for all € (Q/Z)prime to p, We have
V(ABz) + V(z) + V(—z) > V(Az) + V(Bx).

Equivalently, since this trivially holds for = 0, the criterion is that for all nonzero = € (Q/Z)prime to ps
we have

V(ABx)+ 1> V(Ax) + V(Bz).
THEOREM 9.1.1. Let a,b be positive integers such that ged(2% 4+ 1,2° +1) = 1. Then in charac-
teristic p = 2, with
A:=241, B:=2"+1,
the sheaf
Ho := Hypy(A x B;1)((A—1)(B —1)/2)
has finite arithmetic and geometric monodromy.

PRrROOF. The criterion in terms of Kubert’s V-function is that for all nonzero = € (Q/Z)prime to 2,
we have

V(2 + )25+ Dz) + 1> V(2% + 1)z) + V((2° + 1)x).
In fact, this inequality is the p = 2 case of the following Theorem [But notice that Theorem
can only be relevant to a Hyp(A x B, 1) situation when p = 2. O

THEOREM 9.1.2. Let p be a prime, a, b positive integers. Then for all nonzero x € (Q/Z)prime to ps
we have

V(" +1)@° + )z) + 1> V((p* + Dz) + V((p* + 1)a).
To give the proof, we need the following lemma.

183
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LEMMA 9.1.3. Let p be a prime and c a non-negative integer. Then for all z € (Q/Z)prime to p
we have the inequality
14+ V(z+px) > 2V (z).

PROOF. If x = 0, this trivially holds. Because V (p°z) = V(z), we may rewrite this as
1+ V(x+p°x) >V(x)+ V(px).
If 2 is nonzero, then this is a special case of the assertion that for x, y both nonzero in (Q/Z)prime to ps
we have

L+ V(z+y) >V(z)+V(y).
To see this, use again the relation V(z) =1 — V(—z) for nonzero z, and rewrite this as
1+41-V(-z—y)>1-V(-z)+1-V(-y),
ie.,
V(—2)+V(-y) 2 V(-z —y).
That this last inequality holds, in fact for all x, y, is one of the fundamental inequalities of Kubert’s

V-function. It trivially holds if any of x,y or & + y vanishes. If they are all nonzero, it reflects the
fact that a Jacobi sum is an algebraic integer, so has nonnegative p-adic order. O

Equipped with this Lemma [9.1.3] we now give the proof of Theorem [9.1.2]
Proor. We must show that
L+ V(" + 1)(0" + D) = V((p" + D) + V((° + 1)a).
We expand the first argument to get
L+ V(" + D)@+ Da) = 1+ V(' (° + Dz + (0° + Da),

which by Lemma applied with ¢ = a, and x there taken to be (p+1)z, is at least 2V ((p®+1)2).
Interchanging the two factors p® 4+ 1 and p® + 1, we get the inequality

1+ V((p*+ 1)+ )z) > 2V ((p* + 1)z).
Adding these two inequalities, we get
21+ V(" + D" + 1)) = 2(V((p" + Do) + V(' + D)x)),
which is two times the asserted inequality. O

PROPOSITION 9.1.4. Let a,b be positive integers such that ged(2% +1,2°+1) =1 and a+b > 3.
Then in characteristic p = 2, with A := 2%+ 1, B := 2° 4+ 1, the sheaf H(a,b) := Hypy(A x B; 1)
is primitive and tensor indecomposable. If a + b > 4, then H satisfies (S+). If a+ b = 3, then H
is either in the almost quasisimple case (i)(b) or the extraspecial normalizer case (i)(c) of [KT5,
Lemma 1.1].

PROOF. First we show that H is primitive. As H has only one character downstairs, it is visibly
not Kummer induced. Suppose that it is Belyi induced and apply [KRLT3, Proposition 1.2].
Again because the tame part Tame of H has dimension 1, H can only be in case (ii)(a) of [KRLT3|
Proposition 1.2], that is, there are positive odd integers C, D and a multiplicative characters A such
that C' + D = 2%t and the “upstairs” characters of # are all of the C*" roots of A and all of the
D™ roots of o := A~!. Now, the given set of “upstairs” characters in H is stable under complex
conjugation, so C' = D and thus C' = 2¢t*~1 is even, a contradiction.

Note that H has finite monodromy by Theorem [9.1.1, Now, if a + b > 4, then H has rank
29+ > 16, and so H satisfies (S+) by Theorem onsider the case a + b = 3. By |[KT5!
Proposition 4.10], the image J of I(c0) in the geometric monodromy group G of H acts irreducibly
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on Wild of dimension 7. Applying Theorem [1.3.1] we see that H is tensor indecomposable. Recall
by Theorem that G is finite; in particular, 7 divides |J| and |G|. Assume H is not in the case
(b) or (c) of [KT5, Lemma 1.1(i)(c)]. By Lemma [1.1.7] (and its proof), E(G) = Ly * Ly * L3 is
a central product of 3 copies L1 =2 ... = L, of a finite quasisimple group, which are transitively
permuted by G, and E(G) is irreducible on ‘H (and in fact #H is 3-tensor induced). By Schur’s
lemma, Cq(E(G)) < Z(G), and Z(G) < Cy since H is self-dual. It follows that 7 divides |E(G)]
and |Li|. On the other hand, the only quasisimple group that can have a nontrivial 2-dimensional
representation over C is SLa(5) (see e.g. [HM]), a contradiction. O

The next key observation is that the sheaf H(af, bf) = Hypy(Ax B; 1), with ¢ := 2/, A := ¢*+1,
B := ¢ +1, and gcd(A, B) = 1, is the same as the sheaf Total(1, A, B) considered in [KT7, §6],
with M = 1; it is geometrically isomorphic to the local system whose trace function is given in

[KT7, Theorem 6.1]: for any finite extension E of Fa, the trace at t € E* is given (recalling that
both A, B are odd) by

1 a
(9.1.4.1) t— pp(t) = Y Z Vg (zw — mogd T 4By ),
rweE
for some fixed o, 8 € Z such that «A — BB = 1. (Recall that 1 is the non-principal character of
(F2,+), and Yp(r) = (Trg/m,(v)). By [KT7, Theorem 12.1] (and its proof), the [AB]* pullback
of Total(1, A, B) admits the trace function
1 b+1 ayl

Y Z @ZJE(t:Ew—xq — w? ),

T weEE
Now we describe some integrality properties of the trace function ¢ g, which holds even without
the assumption ged(A, B) = 1. For any finite extension E of Fy, and any s,t € E*, we denote by
wE(s,t) the function

(9143) (S,t) —> @E(S,t) = #élE‘ Z T/JE(SCU) o qub—l-l _ twqa+1),

zweE

(9.1.4.2) t— op(t) =

THEOREM 9.1.5. For any a,b, f € Z>1, the following statement holds for the function ¢ in
(9.1.4.3). Let K be a subfield of Fy. If E O K and s,t € E*, then pg(s,t) is either 0, or + a power
of #K.

PROOF. Set
Fr(v) := Fg(z,w) := Trg i (zw — szd' T — tw? ), (u,v)k == Fx(u+v) — Fx(u) — Fg(v),

F(v) := F(z,w) := Trgp, (Fx (2, w)), (u,v) = Trg/m, ((u,0)k),
for any u € E' x E and v = (z,w) € E x E. As shown in 11.8.2 of the proof of [KT7, Theorem
11.8], |¢r(s,t)|? is either 0, or #Null(E), where
Null(E) :={ve Ex E | (u,v) =0, Vu € Ex E};

furthermore, Null(E) is a K vector space, via A - (z,w) = (Az, \w).
Note that (u,v)g is a K-bilinear form on E x E; moreover, it is alternating as the characteristic
is 2. Set
Nullg(E) :=={ve Ex E | (u,v)gk =0, Yu € E x E}.
Clearly, if v € Nullg(F) then v € Null(E). Conversely, assume that v € Null(E). Then for any
A€ K, \v € Null(E). Also, Frr(Au) = A2 - Fr(u). Hence, for any u € E x E we have

0= (A, Av) = Trg/p, (Fr(Mu+v)) — Fx(Au) — Fr (M) = Trgp, (A (u,v)k).
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Since this is true for all A € K, we must have that (u,v)x =0, i.e. v € Nullg(E).

We have shown that Null(E) = Nullg(F). If d := [F : K|, then dimg(E x E) = 2d. On the
other hand, (u,v)k is a non-degenerate alternating K-bilinear form on (E x E)/Null(E), so the
latter quotient has even dimension 2e over K, for some e € Z. Thus #Null(E) = (#K)*?~¢) and
so either pg(t) = 0, or |pp(t)]? = (#K)* %), Since we also know that ¢p(t) € Z, in the latter
case we have pp(t) = £(#K)?¢, and the statement follows. O

Before treating the “generic” case (a+0b)f > 4, we analyze the special case a+b =3, ¢=p = 2.
First we recall the following theorem, which is proven but not stated(!) in [KRLT4, Theorem 6.5].

THEOREM 9.1.6. Let F be a lisse Qp-sheaf on G,,/k, k a finite field of characteristic p # ¢,
which is pure of weight zero and tame at 0. Denote

h? .= dim(H?(G,,/k, F)).
Define the constants
C := dimension of the space of I(0)-invariants in F.
B := Swany(F) + h2.

A=B-C.
Then we have the following estimate, for Fy/k a finite extension.
1 qg .o AVa B
1 Z Trace(Frobr, | F)| < - 1hc + -1 + 1
ueFy

Consider the hypergeometric sheaf
(9.1.6.1) H := Hyp(Charys, 1) = Hypy(A x B; 1),
with A=2+1, B=22+41.
THEOREM 9.1.7. The Mo moment of the sheaf H defined in satisfies Mo o(H) > 4.

PROOF. The hypergeometric sheaf H is of type (8,1). By [Ka-ESDE], 8.8.1-2], H is (geomet-
rically) orthogonally self-dual. Therefore Mso(H) > 3, with equality if and only if in the natural
decomposition

HOH=(S*(H)/1) &1 @ A*(H)
each of these constituents, of ranks 35, 1, 28 respectively, is geometrically irreducible.
To show that Mso(H) > 4, we will show that the rank 7 Kloosterman sheaf

Kl := Kl (Char} U Chars)

is a constituent of H ® ‘H. By [Ka-ESDE 8.8.1-2], Kl is (geometrically) orthogonally self-dual.
Because both Kl and H are pure of weight zero, each is geometrically semisimple, cf. [De2l 3.4.1(iii)].
Thus it is equivalent to show that

Hom zeom (K1, H @ H) = H*(G,,/Fo, H®H @ KI)

is nonzero.

The question is geometric, so we may replace H by the lisse sheaf Hy on G, /F2 which is pure
of weight zero and whose trace function is given at points t € E* for E/Fy a finite extension by
(9.1.4.1)) in the special case ¢ = 2,a =1,b=2, A =3,B =5, (a, ) = (2,1). Thus the trace function
of Hy is

(9.1.7.1) t— pp(t) = #IE Z Vi (zw — 722" — tw?),

T wWEE
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Similarly, we may replace Kl by the pure of weight zero Pink-Sawin sheaf Kly on G,,/Fo, cf.
[KRLT3\, 1.2] which is

Klo == f.(Qp)/Q; for f:x s 2(x —1)°.
Its trace function is given, at points t € E* for E/Fy a finite extension by
ts —1+#{xc Elzd(x—1)° =1t}

With these explicit formulas for the trace functions of Hgy and for Kly, we thus have explicit
formulas for the trace function of the sheaf

F =Ho® Ho ® Klo,
which is lisse of rank 827 = 448 and pure of weight zero on G,,/F2. A calculation in Magma gives
(9.1.7.2) > Trace(Frobg,,, +|F) = 4286.
t€F ),

We now apply Theorem to F, with ¢ = 2!2. The sheaf H is of type (8,1), so its nonzero
oo-slopes are all 1/7. The sheaf K is Kloosterman of rank 7, so all of its co-slopes are 1/7. Therefore
F has all its co-slopes < 1/7, and hence

Swane (F) < 64.
In terms of a character x ot I(0) of order 15, the character of the I(0)-representation of H is
A 8 T B
and the character of the I(0)-representation of Kl is
A3 8 0+ 2
Each of these I(0)-representations is semisimple, because each is the sum of pairwise distinct linear
characters. Checking in Mathematica, by the command,
PolynomialMod([z + 22 + 2t + 27 + 2 + 't 428 4 o2 % (25 + 210 + 23 4 25 + 2% 4+ 212+ 1), 215 — 1],
one finds that

40 = dimension of the space of I(0)-invariants in F.

We now argue by contradiction. Suppose that h? = 0, i.e., that Kl is not a constituent of H ®H.
Then in Theorem [9.1.6] we have C = 40, B < 64, A < 24, and hence, over the field Fqi2, we have

the estimate 24 - 64 64
: — —0. 2 < 1.
1005 + 1095 0.39072 <

1
’m Z Trace(FrobIF2127t|.7:)’ <

X
teF,

But this sum of traces is 4286 by (9.1.7.2)), and 4286,/4095 > 1, the desired contradiction.
In fact, a faster calculation in Magma over the field of 2!° elements shows that

> " Trace(Frobg,,, +|F) = 1099.

t€F o
By Theorem if h2 were zero, we would have the estimate
1 24 - 32 64
—— 5" Trace(Frob E = 0.813204 < 1.
‘1023 2 Trace(Frobe,o 7| < S50 + 303 =

X
tEF Y,

But 1099/1023 > 1, again giving the desired contradiction. O
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THEOREM 9.1.8. Quer any finite extension k/Fq, the local system Hy defined in (9.1.7.1) has
Ggeom = Garith,k = 2A8

PrOOF. As mentioned in the proof of Theorem Ho is orthogonally self-dual; further-
more, the character ¢ of the corresponding representation of H := Gyyitn F, takes integer values by
(9.1.4.1)), in particular,

Z(G)<Z(H) <Oy
for G := Ggeom. Since H is of type (8,1) in characteristic 2, the wild part has dimension 7, and so
G contains elements g, of order 7, as well as go of order 15 (because of the “upstairs” characters).
Now we can apply Proposition to G and H.

First we consider the extraspecial normalizer case: G = EX, with E = 2179 and X < Of(2) =
Sg. In fact X < Ag as G = O?(G) by [KT5| Theorem 4.1]. The existence of go, and go implies
(using [CCNPW]) that X = Ag. But in this case it is easy to check (see also [GT2], Theorem 1.5])
that Ms 9 = 3, contradicting Theorem

Hence we are in the almost quasisimple case: S <G /Z(G) < H/Z(H) < Aut(H), with E(G) =
E(H) acting irreducibly on H. Again using the aforementioned information on ¢, Z(H), and go,
Joo, and inspecting the list of linear groups in dimension 8 [HM], we see that

E(G) € {2As,Ag, 2Ag, 2005 (2)}.

The last two cases E(G) = 2Ag and 2Q (2) are ruled out by Theorem In the case E(G) = Ay,
| E(q) would be the character of the deleted permutation module and hence take value 5 on a
3-cycle, which violates Theorem [9.1.5

This leaves only the possibility E(G) = 2Ag, and hence 2Ag < G < H < 2Sg. Since G = O2I(G),
we must have that G = 2Ag. Now, if H # G, then H = 2Sg (the one in which 2-cycles lift to elements
of order 4), and Frobp, ; must be in H \. G. However, direct calculation of the traces on # of the
first eight powers of Frobr, 1, i.e. the traces of Frobp,, 1 for n < 8, shows that its eigenvalues are
the primitive 30*" roots of unity, Hence Frobr, 1 has order 30, and any such element in 2Sg lies in
2As. Therefore H = 2Ag, as stated. O

PROPOSITION 9.1.9. Let a,b be positive integers such that gcd(2* +1,2°+1) =1 and a+b > 4.
Then in characteristic p = 2, with A :=2%+1, B := 2%+ 1, the sheaf H(a,b) := Hypy(A x B;1) is
in the extraspecial normalizer case (i)(c) of [K'T5, Lemma 1.1]. In fact, G > E with E = 2i+2(a+b)
acting irreducibly.

ProoOF. By Proposition the (finite) geometric monodromy group G of H(a,b) satisfies
(S+) and is either in case (i)(b) or case (i)(c) of [KT5, Lemma 1.1]. Suppose we are in the
former case: G is almost quasisimple with S the unique non-abelian composition factor. Let gg
be a generator of the image of I(0) in G. By Proposition [2.4.3(i), go has simple spectrum on the
underlying representation V' of G, and thus G satisfies the hypothesis (x) of [KT5l §6]. Hence we
can apply the classification results of [KT5, §6] to determine S and E(G), which is also irreducible
on V by [KT5, Lemma 1.4].

Note that
(9.1.9.1) dim(V) = 297 > 16
and
(9.1.9.2) o(go) = (2°+ 1)(2° +1).

Hence S is not a sporadic group or A; by [KT5, Theorem 6.4]. Suppose S = A, with n # 7.
Using [GAP] we can check that in fact n > 8. Hence [KT5, Theorem 6.2] applies and implies
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from that n = 2¢%% + 1, and 6(go) = n or k(n — k) with 1 < k < n — 1, whence 69y < n
or 6(go) > 2(n — 2). On the other hand, a + b > 4 implies that (2% — 1)(2* — 1) > 7, and so
n < 6(go) < 2(n —2) by (9.1.9.2), a contradiction.

We conclude that S is a finite simple group of Lie type in characteristic . Applying Theorem
we get r = 2. Next we can apply Theorem to deduce from that S = SLa(q)
with ¢ = 297 and 6(go) < ¢ + 1. The latter however contradicts (9.1.9.2).

Hence we are in the extraspecial normalizer case. Since the sheaf is orthogonally self-dual of
rank 297° we are done by [KT5], Theorem 9.19]. O

LEMMA 9.1.10. Letr € {3,5,7,11,13} and suppose thatr {abf. Ifr # 5, then the trace function
o% in (9.1.4.2)) attains the value 2 or —2 for E = For. If r =5 and E = F3, then ¢% attains the
value 2 or —2 when abf? = +1(mod 5), and it attains the value 4 or —4 when abf? = £2(mod 5).

PROOF. Note that when z € E and af = e(mod r) we have 272" = z1+2°; furthermore,

af € e r—e r—e
wE(xl-i-Q ) — wE(l,l-i-Q ) — wE((xl-i-Q )2 ) — wE(xl-‘rQ )
Hence, when we compute ¢}, we can replace af by ¢ with 1 <€’ < (r—1)/2 and af = £¢/(mod r),
and similarly for b. The computation is then done using Magma. g

THEOREM 9.1.11. Let a,b, f be positive integers such that gcd(a,b) =1, 2|ab, and (a+b)f > 4.
Then in characteristic p = 2, with A := 2% +1, B := 27 11, the following statements hold for the
sheaf H = Hypy(A x B; 1).

(i) H has geometric monodromy group G = 2f2nf Q3 (q), withn:=a+b and q :=27.
(ii) The arithmetic monodromy group Garith i of the sheaf Ho := H((A — 1)(B — 1)/2) over any
finite extension k O Fy is equal to G.
(iii) Suppose that some Frobenius has trace £2, or that 21 f and some Frobenius has trace £4 on
Ho. Then for any subfield k C Fy we have Garighr = G - Gal(F, /k).
(iv) Suppose that f =1, or that abf is coprime to some r € {3,7,11,13}, or that 21 f and abf is
coprime to 5. Then for any subfield k C Fy we have Gapighr = G - Gal(Fy/k).

PROOF. (a) By Proposition G is finite and in fact in the extraspecial normalizer case:
G > FE with £ = 2f2nf that acts irreducibly on the underlying representation V. It follows that

E<1G <Now)(E)ZE-0Q) = E-03,(2),

see [NRS| §2], where Q(zZ(F)) = 2? is the quadratic form on W := E/Z(E) = anf‘ Thus
G/E — O(W). The definition of H tells us that a generator gg of the image of I(0) in G has simple
spectrum
{aB|14a€pua 1#8€ug}

on V. As shown in [KT5, Theorem 8.5] (whose proof uses Theorem and Lemma [8.2.2)), the
coset goE can be identified with a generator gy of a maximal torus Char 1 X Cobr 1 of Q(W).

Next, some power ¢’ of a generator g, of the image of I(co0) modulo the image of P(x) in G
has spectrum fi5a+s)s_; on the wild part Wild and eigenvalue 1 on the tame part Tame. Hence,
6(¢') = 2" — 1 and ¢(¢') = 1, if  denotes the character of G on V. It follows from Lemma
that Cy (g') = 0, if g’ denotes the coset ¢’ E. Now we can apply Theorem to G := G/FE to see

that L := G(>®) is Q(W;) = Q;rnf/j@j) for some

(9.1.11.1) jinf, and 7 < nf/2.

(b) We will now show that j = f and G = Q(W;), so that G = 27" . F (¢).
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First, Q(W;) = Q3 /i
W;, and hence |Cy/(h)| = 2%. By Lemma the coset h in G/E contains an element h with

lo(h)| = 27. Applying Theorem we see that 27 is a power of ¢ = 2/, and thus
(9.1.11.2) £lj.

Recall that @ > b > 1. Consider the case af = 3. Then (a,b, f) = (3,2,1) and n = 5, in
which case implies that j = 1 = f. It follows that Q7;(2) <G < O(W) = Of,(2). Since
[O(W) : Q(W)] =2 and G = O%(G) by [KT5|, Theorem 4.1], we have G = E - Q(W) as stated.

Assume now that af # 3, in which case one can find a primitive prime divisor {1 = ppd(2, 2af),
which divides 6(gg). Then ¢; > 2af > 4 and 2af > nf, so f1 1 (27 —1). As L acts absolutely
irreducibly on W, |Endz(W)| = 2/ by Lemma (ii), and so Cs(L) — Cy_q. It follows that
¢y divides \@/CG(L)| and |Aut(L)| = ]Aut(Q;nf/j(Qj))\, which in turn implies the existence of
some 1 < i < nf/j such that £1](22¥ — 1). The primitivity of ¢/; now shows that af|ij. Since
ij < nf < 2af, we must have that af = ij, and bf = (a +b)f —af = nf —ij. Since jinf by
(9.1.11.1)) and ged(a, b) = 1, it follows that j divides ged(af,bf) = f. Using , we can now
deduce that j = f and thus L = Q3 (q).

Asn=a+b>3isodd, Aut(L) = 03, (q)-Cy (see [KIL| Table 5.1.A]), and this group certainly
embeds in O(WW). We claim that

(27) contains an element h with a 2-dimensional fixed point subspace on

CO(W)(L) =1.
Indeed, Lemma shows that Endz, (W) consists of the scalar maps on W;. On the other hand,
the form Q; on Wy links to the form Q on W via Q(v) = Trg /r,(a - Qs(v)) for some a € Fy.
Suppose that the map v +— Av belongs to Coy)(L) for some A € Fy. Then for all v € Wy we have

Trg, /r, (@ - Qp(v)) = Q(v) = QW) = Trp, m, (@ - Qs (Av)) = Trg, /v, (@A - Qy(v)).
Since n > 3, Qy takes all values in ;. Hence the previous equality implies that A\ = 1, and the
claim follows. We have therefore shown that
(9.1.11.3) 03.(q) =L<aG <03 (q) Cy.
As mentioned above, go = diag(g1, g2) is a generator of a cyclic torus Cyay1 x Cppq < Q(W). We
may assume that g, generates the Cyai; factor of a maximal torus T' = Cyayq X Cppyq < L. Now
go belongs to
Cos (9, (Cars1) = Copr x O3y (0) < 0%, (@)

(since C; acts on Cgaiq via field automorphisms), whence gy € O3, (¢). In fact, as o(go) is odd,
Go € L. Again using G = O*(G), we conclude that G = E - Q(W;).

(e) The rest of the proof is to deal with the arithmetic monodromy group H := Gaithr, of
Hg. Clearly, H normalizes G = E - L and E = O3(G). Since the underlying representation V' is
orthogonal, we now have

E<H <Now)(E)=E-0(Q) = E-03,(2).
The proof of , together with Proposition then shows that
(9.1.11.4) Q3.(q)=L<H/E<A=03,(q) Cy.
Here, A/L = Cyp if 24 f and A/L = Cy x Cy if 2|f.
Suppose 2|f. Then exp(A/L) = f, so h/ € G for any h € H. As H = (G, Froby, 1), it follows

that Frob]F2f’1 = Frobf;2 1 € G. Since Garignr, = (G, FrobF2f71>, we conclude that G r, = G. We
have also shown that |H/G| divides f.

(f) Here we consider the case f is odd.



9.2. LOCAL SYSTEMS WITH WITT VECTORS: THE F, STORY 191

Suppose H/G has even order. As A = Cyy, it follows from that H/G = (H/E)/L
contains the central involution of A/L, and hence H > E - O3 (q). Thus H/FE contains a reflection
p of O(Wy), which has a fixed point subspace of size ¢ = 27 on W. Lemma applied to p
then yields an element p, € H with |¢(p;)| = 27/2, where ¢ is the character of V. But this means

»(py) ¢ Z, contrary to Theorem
We have shown that H/G has odd order, and hence H/G — Cy. So we again have hf € G for

all h € G. The final argument in (e) can be repeated to show that Garith,F, = G. In particular, we
are done if f = 1.

By Lemma[9.1.10} we may now assume that |¢(ho)| € {2,4} for some ho € H, and need to show
that e := |H/G| equals to f. Part (b) of the proof of Proposition shows that H/G = (o7/¢),
with o defined in . The fixed point subspace of o//¢ acting on W has size 22*//¢_ of even
dimension over Fy,.. Tt follows that H/E = (L,o//¢) < QF (2//¢). In particular, the fixed point
subspace of any element h € H while acting on W has even dimension over Fys,.. This implies by
Lemma that |@(h)| is a power of 2//¢. Applying this to hg, we see that e = f, as desired.

(g) Finally we complete the case 2|f. By Lemma 9.1.10, we may assume that
(9.1.11.5) lp(ho)| = 2

for some hg € H, and need to show that e := |H/G| equals to f. As shown in (e), e|f. Assume the
contrary that e < f; in particular e < f/2.
Recall from the proof of Proposition that H/G < A/L = (j,0) = CyxC}, with o defined in

(8.2.4.2)) and j defined in (8.2.4.2). Now if H/G < (o), then H/G = <af/e), and the last paragraph
of (f) shows that |@(h)] is a power of 2//¢ for any h € H. But this contradicts (9.1.11.5).

Hence H/G = (jo*) for some k € Z. As jo* has order e, we must have that 2|e and f|(ke), i.e.
(9.1.11.6) 2le, e|f, e < g, é divides k.
Note that

j € 03,(a) = 04,(2) < Qf,(2/?) < 03,.(277).
Furthermore, o//¢ is F,;/.-linear, and |Cy (of/€)| = 22//¢, so of/¢ € QF, (2//¢). Using (9.1.11.6)
we then have that o € QF, (2//¢), and so
jo* € 04,279 > 03, (a).

It follows that the fixed point subspace of any element h € H while acting on W has even dimension
over For/e. Again, this implies by Lemma that |@(h)| is a power of 2//¢ for any h € H. But

this contradicts since e < f/2. O
9.2. Local systems in characteristic 2 with Witt vectors: The F;, story
Fix a primitive 4*® root of unity i € C. Given an integer n > 2 and a list of odd integers
Ay > Ay > ... > A, > 1,
we consider the local system
(9.2.0.1) GHAL, ..., Ap)

on G,, x A1 /Fy of rank A; —1 whose trace function is given as follows: for k/IFy a finite extension,
and (t1,...,t,) € KX x k"1

-1 n _
Trace(Frobs...o,) G (A1 4n)) = sy 2 (™ + 21y,
zek j=2
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[Up to the half Tate twist, this is the trace function of R! fgﬁ for f the projection

Al A1+2n t T J
xyt1, ..o ty) = (t1,. .., tn).] We also consider the local system

9.2.0.2) G(A1,..., Ap)

on An~1 /Iy of rank Ay — 1 whose trace function is given as follows: for k/Fs a finite extension, and
(ta, ... tn) € KL,

(
(

1 n
(9.2.0.3) Trace(Frobg, 4y klG(AL, ..., 4y)) = —Zzpk Pttt

deg(k/F
(14—1) eg(k/F2) =
By means of the change of variables (x,t1,...,t,) — (z/t1, 1,t2/t12, .. ,tn/t’f‘"), we see that
the local system G*(A1, ..., Ay,) on G, x A"~ !/Fy is isomorphic to the pullback, by
ry: G X A" A" (b, ) e (B, t),

of the local system G(Aq,...,A,) on A" 1/Fy. In other words, gﬁ(Al, o, Ap) on Gy, x ALy s
the external tensor product of the constant sheaf Q; on G,,, /Fy with the local system G(Aq, ..., Ay)
on A"~!/F,. In particular, the two local systems

GHAL, ... Ay) and G(Aq, ..., Ay)

have the same Gyitn as each other, and the same Ggeom as each other.

We next consider some local systems built out of Witt vectors of length 2 in characteristic 2 and
the aforementioned local systems G(Ay, ..., A,) and G¥( A1, ..., A,).
We fix the isomorphism Wy(F2) = Z /47 given by the map

[a,b] — a* +2b (mod 4),

and denote by 1, the additive character of Wa(Fg) given by n +— . For k/Fs a finite extension,
we denote by 19 the additive character of Wy(k) given by composition with

Tracek/FQ : WQ(/{?) — WQ(]FQ)
The first is the local system
(9.2.0.4) W(A1, ..., An)

of rank A; — 1 on A" /Fq, with coordinates (s, to,...,t,), whose trace function is given as follows.
For k/Fs a finite extension, and (s, to,...,t,) € k™,

-1
Trace(Frob(s’t%m?tn)’k|W(A]_, PN 7An)) m Zw2 kST, T Ay + Z t; I'
z€k Jj=2

The second is the local system
(9.2.0.5) WHAL ..., Ay)
of rank A1 —1 on G,, x A" 1 /F2 whose trace function is given as follows: for k/F a finite extension,

and (t1,...,t,) € KX x k"1

-1
Trace(Frob, ..., e WH(AL - An)) = G raegirey 2 Yan(lo Yt
z€k j=2

The third is the local system
(9.2.0.6) WE(ALL. .., Ay)
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of rank A; —1 on A™1 /5 whose trace function is given as follows: for k/Fy a finite extension, and
(ta,...,tn) € KL,

Trace(Frob(t%“_’tn),k|W§(A1, ey An)) Mm Z ’l]Z)Q k ,ZE €T Ay + Z t; QE
z€k Jj=2

Thus Wg is lisse on A", obtained from W by pullback to s = 1, or obtained from W* by pullback
to t1 = 1.

LEMMA 9.2.1. Let k/Fq be a finite extension, f(x) € k[x] a polynomial of odd degree A > 3, B
an odd integer with 1 < B < A. Consider the local system T (f, B) of rank A —1 on A'/k whose
trace function is given as follows: for L/k a finite extension, and t € L,

Trace(Frobt,L\T(f,B)) (1_'_)delg(L/FQZ¢2L xr f( )"’tl‘ ])

reLl
Then T (f, B) is pure of weight zero and is geometrically irreducible.

PROOF. The purity goes back to Weil and is immediate from the fact that, for each ¢,

Lipy 1 ([o.f @)+t2P))
is pure of weight zero and lisse of rank one on the affine z-line, and is (totally) wildly ramified at
oo (indeed with Swans, = A;). To see the geometric irreducibility, we compute the second absolute
moment Mj 1, cf. [KTG, Prop. 2.1]. Over a fixed finite extension L/k, the empirical M ; is the
sum

7 o r(x, f(@) + oo L(—ly. f(y) + ty®))

# ) z,y,teL
5 > Wer(lr, f(z) + taB] — [y, f(y) + tyP))
zthL
5 > War(lr, f(z) + P+ [y, + fy) + )
xthL
=2z Z Yo r([e+y, 2y + 7 + f(2) + ZwL 2" +y")).
z,yel teL

The second factor is 1 if 8 = y® and 0 otherwise. Thus over a field L which contains the B roots
of unity, the empirical M 1 is

B0 S el + @)+ S0)).

Cepp z,y=Crel

the initial —(B — 1) to compensate for overcounting the B pairs (z,y) = (0,0). The summand for
(=1, ie x =y, is identically #L. Each of the other summands is

D o (14w, ¢a® + o + f(z) + f(C)).
€L

The key point is that, when 1+ ¢ # 0, this last sum has absolute value < (A —1)v/#L. To see this,
note that any lisse sheaf Ly, | ((14+¢)z, any polynomial)) 15 lisse of rank one, pure of weight zero. So it
suffices to note that it is geometrically nonconstant, because its tensor square is

Ly((crn2a2) = Ly(c+1)a);
which is geometrically non-constant, having Swan., = 1. U
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COROLLARY 9.2.2. Fach of the local systems
W(AL, ..., An), WHAL ..., Ay), and WE(AL, ..., Ay),
see (9.2.0.4), (9.2.0.5), (9.2.0.6)), is geometrically irreducible.

PROOF. Indeed, each has a geometrically irreducible pullback. ([l
LEMMA 9.2.3. None of the local systems T (f, B) of Lemma is geometrically self-dual.

PROOF. The claim here is that Hom geom (T(f, B)Y,T(f,B)) =0. This in turn amounts to the

statement that the literal second moment Mo = 0, i.e. that as L/Fi grows, the empirical Msy,
which is the sum

(#L)Q > ol f() + 2D ly, £y) + ty”)

z,y,teL
5 Y orllw f(x) + 2" + [y, fy) + 7))
z,y,teL
# Z Vo[ +y,wy + f(z) + fly #LZIZJL 2% +y7))).
z,yel teL

Exactly as in the proof of Lemma over a field L/Fig which contains the B'" roots of unity,
the empirical M g is
1

#L

The summand for ( =1 is

> o n(0,2%) =Y wr(a?) = Y(x) =

€L z€L z€eL
For each ¢ with ¢ + 1 # 0, the summand for ¢ has absolute value < (A — 1)y/#L, just as in the
proof of Lemma, [9.2.1] O

COROLLARY 9.2.4. None of the local systems W(Aq, ..., Ap), Wi A1, ..., Ay), or Wg(Al, cey An)
s geometrically self-dual.

+ > Y ety ay+ f@)+ fW)])

(€pp z,y=CreL

PROOF. Indeed, each has a pullback which is not geometrically self-dual. ]

When we restrict W(A1,...,Ay) to the open set where s is invertible, which changes neither its
Glarith nor its Ggeom, the change of variable z — x/s gives an equality of trace functions

Trace(Frob(&t%__’tn%k|W(A1, L A)) = Trace(Frob(l/s’tQ/sAQ7”.7tn/5An)7k\Wﬂ(A1, L AR)).

Thus the automorphism ® : (s,ta,...,t,) — (1/s,t2/5%2, ... t,/547) of G, x A" /Fy, gives an
isomorphism of local systems
W(AL ... An)lg, xan-1 = P WHAL, ..., Ay).
On the other hand, we recover G(A1, ..., A,) on A"~!/Fy as the pullback of W(Ay, ..., A,) to
the hyperplane s = 0. Thus we have equalities and inclusions of monodromy groups as follows:

02.4.1) Garith Wi (A1, An) = Garithy W(A1,..,A,) 2 Garith,6(A1,..,An) = Garith,G8 (A, An)>
o G geom Wi (A1, An) = GgeomW(Ar,..,4n) 2 GgeomG(Ar,..,4n) = Ggeom Gt (A1, An)-
Now, for any odd integers

AL > Ay > L A, > 1,
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we consider one more local system W*(Ay, ..., Ay) on Al x G,,, x (A')™~1, whose trace formula is
given by
(9.2.4.2) (S, t1,. .y tm) — e deg N dea (k) z,:g%k sz, Zt i

e

PROPOSITION 9.2.5. For any n,m € Z>3 and any q = 27 let
Alzqn—"_l? A2:qn2+17""Am_1:qnm71+17
and either Ay, = ¢"™ +1 withn > no > ... >ny > 1, orn >ng > ... > ngymo1 > 1 and
Ay = 1. Then each of the local systems W*(Ay, ..., An), W(A1, ..., An), WHA1, ..., Ay), and
Wg(Al, .oy Ap) is geometrically irreducible of rank 2™, has finite arithmetic monodromy groups,
and is geometrically non-self-dual. Furthermore, all the arithmetic traces are Gaussian integers.

Moreover, over any finite extension k O o, the square absolute values of arithmetic traces are
either 0 or a 2-power; and in fact they are either 0 or a power of q if k O F,.

PROOF. The geometric irreducibility and geometric non-self-duality are special cases of Corol-
laries [0.2.2] and [9.2.4] It is visible from the formula for Frobenius traces that these traces all lie in
Q(i). The van der Geer—van der Vlugt argument, cf. [vdG-vdV], §5] and the proof of [AKNOT)
Proposition 9.9] then shows that these traces lie in Z[i].

To prove the last statement for any of the listed local systems, it suffices to work with the more
general trace formula for W= W*(A41,..., Ap). If A, = q" + 1 with n,, > 1, then we
rewrite the input Witt vector at (s,t1,...,tn) as

(9.2.5.1) V(z) := [sz,zR(x)] with R(z Zt 2l

When A, = 1 then we define n,, = 0 and note that the term ¢,,x is Artin-Schreier equivalent to
222 =12 xm H, and can use the same formula (9.2.5.1f) with t,, suitable adjusted. With this
rewriting, we apply the idea of van der Geer-van der Vlugt, cf. [vdG-vdV] §5], as follows. In Witt

vector addition in Fa-algebras, using the fact that R(x) is an additive polynomial, we get
V(z+y) = V()= V(y) = sz +y), (@ +y)(R(z) + R(y))] + [sz,2R(z) + s*2°] + [sy, yR(y) + s7y]
= [sy, s*(z + y)z + (z +y)(R(x) + R(y)) + zR(x) + s*2°] + [sy, yR(y) + s*°]
= [0,5%” + 5°(z + y)z + (x + y)(R(z) + R(y)) + zR(x) + s°2® + yR(y) + 5°y’]
= [0, s*zy + 2R (y) + yR(z)]
=0, (z,9)]

for

(@,y) = s’zy + xR(y) + yR(x).
The key point is that (z,y) on k x k is a symmetric Fo-bilinear map to k, and Tracey p,((x,y)) is
a symmetric Fa-bilinear form on k x k as [Fo vector space. Then

| Trace(Frob(s s, )6 W)I* = (1/#k) Z Yo (Tracey,m, (V(z) — V(y)))
z,yck
(by the shearing transformation (x,y) — (x 4+ y,y))
= (1/#k) Y da(Traceym,(V( +y) = V(1))

z,yek
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= (1/#k) > va(Traceym, (V(z) + [0, (z,y)]))

z,y€k

= 30 a(Traceryz, (V) (1/#8) X v (Tracewm, (2.1) ).
€k yEk
The second summand vanishes unless the given = € k has Tracey g, ({z,y)) = 0 for all y € k, in
which case it is 1.
Note that for x,y € k,

(x,y) = s*zy + 2R(y) + yR(x —sxy—i-thyql—l—Zyt:cql

has the same Tracey, r, as (82x +300 (tix) (R Yottt )y. So by nondegeneracy of the trace,
x € k has Tracey g, ((z,y)) = 0 for all y € k if and only if

(9.25.2)
S $+Z (t;x) 1/q" +Zt 27" =0, equivalently, s?¢ 29" +thn RSN —i—th" T,
=1 1=1 =1 =1

Note that the set Kerg, 4. (k) of all € k satisfying is a vector space over o, and we
have
| Trace(Frob(ss, ..o, xW)|* = 3 o (Tracey,x, (V(2))).
zeKers 11, ty (k)

Now, on Kersy, .+, (k), the map x +— Tracey, g, (V (7)) is additive, i.e. a linear form. If it is nontriv-
ial, the sum giving |Trace(Frob(,, 4 ) x[W)|? vanishes. If it is trivial, this sum is #Kergy, .4, (k),
and hence a 2-power. If in addition k D Fy, then Kerg ¢, 4. (k) is a vector space over Fy, and hence
]Trace(Frob(&thm’tm),k|W)|2 is either 0 or a power of g. O

THEOREM 9.2.6. Let k/Fo be a finite extension and f(x) € kl[z] a polynomial of odd degree
A > 5. Consider the local system T(f,3,1) on A%/k whose trace function is given as follows. For
L/k a finite extension, and (s,t) € L?,

-1
Trace(Frob(S,t%L\T(f, 3, 1)) = (1—|—)d—egL/F2 Z ¢2 L ( ) —+ S.’L'g -+ tl’])
z€eL

Then T (f,3,1) is pure of weight zero and has Ma o = 2.
PROOF. The purity goes back to Weil. For L/k a finite extension, the empirical M (L) is the

sum
(#L)2 Z | Trace(Frobs 4 [T (f,3,1)) #L TR v Z Z
s,teL s,;teL x,y,z,weL
o[, f(2) + s2® + ta] + [y, fy) + sy + ty] — [z, £(2) + 525 + 12] — [w, f(w) + sw® + tu]).

The argument of v 7, is thus the Witt vector sum
[z, f(2) + s2° + tz] + [y, f(y) + sy° + ty]
+ (2, 2%+ f(2) + 2% + t2] + [w,w? + f(w) + sw® + tw]
= [z +y, 2y + f(@) + fy) + s(2® + 9°) + t(a + y)]
+ [+ w, 2w+ 2%+ w? + f(2) + f(w) + s(2° + ) +t(z + w)]

[x+y+z+w (z+y)(z+w) +ay+ 2w+ 2% + w+
f@) + fly) + f(2) + fw) +s(@® + 92+ 23 +w?) +t(z +y + 2 + )],
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which we write as the sum of the two Witt vectors
[z+y+z+w (z+y)(z4+w) +zy+ 2w+ 22 +w? + fl@) + fy) + fF(2) + f(w)]+
+[0,5(z3 + 13 + 22 + ) + t(x + y + 2 4+ w)).

Denoting f(z,y,2,w) = (z + y)(z + ) + 2y + 2w + 2% + w? + f(2) + f(y) + f(2) + [(w), the
empirical My 2(L) is the sum

1 -
5 Z Yo r([z+y+z+w, f(x,y, 2,w)]) Z Yo (s(z+y° +25+wd) +t(a+y+2tw)).
(#L) #L) 52
This last sum over s,¢ vanishes unless both 2% + 9% + 22 + w?> =0 and z +y + 2 + w = 0.
One knows, cf. [Ka-MMP) Sublemma 3.11.4] that in L the only simultaneous solutions of the
two equations x> + 3 + 23 + w3 = x + y + 2z + w = 0 are given by the three planes

1

z,y,z,weL

P:e=yz=w, P:rx=zy=w, and P3:z=w,y = 2.
Let us recall the argument. Substituting for w as x + y + z, we get the single equation
BB+ (e ry+2)>=0.
Over Fy, this cubic form factors as (z + y)(z + 2z)(y + 2), and we are done. The intersection of any
two of these planes is the line D : x = y = z = w. On any of these planes, the quantities z,y, z, w

agree in pairs, so whatever the polynomial f, we have f(z) + f(y) + f(2) + f(w) = 0, and also
z+y+z+w=0. So our empirical My2(L) is the sum

1

- 2 2
Z #DP? Z Yr((z+y)(z +w) + 2y + 2w + 2° + w?)
i=1,2,3 (z,y,2,w)EP;(L)
minus twice the sum over D, namely
1 2 oy _ 1 — i
#L)? __z; vr((z+y)(z+w)+zy+ 2w+ 2 +w)—(#L)2 __z; wL(O)—#L.
r=y=z=we€L r=y=z=wEL
The sum over P; vanishes, because it is
1 2, 2,2, .2 _ 1 2,2y _ 1 _
EAE Z Yr((z4x) (z42)+a+2°+27+2%) = L) Z Yr(z+2%) = #L)? Z Yr(x+z) =0.

T,z€L z,z€L x,z€L

The sum over each of P», P is identically 1, because the argument (z+%)(z +w) +zy + 2w + 2% +w?

vanishes: when, for example, x = w and y = w, the argument is (z + y)? + 2y + xy + 22 + y>. Thus
the empirical My o(L) is 2 — 2/#L. Its “large L limit” is thus 2. O

Fix any n € Z>9. As shown in |Gri, Theorem 5(b)], there is a 2-group E of order 22”2 which
is a central product E x (z) of the extraspecial 2-group E = 211"
4, so that Z(E) = (22) and

with the cyclic group (z) of order

Aut™(E) = E/Z(E) - Spyy (2),
where Autt(E) = {0 € Aut(E) | 0(z) = z} has index 2 in Aut(E). Note that, up to equivalence,
E has two (dual to each other) faithful irreducible complex representations of degree 2", which
restrict to the unique irreducible representation of degree 2" of E. Each of them is invariant under
Aut™(E) and extends to yield a finite irreducible subgroup

(9.2.6.1) ['(2,n) = E - Spy,,(2) < GLga (C)

(that induces Aut™(E) while acting via conjugation on E); moreover,

(9.2.6.2) Ner,n (©)(E) = Z(GLan (C))I'(2, n).
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Suppose now n = bs > 3 with b,s € Z>;. By a standard subgroup Spy,(2°) of Spy,(2) we mean
a subgroup Sp(Us) with Us = F2 equipped with a non-degenerate Fos-valued alternating form
(-,-)s, and then embedded in Sp(U;) =2 Spy,, (2) with U; = F3" equipped with the non-degenerate
Fa-valued alternating form Trp,, /p, ((-,+)s). Note that the normalizer of such subgroup in Sp(Uy) is
the semidirect product Sp(Us) x Cs of Sp(Us) by a cyclic group of order s induced by the absolute
Frobenius x — x2. Let T°(2°,b) = E - Spy,(2°) denote the full inverse of such a standard subgroup
Spgp(2°) in T'(2,n), and let T'(2%,b) = E - (Spy,(2°) x C;) denote the full inverse of Spy,(2°) x C in
I'(2,n).

LEMMA 9.2.7. (i) Ifn >3 then T'(2,n) = E - Spy,,(2) is perfect.
(ii) Suppose n = bs > 3 with b,s € Z>y. Then I'°(2%,b) = E - Spyy,(2°) is perfect.
(iii) Suppose n = 3s with s € Z>3. Then the full inverse image E-Go(2%) of G2(2%) in the subgroup
I°(2%,3) = E - Spg(2°) is perfect.

PROOF. (i) Since I' := T'(2,n) contains H{ = 2'72".Q (2) which is perfect (as mentioned after
(8.2.2.1))), we see that Z[[',T'] > E and ZN[[',T] > (22) for Z := Z(E) = (z). But Spy,(2) is simple
when n > 3, so Z[I',I'] =T.

If [[,T] > Z, then [[,T] = I as stated. Otherwise for F':= [,I]NE < T we have FZ = E,
ZNF = (2% =: Z;, and |F| = 22"*1. 1In this case, Z, = [E,E| = [FZ,FZ] = [F,F]. Next,
F/Z, = F/(FNZ) = FZ/Z = E/Z is elementary abelian, so ®(F) = Z;. Since FZ = F is
centralized by Z(F), we also have Z(F) = Z(EYNF = ZNF = Z;. Thus F is an extraspecial
2-group of type € = 4+: F = 21727 Since F acts faithfully on C2", this action is irreducible, and
F < T now implies that I' embeds in Ng,,, ) (F) = Z(GL2n (C))F - O5,,(2), which is impossible.

(ii) Denote X := I'°(2°b) and Y := X(®). Since the simple group Spy,(2°) acts faithfully
and irreducibly on E/Z(E), we have that Z(E)Y = X and so [X : Y] divides 4. If [X : Y] = 4,
then X = Z(E) x Y and so E = Z(E) x (ENY) splits over Z(E), a contradiction. It remains
to consider the case [X : Y] = 2, whence 22 € Y and Y NZ(E) = (z?). In this case, the
arguments in (i) again show that F' := Y N E is extraspecial of order 2'72" and X embeds in
Nar,n () (F) = Z(GLan (C)) F - 05,,(2). This gives rise to an embedding Spy,(2°) < 05,,(2) and so
Spap(2°) supports a non-degenerate Fo-valued quadratic form on Us = F %2, which is impossible, see
Theorem [8.3.1] and its proof.

(iii) Argue as in (ii), using the fact that G2(2°) cannot support a non-degenerate [Fa-valued
quadratic form on Us = FS, when s > 2. O

The main result of this section is the following theorem, which, for the first time, produces
explicit local systems with geometric monodromy groups of shape (4 x 272") - Sp,,,(2):

THEOREM 9.2.8. Let n € Z>4 and Ay =2" + 1. If2|n, let r =3, Ap =3, Az = 1. If 24 n, let
r=4, Ay =5, A3 =3, Ay = 1. Then each of the local systems W(Ay, ..., A,) and W¥(Aq, ..., A,),
mtrodqced in (9.2.0.4)), (9.2.0.5), has both arithmetic and geometric monodromy groups equal to the
group I'(2,n) defined in (9.2.6.1)).

PROOF. (a) By (9.2.4.1), it suffices to prove the statement for W := W(Ai,...,4;). Let

G = Ggeom, respectively G' = GarithF,, denote the geometric, respectively arithmetic, monodromy

group of W. Let V = C2" denote the underlying representation for G and G. By (9.2.4.1)), we have

-----

Let us also set my := 1 if 2|n, and (m1,m2) := (2,1) if 2 { n. The trace formula (9.2.0.3) shows
8.5

that G(A1,..., A,) is the same as the local system G(n,mq,..., my_2,0;2) considered in § but
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with a different clearing factor. Note that a change of clearing factor does not affect the geometric
monodromy group, and also preserves the image of the arithmetic monodromy group in PGL(V).
It then follows from Theorem (and its proof) that

(9.2.8.1) ZG>Hy =E-Q5,(2), 2G> H; =T(2,n,—) = E-05,(2)
where Z := Z(GL(V)), and HY satisfies (S+); in particular, both G and G satisfy (S+). Moreover,
Lemma shows that a cyclic torus Canyg in €25, (2) gives rise to an ssp-element of order 2" +1 in
G. As G is finite by Proposition we can apply Theorem a) to G and G. Taking derived
subgroups in ((9.2.8.1) we obtain
(9.25.2) G.G) > G, G) > [, H}] = H = E-05,(2).
It follows that
G/Z(G)] > 27|, (2)] > 27 D72 > (20 )Y,
so the case PSLa(q) < G/Z(G) < Aut(PSLs(¢)) with ¢ < 27! 4 1 is impossible. Hence G and G
must be in the extraspecial normalizer case of [KT5, Lemma 1.1], i.e
R<G <G,

where R = Z(R)E; with E; = 272" and Z(R) — Cy.

(b) Consider the case R = Ej. Then G < Narw)(E1) = ZE1 - 05,(2) = ZH; . Together with

(0-2.81)), this implies that ¢ = —. The key observation now is that, in this situation, G and G have
(9.2.8.3) Ms;o(V) =3.

(Indeed, G and H | have the same image in PGL(V), so they share the same decomposition of V@ V™*
into simple submodules. By [GT2, Theorem 1.5], H; and HY have M 2(V') = 3, so the H{ -module
V ® V* is the sum of three simple submodules. This implies M272(G, V) > 3. On the other hand,
Myo(G, V) < Mao(G,V) < Mao(H?, V) = 3. Tt follows that Myo(G,V) = Mao(G,V) = 3.) But
(19.2.8.3]) contradicts Theorem

(¢) We have shown that Z(R) = Cy, and hence ZNG = Z(G) = Z(G) = Z(R) In this case we
can identify R with E, and obtain G/E = 2G/ ZE — Spgn( ) from . Now the subgroup
H} = FE-Q,,(2) acts on E via conJugatlon see , and this action 1nduces a subgroup H of
Sp(W) 2 Sp,,,(2) where W := E/Z(E) = F3". Suppose that the image £ of F in H is nontrivial.
Then Os(H) # 1 and hence it has a nonzero proper fixed point subspace W; on W. In this case,
Q,,,(2) also acts on Wy, and as 1 < dimp, Wi < 2n, this action is trivial, and thus H acts trivially
on Wi. We can apply the same argument to the action of H on the fixed point subspace of E on
W/W1. Repeating this process, we see that H is a unitriangular subgroup of Sp(W) and hence it
is solvable. But H7 is perfect, so H{ acts trivially on W. By (9.2.6.1)) and (9.2.6.2)), this means
that H7 induces only inner automorphisms of E, and hence injects into a solvable subgroup of
Narw) (E), a contradiction.

‘We have shown that F has trivial image in H, which means E only induces inner automorphisms
of E,ie. E<ZE. In particular, ZENH; > E, and [E, ZE]| < [ZE, ZE]| = Cy = Z(E), whence
(9.2.8.4) E<ZE.

Since ZF is nilpotent and Q5,,(2) is simple, ZEnN H? = E. Now, if ZEnN H, > E, then, since
ZENH; < H{, we must have O, (2) = H; /E = Q,, x Cy, a contradiction.

Thus ZENH, = E. Now we observe from(9.2.8.1]) that ZG contains the subgroup X := ZFH |,
with X/ZE =2 H; /(ZENH;) = H{ /E = 0,,(2). It follows that O,,(2) is a subgroup of
ZG/ZE = Spy,(2), of index 2"71(2" — 1), which is the smallest index of proper subgroups in
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Spy,,(2), see [KILL Table 5.3.A]. Hence either ZG = X, or ZG/ZE = Sp,,,(2). In the former case,
by ([©.2.8.2) and (9.2.8.4) we have E < G, but this contradicts the result of (b).

We have shown that ZG/ZE = Sp,, (2); in particular, ZG = ZT'(2,n) by . Taking the
derived subgroups, we see by Lemma i) that [G,G] > T'(2,n). On the other hand, C@(E) =
Z(G) = Z(E) = Cy and |G/Cg(E)| < [Awt™(E)| = [[(2,n)/Z(E)|. Hence G =T(2,n). As GG
and G/G is cyclic, we conclude from Lemma that G = G. O

As a consequence of Theorem [9.2.8] we deduce the following result about a certain omnibus
sheaf:

THEOREM 9.2.9. For any n > 4, consider the local system
Wi=W@r+1,27141,...,224+1,3,1)

on (Al x G,, x A™)/Fy whose trace function for any (s,t1,...,tne1) € k X kX x k™ is given by
~ -1 = on—j+l41
Trace (Frob(,...., )4 WV) = RENCE) > tak(lsw, )ty +itnsazl).

zek j=1
Then W has its geometric and arithmetic monodromy group equal to f(2,n).

PROOF. Suitable specializations of W yield the sheaf W(2" 4+ 1,3,1) when 2|n, and the sheaf
Wi2” +1,5,3,1) when 2 t N, both considered in Theorem Hence it follows from Theorem

that the arithmetic (over Fy) and geometric monodromy groups of W satisfy

(9.2.9.1) G it By & Cgeomapy = L(2:1) = R - Spy,,(2),

geom, W —

where R = Oy x E with E = 2'7". These containments show that Garith,W’FQ and Ggeom,Vv both

satisfy (S+) and contain an ssp-element of order 2" + 1; on the other hand, both of them are
finite and have center of order dividing 4 by Proposition . Arguing as in part (a) of the proof
of Theorem [9.2.8, we see that either one of these groups, call it G, must be in the extraspecial
normalizer case of [KT5 Lemma 1.1]. Letting V' be the underlying representation, we then have

Ry <G < NGL(V) (R2) < ZRy - Spy,,(2) < f(2,n)Z,

where Ry = Z(Rg)Es, Z := Z(GL(V)), and By = 217" Taking the derived subgroup, we get

G,G] — f(?,rf); note that I'(2,n) is perfect by Lemma Together with ((9.2.9.1)), this shows
that [G,G] = I'(2,n) and hence G contains R = Oy([R, R]) as a normal subgroup. In turn, this

implies that G < Ngp,1)(R) = ZT'(2,n), and so
G =(Z2nG)(2,n) =Z(G)T(2,n) = T(2,n)
(since Z(G) < Cy = Z(R)). We have therefore shown that G

G I'(2,n). O

arith,W,Fg = geom,W =
9.3. Local systems with Witt vectors: The [, story

Local systems in characteristic 2 with Witt vectors: The [, story
We now turn to the “q situation”. We will need an elementary case of Lang—Weil estimates:

LEMMA 9.3.1. Let n > m > 1 be odd integers. Then the number N of F,-points in the intersec-
tion of the Fermat hypersurfaces H,, and H,, where

Hy = {(x,y,2,t) € AT | 2" +y" + 2" +w" = 0}, Hy, = {2,y,2,t) € A* | 2™ +y" + 2™ +w™ = 0},

is at most m®ng>.
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PrOOF. In A*/Fy, H,, is irreducible, and lisse outside the origin, of degree m. Now, the
hypersurfaces H,, and H, intersect properly, with every irreducible component of H,, N H, of
dimension < 2. By [LW| Lemma 1], we have an estimate N < O(1)((#L)?) for some constant O(1)
depending only on m and n.

Alternatively, we give an elementary proof giving the explicit upper bound m?ng?. First we fix
a,b € F, and bound the number N (a,b) of common solutions to 2" + y" = a, 2™ + y™ = b. Then
(b—a™)" =y™" = (a—a")",
and so fop(z) = 0 for fop(t) == (b—2a™)" — (a —2™)™ € F,y[t]. Note that f has degree m(n — 1)
if b # 0, n(m—1) < m(n—1)if b = 0 but a # 0, and identically 0 if a = b = 0. So unless
a = b = 0, the number of roots x € F, of f,; is at most m(n — 1), and for each = there are at most
m possibilities for y such that 2™ + y™ = b. Thus unless a = b = 0, we have N(a,b) < m?(n —1).

On the other hand, N(0,0) < mg, since y™ = —z" in this case.

Now for any (z,w) € IFg, take a = —z" —w"™ and b = —y" — 2. Then the number of (z,y) € Fg
such that (z,y, z,w) € Hy,NH, is N(a,b), and N(a,b) < m?(n—1) as shown above if (a,b) # (0,0).
On the other hand, the number of (z,w) € Fg such that a = b = 0 is at most mgq, and then the
number of corresponding points (z,y,z,w) € Hy,, N Hy, is at most mgq, as shown above. Hence
N < ¢m?(n — 1) + m?¢®> = m?ng?. O

Now we can prove a full generalization of Theorem [9.2.6}

THEOREM 9.3.2. Let ¢ = 2° and let k/F, be a finite extension. Let f(x) € k[z] be an odd
polynomial (in the sense that it only has terms of odd degree) of degree N. Let a > b > 1 be odd
integers, and suppose that N > a. Consider the local system T = T(f,a,b) on A?/k of rank N —1,
whose trace function is given as follows: for L/k a finite extension, and (s,t) € L?, given by

—1 .
T Tyl S0 e )

Trace(Frob ) |7 (f,a,b)) :=
Then T is pure of weight zero and has Ma o = 2.

PROOF. The purity goes back to Weil. Let us denote by Trace(s,t, L) this trace. Then the
empirical My (L) is given by

1 4
TR av] Z | Trace(s, t, L)|".
(#L) s,teLl

Expanding this out, we get that My (L) is

(#1L)4 > > varlle fl@) +sa® + ']+ [y, fy) + sy" + 1]

steEL z,y,z,wEL
—[z, f(2) 4 s2% + t2°] — [w, f(w) + sw® + tw®]).
The argument of v 1, is thus the Witt vector sum
[z, (@) + 2%+ ta®) + [y, fy) + sy + ty"]
+ [2,22 + f(2) 4+ 82% 4+ t2°] + [w, w? + f(w) + sw® + tw?]
= [z +y oy + f(2) + Fy) + 5@ + ") + t(2" + "))
+ [z 4+ w, 2w 4 2% + w4 f(2) + f(w) + s(2 + w?) + t(2° + w?)]
=[tt+y+zt+w ((z+y)(z+w)+ay+ 2w+ 22 +w?) + sz +y* + 2%+ w?)
+t(a” + "+ 2 w) + f(2) + fy) + F(2) + fw)],
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which we write as the sum of the two Witt vectors
[z+y+z4+w (z+y)(z+w)+zy+ 2w+ 22 +0?) + f(2) + fy) + f(2) + f(w)]+

+10, s(z® + 3@ + 2% + w®) + t(z® + 4 2° + wh)].
Denoting
Flay zw) = ((z+)(z + w) + 2y + 2w + 22 +w?) + f(2) + f(y) + F(2) + f(w),
and by
Yo =20 +yt 4 20+ w? Ty o=’ + b + 20+,
the empirical My o(L) is thus
1
(#L)*

Z ¢2,L([m+y+z—l—w,f(:x,y,z,w)]) Z @Z)L(sEa+t2b).

ZE,:I/,Z,’LUEL 37t€L
The sum over s,t vanishes unless ¥, = ¥, = 0, i.e., unless (z,y, z,w) lies in the intersection
H:= H,N H,

of Fermat hypersurfaces H, and H; (as defined in Lemma [9.3.1)), in which case it is (#L)2. So the
empirical My o(L) is

(9.3.2.1) (#1L)2( > alle+y+ztw, flzy,zw).
z,y,z,w)EH (L)

The idea now is to compute, for any given A € L and any given polynomial h(z) € Lx], the
sum

S o ([ 4, h(r)).

rel

Suppose first that A # 0. Then Ly, (- 4,4(r))) 18 lisse on A' of rank one, with Swan,, < max(2,deg(h))
(with equality if h(z) has odd degree). By Weil, this exponential sum is pure of weight one and of
rank Swans, — 1 < max(1,deg(h) — 1) < 1+ deg(h). Hence we have

(9.3.2.2) > o, ([r A h(r)])| < (1 + deg(h))y/#L if A # 0.
relL

Suppose now that A = 0 and that h(z) is not Artin-Schreier trivial (i.e., not of the form
g(z)? — g(z) for any g(z) € k[z]), then by Weil

(9.3.2.3) > o n([rAh())| = D wn(h(r))] < (deg(h) — 1))V/#L.
reL reL
The next key observation is that H (L) is homogeneous, and H (L) is a union of one-dimensional
vector spaces over L, the sets of whose nonzero points are disjoint. Consider any such line Q(v),
generated by v := (xg, Yo, 20, Wp), and parametrize the points in Q(v) as rv with r € L. Then set
A= x0+ yo + 20 + wo, h(r) := f(rzo, ryo, 720, Two).

(so that A and h depend on v). By Lemma [9.3.1 H(L) is the union of O(#L) such lines Q(v).
According to (9.3.2.2)) and ((9.3.2.3)),

| > Yoz +y+2+w, fle,y,zw)])| =) ear(rA hr)]) -1

(0,0,0,0)#(z,y,z,w)€Q(v) rel
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is O((#L)'/?), unless A = 0 and h(z) is Artin-Schreier trivial. Thus the total contribution to
(19.3.2.1)) of the nonzero points of the lines Q(v) C H(L), for which either A # 0 or h(z) is not
Artin-Schreier trivial, is at most O((#L)%/?)/(#L)*> = O(1//#L), which dies in the large L limit.
Now we consider the lines 2(v) for which A = 0 and h(z) is Artin-Schreier trivial. Since f is 0

or odd, the coefficient ¢y of 22 in h(x) is Q(v) = (zo + yo)(20 + wo) + Toyo + zowo + 23 + w3, and
the linear and constant terms of h(z) vanish. And all terms, if any, of degree > 3 in h(z) have odd
degree (because f has only terms of odd degree). Thus if h(z) is Artin-Schreier trivial, then in fact
h(z) = 0. [Indeed, suppose

N

S et = hr) = g(2)? — g(x)

i=0
for some g(z) = Zi]\io a;z’ € k[z]. Then ¢; = a; if 214 and ¢; = a; — af/Q if 2[¢ > 0. As ¢q =0,

211

we have a1 = 0, and ¢y = ag. As ¢cy; = 0 for j > 3, we have aq; = a? which shows ay; = a3

. 2i—1»
Taking j so that 27 > M, we get ay; = 0, and hence as = 0 and ¢y = 0 as stated.]
Considering the quadric

Q:={(z,y,z,w) | (x +y)(z+w) + zy + 2w + 2> + w? =0},

and recalling that A = 0 is the equation of Hy, and Q(v) is the coefficient for 72 in h(r), we
see that v belongs to H; N Q. Now note that if (z,y,z,w) € H3 NQ, then w = = + y + z and
0=2z22+zz+yz+ay = (v+2)(y+2). Hence H(L) N H1(L) N Q(L) is just the union of the two
planes

Po:e=zy=w, and P :x =w,y = 2

in L*. Thus the large L limit of the sum in (9.3.2.1)) becomes

Z R Z L (f(x,y, 2,w)).
(#L)z(

a=0,00 z,Y,2,w) € Py

The intersection Py N Py is the locus z = y = z = w, so the sum over this intersection is trivially
bounded by
(number of summands = (#L)) 1
#L) AL

and hence this intersection does not contribute to the large L limit. On the other hand,

flay,z,w) = (2 +y)(z+w) +ay + 2w + 22 +w?) + f(2) + fFy) + F(2) + f(w)

is identically zero on Py and on Py, since f is an odd polynomial. Thus each of the sums over Py
and Py equals 1. Consequently, the large L limit of M 9 is indeed 2. O

Next we give a degenerate variant of Theorem [9.3.2

THEOREM 9.3.3. Let ¢ = 2° and let k/F, be a finite extension. Let f(x) € k[z] be an odd
polynomial (in the sense that is either 0 or only has terms of odd degree) of degree N. Let a > b > 1
be odd integers, and suppose that N < a. Consider the local system T = T (f,a,b) on (G, x Al)/k
of rank a—1, whose trace function is given as follows: for L/k a finite extension, and s € L*,t € L,

-1
Trace(FrOb(&t)’L’T(f, a, b)) = (1_|_Z)—eg(L/1Fz) Z '1/127[,([.%, f(x) + Swa + t:l?b])
z€eLl

Then T is pure of weight zero and has Mo = 2.
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PROOF. For every (s,t) € L?, let us define Trace(s, ¢, L) by the formula
_ —1 a b
Tra.ce(s, t, L) = m Z sz([.%', f(x) + sx” + tx ])
z€eL
The proof of Theorem which makes no explicit reference to the degree of f, shows that
as L runs over extensions of Iy, the large L limit of

: 4
iz 2 |Trace(s,t, L)
(#L> s,teL
is 2. Now My o for our W is the large L limit of
1
(#L)#L-1) Y [Trace(s,t, L)["

teL,seLx

But the ratio FEFL= tonds to 1 as L grows, so it suffices to show that the large L limit of

(#L)
1
#L)? Z | Trace(s, t, L)|*
rteL,s€L*

is 2. Thus we must show that the large L limit of
1 4
W Z |Trace(0,t,L)‘

rteL
vanishes. In fact, we will show that it is O(1/#L), i.e., that
Z |Trace(0,t, L)|* = O(#L).

teL

Each individual sum
—1
Trace(0.,4, L) := gy D Yif(@) +12'])
v zeL

is bounded in absolute value by (max(deg(f),b) — 1), with the possible exception of a single ty for
which f(z) 4 tox® = 0, in which the sum is trivially bounded by v/#L. Thus

> " [Trace(0,t, L)[* < (#L)(max(deg(f),b) — 1) + v/#L.

teL
0

REMARK 9.3.4. In Theorem [9.3.3] the case when f has degree equal to a can also be included,
just do an additive translation of the parameter s to first replace f by f— its leading term to reduce
to the situation of the theorem.

We now turn to discussion of the local system R, on (A! x G, x Al)/Fs whose trace function
is given as follows: for L/F5 a finite extension, and (r,s,t) € L3, s # 0,

-1
(9341) Trace(FrOb(nS’t),L’Rq) = Wl—eg(L/B) Z 1/}27[/([7”,%" 3xq+1 + t.’I;]),

€L
and its Kummer pullback Ry by [s s?t1] whose trace function is given as follows: for L/Fy a
finite extension, and (r,s,t) € L3, s # 0,

-1
(L/F3) Z Yo,1([rz, sIHgatl tz]).

(9.3.4.2) Trace(Frob(r,s,t%L\RZ) = W
€L
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We next relate Ry to the sheaf W(q + 1,1) of (9.2.0.4)).
LEMMA 9.3.5. (i) The sheaf Ry as defined in (9.3.4.1)) is lisse of rank q, pure of weight zero,

geometrically irreducible, and all its Frobenius traces lie in Z[i]. Moreover, it has My o = 2.

(ii) The sheaves W(q+1,1) of (9.2.0.4) and Ry as defined in (9.3.4.2)) have the same geometric,

respectively arithmetic, monodromy groups.

PRrOOF. (i) For L/Fy a finite extension, and (r,s,t) € L x L* x L, the rank one lisse sheaf
Lo (jra szt +a+tz)) O0 the z line has Swans, = ¢ + 1 (because s # 0) and is pure of weight zero. That
Ry is lisse on (Al x G, x Al)/Fy of rank ¢ then results from Deligne’s semicontinuity theorem
cf. [Lau] or [Ka-Scontl, Proposition 11]. That it is pure of weight zero goes back to Weil. It is
geometrically irreducible because it has a geometrically irreducible pullback, e.g. take r =0,s =1
and we obtain the Fourier transform of Ly ,1+4) on the t-line. Finally the traces lie in Z[i] by
the van der Geer—van der Vlugt argument as in the proof of Proposition That My o = 2 for
R, results from the fact that already its pullback to (G,, x Al)/Fy obtained by fixing r = 1 has
Ms o = 2 by Theorem m But M2 can only increase under pullback, and is always > 2 in any
rank > 2.

(ii) The change of variable x — 2/s shows that R9 on (A x G, x A')/F5 has the same trace
function as the pullback of W on (Al x A')/Fy by the map

O:A' x G, x A = AV x AY: (s, t) > (1/s,t)5).
Notice that R is geometrically irreducible, because already its pullback to the locus r = 0,s =
1 is geometrically irreducible, being the Fourier transform FTw(Ew(qu)). In particular, Ry is
arithmetically irreducible. By Chebotarev, it follows that we have an arithmetic isomorphism
Ry = O*W,

as their arithmetic semisimplifications are isomorphic, and the source is arithmetically irreducible.
Thus we have isomorphisms

Garith,RZ = Garith,fb*Wa Ggeom,'Rg = Ggeom,@*W'
The map ® has a retraction
T A x A 5 AV x G, x AL (rt) = (r, 1,8).

Thus ¥*(®*W) = W, and hence W and ®*W have the same Gtn as each other and the same
Ggeom as each other, because each of these two local systems is the pullback of the other. Thus we
have

Garith,Rg = Garith,W7 Ggeom,Rg = Ggeom,W-
O

LEMMA 9.3.6. Write ¢ = 2/. The geometric monodromy group Ggeom,R, 0f Ry contains as a
subgroup the group E x Cypq with E = 9i+2f

wrreducible representations.

, and Cyy1 acting on Ry via the sum of its nontrivial

ProOF. This results from the fact that the pullback of R, to the one-parameter system K, on
Gy, /F2 obtained by fixing r = 0,t = 1 has E x Cyqq as its Ggeom. This pullback K, has trace
function given as follows. For L/Fs a finite extension, and s € L*,

-1

(1 & 7)deg(L/Fa) g+1
(1 4- 4)des(L/F2) ;wL(S:U +2).

Trace(Frob, 1|KCq) =
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As explained in [KRLT2, Lemma 1.2], we have a geometric isomorphism
[inv]*ICq = Kly (Chargontriv(g + 1)).
We also have (by x — xs) a geometric isomorphism

g+ 1 [inv]*KCy = FTy(L (o).

The local system JFy := FTy(Ly(z1+q)) is geometrically irreducible, and its Ggeom, 7, is £ = ol +2/ )
see Theorem Thus

E = Ggeom,]:q < Ggeom,[inv]*qu
is a normal 2-subgroup of index dividing ¢ + 1.

In the terminology of [Ka-LGHEI, 1.5], [inv]*K, = KCly, (Charponeriv(g+1)) is a canonical extension.
Note that the local monodromy at 0 of KCly(Charpeneriv(g + 1)) is cyclic of order ¢ + 1 and acts on
K4 via the sum of its nontrivial irreducible representations. It results from [Ka-LGE] 1.4.12] that
we have

Ggeom,[inv]*qu = Ggeom,lCld,(Charnontriv(q—i—l)) = Ggeom,]—'q A Cq+1-

Our next result is concerned with the Pink-Sawin-Witt local systems:

THEOREM 9.3.7. Let ¢ = 2™ > 16. The following statements hold for the geometric monodromy
group G and the arithmetic monodromy group Garith i of each of the local systems W(q + 1,1) of

(9:2.04), Wr(q +1,1) of (9:2.0.5), and R, of (0.3.4.1)).
(i) G=T°(g,1) = (4% 217%") - Spy(q).
(ii) Over any finite extension k of Fa, for the arithmetic monodromy group Garien i of either system

over k we have Gurithy = G if k D Fy and Gurien g = G - Gal(F,/k) if k C F,.

PROOF. (a) By (9.2.4.1)), it suffices to prove the statement for W := W(q + 1,1) and R,. Let
G = Ggeom, respectively G = Gaurith,F,, denote :che geometric, respectively arithmetic, monodromy
group of W. Let H = Ggeom,R,, respectively H = Gaitn R, F,, denote the geometric, respectively
arithmetic, monodromy group of R,. The specialization s = 1 of R, yields W, showing G < H

and G < H. Let V = C2"" denote the underlying representation for H, with character say w. By
(19.2.4.1)), we now have

(9.3.7.1) H >G> Gaeomg(gr1,1), H > G > Garith g(g+1,1)F5-
It then follows from Lemma [9.3.6] that
(9.3.7.2) H>K:=FEx (g%

where E = 22" and (g*) = C,41. Note that H is finite and |Z(H)| divides 4 by Proposition
By assumption n > 4, hence 22" — 1 admits a primitive prime divisor £ = ppd(2,2n) which divides
qg—+1. B

Another consequence of the containments ((9.3.7.1)) is that we get an element g € G with
(9.3.7.3) |Trace(g?)|> = 27, for any j|f,

namely the element of G itn g(2n41,1),F, given by the action of of Froby r, on the sheaf G(n, 0;2), cf.
Lemma
Now consider the local system

Wi=WEr+1,2" 1 +1,...,22+1,3,1)
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of Theorem A suitable specialization of W yields R. This shows that
(9.3.7.4) H<H<T(2,n) = R-Spy,(2)
with R = 4 % 217",

(b) Here we show that ZR = ZFE with E = 217" from and Z = Z(GL(V)). To this
end, we use and the resulting action of G via conjugation on R which gives rise to the
inclusion Z(R)G/R < Out*(R) = Sp(W) = Sp,,,(2), where W := R/Z(R) = F3". Now the action
of the subgroup K = E x {g*) induces a subgroup K of Sp(W). Suppose that the image F of E in
K is nontrivial. Then O2(K) # 1 and hence it has a nonzero proper fixed point subspace Wj on
W. In this case, the cyclic subgroup (g*) of K also acts on Wi, and as ¢ = ppd(2,2n), this action
is trivial. By Lemma applied to R <1 T'(2,n), |¢(g*)|? is either 0 or at least |[WW;| > 2. On the
other hand, |¢(¢*)] = 1 by Lemma a contradiction.

We have shown that E has trivial image in K, which means E only induces inner automorphisms

of R,ie. E<ZR. Now, ZNE =Z(E), so
ZE/Z=FE/Z(E)=2W =2 R/Z(R) = ZR/Z,
whence ZF = ZR.

(c) With the result of (b) and using (9.3.7.2)) and (9.3.7.4)), we see that ZH > ZR and H :=
ZH/ZR injects as a subgroup of Out™(R) = Sp,,,(2). At this point, we invoke Lemma m to
conclude that My o(H) = Mz2(ZH) = 2. As explained in [GT2, Lemma 5.1], the latter equality
implies that the induced action of H on the nonzero vectors of W = ZR/Z is transitive. Since
n > 4, applying [BNRT], Theorem 5] we arrive at one of the following two possibilities:

(a) n = bs for some integers b,s > 1, and Spy;(2°) < H < Spgy(2°) x Cs.

(B) n = 3s for some integer s > 2; and G2(2°) < H < G2(2°%) x Cs.
In either case, as explained in the proof of Lemma G contains a regular unipotent element A
of Spy;(2°) while acting on W considered as F 20 i.e. h has 2° fixed points on W. Applying Lemma
we see that the coset h in H = ZH/ZR contains an element h € H with |Trace(h)|? = 2°.
On the other hand, as h € H = Gaith,r, k for some large enough extension k 2 IF,, Proposition
applied to k D F, ensures that |Trace(h)|? is either 0 or a power of g. We have therefore
shown that 2° is a power of ¢ = 2". Since s|n, we must have that s = n, and we are in (a) with
Spa(q) < H < Spy(q) % Chn.

Taking the derived subgroup and using Lemma (9.2.7(ii), we see that H > [ZH, ZH] contains
the perfect subgroup I'°(¢,1) = E- Sps(q), and E=R= Z(R)E. ) ) )

The same arguments apply to H since M 2(H) = 2. Recall that H<<H and I'(2,n) = E-Sp,,,(2).
Together with preceding results and (9.3.7.4)), we have shown that

[°(¢,1) = E-Spy(q) < H < H < E - (Spy(q) » Gal(F,/F2)).

In particular, H /H < Cp, which implies that Garithr,r = H whenever £ O F,. Next we make
use of the element ¢ in . We note that H = (H, g), simply because g € Glarith, Ry F, 18 an
Fo-Frobenius. Denoting d := ]I:I/H|, we then have djn and ¢? € H = G arith,R,F,- By Proposition
applied to k = F,, |Trace(g?)|? is 0 or a power of ¢. But |Trace(g?)|? = 29, hence 2¢ is a power
of ¢ = 2", hence n|d, and thus d = n. We have shown that H/H = C,,, and hence H = I'°(q, 1)
and H = E - (Spy(q) x Cy,).

(d) As Ry is the Kummer pullback of R by [s +— 59*1], the geometric monodromy group H° of
Ry is a normal subgroup of H, with H/H® being cyclic. But H = R -Spy(q) is perfect, so H° = H.
Applying Lemma we then get G = H. On the other hand, G <G < H = H - C,, so |G/G|
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divides n and G' = Garithwr,- Again using the element g of (9.3.7.3) and arguing as above, we
conclude |G/G| = n and thus G = H. O

For later use, we need to consider some analogues of Ry and R. Fix ¢ = 2/ and odd integers
n > m > 1. Consider the local system R(n,m;q) on (Al x G,, x A!)/Fy whose trace function is
given as follows: for L/Fs a finite extension, and (r,s,t) € L3, s # 0,

_1 i .
(L/]FQ) sz,L([’r[E, qu +1 + tﬂ:’q +1])7

(9.3.7.5) Trace(Frob(rysyt%L\R(n, m;q)) == W 2

and its Kummer pullback R°(n,m;q) by [s — s? T1], whose trace function is given as follows: for
L/Fy a finite extension, and (r,s,t) € L?,s # 0,
—1

(9376) Trace(FrOb(T’S7t)7L|R (n,m, q)) = Wm

3 o, (fra, s e 4 g2 HY),
xEL

Under the additional proviso that ged(m,q+1) =1 (e.g. m = 1), we will also consider the pullback
G(n, m;q)pis of of R(n,m;q) by r =0, ¢t =1, which is a local system on G,, whose trace function
is given as follows: for L/Fs a finite extension, and s € L*,

7]. n m
(9.3.7.7) Trace(Frob, 1)|G(n, m; Q)pis) == —= Y r(sz? 1+ 29" 1)
(5D) F 2
Note that this is the p = 2 analogue of the sheaves W, considered in [KT6, Theorem 10.6] for

odd characteristics.

LEMMA 9.3.8. Suppose the sheaf R°(n,m;q) of (9.3.7.6) is geometrically irreducible. Then
the sheaves W(q" + 1,¢q™ + 1) as defined in (9.2.0.4) and R°(n,m;q) have the same geometric,

respectively arithmetic, monodromy groups.

PROOF. The change of variable & + /s shows that R°(n,m;q) on (Al x G, x A')/Fy has the
same trace function as the pullback of W := W(g" + 1,¢™ + 1) on (Al x Al)/Fy by the map
O:A' x G, x AY = AV X Al (r)s,t) = (1/5,t)5).

By hypothesis, R°(n,m; q) is geometrically irreducible, and so arithmetically irreducible. By Cheb-
otarev, it follows that we have an arithmetic isomorphism

R°(n,m;q) = W,
as their arithmetic semisimplifications are isomorphic, and the source is arithmetically irreducible.
Thus we have isomorphisms
G arith, R (nymiq) = Garith, oWy Ggeom, RO (n,miq) = Ggeom, &+ W-
The map ® has a retraction
T:A x A 5 AV X G, x AL (rt) = (r,1,1).

Thus ¥*(®*WW) = W, and hence W and ®*W have the same Gayitn as each other and the same
Ggeom as each other, because each of these two local systems is the pullback of the other. Thus we
have
Garith,RO(n,m;q) = Garith,W> Ggeom,RO(n,m;q) = Ggeom,W'
O

Now we can prove the main result of this section, which, again for the first time, produces
explicit local systems with geometric monodromy groups of shape (4 x* gltans ) - Spy, (29).
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THEOREM 9.3.9. Assume ¢ =27, r>1, andn >mq > ... > m, > 0 are integers with nf > 4.
Set
Ag:=q"+1, and A; :=q¢™ +1 for1 <i:<r—1.
If my > 1, we assume ged(n,my,...,m;) =1 and set A, := ¢ + 1. If m, = 0, we assume that
r > 2 and ged(n,my,...,my—1) = 1, and set A, := 1. Then the following statements hold for the
geometric monodromy group Ggeom and the arithmetic monodromy group Garith i of each of the local
systems W(Ag, Aq,..., A), WE(Ag, A1, ..., A), and W*(Ag, Ay, ..., A,), introduced in (9.2.0.4),
(209, and @213,
(1) Ggeom = I°(q,n) = (4% 21_+2nf) - Spyy,(q), with the possible exception of the case n =3, f > 1,
r =1, mi = 1, where we might instead have Ggeom = (4 * 21f6f) - G2(q). [This possible
exception will be ruled out in Theorem [9.3.10}]

(i) Over any finite extension k of Fa, for the arithmetic monodromy group Garien i of either system
over k we have Garith k = Ggeom if k 2 Fq and Garitn i = Ggeom - Gal(Fy/k) if kK C Fy.

ProoOF. (a) By (9.2.4.1), it suffices to prove the statement for
W .= W(A(), A1, NN ,Ar) or W*(A(), Al, e ,Ar).

If r > 1, let G = Ggeom, respectively G = G arith,F,, denote the geometric, respectively arithmetic,
monodromy group of W (the latter over Fy).

In the case 7 = 1 (and so m; > 1), we also need to consider the sheaf R := R(n,m1;q) on
(Al x G, x A1) /Fy and its Kummer pullback R° := R°(n,m1;q) by [s = s7" T1]. Let G = Ggeom R,
respectively G = G arith,R,F»» denote the geometric, respectively arithmetic, monodromy group of R.

Let V = C2" denote the underlying representation for G and G. A key observation for G is
that

(9.3.9.1) Mso(G,V) = 2.

Indeed, if » > 2, this is a consequence of Theorems applied to the pullback s = 1 of the sheaf
W(Ay,...,Ay). If r =1, this is a consequence of Theorem applied to (a pullback of) R.

(b) By (9.2.4.1)), we have
(9.3.9.2) G > Ggeom (A0 Arndr)r G = Garith g(A0.Ar o A) Fa-

The trace formula shows that the local system G(Ap, A1,...,A,) is the same as the local
system G(n,m1,...,my;q) considered in but with a different clearing factor (though one of
the same absolute value). Note that a change of clearing factor does not affect the geometric
monodromy group, nor does it affect the square absolute values of traces, and it preserves the
image of the arithmetic monodromy group in PGL(V).

Note that G is finite and |Z(G)| divides 4 by Proposition [9.2.5, Assume for the moment that
2|nmy ... m;. It then follows from Theorems [8.5.8 and [8.5.9| that

(9.3.9.3) ZG>H°:=E-5,
where Z := Z(GL(V)), E = 2"7?"/ and furthermore,

S = 95, ()
if m, > 1, or if m, = 0 and 2|nm; ... m,_1, and

S :=SU,(q)

if m, =0 and 2 {nmy...m,_1. By assumption nf > 4, hence 2°*/ — 1 admits a primitive prime
divisor ¢ = ppd(2,2nf). Now observe that S contains a cyclic subgroup, of order ¢" + 1 in the
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case S =, (q), and of order (¢" +1)/(q + 1) in the case S = SU,(q), which gives rise to a cyclic
subgroup (g*) of the same order in H; note that ¢ divides 6(g*).

We now show that (and hence the existence of the element ¢g*) also holds in the case
24{nmjy...m, with

S = SU,(q)

and with E € {F1,4 x E1} where E; = 2?2"]( . Indeed, applying Theorem to the pullback
r = 0, we see that ZG contains a subgroup S = SU,,(¢) acting in its total Weil representation. Since
G is irreducible, it follows from Theorem [8.4.5(b) that G satisfies (S+) on V. Now, allows
us to apply [GT2, Theorem 1.5], see also [BNRT), Theorem 3], to G. However, since dim'V' = ¢",
the almost quasisimple case cannot occur. (Indeed, in such a case, either dimV = (2% — (=1)%)/3
for some a > Z>1 which is absurd, or 16 < onf = dimV = (3¢ £1)/2 for some a € Z>4. If
27f = (3% +1)/2, then a is odd, in which case 2"/ has an odd divisor (3%4-1)/4 > 1, a contradiction.
Hence 2"/ = (3% — 1)/2 and 2|a. If 4|a, then (3% — 1)/2 is divisible by 5, a contradiction. If a = 2
(mod 4), then 2"/ has an odd divisor (3%/2 — 1)/2, again a contradiction.) Hence the extraspecial
case must occur, and therefore G admits a normal subgroup E with £ = E; or E = 4 x E;, where
E, = 2?27”[. To complete the proof, we observe that ENS = 1. For, ENS < 02(5) and so
E NS <Z(S). But any nontrivial elementz of Z(S) has |Trace(z)| = 1, whereas |Trace(y)| = 0 or
q" for any y € E. Thus G > F x §S.

(c) Another consequence of the containments (9.3.9.2)) is that we get an element g € G with
(9.3.9.4) |Trace(g”)|? = 27, for any j|f,

namely the element of Gyritng(ag,4;,...,4,),F, given by the action of of Frobgg  1)r, on the sheaf

2
G(n,mi,...,my;q), cf. Lemma

Set N :=nf, and consider the local system
Wie=weN +1,28 1 +1,...,2241,3,1).
A suitable specialization of W yields W, respectively S, and so, by Theorem this shows that
(9.3.9.5) G<aG<TI(2,N)=R-Spyn(2)
with R = 4 % 212N,

(d) Here we show that ZRN ZH® = ZR = ZFE with E = O2(H®) from (9.3.9.3]). To this end,
we use (9.3.9.5)) and the resulting action of GG via conjugation on R which gives rise to the inclusion
Z(R)G/R — Out™(R) = Sp(W) = Spyy(2), where W := R/Z(R) = F2N. Now the action of the
subgroup H° = E - S induces a subgroup H of Sp(W). Suppose that the image £ of £ in H is
nontrivial. Then O2(H) # 1 and hence it has a nonzero proper fixed point subspace W7 on W. In
this case, the cyclic subgroup (g*) from (b) also acts on W1, and as £ = ppd(2,2N), this action
is trivial. But S is the normal closure of (g*) in it, so S acts trivially on Wi, and thus H acts
trivially on Wi. We can apply the same argument to the action of H on the fixed point subspace
of E on W/Wj. Repeating this process, we see that H is a unitriangular subgroup of Sp(W') and
hence it is solvable. In particular, the perfect group (H°)(*) which has S/Z(S) as its composition

factor, acts trivially on W. By (9.2.6.1)) and (9.2.6.2)), this means that (H°)(>) induces only inner
automorphisms of R, and hence injects into a solvable subgroup of Ngr,y)(R), a contradiction.

We have shown that F has trivial image in H, which means F induces only inner automorphisms
of R,ie. E<ZR. Now, ZNE =Z(E), so

ZE/Z~ EJZ(E) =W = R/Z(R) = 2R/ Z,

whence ZE = ZR. Since S is quasisimple and ZR is solvable, we now have ZH° N ZR = ZR, as
stated.
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(e) With the result of (d) and using (9.3.9.3), we see that G := ZG/ZR injects as a subgroup
of Out™(R) = Spyx(2) that contains S. At this point, we again use which says that
M3o(G,V) = My2(Z2G,V) = 2. As explained in [GT2, Lemma 5.1], the latter equality implies
that the induced action of G on the nonzero vectors of W is transitive. Since N = nf > 4, applying
[BNRT, Theorem 5] we arrive at one of the following two possibilities:

(a) N = bs for some integers b, s > 1, and Spoy(2°) <1 G < Spyy(2°) x Cs.

(B) N = 3s for some integer s > 2; and G2(2°) <G < G9(2°) x Cy; set b := 3 in this case.
In either case, as explained in the proof of Lemma G contains a regular unipotent element A
of Spy,(2°) while acting on W considered as F32, i.e. h has 2° fixed points on W. Applying Lemma
we see that the coset h in G = ZG/ZR contains an element h € G with |Trace(h)|? = 2. On
the other hand, as h € G = Gyyitn i for some large enough extension k O I, Proposition (and
its proof) applied to k O F, ensures that |Trace(h)|? is either 0 or a power of q. We have therefore
shown that 2° is a power of ¢, i.e. s =tf for some t € Z>1, 2° = ¢*, and 2 < n = bt.

Recalling S — G, we see that the quasisimple group SUy(q) embeds in Spy,(¢f) in (a), and in
Ga(q") in (). Comparing order, in the case of (a) we have

2,2 2
¢ 7% < |SUk(q)| < [Spyy(d")] < ¢* 1,

whence b?t? < 2b%t + bt + 1, showing that t < 2 or (b,t) = (1, 3). However, when (b,t) = (1,3) the
Sylow 2-subgroups of Spo;(¢*) = Spy(¢?) are abelian, so SUy(q) = SU3(q) cannot embed in Spy,(¢t).
Consider the case t = 2. Then n = bt is even, hence in fact S = Q}, (q) embeds in Spy,(¢?), and this
is impossible by order comparison, unless (b,n) = (1,2) in which case we have S = [G, G]. In such
a case, ZH® = Z[G, G], whence

H° = [2H°, ZH°] = [[G, G], |G, G]] < G.

But then, since H° is symplectically self-dual on V', G fixes the 1-dimensional fixed point subspace
of H° on A*(V), and this contradicts M2 (@) = 2. Thus ¢t = 1 in this case. Taking the derived
subgroup and using Lemma [9.2.7(ii), we see that G > [ZG, ZG]| contains the perfect subgroup
I°(¢,n) = E - Spy,(q), and E = R = Z(R)E.

In the case of (8) we have

¢~ < |SUsi(g)| < |G2(q)| < ¢**,

whence 9t < 14t+1, and so again t = 1, and n = 3. Since Qg (¢) cannot embed in Ga(q), in this case
we must have that 2 { nmy ... m,, i.e. r =m; = 1. Taking the derived subgroup and using Lemma
(iii), we again see that G > [ZG, ZG] contains the perfect E - Ga(q), and £ = R = Z(R)E;
and in fact G(®) = E . G2(q). Assume in addition that » > 2. Then we observe that a pullback
of W yields W(¢® + 1,1), which has (perfect by Lemma ii)) geometric monodromy group
(4 * 9! +6f ) - Sps(q®) by Theorem It follows that an extension of Spy(g®) by a 2-group embeds
in Ga(q). In particular, G2(g) contains a cyclic subgroup Cgsq, which is impossible (indeed, the
largest order of semisimple elements in Ga(q) is ¢* + ¢+ 1). We have therefore ruled out (3) unless
n=3andr =m; = 1.

(f) Assume now that (n,r,m;) # (3,1,1). The arguments in (e) also apply to G, since we also
have My o(G, V) = 2. Recall that G <t G and T'(2, N) = E - Spyy(2). Together with the results of
(e) and (9.3.9.5)), we have shown that

I°(g,n) = E - Spy,(q) <G <G < E - (Spy,(q) x Cy).

In particular, G /G — Cy, which implies that Gaith iz = G whenever k O Fy.
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Next we make use of the element g in . We note that G = (G, g), simply because
9 € Garith,w F, is an Fao-Frobenius. Denoting d := \CNJ/G\, we then have d|f and ¢? € G = G arith,F, -
By Proposition applied to k = F,, |Trace(g?)|? is 0 or a power of g. But |Trace(g?%)? = 2¢,
hence 2¢ is a power of ¢ = 27, hence f|d, and thus d = f. We have shown that G/G = (Cf, and
hence G =T°(q,n), G = E - (Spy,(q) x Cf). In particular, we are done if r > 1.

It remains to consider the case r = 1, still with m; > 1. As R° is the Kummer pullback of
R by [s — s9"T1], the geometric monodromy group Ggeom,re Oof R is a normal subgroup of G,

with G/Ggeom,ro being cyclic. But G = I°(¢q,n) is perfect, so Ggeom,re = G in particular, R° is
geometrically irreducible. Applying Lemma we then get Ggeom,w = Ggeom,re = G. Now,

G = Ggeomw < GarithW,r, < G=0G- Cy,

80 |Garith,W,F2/ Ggeom,w/| divides f and Ggeom, v = Garithw,F,- Again using the element g of
and arguing as above, we conclude |Garith W Fy /Geeom,w| = f and thus Garicn wr, = G.

In the case of (), which can possibly occur only when (n,r,m1) = (3,1, 1), the same arguments
using as above first show that G = E - G2(q) and G = E - (G2(q) x Cy), and then that
Ggeom,W = G and Garith,W,Fg = é 0

As promised, we will now rule out the possible exception listed in Theorem m(u)

THEOREM 9.3.10. Let ¢ = 2/ and let n > m > 1 be odd integers such that gcd(n,m) = 1 and
(n,q) # (3,2).
(i) Suppose ged(m,q + 1) = 1. Then the local system G(n,m;q)pis of has geometric
monodromy group isomorphic to GU,(q), acting via its total Weil representation with character
Cn defined in .
(ii) Each of the local systems R(n,m;q) of (9-3.7.5), R°(n,m;q) of (9.3.7.6), W(q"+1,¢™+1) as
defined in , and WH(q" +1,¢™ +1) as defined in , have geometric monodromy
group T°(q,n) = (4 2572") - Sp,, (q).

PRrOOF. (i) Let V denote the underlying representation. Note that the Kummer pullback I =
[q™ + 1]*G(n, m; q) of G := G(n,m;q) has trace function at s € k*

Zwk xq T ) m+1 Zwk q "l g +1)

xEL wek
on G,,/k. We will consider only extensions k of Fys, and so the clearing factors —1/v/#k and
—1/(1 + i)de8(k/F2) are the same. Then the pullback K’ by [s — s~!] of the Kummer pullback
[q" 4+ 1]*G(n, m; q)pis of G(n,m;q)ps has trace function at u € L*

S — 1/% )1 "L mqm+1)
>

Thus K’ and K have equal trace functions. So their geometric monodromy groups are the same
Keeom = geom by Theorem |1.3.3

The aforementioned pullback relationships imply that Kgeom is & normal subgroup of Ggeom,g
with cyclic quotient of order dividing ¢™ + 1. By Theorem Ggeom,g = SUy(q), acting on V' by
its total Weil representation. Therefore, K’ geom = Kgeom = SU;(q). On the other hand, K := K éeom
is a normal subgroup of

L = Ggeomvg(n7m;q)bis
with cyclic quotient of order dividing ¢" + 1, so we also have

(9.3.10.1) K :=[L,L] 2 8SU,(q) and |L/K]| divides ¢" + 1;
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with K acting on V' via its total Weil representation.
Our next observation is that G(n,m; q)ss is also a pullback of the system

G:= Gnfonf—1,...,0;2)
of Corollary [8:5.6] whence

(9.3.10.2) L<G = Hy =277 .y (2) < GL(V).

geomg
Now we define
A=(¢"+1)/(qg+1), B=(¢"+1)/(qg+1),

which are coprime integers since n,m are coprime odd integers, and make use of the additional
condition that ged(m,q + 1) = 1. In this case, as explained in [KT6, Remark 5.12], G(n, m; q)pis
is the pullback by [s — s71] of the [B]* Kummer pullback of the sheaf 7", which itself is the
direct sum of ¢+ 1 hypergeometric sheaves, 1 of rank (¢" —q)/(¢+1) and ¢ of rank (¢"+1)/(q+1)
each, see [KT6, (5.12.1)]. Again, clearing factors do not matter, since we work with geometric
monodromy groups. A fortiori, this implies that L acts on V with ¢+ 1 summands, one of dimension
(¢"—q)/(¢+1) and g of dimension (¢"+1)/(¢+1) each. On the other hand, as stated in (9.3.10.1)),
the subgroup K of L acts on V via its total Weil representation, whose irreducible summands have
exactly these ¢ + 1 dimensions. Applying Theorem [8.4.4] we obtain that

L < Cy x M for some subgroup M = GU,(q) of GL(V),

and furthermore M acts on V via its total Weil representation with character fn defined in .
In particular, SU,(¢) = K = [L,L] < [M, M] = SU,(q). It follows that K = [M, M], and now we
see that L/K < Cy x M/K with M/K = Cyy1. On the other hand, |L/K]| is odd by (9.3.10.1), so
L/K < M/K. We have shown that

(9.3.10.3) SU,(q) 2 K < L <M =GUy(q).
Now, if R denotes the geometric monodromy group of %Zi’;n, then
(9.3.10.4) L <R, with R/L = C, for some e dividing B = (¢™ +1)/(¢+ 1).

In particular, we again have [R,R] = [L, L] = K.

By our choice, A — B > 2, and moreover B is coprime to ¢ + 1 as ged(m, ¢+ 1) = 1. Hence, if
we choose x to be a multiplicative character of k 2 F 2 of order ¢+ 1, then xB # 1. For such Y, the
summand Hgig’A%B of #,;"", cf. [KT6, (5.12.1)], has geometric determinant £, by [KT6| Lemma
3.2]. It follows that the action of R on this summand has determinant of order g + 1, and hence

g+ 1 divides |R/K]|.
Together with (9.3.10.4) and ged(B, g+ 1) = 1, this implies that |L/K]| is divisible by ¢ + 1. Using
(19.3.10.3)), we can now conclude that L = M = GU,(q).
(ii) For n > 3, the statement has already been proved in Theorem m So, using Theoremm
we may assume that n = 3 (so that m = 1) and that R := R(n,m;q) has geometric monodromy
group Ggeom,R = (4*21,+6f)-G2 (¢). Note that the pullback r = 0, t = 1 of R is precisely G(3, 1; ¢)pis,

which has geometric monodromy group GUs(q) by the result of (i). It follows that GUs(q) embeds
in G2(q); in particular, G2(q) contains a cyclic subgroup of order ¢® + 1, which is impossible. [

Our second main result in this section shows that the Witt local systems in Theorems [9.3.7] and
9.3.9| are the only ones among W(Ay, ..., A,) and W¥(Ay, ..., A,) that have finite monodromy.
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THEOREM 9.3.11. Letr > 1 and let Ag > Ay > ... > A, > 1 be odd integers with Ag > 7. Sup-
pose that at least one (equivalently both) of the local systems W(Ag, A1, ..., Az) and WH(Ag, Ay, ..., A,)
in characteristic 2, as defined in (9.2.0.4)), (9.2.0.5), has finite geometric monodromy group. Then
W(Ao,...,A) and WH(Ay, ..., A) are as described in Theorems|9.5.7 and|9.3.9. More precisely,
there exist integers ¢ = 27 and n > my > ... > m, > 0 such that

Aozqn+1a Al:qm1+17"'7 AT*l:qmril—f—lv

and either
(i) my, > 1, A, = ¢™ + 1, and ged(n,mq,...,m,) =1, or
(i) r > 2, m. =0, A, =1, and ged(n,mq,...,my—1) =1, or
(iii) r=1, my =0, and A; = 1.

PROOF. (a) According to (9.2.4.1)), both W := W(Ay, ..., A;) and W# := WF(A,, ..., A,) have
the same geometric monodromy group G, which is finite by hypothesis, and contains the geometric
monodromy group H of G(Ay, ..., A,); in particular, H is also finite. Let V = C4°~! denote the
underlying representation.

First suppose that r > 2. Then by Theorem the pullback s =1, t3=t4=...=t. =0 of
W has Ms o = 2. It follows that
(9.3.11.1) M;o(G, V) =2.

Suppose now that 7 = 1. Then note that W* is the [Ag] Kummer pullback of the local system
7(0, Ag, A1), which has My o = 2 by Theorem Letting G denote the geometric monodromy
group of 7(0, Ag, A1), we then have

(9.3.11.2) M5(G,V) =2, GG, G/G is cyclic of order dividing Ay.
Since we deal with geometric monodromy groups, we have that
(9.3.11.3) Q(p) € Q)

for the character ¢ of GG acting on V. Note that G(®) = G(*) < @ in the case r = 1, so (0.3.11.3)
also applies to Q(¢|a(x)). Now we will use (9.3.11.1)), respectively (9.3.11.2), to apply [GT2,

Theorem 1.5] and [BNRT) Theorem 3], to G, respectively to GG, and arrive at one of the following
three cases, for L := G(®). Recall that W has rank D = Ay — 1, which is even.

(al) The Lie-type case. Here, L is quasisimple, and L is a central quotient of Spy,,(3) or SU,(2),
acting on a Weil representation of dimension D = (3" +1)/2 or D = (2" — (—1)")/3. In either case,

Q(¢lr) = Q(¢3), contradicting (also, D is odd in the latter case as well).

(a2) The eatraspecial case. Here, D = 2V and R <G < Narv)(R) for some R = Z(R)E and
E = Q?QN acting irreducibly on V.

(a3) The sporadic case. Here L is a cover of some sporadic simple group that acts irreducibly

on V. Using (9.3.11.3)), among all the possibilities listed in [BNRT), Table I], we can rule out all
but two possibilities

(9.3.11.4) (L, D) = (2Ru, 28), (*By(8),14).

(b) Now we will make use of the finiteness of H. Over extensions of Fos, G(Ay,...,A,) has
the same trace function as the local system F(Ay,...,A4,,1) of Theorem We can therefore
apply Theorem to the local system F (Ao, ..., A, 1) in characteristic 2, and arrive at one of
the following possibilities.

(b1) We are in case (ii) of Theorem This means that we are also in (a2), and arrive at
one of the conclusions (i)—(iii).
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(b2) We are in case (iv) of Theorem Then (L, D) = (2G3(4),12). But this does not fit
in either (a2) or (a3).

(b3) We are in case (iv) of Theorem or case (iii) of Theorem Here, there is some
q= 2f7 so that d | (Q+1) for d := ng(A():Ah v 7A'r)7 AO = d(qn+1)/(q+1)’ AZ = d(qml—i_l)/(q—i_l)v
1 <i<r,wheren >m; >...>m, > 1areodd integers with ged(n, m1,...,m,) = 1. Moreover, H
is the image of SU,,(¢) in a sub-representation of degree D = Ay —1 of the total Weil representation.

Assume in addition that we are in the case of (a3), so that holds. Now we have that
(¢"+1)/(q+1) divides D+1 and D+1 divides ¢"+1 for D = 14 or 28. As n > 3, the first condition
first implies that (¢,n) = (4,3) or (2,5) or (2, 3), none of which fits with the second condition.

It remains to consider the case of (a2), so that D = 2V. Again we have that (¢" +1)/(q + 1)
divides D+1 =2V +1 and 2V +1 divides ¢" + 1; furthermore, D = Ay — 1 > 6 implies that N > 3.
If N = 3, then since 2 n > 3, we have ¢ = 2, n = 3, d = 3, and so we arrive at (i). We may
now assume that N > 4, and so 22V — 1 admits a primitive prime divisor ¢; = ppd(2,2N) by [Zs],
which then divides 2V + 1. Hence ¢, divides ¢" + 1 = 2"/ + 1, which implies that 2N|2nf and that
Nnf; in particular, nf > 4. This in turn implies that ¢®" — 1 admits a primitive prime divisor
¢ = ppd(2, 2nf) by [Zs], which then divides (¢"+1)/(g+1). Hence /3 divides 2V + 1, which implies
that 2nf|2N and that nf|N. It follows that N = nf, and d(¢" +1)/(¢+1) = Ag = 2N +1 = ¢" +1,
whence d = ¢ + 1, and we again arrive at (i). O






CHAPTER 10

One-parameter families of exponential sums

10.1. Generalities

In this section and the next two sections, we fix a nontrivial additive character ¢ of IF,,, a pair
of integers A > B > 0 with p{ AB, gcd(A, B) = 1. We consider the local systems

F(A,B) =Fy(A,B,1)=F(A B,1)

and
‘Fw(A7B7X) = ’F(AaBaX)
introduced in Definition [7.3.1] These local systems are closely related to hypergeometric sheaves,
cf. [KT6l 3.10]. Recall that Char(A) is the set of all characters of order dividing A, Charygiv(A) =
Char(A) ~ {1}, and Char(A, x) is the set of characters p with p* = x. We defined
Hsmall,A,B = Hyp(Charntriv(A)v Charntriv(B))a ,Hbig,A7B,X = Hyp(Chal’(A); Char(Ba Y))v

(see also (8.5.4.1)), (8.5.4.2)). Recall the following result.

THEOREM 10.1.1. ([KT6l 3.10]) We have geometric isomorphisms
(A" Hsmau A, = [t — —At/B]*F(¢-p, A, B)
and, for x* #1,
[A]*%big,A,B,x = [t = _At/B]*]:(d}—Ba A7 37 XA)

THEOREM 10.1.2. Suppose the local system F(A,B,x) on Al/Fqg has finite geometric mon-

odromy group Ggeom- Then the “half Tate twist”
G(A, B,x) == F(A, B,x)(1/2) = F(A, B,x) ® (¢~ **/")

has finite arithmetic monodromy group Garith-

PROOF. The statement is invariant under finite extension of scalars, so we may work over an
extension E of F2 over which the hypergeometric sheaves of Theorem are defined. One
then checks that the constant field twists which (implicitly) occur in its proof are +1 times powers
of V#E. This fact results from the Hasse-Davenport identity via [Ka-GKM), 5.6.2]. See [KT3|
7.1,7.2, 8.1, 8.2] and [KRLT2| 1.1,1.2] for complete details. Once we have this, the theorem then
follows from [KT'7, Corollary 14.15], applied to the hypergeometric sheaves of Theorem [l

LEMMA 10.1.3. Suppose F(A, B,0) is Lie irreducible and Lie self-dual. Then F(A,B,6) is
self-dual.

PROOF. In view of Theorem [10.1.1], this results from Corollary applied to either H 011,48
or to Hyig, A,B,- O

LeEMMA 10.1.4. Suppose A — B > 2 and F(A, B,0) has Ggeor, = SLp (for D := the rank of
F(A,B,0)). Then F(A, B,0) has Ggeom = SLp.

217



218 10. ONE-PARAMETER FAMILIES OF EXPONENTIAL SUMS

PRrOOF. In view of Theorem|10.1.1}, this results from Corollary applied to either Hnan. 4,8
or to Hpig,A,B,x- ]

THEOREM 10.1.5. Suppose A — B =1 and F(A, B,0) has infinite Ggeom. Then Ggeom, = SLp

geom

(for D := the rank of F(A, B,0)), and F(A, B,0) has Ggeom = {7y € GLp|det(y)? = 1}.

Proor. In view of Theorem[10.1.1} this results from Theorem which asserts that Ggeqn, =
SLp, together with Remark applied to either Hgpai, 4,8 0r to Hpig A, B - O

THEOREM 10.1.6. Let A > B > 0 with gcd(A,B) = 1 and p { AB, and 0 a (possibly triv-
ial) multiplicative character. Then we have the following results about the possible self-duality of
F(A,B,0).

i) If AB is even, then F(A, B,6) is not geometrically self-dual.
(ii) If AB is odd and 0 has order > 2, then F(A, B,0) is not geometrically self-dual.
(iii) If AB is odd, then F(A, B,1) is geometrically self-dual, and the self-duality is symplectic.
(iv) If AB is odd and p # 2, then F(A, B, x2) is geometrically self-dual, and the self-duality is
orthogonal.

PROOF. We first note that statements (iii) and (iv) hold because when AB is odd, Hsmai, A, B
and Hpig,A,B,y, are themselves self-dual of the asserted type, as results from [Ka-ESDE| Theorems
8.8.1 and 8.8.2].

We now turn to proving (i) and (ii). In general, for a lisse, geometrically irreducible F on A!/F,
which is pure of weight one, F is self-dual if and only if the cohomology group H2(Al/F,, F @ F)
is nonzero (in which case it is automatically of dimension one). This cohomology group is pure of
weight 4, whereas H!(A!/F,, F ® F) is mixed of weight < 3. So we use the Lefschetz trace formula
to compute the dimension of the H? as the limsup over growing finite extensions k/F,, (for any
choice of gp such that 6 began life over F,, and which contains the B roots of +1) of the quantity

(1/#k)? Z(— Z¢k($A + tzB)oy(2))? =

tek €k
= (L/#k)> ) (@ +y* + (2 + 7)) 0k(zy) =
tek x,yek

(1/#k) > Yz + y™) 0 (zy).
z,y€k with B4+yB=0

Suppose first that B is odd. Then the sum is over (z,y) with y® = (—2)?

(z, , so with the exception
of the single point (0, 0), we have y = —(x for ¢ € pp(Fp). So up to an error of at most (B+1)/#k,
our sum is

(1/#k) Y D (e + (=Ca))or(—(a?).
Ceup €k
If A is even, then p # 2, and 24 + (—Cz)4 = (1 + ¢4)zA. Here ¢# is a root of unity of odd order (a
divisor of B), so is not = 1. Hence each { summand is of the form

0(—C) > _ wr((nonzero coeff.)z)67 (x),

which by Weil is bounded in absolute value by A+v/#k. So the limsup vanishes.
Still with B odd, suppose also that A is odd, but that 6% # 1. Then in the calculation of
the last paragraph, the coefficient 1 + (—¢)4 = 1 — ¢4 will vanish precisely for ¢ = 1 (because
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ged(A, B) = 1). Thus each of the B — 1 terms with ¢ # 1 is bounded in absolute value by A+/#k,
and the term with ( =1 is

0 (—¢) Z Or(x) =0,

and again the limsup vanishes.

Finally we must treat the case when B is even and A is odd. Here we first choose v with 4% = —1.
Then 28 4+ y2 = 0 leads to y = (vya, with ¢ € up. Here each coefficient 14 (444 of 24 inside the v
is nonzero; indeed, if (444 = —1, then taking B powers gives (ABy48 = (4B)A = (—1)4 = —1,
whereas (—1)2 = 1. So each individual summand is again bounded in absolute value by Ay/#F,
and so the limsup vanishes. O

We now analyze the primitivity of the systems F(A,1,x). We do more than primitivity, but
not for F, rather for H. Strictly speaking, in Lemmas and we do not address the
question of (S+) for the geometric monodromy group G of F(A, B, x), but only for the geometric
monodromy group H of the hypergeometric sheaf of which it is a Kummer pullback. It is true that
this is all that is needed in the proofs later, where we work with the group H and never require that
G has (S+); in the subsequent cases, it follows from our determination of G that G indeed satisfies
(S+). Nonetheless, it seems like a natural question to study (S+) for G directly.

LEMMA 10.1.7. (i) Suppose A > 2 and p 1 A. Then any geometrically irreducible hypergeo-
metric sheaf H of type (A, 1), in particular any Hyig a1, with x # 1, satisfies (S+).
(ii) Suppose A > 3, p1 A. Then the local system Hgmau,a1 satisfies (S+) except possibly when
(A,p) =(9,2), (5,2), (5,3), in which cases it is primitive and has finite monodromy. If A =15
and p > 7, it has Ggeom = SP4-

PROOF. (i) It is obvious that such an H cannot be Kummer induced. If it were Belyi induced,
then A would be a power of p, as one sees from checking the cases in [KRLT3, Proposition 1.2].
Thus H is primitive. Then by Theorem ‘H has (S+) if A is none of 4,8,9. Now apply [KT5|
Theorem 1.9]. The cases A = 4,8 have (S+) because p # 2 when A = 4,8, and the case A =9 has
(S+) because p # 3 when A =9.

(i) It is visible that K = Hgmaiu, 4,1 is not Kummer induced, and no Kloosterman sheaf is Belyi
induced. Hence K is primitive of rank A — 1. Now apply Theorem [1.2.1] which omits the case
(A, p) = (9,2) and the case A = 5. In the (9,2) case, A = ¢ + 1 for ¢ = 23, which is a Pink-Sawin
case [KT1l 20.3]. Suppose now A = 5. For p = 2, we have a Pink-Sawin case, and for p = 3 we
have an A = (¢+1)/2 case, finite by the van der Geer—van der Vlugt argument. It remains to show
that for p > 7, we have Ggeom = Sp, (which automatically has (S+)).

For this, we argue as follows. K = Hgmaua,1 is symplectic by [Ka-ESDE| 8.8.1-2]. So it
suffices to show that its Kummer pullback [5]*Hsman.a1 = F(A,1,1) has Ggeom = Spy. F(A,1,1)
is lisse on A! of rank 4. So F(5,1,1) is primitive, because in characteristic p > 5, the affine line
has no nontrivial finite étale coverings of degree dividing 4. By [Ka-MG/, Prop.1], either F(5,1,1)
is Lie-irreducible, or it is a tensor product A ® B of local systems on A! with A Lie-irreducible
and B irreducible with finite monodromy group I'.  We cannot have B of rank 4, because F has
geometrically trivial determinant, which would force A to be of finite order. If B has rank 2, then
its Sylow p-subgroups are normal and abelian by Feit-Thompson. Then the quotient I'/T")_gyiow is
a prime to p quotient of 7 (A!), so trivial. Thus I' is an abelian p-group, again impossible since it
has a 2-dimensional irreducible representation. Thus F (5,1, 1) is Lie-irreducible. So its Ggeom is a

subgroup of Sp, whose identity component is irreducible. The only possibilities for Gg,,,, are either

Sp, itself or the image of SL(V) = SLy on Sym?(V). The second case is ruled out by Theorem
Therefore (5,1, 1) has Ggeom = Sp, in characteristic p > 7 and hence also (S+). O
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The following lemma is the (A, B) counterpart of Lemma (10.1.7

LEMMA 10.1.8. Let A > B > 2, gcd(A,B) =1, and pt AB. Then we have the following results.
(1) Hsmair,A,B is primitive.
(ii) For all tame x with A #£1, Hbig,A,B,x 15 primitive.

PROOF. (a) We first show that neither Hgpnau 4,8 nor Hyig 4,8, is Kummer induced. In the
case of Hpig A By this is obvious, because it has type (A4, B) with gcd(A, B) = 1. If Hgmnau,a,B Were
Kummer induced, necessarily by [d], for some d > 1 a prime to p divisor of gcd(A — 1, B — 1), then
the “upstairs” characters would be stable by multiplication by a character pg of order d. Thus if o
is an “upstairs” character, so also is pgo, and thus pg is a ratio of two “upstairs” characters. But
any ratio of two “upstairs” characters has order dividing A, hence d|A. But Hsmail,A,B has type
(A—1,B —1), so pg has order dividing A — 1. Hence py has order dividing ged(A, A —1) = 1.

(b) We now must show that neither Hgpqu 4,5 nor Hpig,a,B,x is Belyi induced. We argue
by contradiction. From [KRLT3| Proposition 1.2], we see that if Belyi induced, it is fi(Ls(2) ®
L,(1—2x)) for f either 2¢(1—x)® or 1/2%(1—x)", some tame characters o, p, with the following extra
information. Of the three quantities a,b, a + b, precisely one of them is divisible by p. If p|(a + b),
then we use f = x%(1 — x)?, otherwise we use f = 1/2%(1 — x)®. We may assume d := ged(a,b) = 1,
otherwise f = g¢ with p{d, hence f, = [d],fx, and we would be Kummer induced by [d],.

We must consider four cases: whether or not p|(a + b), and whether Hpmai,4,B 0r Hiig,A,B,y-

(b1) If p|(a +b), say a + b = p"c with p { ¢ and n > 1, then the upstairs characters are the
a'™ roots of o together with the b roots of p. The downstairs characters are all the ¢ roots of
(ap)l/pn. If this is Hpig,4,B,y, then ¢ = B and a +b = A. But then A = p" B, contradicting the fact
that p 1 A.

If this is Hsmau, 4,8, then we look at ratios of pairs of distinct upstairs characters. If a > 1,
these ratios include all characters of order dividing a, but all such ratios have order dividing A,
hence a|A if a > 1. It is trivially true that a|A if « = 1. Thus in all cases a|A. Similarly, b|A.
Because ged(a,b) = 1, we have ab|A, say A = Mab for some integer M > 1. But for Hsmai 4,5, We
have a + b= A — 1. Thus we have

Mab=a+b+1, ged(a,b) =1,

which we rewrite as

(M +1)ab=(a+1)(b+1).
Since a divides (M + 1)ab, it divides (a + 1)(b+ 1). But ged(a,a + 1) = 1, so a|(b+ 1). Similarly
bl(a+1). Thusa<b+landb<a+1,hencea<b+1<a+2ie.

a—1<b<a+1.

Thus b is one of a — 1,a,a + 1.

If b = a, then b = a = 1, because ged(a, b) = 1.

Ifb=a—1, then Ma(a—1)=1+4+a+a—1=2a, hence M(a—1) =2. So either M =2,a =2
andb=1lor M =1,a=3 and b = 2.

Ifb=a+1, then Ma(a+1)=14+a+a+1=2(a+1), hence Ma = 2. So either M =2,a =1
andb=2or M =1,a=2and b= 3.

Thus the cases we must rule out are (a,b) = (1,1),(2,1), (3,2), (1,2), (2, 3).

When (av b) = (17 1) and p|(a + b) then p =2, our Hsmall,A,B has type (2a 1)7 S0 it is /Hsmall,?),%
but this is not allowed in characteristic 2 as p|B here. When (a,b) is (1,2) or (2,1), then p = 3,
our Hsmair, 4, has type (3,1), so it is Hgmai4,2. Here the upstairs characters are xa, x4Xx2, X2, and
they are (up to interchanging a,b) the character o together with both square roots a, 8 of p. The
character p, being a2, has order 1 or 2. It cannot be trivial, otherwise 1 is among its square roots.
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Therefore p = x2, whose square roots are the characters of order 4. Then ¢ must be x2. But then
op =1, and so the downstairs character is 1. But the downstairs character of Hpqi.4,2 is X2, not
1. Finally, if (a,b) is (2,3) or (3,2), then p = 5, the upstairs characters are the square roots of o
together with the cube roots of p. But these characters are also the nontrivial characters of order
dividing 6, namely x2, X3, X%, X3X2, X% x2. Then p, whose cube roots have order dividing 6, has order
dividing 2. It cannot be trivial, otherwise 1 is among its cube roots. Therefore p = x2, whose cube
roots are x2,, X3X2, X%XQ. Then the square roots of ¢ are the two characters of order 3. But this is
nonsense, as their ratio is not y2. This completes the proof in the case p|(a + b).

(b2) If p 1 (a + b), then either pla or p|b. Interchanging 0,1 by = — 1 — x, we may assume
pla, say a = p"c with p{ ¢ and n > 1. The upstairs characters are the (a + b)*™® roots of op. The
downstairs characters are the ¢ roots of o'/P" together with the b roots of p. Ratios of pairs of
distinct upstairs characters give all nontrivial characters of order dividing (a + b). But the upstairs
characters of either Hgpmnai, 4,8 O Hig,a, B,y are all of order dividing A, hence (a +b)|A. In the case
of Hemai,A,B, we have a + b= A — 1, so that (A — 1)|A, nonsense because A > 3.

We now treat the case of Hy;g. 4,5, By the same “ratios of pairs of distinct characters”, applied
to the downstairs characters, we see that ¢|B and b|B. As ged(a,b) = 1, we have ged(e,b) = 1, and
hence be|B. Thus B = Mbc for some integer M > 1. But B = b+ ¢, thus

Mbe=b+e¢, ged(b,c)=1.

Because b divides Mbe, we get b|c. Similarly, we get ¢|b. Thus b = ¢ and B = 2b. This forces p # 2.
But A=a+b=p"c+b=(p"+1)b= (pnTH)B. Thus B|A, and B > 2, and so the condition
ged(A, B) =1 is violated. O

COROLLARY 10.1.9. Let A > B > 2, ged(A,B) = 1, and pt AB. Then we have the following
results.

(i) If A#5,9,10, then Hsmau,a,B satisfies (S+).
(i) If A # 4,8,9, then for all tame x with XA # 1, Hpig a5, Satisfies (S+).
(iii) For each of (A,B) = (5,2),(9,2),(9,4),(10,3), in any characteristic p t AB, Hemai,A,B
satisfies (S+).
(iv) For each of (A, B) = (8,3),(9,2) in any characteristic p{ AB and for any x # 1, Hpig A, B,y
satisfies (S+).

ProoFr. For (i) and (ii), primitivity is given by Lemma [10.1.8] Then apply Theorem For
(iii) and (iv), apply [KT5, Theorem 1.11]. O

Recall that an element v of a finite subgroup G of GL,(C), n > 2, is called quadratic if it
has precisely two distinct eigenvalues. If the eigenvalue 1 occurs in -y, the codimension of the 1-
eigenspace is called the drop of v. [Thus a quadratic element of drop 1 is a complex reflection (:=
a pseudoreflection of nontrivial determinant).

Recall also the following well-known theorem.

THEOREM 10.1.10. Suppose G < GL,(C), n > 2, is a finite primitive subgroup. Let v € G be a
quadratic element of drop v > 1 and order d. Then d <5, and we have the following results.
(i) Ifd=4 ord=5, then n = 2r.
(ii) Ifd =3, then n < 4r.

PROOF. The non-existence when d > 6 is Blichfeldt [Bl, Thm. 8]. The case d = 5 is due to
Zalesski [Zall, 11.2], cf. [Ka-TLFM, AZ.1]. The cases d = 4,3 are due to Wales [Wal, Thm.1,
Thm. 2 and Remark after Thm. 2]. O
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THEOREM 10.1.11. Suppose A— B > 2, pt AB, gcd(A, B) =1, and x is a tame character with
xA # 1. Then we have the following results about the group Ggeom for Hpig A,Bx-

(i) Suppose ptw :=A— B. If x* # x&, then Ggeom contains a scalar multiple of a quadratic
element v of drop B with eigenvalues 1,XAxf. The order of this quadratic element is the
order of the nontrivial character XAXg

(ii) Suppose p | w:= A — B. Write w = woq with ¢ = p©,e > 1 and p t wy. If xA@+D) #£ 1,
then Ggeom contains a scalar multiple of a quadratic element v of drop B with eigenvalues
1, xAatY) | The order of this element is the order of the nontrivial character xyAat1)

PROOF. Denote by Wild the wild part of the I(oo)-representation. The I(co)-representation is

thus
@pEChar(B,x)Ep @ Wild.
We also note that
det(®p€€har(3,x)£’p) = XXQB_l'

(i) Consider first the case when p { w. We know [Ka-GKM| 1.14 (2)] that Wild is the Kummer
direct image [w],L for some rank one L of rank one and Swan conductor one. Such an L of
the form L, ® Ly, for some multiplicative character o and some nontrivial additive character .
Geometrically, o is a w'® power, say o = oy’. Then

[wh L = [wh([w]" (L)) ® Lyy) = Loy @ [w]iLy,.
Thus
det(Wild) = det([w],L) = o}’ det([w], Ly, ).
On the other hand, we have [Ka-GKM), 5.6.2] the global geometric isomorphism
[w] Ly, ) = Kly, (all characters of order dividing w),

for ¥a(xz) = Y1(x/w). Because w > 2, this Kloosterman sheaf has geometric determinant the
product of all its “upstairs” characters, namely the characters of order dividing w, whose product
is (x2)“"!. Thus
det(Wild) = 6% (x2)¥ L.
The determinant of the I(co)-representation of Hyig 4 By is then XXQBAdet(WiId)XXQBAJi“ (x2
Again because w > 2, this determinant is the product of the “upstairs” characters of Hyig A B y»
which is (x2)4~!. Thus

)w—l‘

Xxs ot (x)" Tt = (ko)

ie.,
X071 = X2-
Now consider the Kummer pullback [w]* of the I(co)-representation. It is the direct sum

@pEChar(B,X)ﬁp“’ @(Oﬂlﬂ ® [w]*[w}*ﬁwl)'

But we have [w]*[w], Ly, = Oc¢ep, Ly, (cz)- Thus this Kummer pullback is

@pEChar(B,x)ﬁp“’ (@CEMw £<T71“” ® £¢1 ((a:))

Now evaluate this on an element  of I(c0) of profinite order prime to p which maps onto a generator
of I(00)/P(00). Because v has order prime to p, each of the characters L, (¢, takes the value 1 at
v, so its eigenvalues are

({p¥ : pP = x}, 0% repeated w times).



10.1. GENERALITIES 223

Then ~?2 has eigenvalues
(x“ repeated B times, 0P repeated w times).

Now use the determinant equation above, namely xo}’ = x2, to get a}”B = X‘; /x®. Thus the image
of 7 in Ggeom has eigenvalues

w

(x" repeated B times, x2 /x? repeated w times).

Notice that y“+B = y4. If x4 # X%, then this element is the & /x” multiple of the quadratic
element

(x*x? repeated B times, 1 repeated w times).
Because x* is neither 1 nor X%, this is indeed a quadratic element of drop B. Its order is the order
of the character x4 x%.

(ii) We now turn to the case when plw. Because w = wpq, we know [Ka-GKM, 1.14 (2)]
that Wild is [wo], W, for some g-dimensional irreducible I(oco)-representation with all slopes 1/g.
According to [Ka-ESDE], 8.6.3], the isomorphism class of such a Wy, is determined up to translation
by its determinant.

To exploit these facts, we introduce a particular W,, which will play the role that £, played in
the case when w was prime to p. Namely, we define

W, := the I(oco)-representation of Kly(Char(q + 1) ~\ {x2}).

This Kloosterman sheaf has geometrically trivial determinant, so in particular det(W,) = 1. So
“our” Wy is, up to a multiplicative translation, of the form £, W, for some multiplicative character
p, since as p varies we attain all possible determinants. We may further choose a p; with p° = p.
Then

[wol Wy = [wolx([wo]" £y, @ Wy) = L) @ [wo] (W)

At this point, we need to compute the determinant of [wo].(W,), which is the I(oco)-representation
of

[wo]«Cly (Char(g + 1) N {x2}) = Kly, (Char((wo(g + 1)) ~ Char(wo, x2)),
whose geometric determinant is thus xa/(x2x° 1) = x4°~ . Thus det([wo]«(W,)) = x50 1,
and hence det(Wild) = p{x5°~!. Thus the determinant of the I(co)-representation of our H is

Xnglpql”xg’ofl. But the global determinant of H is Xéqfl, so we have Xnglpﬁ“)(;”o*l = X‘;*l.

Thus we have
(10.1.11.1) Py = xyHiTwo iy

Now consider the [wpg] Kummer pullback of the I(oo)-representation of H. It is

DoeChar(B.x)Lovo @(@Ceuwo Epi“(’@Wq(Cw))‘
Now consider its further [¢ + 1] Kummer pullback. It is

Docchar(B,x) Lgwolat @(@Ceﬂwo ﬁp’f°<q+1)®[q+1l*wq(@))'
The key point here is that [¢ + 1]*W, is the I(oco)-representation of
[q + 1]*/Clw(Char(q + 1) N {XQ}) = FT¢£w($q+1),

thanks to [Ka-ESDE], 9.2.3]. By a result of Pink [KT1], 20.3], one knows that Ggeom for F'Ty Ly (ga+1)
is a finite p-group (and by Sawin [KT1), 21.1] it is a known Heisenberg group, at least for p odd).
Thus this further [¢ + 1] Kummer pullback is

wo(g+1) ® (

D geChar(B,x) Lowola+D) @(®<€Nwo P1 dim = w,image of I(co) = finite p-group)).
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Now choose an element v € I(oco) which maps onto a generator of I(co)/P(c0) and which has
profinite order prime to p. Such an element must map to the identity in any finite p-group. Thus
the image of such a v has eigenvalues

({owolatl) , 5B — X},pll“o(qﬂ) repeated w times).
The (¢B)™ power of v then has eigenvalues
({olatDB ;B — X},pqlu(QH)B repeated w times),

ie.,

w(qg+1)B

w(at+1) pepeated B times, p;

(x repeated w times).

By (10.1.11.1]), p’f(qH)B = 1/x@tDB_ Thus the image of the (¢B)™ power of 7 is 1/x@t1)E times
the element with eigenvalues

(XA(q+1) repeated B times, 1 repeated w times),
which is the asserted complex reflection when x4+ is nontrivial. O

Specializing B = 1 in Theorem and recalling that a quadratic element of drop 1 is a
complex reflection, we obtain:

THEOREM 10.1.12. Suppose A > 3, pt A, and x is a tame character with x* # 1. Then we
have the following results about the group Ggeom for Hpig,a1x-

(i) Suppose ptw := A —1. If YA # xa, then Ggeom contains a scalar multiple of a complex
reflection v of determinant x“x2. Moreover, the complex reflection y has order 3 ifo(XA) =
6, 4 if o(x) = 4, and otherwise v has order > 5. In particular, o(y) > 4 if x5 # 1.

(ii) Suppose p | w == A — 1. Write w = woq with ¢ = p®,e > 1 and p t wo. If A4t £ 1,
then Ggeom contains a scalar multiple of a complex reflection v of determinant YAt
particular, if x*ATY) £ 1 then o(y) > 2, and if x84+ £ 1 then o(y) > 4.

Next we give an analogue of Theorem [10.1.12] for A = 2.

LEMMA 10.1.13. Suppose A =2, p > 2, and x is a tame character with x> # 1 and x* # xo.
Then the group Ggeom for Hpig.a,1x contains a scalar multiple of a complex reflection of determinant

xX*xa2-
ProOOF. The key point here is that we have a geometric isomorphism det(Hpig 2,15) = Lo @ Lys,
a special case of [Ka-ESDE] 8.8.12 (2)] in which the A there is x2. The I(oco)-representation is
thus
Ly ® (Ly @ Lxx,)-
Now choose an element v € I(o0) of pro-order prime to p which generates the tame quotient

I(c0)/P(0c0). Its eigenvalues are x () and X(v)x2(7), so it is a scalar multiple, by X(v)x2(7), of the
complex reflection with determinant (x?x2)(7). O

THEOREM 10.1.14. Suppose A > 3, A— B > 2, gcd(A,B) = 1, and p t AB. Suppose that
F(A, B,0) has finite Ggeom. Then we have the following results.

(i) Suppose ptw := A — B. Then Ox¥ has order < 3. In particular, if B is even then 6 has
order < 3, while if B is odd then 6 has order < 6.
(ii) Suppose plw := A — B. Write w = wop® with e > 1 and p{wg. Then 07"+ has order < 3.
In particular, 6 has order < 3(p° + 1).
(iii) If in addition both B =1 and A > 4, then Ox2, respectively P+, has order < 2.
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PROOF. If § = 1, we are saying nothing. If 6 is nontrivial, pick a character p with p4 = 4.
In view of Theorem HpigA,B,p has finite Ggeom, which by Lemma [10.1.7] and [I0.1.§] is a
finite primitive subgroup of GL,,(C). If fx2, respectively 67"t has order > 4, then by Theorem
this group contains a quadratic element of drop B and order > 4. By Theorem this
impossible if the order is > 6, while if the order is 4 or 5, then A = 2B, contradicting gcd(A, B) = 1.
For assertion (iii), one knows [Mit, Theorem 1] that a finite primitive group in > 4 variables contains
no complex reflection of order > 2. O

We will also need the following extension of Proposition [2.4.3}

LEMMA 10.1.15. Let A > B > 1 be coprime integers, and let pt AB. Consider the local system
H = Hsmair,A,B 07 Hpig,A,B,x 1 characteristic p, with geometric monodromy group G and wild part
of dimension w = A — B, and let g be a p'-element that generates the image J of I(c0) in G
modulo the image Q of P(00). Then g is an m2sp-element of finite order acting on the underlying
representation V. = V. Moreover, the following statements hold.

(i) Suppose ptw. Then 6(goo) is divisible by w; in fact it is divisible by (A — B)B unless possibly
when B = 2 and H = Hgmai,a,2- In all cases, the total multiplicity of repeated eigenvalues of
Joo 0NV is at most 2, i.e. goo 1S an asp-element.

(ii) Suppose w = wop® with e > 1. Then 6(geo) is divisible by C' := wo(p®+1); in fact it is divisible
by lem(B, C') unless possibly when B = 2 and H = Hgmai, 2. In all cases, the total multiplicity
of repeated eigenvalues of goo on V' is at most 2d, where d := ged(B,C) = ged(B, p© + 1), and
the ratio between any two repeated eigenvalues is a d™ root of unity.

PROOF. Applying Proposition to G, we obtain that go, is m2sp on V, and it is ssp on
Wild and on Tame. Excluding the case H = Hgmnaii,A,2, we have that the spectrum of g, on Tame
contains two eigenvalues who ratio is (g if B > 2, whence the central order of go, on Tame is always
divisible by B, which implies the statements about 6(goo).

Assume that « is a repeated eigenvalue on V' for go.. Since g is ssp on both Wild and Tame,
it must be the case that a has multiplicity 1 on Wild and multiplicity 1 on Tame, and so its total
multiplicity is 2. Now assume that o/ # « is another repeated eigenvalue for go, on V. Then
o and o are distinct eigenvalues for g, on Wild and on Tame; in particular, 1 # o/« is a B™
root of unity, and this shows H # Hgnanaz2. If p{ w, then by [KRLT4, Proposition 4.8], o'/«
is a w' root of unity, whence a = o since ged(w, B) = ged(A, B) = 1, a contradiction. Suppose
now that plw = wep®. By [KRLT4, Proposition 4.9], o/ /a is a C*" root of unity, whence it is
a d™ root of unity. Thus there exist at most d possibilities for repeated eigenvalues of goo, and
each has multiplicity 2. Also note that ged(wg, B) divides ged(w, B) = ged(A — B,B) = 1, so
d = ged(B,p® +1). O

We give the following lemma for later use:

LEMMA 10.1.16. Suppose W is a totally wild I(co)-representation of odd dimension D, with all
slopes 1/D. If p is odd, then W|p(o is not self-dual as P(oco)-representation.

PROOF. Suppose first that D = p® for some a > 0. Then W is P(oo)-irreducible by [Ka-GKM|
1.14(2)]. If W and its I(co)-dual WV are P(oo)-isomorphic, then we have an I(oo)-isomorphism
WY = W ® x for some character x of I(c0)/P(o0) (simply because P(oo) <1 I(c0)). Because p is
odd, there exists a character p of I(c0)/P(00) with p? = x. But then W ® p is I(co)-self-dual,
which for p odd is impossible by [Ka-ESDE, 8.8.3] because its rank p® is odd.

Suppose now that D = ngp® with a > 0 and p t ng. Then as I(co)-representation, W is the
Kummer direct image [ng].V for some V an I(c0) of rank p® with all slopes 1/p*. Then the Kummer



226 10. ONE-PARAMETER FAMILIES OF EXPONENTIAL SUMS

pullback [ng]*W is the direct sum

[no]"W = @ Mult. Transl¢ (V).
Ceﬂno(ﬁ)

The Kummer pullback does not change the P(oco)-representation, hence

WP(oo) = @ Mult.Tranle(Vp(oo)).
CE€png (E)

By [Ka-GKM] 1.14(4)], these no multiplicative translates are pairwise nonisomorphic as irreducible
P(o0)-representations. By the argument above, none of these multiplicative translates is P(co)-
self-dual. So if W is to be P(o0)-self-dual, these ng multiplicative translates must fall into pairs of
P(00)-duals. But this is impossible, as ng is odd. O

LEMMA 10.1.17. Let X/F, be smooth and geometrically connected, £ # p, and F a lisse Qy-adic

sheaf on X which is pure of weight zero. Suppose Gaitn 1S finite. Suppose there exists a point
ro € X (Fy) such that Trace(Frobg, r,|F) = rank(F). Then Ggeom = Garith-

PROOF. Indeed the quotient Gyith/Ggeom is a quotient of Gal(F,/F,), so generated by the image
in Garith/Ggeom of any Frob, r, for any 2 € X(F,;). The image of Frob,,r, in Gaien is the identity
element idg, .., of Garith, simply because in a finite group G' < GLynk(7)(C), only the identity has
trace equal to the dimension. But idg lies in Ggeom- O

arith

We now given a “rationality” result for multiplicative characters. Recall that a nonzero one-
variable polynomial f(x) over an Fp-algebra is said to be Artin-Schreier reduced if it has no constant
term, and if any monomial appearing with a nonzero coefficient has degree prime to p. Given a
nonzero Artin-Schreier reduced polynomial f(x), we denote by

ngdeg(f )
the greatest common divisor of the degrees of the monomials appearing in f.

THEOREM 10.1.18. Let Fy/F2 be a finite estension, f(x) € Fylx] a nonzero Artin-Schreier
reduced polynomial. Let B > 1 be an integer with p { B and B < deg(f). Suppose F; contains

pp(Fy), i.e. that ¢ = 1(mod B). Suppose that
ng(B7 ngdeg(f)) =1

Let 6 be a nontrivial multiplicative character of F5. Consider the lisse sheaf G(f, B,8) on Al/F,
whose trace function is given as follows: for k/Fq a finite extension,
—1

teAl(R) =k — Yr(f(z) + tzP)oy ().
\/ﬂzl; * ’

Then we have the following results.

(i) G(f, B,0) is geometrically irreducible, and pure of weight zero.
(ii) Suppose p is a nontrivial multiplicative character of F. If p # 0, then G(f, B,0) and
G(f, B, p) are not geometrically isomorphic.
(ili) Suppose G(f,B,0) has finite Gayitn. Let K/Q((p) be a finite extension such that the field
of traces of Ggeom lies in K. Then 0 takes values in K.

PROOF. The first assertion is proven in [KT6l Proposition 2.6]. The second assertion implies
the third. Indeed, If # does not have values in K, then K(f) is a nontrivial galois extension of
K. If we apply a nontrivial element o € Gal(K(0)/K) to the trace function of G(f, B, ), we get
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the trace function of G(f, B,07). Therefore G(f, B,07) also has finite Gan (by the integrality
of its traces), and hence has finite Ggeom. Because Gyien is finite, the element Frobor, has finite
order. So replacing F, by a finite extension k, e.g. by Fgn for n the order of Frobgp, , we may
assume that Frobg ;|G (f, B, ) is the identity, or equivalently that Trace(Frobg |G (f, B,0)) = deg(f).
Because the integer deg(f) is fixed by o, we get Trace(Frob;|G(f, B,607)) = deg(f), i.e. that
Frobo x| F(f, B,67) is the identity. It then follows by Lemma that for both G(f, B,0)) and
G(f, B,6%), when pulled back to A!/k, each has Ggeom = Garith- Therefore for G(f, B, ), the trace
field of its Gapitn lies in K. But o fixes K, therefore G(f, B,07) has the same Frobenius traces
over extensions of k as G(f, B,6). By Chebotarev, G(f, B,0) and G(f, B,0%) are arithmetically
isomorphic (both being geomerically, and hence arithmetically, irreducible). Therefore G(f, B, 6)
and G(f, B,07) are geometrically isomorphic. By assertion (ii), this implies that § = #7. Thus 6 is
fixed by Gal(K(#)/K), hence has values in K.

It remains to prove (ii). We argue by contradiction. If p # 6 but G(f, B,0) and G(f, B, p) are
geometrically isomorphic, then the cohomology group

H7(AY/F.G(f, B,0) @ G(f, B, p)")

has dimension one, and is pure of weight two. On the other hand, the H! is mixed of weight < 1,

so by the Lefschetz trace formula we would recover 1 as limsup over larger and larger extensions
k/F, of

" ZTrace Frob: |G (f, B, 0))Trace(Frob; x|G(f, B, p)")

tek
'Y X alra) — 1) + ta® — y)o()oty)
tek xyekx
- #Zk Y wl@) - f0)P@))
z,yekX xB=yB

# S wn(fl@) — f(¢2)0(z)p(Ca).

CEpp zEL™
The hypothesis that ged(B, gedgeg(f)) = 1 means precisely that for ¢ € up and ¢ # 1, f(z) — f(Cx)
is a nonzero Artin-Schreier reduced polynomial. The sum

> k(f(@) — f(¢x)0(x)p(Cx)
ek

is then of absolute value < deg(f)+/#k by Weil, so it contributes 0 to the lim sup. For { = 1, the

sum is
> tn(f(@) = f(x))0 = ) bx)p(¢x) =0,
xckX rekX
the last equality because 6p is nontrivial. Thus the limsup is 0, not 1, a contradiction. O

10.2. The (A,1)-case

In this section, we completely determine the geometric monodromy groups of the local systems
F(A,1,x). We begin with a group-theoretic observation.

LEMMA 10.2.1. Let p be a prime, m € Z>1, and let G < GLy,(p). Suppose € is a primitive
prime divisor of p™ — 1, cf. |Zs|. If a p-subgroup R of G is normalized by an element g € G of
order £, then R =1.
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PROOF. By the choice of ¢, g acts irreducibly on the natural module V' = F}". Since g fixes the
(nonzero) fixed point subspace U of R on V, it follows that R =V, and so R = 1. O

LEMMA 10.2.2. Let 24 N > 3, and let Ggeom be the geometric monodromy group of the Klooster-
man sheaf IC := KI(Charytriv(N)) in characteristic p = 2. If Ggeom s infinite, then Ggeom = Spy_1-
Similarly, if Ggeom denotes the geometric monodromy group of F(57, B, 1) in characteristic p = 2,
for any odd 1 < B <55, then Ggeory # 7.

PRrROOF. By Lemma IC satisfies (S+). Its Gigeom is infinite, so it is Lie irreducible, and
symplectic by [Ka-ESDE, 8.8.1-2] (in fact, it is symplectic for any odd N > 3 in any characteristic
p 1 N). Its Kummer pullback [N]*KI(Charytriv(IV)) is the Fourier transform FT'(Ly,~), which is
an Airy sheaf in the terminology of [Such]. So the result is a special case of [Suchl Proposition
11.7], unless N = 57 and G2, = F7. In this case, go has spectrum us7 \ {1}, so g{? has order 3

geom

and spectrum (1[18], ng],zgg}), which is impossible by [CGl, Proposition 4.1]. The same argument
applies to F(57, B, 1). O

LEMMA 10.2.3. Let F = F(A, B,6) in characteristic p { AB with A > B > 1 coprime, of
dimension D and with G = Ggeom- Then none of the following cases can occur.

(a) (p,D) = (2,6), and G° acts on H as SLz = SL(V) acts on Sym?(V) or Sym?(V*).

(b) D =8 and G° = Spin; acts on H as on its spin module.
(¢) D =238, and G° acts on H as SLy = SL(V) acts on the adjoint module.
(d) D =4,5 and G° is SLy or PSLs.

PROOF. In each case, we argue by contradiction.

Suppose we are in case (a). Since p = 2 1 AB, we have A = 7, § = 1. In this case, F is
symplectic by Theorem (iii), hence it is symplectic over G°, whereas it is not self-dual over
SLs.

Suppose we are in case (b). Note that the spin module is orthogonal over Spin,, cf. [Bour]
Table 1, p. 213]. Hence F is orthogonally self-dual by Lemma By Theorem the latter
implies that 21 AB, whence A =9, § = 1, but in this case F would be symplectically self-dual, a
contradiction.

Suppose we are in case (c¢). Note that the adjoint module of SL3 is orthogonal over SLs, so F is
orthogonally self-dual by Lemma By Theorem the latter implies that 2 + AB, whence
A =9, 0 =1, but in this case F would be symplectically self-dual, a contradiction.

In case (d), the SLa-module is self-dual, of orthogonal type if D = 5 and of symplectic type
if D = 4. By Lemma F is self-dual, of the same type, so 2 { AB by Theorem in
particular, A — 5. Now, if D = 4, then the symplectic type tells us that 6 = 1; also, p = 3 and
m = 2 by Theorem but then p|B = 3, a contradiction. If D = 5, then the orthogonal type
tells us that p > 2, and this is impossible by Theorem [6.1.5 ]

THEOREM 10.2.4. Let p be a prime and let A € Z>3 be coprime to p. Consider the local system
F(A,1,0) in characteristic p, of rank D = A —1 if § = 1 and D = A otherwise, with geometric
monodromy group Ggeom. Assume in addition that D > 3 and Ggeom 15 infinite. Then we have the
following results.

(i) If A is even, then for every 6, F(A,1,0) has Ggeom = SLp.
(ii) If A is odd and 6 # 1, x2, then Ggeom = SLp.

(iii) If A is odd and 6 =1, then Ggeom = SPp-

(iv) If Ais odd, A # 7, and 6 = x2, then Ggeom = SOp.

(v) If A=T7 and 6 = x2, then Ggeom = Go.
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PROOF. (A) We first show that G := Gg,, must be either (i3 in rank 7 or one of the classical
groups SLp with D > 2, SOp with D > 3,D # 4, or Spp with 2|D. [Sometimes SLs will occur
naturally as itself, other times as Spy. And the image of SLy = SL(V) in Sym?(V) will occur as
SO3.]

Consider H = Hemai, a1 if 0 = 1 and consider H = Hpig a,1,5 With A =0if 0 #1. Let H
denote the geometric monodromy group of H. By Theorem G = Ggeom is finite if and only
if H is finite; indeed, G has index dividing A in H. Furthermore, since D > 2, either H is known
to be finite (the cases (A = 9,0 =1,p =2) and (A = 5,p = 2,3)) or H satisfies (S+) by Lemma
and so we can apply Lemmas and to H. By Proposition M(l), a generator gg
of the image of I(0) is an ssp-element on the underlying representation V' of H; more precisely, its
spectrum is pa \ {1} if § = 1 and p4 otherwise, and so 0(go) = A.

(b) Since G is infinite, G° = H° is a simple algebraic group by Lemma m Hence we can
apply Theorem and arrive at one of the following possibilities.

(bl) H® is a classical group SLp, Spp, or SOp, or D =7 and H° = Gs.
(b2) One of (a)—(d) listed in Lemma [10.2.3 and so they are all ruled out.

(b3) p = 2, H° = HSpiny with N € {10,12,16} and D = 2V/2~1. As p { A, in this case we
must have A = ¢+ 1, leading to finite Ggeom by Pink-Sawin, a contradiction.

(b4) k = 2,3, H° is the image of SLg = SL(V) in the representation A*(V), and 2 < p < k.
If £ = 2, then p = 2 rules out A = 16, and the case A = 15 is impossible by Lemma [6.1.18 If
(k,p) = (3,2), then p = 2 rules out A = 20, and the case A = 21 is impossible by Lemma [10.2.2] If
(k,p) = (3,3), then p = 3 rules out A = 21, and the case A = 20 is impossible by Lemma

(b5) p=2,3 and (H°,D) = (Es,27) or (Ev,56). Here, m = 0 by Theorems [6.2.12| and [6.2.13]
Moreover, if D = 27, then p = 3, A = 28, again leading to the Pink—Sawin sheaf with finite
monodromy, cf. Theorem (iv). If D = 56, then A = 57, so p = 2, and this case is ruled out
by Lemma [Note that it will be shown in Theorem [10.2.7(ii) that in fact F(57,1,1) has
Ggeom = PSU3(8).]

(B) We have shown that G is either G in rank 7 or one of the classical groups in its standard
(or dual of standard) representation. Because A > 3, in all cases we have wild part w=A —1 > 2
for both H := Hemau,a,1 if 6 = 1 and for H := H = Hpig 41,8 With 4 # 1. We first compute the
groups Ggeom for these H. We will use the fact that if H is Lie self-dual, meaning that its Ggeqp, 18
SO or Sp, then for some tame character x, £, ® H will be self-dual.

Consider first the case of H = Henan,a,1 with A odd. This H is itself symplectic, so by the
paucity of choice it has Ggeom = Sp4_1. Similarly, if A is odd and p is odd, then H := Hpig. 4.1,y 18
orthogonally self-dual and has geometrically trivial determinant, so by the paucity of choice it has
Ggeom = SO 4 except possibly if A = 7. In this A = 7 case, it results from [Ka-G2, 3.1 and 6.1]
that when Ggeom is infinite (as it in fact is for p > 3), it is Go.

Now consider that case of H := Hpig a1, When A is odd and A £ 1, x? # 1. If it were
Lie self-dual, then some £, ® H would be self-dual. Its upstairs characters would be pChar(A),
which would need to be stable by complex conjugation. The set Char(A) is stable, so we would
have pChar(A) = pChar(A), so p?>Char(A4) = Char(A), so p? € Char(A). Because A is odd, either
p € Char(A), or, if p is odd, p € x2Char(A). In the first case, at the expense of multiplying x
by a character of order dividing A, we arrive at a self-dual H := Hpig a1, still with x4 # 1,
x% # 1. In the second case, we have Ly, times such an H := Hy;g 4.1, being self-dual, and hence
with H 1= Hpig a1,y itself being self-dual. But this self-duality forces the downstairs character x
to be fixed by complex conjugation, which it is not. Thus if A is odd but x? # 1, we are not Lie
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o
geom

self-dual. By the paucity of choice, we have G
have Ggeom = SLA.

Next consider the case of H = Hgman a1 with A even. Then p must be odd, and any £, ® H is
still a Kloosterman sheaf of odd rank A — 1, so cannot be self-dual, cf. [Ka-ESDE| 8.8.1]. Thus
here we have Gggop, = SLa—1. Here det(H) = Ly,, so H = {y € GLa—1[det(y) = £1}.

Finally consider the case of H := Hpig 4,1, With A even. Here we must have p odd. Any £, @ H
still have wild part of odd dimension A — 1, so cannot be self-dual. Just as in the preceding case,
we have H = {7y € GL4|det(y) = £1}.

When we form the [A]* pullbacks, we get the asserted values of Ggeom for the F(A,1,x) (re-
membering that when A is even, this pullback kills the £,, determinant). O

REMARK 10.2.5. In Theorem [10.2.4]above, we omitted the case D = 2. For H := Hgmau,3,1, H is
symplectic, so when its Ggeom is infinite, it must be Spy = SLo, and so F(3,1, 1) will have the same
Ggeom = Spy when infinite. By Theorem 2.4.4] Gyeom will be infinite for p > 2w +1 =5. Forp =5
and for p = 2, Ggeom is finite: for p =5 it is a case of A = (¢+1)/2, and for p = 2 it is Pink-Sawin.
For H := Hpig2,1,0, Wwe have p odd, and its determinant is Ly, ® L,,, so when its Ggeom is infinite, it
must be {y € GLa|det(y)?? = 1. Thus F(2,1,6) will have Ggeom = {7 € GL2|det(y)? = 1}. Again
by Theorem m Ggeom for F(2,1,x) will be infinite for p > 5. In fact for p = 3, Ggeom is finite
precisely when x = X2, and for p = 5 Ggeom is infinite for all nontrivial x. This “in fact” statement
is an instance of the computer calculation used for low D in Theorem below.

= SL4. As det(H) is geometrically trivial, we

Now we can prove the main result of the section, which determines which F(A, 1, x) have finite
monodromy.

THEOREM 10.2.6. Let p be a prime and let A € Z>o be coprime to p. Consider the local system
F(A,1,x) in characteristic p, of rank D = A —1 if x =1 and D = A otherwise, with geometric
monodromy group G = Ggeom. Assume in addition that D > 2. Then G is finite if and only if one
of the following condition holds.

(i) p>2, A= (q+1)/2 for some power ¢ = pf, and x =1 or x = xa.

(ii) p arbitrary, g = pf, A= (¢* +1)/(q¢+ 1) for some odd integer n >3, and I+t = 1.
(iii) p > 2, A =2q — 1 for some power q = p/, and x = x2.

(iv) g=p/, A=q+1, and x = 1.

(v) p=3, A=23, and x = 2.
(vi) p=5, A=7, and x = 1.

PRrROOF. (a) The fact that F := F(A, 1, x) has finite monodromy in the cases (i)—(vi) is known.
In cases (i) and (ii), finiteness results from the van der Geer-van der Vlugt argument, cf [KT1
Theorems 4.2 and 4.3]. For case (iii), cf. [GKT, Theorem 3.1]. Case (iv) is the Pink-Sawin case,
cf. [KT1 4.1 and 20.3]. Case (v) is Cos, cf. [KRLT1, Theorem 4.2], and case (vi) is 2.J9, cf.
[KRL, Theorem 3.4].

We will keep the same notations H, H, go and the opening arguments in part (a) of the proof
of Theorem From now on we assume that G is finite. Leaving aside the cases of F(9,1,1)
and F(5,1,1) with p = 2 included in (iv), and F(5,1, 1) with p = 3 included in (i), we may assume
by Lemma that H is (S+). Since G is finite, H is finite, and we can apply Lemma to
H.

(b) Note that for A > 3, the dimension of the wild part of H is w = A —1 > 2; let gy denote the
p-part of w. By Mitchell’s theorem [Mit], for D > 4, no finite primitive subgroup of GLp contains
a complex reflection of order > 3, and for D = 3,4, no finite primitive subgroup of GLp contains
a complex reflection of order > 4. Combining this with Theorem [2.4.4] and Theorem we
see that F(A,1, x) with nontrivial x can have finite monodromy in given characteristic p only for
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p < 2A —1 and for an explicit finite list of possible y for each pair (p, A = D), namely x?(@+1) =1
if D> 4 and x5@*Y =1 if D = 3,4. And for F(A,1,1) of rank D = A — 1, we must check each
of these, again for p < 24 — 1.

In the case A = 2, no finite primitive subgroup of GL 4 contains a complex reflection of order
> 6, see [ST]. By Theorem Ggeom must be infinite for p > 7. As p is odd for Hpig 2, we
need only check finiteness in characteristics p = 3,5. By Lemma Ggeom contains a scalar
multiple of a complex reflection of determinant p?ys if p? # X2, hence p?y2 must have order < 5
if Ggeom is possibly finite. Thus p? must have order < 10, so the only cases we need examine for
finiteness are F(2,1, x) with x of order < 10 in characteristics p = 3, 5.

A computer check of the V-criterion for finiteness run on Mathematica shows that for 3 < D < 28,
one of (i)-(vi) holds whenever the monodromy is finite. [More precisely, the V-test fails except in
these cases, and as noted above we know that these cases indeed have finite monodromy.] Hence,
from here on we may assume that D > 29.

First consider the case H is an extraspecial normalizer in characteristic r; in particular, D = ¢
is a power of r. Since D > 11, we have p = r by [KT5], Theorem 9.19]. This rules out the cases
x # 1, as otherwise we would have p|D = A. Hence x =1, A= D + 1 = ¢+ 1, and we arrive at
the Pink—-Sawin case (iv).

We may henceforth assume that H is almost quasisimple; let S denote the non-abelian compo-
sition factor of H, and recall that gy is ssp on V and that ([3.1.0.1) holds. Then L := H(®) is a
quasisimple cover of S and acts irreducibly on V' by Lemma [1.1.6

By Theorem the assumption D > 29 rules out the case S is a sporadic simple group.
We will now analyze the remaining possibilities for S. Note that, in the case S is of Lie type,
since D > 15, by Theorem we have that the defining characteristic of S is p, and will apply
Theorem to H. Let @ denote the image of P(c0) in H, and let g, be a p’-element that
generates the image of I(oc) modulo @, cf. Proposition [2.4.3(ii).

(c) Here we consider the case S = PSLy(q), with ¢ = pf, and 13 < D < ¢+ 1. Then ¢ > 13,
and so L is a quotient of SLy(q). As L is irreducible on V', we see that D = ¢, ¢+ 1, or p > 2 and
D= (q+1)/2.

Suppose D = (¢ — 1)/2. If x # 1, then 6(go) = A = (¢ — 1)/2, and this case is impossible by
[K'T5, Theorem 9.11]. If x = 1, then A = (¢ + 1)/2, leading to (i).

Suppose D = (¢+1)/2. If x # 1, then A = (¢+1)/2, w = (¢—1)/2, and go = 1. Now, the case
X = X2 is included in (i), whereas x? # 1 is impossible since it would yield a scalar multiple of a
complex reflection in H by Theorem Assume now that x = 1, so that w = (¢ +1)/2. As
pt D, p{|Z(H)| by [KT5, Proposition 4.8(iv)], whence @ embeds in the subgroup PSL(q) x C of
Aut(S). Since ¢ = pf > 27, by [Zs] we can find a primitive prime divisor £ of p?f —1, so that £|(q+1)
and ¢ > 2f + 1. By [KRLT4l Proposition 4.8], some power h of g has central order ¢, hence
h € Z(H)L. Now, h normalizes Q1 := Q NZ(H)L, which can be viewed as a p-subgroup of SLy(q).
By Lemma [10.2.1} @1 = 1. This in turn imply that Q — H/Z(H)L, and so |Q| < f < (¢ + 1)/2.
This is impossible, since @ has (¢4 1)/2 distinct linear characters on Wild by [KRLT4\ Proposition
4.8].

Suppose D =q. As pt A, we have A = D + 1 and x = 1, leading to (iv).

Suppose D = g+ 1. If x = 1, then w = g + 1, and we can repeat the above arguments of
(D,x) = ((q + 1)/2,1) verbatim to rule it out. So x # 1, w = ¢, and |Q| > ¢* by [KRLT4,
Proposition 4.9]. On the other hand, as p { Z(H) by [KT5|, Proposition 4.8(iv)], @ — PSLa(q) x Cy
and so |Q| < ¢f < ¢?, a contradiction.

Finally, assume that D =q¢—1>29. Aspt A, we have A = D, and so x # 1 and w = q — 2.
Suppose p > 2. Then, by Plropositionii)7 q—2 divides 6(gs0), hence also |[Aut(S)| = 2fq(q*>—1).
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It follows that p/ — 2 < 3f, which is impossible. Suppose p = 2. Then, by Proposition M(ii),
q/2 — 1 divides 6(gwo), hence also |Aut(S)| = fq(¢> — 1). Tt follows that 2/=1 — 1 < 3f, which is
impossible unless ¢ = 2°. In the latter case, p { D, so p { |Z(H)| by [KT5, Proposition 4.8(iv)],
and so @ embeds in SLa(q) x C5. In particular, @) is abelian, which is impossible by [KRLT4|
Proposition 4.9] since 2|w.

(d) Here we consider the case S = PSL,(q) with ¢ = pf and n > 3. As D > 29, by Theorem
we have that L is a quotient of SL,,(¢) and D = (¢" — q)/(¢ — 1) or (¢" —1)/(¢ — 1).

Suppose D = (¢" — q)/(q¢ —1). As p1 A, we must have that A = D + 1, whence y = 1 and
w = D. In this case, Proposition shows that 6(gs) is divisible by (¢ +1)(¢" ! —1)/(g—1) >
(¢" —1)/(q — 1), contradicting the equality

(10.2.6.1) meo(Aut(S)) = (¢" —1)/(g—1)

of [GMPS| Theorem 2.16].

Suppose D = (¢"—1)/(¢—1); in particular ¢ > 2. If y # 1, thenw = D—1=(¢"—¢q)/(¢g—1). In
this case, Proposition shows that 6(gno) is divisible by (g+1)(¢" 1 —1)/(¢—1) > (¢"—1)/(q—1),
contradicting (10.2.6.1). Hence x = 1, and w = D. By Theorem H/Z(H) = PGL,(q). As
pt D, pt|Z(H)| by [KT5, Proposition 4.8(iv)], whence @ embeds in PSL,(¢g). Since D > 29 and
q > 2, by [Zs] we can find a primitive prime divisor ¢ of p"/ — 1, so that £|w and ¢ is coprime to
g—1and |H/Z(H)L|. By [KRLT4, Proposition 4.8]|, some power h of g has central order ¢,
hence h € Z(H)L. Now, h normalizes ), which can be viewed as an elementary abelian of SLy(q).

By Lemma Q@ = 1, a contradiction.

(e) Next assume that S = PSp,,(¢) with ¢ = p/, p > 2, and n > 2. As D > 29, by Theorem
we have that L is a quotient of Spy,(¢) and D = (¢" £1)/2.

Suppose D = (¢" — 1)/2. If x # 1, then 6(g9) = A = (¢" — 1)/2, and this case is impossible by
[KT5, Theorem 9.11]. If x = 1, then A = (¢" + 1)/2, leading to (i).

Suppose D = (¢" +1)/2. If x # 1, then A = D, w = (¢" — 1)/2, and g9 = 1. Now, the case
X = X2 is included in (i), whereas x? # 1 is impossible since it would yield a scalar multiple of a
complex reflection in H by Theorem Assume now that x = 1, so that w = (¢" + 1)/2.
By Theorem H/Z(H) 2 S, s0 H = Z(H)L. Aspt D, pt|Z(H)| by [KT5, Proposition
4.8(iv)], whence () embeds in S. Since n > 2, by [Zs] we can find a primitive prime divisor ¢ of
p?f — 1, so that ¢|w. By [KRILT4, Proposition 4.8], some power h of g, has central order . Now,
h normalizes @), which can be viewed as an elementary abelian of Sp,,,(q). By Lemma Q=1,

a contradiction.

(f) Next assume that S = PSU,(q) with ¢ = p/, 2{n > 3. As D > 29, by Theorem
we have that L is a quotient of SU,(¢), D = (¢" —¢q)/(¢+ 1) or D = (¢" +1)/(¢ + 1), and
H/Z(H) = PGU,(q) by Theorem

Suppose D = (¢" —q)/(g+1). Asp{ A, we must have A=D+1=(¢"+1)/(¢g+1) and x =1,
leading to (ii).

Suppose D = (¢" +1)/(g+1). If x # 1, then A = D, w = (¢" — q)/(¢+ 1), and qo = ¢.
Now, the case x9*t! = 1 is included in (ii), whereas x9*! # 1 is impossible since it would yield a
scalar multiple of a complex reflection in H by Theorem [10.1.12] Assume now that y = 1, so that
w=(¢"+1)/(g+1). Aspt D, p1t|Z(H)| by [KT5, Proposition 4.8(iv)], whence @ embeds in
S. Since n > 3 and D > 29, by [Zs] we can find a primitive prime divisor £ of p**f — 1, so that
¢lw and { is coprime to ¢ + 1 and |H/Z(H)L|. By [KRLT4, Proposition 4.8], some power h of g
has central order ¢, and so h belongs to Z(H)L. Now, h normalizes ), which can be viewed as an
elementary abelian of SU,(¢q). By Lemma @ =1, a contradiction.
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(g) Now we consider the case S = PSU,(q) with ¢ = pf, 2 | n > 4. As D > 29, by Theorem
we have that L is a quotient of SU,(q), D = (¢" —1)/(¢+ 1) or D = (¢" + q)/(¢ + 1), and
H/Z(H) = PGU,(q) by Theorem

Suppose D = (¢" —1)/(¢+1). Aspt A, we must have A = D, x # 1, and 6(g9) = D. This is
however impossible by [KT5], Theorem 9.17].

Suppose D = (¢" +q)/(q+1). As pt A, we must have that A = D+ 1 and x = 1. By
Proposition i), go is an ssp-element of central order D + 1. Applying [KT5, Theorem 8.13],
we must have that D + 1 = (¢ + 1)(¢® + 1)/(¢ + 1) for some a,b > 1 with n = a + b, which is
impossible.

(h) Finally, we consider the case S = A,, for some n > 5. In fact, the assumption D > 29 together
with Theorem [10.3.5{and [KT5), Lemma 9.1] show that n > 10, D =n—1 and L = S = A,, acts on
V as on the deleted permutation module C*~!; in particular, Aut(S) =S,,.

(h1) First suppose that x # 1, so that pt A = D = n — 1. Consider the case 2 { n, whence
p>2and Q <Z(H)S. In fact, as pt D, pt|Z(H)| by [KT5, Proposition 4.8(iv)], whence @ < S
and so the Q-module V', which is Wild & Tame, is self-dual. It follows that Wild, of odd dimension
n — 2, is self-dual over @), contradicting Lemma Hence 2|n. Now, the spectrum of gg on
C" ! is just pn—1, which shows by Theorem go induces an (n — 1)-cycle in S,,. As 2|n,
Theorem that H = Z(H)S. Again using p 1 D we get p { |Z(H)|, and so Q < S. Recalling
dim Tame = 1, we see in that case that the p-subgroup @ < A, acting on the natural permutation
module C™ has 2-dimensional fixed point subspace, which means that () has precisely two orbits
while acting on € :={1,2,...,n} and so, using n > 2 and p{ (n — 1),

n=7p*+p’ witha>0b>1.

Suppose that a > b. Then Ng_ (Q) must preserve these two orbits of length p® and p® on 2, and
so it acts on C"~! with at least 3 simple summands. On the other hand, the image J of I(co) acts
irreducibly on both Wild and Tame, a contradiction. We have shown that

(10.2.6.2) n = 2p°.

Assume in addition that p t w = n — 2, so that g9 = 1 and p > 2. If x # x2, then Theorem
implies that H contains a scalar multiple of a complex reflection of order > 2, whereas H
can contain only a scalar multiple of a true reflection, a contradiction. Hence xy = x2, and we can
use ([10.2.6.2)). If a = b we arrive at (iii).

Now suppose that w =n — 2 = wop® with p t wp and e > 1, whence p = 2 by . Then
Jso has odd order but still normalizes ), so it stabilizes each of the two Q-orbits on €. This again
contradicts the prescribed action of J = @Q X (goo) on V.

(h2) Finally, we consider the case y = 1, so that A = n. If 2 t n, then H is symplectic, cf.
[Ka-MMP), 3.10.2-3|, whereas the S-module V' is orthogonal, a contradiction. So 2|n and p > 2.
Assume in addition that p { (n — 1) = D. Then we again have p { |Z(H)|, and so Q < S and
the @-module V' = Wild is self-dual of odd dimension n — 1, contradicting Lemma Hence
pl(n — 1); write w = n — 1 = wep® with p { wy and e > 1. By Proposition (and [KRLT4!
Proposition 4.9]), goo is an ssp-element of central order wo(p® + 1) < (4/3)(n —1). Now, if wy =1,
then we arrive at (iv). Suppose wg > 2. Then wo(p® + 1) = n — 1 4+ wp > n, so the permutation
m € S, induced by go cannot be an n-cycle or an (n — 1)-cycle. Hence 0(goo) = k(n — k) for some
1 < k < n/2 coprime to n, by Theorem [10.3.5] It follows that 6(gs) > 2(n — 2) > (4/3)(n — 1), a
contradiction. g

The next result determines the geometric monodromy group of F(A, 1, x) when it is finite (recall
the infinite case has been treated in Theorem (10.2.4)).
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THEOREM 10.2.7. Let p be a prime and let A € Z>2 be coprime to p. Consider the local system
F(A,1,x) in characteristic p of rank D > 2 with geometric monodromy group G = Ggeom. Then,
in the cases where G is finite, as listed in Theorem[10.2.6, G is as follows.

(i) Suppose that p > 2, A = (q+1)/2 for some power ¢ = p’, and x =1 or x = x2. Then G is
the image of SLa(q) in a Weil representation of degree D = A — 1 when x = 1 and of degree
D = A when x = xa2.

(ii) Suppose p arbitrary, ¢ = pf, A= (¢" +1)/(q + 1) for some odd integer n > 3, and Y7+ = 1.
If (n,q) # (3,2), then G is the image of SU,(q) in a Weil representation of degree D = A — 1
when x =1 and of degree D = A when x # 1. If (n,q) = (3,2), then G = 2172 if y =1 and
G231 x 212 4f x £ 1.

(iii) Suppose p > 2, A =2q — 1 for some power ¢ = p/, and x = x2. Then G = Agq in the deleted
permutation module of dimension 2q — 1.

(iv) Suppose q=pf, A=q+1, and x =1. Ifp > 2, G is the Heisenberg group p_l‘_+2f of order pg?
and exponent p. If p =2, G is the extraspecial 2-group o1 +2/

(v) Suppose p=3, A =23 and x = x2. Then G = Cos.

(vi) Suppose p=>5, A=7, and x =1. Then G = 2.Js.

PrOOF. (i) This is [KT1, Theorem 17.2] when ¢ > 3; note that G is SLa(q) when 2|D, and
PSLs(q) when 21 D. Suppose that ¢ = 3, and so x = x2 as D > 2. By Lemma H = Hpig3,1,x
is (S+), and has traces in Q(¢12). We can apply Lemma to its geometric monodromy group
H and use [HM] to rule out the case H is almost quasisimple. So H contains a normal subgroup
R = 2172 for some € = +. As the image Q = C3 of P(co) in both G and H injects in H/Z(H) by
[KT5|, Proposition 4.8(i)], we have that e = —, and thus H/Z(H) < Aut(R) has order 3 or 6. In
particular, G = 0% (G) < O% (H) < Z(H)R-C3. Since Q < G, we have that Z(H)GR = Z(H)R-Cs.
Note that @ acts irreducibly on R/Z(R) and Z(H) < Z(G) < Z(H). Now, if Z(H)G ? R,
then Z(H)G = Z(H) - C3 and so by Ito’s theorem [Is, (6.15)] cannot act irreducibly on H. So
Z(H)G = Z(H)R - C3. Comparing the order and using Z(H) N G = Z(G), we then have that
|G| = 3|Z(G)| - |R|/2 = 12|Z(G)|. On the other hand, any z € Z(G) acts on F(2,1,x2) as ¢ - Id,
with trace belonging to Q((3), so ¢ = 1 and so a := |Z(G)| divides 6. Also, b := |H/G| < 2, so
we see that |H| divides 144. Now, some element 1 # h € @ acts as diag(1,(3) and a generator g
of the image of I(0) in H acts as diag(1,—1). As H is generated by the normal closure of gy and
h, see [KRLT4l, Theorems 4.2 and 4.3], it follows that H is generated by (and contain) complex
reflections of order 2 and 3, and primitive. Using the classification result of [ST], we then see that
|H| = 48 or 144, in fact it is either Cy * SLa(3), Ci2 * SL2(3), or Cg * 254.

Solving the equation |H| = 12ab, we obtain b =2 and a = 2 or 6. Since G = 0¥ (G) and b = 2,
we get G = SLa(3) or C5 x SLa(3). We will show that in fact G = SLy(3) as follows. A computation
using Magma over Fg shows that Frobg r, has trace 2 (using the clearing factor 37 over Fys), and
hence by Lemma we have G := Ggeom = Garith- A second computation using Magma over
Fga shows, by Lemma whose So, = 2, that

R
|G| 94— 3%
hence \%l lies in the interval [29@ — 3%, 2;—43 + 3%] =[0.0262...,0.0509...], and hence

19.6 < |G| < 38.2,

hence G = SL2(3). Note that SLy(3) has three irreducible representations of degree 2, two non-
self-dual Weil representations and one self-dual. Since F is not self-dual, G acts on F via a Weil
representation.
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(ii) For 2t g, this is [KT3| Theorem 4.4].

Suppose 2|¢g and A = (¢"+1)/(¢g+1) > 3; in particular, F has rank D > 10. Then, as mentioned
in part (a) of the proof of Theorem the geometric monodromy group H of the corresponding
hypergeometric sheaf H is (S+), and we can apply Lemma to the finite group H. Now, if H
is an extraspecial normalizer, then p = 2 forces D to be a 2-power, a contradiction. Hence, H is
almost quasisimple. Let S denote the unique non-abelian composition factor of H, which is also
for G. Note that the case A = 13, i.e. (n,q) = (3,4) is [KT1), Theorem 19.1]. Assume in addition
that (n,q) # (5,2), so that D > 42. By Theorems [10.3.5] [3.1.3] and [3.1.5, S = Ap in the deleted
permutation module, or else S is of Lie type in characteristic r, in which case r = 2 by Theorem
Now Theorem and its proof rules out the former case, and shows that in the latter
case S = PSU,,(¢’) for some odd m > 3 and some 2-power s, and A = (s"+1)/(s+1); in particular,
the 2-part of A — 1 is s. Since we also have A = (¢" +1)/(q + 1), the 2-part of A — 1 is ¢, hence
s = ¢ and m = n. By Theorem [3.1.5(iii), E(H) is the image of SU,(q) in a Weil representation of
degree D. Moreover, H/Z(H) = PGU,(q) by [KT5, Corollary 8.4]. Now, as H/G is cyclic and G
is generated by its Sylow p-subgroups but [PGU,(q) : S] is p/, we have that G/Z(G) = S and that
G = Z(G)E(G) with E(G) = E(H). If x # 1, then D = A is p/, and so p 1 |Z(G)|, so G = O (G)
forces G = FE(G). Suppose x = 1; in particular E(G) = E(H) = S. Then H is of symplectic type
[Ka-ESDE, 8.8.1-2|, implying Z(H) < Cy. If Z(G) = 1, then G = E(G) as stated. Otherwise we
have Z(H) = Z(G) = Cs. In such a case,

(H/S)/(Z(H)S/S) = H/Z(H)S = (H/Z(H))/(Z(H)S/Z(H)) = PGU,(q)/S

is cyclic of 2"-order e := ged(n,q+ 1) and Z(H/S) > Z(H)S = Cy, whence H/S is abelian of order
2e and so H has a normal subgroup H; of index 2. But note that a generator gg of the image of
I(0) in H has odd order, so hg € Hy, and Theorem shows that H = H;, a contradiction.

Consider the case A = 11. If S = SU5(2), then the above arguments show that G = SU5(2) in
a Weil representation. Suppose S # SU5(2). The proof of Theorem already showed that S
is not an alternating group or a group of Lie type. Applying [HM] and using the symplectic type
of F(11,1,1), we see S = SU5(2) when x = 1. So x # 1, of order 3, and E(H) = S = M;j; or
E(H) = S = M2 by [HM]. Using [CCNPW]|, we also see that H = S x Z(H). Since D = 11 is
2/, 24 |Z(H)|. Recalling that H/G is cyclic and G = O (G), we must have that G = S. Since the
11-dimensional representations of S are self-dual, this means that F is self-dual, which is however
not the case.

Now we consider the case A = 3. If x = 1, then it is (iv). Suppose x # 1. We still know that
H = Hpig,3,1,y is still (S+) and has traces in Q(¢3). Using [HM] we can rule out the case H is almost
quasisimple. Hence, by Lemma H contains a normal subgroup R = 3172 acting irreducibly
on H, with e = +. Since D = 3, we we have 2 { |Z(H)|. But Z(H) > Z(R) and has traces in
Q(¢3), so Z(H) = Z(R). In turn, this implies that H/R — Auto(R)/Inn(R) < SL2(3) = Qg x Cs,
in particular, a Sylow 2-subgroup T of H has order < 8. As w = 2, the image @ of P(oc0) is
non-abelian, forcing |T| = 8. Hence H = R x Qg or R x SLy(3); in particular, O (H) = R x Qg
has index 1 or 3 in H. Now G = O%(G) < O¥(H) and H/G < Cs, and we readily check that
G = R % Qs, which implies € = + by [Wi].

(iii) is [GKT) Theorem 3.1], (v) is [KRLT1, Theorem 4.2], and (vi) is [KRL), Theorem 3.4].

(iv) The case p > 2 is [KT1, Theorem 21.1]. Assume p = 2. Then G is a 2-group and G/Z(G)
is elementary abelian of order ¢? by [KT1, Corollary 20.3]; in particular, Z(G) # 1. Next, F is of
symplectic type [Ka-MMP, 3.10.1-3], implying Z(G) = Cs. It follows that ®(G) = [G, G] = Z(G),

and so G is extraspecial. Finally, F being symplectic implies that G == 2! +2f U
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10.3. The (A, B)-case

The first result of the section shows that the main results of [KT6|] can in fact be extended
to cover all possible parameters n > m > 1, subject only to the natural condition ged(n,m) = 1
and thus removing the condition m < n/2 made therein. Referring the reader to §§9, 10 of [KT6]
for precise formulations of the results alluded to, we restrict ourselves to the following statement,
which is needed for our intended treatment of the (A, B) exponential sums.

Recalling the sheaf F,,4cq(A, B, 1) defined in Definition for which we have the following
fact, which follows from [KT6, Lemma 2.3].

LEMMA 10.3.1. Suppose A > B > 0 with pt AB. Let D := gcd(A, B). Then on A'/F,(up) we
have a direct sum decomposition

Funged(A; B,1) = @ F(A/D,B/D,x)
x:xP=1
as the direct sum of D geometrically irreducible constituents which are pairwise geometrically non-
isomorphic.

Next we recall the following well-known facts:

LEMMA 10.3.2. Let t,k € Z>2, and let ny,...,n, > 0 be integers such that ged(ny, ..., ng) = 1.
(i) ged(t™ +1,...,t" + 1) =1 if and only if 2|t and 2|n; ...ny.
(ii) Suppose 21t. Then ged((t™ +1)/2,...,(t" +1)/2) =1 if and only if 2|ny ... ny.
(iii) Suppose 2{ny...ny,. Then ged((t™ +1)/(t+1),...,(t" +1)/(t+1)) =1.

PROOF. (i) Write d := ged(t™ +1,...,t" +1). If 2 { t then 2|d, and if 2 { ny ... ng then (¢+1)|d.
Assume now that 2|t and 2|n; ...ng, say 2|n;. Note that d divides

ged (2™ — 1, .. 7% — 1) = ¢8ed@m2me) _p — 42 g
As 2|ny, we have (2 — 1)|(t"™ — 1), and so d = ged(d, ™ + 1) = ged(d,2) = 1.
(ii) In the notation of (i) we have ged((t™ +1)/2,...,(t" +1)/2) = d/2. If 2{ n;y...ng, then
(t 4 1)|d. Assume now that 2|n;...ny, say 2|n;. As noted above, d divides t? — 1. Since 2|ny, we
have (2 — 1)|(t™ — 1), and so d = ged(d, t™ + 1) = ged(d, 2) = 2.
(iii) In the notation of (i) we have ged((t™ + 1)/(t +1),...,(t™ + 1)/(t + 1)) = d/(t + 1).
As noted above, we again have d|(t?> — 1). Since 2 { nj, we have (t2 — 1)|(t"*~! — 1), and so
d=ged(d,t™ +1) = ged(d,t+1) =t + 1. O

The next result completes the extraspecial normalizer case.

THEOREM 10.3.3. Let A > B > 3 be odd integers, gcd(A, B) = 1, and let A > 9. Suppose that
the system F(A, B, ) in characteristic p = 2 has finite geometric monodromy group G, which is in
the extraspecial normalizer case of Lemma m Then 6 =1 and A =2°+1 and B =2°+1 for
some integers a > b > 1 such that

a b
(10.3.3.1) 2| <gcd(a’ b aedla. b)>.

PRrROOF. Let H = Heman,a,B O Hpig A B,y as defined in (8.5.4.1), (8.5.4.2), be the hypergeo-
metric sheaf corresponding to F(A, B,#). By Corollary |10.1.9, H has finite geometric monodromy
group H > G which satisfies (S+). Hence H is also in the extraspecial normalizer case of Lemma
By [KTS5l, Theorem 7.4], the characteristic of H is 2 and the rank of H is a power of 2. As
2 1 A, this implies that § = 1 and A = 2% 4 1 for some a > 4. In particular, H = Hgmau a,p and
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so by [Ka-ESDEl Thm. 8.12.2] has trivial geometric determinant. Suppose for the moment that
B =241 for some b € Z>1. Applying Lemma to t := 2¢ with ¢ := ged(a,b), we see that
the condition ged(A, B) = 1 is equivalent to 2|(ab/c?), i.e. to (10.3.3.1)).

The rest of the proof is to show that we indeed have B = 2° + 1 for some b > 1.

Write the dimension w := A — B of the wild part as 2°wy with 1 < e < a and 2 { wg, and
let goo be a 2'-element that generates the image of I(co) in H modulo the image of P(o0). By
Proposition [2.4.3[(ii), 6(geo) is divisible by C' := wo(2° + 1) on Wild, and by B on Tame (since it
has spectrum pp ~ {1} on Tame and B > 3), and so 6(g) is divisible by lem(B, C'). On the other
hand, by Lemma El(c), goo is an odd-order element in Ngrp,, (c)(R) < Z(GL2:(C))R - Spy,(2).
Hence, using [GMPS!| Theorem 2.16] we have

6(goo) < meo(Spy,(2)) < 20T =24 — 2.
Writing d := ged(B, C), we then have
BC/d =1ecm(B,C) <0(goo) <24 -2<2A=2w+2B <2(B+C).

Thus BC < 2d(B + C), and so (B — 2d)(C — 2d) < 4d?. Recall that d|B,C, and 2 {1 B,C, in
particular, either B = d or B > 3d, and either C = d or C' > 3d. Assuming in addition that neither
B|C nor C|B, we have 4d > min(B,C) > 3d and thus {B,C} = {3d,5d}. Thus we have one of the
following three cases.

Case 1: B|C = wp(2° 4 1). Note that ged(B,wg) divides ged(B,w) = ged(B, A — B) =1, so in
fact B|(2°+1). Now, 2°wp =w = A — B =2%+1— B, hence B — 1 = 2% — 2%y is divisible by 2°.
As 24 B > 3, we conclude that B = 2° + 1, as stated.

Case 2: {B,C} = {3d,5d}. As before, ged(B,wg) = 1. Hence, d = ged(B, C) = ged(B, 2¢ + 1),
and so bd > C' = wo(2° + 1) > wod, i.e. wy < 5.

Suppose wy = 5. As ged(B,wp) = 1, we must have B = 3d, 5(2° + 1) = C' = 5d, whence
d=2°4+1,and w=5-2°. Now 2°+1=A =B +w=8-2°43, i.e. 2 =23 _2% 3 contradiction
since a > 4.

Suppose wy = 3. As ged(B,wp) = 1, we must have B = 5d, 3(2° + 1) = C' = 3d, whence
d=2°4+1,andw=3-2°. Now2°+1=A=B+w =8-2°45,ie 4 =23 _2% again a
contradiction since a > 4.

The remaining case is that wg=1,ie. B=A—-w=2%4+1—2¢=2%"°41, as stated.

Case 8: C|B but B t C. Using ged(B,wg) = 1 again, we see that wy = 1, so w = 2¢ and
B =2%—2°+1. Also, (264 1)|(2%+2) = 2(2¢ ! +1) implies (a —1)/e is an odd integer. If e = a—1,
then B = 2971 +1 = C. We will assume now that (a — 1)/e > 3, so that e < a — 3. By [KRLT4,
Proposition 4.9], there is some & € C* such that Spec (go) on Wild is &(pge41 ~ {1}) and on Tame
is up ~ {1}; in particular, 1 = det(go) = £2°. But 24 0(geo), 50 & = 1, and thus

(10.3.3.2) 0(goo) = 0(goo) = B =12 — 204+ 1>7-2073 > 2071,
Also,
(10.3.3.3) the total multiplicity of repeated eigenvalues of g is at most 2etl < 9a=2,

We will now explore the conditions (10.3.3.2)) and (10.3.3.3)). Recall that by [Ka-ESDE| Theorems
8.8.1-2], H is symplectic, so Lemma |1.1.3(c) shows that Z(E) = Z(H) = Cy(FE) and thus E<H <
E - 0,,(2), where E = 2"72* Now L = 0(gso) is the same as the order of its image oo in O, (2).
As in [GMPS, §2], we can find
r+s
1<k <hkg<... <k, 1<k1 <. Shpyo, witha =)k,
i=1
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such that
Joo = diag(h1, ..., hrs) € O (2) X ... x Oy (2) x Oz (2) x ... x Og; . (2),

0(Joo) divides L :=lem (2% +1,..., 28k 41,2k — 1 2Fres _ 1),

Set €; := —1if i < r and ¢ := 41 if i > r. Note that the element h,;, 1 <17 < s, has order dividing

ol+2kr s

2Fr+i — 1 and so its odd-order preimage in N, (024 ) admits some eigenvalue a;4; with
2

r+1i
multiplicity > 2. “Grouping” those eigenvalues together, we see that if s > 2 then some eigenvalue

of goo has multiplicity > 2° > 4, whereas g, is m2sp by Proposition m(ii), a contradiction. So
s < 1. On the other hand, since E has type —, we must have that 2{r > 1.

Suppose that k; = k; > 1 for some ¢ < j < r. By [GMPS| Lemma 2.9] we then have
L < 20—k < 99=1 contrary to (10.3.3.2)). Similarly, if &y = ko = k3 = 1, then we again have by
[GMPS, Lemma 2.9] that L < 20F1=Fki=k2 < 9a=1 "4 contradiction.

Suppose k1 = ko =1 < k3 < ... < ky. Then the odd-order preimage in NGL2ki ((C)(21_+2ki) of hy,

1 <4 < 2, has spectrum {w;, w; 1} with w? = 1, and so the product of these two preimages admits
eigenvalue 1 with multiplicity > 2. If s > 1, then “grouping” this eigenvalue 1 with «a;,1, we see
that some eigenvalue of g, has multiplicity > 4, again a contradiction. Suppose s = 0. Again
“grouping” this eigenvalue 1 with other eigenvalues coming from h; with j > 3, we see that the
repeated eigenvalues of g, have total multiplicity at least half of 2¢ = rank(#), violating .
We have shown that k1 < ko < ... < k.. Now, if the order of some h; is less than oki _ €;, then

it is at most (2% — ¢;)/3, and so

T r+58

0(goo) < é . H(Qki +1)- H 2k — 1) < % ok 9l ks % .20,

=1 j=r+1
contrary to . Thus each h; has order 2% — ¢;. The same estimate shows that o(ges) <
(4/5)2% if 2k —¢;, 1 <i < r + s, are not pairwise coprime. Thus

T r+s
o(goe) = [[2" +1)- ] @% - ).
i=1 j=r+1

Now, if s = 0, then o(geo) > 2, violating (10.3.3.2). So s = 1. If k41 = 1, then h,4; = 1, and so
all eigenvalues of g, are repeated, contradicting (10.3.3.3). Hence k,+1 > 2. Now

2% —2° 41 =0(geo) = (2Zi=1F 4 1)(2Fr+1 — 1) > 20 — 92X ki 4 3,

and so 2¢ < 22§:1ki, whence e < Y7, k;. Now, the repeated eigenvalue a,1; shows that the
total multiplicity of repeated eigenvalues of goo is at least 2 - 222i=1ki > 2¢%2  a0ain contradicting

(10.3.3.3). O

Next we turn our attention to the alternating case. We will need the following result on per-
mutation groups.

LEMMA 10.3.4. Let X = Q x C <SS, is a double transitive subgroup, where QQ # 1 is a p-group
acting transitively and C' is a cyclic p'-group. Then n = p®, and C' is generated by an (n —1)-cycle.

PROOF. Since X is solvable, by Burnside’s theorem [Caml Proposition 5.2], we have that X has
a unique minimal normal subgroup R, in particular, R < @ and so R is elementary abelian of order
p®. As shown in [Caml, Remark 1], one can identity {1,2,...,n} with the point set of W :=F}, R
with the subgroup of all translations on W, and X with R x Xy, where Xo < GL,(p) is a subgroup
that acts transitively on W ~ {0} and fixes 0. Now we have @@ = R x (X¢N @), and the p-subgroup
Xo N @ acts semi-transitively (i.e. with orbits of same length) on W ~\ {0}, hence trivially, and thus
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@ = R. Now |Xo| = |X/Q| = |C| is coprime to |Q, and so the complement C to @ is conjugate to
Xo by the Schur-Zassenhaus theorem, and so without loss we may assume X = C' = (x). It follows
that x fixes 0 and acts transitively on W ~ {0}, i.e. it is an (n — 1)-cycle. O

THEOREM 10.3.5. Let A, B € Z>2 be integers and p a prime with p 4 AB and ged(A, B) = 1.
Suppose 2 < B < A—2 and A > 12. Then no local system F(A,B,0) in characteristic p can
have finite, almost quasisimple, geometric monodromy group G which has S = A, withn > 5 as a
non-abelian composition factor.

PROOF. (a) We argue by contradiction.

Let H be a hypergeometric sheaf giving rise to F(A, B,#). More precisely, if § = 1, take
H = Homan,a,B- If 0 # 1, take H := Hpig 4 B, for any choice of x with x4 = 6. Thus H has
rank D = A — dp1 > 11. By Corollary H has finite geometric monodromy group H > G
which satisfies (S+). Applying Lemma to H > G, we see that S is the unique non-abelian
composition factor, and, as usual, S<TH/Z(H) < Aut(S5). Let go be a generator of the image of 1(0)
in H, @ the image of P(c0) in H, and let g, be a p’-generator for the image J of I(c0) in H modulo
Q. By Proposition go is ssp, and goo is m2sp. In particular, 11 < A = 6(gp) < meo(Aut(.5)),
ruling out the case n < 6. If n = 7, then Theorem [3.1.3] shows that D < 6, a contradiction. Hence
n > 8, and we can apply Theorem to find possible candidates for (V, gg), where V' = V3, is the
underlying representation for . Using the condition D > 10 and [KT5, Lemma 9.1], we can rule
out the spin cases and obtain that E(G) = S.

Suppose we are in case (i)(b) of Theorem ie. S =Ag, D =14, and 6(gp) = 15. Then
A =15 and § = 1; moreover, H = Z(H)S by Theorem Recall from Proposition [2.4.3[(ii)
that g has simple spectrum on Wild and simple spectrum pp ~ {1} on Tame. Checking [GAP]
for m2sp-elements in S, we see that 6(gos) = 15 or 6(geo) = 7. As I(00) is irreducible on Wild of
dimension w := A — B and |S| is coprime to 11 and 13, we see that w # 11,13, i.e. B # 2,4. Also,
B is coprime to A = 15, B|6(gx0) and 0(goo) is again to coprime to 11 and 13, so we have B € {7,8}.
Since pup ~ {1} is contained in Spec (goo), we see that 6(geo) 7 15, 30 0(go) = 7 and B = 7. Writing
Joo = zh with z € Z(H) and h € S (of order 7), we have that Spec (90) = apr oy (as a multiset),
for some av € C*. Again, it contains p7 \ {1}, so a € p7 and we can take a = 1. This shows that
Joo has 1 as a repeated eigenvalue on Tame, a contradiction.

We have therefore shown that Theorem [3.1.2(i)(a) holds, i.e. S = A, withn =D+ 1 and S
acts on V via its deleted permutation representation. Moreover, either # = 1 and gg is a multiple
of an n-cycle, or § # 1 and g is a multiple of an (n — 1)-cycle (this can be seen by inspecting the
spectrum on V' of any disjoint product of a k-cycle and an (n — k)-cycle with 1 < k < n—1 coprime
to n). Let p denote the natural permutation character (of degree n) of S,, and let ¢ denote the
character of the H-module V|, so that ¢|s = p|s — 1g.

(b) Note by [KT5, Proposition 4.8(i)] that @ N Z(H) = 1. Next we aim to show that Q is
contained in S = A,,. First consider the case p{ D. Then p{ Z(H) by [KT5| Proposition 4.8(iv)];
also, A, < H/Z(H) < S,. If p > 2, then the p-subgroup Q is contained in O (Z(H)S) = S, as
desired. Suppose p = 2. Then the 2’-element gy is contained in Z(H)S, and so H = Z(H)S by
Theorem and we again have @ < S as in the previous case.

It remains to consider the case p|D. As p { A, we must have that n = A = D + 1, and
H = Hesmai,a,B- 1f 21 AB, then H is symplectic by [Ka-ESDE, Theorems 8.8.1-2], whereas V'|g is
orthogonal, a contradiction. Hence 2|AB, and so p > 2 and () is contained in Z(H)S =Z(H) x S.
In particular, any element x € @ is uniquely written as =z = z(z)h(x) with z(z) € Z(H) and
h(z) € S. The map z — h(x) is a group homomorphism @ — S, with image R := {h(z) | x € @}, a
p-subgroup, and Q < Z(H)Q =Z(H)R. As Q £ Z(H), we have R # 1. By assumption, pt A = n,
hence the nontrivial p-subgroup R cannot act transitively on n points and so [p|r,1r]r > 2. It
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follows that the subspace U of R-fixed points on V' is nonzero. Note that J < Ny (Q) normalizes
each of the subgroups @, Z(H), and Z(H)Q NS = Z(H) RN S = R. Hence U is J-invariant.
On the other hand, z € @ acts on U via the scalar action of z(z) € Z(H). Thus the ()-module
U affords the character e\ for some linear character A € Irr(Q) and with e := dimU, and A is
J-invariant. If A occurs in Wild, then the J-invariance of A and the irreducibility of J on Wild imply
by Clifford’s theorem that @) acts on Wild via the character wA, which in turn show w =A—-B =1
by Propositions 4.8 and 4.9 of [KRLT4], a contradiction. Hence X occurs in Tame, i.e. z(x) € Z(H)
acts trivially on U for all x € Q). It follows that z(x) acts trivially on V as well (as Z(H) acts via
scalars on V'), and so z(x) =1 for all z € . Thus @ = R < 5, as stated.

(c) Recall that A,, < H/Z(H) <S,, and S = A,, acts on V via the character p|s — 1g. Working
in Ngrv)(S) = Z(GL(V))Sy, we can write (the action on V' of) go as Yheo, With he € Sy, having
trace p(hoo) —1 on V and v € C*. (In general, the action of S on V extends to S,, in two ways
different from each other by the sign character sgn; changing v to —v in the case goo ¢ Z(H)S, we
achieve the designated trace for ho,.) Defining

- <Q7h00> < NSn<Q)

we can extend ¢ to J by setting ¢(hoo) = p(heo)—1, and thus ¢l = plj—1; Write m := dim Tame.
We know that J acts irreducibly on Wild of dimension w = A— B = D —m (and wild on @), and the
J-module Tame is the sum of m distinct 1-dimensional submodules (tame on Q). By its construction,
J still acts irreducibly on Wild (which is wild on Q), and the J-module Tame is the sum of m distinct
1-dimensional submodules (tame on Q). It follows that

(10.3.5.1) m+1=[elselsls=lelyell; = lely =15 0l5 =15
Also, [p|7,15]7 < 1,50 [p|7,15]7 <2, and thus J has at most 2 orbits on {1,2,...,n}. Write the
number of J-orbits as 14 r, with r € {0,1}.

(d) Now we may assume J=0Qx (hoo) has 147 orbits, A, and Q if r = 1, on n points 1,2,...,n
Since @ # 1 acts nontrivially on {1,2,...,n}, we may assume that A consists of k > 1 Q-orbits of
length p® > 1 each, and Q consists of | Q-orbits of length p® each with p® < p® if r = 1. Let o and
/8 denote the permutation character of J on A and on €, with the convention 8 = 0 if » = 0. Then

(10.3.5.2) [, 15]7 =1, and [B,15]5if r =1, hence [, 5] ;7 > 7.

Next, the k orbits éi, 1 <i<k, of Qon A are cyclically permuted by hoo, so kY, fixes each A;.
Say 1 € Ay. Then J; := Stab;(1) fixes Ay; also is contained in (Q, k%) and thus fixing each A; as

well. As |Aj| = p® > 1, J; fixes {1}, and has at least one more orbit on A; \ {1} and at least one
orbit on each A; with 2 < i < k. It follows that Stab;(1) has at least k£ + 1 orbits on A, i.e.

(10.3.5.3) [, a] 7 = k + s with s > 1.

If » = 1 and p® > 1, then the same argument applied to € shows [, Bl > 1+1. Ifpb =1andr =
ie. @ acts tr1v1ally on Q then I =] and S is the sum of [ linear characters and so [3,3]7 > 1.

Thus we always have [ Ir +t, where t > 0, and in fact t > 1if p* > 1 and r = 1.
From ( m, and O 3 10.3.5.3]) and its variant for 2 we now obtain

17,057 = la+ Bya+B]5>k+s+1r+t+2r
Also,
(10.3.5.4) m = dim Tame = [pg — 19, 1glo = k + Ir — 1.
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Now using , we get
m+1=I[p|l;—150pl;—1;5;
=lpljpjl;+1—2pl515];
>(k+s+lr+t+2r)+1-2(r+1)
=k+s+t+ir—1
=m-+ s+t

It follows that s = 1, i.e. [a,a]; =k+1,and t =0, i.e. p? =1if r = 1. Thus J; has exactly k + 1
orbits on A, so they must be {1}, A; ~ {1}, and A;, 2 < i < k. As Staby(1) < (Q,hE)), we see
that (Q,hE ) acts doubly transitively on Aj. Applying Lemma [10.3.4] to the image of (Q,RF) in
Sym(A1), we see that h% acts on A; as a (p® — 1)-cycle, and hence we may assume that h¥ has
orbits {1}, A; ~ {1} on A;. But he commutes with k% and permutes Ay, ..., Ay cyclically. Also,
as () acts trivially on , Q is a single hoo-orbit if » = 1. So we have shown that he, has 2+ r orbits,
one of length
kE(p* —1)=w=A—- B,
another of length k, and one more of length [ if r =1, on {1,2,...,n}.
Returning to goo = 7heo, We see that Spec (goo) on V' is
10.3.5.5 . LIy - ~NALE) Uy,
( ) Vg Uy (e~ {1}) Uy -
T
as a multiset. Now, if plw = p(k® — 1), then since p® > 1 we have p|k, and so 6(go) is divisible by

k (see (10.3.5.5))) and by p, a contradiction. Hence p { w.
(e) Suppose H = Hpig.A,B,y, 0 that m = B, and k + Ir = B + 1 by (10.3.5.4). By [KRLT4,
Proposition 4.8], Spec (goo) on V is

(10.3.5.6) 0 - ppUv-pup

for some 6, u € C*. This should of course match up with ((10.3.5.5)).
Assume first that 6 € v - puy. Then the two sets v - iy, and 9 -y, are identically the same.

Matching up (10.3.5.5)) with (10.3.5.6)), we obtain
: {1 Uy =v-pupg.
v~ {1 Uy m=v-pp

M
If r = 0, then since B > 2 we have k = B+ 1 > 3 by , and the left-hand-side contains
two roots with ratio (p4+1, a contradiction. [Note that the case (B,r) = (1,0) led to Theorem
10.2.7(iii).] So r = 1. Now, if k¥ > 2 then the left-hand-side contains two roots with ratio (i, and
the right-hand-side then shows that k|B. But k divides k(p® — 1) = A — B, so gcd(A,B) > 1, a
contradiction. Hence k = 1,1 = B, A = p®* — 1+ B. Now if p = 2 then, as p* > 1, 2|AB, a
contradiction. If p > 2, then ged(A, B) = 1 implies that both A, B are odd. Here, D = A =n — 1,
and gg is a multiple of an A-cycle, so Theorem implies that H = Z(H)S. On the other hand,
Joo 1s a multiple of a disjoint product of an (A — B)-cycle and a B-cycle, showing g, ¢ Z(H)S, a
contradiction.

Assume now that ~ - u,, and 6 - 1, are disjoint. Then ~ - 1, is contained in v - ug. The former
contains two roots with ratio (,, so w = A — B divides B, and thus 1 < w|gcd(A, B), again a
contradiction.

(f) Finally we consider the case H = Hgmair, 4,8, 50 that m = B—1, and k+Ir = B by (10.3.5.4).
If r =0, then A = n = kp® is divisible by p, a contradiction. Hence r = 1. By [KRLT4, Proposition
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4.8], Spec (goo) on V' is
(10.3.5.7) § - pw U (e~ {1})

for some 6 € C*. We will now match this up with ((10.3.5.5]).
Assume first that § € v - py. Then the two sets v - py and § - py, are identically the same.

Matching up with , we obtain
Yok Uy = pe {1}

(noting that we now have a union of two sets in the left-hand-side). In particular, if £ > 2 then
the left-hand-side contains two roots with ratio (x, and the right-hand-side then shows that k|B.
But & divides k(p* — 1) = A — B, so gcd(A, B) > 1, a contradiction. Hence k = 1, = B — 1,
pp ~ {1} = v -, which is possible only when B = 2. But in this case, p t B implies p > 2, so
A=p%+1and B =2 are both even, a contradiction.

Assume now that 7 - u,, and 6 - u,, are disjoint. Then + - p,, is contained in pp. The former
contains two roots with ratio (,, so w = A — B divides B, and thus 1 < w|gcd(A, B), again a
contradiction. O

Next we classify semisimple m2sp-elements of finite general linear groups:

PROPOSITION 10.3.6. Let n € Z>2, q¢ a power of a prime p, (n,q) # (2,2), and let G be a
finite group with PSL,(q) <G/Z(G) = PGL,(q). Suppose G admits an irreducible CG-module V' of
dimension D > (¢" — q)/(q — 1) on which a p'-element g € G acts as an m2sp-element. Then one
of the following statements holds for the image g of g in PGL,(q).

(i) (g) is a subgroup of index at most 2 in a cyclic mazimal torus T, = Clgn-1)/(g—1) of PGLy(q)-
(ii) n = a + b with a,b € Z>1, ged(a,b) = 1, and (g) is a cyclic mazimal torus T,y of order
(¢* = 1)(¢" — 1)/(q¢ — 1) of PGLy(q).
PROOF. Since g is m2sp on V,
(10.3.6.1) o(g) >D/2>(¢" —q)/2(¢ — 1).
We may assume that g is the image of a semisimple element h € GL,(q) in PGL,(q). We may
decompose W := Fy into a direct sum @{_;W; of irreducible (h)-submodules V; = Fp¢, with ny >
...>ng > 1, and write h = diag(hq, ..., hs) with h; € GL(Wj;). Note that o(h;)|(¢"™ — 1); in fact,
p{?" VMY ¢ 7(GL(W;)), and so 6(g) = o(g) divides (¢ — 1)L, where
g —1 g™ —1
1 a1 )
Now, if s = 1, then h = hq, and (10.3.6.1)) implies that 6(g) > (¢" — 1)/3(¢ — 1) but 6(g) divides
(¢" —1)/(¢ — 1), and so we arrive at (i). If s > 3 and ¢ > 3, then
Td" -1 (@ -1 -D= -1 _ (@ -1@" 1) _ ¢"—q
L g : S < )
g q—1 (¢ —1)3 (¢ —1)° (¢ —1)3

and so 0(g) < (¢" —q)/2(¢ — 1), contrary to (10.3.6.1).

In the cases (n,q) = (3,2), respectively ( and [GAP] imply that o(h) € {3,7},
respectively o(h) € {7,15}, and we arrive at (i) or (ii). So we may assume n > 5 when ¢ = 2.
Suppose s > 3 and ¢ = 2. Since 0(g) < meo(SL,(2)) = 2" —1 by [GMPS| Theorem 2.16], (10.3.6.1))
implies D < 2(2"™ —1). As V yields an irreducible projective representation of SL,(2), applying
[TZ1, Theorem 3.1] we see that D = 2" — 2 and V yields a Weil representation of S := SL,(2),
whose character 7 is the permutation character of SL,(2) on F4 minus 2-1g. One can now check

L= lcm<
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that the restriction of 7 to X := SL,,(2) X SL;,,(2) X SLj—n,—n,(2) contains 6 - 1x. As h € X, it
follows that 1 is an h-eigenvalue with multiplicity > 6, a contradiction.
Finally, suppose s = 2. If d := ged(ng,n2) > 2, then

o)< 0= < =) YT < i < Tt

contradicting ((10.3.6.1). Thus gcd(nl,ng) = 1, and so 6(h) divides (¢ — 1)L = (g™ — 1)(¢" —

1)/(¢ — 1). Note that (¢ —1)L/2 < (¢" — q)/2( q—l Slo) m forces o(h) = (¢ — 1)L, and we
arrive at (ii). O

THEOREM 10.3.7. Let A, B € Z>3 be integers with p t AB and gcd(A, B) = 1. Suppose A >
12 and 2 < B < A — 2. Then no local system F(A,B,0) in characteristic p can have finite,

almost quasisimple, geometric monodromy group G which has a non-abelian composition factor
S = PSL,(q) with n > 2.

PRrROOF. (a) We argue by contradiction. Let H = Hemai,A,B OF Hiig,A,B,x be a hypergeometric
sheaf giving rise to F(A, B,6). Then H has rank D > A—1 > 11. By Corollary ‘H has finite
geometric monodromy group H > G which satisfies (S+). Applying Lemma to H > G, we see
that S is the unique non-abelian composition factor of H, and, as usual, S < H/Z(H) < Aut(S).
Let go be a generator of the image of I(0) in H, @ the image of P(co) in H, and let g be a
p/-generator for the image J of I(o0) in H modulo ). By Proposition go is ssp, and goo iS
m2sp. Furthermore, since D > 11, Theorem implies that ¢ = p/ is a power of p.

(b) First we consider the case n > 3. The assumption D > 11 rules out the cases where either
(n,q) = (3,2), or (n,q) = (3,4) but the representation does not come from a Weil representation
of SL,(q), by [KT5) Theorem 6.6]. Applying [KT5, Theorem 8.1] when (n,q) # (3,3), and using
IGAP] when (n,q) = (3,3), we see that 6(go) = (¢" —1)/(¢ — 1) and E(H) is the image of SL,(q)
in a Weil representation of dimension D; in particular, the latter representation extends to GLy,(q).
Moreover, w = A — B > 2, so [KT5| Corollary 8.4] shows that H/Z(H) = PGL,(q) and thus,
up to scalar matrices, the image of H in GLp(C) is the same as the image of GL,(q) in a Weil
representation of dimension D. Hence, if D = (¢" —1)/(g—1), then these images realize imprimitive
subgroups of GLp(C), contrary to H being (S+). So we must have that D = (¢" — q)/(q¢ — 1),
A=D+1, and H = Hgma,a,5- Now we apply Proposition to goo and arrive at one of the
following two possibilities.

(b1) 6(geo) is either A or A/2. If B > 2, then B|6(goo) by Lemma |10.1.15] and so ged(A, B) =
B > 1, a contradiction. So B = 2, whence 2 < w = A— B = 1(mod p). Now we have A — B divides
0(goo) by Lemma [10.1.15(i), and so ged(A, B) > w > 2, again a contradiction.

(b2) The image of g, in PGLy,(q) generates a cyclic maximal torus of order (¢*—1)(¢*—1)/(¢—1),
where a > b > 1, n = a + b, and ged(a,b) = 1. Say, this torus is generated by the image
of h € GL4(q) x GLy(q) in GL,(g). Then the action of go is a scalar multiple of the action
of h in the unipotent Weil representation (of degree (¢" — ¢q)/(¢ — 1)) of GL,(q). Restricting
this representation to GL,(q) x GLy(gq), one sees that the spectrum of h contains all elements
of pge—1)/(g—1) U (u(qb,l)/(qfl) ~ {1}) as repeated eigenvalues. It follows that the total N of
multiplicities of eigenvalues of g, is

N>2((¢"-1)/(g=1)+ ("= 1)/(g—1)—1) > 2,

hence pjlw = A — B by Lemma [10.1.15/ In particular, B > 2 as otherwise p{ (A — B). The proof of
Lemma [10.1.15 shows that the ratio between two distinct repeated eigenvalues of g is a d™ root
of unity. Applying this to repeated eigenvalues 1, ((4e_1)/(q—1) and 1 s C(gb—1)/(q—1) Of h, we see that
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d is divisible by

=: M.

¢“ —1 q"—l) _ @ -1 -1
qg—1"¢q—-1 (g — 1)
Thus, in the notation of Lemma ii), M divides both B and C/wy = p° + 1, hence also
B+C =B+ w+wy= A+ wy. Thefefore,

lcm(

C  _ 0(9)
10.3.7.1 M|(A = < =q—1.
(10.3.7.1) |(A 4+ wp) but wp PV q

Suppose b =1. Then A —1=(¢" —q)/(q — 1) = ¢M, so (10.3.7.1]) implies that
wo>M—1>(¢*—1)/(¢g-1)-1=g¢,

and this violates (10.3.7.1]). Hence a > b > 2, and we now have A — (¢®+¢®*—2)/(¢g—1) = M(q—1).
So ((10.3.7.1f) implies that

¢“+¢"=2_ (-1 -1 ¢"+¢" -2 q'—1
qg—1 (q—1)? qg—1 q—1

and this again violates .
(c) Now we consider the case S = PSLa(¢). The bound 11 < D < meo(Aut(S)) implies that
g > 11, whence the image of go lies in PGL2(g) by Theorem [3.1.5[i). Since w > 1, Theorem [1.2.2]
then shows that S < H/Z(H) < PGL2(q). By [KT5, Proposition 4.8(i)], @ N Z(H) = 1, hence Q
embeds in H/Z(H) and so @ is abelian. This implies by [KRLT4, Proposition 4.8] that p { w.
Suppose that D > ¢ — 1. If H # Hamaii, A2, then Lemma [10.1.15 implies that

6(goo) = B(A—B) = 2(A —2) = 2(¢ — 3) > ¢+ 1 = meo(Aut(5)),

wo > M — ((g+1)=2)=¢"-1>gq,

a contradiction. Hence H = Hgnai a2, in which case A =D +1 > g and p > 2. But p{ A and
A <0(go) < qg+1, hence A= q-+ 1. Thus both A and B are even, again a contradiction.

Now consider the case p > 2 and D = (¢+1)/2. Since Weil representations of SLa(g) fuse under
diagonal automorphisms of S, this implies that H/Z(H) = PSLa(q), and so 6(go) divides (g+1)/2
or (¢ —1)/2; also ¢ > 23 as D > 11. If H # Hsmair, A2, then Lemma implies that

6(goo) 2 B(A=B) 22(A—-2) 22((¢—-1)/2-2) =q—-5> (¢ +1)/2,

a contradiction. Hence " = Hgmair A2, in which case A =D +1 = (¢+1)/2 or (¢+3)/2. As
A =0(g0) < (¢ +1)/2, we must have that A = (¢ + 1)/2. But then w = A —2 = (¢ — 3)/2 cannot
divide 0(¢~), again a contradiction. O

The following result classifies semisimple m2sp-elements of finite symplectic groups:

PROPOSITION 10.3.8. Let n € Z>2, q a power of a prime p > 2, and let G be a finite group with
G/Z(G) = PSpy,(q). Suppose G admits an irreducible CG-module V' of dimension D > (¢" —1)/2
on which a p'-element g € G acts as an m2sp-element. Then one of the following statements holds
for the image g of g in S := PSpy,(q).

(i) (g) is of index at most 2 in a cyclic mazrimal torus TF = C(gn+1)/2 of PSpa(q") — S.
(ii) n = a + b with a,b € Z>1, €,,6, = £1, and g is contained in the image in S of a mazimal
torus Ty 2= Cga—e, X Cop_, < SPaq(q) X Spay(q) of Spa,(q)-
(iii) n = a4+ b+ ¢ with a,b,c € Z>1, €4, €, €. = £1, and g is contained in the image in S of a
mazimal torus T4 =2 Cya_e, X Cop_o X Cge—e, < SPog(q) X Spap(q) X Spac(q) of Span(q)-

a,b,c q°—€p

Moreover, o(g) < ’1.65qn/4.
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PROOF. Since g is m2sp on V,
(10.3.8.1) o(g)>D/2> (¢" —1)/4.
We may assume that g is the image of a semisimple element h € Sp,,(¢) in S. As described
on [GMPS| p. 7673|, we may decompose W := Fg” into an orthogonal sum @;_;W; of h-stable
non-degenerate subspaces V; = ani, with nq,...,ns > 1, and write h = diag(h,...,hs) with h;
contained in a cyclic maximal torus Cyni—¢, < Spy(¢™) < Sp(W;) for some ¢; = +1. Note that
hgqnl_gi)/Q = +Idw, for all i. Hence, 6(g) = o(g) divides 2L, where

L = lem g — € q" — €5
: 5 R 5 .

Now, if s = 1, then h = hy, and (10.3.8.1]) implies that 6(g) > (¢"+1)/6 but 6(g) divides (¢" +1)/2,

and so we arrive at (i). The case s = 2 is recorded in (ii), so we will now assume s > 3.

Rewrite the sequence (ni,na,...,ns) so that the first r terms n; < ng < ... < n, have ¢, = +
and the last ¢ terms 1,41 < npq0 < ... <nypyy have ¢, = —, with s = r + ¢, so that
qnl — 1 an _ 1 an+1 _|_ 1 an+s _|_ 1
= lecm Yo , e .
2 2 2
Suppose the sequence (nq,...,n,) contains exactly ro distinct terms, and denote the sum of these
terms as >, n;. Then
g —1 g1\ g&im
10.3.8.2 1 < .
( ) Cm( 2 2 970
Next, if 1 < a1 < a2 < ... < an, are integers, then
m [o.¢]
log<H<1+q—ai>> <log<H L+q” ’“) Zq =1/(g—1) < 1/2,
i=1 k=1
whence [[;(1 + ¢~%) < exp(1/2) < 1.65 and so [[;(¢% + 1) < (1.65)¢=i%. Now, suppose the
sequence (N1, ...,Nr+s) contains exactly ¢y distinct terms, and denote the sum of these terms as
Z;{ nj, and correspondingly, H;’(qnﬂ' + 1) denotes the product over only those terms. Then
qirtt +1 gt + 1 q" + 1 (1. 65)q23" i
(10.3.8.3) lcm<2,..., H s

Writing sg := 79 + tg, note that Z; n; + Zj n; misses the s — 5o repeated terms of the sequence

(ni1,...,ns), hence Y in; + Zgnj < n—(s—sg). Together with ((10.3.8.2) and ((10.3.8.3)), this

implies that
(1.65) g2 iF22i ma _ (1.65)g" 70 _ (1.65)"

L < 28() - 280 - 28
Now, if s > 4, then o(g) < 2L < (1.65¢")/8 < (¢" — 1)/4, contradicting ((10.3.8.1). Hence s = 3,
(n1,n92,n3) = (a,b,c), and we arrive at (iii). O

THEOREM 10.3.9. Let p > 2 be a prime, A, B € Z>2 be integers with p{ AB and gcd(A, B) = 1.
Suppose A > 12, 2 < B < A — 2, and that the local system F(A,B,60) in characteristic p has
a finite, almost quasisimple, geometric monodromy group G which has a non-abelian composition
factor S = PSpy,(q) with n > 2. Then q = pf, o(f) < 2, and we can find r,s € Z>1 with

(10.3.9.1) 2] <gcdfr, 5) gcdfr’, s))
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such that A= (p" +1)/2 and B = (p* + 1)/2.

PROOF. (a) Let H = Hamair,A,B O Heig, 4,8,y be a hypergeometric sheaf giving rise to (A4, B, 0).
Then H has rank D > A —1 > 11. By Corollary [10.1.9] H has finite geometric monodromy group
Hr>G which satisfies (S+). Applying Lemmal[l.1.3]to H>G, we see that S is the unique non-abelian
composition factor of H. Let gg be a generator of the image of I(0) in H, @) the image of P(o0) in
H, and let g, be a p’-generator for the image J of I(co) in H modulo @. By Proposition 90
is ssp, and goo is M2sp. Furthermore, since D > 11, Theorem implies that ¢ = p/ is a power
of p. Next, applying Theorems and we have that H/Z(H) =2 S and D = (¢" £1)/2; in
particular,

(10.3.9.2) ¢ > 23.

Recalling 6(g0) = A € {D, D + 1} and applying Theorems 8.2 and 9.11 of [K'T5|, we obtain that
A = (¢"+1)/2. (Note that the assumption (n,q) # (3,3) in [KT5, Theorem 9.11] was used only
to ensure that p|g, which is guaranteed by Theorem (3.1.10}) Thus A = (p" + 1)/2 with r := nf.

(b) Suppose for the moment that B = (p® + 1)/2 for some s € Z>;. Applying Lemma
to t := p¥ with v := ged(r, s), we see that the assumption ged(A, B) = 1 is equivalent to 2|(rs/v?),
i.e. to to (10.3.9.1). We now show that o(f) < 2. Recall that D = (¢" & 1)/2 is coprime to p,
hence p 1 |Z(H)| by [KT5| Proposition 4.8(iv)]. On the other hand, H/Z(H) = S and moreover
E(H) is the image of Spy,(q) in a Weil representation. It follows that H = Z(H)E(H) and
OY (H) = E(H) = [H, H]. Next, F is the [A]* Kummer pullback of # and F lives on A!. Hence
G = Op/(G) and H/G is a cyclic p’-group. This implies that G = E(H), and so the field of traces
of F is contained in the field of values for a Weil character of Sp,,(¢), which is contained in Q(¢,).
In view of Theorem we may apply Theorem to F to conclude that 6 takes values in
Q(¢p)- But o(#) is coprime to p, so we conclude that o(f) < 2, as claimed.

The rest of the proof is to show that we indeed have B = (p® + 1)/2 for some s € Z>1.

(c) Suppose B = 2. If p = 3, then B = (p® + 1)/2 with s := 1, and so we are done. Suppose
p # 3, so that w:= A — B = (¢" — 3)/2 is coprime to p. By [KRLT4, Proposition 4.8], 6(gx0) is
divisible by w. The possibilities for g., are listed in Proposition [10.3.8] Since 1.65¢™/4 < (¢™ —3)/2
by (10.3.9.2)), we are in case (i) or (ii) of Proposition [10.3.8] In case (i), 6(goo) divides (¢" +1)/2,

which is however not divisible by w, a contradiction. In case (ii), we have

b a b
— - 1 1

again because of (10.3.9.2). So the condition w|6(gs) implies that
(@™ =3)/2=w=0(g9x) = (¢" — €a)(¢" — &) /2.

This is however impossible for any €,, €, = £1.

(d) From now we may assume that 3 < B < A—2. Hence, by Lemma|10.1.15] 6(go) is divisible
by lem(B, C), where we set C':= w if p{ w and C' = wy(p® + 1) if plw = wpp®. On the other hand,
note that

(10.3.9.3) 0(goo) < (3/4)(¢" + 1) = 34/2; in fact, 6(goo) < (5/7)(¢" + 1) = 10A/7 unless ¢" = 27.
Indeed, we can apply Proposition [10.3.8] In cases (i) and (iii), 6(go0) < A. In case (ii),
2<

0(g00) < (¢" +1)(¢" +1)/2 < (¢" 7 + 1)(g + 1)/2,
and the latter is less than (3/4)(¢" + 1) if ¢" = 27 and less than (5/7)(¢" + 1) if 23 < ¢™ # 27.




10.3. THE (A, B)-CASE 247

Write d := ged(B, C). Now, if ptw, then 6(go) > B(A— B) > 2(A —2) > (3/2)A, contrary to
(110.3.9.3)). So we must have that
(10.3.9.4) plw, and d|(p° + 1),

where the second claim follows from ged(wp, B)| ged(w, B) = 1. We also have
BC/d =1em(B,C) < 6(gs0) < (3/2)A = (3/2)(w+ B) < (3/2)(B + C).

Thus 2BC < 3d(B +C), and so (2B — 3d)(2C — 3d) < 9d*. Recall that d|B, C; in particular, either
B =d, or B > 2d in which case 2B — 3d > d and so 2C — 3d < 8d and thus C' < 5d. The same
argument applies to C. Assuming in addition that neither B|C nor C|B, we have {B,C} = {2d, 3d}
or {2d,5d}. Thus we have one of the following three cases.

Case 1: {B,C} = {2d,5d}. In this case, 6(goo) > lem(B,C) = 10d = (10/7)(B+C) > (10/7)A,
hence ¢" = 27 by ((10.3.9.3)), and so A = 14. By (10.3.9.4), 3 = p|lw, 7d = B+ C = wy + A > 14,

i.e. d > 3. Now we have
21<7d=B+C=B+wy(3°+1) < (4/3)(B 4+ wp3°) = (4/3)A = 56/3,

a contradiction.

Case 2: {B,C} = {2d,3d}. In this case, 6(g~) > lem(B,C) = 6d = (6/5)(B + C) > (6/5)A.
Hence, we must be in case (ii) of Proposition [10.3.8] If in addition ¢ > 11 or ¢ = 7 but ¢" > 73,
then

6(g00) < ("' +1)(g+1)/2 < (3/5)(¢" + 1) = (6/5) 4,
a contradiction. Suppose ¢ = 7 and ¢" < 73, i.e. S = PSp,(7), whence A = 25. By (10.3.9.4),
7=plw, 5d=B+C =wy+ A > 25,ie. d>6. Now we have
30<5d=B+C=B+wy(7+1) < (8/7)(B+ wg7°) = (8/7)A =200/7,

a contradiction.
We have shown that ¢ < 5. On the other hand, both B and C = wqy(p® + 1) are coprime to p,
so p # 3 and thus p =g = 5. Now,

10d = 2(B + C) = 2(wy + A) = 2wy + 5" + 1,

showing wy = 2(mod 5). By we also have
3d > C = wo(p®+ 1) > wod.

Hence wg = 2, 2d < C =2(p° + 1), and thus d = p° + 1, C = 2d, B = 3d. Now

(5" +1)/2=A=B+w=3(5+1)+2-5
yielding 5" — 2 - 51 = 5, a contradiction.

Case 3: d = B|C = wy(p® + 1). Note that wop® = w < A < ¢", so e < nf. On the other hand,

2B—1=(2A—-1) — 2w = ¢" — 2wpp°®, so p° divides 2B — 1. Writing 2B — 1 = bp® for some odd

integer b > 1, we see from ((10.3.9.4) that 2(p® + 1) is a multiple of 2d = 2B = 1 4 bp®, which is
possible only when b = 1. We conclude that B = (p® + 1)/2, as stated.

Case 4: wo(p°+1) = C =d|B. Then wy =1 and d = p°+1 by (10.3.9.4). As B = (¢"+1)/2—p°
is divisible by d, we see that

(10.3.9.5) 2(p° + 1)|(¢"™ + 3);
in particular, e < nf. Write nf = ke + [, where k € Z>1 and 0 <[ < e. Then
¢" =p™ = (=1)*p'(mod (p° +1)),
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and so
(10.3.9.6) (r° + D((=1)*' +3).

Case 4a: (—1)*p'4+-3 = 0. Then we have 2 { k and p = 3. However, in this case, ¢"+3 = 3(3%¢+1)
is however not divisible by 2(3¢ + 1), contrary to ((10.3.9.5)).

Case 4b: (—1)Fpl +3 #£0. If 21 k, then |(—1)*p' 4+ 3| = p' —3 < p!*1 +1 < p® + 1, contradicting
(10.3.9.6). So 2|k, and (10.3.9.6) implies p' + 3 > p¢ + 1 > p!*! + 1, which is possible only when
(I,e) = (0,1) and p = 3. However, in this case ¢" + 3 = 3* 4 3 is not divisible by 2(3° + 1) = 8,

contrary to (10.3.9.5)). O

Next we classify semisimple m2sp-elements of finite unitary groups:

PROPOSITION 10.3.10. Let n € Z>3, q a power of a prime p, (n,q) # (3,2), (3,3), (4,2), and
let G be a finite group with PSU,(q) < G/Z(G) = PGU,(q). Suppose G admits an irreducible CG-
module V' of dimension D > (¢" —q)/(q+1) on which a p'-element g € G acts as an m2sp-element.
Then one of the following statements holds for the image g of g in PGU,(q).

(i) (g) is of index at most 2 in a cyclic mazimal torus T, = Cign_(_1yn)/(q+1) of PGUn(q).

(ii) n = a+b witha,b € Z>1, a # b, and g is contained in the image in PGU,(q) of a mazimal torus
Top = Cga_(—1y0 X Cpp_(_qpp < GUal(q) x GUp(q) of GUy(q). Moreover, 6(g) < 1.69¢"/(q +1)
if 21 ab and 6(g) < ¢" ' < 1.5¢"/(q + 1) if 2|ab.

(iii) n =a+ b+ c with a,b,c € Z>1, 21 ab, ¢ < 3, and g is contained in the image in GU,(q) of
a mazimal torus Tope = Cgat1 X Cpyq X Cge_(—1)e < GUqa(q) x GUyp(q) x GUc(q) of GU,(q).
Moreover, |{a,b,c}| > 2, ando(g) < 1.95¢""1/(q+1). Ifa < b < ¢, thend(g) < 1.95¢"/(q+1)2.

PROOF. (a) Since g is m2sp on V,
(10.3.10.1) o(g) >D/2>(¢" —q)/2(¢ +1).

We may assume that g is the image of a semisimple element h € GU,(q) in S. As described
on [GMPS| p. 7673], we may decompose W := ]F;z into an orthogonal sum @©;_;W; of h-stable

non-degenerate subspaces V; & FZQ", with ny,...,ns > 1, and write h = diag(hy,...,hs) with h;

contained in a cyclic maximal torus C ni_(—ymi < GU(W;). Note that hgqni_(_l)ni)/(qﬂ) acts as a
scalar on W; of order dividing ¢ + 1 for all <. Hence, 6(g) = o(g) divides (¢ + 1)L, where

P e G VI G e
. ]

If s =1, then h = hy, and ((10.3.10.1)) implies that 6(g) > (¢" +1)/3(¢ + 1) (as ¢" > 4q) but o(g)
divides (¢" — (—=1)")/(g + 1), and so we arrive at (i). We will henceforth assume that s > 2.

(b) Rewrite the sequence (ni,ng,...,ns) so that the first r terms ny < ng < ... < n, are odd
and the last ¢ terms 1,411 < npq0 < ... <npyy are even, with s = r + ¢, so that

I = 1cm<q"1 t1 ¢+ 1 ¢" -1 gt — 1)

g e ey 5 g ey

qg+1 qg+1 qg+1 g+1
Suppose the sequence (n,41,...,n,4¢) contains exactly ¢y distinct terms, and denote the sum of
these terms as 3" n;. Then
7
net1 _q netr Xy
(10.3.10.2) lcm<q, L > <=
qg+1 qg+1 (g+ 1)t
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Next, if 1 < a1 < a9 <...< a, are odd integers, then

1og<ﬁ<1+q-“i>><1og(ﬁ<1+q k) ) Zq D) — /(g 1) <23,

i=1 k=1

whence [];(1 +¢~%) < exp(2/3) < 1.95 and so [[,(¢% + 1) < (1.95)¢>=%. Now, suppose the
sequence (nq,...,n,) contains exactly rg distinct terms, and denote the sum of these terms as
Z; n;, and correspondingly, [](¢™ + 1) denotes the product over only those terms. Then

moq 41 g1 (1.95)g2imi
(10.3.10.3) lem (L1 ar L) ppaitl (L99)g=
g+1 qg+1 qg+1 (g+ 1)
Write sg := 79 + to > 1. First we consider the case s9 = 1, e ny = ... = ng = n/s, L =

(¢ —(=1)")/(q+1). I n =3 or 5, then n; = 1, 5(g) < q+1 < (¢ —q)/2(q+1) (as (n, q) # (3,2),
(3,3)), contradicting (10.3.10.1)). If n = 4, then ¢ > 2, and either
n; =1, 0(g) <q+1<(¢"—q)/2(q+1),
or
ni =2, 8(9) <¢* 1< (¢" — q)/2(¢ + 1),
contrary to If n > 6, then 6(g) < ¢/ 4+1 < ¢ 3 +1 < (¢" — q)/2(¢ + 1), again
10.3.10.1)

contradicting (|1
We have shown that sy > 2. Note that > n; + Z;’ n; misses the s — sp repeated terms of the

sequence (n1, .. .,ns), hence Y ; nr#Z;»/ nj <n—(s—sp). Together with (10.3.10.2)) and ((10.3.10.3)),
this implies that

1.95¢2MtET M 1.95¢n(7%0)  1.95¢" g4+ 1.e—s, _ 1.95¢" g+ 1,2 1.95¢"
L< < = ()" < () =
(g +1)% (g +1)% (¢+1)** ¢ (@+1)°* ¢ ¢ %(qg+1)
Suppose s > 4; in particular n > 4. If ¢ > 3, or s > 5, or (s,q) = (4,2) but n > 7, then
1.95¢™ " —q

o(g) < (¢g+ 1)L <

¢*2(q¢+1) 2(q+1)
contradicting (10.3.10.1). If (s,q,n) = (4,2,6), then D > 21, and we still have
6(g) < (q+1)L < 1.95¢"/¢*(q+1) < D/2,
a contradiction. If (s,q,n) = (4,2,5), then (n1,...,ns) = (1,1,1,2), L = 1, D > 10, and again
o(g) <3< DJ2.
(c) Suppose s = 3; in particular, n > 3. If ¢ > 5, or ¢ = 4 but n > 4, then
_ 1.95¢" q" —q
o(g) <(¢g+1)L < < ,
@ <la+1) qg+1) " 2(q+1)
contradicting (10.3.10.1). If (n,q) = (3,4), then (n1,...,ns) = (1,1,1), L =1, D > 12, and we still
have 6(g) < ¢+1 < D/2. Hence ¢ < 3, and 6(g9) < (¢+1)L < 1.95¢" /(¢ +1). If moreover so = 3,
then o(g) < (¢ + 1)L < 1.95¢"/(q + 1)?, as stated in (ii).
Next suppose that s = so = 2, i.e. {n1,n2} = {a,b} with a # b, and
6(9) < (¢ + DL < (¢ — (~Da)(¢" — (-1)")/(q +1).
Now, instead of ((10.3.10.2]) and ((10.3.10.3|), we note that
“+1)(¢"+1 n 1 1,  1.69¢"
(q )(q )S q _(1+7)'(1+73)< q
q+1 qg+1 q q q+1
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if 21 ab, and

a b n n
(¢° +1)(¢" — 1) < q ‘(1+1) < 1.5¢
q+1 q+1 q q+1
if 2|a, yielding (ii).

It remains to show that when s = 3 the sequence (n1, ..., ns) contains at most one even member.
Suppose for instance that a := n; < n; =: b and a,b are even; in particular, n =5 or n > 7 (since
s0 > 2). We have shown above that D < 26(g) < 3.9¢" /(¢ +1) < 2¢"/(q+ 1). This upper bound
on D now implies by [TZ1, Theorem 4.1] that D € {(¢" + (-1)"q)/(¢ + 1), (¢" — (=1)") /(¢ + 1)},
E(G) is a quotient of SU,(q) and acts on V' via a Weil representation, which extends to GUy(q).
Hence, by Gallagher’s theorem [Is| (6.17)], the action of g on V is a scalar multiple of the action
of h on a Weil representation of GUy,(g). Arguing as in part (B2) of the proof of [KT5, Theorem
8.3], we see that the restriction of the latter to the subgroup GUg,(g) x GUy(g) contains the tensor
product A ® B, where A is a Weil module for GU,(q) of dimension (¢* 4+ ¢)/(q¢+ 1) > 6(h;) and B
is a Weil module for GUp(q) of dimension (¢* + ¢q)/(g+ 1) > 6(h;). In particular, h; has a repeated
eigenvalue o on A and h; has a repeated eigenvalue 5 on B. It follows that o is an eigenvalue of
multiplicity > 4 for diag(h;,h;) on A ® B. Hence h has an eigenvalue with multiplicity at least 4
on V', and so does g, a contradiction. O

We will also need an application of the Borel-Tits theorem:

LEMMA 10.3.11. Let n > 3 be an odd integer, q a power of a prime p, and let Q) be a p-subgroup
of SU,(q). If n > 5, let £ be a primitive prime divisor of (—q)" ' — 1, (which is a primitive prime
divisor of ¢"~* — 1 if 4|n and a primitive prime divisor of ¢"~1/2—1if n = 2(mod 4), cf. [Zs]), and
assume in addition that Q is normalized by an element s € SU,(q) of order £. Then Q is contained
in the unipotent radical of a Siegel parabolic subgroup of SU,(q), and the dimension of any simple
Q-module in any Weil representation of SU,(q) is at most q.

PROOF. The conclusion is vacuously true if Q = 1, so we will assume @ # 1. If n = 3, then
the radical R of a (Siegel) parabolic subgroup P of SUs(q) is a Sylow p-subgroup, and so we may
assume that Q < R. Consider the case n > 5. By assumption, the spectrum of s on the natural
space W = ]FZQ of SU,(q) contains a primitive /' root of unity. The condition on ¢ implies that
the (s)-module W is the direct sum of three irreducible submodules Wy & Wy & Wy, where W)
is non-degenerate of dimension 1, acted on trivially by s, and Wi and Wy are totally singular of
dimension (n —1)/2.

Since Q # 1 is a p-subgroup, its fixed point subspace U := Cy(Q) is nonzero and proper in
W. @ also acts on Ut # 0 and has nonzero fixed points on it. It follows that U; := U N U+
is nonzero and totally singular, of dimension d < (n — 1)/2. As s normalizes @, it also acts on
Ui, and the above described structure of W forces d = (n — 1)/2 and, say, Uy = W;. Hence @
is contained in P := Stabgy, (4)(W1), which is a Siegel parabolic subgroup. The radical R of P is
precisely {x € P | z|w, = Idw, }, and so it contains Q.

We have shown that @Q < R. Now, as shown in the proofs of Lemmas 12.5 and 12.6 of [GMST],
the restriction of any Weil module of SU,(q) to R is the sum of (¢"~! — 1)/(¢ + 1) irreducible
modules of dimension ¢ each, and possibly one more 1-dimensional module. Hence the statements
follow. O

THEOREM 10.3.12. Let p be a prime, A, B € Z>2 be integers with p{ AB and gcd(A, B) = 1.
Suppose A > 12, 2 < B < A — 2, and that the local system F(A,B,0) in characteristic p has
a finite, almost quasisimple, geometric monodromy group G which has a non-abelian composition
factor S = PSU,,(q) with n > 3. Then q = p’, 21 n, o(0)|(q + 1), and we can find an odd integer
m > 1 with ged(n,m) =1 such that A= (¢" +1)/(¢+1) and B=(¢"+1)/(¢+1).
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PrOOF. (a) Let H = Haomai,a,B O Heig 4By be a hypergeometric sheaf giving rise to F(A, B, 0).
Then H has rank D > A — 1 > 11. By Corollary H has finite geometric monodromy group
H > G which satisfies (S+). Applying Lemma to H > G, we see that S is the unique non-
abelian composition factor of H. Let gy be a generator of the image of 1(0) in H, @ the image of
P(o0) in H, and let g be a p’-generator for the image J of I(oc) in H modulo Q. By Proposition
go is ssp, and goo is m2sp. Furthermore, since D > 11, Theorem implies that ¢ = p/
is a power of p, unless possibly when S = SUj3(4), D = 12 and p = 5 or 13. We now show that
this exception cannot occur. First suppose that p = 13. Using [GAP] we see that any element
r € Q \ Z(H) has eigenvalues of dimension at most 1, which shows that dim Tame < 1, whence
A — B = w > 11, which is impossible since A < D+ 1 =13, pt A, and B > 2. Next suppose
that p = 5. Using [GAP] we see that any element = € Q \ Z(H) has eigenvalues of dimension at
most 4, whence w > 8. As D = 12, we can apply [KT5, Proposition 4.8(iv)] to see that p { |Z(H)|,
which in turn implies that Q < S since p { |Out(S)|; in particular, Q =2 C5 or C2. But w > 8 rules
out @ = C5 and thus Q = C2. As the trace of any element x € Q \ {1} is —3 or 2, we can apply
(3.1.10.2) with « :=1/4toget w > 9, and w=A—- B < (D+1) —2=11. Now, w # 9,11 because
otherwise goo yields an element of order 9 or 11 in Aut(S) by [KRLT4, Proposition 4.8], which is
impossible. We also rule out w = 10 since @ is abelian.

(b) We have shown that ¢ = p/. Next, applying Theorems [3.1.5 and [3.1.8 (and using the
condition D > 11), we have that H/Z(H) = PGU,(q) and E(G) acts as the image of SU,(¢) in a
Weil representation of dimension D = (¢" 4+ (—1)"q)/(¢+ 1) or (¢" — (—=1)")/(q + 1); in particular,

(10.3.12.1) (n,q) # (3,2), (3,3), (4,2), (5,2).

(Note that if (n,q) = (5,2), then A > 12 and D € {10,11} imply that A = 12, which is impossible
since p = 21 A.) Recalling the assumption 6(go) = A € {D, D + 1} and using Theorems 8.3 and
9.17 of [KT5], we obtain that 2 { n and that A = (¢" + 1)/(¢ + 1). Note that the assumption
(n,q) # (4,3), (6,2) in [KT5, Theorem 9.17] was used only to ensure that p|g, which is guaranteed
by Theorem [3.1.10] and that w # 1, which is automatic since w = A — B > 2.

(c) Suppose for the moment that B = (¢"* + 1)/(¢ + 1) for some integer m > 1. Then 2 { m,
and the assumption gcd(A, B) = 1 then implies that ged(m,n) = 1.

We now show that o()|(¢ + 1). Recall that H/Z(H) = PGU,(¢) and moreover E(H) is the
image of SU,,(¢) in a Weil representation. It follows that E(H) <O (H) < E(H)Z(H) and in fact
OY (H) = E(H) unless p|Z(H)|. Next, F is the [A]* Kummer pullback of # and F lives on Al.
Hence G = O (G) and H/G is a cyclic p/-group. Unless p||Z(H)|, we then have that G = E(H),
and so the field of traces of F is contained in the field of values for a Weil character of SU,(q),
which is contained in Q((g+1)-

If D=(¢"+1)/(qg+1), then pt D, hence p { |Z(H)| by [KT5, Proposition 4.8(iv)]. Suppose
D= (¢q"—q)/(qg+1), so that H = Hsmana,- As 21 AB, H is symplectic by [Ka-ESDE, 8.8.1-2],
and hence |Z(H)| < 2; in particular, p t |Z(H)| if p > 2. In the exceptional case where p = 2 and
D = (¢"—q)/(g+1), we still have S <G < Cy x S, and so the field of traces of F is also contained
in the field of values for a Weil character of SU,(¢), which in this case is Q. In view of Theorem
we may now apply Theorem to F to conclude that 6 takes values in Q({p, (4+1). But
o(#) is coprime to p, so we conclude that o(6)|(¢ + 1), as claimed.

The rest of the proof is to show that we indeed have B = (¢ + 1)/(q + 1) for some m € Z>;.

Using (10.3.12.1)), we can apply Proposition [10.3.10| to identify g~; note that since 2 { n, we have
2{a and 2|b in case (ii) and 2 { abe in case (iii) of Proposition [10.3.10

(d) Suppose B = 2; in particular, p > 2. Then w:= A— B = (¢" —q)/(¢ + 1) — 1 is coprime
to p. By Lemma [10.1.15(1i), 6(gso) is divisible by w. As mentioned above, the possibilities for g
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are listed in Proposition in particular, 6(¢go) < 1.5A4 < 2w, and s0 0(goo) = w = A — 2.
As (A —2) 1 A, this rules out case (i) of Proposition Case (iii) is also impossible, since in
this case we have ¢ = 3 and 50 6(goo) < 1.95¢" /(¢ + 1) < 0.65A < A — 2. In case (ii), we have
w = 0(goo) divides (¢ + 1)(¢® — 1)/(¢ + 1) which is at most ¢"~' — 1 < 1.5w, hence

a+b 1 a 1 b—l
¢+ _2:w:6(gm):(q+ )@’ —1)
g+1 g+1

It follows that ¢® = ¢ + 2¢, where 2|b > 0 and 2 { a, which is possible only when p = 2 and so p|B,
a contradiction.

(e) From now we may assume that 3 < B < A — 2. Hence, by Lemma [10.1.15

(10.3.12.2) 0(goo) is divisible by lem(B, C),
where we set C':= w if pfw and C = wy(p® + 1) if plw = wyp®. By Proposition (10.3.10)
(10.3.12.3) 6(goo) < ¢" 1 < 34/2.

Write d := ged(B, C). Now, if p{w, then 6(¢9oc) > B(A— B) > 2(A —2) > (3/2)A, contrary to
(10.3.12.3]). So we must have that

(10.3.12.4) plw = wep®, pt BC, and d|(p® + 1),
where the third claim follows from ged(wo, B)| ged(w, B) = 1. We also have
BC/d =1lem(B,C) < 0(gs0) < (3/2)A = (3/2)(w+ B) < (3/2)(B+ C).

Thus 2BC < 3d(B + C), and so (2B — 3d)(2C — 3d) < 9d*. Recall that d|B, C; in particular, either
B =d, or B > 2d in which case 2B — 3d > d and so 2C — 3d < 8d and thus C' < 5d. The same
argument applies to C. Assuming in addition that neither B|C nor C|B, we have {B,C} = {2d, 3d}
or {2d,5d}. First we rule out these two cases.

(el) Suppose {B,C} = {2d, 5d}. In this case, p > 3 by (10.3.12.4)), hence yields
0(goo) < (4/3)A < (4/3)(B + C) = 28d/3 < 10d = lem(B, C),

contradicting .

(e2) Suppose {B,C} = {2d,3d}. In this case, p > 5 by , hence yields

0(goo) < (6/5)A < (6/5)(B + C) = 6d = lem(B, C),
again a contradiction.
) Here we con51der the case wo(p® + 1) = C = d|B. Then wg = 1, w = p°, and d = p° + 1 by

m As B = (¢"+1)/(¢+ 1) — p° is divisible by d, we see from that
(10.3.12.5) 0(goo) if divisible by B > A/2.

We again identify g, using Proposition |10.3.10} In case (i) of it, we then have 0(g~)|A and so BJ|A,
a contradiction.

(f1) Suppose we are in case (ii) of Proposition|10.3.10, Then 6(gs.) divides (¢®+1)(¢"—1)/(¢+1),
which is less than ¢" ' < (3/2)A < 3B, so (10.3.12.5) implies that (¢® +1)(¢® —1)/(qg+ 1) is either
B or 2B.

(f11) Suppose (¢* + 1)(¢" = 1)/(g+ 1) = B, i.e. (¢"+1)(¢" = 1) = ¢*** + 1 — p°(¢+ 1). Then
(10.3.12.6) Plg+1)=¢*—¢"+2.

Recall that 24 a and 2|b > 0, but e > 1. Since p|(¢* — ¢° + 2) by (10.3.12.6)), we have p = 2. Now,
if @ = 1, then ¢* — ¢ + 2 < ¢ — ¢®* < 0, contradicting (10.3.12.6). Hence a > 3. In this case,
q® — ¢" +2 = 2(mod 4), and so (10.3.12.6)) shows e = 1, whence 2q + ¢° = ¢®. If moreover b > 4,
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then 2¢ = ¢® — ¢® is divisible by ¢3, a contradiction. So b = 2, 2¢ + ¢ = ¢%, yielding (¢,a) = (2, 3)

and thus (n,q) = (5,2), which is ruled out by (10.3.12.1)).
(f12) Suppose (¢ +1)(¢* —1)/(¢+1) = 2B, i.e. (¢®+1)(¢® —1) = 2¢*"" +2 —2p°(g+1). Then

(10.3.12.7) 2°(q+1) = ¢ + ¢ — ¢ + 3.

Recall that 2 f @ and 2|b > 0, but e > 1. Since p|(¢" + ¢ — ¢* + 3) by , we have
p = 3. Now, note that the 3-part of ¢" +¢* — ¢* + 3 is 3. So implies that e = 1, whence
0<q"—q"=—¢*+6g+3, and so a = 1. In this case, ¢® > 5g+3 = ¢" —¢® is divisible by ¢*, showing
b=2,q" = q¢*+5q+3, and thus (n,q) = (3,3), which is ruled out by . (Note that if we
allow A < 12, then this exception is realized by Hgmnai,7,4 which has geometric monodromy group
61 - PSU4(3) by [KRLT4, Theorem 20.4]. Furthermore, Hgyq1,7,2 also has geometric monodromy
group 61 - PSU4(3) by [KRLT4l, Theorem 20.2].)

(f2) Suppose we are in case (iii) of Proposition [10.3.10] First we consider the case ¢ > 3. If
a < b < e, then 6(g9) < 2¢"/(q+ 1)? < A/2, contrary to (10.3.12.5)). Hence we may assume that
a < b and ¢ € {a,b}. In the notation of the proof of Proposition [10.3.10
(10.3.12.8) 6(g00) < (g + DL < (" + 1) +1)/(g+1) < ¢" 7 +1

(since a +b < n —1). Now, shows that either n > 5, or n = 3 but ¢ > 4, whence
¢"?+1< A/2 and thus 6(g) < A/2, contradicting (10.3.12.5)).

So we must have that ¢ = 2. In the notation of the proof of Proposition 0(goo) divides
3L, and 3L|M with

(10.3.12.9)
(20 4+ 1)(2° +1)(2¢+1) _2» 1 1 1 2.54 - 2"
M = < —(14+=)-(1+=)-(14+ = ————— < 0.854A < 1.7B.
9 -9 ( + 2) ( + 2) ( + 23) < 9 < <
In fact, if @ > 3, then
2m 1 1 1 1.31-2"
M<—(14+=)-(1+=) - (1+ = — < 044A < 0.88B
— 9( +23) ( +23) ( +25)< 9 < < ’

and thus 6(g) < B, contrary to . Soa=1, and and imply
(2" +1)/3—-2°=B=0(goo) = M = (2 +1)(2° + 1)/3,

and thus

(10.3.12.10) 20 4 2¢ 4 261 1 9¢ — 9F¢ where b < ¢ and 2 { be.

We claim that the only solution to is that (b,¢c,e) = (1,3,1). Indeed, if e < b — 1, then
the 2-part of N := 20 4 2¢ 4 261 1 2¢ i5 2¢ hence N # 20%¢. If e > b+ 1, then the 2-part of N is
20 and so N # 20%¢. So we get e = b, 20+¢ = 2¢ + 2Y+2 wwhence ¢ = b+ 2 and b = 1, as stated.) It
follows that (n,q) = (5,2), which is ruled out by (10.3.12.1).

(g) Finally, we consider the case d = B|C = wo(p® + 1). Note that wop® = w < A < ¢"71, so
e<(n—1)f.

(gl) First assume that ¢ = 2. Then 3B —1 = 34 — 3w — 1 = 2™ — 3 - 2¢ is divisible by 2¢, so
we can write 3B = 1+ 2°k, where k € Z>1. Next, 3B = 1+ 2°k divides 3(2° + 1) by , SO
either (k,e) = (4,1) or k < 3. If k =1, then B = (2°+ 1)/3, as desired. Also 3B = 1 + 2°k shows
that k # 3.

Suppose (k,e) = (4,1),1i.e. B=3. Thenw =A—3 = (2" —8)/3, and so e = 3, a contradiction.

Suppose k = 2. Then B = (21 +1)/3 > (2¢ + 1)/2 divides 2° + 1, so (27! +1)/3 = 2¢ + 1,
and so 2° = —2, again a contradiction.
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(g2) From now on we may assume ¢ > 3. Now, in case (i) of Proposition [10.3.10} 6(geo)|A4, s0
B| A, a contradiction. We also note that, since B < C and B+C = A+wg we have from ((10.3.12.2])
that

(10.3.12.11) 0(goo) is divisible by C' > A/2.

Suppose we are in case (iii) of Proposition If a < b < c, then 6(gs0) < 2¢"/(q+1)? < A/2,
contradicting (10.3.12.11)). If a < b and ¢ € {a, b}, then holds, and again we can use
(10.3.12.1)) to deduce that 6(gs) < A/2, again a contradiction.

Hence case (ii) of Proposition must hold, and thus the image of go in PGU,(q) is the
image of some element h = diag(hi, ha) of the torus T, = Cg, x Cg, < GU,(q) x GUy(q) in
PGU,(q), n = a+b, 21a, 2|b, where we set Q, := (¢ +1)/(g+ 1) and Qp := (¢® — 1)/(g + 1).

(g3) Here we consider the case a > 3; in particular, Q, > ¢*> — ¢+ 1 > 7. Arguing as in part
(c) of the proof of Proposition we see that E(H) is a quotient of SU,(¢q) and acts on the
underlying representation V' = Vy via a Weil representation, and the action of g on V is a scalar
multiple of the action of h on a Weil representation of GU,(q). Furthermore, the restriction of the
latter to the subgroup GU,(q) x GUy(gq) contains the tensor product Vi ® Vs, where V7 is a Weil
module for GU,(¢) and V3 is a Weil module for GUy(q) of dimension Q) +1 > 6(h2). In particular,
ho has a repeated eigenvalue 8 on Vo. On the other hand, the central order 6(h1) of h; in GU,(q)
divides @, which is odd. If 6(h1) < Qg, then arguing as in part (b) of the proof of Proposition
[10.3.10 we have Ll D) 1

0(goo) < 3 v +q zr(i ) <(¢"t1-1)/3<A)2,
contradicting . We have shown that o(h;) = Q. Similarly, if e; := ged(a,b) > 1, then
e1 > 3, and so

(" +1)(¢"—1)
¢ +1

_ (¢“ +1)(¢" — 1)
o <(g+1)-

again contradicting ((10.3.12.11)). Hence

(10.3.12.12) ged(a, b) = 1.

Now, a direct calculation shows that the spectrum of hy on Vi is o - pg, if dim(Vi) = Q,, and

a- (ng, ~ {1}) if dim(V1) = Q4 — 1, for some o € C*. Hence, g admits repeated eigenvalues on V
whose ratio is {g,. Applying Lemma [10.1.15(ii), we get that

(10.3.12.13) Qu|B.

Recall that ¢ = pf > 2 and @ > 3. Hence ¢** — 1 = p?*/ — 1 admits a primitive prime divisor ¢

by [Zs], which then divides Q,. Since B|(p®+1), (10.3.12.13) implies that £|(p?® — 1), so af|e by the
choice of £. Suppose that e > af. Then p?® — 1 admits a primitive prime divisor # by [Zs], which

then divides p+ 1 but not @, nor ¢+ 1. By (10.3.12.2)), ¢ divides 6(gs). On the other hand, 6(gx)
divides (¢*+1)(¢®* —1)/(g+1) = (¢+1)QuQy. Hence ¢'|Qy, and so e|b by the choice of ¢'. Tt follows

that af|b, contrary to (10.3.12.12)). Hence e = af. Using (10.3.12.13) and B|(p® + 1) = (¢ + 1)Qa,

we can now write B = by, with
(10.3.12.14) bo|(q +1).

We also have

< < AJ/2,

qa+b_|_1_ qa_|_1

b
= _b [ )
) 0 1 (q 0)Qa — Qb

woq* = wep* =w=A—- B =

and so
(10.3.12.15) wo(g® + 1) + Qb — wo = (¢" — bo)Qa
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is divisible by Q,. Thus we can write wg = @ — vQ, for some v € Z. Substituting this in

, we obtain that by — 1 = vg®. But |bg — 1| = by — 1 < g by and a > 3. So
we conclude that v =0, by = 1, and thus B = (¢® +1)/(¢ + 1), as desired.

(g4) Finally, we consider the case a = 1, and thus b = n— 1 and so g has central order dividing
¢" ' — 1. We first show that

(10.3.12.16) p° <q.

Since H/Z(H) = PGU,(q) has p’-index over S, we see that @ is contained in Z(H)E(H). Thus
Z(H)Q = Z(H)Q with Qq := Z(H)QN E(H). Since Q is nilpotent, Q1 is nilpotent, and so we can
write Q1 = Q2 X Q3, where Q2 = O,(Q1) and Q3 = O, (Q1). We also note that for any = € Qs,
219l € Z(E(H)) but  is a p/-element, so z € Z(E(H)) and thus Q3 < Z(E(H)) < Z(H). Recall
that E(H) acts on V via a Weill representation of SU,(q); in particular, Z(E(H)) is a p’-group,
and so Q2 NZ(H) =Q2NZ(E(H)) = 1. It follows that

Z(H)Q =Z(H)Q1 = Z(H)Q3Q2 = Z(H)Q2 = Z(H) x Q>.

Recall from [KRLT4, Proposition 4.9] that the irreducible summands of the @-module Wild all
have dimension p®. Hence it suffices to show that the dimension of any simple QQs-submodule of V'
is at most ¢. If n = 3, then the claim for Qs follows from Lemma Consider the case n > 5
and let ¢ be a primitive prime divisor of (—¢)"~! — 1; note that £ > 5 and is coprime to ¢+ 1. Since
"l -1 < (4/3)A < (8/3)C, implies that 6(gno) is either (¢! — 1) or (¢"1 —1)/2;
in particular it is divisible by ¢. Let go denote a power of go,, which has central order ¢. Since
the index of H/Z(H) over S is ged(n,q + 1), we see that go € Z(H)E(H) and thus go = 22k for
some 29 € Z(H) and hy € E(H) of central order ¢. Since g normalizes @@ and E(H), g2 normalizes
Q1 =Z(H)QNE(H) and also Q2 = O,(Q1). Hence hy normalizes ()2, and the claim for Q2 follows
from Lemma Thus we have established .

Now we have

qnfl -1
g+1

hence (10.3.12.16)) implies that p¢|(B —1). On the other hand, B > 2 and B|(p®+1) by (10.3.12.4)),

so 1l < B-—1<p° It follows that B = p¢ + 1, and so

(10.3.12.17) wo = p! Qn_1 — 1,

where Q,—1 = (¢"' —1)/(q¢+ 1) as before. On the other hand, by (10.3.12.1)) we have that wy
divides 6(goo), which divides

P! (¢" 7t 1) = (¢ + Dp!~°Qn_1 = (¢ + Dwo + (¢ + 1).

Hence, wo|(q + 1). Now, if n > 5 then wg > (¢* — 1)/(¢+1) =1 > ¢+ 1 by (10.3.12.17), a
contradiction. Thus n = 3. If f = e, then ((10.3.12.17)) yields wy = ¢ — 2 divides ¢+ 1, so ¢ = 5 (as
q > 3 by (10.3.12.1))). But in this case C' = wo(p® + 1) = 18 does not divide ¢"~' — 1 = 24, contrary
to (10.3.12.11)). If p/=¢ > 3, then (10.3.12.17) yields wg > 3(q¢ — 1) — 1 > ¢ + 1, a contradiction.
If p/=¢ =2, then ([10.3.12.17)) yields ¢ + 1 > wg > 2(¢ — 1) — 1, and so
g=4, B=3, A=13, w=10, p®=2.
In this case, V, as a module over @) or ()2, is a direct sum of five 2-dimensional simple submodules

Xi, 1 <i <5, and at most three submodules of dimension 1, and H = Z(H)S. We again apply (the
proof of ) Lemma to the subgroup @2 which may be viewed as a subgroup of R € Syly(S5),
and Ng(R) = R x C15. As shown above, 6(gx) = 15 and go, normalizes Q2 # 1. Arguing as in
the proof of Lemma we again see that (0o # 1 fixes a unique singular line in IF:{’G (if it fixed
two distinct lines, then the two lines would generated a non-degenerate plane acted on trivially

wyp*=w=A—B=q +1- B,
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by Q2 and so Q2 = 1) whose stabilizer is Ng(R). Hence g € Z(H)Ng(R) and thus we may
assume that goo = 2z3hg with 23 € Z(H) and Ng(R) = R x (h3). Now the R-module V is a direct
sum of three 4-dimensional submodules Y}, 1 < 5 < 3, transitively permuted by h3, and possibly
a l-dimensional submodule. We may assume that Y7 = X; @& Xs. As h3 normalizes (Q2, we have
similar decompositions for Y5 and Y3, which means that the (Jo-module V is a direct sum of six
2-dimensional simple submodules and possible one 1-dimensional. This contradiction completes the
proof of the theorem.

Here is an alternate way of attaining this last contradiction. By [KRLT4l, Theorem 24.2], the
sheaf F(13,3,1) in characteristic p = 2 has geometric monodromy group 2 - G2(4). By Theorem
if 7(13,3,0) in characteristic p = 2 has finite geometric monodromy group, then 63 has
order 1 or 3 (it cannot have order 2 as it has order prime to p = 2). But for 6 of order 3 or 9, the
V-test shows that Ggeom is not finite, so it is only for # = 1 that F(13,3,0) in characteristic p = 2
has finite geometric monodromy group, and this group is 2 - G2(4). O

Now we can prove the main result of this section, which determines which F(A, B, ) have finite
monodromy when A > B > 1; see Theorem for the case B = 1.

THEOREM 10.3.13. Let p be a prime and let A > B > 2 be integers with gcd(A, B) = 1 and
pt AB. Consider the local system F(A, B,6) in characteristic p, of rank D = A—1 if 6 =1 and
D = A otherwise, see Definition with geometric monodromy group G' = Ggeom. Then G is
finite if and only if one of the following conditions holds.

i) p>2 qg=0p, A= (¢"+1)/2 and B = (¢™ + 1)/2 for some integers n > m > 1 with
2lnm, ged(m,n) =1, and § =1 or 0 = x2. Moreover, G is the image of Sp,,(q) in a Weil
representation of degree D.

(ii) p arbitrary, ¢ = pf, A = (¢* +1)/(¢+ 1) and B = (¢™ + 1)/(q + 1) for some odd integers
n >m >3, ged(m,n) = 1, and 8971 = 1. Moreover, G is the image of SU,(q) in a Weil
representation of degree D.

(iii) p=2, ¢ =2, A =¢q"+1 and B = q™ + 1 for some integers n > m > 1 with 2|nm,
ged(m,n) =1, 6 =1. If nf > 4 in addition, then G = gltanf Q3,,(q).

(iv) p=2,A=13,B=3,0=1, and G =2-Gy(4).

(v) p=3, A=23, B=5, 0= x2, and G = Cos.

(vi) p=3, A=7, B=25, 0 = x2, and G = Spg(2).

(vii) p=3, A=7,B=40rB=2,0=1, and G = 61 - PSU4(3).

(viii) p=3, A=5, B=4,0 =1, and G = Sp,(3) x 3.

(ix) p=5, A=7, B=3, 0 = x2, and G = Spg(2).

)

)

—_

(x) p=5,A=3,B=2,0=1, and G = SLa(5) x 5.
(xi) p=7,A=5,B=2,0=1, and G = 2A7.

3

PROOF. (a) First suppose that (A, B,0) is one of the listed triples. In cases (i) and (ii), we
apply Lemma to see that F(A, B,0) is an irreducible summand of Fyngcq(¢" +1,¢™ + 1,1),
hence the statement follows from Theorem except for the structure of G in case (ii) when
p = 2, which will be determined at the end of (¢) (below). In case (iii), finiteness of G follows
immediately from the supersingularity statement of [vdG-vdV], Corollary 5.4] and G is identified
in Theorem [R.5.5

In case (v), G is determined in [KRLT1), Theorem 4.2(v)]. In cases (iv) and (vi)—(xi), finiteness
of G and its identification follow from Theorems 25.2, 31.6, 21.2 and 21.4, 30.7(iv), 31.2, 30.7(v),
and 31.9 of [KRLT4]|, respectively.

(b) In the rest of the proof, we will assume G is finite, and show that (A, B,#) must be one of
the listed triples. Let H = Hgmau,a,B or Hsig,A,B,, be a hypergeometric sheaf whose [A]* Kummer
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pullback is F(A, B,0). Then H has finite monodromy group H > G. By Corollary finiteness
of H implies A <5 in the case B= A — 1.

More generally, here we explain how to handle the case A < 29. In all cases, H is primitive
by Lemma [10.1.8] Note that w := A— B >1and D > A—1 > 2. If (w,p,D) = (1,5,2), then
(A, B,6) = (3,2,1), leading to (x). So we will assume (w,p, D) # (1,5,2). Applying Theorem [2.4.4]
and using primitivity of H, we conclude that p < 2w + 1. Theorem allows us to bound o(#)
from above. Thus we have a (short) finite list of cases of (A, B, ) with A < 29 and p < 59 for which
F(A, B,0) in characteristic p can possibly have finite Ggeom. We eliminate those not on the list
given in the theorem by showing that they fail the V-test for finiteness, done using Mathematica.
Thus the only finite monodromy cases with A < 29 are those listed.

(¢) Now we may assume that A > 30 and 2 < B < A —2. As A > 11, H satisfies (S+)
by Corollary By Lemma H is either almost quasisimple, with a unique non-abelian
composition factor S, or an extraspecial normalizer. In the latter case, p = 2 by [KT5, Theorem
9.19]; hence, applying Theorem we arrive at (iii). Suppose we are in the almost quasisimple
case. In this case, S is also the unique non-abelian composition factor of G. By Theorem
S 2 A, for any n > 5. Let go be a generator of the image of I(0) in H. Then gg is an ssp-element by
Proposition [2.4.3] and so we can apply Theorems [3.1.3] and [3.1.5] to identify S and the underlying
representation V = V4 for G, which is of dimension D > A — 1 > 29. The bound D > 29 rules out
all the sporadic simple groups, so S = PSL,(q) with n > 2, PSp,,,(¢) with n > 2, or PSU,(¢) with
n > 3. Now, the case S = PSL,(q) is ruled out by Theorem The case S = PSp,,(q) leads
to (i) by Theorem and the case S = PSU,(q) leads to (ii) by Theorem

As promised, we now return to case (ii) and determine the structure of G when p = 2. In this
case, A = (¢" +1)/(¢ + 1), so A is odd and the 2-part of A — 1 is exactly ¢ and smaller than
A —1 > 29. Hence this case is disjoint from all other possibilities (i) and (iii)—(xi). Therefore, our
preceding analysis shows that G is almost quasisimple, with S = PSU,,,(r) and A = (r"™+1)/(r+1)
for some 2-power r and 2 1 r > 3. Since ¢ is the 2-part of A — 1, we get r = ¢ and so m = n.
Again using Theorem [3.1.5 and [KT5| Corollary 8.4], we get H/Z(H) = PGU,(q) and moreover
E(G) = E(H) is the image of SU,(q) in a Weil representation of degree D. If D = A, then, since
A — B > 2, by [KT5| Proposition 4.8(iv)] we have p t |Z(H)| and so H/E(H) is a p/-group. As
H/G is a cyclic p/-group and G = O (G), we have G = E(G) in this case. Finally, assume that
D =A-1, and so H = Hgsmai,4,p- In this case, as 21 AB, H is symplectic by [Ka-ESDE! 8.8.1-2],
and hence |Z(H)| < 2. Also, H/E(H) has a central subgroup Z(H)E(H)/E(H), with quotient
H/Z(H)E(H) = PGU,(q)/S being cyclic of order gcd(n,q+1). Hence H/E(H) is abelian, of order
dividing 2 ged(n, ¢+ 1). On the other hand, H = O%(H) by Theorem It follows that H/FE(H)
has order dividing ged(n,q + 1), and hence G = E(H) as stated in (ii). O

Note that Theorems [10.2.6{and [10.3.13| only deal with F(A, B, #) when gcd(A, B) = 1. Next we
will remove this condition.

THEOREM 10.3.14. Let p be a prime and let A > B > 1 be integers with p t AB and d :=
ged(A, B). Consider the local system Fpnged(A, B,0) in characteristic p, of rank D = A—14f0 =1
and D = A otherwise, see Definition with geometric monodromy group G = Ggeom. Assume
in addition that D > 2. Then G is finite if and only if one of the following conditions holds.

(a) p>2,q=pf,d2, A= (¢"+1)/e and B = (¢™ +1)/e for some integers n > m > 0 with 2|nm,

ged(n,m) =1, e:=2/d, and ¢ = 1.

(b) p arbitrary, ¢ = p, d|(¢g+ 1), A = (¢" + 1)/e and B = (¢"™ + 1)/e for some odd integers

n>m>1,ged(n,m)=1, e:=(¢+1)/d, and 0° = 1.

(¢c) d =B =1, and one of the possibilities (iii), (iv) of Theorem [10.2.¢ occurs.
(d) d =1< B, and case (iii) of Theorem[10.5.13 occurs.
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(e) d =B =1, and one of the possibilities (v), (vi) of Theorem occurs.
(f) d =1 < B, and one of the possibilities (iv)—(xi) of Theorem |10.3.15 occurs.

Proor. If d = 1, then the statement follows from Theorems [10.2.6| and [10.3.13] So we will
assume that d > 1 and fix a character o such that ¢? = §. By [KT6], Proposition 2.6],

(103141) -angcd(Aa B, 9) = @xe(:har(d)]:(A/da B/d, XJ),

where the sheaves F(A/d, B/d,xo) are geometrically irreducible and pairwise non-isomorphic.
Working over fields over which all yo are defined and using Lemma [2.2.5] we see that the finiteness
of Ggeom implies that each of the d sheaves F(A/d, B/d, xo) also has finite Ggeom. They all share
the same exponents A/d and B/d, but have the characters yo that differ by a character of order
dividing d.

First we consider the case B/d > 2. The above observations then show by Theorem[10.3.13] that
none of the possibilities (iii)—(xi) listed therein cannot occur since d > 1. Note that in [10.3.13i)
we have p > 2 and A/d = (p+1)/2(mod p), whereas A/d = 1(mod p) in [10.3.13|(ii). Hence, either
all the sheaves F(A/d, B/d, xo) satisty [10.3.13|(i), or all of them satisfy [L0.3.13(ii). In the former
case of [10.3.13(i), we must have that p > 2, d =2, A/d = (¢" +1)/2, B/d = (¢" + 1)/2 for some
power ¢ = p/ and some coprime n > m > 1 with 2|nm, and 1 = (x0)? = 0, and thus we arrive
at (a). Suppose we are in the latter case of (ii). Then there is some power ¢ = p/ such
that A/d = (¢" +1)/(¢+ 1), B/d = (¢" + 1)/(¢ + 1) for some coprime n > m > 1 with 2 { nm,
and (xo)?*t! = 1 for all x € Char(d). In particular, taking x = 1 we get 09" = 1. Now taking
x € Char(d) of order d, we get x?t' =1, and so d|(q + 1), 1 = 9! = 9latD/d and we arrive at
(b).

Now we consider the case B = d. In the case A = 2d, assume in addition that 6 # 1, so that
(xo)? # 1 and so xo # 1 for all x € Char(d). The above observations then show by Theorem

10.5.6)

that none of the possibilities (iii)—(vi) listed therein can occur since d > 1. In the case of |1

we must have that p > 2, d = 2, A/d = (¢ + 1)/2 for some power ¢ = p/, and 1 = (x0)? = 6, and
thus we arrive at (a) with (n,m) = (1,0). Suppose we are in the case of [10.2.6(ii). Then there is
some power ¢ = p/ such that A/d = (¢" +1)/(q + 1) for some odd n > 1, and (xo)4*! =1 for all
X € Char(d). Arguing as above, we obtain d|(q+ 1), 1 = o9+ = 9(a+1/4 and we arrive at (b) with
m = 1.

Finally, assume that (A, B,0) = (2B, B,0). Here we can take 0 = 1. Since D > 2, we
have B > 2. Applying Theorem to any summand F(2,1,x) in with x # 1,
we see that p = 3 and x> = 1. Thus B =d = 2, A/2 = (3 + 1)/2, and we arrive at (a) with
(p,q,n,m) = (3,3,1,0). O

The finite geometric monodromy groups occurring in Theorem [10.3.14] will be determined in
Theorem [11.2.4]
Next we determine Ggeom for F(A, B, §) when it is infinite.

LEMMA 10.3.15. There exists no local system F(A,B,0) in characteristic p t AB such that
Gocom is the image of SL(V') = SLg acting on the irreducible representation N*(V) with k = 2 or
k=3.

PROOF. (a) Assume the contrary, and consider the corresponding hypergeometric sheaf H, with
geometric monodromy group H. Since H satisfies (S+) by Lemma[10.1.7| and Corollary [10.1.9| and
H > Ggeom, we have that H° = Gg,, is the image of SLg. Applying Theorem @ we have that
2<p<k.

First we consider the case k = 2, so p = 2 and H has rank D = 15. As pt A, we must then have
A =15, H = Hypig,15,B,¢- But this is impossible by Lemma [6.1.18
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(b) Hence k = 3 and #H has rank D = 20. Consider the case p = 3. As p{ A, we have A = 20,
H = Hpig 20,8,y Since the SLg-module A3(V) is self-dual, Corollary implies that F(A, B, 0) is
geometrically self-dual. But this contradicts Theorem i), as A is even.

We have shown that p =2. As p{ A, we have A =21, H = Hemau21,8, 21 B, w:=A— B > 2.
Let go be a generator of the image of I(0) in H. Then gy has spectrum pg; ~\ {1} on the underlying
module Vyy; in particular, o(gog) = 21. Note that H is symplectically self-dual by [Ka-ESDE, 8.8.1-
2], so Z(H) < Cy. On the other hand, H° is the image of SLg on A3(V), so its center is Cy and
thus Z(H) = Z(H®). It follows that [H : H°] < 2, and so go € H°. Theorem then implies
that H = H° = SLg/Cs.

Since SLg — H with kernel C5, [KT5, Theorem 4.14] implies that w := A — B < 6, hence
B > 15. But p t B and the irreducibility of F(A, B,0) implies by [KT6, Corollary 2.7] that
ged(A, B) = 1. Tt follows that B = 17 or 19, respectively w = 4 or 2.

(¢) Now we will deduce a contradiction by looking at the action of goo, a p’-element that
generates the image of I(c0) in H modulo the image of P(c0). By [KRLT4, Proposition 4.9], g
acts on Wild with spectrum « - (uw+1 ~ {1}), and on Tame with spectrum pp ~ {1}. In particular,
1 = det(goo) = @ and so a € py. But goo has odd order, so in fact o = 1. Thus g2 = A3(X) has
spectrum

(10.3.15.1) (w1 ~ {1}) L {1181}
on Vi, where X = diag(aq,...,as) € SLg. Without any loss, we may assume by ((10.3.15.1)) that
ajasas = B, whence asasag = 31

for some 1 # 8 € py+1 (because det(X) = 1). If w = 2, then no other triple products differ from
1. If w = 4, then two more triple products are not 1. Since the roles of {1,2,3} and {4,5,6} are
symmetric, we may assume that either

ai1asa4 = 7y, whence agasag = ’y_l,

with 1 2 v € py41. All other triple products are 1.
Hence, for both w =2 and w = 4, a;a;jar, = 1 (at least) for the following triples ijk:

125,126,134, 135, 136, 145, 146, 156, 234, 235, 236, 245, 246, 256, 345, 346.

Comparing the products for triples 134, 135, 136, we get ay = a5 = ag. Using the triples 145, 245, 345,
we get a; = az = ag. Using the triples 134,145, we get a3 = as. Thus X = a1 -Id, g2 = a3 - 1d,

contrary to (10.3.15.1)). U

LEMMA 10.3.16. Let n € {5,6,8}. There exists no local system F(A,B,0) in characteristic
p =21 AB such that G2 is HSpiny,, acting on a half-spin representation.

geom

PROOF. Assume the contrary. Since p t AB and D = 2"~! we have that B < A —2, A =
2=l 4+ 1, Bis odd, and # = 1. Hence, by Theorem (iii), the underlying module V' for Gigeom
is symplectically self-dual. On the other hand, by [Bour, Table I, p. 213], the Ggeom-module V' is
not self-dual if n = 5, symplectically self-dual if n = 6 and orthogonally self-dual if n = 8. This
takes care of the cases n = 5,8. It remains to treat the case n = 6.

Consider the corresponding hypergeometric sheaf H = Hypnqu,33,3 and let H denote its geometric
monodromy group. Then H satisfies (S+) by Lemma and Corollary Since H is
symplectic by [Ka-ESDE] 8.8.1-2], we have that |Z(H)| < 2. On the other hand, H > G

geom’

Ggeom = HSping, has center of order 2, and any outer automorphism of HSpin;, fuses the two

half-spin representations (each of degree 32 = A —1). Hence H = Ggeom = HSpin;,. Consider a
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generator go of the image of 1(0) in H and let h := g{!. Then h has order 3 and its spectrum on V
is

(10.3.16.1) {1001 0 iy

where ¢ := (3. Embed h in a maximal torus 7, and let

6 6
Q= {;Zeiei | €, = :I:l,Hei = 1}
=1 i=1
be the set of T-weights on V, where {e1,...,eg} is an orthonormal basis of RS.

Suppose for instance that e;(h) = ea(h) = 1. Then, for any o = £1 and for any § = 2?23 €i€;
with H?:g €; = a, the weights (e; + aes + 0)/2 and (—e; — aea + 9)/2 belong to Q and take the
same value at h. It follows that the multiplicity of any eigenvalue of h on V is even, contrary to
[03.16.1).

We have shown that e;(h) = 1 for at most one index 7. It is well known, see e.g. [TZ3|
Proposition 3.1(ii)] that any semisimple element of H is real. Applying this to h, we see that
ei(h) # 1 for all 4, and so we may assume that ej(h) = ea(h) = es(h) = ¢ and eq(h) = e5(h) =
e(h) = C. Hence, the spectrum of h on V is {1201 ¢l6] ¢l6]}  again contradicting . O

LEMMA 10.3.17. There exists no local system F(A, B,0) in characteristic p t AB such that

Ggeom 5 E6, acting on an irreducible representation of degree 27.

PROOF. Assume the contrary, and consider the corresponding hypergeometric sheaf H, with
geometric monodromy group H. Since H satisfies (S+) by Lemma and Corollary and
H > Ggeom, we have that H° = Gy, = E6. Applying Theorem we have that p = 2 or
p = 3. Also, since any outer automorphism of H° fuses the two irreducible representations of H°
of degree 27, we have H = Z(H)H®. Let gy be a generator of the image of 1(0) in H.

Suppose p = 3. Then A = 28 since p { A, and H = Hgmanz2s,. Note that gy has spec-
trum pigg \ {1} on the underlying H-module V3. It follows that g has order 4 and spectrum
{1l ¢l (=)l ¢ where ¢ := (4. Now write g5 = zh, where z € Z(H) and h € H°. Then
Id = g2 = 2*h*, whence

A =ht e Z(H)NH° < Z(H°) = Cs
and so z'2 = Id. We also note that det(h) = 1 as H® is perfect, and —1 = det(g§) = det(z) det(h), so
det(z) = —1. It follows that z acts as a scalar £ € C* on Vi, where 12 = 1 and —1 = det(z) = £*7;
in particular, €4 = 1 and 2% = Id. Therefore, gam = 25h% = K0 is an element of H° that has spectrum
{1031 (1))} on Vi (and so is of order 2). However, according to [CW], Table 2], H® contains no
such element, a contradiction.

We have shown that p = 2, so A = 27, and 0 # 1. Then gy has spectrum o7y on V. Write
go = zh with z € Z(H) and h € H°. Then 1 = det(go) = det(z) det(h), but det(h) = 1 since H® is
perfect. So, z acts as a scalar & € C* on Vi, where 1 = det(z) = £27, and thus & € ug7. It follows
that the element h € H® also has spectrum po7 on V. Now we put h in a maximal torus 7 of H®,
and again adopt the realization of the set ) of the T-weights on V4 that was used in the proof of
Theorem [6.2.13] Then the eigenvalues of h on Vy are

(ei £ f)(h), (—es—e;)(h), 1<i<j<6

In particular, e1(h)? = (e1 + f)(h) - (e1 — f)(h) € p2r. Hence we can write e1(h) = ea; = e(}
for some a; € Z/277Z and some € = +. Writing e;(h) = e and f(h) = €¢f with «;,8 € C* for
2 < j <6, we then have that

po7 3 (—e1 — ;) (h) = (anay) ™", por 3 (e1 + f)(h) = a1,
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and so a; = C;% and 8 = C37 for some a;,b € 7,/277. Keeping in mind (6.2.13.1)), we then see that
6 .
1= H?:l ei(h) = C%i:”” and thus

6
(10.3.17.1) » ai=0
=1
and
(10.3.17.2) {a; £b,—a; —a; |1 <i<j<6}=7/2T7.

Note that (10.3.17.2)) shows that ay, . . ., ag are pairwise distinct. A Magma calculation (see Appendix
A2) shows however that there is no (ai,...,aq,b) € (Z/27Z)" that satisfies both (10.3.17.1)) and

(110.3.17.2), again a contradiction. O

LEMMA 10.3.18. There exists no local system F(A,B,0) in characteristic p + AB such that

Geeom 8 E7, acting on an irreducible representation of degree 56.

PROOF. Assume the contrary, and consider the corresponding hypergeometric sheaf H, with
geometric monodromy group H. Since H satisfies (S+) by Lemma and Corollary and
H > Ggeom, we have that H° = Gg,,,, = E7. Applying Theorem [6.2.14] we have that p = 2 or p = 3.
If p = 2, then A = 57 since p { A, and this case is ruled out by Lemma [10.2.2, So p = 3, A = 56,
and @ # 1. Since the irreducible 56-dimensional Fr-module Vy is self-dual, Corollary implies

that F(A, B, ) is geometrically self-dual. But this contradicts Theorem [10.1.6{(i), as A is even. [

LEMMA 10.3.19. Consider the subgroup S = SLs ® SLo ® SLe < SLg and suppose that h € S has
1 as an eigenvalue with multiplicity m > 4. Then the following statements hold.

(i) All eigenvalues of h have multiplicity > 2.
(ii) If m > 4, then 1 is the only eigenvalue of h.

PROOF. Write h = X ® Y ® Z, with X € SLy with spectrum {z,271'}, Y € SLy with spec-
trum {y,y~!'}, and Z € SLs with spectrum {z,z7!'}. As 1 is an eigenvalue of h, replacing x
or y or z by their inverses if necessary, we may assume z = xy. Then the spectrum of h is
{13 22 272 2 42, (zy)?, (xy)~2}. It follows that 22 or 32 or (zy)? is 1. Using the symmetry of
x,y, z, we may assume that z = +1. Replacing (X, Z) by (=X, —Z2), we may assume that z = 1.
Now the spectrum of h is {zy!?, (zy= )2, (zy=)P, (= 1y~1)P}, yielding ().

In the case of (ii), replacing z by 27! if necessary, we may assume = = y, and so the spectrum
of his {114 (22), (z=2)}. As m > 4, we must have that 22 = 1 and thus 1 is the only eigenvalue
of h. 0

LEMMA 10.3.20. The system F(5,3,1) in any characteristic p > 5 has geometric monodromy
group G = Ggeom = Spy.-

Proor. Consider the corresponding hypergeometric sheaf H = Hgpq11,5,3, with geometric mon-
odromy group H. By [Ka-ESDE, 8.8.1-2], H is symplectically self-dual, so G < H < Sp, and
Z(H) < (5. By Lemma H is primitive, hence, for any N <1 H, the underlying module V4
is homogeneous over IV, i.e. a direct sum of some copies of a simple N-module. Since w = 2 and
p > 7, H is infinite by Theorem [2.:4.4] and thus G° = H® # 1.

By Grothendieck’s result “the radical is unipotent” [De2| 1.3.8, 1.3.9], one knows that H? is a
semisimple algebraic group. Thus H® is a (connected) semisimple subgroup of Sp,, so it has rank 1
or 2. Suppose it has rank 2. If H® is of type Cs, then we are done. Otherwise it has type 241, and
so H® is a quotient of SLa x SLa. But H® acts faithfully and homogeneously on V4 of dimension 4,
so H® = SL(V;) ® SL(V2) = SLa * SLy and Vi = Vi ® V4 as an (irreducible) H°-module. It follows
that V is orthogonally self-dual as an H°-module, a contradiction.
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Finally, consider the case H® is of type Aj, i.e. H° is a quotient of SL(U) = SLy. As above,
the H°-module is the sum of ¢ copies of a simple H°-module M. The faithful action of H° shows
that dim(M) > 1, and so dim(M) = 4 or dim(M) = 2. If dim(M) = 4, then H® is irreducible on
Va = Sym?(U), contrary to Theorem

Hence dim(M) = 2, H° = SL(U) and it has no outer automorphism, whence H = C x« H° with
C := Cyg(H®). Here, C° < CNH® =Z(H®°) = Cy, so C is a finite group. As H = C' * H° is
irreducible on V3 and M = U, V4 decomposes as R ® U, where R is an irreducible C-module of
dimension 2. Since H is primitive, R is primitive, whence it is (S+). Now we can apply Lemma
to see that the image of C' in PGL(R) = PSLy is either As = PSLa(5) or Aut(E) < Sy for
E € {Dg,Qs, Dg x Cy}. We will therefore achieve a contradiction by showing that the image of C
in PGL(R) contains an element of order p > 5. To do this, we consider some element g of order p
in the image @ of P(0c0) in H. Then we may assume that g has an eigenvalue ¢ = (, on Wild. But
g € Sp, and w = 2, so g has spectrum

(10.3.20.1) {¢,¢, 1P}

on R® U. Now write ¢ = X ® Y, where X = diag(z,2~1) € SL(U), and Y = diag(y, 2) in the
image of C' on R. As 1 is an eigenvalue of g, we may assume y = x and thus g has spectrum
{1,22, 22,27 12}. If 22 = 1, then g has spectrum {1[2},2[2]}, contrary to . If 2712 =1,
then g has spectrum {18, (2)[?}, again contradicting (10.3.20.1). We conclude that zz = 1, so
{22,272} = {¢, ¢} and so o(2?) = p. Thus y/z = 22 has order p, and so Y has central order p. As
Y lies in the image of C on R, this shows that the image of C' in PGL(R) contains an element order
p, as desired. O

Now we can prove the B > 1 counterpart of Theorem [10.2.4]

THEOREM 10.3.21. Let p be a prime and let A > B > 2 be integers coprime to p with gcd(A, B) =
1. Consider the local system F(A, B,0) in characteristic p, of rank D = A—1if6 =1 and D = A
otherwise, with geometric monodromy group Ggeom. Assume that Ggeom s infinite. Then we have
the following results.

(i) If AB is even, then for every 0, F(A, B,0) has Ggeon, = SLp. Moreover, if B # A — 1, then
Ggeom = SLp. If B=A —1, then Ggeom = {2 € GLp | det(z)? = 1}.
(ii) If AB is odd and 6 # 1, x2, then Ggeom = SLp.
(iii) If AB is odd and x =1, then Ggeom = SPp.-
(iv) If AB is odd and x = X2, then Ggeom = SOp.

PROOF. (a) Consider H = Hgmau,a,p if 6 = 1 and consider H = Hpig 4,8, With x4 =0 if
0 # 1. Let H denote the geometric monodromy group of H. By Theorem G := Ggeom I8
finite if and only if H is finite; indeed, G has index dividing A in H. By our assumption, both G
and H are infinite.

First we consider the B = A — 1 case; in particular, p > 2. If A = 3, then we even have p > 5.
If, in addition p > 7 or 6 # 1, then we arrive at (i) by Corollary and Remark On
the other hand, when p = 5 the sheaf F(3,2,1) has finite monodromy by Theorem (X) So
we may assume that either A > 5 or A =4 but p > 5 (as p { AB). Note that when p = 3 the
sheaf F (5,4, 1) has finite monodromy by Theorem |10.3.13|(viii), so when A = 5 we may also assume
p > 5. Applying Corollary and Remark gain arrive at (i).

(b) Henceforth we will assume that 2 < B < A — 2. Since gcd(A, B) = 1, this rules out the
case A = 4. Next, H is primitive by Lemma [I0.1.8] Furthermore, if D # 4, then H is tensor
indecomposable by [KT5, Lemma 2.4]. If D = 4, then since A > 5, we have A =5 and § = 1. In
this case, either B = 2 and so H is (S+) by Corollary or (B,p) = (3,2), in which case H is
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finite by Theorem [10.3.13((iii), or B = 3 and p > 5, in which case G = Sp, by Lemma |10.3.20, Thus
we may assume henceforth that H is tensor indecomposable, and hence that H satisfies (S—).

Recall that H is infinite and H/G is a finite cyclic group. Applying Lemma we have that
G° = H° is a central product Li x...* L; of ¢ > 1 simple algebraic groups that are transitively
permuted by H, and G° is irreducible on the underlying representation V. By Corollary if
D # 4,8,9 then H satisfies (S+), and so t = 1 by Lemmam By Proposition m(l), a generator
go of the image of I(0) is an ssp-element on the underlying representation V' of #H; more precisely,
its spectrum is pg ~\ {1} if 6 = 1 and p4 otherwise, and so 6(go) = A.

(c) Here we consider the case t = 1, i.e. G° = H® is a simple algebraic group. Then we can
apply Theorem [6.2.14] and arrive at one of the following possibilities for the irreducible action of
H° on the underlying representation V.

(cl) H? is a classical group SLp, Spp, or SOp, acting on V3 via the natural representation or
its dual, or Go with D = 7. Here, if 2|AB, or if 24 AB but 0 # 1, x2, then F(A, B, 0) is not self-dual
by Theorem In this case, Lemma implies that the H°-module V4 is not self-dual, so
G° = H° = SLp. If moreover B # A — 1, then the wild part has dimension w = A — B > 2, and
Corollary 2.4.10] implies that G = SLp, leading to (i), respectively (ii). If B = A — 1, then we arrive
at (i) using Remark [2.4.11}

Assume now that 2 t+ AB and o(f) < 2. If § = 1, then F(A, B,#) is symplectically self-
dual by Theorem whence Lemma implies that the H°-module V4 is symplectic, so
G = H° = Spp, leading to (iii). Suppose p > 2 and § = x3. Then F(A, B,#) is orthogonally
self-dual by Theorem whence Lemma implies that the H°-module V3 is orthogonal;
also G < Op. In this case, we must have that G° = SOp, or D = 7 and G° = G3. We will see
below that this last case does not occur. We also note that gp has determinant 1 (as 2 1 A), and
w=A—-B > 2. Hence H < SLp by Theorem [1.2.2] and Z(G) < Z(H)NOp =1 (as D = A
is odd). If G° = SOp, then we have G = SOp, as stated in (iv). Suppose D = 7 and G° = Gy,
whence H° = G9. As H is of type (7, B) with B odd and G2 has no outer automorphism, we apply
Lemma to infer that some tame twist £, ® H has Ggeom,c, @1 = G2. But this twist, £, ® H,
is still of type (7,B). As B > 1, this contradicts [Ka-G2| Theorem 3.1], according to which the
only hypergeometric sheaves in any odd characteristic with Ggeom = G2 are of type (7,1).

(c2) One of (a)—(d) listed in Lemma and so they are all ruled out.

(c3) One of the cases (viii)~(x) of Theorem[6.2.14] These cases are ruled out by Lemmas
[10.3.16] [10.3.17, and [10.3.18] respectively.

(d) The rest of the proof is to deal with the case t > 1. By Lemma in this case H is
tensor induced. By Corollary D € {4,8,9}. In fact, as mentioned above, D = 4 would imply
(A,B) = (5,2) and # = 1, and so H is (S+) and ¢ = 1. So we have one of the following possibilities.

(d1) D = A = 8 and so 0 # 1. Here, if B = 3 then H is again (S+) by Corollary As
2< B<A-2and ged(A, B) =1, we are left with B = 5. Since H is tensor induced and ¢ > 1, we
must have that t = 3 and H° = SLo * SLo % SLo, whence the H°-module V3 is self-dual. But this
contradicts Lemma, since F is not self-dual by Theorem

(d2) D =8 and (A,0) = (9,1). Here, if B =2 or 4, then H is again (S+) by Corollary
As 2 < B < A—2 and gcd(A,B) = 1, we are left with B = 5 and B = 7. In both cases, H
is symplectically self-dual by [Ka-ESDE| 8.8.1-2], so |Z(H)| < 2. Since ¢t > 1 and H is tensor
induced, we must have that t = 3 and H® = SLg % SLg % SLo, so in fact Z(H) = Cy(H®) = Cs, and

(10.3.21.1) H/H® < Ss.

Suppose (A, B) = (9,5). Note that when p = 2, the sheaf F(9,5,1) has finite monodromy by
Theorem [10.3.13((iii), so we have p > 2. Now we consider a p’-element g, € H that generates the
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image of I(o0) in H modulo the image of P(o0). Since w = 4, by [KRLT4, Proposition 4.8], g
permutes the 4 simple P(oo)-summands on Wild transitively, and has spectrum ps ~ {1} on Tame.
It follows from that g12 belongs to H° and has spectrum {e} LI (15 ~ {1}) for some
€€ C*. As gl2 € Spg is real, e = ¢~ 1. Hence g2* € H® has spectrum {14} LJ (15 ~ {1}). Applying
Lemma to g4, we get a contradiction.

Suppose (A4, B) = (9,7). First assume that p > 2, in which case we have p > 3, which implies by
that the image @ of P(c0) lies in H° = SLy*SLy*SLy. Now any p-element 1 # h € @ has
1 as an eigenvalue with multiplicity > 6. Applying Lemmal[I0.3.19]to h, we again get a contradiction.
Assume now that p = 2. As @ is irreducible on Wild of dimension 2, () is non-abelian, and so it
contains an element g of order 4. Again implies that ¢> € H°. Now applying Lemma
to g2, we see that the (semisimple) element g2 is trivial, a contradiction.

(d3) D= A =9 and so 0 # 1. Here, if B = 2, then H is again (S+) by Corollary As
2 < B<A-—2and ged(A4, B) =1, we are left with B € {4,5,7}. Since H is tensor induced, we
must have that H is 2-tensor induced. Now, if B = 4, then p > 2 and w = 5, so H is not 2-tensor
induced by Proposition Similarly, if B =5 or 7 and p > 2, then H is not 2-tensor induced by
Proposition If B=5or 7 and p = 2, then # is not 2-tensor induced by Lemma In all
cases, we arrive at a contradiction.

(d4) D =9 and (A,6) = (10,1). Here, if B = 3, then H is again (S+) by Corollary
As 2 < B < A-—2and ged(A, B) =1, we are left with B = 7, in which case p > 2, w = 3, so H
is not 2-tensor induced by Proposition As D =9, this implies that H is (S+) and t = 1, a
contradiction. O

In the general case of local systems Fpngcd(A,B,0) in characteristic p where A, B are not
necessarily coprime, Theorem [10.3.14] already determines all the possibilities of (p, A, B,6) that
give rise to finite geometric monodromy groups.



CHAPTER 11

Multi-parameter families of exponential sums

11.1. Preliminaries

The results in this chapter determine the geometric monodromy groups for some “van der Geer-
van der Vlugt” local systems on A*, which generalize various results of [KT1, [KT3, KT6]. First
we need some preliminary statements.

LEMMA 11.1.1. Let p be a prime, k > 2, and let A > By > ... > B > 1 be integers with
pt ABy...By. Consider the arithmetically semisimple local system F(A,By,...,Bg,0) over AF
with trace function

(t1,...,tg) — —Zw(mA +tyaBr 4+ +tk:ch)9(x),
T

in characteristic p, of rank D = A —1 if 8 = 1 and D = A otherwise, c¢f. (0.0.0.2). Then
F(A,By,...,Byg,0) is geometrically irreducible if and only if ged(A, By,...,Bx) = 1.

ProoF. This is a consequence of [KT6, Corollary 2.7]. O

We will need the following number-theoretic fact, which is a special case of a result due to Erdos
and Gyorgy, cf. [Erd], [Gy]:

LEMMA 11.1.2. For integersn >m > 1, (;;) can be a prime power p® exactly when n = p* and
m=1n-—1.

PROOF. Suppose that (:I) = p® for some prime p and 2 < m < n — 2. Without any loss
we may assume 2 < m < n/2. By Sylvester’s theorem [Syl2|, at least one of the m integers
n,n—1,...,n —m+ 1 is divisible by a prime ¢ > m, say ¢|(n — i) for some 0 < i < m — 1. In this
case, ¢ divides (7’}1), so p =4{. If £ also divides n — j for another 0 < j < m — 1, then ¢ divides ¢ — j,

but |7 — j| < m < ¢, a contradiction. As ¢%(m!) = H;n:_ol(n — j), it follows that n — i is divisible by
¢%. But this is impossible, since 0 < n —i < n and ¢* = (;:L) > (g) > n. O

PROPOSITION 11.1.3. Let ¢ = p/ be a power of an odd prime p, n € Z>1, D = (¢" £ 1)/2, and
let ¢ > 5. Let G < GLp be a Zariski closed subgroup such that G/Z(QG) is infinite and G contains a
subgroup G which is the image of Sp,y,,(q) in an irreducible Weil representation of degree D. Then
(G, G)° is a simple algebraic group acting irreducibly on CP. Assume in addition that D is an odd
prime power. Then one of the following statements holds.
(i) [G,G] =SLp.
(ii) ¢ =1 (mod 4), D = (¢" +1)/2, and [G,G]° = SOp.
(iii) ¢" =13, D=7, and [G,G]° = Ga.
PROOF. (i) By assumption, G > G acts irreducibly on V := CP. It is well known that the
Weil representation of G; = E(G1) on V admits an ssp-element g;. Next, the smallest index P(G1)

of proper subgroups of Gy is > (¢" + 3)/2 > D, see [KIL, Table 5.2.A]. It follows that G;, and
hence G, cannot fix any imprimitive decomposition V' = @/, V; with m > 1. Next suppose that G

265
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fixes a tensor decomposition V = Vi ® V5 with dim V; > 1. Certainly Z(G1) acts via scalars on both
Vi and V. Hence G1/Z(G1) = PSp,y,(¢) admits a nontrivial projective representation on some V;,
of dimension < D/2 < (¢" 4+ 1)/4. On the other hand, according to [KIL| Table 5.3.A], the degree
of any such representation is at least (¢" —1)/2 if ¢" # 9 and 3 if (¢,n) = (9,1), a contradiction.
Finally, if G fixes a tensor induced decomposition V =V ® ... V,, = Vl®m with m > 2, then

m < log,(¢" +1 /2<P(G1)

In such a case, G must fix every tensor factor V;, and hence V¢, is tensor decomposable, contrary
to the preceding result.

We have shown that (V, G) satisfies condition (S). [When D # 4, 6, this statement also follows
from Theorem [3.1.6]] Applying [GT3| Proposition 2.8], for the subgroup H = SL(V) N ZG, where
7 :=Z(GL(V)), we have that ZG = ZH and either H® is a simple algebraic group or H is finite.
In the latter case, G < ZH and ZNG = Z(G), and so G/Z(G) is finite, contrary to the hypothesis.
So H° is a simple algebraic group. Next, H QZH = ZG and ZG satisfies (S), so by [GT3l, Lemma
2.5], either H® is irreducible on V or H® < Z. As H/H® is finite, we again see that

GJZ(G) = ZG/Z = ZH)Z = ZH|ZH®
is finite, a contradiction. Thus H® acts irreducibly on V and H° = [H°, H°]. Now
H° < [H,H] = [zH, ZH] = [2G, ZG] = |G, G],
and hence H° < [G,G]°. But we also have that [G,G]° = [H,H|° < H°. Therefore, [G,G]° =

is a simple algebraic group acting irreducibly on V.

By Schur’s lemma, Cq([G,G]°) = Z(G) is cyclic. Furthermore, Out([G, G]°) is a subgroup of
S3, hence solvable. It follows that G/[G, G]° is solvable. But G is perfect, so G; < [G,G]°. In
particular, [G, G]° contains the ssp-element g;. Hence we can apply Theorem M(A) to the action
of [G,G]° on V.

(ii) Under the further assumption that D = p® is a power of an odd prime r, we now arrive at
one of the following cases of Theorem [3.3.4(A).

(a) [G,G]° is of type A, with r > 1, and Vg ge = L(aw1) with a > 1 or L(aw;), or L(w;) with

2 <i<r—1 Now,if Vlgge = L(w1) or L(w,), then r +1 = D and [G,G]° = SLp. Since

G < GLp, in such a case we have [G,G] = SLp. In all other cases, D = dim V' is a binomial

coefficient (ﬁ) for some 2 <m < N — 2, and so D # p* by Lemma
(b) [G,G]° is of type B, with r > 1, and Vg ge = L(w1), the natural representation of degree

2r+1. In this case, [G, G]° = SOp; moreover, V| (¢,Ge is self-dual of type +, and the same holds

for V|g,. This implies that ¢ = 1 (mod 4), and as 2 1 D, we must have that D = (¢" + 1)/2.
(¢) (IG,G]°,dim(V)) = (G2,7), or (Eg,27). In the former case, since (¢" £1)/2 = D = 7 we must

have that ¢" = 13. In the latter case, since (¢" £ 1)/2 = D = 27 we must have that ¢" = 53.

It follows that PSLy(53) projectively embeds in Epg, which is impossible by the main result of

IGrR].

O

LEMMA 11.1.4. The following statements hold.
(i) The local system F(5,4,2,1,1) of in characteristic p = 3 has geometric monodromy
group égeom = Sp4(3) x 3, with Spy(3) acting in a Weil representation of degree 4.
(ii) The local system F(5,2,1,1) of in characteristic p = 3 has geometric monodromy
group Ggeom,1 = Sp4(3) in a Weil representation of degree 4.
(iii) The local system F(5,2,1,x2) of in characteristic p = 3 has geometric monodromy
group Ggeom,2 = PSpy(3) in a Weil representation of degree 5.
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(iv) The local system F(10,4,2,1) of (0.0.0.2) in characteristic p = 3 has geometric monodromy
group Ggeom = Sp4(3) in a total Weil representation.

Proor. (i) is [KRLT4, Theorem 32.6].
(i) Since the system F(5,2,1,1) on A2, with trace function

(tl,tg Z’QZJ x —{—tll' —|—t2$)

is obtained from the system F(5,4,2,1,1) on A3, with trace function

(to,t1,t2) — Zw 2° + toxt + ty 2 + tox),

by the specialization ty = 0, we have Ggeom,1 < Spy(3) x 3. Applying [KT3, Theorem 10.7] to
the specialization to = 0 of F(5,2,1,1), we get Ggeom,1 > Sp4(3). Moreover, Ggeom,1 has trivial
determinant by Corollary which shows that Z(Ggeom,1) 72 C3, and s0 Ggeom,1 7 Sp4(3) % 3.
Hence Ggeom,1 = Sp4(3).

(iii) Note by [KT6, Corollary 2.7] that the system F(10,4,2,1) is the direct sum of the two
systems F(5,2,1,1) and F(5,2,1, x2), the latter with trace function

(t1,t) — Zd) 2® + 12?4 taw) xa(2),

and has finite geometric monodromy group by [KT6, Theorem 2.9]. It follows from Lemmas
andthat G := Ggeom,2 is a finite irreducible subgroup of GLs. Applying [KT3, Theorem 10.7]
to the specialization to = 0 of F(5,2,1, x2), we get that G contains PSp,(3) in a Weil representation
of degree 5; in particular, G satisfies (S+) (as its subgroup PSp,(3) does). Next, the field of traces
of elements in G is contained in Q(¢3) by [KT6, Theorem 2.8(ii)], whence Z(G) < Cg by Schur’s
lemma. Furthermore, by Corollary both F(10,4,2,1) and F(5,2,1,1) have geometrically
trivial determinant. It follows that F(5,2,1, y2) also has geometrically trivial determinant. Since
it has rank 5, this implies that

(11.1.4.1) Z(G) = 1.

Applying Lemma to G and using , we now see that the extraspecial normalizer case
is ruled out, and G is almost simple: S <G < Aut(S) for some finite simple group S, which itself is
an irreducible subgroup of GL5 and still contains PSp,(3). Using the classification result of [HM],
we can check that S = PSp,(3). But Aut(S) = S - 2 does not have irreducible representations of
degree 5. So we conclude that G = S, acting in a Weil representation of degree 5.

(iv) As mentioned above, F(10,4,2,1) = F(5,2,1,1) & F(5,2,1, x2). Using the results of (ii)
and (iii) and arguing by Goursat’s lemma, we can finish as in the proof of Lemma [7.3.2 g

Next we prove a low-dimensional analogue of Theorem

PROPOSITION 11.1.5. Let p be an odd prime, n € Z>1, and let p" < 9. Let G < GL(V) =
GL,n(C) be a finite irreducible subgroup that contains a subgroup Gi = Spo,(p) that acts via a total
Wezl representation, with the convention in Lemma[7.3.5 for p = 3. If p™ = 3, assume in addition
that the field of traces of elements in G is contained in Q((3). Then there exist an irreducible
Heisenberg subgroup FE = p}ﬁzn < GL(V) normalized by Gy such that

G =Z(G)(E x G).
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PROOF. (i) By assumption, G > Gy acts irreducibly on V = CP". Next, the smallest index
P(G) of proper subgroups of Gy is 27 if p = 9, and p otherwise, see [CCNPW]. Suppose that G
fixes an imprimitive decomposition V' = &*,V; with m > 1. If m < P(G1), then Gy has to fix each
of the V;’s. As dim(V};) is a proper divisor of dim(V') = p", we have dim(V;) < p"~! < (p"—1)/2. On
the other hand, G acts on V' with two simple submodules of dimensions (p™ —1)/2 and (p" +1)/2,
a contradiction. Thus m > P(Gy), and so p" < 7, n =1, m = p, and dim(V;) = 1. We have also
shown that G; = Spy(p) permutes the p subspaces V; transitively. Let G1; denote the stabilizer
of V1 in G;. According to [GAP], G is a subgroup of type 2-Sy if p = 7, SLa(3) if p = 5, and
Qs = 2112 if p = 3. In fact, since G; has only one involution, namely the central involution j, we
must have that j € G11. Now the action of GG11 on the 1-dimensional space Vi must be trivial on
j. As G; permutes the V;’s transitively and j € Z(G1), j acts trivially on every V; and so on V,
contradicting the faithfulness.

We have shown that G acts primitively on V. It follows that G satisfies (S+) if p™ # 9. Suppose
that p™ = 9 and G fixes a tensor decomposition V = A ®¢ B, that is, G < GL(A) ® GL(B), with
1 < dim(A),dim(B). This induces projective representations of G; = Sp,(3) on A and B, which
have dimensions at most p"/3 = 3. By [CCNPW]|, this is possible only when these projective
representations are trivial, that is, G acts via scalars on A and on B. This implies that G acts
via scalars on V', whence this action is trivial since G is perfect, again contradiction. Assume now
that G fixes a tensor induced decomposition V = U®™ for some m > 1. Then m = 2, and so the
action of G1 on the 2 tensor factors is trivial, i.e. (G fixes a tensor decomposition V = U; ® U,
with dim(U;) = dim(U). But this is impossible by the preceding case.

(ii) We have shown that the finite group G satisfies condition (S+) and so can apply Lemmas
LT3 and [L1.6 to conclude that either

(a) G is almost quasisimple with G(*) acting irreducibly on V, or

(b) E <G < Ngpv)(E) for some extraspecial p-group E of order plt2n

acting irreducibly on V.

Here we consider the second possibility (b). First we note that
(11.1.5.1) GiNZ(GL(V))E = 1.

Indeed, G; = Sp,,, (p) normalizes the nilpotent subgroup X := G; NZ(GL(V))E. If p” > 3, then
G is quasisimple, whence X = 1 or X = Z(G;) = (j). The same holds when p™ = 3 as we have
G1 = SL2(3) = Qs x 3. Suppose X # 1. Now, if j ¢ Z(GL(V)), then it is a scalar multiple
of a non-central element in E, whence it has trace 0 on V. On the other hand, the involution j
has only eigenvalues 1 and —1 on V = CP" of odd dimension, and so its trace must be nonzero,
a contradiction. So j € Z(GL(V)), whence it acts as scalar —1 and so has determinant —1 on V.
This is again a contradiction, as j € [G1,G1] and so it lies in SL(V).

Next, consider the conjugation action of G; on E. The kernel of this action is G1NZ(GL(V)) = 1
by , so the action embeds G in the group Aut;(E) of all automorphisms of E that act
trivially on Z(E), which is equal to F2" x Spy,,(p) if exp(E) = p and F2" x (P! % Spgy_s(p))
if exp(E) > p, see [Wi, Theorem 1]. Note that G7 = Sps,(p) cannot embed in the subgroup
F2" (p2 1 % Spy,_o(p)) of Auty(E). This implies that exp(E7) = p, i.e. E = p*?" and I'(p,n) :=
Narw)(E) = Z(GL(V))(E % Spy,(p)). By (IL15.1), G = Spy,(p) embeds in G/Z(G)E —
[(p,n)/Z(GL(V))E = Sps,(p), and so G = Z(G)EG1 = Z(G)(E x G1) as stated.

(iit) Now we handle the possibility (a), and recall that L := G(*) acts irreducibly on V. As G is
almost quasisimple, L is a cover of a simple group S, and the list of such groups is given in [HM].

First suppose that p” > 3. Then L > G = Sp,,(p) as G is perfect. If p = 9, no such group
L can contain Sp,(3).
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If p™ = 7, then L contains G; = Spy(7) acting in a total Weil representation of degree 7, so
the field of traces of its elements contains Q(v/=7). However, L = Ag, SU3(3), Spg(2), PSL2(13),
SLo(8), or PSLo(7) [HM]. The first four groups have fields of traces Q, C Q(i), Q, and Q(1/13), a
contradiction. The last two groups cannot contain SL2(7), again a contradiction.

If p® =5, then L contains G; = Sp,(5) acting in a total Weil representation of degree 5, so the
field of traces of its elements contains Q(v/5). However, L = As, Ag, PSp,(3), or PSLy(11), with
fields of traces Q, Q, Q,Q(v/—3), and Q(v/—11), a contradiction.

Finally, assume that p"™ = 3, in which case L = As, 3 - Ag, or PSLy(7). Since the fields of traces

are Q(v/5), Q(v/—3,v/5), and Q(+/—7), none of these cases is possible. O

PRroOPOSITION 11.1.6. (i) Forp =3, 5, and 7, the local system F(p+1,2,1,1) of m mn
characteristic p has geometric monodromy group Ggeom = pit? % Spa(p).
(ii) The local systems F(10,4,2,1,1) and f(10,4,1,]1) of (0.0.0.2)) in characteristic p = 3 each
have geometric monodromy group Ggeom 37 1+ 5 Spy(3).
(iii) The local system F(10,2,1,1) of (0.0.0.2)) in characteristic p = 3 has geometric monodromy
group Ggeom = 3 4 SL2(9).

PrROOF. (i) Let G denote Ggeom for the system F(p+1,2,1,1), which has trace function
(t1,t2) > Zw (2Pt + t12? + tox).

Specializing t3 = 0, we obtain the system .7-" (p+ 1,2,1) which has geometric monodromy group
G1 = Spy(p) acting in a total Weil representation, by Lemmas [7.3.2] and [7.3.3l Thus G is an
irreducible subgroup of GL,(C) containing G1. By Theorem [7.1.1] G is finite, with field of traces
contained in Q((p). Now we can apply Proposition [11.1.5] to see that G = Z(G)(E x G1), with
E = p*2. To finish the proof, it suffices to show that Z(G) = Z(E) = C,. The constraint on
the field of traces shows that if Z(G) # Z(FE) then Z(G) = Cy x Z(E) and so Z(G) contains an
element z with determinant (—1)? = —1. However, if p > 3, then G has trivial determinant by
Corollary Even when p = 3, since the system lives over A?, we can still say that its geometric
determinant, a system of rank 1 over A2, has order dividing p, cf. Lemma ruling out the
existence of such z.

(ii) Let G denote Ggeom for the system F(10,4,2,1,1), which has trace function

(t1,t2,t3) — Z”L/J (210 + t1z* + toa® + taz).

Specializing t3 = 0, we obtain the system F(10,4,2,1) which has geometric monodromy group
G1 = Sp4(3) acting in a total Weil representation, by Lemma [11.1.4{iv). Thus G is an irreducible
subgroup of GLg(C) containing G1. As before, G is finite, with field of traces contained in Q(¢3).
Applying Proposition [11.1.5| we obtain G = Z(G)(E x G1), with E = 3?4. Moreover, G has trivial
determinant by Corollary so we can conclude Z(G) = Z(FE) and G = E x (G; as above.

The same arguments apply to the system F(10,4,1,1), which has trace function

(t1,t2) — ZQ/) 1‘10+t11‘ —|—t2:L’)

since its specialization t3 = 0 has geometric monodromy group Sp,(3) acting in a total Weil repre-
sentation by [KT3|, Theorem 10.6].

(iii) Let H denote Ggeom for the system F(10,2,1,1), which has trace function

(ta,t3) — Zw T 0+t2x2+t3$).
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This is the specialization t; = 0 of the system F(10,4,2,1,1),s0o H < E x G = 3f4 X Sp4(3) by
the result of (ii); in particular H < SLg(C) and Z(H) < Z(G) = Z(FE) by irreducibility. Specializing
to = 0 we obtain the Pink—Sawin system F(10, 1, 1) which has geometric monodromy group F; = E
by Theorem whence H > E;. As Z(E;) and Z(F) are both central cyclic subgroups of order
3, we get

(11.1.6.1) H>Z(E) =Z(F).
On the other hand, specializing t3 = 0, we obtain the system F(10,4,1) which has geometric

monodromy group H; = Spy(9) acting in a total Weil representation by Lemma Next, if ¢
denotes the character of the underlying representation of H, then

(11.1.6.2) lo(h)|* =0 or a power of 9 for all h € H
by Theorem Also note that E'N H; is a normal 3-subgroup of H; = Sp,(9), so
(11.1.6.3) ENnH =1.

It follows that

H, =~ FEH,/E < EH/E < G/E = G, 2 Sp,(3).
Checking the list of maximal subgroups of Sp,(3) [CCNPW]|, we see that
(11.1.6.4) EH/E = Spy(3), SLy(9) - 2, or SLy(9).

In fact, the middle case of is impossible, since G(10,2,1,1) lives over A? and so H =
0% (H).

Suppose that H > E. In the first case of , we obtain H = G > G1 = Spy(3), and
since G acts via a total Weil representation, we get |p(h1)| = v/3 for some hi € Gy, in violation of
(11.1.6.2). Hence H/E = SLy(9) = Hy, and so H = E x H; by (11.1.6.3).

It remains to consider the case H ? FE. We still have by hat EH/FE is a subgroup
of Sp,(3) that contains EH;/FE = Hj, which is unique up to conjugacy [CCNPW]|; in particular
it acts irreducibly on E/Z(E) = F3. On the other hand, by we see in this case that
(HNE)/Z(E) is a proper subgroup of E/Z(FE), so HNE = Z(E) by irreducibility. It follows from
that

H/Z(E)=H/(HNE)= EH/E < Sp,(3).

But H/Z(E) > E1/Z(E) = 3%, and we arrive at a contradiction since Sylow 3-subgroups of Sp,(3)
are non-abelian groups of order 3. O

11.2. The general case

THEOREM 11.2.1. Let ¢ = p/ be a power of a primep > 2, k € Z>1, and consider the local
system G(A, By, ..., By) over A¥/F, of rank A — 1, with trace function

1 ZI/)L(LUA+t1$Bl+...+tk£UBk)

t1,...,tg) € L* —
(t k) Gaussy, ~

for any finite extension L/, and with geometric monodromy group G = Ggeom- Then the following
statements hold.

(a) Suppose k >2, A=q"+1, Bi=q¢™+1forl1 <i<k—1withn>m;>...>mp_1 >0,
By =1, ged(n,my,...,mg—1) = 1, and 2|nmy ... mg_1. Then G = p1+2nf X Spoy,(q), where

p}ﬁ%f is the extraspecial p-group of order p*™2"f and exponent p, cf. .
(b) Suppose A = ¢"+ 1, B = ¢ + 1 for1 < i < k withn > mp > ... > mp > 0,

ged(n,my,...,my) = 1, and 2lnmy ... my. Then G = Sps,(q) acting in a total Weil repre-
sentation.
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PROOF. (a) is Theorem if ¢" > 11 and Proposition if ¢" < 9. The rest of the proof
is to establish (b).

The case k = 1 is already handled in Lemmas [7.3.2] and [7.3.3] when m; = 0, and in Theorem
[7.3.11] when my > 1. So we will assume k > 2; in particular, n > m; > 1. If ¢" < 9, then we must
have that (¢,n) = (3,2) and so (k,mi,m2) = (2,1,0), in which case the statement follows from
Lemma [11.1.4iv). From now on we may assume that ¢" > 11.

Note that G(A, By, ..., Bx) is just the specialization t;11 = 0 of the system G(A, By, ..., Bk, 1)
considered in (a). Hence G embeds in I" := E'x S, where E = pfz"f is irreducible, and S = Sp,,,(¢)
acts in a total Weil representation, see Theorem Similarly to the action of S, by [KT6l
Corollary 2.7], the underlying representation V for G on G(A, By, ..., By) is also a direct sum of
two irreducible summands, call them Vi and V5, which correspond to the two local systems, Gy of
rank (¢" — 1)/2 with trace function

1 ZTZJL(x(anW+t1x(qm+1)/2+...+th(qm’“+1)/2)7

t1,....t) —
(b1, ) Gaussy,

and Go of rank (¢" + 1)/2 with trace function

Gajss S wp (@2 @D @D/ (a),
L X

(tl,...,tk) —

Since 1 <mq <n—1and ¢" > 11, we have
¢"+1 "g-2)-1
2 2

is at least 7 if ¢ > 5 and at least 4 if ¢ = 3; in particular By < A/2 — 2 and so B; < |A/2| — 2.
Hence we can apply Corollary to Gy to see that

A—2B, = (qm1+1)2q

(11.2.1.1) G has geometrically trivial determinant.
This implies that
(11.2.1.2) GNZ(E) = 1.

Indeed, if Z(E) NG # 1, then G > Z(FE) = (z), with z acting on G(A, By, ..., By) as the scalar

Cp- In this case, z € G acts on F; with determinant CI(,qn_l)/2 = 1, and this contradicts ((11.2.1.1)).
Also, if ¢ denotes the character of this representation V', then

(11.2.1.3) lo(g)|? is either zero or a g-power

for any g € G, in fact for any g € I' by Theorem [7.1.2)(a).

For any 1 < j < [, write d; := ged(n,m;), so that ged(n/dj, m;/d;) = 1. By assumption,
(¢%)/ % = g* = pN > 11; also, if m; > 0 then d; < n/2 as m; < n. Note that 2[(nmj/d?) for at
least one j. (Indeed, assume 2 { (nmj/di) for all j. If 2|n, then since 2 { (n/d;), we have that 2|d;
and so 2|m; for all j and thus 2|ged(n, m1, ..., my), a contradiction. So 2 { n, forcing 2 { d;, and
s0, as 21 (m;/d;), we have 2 {m; for all j and thus 2 { nm; ... my, again a contradiction.)

Fix some j = jo such that 2|(nm]/d32) Then the system G(A, By, ..., Bg), where all t; with i # j
are specialized to be 0, is the local system W(¢,n/d;, m;/d;,q%) on Al /F, defined in [KT6, (9.0.4)],
whose geometric monodromy group is shown in [KT6, Theorem 9.2] to contain Lj, := Sp,,, Jdj, (q%o),
acting in a total Weil representation. In particular, the L-module V splits as a direct sum of two
Weil modules, hence they must be V; and Vs (restricted to Lj). Next, the central involution j
of Lj, acts as 1 on the V; of odd dimension and as —1 on the V3_; of even dimension. Since G
stabilizes both V; and V3, it follows that G centralizes j, and thus G < Cp(g). We also see that
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the trace of 7 on V' is 1, so [GT1, Lemma 2.4] implies that j acts without nonzero fixed point on
E/Z(E) = Ff,nf . The same is true for the central involution of S, and in fact this element and j
belong to the same E-coset in I'. Since |E| is odd, it follows that these two elements are conjugate
in E(j) 2 E - 2. Conjugating S suitably, we may therefore assume that j is the central involution
of S. Since j centralizes Z(E)S and acts as inversion on E/Z(FE), we now have that

(11.2.1.4) Lj, <G<Cr(j)=2Z(E)S
In particular, GNE < Z(E)SNE = Z(E). Hence

(11.2.1.5) GNE=GNZ(E) =1
by . We next show that it suffices to show

(11.2.1.6) |PSpy,,(q)| divides |G]|.

Indeed, assuming ((11.2.1.6]), we see from (11.2.1.2)) that Z(E)G has order divisible by |Z(E)|-|S|/2 =
|Z(E)S|/2. Since Z(E) = C, and S = Spy,(q), any subgroup of Z(E)S of such order is equal to

Z(E)S. It follows from that Z(E)G = Z(FE)S, and so
G = (Z(B)G)™) = (Z(E)S)™ = 5,

forcing G = (Z(E) N G)S, and so G = S by (11.2.1.2).

The rest of this proof is to prove (11.2.1.6). Now we apply Theorem to the irreducible
subgroup EG > Lj, = Spayq;, (q%0) to see that, modulo Z(GL(V)) the subgroup EG is E; x L,
with By & pit2n/
is a standard subgroup of Spy, ((p) acting in a total Weil representation, |p(h)[* = p¢ for some

h € Spong /e (p¢) by [KT3| Theorem 3.5]. It follows from (11.2.1.3) that ¢/ = ef for some eld;, and
Sp2n/e(qe) q4L< Sp2n/e(qe) ’ Cef‘

and Spo, /e (p¢) <L < SPanf/er (p®) x Cor for some €'|dj, f. Since SPanf/er (p)
2

This argument also shows that
(11.2.1.7) eld; whenever 2](nm]/d32)
Suppose e = 1. Then EG shares the non-abelian composition factor PSpy,, (¢) with Ey x L. As

ENG=1by (11.2.1.5), G admits PSp,,(¢) as a composition factor, proving (11.2.1.6).

So we will assume e > 1. Next we show that we may also assume that
(11.2.1.8) e|ld; whenever 2 { (nmj/di)
Consider any such j; in particular d; < n/3 (since m; > 1). Then, over IFquj, the local system
G(A, By, ..., By), where all t; are specialized to be 0, is the pullback by the map t; — —t; of the
local system W™/4i/4; defined in [KT6, §10], whose geometric monodromy group is shown in
[KT6], Theorem 10.2] to contain SU,, 4, (¢%) (acting in the total Weil representation), and hence
contains a maximal torus of order

(qdj)n/dj—l . 1 — qn—d] . 1 — pf(n—dj) o 1

Note that f(n —d;) > 2nf/3 > 2, with equality only when (n, f) = (3,1) and d; = 1. Suppose
we are in the latter case. If m; = 2 for some i, then d; = 1 and e = 1, and so we are done.
Otherwise we must have k = 2, (my,m2) = (1,0), and (with j = 2) shows that e|3,
whence e = 3 and L < SLy(¢®) - 3. But in this case E1L and EG cannot contain SUs(q), a
contradiction. Hence we may assume that f(n —d;) > 3, and so p/ (n=d;j) _ 1 admits a primitive
prime divisor £; > f(n —d;) +1 > 2nf/3 + 1 by [Zs|, and G contains some non-scalar element g;
of order ¢;. As g; is non-scalar and of order coprime to p, |g;| = ¢; divides |L|. We next note that
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¢ in fact divides [Spyy,/(¢°)|. (Indeed, if £; > 2nf/3 divides €’ = ef, then, as €'|nf we must have
l; =¢ =nfis prime and so dj =1, e = ¢ (as e > 1), and f = 1. In this case, PSU,(p) embeds
in Z(GL(V))EG/(Z(GL(V))E) = L < Spy(p"™) x Cy,, which is impossible since n > 3.) It therefore
follows that, there is some 1 < ¢; < n/e such that ¢; divides g% — 1. By the choice of ¢, we have
that (n — dj)|2ec; < 2n < 3(n — d;). Hence,

either n — d; = 2ec;, or n —d;j = ecj, or 3n — 3d; = 2ec; = 2n and dj = n/3 =m;.

Since e|n, holds in the first two cases. So if e { dj, we must be in the third case.
Then PSU3(¢"™/?) embeds in Z(GL(V))EG/(Z(GL(V))E) = L < SP2n/e(q°) @ Cer. As mentioned
above, a Sylow £;-subgroup of PSU3 (¢"/?) embeds in Sps,, /e(q°) for £; a primitive prime divisor of
p*f/3 — 1 = ¢®/3 — 1, and this Sylow subgroup is non-cyclic. However, the Sylow {j-subgroup
of Cpan_y is of course cyclic. So there exists another 1 < 09 < n/e = ¢; such that ¢; divides
q2€c./7' — 1. Using e { d; and repeating the previous argument for c;- in place of ¢;, we obtain that
3n — 3dj = 2ec; = 2n and thus ¢; = n/e = ¢;, a contradiction.

We have therefore shown in (11.2.1.7) and (11.2.1.8) that e|d; for all j, and thus e|m; for all j.
As e > 1 and e|n, we get ged(n,my,...,mg) > 1, a contradiction. O

The next result is the odd-p analogue of Theorems and Theorem [R.5.8]

THEOREM 11.2.2. Let ¢ = p/ be a power of a prime p > 2, k € Z>1, and consider the local
system G(A, By, ..., By) over Ak/IF‘p of rank A — 1, with trace function

1

t,...,tg) € L* —
(t ) Gaussy,

ZwL(a:A -l—tl:CBl + ...—}-thB’“)
x

for any finite extension L/, and with geometric monodromy group G = Ggeom. Then the following
statements hold.

(a) Suppose A = ¢q" + 1, B; = ¢+ 1 for 1 < i < k withn > my > ... > my > 1,
ged(n,my,...,mg) =1, and 24 nmy ... myg. Then G = SU,(q) acting in the total Weil repre-
sentation.

(b) Suppose k > 2, A=q"+1, Bi=q™ +1for1 <i<k—1withn>m3 >...>mg_1 >1,

By =1, ged(n,my,...,mp_1) =1, and 24nmy...myg_1. Then G = pfr?nf x SU,(q).

PrROOF. Note that the assumptions imply ¢" > 27.

(a) The case k = 1 is already handled in Theorem so we will assume k& > 2; in partic-
ular, n > m; > 1. Note that G(A, By,..., B) is just the specialization tx11 = 0 of the system
G(A, By, ..., By, Byy1), with Byyy = ¢> + 1. By Theorem [L1.2.1|b), G embeds in S := Sp,,(q)
acting in a total Weil representation. By [KT6l Corollary 2.7], G(A, By, ..., B) is the direct sum
of ¢+ 1 irreducible subsheaves, one of rank (¢" — q)/(¢+ 1) and ¢ of rank (¢"+1)/(¢+1). Applying
[KT3|, Theorem 3.4] to the subgroup G of S, we obtain that SU,(¢) < G < GU,(q), with SU,,(q)
a standard special unitary subgroup of Sp,(q). Since G(A, By, ..., By) lives over A*, G has no
nontrivial p’-quotient. Hence G = SU,,(q).

(b) Note that G(A, By, ..., By) is just the specialization t;11 = 0 of the system G(A, By, ..., Bg,0).
By Theorem a), G embeds in I' = F x S§. On the other hand, the specialization t; = 0 of
G(A, By,...,By) is the system G(A, By, ..., By_1). Hence, by (a), G contains R = SU,(q) acting
in its total Weil representation. Certainly RN E = 1, so R injects in S. Also, G is irreducible by
Lemma IT.1.11
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We next observe that R acts irreducibly on E/Z(E) = F?,"f . (Indeed, as 2 t nm;y ... my_1 and
k > 2, we have n > 3. Therefore, L contains an element of order a primitive prime divisor ¢ of
p? — 1 [Zs], and any such element in S acts irreducibly on E/Z(E).)

Now assume that Z(E)GNE = Z(E). Then G := Z(E)G/Z(E) embeds in I'/E = S = Sp,,,(q).
Under this embedding, the image R of R is the standard subgroup SU,(q) in S. We claim that
the only proper subgroups X of S that contain R are either between R = SU,,(¢q) and Ng(R) =
GU,(q) - 2. (Indeed, any such X has order divisible by ¢, and we can apply [KT2, Theorem 4.6]
to determine the structure of O (X). Using the facts that X > R and X < S has a faithful
irreducible representation of degree < (¢™ 4 1)/2, and arguing as in the proof of [KT3| Theorem
3.4], we readily obtain that R <1 X.) Thus SU,(¢q) <G < GU,(q) -2, or G = S. In the former
case, R(™®) = R 22 SU, (q) is contained in G(*) which is a central cover of PSU,(g). It follows that
G(®) = R. By irreducibility of G, all R-irreducible summands in G (A, By,...,By) are of the same
dimension that divides ¢", and this contradicts the action of R on the sheaf. In the latter case,
G(*) is a central over of PSp,, (¢) with n > 3, and this again contradicts the irreducible action of
G on G(A, By,...,By) of rank ¢".

We have shown that Z(E)G N E > Z(FE), which implies Z(E)G > E by the irreducible action
of R on E/Z(E). Now, Z(E)G/E is a subgroup of S = Spy,(¢) that contains ER/E = R. As
above, we have that Z(E)G/E = S, or SU,(q) < Z(E)G/E < GUy(q) - 2. In the former case,
Z(E)G = ES = T. Since S acts via a total Weil representation, we get an element in G with
trace of absolute value \/g. On the other hand, working over extensions of F.2, we see by Theorem
[7.1.2] that any such trace has absolute value 0 or a g-power, a contradiction. So we are in the
latter case. Since G(A, By, ..., By) lives over A¥, G = OP (@), and so Z(E)G/E = SU,(q) and
thus Z(E)G = E x SU,(q). As G contains G(®) = (Z(E)G)(™) = E x SU,(q), we conclude that
G = E x SU,(q). O

THEOREM 11.2.3. Let p be a prime, k > 2, and let A > By > ... > By > 1 be integers with
gcd(A, By,...,By) =1 and pt AB; ... By. Consider the local system F(A,By,...,By,0) over A*
with trace function for any finite extension L/F),

(tl, e ,tk) S Lk —ZIZJL(xA +t11‘Bl + ... —l—thBk)@(:C),
x

in characteristic p, of rank D = A—1if 0 =1 and D = A otherwise, with geometric monodromy
group G' = Ggeom. Then G is finite if and only if one of the following conditions holds.

) p>2,q=p", A=("+1)/2, B; = (¢"™ +1)/2, 1 <i <k, wheren >mq > ...>my >0
are integers with 2lnmy ... my, ged(n,my,...,mg) =1, and @ =1 or 6 = x2. Moreover, G is
the image of Spa,,(q) in a Weil representation of degree D.

(i-bis) p>2,g=p/, A=¢"+1, Bi=q¢™+1,1<i<k—1, wheren>mq >...>my_; >0 are
integers with ged(n,my,...,mg_1) =1, By =1, and 6 = 1. Moreover, G is p_lpLQ"f X Spay, (q)
if 2lnmy .. .myg_1, and p1++2nf x SU,(q) if 2¢nmy...mg_1.

(i)p=2¢=2/, A=¢"+1, B, =q¢™ + 1,1 <i < k—1. Furthermore, By, = ¢"* + 1 with
myg > 1, or By, = 1, in which case we set mp = 0; n > mq1 > ... > my > 0 are integers with
2lnmy ... my, ged(n,my,...,mg) =1, and 0 = 1. Assume in addition that ¢" > 8. Then G =
glt2ns 05,,(q) if mp > 1, or if my, =0 but 2lnmy ...my_1. If my =0 and 24 nmy ... my_1,
then G = 217217 5 SUn(q), with SUy(q) acting in its total Weil representation.

(iii) p arbitrary, ¢ = pf, A = (" +1)/(g+ 1), B; = (¢™ +1)/(¢g+ 1), 1 < i < k, where
n > mp > ... > my > 1 are odd integers with ged(n,my,...,my) = 1, and 8971 = 1.
Moreover, G is the image of SU,(q) in a Weil representation of degree D.
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(iv) p=2,k=2,A=13,B1=3,B2=1,0=1, and G=2-Gz(4).
(v) p=3,k=2,A=23, By =5, By=1, § = x2, and G = Cos.
(vi) p=3,k=2, A=7,B; =5, Bo=1, 0 = x2, and G = Spg(2).
(vi)) p=3, k=2,3, A=T7, {B1,...,Br} C{4,2,1}, 0 = 1, and G = 61 - PSU,(3).
(vili) p=3, k=2,3, A=5, {B1,...,Br} C{4,2,1}, 0 = 1. Furthermore, G = Sp,(3) x 3 if some
B is 4, and G = Sp4(3) otherwise.

(ix) p=5,A=3,B; =2, Bo=1,0 =1, and G = SLy(5) x 5.

PROOF. (a) First we show that G is finite and has the indicated identification in each of the
listed cases.

Case (i-bis) follows from Theoremsm ) and|(11.2.2] E(b Case (i) follows by applying Theorem
(b) and projecting the geometric monodromy group of G(A4, Bl, ..., By) onto each of its two
irreducible subsheaves. Similarly, when p > 2 case (iii) follows by applying Theorem [11.2.2fa) and
projecting the geometric monodromy group of G(A, By, ..., By) onto each of its ¢ + 1 irreducible
subsheaves. Case p = 2 of (iii) follows from Theorem [8.5.7] (note that here we have ¢" > 32 since
k > 2). Case (ii) is established in Theorem respectively Theorem

Case (iv) is [KRLT4, Theorem 32.4]. Case (v) is [KRLT1, Theorem 4.2(ii)]. Case (vi) is
[KRLT4, Theorem 31.6(b)]. Suppose we are in case (vii). Then the case k = 3 is [KRLT4|
Theorem 32.2], which also shows that Ggeom < 61 - PSU4(3) when k& = 2. On the other hand, we
have that Ggeom contains 61 - PSU4(3) when some B; is 4 by [KRLT4, Theorem 21.4], and when
some B; is 2 by [KRLT4, Theorem 21.4]. It follows that Ggeom = 61 - PSU4(3) when k = 2.

Next, suppose we are in case (viii). Then the case k = 3 is Lemma [11.1.4]i), which also shows
that Ggeom < Spy(3) X 3 when k = 2. On the other hand, we have that Ggeom contains Spy(3) x 3
when some B; is 4 by [KRLT4, Theorem 30.7(iv)]. It remains to consider the case k = 2 and
(B1,B2) = (2,1), in which case the statement is Lemma [11.1.4{(ii).

Finally, case (ix) is [KRLT4, Theorem 32.8].

The rest of the proof is to show that the only local systems F = F(A, By, ..., By, 0) that have
finite geometric monodromy group G = Ggeom are the ones listed in the theorem. The proof uses
the fact that the systems on A' obtained by specializing k — 1 parameters ¢; to be zero also have
finite monodromy.

(b) Consider any 1 < j < k. Specializing t; = 0 for all ¢ # j and applying Theorem
we obtain the possibilities for (p, A, Bj,0) listed in Theorem . First we assume that either
the possibility (e) or (f) in Theorem occurs for some j; in particular, ged(A, Bj) = 1 and
0 is uniquely determined. Now we will make suitable specializations and again apply Theorem
to determine candidates for any B; with ¢ # j. In the case of (iv) for j, A =13, so
ged(A, B;) = 1 and Theorem shows that By = 3 and By = 1, leading to conclusion (iv).
Similarly, in the case of [10.3.13(v) or [10.2.6(v) for j, we have A = 23, B; =5 and By = 1, leading
to conclusion (v). In the case of [10.3.13|(vi) for j, we have A =7, By = 5 and By = 1, leading to
conclusion (vi). Cases [10.3.13|vii) for j leads to conclusion (vii). Case [10.3.13|viii) for j leads to
conclusion (viii). Case(x) for j leads to conclusion (ix). Cases [10.2.6(vi), [10.3.13|(ix), and
(xi) for j do not give rise to any system with k > 2.

(c) Henceforth we will assume that, for any 4, only one of (a)—(d) of Theorem can hold
for (p, A, B;,0). Write d; := ged(A, B;).

Suppose we are in the case ofm ) for (A, Bj) for some j, so that p > 2, d;|2, §% = 1,
and A = (p" +1)/e; and Bj = (p™ + 1)/e; for some n > m; > 0 and e; := 2/d;. Consider any
B; with i # j. Then we can apply Theorem to (A, B;,0). Note that, whenever [10.3.14](c)
occurs for some ¢, then 6 is uniquely determined and d; = 1. By our assumption, we arrive at one
of the following possibilities.
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(cl) For all i # j, A = (p™ +1)/e; and B; = (p"™ + 1)/e; for some 0 < m; < n;, d;|2, and
e; = 2/d;. In this case, if e; # e; for some ¢ # j, then either (e;,e;) = (1,2) and 2p™ — p™ = —1,
or (ej,e;) = (2,1) and p” — 2p™ = 1, which both are impossible. So e; = e; for all i. Since p > 2
and ged(A, By, ..., Bg) = 1, we have e; = 2. Now, setting d := ged(n,m1,...,my), q := p%, and
applying Lemma [10.3.2{(ii), we arrive at conclusion (i).

(c2) For some i # j, A = (¢ + 1)/e; and B; = (¢* + 1)/e; for some ¢ = p/, d;|(q + 1),
e; = (¢ + 1)/d;, and some odd integers s > t > 1. Because of the preceding case (cl), we may
assume e; > 2. Since s > 3 and p > 2, p?*/ — 1 has a primitive prime divisor ¢; by [Zs], which
will divide A = (¢° + 1)/e; and so divide p” + 1 = ¢;A as well. It follows that 2n > 2sf and so
n > 3. This in turn implies that p>® — 1 has a primitive prime divisor o by [Zs], which will divide
A= (p"+1)/ej and so divide ¢° + 1 = ¢; A as well. Hence 2sf > 2n, and thus p" +1 = ¢*+ 1 and
e; = ej < 2, a contradiction.

(c3) For some i # j, d; = 1, A = 2q — 1, B; = 1, for some ¢ = p/. In this case, if ej = 1, then
p" — 2q = —2, a contradiction. Hence e; = 2, p" —4q = —3, so p = 3. Now, p" —3¢ = q— 3 is
divisible by 32 since n > 2, hence ¢ = 3, A = 5, going back to (i).

(c4) For some i # j, d; =1, A = ¢+ 1, B; = 1, for some ¢ = p/, and § = 1. In this case,
if e; = 2, then p|(A — 1) = (p" — 1)/2, a contradiction. Hence e; = 1, and B; = B = 1 by our
ordering. We have shown that for any 1 <[ <k —1, A= (p™ +1)/e; and B; = (p"™ + 1)/¢; for
some 0 < m; < ny, d;]2, and ¢ := 2/d; as in (c1). The arguments in (cl) show that ¢; = ¢; = 1,
and we arrive at (i-bis).

(d) Now we may assume that, for any ¢, only (b) or (¢) or (d) of Theorem can occur.
Suppose we are in the case of [10.3.14{(b) for (A, Bj,0), so that dj|(¢+ 1), 0% =1, A= (¢" +1)/e;
and B; = (¢™ +1)/e; for some odd integers n > m; > 1, e; := (g + 1)/d;, and some power g = p/.
By the result of (c), we may assume that e; > 2 if p > 2. Consider any B; with i # j. Then
we can apply Theorem to (A, B;,0). By our assumption, we arrive at one of the following
possibilities.

(d1) For all i # j, A = (1] +1)/e; and B; = (r[" +1)/e; for some p-power r; = p/i, d;|(r; + 1),
e; := (r; +1)/d;, and some odd integers n; > m; > 1. Assume in addition that either (¢,n) # (2, 3)
or (ri,n;) # (2,3), say (¢,n) # (2,3). Then p>*f — 1 has a primitive prime divisor ¢; by [Zs], which
will divide A = (¢™ 4 1)/e; and so divide 7} + 1 = ;A as well. It follows that 2n;f; > 2nf, and so
nifi > 3 and (p,nif;) # (2,3). This in turn implies that p>*/i — 1 has a primitive prime divisor £,
by [Zs], which will divide A = (7" + 1) /e; and so divide ¢" + 1 = ¢; A as well. Hence 2nf > 2n; f;,
and thus ¢" +1 =17" + 1 and ¢; = e;. Changing the notation, we may now write A = (¢" + 1) /e;
and B; = (¢" + 1)/e; for all ¢, where ged(n, m1,...,my) = 1. Now, if e; > 2, then, by Lemma
10.3.2(i), (ii) we have 2 { nmy ... my. The condition ged(A, By,...,B;) = 1 implies by Lemma
10.3.2(iii) that e; = ¢+ 1, and so we arrive at conclusion (iii). In particular, we are done if p > 2.
If p=2and e; = 1, then by Lemma (i), the condition ged(A, By, ..., Bk) = 1 implies that
2|nmy ... myg, and we arrive at (ii). Suppose now that (¢,n) = (r;,n;) = (2,3). Then n = n; = 3,
9/ej = A=9/e;, s0 e; =e; and B; = 3/e; = 3/e; = B;, contrary to i # j.

(d2) p > 2, for some i we have d; =1, A =2r — 1, B; = 1, for some p-power r. In this case,
2r—1=A=(¢"+1)/e; > ¢ —q+1>20+1,

so r > ¢ and hence r > pg. Again using 2r —1 = A = (¢" + 1)/e;, we see ej +1 = 2ejr — ¢" is
divisible by pg and thus e; > pg — 1 > ¢ + 1, contrary to e;|(¢ + 1).
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(d3) p > 2, for some ¢ we have d; = 1, A=r+ 1, B; = 1, for some p-power r, and § = 1. In
this case,

r+l=A=("+1)/e; > —q+1>2¢+1,

so r > ¢ and hence r > pg. Again using r+1 = A = (¢" + 1)/ej, we see ej — 1 = ¢" — e;1 is
divisible by pg and thus e; = 1, since €;|(¢ + 1). By our ordering, B; = By, = 1. We have therefore
shown that for any 1 <1 <k—1, A= (r"+1)/e; and B; = (r]"" +1)/e; for some p-power r; = p/t,
di|(r; + 1), e; := (r; + 1)/d;, and some odd integers n; > m; > 1. The arguments in (d1) show that
in this case e; = e; = 1. Hence we arrive at (i-bis).

(d4) p = 2, for some i # j we have d; =1, A = r}"" 41 for some power r; = 2fi 9 =1, and either
B; =" +1 for some some integers n; > m; > 1 with 2|n;m; and ged(n;, m;) = 1, or B; = 1. First
suppose that (¢,n) = (2,3), so that A =9/e;. If e; = 3, then A =3 and so k = 1, a contradiction.
Soe; =1, (A, Bj) = (9,3), and either B; = 1 or B; = 5. By Theorem no B; can be T.
So2 <k <3and (A4,By,...,By) is one of (9,3,1), (9,5,3), or (9,5,3,1), and we arrive at (ii).
Now we may assume that (¢,n) # (2,3). As n > 1 is odd, 22"/ — 1 has a primitive prime divisor
{1 by [Zs|, which will divide A = (¢" + 1)/e; and so divide ;" + 1 = A as well. It follows that
2n;f; > 2nf, and so n;f; > 3. This in turn implies that 22%/: —1 has a primitive prime divisor £y by
|Zs|, which will divide A = " 4+ 1 and so divide ¢" + 1 = e; A as well. Hence 2nf > 2n, f;, and thus
¢"+1=r""+1and e; = 1. We have therefore shown that for any 1 <1 < k, either this possibility
(d4) occurs for (A, B;), or A = (1" 4+ 1)/e; and B; = (r]" + 1)/e; for some 2-power r; = 27,
di|(r+1), e := (1 +1)/d;, and some odd integers n; > m; > 1 as in (d1). The arguments in (a31)
show that in the latter case ¢, = e; = 1. Changing the notation, we may now write A = ¢" + 1
and B; = ¢ + 1 for all 1 <1i < k — 1, and either By = ¢"* + 1, or (Bg, my) = (1,0), where q is
a 2-power, and ged(n,my,...,mg) = 1. The condition ged(A, By, ..., Bg) = 1 implies by Lemma
[10.3.2(i) that 2|nmy ... my, and we arrive at (ii).

(e) Now we may assume that, for any 4, only (c) or (d) of Theorem can occur. Since
k > 1, we see that By > 1, and hence we are in the case of [10.3.13(ii) for (4, By), so that 6§ = 1,
p=2,A=2"4+1and By = 2" +1 for some integers n > m; > 1. Consider any B; with ¢ > 1. Then
we can apply Theorem to (A, B;). Since p > 2, case (iii) of Theorem cannot occur.
By our assumption, for all ¢ > 1, we have d; = 1, and either B; = 2™ + 1 for some n > m; > 1,
or i = k and (By,ms) = (1,0). Let d := ged(n,my,...,my), and let ¢t := 2%, Applying Lemma

10.3.2(1), we arrive at conclusion (ii). O

The next result removes the assumption ged(A, By, ..., Bg) =1 in Theorem [11.2.3| (and gener-
alizes Theorem [10.3.14]).

THEOREM 11.2.4. Let p be a prime, k > 2, and let A > By > ... > By > 1 be integers with
pt1 ABy...By. Consider the local system F(A,By,..., By, 0) over AF with trace function for any
finite extension L/F,

(tl, .. ,tk) el —Z¢L($A —|—t1.TB1 + ... +thBk)9(x),
x

in characteristic p, of rank D = A —1if 0 = 1 and D = A otherwise, with geometric monodromy
group G = Ggeom. Then G is finite if and only if one of the following conditions holds.
(i) ged(A, Bi, ..., By) =1, and one of the conclusions (i)—(ix) of Theorem[11.2.5 holds.
(i)p>2q¢g=p/, A=¢"+1, Bi=q™ +1,1<i <k, wheren >mq > ... > my > 0 are
integers with 2lnmy ... my, ged(n,my,...,mg) =1, and @ = 1. Moreover, G is Sps,,(q) acting
in a total Weil representation of degree D = q".
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(iii) p arbitrary, ¢ = pf, 1 < d | (¢ +1) for d := ged(A,By,...,Bg), A =4d(¢"+1)/(qg+ 1),
B = d(@™+1)/(¢+1), 1 <i <k, wheren > mq > ... > my > 1 are odd integers
with ged(n,my,...,mg) = 1, and 9(q+1)/d = 1. Moreover, G is the image of SU,(q) in a
sub-representation of degree D of the total Weil representation.

PROOF. In view of Theorem [11.2.3] we may assume that gcd(A, By,...,Bg) =:d > 1. Fix a
character o with 0 = §. By [KT6|, Corollary 2.7], F is geometrically isomorphic to the direct sum
69?:1}} of geometrically irreducible and pairwise non-isomorphic sheaves F;, with trace function

(t1,. .. tg) — — Zw(:UA/d A thB’“/d)Xi(;z:)a(x),

where X17 ..., Xa are the d™-roots of 1. Working over fields over which all x;o are defined and using
Lemma |2 we see that the finiteness of Gigeom implies that each of the d sheaves F; also has finite
geometrlc rnonodromy group Ggeom,i- They all share the same exponents A/d and B;/d, but have
the characters x;o that differ by a character of order dividing d. Applying Theorem [11.2.3] we see
that F; must be in the case of [11.2.3(i) or (iii). Now arguing as in the second paragraph of
the proof of Theorem [10.3.14} we arrive at (ii) or (iii).

It remains to identify G in these two cases. In the case of (ii), we can just apply Theorem
11.2.1((b). Assume we are in (iii). If p > 2, then F is a direct summand of the sheaf F considered in
Theorem [11.2.2(a), Wthh has SU,(q) (in its total Weil representation) as its geometric monodromy
group. By Lemma SU,(¢) maps onto G, and in fact G is the image of SU,(q) in a sub-
representation of degree D of the total Weil representation. If p = 2, we can argue similarly, using
Theorem O

Using Lemma [8:5.1] we can now prove:

COROLLARY 11.2.5. Let ¢ = p! be a power of a prime p > 2, k € Z>o, A=q"+1, B; =q™ +1
for1 < i< k—1withn >m; > ...>mg_1 >0, By =1, ged(n,mqy,...,mp_1) = 1, and
2lnmy .. omg_1.

(i) Consider the local system H* over (G, x Ak)/]F of rank A — 1, with trace function

(8,t1,...,tp) € L x LF

Zl/JL ST +t19331 +. +tk3:Bk)
GaussL

and with geometric monodromy group H. Then H = pi”nf X Spa,(q), where pfr%’f 1s the

extraspecial p-group of order p'+2"f and exponent p.
(ii) Consider the local system G* over (G, x Ak_l)/]F of rank A — 1, with trace function

(S,tl, .. ,tkfl) el xLF 1 Z¢L sz + tl.’L'Bl + ...+ tkflekfl)

GaussL

and with geometric monodromy group K. Then K = Spy,(q) acting in a total Weil represen-
tation.

PRrROOF. (i) By Theorem [11.2.1{a) and Lemma H contains the normal subgroup G =
E xS, where F = p1+2nf acting irreducibly on the underlying representation V' of dimension ¢",
S = Spy,(g), acting on V' via a total Weil representation, and H/G — Cyniq. If ¢ denotes the
H-character afforded by V, then the trace formula shows that Q(¢) C Q((p), which in turn implies
that Z(H) = Z(G) = Z(E) = C). Next, since E = O,(G) char G < H, E <1 H, and so

H < NgLv)(E) = Z(GL(V))E x R,
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with R = Spy,;(p). Since E acts irreducibly on V, Cy(E) = Z(H) = Z(E). It follows that
S <t H/E embeds in the image R of Nqr,yv)(E)/E in Out(£). We also know that S = Spy,(q) is a
standard subgroup inside R, and Ng(S) = S x C}, with Cf induced by field automorphisms of S.
Hence H/E = S = C, for some e|f. The proof of [KT3, Theorem 3.5] shows that H/E contains
an element which fixes exactly ¢'/¢ vectors while acting on E/Z(E) = anf . It then follows from
Lemma that H contains an element h with |@(h)[?> = ¢*/¢. On the other hand, by Theorem
|o(h)|* is either 0 or a power of ¢q. Hence we conclude that e = 1 and H/E = S, whence
H = @G as stated.

(ii) Keep the notation made in (i). By Theorem [I1.2.1(b) and Lemma K contains the
normal subgroup S = Sp,,(q) acting on V' via a total Weil representation of dimension ¢", and
K/S < Cgnyq. Note that G! is obtained from the sheaf F* by the specialization t;, = 0. Hence K
is a subgroup of H = E xS by the result of (i). As [K : S| is coprime to p and [H : K], which
divides [H : S| = |E|, is a power of p, we conclude that K = S. O

More generally, we have

COROLLARY 11.2.6. Let p be a prime, k > 2, and let A > By > ... > By > 1 be integers with
p{ ABy ... By. Consider the local system F*(A, By, ..., By, 0) over G,, x A* with trace function for
any finite extension L/F),

(s,t1,...,t,) € LF = —Zsz(smA + P +thBk)0(x),
x

in characteristic p, of rank D = A—1if 0 =1 and D = A otherwise, with geometric monodromy
group G*. Then G is finite if and only if one of the following conditions holds.
(i) ged(A, B1,...,Bg) = 1, and one of the conclusions (i)—(ix) of Theorem holds for
F(A,By,...,By,0).
(i)p>2q¢g=p/, A=¢"+1, Bi=q™+1,1<i <k, wheren >mq > ... > my > 0 are
integers with 2\nmy ... my, ged(n,my,...,mg) =1, and 0 = 1.
(iii) p arbitrary, ¢ = pf, 1 < d | (¢ +1) for d := ged(A, By,...,By), A = d(¢" +1)/(q¢ + 1),
B =d(@™ +1)/(¢g+1), 1 <i <k, where n > my > ... > my > 1 are odd integers with
ged(n,my,...,my) =1, and @+D/d = 1.

PROOF. In the notation of Theorem [11.2.4] consider the local system F(A, By,..., Bg,0) over
A* with geometric monodromy group G. By Lemma G injects in G* as a normal subgroup
with cyclic quotient of order dividing A. Hence the statement follows from Theorem [l

When 6 = 1, for some local systems F*(A, By,..., By, ) with finite monodromy, the corre-
sponding geometric monodromy group Géeom has been determined in Corollary |11.2.50 It would be
of interest to determine Ggeom in the remaining cases.

Next we prove a p = 2 analogue of Corollary [11.2.5

COROLLARY 11.2.7. Let ¢ = 2/ be a power of 2, k € L2, A =q"+1, B = q™ + 1 for
1 <i< k—1. Furthermore, assume that By = ¢ + 1 with mg > 1, or By = 1, in which case
we set mp = 0; n > mq > ... > my >0, ged(n,my,...,mg) = 1, and 2|nmq ... mg. Assume
in addition that q™ > 8, and that 2lnmy ... myg_1 if my = 0. Consider the local system H! over
(G, x AF)/F,, of rank A — 1, with trace function
1

$,t1,.. . ty) € LX x LF —
(5,11 k) Gaussy,

ZwL(sxA + 2B+ 4 thBk)

x

and with geometric monodromy group H. Then H = otnf Q5,.(q).
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PROOF. The hypothesis implies that m; > 1 and so n > 2. By Theorem [11.2.3(ii) and Lemma
8.5.1] H contains the normal subgroup

G=H;=FE"5,
where E = 2112/ , acting irreducibly on the underlying representation V' of dimension ¢", S =

05,,(¢), and H/G — Cgny1. Let ¢ denotes the H-character afforded by V. By Corollary and
Remark working over even-degree extensions of F, we have

(11.2.7.1) Vh € H, ¢(h) € Z and either ¢(h) =0 or |p(h)| is a power of q.

In particular, ¢ is real-valued. But ¢|g is of symplectic type and irreducible, hence ¢ is of symplectic
type. It follows from Theorem [8.2.5(iii) that

G<HL Nqun(c)(G) = <G, S> G- Cgf.
Recall that a; := |H/G| is odd. If H = G, we are done. So we will assume that
(11.2.7.2) ay > 3.

Suppose a1 < f. Applying Theorem (iii)(c) to X := H, we obtain an element ¢t € H with
lo(t)[? = ¢*/*. Since a; > 3, this contradicts (11.2.7.1)).

Assume now that a; = f. Again applying Theorem [8.2.5(iii)(c) to X := H, we obtain an
element t € H with |p(t)|? = 22*. This implies by @ that 2" is a power of ¢ = 2/, so

(11.2.7.3) fln.

As f = a1 > 3, we have n > 3. Again using Theorem iii)(c), we obtain an element ¢ € H
with |¢(#)]? = 2272, which implies by (11.2.7.1)) that 2"~ ! is a power of ¢ = 2f, whence

fl(n—1).
Using this and (|11.2.7.3)), we conclude that f =1, and so a; = 1, contrary to (11.2.7.2]). O




CHAPTER 12

Local systems with non-monomial coefficients

In this chapter, we consider some two-parameter families of exponential sums, some in charac-
teristic 2 using Witt vectors and 15, and some in arbitrary characteristic p, but only using . The
major novelty is that the polynomial coefficient for some parameter is not just a monomial.

12.1. Local systems of the first kind
We first look at the two-parameter family of polynomials in one variable z of the form
st +tf(x)

in which f(x) is of van der Geer—van der Vlugt form over some finite extension k/F,. More precisely,
q is a power of p, ¢1 < g2 < ... < g, are n > 1 strictly positive powers of ¢, and

n
(12.1.0.1) f(x) = zR(xz) where R(z) = Zaixq", with coefficients a; € k*.

i=1
Thus f(z) is not a monomial if n > 2. Once we have fixed a choice of R, we define the following
finite (possibly empty) set of roots of unity in F):

(12.1.0.2) piotat(R) i= () {¢ € Fpl¢h™" = (=1)P}.
1<i<n
In the special case of characteristic p = 2, we have (=1)? = 1, and
Htotal (R) = Ngcd?:l(qifl)'
The following observation is helpful in computing piorqi(R) for p > 2.

LEMMA 12.1.1. Letn > 2, p > 2, ¢ = q™ for 1 <i < mn, and m; < ... < my,. Also let
e:=ged(my,...,my). Then

| o, 2|(mj/e) for some i,
#toral (1) = { q¢¢ —1, 21t (mi/e) for alli.
PROOF. Replacing ¢ by ¢°, we may assume that ged(mg,...,m,) = e = 1. Suppose 2|m;,

24 my, and ¢ € poral(R). Since Cqmj*1 = —1 and m; is odd, we see that the 2-part 27 of the order
of ¢ is 2(¢™ — 1)g = 2(q — 1), twice the 2-part of ¢ — 1. As p > 2, 2/ divides (¢ — 1)2, which in
turn divides ¢ — 1 because 2|m;, and this contradicts the equality it = 1.

Assume now that 2 m; for all i, so that 21 (¢" —1)/(¢ — 1), and choose a primitive 2(q — 1)t
root of unity 6 € F,. Then —1 = §9°1 = §4"" =1 and hence ¢ € o101 (R) if and only if (¢9)7" "1 =1
for all 4. There are exactly

gcd(qml - 17 s ’qmn - 1) = ngd(ml,...,mn) -1= q— 1
possibilities for such (6. O

We begin with a general irreducibility criterion for two-variable polynomials:

281
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THEOREM 12.1.2. Let F be an algebraically closed field and u, v be two independent variables.
Let m € Z>o and let

flu,v) := Zai(u)v”i,
=0
where n; € Z>o and a;(u) € Flu] is a nonzero polynomials for 0 < i < m. Suppose that
(a) ng(aﬂ(u)7 aq (u)a cee 7am(u)) =1,
(b) am(u) has no multiple roots,
() nn/2>nm—1>...>n1>n9=0, and
(d) D := deg, am(u) > max(deg, a;(u),0 <i <m—1).

Then f viewed as a polynomial in v with coefficients in Flu] is irreducible.

PROOF. Assume the contrary:
(12.1.2.1) f(u,v) = g(u,v)h(u,v),

where g(u,v) = > i_q bi(u)v* has degree r and h(u,v) = Y7 ;¢;(u)v’ has degree s, with r > s > 1,
T+ S =N, bi(u),c;(u) € Flu].

Let Z C F denote the set of D roots of the leading coefficient a,,(u), and consider any ¢ € Z.
By (a), there is some 0 < j < m such that a;({) # 0; choose the largest such j. Then, after being
reduced modulo v — ¢, the polynomial f in the variable v now has degree n; < n,,/2 < r by (c).
Hence implies that g modulo u — ¢ has degree < r (in v), which means that ¢ is a root
of the leading coefficient b,(u). This holds for all { € Z, so b,(u) is divisible by a,,(u) by (b). In
particular,

(12.1.2.2) deg,, b, (u) > deg, apm(u) = D.
On the other hand, deg, f = D because of (d). Together with (12.1.2.1)) and (12.1.2.2)), this

implies that deg, h = 0, i.e. all the coefficients ¢;(u) are constants and h = h(v) is a polynomial of
v only. Now, again using (d) and equating the coefficient for u” in , we see that h divides
v, As h = h(v) € Flv], it follows that h = cv®, where ¢ := ¢s(u); in particular, v divides h, and
so it divides f. But this is a contradiction, since f = ag(u) (mod v) and ag(u) # 0. O

THEOREM 12.1.3. Consider the local system F on (Al x G,,)/k, k/F, a finite extension, of rank
Gn, whose trace function, at a point (s,t) € L x L™ for L/k a finite extension, given by
1

Trace(Frobs ) |F) = —— > Yr(sz+tf(z)),

with f(x) = zR(x) as in (12.1.0.1). Then

_ | 2+ #pora(R), ifn > 2,
MQ,Q(}.) B { 1+ #,utotal(R) = d(qn; Zf?’L =1.

PRrROOF. The question is geometric, so we may assume that k contains all roots of unity of order
dividing 2[[,(¢; —1). Then My is the large L limit of the sums

1
FLFHL =) SEL;@ 2 wnlaty—zmw @)+ f) - 1) - )

The “missing” sums, over (s,0), are just
1
(#L)*(#L - 1)

4L
4L -1

#{(z,y.z,w) eL |z +y=2+w} =
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with large L limit 1. So Ma2 + 1 is the large L limit of the sums, but now extended over all
(s,t) € L2 The large L limit is unchanged if we replace the 1/((#L)3(#L — 1)) factor by 1/(#L)*.
Thus Ms 2 + 1 is the large L limit of
1
W#{(l‘ayaz7w) €L4|x—z:w—y and f(f)*f(z):f(w)*f(y)}'

The locus defined by the two equations x — z = w — y and f(z) — f(2) = f(w) — f(y) in the
(z,y, z, w)-space is the locus in A3, coordinates x,w,v with v := z — 2 = y —w defined by the single
equation

F(@) = fla+v) = f(w) = Flw +v).
This is now
zR(z) — (x + v)R(x + v) = wR(w) — (w 4+ v)R(w + v).
Because R is additive, this is just the equation
vR(z) + zR(v) = vR(w) + wR(v),
or equivalently
vR(z —w) + (z —w)R(v) = 0.
So in the new variable ¢ := x — w, our locus is the product of A' with the curve
vR(t) +tR(v) =0
in the (¢, v)-space, and hence My o + 1 is the large L limit of
1
#L
By Weil’s estimates, this large L limit is just the number of distinct irreducible factors (i.e., not

counting multiplicities) of the polynomial vR(t) 4+ tR(v) in the polynomial ring k[t, v].
Recall that

#{v,t € LIvR(t) + tR(v) = 0}.

n
R(z) = Z a;x?, with coefficients a; € k*.
i=1
The polynomial vR(t) + tR(v) visibly vanishes if v = 0 or if ¢t = 0. Thus

Mo +1 =2+ the number of irreducible factors different from v, ¢.

Thus we are looking for the number of irreducible factors of vR(t) + tR(v) in k[t,v,1/v,1/t]. Here
we may make the change of variable

u=t/v
and then factor the polynomial vR(uv) + vvR(v) in k[u,v,1/v,1/u]. Factoring out v, this is the
same as factoring R(uv) + uR(v). Both R(uv) and R(v) are divisible by v?. So we must factor
R(uv)/(uv?) + R(v)/v?, i.e., we must factor

n n n
E aiuqz'flqu‘*th + E a;vli~ 0 = E ai(uqifl + 1)1)%*(11.
i=1 i=1 =1

The content c(u) of this polynomial in v is c(u) = [[¢¢,,.,..(r) (@ — ). Thus
M o(F) =1+ #pttotar(R) + the number of irreducible factors of P(v),
for P(v) the polynomial

1 n
= Z ai(u%_l + 1% 0
o(w) =
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in Fp(u)[v]. If n > 2, then by Theorem|12.1.2} P is irreducible, and so the theorem follows. If n = 1,
P(v) =1, so has no irreducible factors, and, in this n = 1 case, #ptotal(R) = ¢n — 1. O

We next examine the curve whose geometric irreducibility, established in Theorem [12.1.2} played
the key role in the proof above of Theorem [12.1.3

LEMMA 12.1.4. In the situation of (12.1.0.1)), with R(z) = >, a;x%, suppose that n > 2 and

that piotal(R) = @. Consider the geometrically irreducible curve Cy in AQ/IE‘T), coordinates (u,v), of

equation
n

Co: Zai(uqi_l + 1?1 = 0.
i=1
Denote by C the complete nonsingular model of Co. View C over the projective v-line PL. Then C
has degree q" — 1 over PL, and over the point v = oo of PL, C has ¢" — 1 distinct points (¢, ), with
¢ a root of ("1 +1=0. At each such point of C, v has a simple pole and the function v — ¢ on C
has a zero of order qn, — qn_1.

PROOF. Write the equation of Cy, first as

n n
§ a;pli— N udi—1 + E aqu'*cn’
i=1 =1

then divide through by v?* ™% to obtain

n—1 n—1
anu® ) @i (1/0) T o+ (an + Y (1)) ).
i—1 =1

Modulo (1/v)% 791 this is just the equation a,u?~! + a, = 0. The iterative algorithm (a +
—f(a)/f'(a)) of Newton’s lemma shows that indeed u — ¢ on C has a zero of order ¢, — ¢,—1 at the
point (¢, 00). Because v = oo has the full number ¢, — 1 of points lying over it, the curve C is finite
etale over P} near v = oo, hence v has a simple pole at each such point. O

REMARK 12.1.5. In the previous Lemma [12.1.4] still with n > 2, we might consider the more
general case when figo1q1(R) is non-empty, in which case the content c(u) has degree #puotq1(R), and
the equation for the geometrically irreducible curve Cy in A%/F », coordinates (u,v), is

1 n
Co: —— Y a;(ut™! 4+ 1) 7 = 0.
o "
In this case, C has degree ¢" — 1 — #pota(R) over P, and over the point v = oo of IP%, C has
q" — 1 — #0101 (R) distinet points (¢, 00) with ¢ a root of (9 ~! 4+ 1 = 0 but ¢ not in pgerar(R) . At
each such point of C, v has a simple pole and the function v — ¢ on C has a zero of order ¢, — gn—1.

REMARK 12.1.6. Suppose that in the sequence q; < g2 < ... < g, of powers of ¢, we allow the
case q1 = 1. If p is odd, then piotq(R) is empty, and Theorem remains valid as stated, with
the same proof.

If p = 2, then the polynomial equation R(uv)+uR(v) = 0 which occurs in the proof of Theorem
has its linear term in v vanishing. In this ¢; = 1 case, we must assume n > 3, and define

Utotal(R) = ﬂ {C € E’CQi_l = <_1)p}'
2<i<n

With this definition, Theorem [[2.1.3 remains valid as stated, with the same proof.
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In the next result, we determine, for the first time, the geometric monodromy groups of an
infinite series of non-monomial local systems.

THEOREM 12.1.7. Let g = p/ > 9 be a power of a prime p > 2 and fix some constants a,b € Fy.

Consider the local system F on (A'xGy,) /k, k/F, a finite extension, of rank q, whose trace function,
at a point (s,t) € L x L™ for L/k a finite extension, given by

Trace (Frobs 4 |F) = Z Y (sz + tlaz® + bz ).

GaussL

+2f

Then the geometric monodromy group of F is G = E x Sps(q), where E = p+ s extraspecial of

order p'*2f and exponent p.

ProOF. (a) By Theorem and Remark G has M35 = 2 on the underlying represen-
tation V of dimension q. Next, F is the specialization u = t of the local system F* on (A% x G,,)/k,
k/F, a finite extension, of rank ¢, whose trace function, at a point (s,t,u) € L x L™ for L/k a finite
extension, given by

Trace(Frob stu) L|]-") Z¢L (sx + taz® + ubz?™).

Gauss

By Corollary [11.2.5{i), F* has geometric monodromy group H = E x S with S 2 Sp,(q).

(b) The aforementioned specialization implies that G < H. First we show that either EG = H,
org=11and EG/E = SL3(5) < S. Indeed, 2 < M3 2(EG) < M2 2(G) = 2, s0 M2 2(EG) = 2. Since
E < EQG, it follows from |[GT2| Theorem 1.5] and [BNRT, Theorem 3] that EG acts transitively on
the ¢? — 1 nonzero vectors of E/Z(E) & IFZQ,f; in particular, EG/FE is a subgroup of H/E = Sp,(q) of
order divisible by ¢ — 1. When ¢ > 13, the largest order of proper subgroups in Spy(q) is ¢(¢ — 1),
see e.g. [TZ1l Table VI], hence EG = H. (Alternatively, one can also apply [BNRT), Theorem 5].)
If ¢ =11 and EG < H, then [BNRT), Theorem 5] shows that EG/E = SLy(5).

In either case, we see that R := FEG/FE is perfect and has trivial Schur multiplier.

(c) Next we show that Z(E)G = EG. As mentioned above, EG acts transitively on the set
of ¢> — 1 nontrivial elements of E/Z(E) (via conjugation), but E centralizes E/Z(E). So Z(E)G
acts transitively on these ¢? — 1 elements, and hence it acts irreducibly on E/Z(FE). It follows that
Z(E)G N E is either Z(E) or E. Suppose we are in the former case. Then we have

R=EG/E = E(Z(E)G)/E = Z(E)G/(Z(E)G N E) = Z(E)G/Z(E).

As R is perfect and Z(F) < Z(Z(E)G) > R, (Z(E)G)(™) is a central cover of R and hence equal to
R, since Mult(R) = 1. Thus R embeds in Z(E)G as a normal subgroup; in particular, Z(R) = Cs
is normal and hence central in Z(E)G. On the other hand, Z(FE)G acts irreducibly and faithfully
on V of odd dimension ¢q. So we see that the central involution z of Z(R) acts as scalar —1 on V/,
which is impossible since det(V) is trivial on the perfect group R. Hence we must be in the latter
case, i.e. Z(F)G > E, whence Z(F)G = EG.

As Z(F) < E < EG = Z(E)G, we can write F = Z(E)(E N G). Taking the derived subgroup,
we get Z(E) = [E, E] is contained in ENG. Thus G > Z(FE), and so G = Z(F)G = EG, which
means E < G.

(d) Now, if EG = H, then we conclude that G = H; in particular we are done if ¢ > 13.

The only remaining possibility is that ¢ = 11 and G/E = R = SL2(5). In addition to G, we also
consider the arithmetic monodromy group G = Gasith,r,, of F over Fi;. As E = 011(G) < Gy, we
have F < GG1, and hence

Gl < NGLll(C)(E) = T(E X SLQ(].l)),
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where T' := Z(GL;1(C). In particular, TG;/TE embeds in SLy(11). But T'G;/TE contains the
normal subgroup TG/TE = R = SLs(5) and SLy(5) is maximal in SLy(11). It follows that TGy =
TG. In particular, for any h € G1, we can write h = ag for some g € G and a € C*. As Gy and G
are finite, av is a root of unity, whence |p(h)| = |¢(g)| if ¢ denotes the character of G; acting on F.

Note that R = SLg(5) acts on E/Z(E) = F%, via its irreducible character of degree 2; in
particular, the dimension of the fixed point subspace of any element in R on F/Z(FE) is either 0 or
2. This implies by Lemma that |p(g)| € {0,1,11} for any g € G. The preceding statement
then shows that |¢(h)| € {0,1,11} for any h € G. However, a Magma computation shows that, for
any choice of a,b € F{q, there is a Frobenius Frob(&t)JFH , that has trace of absolute value V11, a
contradiction. |

Next we prove a Witt analogue of Theorem [12.1.3

THEOREM 12.1.8. Consider the local system F on (Al x G,,)/k, k/Fy a finite extension, whose
trace function, at a point (s,t) € L x L* for L/k: a finite extension, given by

Trace (Frobs 4 1 |F) = ZUJQL z,sT +tf(z)]),

F

with f(z) = zR(z) as in (12.1.0.1). Then
Msyo(F) =2.
PRrROOF. The question is geometric, so we may assume that k contains all roots of unity of order
dividing [[,(¢; — 1). Then Ms 5 is the large L limit of the sums
1
(#L)*(#L - 1)

Y o rn(ryt+atw, Qa,y, 2, w)+s(a+y+z+w)+t(f(x)+f () +f(2)+f (w))),

seLteL*
z,y,z2,weL

with
Q= (z+y)(z+w)+zy+ 2w+ 22 + v’

The “missing” sum, over (s,0), contributes zero to the large L limit. Indeed, it is

(#L)2(71¢L —1) W@é;ﬂqﬂ Uo.2([0,Q(z,y, 2, w)))
B <#L)2(;L yZEL Yr((@+2)(y + 2))
THL)(#HL-1) #L Z Yr(zy)

:@#JZ)ZZELL—U = O(1/#L).

[For a fixed x # 0, the sum of ¢ (zy) over y vanishes, and for = 0, this sum over y is #L.]

So Ms s is the large L limit of the sums, but now extended over all (s,t) € L% The large L
limit is unchanged if we replace the 1/((#L)3(#L — 1)) factor by 1/(#L)*. Thus Ms 5 is the large
L limit of

1 Z Yr(zy + zw).

F(&)—f (29— () 5)
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Exactly as in the proof of Theorem [12.1.3] the locus defined by the two equations x —z = w —y
and f(z) — f(2) = f(w) — f(y) in the (x,y, z,w)-space is the locus in A3, coordinates x,w,v with
v:= 2z —x =y — w, defined by the single equation

vR(z —w) + (z —w)R(v) = 0.
On this locus,
Q=zy+z2w=zv+w)+ (v+z)w=(xr+w)v.
So in the new variable ¢ := z — w = z + w (remember we are in characteristic 2), our locus is the
product of Al with the curve

vR(t) +tR(v) =0
and My is the large L limit of
1
4L Z Yr(tv).

v,teL
vR(t)+tR(v)=0

The polynomial vR(t) +tR(v) is visibly divisible by both ¢ and by v. The sum over each of the loci
(t =0,v free) and (v = 0,t free) contributes 1. Thus Ms o — 2 is the large L limit of the sum

1
S(L) = 7T % Ui (tv).

vR(t)+tR(v)=0

Because we require v # 0, we may make the substitution ¢ = wwv, after which the function
being summed is 1 (uv?), and our equation becomes vR(uv) +uvR(v) = 0. But both u,v are to be
invertible, so our equation becomes first R(uv) + uR(v) = 0, then R(uv)/u = R(v), then

R(uv)/(uv?) = R(v) /v.
Writing this out explicitly, it is
n
Zai(uqi_l — 1% 1 = 0.
i=1
Viewed as a polynomial in v with coefficients in Fa[u], its content is
cw= J[ @-9.

CEltotal (R)

Over each locus u = ¢ € pyorar(R), v free, the sum of ¥y ((v?) = 1)1 (v/Cv) over v vanishes.
In the case n = 1, we are done. To treat the case n > 2, we work on the locus C defined

1 n
— Zai(uQi_l — 1% % = 0.
o) =

By Theorem C is geometrically irreducible. We must show that L,z is geometrically
nontrivial on this curve. Because n > 2, #uotai(R) < g —1. By Lemma and Remark
at each point P := ({,00) with ¢ a root of (%~ =1 but ¢ not in a1 (R), the function u — ¢ has
a zero of order ¢, — q1. But ¢, — 1 > gn — qn—-1 > Gn_1 > 2, and thus

wv? = (v? + a holomorphic function at P.

Thus
Swanp (Ly(uwz)) = Swanp(Lycp2)) = Swanp(Ly ) = 1,
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the penultimate equality because we are in characteristic 2. Hence Ly,,2) is geometrically nontrivial
on C, and thus the sum

#lL Z wL(uv)

(u,v)eC(L
is O((#L)~'/?), as desired. O

REMARK 12.1.9. Remark [12.1.6| applies here as well. When ¢; = 1 and n > 3, Theorem [12.1.§
remains valid, with the identical proof, but with g (R) modified as in Remark [12.1.6

12.2. Local systems of the second kind
Now we consider the case of a two-parameter family of polynomials in one variable x of the form
sz +tf(x) + g(x)

in which both f(z) and g(x) are of van der Geer-van der Vlugt form over some finite extension
k/F,. More precisely, ¢ and @ are (not necessarily different) powers of p,

G <qg<...<gn
are n > 1 non-negative powers of ¢,

Q1 <Q2<...<Qn

are m > 1 non-negative powers of (). We make the assumption that if p = 2, then both ¢1,Q are
> 2. [In odd characteristic p, we allow either ¢; or @1 to be 1.] We assume that

(12.2.0.1) f(z) = zR(x) where R(x Zazqu with coefficients a; € k™.
1=1

(12.2.0.2) g(x) = zS(x) where S(x Z bix9, with coefficients b; € k*.
1=1

In what follows, we will assume that
(12.2.0.3) k = Fpx is the smallest field that contains all a; and b;.

Once we have fixed choices of R and S, we can define the finite, possibly empty, sets of roots of
unity

Utotal(R)a Mtotal(s)
as in (|12.1.0.2)).

THEOREM 12.2.1. Suppose that Qn, > q,. Consider the two-parameter local system F on A2 /k
of rank Q.,, whose trace function, at a point (s,t) € L? for L/k a finite extension, given by

Trace(FrobSt LlF) = \/—ZlbL st +tf(x) +g(z)),

xeL

with f(x) = zR(x) and g(x) = xS(z) as in (12.2.0.1) and (12.2.0.2)). Then
MQ,Q(JT) =2+ #(Htoml(R) N ,Uftotal(S))'
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PROOF. As in the proof of Theorem [12.1.3, we readily calculate that Mo is the large L limit
of the sums

1
LP > or(g(x) — g(2) + g(y) — g(w)).
z,y,z,wEL
F@)~FG)=F W)~ ()
The locus defined by the two equations z — z = w — y and f(z) — f(2) = f(w) — f(y) in the
(z,y, z, w)-space is the locus in A3, coordinates x, w,v with v := z — 2 = y —w, defined by the single
equation
vR(z —w) + (z — w)R(v) = 0.
On this locus,
9(@) = g(2) + 9(y) — g(w) = vS(x — w) + (z — w)S(v).
So in the new variable ¢ := 2 — w, our locus is the product of A! with the curve

vR(t) +tR(v) =0,
the function inside the ¢, is vS(t) + tS(v), and My 3 is the large L limit of

1
7L > Yn(uS(t) +tS(v)).
v,teL
vR(t)+tR(v)=0
The polynomial vR(t) + tR(v) is visibly divisible by both ¢ and by v, as is the polynomial vS(t) +
tS(v). The sum over each of the loci (t = 0,v free) and (v = 0,¢ free) contributes 1. Thus My — 2
is the large L limit of the sum

S(L) := 1 > YL(uS(t) +tS(v)).
v,teL*
OR(t)+tR(v)=0
On the locus vS(t) +tS(v) = 0,tv # 0, we may make the change of variable ¢ = uv, and now the
locus of summation is vR(uv) + uvR(v) = 0,uv # 0, or R(uv)/(uv?) + R(v) /v = 0,uv # 0. Over
the L-points of this locus, what we are summing is 17, (vS(uv) + uvS(v)). Written out explicitly,

vS(uv) + wS(v) = bu(u@ ! 4 T

=1

When we regard R(uv)/(uv®) + R(v)/v? as a polynomial in v with coefficients in Fp[u], its

content is
cw= J[ @-0.
CE€total (R)

For fixed ¢ € piotai(R), on the locus u = ¢ # 0,v free, the polynomial vS({v) + (vS(v)) either
vanishes identically, which happens precisely when ¢ € fi0t0:(S) (in which case we get a contribution
of 1 to My 32), or it is a sum of monomials in v whose degrees are all coprime to p. In this second case,
L p(vS(cv)+¢uS(v)) 18 geometrically nontrivial (its Swane is the coprime to p degree of vS((v)+(vS(v))
and the sum over v is O((#L)"/?). Thus the contribution of the content is #(tsorat(R) N fitotar(S)).

In the case n = 1, we are done. To treat the case n > 2, it remains to show that the sum of
Y1 (vS(uv) + uvS(v)) over the curve C defined by

n

— ) a(utT 4 DT =0
) 2"

is O((#L)Y/?).
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Because n > 2, we may choose ¢ with (271 41 = 0 but ¢ not in pe;(R). Then from Lemma
.1.4{ an emar 1.5 we know that at the point P := (¢, 00), the function v — as a zero o
12.1.4]and R k[12.1.5 k h h int P he fi i h f

order g, — qi. We must show that £ " (Z?; w(u @14 10! +Qi) is geometrically nontrivial on C. We

will do this by showing that at the point P, the function » ;" w(u@ 1 4+ 1)b;v' Qi has a pole of
order prime to p. Suppose first that (¥»~1 41 # 0. Then the function u(u® =1 4 1) is a unit at
‘P, and so the leading term has a pole of order 1 + @,,, while all lower terms, if any, have poles of
order <14 Qm-1 <14 Qm.

Suppose next that (97~1 4+ 1 = 0. Then the leading term has a pole of order 1 + Q. — ¢ + 1
at P. Notice that this pole order is prime to p (either each of Qy,, ¢n,q1 is a strictly positive power
of 1, or p is odd, ¢ = 1, and each of Qp,, g, is a strictly positive power of gq).

The lower terms, if m > 2, have poles of order < 1 4+ @Q,,—1. So it suffices to check that
14Qm —qgn+q > 14+ Qm_1, or equivalently that

Qm — Qm—-1> qm — q1.

But Qm-1 < (1/9)Qm, 50 Qumy — Qm—1 > Qm — (1/¢)Qm, while ¢, — ¢1 < ¢n. So it suffices to
check that Q,,(1 — 1/q) > ¢y, or equivalently Q,,(1 —1/q)/q, > 1. But Qm/qn > ¢, and trivially
q(1—=1/q) =q—12>1. So in this case as well, we have a pole of order prime to p. O

LEMMA 12.2.2. Let ¢ = p” > 1 be a power of an odd prime p and let f(x) and g(z) as in
(12.2.0.1) and (12.2.0.2)), with ¢; = ¢ for 1 < i < n, Qj:qdj for1 < j <m, and k = Fp~ as
in (12.2.0.3). Consider the two-parameter local system F on A%/k of rank Q. = ¢, whose trace
function, at a point (s,t) € L? for L/k a finite extension, given by

-1
—== D _Wr(sz +tf(x) + g(z)).
#LmeZL L g

Trace (Frobs 4 |F) =

Suppose that for some t € k* we have
(12.2.2.1) ged(A(z), z™N —1) =z — 1,
for

n e m N—d;
Ale) ==Y ((tan) " eV (tag) ™ 2N ) £ 30 (00 2% 07 TN € ka).
i=1 j=1
Then \Trace(Frob(07t)7]Fqu |F)? =q.

Proor. We will follow the proof of Theorem to compute the trace of g := Frobr ,
b b q.‘i

on F for the given ¢t € k*. Here, the relevant function R(z) is

n m
R(z) =t Z a;x? + Z bjquj.
i=1 j=1

Note that F «~ contains Fyx = k, so ¢t € F xv. Now the corresponding subspace Wg of F xn is the
zero locus over F «n of the polynomial

d —d; N+d;

. N
]—i—bg. x4 ]).

n m
D D ED I
i=1 j=1

Denoting by F the Frobenius map = + z? on F,, we see that Wg is the set of z € F, that is
annihilated by F*" — 1 and by A(F), hence by F' — 1 because of (12.2.2.1)). Thus Wg = F,. Now

using Theorem [7.1.2|(a) (and the fact that g is odd), we conclude that |Trace(g)|? = #Wg =q. O
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In Lemma in the case f(1) = Y.;" a; # 0 and k C F,, the natural choice for ¢ is
=71 b/ 30 ai (since we want A(1) = 0)).

Now we can prove a generalization of Theorem [12.1.7] which gives geometric monodromy groups
of infinite series of (non-monomial if n +m > 3) local systems:

THEOREM 12.2.3. Let ¢ = p¥ > 1 be a power of an odd prime p and let f(x) = xR(z) and
g(x) = 2S(x) as in ([[2.2.0.1) and (12.:2.0.2), with ¢; = ¢% for 1 <i<n, Q; =q% for 1 <j<m,
and

ng(Cl,... ,Cn,dl,...,dm) =1.
Suppose that Q1 > q1, Qm > qn, and that 2|(c1...cpdy ... dy).
system F on A2 /k of rank Q,,, whose trace function, at a point (s,
given by

Consider the two-parameter local
t) € L? for L/k a finite extension,

-1
Trace(Frob(Sjt%L\}') = — Z Yr(sz+tf(x) +g(z))
#L €L
with geometric monodromy group G = Ggeom. Under the extra conditions that p { N for N := d,y,

¢V #9, and, in addition, (12.2.2.1) holds, we have G = pfﬂvl’ X Spon(q)-

PROOF. First we note that when N = 1, both f and g are monomial, and hence we are done by
Theorem [11.2.1{(a). So in what follows we will assume N > 1. Since ¢" # 9 and 1 < N is coprime
to p, we now have that ¢V > 25 and ¢ # 27.

(a) Note that piotar(R) N piotar(S) = @ by Lemma [12.1.1, Hence by Theorem [12.2.1] G has
M5 2 = 2 on the underlying representation V' of dimension @), = ¢". Next, F is the specialization

tlzalt, tgzagt,..., tn:ant, (75} :bl,..., um:bm
of the local system F* on (A™*" xG,,)/k, k/ [F, a finite extension, of rank @,,, whose trace function,
at a point
(8,81, vy tpy UL, ey ) € L™ x LY

for L/k a finite extension, given by

-1 " ;i " d;
Trace(Frob(s,tl’m,tn’uhm’um)’L\]—"ﬁ) = —— Z 33 (S:U + Ztimq [ Z (T JH).

Y #L €L i=1 j=1
By Lemma [12.1.1{i), the condition ptprai(R) N feorar(S) = @ is equivalent to 2|cy...cpdy ... dpy,.
Hence by Corollary [11.2.5(ii), F* has geometric monodromy group H = E x S with E = p1++2N v
and S = Spyy(q). Moreover, by Corollary [2.3.8[ii), if we choose the clearing factor suitably, we can
achieve that F* has trivial arithmetic determinant.

The aforementioned specialization implies that G < H. Note that

2 < Myo(EG) < Myo(G) =2,
so M 2(EG) = 2. Since E<QEQG, it follows from [GT2, Theorem 1.5] and [BNRT, Theorem 3] that
EG acts transitively on the ¢ — 1 nonzero vectors of E/Z(E) = IF%N Y. Now applying [BNRT)
Theorem 5] and invoking the conditions ¢’ > 25 and ¢V # 27, we see that there are some integers
b,e > 1 such that Nv = be and
Spop(P°) A EG/E < Spgy(p®) % Ce < S = Span (p”).

Let ¢ denote the H-character afforded by V. By Theorem (a), working over extensions
L that contain both k and F,, we have that |o(h)|? is 0 or a power of ¢ for any h € H. On the
other hand, choosing an element g € G such that the coset Fg in FG/FE induces an element of
Spop(p©) that has exactly p® fixed points on ]Fgé, we see by Lemma that the coset Eg contains
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an element g; with |p(g1)|? = p°. It follows that v|e. Writing e = ve; with e; € Z>1, we now have
that b = N/e; and

SPanye, () S EG/E < S = Spyn(q).

Recall that Spyy/e, (¢°!) is a standard subgroup of S, with normalizer Spyy/e, () % Ce, in S. It
follows that

SPan/e, () S EG/E < Sponye, (4°) % Co, .
We also have that e;, being a divisor of N, is coprime to p. On the other hand, since F lives over

A%, G has no nontrivial p’-quotient. Hence EG/E = SPan/e, (¢7), and so EG = E x K, for a
suitable subgroup

K= Sp2N/el (q61)
of the subgroup S of H=FE x S.

(b) Next we show that G = EK. By the previous result, EG acts transitively on the set of
¢*™ — 1 nontrivial elements of E/Z(E) (via conjugation), but E centralizes E/Z(E). So Z(E)G
acts transitively on these ¢>V — 1 elements, and hence it acts irreducibly on E/Z(E). It follows that
Z(E)G N E is either Z(E) or E. Suppose we are in the former case. Then EG = FK implies that

K = EK/E = EG/E = E(Z(E)G)/E = Z(E)G/(Z(E)G N E) = Z(E)G/Z(E).

As K is perfect and Z(E) < Z(Z(E)G), (Z(E)G)™ is a central cover of K and hence equal to K,
since Mult(K) = 1. Thus K embeds in Z(E)G as a normal subgroup; in particular, Z(K) = Cs is
normal and hence central in Z(E)G. On the other hand, Z(E)G acts irreducibly and faithfully on
V of odd dimension ¢V. So we see that the central involution z of Z(K) acts as scalar —1 on V,
which is impossible since det(V') is trivial on the perfect group K. Hence we must be in the latter
case, i.e. Z(F)G > E, whence Z(F)G = EK.

As Z(E) < E < Z(FE)G, we can write E = Z(FE)(E N G). Taking the derived subgroup, we get
Z(E) = [E, E] is contained in ENG. Thus G > Z(E), and so G = Z(F)G = EK.

(c) Recalling that E = O,(G) char G and G is normal with cyclic quotient in the (necessarily
finite by [KT6l, Theorem 2.9]) arithmetic monodromy group G = Garith, . of F over k = Fpr, we
have

G < NarLwv)(E) = Z(GL(V))E - Spap, (p).
Here we assume that the clearing factor for F is the same one that makes the arithmetic determinant
of F* trivial. As E acts irreducibly on V, any element z € Ca(E) acts as a scalar ¢ on V' which is
a root of unity, and its trace is in Q({p). It follows that ¢ = €¢j for some 0 < j < p—1 and € = +1.
But the arithmetic determinant of F* is trivial and the rank is D = ¢", we must have that e = 1
and hence z € Z(F). This argument shows that G/E embeds in the subgroup Spsyy, (p) of outer
automorphisms of E induced by Ngr,y)(E). It follows that

K =Spynse, (¢°) = G/E < G/E < Spyy, (p).

As the normalizer in Spyy,,(p) of the standard subgroup K is K x Cl,, we conclude that G/G <
Cre,- In particular, G = Garith’FqNﬁ.

Now, assuming ([12.2.2.1]), we can use Lemma |[12.2.2] to get an element go = Frobigyr . € G
q
7.2.

with |p(g2)|?> = ¢. On the other hand, Lemma [7.2.1] guarantees that |¢(g2)|? is either 0 or a power
of ¢°*. Hence eg =1, K = S, and G = ES as stated. O

ExaMPLE 12.2.4. We offer some examples of non-monomial systems to which Theorem [12.2.3
applies. Let a,b € F)' and g = p”.
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(i) Let 1 <1 < N, and consider F as in Theorem with R(z) = az + bz? and g(z) = 27" .
Assume in addition that a +b # 0, p { N and ged({, N) = 1. Choose t = —1/(a + b) # 0.
Modulo 2V — 1, the polynomial A(z) is th(zV~! + 2! — 2), which in turn reduces to tb(z! —1)2.
The assumptions imply that ged((z! — 1), 2 — 1) = 2 — 1, and so Theorem applies to
show that Ggeom = prN” X Spon(q)-

(ii) Assume 1 <[ < N/2, and consider F as in Theorem with R(x) = az? +bz? ' and
g(z) = 27" . Assume in addition that a +b # 0, p N and ged(l, N) = 1. Again choose
t = —1/(a +b) # 0. Modulo " — 1, the polynomial A(z) is 2V~ 4 2! — 2, which in turn
reduces to (z! — 1)2. The assumptions again imply that ged((z! —1)2,2Y —1) = x — 1, and so

h

Theorem [12.2.3) applies to show that Ggeom = p}fQN” X Spon(q)-

(iii) Assume 1 < [ < N/2, and consider F as in Theorem [12.2.3] with R(z) = a(z? — z) and
g(z) = b(z?" — 7" "), Assume in addition that p{ N and ged(l, N) = 1. Choose t € ) such
that ta # b. Modulo 2V — 1, the polynomial A(z) is (ta — b)(zV~! + 2! — 2), which in turn

reduces to (ta — b)(xz! — 1)2. The assumptions again imply that ged((z! —1)%, 2V —1) =z — 1,
and so Theorem [12.2.3| applies to show that Ggeom = p}ﬁmvy X Spon(q)-

Now we prove a Witt analogue of Theorem [12.2.1

THEOREM 12.2.5. Suppose that p = 2 and Qpn, > qn. Consider the two-parameter local system
F on A%/k of rank Q,, whose trace function, at a point (s,t) € L? for L/k a finite extension, given
by

Trace(FrobSt)L\}“ FZwQL r,sv+tf(x) +g(x )])

xGL
with f(x) = zR(x) and g(x) = zS(z) as in and ([12.2.0.2). Then
Mg,g(]:) =2.

PRrOOF. Just as in the proof of Theorem [12.1.8, M3 — 2 is the large L limit of the sum

1
(L) := > gu(vt+vS(t) + tS(v)).
v,teL*
vR(t)+tR(v)=0

Because vt # 0, we may make the change of variables ¢ = uv, and we are looking at

1
Y(L) = Yy Z Y1 (uv? + vS(uv) + uvS(v)).
v,u€LX
UR(UU)+UUR(U)

The content of R(uv)/(uv?) + R(v)/v? contributes 0 to the large L limit, because for any fixed
¢ # 0, the polynomial in Fa[v] given by (v? + vS(Cv) + (vS(v) is Artin-Schreier nontrivial, being
equivalent to

\/ZU + a polynomial, possibly zero, with all nonzero monomials of odd degree > 3.

In the case n = 1, we are done. If n > 2, it suffices to show that £ ( on C is

) uv2+vS(uv)+qu(v))
geometrically nontrivial, so that its H2 vanishes and M3 o = 2. For this, we pick ¢ with ¢ 141=0

but ¢ not in gy (R). By Lemma [12.1.4] and Remark [12.1.5] at the point P := ((,c0), v has a
simple pole and the function v — ¢ has a zero of order g, — ¢ at P. We again examine the poles of

uv?® 4+ vS(uv) + uvS(v) = uv? + Z L 1)b@itt
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at the point P. We will show that this function has a pole of order prime to p at the point P, which
implies the needed geometric nontriviality.

At P, the leading term u(u®m~t 4 1)b,v¥=*1 either has a pole of order @Q,, + 1, or a pole
of order @, + 1 — (g — ¢1), and the lower terms, if m > 2 have poles of order < 1 + Q-1
(including the first term uv?, with a pole of order < 2 < 1+ Q,,—1). If m = 1, the uv? term

at P is Artin-Schreier equivalent to \/Cv + holomorphic. In the m > 2 case, we observe that
Qm+1— (g —q1) > 14+ Qm-1, exactly as at the end of the proof of Theorem [12.2.1] In the m =1
case, we simply need @, + 1 — (¢, — q1) > 1, which is obvious. O

Now we offer some Witt analogue of Theorem [12.2.3] which determines the geometric mon-
odromy group of some local systems with non-monomial Witt vectors:

THEOREM 12.2.6. Let ¢ = 2/, n > m > 1, ged(n,m) = 1, a,b € Fx, and consider the local
system W on (A1)? x G, with the trace function

(r,s,t) € L* x L* Z Yo, ([rz, sz + t(az? 1+ ba? 1))
=

for any finite extension L/F,. Then W has geometric monodromy group G = (4 * 2}~_+2"f) - Spa, ().

PROOF. Note that F is a specialization of the local system W*(¢" + 1,¢™ + 1,1) in Theorem
with geometric monodromy group H = R -5, where R = 4 x 21++2nf and S = Sp,,(q). It
follows that G < H.

We now compute Ggeom for a suitable pullback.

Rescaling t by ¢ + t/b, we reduce to the case b = 1. Then the (r,s,t) — (r,s,t9" T1) partial
Kummer pullback of F has trace function

(rys,t) — Z Vo1 ([re, sz + 7 T az?" T 4 29T,
z€L
which after the variable change = — x/t becomes
(rys,t) — Z a1, ([mc/t, sa/t 417" " apd" T 4 xq""'l]).
z€L
Pulling back by the automorphism (r, s,t) — (rt, st,t), the trace function becomes

(rys,t) = Y o p([re, sw 4+ 17" az®" 4 20",
zeLl

This is the pullback, by the universal homeomorphism (r,s,t) + (r,s,t9"), of the local system
whose trace function is

(rys,t) — Z a1, ([mc, sy 4+ t4 " lgpd" L 4 an+1]).
TeL

This is the (r,s,t) + (r,s,t¢" 1) partial Kummer pullback of the local system whose trace
function is
(r,s,t) — Z 1/127L([mc, sz + tazx?d T+ an+1]),
el
which in turn is the pullback by the automorphism (r,s,t) — (r, s, ta) of W(¢" +1,¢™ + 1,1). By
Theorem W(q" + 1,¢™ + 1,1) has geometric monodromy group = H. Thus G contains a
subgroup isomorphic to H, and hence G = H. g
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12.3. Local systems of the third kind

THEOREM 12.3.1. Let p > 2, k/F,, a finite extension, and a,b € k*. Consider the local system
F on (A' x G,,)/k of rank q = p/, whose trace function, at a point (s,t) € L x L* for L/k a finite
extension, given by

-1
Trace (Frobs 4 |F) = ey Z Yr(sz? + t(ax + bx?™h)).
€L

Then Mjo(F) = 2.
PRrROOF. First for any fixed ¢ € L we show that

H#L(2#L —1), ifc=0,

(12.3.1.1) #{(z,y,2,w) € L* | Ty = ¢, By =0} = { LI2, if ¢ #£0.

Indeed, we can write x = w + (2 — y + ¢). Then g = 0 yields
2w(z—y+ce)+(z—y+e)+y?—22=0.

Now, if y # z + ¢, then this equation completely determines w (and z) in terms of z and y # z + ¢,
giving us #L? — #L points. If y = 2z + ¢, then 22 = (2 + ¢)?, i.e. 2cz+ c? = 0. If ¢ = 0, there are
no extra constraints aside from y = z, x = w, and so we get #L? points. If ¢ # 0, then z = —¢/2,
y =c¢/2, x = w, yielding #L points.

In particular, the quadric 39 = 0 has

(12.3.1.2) HLOH#L — 1)+ #L*(#L — 1) = #L> + #L? — #L

points. [Here is another proof for the asymptotical bound (1 + o(1))#L3. This quadric is the
covering of the (y, z, w)-space A3 defined by taking the square root of —y? + 22 + w?, which is not
a square. So the problematic cohomology group in question is the direct sum of

HS(A®, Q) & HI (A%, L

xg(—yQ—zQ—w2))'

The first summand gives #L3, the second vanishes because £
trivial.]

As in the proof of Theorem [12.1.3] we have that Ma o is the large L limit of the sums

1
S + t(a%y + 05g+41)),
(#L)3(#L — 1) SEL%;LX xﬂ;eL?ﬁL(s 2 + t(aX q+1))

Yo(—y2—22—w?) 18 geometrically non-

where ¥, 1= 2™ 4+ y™ — 2™ — w™ for any m € Z>;. The “missing” sums, over (s,0), are just

1 #L+1—1/#L
(#L)*(#L - 1) #L—1
by (12.3.1.2), with large L limit 1. So M2 + 1 is the large L limit of the sums, but now extended

over all (s,t) € L2 The large L limit is unchanged if we replace the 1/((#L)3(#L — 1)) factor by
1/(#L)* Thus Mss + 1 is the large L limit of

i#{(x,y,z,w) €L'|% =0 and a¥; + bY g1 = 0}.
(#L)?
Let us denote the locus defined by these two equations ¥ = 0 and aX¥; + bX411 = 0 in the
(z,y, z,w)-space A* by H, and its set of points over L by H(L).
First we look at the intersection of H (L) with the hyperplane ¥; = 0. Using with
¢ = 0, we see that this intersection contributes at most 2 to the large L limit.

#{(z,y,2,w) € L' | Ty =0} =
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Next, we look at the intersection of H (L) with the complement ¥; # 0. For any point (z,y, z, w)
in this intersection, we have ¢ := x +y — z — w # 0, so this point is ¢(zo, Yo, 20, wo) with

(xo,yo,zo,wo) € Hl(L) = {(xayvsz) € L4 ‘ E1 = 17 22 = O}
The condition aX; + b¥X441 = 0 now becomes
ac + bt (a8 4yt L0 It = 0.

Since a, b, ¢ # 0, we must have that :L'SH + ng — zgJrl — ng %0, and

c = (—a_lb(l‘g_H + yg—l—l _ zg—i—l - wg—l-l))—l/q.

Thus ¢ is uniquely determined by the point (zg, yo, 20, wo) € H1(L). We have shown that the ray
defined by each point (zg, Yo, 20, wo) € H1(L) contains at most one point (x,y, z, w) in H(L)N{3; #

0}. Since #Hq (L) = #L? by (12.3.1.1)), H(L)N{3; # 0} contains at most #L? points, contributing
at most 1 to the large L limit. Hence M2+ 1 < 3. Since M3 > 2, we conclude that Mo = 2. [

To generalize Theorem [12.3.1 from 22 to 297!, we begin with an identity which will be used to
calculate Mso. We consider the identities

T4y=z+w, z'T4yltes= 110 plta
We substitute w = x + y — z into the second, to obtain
$1+q + y1+q _ Zl+q —_ (x +y— Z)1+q‘
For the p = 2 case of the following lemma, cf. [JW], Theorem 4].

LEMMA 12.3.2. Let p be a prime, ¢ > 1 a power of p. If ¢ > 1, then in F [z, y, 2|, we have the
identity

Ay ey )T =y -2 [ @Ay (A4 D)2
A€F 2, A1=—A

If p is odd and ¢ =1, then in F,[x,y, 2], we have the identity
Tyt (o — )T = (y — 2) (2 — 2).
In the special case p=2,q > 1, we get the identity in Fy[z,y, 2]
T I (o )T = (y — 2) H (x+ Ay — (A+1)2).
AcF,

PROOF. In the case p = 2, the condition that A € 2 satisfies A7 = —A is just the condition
that o € T,,.

Suppose now that p is odd. The ¢ = 1 case is left to the reader. In the g > 1 case, we use the
identity

I[I @+4=17+1T
AEFQQ, Ai=—A



12.3. LOCAL SYSTEMS OF THE THIRD KIND 297

Then we see that

[I G+ay-(A+12)= I[I (@-2+4u-2)

A€F 5, A1=—A A€F 5, A1=—A

=w-2* [l (@-2/y-2+4)
Ae]FqQ, Ad=—A

=y —2)"((x=2)"/(y—2)"+((x - 2)/(y = 2))

= (z—2)"+ (y - 2)" (z —2).

-2 ] @rAy-(A+Dz)=—(y-2)(z -2~ (y—2)(x~2)

=~y -2t — 2N~ (" — )z - 2)

Zq+1 Zq+1_

= —yx? 4+ yz? + zz7 — —ay? + 2y? + 227 —
But
o y1+q _ plta (x 4y — Z)1+q = glte 4 y1+q _plte (x 4y —2)(2? +y? — 29)
= —ay? + 227 — yad +y2? 4 zx? 4 2yt — 2279
O
COROLLARY 12.3.3. Let q be a power of an odd prime p, let 0 < m # n be integers with
ged(m,n) =1, and let Q1 := ¢, Q2 := ¢". Suppose that 2|mn. Then in Fylx,y, 2], where each of
fou i= TR ylt@ @ ()R g 1@ 4@ 1@ (g gy )R
18 a product of pairwise distinct linear factors, their only factors in common are y — z and x — z.

ProOOF. If both 49" = —A and A?" = —A but A # 0, then A9"~! = —1 = A9"~! which is
impossible when 2|mn and ged(m,n) = 1, by Lemma [12.1.1{1). O

THEOREM 12.3.4. Let ¢ = p/ be a power of an odd prime, and let m,n € Z>o be such that
m # n, gcd(m,n) = 1 and 2|mn. Let k/F, be a finite extension, and fix a,b € k*. If m < n,
consider the local system on (A' x G,,)/k whose trace function is given, for L/k a finite extension
and s € L,t € L, by

(12.3.4.1) (5,t) — Z i (529" + taw + b2t ),

GaussL

If m > n, consider the local system on (A' x G,,)/k whose trace function is given, for L/k a fintie
extension and s € Lt € L™ by

! ZwL(s(ax—i—bquH) +tzd" ),

12.3.4.2 t
( ) (s,1) = Gauss,
zeLl

Each of these local systems has Mo = 2.

Proor. We follow the proof of Theorem [12.3.1] Our first task is to show that the “missing
sums” over s € L, t = 0 in the L-approximation of Mj > contribute 1. Its contribution is the large

L limit of
(#L)3( #L— Z > vn(sZgnia(z,y, 2,w))

s€L (z,y,z,w)eL*
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for the first local system and the large L limit of
(#L #L — Z Z dJL(S(aEl('Tyyvsz) +b2qn+1(x7yvzaw)))

seL (z,y,2,w)eL*

for the second local system.
In both of these sums, the s = 0 term is

(#L)*
HLPHL—1)’
whose large L limit is 1. The key observation now is that both of the polynomials ¥¢m 1 (x,y, 2, w)

and aXq(z,y, z,w) + bEgn41(x,y, z,w) are Deligne polynomials in four variables, cf. [De2l, 8.4], of
degrees ¢ + 1 and ¢™ + 1 respectively. So for all s € L*, we have the estimates

Z wL(qum+1(l’,y,Z,UJ))‘ < q4m(#L)27

(@,y,2,w)eL*

Y u(sSiey s w) + 0 @y s w) | < ¢ #L)
(z,y,2,w)€L*

Then in each case the entire sum over s € L* of these Deligne polynomial summands is O((#L)3),
so contributes 0 to the large L limit.

Exactly as in the previous proofs, M3 2+1 is the number of geometrically irreducible components
highest dimension 2 in the affine scheme H in A* defined by the two equations

aXq + bZQ1+1 =0, EQ2+1 =0,
where
Q1:=¢", Q2:=4q".

We first show that Hy := H N (X; = 0) has #Ho(L) = 2(#L)? + O(#L). Indeed, here we are

looking at the affine scheme Hy in A% defined by the two equations

fo. =0, fg, =0.
By Lemma [12:3.2] and Corollary [12:3.3] this locus is the union of the two planes y = z and z = z,
and at most Q1(Q2 lines.
It remains to show that H ~\ Hy has (#L)? + O(#L) points with values in each L/F,. Consider
first, for each ¢ € L, the scheme V, in A* defined by the two equations
21 =C, 2Q2+1 =0.

We first show that #V.(L) = (#L)?> + O(#L) for each ¢ € L*. To see this, first notice that by
homothety, all the V. with ¢ # 0 are isomorphic to each other. But the V.(L) with ¢ € L form a
partition of the L-points on the hypersurface g, 1 = 0. This affine hypersurface, call it X, is the
affine cone in A% over a smooth hypersurface in P3. Hence #X (L) = (#L)> + O((#L)?). Thus

#X(L) = #Vo(L) + (#L — 1)#Vi(L).
By the factorization lemma for Fg,, we see that #Vp(L) < (Q2 + 1)(#L)%. Thus we have
(#L — D)#Vi(L) = (#L)° + O((#L)?), hence #Vi(L) = (#L)* + O(#L).
Now partition the L-points of H \. Hy into the L-points of the subschemes H. := H N (X,

for c € L*. Fix ¢ € L*. If H.(L) is non-empty, and (x,y, z,w) € H.(L), then write (z,y, z,w)
c(xo, Yo, 20, wo). Then the point P := (x0, Yo, 20, wo) has ¥1(P) =1, ¥g,4+1(P) =0, and

ac 4 b 1o, 11 (P) = 0.

)

)
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Since a, b, c # 0, ¢ is completely determined by P
@ = —a/b¥g, 11(P).

This construction maps each nonempty H.(L) injectively to Vi (L), where the images of two different
non-empty H, (L) and H.,(L) with ¢; # c2, both nonzero, are disjoint in Vi(L). In other words,
we have a bijection between H \ Hy with the open set of Vi on which g, 11 is invertible. So

#(H ~ Ho)(L) < (#L)? + O(#L).
So we have shown that Mo + 1 < 3. Since Mo > 2 for any local system of rank > 1, it follows
that M272 = 2. O

THEOREM 12.3.5. Let ¢ = p/ > 9 be a power of a prime p > 2 and fix some constants a,b € Fy.

Consider the local system Fi on (Al x Gy,)/k, k/F, a finite extension, of rank g, whose trace
function, at a point (s,t) € L x L™ for L/k a ﬁm'te extension, given by

Z U ( sz® + t(ax + bxq+1))

Trace(Fl’Ob(&t),Lp:) Gauss

and the local system Fa on (Al x G,,)/k, k/F, a ﬁmte extension, of rank q, whose trace function,
at a point (s,t) € L x L™ for L/k a finite extension, given by

Trace (Frobs 4 |F) = Z Vi (s(ax + ba?) + tx?).
z€L

Gaussy,

Then the geometric monodromy groups of F1 and Fa are both equal to G = E x Spy(q), where
E= ler s extraspecial of order p' T2 and exponent p.

PROOF. For each of the two systems and with ¢ = 11, a Magma computation shows that, for
any choice of a,b € F}{, there is a Frobenius Frob(s,tw11 , that has trace of absolute value v/11. Now
we can repeat the proof of Theorem verbatim. O

Next we extend Theorem [12.3.5¢

THEOREM 12.3.6. Let p > 2 be a prime, ¢ = p¥, m,n € Z>o with m # n, gcd(m,n) =1, 2|mn,
and let F be any of the sheaves defined in (12.3.4.1)) and (12.3.4.2)). Then the geometric monodromy
group G = Ggeom,F of F is E x Spyn(q), where N = max(m,n) and E = p1+2N” is the extraspecial
p-group of exponent p and order pg*N

PROOF. (a) When m < n, F is the specialization
ti =at, to = s, t3 = bt
of the local system F* on (A% x G,,)/k, k/F, a finite extension, of rank D, whose trace function,
at a point (t1,to,t3) € L? x L* for L/k a finite extension, given by

ZTﬁL t1x—|—t2xq T4 et +1)

Trace (FrOb(tl,tQ,t3)vL “Fﬁ) Ga ussy, £

When n < m, F is the specialization

t1 =as, to =bs, t3=t
of the local system F* on (A% x G,,)/k, k/F, a finite extension, of rank D, whose trace function,
at a point (t1,to,t3) € L? x L* for L/k a finite extension, given by

Trace (Frob;, 1, 1)1 F") = ZwL t1x + tox? T 4 £3297 ).

Gauss
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Since ged(m,n) = 1 and 2|mn, by Corollary [11.2.5((ii), F* has geometric monodromy group H =
E x S with F = p™"" and S = Sp,yy(g).
The aforementioned specialization implies that G < H.

(b) Assume now that m < n. The idea is to compute Ggeom for a suitable pullback.
Rescaling ¢ in (12.3.4.1]) by t + t/b, we reduce to the case b = 1. Then the (s,t) > (s,t7 1)
partial Kummer pullback of F has trace function

(s,t) ZzﬁL (sz?"F 447" (aw + 27" T)),

GaussL

which after the variable change T — x/t becomes

(s,t) — Zd@ (st~ (@™ +1) pa™ 1 | 44" g0 4 24 +1)

GaussL

Pulling back by the automorphism (s t) = (st9"F1 t), the trace function becomes

(s,t) > ZwL (s2?" T + 17" az + 27" ).

GaussL

This is the pullback, by the universal homeomorphism (s,t) + (s,at?"), of the local system whose
trace function is

(s,t) — Zm (s27" T+t + 27" 1),

GaussL

Because Ggeom is unchanged by such pullback, it suffices to treat this case. The corresponding
sheaf has geometric monodromy group = H by Theorem [11.2.1(a). Thus G contains a subgroup
isomorphic to H, and hence G = H.

Similarly, assume that n < m. Rescaling s in ((12.3.4.2) by s +— s/b, we reduce to the case b = 1.
Then the (s,t) — (s,t9" 1) partial Kummer pullback of F has trace function

PAREN S AL B S
(0 o T bnloar 21 .81,

which after the variable Change x +— x/t becomes

(s,2) =

GaussL ZwL (st~ Log + st= (@D pa"+1 4 2a +1).

Pulling back by (s,t) — (st,t), this becomes

1 m
(s,t) — Gaussy, - Z’(/JL (saz + st~ g7 T 4 07,

This is the pullback, by the automorphism (s,t) — (st4", t), of the local system whose trace function
is

(s,t) > Zzz},; (st ax + sx?" T 4 27",

Ga ussr,
This in turn is the pullback, by the umversal homeomorphism (s,t) — (s,29"), of the local system
whose trace function is

1
Gaussy,

(s,t) Z Yr (staz + szt 4 24" ),
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which in turn is the pullback, by the automorphism (s,t) — (s,t/as), of the local system whose

trace function is )

Gaussy,

(s,t) — Zq/}L(tﬂz—F szl T +xqm+1),
xeL

The corresponding sheaf has geometric monodromy group = H by Theorem [11.2.1{(a). Thus G
contains a subgroup isomorphic to H, and hence G = H. O

We also offer some twisted versions of Lemma [12.2.2] as well as some statements which are
independent of Theorem [12.3.6

LEMMA 12.3.7. Under the notation and hypothesis of Theorem |12.3.4, assume that a,b € Fy
and p{ N := max(m,n). If F is any of the local systems in Theorem|12.3.4}, then

| Trace(Frob(y 3, 1) \F)|? = qif m > n,

F 2N
]Trace(Frob(171/b)7Fq2N | F) > =qif n>m.

ProoOF. We will follow the proof of Theorem to compute the trace of g := Frob(y 1)
if m > n, and g := Frob(; 1) F ,y if n > m, on F. Here, the relevant function R(x) is R(z) =

F
2N

27" +29" . Then the corresponding subspace Wg of F 2~ is the zero locus over Fan of the polynomial

N

q +n qun qN+m N—m
T + +z +

x4

Denoting by F' the Frobenius map x — z? on E, we see that Wg is the set of z € E that is
annihilated by F2V — 1 and by A(F) := FN*n 4 pN-—n 4 pN+m 4 pN-m
Without loss of generality, we may assume n > m, so that N = n. Setting [ := n — m we have
ged(2?™ — 1, A(z)) = ged(z®® — 1, 2™ 4 2™ 4 2)
= ged(a? — 1, 2N (2™ 4 2™ 4 2))
= ged(z? — 1, (2! + 1)?).
By assumption, ged(n,m) = 1 and [ := n — m is odd and coprime to n. In this case we have
ged(2?® — 1,22 — 1) = 22 — 1, but 2 — 1 does not divide 2! 4 1. Also, p { N implies that (z + 1)?
does not divide z?® — 1. Hence ged(2?" — 1, A(z)) = 2 + 1.
Thus Wr = {z € Fen | 29+ 2 = 0}; in particular, Wr C Fp2 and #Wg = q. For any x € Wk,
R(z) = 27" + 29" = 27+ x = 0 (because one of n,m is even and the other is odd). So for any
x € Wg and any s € [F,, we have

TracquZN k. (TR(z) + sax) = TracquQN JF, (saz)
= TI'a,CGqu JF, (Traceﬂzq2 ~/F 2 (sax))
= TracquQ JF,(Nsax)
= Nsa(z?+z) = 0.
We conclude that |Trace(g)|?> = #Wr = q. O
Next we deal with the case p| max(m,n).

LEMMA 12.3.8. Under the notation and hypothesis of Theorem |12.3.4), assume that a,b € IF;
and that p|N := max(m,n). If F is any of the local systems in Theorem [12.3.4), then there are
s,t € IFqXN such that

|Trace(Frobs s | F) > =q.

F
7qN
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PROOF. (i) We again follow the proof of Theorem to compute the trace of g := Froby ;)

on F. Interchanging s and ¢ if necessary, we may write the relevant function R(z) as R(z) =
sbxd" + txzd". Then, for s,t € IF;N, the corresponding subspace Wg of F n is the zero locus over

F
7qN

F,~ of the polynomial

Sbl‘qN-kn + (sb)qN—nqu—n + tl‘qN-Hn + th—quN—m

Denoting by F' the Frobenius map = ~ z¢ on F,, we see that Wg is the set of z € F, that is
annihilated by F¥ — 1 and by A(F), with

A(z) := sbaN " + (sb)qN_na:an 4Nt g Nem

(ii) As p|N, we have N > 3. Claim that, for any 1 <[ < N — 1 coprime to N, we can find
a € F¥, such that
q

(12.3.8.1) ol a0, aN@D £, Trg /s, (@) = 0.

Indeed, there are ¢V ! solutions in F,~ to the equation Trp N/Fq(a) =0. If ] < N — 2, then there
q

are at most ¢V 2 solutions to the equation ag' + a = 0. If | = N — 1, then any common solution y
to the equations Trg  /p (o) =0 and a? + a = 0 also satisfies
q

a?" 2+an_3+...+ozq:O,

N-2 N-1_ N-2

and so there are most ¢ such common solutions. Thus there are at least ¢ q elements

a € F,n such that a? +a # 0 and TrFqN/Fq(a) =0.
Next suppose that o € IFqXN and oV(@' D = 1. As ged(N, 1) = 1 and p|N, we have that the order
of a divides
ged(¢™ — 1, N(¢' — 1)) which divides (N/p) ged(¢ — 1,¢' — 1) = (¢ — 1)N/p.
Hence there are most (¢ — 1)N/p such elements y. Note that ¢V =2 >3V"2 > N/pas N > p > 3,
whence ¢V~ — ¢V =2 > N(q —1)/p, and the claim follows.

(iii) Now we consider the case m > n, so that N = m, and set | := m — n. Then we choose
s := a/b with « satisfying (12.3.8.1), and take t := —(a + aql)/2. Note that s,t € F i because of

(12-3.8.1]). Then modulo ¥ — 1 we have
P A@) =a' (0" + a2 +2t) = a2 +a = (o + )2’ = a? (2! — 1)(' —a'"7).

Suppose that x € E is a common root of 2! — !~ and 2V — 1. Then 1 = zM = aN(I*ql), which
contradicts (12-3.81). It follows that ged(A(z), 2™ — 1) must divide ged(z! — 1,2™ —1) =z — 1, as
ged(m, 1) = ged(m,n) =1

Thus Wg = {z € Fyv | 29 = v} = F,. For any x € Wk, Trace]FqN/]Fp (xR(z)) is half the inner
product of x with itself, and by definition x has inner product zero with everyone in Fym, so it is
zero. Also, for any z € Wg and with s = a/b, a,b € F, we have

Tracep , /r, (sax) = ab_lm(Trace]F N/]Fq(a)) =0.
q q

It follows that Tracep ./, (zR(z) + sax) = 0 for all x € Wg, and hence |Trace(g)|?> = #Wr = q.
q

(iv) Finally, we consider the case n > m, so that N = n, and set | := n — m. Then we choose
t := o with « satisfying (12.3.8.1)), and take s := —(a + oﬂl)/Qb. Note that s,t € F;n because of
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(12.3.8.1). Then modulo z" — 1 we have
7 A@) = o (aa™ + a¥'s! 4 25b) = a”a? o — (o +a)al = o (a! ~ 1)(a! — @' 1),

As in (iii), the choice (12.3:8.1)) of a implies that ged(A(z), 2" — 1) = x — 1, and hence Wx = F,.
Again, Tracer  /r, (vR(z)) = 0 for any x € Wg. Next, for any x € Wg, and with a,b € F;* we have
q

TracquN/Fq(sax) = (—ax/2b) (TracquN/Fq (@) =0.
Thus Traceg . /r, (zR(z) + sax) = 0 for all x € Wk, yielding |Trace(g)|* = #Wg = q. O

LEMMA 12.3.9. Let p be prime, ¢ > 1 a power of p, k/Iqu a finite extension, and a € k.

(i) Consider the local system on G,/L whose trace function is given as follows: for L/k a finite
extension, and s € L™,

S — Z Y (az 4 szdth).
€L
Then its Ggeom contains the cyclic group pg1(k) of order ¢ + 1.
(ii) For anyb,c € k*, the conclusion of (i) holds for the local system on G, /L whose trace function
is given as follows: for L/k a finite extension, and s € L™,

5y — Z Yr(s(bz + cx?™)).

zeLl

PROOF. (i) We first treat the case a = 0. Then our trace at time s € L™ is

=Y dr(su)#{z € L™ =u} = =Y (su)(1 + > x(u))

u€eL u€eL xEChar(g+1),x#1

= - > > vr(wx(u/s)

x€Char(g+1),x#L ueL

— 3 x(s)(—Gauss,(¢r, X))

x€Char(g+1),x#1
So in this a = 0 case, our local system is geometrically the direct sum of the Kummer sheaves
L, as x runs over the nontrivial characters of order dividing ¢ 4+ 1. In terms of a chosen character
x1 of full order g + 1, our local system is, geometrically, the direct sum of the nontrivial powerss of
Ly, . So in this a = 0 case, the entire Ggeom is the cyclic group pg41(k) of order g + 1.
Suppose now that a # 0. Then our sum at s € L™ is
- Z Yr(s(ax + 297 =
u€eL
(making the change of variable x +— x/s)
- Z Y (az 4+ 2911 /s9).
uel
As pullback by any power of Frobenius does not alter Ggeom, it suffices treat the local system on
G /k whose trace function at s € L™ is given by

(12.3.9.1) s — —ZwL(ax+xq+1/s).

zeLl
This local system is, up to multiplicative translation and change of 1, isomorphic to the Klooster-
man sheaf

Kl(vr; {x € Char(q + 1)|x # 1}),
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cf. [KRLT2| 1.2]. For this Kloosterman sheaf, the image of I(0) is the cyclic group pg+1(k) of
order q + 1.

(ii) After the change of variable x — x/(sb), our trace function is

S — Z Yr(x + b1zt /59),
€L
This local system, after a change of ), is isomorphic to the local system with trace function
(12.3.9.1)) (for a suitable chosen a € k*. Hence the statement follows. O

COROLLARY 12.3.10. For F any of the sheaves considered in Theorem both the cyclic
groups Cyn 1 and Cym 1 are subquotients of Ggeom,F-

PRrROOF. The general situation we are looking at is a local system F on A! x G,, obtained as
follows. We have a finite extension k/F,, two polynomials f(x), g(x) € k[z], each of degree prime
to p and with deg(g) > deg(f). For L/k a finite extension, and (s,t) € L x L*, the trace function
of Fis

(s,t) = =Y v (sf(x) + tg(@)).
zeLl
The s = 0 pullback to Gy, call it Fs—o has Ggeom,7,_, @ subgroup of Ggeom, 7. The t = 0,5 # 0
pullback to Gy, call it Fi—g, has Ggeom,7,_, @ subquotient of Ggeom, 7. This is a special case of
[Ka-Scont, Theorem 1], applied as follows. We start on A3, coordinates z, s, t, with the lisse sheaf
G = Ly, (s(fa)+tg(x))- Then G[3] is perverse on A3. So denoting by

7 A3 = A% (z,5,1) — (s,1),
the sheaf
H2(Rm(G[3])) = R'mG
on A? is a “sheaf of perverse origin”, see [Ka-Scont, Lemma 6]. It is lisse outside the locus ¢ = 0,
and its pullback to the open set of t = 0 where s is invertible is the local system s — — 3" (sf(z)).
The subquotient assertion is then just [Ka-Scont, Theorem 1].

In the cases of any of the sheaves F of Theorem we have only to apply Lemma [12.3.9] to
the s = 0 and to the ¢t = 0 pullbacks to get the subquotient assertions. O

Here is a more general result of the same type.

LeEMMA 12.3.11. Let k/F, be a finite extension, f(x),g(x) € k[z] be polynomials of prime to p
degrees (m,n) with 1 < m < n. Consider the lisse sheaf F on (A x G,,)/k whose trace function is
given as follows. For L/k a finite extension, and (s,t) € L x L*,

Trace(Frobs 4 | F) = — Z Yr(sf(z) +tg(x)).
zeL

Then both of the cyclic groups Cy, and C,, are subquotients of Ggeom,F-

PrOOF. Exactly as in the proof of Corollary [12.3.10] above, it suffices to show
(a) The restriction to G, of the s = 0 pullback of F, call it Fy—q, has C), as a subquotient of
its Ggeom-
(b) If m > 2, the restriction to G,, of the ¢t = 0 pullback of F, call it F;—g, has C), as a
subquotient of its Ggeom-

[In (b), we omit the case m = 1, simply because C is a quotient of any group.] These statements
follow from the following lemma. O
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LEMMA 12.3.12. Let f(x) have prime to p degree n > 2. Then the I(0)-representation of the
lisse sheaf H on Gy, /k whose trace function is s — — 3 Y(sf(x)) is the group D14 echarn) Lx
(which is cyclic of order n).

PRrROOF. The sheaf K := f,Q,/Qy is a middle extension sheaf (view it as a direct factor of f,Qy
and apply [Ka-ESDE, 7.3.2]). Because f has degree n prime to p, f as a map of P! to P! is
totally ramified over oo, the I(oco)-representation of K is GaﬂyéxeChar(n) L. For any nonzero a € k,
K @ Ly (aq) is totally wild at co. Therefore K is an “elementary” sheaf in the sense of [Ka-ESDE
7.3.4]. By [Ka-ESDE] 7.3.8|, its Fourier transform is also elementary.

Just as in the proof of Lemma[12.4.10} but with no circularity, one sees that H is the restriction
to Gy, of the Fourier transform of K := f,Q,;/Q. By Laumon’s theory of local Fourier transform,
we have [Ka-ESDE] 7.4.3.1]

H1(0y/H"® = FTloc(00, 0) (K (o0))-
Laumon also gives [Ka-ESDE| 7.4.4 (2)]
FTloc(co,0)Ly = L.

Thus D14y echar(n) £x is a quotient of the I(0)-representation of H. But # has rank n — 1, so

#1(©) = 0 for dimension reasons. O
When ged(n, m) = 1, we have the following extra information.

LEMMA 12.3.13. Let k/F, be a finite extension, f(x),g(x) € k[z] be polynomials of prime to p
degrees (m,n) with 1 < m < n. Consider the lisse sheaf F on (Al x G,,,)/k whose trace function is
given as follows. For L/k a finite extension, and (s,t) € L x L*,

Trace(Frob(SJ)’L\}') = — Z Yr(sf(x) +tg(x)).

zeL

Suppose that gcd(n,m) = 1. Then Ggeom 7 admits a subquotient of order divisible by n —m.

PROOF. Exactly as in the proof of Corollary [12.3.10] above, it suffices to show that the ¢ = 1
pullback F|i—1; on A!, whose trace function is given by

tr = b(g(a) + tf(2))

has its Ggeom,7|,_, containing a finite subgroup of order divisible by n — m. This pullback is
geometrically isomorphic to the Fourier transform

FT(f*Ew(g))'

The input fiLy4) has all its oo-slopes deg(g)/deg(f) = n/m > 1. By Laumon’s theory of local
Fourier transform [Ka-ESDE] 7.4.1,(1)], the I(co)-representation of FT(f,Lyg)) is of the form
A® B, with A having all slopes n/(n—m) and rank n—m, and with 5 having all slopes < 1. Because
ged(n,m) = 1, we also have ged(n,n—m) = 1, and hence A is I(oco)-irreducible (integrality of Swan
conductors). Because we began over the finite field k, each of A, B is stable by the decomposition
group D(o00). By the local monodromy theorem, the action of I' is, on a normal open subgroup I'y,
unipotent [Ka-GKM)|, 7.0.5]. Because I' acts irreducibly, the action of I'; is completely reducible,
and hence (being also unipotent) is trivial. Thus I' is finite. But the degree (here n — m) of an
irreducible representation of a finite group (here I') always divides the order of the group. O
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LEMMA 12.3.14. Let p > 2, k/F, a finite extension, a,b € k with (a,b) # (0,0), and let ¢; € k™
for 0 <i <t and (b,co) # (0,0). Let

O0<m=ng<n <no<...<ny

be integers, and set f(z) := > i_, c;ix? L. For any d € Zs1, let L4(x,y, 2,w) = 2+ y? — 24 —wd;
also let X¢(x,y, z,w) = f(x) + f(y) — f(2) — f(w). Then the large L limit of

#{(w,y,z,w) erL? | 31 =Xgmy1 =3y :O}

is 2+ #Mtoml(f/x), where f = f 4+ 24"+ gnd

Htotal f/:U ﬂ{.’L‘ S F |$q il _1}7

=0

of. [[2.1.0.2).

PRrROOF. We will show that the number of L-points of the intersection of ¥ := {3 = Xym 1 = 0}
with the surface Xy = 0 is (#psotar(f) + 2)(#L)* + O(#L). Certainly, the union of the two planes
(r =2, y=w) and (x = w, y = 2) contributes 2(#L)? — #L points.

So we have to count the points P = (z,y,2,w) € (XN {Xs = 0}) outside of these two planes.
For such a point, we have w = x 4+ y — z. Setting Qg = ¢ and @Q; = ¢", 1 < i < t, we may assume
that L O Fg2 for 0 < i < t. Since Yg,11(P) = 0 but y # 2 and x # z, by Lemma [12.3.2{ we can
find some A € IFZ?Q such that x = (A+ 1)z — Ay and

0

(12.3.14.1) ARl — g,

Now for any p-power ¢ we have

Sgr1(P) = ((A+ 1)z — Ay)T 4487 — 207 — (A2 — (A~ 1)y)r™!
= (A7 +1)37 — AYI)(A+ 1)z — Ay) + 7 — 20— (4929 — (47— 1)) (Az — (A= 1)y)
= (AT AY (s — et gt = (AT 4 A)(z — )

We record this identity for later use:

(12.3.14.2)  ((A+1)z — Ay)TT 40T — 207 — (Az — (A — 1)y)9T + (A7 + A)(z — )7L

Since f(z) = Yi_; c;z@ 1, it follows that

t

0= f(2)+ f(y) = f(z) = flw) = Y ei(A% + A) (= — )@,

=1

and so

~+

D (A% 1) (z —y)% =0

i=1
Given , unless A € pgotal( f /x), this condition gives us a non-identically-zero polynomial
equation on z —y, yielding at most Q); values for z once y is given, and thus at most ()L possibilities
for P. On the other hand, when A € pizpq:( f /x), this condition is vacuously true, and so the desired
zero locus contains the plane w = z +y — 2, * = (A + 1)z — Ay. The intersection of any two
aforementioned planes is a line, so accounts for #L points. Hence the statement follows. O
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THEOREM 12.3.15. Let ¢ > 1 be a power of an odd prime p, n € Z>1, ¢; := q¢™, 1 <1 <n, with
1<mi <mg<...<my. Fora finite extension k/Fy, let ¢; € k* and set f(z) = $+21:1 i m‘h*l.
Consider the local system F on (Al x G,,)/k of rank gn, whose trace function, at a point (s,t) €
L x L* for L/k a finite extension, given by

Trace(Frob (s:), LIF) = Z¢L sz® +tf(z)).

’ # el
Then Mz,g(}—) = 2.

PROOF. The question is geometric, so we may assume that k contains all roots of unity of order
dividing 2]],(¢: — 1). Following the proof of Theorem [12.1.3| we see that Mso + 1 is the large L
limit of #%(L)/#L?, where

Si={(z,y,z,w) € A' [Ty =2 +¢y* —w® = 2° =0, T = f(2) + f(y) — f(2) — f(w) = 0}.

Applying Lemma with m = 0, we see that the contribution of ¥ N (31 = 0) to this limit is
2; indeed it comes from the two planes (z = z,y = w) and (x = w,y = 2).

It remains to count the number of L-points P = (z,y, z,w) of ¥ N (X1 # 0). For such a point
P, assume that y = z. Then 0 = ¥5(P) = 22 — w?, whence 2> = w? and so %! = w%*! for all 4.
It follows that 0 = ¥¢(P) =  — w, and so x = w and P € (¥; = 0), contrary to the assumption.
Similarly, if = z, then we get y = w and ¥;(P) = 0. So we may assume that

u:=z—y#0, r#z.
Setting A := (x — z)/(z — y), we have
z=(A+1)z — Ay,

where A # 0 as x # z. Setting

vi=r+y—z=Az—(A-1)y
and applying (12.3.14.2)), we get

w? = 2% 4+ 9% — 2% = 0% + 240>
Now, for any 1 <i < n, again applying (|1 we obtain

Sgip1(P) = a8l py@tl il qaitl — @il (A% 4 Ay 8t — (p2 4 244%)@HD/2,

The condition 0 =X(P) =2 +y—z—w+ >, ; ¢Xg+1(P) then yields
(123151) w=7v-+ Z U%-‘rl qu + A)u%"rl (,02 + 2Au2)(qi+1)/2);

in particular, w is completely determined by A, u,v. Hence P is completely determined by (A, u, v),
since x = u+ v, y =v — Au, and z = v — (A — 1)u. The condition ¥5(P) = 0 now becomes

2
(v + Z (VBT 4 (A% + A)uBT — (v? + 2Au2)(qz'+1)/2)> — (0?4 24u?) =

Modulo Au?, the left-hand-side of this equation is v? — v = 0. Recalling A # 0 (as = # z) and
u # 0 (as y # z), the intersection in question satisfies the equation F'(A,u,v) = 0, where

1

=13 <(v + 3 (v 4 (A% 4 Ayt — (02 4 246?) D)) (2 4 2Au2)).

=1
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We will view F(A, u,v) as a polynomial in the variable u over k[A, v]. Modulo the ideal (A —v),
this polynomial is

1

G(u) := Yo

< (A+ Z (A%H (A% 4 A)usit! — (A% 4 2402)@+D/2))% (42 4 2Au2)),
a polynomial in the variable v over k[A]. Since ¢; > 3, modulo A? the latter polynomial is

! < (A+ Z (Auditl — (24u?)(@+1D/2))2 _ (42 4 2Au2)>

A2
Au P
1 2 1+1 2 2
Au2(A 1+;cuq — (A% 4 2Au”) ,
n n
=-2+24 Z cudt 4+ Ay~? (Z Ciuqi"'l)2
i=1 i=1

242, Thus G(u) is a palindrome Eisenstein polynomial over

with the leading term congruent to Ac;u
k[A], and so it is irreducible over k(A)

Note that F'is of degree 2¢q, in u, with leading coefficient
X(A) i= 2 (AT + A — (24)@+1/2)2 /4,

a polynomial of degree 2¢, — 1 in A, and constant term

n
v) = —2 E v,
=1

a polynomial of degree g, in v. Thus the content of F, as a polynomial in u over k[A,v] is 1, and
so I is irreducible in k[A,u,v]. [Indeed, if F factors as F} Fy in k[A,u,v] with deg, F1 > deg, F»,
then the irreducibility of G(u) implies that F5 is constant in u. Now if Fy; is the leading coefficient
in u of Fy, then Fi1F, = X(A), and so F, divides X(A). Similarly, F5 divides Y (v) by equating
the constant term in F' = Fy Fy. Thus Fj is a constant.]

The irreducibility of F' implies that the locus ¥ N (X1 # 0), which is contained in F'(A,u,v) = 0,
has at most #L? + O(#L) points in L3, completing the proof. O

12.4. Another approach to M-

In this section, we indicate another approach to determine M> > for a general class of local sys-
tems with non-monomial coefficients. This approach is based on resultants, whose basic properties
we now recall. For a commutative ring R and polynomials f(x),g(x) € R[z] of degrees n,m > 1,
both of whose leading coefficients lie in R*, the resultant Res,(f,¢g) is an element of R defined as
follows. Denote by R[z|<q C R[z] the R-span of the monomials 2" with n < d — 1. The Sylvester
map is

Syls g Rlw]<m @ R[z]<n — R[T]<pntm, (a,b) = fa+ gb.
Both source and target are free R-modules of rank n+m.[ Its matrix is called the Sylvester matriz.]
One defines

Res;(f,g) := det(Syly ).
For any ring homomorphism ¢ : R — S, assuming the polynomials ¢(f), ¢(g) € S[x], obtained by
applying ¢ to the coefficients of f, g, have the same degrees (n,m), we have

Res. (¢(f), #(9)) = ¢(Resz(f,9))-
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[Simply view the resultant as the determinant of the Sylvester matrix, whose formation commutes
with arbitrary extension of scalars. Also see [KT8| Lemma 3.1] for a more general statement.]
When R is a field k, Res,(f,g) = 0 if and only if ged(f, g) # 1, i.e., if and only if f and g have a
common zero in an algebraic closure of k.

We begin with the notion of “almost injectivity” of a map from A' to A?. Let k be an alge-
braically closed field, and

flx) = Zai:ﬂi, g(z) = ijxj € klz],
=0

1=0

be polynomials of strictly positive degrees m,n. We say that the map z +— (f(z), g(x)) of A to A?
is almost injective if its restriction to a dense open set U := A \ (a finite set Z of closed points)
is injective as a map from U(k) to A?(k). With no loss of generality, we may assume both f, g are
monic (simply because for a,b € kX, the map (z,y) — (az,by) is bijective on A%(k)).

If k£ has characteristic p > 0, then the map = — (f(x),¢(z)) is almost injective if and only
z +— (f(z)P, g(x)P) is almost injective (simply because (z,y) — (zP,yP) is bijective on A%(k)). So
we may always reduce to the case when at least one of f(z),g(x) is not a p'" power, if we are
in characteristic p > 0. Equivalently, we may always reduce to the case when at least one of the
derivatives f’(z), ¢'(x) is nonzero.

In k[z,y], define

A f@) ~ ) A, 9(x) —g(y)
T—y T—y
viewed as polynomials in x with coefficients in k[y]. Because f,g were monic of degrees m,n, Ay
and A, are monic of degrees m — 1 and n — 1 respectively.

)

LEMMA 12.4.1. Suppose that f,g are both monic of strictly positive degrees m,n, and that
(f'(z),d'(z)) # (0,0) in k[z]®. Viewing Ay and A, as monic polynomials in the ring Alx], A := k[y],
form their resultant as polynomials in x. This is an element

(12.4.1.1) R(y) := Res, (A, Ay) € kly].
Then the map x — (f(x),g(x)) is almost injective if and only if the polynomial R(y) is nonzero.

PROOF. (i) Suppose first that R(y) vanishes identically. For every yo € k, the specialization
y + yo preserves the degree in x of Ay. By [KT8| Lemma 3.1], R(y9) = 0 now means that the two
polynomials

f(x) = fyo)  9(x) — g(yo)
r—yo T —Yo

have a common zero zy. If o = yo in addition, then this vanishing means precisely that f'(yg) =
d'(yo) = 0. Because at least one of f’, ¢’ is a nonzero polynomial, there are only finitely many such
yo; let Z denote the finite set of such yg.

Now consider any point y; € A' \ Z, so that at least one of f/(y1), ¢'(y1) is nonzero. The above
argument shows that the common zero z; of

f@) = fly1)  g(x) —g(y)

r—1u ’ r—1U

must satisfy x1 # y;. Then the denominator z; — y; is nonzero, and hence both f(x1) = f(y1)

and g(z1) = glyn), ie. we have (f(z1),g(z1)) = (f(y1),g(y1)) but @1 # y1. This holds for all
y1 € Al N Z, whence the failure of almost injectivity.
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(ii) Conversely, suppose that R(y) is nonzero in k[y]. For a point yo with R(yo) # 0, an
application of [KT8| Lemma 3.1] as in (i) shows that there are no zp which are common zeroes of

f(x) = fyo)  g(=) —g(y)
T = Yo ’ T — Yo
In particular, there are no xg # yo which are common zeroes, which is to say that there are no xg # o

with both f(z0) = f(yo) and g(xo) = g(yo). Thus, if R(yo) # 0, then (f(x), g(x)) = (f(%0),9(v0))
implies x = yg. Since R(y) has only finitely many zeroes, almost injectivity follows. g

COROLLARY 12.4.2. Let k/F,, be a finite extension, f,g € k[z] of degrees 1 < n < m, p { nm.
Consider the local system F(k, f,g) on (A' x G,,)/k whose trace function is given as follows: for
L/k a finite extension, and (s,t) € L x L™,

Trace(Frob s 1| F(k, f, g) Z@Z)L sf(z) +tg(x)).
z€eLl
Then F(k, f,g) is geometrically irreducible if and only if the resultant Res,(Af,Ay) € kly] is
nonzero, i.e., if and only if the map x — (f(x),g(z)) from Al to A? is almost injective.

ProoF. The empirical M 1 over a finite extension F,/k is

> Z Dr(s(f(@) = f(y) + tlg(z) — g(y)).

sEL te L :C JWYEL

(

This “missing” sum over s € L,t =0 is

x, 2 ) =
L X vl o) fly) = TLO) €FL] @) = Fw))

seL z,yeL q(q o 1)

is O(1/q), simply because f(z) = f(y) is a curve, so has O(q) points over F,. This missing term
does not alter the large L limit. So M, is the large L limit of

T, 2 ) = g(x) =
T L 2 2 (@)~ w) +He(a) - _gy) = HEW €Fy | 7@ = 7). o) = 9w}

s tEL z,yeL

The solutions with x = y are ¢ in number. The others are among the common zeroes of Ay and A,
This set of common zeroes over k is finite if and only if the resultant does not vanish identically. [

In view of the previous Lemma [12.4.1 we now investigate some situations in which we can show

the resultant R(y) in (12.4.1.1)) is nonzero.

LEMMA 12.4.3. Suppose that f,g are both monic of strictly positive degrees m,n, and that
(f'(z),d'(x)) # (0,0) in k[z]?. If k has characteristic p > 0, suppose p { mn. Suppose Ay is
absolutely irreducible in klx,y], and deg(f) t deg(g). Then R(y) as defined in (12.4.1.1)) is nonzero
in kly).

PROOF. It suffices to treat the case when k is algebraically closed. If R(y) vanishes identically,
then for every yo, there exists an g such that (x, o) is a zero of both Ay and A. In other words,
the vanishing of R(y) implies that the two loci Ay = 0 and A, = 0 have infinite intersection.

Since Ay is absolutely irreducible, Ay = 0 is a geometrically irreducible curve. So it suffices to
show that the restriction of A, to this curve is a nonzero function, which is to say that A, is not
divisible by Ay. If m > n, this is obvious, because Ay has larger degree than A,.
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If m < n, it suffices to observe that the highest degree term of Ay does not divide the highest
degree term of A,. Indeed, the highest degree term of Ay is the product

I @-cw.

17£C€,L"m(k)
while the highest degree term of A, is the product

I @-<w.

1#£¢epn (k)

th

Since m = deg(f) 1 deg(g) = n, m > 1 and no primitive m"™ root of unity lies in p, (k). O

We now give some cases where Ay is absolutely irreducible.

LEMMA 12.4.4. For a,b € k* and an integer n > 2 invertible in k, the polynomial f(x) :=
ax + bx" has Ay absolutely irreducible.

PROOF. We reduce to the case when k is algebraically closed and b = 1. For f(z) := ax + 2",
we have

Ap=at+ ][] (-
17£C€/L7z(k)

So it suffices to show that the curve in P? defined by the vanishing of the homogenous form in z, y, 2
given by

S (1fa) I @—<Cw)
1#£C€un (k)

is absolutely irreducible (for then the dense open set where z is invertible is the locus Ay = 0).
This is a monic polynomial in z, with coefficients in the unique factorization domain k[z, y|, so any
factor of it is itself monic in z with coefficients in k[z,y]. Hence, it suffices to show that after the
specialization (z,y) — (z,1), the polynomial

S+ (t/a) ][ @—9¢)
1#¢€pn (k)

is absolutely irreducible in k[x, z]. But this is clear, because as a polynomial in z with coefficients
in k[x], it is Eisenstein for any one of the linear factors x — . O

Here is a variant of Lemma [2.4.4]
LEMMA 12.4.5. Let q be a power of a prime p, k = k a field of characteristic p, a € k>,
0<mny <ng <...<n, asequence of integers, Aq,..., A, a sequence of elements of k™, and
I
f(z) =ax + Z Agzttar,
i=1
Suppose that either q is odd, or that q is even and each n; is odd. Then Ay is absolutely irreducible.
Proor. Here Ay is the polynomial

=1 1cek, (=t
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Just as in the proof of the preceding lemma it suffices to show that the homogenous form in
x,1, z given by

T
az?"" 4 A, 1T (z —Cy)
=1 1#£Cek, (1" =1

is absolutely irreducible in k[x,y, z]. This polynomial is monic in z, so any factor of it will be monic
in z, with coefficients in k[z, y]. Hence, it suffices to show that after specializing y — 1, the resulting
polynomial

e [ @0
i=1

1#£Cek, ¢1ta™i=1

in k[z][z] is irreducible.

When ¢ is odd, each each 1 + ¢™ is even, so we have an Eisenstein polynomial for the linear
factor = + 1.

When ¢ is even, and each power n; is odd, each 1+ ¢™ is divisible by 1+¢q. So for any nontrivial
¢ € p14¢(k), we have an Eisenstein polynomial for the linear factor x — . O

EXAMPLE 12.4.6. (i) Trivially, if f(z) = fi(v(x)) and g(z) = g1(v(x)) for some f1, g1,v € k[x]
and deg(v) > 2, then the map = — (f(z), g(x)) is not almost injective.

(ii) Assume f(z) = az™ € k[z] is a monomial of degree m > 1, and g(z) = Y. bz’ € k[z] is
such that b;, # 0 for some iy coprime to m. Then the map F : xz — (f(x),g(x)) is almost
injective. Indeed, suppose F(z) = F(y) for some x # 3. Then x # 0 and y = ex for some m™
root of unity € € k. Now

0=g(y) —g(x) = Z bi(e — 1)z
i=0

Since b;, (€ — 1) # 0, this equation in = can have only finitely many solutions. Thus F can
fail to be injective only at finitely many points z.

(iii) Assume that f(z) = ax + baz™ with a,b € kX, m > 2 coprime to p = char(k), g(z) € k[x]
of positive degree n coprime to p, and m { n. Then the map F : z — (f(z),g(z)) is almost
injective. Indeed, Ay is absolutely irreducible by Lemma and the claim then follows
from Lemma [12.4.3

Below is a somewhat different way to test almost-injectivity using resultants.

LEMMA 12.4.7. Let k be an algebraically closed field of characteristic p > 0, and let
f(z) = Zaixi, g(x) = ijxj € kz].
i=0 §=0

Then the question of whether the map F(x) = (f(x),g(z)) : Al — A? is almost injective can be
decided as follows.

(i) F is almost injective if and only if so is x — (f(x) —ao, g(x) —bo). Hence we may assume that
flx)=>""ax" with1 <r <m, aram #0, and g(x) =Y ;" bja? with 1 < s <mn, bsb, # 0.
(ii) Supposep > 0 and a; = 0 whenever p {4, so that f(x) = fi(z)P where fi1(z) = 3 o<i<m/p alln/pxi.
Then F' is almost injective if and only if so is x — (f1(z), g(x)). Hence, regardless of p =0 or

p > 0, we may assume that there is some ig with a;,io # 0 and there is some jo with bj,jo # 0.



12.4. ANOTHER APPROACH TO M2 313

(iii) Assume f and g are as in the conclusions of (i) and (ii), and set

7 _ flux) — f(=z)

, g(uz) — g(x)
flwsu) = " (u—1)

Then f(z,u),(z,u) € k[z,u]; let R(z) denotes the resultant Res(f,§) of two polynomials in
the variable u with coefficients in k[x]. Then F is almost injective if and only if R(x) is not
identically zero.

PROOF. (i) is obvious as the translation z — z — a on Al is bijective.

(ii) follows since the Frobenius map z + 2P on A! is bijective.
(iii) Note that

~ i1 .
Flaw) = a—a' " € ko ul,

i=r

and similarly

noi

g(x,u) = ij?; — 11xj_5 € klz,ul.
J=s

By (ii), a0 # 0 for some r < iy < n. Hence f(z,1) = > a;iz’™" is a nonzero polynomial in x

and so its zero locus is a finite set Z.

Suppose = € k~ (ZU{0}) is such that R(x) # 0. We claim that F(x) = F(y) implies z = y. If
not, then since x # 0, we can write y = ux for some 1 # u € k. Then F(z) = F(ux) implies that
f(z,u) =0 = g(z,u). Thus f and § have a common zero at u, and so R(z) = 0, a contradiction.
This argument shows that if R(z) # 0, then aside from Z U {0} U {z : R(z) = 0}, F is injective,
and hence it is almost injective on Al

Suppose z € k ~ (Z U{0}) is such that R(z) = 0. We claim that F(z) = F(y) for some y # .
Indeed, R(x) = 0 implies that f and § have a common zero at u. Now we have f(z,u) = 0 = §(z,u),
and so F(x) = F(uz). Note that f(z,1) # 0 since = ¢ Z, so u # 1. Since z # 0 and u # 1, uzx # z,
as desired. This argument shows that if R(z) = 0, then aside from Z U {0}, F is at least two-to-one,
and hence it is not almost injective on A'. O

We now recall the notion of a weakly superMorse polynomial f(z) € k[z], cf. [Ka-ACT, 5.5].
We require the following three conditions.

(WSM1) n := deg(f) is invertible in k, and n > 2. B
(WSM2) The derivative f’(z) has n — 1 distinct zeroes in k.
(WSM3) f separates the zeroes of f’, i.e., if f'(a) = f/(8) =0 and f(a) = f(B), then a = .

REMARK 12.4.8. The condition (WSM2) forces the characteristic p # 2, since (WSM2) means
precisely that (WSMT1) holds and that ged(f’, f”) = 1, while f” vanishes in characteristic 2. When
ptn(n—1) and n > 2, the polynomial ™ + az, for any a # 0, is weakly superMorse. When n > 3
is odd and p { n(n — 2), the polynomial 2" + ax?, for any a # 0, is weakly superMorse. And for
any f whose degree is prime to p, and for which f” is not identically zero, then f(x)+ az is weakly
superMorse for all but at most finitely many a € k, cf. [Ka-ACT), 5.15].

We have the following result, which already appears in [BSD), Lemma 3].

LEMMA 12.4.9. Suppose f(x) is weakly superMorse of degree n. Then the sheaf F = f.(Q;)/Qp
on A, lisse outside the critical values of f, is geometrically irreducible with geometric monodromy
group Sy, in its deleted permutation representation.
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PROOF. Because deg(f) is prime to p, F is tame at oo, cf. [Ka-ACT, 5.5.4], from which the
result follows just as in the proof of [Ka-ESDE] 7.10.2.3]. O

LEMMA 12.4.10. Suppose f is weakly superMorse, in k(x| for a finite field k. Then Ay is
absolutely irreducible in k[z,y].

PROOF. By Lemma [12.4.9] the sheaf F := f,(Q,)/Qy is geometrically irreducible. The restric-
tion to G, of its Fourier transform H is geometrically isomorphic to the lisse sheaf on G,,/k whose
trace function is given as follows: for L/k a finite extension, and ¢t € L*,

1
Trace(Frob 1,|H) = Gauss(0r, xo.0) Z¢L(tf($))
PASE) pel

To see this, write the raw sum as
> vrtw)#{x € L: f(x) = u},
uelL
which is equal to the sum
> dnltw)#{z € L fa) =u} ~ 1),
u€eL

simply because the term being subtracted is, for each ¢ # 0, the sum ) ;97 (tu) = 0. This sheaf
‘H is geometrically irreducible, hence its My 1 = 1. Its empirical M; ;1 is then the sum

FLFEL=D) #L—l DY wnt(f(x) - fy)

teLX x,ycL

The “missing term” for ¢t =0 is

(#L)
(#L)(#L - 1)
Thus 2 =1+ M1 1 is the large L limit of

ol 12 ) —
Eale T 2 22 vl - ) = gyl ) € 121 1) = S}

Thus the polynomial f(x)— f(y) is, geometrically, the product of powers of two distinct geometrically
irreducible factors, one of which is visibly x — y. In the factorization

f@) = fly) = (x—y)Ay,
we must first show that Ay is not divisible by x —y, and second that Ay is not a proper power. But
the highest degree term of Ay is a product of linear factors, none of which is x — y, so  — y does
not divide Ay. As the highest degree term of Ay is a product of pairwise distinct linear factors, the
highest degeree term is not a proper power, and hence Ay is not a proper power. ]

=1+ O(1/#L).

We next recall some basic facts about Deligne polynomials. They arise naturally here, as follows.
Given a polynomial f(z) € k[z] whose degree d is invertible in k, the polynomial f(z) + f(y) —
f(2) = f(w) is a Deligne polynomial in four variables, and the polynomial f(z) + f(y) — f(2) is a
Deligne polynomial in three variables,

Let k be a field, n > 2 an integer, and F(x1,...,z,) € k[z1,...,2,] a polynomial of degree
d>1,say F=F;+ Fy 1+...+ Fy with F; homogeneous of degree i. Following [Dell, 8.4], we say
that F is a Deligne polynomial if its degree d is invertible in k and if the locus F; = 0 in P*~!is a
non-singular hypersurface.
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LEMMA 12.4.11. Suppose F is a Deligne polynomial in n > 3 wvariables. Then we have the
following results.

(i) The polynomial F € k[x1,...,xy] is geometrically irreducible (i.e., for L any algebraically
closed extension of k, F is irreducible in L[xy, ..., xy]).

(ii) The affine hypersurface H defined by F = 0 in A", and its projective closure Hy in P",
defined by the vanishing of

Fr:=F;+TF;1+...+TF,

each have at worst isolated singularities.
(iii) If k is finite, then the for Fy/k a finite extension we have

#H(F) = ¢" "+ O(¢"/?).

PROOF. We first prove (i). For this, we may extend scalars, and reduce to the case when k
is algebraically closed. If F' were reducible, say F' = AB, with deg(A) = a,deg(B) = b, then
their higest degree terms give a factorization A,B, = Fy. But Fj is irreducible, because it defines
a smooth hypersurface in P*"~!. Recall why this is so. Any hypersurface Z in P" with r» > 2 is
connected (“weak Lefschetz”: because P” \ Z is smooth and affine, we have H:(P" \ Z,Qy) = 0 for
i < 7, hence from the long exact excision sequence with Qg-coefficients

.= HY(P" N Z) —» H(P") - H(Z) - HTY P\ Z) — ...

In particular, as H:(P" \ Z) = 0 for i = 0,1 we get H°(P") = H°(Z) so long as r > 2, hence H°(Z)
has dimension one, i.e., Z is connected.) If Z is smooth in addition, then it is irreducible (because
smooth and connected).
To prove (ii), we argue as follows. We tack on a new variable 7', and consider the homogenous
form
Fr:=F;+TF;1+...+T'F,

in n + 1 variables. We denote by Hy the projective hypersurface Fpr = 0 in P* (with Xq,..., X, T
as homogeneous coordinates). Then the affine hypersurface H is the open set Hy[1/T] of Hy, so it
suffices to show that Hy has at worst isolated singularities. The key observation is that HyN (7 = 0)
is the smooth hypersurface F; = 0 in P»~!. On the one hand, we have

Sing(Ho) N (T = 0) C Sing(Ho N (T = 0)).

[This is the affine statement that if a polynomial f(yi,...,y,) only starts in degree > 2 (meaning
that the origin is a singular point of f = 0), then after putting v, to 0, the resulting polynomial
f(y1,...,Yn—1,0) in n — 1 variables only starts in degree > 2.] On the other hand, for any closed
subscheme Z of P, we have [Hartl, Prop. 7.2]

dim(Z N (T =0)) > dim(Z) — 1.

Applied to Z := Sing(Hy), we see that if Sing(Hy) had dimension > 1, then Sing(Hy N (T = 0))
would be non-empty, a contradiction.

To prove (iiii), we argue as follows. Because Hy has at worst isolated singularities, one knows
[Hool, Thm. 1] that

#Ho(Fy) = #P" " (Fy) + O(¢"?),
while by Deligne one knows that the nonsingular hypersurface Hy N (7' = 0) has
#(Ho N (T = 0))(Fy) = #P"2(Fy) + O(¢"*™Y).
Subtracting, we get the the assertion (iii). O
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LEMMA 12.4.12. Suppose F' and G are Deligne polynomials in n > 3 variables over k which are
not multiple of each other. For the affine hypersurfaces H and J in A® defined by F and G, we
have dim(H N J) <n — 2.

Proor. If H N J is empty, there is nothing to prove. If not, then dim(H NJ) > n — 2, cf.
[Hart, Prop. 7.1]. On the other hand, it is obvious that dim(H NJ) < dim(H) =n—-1. f HN.J
had an irreducible component of dimension n — 1, that component must be H, and it must also be
J, nonsense. O

COROLLARY 12.4.13. Suppose F and G are Deligne polynomials of different degrees in n > 3
variables over a finite field k. For o, B € k, define the hypersurfaces H, of equation H = o and Jg
of equation J = 3. Then for Fy/k a finite extension, we have #(H,(Fq) N J3(F,)) = O(¢"2).

Proor. Each of H, and Jg is a Deligne polynomial. Because their degrees are different, they
are not k* proportional, so the result is immediate from Lemma [12.4.12| and Lang—Weil. ]

With these preliminaries established, we now give the main result of this section.

THEOREM 12.4.14. Let p be a a prime, k/F, a finite extension, and let
f(z) = Zaixl, g(x) = ijxj € k[z]
i=0 =0

be polynomials of degree m, respectively n > m, with p t mn. Consider the local system F on
Al x Gy, with the following trace function. For L/k a finite extension, and (s,t) € L x L*, the
trace function of F is

(s,t) = = > vr(sf(x) + tg(x)).

zel
Assume that the map x — (f(z), g(x)) is almost injective. Then M 2(F)+1 is equal to the number
M of distinct geometrically irreducible factors of the polynomial

R(z,y,z) := Resy, (f(w) — (f(x) + f(y) — f(2)), g(w) — (g(z) + g(y) — 9(2))).

PRrROOF. Let X¢(x,y, z,w) := f(x) + f(y) — f(2) — f(w) and similarly for ¥,. As in the proof
of Theorem we may assume that k contains all roots of unity of order dividing a sufficiently
divisible integer, and then Ms 5 is the large L limit of the sums

1
(#L)3(#L —1) Yo > Wr(sTyHtsy)

s€L, teLX x,y,z,weL

:(#L)?’(;L_l) 2 (2 vnlsm) (2 vuliy)

zy,z,weEL s€L teLXx

1
PG . (w0 -1

z,y,2,wel, Yp=0 teL

The “correction term”
1

o= @ e e L 5 = 0}
is 14 o(1), by part (3) of Lemma Hence M35 + 1 is the large L limit of
1
(#L)(F#L —1)

#{(z,y,z,w) € r? | X =0=23,}.
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Now we count the points P = (z, yo, 20, wo) € L? that belong to X5 = 0 = X, i.e., solutions of

(12.4.14.1) fw) = (f(x) + f(y) = f(2)) = 0, g(w) = (g(x) + 9(y) — 9(2)) = 0.

First, being a solution means that (zg, 3o, z0) is in the zero locus of R(z,y, z). Once (o, yo, 20) is a
zero of R(x,y, z), this means the two polynomials in w

flw) = (f(@o) + Fyo) = f(20)), g(w) = (9(z0) + 9(y0) — 9(20))

have a common zero. Because the map w +— (f(w),g(w)) is injective on A! except possibly at
wi, ..., wnN, these two equations determine w, so long as w is not among w1, ...,wy. For each of
these exceptional w;, the number of solutions in L3 of

flwi) = f(@) + fy) = (), g(wi) = g(x) + f(y — 9(2)

is O(#L), by Corollary Thus up to an O(#L) error, then number of L pointsin Xy = 0 = X,
is the number of zeroes in L of the polynomial R(z,y, 2).

Notice that the polynomial R(z,y, z) is nonzero. For if R(z,y, z) = 0 identically, then the locus
Yy = XYy = 0 maps onto the A3 of (z,y,2), so has dimension > 3, contradicting Lemma
according to which the locus ¥y = ¥, = 0 has dimension < 2.

At the expense of passing to a finite extension, we may assume that all irreducible factors of
R(z,y, z) are geometrically irreducible. Then for M the number of distinct geometrically irreducible
factors of R(x,y,z), Lang—Weil gives the number of L-points as

M(#L)? + O((#L)*/?),
completing the proof. O

12.5. Some applications of almost injectivity

Recall [Zs] that if a > 2 and n > 2 are any integers with (a,n) # (2,6), (2¥ —1,2), then a" — 1
has a primitive prime divisor, that is, a prime divisor ¢ that does not divide H?:_ll (a® — 1); write
¢ = ppd(a,n) in this case. Furthermore, if in addition a,n > 3 and (a,n) # (3,4), (3,6), (5,6), then
a™ — 1 admits a large primitive prime divisor, i.e. a primitive prime divisor £ where either £ > n+1
(whence ¢ > 2n + 1), or £2|(a™ — 1), see [F2]. We will need the following recognition theorem.

THEOREM 12.5.1. [KT2, Theorem 4.6] Let ¢ = p! be a power of an odd prime p and let d > 2.
If d = 2, suppose that p¥ — 1 admits a primitive prime divisor £ > 5 with (p¥ — 1), > 7. If d > 3,
suppose in addition that (p,df) # (3,4), (3,6), (5,6), so that p¥ — 1 admits a large primitive prime
divisor (. In either case, we choose such an { to mazimize the (-part of p — 1. Let W = ]Fg and
let G be a subgroup of GL(W) = GLg(q) of order divisible by the £-part Q := (¢* — 1); of ¢% — 1.
Then either L := O (G) is a cyclic L-group of order Q, or there is a divisor j < d of d such that
one of the following statements holds.

(i) L = SL(Wj) =2 SLy/;(¢?), d/j > 3, and W; is W viewed as a d/j-dimensional vector space
over qu .

(ii) 2j|d, W; is W wviewed as a d/j-dimensional vector space over F,; endowed with a non-
degenerate symplectic form, and L = Sp(W;) = Spy/;(¢’).

(iii) 2|5f, 2 1 d/j, W; is W viewed as a d/j-dimensional vector space over F,; endowed with a
non-degenerate Hermitian form, and L = SU(W;) = SUd/j(qj/2).

(iv) 2j|d, d/j > 4, W; is W wiewed as a d/j-dimensional vector space over F; endowed with a
non-degenerate quadratic form of type —, and L = Q(W;) = Q;/j(qj).

(v) (p,df,L/Z(L)) = (3,18,PSLy(37)), (17,6, PSLy(13)).
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THEOREM 12.5.2. Let ¢ = p! be a power of an odd prime p, and let n > m > 1 be integers
with m > n/2 and ged(m,n) = 1, so that there exist primitive prime divisors £ = ppd(p,2nf)
and ¢' = ppd(p,2mf). If (p,2nf) # (3,6), (5,6), assume £ is chosen to be a large primitive prime
divisor of p*™f —1. Let W = Fg" and let G be a subgroup of T := Sp(W') = Sps,,(q) of order divisible
by QU , where Q = (¢*" — 1), is the {-part of ¢*™ — 1. Then one of the following statements holds.

(i) G =Sp(W).
(ii) 24 mn and SUW) <G < GU(W) x Co, where W viewed as an n-dimensional vector space
over Fp2 endowed with a non-degenerate Hermitian form.

PROOF. (a) The conditions on m,n imply that m > 2 and n > 3. Assume furthermore that
(p,2nf) = (3,6) or (5,6). Then (n.m) = (3,2) and ¢ = p is 3, respectively 5. Our subgroup G now
has order divisible by 35, respectively by 91. Inspecting the list of maximal subgroups of PSpg(p)
[BHR), Tables 8.28, 8.29], we conclude that GZ(I"') =T, and hence G = T". Hence, in what follows,
we may assume that

(p,2nf) # (3,6), (5,6)

and thus £ is a large primitive prime divisor of p?®f — 1. Assume now that (p,2nf) = (17,6). Then
(n,m) = (3,2), £ = 13, and ¢/ = 5 or 29. Again using the list of maximal subgroups of PSpg(p)
[BHR], Tables 8.28, 8.29], we see that the condition |G| is divisible by £¢' forces G =T in this case.
So we may assume

(p,2nf) # (17,6)

and apply Theorem (with d = 2n) to L = OY(G).

Suppose L = (g) is cyclic of order ). Then L is a Sylow ¢-subgroup R of I', and acts irreducibly
on W (by the choice of £). Thus, by Lemma[8.3.2(i), W becomes an 1-dimensional R-representation
over Endg(W), which implies that Endg(W) = Fg2n and so Cgr,w)(R) has order dividing " — 1.
In fact, Cr(R) already contains a maximal torus of order ¢" + 1, so we must have that

(12.5.2.1) |ICr(R)| = ¢" + 1.

By looking at the spectrum of g on W, we see that the action of Ny (L) can induce only a subgroup
of order dividing 2n of Aut(L). Hence |G| divides 2n(¢™ + 1), and this contradicts the assumption
that ¢ divides |G/, since

(12.5.2.2) ¢ =ppd(p,2mf) >2mf+1>nf > 2.

Suppose now that (p,2nf, L/Z(L)) = (3,18, PSL2(37)). Since the smallest dimension of non-
trivial projective representations of PSLy(37) in characteristic 3 is 18, we must have that n = 9
and ¢ = 3. It follows that m € {5,7,8}, and so ¢ € {17,61,73,193,547}. In particular, ¢ does
not divide |Aut(L)|, so any element h € G of order ¢/ must centralize L. But L acts absolutely
irreducibly on W = ]F;,S, so h € Sp(W) must be scalar and hence of order < 2, a contradiction. We
have therefore shown that L satisfies one of the conclusions (i)—(iv) of Theorem

(b) Recall that G > L contains an element h of order £'. We now show that
(12.5.2.3) ¢ divides |L|.
First, in ((12.5.2.1)) we have shown that the centralizer of any Sylow f-subgroup R of I' has order

q" + 1, which is coprime to ¢'. The same is true for Cp(L), so h must act nontrivially on L. If
¢ does not divide |L|, then h induces a coprime automorphism of L, a quasisimple group of Lie
type over F,;;. Using [GLS| Theorem 2.5.12] we then have ¢’ divides jf, and so £'|2nf, which is

impossible because of ((12.5.2.2]).
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Next suppose that we are in case (i) of Theorem [12.5.1 Then 2n/j > 3, and L = SL2n/j(qj)

contains a maximal torus of order

q2n_1 q2n_1

¢ —1 =z /3 — 1
which centralizes a Sylow f-subgroup R of L. But this contradicts .

Suppose now that we are in case (ii) of Theorem Then j|n and L = Sp,, /j(qj). Hence
(12.5.2.3)) implies that there is some integer 1 < i < n/j such that ¢ divides ¢ —1. The primitivity
of ¢ then implies that 2mf|2ij f, and so ml|ij < n < 2m. It follows that ij = m, and thus j divides
both m and n. But ged(m,n) =1, so j = 1. We have shown that I = Sp,,,(¢) > G > L = Sp,,,(q),
whence G =T, as stated in conclusion (i).

Suppose next that we are in case (iv) of Theorem Then jln, j <n/2,and L =, /]( 7).
Using (|1 and arguing as in the preceding case, we obtaln that j = 1. It follows that

Q5,(q) = L <T = Spy,(q)-

Moreover, as stated in Theorem (iv), W = Fg” is a natural, hence absolutely irreducible,
L-module endowed with a non-degenerate quadratic form of type —. At the same time, L, as a
subgroup of I' = Sp(W), fixes a non-degenerate symplectic form on W. This is impossible since
p> 2.

Finally, assume that we are in case (iii) of Theorem Then j|2n, but 2n/j is odd and at
least 3 So j = 2jo with jo|n, and n/jy is still odd and at least 3. Furthermore, L = SUn/JO( o).
Now 3)) implies that there is some integer 1 < i < n/jo such that ¢ divides ¢”/© — (—1)*. The
primitivity of ¢/ then implies that 2mf|2ijof, and so m|ijo < n < 2m. It follows that ij, = m, and
thus j divides both m and n. But ged(m,n) =1, so jo = 1, n is odd, and m = i. If 2|i in addition,
then ¢ divides ¢' — 1 = ¢™ — 1, contrary to £ = ppd(p,2mf). So m is odd. We have shown that
2{mn, and T’ = Spy,,(¢) > G > L = SU,(q). Moreover, as stated in Theorem [12.5.1iii), W viewed
as an n-dimensional space over Fp2 is a natural module for L. Since Np(L) = GU(W) x Cy, we
arrive at conclusion (ii). O

>q"+1

REMARK 12.5.3. Note that Theoremdoes not hold without the assumption that m > n/2.
For instance, the subgroup Spg(q?) of Spy4(g) has order divisible by ¢'? —1, giving a counterexample
for (n,m) = (8,3) or (8,1). Furthermore, if m = n/2, then (n,m) = (2,1) (as gcd(m,n) = 1), in
which case Spy(q?) is a counterexample. More generally, if gcd(m, n) = j > 1 then Sp,,, /i (¢7) would
be a counterexample.

Now we are in position to determine, for the first time, the geometric monodromy groups of a
large family of two-parameters local systems with non-monomial coefficients for both parameters:

THEOREM 12.5.4. Let ¢ = p” be a power of an odd prime p, k/F, a finite extension, a,b € k,
0<n <ng <...<mnp, 0<my < ... < my two sequences of integers, Ay,..., A and By,..., By
two sequences of elements of k>, and

' u
f(z) =ax + Z Azt g(x) = bx + Z Bj:qumJ .
i=1 j=1
Assume that n := n, > 1 and m := m,, > 1 are coprime, 2lmn, and n > m > n/2. Consider the

local system F = F(k, f,g) of rank ¢* on (G,, x Al)/k, whose trace function is given as follows:
for L/k a finite extension, and (s,t) € L* x L,

Trace(Frob, .| F (K, f, 9)) ZlbL sf(x)+tg(x)).
xeL
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Then the following statements hold for the geometric monodromy group G = Ggeom of F.

(i) If (a,b) # (0,0), then G = pi”m’ X Spay(q); in particular, F has Mao = 2.
(i) If (a,b) = (0,0), then G = Sps,(q) in its total Weil representation.

PROOF. (a) Consider the local system H! whose trace function is given as follows: for any finite

extension L/k, the trace at (so, 51, ..., 8r, to,t1,...,ty) € LX x L4+l is given by
' u )
— Z UL (som + Z s; 2T 4+ tgw + Z tij'q ]).
€L i=1 7=1

By Corollary [11.2.5(i), #* has geometric monodromy group
H :pf'%” X Spy,(q) = E x T,

where F = p}f%” and I' = Sp,,,(¢). Since F is obtained from #* by a suitable specialization, we
have G < H. Moreover, H has M5 = 2. Hence, in the case (a,b) # (0,0), it suffices to prove that
G=H.

(b) Assume that (a,b) # (0,0). If a # 0 then Ay is absolutely irreducible by Lemma
Similarly, if b # 0 then A, is absolutely irreducible. Hence, in this case at least one of Ay, Ay is
absolutely irreducible. Note that deg(f) = ¢ + 1 and deg(g) = ¢™ + 1, with ged(m,n) = 1 and
2|mn. It follows that

ged(deg(f), deg(g)) = 2
and so none of deg(f), deg(g) divides the other one. Hence f and g satisfy the hypothesis of Lemma

12.4.3] and so R(y) as defined in (12.4.1.1)) is nonzero in k[y]. In turn, this implies by Lemma[12.4.1

that the map = — (f(z),g(z) is almost injective, and hence F is irreducible by Corollary [12.4.2]
We have shown that G is an irreducible subgroup of H if (a,b) # (0,0).

(c) Next, applying Lemma we see that |G| is divisible by both ¢"™ + 1 and ¢ + 1.

Assume in addition that (a,b) = (0,0). Applying Corollary [I1.2.5[ii) to the specialization
so = to = 0 of H¥, we see that G is contained in the image of Sp,,(¢) in its total Weil representation.
Applying Theorem to G, we conclude that G = Sp,,,(¢), and the proof of (ii) is completed.

In the rest of the proof we will assume that (a,b) # (0,0). Then both ¢" + 1 and ¢™ + 1 divide
the order of EG/E, a subgroup of I' = Sp,,,(q). Applying Theorem to EG/E, we conclude
that FG/E =T = H/E, and hence EG = H.

Now we note Z(E) < Z(H), and work in EG/Z(E) = (E/Z(E)) xT'. Since Z(E)G/Z(FE) has
order divisible by ¢™ + 1, it acts irreducibly on E/Z(E). It follows that

Z(E)GNE is either Z(E) or E.

In the former case, Z(E)G/Z(E) intersects E/Z(FE) trivially but EG = H. In such a case,
Z(E)G/Z(E) is a complement to E/Z(FE) in H/Z(E), whence Z(E)G/Z(E) = H/E = T. Thus
Z(E)G/Z(E) is an extension of Z(E) = C, by I' = Sp,,,(¢). As I' is quasisimple and it is the
universal cover of PSpyy(q), we get (Z(E)G)(®) =T and thus Z(E)G = Z(E) x I. In particular,
Z(E)G cannot have an irreducible representation of degree ¢" by [TZ1, Theorem 5.2]. Thus G
cannot be irreducible on F, contrary to the conclusion of (b).

We have shown that Z(E)G > E, and so Z(E)G = EG = H. Taking derived subgroups, we
have

G, G = [Z(E)G,Z(E)G] = [H, H| > [E, E] = Z(E).
Consequently, G = Z(FE)G = H. O

The next result gives a p = 2 analogue of Theorem [12.5.4]
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THEOREM 12.5.5. Let ¢ = 2V > 2, k/Fy a finite extension, a,b € k, 1 <ny < ng < ... < n,,
1<my <...<my two sequences of integers, Ay,..., A, and By,..., B, two sequences of elements

of k*, and
o) = an £ 35 A o)t 3 B

i=1 j=1
Assume that n :=n, > 1 and m := m,, > 1 are coprime, 2|/mn, n > m, and nv > 4. Consider the
local system F = F(k, f,q) of rank ¢* on (G, x Al)/k, whose trace function is given as follows:
for L/k a finite extension and (s,t) € L* x L,

Trace(Frob, ) L |F(k, f,9)) = = > ¢r(sf(z) +tg(z)).
zeLl
Then F has geometric monodromy group G = Ggeom = H;, = ol+any, Q.. (q), cf. m
PROOF. Consider the local system H! whose trace function is given as follows: for any finite
extension L/k, the trace at (sg, s1,..., 8, t0,t1,...,ty) € L™ x LTl is given by
u
—ZI/JL So$+ZSJJ " +t0$+ztjx1+qmy).
zeL j=1

By Corollary [11.2.7, #* has geometric monodromy group
H=H = B-§=2"2" .0, (q),
where E = 2172 and S = Q5. (q). Since F is obtained from H* by a suitable specialization, we
have G < H.
The hypothesis on n and m implies that ged(¢" +1,¢™+1) = 1. Now, applying Lemmas|12.3.11

and [12.3.13] we see that |G| is divisible by all three integers ¢ + 1, ¢" + 1, and ¢" — ¢'". Hence,
EG/E is a subgroup of S = Q,, (q), of order divisible by

lem(¢" +1,¢™ 4+ 1,(¢"™ —1).
Applying Theorem to EG/E, we obtain that EG/E = S, unless (n,m,q) = (5,2,2) and
L € {A11,A12} for L := 011/(@) and G := EG/E = G/(GN E). In these exceptional cases, by
Lemma G, and so G, admit an element g of order 2° + 1 = 33. Certainly, the element g of
order 11 is contained in L = O''(G). But L does not have any element of order 33, so g ¢ L. As
L <G and |Out(L)| = 2, we conclude that (L, g) = L x Cj is a subgroup of S = Q7,(2). The latter
is however impossible, by an inspection of maximal subgroups of ,(2) [CCNPW].
We have shown that EG/E = S, and hence

EG =H.

Next we note Z(E) < Z(H), and work in EG/Z(E) = (E/Z(E)) - S. Since Z(E)G/Z(E) has order
divisible by ¢"™ + 1 (and nv > 4), it acts irreducibly on E/Z(E). Tt follows that

Z(E)GNE is either Z(E) or E.

In the former case, Z(F)G/Z(FE) intersects E/Z(FE) trivially but FG = H. In such a case,
Z(E)G/Z(FE) is a complement to F/Z(F) in H/Z(E), whence Z(E)G/Z(E) = H/E = S. Thus
Z(E)G/Z(E) is an extension of Z(E) = Cy by I' = Q5 (¢). The hypothesis on m,n, g implies that
either n > 4, or n = 3 but ¢ > 4. Hence I is simple and has trivial Schur multiplier, see [KIL,
Theorem 5.1.4]. It follows that (Z(F)G)(>) = § and thus Z(E)G = Z(E) x S. In particular, S
embeds in H, and so admits a faithful complex representation ® of degree ¢". If n > 4, this however
contradicts [TZ1, Theorem 1.1]. Hence n = 3, ¢ > 4, and S = SU4(q). Applying [TZ1, Theorem
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4.1], we see that every nontrivial irreducible constituents ®; of ® is a Weil representation of degree
d or d+ 1, where

d:=(¢" = 1)/(g+1).
Since 2d > ¢> when ¢ > 4, we conclude that ® has a unique nontrivial irreducible constituent, say
@1, and all others are trivial. As mentioned in the proof of Corollary ® is of symplectic type.
However, by [TZ1], Theorem 4.1], ®; is non-self-dual if it is of degree d, whereas it is of quadratic
type if it has degree d + 1 by Lemma 5.2 and Theorem 16.11 of [KT7]. This is a contradiction in

either case.
We have shown that Z(F)G > E, and so

Z(FE)G = EG = H.
Taking derived subgroups, we have
G,G| =|Z(F)G,Z(E)G]) = [H,H]| > [E,E] =Z(E).
Consequently, G = Z(E)G = H. O
Our next application of almost injectivity is concerned with the following local system
(12.5.5.1) F(p,n,m)

on (Al x G,,)/Fp, with 1 < n < m and p{ nm, whose trace function is given as follows: for L/F, a
finite extension, and (s,t) € L x L*,

Trace (Frobs 4 |.F (p, n, m)) = — Z Yr(s(@” — z) + t(z™ — x)).
reLl

First we give an irreducibility criterion that is sometimes amenable to machine calculation.

LEMMA 12.5.6. Let q be a power of a prime p, n > 2 an integer, and f € Fy[z1,..., 2] a poly-
nomial of total degree d > 1. Then f is geometrically irreducible, i.e., irreducible in Fy[zy, ..., ],
if and only if it is irreducible in Fa[z1, ..., 2p].

Proor. If f is reducible over F, it is not geometrically irreducible.

Suppose that f is irreducible over F,, but that f is not geometrically irreducible. Choose an
irreducible factor g € E[ml, ..., xp] of f, scaled to have some coefficient 1. Denote by K the
field F,(the coefficients of g). Then in Klx1,...,xz,], we have g|f. Applying Gal(K/F,) to this
divisibility, we see that g?|f for every o € Gal(K/F;). By the definition of K, we see that the
various g7 are pairwise distinct irreducible divisors of f; none is a scalar multiple of another, as all
have a fixed coefficient 1. Then [] ceGal(K/Fy) g7 divides f. But this product lies in Fy[z1, ..., z,].

As f is irreducible over F,, we have, up to an F factor, an equality of f with this product. Thus

d := deg(f) = deg(K/F,)deg(g), hence K C FF 4, and f, being reducible over K, is reducible over

Fa. O
q

We first give a result which eliminates calculation when p is large compared to m.

THEOREM 12.5.7. The following statements hold for the geometric monodromy group Ggeom of

the local system F(p,n,m) defined in (12.5.5.1)).
(i) If p > 2m, and nm is odd, then Ggeom = Sp,,_1 (and hence Mz = 3).
(ii) If p > 2m, and m is even then Ggeom > SLym—1 (and hence Mao = 2).

(iii) If p > 2m, m is odd, n is even, and ged(n,m) = 1, then Ggeom > SLym—1 (and hence
My =2).
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PROOF. We first prove (i) and (ii). The specialization s + 0 is the local system .4 whose trace
function is
s — > (™ -
x
S0 Ggeom,A < Ggeom,F is a subgroup. The further Kummer pullback [m]*A is the local system B

whose trace function is
ts = Y (@™ - x)),

which, after the change of variable x +— x/t for ¢ 75 0 becomes
ts — Z (™ — tx).

Thus Ggeom s is a subgroup of Ggeom, 7. One knows [Ka-MG!, Theorem 19] that Ggeom,8 = Sp,,_1
if m is odd, is pp if m = 2, and is SL,,—1 if m > 4 is even. This proves (ii). If nm is odd, then the
original F(k,n, m) is symplectically self-dual, so its Ggeom < Sp,,,_1, but its Ggeom contains that of
B, which is Sp,,_;. This proves (i).

To prove (iii), we argue as follows. The specialization (s,t) — (—t,t) is the local system C whose
trace function is
ts =) (™ —am)).
x
The Kummer pullback [m]*C is the local system D whose trace function is
tes =) (@™ — "),
x
which after the change of variable x +— x/t for ¢ nonzero becomes

t s — Zw tmnn)

So far, we have Ggeom D < Ggeom,7- Now D is the Kummer [n — m]* pullback of the local system &
whose trace function is
ts — Z Y(a™ — tz")

We now have Ggeom,p < Ggeom,e @s a normal subgroup of finite index dividing the prime to p part
of m — n. Because ged(n,m) = 1, one knows [KT6, Corollary 3.10(i)] that the local system & is
the Kummer [m]* pullback of the hypergeometric sheaf

H = Hsmaii,mn = Hyp(Char(m) ~ 1; Char(n) \ 1).

We next observe that H is primitive for p > 2m. Indeed, it cannot be Kummer induced because
ged(n,m) = 1, and it cannot be Belyi induced because p—1 does not divide m —n (being too large),
cf. [KT6, Proposition 5.15]. This sheaf H has wild part w = m — n, and hence p > 2w + 1. By
Theorem we conclude that Ggeom,7 is infinite. Therefore its Kummer pullback £ has Ggeom,e
infinite. Then Ggeom p is infinite, being a (normal) subgroup of finite index in Ggeom,e. Then by
Theorem we find that Ggeom,» > SLy—1. But Ggeom,p < Ggeom,F, S0 we are done. O

We now turn to the detailed examination of a few F(p,n, m).

LEMMA 12.5.8. We have the following results.
(i) F(p,3,13) has Moo =3 for all p # 3,13, p < 26.
(ii) F(p,4,7) has Mao =2 for allp # 2,7, p < 14.
(iii) F(p,2,7) has Map =2 for all p # 2,7, p < 14.
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PROOF. In each case, we compute the relevant resultant R(y,z,w). In case (i), where the
representation is symplectic, we divide out the visible factors, and define

Rreq i= R/((z + w)(w = y)(z = y)).

Here the degree of R,eq is nm — 3 = 36, and we use Magma to check the irreducibility of R..q over
F,36 for the indicated p. In cases (ii) and (iii), where the representation has no visible autoduality,
we divide out the visible factors, and define

Ryeq := RB/((w = y)(z = y)).

In case (i), the degee of Ryeq is nm — 2 = 26, and we use Magma to check the irreducibility of Ryeq
over IF,26 for the indicated p. In case (iii), the degree of Ryeq is nm — 2 = 12, we we use Magma to
check the irreducibility of Ryeq over F 2, for the indicated p. O

THEOREM 12.5.9. We have the following results for the local system F(p,3,13) defined in
(112.5.5.1)).
(i) For all p #2,3,5,13, F(p,3,13) has Ggeom = Sp1a-
(ll) FO?”p = 5, .7:(5, 3, 13) has Ggeom = Sp4(5)
(ili) Forp =2, F(2,3,13) has Ggeom = 2 - G2(4).

PRrROOF. The pullback of F(p,3,13) to G, by (s,t) — (—t,t) is the local system A on G,,/F,

whose trace function is
te =Y ot - 2?)).
X

The further pullback of this local system A by ¢ — ¢! is the local system B whose trace function
is, after the change of variable z — z/t,

t— — Zw(:nl?’ — t1023).

which is the ¢ — ¢! pullback of the local system C with trace function
t— — Zd)(ajlg — tz?).

This last local system C has Ggeom,c = 2 - G2(4) for p = 2, and has Ggeom,c = Sp4(5) for p =5, by
Theorem [10.3.13](iv), and (i) with ¢ =5 and n =1, m = 2.

We first prove (i). For p > 5, p # 13, Theorem (ii) shows that C has infinite Ggeom,
hence by Theorem it has Ggeom,c = Spyo- In these cases, B is symplectic, s0 Ggeom,B < SPia;
while Ggeom,8 < Ggeom,c is a normal subgroup of index dividing 10. Thus Ggeom,8 = Sp1o- As B is
a pullback of the symplectic F(p,3,13), we have Spiy = Ggeom,B8 < Ggeom,F < SPia-

We now prove (ii).

In the case p = 5, we have Ggeom,B8 < Ggeom,c = Sp4(5) of index dividing 2 (the prime to 5 part
of 10). Since Sp4(5) is perfect, we have Ggeom,83 = Sp4(5). But B was a pullback of F(5,3,13), so
we have the inclusion Sp,(5) < Ggeom,F-

We continue with the case p = 5. The key fact here is that by Theorem (1) with ¢ = 5,
the two parameter local system K on A%/F5 whose trace function is

(u,v) — — Zw(ml?’ + ux® + vx)

has Ggeom, i = Spy(5) in a Weil representation. We can view K as living on G, x A2 with coordinates
(w, u,v) simply by pulling back by the projection (w,u,v) + (u,v). This sort of “independent of
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w” pullback does not change Ggeom. Let us call this local system K;. By the change of variable
x — zw, this becomes the local system K3 whose trace function is

(w,u,v) Zz/z (w32 + uwds® + vwz).

By the automorphism (w,u,v) + (w,u/w3,v/w) of G, x A% this becomes the local system K4
whose trace function is

(w, u,v) 21/1 (w23 + ux® + vz,

whose Ggeom i, is still Spy(5). Now Ky is the Kummer pullback by w — w'? of the local system s
whose trace function is

(w, u,v) Zq/} (wz'? + uz® 4+ vz).

Thus Spy(5) = Ggeom ks < Ggeom k5 1S a normal subgroup of index dividing 13. In fact, Ggeom x, =
Ggeom,k5- To see this, we argue as follows. As Kj is itself symplectic, Ggeom, k5 lies in the normalizer
of (the faithful image in Sp;y of) Sp,(5) in the ambient Sp;5. The outer automorphism of Sp,(5)
fuses the two Weil representations of degree 12 of Sp,(5). Therefore Ggeom ks must act by inner
automorphisms on Sp,(5), and hence (as the only scalars in Spy4 are +1, which already lie in Sp4(5))
we have Ggeom,k; = Ggeom, ks, and hence Ggeom ks = Sp4(5).

The local system F(5,3,13) is a pullback of Ks, s0 Ggeom, 7 < Spy(5). But as we saw above
with the B,C analysis, Spy(5) < Ggeom,F-

We now prove (iii). Thus p = 2. In the A, B,C story, we have Ggeom,8 < Ggeom,c = 2 - G2(4) is
a normal subgroup of index dividing 5 (the prime to 2 part of 10). But the perfect group 2 - Ga(4)
has no Cs-quotient, hence Ggeom,s = 2 - G2(4). As Ggeom,B8 < Ggeom,F (because B is a pullback of
F, we have 2 - G2(4) < Ggeom,F-

Now repeat the arguments with £y, ..., Cs in this situation. We now have Ggeom x, = 2-G2(4),
and 2-G2(4) = Ggeom ks < Ggeom, ks is @ normal subgroup of index dividing 13. Therefore Ggeom ks,
which itself lies in Spyy, normalizes (the faithful image in Sp;y of) 2 - G2(4). Since Out(2 - G2(4))
has order two, Ggeom ks must act by inner automorphisms on 2 - G(4), and hence (as the only
scalars in Spy, are £1, which already lie in 2 - G2(4)) we have Ggeom i, = Ggeom ks, and hence
Ggeom ks = 2 - G2(4). The local system F(2,3,13) is a pullback of ICs, s0 Ggeom, 7 < 2- G2(4). But
as we saw above with the B,C analysis, 2 - G2(4) < Ggeom,7- O

THEOREM 12.5.10. The following statements hold for the local systems F(p,4,7) and F(p,2,7)

defined in (12.5.5.1)).
(i) For allp #2,3,7, both F(p,2,7) and F(p,4,7) have Ggeom > SLg.
(ii) Forp =3, both F(p,2,7) and F(p,4,7) have Ggeom = 61 - PSU4(3).

ProOOF. We first prove (i). The auxiliary sheaves C in the two cases are the local systems
t —> (" +tz?) for d = 4 and d = 2. For p # 2,3,7, Theorem (ii) shows that C has
infinite Ggeom, hence by Theorem it has Ggeom,c > SLs. AS Ggeom,B I Ggeom,c > SLig is a
normal subgroup of finite index dividing 7. Thus Ggeom,5 > SLg, As Ggeom,8 < Ggeom,F, We have
Ggeom,f > SL6

We now treat the case p = 3. Here C has Ggeom,c = 61 - PSU4(3), and Ggeom,8 < Ggeomc 1 2
normal subgroup of finite index dividing 7. But 61-PSUy4(3) is perfect, hence Ggeom,5 = 61-PSU4(3),
and hence 61 -PSU4(3) < Ggeom,7- We next run the Cy, ..., K5 argument. At the penultimate step,
we have Ggeom i, = 61 - PSU4(3), and Ggeom i, < Ggeom k5 is @ normal subgroup of index dividing
the prime to 3 part of 7 —4 and of 7 — 2 respectively.
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In the case of F(3,4,7), this prime to 3 part is 1, hence Ggeomxs = 61 - PSU4(3). The local
system F(3,4,7) is a pullback of K5, s0 Ggeom, 7 < 61 - PSU4(3).

In the case of F(3,4,7), this prime to 3 part is 5, but Out(6; - PSU4(3)) is a 2-group. Hence
Glgeom, k5 acts by inner automorphisms, hence lies in 5 x 61 - PSU4(3) in the ambient GLg. In fact,
there can be no us5 factor in Ggeom k5. To see this, use the fact that K4 has geometric determinant
of finite order with values in Z|(3], so has determinant of order dividing 6. One the other hand,
61 - PSU4(3) lies in SLg, so any scalar o € s reappears as a% = « in the determinant, which has
order dividing 6. Therefore Ggeom s = 61 - PSU4(3). The local system F(3,4,7) is a pullback of
Ks, s0 Ggeom,F < 61 -PSU4(3). O

We now give some cases for which we have a strengthening of Theorem

THEOREM 12.5.11. Consider the local system F(p, A, B) as defined in (12.5.5.1), where A, B
are given as follows. We take

g:=2f>1,
integers 1 < a < b with ged(a,b) = 1,2|ab, and
A=q¢"+1,B:=¢" +1.
Then for p 1 2AB, F(p, A, B) has Ggeom = Spg- [Recall that by Theorem F(2,A,B) has

Ggeom = ! F20r 05, (q) provided that bf > 4, and by van der Geer—van der Vlugt, this group is
finite whatever the value of bf ]

PROOF. Because only odd powers of x occur inside 1, we have an a priori inclusion, for any
p 1 AB, Ggeom < Spp. The s = —t pullback, call it A, is the local system on G, whose trace
function is given as follows: for L/IF, a finite extension, and t € L*,

Trace(Frob; | F(p, A, B)s=—t) = — Z ¢L(t(ﬂqu+1 a1y,
zeL

The Kummer pullback B of A by [¢® + 1]*, rewritten after the change of variable x ~— x/t has trace

function
b b a a
_Z¢L($q L )
xeL

This local system is in turn the Kummer pullback [¢° — ¢®]* of the local system D whose trace

function is
_ Z ¢L(£qb+1 _ txqa+1)).
zeL
So the Ggeom groups are related as follows:

Squ > Ggeom,]—'(p,A,B) > Ggeom,A > Ggeom,B = Ggeom,C < Ggeom,Dv

with Ggeom,c < Ggeom,p @ normal subgroup of finite index with quotient cyclic of order dividing the
prime to p part of ¢® — ¢° (the prime to p part because Frobenius pullback does not change Ggeom ).
So it suffices to prove that Ggeomp = Spgp; suffices simply because Sp, has no proper normal
subgroups of finite cyclic index (this last fact because Sp,e is its own commutator subgroup).

For this, we first invoke Theorem (where the roles of A and B are reversed!). We use it
to show that in any odd characteristic p { AB, Ggeom,p is not finite. For if Ggeom,p were finite for
such a p, then we would be in one of two cases. The first is that for some power @) of p, and some
integer d > 2, we have

¢ +1=(Q"+1)/2,
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and moreover that for some integer 1 < e < d with ged(e, d) = 1, 2|ed, we also have
¢ +1=(Q°+1)/2
in this case, we cross multiply and get
20" +1=Q% ie., 2" = Q9

q an equation of the form

2N 11 = a prime power, but not a prime.

It is known that this special case of Catalan’s equation can hold only with 23 + 1 = 32. [Indeed,
suppose 2V +1 = p¢ with N > 3 and ¢ > 2. If ¢ is odd, then 2V = p° — 1 has an odd divisor
(p¢ —1)/p — 1), a contradiction. If ¢ = 2s is even, then 2V = (p* — 1)(p® + 1), so p* + 1 and p* — 1
are 2-powers differing by 2, and so p* = 3 and N = 3.] In our situation, the exponent N = 1+bf is
> 5 with the single exception ¢ = 2,b = 2, in which case a = 1. So the exceptional case is F(p, 3,5)
with p = 3, but p = 3 is excluded by the p { 2AB hypothesis.
The second case has
C+1=(Q"+1)/(Q+1), d>3odd.
But here we write
Q1 +1)/(Q+1)=1+Q(-1+Q —... +Q4?).
So in this second case we would have ¢ = Q(—1 + Q — ... + Q%72) being divisible by Q, a
contradiction.

Once we know that Ggeom for D is not finite, Theorem [10.3.21[(iii) yields Ggeom,p = Spy- O
THEOREM 12.5.12. Consider the local system F(p, A, B) as defined in (12.5.5.1)), where A, B

are given as follows. We take
q:= pg, f>1, pg an odd prime,
integers 1 < a < b with ged(a,b) = 1,2|ab, and
A:=q¢*+1, B:=¢"+1.
Then for p{poAB, F(p, A, B) has infinite G = Ggeom with |G, G] = SLs. [Recall that by Theorem
F(po, A, B) has Ggeom = porr%f X Spep(q) provided that in addition a > b/2, and by van
der Geer—van der Vlugt, this group is finite whatever the value of (a, b).]

PROOF. (i) We first use Theorem to show that with the possible exception of a single
prime p; { poAB, already the s = 0 pullback, call it A, has Ggeom,4 = SLg. This pullback has trace
function

te L =Y yr(ta? ! - 2)).
zeL
Its further Kummer pullback by [¢® — 1], call it B, has trace function (after the change of variable
x +— x/t, given by
te L — — ZwL(xqu - tqu).
zeL
Then B is the Kummer pullback by [¢°] of the local system C whose trace function is
te L™ — — ZwL(xqu —tx).
z€eL

We now examine Theorem [10.2.6] to see if C could have finite Ggeom. By our assumption, none
of the cases (iii)—(vi) is possible (recall p # pg). We cannot be in case (ii), which requires ¢* + 1 to
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be of the form (Q™ +1)/(Q + 1) with @ a power of an odd prime p and n > 3 odd. Just as in the
proof of Theorem above, this gives the contradiction that ¢® is divisible by Q. Case (i) is
potentially problematic. It arises if

¢ +1=(Q+1)/2

for some prime power @, or equivalently if
2¢" +1=0Q,

an equation of Sophie Germain type, which, if it holds, determines the prime p; of which @ is a
power. In this case, by Theorem (i), C has geometric monodromy group the image of SLy(Q)
in a Weil representation of degree (Q — 1)/2. Since @ = 2¢® +1 > 19, SL(Q) is perfect, and hence
this image is also contained in Ggeom.

(ii) Suppose, for the time being, that we look at F(p, A, B) for a prime p { pop1 AB. Then C has
infinite Ggeom, and then by Theorem [10.2.4{i), we have Ggeom,c = SLg. Then we must also have
Ggeom,8 = SLgp, as SLg» has no nontrivial cyclic quotients, and hence for G = Ggeom, 7(p,4,B) We
have G > SLj. As G < GL, this implies that [G,G] = SLs.

If 2¢® + 1 is a prime power, some power of the prime p;, we need a separate argument to
determine Ggeom for F(pi, A, B). We now show that if we have such a pi, then F(pi, A, B) has
infinite Ggeom. Consider the ¢t = 0 pullback, call it G, of F(p1, A, B). By [Ka-Scont, Theorem 1],
Ggeom,g 1s a subquotient of Geeom, 7(p;,4,8)- So it suffices to show that G has infinite Ggeom. Exactly
as in the proof of Theorem up to normal subgroups of finite cyclic index, its Ggeom agrees
with that of the local system H whose trace function is

te L* — — Zz/)L(xan —tx).
zel
So it suffices to show that H has infinite Ggeom, which is SLge by Theorem (1) as above.

We now examine Theorem to see if H could have finite Ggeom. As in (i), the only
problematic case is where ¢* + 1 is of the form (@1 + 1)/2 for some power ()1 of p;. In this case we
have

() ~1)/2=¢" (hF ~1)/2=¢"
for some integers > a > 1.

Suppose B > 3. Then, as p; > 2, pf — 1 has a primitive prime divisor ¢ [Zs] which divides ¢,
so ¢ = pp. But then ¢ divides ¢* = (p{ — 1)/2, and this contradicts primitivity of £.

So 8 =2 and a = 1. In this case, ¢°~® = (p? —1)/(p1 — 1) = p1 + 1, so po > 2 divides both
p1+ 1 and p; — 1, again a contradiction.

We have shown that G = Ggeom contains SLge as a subquotient. As ¢® > 3, this implies that
G/Z(G) is infinite. As mentioned at the end of (i), G contains the image of SLy(Q) in a Weil
representation of degree D = (Q — 1)/2 > 9. Applying Proposition (with its p our p;, with
its D our D, with its ¢" our @, and with D = (Q —1)/2) we conclude that [G,G] = SLp = SL. O
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Appendix Al: the Magma program used in Lemma

Ncheck:=procedure(p) ;
R:=GF (p) ;

a:=1;

for in R do

for in R do

for in R do

for e in R do

f:=((p-1) div 2)*(atb+c+d+e);

F:={* f,f+a+b,f+a+c,f+a+d,f+a+te,f+b+c,f+b+d,f+b+e,f+c+d,f+cte,
f+d+e,-f-a,-f-b,-f-c,-f-d, -f-e *};

if Multiplicity(F,0) ge 6 then

if Max(Multiplicity(F,i):i in [1..p-1]) le 10 then

print F;

end if;

end if;

end for;

end for;

end for;

end for;

end procedure;

Qo0 o
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Appendix A2: the Magma program used in Lemma [10.3.17

E6check:=procedure(N) ;

for a in [0..26] do

for b in [a+1..26] do

for ¢ in [b+1..26] do

for d in [c+1..26] do

for e in [d+1..26] do

ee:=—(at+b+c+d+e);

for g in [1..26] do
F:=[at+g,b+g,ct+g,d+g,etg,ee+g,a-g,b-g,c-g,d-g,e-g,ee-g, -a-b,-a-c,-a-d,
-a-e,-a-ee,-b-c,-b-d, -b-e,-b-ee,-c-d,-c-e,—-c-ee,-d-e,-d-ee,-e-ee];
FF:=F[i] mod 27: i in [1..27];

if #FF eq 27 then print FF;

end if;

end for;

end for;

end for;

end for;

end for;

end for;

end procedure;
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