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ABSTRACT. We construct explicit local systems on the affine line in characteristic p > 2, whose
geometric monodromy groups are the finite symplectic groups Sp,,(q) for all n > 2, and others
whose geometric monodromy groups are the special unitary groups SU,(q) for all odd n > 3, and ¢
any power of p, in their total Weil representations. One principal merit of these local systems is that
their associated trace functions are one-parameter families of exponential sums of a very simple,
i.e., easy to remember, form. We also exhibit hypergeometric sheaves on G,,, whose geometric
monodromy groups are the finite symplectic groups Sp,,(¢) for any n > 2, and others whose
geometric monodromy groups are the finite general unitary groups GU,(q) for any odd n > 3.
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1. INTRODUCTION

Throughout this paper, p is an odd prime and ¢ = pf is a (strictly positive) power of p. In our
previous paper [KT3], we exhibited explicit local systems on the affine line A!/F » whose geometric
monodromy groups were the symplectic groups Sps,(¢) for all even n > 2, or the special unitary
groups SU,(q) for all odd n > 3, in their total Weil representations. In this paper, we give new
local systems which do this, and which also handle the case of Spy,(¢) for n odd. Moreover, our
results lead to hypergeometric sheaves whose geometric monodromy groups are Spy,(q) for any
n > 2, and the general unitary groups GU,(q) for any odd n > 3. This paper may also be viewed as
a companion piece to [KT4], which determines which almost quasisimple groups can possibly occur
as monodromy groups of hypergeometric sheaves.

All of our local systems on Al are those attached to one-parameter families of exponential sums
of the following simple shape. We fix a nontrivial additive character ¢ of ), and for each finite
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extension k/IF,, we obtain the additive character 1y, of k by composition with Tracey, JF,- For fixed
positive integers N > M with p{t NM, we look at the one-parameter family of the shape

t € k— (1/Gaussg) Z¢k(xN + taM),
ek

with Gaussy a (correctly chosen) quadratic Gauss sum over k.
We first give some general results about local systems of this (IV, M) type. We then specialize to
the cases where

N=¢"4+1,M=q¢"+1,n>m >0,

which, under suitable hypotheses, we show realize various total Weil representations. In hindsight,
our earlier paper [KT3] was devoted to the special case m = 1. Despite the apparent simplicity of
these local systems, analysis of them depends heavily on their relation to hypergeometric sheaves,
and on a great deal of finite group theory. The finite group theory is used to “go-up” from known
one-parameter local systems to multi-parameter local systems, and then to “go-down” to our target
one-parameter local systems. This technology of “going up” and “going down” also turns out to be
a crucial ingredient in our paper [KT5].

Our main results for finite symplectic groups Spy,,(¢) are Theorems 9.2, 9.3, and 9.4. In Theorem
9.2, we show that certain local systems on A! /Fp have as their geometric monodromy groups the
image of Spy, (q) in its total Weil representation of degree ¢™ and whose trace functions are easy
to remember one-parameter families of exponential sums. In Theorem 9.3 and Theorem 9.4 we
show that certain hypergeometric sheaves on G,,/F, have geometric monodromy groups which are
the images of Spy,,(¢) in its irreducible Weil representations of degree (¢" £ 1)/2. The structure of
the arithmetic monodromy groups is also determined completely. We obtain similar results for the
finite unitary groups, see Theorems 10.2-10.6.

2. A MISCELLANY ON MOMENTS, IRREDUCIBILITY, AND VAN DER GEER—VAN DER VLUGT

Let us recall the basic mechanism.

Let p be a prime, k/F), a finite extension, U/k smooth, and geometrically connected of dimension
dim(U) > 0, ¢ a prime £ # p, and F a lisse Q, sheaf on U which is t-pure of weight zero for a
given ¢ : Q, C C. By purity, one knows [De, 3.4.1(iii)] that F is geometrically semisimple, say on

Up .= U ® k we have
F = Pnibi,

with lisse G; on U ®}, k which are geometrically irreducible and pairwise non-isomorphic.

Proposition 2.1. One has

> (ni)? = limsup  (1/#E)"™) " | Trace(Froby, 5| F)[*.

i finite extensions E/k z€U(E)

Proof. We have
> (ni)? = dimEndy: (F)) = dimH2 ™) (U, End(F)(dim(V))).
i
This cohomology group is pure of weight zero, say with Frobenius; eigenvalues «j, j = 1,...,d,

each unitary, for d the dimension of this Hc2 dim(U) By the Lefschetz trace formula, for each finite
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extension E/k, we have
Trace(Frobp|H2Y™ W) (U, End(F)(dim(U)))
+ ) (=1)Trace(Frobg|H.(Uy, End(F)(dim(U)))
1<2dim(U)
= Z Trace(Frob, p|End(F))/ (#E)imU).
zeU(E)
The H! traces for i < 2dim(U) are O(1/v/E) (because the coefficients are pure of weight —2 dim(U),
so each H{ is mixed of weight < i — 2dim(U) < —1), while the q729O) trace is

Z(aj)deg(E/k) )
J

As the o are each unitary, the Hc2 4 trace is always < d in absolute value, but comes arbitrarily
close to d for some infinite sequence of E/k with suitably chosen degrees. The lower H! traces do
not affect the limsup, as they tend to 0 as the degree grows. g

We will refer to the quantity >_,;(n;)? in Proposition 2.1 above as the second moment Ma(F).

Lemma 2.2. Given strictly positive integers A # B which are both prime to p, a finite extension
k/F,, a nontrivial additive character ¢ of k, invertible scalars a,b € k*, and a choice Gaussy in Q
with absolute value \/#k, consider the lisse Qg-sheaf F on G, /k whose trace function is given by

-1 ZwE(axA—i—bth).

(Gaussy,)des(B/k)

te E/kw—

Then we have the following results.
(i) We have
Ms(F) = ged(A, B).

(ii) Let us denote by D := gcd(A, B). Over the extension field k(up), for each multiplicative
character x of order dividing D we have the lisse sheaf F, whose trace function is given by

—1 A/D B/D
(Gaussydea(®/m 2 Velar™'? +btx?P)x(x).
zel

t € E/k(pp) —
Then geometrically we have

x€Char(D)
each F, is geometrically irreducible, and the various F, are pairwise not geometrically

isomorphic.

In fact, this is a special case of the following slightly more general statement. Recall that a
one-variable polynomial f(z) over an Fj-algebra is said to be Artin-Schreier reduced if it is the zero
polynomial, or if it has no constant term, and if any monomial appearing with a nonzero coefficient
has degree prime to p. Given an Artin-Schreier reduced polynomial f(z), we denote by

ngdeg (f )

the greatest common divisor of the degrees of the monomials appearing in f.
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Proposition 2.3. Given strictly positive integers A # B which are both prime to p, a finite exten-
sion k/IF,, a nontrivial additive character ¢ of k, an Artin-Schreier reduced polynomial f(z) € k[z]

of degree A, and a choice Gaussy, in Qg with absolute value /#k, consider the lisse Qg-sheaf F on
Gm/k whose trace function is given by

-1 B
t€ Bk o ST 7> ve(f(x) + taP).
zeE

Then we have the following results.
(i) We have
Ma(F) = ged(gedgeg (f), B)-
(ii) Let us denote by D := ged(gedyey(f), B). Then f(x) is of the form g(zP) for a unique

polynomial g(x) € k[z]. Over the extension field k(up), for each multiplicative character x
of order dividing D we have the lisse sheaf F, whose trace function is is given by

-1 Z
te E/k(MD) ” (Gaussk)deg(E/k) q’bE + th/D)X(w)'
el

F= P F

x€Char(D)
each F, 1is geometrically irreducible, and the various F, are pairwise not geometrically
isomorphic. The rank of Fu is Max(A/D,B/D) — 1, the rank of each F, with x # 1 is
Max(A/D,B/D).

Then geometrically we have

Remark 2.4. When A > B, the sheaves F and F, are all lisse on Al, not “just” on G,,, and this
fact would slightly simplify the proof in this case.
Proof. We first calculate

(1/#E) Z | Trace(Frob, g|F)|*
tek

for a single E/k, large enough to contain the B*" roots of unity. It is

(/#E) Y du(f@) = fly) +t” —y") =

teEX x,yck
= (/#E)* Y vu(f(@) = f(y) Y vut® —y")).
z,yeE te X

We now rewrite the sum so that the sum over ¢ is over all ¢ € E. It becomes
—(1/#E)* > vu(f +(L/#E) ) va(f ) vetE? —yP)).
z,yeL z,yeE tcE
We claim that the first term

—(1/#E)* > vu(f (¥))

zyek
is O(1/#F). Indeed, it is minus the square absolute value of

(1/#E) > bp(f(x))

el
which is O(1/y/#FE) (because f has degree prime to p).
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So it is only the second term which affects the lim sup. That term is.

(1/#BE) > vu(f(@) - fy).

zyeE, xB=yB

The domain of summation is the union of the lines y = (x, one for each { € up. They all intersect
in x = y = 0, but otherwise are pairwise disjoint. So up to an error of at most B/#F, this sum is

ST (/#E) Y ve(f(x) — f(Cx)).

Cenp z€E

Because f is Artin-Schreier reduced, so also is f(x) — f(¢x). If f(x) — f(Cz) is nonzero, then its
degree is prime to p, and by Weil the sum

(1/#E) Y vu(f(z) — f(C2))
ek
has absolute value O(1/\/#FE). If f(z) — f({x) = 0, then this sum is 1. Thus up to an O(1/\/#E)
error, the sum is the number of ¢ € pp for which f(x) = f({z), an equality which holds precisely
for ¢ a root of unity of order dividing gedgeg(f). This proves the first assertion.
Once we have (i), we write the trace function of F as

t € E/k > (—1/(Gaussy) B E/M) N " g (g(2P) + taPB/P),
zeE

If E contains pp, this is the sum over x € Char(D) of the functions

t € E/k = (=1/(Gauss) /M) Y " pp(g(x) + ta”/P) x(x),
el

each of which is the trace function of a lisse F, which is pure of weight zero and lisse of rank
A/D = deg(g) for x = 1, and of rank deg(g) — 1. [Notice that deg(g) > 2, because Max(A, B)/D >
Min(A4, B)/D > 1, so each F, is nonzero.] Once we have F having second moment D expressed
geometrically as the sum of D nonzero summands, each summand must irreducible (otherwise we
get even more summands) and the D summands must be pairwise nonisomorphic (for if Y, n; = D
and >_,(n;)? = D, then each n; = 1). O

Here is a slight generalization of this last result, where we allow a multiplicative character to
“decorate” the sum in question. The proof, a straightforward rewriting of the proof of Proposition
2.3, is left to the reader.

Proposition 2.5. Given strictly positive integers A # B which are both prime to p, a finite exten-
sion k/F,, a nontrivial additive character ¢ of k, an Artin-Schreier reduced polynomial f(z) € k[z]
of degree A, a nontrivial multiplicative character p of kX, and a choice Gaussy, in Qp with absolute
value /#k, consider the lisse Qp-sheaf F on G,,/k whose trace function is given by

ST un(f() + 12 ().

(Gaussy, )des(E/k) =

te E/kw—

Then we have the following results.
(i) We have
MZ(]:) = ng(ngdeg(f)a B)
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(ii) Let us denote by D := ged(gedgeg(f), B). Then f(z) is of the form g(z?) for a unique
polynomial g(x) € klx]. Extend scalars so that k contains up and so that p is a D th power,
say p = oP. For each multiplicative character x of order dividing D we have the lisse sheaf
Fy whose trace function is is given by

-1
tE DI D) = o) 2 VR(0() + 1)) (e).

Then geometrically we have

x€Char(D)
each Fy is geometrically irreducible, and the various F, are pairwise not geometrically
1somorphic.
We will also frequently use the following higher-dimensional analogue of the previous result:

Corollary 2.6. Given r + 1 > 3 pairwise distinct integers A, By, ..., B, with
A>0,B1>By>...>B.>1,

which are each prime to p, a finite extension k/Fy,, a nontrivial additive character 1 of k, an Artin-

Schreier reduced polynomial f(z) € k[x] of degree A, a nontrivial multiplicative character p of k*,

and a choice Gaussy in Qg with absolute value \/#k, consider the lisse Qq-sheaf F on (Gp,)"/k

whose trace function is given by

(1 est0) € (B Jh > s 3 Ul (@) + 3 ia™)o(a).

(Gaussy, )des(E/k) =

Then we have the following results.

(i) We have
M (F) = ged(gedgeg (f): Bi, - - -, Br).
(ii) Let us denote by D := ged(gedgeg(f), Biy ..., Br). Then f(x) is of the form g(z?) for a
unique polynomial g(x) € klx]. Extend scalars so that k contains up and so that p is a D’th

power, say p = oP. For each multiplicative character x of order dividing D we have the
lisse sheaf F\ whose trace function is is given by

(1 12) € (B (i) = s S wplgla) + 3 10/ P)x(@)o (o).

(Gaussy, )des(E/k) =

Then geometrically we have
F= P Fo
x€Char(D)

each Fy is geometrically irreducible, and the various JF, are pairwise not geometrically
isomorphic.

Proof. It is clear that the trace function of F is the sum of the trace functions of the F,. So it suffices
to show that each F, is geometrically irreducible, and that they are pairwise not geometrically
isomorphic.

Freeze t; for i > 2 by setting ¢; = a; for any chosen a; € F, for which

a; + the coefficient of 2P in f(z) # 0.

[By such a choice of the a;, the monomials that appear in f(x) + >, ;2% will be exactly those
that appear in (f(z) +t125 + Do a;zP.] By the previous result applied to this one variable (1)
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family, the pullbacks of the F, to Gy, by t; — (t1,a2,...,a,) are each geometrically irreducible and
pairwise not geometrically isomorphic. So a fortiori the same is true of the F, themselves. [We use
r > 2 in this argument to be sure we may apply this pullback argument in the case A = 0, in which
case f(x), being Artin-Schreier reduced, is the zero polynomial, and our family has trace function

(t1,- ... tr) € (BX)"/k = (—1/(Gauss;) 1&E/M) y ¢E(Ztix3i)p(a:).]

zel i

To end this section, let us recall the wonderful insight of van der Geer and van der Vlugt.

Theorem 2.7. Let p be a prime, g a power of p, E/F, a finite extension, and f(zx) € E[X] a
polynomial of the form

f(z) = iaixqiﬂ
i=0

with n > 0 and a, # 0.

(i) Consider the sum

! S vn(f()).

Sf = (Gausst)deg(E/]Fp) =
If p is odd, and E contains Fq, then \Sf|2 is a power q" of q, with 0 <r <n. Ifp =2, the
value 0 may also occur (as it does, for example, in the n=0 case). If E C Fy, then |Sf|* is
a power of #E. If p = 2, the value 0 may also occur.

(ii) Suppose p is odd, and denote by K the unique subfield of Q((p) which is quadratic over Q.
Consider the polynomial

)= > a4
1=0

and the two sums

Sf’Jr = - Z¢E(f($)),

(Gaussﬂzp)deg(E/Fp) vy

S = s S (@) xale).

(Ga usst)deg(E/]Fp) —r

Both these sums lie in K. Moreover, if q is a square, and E contains F,, then both these
sums lie in Q.

Proof. The first statement is van der Geer and van der Vlugt [vdG-vdV]. For the second statement,
we argue as follows. The Gauss sum itself lies in K, so it suffices to look at the sums without the

Gauss sum factor. For \? a square in F, and any power @ of p, we have ()\2)(Q+1)/2 = \@t1 = )2,

So the substitution = +— A%z leaves the sum invariant. When ¢ is a square, and F is an extension of
Fy, the Gauss sum factor lies in QQ, and again it suffices to look at the sums without the Gauss sum

factor. Then every A € F,; becomes a square 72 with 1 € F,. Then we have (72)(qi+1)/2 =74+l = 72,
so the substitution z — 722 = Az leaves the sum invariant. U



8 NICHOLAS M. KATZ AND PHAM HUU TIEP

3. (A, B) GENERALITIES

In this section, we consider the following situtation. We are given a prime p, a (strictly positive)
power ¢ = pf of p, and two relatively prime, strictly positive integers A, B, both of which are
prime to p. We also fix a prime ¢ # p so as to be able to use Qs-cohomology, and an embedding of
Q" = Q(all roots of unity) into Q,. We also fix a nontrivial additive character 1 of IF,, which, unless
explicitly specified otherwise, is the additive character we will use in forming hypergeometric sheaves.
For a multiplicative character y, we denote Char(A,x) := {¢ | €4 = x} and Char(A) := Char(A4,1).

We first define

Hsmair,a,B = Hypy(Char(A) \ {1}; Char(B) \ {1}),

of type (A — 1, B — 1) and rank max(A, B) — 1. It is pure of weight A + B — 3. For each character
x with x# # 1, we define

Heig,a,B,x = Hypy(Char(A); Char(B,X)),

of rank max(A, B). The hypothesis that y* # 1 insures that the two sets Char(A) and Char(B, x)

are disjoint, for if p were in both, then p® = x, hence pAZ = xy4. But also p* =1, so pAB =1, a

contradiction. Thus Hpig 4B,y is of type (A, B) and rank max(A, B). It is pure of weight A4+ B —1.
Similarly, for each character x with x” # 1, we define

Hgig,A%B := Hypy(Char(A, x), Char(B)).

The hypothesis that x” # 1 insures that the two sets Char(A,x) and Char(B) are disjoint (same
argument as above). Thus Hlu)ig,A,x,B is of type (A, B) and rank max(A, B). It is pure of weight
A+B-1.

Because ged(A, B) = 1, at least one of A, B is odd.

Lemma 3.1. If A— B > 2, then the sheaves Hsmaii,A,B and Hyig, A,B,x for any x with XA # 1 each
have geometric determinant £X§—17 with the understanding that x2 is the quadratic character if p
is odd, and is 1 if p = 2. If B— A > 2, then Hgmau,a,B has geometric determinant £X23_1, and
Huig,a,B,x has geometric determinant EXXQB—l.

Proof. Immediate from [Ka-ESDE, 8.11.2]. O

Lemma 3.2. If A— B > 2, the sheaf ’Hgig Ax.B for any x with x® # 1 has geometric determinant
X’;*lx. If B—A>2, ”Hgig Ax.B for any x with xB # 1 has geometric determinant XQBA.
Proof. Immediate from [Ka-ESDE, 8.11.2]. O

Remark 3.3. In the following sections, we will deal systematically with descents of hypergeometric
sheaves. Here is one way to think of them. View a given hypergeometric sheaf H as living on

Gm/ IETP, and giving an irreducible Q-representation V of the geometric fundamental group T =

71(Gm/Fp). Given a finite field k/F,, a descent Ho of H may be seen as an an irreducible Q-

representation Vg of the arithmetic fundamental group 7" := m(G,,/k) whose restriction to
the normal subgroup 7™ < 7" is V. If such a descent Vg to G,,/k exists, any other such

descent is of the form Vj ® p for some one-dimensional representation p of the quotient group
morith /780 o Gal(F,/k). This indeterminacy will appear later as a clearing factor when we force
our descents to be pure of weight zero.

The arguments of [K'T3, §§7,8] give the following lemmas.
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Lemma 3.4. Suppose A and B are strictly positive integers, both prime to p, with gcd(A, B) = 1.
Then Hemau,A,B s geometrically isomorphic to the lisse sheaf

/Hsmall,A,B,descent
on Gy, /F), whose trace function is as follows: for E/F, a finite extension, and u € E*, the trace at
time u s given by
ue B — — Z YE(Az — By).
z,yeE,xA=uyB
Lemma 3.5. Suppose A and B are strictly positive integers, both prime to p, with gcd(A, B) = 1.
Suppose x* # 1. Then Hpig,A,B,x 15 geometrically isomorphic to the lisse sheaf

Hbig,A,B,x,descent

on Gp,/Fp(x) whose trace function is as follows: for E/F,(x) a finite extension, and u € E*, the
trace at time u is given by

weE X — Y p(Az - By)x(y).

z,y€E xA=uyB
Lemma 3.6. Suppose A and B are strictly positive integers, both prime to p, with gcd(A, B) = 1.
Suppose xB # 1. Then HgigA B geometrically isomorphic to the lisse sheaf

i
Hbig,A,x,B,descent

on Gp,/Fp(x) whose trace function is as follows: for E/F,(x) a finite extension, and u € E*, the
trace at time u is given by

uec BEX — — Z Vi (Az — By)x(x).

z,y€E xA=uyB
We have the following rationality results.

Lemma 3.7. Suppose A= B mod (p—1). Then we have the following results.

(1) Hsmali, A, B descent has all its traces in Q.
(ii) Given a character x with x4 # 1, for D the order of x define Ey = Fy(ppp-1)).- Then
pulled back to G,/ Ey, Huig.A,B,x.descent has all its traces in Q(x) := Q(the values of x).
(iii) Given a character x with x? # 1, for D the order of x define E, := Fp(ipp—1)). Then

pulled back to G,/ E,y, HgigAx B.descent @S all its traces in Q(x) := Q(the values of x).

Proof. From the explicit formulas, we see that the traces lie in Q((,) and in Q((p, x) respectively. So
it suffces to show the traces are fixed by Gal(Q((,)/Q) and by Gal(Q({p, x)/Q(x)) respectively. For
any A € F, the domain of summation, x4 = uyP is mapped to itself by the automorphism (z,y) —
(Ax, A\y), precisely because A = B mod (p — 1). Making this substitution shows that each trace of
Hsmall, A,B descent 1 fixed by F = Gal(Q((p)/Q). To prove (ii) and (iii), the key point is that over
extensions of E), the restriction of x to the subgroup F; of E is trivial. So the same substitution
shows that each trace of Hyig 4B x,descent 0N G/ Ey is fixed by Fj = Gal(Q((p, x)/Q(x))- O

Lemma 3.8. Suppose p is odd. Denote by K the unique subfield of Q((,) which is quadratic over
Q. [Thus K is Q(Gauss,), with Gauss,, either choice of quadratic Gauss sum over F,.] Suppose A
and B are strictly positive integers, both prime to p, with gcd(A, B) = 1. Suppose further that we
have the congruence

2A=2Bmod (p—1),



10 NICHOLAS M. KATZ AND PHAM HUU TIEP

or that we have the congruence
(¢+1)A=(¢g+1)Bmod (p—1),

ﬁ .
Then all three of the sheaves Hgmai, A,B,descent Hbig,A,B,xa,descent aNd Hbig,A,xg,B,descent have all their
traces in K.

A_,.,B;
> = uy” is mapped to

itself by the automorphism (z,y) — (A2, \2y) = (A?+1z, \9T1y), either because 24 = 2B mod (p—
1) or because (¢ + 1)A = (¢ + 1)B mod (p — 1). Making this substitution shows that each trace is

Proof. For any A € FX, we have A = A9, So the domain of summation,

fixed by by the subgroup of squares in F)’ = Gal(Q(¢,)/Q). O
We now use the fact that ged(A, B) =1 to find integers «, 8 with
aA— BB =1.

In the indexing set equation, 4 = uy?, write u = u*4~#B. Then this equation becomes
(a/u2)A = (y/u?)P.
Again because gcd(A, B) = 1, there exists a unique z € E such that
z/u® = 28 y/uf = 2N
Making use of these substitutions, we obtain the following.

Lemma 3.9. Suppose A and B are strictly positive integers, both prime to p, with gcd(A, B) = 1.
Then we have the following results.

(1) Hsmali, A, B descent 1S isomorphic to the lisse sheaf on Gy, /F), whose trace function is as follows:
for E/F, a finite extension, and v € E*, the trace at time u is given by

u€eE* — — Z Ve (Au®zP — BuP24).
zel

(1) Hbig,A,B,x,descent @5 isomorphic to the lisse sheaf on Gy, /F,(x) whose trace function is as
follows: for E/F,(x) a finite extension, and u € E*, the trace at time u is given by

ue B — — ZwE(AuazB — BuPz4)x (uP21).
zeR
(iii) HgmA,X’B’descent is isomorphic to the lisse sheaf on G, /F,(x) whose trace function is as
follows: for E/F,(x) a finite extension, and u € E*, the trace at time u is given by
u€eE" — — Z Ye(Au®z8 — BuP 24y (u®2P).
zeE

We now consider the Kummer pullbacks by [A], u — u?, and by [B], u — u®.

Corollary 3.10. Suppose A and B are strictly positive integers, both prime to p, with gcd(A, B) =
1, and with x a character with x* # 1 and with p a character with p® # 1. Then we have the
following results.

(i) The Kummer pullback [A]*H smail, A,B descent 1S isomorphic to the lisse sheaf on Gy, /F), whose
trace function is as follows: for E/F, a finite extension, and u € E*, the trace at time u is
given by

u€ E* — — Z Vp(AuzP? — B2,
zeE
by the substitution z — z/uP.



(i)

(iii)

or that

(i)
(i)

(iii)
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The Kummer pullback [B]*Hgsmali, A,B,descent 5 isomorphic to the lisse sheaf on G, /F,
whose trace function is as follows: for E/F, a finite extension, and w € E*, the trace at
time u is given by

u€E* — — Zi/JE(AzB — Bu~'z%),
zeE
by the substitution z — z/u.
The Kummer pullback [A]*Hpig A,B,y,descent i isomorphic to the lisse sheaf on Gm/Fp(XA)
whose trace function is as follows: for E/FP(XA) a finite extension, and u € E*, the trace
at time u is given by

u€eE* — — Z VYe(Auz? — B24)xA(2),
zelk

the last equality by the substitution z — z/uﬁ.

The Kummer pullback [B]*Hpig, A, B,y descent 1S isomorphic to the lisse sheaf on Gy, /Fp(x)
whose trace function is as follows: for E/Fy(x) a finite extension, and uw € E*, the trace at
time u is given by

u€ E* — — Z V(A28 — Bu=tz)y(u™tzt),
zel

the last equality by the substitution z — z/u®.

The Kummer pullback [A]*H2197A7p7

whose trace function is as follows: for E/FP(XA) a finite extension, and u € E*, the trace
at time u is given by

u€e B — — Z¢E(AUZB — Bz p(uz?),
zel

B.descent 15 isomorphic to the lisse sheaf on G, /F,(p)

The Kummer pullback [B]*Hgig,A,p,B,descent is isomorphic to the lisse sheaf on G, /Fp(p?)

whose trace function is as follows: for E/F,(x) a finite extension, and u € E*, the trace at
time u is given by

u€ E" — — Z V(A28 — Bu=t2%)pP(2),
z€E

the last equality by the substitution z — z/u®.

Lemma 3.11. Suppose A and B are strictly positive integers, both prime to p, with ged(A, B) = 1.
Define K := Q(Gaussg, ). Suppose further that A > B and that

2A=2B =2mod (p—1),

(g+1)A=(¢+1)B=2mod (p—1).

Then we have the following results.

The lisse sheaf [A]*Hsmair, A, B descent 01 G /Fp has all traces in K.

Given x with x* # 1, and D the order of x*, define Fya :=Fp(upp—1y/2)- Then the lisse
sheaf [A]*Hbig, A, By, descent ON G /Fya has all traces in K.

Given p with p® # 1, and D the order of p®, define F 5 = Fp(pp—1y/2)- Then the lisse

sheaf [B]*Hgig An.B.descent 0% Gm/F o5 has all traces in K.
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Proof. The key point is that under the first hypothesis, for A € F, we have (M)A = \24 = )2
similarly (A2)? = A2. Under the second hypothesis, (A\2)4 = (A9T1)A = A2, similarly (A\2)B = \2.
To prove (i), for each A € Fg, simply make the substitution z — A2z; this does not change the sum,
but both z4 and z? are multiplied by A2. For (ii) and (iii), use the same substitution, remembering
that x4(\?) = 1 over extensions of F,a and pB(\2) = 1 over extensions of F B O

Proposition 3.12. Suppose A and B are strictly positive integers, both prime to p, with gcd(A, B) =
1. Suppose further that A — B > 2 and that A is odd. Then we have the following results.

(i) Suppose p is odd. The for any nontriwial additive character ' of F,, the lisse sheaf
Hsmall, A,B,descent @ (—Gauss(1), x2))~ 98 on Gm/F, ts pure of weight zero and has arith-
metic determinant ((Xg(—l))(A*I)/Q)deg.

(ii) Suppose p = 2. Then the lisse sheaf Hsmal, A.B descent @ (—V/2)~ 92 on G, /Fa is pure of
weight zero and has arithmetically trivial determinant.

(iii) Suppose p is odd. Define e(A) := (—1)A=D/2 and denote by V_e(a)AB the nontrivial additive
character t — (—e(A)ABt) of F),. Then the lisse sheaf

Hbig,A,B,xa,descent @ (_Gau-"s(wfe(A)AB; X2))~ deg

on Gy, /Fy, has arithmetically trivial determinant.

Proof. The explicit formulas of Lemma 3.9 makes clear that Hemau 4,8 and Hpig A B yo,descent are
pure of weight one, and thus their twists in the two cases puts us in weight zero. We first prove
(i) and (ii). To save having to write “by (—Gauss(¢’, x2))~ 9% or by (—v/2)~ 9" in the rest of the
proof, let us adopt the convention that

Gauss(¢', x2) := /p for p=2.

The hypergeometric description of Hgmnau, 4, shows that the determinant is geometrically trivial,
cf. [Ka-ESDE, 8.12.2, (3)]. Therefore the determinant is of the form D& for some f-adic unit D.
To show that D = 1, it suffices to do so at the single point v = 1 in G,,,(IF,). This determinant at
v =1 is equal to the determinant at v = 1 on the Kummer pullback by v — v4. But this Kummer
pullback, whose trace function is, by Corollary 3.10,

v € EX  (1/Gauss(1), x2)) 8 E/F) Y " p(Avz® — B2,
zeE

is lisse on A!/F,, and its determinant remains D98
So its determinant at v = 1 is equal to its determinant at v = 0. But at v = 0, we are looking at
the cohomology group

HY(AY/TF,, Loy~ pzay) ® (—Gauss(¢, x2))~ deg,

Because A is odd, if we had twisted instead by either choice of /p~ deg then we would be arithmeti-
cally symplectically self dual, and would have determinant 1. So if p is 1 mod 4, this is our situation:
we are arithmetically symplectically self-dual, and therefore the determinant D = 1. However, if p
is 3 mod 4, then our twisting Gauss sum is i,/p, so our determinant is i4~1 which is (—1)(‘4*1)/2,
which, because p is 3 mod 4, is the asserted (y2(—1))A=1/2,

We now turn to proving (iii). Again the hypergeometric description of Hpig A, B ys,descent ShOWs,
by [Ka-ESDE, 8.12.2, (3)], that its determinant is geometrically trivial, of the form D for some
f-adic unit D. We now repeat the argument above. It suffices to show that D = 1 at the point
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v = 1 in G, (F,). This is equal to the determinant at v = 1 on the Kummer pullback by v + v4.

But this Kummer pullback, whose trace function is, by Corollary 3.10,
v € B — (1/Gauss(y (), X2), x2)) 8 E/Fr) Z Yp(AvzB — B2y (2),
zeE

is lisse on A!/F,, and its determinant remains D8, So its determinant at v = 1 is equal to its
determinant at v = 0. But at v = 0, we are looking at the cohomology group

HY (A /Fy, Loy paay ® Lyy() © (—Gauss(yh_c(ayap, X2), X2), X2)) ™ 1%,

which, because A is odd, is orthogonally self-dual. It is proven in [Ka-NG2, 1.4] that with the
imposed choice of quadratic Gauss sum, this orthogonal autoduality has determinant D = 1 (re-
membering that we are applying the cited result to the additive character ¢_p). O

Proposition 3.13. Suppose A and B are strictly positive integers, both prime to p, with gcd(A, B) =
1. Suppose further that p is odd, that A — B > 2 and that A is even. Then we have the following
results.

(i) For any choice of C € F)\, denote by Yo the additive character t — (Ct). The lisse sheaf
[.A]*Hsmau,A,B,descent ® (—Gauss(wc,xg))_deg on AI/IFp, whose trace function at u € E/F,
is

we B o (—1/(~Gauss(ic, x2)) EE)) 3 g Aus® — B2,
zeE

is pure of weight zero and has arithmetic determinant (X2(2ABC(—1)A/2))deg.
(ii) Choose a character p with p* = xo. For any choice of C € F), the lisse sheaf

[A]*Hbig,A,B,p,descent ® (_GaUSS(TZJCH XQ))ideg
on AL /F,, with trace function
u € E s (=1/(=Gauss(yc, x2)) BE )Y " (Auz® — B2 xa(2),
z€E

is pure of weight zero and has arithmetic determinant (XQ(Q(—I)A/Z))deg.

Proof. The explicit formulas of Corollary 3.10 make that the [A]* pullbacks are lisse on Al/F,,
and after the twist by any quadratic Gauss sum, are pure of weight zero. Because A is even, it
results from Lemma 3.1 that each pullback has geometrically trivial determinant. So to compute
the arithmetic determinant, it suffices to do so at time u = 0 in A!(FF,). At this point, we use the
idea already used in the proof of Proposition 3.12, namely we first compute the determinants of the
cohomology groups

Hl(Al/Ev ‘Cw(fBzA)) and Hl(Al/Ea ‘Cw(fBzA) ® £xg(z))

These are computed in parts (1) and (2) of [KT1, Theorem 2.3], where the D there is our A, the ¢
there is p, and the ¢ there is our ¥_p. The first determinant is

(—Gauss(th_pa/2, X2)p“Y P! = xo(~CAB/2)(—Gauss(vc, x2) (x2(—1)(—Gauss(vc, x2))*) /21 =
= X2(—2CAB)x2(~1)W2 7! (=Gauss(vc, x2) ! = x2(2CAB(=1)"/?)(~Gauss(vc, x2)* .
The second determinant is (—Gauss(¥pa, x2) times the first, so is
X2(CAB)x2(2CAB(—1)*?)(~Gauss(tc, x2) .

In both cases, after the Gauss sum twisting, we are left with the asserted arithmetic determinant. [
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Proposition 3.14. Suppose A and B are strictly positive integers, both prime to p, with gcd(A, B) =
1. Suppose further that p is odd, that A — B > 2, that A is even and that B is odd. Choose integers
a, B with

aA— B =1, « even,
(which is always possible, for if (c, B) works, then so does (o + B, 3 + A), and B is odd). For any
choice of C € F;, the lisse sheaf

—d
Hgig,Am,B,descent ® (_Gauss(d}C’ XQ)) ®

on Gy, /Fp, with trace function

ue B (~1/(—Gauss(thc, x2)) " “EE/) 3 yp(AuzE — Bufz)xa(2),
z€E
is pure of weight zero and has arithmetic determinant (X2(2(—1)A/2))deg.
Proof. From the explicit formula for its trace function, it is obvious that Hgi 9. A x2.B descent is pure
of weight one, and hence that twisting by any quadratic Gauss sum renders it pure of weight zero.
Because B is odd and « is even, the asserted trace formula is just (iii) of Proposition 3.9. Because

A is even, it results from Lemma 3.2 that ’Hgi 9 Ans has geometrically trivial determinant.

B,descent
Therefore we may compute its arithmetic determinant at the point u = 1 in G,,(F,). This is the

determinant attached to the trace function over varying extensions £/, given by
- Z YE(AzP — BzY)xa(2),
zeE
which is in term the trace at u = 1 on the lisse sheaf on A!/F, whose trace function is
ue E— — Z Ve(Auz? — BzY)xa(2).
z€E

This lisse sheaf is none other than [A]*Hyig. 4,B,p,descent, for any choice of p with p? = xo, which,
we have seen in Proposition 3.13, has geometrically trivial determinant, and whose arithmetic

determinant is the asserted (X2(2(—1)A/2))deg. O
From [KRLT, Prop. 1.2], one sees the following.

Proposition 3.15. If a geometrically irreducible hypergeometric sheaf of type (n, m) with n > m >
0, or with m > n > 0, is Belyi induced, then n —m is prime to p, and is divisible by p — 1.

Proof. In the notations of [KRLT, Prop. 1.2] (whose A and B have nothing to do with ours), when
n >m > 0, we have n = A+ B and either A+ B or A or B is dgp” with sr > 1 and dy prime to p. In
these cases, m is either dy, or dy+ B, or A+dp. So in each case, n—m = dop" —dy = do(p"—1), which
is prime to p and is divisible by p — 1. To deal with the case m > n > 0, first apply multiplicative
inversion. g

Corollary 3.16. Suppose A and B are strictly positive integers, both prime to p, with gcd(A, B) =
1. Suppose further that A — B is divisible by p. Then neither Honan,a,B nor Hyig a,B,y for any x

with x4 # 1 nor Hgig,A,p,B for any p with pP # 1 is geometrically induced.

Proof. The relative primality of A and B shows that neither sheaf is Kummer induced. That neither
is Belyi induced results from Proposition 3.15. g

Combining the above primitivity result Corollary 3.16 with [KT4, Theorem 1.5], we get the
following two results.
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Proposition 3.17. Suppose A and B are strictly positive integers, both prime to p, with gcd(A, B) =
1. Suppose that A — B is divisible by p, and that max(A, B) is prime to p. Suppose further that

|A — B| > max(A, B)/2 > 2.

In the special case max(A, B) = 8, suppose A — B =T (possible only when p = 7). In the special
case max(A, B) =9, suppose A— B =7 or 8 (possible only when p =7, respectively when p = 2).
Then for any x with x* # 1, Huig,A,Bx Satisfies condition (S4) (as defined in [KT4, §1]).

Proposition 3.18. Suppose A and B are strictly positive integers, both prime to p, with gcd(A, B) =
1. Suppose that A— B is divisible by p, and that max(A—1, B—1) is divisible by p. Suppose further
that

|A—B| > (2/3)(max(A—1,B—1)—1) > 2

In the special case max(A, B) = 8, suppose A — B =T (possible only when p = 7). In the special
case p = 2, suppose max(A —1,B — 1) # 8. Then Heman,a,p satisfies condition (S+).

4. LOCAL SYSTEM CANDIDATES FOR Spy,,(q)

In this section, expanding [KT3|, we consider the following situation: p is an odd prime, ¢ is a
(strictly positive) power ¢ = p/ of p, and we are given two positive integers n # m with ged(n, m) = 1
about which we assume

ged(¢" +1,¢™ +1) = 2.

Notice that n, m cannot both be odd, otherwise ¢ + 1 divides ged (g™ +1,¢™ + 1), nor can they both
be even, as gcd(n, m) = 1. So precisely one of n,m is even, and the other is odd. In what follows,
we suppose that

n even, m odd.

We define
A:=(q"+1)/2, B:=(¢"+1)/2.

We will apply the results of the previous section to this (A, B), and to the quadratic character
X2. Thus A is odd. The parity of B depends on the value of ¢ mod 4 (B will be odd if ¢ is 1 (mod
4), and will be even if g is 3 (mod 4)).

Lemma 4.1. There exist integers o, § with « A — BB = 1 with § even.

Proof. If o, f has aA — B =1, so does (a+ B, 3+ A). Since A is odd, we may change the parity
of 8 at will. O

For the rest of this section, we fix a choice of «, 5 with
aA — (BB =1, B even.
We consider the hypergeometric sheaf

Hsmait,A,B = Hypy(Char(A) \ {1}; Char(B) \ {1}),
of rank max(A, B) — 1, and the hypergeometric sheaf

Hpig,A,B = Hbig,A,B,x. = Hypy(Char(A); Char(B, x2)),
of rank max (A, B).

Lemma 4.2. We have the following results.
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(i) (mise pour mémoire) Hsmaii, A, B, descent 5 isomorphic to the lisse sheaf on Gy, /F), whose trace
function is as follows: for E /I, a finite extension, and u € E*, the trace at time u is given
by

u€ B — — Z Ve(Au®zP — BuPz?t).
zEE

(1) Hbig,A,Bdescent is isomorphic to the lisse sheaf on Gy, /F), whose trace function is as follows:
for E/F, a finite extension, and uw € E*, the trace at time u is given by

we B o =3 gp(Auz” — Bu’ 2 (2),
zelR

Proof. Immediate from Corollary 3.10. The first assertion is Lemma 3.9(i). The second is statement
(ii) of that same lemma, remembering that 3 is even and A is odd, so that yo(u’24) = xa(2). O

Corollary 4.3. The direct sum
W’H = Hsmall,A,B,descent @ Hbig,A,B,descent

is isomorphic to the arithmetically semisimple lisse sheaf on Gy, /F, whose trace function is as
follows: for E/F, a finite extension, and w € E*, the trace at time u is given by

u€eE" — — Z Yp(Au®z? "+t — BuP 20",
z€E

Proof. Indeed, the trace function at time u € E* of this direct sum has value
S p(Au2? - BUP (14 xa(2) = — 3 wp(Au®2?B — BuP ),
zel zeE
and 2A=¢"+1, 2B=¢" + 1. O

Remark 4.4. If A > B, then after [A] pullback, both [A[*H a4, and [A]*Hpig 4, become lisse
on Al. But when A < B, neither [A]*Hsman,a,5 nor [A]*Hpig 4,5 becomes lisse on Al.

Theorem 4.5. Suppose A > B. Then we have the following results.

(i) For G either choice of minus the quadratic Gauss sum over I, the lisse sheaf

—de
Hsmall,A,B,descent ® G &

on Gy, /F, has arithmetically trivial determinant.
(ii) Denote by 1) the nontrivial additive character t — (—t). Then with the clearing factor

G := —Gauss(v, x2)

the lisse sheaf Hyig A,B,descent @ G deg op Gm/Fp has arithmetically trivial determinant.
(iii) If —1 is not a square in Fy,, then with the clearing factor —Gauss(1), x2), the arithmetic
determinant of the lisse sheaf Hyig,A,B descent @ (—Gauss(1, x2))~9¢8 s (—1)des,

Proof. The first assertion is a special case of Proposition 3.12(i), because the (A — 1)/2 exponent
there is (¢" — 1)/4, which is even because n is even and ¢ is odd. The second assertion is a
special case of Proposition 3.12(iii), remembering that in this case €(A) = 1 (because, as n is even,
(A-1)/2=(¢"—1)/4is even), and —AB = —(¢" +1)(¢"+1)/4is —=1/4(mod p), and mod squares
is —1. For (iii), observe that when — is not a square in F,, the “usual” Gauss sum is minus the
one making the arithmetic determinant trivial in (ii), and as the rank A is odd, the arithmetic
determinant in (iii) will be (—1)d°s. O
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Theorem 4.6. Suppose B > A. Then on Gy, /F 2, with the clearing factor
G:=(—1)P1/2p,
we have the following results.

(i) If B is odd, the lisse sheaf Hsmail, A,B,descent @ G—deg pgs arithmetically trivial determinant,

and the lisse sheaf Hyig A,B,descent @ G~ 98 has geometric determinant Ly,. The Kummer
pullback B
[2]*Hsmall,A,B,descent & G_deg
has arithmetically trivial determinant.

(ii) If B is even, the lisse sheaf Hsmaii, A,B,descent @ G 98 hgs geometric determinant Ly,, and
the lisse sheaf Hyig, A, B descent @ G—deg pas arithmetically trivial determinant. The Kummer
pullback B

[2]*Hsmall,A,B,descent & Gideg

has arithmetically trivial determinant.

Proof. Again we have B — A > 2, so the geometric determinant of Hgy,q11,4,B,descent 18 the product
of all the nontrivial characters of order dividing B, so is trivial if B is odd and is £, if B is even.
The geometric determinant of Hpig A B descent 15 the product of all the characters in Char(B, x2),
which is Ly, if B is odd and is trivial if B is even. So after taking the appropriate Kummer [2]*
pullbacks, both sheaves in question have geometrically trivial determinants, and we proceed as in
the proof of Theorem 4.5, first evaluating at w = 1, then at u = 1 on the [B]* pullbacks, which are
lisse on P!\ 0, then at u = oo on these pullbacks, to reduce to applying [KT1, 2.3, (1) and (2)],
with the D there taken to be our B, and the 1 taken to be 1)_ 4. The results of [KT1, 2.3, (1) and
(2)] involve various quadratic Gauss sums, but by working on G,,/F,2, only their squares occur,

and these squares are each the G in the statement of the theorem. O
From Lemma 3.11, we have

Lemma 4.7. Each of the sheaves [A]*Hsmaii, A,B descent and [A]*Hpig A B descent has all its traces in
K.

Recall once again that for our (A, B), the image of each of A, B in [F, is 1/2. So if we denote by
¥_1/2 the additive character of F}, given by x + ¢(—x/2), then we can restate Lemma 3.9 in our
case as follows.

Lemma 4.8. The direct sum

* *
WSp = [A] Hsmall,A,B,descent @ [A] Hbig,A,B,descent

is isomorphic to the lisse sheaf on Ay/F, whose trace function is as follows: for E/F, a finite
extension, and u € E*, the trace at time u is given by

ue E* — — Z ¢_1/27E(zqn+1 —uz?" ),
zeE

We now consider the Kummer pullback by [A]. We apply Corollary 3.10.

Corollary 4.9. We have the following results.

(i) The Kummer pullback [A]*H smaii, A,B,descent 1S isomorphic to the lisse sheaf on Gy, /F), whose
trace function is as follows: for E/F, a finite extension, and u € E*, the trace at time u is
given by

ueE* — — Zw_l/27E<ZA —u2B).
zelE
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(ii) The Kummer pullback [A]*Hpig A,B.descent 15 isomorphic to the lisse sheaf on Gy, /I, whose
trace function is as follows: for E /I, a finite extension, and uw € E*, the trace at time u is
given by

uw€E s = g p(z" —uz?)xa(2).
z€EE

(iii) The Kummer pullback [A]*Wy sp is isomorphic to the arithmetically semisimple lisse sheaf
on Gy, /F, whose trace function is as follows: for E/F, a finite extension, and u € E*, the
trace at time u is given by

uwe EX — — Z ¢71/27E(22A . UZQB) _ Z ¢71/27E(an+1 _ uzqurl).
zeE zeE

In particular, if E is a subfield of Fy, then the trace at the time u =1 is —#E.

Let us denote by
Wi sp(1/2)
the constant field twist of Wy, s, obtained by dividing the trace over E by —Gauss(¢, X2), so that
we are pure of weight zero.

Theorem 4.10. We have the following results.
(ii Over any extension of Fy, the square absolute values of traces of Wiy sp(1/2) are powers of
q. Over any subfield k of F,, the square absolute values of the traces of Wy sp(1/2) are
powers of #k; moreover, the trace at uw =1 has squared absolute value equal to #k.
(ii) The arithmetic and geometric monodromy groups of Wy sp(1/2) (and hence also of both
Hsmall, A, B,descent (1/2) and Hpig A, B.descent(1/2)) are finite, and all three of these sheaves
have all traces in K.

Proof. Assertion (i) is van der Geer-van der Vlugt [KT2, Lemma 5.2, and Lemma 4.7. It implies
the second assertion, cf. [KT2, §5]. [Note that the definition of the relevant local systems in [KT2,
§5] uses a possibly different clearing factor, which can, however, change only the sign of the trace
function.] O

Let us define
Wep = [A" Wy sp,
and denote by
Wsp(1/2)
the constant field twist of Ws, obtained by dividing the trace over E by —Gauss(¥ g, x2). We record
the following corollary of Theorem 4.10.

Corollary 4.11. We have the following results.
(ii Over any extension of Fy, the square absolute values of traces of Wsp(1/2) are powers of q.
Over any subfield k of Fy, the square absolute values of the traces of Wsp(1/2) are powers
of #k; moreover, the trace at uw = 1 has squared absolute value equal to #k.
(ii) The arithmetic and geometric monodromy groups of Wsp(l/Q) (and hence also of both
[A* M smail, A, B descent(1/2) and [A*Hpig A,B.descent(1/2)) are finite, and all three of these
sheaves have all traces in K.

Theorem 4.12. If A > B, then on Al/Isz, both Hsmali, A,B,descent (1/2) and Hiig a,B,descent(1/2)
have arithmetically trivial determinants. If B > A, then on Gy, /F,2, both [2]*Hsmaii,A,B.descent (1/2)
and [2]*Hpig, A, B,descent (1/2) have arithmetically trivial determinants.

Proof. This is a special case of Theorem 4.5 when A > B, and of Theorem 4.6 when B > A. g
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Proposition 4.13. Both sheaves Hsman, A, and Hpig A B satisfy condition (S4). Their wild parts
(at 0o if A> B, at 0 if B> A) have dimension |A — B|, with all slopes 1/|A — B].

Proof. To avoid the confusion caused by not knowing if A > B or if B > A, let us define
¢ := Max(n,m), d:= Min(n,m), C := Max(A, B) = (¢° +1)/2, D :=Min(A, B) = (¢* +1)/2.

At the expense of a possible multiplicative inversion, our sheaves are of type (C'—1,D — 1) and of
type (C, D). Both have wild part of dimension

W:=C—-D=(¢—q%)/2

This difference being divisible by p, their primitivity results from Corollary 3.16.

The ranks are both prime to p, being (¢°+1)/2. So we may apply [KT4, Theorem 1.5]. We must
show that W > (D — 1)/2 for Hsmau,a,p and W > D/2, that D —1 > 4, and check that neither
D —1mnor Dis8 Wehave c>2,s0 D—1=(¢°—1)/2 > (32 —1)/2 = 4. Neither D — 1 nor D is
8, otherwise we have either

(¢ —1)/2=8or (¢°+1)/2=28.
In the first case ¢¢ = 17, impossible as ¢ > 2. In the second case, ¢ = 15, nonsense.
It remains to show that W > D/2, i.e., that

(a°—q")/2> (¢ +1)/4,
or, equivalently,
20¢°—qb) > ¢, e ¢©—2¢0>1, ie ¢ ¢c?1-2)>1.
This last holds because ¢ >3 andc—d >1,d > 1. O

5. LOCAL SYSTEM CANDIDATES FOR SU,(q)

We now turn to the particular situation relevant to unitary groups. Thus ¢ is a power of p,
n > m > 0 are odd integers with gced(n,m) = 1 (which forces ged(¢" + 1,¢™ + 1) = ¢+ 1), and

A:=(¢"+1)/(¢+1), B:=(¢"+1)/(qg+1).

Remark 5.1. In this section, we impose n > m, so that A > B. In the previous section, we
imposed n even, m odd, but this did not determine which of A, B was the larger.

Lemma 5.2. Both A and B are odd. Indeed A =n mod (¢+ 1), B=m mod (¢+1).
Proof. If p =2, then each of ¢" +1,¢™ + 1,q+ 1 is odd. If p is odd, then
A=("+1)/(g+1)=1—q+¢ - +...+¢" ' =nmod (¢ +1),
hence A has the same parity as n, which is odd. Simillarly, B = m mod (¢ + 1). d
Notice here that both A, B are = 1 mod (¢ — 1), hence also = 1 mod (p — 1).

Proposition 5.3. For any nontrivial character p of order dividing q + 1, there is a lisse sheaf G,
on Al/qu whose trace function is as follows: for E/F . a finite extension, and u € E, the trace at
time u s given by
ue B~ — Z"L/JE(UZB — 2N p(2).
z€E
This sheaf G, is geometrically isomorphic to the Kummer pullback [A]*Hyig ,B,y,descent fOr any
choice of x with x* = p. Moreover, the sheaf G, has all its traces in the field Q(p).
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Proof. To get the existence, choose any x with x4 = p, and apply Corollary 3.10. The traces a
priori lie in Q((p, p). To see that they lie in Q(p), we must show that for any A € F), and any
u € E/F ;2 we have the identity

S wpuz® — AeMo(z) = 3 vp(us® - 2)p(2).

zeE zeR
In fact, this will hold for any A € F, by the substitution z = Az, because both A, B =1 mod (¢—1)
and because ) is the (¢ + 1) power of some element of F,2 by surjectivity of the norm. ([l

Proposition 5.4. There is a lisse sheaf Gy on Al/IFp whose trace function is as follows: for E/F,
a finite extension, and u € E, the trace at time u is given by

ue kb — — ZwE(uzB —24).
z2€E

This sheaf G, is geometrically isomorphic to the Kummer pullback [A]*Hsmali, A,B,descent- It has all
its traces in Q (again because both A, B =1mod (¢ —1)).

Proposition 5.5. The direct sum EBPGChar(qH) G, is geometrically isomorphic to the arithmetically
semisimple lisse sheaf
Wsu

on Al/F, whose trace function at time u € E/F), is given by
u€FEw— — Z Pp(uz? T — 24",
zeE

Corollary 5.6. Each of the lisse sheaves G, is geometrically irreducible.

Proof. Here are two proofs. Because ged(¢™ + 1,¢™ + 1) = ¢ + 1, Wg has second moment g + 1
(by Lemma 2.3). Being the sum of the ¢ + 1 summands G,, each summand must be geometrically
irreducible. Alternatively, one could use the fact that gcd(A, B) = 1, and apply Proposition 2.5 to
each G,,. O

Theorem 5.7. On A'/F 4, each of the lisse sheaves G, ® (1/¢?)9° has arithmetically trivial deter-
minant. In characteristic 2, this is already true for the lisse sheaves G, ® (1/q)%® on A!/F .

Proof. From Lemmas 3.1 and 5.2, we know that each has geometrically trivial determinant. So it
suffices to show that at a single point u € F4, the determinant is 1. We take the point v = 0.
According to [KT1, 2.3, parts (3) and (4)], the determinant for Gy at the point u = 0 viewed in 2
is (¢2)A=1/2 = ¢A~1 and the determinant of G, for p nontrivial is (—Gaussp , (P4, 0))(g?)AD/2,
By Stickelberger’s theorem [BEW, 11.6.1], for p nontrivial of order r dividing ¢ + 1, one has
(—D)@D/rg, g odd,

(5.7.1) Gaussy , (Ya,p) = { q, q even.

So over F 4, these determinants are respectively (¢?)4~! and (¢?)*. Hence after the ®(1/¢%)4%®
twist, all these determinants become 1. And in characteristic 2, we are already okay on A'/ Fep. O

Corollary 5.8. Suppose p is odd, q a power of p, and p a nontrivial character of IFqXQ of order r
dividing g + 1. Then the arithmetic determinant of
g, ® (—Gaussnrqg ) X2)7deg /Fe2

is trivial if (—1)@tD/7 = (=1)@D/2 " and is (—1)_deg/Fq2 otherwise.
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Proof. For any 1 which begins life over F,, the Gauss sum Gauss(@b]pq27 p) is independent of the
choice of ¥ (because every element of S becomes a square in Fy2), and its square is ¢>. Thus the
arithmetic determinant of G, ® (—Gausqu2 (1, p))~ 8 /P2 is trivial. If instead we look at

G, ® (—Gausqu2 (1, x2))~ 48 /Fg2
the factor by which we have twisted differs, thanks to Stickelberger [BEW, 11.6.1], by the ratio
(—GausquQ (w,p))/(—GausquQ (¥, x2)) = (—1)@tD/7/(—1)@tD/2,

Let us denote € := (—1)(@F/7/(—1)(@FD/2 A5 G, has rank A, which is odd (being 1 mod ¢ — 1),

this second twist will have arithmetic determinant e 98/Fqe2 O

Let us denote by
Wsu(1/2)
the sheaf on A'/F > obtained by twisting Wsu by —x2(—1)/p for p odd, and by 1/p for p = 2.

Theorem 5.9. We have the following results for the sheaf Wsy(1/2) on A'/F..

(i) Ower any extension of F 2, all traces lie in Q.
(ii If p is odd, then over any extension of F 2, all traces are +(powers of q). If p = 2, the trace
0 may also occur.
(iii) The arithmetic and geometric monodromy groups of Wsu(1/2) (and hence also of each

Gp(1/2)) are finite.

Proof. To see that (i) holds, notice that for A € F, there exists 7 € Fg with 79t = ), by
surjectivity of the norm. Because n,m are both odd, we have 7¢ = 79" = 79", Apply this to A
which lies in F)\. Making the substitution z ~ 7z has the effect of replacing ¥(z) by ¥(Ax), without
changing the sum, which therefore lies in Q. to prove (ii), it suffices, given (i), to show that the
square absolute values of traces are powers of ¢2. This holds because in the van der Geer-van der
Vlugt approach, when p is odd, each square absolute value is the cardinality of a vector space over
Fg2, cf. [KT2, beginning of §5] with ¢ = 0 to see this in the case m = 1. When p = 2, the trace
is the sum of the values of an additive character on such a vector space, so the sum is either 0, if
the additve character is nontrivial, or it is the dimension of the vector space. The integrality of the
traces then implies the finiteness of the arithmetic and geometric monodromy groups, cf. [KT2,
85]. O

Proposition 5.10. For A, B as above, i.e.
A=(q"+1)/(g+1), B=("+1)/(¢+1), n>m>0, 2¢nm,

and x a character with XA # 1, both the sheaves Hgsmaii, A,B,descent and Hpig A B y,descent S0tiSfy
property (S+).

Proof. The fact that gcd(A, B) = 1 shows that neither is Kummer induced. For each, the wild part
has dimension A — B = (¢" — ¢"™)/(q + 1), which is divisible by ¢, hence also by p, so neither is
Belyi induced (by Proposition 3.15). Thus both are primitive.

We first treat Hpig 4,B,y,descent- 1ts rank A is prime to p, and the dimension W of the wild part
is A — B. By [KT4, 1.2.3], provided that the rank A > 4 and A # 8,9, it suffices to show that

A—B>A/2,
i.e., that (after multiplying both sides by ¢ + 1)
q"—q" > (¢" +1)/2, ie.,that 2¢" —2¢"™ > ¢" + 1, i.e.,that ¢" —2¢™ > 1,
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i.e., that
(g - 2) > 1.

Because m > 1 and n — m > 2 (both being odd), we have
q"(q"™ —2) > q(¢* —2) >2(22-2)=4> 1.

The least possible values of A are attained by (¢ = 2,n = 3), (¢ = 3,n = 3), all other possible A are
> 11 (attained by (¢ = 2,n = 5)). For (¢ = 2,n = 3), we have A = 3, which is prime, and hence
property (S4). holds. Similarly, for (¢ = 3,n = 3), we have A = 7, again prime (or, an acceptable
value).

We now treat Hemair, A,B.descent- Here the rank is A — 1 = (¢™ — ¢)/(¢ + 1) which is divisible by
p, and the wild part has dimension A — B. By [KT4, 1.2.6], provided that the rank A — 1 > 4 and
A —1+#£8,9, it suffices to show that

A—B>(2/3)(A-2),
i.e., that (after multiplying both sides by ¢ + 1)
q"—q™ > (2/3)(¢"+1-2(¢+1)), i.e.,that 3¢"—3¢™ > 2¢"+2—4q—4, i.e.,that ¢"—3¢™ > —2q¢—2.
In fact, we have ¢" — 3¢™ > ¢. Indeed,
¢" —3¢" =¢"(¢""™ —3) > q(¢* —3) > ¢> 0.

The least possible values of A — 1 are attained by (¢ = 2,n = 3), (¢ = 3,n = 3), all other possible
A —1 are > 10 (attained by (¢ = 2,n =5)). For (¢ = 2,n = 3), we have A — 1 = 2, which is prime.
For (¢ = 3,n =3), we have A — 1 = 6, which is an acceptable value. O

Remark 5.11. There is one situation in which the sheaves G, are the [A]* pullbacks of canonically
chosen hypergeometric sheaves, namely the case when ged(n,q + 1) = 1. The key observation is
that A =nmod (¢q+1), cf. Lemma 5.2. In defining the sheaves Hy;g A, B,y descent, We can choose for
x a nontrivial character of order dividing ¢+ 1. For these x, x — x* = X" is simply a permutation
of the nontrivial elements of Char(q + 1). Moreover, in choosing «, f with aA — B = 1, we may
change (a, ) to (a+nB, 3+ nA) for any integer n. Since A is invertible mod ¢+ 1, we may impose
on § any congruence mod g + 1 that we like. We will impose that § is divisible by ¢ + 1, and write

B=(a+1)0y
for some v € Z. With this choice, the trace function of Hpig A, B,y descent is simply
ue EX — — Z Vp(Au®zB — BuPz4)x (u?24)
zeE

= Z Ve(Au“zB — BuP24)x"(2),
z€el

because x has order dividing ¢+ 1, S =0 mod (¢ + 1), and A ="
Recall that A, B = 1(mod ¢). So in this ged(n, g+ 1) = 1 case the direct sum
(5111) @ Hbig,A,B,x,descent 3] /Hsmall,A7B,descent
xEChar(g+1),x#1
has trace function

(5.11.2) u€eE* — — ZwE(uazqu — P20,
2€E
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This formula is analogous to that of Corollary 4.3, where A was odd and (8 could always be taken
even. Moreover, the [A]* Kummer pullback of H™™ has trace function

we EX — — ZME(UQAZWH _ UBAZq”H)
_ ZZGEwE(uaA—BBuﬁBz(q-H)B _ uﬁAz(qul)A)
(5.11.3) - _ §¢E(uuv(q+l)32(q+l)3 — uPAzlarDA
= — Zein(u(uvz)(qH)B — AT DA ) (a4
2€E

- _ Z ¢E(u2qm+1 . Zq"—i—l)7

zeE

the last equality by the substitution z — z/u?.

Remark 5.12. There is another situation in which there are canonical choices of hypergeomet-
ric sheaves whose [B]* pullbacks have interesting trace functions, namely the situation in which
ged(m,q + 1) = 1, or equivalently ged(B,q + 1) = 1. In this case, we can choose integers (o, [3)
with «A — B = 1 and impose any congruence condition we like on « (because B is invertible mod
q + 1, cf. the remark above). We impose that « is divisible by ¢ + 1, and write

a=(qg+1)

for some integer 6. Then from Lemma 3.9 we have that for any nontrivial character y of order
dividing ¢ + 1, the lisse sheaf 7-[22. 9. A, B descent O1 Gy /T2 has trace function as follows: for E/F
a finite extension, and u € E*, the trace at time wu is given by

u€e B — — Zd)E(uazB —uP2xB(2).
2€E

Since x +— X is a bijection on the set of nontrivial characters of order dividing ¢ + 1, with
G := —Gauss for either choice Gauss of quadratic Gauss sum over [, the direct sum

(5121) HIT)L;:% = < @ Hgi%z‘l,X,B,descent ©® Hsmall,A,B,descent) ® Gideg
x€Char(g+1),x#1

has trace function

(5.12.2) u e EX — Z¢E(Uazqm+l _ uﬁzq”ﬂ)'

1
Gauss(VE, X2) oy

[This formula looks very much like that of (5.11.2), but the reader must remember that the exponents
(v, B) of u are different in the two cases; also, Hy;." has a clearing factor G4°.] The [B]* pullback
W™ of H,2™" has trace function

1 m n
5.12.3 EEXH—E: qm+1 —1q+1’
( ) B Gauss(Yg, X2) velz v

zeEE
by an argument similar to that in Remark 5.11.

In the general case of any odd n, we can build the sheaves Hy;y 4,5, using the following choice
of characters:
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Lemma 5.13. Let n € Z>1 be odd and let q be any prime power. If ged(n,q + 1) = 1, define
no := 1. If ged(n,q+1) > 1, let p1,...,ps be the distinct prime divisors of ged(n, q+ 1), p;* be the
pi-part of n, and define ng := [];_, p;" = ged(n, (¢+1)"). If v is a multiplicative character of order
no(q+1), then vA has order ¢+ 1; and conversely any character of order ¢+ 1 can be obtained this
way.

Proof. The case ged(n, g + 1) = 1 has already been explained in Remark 5.11, so we will assume
ged(n, g+ 1) > 1. First we prove that

(5.13.1) ged(no(g + 1), A) = ng.

Let p1,...,Ps,Ps+1, - - - Pt be the distinct prime divisors of ¢+ 1 (for some ¢ > s). If 1 <i < s, then
piln and so it is odd but divides ¢ + 1, whence the p;-part of A = (¢" +1)/(¢+1) is exactly p;*. To
see this, use the fact, applied successively to x := —qg and to an odd prime p; := £, that if x € Z has
ordg(z — 1) = d > 0, then ordy(z* — 1) = d + 1, while for an integer m prime to ¢, ord,(z™ — 1) = d,
cf. also [KIT, Lemma 4.4]. In particular, this shows that ng|A and p; 1 (A/ng). If s+ 1 < i <,
then p; t n and p;|(¢ + 1), but A = n(mod ¢ + 1), and so A is coprime to p;, whence p; 1 (A/ng) in
this case as well. Thus (5.13.1) is proved.

Now let v have order ng(¢+1). Then ™ has order ¢+ 1. Since ged(A/ng,q+1) =1 by (5.13.1),
vA = (1"0)A/70 has order q + 1. The converse also follows by the same argument. O

6. EXTENSIONS OF WEIL REPRESENTATIONS OF FINITE SYMPLECTIC GROUPS

In this section, we consider a non-degenerate symplectic space W = IE‘IQ)N for a fixed prime p > 2,

a (reducible) total Weil representation of degree p"V of T' = Sp(W) & Sp,y(p) with character wy
as in [KT2]; in particular,

(6.0.1) lwnp(9)] = ICw (g)]?

for any g € I'. We will also take N = nf and ¢ = p/ for some positive integers N, f. We
may then assume that W is obtained from the symplectic space Wy := Fg” (with a Witt basis
(€1,... €n, fi,..., fn)) by base change from F, to F,. Using this basis, for any divisor e|f we can
consider the transformation
n n
or Y (wiei +yifi) = Y (e +yi fi)
i=1 i=1

induced by the Galois automorphism z — " for r := ¢'/¢. Then o, belongs to I" and induces a

field automorphism of order e of L := Sp(W7) = Spy,,(¢). In what follows, we will refer to L x (o,
as a standard subgroup Sps,,(q) X Ce of I'. Also, let j be the central involution of T

We will denote by wy 4 the restriction of the total Weil character wy ), to L, and let the character
&n g, respectively 7, 4, denote the irreducible summand of wy 4 of degree (¢" + 1)/2, respectively
(¢"—1)/2. The following statement clarifies the behavior of total Weil characters under embeddings
Span (21, q) < Spay,,(q) (by a similar base change as above); cf. [KT2, Lemma 4.3] for the case of
irreducible Weil characters.

Lemma 6.1. Let g be an odd prime power and let n,m > 1. For fized total Weil representations
D Sp2n(qm) - Ganm (C)a A Sp2nm(Q) - Ganm ((C)a

affording character wy gm, respectively wpm.q, there exists an embedding © : Sp,y,,(¢™) — SPapm(q)
such that the representations ® and A o © of Sp,y,,(¢™) are equivalent.
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Proof. Fix an embedding ¢ of X := Spy, (¢") into Spy,,,(q). For e = £, let ®¢, respectively A,
denote unique the irreducible constituent of ®, respectively of A, of degree (¢"™ +¢€)/2. As is well-
known, A€o is an irreducible Weil representation of X of degree deg(®¢), and so there is an outer
diagonal automorphism a¢ of X such that A€o o0a = ®¢. If ot and o~ belong to the same coset
of Inn(X) in Aut(X), then we may in fact assume that a™ = o~ and take © = 1o at. Otherwise,
since any non-inner diagonal automorphism of X fuses the two irreducible Weil characters of any
given degree, we see by [TZ2, Lemma 2.6(iii)] that

Te(@* (1)) = —Tx(®~ (1))
for any transvection ¢ € X, and so wp gn(t) = Tr(®(t)) = 0, contradicting (6.0.1). O
We will need the following slight extension of [NT, Lemma 3.1]:
Lemma 6.2. Let e be an odd integer, and consider the subgroup L x (o) of I'. Then

Enplor) = (1" +1)/2, nnplor) = (" = 1)/2.

Proof. Note that B := (e1,...,en)r, and B* := (f1,..., fa)F, are complementary maximal totally
isotropic IF,-subspaces of W, both fixed by o, € I'. Then wy,, is the character afforded by the
reducible Weil representation of I' = Sp(W) as constructed in [Gr, §13] using the decomposition

W = B@® B*. Let (5) denote the Legendre symbol on [F,. Then the character value of wy ;, at any
element g € Stabp(B, B*) is given in [Gr, (13.3)]:

det (g]5)
anale) = (<1220 - (Gl
Recall that o, has odd order e, and

(el _ (4ol

p p

Hence (W) = 1 and so, since, |Cp(0,)| = r, we have

gN,p(O'r) + nN,p(Ur) ="

For the central involution j of Sp(W) we have that det(j|g) = (—1)V, and so (%) =

N
(_71) =: k. Furthermore, since e is odd, the equation " = —x has only one solution x = 0 in the

field F, = [Fye, which implies that |[Cpg(oy)| = 1. It follows that
Enp(dor) + nnp(dor) = k.
Note that, by [TZ2, Lemma 2.6(i)], § acts via multiplication by  in any irreducible Weil represen-

tation of degree (pV + 1)/2 and via multiplication by —# in any irreducible Weil representation of
degree (p" — 1)/2. Therefore,

Enp(dor) =Enplor) - K, nnp(dor) = —nnplor) - k.
It follows that {np(0y) = (7™ +1)/2 and ny p(o,) = (r™ — 1)/2, as stated. O

Lemma 6.3. Let ¢ = p! be a power of a prime p > 2, n € Zs1, and let L := Spy,(q) with
(n,q) # (1,3). Suppose that ® : G — GLyn(C) is a faithful representation of a finite group G > L
with the following properties:

(a) @ is a sum of two representations, ® of degree (¢" — 1)/2 and ®~ of degree (¢" +1)/2;

(b) For e =+, K. := Q(Tr(®(g9)) | g € G) is contained in K := Q(+/(—1)P=1/2p);

(c) ®¢|1 is irreducible for each e = £; and
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(d) For all g € G, |Tr(®(g))|? is always a power of p.
Then the following statements hold.
(i) @|L is a total Weil representation.
(ii) Cq(L) = Z(G) = C x Z(L), where we have Z(L) = (j) = Co, and C can be chosen to act via
scalars in ®. Furthermore, either
() C =1 orCq, or
(B) p=3, C €{C5,Cs}, K =K and p divides | det(P(Q))| for both e = +.
Proof. (i) Using the well-known character table of Spy(¢) when n = 1 and [TZ1, Theorem 5.2] when
n > 2, we see that ®¢|r, is an irreducible Weil representation of L for each € = 4. Now if these two
irreducible Weil representations do not come from the same total Weil representation, then for a

transvection ¢ € L we have by [TZ2, Lemma 2.6(iii)] that Tr(®(¢)) = 0, contradicting (d). Hence
®|;, is a total Weil representation.

(ii) Consider any element z € Cg(L). By Schur’s lemma, ®¢(g) = z. - Id for some root of unity
2€C. As® =0t ® P, z € Z(G) and so

Co(L) = Z(G).

By (b), ze € K. Now, +1 are the only roots of unity in K, unless p = 3. In the former case, we
obtain that Z(G) = C' x Z(L), where 1 < C' < Cy and

®(Cy x Z(L)) = {diag(+Id, £1d)}.

Thus, assuming Z(G) £ Cy x Z(L), we must have that p = 3, and z, is a root of unity of order 3 or
6 for some € and some z € Cg(L). In this case, K contains exactly 6 roots of unity i(g,f, 0<k<2
Next, condition (d) implies that

+ t+th)

w()f? = -

is a power of 3 for t = 21 /2_, a 6" root of unity. As ¢” > 3, this can happen only when ¢t = +1.
Thus both z; and z_ now have order divisible by 3. It is easy to see that in this case we have
Z(G) =C x Z(L), where C3 < C < (g and

®(Cs x Z(L)) = {*¢5 - diag(Id, £Id) | 0 < k < 2}.

In particular, we can find an element t € C(L) with ®(¢) = (3 - Id. It follows that for each ¢ = +
we have that det(®(¢)) = ¢§ has order 3 and so p divides | det(®¢(G))|, and furthermore K¢ = K.
We have also shown that for any z € Z(G),

(6.3.1) B(z) = 2_®(5%)

for some k = 0,1 and some z_ € K*; i.e. z acts as a scalar in ®. O

|2:q2n+1 q2n_1

The main result of this section is the following theorem:

Theorem 6.4. Let ¢ = p/ be a power of a prime p > 2, n € Z>1, and let L := Spy,(q) with

(n,q) # (1,3). Suppose that ® : G — GLy4n (C) is a faithful representation of a finite group G > L

with the following properties:

(a) @ is a sum of two representations, ®T of degree (¢" — 1)/2 and ®~ of degree (¢ +1)/2;

(b) For all g € G and ¢ = %, Tr(®(g9)) € K, where K = Q if p = 3 and 2|f, and K =
Q(/(=1)P=1/2p) otherwise;

(c) ®¢|1 is irreducible for each e = £; and

(d) For all g € G, |Tr(®(g))|? is always a power of q.
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Then |1, is a total Weil representation. Furthermore, G = CL and Z(G) = C x Z(L), where
Z(L) = (3) = Cy, and either
(o) |C] <2, or
(8) p=3 divides | det(®(G))| for each e =+, 21 f, and C € {Cs5,Cs}.
In all cases, C' can be chosen to act via scalars in ®.

Proof. (i) The fact that ®|r, is a total Weil representation and that Cg(L) = Z(G) together with
its structure are already proved in Lemma 6.3.

By Lemma 6.1, we may assume that L embeds in I' = Sp(W) = Spy,, ¢(p) as the subgroup Sp(W1)
introduced above via base change, and so the character of ®|z, is the restriction to L of w := wy, .
We may also assume that ®, &€ extend to I', and denote them by the same symbols. Also write &
and 7 instead of &, and 7, .

Note that any element in N (L) preserves the equivalence class of each of the Weil representations
®€¢| 1, hence it can only induce a field automorphism of L (modulo Inn(L)). The subgroup of all
the field automorphisms of L is cyclic of order f. Thus we may assume that there is some e|f
such that G induces a subgroup of field automorphisms of L of order e. In the notation introduced
right before Lemma 6.1, this means that the action of G via conjugation on L induces the same
automorphism subgroup as of

H:=Lx (o) <T.
In view of the above results, we are done if e = 1. Assume the contrary: e > 1.

(ii) Replacing G by a subgroup of index 2 if necessary, first we rule out the case e > 1 is odd. Let
g € G induce (via conjugation) the same automorphism of L as of o,. It follows that ®¢(g)®¢(c,) !
centralizes ®¢(L), and so by Schur’s lemma we have

(6.4.1) ot (g) = B0 (0,), 3™ (g) = Bad®™ (o)
for some «, 8 € C*. As o, has order e, we obtain that
®(g°) = 5° - diag(Id, a°Id).
By (b), ¢ ap¢ € K; in particular, a® € K. Using the oddness of e and replacing g by gJj if

necessary, we may assume that either o« =1, or p =3 and a = 311' However, in the latter case by
Lemma 6.2 we have that

n n 2n

[w(@)]? = [TH(@()I = [€(07) + (o) = |+ + a2 [P =2,
which can be a p-power only when r™ = 3. In particular, it can be a ¢g-power only when " = 3 = ¢,
and this contradicts the assumption (n,q) # (1, 3).

Thus we have shown that « = 1 in (6.4.1), i.e. ®(g) = fP(0,). On the other hand, by the choice
of g, we have that G = (L, Z(G),g). As H = (L,0,), together with (6.4.1), this shows that ®(G)
and ®(H) are the same up to scalar matrices in GLgn(C). Now we apply [KT3, Theorem 3.5] to
get an element h € H such that |Tr(®(h))|?> = 7. As we have just shown, ®(h) = y®(g) for some
~v € C*. Since h and § have finite order, |y| = 1. Thus

w(@)]* = Tr(®(9))]* = [Te(2(h))]* =,
contradicting (d).

(iii) It remains to rule out the case e = 2. We again use the element h € H with |Tr(®(h))|*> =
r = ¢'/? constructed in [KT3, Theorem 3.5]. Let ¢’ € G induce the same automorphism of L as of
h. As in (iii), we can again write

O (g') = p'e*(h), 2 (¢') = f'd/®(h)
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for some o/, 3" € C*. Since ¢’, h have finite order, |5’| = |o/| = 1. Now we have
r = [Te(@(h)[* = [£(h) +n(h)P?,
but
lw(g")I* = Tr(@(g")* = l§(h) + a'n(h)]”
is a power of ¢ by (d). This implies that £(h),n(h) # 0 and

(6.4.2) o #1.
Since Q(n) = Q(&) C K := Q(1/(—1)P=1/2p) for T, cf. [Gr, Lemma 13.5], it follows from (b) that
(6.4.3) o eK.

In our case, h2 € L, and so h? € G. Tt follows that
®(h*) 10 (¢?) = p? - diag(1d, a*1d)

belongs to ®(G) and centralizes ®(L). In this case, (6.3.1) shows that o/> = +1. But then (6.4.3)
rules out the case a/> = —1, and so o’ = —1 by (6.4.2). Recalling ®(j) = +diag(Id, —Id), we now
have
O(jg') = £5' - diag(2 " (h), @~ (h)),
whence
w(ig")I? = ITe(@(ig))P = [E(h) +n(h)|* =1,
again contradicting (d). O

Theorem 6.4 will usually be used in tandem with the following Goursat-like theorem:

Theorem 6.5. Let p > 3 be a prime, f,n € Z>1, ¢ = p/, and let (n,q) # (1,3). Let ® :

L — GL4(C) be a faithful representation of a finite group L, which is a sum of two irreducible

representations ®¢ of degree (¢" — €)/2, € = +, that satisfies the following two conditions:

(a) For each e = +, ®°(L) is quasisimple;

(b) For (at least) one value v = +£, there are positive integers n., a~ such that nf = nya, and ®7(L)
is 1somorphic to a quotient of Spyy,, (p™); and

(c) For each g € L, |Tr(®(g))|? is a power of q.

Then there is some divisor d of n such that L = Sp2n/d(qd), and furthermore ® is a total Weil

representation of L.

Proof. (i) For each ¢ = £, we have that L. := ®¢(L) is quasisimple, with cyclic center Z(L.) and
simple quotient S¢ = L¢/Z(L). Let K. denote the kernel of ®¢. Interchanging e with —e if necessary,
we may assume that v = —. Now we have the exact sequences

1—>K+—>L¢—+>L+—>1, 15K L2 0. 1.

As L_ is quasisimple and K < L, either &~ (K;) = L_ or ®(K) < Z(L_).

Assume we are in the former case. Then ® maps K isomorphically onto L_, and so Ky = L_.
Furthermore, &~ (L) = &~ (K ), which implies that L = K K_. However, K, NK_ = Ker(®) =1,
so we must have that L = K, x K_. We also have K_ =2 L/K+ = ®&*(L) = L. Thus

L:K+XK_§L_XL+.

By Burnside’s theorem, ®*(K_) = &1 (L) contains some element g € K_ with Tr(®*(g_)) = 0.
Likewise, &~ (K ) = &~ (L) contains some element g € K with Tr(®~ (g4)) = 0. As g. € K. acts
trivially in @€, for g := g1 g_ € L we have

Tr(®(g)) = Tr(®7(g)) + Tr(@™ (g)) = Tr(® 7 (g9-)) + Tr(®™ (9+)) =0,
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contradicting (c).

We have shown that &~ (K;) < Z(L_); i.e. ® (h) centralizes &~ (L) if h € K;. Clearly,
®*(h) = Id also centralizes ®*(L). Thus ®(h) centralizes (L), and so h € Z(L) since & is faithful.
It follows that K < Z(L).

(ii) Recall that L/K_ = ®7(L) = L, is isomorphic to a quotient of Spy, (p™); in particular,
Sy = PSpy,_ (p*) is a quotient of L. As K < Z(L), we see that S, is a non-abelian composition
factor of the quasisimple group Ly = L/K . It follows that Sy = S,. In the case S, = PSp,(9),
note that, among central extensions of PSp,(9), only quotients of Sp,(9) can have irreducible
representations of degree 4 or 5. Thus in all cases L. are quotients of Sp2nW (p*), and we can
view ®¢ as an irreducible representation of Spy, (p®) of degree (p*"v —¢)/2. Using the well-known
character table of Spy(p®) when n, =1 and [TZ1, Theorem 5.2] when n, > 2, we see that each ®¢
is an irreducible Weil representation of the quasisimple group 25, = SpQM (p™).

Without loss of generality, we may assume that deg(®~) is odd, whence ®~(L) = L™ = S, is
simple, and the arguments in (i) show that ®~(K) = 1. Hence ®(K,) =1, and so Ky = 1 since
® is faithful. As deg(®™") is even, it follows that L = &+ (L) = 25, = Spap,. (p*). Now if these
two irreducible Weil representations ®* of L do not come from the same total Weil representation
of L, then for a transvection t € L we have by [TZ2, Lemma 2.6(iii)] that Tr(®(¢)) = 0, again
contradicting (c). Hence ®|7, is a total Weil representation.

Next, we choose u € L to be a regular unipotent element. Then u acting on the natural module
IE‘;ZJ with exactly p® fixed points. Applying to u the well-known character formula [KT2, (3.4.5)]
for total Weil representations, we then obtain that |Tr(®(u))|?> = p®. Condition (c) implies that
p® is a power ¢% of ¢, and we are done. O

The following statement is well known; we include the proof for the reader’s convenience.

Lemma 6.6. Let Sqi,...,5S, be finite non-abelian simple groups. For each i, let w; denote the
projection of S1 x Sa X ... x S, onto the i'™ component. Let G < S x ...x Sy be a subgroup such
that m;(G) = S; for alli =1,2,...,n. Then there exists a subset J of {1,2,...,n} such that G is
isomorphic to the direct product HjeJ S;.

Proof. We induct on n, with the induction base n = 1 being trivial. For the induction step n > 2,
let K7 := Ker((w1)|g) and let K5 be the kernel of the homomorphism

T i=Te X M3 X ... Xy G — Sy x S3x...x8S,.

Then K, K2 <G and K1 N K9 = 1. In particular, m; maps K» injectively onto a normal subgroup
of m1(G) = S1. By simplicity, Ko = 1 or m1(K2) = Si. In the former case, 7’ is injective, hence
we can consider G as a subgroup of Ss x S3 x ... x §,, and conclude by applying the induction
hypothesis for n — 1.

In the latter case, m1 (K2) = m1(G), whence G = K1 K9 = K1 x Ky and Ky = S1. It also follows for
each i > 2 that m; (K1) = m(G) = S;. As K7 < Sy x S3x...x S, we can again apply the induction
hypothesis to K to obtain J' C {2,3,...,n} such that K1 = [[;.; Sj. Thus G = [[,.;S; with
J:=J U{1}. U

The next result generalizes Goursat’s lemma:

Proposition 6.7. Let G be a perfect finite group, and let ® : G — GLx(C) be a faithful represen-
tation that satisfies the following conditions:

(a) @ = @' | P; is a sum of n irreducible constituents;
(b) L; :== ®;(G) is quasisimple, with simple quotient S; = L;/Z(L;).
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Then there is a subset {j1,j2,...,Jm} of {1,2,...,n} such that G is isomorphic to a central product
Rj * Rj, x...x R;,, where each R;, is a quasisimple cover of Sj,.
Suppose that, in addition to (a)—(b), ® also satisfies the following two additional conditions:

(c) Tr(®(g)) #0 for all g € G;

(d) For any quasisimple subgroup H < G and for any proper subset X C {®1, Do, ..., P, } with
the property that ®;(H) = ®,(G) for all ®; € X, there exists h € H such that Tr(®;(h)) =0
for all ®; € X. [Note that, by Burnside’s theorem, this condition is automatic if n = 2.]

Then G is quasisimple.
Proof. (i) Consider the natural projection

©: Ly x Ly x...x Ly — L1/Z(Ly) X Ly/Z(La) X ... X Lp/Z(Ly) = S1 X Sy X ... %X Sy.
Next, ® gives rise to an injective homomorphism

d:geGrs (<1>1(g),<132(g),...,<1)n(g)) €Ly xLyx...xL,.

Then @@(G) is a subgroup of S1 x Sy x ... x S, that projects surjectively onto each of the n
components. By Lemma 6.6, there is a subset J := {j1,j2,...,Jm} of {1,2,...,n} such that

Od(G) = S;, x Sjy x ... xS,

Let Z := Ker(©®). Then ®(Z) < Z(L1) x Z(Ls) x ... x Z(Ly,) and so centralizes ®(G). As ® is
faithful, Z < Z(Q).
We have proved that there is a surjective homomorphism

X:G —» 8 xS, x...x 85,

with kernel Z < Z(G) (in fact, the simplicity of S; for all j € J then implies that Z = Z(G)). Let
j € Jandset Rj :=X71(S;), R; := R§°O). Then it is easy to see that ¥(R;) = S; = X(R;) and so
R; = ZR;. This in turn implies that R;/(Z N R;) = R;/Z = S;, whence R; is a quasisimple cover
of Sj. Since R; 9 G, we also have that R; <G. Consider any ¢ € J with i # j. Then ¥(R;NR;) =1
and so R; N R; < Z. In particular, [R;, R;] < R; N R; centralizes R;. It follows from the Three
Subgroups Lemma that [R;, R;] = [[R;, R;], R;] is in fact trivial. This implies that R; R, ... R;,,
is a central product. Next,

Y(ZR; Rj, ... R;,) =S} x Sj, x...x 8, =X(G),
implying G = ZR;j, Rj, ... Rj,. As G = G it follows that
(6.7.1) G=R;Rj,...Rj, =Rj, *Rj,*... xR, .
In particular, the first statement of the proposition follows.
(ii) For the second statement, note that, by (6.7.1), for each 1 <1i < n we can express
O, =0, 1 XY, o X...KV;,,

as an outer tensor product of V; ;, € Irr(R;, ), 1 < k < m. It follows that L; = ®;(G) is a central
product W, 1 (R, ) * W;2(Rj,) * ... % ¥, (Rj,,) of (normal) subgroups. Since L; is quasisimple and
since each Rj, is also quasisimple, we conclude that all but one V¥; ;. are trivial, say for all & # k;.
This implies that

L;=%,(G) = \I’z,kz(sz) = (I)Z(sz)
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On the other hand, the faithfulness of ® implies that each R; with j € J must be acting
nontrivially in some ®;. So we can partition {®1, @9, ..., P, } into a disjoint union X LI ... UX,,
of non-empty subsets such that for each 1 < ¢ < m and for all ®; € A} we have

(6.7.2) Li = ©(G) = ©i(Ry,)

but ®;(R;/) is trivial for all j' € J ~ {j;:}.

Now if m = 1, then G is quasisimple, as stated. Suppose m > 2. Then Rj, is a quasisimple
subgroup of G, and |X;| < n — 1. By (6.7.2) and assumption (d), there exists x; € R;, such that
Tr(®;(xy)) = 0 for all &; € &;. Setting g := z1x2 ...z, We see that

Tr(®i(g)) = Tr(Pi(x1)) = 0
for all ®; € A;. It follows that Tr(®(g)) = > i, Tr(P;(g)) = 0, contradicting (c). O

7. GOING-UP AND GOING-DOWN

First we prove the following going-up result. (Notice the difference between this and Theorem
6.4: in the latter we assumed that L is a normal subgroup of G.) Usually, we apply this result with
(G,e) = (G, 1), in which case condition (e) is equivalent to (d).

Theorem 7.1. Let ¢ = p/ be a power of a prime p > 2, n € Z>1, and let H := Spy, (q) with

q" > 9. Suppose that ® : G — GLg (C) is a faithful representation of a finite group G > H with

the following properties:

(a) ® is a sum of two representations, ®* of degree (¢" —1)/2 and ®* of degree (¢" — 1)/2;

(b) For all g € G and e = £, Tr(®(g)) € K, where K = Q if p = 3 and 2|f, and K =
Q(/(=1)=1/2p) otherwise;

(¢) ®¢|g is irreducible for each e = +; and

(d) For some subgroup G < G that contains G, |Tr(®(z))|? is always a power of q for all z € G.

(e) There exists some divisor e of f such that |Te(®(y))|? is always a power of ¢*/¢ for all y € G.
If e > 1, assume in addition that there exists some g € G such that |Tr(®(g))|* = ¢~/¢ and that,

if p=3 then p{|det(®(G))| for e = +.
Then H <G, G = Cg(H)H and Ca(H) = Z(G) = C x Z(H), where Z(H) = (§) = Cs, and either
(i) C =1 or Cy, or .
(ii) e =1, p =3 divides | det(P(G))| for each e = £, 21 f, and C € {C3,Cs}.
Moreover, G induces a field automorphism of order e of H, and G/CG(H) = PSp,,,(¢q) % C.

Proof. Let L := G(®) = G(*). Since H is perfect, L > H, and so ®*(L) contains ®(H), which
in turn contains ®¢(H;) with Hy = SLa(¢") a subgroup of H. Since L is perfect, ®°(L) lands in
SL(gn+e)/2(C). Now, applying Theorems 4.1 and 4.2 of [KT2] to ®° : L — SL(gn4)/2(C), for each
€ = £ we obtain a pair (ne, ac) with nf = nea. and ®¢(L) is isomorphic to a quotient of Spy,, (p®).
By Theorem 6.5, L = San/d(qd) for some divisor dn. But L > H = Spy,(q), hence H = L by
order comparison. Thus H < G’, and the statements about G and Cx(H) follow from Theorem 6.4
and Lemma 6.3. We are also done if e = 1 (by taking G = G).

Consider the case e > 1. Since no outer-diagonal automorphism of H can preserve the equiv-
alence class of ®¢|p, G can only induce inner and field automorphisms of H, whence there exists
some €| f such that G/ Ca(H) = PSpy,(q) x Cer, where the subgroup C. is generated by the field

automorphism o induced by the Galois automorphism z — 29" By Lemma 6.1, we may embed
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H in I := Sp,,,;(p) and extend @ to a total Weil representation I' = GLg»(C). As noted in [KT3,
§3], there is a standard subgroup

H = Spa,(q) X Cer

of I with [H, H] = H that induces the same automorphism subgroup of H as the one induced by
G. In particular, for any element z € G, there is an element 2* € H such that conjugations by
and z* induce the same automorphism of H. By Schur’s lemma, for each € = £ there is a¢(x) € C*
such that

(7.1.1) O () = ae(z)P(z").
Note that C;(H) = Z(H) = (3)C2, so z* is unique up to a power of j. We will show that
(7.1.2) a_(z),ay(x) € {1,—-1}.

Indeed, as H is contained in the perfect group I', det(®¢(z*)) = 1. Now, by assumption (e),
a(2)\ " =9/2 = det (a.(x)®(z*)) = det(d(x))

has order coprime to p when p = 3. Thus

(7.1.3) p 1 |ae(x)| when p = 3.

Next, by [Is, Lemma (8.14)(c)], since ®¢| 5 is irreducible, for each ¢ = & there is some y. = hex € Hzx
such that Tr(®(ye)) # 0. Then, by the above remark, if y* is chosen to fulfill (7.1.1) for y,, then it
is equal to h.z* up to a power of j. As ®(5) = £Id, we have
P (he) @ () = D(Ye) = te(ye)2(ys) = Lre(ye) P (hew™) = Lare(ye) D (he) 2“(27).

Comparing this to (7.1.1), we obtain ae(x) = fac(y.). On the other hand, taking traces, we see
that 0 # Tr(®(ye) = ae(ye)Tr(®¢(y})), and furthermore, Tr(®(y,) € Ky := Q(v/(—1)?~1/2p) by
(b) and Tr(®“(y;)) € Ky by [Gr, Lemma 13.5] applied to Weil characters of I' = Spy,, ¢(p). It follows
that a(r) = £ae(ye) is a root of unity in K;, whose order is coprime to p when p = 3 by (7.1.3).
Hence (7.1.2) follows.

Now, if a_(z) = ay(x), then (7.1.1) implies that ®(z) = a (z)®(z*); set 2% := 2* in this case.
If a_(x) = —a(z), then taking ¥ := jz*, we again have that ®(z) = +ay (2)®(2%). Thus in all
cases, given any x € G, there is (a unique) zf € H such that

(7.1.4)  ®(x) = +®(2*), and conjugations by z and z* induce the same automorphism of H.

Applying this result to the element g € G in (e), we see that |Tr(®(g%))|? = ¢*/¢. By [KT3, Theorem
3.5, ¢'/¢ is a power of qe.

Again by [KT3, Theorem 3.5], H contains an element h such that |Tr(®(h)[?> = . Since H
and G induce the same automorphism subgroup of H and since C;(H) = (j), by (7 1 4) there
exists some k € {0,1} and some s € G such that j%h = sf. Also by (7.1.4),

B(j%s) = 0(5*)D(s) = £0(5*)(sF) = £(5*)2(5*h) = 2(;*)D(h) = £P(h),
in particular, |Tr(®(5%s)|> = ¢'/¢. But j*s € G, hence ¢'/¢ is a power of ¢'/¢. We conclude that
g/ = ¢'¢  ie. e =€, as stated. O

Next we prove a going-down result:

Theorem 7.2. Let p > 2 be a prime, N € Z>1, p> 13 if N =1, and (p, N) # (3,2), (3,3), (5,3).
Consider a total Weil representation ® : ' — GL,~ (C) of I' := Spyy(p) and extend it to

<I>:f‘::C’><I‘—>GLpN((C),
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where C' is a finite cyclic group and acts faithfully via scalars in ®. Suppose G is a finite subgroup

of T with the following properties:

(a) Each of the two irreducible components ®¢, of degree (p — €)/2 for e = %, of ® is irreducible
over L := G with ®¢(L) being quasisimple; and

(b) For all z € G, |Tr(®(z))|? is always a power of ¢ = p'.

Then f|N, and there exist a divisor d of N/f and a divisor e of d such that

SPanyar(49) = LG < O x (Spawsar(a?) @ Ce) = CG,

with the subgroup SpQN/df(qd) X C, identified in ' as in [KT2, §4], and G inducing a subgroup of
order e of outer field automorphism of L. Moreover, if there exists g € G with |Tr(®(g))|? = q, then

e=d.

Proof. Note that L < T and ®(I') < SL,~v_,)/5(C) since I' is perfect; furthermore, for all x € T" we
have Tr(®¢(z)) € Q(v/(=1)®=1/2p), cf. [Gr, Lemma 13.5]. By [KT2, Theorem 4.7] applied to the
irreducible subgroup ®~ (L) of SL,~_1),2(C), one of the following must occur:

(i) There is a factorization N = AB, a divisor b| B, and a standard subgroup H := Sp, 4 (p?) x C
of I" such that &~ (L) = &~ (H).

(i) p=3,2t N, and &~ (L) contains SUx(3) as a proper normal subgroup of 2-power index.

As (L) is perfect, (i) must hold and moreover b = 1. In particular, L projects onto the simple
group PSp,y4(p?). Applying Theorem 6.5, we conclude that there exists some d € Z>1 such that

B=df, N = AB = Adf,

and L = Spyy/qr(¢%); in particular, f|N and d|(N/f). Using the equality ®~ (L) = & (H) and
the inclusion Ker(®~)NT < Z(T") = Z(H), we see that L = H. Thus L is the standard subgroup
Spya(p?), with normalizer C' x (Spy4(p?) x Cp) in T, that induces the full group (of order B) of
outer field automorphisms of L.

Since L < G < Ny(L), there is some e|B that G induces a subgroup C, of outer field automor-
phisms of L. As Cy(L) = Z(L)C, in this case we have

G < C x (Spanyqar(q®) x Ce) = CG.

By [KT3, Theorem 3.5], we can find h € SpQN/df(qd) x C,, such that |Tr(®(h))|? = pB/¢. As h € CG,

we can find z € C such that zh € G. But ®(C) is scalar, so |Tr(®(g))[> = |Tr(®(h))|> = pP/¢, and
condition (b) implies that e|d.

Assume now that |Tr(®(g))|? = ¢ for some g € G. Then g = 21h; for some 23 € C and
hi € SpQN/df(qd) x C,. This again implies that |Tr(®(h1))|? = |Tr(®(g))|> = pf. By [KT3, Theorem
3.5, p/ is a power of pP/¢ ie. B/e = df /e divides f, and we conclude that e = d in this case. [

8. LOCAL SYSTEMS AND TOTAL WEIL REPRESENTATIONS: SYMPLECTIC GROUPS OVER Fp

Fix a prime p > 2 and N > 3. In this section, we will work with the local system G“"% on
Gm x A3/F, whose trace function is given as follows: for k/F, a finite extension, and (u,r,s,t) €
EX x k3,

(u,7,5,t) Z"(/J 12,5 ( P T Pt gty tz?),
Gauss( ¢kax2 ek
and its various specializations, say G0 obtained when we take v = 1, s = 0, and t = 0.

Then G:;;’f;t and Gon! denote the arithmetic and the geometric monodromy groups of G%"**,
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and similarly, G;;R%O and Gguon denote the arithmetic and the geometric monodromy groups of

gl,r,0,0‘

Theorem 8.1. Over any finite extension k of IF,, the following statements hold.

(i) Gg‘eﬁ’%s’t equals L = Spon(p) in one of its total Weil representations. If 2| N, then we also have

—1,0,s,0
Ggeo’H{S’ = L. Furthermore,

Cox L =G ;i7" > Gom' > L,

arith geom

where Cy is a cyclic scalar subgroup, and either |Col < 2, or p = 3 and |Cy| divides 6.
Moreover,
CxL=Gyn' >G> L

arith geom
where C' is a cyclic scalar subgroup, and either |C| = 1,2, or p =3 and |C| divides 6.
(ii) Assume 21 N. Then each of Ggéé}?{o and G:;ilgﬁ’o contains the normal subgroup L = Spyy(p)
acting in one of its total Weil representations, and furthermore, is equal to C' x L for a cyclic

scalar subgroup C' of order < 2.

Proof. (i) First we choose k to contain F »2, 50 that any element of Fg is a square in k. In this case,
Gauss(Yk, x2) = Gauss((Ya )k, x2) for any b, : t +— t(at) with a € F)’. It follows that G~ 1.0t ig the
local system Wh_ param(¥—1/2, IV, p) introduced in [KT3, §4] when 24 N and in [KT3, §9] when 2|N.
Hence Ggeom™ = L by Theorem 4.3 and Theorem 10.3 of [KT3]. Similarly, when 2|N, we have
Gaeom™ = L by [KT3, Theorem 10.6].

Now we return to work with any extension k of F,. Then G
1,r,s,t 1,0,s,t

—1,0,s,t
arith

normal subgroup. Since G, contains G, and is finite (with * =arith or geom), applying
Theorem 2.7 and the second moment two result (Proposition 2.3), we see that the second statements
in (i) follows from Theorem 7.1 (with G = G = G5 ""*" and H = L = Spyy(p)). The same argument

u,r,8,t

also applies to Gy’

(ii) Let ® : G*"** = CL — GL,~ (C) denote the corresponding representation of G*"** acting
on Gu™%t. By Corollary 2.6, ® is a sum of two irreducible representations ®¢ of degree (p?v — ¢€)/2,
€= *.

Now we aim to determine G := Ggé},’g{o < CL, which is irreducible in both ®¢ by Proposition 2.3.
Recall that each of the two irreducible summands of G%100 is the Kummer pullback by u — u?, A =
(p?+1)/2, of one of the two irreducible hypergeometric summands H*“1%0€ of rank (pV —¢)/2, € = +,
which both satisfy (S+4) by Proposition 4.13. [These two hypergeometric sheaves were denoted by
/Hsmall,A,B,descent and Hbig,A,B,descent in Corollary 4.9, with (A7 B) = ((p2+1)/27 (pN+1)/2)] Hence
we can apply [GT, Proposition 2.8] to its geometric monodromy group Hgéé;ﬁ’o’e which is finite.

Consider some € = + and assume we are in the extraspecial case of [GT, Proposition 2.8(iii)].
Then (pV — €)/2 = (p1)™ for some prime p1, and Hyzom™ contains a normal pi-subgroup P; that
acts irreducibly on the sheaf H®1.00¢ As N > 3 is odd, p; f A. On the other hand, Ggé})’l?{o’e is
a normal subgroup of Hgécl,;g’o’e of index dividing A. It follows that P; < gé})}?{o’e = ®¢(@). Recall
that G < CL = C x L with L = Spyy(p). Since (p" —¢€)/2 = (p1)™, we see that Sylow pi-subgroups
of L are abelian (in fact cyclic). Hence Sylow pj-subgroups of G are abelian, and so P is abelian.
But this contradicts the irreducibility of Py on H%10.0,

Thus we have shown that Hg(;é;?;o’f is almost quasisimple for each ¢ = 4. Using property
(S+) and [GT, Lemma 2.5], we then have that ®¢(G(*)) is a quasisimple irreducible subgroup

of SL,~_¢)/2(C). Furthermore, G(®) < (CL)*™) = L = Spyn(p). By Theorem 7.2, there are some
divisors d|N and e|d such that G(*°) = SpQN/d(pd) x Ce, whence e = 1 by perfectness. (Note that

: ~1,0,8,¢
contains Ggeom™" = L as a
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Theorem 7.2 assumes p > 5 when N = 3. However, when N = 3, since |Hgom | is divisible by
(p* — €)/2 for each € = =+, it is easy to see that |G(>)]| is divisible by 13 - 7 when p = 3 and by
31 -7 when p = 5. Using the list of maximal subgroups of Spg(p) [BHR, Tables 8.28, 28.29], we
see that the same conclusion holds for p = 3,5.) In particular, H :;ilt’l?’o’e > ng’é{g’o’ﬁ contains the
normal quasisimple subgroup ®¢(Sp, N/d(pd)). It also contains (the image) of the inertia subgroup
I(0), which has a cyclic p’-subgroup (h) of order divisible by (p?¥=2 —1)/2 that cyclically permutes
the (pV=2 — 1)/2 irreducible P(0)-submodules of dimension p? by Proposition 4.13.
Next we choose €y = % such that Dy := (p" — ¢y)/2 is even. Since no outer-diagonal automor-
phisms of Spy N/d(pd) can preserve the Weil representation & (Sp, N/d(pd)) up to equivalence, by

Schur’s lemma we have
(8.1.1) Sponya(p?) < Hosgy ™ < Nawp, © (SPan/a(?)) < (Span/a(®?) - Ca)Z,

where Z = Z(GLp,(C)).

Consider the case N > 5. Then pV~2 — 1 admits a primitive prime divisor ¢ by [Zs], which is
either equal to N — 1 or at least 2(N — 2) + 1 > N. In either case, ¢ is coprime to N but divides
|h|. Let hg denote the ¢-part of h. Now using £+ d and (8.1.1), we see that hy € SpQN/d(qd)Z. Since

ho acts nontrivially on the set of (p’¥ =2 —1)/2 irreducible Py-submodules in H*1%0:¢ we conclude
that hg ¢ Z and ¢ divides |Sp2N/d(pd)|. Thus there exists 1 < i < N/d such that £|(p*¥ — 1), whence
N — 2 divides 2id by the choice of £. As 21 N > 5, it follows that N —2 = id. Hence d divides both
N — 2 and N, and we conclude that d = 1.

Next we consider the case N = 3 but d > 1. Then d = 3. Let @ denote the image of P(0) in
H;Jr’iltf’o’eo. Then (8.1.1) shows that @ has a normal subgroup @i of index dividing d = 3, where
Q1 € Syl,(Spa(p?)2) is abelian. It follows from Ito’s theorem [Is, (6.15)] that any irreducible CQ1-
module has dimension dividing 3. But this contradicts the fact that P(0) possesses an irreducible
submodule of dimension p? on H*1:0:0:€0

Thus we have shown that d = 1 and so G(®) = Sp,y(p) = L. Clearly, G(*) is a normal
subgroup of each of Ghom’, Ggr’ilt’g’o. Furthermore, by Theorem 4.12, det(H:;iltf’o’e) has order a
2-power (dividing 4; note that we use the oddness of p here to deduce the normality of arithemetic
monodromy groups of [2]* pullbacks). It follows that det(®¢(G™“1>?)) is also a 2-group. The

arith
statement now follows from Theorem 6.4. O

For later use, in the case N > N’ > 2, we also need to consider the local system Gvrsit on A4 /Fp
whose trace function, for k/F), a finite extension and (v,r,s,t) € k4, is given by

1 ’
Z z/1—1/2,1<:(9CpN+1 +oa?™ T pora? gt g ga?).

(v,7,8,t) —» ——————
Gauss(vy, x2) £

Let G’Z;ﬁi’t and @ggﬁﬁit denote its arithmetic and geometric monodromy groups, respectively.
Theorem 8.2. Over any finite extension k of ), we have

CxL=Gst > Gurst s L,

arith geom

where L = Spyn (p) in one of its total Weil representations, Cisa cyclic scalar subgroup, and either
|IC| =1,2, or p=3 and |C| divides 6.

Proof. Note that G%9%t is the local system G~19%* considered in Theorem 8.1. Hence,

»” ’t A L) 7t _1707 ’t — —
Ggr:ti > Ggegrsn Z GygeomS =L= Sp2N (p)
Using the finiteness, Proposition 2.3, and Theorem 2.7, we see that the statements follow from

Theorem 7.1. O
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9. LOCAL SYSTEMS AND TOTAL WEIL REPRESENTATIONS: SYMPLECTIC GROUPS OVER ]Fq

We continue to work with the prime p > 2, and fix a power ¢ = pf and positive integers n,m,
where

(9.0.1) n>m, ged(n,m) =1, 2/mn, ¢" >9, and either m < n/2, or (n,m) = (3,2), (2,1).
This assumption implies that
(9.0.2) ged(¢"+ 1,4+ 1) = 2.

For compatibility with the notations used in §4, we recall that precisely one of n, m is even, and
we define the integers A, B as follows:

(@"+1)/2,(¢™ +1)/2), if 2|n,
(903) (4,B) = { E(gm +1)/2, (qq” + 1)/2%, if 2|m.

In this section, our ultimate target is the local system W(v,n,m,q) on Al/Fp, whose trace
function for k/F), a finite extension and r € k is given as follows:

1 n m
(9.0.4) P e Y g (20 Y,

To study W(, n,m, q), we first study the local system W on Gy, x Al /Fp, whose trace function
is given as follows. For k/F), a finite extension, and (u,r) € k* X k,

1 PO/ LLE S S LS S |
(u,r) — Gauss(Dy. x2) gwl/zk( ux T )-

By Proposition 2.5 and (9.0.2), W is the sum of two irreducible subsystems of rank (¢" £1)/2.
Let Gzrfth and Ggeom denote the arithmetic and the geometric monodromy groups of W“T and
similarly, G0t and Ggiom denote the arithmetic and the geometric monodromy groups of each of
the two irreducible subsystems W%™¢, of rank (q" — €)/2 for € = .

Now, let W(n, m) denote the local system defined as follows. When 2|n, i.e. when A > B in
(9.0.3), it is the local system W17 on Al /Fp, that is, the one with trace function given as follows:
for k/F, a finite extension, and r € k,

T — Z¢ 1/2k: acq "+l ra:qm+1).

Gauss( ¢k, X2) wek

When 2 {n, i.e. when A < B in (9.0.3), it is the local system W1 on G /Fp, with trace function
given as follows: for k/IF, a finite extension, and u € k*,

Gauss(V. x2) Zk /

For e = +, let W(n,m,¢€) denote the irreducible subsystem of W(n,m
W(n,m,e€) is the [A]* Kummer pullback of the hypergeometric sheaf H

of rank (¢" — €)/2. Then
n,m, €) defined by

)—deg

— —

H(n7 m, +) = stmall,A,B,descent & (—Gauss(@FP, X2
H(TL, m, _) = 7_[big,A,B,descent ® (—Gauss(d)Fp, X2

Y

(9.0.5) |-

~— ~—

Let G(na m)arith’ G(nu m)geoma G(”v m, 6)arithv G(”) m, e)geoma H(n’ m, 6)arith’ and H(na m, 6)geom
denote the arithmetic and geometric monodromy groups of the local systems W(n,m), W(n,m,¢),
and H(n,m,€), respectively. The pullback relation implies that Ggeom < Hgeom and the quotient is
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a cyclic group of order dividing A, for a pair of respective geometric monodromy groups Ggeom and

H, geom

Theorem 9.1. Given the assumption (9.0.1), and over any finite extension k of Fq, the following
statements hold. Each of G(n,m)geom and G(n,m)arith contains the normal subgroup M = Spy, (q)
acting in one of its total Weil representations, and furthermore, is of the form C' x M for a suitable
cyclic scalar subgroup C' of order < 2.

Proof. (i) Write ¢ = p/, define N := nf, N’ := mf, and choose « := 1 if 2|N and x := 2 if 2{ N.

u,r,s

First we consider the local system W%"* on G, x A?/F,, with arithmetic monodromy group éaﬁth,

and with trace function given as follows: for (u,r,s) € k* x k2,

1 n m 1
[ — E P_q 2’k(_uxq +1 a1 + saP +1) —

__ PN+ N P+l
Gauss(¢y,, x2) % d)_l/lk( “ " I )
When 2|N, the system W08 at 4 = 1 and r = 0 is exactly the system G~1%%0 considered in
§8. Likewise, when 2 4 N, the system WuOL at r = 0 is exactly the system G“190 considered in
§8. It follows from Theorem 8.1 (applied to W05, respectively W01 that (G“7%)(>) contains
L = Spyn(p) acting in one of its total Weil representations.

(u,r,8) —

By Theorem 2.7, the sheaf WuUTs and its various specializations satisfy the p-power property
for the entire sheaf and the property of having all traces belonging to K for the two irreducible
subsheaves. Moreover, their monodromy groups satisfy the second moment 2 property, as follows
from Corollary 2.6. In the subsequent arguments, we will repeatedly use these properties without

recalling them explicitly again. Now, Theorem 7.1 applied to C;’Z;tfl > L, with (G,G,H,e) =

(G, Gty (L, 1), yields that

(9.1.1) G = C x L,

arith
where C' a cyclic scalar subgroup, and either |C| = 1,2, or p = 3 and |C| = 3, 6.
Let @ : Gop = CL — GL,~(C) denote the corresponding representation of G7ip acting on

arith — rit
WTS which is a sum of two irreducible representations ®¢ of degree (pV — €)/2, € = =+.
(ii) Given the information about respective cyclic quotients, we see that the groups G(n,m)geom
and G(n,m)arith have a common last term M of their derived series:

M = (G(n7m)gcom)(oo) = (G(TL, m)arith)(oo)'

As G(n,m) arigh < C?Z;:t’fl, it follows from (9.1.1) that

(9.1.2) M < L = Spyn(p).

Recall from (9.0.5) that each of the two irreducible summands W(n,m,¢€), e = =+, is the [A]*
Kummer pullback, with

(9.1.3) A=(q¢"+1)/2 when 2|n and A = (¢" +1)/2 when 2 { n,

of the irreducible hypergeometric sheaf #(n,m,e) of rank (p" — €)/2, which satisfies (S+) by
Proposition 4.13. Hence we can apply [GT, Proposition 2.8] to its geometric monodromy group
H(n,m, €)geom which is finite.

Assume we are in the extraspecial case of [GT, Proposition 2.8(iii)|] for some ¢ = £. Then
(¢" — €)/2 = (p2)* for some prime py and some a € Z>1, and H(n,m, €)geom contains a normal ps-
subgroup P, that acts irreducibly on the sheaf H(n,m,€). Assume in addition that € = + when 2|n.
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Then recalling (9.0.1) and (9.1.3), we easily check that ps t A. On the other hand, G(n, m, €)geom is
a normal subgroup of H(n,m, €)geom of index dividing A. It follows that

Py < G(n,m, €)geom = P(G(n, M) geom) < @%GZ;;’E)

U,y S

Now using (9.1.1) and the equality (p¥ — €)/2 = (p2)?, we see that Sylow po-subgroups of éarith
are abelian. Hence Sylow pp-subgroups of G(n,m, €)gecom are abelian, and so P» is abelian. But this
contradicts the irreducibility of P, on H(n,m,¢€).

We still assume the extraspecial case, but now with e = — and 2|n. Then A = (¢"+1)/2 = (p2)*.
Again, G(n,m, —)geom is a normal subgroup of H(n,m, —)geom of index dividing A, and

G(n,m, —)geom = ®~ (G(n,M)geom) < (I)i(GZgélsl)

U, S

Now using (9.1.1) and the equality (p”¥ + 1)/2 = (p2)?, we see that Sylow po-subgroups of éarith
are cyclic of order (p2)®. Hence Q2 := Py N G(n,m, —)geom < P2 is cyclic of order say (ps)® with
0 <b<a,and P»/Q2 is a cyclic group of order dividing A. Note that Aut(Q2) is trivial if b = 0 and
is cyclic of order (p2)®~'(py —1)if b> 1. As b < a and Py/Ry — Aut(Qz) for Ry := Cp,(Q2) < P,
we have

(9-1.4) |Po/Re| < (p2)*".

Next, Ro/Q2 < P5/Q2 is cyclic, and Q2 < Z(R3). Hence Ry is abelian. This, together with (9.1.4),
implies by Ito’s theorem [Is, (6.15)] that any irreducible C P>-module has dimension at most (p)?~!.
But this again contradicts the irreducibility of P, on H(n,m,—).

(ili) Thus we have shown that H(n,m, €)geom is almost quasisimple for all e = £. Using property
(S+) and [GT, Lemma 2.5], we then have that ®¢(M) is a quasisimple irreducible subgroup of
SL(pn _e)/2(C), and, furthermore, M < L = Spyy(p) by (9.1.2). By Theorem 7.2, there are some
divisors d of n = N/f and e of d such that M = Sp,, /d(qd) x Cg, whence e = 1 by perfectness.
[Note that Theorem 7.2 assumes p > 5 when N = 3 and p > 3 when N = 2. However, when N = 3,
the statement follows from Theorem 8.1(i) and (iii); and the case (p, N) = (3,2) is excluded by
the assumption ¢" = pV > 9.] In particular, H(n,m, €)arith > H(n, M, €)geom contains the normal
quasisimple subgroup ®¢(Sp,,, /d(qd)). By Proposition 4.13, it also contains (the image) of the inertia
subgroup I(d), which has a cyclic p’-subgroup (h) of order divisible by (¢"~™ — 1)/2 that cyclically
permutes the (¢"~™ — 1)/2 irreducible P(¢§)-submodules of dimension ¢™, where 0 := oo if 2|n and
§:=0if 21 n.

Next we choose ¢y = =+ such that Dy := (¢" —€)/2 is even. Since no outer-diagonal automorphism
of Spy, /d(qd) can preserve the Weil representation & (Sp,,, /d(qd)) up to equivalence, by Schur’s
lemma we have

(9.1.5) SPansa(g?) < H (1, m, €0)arith < Nawy, ©)(SP2n/a(@?)) < (Spansale?) - Cap) Z,

where Z = Z(GLp,(C)).

Consider the case n —m > 3; in particular, m < n/2. Then ¢"7" — 1 = p=mf — 1 admits a
primitive prime divisor ¢ by [Zs|, which is either equal to (n —m)f + 1 or at least 2f(n —m)+1 >
N =nf. Clearly, £t df in the latter case. In the former case, if f > 2 we have £ > 2(n—m) >n >d
and ¢t f, whence ¢t df. On the other hand, if f =1 in the former case, then n/2 < {=n—m+1,
so l|df would imply £ = n = d, m = 1, 2|n, and so n — m = 1, a contradiction. Thus ¢ { df
in all cases, but ¢ divides |h|. Let ho denote the ¢-part of h. Now using ¢ t df and (9.1.5), we
see that hg € Spy, /d(qd)Z . Since hg acts nontrivially on the set of (¢"~™ — 1)/2 of irreducible

P(d)-submodules in H(n,m,€p), we conclude that hy ¢ Z and so ¢ divides |Sp2n/d(pdf)|. Thus
there exists 1 < i < n/d such that £|(p*¥ — 1), whence n — m divides 2id by the choice of £. As
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n—m >n/2 and n —m is odd, it follows that n —m = id. Hence d divides both n —m and n.
Since ged(n,m) =1 by (9.0.1), we conclude that d = 1.

Next we consider the case n —m < 3 but d > 1. Then (n,m) = (3,2) or (2,1), and d = n. Let
@ denote the image of P(0) in H(n,m, €p)arith. Then (9.1.5) shows that @ has a normal subgroup
Q1 of index dividing nf, where Q1 € Syl,(Spy(¢")Z) is abelian. It follows from Ito’s theorem [Is,
(6.15)] that any irreducible CQ;-module has dimension dividing nf. But this contradicts the fact
that P () possesses an irreducible submodule of dimension ¢™ = p™f on H(n, m, ).

Thus we have shown that d = 1 and so M = Sp,,,(¢) = L. Clearly, M is a normal subgroup of
each of G(n,m)geom, G(N, M )arith. Furthermore, by Theorem 4.12, det(H (n,m, €)arith) has order a
2-power (dividing 4; again, we are using the oddness of p here). It follows that det(®¢(G(n, m)arith))
is also a 2-group. The statement now follows from Theorem 6.4. O

The first main result of this section is the following theorem describing the monodromy groups
of the local system W(1, n,m, q) defined in (9.0.4).

Theorem 9.2. Given the assumption (9.0.1), the following statements hold.
(i) Let k be any finite extension of Fy. Then the geometric monodromy group Ggeom(¢,n,m,q)
and the arithmetic monodromy group Gawen(¥,n,m,q, k) of W(,n,m,q) on A'/k are
Ggeom('¢, n,m, Q) = M7 Garith(wa n,m,q, k) = Carith,k X M,

where M = Spy,,(q) acts via one of its total Weil representations, and either Cyighr < Ca, or
2¢nf, p=3, and Cyitnk < Cs.
(ii) Let e|f and let k = F /. be a subfield of Fq. Then on A'/k the arithmetic monodromy
group Garith (¥, n,m, q, k) of W(p,n,m, q) contains Gaieh (¢, n,m, q,Fq) as a normal subgroup
of index e:
Garith(ﬁ% n,m,q, k) = (Carith,Fq X M) - Ce,

and induces a subgroup of order e of outer field automorphisms of M = Sps,,(q).
Proof. (i) In the case 2|n, W(y),n,m,q) is the pullback by [r — —r] of W(n,m), and the state-
ments are already proved in Theorem 9.1, using the extra information that Ggeom (¢, n,m,q) has

no nontrivial p’-quotient.
Consider the case 2 1 n. Then, the Kummer pullback

K = [qm + 1]*W('¢a n,m, Q)
of W(¢,n,m,q) has trace function at r € k*
1 n m
7"'—>—— Yo tapr(@ T 4 () ) = Z¢ Y (GO K

Gauss(y, x2) 2% Gauss( ¢k,x2 =

on Gy, /k.
On the other hand, if we define

W (n,m) = [u —u]*W(n,m),
and define
K':=[u 1/u]*[¢" + 1]"W (n,m),
then K’ has trace function at v € k*

1 -1 nyq m1
= Y10 ((u x)? g gf .
Gauss(?y,, x2) xzek / ( )



40 NICHOLAS M. KATZ AND PHAM HUU TIEP

Thus K’ is arithmetically isomorphic to K, because they have equal trace functions and are each
arithmetically semisimple. So they have the same geometric and arithmetic monodromy groups as
each other:

Kgeom = Kéeom7 Karith = Ke;rith'
From the definition of K’ as a pullback, we see that Kj.,, = Kgeom is a normal subgroup of

G(n,m)geom, With cyclic quotient. It follows from Theorem 9.1 that
M = (G(nym)geom)(oo) < ngom < G(na m)geom = Co x M,

for some cyclic scalar subgroup Cy. Hence (ngom)(oo) = M. From the definition of K as a
pullback, we see that Kgeom is a normal subgroup of Ggeom (%, n,m,q), with cyclic quotient, and
that Garith (¥, n,m, ¢, k)/Ggeom (¥, n,m, q) is cyclic. This in turn implies that

(9.2.1) (Garith (¥, 0, m, q, k))(w) = (Ggeom(wa n,m, Q))(OO) = (ngom)(oo) =M,

where M = Sps,,(q) acts on W(1,n,m, q) via one of its total Weil representations.

Note that the arithmetic monodromy group Kaitn of K is a subgroup of G(n,m)an contain-
ing M. Hence, by Theorem 9.1, Kytn/M is a 2-group. Next, Kgeom is a normal subgroup of
Ggeom (¥, n,m, q), with cyclic quotient of order dividing ¢ + 1 which is coprime to p. It follows
that p { |Ggeom (¥, n,m, q)/M|. As Ggeom (¥, n,m, ¢q) has no nontrivial p’-quotient, it follows from
(9.2.1) that Ggeom (¥, n,m,q) = M. The statement for Gayitn (v, n, m, ¢, k) now follows by applying
Theorem 2.7 (guaranteeing the necessary properties on traces) and Theorem 6.4.

(ii) It suffices to consider the case ¢ = p/ > p. By assumption, [F, is an extension of degree e of k.
Hence, Garith (¥, 1, m, ¢, Fy) is a normal subgroup of G := Gaitn (¢, 7, m, ¢, k), with cyclic quotient
of order dividing e. In particular, it follows from (i) that

(9'2'2) G(OO) =M= Sp2n(q), |é| < G‘Garith(wanvvaan”'
On the other hand, if mf > 2, note that W(i,n,m,q) is precisely the sheaf G090 (over k)

considered in Theorem 8.2, with (N, N') = (nf, mf), whence G is a subgroup of I := G;’gé‘;’t = COxL,
with L = Spyn(p) acting via one of its total Weil representations, and C' a finite cyclic subgroup.
If mf =2 (and so (m, f) = (1,2)), then W(1),n,m, q) is the sheaf G100 considered in Theorem
8.1, with N = nf, whence G is a subgroup of " := G;;;’fl’t = C x L with C a finite cyclic subgroup.
Now we can apply Theorem 4.10(i) to W(v,n,m, q) to see that |Tr(®(x))|? is a power of ¢!/ for
all z € G, and ¢'/¢ can be attained, if ® : G — GLg» (C) is the representation of G on the sheaf

W(1,n,m,q). By Theorem 7.2, there exists some divisor d of N/(f/e) = ne such that
Sp2ne/d(qd/e) < é <O X (Sp2ne/d(qd/€) A C’d) = Cé

Recalling (9.2.2), we now see that d = e, and that G induces a subgroup of order e of outer field
automorphisms of M. As Gaien(v,n,m, q,Fy) = Caritnr, X M induces only inner automorphisms

of M, (9.2.2) implies that G = Garitn (¢, n, m, q,Fy) - Ce, as stated. O

In fact, the central factor Cyyith  in Theorem 9.2(i) will be explicitly determined in Theorem 9.4.

To formulate the second main result of the section, recall the assumptions (9.0.1) and (9.0.3),
and consider the hypergeometric sheaves #H(n,m,+) of rank (¢" — 1)/2 and H(n,m,—) of rank
(¢" + 1)/2 introduced in (9.0.5). Among these two sheaves, we denote the one of even rank by
HeU"(n, m) and the one of odd rank by H°%(n,m). Also, let

H(n,m) := H(n,m,+) ® H(n,m, —) = Hn,m) ® HV"(n,m).

Theorem 9.3. Given the assumption (9.0.1) and the above notation, the following statements hold.
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(i) Let k be any finite extension of Fq. Then the arithmetic monodromy group HSH (n, m, k) and

the geometric monodromy group Hgeon (n,m) of HE"(n,m) on Gy, /k are

arith (1, 1, k) = Hgegin (n,m) = M = Spy,(q)

geom

and M = Sps,(q) acts in one of its even-degree irreducible Weil representations. Further-
more, the arithmetic monodromy group H;’flifh(n,m,k) and the geometric monodromy group
Ho (n,m) of H¥(n,m) on G,,/k are

geom

H8 (n,my k) = Clyinp x M/Z(M), Higg(n,m) = Cpoq x M/Z(M),

geom geom

where M /Z(M) = PSp,,,(q) acts in one of its odd-degree irreducible Weil representations, and
1<C

geom

!
< Carith,k

with C’;rith’k a central subgroup of order < 2.

(ii) Let elf and let k =F 1/ be a subfield of Fq. Then on Gy, /k the arithmetic monodromy group
Hh (n,m, k) of HEV™ (n,m) contains HENGE (n,m,Fy) as a normal subgroups of index e, and
likewise for the monodromy group of Ho%(n,m):

551??(”77”7 k) =M-C,, Hggi(tih(n’ m, k) = ( ;fxrith,]Fq X M/Z(M)) - Ce,
and each of them induces a subgroup of order e of outer field automorphisms of M = Spy,,(q).

Proof. (i) Note that H(n,m) = H"(n, m) ® H°%M(n,m) is exactly the system Wy, s,(1/2) defined
after Corollary 4.9, because we already built the Tate (1/2)-twist into the definition of H""(n, m)
and ’HOdd(n,m); in particular, Theorem 4.10 applies to H(n,m). Now, the geometric monodromy
group Ggeom of H(n,m) contains G(n,m)geom as a normal subgroup, with cyclic quotient of order
dividing A which is coprime to p, and G(n,m)geom is described in Theorem 9.1. As Ggeom is a
normal subgroup with cyclic quotient in the arithmetic monodromy group Gayithx of H(n,m), it

follows that Géiiot)h E = Gge)?)zn = M = Sp,,(q), acting via a total Weil representation. Next, as p is
odd, Theorem 4.12 shows that the determinant of Gitn 1 on each of the two irreducible subsheaves
of H(n,m) is a 2-group. Now, Lemma 4.7 and Corollary 4.9 ensure that we can first apply Theorem

6.4 to obtain
(931) Garith,k = O;rith,k X M7 Ggeom - Céeom X M)

where Céeom < Cf/ﬂ"it}L . are both central of order < 2, acting on #(n,m) via scalars. The statements

in (i) then follow, by recalling that HE(n,m, k) and H2% (n,m,k) are the images of Garith k
acting on H*"(n, m) and H°%¥(n,m), with cyclic centers, and noting that Z(M) acts trivially on
Ho%(n,m) and as {£1} on H"(n,m).

(ii) We again work with H(n,m) and its arithmetic monodromy group Gaith k. By Theorem
4.12, the determinantal image of Gayith,k on each of H"(n, m) and Ho4 (n,m) is a p'-group. Now,
Theorem 4.10 ensures that we can apply Theorem 7.1 to (G, G, H) = (Garith i, GarithF,s M ). As
G arith,k / Garith,IFq is cyclic of order dividing e, the statements follow. Ol

Our final result in this section determines all the central subgroups involved in Theorems 9.1-9.3.

Theorem 9.4. Keep the assumption (9.0.1). Then the following statements hold.

(i) Assume that 2\n. Then the central subgroups C' in Theorem 9.1, Cayith . tn Theorem 9.2(i),

Céeom and C;rith?k in Theorem 9.3(i) are all trivial. Furthermore, for any extension k of Fy,

H(n,m) has its geometric and arithmetic monodromy groups Ggeom = Garith,k = SPan(4q)-
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(ii) Assume that 2t n. Then the central subgroups C! and C! i . in Theorem 9.3(i) are both

geom
cyclic of order 2. Furthermore, G(n,m)arith = G (1, M)geom = C2 X Spo,,(q) in Theorem 9.1.

Moreover, the local system ﬁ(n,m) = H(n,m) @ Ly, has its geometric monodromy group
Ggeom = Sp2n(Q)-

(iii) Assume again that 2 t n. Then the central subgroup Chyyith g in Theorem 9.2(i) has order 1
when q = 1(mod 4) or if k 2 Fj2, and has order 2 if ¢ = 3(mod 4) and k 2 F 2.

Proof. (i) Our assumptions on (n,q) imply that the sheaf #°(n,m) is the sheaf H(n,m,—) of
rank A = (¢" + 1)/2 defined using Hpig 4, B.descent i (9.0.5). By Theorem 4.5(ii), H(n,m) has
trivial arithmetic determinant. Since the rank (¢" 4 1)/2 is odd, any central element of order 2 in
H% (n,m, k) would have determinant —1, a contradiction. It follows that Z(H%% (n,m,k)) has
odd order, and so Cj i}, = 1 in Theorem 9.3(i). In particular, we have Garith, = M = Spy,(¢) in
(9.3.1). Now, using the [A]* Kummer pullback to get back to W(n,m), and the further pullback
by [r — —r] to get to W(¢p,n,m,q), we conclude that C’ = 1 in Theorem 9.1 and Chyyithx = 1 in

Theorem 9.2(i).

(ii) Our assumptions on (n,q) imply that the sheaf #°%(n,m) is the sheaf H(n, m,—) of rank
B = (¢" 4 1)/2 defined using Huig, 4,B,descent in (9.0.5) when 2 { B, and it is the sheaf H(n, m,+) of
rank B —1 = (¢" —1)/2 defined using Hsmaii, A, B descent i (9.0.5) when 2|B. Now, by Theorem 4.6,

H°% (n, m) has geometric determinant L., and so some element of H, gggm(n, m) has determinant —1

on H°%(n,m). Hence, H33% (n,m) cannot be perfect, and therefore H9d% (n,m) = Cy x PSpy,(q)
and C} i1 = Cgeom = C2 in Theorem 9.3(i); in particular, (9.3.1) implies that # has geometric

monodromy group
(941) Ggeom = <C> X M = Cy x Sp2n(q)'

Next, since W(n,m, —) is the [A]* Kummer pullback of H°%(n,m), Ggeom(n,m,—) is a normal
subgroup of Hgggm(n, m, k) of index dividing A, which is odd, and this implies that G(n,m, —)geom
cannot be perfect. As G(n,m, —)geom is the image of G(n,m)geom acting on W(n, m, —), it follows
that G(n,m)arith = G(n,M)geom = C2 X Spg,(¢) in Theorem 9.1.

Let Z(M) = (t). Then t acts as —1 on the even-rank subsheaf H"(n,m) of H(n,m) and
trivially on the odd-rank subsheaf H,qq4(n, m). Replacing ¢ from (9.4.1) by ct if necessary, we may
assume that ¢ acts trivially on H""(n,m), whence c acts as —1 on H°%(n, m) (otherwise ¢ would
be trivial). Now (9.4.1) implies that #°%(n,m) has geometric determinant £, and H"(n,m)
has trivial geometric determinant. Hence, both H°%(n,m) ® Ly, and H"(n,m)® Ly, have trivial
geometric determinants.

Next, tensoring with L£,, changes the trace at v € E* by a factor of x2(v) = %1. In particular,
it does not change the absolute value of the trace at any v € E*. Furthermore, the [2]* Kummer
pullbacks of H(n,m) and H(n,m) are isomorphic, and so Ggeom has a normal subgroup X of
index at most 2, which is also a normal subgroup of Ggeom of index at most 2. It follows that
(égeom)(oo) = X() = M 2 Sp,, (¢q). Applying Theorem 6.4 to égeom and arguing as in p. (i) of
the proof of Theorem 6.4, we conclude that M < égeom < (U9 x L. Now, if Ggeom > M, then we
have Ggeom = (€) x M with (&) = Cy. Since ¢ has trivial determinant on H(n,m) ® L,,, it acts
trivially on it, and ¢ acts as 1 or —1 on H®*"*(n, m) ® L,,. But this means that the action of ¢ on

H(n, m) agrees with some element in Z(M) and so ¢ € Z(M) by faithfulness, a contradiction. Thus

Ggeom = M, as stated.



EXPONENTIAL SUMS AND SYMPLECTIC AND UNITARY GROUPS 43

(iii) In this case we have 2 { n. Recalling (9.0.3), we note from Corollary 3.10 that W(v, n,m, q)
is the pullback by [r — —r| of [B]*W), where

—~ — —d — —d

W= Hsmall,B,A,descent X (—GaUSS(ll}]FP, X2)) °® S Hbig,B,A,p,descent X (—GaUSS(¢Fp7X2)) eg’
and p is chosen so that p? = x» (in particular, we will take p = xo if B = (¢" +1)/2 is odd).

Consider the case 2 { B, equivalently, 4|(¢—1). Then, for any k D F,, —1 is a square in k, whence
Gauss(¥k, x2) = Gauss(y, x2). By Proposition 3.12, both Hsmaui, B, A descent @ (—Gauss(@FP, XQ))_deg
and Hpig, B, A,p,descent @ (—Gauss(%gp, Xz))_deg have trivial arithmetic determinants. Now consider
any central element ¢ in the arithmetic monodromy group of [B]*W. By Theorem 9.2(i), ord(c)
divides 2p. Now, on the subsystem of [B]*W of odd rank (¢" — €)/2 (for a suitable e € {—1,1}), ¢
acts as a scalar o with a® = 1 and 1 = det(c) = al7"~9/2, whence o = 1. On the subsystem of
[B]*W of even rank (¢ +¢€)/2, c acts as a scalar § with 8% = 1 and 1 = det(c) = 7" +9/2 whence
B = £1. We see that the action of ¢ agrees with the action of a central element of M = Sp,,,(¢), and
therefore ¢ € Z(M). Pulling back by [r — —r] to W(¢,n,m, q), we obtain Caith ; = 1 in Theorem
9.2(i).

Now assume 2|B, equivalently, 4|(¢+1). We apply Proposition 3.13 with C' = —1 to see that the
subsheaf [B]*H smail, B, A, descent @ (—Gauss(@FP, Xg))_deg, which has odd rank B — 1, has arithmetic
determinant (—1)9°8, whereas [B*Hbig,B, A p,descent @ (—Gauss(ﬁﬂzp, Xg))fdeg, which has even rank
B, has trivial arithmetic determinant. Again consider any central element ¢ in the arithmetic
monodromy group of [B]*W. By Theorem 9.2(i), ord(c) divides 2p. Now, if k 2 [F,2, equivalently,
[k : Fp] is even, then c¢ has trivial determinant on both subsystems of [B]*W, and the previous
arguments show that ¢ € Z(M), and pulling back by [r — —r], we see that Cayith x = 1 in Theorem
9.2(i). The same arguments also show that we always have ¢ € Z(M), whence ord(c) divides
ged(4,2p) = 2 and thus ord(c) divides 2. Now assume that [k : Fp] is odd. We have just proved
that Z(Gaith (¢, n,m,q,k)) is a 2-group and contains Z(M) = Cy, whence Chyithr has order 1
or 2. Suppose that Cyith = 1. Then Gaign(¥,n,m,q, k) = M is perfect, and so it has trivial
arithmetic determinant on both subsystems of W(1,n,m,q), a contradiction. Thus Chyithr = Co
in this case. O

10. LOCAL SYSTEMS AND TOTAL WEIL REPRESENTATIONS: UNITARY GROUPS OVER [,

We continue to work with the prime p > 2, and fix a power ¢ = pf and positive integers n, m,
where

(10.0.1) n>m, ged(n,m) =1, 2¢mn, n > 3, and either m < n/2, or (n,m) = (5,3).
This assumption implies that
(10.0.2) ged(¢" +1,q™+1) =g+ 1.
For compatibility with the notations used in section §5, we denote
A= ("+1)/(g+1), B:=(¢"+1)/(¢g+1)

In this section, we study the local system W™™ on A!/ [F,2 with trace function given as follows: for
k/F . a finite extension, and r € k,

1

Py ) (a0 — g ?" L)
Gawsstin ) 2 )
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Next, we fix a character xq41 of order ¢ + 1, and then, for 0 < 5 < ¢, define W™mJ to be the local
system on G,,/F,. whose trace function is given by as follows: for k/F . a finite extension, and
r ek,
1 A By.J
r— " —rx x).
Gauss(Yk, x2) %wk( )Xq—H( )

By (10.0.2) and Proposition 2.3, W™™ = QB;J»ZIW”’m’j is the sum of (¢ 4 1) irreducible subsystems
wmmd | of rank (¢" — q)/(¢+ 1) for j = 0 and (¢" +1)/(¢+ 1) when 1 < j < ¢q. Let G, and

G géom, Tespectively G:r’:?ﬁ] and Ggégf{f , denote the arithmetic and the geometric monodromy groups
of W™™_ respectively of W™,

Next, recall that in Lemma 5.13 we defined
no := ged(n, (¢ +1)"),

and showed that we can fix a character v of order ng(q + 1) such that v = x,.1. We then define
the hypergeometric sheaves H™"/ over G, /F . (v) for j € Z to be

—d AP
Hsmall,A,B,descent b2y (_Gauss(w]qu (v)» X2>) eg7 if J= O(mOd q+ 1)7

—d o
Hbig,A,B,l/j,descent ® (—Gauss(¢Fq2 (v)» XQ)) ega if J §é O(mOd q+ 1))

with Hemair, A,B,descent a0 Hpig A By descent s defined in §5. We also let

(10.0.3)  H™™I = {

q
(10.0.4) W =
=0

By Propositions 5.3 and 5.4, W™ is the [A]* Kummer pullback of H™™~J. Denote the arithmetic
and geometric monodromy groups of H™™J by H."’ and Hgdori . Again, this pullback relationship
implies that Ggiomi <! Hgéom ° and the quotient is a cyclic group of order dividing A.

We will need the following statement, which is an odd-n analogue of [KT5, Lemma 17.3]. For
the reader’s convenience, we give the proof.

Lemma 10.1. Let Z be a finite abelian group, q a prime power, and let Ao, A1, ..., \q € Irr(2).

(i) Suppose A := "1 N vanishes on Z ~ {1}. Then |Z| divides g + 1.
(ii) Suppose there is some z € Z such that A =Y 1, \; vanishes on Z~{1,z} and A(z) = —(q+1).
Then |Z| divides 2(q+ 1).
(iii) Suppose 2{1n >3, (n,q) # (3,2), A3 = 1z, and that

q
Si=-X+A) N,
i=0
with A := (¢"+1)/(q+1), takes values only in {—q¢",0,%£¢" |0 <i<n—1} on Z~{1}. Then
either |Z| divides q + 1, or Z contains an element z with \j(z) = —1 for all 0 <i < q. In the
latter case, if in addition ¥ is faithful, then |Z| divides 2(q + 1).

Proof. (i) Note that

1 q+1
A 1z]z = EZA@) =

r€Z
is an integer, whence the statement follows.
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(ii) Let v be the linear character of (z) sending z to —1. Since Z is abelian, we can find a linear
extension 3 of a to Z. Now

_ @+ DBA) -+ 1DB() _2(¢+1)
Bz = 17 2 A 7] -z

reZ

is an integer, whence the statement follows.

(iii) Consider any 1 # 2 € Z. By the assumption, A\o(z) = £1, and X(z) = 0, —¢", or £¢’ for
some 0 < j<n—1. Now

Z>3(x)+ M(z) =A-A(z),
and so A(z) = (X(x) + Ag(z))/A is both rational and an algebraic integer, whence
(10.1.1) A divides X(x) 4+ Ao(z).

We will now show that either X(z) = —Xo(x) or B(z) = —¢". If X(x) = 0, or X(z) = +¢’ with
1<j<n-—2 orif ¥(x) = \(z), then X(x) + Ao(z) # 0 and |E($) +Xo(@)] < ¢ 2+ 1< A (as
n >3 and (n,q) # (3 2)) contradicting (10.1.1). If ¥(z) = A\o(x)g" !, then we have A|(¢" 1 +1) by
(10.1.1), whence W divides (¢+1)- qull) which is 1mp0881ble since ged(¢"+1,¢" 1 +1) =
ged(2,q—1). If 2(z) = —Xo(z)¢" 1, then we have A|(¢" ! —1) by (10.1.1), which is also impossible
since ged(¢" +1,¢" 1 —1)=q+ 1< (¢"+1)/(¢+1) for 2¢n >3 and (n,q) # (3,2).

(iv) Now, if ¥(x) # —¢" for all 1 # z € Z, then ¥(x) = —Xo(z) and A(z) =0 for all 1 # z € Z,
whence the statement follows from (i).

Consider the case ¥(z) = —¢" for some 1 # = € Z. Then we must have A\g(z) = —1, and

Y (FAi(@) = =A@) = (@) = B(x)/A =g+ 1,

=0
implying that all roots of unity —\;(z) must be 1. Now, assume ¥ is faithful, and fix an element
2z € Z with \;(z) = —1 for all 4. In this case, \j(xz=1) = 1 for all 4, and so X(xz"1) = ¢+ 1 and
x = z by faithfulness of ¥. We have shown that A(x) = —(¢ + 1) for = 2z, and A(z) = 0 for all
x € Z ~ {1, z}, and so the statement follows from (ii). O

In this section, we will work with a subgroup GU,(¢) = GU(W) of Sp,,,(q) as specified in [KT3,
Theorem 3.4], W = F?2, and with j = —1ly, the central involution of both GU(W) and Spy,(q)-

The main result of this section is the following theorem:

Theorem 10.2. Given the assumption (10.0.1). Then the geometric monodromy group Ggiom of
W™ s isomorphic to SU,(q) acting in its total Weil representation of degree q". Furthermore,
for any finite extension k of F 2, the arithmetic monodromy group G5 of W™™ on Gy, /k is

a2
Grithk = Carith kX SUn(),
where Cayith k = Carith’]}?qQ =(3) = Co if 21 deg(k/F2), and Caritng = 1 if 2 | deg(k/F,2).

Proof. (i) Note that, since k 2 Fg2, Gauss(¢, x2) = Gauss((¥a)r, x2) for any 9, : t = ¢ (at) with
a € Fy. In particular, Wl is precisely the pullback by [r — —r] of the local system W(1,n, q)
considered in [KT3, §4], where we have shown in Theorem 4.2 that it has geometric monodromy
group SU,(q) (in its total Weil representation of degree ¢"). Thus Ggéém = K = SU,(q).
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(ii) In this and the next part of the proof we will assume that m > 1. Consider the local system
wrmL0 on A3/ [F,2 with trace function given as follows. For k/F 2 a finite extension, and r, s,t € k,

! ) Z P (29— 2" 4 szt 4 12?),

(rys,t) —» ———
Gauss(Yk, x2 =

with arithmetic monodromy group G:r’;?ﬂl’o. As mentioned above, k 2 F,2 implies that the system
wnm 0| g at 1 = 0 is exactly the local system Wa._param (1, 1, q) considered in [KT3, §4]. By [KT3,
Theorem 4.3], the arithmetic monodromy group of W™ 10| _y equals L := Sp,,(g) in one of its
total Weil representations of degree ¢™. Thus GZr’iT};l’O contains L. By Proposition 2.3, Wmm10
is still a sum of two subsystems of rank (¢" 4+ 1)/2. Furthermore, it satisfies the conclusions of

Theorem 2.7. Now, applying Theorem 7.1 to GZI;;?}’II’O > L (with e = 1), we obtain that

k) 7]‘70 j—
(10.2.1) Grmll — 0% I,

where C' a cyclic scalar subgroup, and either |C| =1,2, or p=3, 21t f, and |C| = 3,6.
Let @ : G:g'&’ll’o = CL — GL4(C) denote the corresponding represegtation of G:r’zgﬁl’o = CL
acting on W™ 10 Note that W™™ is precisely W™™10|,_ o, hence G := G711} , is a subgroup

1 . . . .
of Gty 0 As W™ is a local system on Al its geometric monodromy group G := Ggiom satisfies

(10.2.2) G = 0" (Q).

Given the information about respective cyclic quotients, we see that the two groups Ggiom and

G™™ have a common last term K of their derived series:
arith

(1023) K = (Gn,m )(oo) — (Gn,m )(oo) S (Gn,m,l,())(oo) — L

geom arith,k arith

By (10.0.2) and Proposition 2.3, ®|¢ is a sum of ¢ + 1 irreducible summands ®; acting on W™,
0 < j < gq. Since ®(C) consists of scalar matrices, the same is true for CG = C' x (CGN L), whence
also for CG N L. Applying [KT3, Theorem 3.4] to CG N L, we see that

SUL(q) < CGN L < GUn(q),

where GUy(q) is realized inside L via a standard Hermitian structure on F2". As K < CGN L, we
now have

SU,(¢) = (CGN L) < (CR)*) = G®) = K = K®) < (CG N L)™ =SU,(qg),
i.e. K =8U,(q), acting in its total Weil representation.
(iii) Since G > K by (10.2.3), from (10.2.1) we now get

G <G < Neyp(K)=CxNy(K)=C x (GUy(q) x Ca).

Note that C' x GU,(q) preserves the equivalence of each of g + 1 irreducible summands (®;)|x, but
the subgroup Cy (generated by a field automorphism) does not. It follows that

(10.2.4) SU.(q) = K 9 G <G < C x GUy,(q).

Recall from Lemma 3.2 that the sheaves Hgmai, 4,3 and Hyig, 4., all have geometric determinants
being trivial or £,,. As W™™J is the [A]* Kummer pullback of H™"™~J the same is true for
G = Ggiom acting on each W™™J. Hence, if ®¢ denotes the two summands of degree (¢" — €)/2,
€ = =+, of the C'L-representation ®, then det(®¢(g))? = 1 for all g € G. However, det(®¢(x)) = 1
for all z € L as L is perfect, and det(®“(c)) has order 3 if 1 # ¢ € O3(C) when p = 3, since C
is scalar and deg(®) is coprime to p. Recalling C' < Ch.geq(p,3), We now see from (10.2.4) that
SUn(q) <G < Oy (C) x GU,(q). Together with (10.2.2), this implies that G = K = SU,,(q).
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(iv) Now we return to the general case m > 1 and let A\; be the central character of Z(G) acting on
wmnmi () < j < g. Recall that ®|~ has integer traces, belonging to {£¢’ | 0 < i < n} by Theorem
5.9, and so it is self-dual. But (®¢)|s is the unique irreducible constituent of ®| of degree A — 1,
hence (®g)|s is self-dual; in particular, A2 is trivial. It follows that ¥ := —Xg + A 7 \; satisfies
all the hypotheses of Lemma 10.1, whence

(10.2.5) 1Z(G)| divides 2(q + 1).

In particular, we are done if ¢ < C5. Consider the case C > C3, whence p = 3. By (10.2.4),
Ca(K) = Z(G), and G/Cx(K) < PGUp(g). It then follows from (10.2.5) that |G/G| divides
2(q +1)2. On the other hand, G/G < C x Cy+1, with C' x Cyy1 being an abelian group. Hence,

G/G < 03/(C x Cyi1) = 0(C) x Cgi1 = (02(C) x GUn(q))/G,
and so

(10.2.6) G < 05(C) x GUy(q).

arith,k

(v) To completely determine Gy ¢, first we show that in (10.2.6) in fact we have

(10.2.7) SUn(q) = H < Gih 1 < GU(q).

This is obvious if O3(C) = 1, so we will assume that O2(C) = (¢) with ®(¢) = —Id and that
G > th for some h € GU,(q). We will decompose the total Weil representation ® of GU,(q) as
®!_,U; as in [KT3, §3]; in particular, deg(¥;) = (¢" +1)/(¢ + 1) — 6; 0. The same decomposition
applies to O2(C) x GU,(q), as ®(t) = —Id. Restricted to G, each ¥; with 1 < ¢ < ¢ corresponds
to the action of G on some W™™J which in turn is the [A]* Kummer pullback of Hpig A, B, y.descent
for some . Restricted further down to H = SU,(q), ¥(411)/2 is the only self-dual one among the
q irreducible Weil representations of degree A of H. Taking p = x = x2 in Proposition 5.3, we see
that Hpig, A, B x,descent 15 geometrically self-dual of rank A; hence this sheaf corresponds to W, 1)/2-
Furthermore it has trivial arithmetic determinant, by Proposition 3.12(iii), see also Corollary 5.8.
On the other hand, by [KT3, Lemma 3.2(iii)], det(¥441)/2(h)) = 1, and so det(¥ (q41)/2(th)) = —1,
a contradiction.

Having established (10.2.7), we can write G;Lg?h’k = (H,g), where g := diag(p’,1,...,1), p € IFqXQ
has order ¢+ 1, and 0 < j < ¢. As shown in the proof of [KT3, Lemma 3.2],

(10.2.8) det(T;(g)) = Cj(i+(q+1)/2)’

if 1 <i<gqand (= (441 € C* has order ¢+ 1. According to Corollary 5.8, all the ¢ components
of degree A of W™™ have arithmetic determinant +1, hence det(¥;(g)) = £1 for all 1 < i < q.
Applying this and (10.2.8) to i = (¢ + 3)/2, we get (¥ =1, i.e. (¢+ 1)/2 divides j. Since 2 ¢ n it is
easy to see that (H,g9t1)/2) = H x (j), and so we have shown that

(1029) G:;;Th,k = Carith,k X SUn(Q)?
with Charithx < Carith,]qu < {J)-
Assume now that for Carith,lg‘q2 = 1. Then, G:;th’Fqg = H = SU,(q) is perfect. It follows that

all ¢ + 1 subsheaves of W™™ have trivial arithmetic determinants over Fp. If ¢ = 3(mod 4),
then we choose @ of order r := ¢ + 1, so that (—1)(¢tD/7 = —1 % (—=1)(@*D/2_ If ¢ = 1(mod 4),
then we choose 6 of order 7 := (¢ +1)/2, so that (—1)@+1)/m =1 = (—1)(@*D/2_ In both cases, by
Corollary 5.8, this choice of # implies that the subsheaf of rank A of W™ labeled by 6 has nontrivial
arithmetic determinant (—1)9°& over extensions of F,2, a contradiction. Hence Carith’FqQ = (J).
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Finally, since G} . /Ggéom = C2, the Cy quotient is geometrically trivial and so must be
q

(—1)%e arithmetically. Together with (10.2.9), this implies that Carith e = C’Mithipq2 when 2 ¢
deg(k/F;2) and Chapitn i is trivial when 2| deg(k/F 2). O

Theorem 10.3. Given the assumption (10.0.1). Then the following statements hold.

(a) The geometric monodromy group H = Hgéom of H™™ contains Ggiom = SUn(q) as a normal
subgroup, with Hgeom/Ggiom being cyclic of order ng. Furthermore, H/Z(H) = PGU,(q).

(b) Let 0 < j < q and let Hj = Hgégf{lj be the geometric monodromy group of the hypergeometric
sheaf H™™J | defined in (10.0.3). Then Hj(oo) is the image of SU,(q) in an irreducible Weil
representation, of degree A = (¢" +1)/(¢g+1) if1 <j<qgand A—11ifj=0, Hj/Hj(oo) is
cyclic of order dividing ng, and H;/Z(H;) = PGU,(q).

(c) Let k be any finite extension of ko := Fy2(v) = Fy2n,. Then the arithmetic monodromy group
of H™™ over Gy, /k is Carith ke X Hgeom, where Cayith x = (J) if 21 deg(k/ko) and Cayitni = 1 if
2| deg(k/ko).

Proof. (i) The definition given in (10.0.3) tells us that H; has its 1(0) being cyclic of order A =
(¢"+1)/(g+1). Moreover, H; has property (S+) by Proposition 5.10, and by Theorem 10.2, H](-oo) =

n,m,—j

Glgéom ° is the image of SU,,(¢q) in the relevant irreducible Weil representation, with H;/H j(oo) being

cyclic of order dividing A. Hence, PSU,(¢q) is the unique non-abelian composition factor of Hj;, and
by Theorem 8.3 and Corollary 8.4 of [KT4],

(10.3.1) H;/Z(H,) =~ PGU,(q).

(ii) Next, since the [A]* Kummer pullback of H™™ is W™ G := Ggiom = SUp(q) is a normal
subgroup of H := Hgéom, with cyclic quotient of order dividing A; in particular, we can write
(10.3.2) H=(G g >G
for some element g € H. '

Let ¥; denote the representation of H on 1™/, so that H; = ¥;(H) and (V;)|¢ is an irreducible
Weil representation of G = SU,(q). Note that the only automorphisms of G that preserve the
equivalence class of each (¥;)|g are the inner-diagonal automorphisms, i.e. the ones induced by
elements in GU,(¢) (via conjugation). It follows that we can find an element h € GU,(¢q) < L (with

L = Sp,,,(¢) as in the proof of Theorem 10.2) such that g and h induce the same automorphism of
G. Changing g to another representative in its coset gG, we can make sure that

(10.3.3) h = diag(p,1,1,...,1)
for some p € pg41 < IE‘qXQ. In particular,
(10.3.4) ROt =1,
and ¥;(g)¥;(h)~! centralizes ¥;(G), whence
(10.3.5) Vi(g) = a;¥;(h)
for some a; € C*. In fact, a; is a root of unity because both ¢g and h have finite order.
Recall by [KT3, (3.1.2)] that Tr(V;(h)) € Q((4+1). On the other hand, since v is chosen to have
order ng(q + 1), Tr(¥;(g)) € Q(¢py(g+1)) by Lemma 3.7. Hence the root of unity a; belongs to
Q(Cng(g+1)), and so, as 2|(q + 1), we have that

(10.3.6) a0t = 1
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for all j. Together with (10.3.4) and (10.3.5), this implies that W;(g)"0(9*1) = Id for all j, whence
®(g)m0latt) = Id and g"0(@+1) = 1 by faithfulness of ®. Coupled with (10.3.2), we deduce that |H/G|
divides ng(¢+1). But |H/G| divides A and gcd(A, no(¢+1)) = no by (5.13.1). Consequently, |H/G|
divides ng. Applying ¥;, we also get that |H;/H ](OO)| divides nyg.

Next we show that

(10.3.7) Cu(G) = Z(H), H/Z(H) = PGU,(q).

Indeed, note that Cy(G) acts via scalars in each ¥; and so centralizes V;(H), whence Cy(G) =
Z(H). We already showed that H/Cpg(G) embeds in PGU,(g) and contains PSU,,(q¢) = G/Z(G).
If H/Z(H) < PGU,(q), then applying ¥; and using ¥;(Z(H)) < Z(H;), we would have that
H;/Z(H;) is properly contained in PGU,(q), contradicting (10.3.1).

(iii) The relation (10.3.7) shows that H induces the full subgroup PGU,(q) of inner-diagonal
automorphisms of G. As H = (G, g), see (10.3.2), we may therefore assume that for the element
h = diag(p,1,...,1) in (10.3.3) we have p € F;Z is of order g + 1. Write

(10.3.8) d:=ged(n,q+ 1) = an — b(qg+ 1), h% = (p* - 1y )k with b’ := diag(p?~%, p~%,...,p" ),

for some a,b € Z. Then p¢ = pen=bla+l) = pan hence det(h') = p?~* =1, i.e. K € SU,(q).

We will now fix j := (¢ + 3)/2 in (10.3.5) and let o := «j. By the proof of [KT3, Lemma 3.2],
this choice of j (and the fact that p has order g+ 1) ensures that det(¥;(h)) is a primitive (g + 1)
root (441 of unity. On the other hand, by Lemma 3.1 and (10.3.5),

1 =det(¥;(g)) = o det U;(h) = a*¢yi1.
Recalling by (10.3.6) that (@1 =1, we can write o = Cro(g+1) for a primitive (no(q +1))™ root
: . _ —(A
Cno(g+1) of unity with ng(qﬂ) = (g+1 and ¢ € Z. Now (441 = « A4 qul /mo)e
so ged(c,q+ 1) = 1. As ng|(g + 1), this implies that

(10.3.9) ged(e,no(g+1)) =1, ie. o= ( (441) has order exactly no(g + 1).

has order ¢ 4+ 1, and

Also write
ng=de, g+ 1=dr
with e, r € Zzl'
Recall we have shown that |H/G| divides ny = de, and H induces the subgroup PGU,(q) of
Aut(G), whereas G induces the subgroup PSU,,(q) of order |PGU,(q)|/d of Aut(G). It follows that
|H/G| = ds for some divisor s of e. In particular, g% € G, whence using (10.3.8) we obtain that

\I,j(gds) — OédS\I’j(hdS) _ adS\I’j((pa . 1W)S)\I’j((h/)s)
belongs to ¥;(G). As h' € G and ¥;(p- 1) = (441 - Id by [KT3, (3.2.1)], this implies that the

ds ras

scalar transformation a®(g?; - Id belongs to W;(G). As the quasisimple group G = SU,(q) acts
irreducibly in ¥; and has center of order d, this scalar transformation has order dividing d, that is,

(10.3.10) (a®cad))® = 1.

2 2 . 2 d
Now, a® = (¢4 1) = (G by (10.3.9), if we take Cer := (7 (1) Next, ¢ffy = ¢Jo0h ) = (o Tt
follows that o’ gj‘fl = (5%, and so (10.3.10) implies that er divides s(c — ae); in particular, e

divides sc. But ¢ is coprime to ng = de by (10.3.9), hence e|s. Consequently, s = e, i.e. |H/G| = ny,
as stated in (a).

(iv) Now we note that, since all prime divisors of the odd integer ng divide ¢ + 1 and v has
order no(q + 1), ko = Fp2(v) equals Fone. [Indeed, if £ is any (odd) prime divisor of ng and
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ordy(ng) = ¢ > 0, then, as in the proof of Lemma 5.13, we have that ¢°|(¢** — 1)/(¢ + 1) if and
only if £°|a. Proceeding ¢ by ¢, we get that ng|(¢** —1)/(q + 1) ie. no(qg+1)| (¢* —1), if and
only if ngla, and thus F2(v) = F 2ny.] To determine H:=H" arlth s we recall that W™™ is the [A]*

Kummer pullback of H”m hence G := G™ amh i = Carith,k ¥ Ggéom is a subgroup in H," arlth o With

cyclic quotient of order dividing A. At the same time, H" ar71th

subgroup, also with cyclic quotient, and with H (00) = Q=) = Ggéom = SU,(q). It follows that
Ggeom < H" ar71th 1» Whence

 contains H = ngom as a normal

(10311) Ggeznm g Harlth k = > Hgg and |H, [ arlth k GTalr’?:h,k] divides A.

geomv

Recall by (10.3.7) that Hgéom induces the subgroup PGU,,(g) of all inner-diagonal automorphisms of
Ggiom = SU,(q). Again, since only inner-diagonal automorphisms of SU,,(g) can fix the equivalence
of each irreducible Weil representations (¥;)|c of SUy(q), Hyjy, , must induce the same subgroup

PGU,(q) while acting on Ggiom. In particular,

arith,k

(10.3.12) (H5, | = [PGUL(0)] €] = [SUn(g)] - [C] = |G, 1/ Cus

where C' := Cpynm (Gsom). Together with (10.3.11), this implies that

arith,k
(10.3.13) |C| divides |Caign k| - A

Consider any ¢ € C. For any 0 < j < ¢, ¥;(c) centralizes the irreducible subgroup ¥;(G),
hence ¥;(c) = «; - Id for some root of unity v € C*. Just as above, we see that the field EV =
Fp(tng(g+1)(p—1)) of Lemma 3.7 is equal to ko = F 2n,. Hence, by Lemma 3.7, ; deg(¥;) = Tr(¥;(c))

belongs to Q(v) = Q((no(g+1))- As 2[(¢+1) and ~; is a root of unity, we conclude that 'yno(qH) 1,

and so ¢"(@t1) =1 for all ¢ € C, i.e. the exponent of C' divides ~no(q +1). On the other hand, as C
acts via scalars in all ¥;, it is a (finite) abelian group. Thus |C| divides (no(q + 1))4*1. Applying
(10.3.13) and (5.13.1), we now obtain that |C| divides

no.

A nl(g+1)att
ng(‘Carith,k’ : Aa (nO(q =+ 1))q+1) ‘Carlth k’ no - ng< 70(Q)> = ’C i
no ’Carlth,k‘

Together with (10.3.12), this implies that |H:r1731 k/Garlthk = np/e for some odd integer e|ngp; in

particular | Hoitn | = [Carith | - [SUn(q)| - (no/e) = (’Camh,ﬂ/@) - |Hgéom |- But Hgéom is a subgroup
of H™ rlth i and |Carith k| < 2, so we conclude that e = 1.

Now, if Clarith,k = 1, then Harlthk = Hgéom. Assume Chith i = (j). Then 2 = ’H:mmh k/ng’g”m .
Recall by (a) that Hgiom is an extension of the quasisimple subgroup G = SU,(q) of odd index
ng. On the other hand, by Theorem 10.2, Garlthk = Clarith,k X SUp(¢), and the order 2 subgroup
Carithr = (J) < Z(GUp(q)) acts via scalars in each of W;, hence it centralizes H."\\} . Tt follows
that Carithx N ngom =1 and Harlth B = Carith,k X Hgég;bn.

Finally, by Theorem 10.2, ’Carlth,k” = 2 if and only if 2 { deg(k/F2) if and only if 2 { deg(k/ko),
since deg(ko/F,2) = ng is odd. O

Remark 10.4. In the special case where n = 3, m = 1, and 3|(¢ + 1), Theorem 10.3 complements
[KT1, Theorem 19.2].

Now we specialize to the case where ged(n, g+ 1) = 1, and follow Remark 5.11 to choose a € Z so
that aA =1 (mod (¢ + 1)) and take v = xg . Then the hypergeometric sheaves H""/ of (10.0.3)
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are defined over G, /F 2, and their sum H™"™ = @?:O’H”’m’j has trace function
1

X a q"+1 B .q"+1
wek e Gauss(9g, x2) %W(U v Wt ),

with «A — B =1 and € (¢ + 1)Z, see (5.11.1).

Theorem 10.5. Given the assumption (10.0.1), assume in addition that ged(n,q+ 1) = 1. Then
we have the following results.

(a) The geometric monodromy group Heéom of H™™ is SU,(q) acting in its total Weil representation
of degree q". ‘

(b) The geometric monodromy group Hgeon? of the hypergeometric sheaf H™™7, 0 < j < q, is the
image of SU,,(q) in an irreducible Weil representation, of degree A = (¢"+1)/(q+1) if 1 < j <gq
and A—1if 7 =0.

(c) Over any finite extension k of F 2, the arithmetic monodromy group H$ﬁ1,k of H™™ is equal

to the arithmetic monodromy group GZ;;?h w of W an Theorem 10.2.

Proof. Note Theorem 10.5 is the ng = 1 case of Theorem 10.3. But we will give an alternative
proof, which will later apply to the proof of Theorem 10.6.

(i) Consider the local system W™™?2 on G, x A?/F2 with trace function given as follows. For
k/IFq2 a finite extension, and v € k%, r,s € k,

1 Zwk (qu"Jrl B S qu2+1)’

v,r,S) H ——————
(1) Gauss(in,xa) 2

. . 2 : . 2
with geometric monodromy group Ggiom and arithmetic monodromy group G,:7%, over any fi-

nite extension k of F2. Then the system W™™2|,_; ,_g at (v,7) = (1,0) is exactly the local
system W(1)_o,n,2, q) considered in (9.0.4). By Theorem 9.2, the geometric monodromy group of
Wnm2|, 1 ,—o equals L := Spy,(q) in one of its total Weil representations of degree ¢". Thus
Ggégnrf contains L. By Proposition 2.3, W™™2 is a sum of two subsystems of rank (¢" +1)/2. Fur-
thermore, it satisfies the conclusions of Theorem 2.7. Now, applying Theorem 7.1 to G:r’i"g}’lzk > L
(with e = 1), we obtain that 7

(10.5.1) LaGum?<ghm? < Cx I,

geom arith,k

where C' a cyclic scalar subgroup, and either |C| = 1,2, or p =3, 21 f, and |C| = 3,6.

Now, by specializing W™™?2 to the curve v = —u”, r = u®, s = 0, we obtain from (10.5.1) that
the geometric monodromy group H := Hgéom of H™™ is contained in C' x L.

(ii) By (5.11.3) (and the fact that the traces are all real-valued), the [A]* Kummer pullback
of H™™ is the local system W"™™ which has geometric monodromy group Ggiom = SU,(q) by
Theorem 10.2. Hence, Ggiom is a normal subgroup of H with cyclic quotient of order dividing
A = (¢" +1)/(q + 1), which is coprime to 2p. Tt follows that L > H(®) = Ggeon, and |H/H ()|
is coprime to 2p. But H/(H N L) embeds in CL/L = C, and |C| divides 2p. Hence SU,(q) =
Ggiom <H = HNL < L = Spy,(q). Furthermore, the action of H on H™™ is the sum of q + 1
irreducible representations, one of degree A — 1 and ¢ of degree A. Hence, by [KT3, Theorem
3.4], we know that SU,(¢) < H < GU,(q). Recall again that Ggiom = SU,,(¢) has index dividing
A = (¢"+1)/(qg + 1) which is coprime to ¢ + 1 = |GU,(q)/SU,(q)| since ged(n,q + 1) = 1.
Consequently, H = SU,,(¢) as stated in (a). Now (b) follows from (a), since Hgeoni' is the image of
H = Hgibm acting on an individual sheaf H™™J.
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(iii) For (c), we note that H:rfglk contains H as a normal subgroup of cyclic index, hence H =

o0) __ n,m o) tald : _ _.B _ _ n,m :
H() = (Harith’k)( ). The specialization v = —u®, r = u®, s = 0 also shows that arith & 1S
: . m,m,2
contained in G arith k> hence

H< ngﬁlk < Nexr(H) =C x (GUp(q) x C2).

Note that [(C' x (GUy(g) x C2)) : H| divides 4(g+ 1) - ged(p, 3). On the other hand, since W™™ is
the [A]* Kummer pullback of H™™, G:ﬂh’k > Ggéom = H is subgroup of Hg;ﬁhk of index dividing

A= (¢"+1)/(q+ 1) which is coprime to 2p(¢q + 1). Thus [H, 1} , : G ] divides 4p(q + 1) and
at the same time is coprime to 2p(q + 1). Hence H_ /i , = Gof . O

Next, we will work with any odd n > 3 and any odd m < n that is coprime to ¢+ 1, e.g. m = 1.
Then we follow Remark 5.12 to study the sheaf H;" defined in (5.12.1) over G,,/F 2, which has

trace function

1
X § : a..q"+1 _  B,.q"+1
uek Gauss(Yk, x2) pperd wk(u v e )’

with «A — B =1 and a € (¢ + 1)Z.

Theorem 10.6. Given the assumption (10.0.1), assume in addition that gcd(m,q+ 1) = 1. Then
we have the following results.

(a) The geometric monodromy group H;:" of H;»™ is GU,(q) acting in its total Weil represen-

bis,geom bis
tation of degree q", with character

Cn,q cg = (_1)n(_Q)

(b) The geometric monodromy group H;f;’gom of the ¢+ 1 summands ”H;’:l’j of Hy:t, is the image

of GU,(q) in q + 1 drreducible Weil representations, q of degree A = (¢" +1)/(¢+ 1) and 1 of
degree A — 1.
(c) For any finite extension k of F2, the arithmetic monodromy group of H;™" over Gy, [k is

n,m —
Hbis,arith,k - Carith,k x GU’”(q)?

dimp ,, Ker(g—1)
q .

with Carien ke being a cyclic scalar subgroup of order < 2. In fact, if k/F,2 has even degree,
or if ¢ = 3(mod 4), then Caitng = 1. If ¢ = 1(mod 4) and k/Fp has odd degree, then
Carith ;. = (t) = Co.
(d) For the sheaf W, = [B*H,:"", whose trace function, cf. (5.12.3), is
1 m n
we B —» ——— P gy T,
Gauss(¢g, x2) ;E%E( )

its geometric monodromy group Gz’:lgeom is GUy,(q) acting in its total Weil representation of

degree q". Furthermore, for any finite extension k of F 2, the arithmetic monodromy group

n,m nm - n,m
Gbis,arith,k of My is equal to Hbis,arith,k'

q2>

Proof. (i) Using the same notation and the arguments in the proof of Corollary 10.5, by specializing

Wnm2 to the curve v = —u?, r = u®, s = 0, we again have that the geometric monodromy group
H = H;;f;eom of M, is contained in C' x L, with C a cyclic scalar subgroup of order dividing

2 - ged(p, 3). Defining Ly := O9(C') x L, note that Lo is a normal subgroup of C'L of index 1 or p.
Next, note that the Kummer pullback

K =g+ 1wmm
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of W™™_ has trace function at r € k*

m 1 m n
= - - xq "+1 _ m; +1 xq +1 q"+1
Gauss( wk,xg %w ) = Gauss(¢x;, x2) Zwk ()T

on Gy, /k (since —1 is a square in k& 2 F2 and all traces are mtegers). On the other hand, by
(5.12.3), if we define

K="+ 1"Wem = (¢ + 1B 1T,
then K’ has trace function at u € k*

1 m4l o1, NG+
GausS(wk,X2)§¢k(xq (W) )

Thus K’ is arithmetically isomorphic to I, because they have equal trace functions and are each

arithmetically semisimple. So their geometric monodromy groups are the same: Kgeom = Kéeom

(ii) The aforementioned pullback relationships imply that Kgeom is a normal subgroup of Ggeom
with cyclic quotient of order dividing ¢™ + 1. It follows from Theorem 10 2 that Kgeom = SUp(q),
whence K., = SUn(q). Next, K}, is a normal subgroup of H = H,:™" s.geom With cyclic quotient

of order dividing AB(q+ 1) which is coprime to p. But H/(H N L2) embeds in CL/Ls, and |CL/Ls|
divides p. Hence

SUn(q) = Kooy = H®) S« HN Ly = H < Ly = 05(C) x L < Cs x Spy,(q).

geom

Furthermore, the action of H on Hbi7s is the sum of g + 1 irreducible representations, one of
degree A — 1 and ¢ of degree A, and these representations remain irreducible upon restriction to
K’ < H N L. Hence, by [KT3, Theorem 3.4] applied to H N L, we obtain that

geom
SUn(q) <HN L < GUx(g);

in particular, [ N L : Kge,p] divides ¢+ 1. As H/(H N L) embeds in Ly/L which has order 1 or 2,
we see that |H/Kge,,| divides 2(¢ + 1). At the same time, [H/Kgqo,| divides AB(q + 1), an odd
multiple of ¢ + 1. It follows that |H/Kjg,| divides ¢ + 1.

Choosing x of order ¢ + 1 and using B = (¢ + 1)/(¢ + 1) is coprime to ¢ + 1, by Lemma 3.2

we see that ’HgZ 9. A x.B.descent has geometric determinant £,. Hence, H/H (0) has order divisible by

g+ 1. Since K/ = H(®) we have shown that

geom
(10.6.1) H/ geom = Cg+1;

in particular, |H| = |GUy(q)|.

(iii) Next, we claim that in fact Oy(C) = Cy = < ) and H # H N L. Assume the contrary:
O2(C)=1or H=HNL. Then H < L acts on H,;." via restricting a total Weil representation ®
of L = Sp,,,(¢) to H. By [KT3, Lemma 3.2(iii)], the 1mage of H on one of the irreducible summands
of rank A of ’Hb has trivial determlnant which is impossible (since the only summand of ’HbZ s
that has trivial geometric determinant has rank A — 1).

As shown on [KT3, p. 9], Np(Kgeom) = M x (o), with M = GU,(q) and o € L an involution
that acts as inversion on Z(M) = Cy4q. It follows that

H <Ny, (Klom) = (M x () x (t).

geom

Now using (10.6.1), we can write H = (K., h) where h = tiodg for some g € M and 4,5 € {0,1}.
Note that ¢ = 1 since H # H N L. On the other hand, if j = 1, then h does not fix invariant some
of the irreducible Weil representations of K, occurring in HZ’?, a contradiction. Thus h = tg

with g € M.

geom
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Let e denote the order of the coset gKoy, as an element in M/Ky.,, = Cyy1, in particular,
el(g+1). By the choice of h, hK},, has order ¢ + 1 in H/K},,,. But h* = ¢* € K., so
(g +1)/2 divides e. We claim that
(10.6.2) e=q+1.

Assume the contrary: e = (q + 1)/2. If ¢ = 3(mod 4), then h(#H1)/2 = gl+D/2 ¢ K] =~ a
contradiction. Consider the case ¢ = 1(mod 4), in particular, 2 { e, and an odd prime divisor r of
¢ + 1. Then some subsheaf H' of H,:" of odd rank A has geometric determinant £, with x of
order 7. On the other hand, t acts on H,;" as scalar —1, and ¢¢ € Kpeo, = SU,(g) has trivial
determinant on H'. It follows that h = tg has determinant of even order on H’, a contradiction.
Now, (10.6.2) implies that (Kge,n,9) = M = GU,(q). We also note that the action of h = tg on
Hy"is —®(g). Since H = (Kgoom, h), using [KT3, Theorem 3.1(i)], it follows that the action of H

on H,:" affords the total Weil character ¢, 4 and that H = GU,(q), and the statements (a) and
(b) follow.

(iv) The specialization v = —u?, r = u®, s = 0 of W™™2 at the beginning of (i) also shows that
H:=H l:;g,r;rith,k embeds in C” x L for some cyclic scalar subgroup C" < Cy.geq(p,3)- Recalling that
Hyi s sion s, normalizes the standard subgroup H(>®) = (H;;geom)(oo) =~ SU,(q) of L = Spy,(q) but
preserves the equivalence class of each of the ¢ + 1 irreducible Weil representations of SU,(q), we

obtain
(10.6.3) GU,(¢) = H < H < Nery1,(SUu(q) = C' x GU,(q).

In particular, the first statement in (c¢) follows if C' < Cy. Consider the case C' > C3, whence
p = 3. In this case, (10.6.3) shows that

(10.6.4) H/Cz(H®)) < PGU,(q),

and that C ;(H(*)) is contained in C’ x Z(GU,(q)) which centralizes H, whence C 5 (H () = Z(H).
Arguing as in the proof of (10.2.5) and using Lemma 10.1, we also have that |Z(H)| divides 2(q+1).
Together with (10.6.4), this implies that |H /H ()| divides 2(¢+1)2. On the other hand, by (10.6.3),
H /H () embeds in ¢ x Cy+1, an abelian group. It follows that

H/H®) < 03/(C" x Cgi1) = 02(C") x Cyp1 = (02(C") x GU,(q))/H,

and so H < 02(C") x GU,(q), and the first statement in (c) is proved in full generality.
To determine Carith,FqQ, we note that, since both n and m are odd, (5.12.2) shows that the trace

J— n?m 1
at u=1 of H,;s over qu is

(10.6.5) ¢*/Gauss(tr ,, x2) = (—1)/%q,
since the Gauss sum Gauss(quQ,Xz) is (—1)@+D/2¢ by Stickelberger’s formula (5.7.1). By (a), the
only trace of elements in H = Haffgeom on Hy:" with absolute value ¢ is (—1)"(—¢q) = q.

Assume that ¢ = 1(mod 4). As (10.6.5) gives trace —g, we must have that Carith,Fqg = (5. Thus
[H;;’grith,Fq2 P H T om] = 2, and 50 [Coaitn k| = [y wion i Hyiogeom] 18 2 1f 21 deg(k/Fp2) and 1 if
2| deg(k/Fg2).

Next assume that ¢ = 3(mod 4) but Carith,]qu = (5, in particular, [H;grith’]FqQ : ngg;eom} = 2.

It follows that the traces of any elements v with F 2 (v) of odd degree over 2 should be (—1) times
the traces of elements in H = Hgdom. On the other hand, (10.6.5) gives trace at w = 1 to be ¢, a
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contradiction. Thus Carithﬂ?qQ =1 when ¢ = 3(mod 4). Furthermore, Cyithr, = 1 for any extension
k/F 2, simply because Hy:" < H»™ < H;:" "™

bis,geom — “Tbis,arith,k — is,arith,Fqg = bis,geom”
For (d), recall that ged(B,q + 1) = 1, and thus G;”i’geom > SU,(¢) is a normal subgroup of
Z.’:;eom = GU,(q) of index dividing B, which is prime to ¢ + 1, so must itself be GU,(q). Now,
Gt contains Gyl = GUn(q) and has index dividing B, which is odd, in Hy" 5, p =
. n,m n,m
Carith,k X GUn<q) with Carith,k < Cs. Hence Gbis,arith,k = Hbis,arith,k' O

Remark 10.7. It is striking that when ged(m, ¢+ 1) = 1, the local systems W™ and W,""" have
trace functions that differ “only” in which power of z has the parameter, yet the first has geometric
monodromy group SU,(¢q) while the second has geometric monodromy group GU,(q).

As a word of caution, we also mention that the subgroup (j) x SU,(q) < GU,(gq) in Theorem
10.2 is contained in a subgroup GU,(q) of Sps,(q), which acts on a total Weil representation of
Spa,(q) via the character x2(n 4, where X2 is the unique quadratic character of GU,(q), cf. [KT3,
Theorem 3.1]. In contrast, the subgroup GU,(g) in Theorem 10.6 is not contained in Sp,, (¢q), and
acts on a total Weil representation via the character ¢, 4.
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