ON A QUESTION OF KEATING AND RUDNICK

NICHOLAS M. KATZ

INTRODUCTION

We work over a finite field & = F, inside a fixed algebraic closure .
We fix a squarefree monic polynomial f(X) € k[X] of degree n > 2.
We form the k-algebra

B = K[X]/(f(X)),

which is finite étale over k of degree n. We denote by u € B the image
of X in B under the “reduction mod f” homomorphism k[X]| — B.
Thus we may write this homomorphism as

9(X) € k[X] — g(u) € B.
We denote by B* the multiplicative group of B, and by x a character
x:B*— C~.

We extend y to all of B by decreeing that x(b) := 0 if b € B is not
invertible.

The (possibly imprimitive) Dirichlet L-function L(y,T') attached to
this data is the power series in C[[T]] given by

LOGT) == > x(g(w)T@) =" A4,1™,

monic g(X)ek[X] n>0

A, = > X(g(u)).
g(X)€k[X] monic of deg. n, ged(f,g)=1
If x is nontrivial, then L(x,T) is a polynomial in 7" of degree n — 1.
Moreover, if x is “as ramified as possible”!, then this L-function is
“pure of weight one”, i.e., in its factored form H?:_ll(l — B;T), each
reciprocal root (3; has complex absolute value

Bile = V.

IFactor f as a product of distinct monic irreducible polynomials, say f = I1 j fi
Then B is canonically the product of the algebras B; := k[X]/(f;(X)), and x is the
product of characters x; of these factors. The condition “as ramified as possible” is
that each x; be nontrivial, and that the restriction of x to k* C B* be nontrivial.
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For such a x, its “unitarized” L-function L(x,7/,/q) is the reversed
characteristic polynomial det(1 —T'A,) of some element A, in the uni-
tary group U(n — 1) (e.g., take A, := Diag(51//q; ..., fu—1//a))- In
U(n—1), conjugacy classes are determined by their characteristic poly-
nomials, so L(x, T/,/q) is det(1—T46,) for a well defined conjugacy class
6, in U(n —1). In order to keep track of the input data (k, f, x), we
denote this conjugacy class

Ok.f.x-

Now suppose F/k is a finite extension field of k. Our polynomial f re-
mains squarefree over E. We form the F-algebra Bg := E[X]/(f(X)),
and for each character x of B which is as ramified as possible, we get
a conjugacy class g r,. The question posed by Keating and Rudnick
was to show that for fixed f, the collections of conjugacy classes

{GE,f,X}X char. of BE as ramified as possible

become equidistributed in the space U(n — 1)#of conjugacy classes of
U(n — 1) (for the measure induced by Haar measure on U(n — 1)) as
E runs over larger and larger finite extensions of k.

In fact, we will show something slightly stronger, where we fix the
degree n > 2, but allow sequences of input data (k;, f;), with k; a finite
field (of possibly varying characteristic) and f;(X) € k;[X]| squarefree
of degree n. We will show that, in any such sequence in which #k; is
archimedeanly increasing to oo, the collections of conjugacy classes

{ekivfivx}x char. of Bi>< as ramified as possible

become equidistributed in U(n — 1)%.

In an appendix, we give an analogous result for“even” characters
which are as ramified as possible, given that they are even, under the
additional hypothesis that each f;(X) € k;[X] have a zero in k;. Here
the equidistribution is in the space of conjugacy classes of U(n — 2).
Already the case when each f;(X) € k;[X] is an irreducible cubic seems
to be open.

1. PRELIMINARIES ON THE L-FUNCTION

We return to our initial situation, a finite field k&, an integer n > 2,
a squarefree polynomial f(X) € k[X], and the finite étale k-algebra
B = k[X]/(f(X)). We have the algebra-valued functor B on variable
k-algebras R defined by

B(R) := Br := B®; R = R[X]/(f(X)),
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and the group-valued functor B* on variable k-algebras R defined by
B*(R) := B =B(R)™.

Because f is squarefree, B* is a smooth commutative groupscheme over
k?, which over any extension field E of k in which f factors completely
becomes isomorphic to the n-fold product of G,, with itself. More
precisely, if f factors completely over E, say f(X) = [[_, (X — a;),
then for any E-algebra R, we have an R-algebra isomorphism
B(R) = RIX]/(J[(X —a) =[] R
i=1 i=1
of B(R) with the n-fold product of R with itself, its algebra structure
given by componentwise operations, under which the image u of X
maps by
u— (ag, ..., ap).
So for any E-algebra R, we have B*(R) := B(R)* = (R*)".

For E/k a finite extension field, B is a finite etale B algebra which
as a B-module is free of rank deg(E/k). Let us denote by Bg the
functor on k-algebras R +— Bg(R) := Br ®; R. Then Bg(R) is a finite
étale B(R)-algebra, so we have the norm map

NormE/k : BE — B.
Its restriction to unit groups gives a homomorphism of tori which is
étale surjective,
Normpg, : By, — B*,
whose restriction to k-valued points gives a surjective® homomorphism
Normpg, : B*(E) — B* (k).

We will also have occasion to consider B(R) as a finite étale R-algebra
which is free of rank n as an R-module, giving us another norm map

Normpi, : B(R) — R,

which by restriction gives a homomorphism which is étale surjective,
with geometrically connected kernel,

Normp/, : B*(R) — R*.
For any finite extension E/k, this second norm map
Normp, : B*(E) = E*
2In fact BX is the generalized Jacobian of P! /k with respect to the modulus
coU{f=0in Al}.

3By Lang’s theorem [La, Thm. 2], because its kernel is smooth and geometrically
connected



4 NICHOLAS M. KATZ

is surjective.

How is all this related to our L-function? For each integer r > 1,
denote by k,/k the unique extension field of k of degree r (inside our
fixed algebraic closure of k). Recall that f(X) € k[X] is squarefree of
degree n > 1, and that u denotes the image of X in B = k[X]/(f(X)).

Lemma 1.1. For x a character of B, we have the identity

L(x,T) = exp(z ST /r), S, = Z x(Normy, /i (u —t)).

r>1 teA[1/ f1(kr)

Proof. The key observation is that if « € A'[1/f](ky) generates the
extension kg/k, and has monic irreducible polynomial P(X) over k,
then ged(f, P) = 1 and P(X) = Normy,/x(X — o) in k[X]. Hence
P(u) = Normy, /i(u — «) in B. We apply this as follows.

Write the L-function as the Euler product

1
L(x,T) = 11 1= (P (u))Td?

monic irred. P(X), ged(f,P)=1

Taking log’s, we must check that for each » > 1 we have the identity

Z x(Normy, /,(u—t)) = Z Z dX<P(,u/))T/d'

teAL[1/ f](kr) dlr irred P,deg(P)=d, gecd(f,P)=1

To see this, partition the points t € A'[1/f](k,) according to their
monic irreducible polynomials over k. For each divisor d of r, and
each monic irreducible P(X) of degree d with ged(f, P) = 1 and roots
1y ..., Tq in A1/ f](kq), each of the d terms x(Normy, /,(u—7;)) is equal
to x(P(u))"/¢ (simply because Normy, /x(u—7;) = P(u), and, as 7; € kg,
Normy, /x(u — 7;) = (Normy, /(v — 7;))"/9). O

2. COHOMOLOGICAL GENESIS

We now choose a prime number ¢ invertible in &, and an embedding
of Q, the algebraic closure of Q in C, into Q. In this way, we view y as
a @X—Valued character of B*. Attached to y, we have the “Kummer
sheaf” £, on B*. Recall that £, is obtained as follows. We have the
q = #k’th power Frobenius endomorphism Fj, of B. The Lang torsor,
i.e., the finite étale galois covering 1 — Fj : B* — B*, has structural
group B* = B*(k). We then push out this B*-torsor on B* by 7, to
obtain the Q-sheaf L, on B*. It is lisse of rank one and pure of weight
ZETO0.

We have a k-morphism (in fact an embedding)

All1/f] Cc BX,
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given on R-valued points, R any k-algebra, by
t € A'[1/f](R) — u —t € B(R).

Lemma 2.1. For any k-algebra R, and any t € AY(R) = R, we have
the identity
Normp/,(u —t) = (=1)"f(t) € R.

Proof. In the k-algebra B = k[X]/(f(X)), multiplication by u (the
class of X in B) has characteristic polynomial f (theory of the “com-
panion matrix”), i.e., taking for R the polynomial ring k[T], we have
Normp/ (T — u) = f(T) € R = k[T], hence Normp,(u — T) =
(=)™ f(T) € k[T], and this is the universal case of the asserted iden-
tity. L]

We denote by L, the lisse Qp-sheaf of rank one on A'[1/f] ob-
tained as the pullback of £, on B* by the embedding ¢ — u —t of
A'[1/f] into B*. In view of Lemma 1.1, the L-function L(x,T) is, via
the chosen embedding of Q into Q, the L-function of A'[1/f]/k with
coefficients in £, (,_y. This sheaf on A'[1/f] is lisse of rank one and
pure of weight zero. The compact cohomology groups

Hy = H(AY[1/f] @ik, Lyqu-s)

vanish for ¢ # 1,2, and by the Lefschetz trace formula we have the
formula

L(x,T) = det(1 — TFroby|H})/ det(1 — T Frob,|H?).

We now turn to a closer examination of these cohomology groups.
For this, we first examine the sheaf L, ,—; geometrically, i.e., pulled

back to A'[1/f]/k, and describe in terms of translations of Kum-
mer sheaves £, on G,,. Recall that the tame fundamental group
wlome(G,, /k) is the inverse limit over prime-to p integers N, grow-
ing multiplicatively, of the groups py(k), via the N’th power Kummer
coverings of G,,, /k by itself. It is also the inverse limit, over finite exten-
sion fields E/k growing by inclusion, of the multiplicative groups E*,

with transition maps the Norm, via the Lang torsor coverings 1 — Fg

of of G,,/k by itself. For any continuous Q" -valued character p of
tame

mtame(G,,/k), we have the corresponding Kummer sheaf £, on G,,/k.

tame

The characters of finite order of 7"¢(G,, /k) are precisely those which
arise from characters p of E* for some finite extension E/k. More pre-
cisely, a character p of finite order of 719"¢(G,,, /k) comes from a charac-
ter of E* if and only if p = p#¥(equality as characters of 719"¢(G,, /k)).
For such a character p, the Kummer sheaf £, on G,, /k begins life on

G/ E.
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To analyze the sheaf £, (,—;) geometrically, first choose a finite exten-
sion field E'/k in which f factors completely, say f(X) = [\, (X —a;).
Then B(E)* = (E*)", and xp := x o Normpgy, as character of (E*)"
is of the form (z1,...,x,) — [] x:i(x;), for characters xi, ..., x, of E*.
Then B*, pulled back to k, becomes G”, and L, on it becomes the
external tensor product X7, £, of usual Kummer sheaves £,, on the
factors. Over k, the embedding of A'[1/f] into B* given by ¢ +— u —t

becomes the embedding of A'[1/f] ® k into G, given by
t— (a1 — e, A — t)

Thus the sheaf £, (,—) is geometrically isomorphic to the tensor product
?ZI‘CXi(ai_t) on Al[l/f] Qr k= Spec(k‘[t][l/f(t)]).

Lemma 2.2. With the notations of the previous paragraph, we have
the following results.
(1) We have H?> = 0 if and only if some x; is nontrivial, in which
case H! has dimension n — 1.
(2) The group H} is pure of weight one if and only if every x; is
nontrivial and the product [}, x; is nontrivial.

Proof. Both assertions are invariant under finite extension of the ground
field, so it suffices to treat universally the case in which f factors com-
pletely over k. The character ; is the local monodromy of L, ,—) at
the point @;, and the product []}_, x; is its local monodromy at oo.
For assertion (1), we note that the group H? is either zero or one-
dimensional. It is nonzero if and only if the lisse rank one sheaf £, ;)
is geometrically constant, i.e., if and only if its local monodromy at
each of the points oo, ay, ..., a, is trivial. The dimension assertion re-
sults from the Euler-Poincaré formula: because L, (,—y is lisse of rank
one and at worst tamely ramified at the missing points, it gives

XC(Al[l/f] Ok E £X(u—t)) = Xc(Al[l/f] Rk E, @) =1-—n.

For assertion (2), we argue as follows. If all the y; are trivial, i.e., if
X is trivial, then £, on B* is trivial, £, (s on A'[1/f] is trivial, and
its H! has dimension n and is pure of weight zero.

Suppose now that x is nontrivial, i.e., that at least one y; is nontriv-
ial. Denote by j : A'[1/f] C P! the inclusion. Then we have a short
exact sequence of sheaves on P!

0— j!['x(u—t) — j*ﬁx(u—t) — Pct — 0,

in which Pct is a skyscraper sheaf, supported at those of the points
00, @1, ..., a, where the local monodromy is trivial, and is punctually
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pure of weight zero with one-dimensional stalk at each of these points.
The long exact cohomology sequence then gives a short exact sequence

0 — H°(P'/k, Pct) — H' (P /k, 1Ly 1)) = H' (P'/k, jLyu—1) — 0

in which the middle term H'(P'/k, j1L,(,—s)) is the cohomology group
H!, the third term H'(P'/k, j. Ly (u—r)) is pure of weight one [De-Weil II,
3.2.3], and the first term, H°(P'/k, Pct) is pure of weight zero and of
dimension the number of points among oo, aq, ..., a, where the local
monodromy is trivial. (l

Given a character x of B*, how do we determine what L, looks
like, geometrically? We know that, in terms of the factorization of
f.say f(X) = [[-,(X — a;) over some finite extension field E/k,
L (u—t) is geometrically isomorphic to the tensor product ®; Ly, (a,—¢)
on A'[1/f] @1 k = Spec(k[t][1/f(t)]). We have an easy interpretation
of the product [, x; of all the x;.

Lemma 2.3. For p := the restriction of x to k™ (k* seen as a subgroup
of B*), the composition p o Normpg is the character of E* given by
the product [ [, x; of all the x;.

Proof. Under the E-linear isomorphism of By = FE[X]|/(f) with the
n-fold self product of F, E viewed as the constant polynomials is di-
agonally embedded. Thus []; x; is the effect of x o Normp,,p on E*
(viewed as a subgroup of B ). The restriction to E* of this norm map
Normp, /g : By — B* is the norm map Normpg, : E* — k*. [

To further analyze this question, in a “k-rational” way, we first factor
our squarefree monic f as a product of distinct monic k-irreducible
polynomials, say

f=1]P. deg(P) :=d;.
Then with
BPi = k[X]/(R),
we have an isomorphism of k-algebras

B :=k[X]/(f) = HBpi, g+ (g9 mod B);,

and a character y of B* is uniquely of the form

x(g) = HxPi(g mod P),

for characters xp, of Bp.
So it suffices treat the case when f is a single irreducible polynomial
P of some degree d > 1. Choose a root a of P in our chosen k. This
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choice gives an isomorphism of Bp with the unique extension field
kq/k of degree d; inside k, namely g — g(a). Via this isomorphism, the
character yp becomes a character x of k;. After extension of scalars
from k to k4, we have a kg-linear isomorphism

Bp@pka=kaX]/(P)= ]  ka 9(X)— (g(c(a)).
c€Gal(kq/k)

Then for g(X) € kq[X]/(P;), its kq/k-Norm down to Bp is

Normy, /x(g(X)) = H g (X) mod P = H g"(a) € kq.
T€Gal(ky/k) T€Gal(kq/k)

So we have the identity

(xoNormg, ) (9(X)) = [ xg@)= ] (englr(a)).
T€Gal(kq/k) T€Gal(kq/k)

The arguments g(7'(a)) of the characters x o 7 are just the compo-

nents, in another order, of g in the isomorphism ka[X]/(P) = [, cqu,/x) Fa-

In other words, the pullback of x by the k;/k-Norm from Bp®jky down

to Bp has components (x, X7, ..., x? ). Thus we have the following

lemma.

Lemma 2.4. For P an irreducible monic k-polynomial of degree d > 1,
and x a character of By = k; (via u — a, a a chosen root of P in
kq), the sheaf L, (u —t) on A'[1/P] is geometrically isomorphic to the

tensor product @4} L i (qai_g)-

Combining these last two lemmas with Lemma 2.2, we get the fol-
lowing result.

Lemma 2.5. Let f be a squarefree monic k-polynomial of degreen > 2,
[ = 1L, B its factorization into monic k-irreducibles, x a charac-
ter of B*, and, for each P;, xp, the P;-component of x. The group
HY(AY1/f] @4k, Ly u-1)) is pure of weight one if and only if x is non-
trivial on k> and each x p, is nontrivial, in which case H! has dimension
n—1 and H? = 0.

3. THE DIRECT IMAGE THEOREM

In this section, we work over k.

Theorem 3.1. Suppose that f(X) = [[;_,(X — a;) is a squarefree

polynomial of degree n > 2 over k. Let xi1,...,Xn be characters of
mme( Gy, /k) of finite order, and form the lisse sheaf

Jo= ®?:1£Xi(ai_t)
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on A'[1/f] @ k. Then we have the following results.

(1) For any scalar A € %, the direct image A« F of F by the
polynomial map \f : A'Y[1/f]/k — G, /k is a middle exten-
sion sheaf on G,,/k, of generic rank n, and the perverse sheaf
AL F1] is geometrically semisimple.

(2) If one of the x;, say x1, is a singleton among the x’s, in the
sense that x1 # X, for every j # 1, then the perverse sheaf
IMNLFL] on on Gy, /k is irreducible.

(3) If two of the x;, say x1 and x2 are each singletons among the
X’s, then the irreducible perverse sheaf [\f],F[1] on on G, /k
1s not isomorphic to any nontrivial multiplicative translate of
itself.

Proof. To prove (1), we argue as follows. The map Af : A'[1/f]/k —
G, /k is finite and flat of degree n. As f has all distinct roots, its
derivative f’ is not identically zero, so over the dense open set U of
G,n/k obtained by deleting the images under \f of the zeroes of f’, the
map Af is finite étale of degree n. Thus [Af],F[1] has generic rank n.
It is a middle extension because F is a middle extension on the source
(being lisse), and Af is finite, flat, and generically étale, cf. [Ka-TLFM,
first paragraph of the proof of 3.3.1]. On the dense open set U, [Af].F
is (the pullback from some finite subfield E of k of) a lisse sheaf which
is pure of weight zero, hence is geometrically semisimple [De-Weil II,
3.4.1 (iii)]. Therefore [BBD, 4.3.1 (ii)] the perverse sheaf [Af],F[1]|U
is semisimple, and this property is preserved by middle extension from
U to G,,/k.

Suppose now that y; is a singleton among the y’s. We claim that
[(Af].F1] is irreducible. Since [Af],F[1] is just a multiplicative trans-
late of f,F[1], it suffices to show that f,F][1]is irreducible. Since f,F[1]

is semisimple, we must show that the inner product
<[F], LFA]> = 1.
By Frobenius reciprocity, we have
<AFAL LFI> = <FQALL ffF>

So we must show that F[1] occurs at most once in f*f, F[1]. We will
show the stronger statement, that denoting by I (a1) the inertia group
at the point a; € A'(k), the I(a)-representation of F[1] occurs at most
once in the I(a;)-representation of f*f, F[1]. As a finite flat map of A
to itself, f is finite étale over a neighborhood of 0 in the target (because

f has n distinct roots ay, ..., a,, the preimages of 0). We first infer that
the I(0)-representation of f,F][1] is the direct sum of the x;, and then
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that for each j the I(a;)-representation of f*f,F|[1] is the direct sum
of the y;. At the point a;, the I(ay)-representation of F[1] is xi, and
by the singleton hypothesis x; occurs only once in the direct sum of
the ;, so only once in the I(a;)-representation of f*f,F[1].

Suppose now that both x; and x» are singletons. We must show that
for any scalar A # 1 in &k, the perverse irreducible sheaves [\f],F[1]
and f,F[1] on G,,/k are not isomorphic. We argue by contradiction,
and thus suppose the two are isomorphic. Choose a finite subfield E of k
over which the scalar A\, the points a;, the characters y; and the open set
U are all defined, so that we may speak of the geometrically irreducible
perverse sheaves [Af],F(1/2)[1] and f,F(1/2)[1] on G,,/E. Each of
these is pure of weight zero. On the dense open set U C G,,/E, the
sheaves [\f],F and f,F are lisse and geometrically isomorphic, so one
is a constant field twist of the other, say [Af],F|U = f,F ® a%|U, for

some scalar o € @X. Taking middle extensions, we find an arithmetic
isomorphism
M LF(1/2)1] = £F(1/2)[1] @ o

on G,,/E. Because both [Af],F(1/2)[1] and f.F(1/2)[1] are pure of
weight zero, the scalar a must be pure of weigh zero. This arithmetic
isomorphism implies that (and, given the geometric irreducibility, is in
fact equivalent to the fact that) for any finite extension L/FE, and any
point t € L*, we have an equality of traces

Trace(Froby ¢ [N, F(1/2)) = a%s &/ ) Trace( Froby .| f.F(1/2)).

Because [Af].F(1/2)[1]) is a geometrically irreducible perverse sheaf
on G,,/E which is pure of weight zero, we have the estimate, as L/FE
runs over larger and larger finite extensions,

> |Trace(Froby|[A1F(1/2)] = 1+ O(1/\/#L),
teGm (L)
or equivalently the estimate
> |Trace(Frob| (M. F|* = #L + O(\/#L).
t€Gm (L)

Indeed, it suffices to check that this second estimate holds instead for
the sum over points ¢ € U(L), as this sum omits at most #(G,, \ U)(k)
terms, each of which is itself O(1). Because [Af],F is lisse on U and
pure of weight zero, the sum over U is given, by the Lefschetz trace
formula, in terms of the sheaf End := End([Af].F) as

Trace(Frob,|H*(U/k, End) — Trace(Frob |HX(U/k, End).
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The sheaf End is pure of weight zero. By the geometric irreducibility
of ([Af]+F)|U, the n{”"(U)-coinvariants of End are just the constants
Q, so the group H? above is just Q,(—1), on which Froby, acts as #L.
The H! group is mixed of weight < 1, so we get the asserted estimate.
We now rewrite the sum of squares as follows.The sheaves F and
F= ®?:1£E(az‘*t)

have complex conjugate trace functions, as do the their direct images
by any Af. As « is pure of weight zero, we have @ = 1/a. So we have

ades(L/E) Z | Trace( Froby, [\ f]F|* =

teGm (L)

= Z (Trace(EFroby [N f]«F))(Trace(Froby + f.F)) =
teGm (L)
= ¥ e L/EY UL, + O(\/#L).
We now rewrite this penultimate sum as
Z ( Z Trace(Froby, .| F))( Z Trace(Froby ,|F)) =
teGm (L) z€L, Af(x)=t yeL, f(y)=t
Z Trace(Froby, .| F)Trace(Froby, ,|F).
(z,y)€AZ(L), Af(z)=f(y)#0
For j : A'[1/f] C ALif we add the n? terms
Trace(Froby, .| j.JF) Trace(Froby, ,|jF)

for the points (x,y) € A*(L) with f(z) = f(y) = 0, i.e., for the n?
points (a;, a;), we only change our sum by O(1) (and we don’t change
it at all if all the x; are nontrivial). So we end up with the estimate

Z Trace(Froby, .|j.F)Trace(Froby ,|j.F) =
(z,y)€A?(L), Af(z)=F(y)
= e L/EVUT, + O(\/#L).

We now explain how this estimate leads to a contradiction. Consider
the affine curve of equation A\f(x) = f(y) in A% Tt is singular at
the finitely many points (a,b) which are pairs of critical points of f,
ie, f'(a) = f'(b) = 0, such that Af(a) = f(b). It is nonsingular at
each pair of zeroes (a;,a;) of f. Replacing E by a finite extension if
necessary, we may further assume that each irreducible component of
the curve \f(x) = f(y) over E is geometrically irreducible (i.e., that
each irreducible factor of A\f(z) — f(y) in E[z,y| remains irreducible
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in k[x,y]). The penultimate sum is, up to an O(1) term, the sum over
the irreducible components C; of the curve Af(x) = f(y), of the sums

Z Trace(Froby, .| j.JF) Trace(Froby , | j.F).
(z,9)eC;(L)

By the estimate for the sum, over the various C}, of these sums, there is
at least one irreducible component, call it C' for which this sum is not
O(V#L). The equation of any C; divides the polynomial \f(x)— f(y),
whose highest degree term is Ax™ — y™. Therefore the highest degree
term any divisor is a product of linear terms py — x, with the various
possible p’s the n’th roots of A\. So an irreducible component C;, given
by a degree d; divisor of Af(x)— f(y), is finite flat of degree d; over the
y-line (and over the x line as well).

On the original curve Af(x) = f(y), for each a; there are n points
(a;,y) on the curve, namely y = a; for ¢ = 1,...,n. On an irreducible
component Cj, given by a degree d; divisor of Af(x) — f(y), there are
at most d; values of y such that (a;,y) lies on C;. Each of these points
is a smooth point of the original curve, so it lies only on the irreducible
component C;. As there are n = ) d; points (a1,y) on the original
curve, we must have exactly d; points on C; of the form (ay,y).

Now consider an irreducible component C' on which our sum is not
O(v/#L). Let us denote by C the dense open set of the smooth locus
of C which, via f, lies over G,,. The sum

Z Trace( Froby, .| F)Trace(Froby, ,|F)
(z,y)eC(L)

differs only by O(1) from the sum over C, so it too is not O(v/#L). In
terms of the (restriction to C of the) lisse, pure of weight zero, lisse of
rank one sheaf

G = i1 Liai—=) Oim1 Lxitai—y)
on A2[1/(f(z)f(y))], this last sum is
Z Trace(Froby, (z4)|G).
(zy)eC(L)
By the Lefschetz trace formula, this sum is
Trace(Froby |H2(C/k,G)) — Trace(Froby|H:(C/k, G)).

Because G is pure of weight zero and lisse of rank one, the H? is either
zero or is is one-dimensional and pure of weight two, and this second
case only occurs when G is geometrically constant on C. The H! is
mixed of weight < 1. So the failure of an O(y/#L) estimate means
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that the H? is nonzero, and hence that G is geometrically constant on
C.

Suppose first that the equation of C' is of degre d > 2. Then there
are d points (aq,a;) on C, at least one of which is of the form (aq, a;)
with a; # a;. The curve C' is finite etale over both the z-line and the
y-line at the point (a;,a;). So the functions x — a; and y — a; are
each uniformizing parameters at this point. From the expression for
G, at the point (ay,a;) on C' its inertia group representation is that of
Lo (z—a1) @ L (y—a;)- In other words, its inertia group representation at
(a1, a;) is the character x1/x;. But this character is nontrivial (because
X1 is a singleton), contradicting the geometric constance of G on C.

It remains to treat the case in which the equation for C' is of degree
one. In this case, the above argument still works unless the unique
point on C' of the form (aj,y) has y = a;. In this case, we use the fact
that we have a second singleton, x». Using this singleton, we could
still use the above argument unless the unique point on C' of the form
(ag,y) has y = as. So we only need treat the case when both the points
(a1, a1) and (as, as) lie on C. But in this case, the equation for C', being
of degree one, must be y = z. But if y — x divides Af(z) — f(y), we
reduce mod y — z to find that (A — 1)f(z) = 0, and hence A = 1,
contradiction. O

4. A PRELIMINARY ESTIMATE

In this section, we continue with a squarefree monic k-polynomial f
of degree n > 2, B := k[X]/(f), and a character x of B*. Over a finite
extension E/k where f factors completely, say f(X) = [[,(X —a;), the
lisse rank one sheaf L, ,_y on A'[1/f]/k becomes isomorphic to the
sheaf @7\ Ly.(a;—t) on A'[1/f]/E.

Theorem 4.1. Let x be a character of B* whose constituent characters
Xi satisfy the following three conditions.
(1) The x; are pairwise distinct.

(2) The product [[, xi is nontrivial, (i.e., x is nontrivial on k* ).
(3) For at least one index 1, X1 # [ [, Xi-

Fix A € k*, and form the perverse sheaf

N X) = ML) (1/2)[1]
on G, /k. Then we have the following results.

(1) N(\, x) is geometrically irreducible, pure of weight zero, and
lies in the Tannakian category Parun in the sense of [Ka-CE].
It has generic rank n, Tannakian “dimension” n— 1, and it has
at most 2n bad characters.
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(2) N(X, x) is geometrically Lie-irreducible in P.
(3) N(A, x) has Gyeom = Garitn = GL(n — 1).

Proof. By Theorem 3.1 and the disjointness of the x;, N(X,x) is geo-
metrically irreducible. It visibly has generic rank n. As n > 2, it is not
a Kummer sheaf, so, being geometrically irreducible, it lies in P. Its
Tannakian dimension is

Xc(Gm/Ea N<)‘7 X)) = _X0<Gm/E7 P‘f]*(‘cx(u—t))) =

= —Xc(A' 1/ f1/k, Lyu—n)) = —Xc(A' 1/ f]/k, @1 Lys(ai—n) = n — L.
Because N (), x) has generic rank n, it has at most 2n bad characters,
namely those whose inverses occur in either its /(0)-representation or
in its [(oco)-representation.

On some dense open set j : U C Gy, [Af]e(Lyu—r)) is a lisse sheaf
of rank n, which is pure of weight zero, hence j*N(A,x) is pure of
weight zero (the Tate twist (1/2) offsets the shift [1]). By irreducibility
N(A, x) must be the middle extension of j*N (A, x), cf.[BBD, 5.3.8], so
remains pure of weight zero [BBD, 5.3.2]. Again by the disjointness of
the x;, part (3) of Theorem 3.1, together with [Ka-CE, Cor. 8.3|, we
get that N (A, x) is geometrically Lie-irreducible in P.

It remains to explain why N (A, x) has Ggeom = Gorien = GL(n — 1).
Since we have a priori inclusions Geom C Garitn C GL(n—1), it suffices
to prove that Ggeom = GL(n — 1). The idea is to apply [Ka-CE, Thm.
17.1]. We may compute G g0 after extension of scalars to E. Suppose
that x7 # [, xi- The construction M — M ® L5; induces a Tannakian
isomorphism of <N (A, X)>gritn With <N (X, X)®Lg>aritn- So it suffices
to prove that N (A, x) ® L7 has Gyeom = GL(n—1). By the disjointness
assumption on the y;, the trivial character 1 occurs exactly once in the
I(0)-representation of N(\, x) ® L. So by [Ka-CE, Thm. 17.1], it
suffices to show that the trivial character does not occur in its I(o0o)-
representation, or equivalently that x; does not occur in the I(oo)-
representation of N(A, x). This I(oco)-representation is [Af],L, y,, and
L,, occurs in it if and only if [Af]*(Ly,) occurs in Ly ,. Because Af
has degree n, the pullback [Af]*(L,,) is geometrically isomorphic to
Ln as I(co)-representation. So if x7 # [, xs, then £, does not occur
in the I(oo)-representation [Af],Lyy. y,, and we conclude by applying
[Ka-CE, Thm. 17.1] to N(\, x) ® Ly O

Corollary 4.2. Let x be a character of B* whose constituent charac-
ters x; satisfy the three conditions of the previous theorem. Suppose that
q := #k satisfies the inequality \/q > 1+2n. For each character p of k>
which is good for N(\, x) (i.e., such that for j : G,, C P! the inclusion,
the “forget supports” map gives an isomorphism ji(N(X\, x) ® L,) =
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Rj (N(\, x) ® L,), or equivalently, p does not occur in the local mon-
odromy at either 0 or oo of N(Af, X)), denote by Oy xr,., the conjugacy
class in U(n — 1) whose reversed characteristic polynomial is given by

det(1 — T rp.,p) = det(1 — TFroby| H(G,,/k, N(A, ) ® L,).

Let A be a nontrivial irreducible representation of U(n—1) which occurs
in std®® ® (std")**. Then we have the estimate

) Trace(A(Oraran))l

p€Good(k\f,x)

< (#Good(k, \f,x))2(a + b+ 1)(2n)***/\/q.

Proof. By Theorem 4.1, N (A, x) has Ggeom = Garitn = GL(n —1). So
this is [Ka-CE, Remark 7.5 and the proof of Theorem 28.1|, applied
to N := N(\, x) with the constant C' there, an upper bound for each
of the generic rank, the number of bad characters, and the Tannakian
dimension of N, taken to be 2n. O

The interest of this Corollary is that the (trivial) Leray spectral
sequence for [Af]; gives a Frobi-isomorphism of cohomology groups

HY)(G [k, N\, X)® L) = HY(A'[1/ f1/k, Lyu—t) @ Loorsey (1/2)[1]) =

= H(AY[1/f1/k, L) @ Loprpay) (1/2)-
By Lemma 2.1, Normp,(u —t) = (—=1)" f(t). So if we denote by pnorm
the character of B* given by

PNorm := p © NormB/k,

then L,—1yn @) 18 Lonorm(u—t), and the conjugacy class 0y (_1ynsy,, is
none other than the conjugacy class 8y ¢ on.... Of the Introduction.

5. THE EQUIDISTRIBUTION THEOREM

We continue with a squarefree monic k-polynomial f of degree n > 2,
B = k[X]/(f), and a character x of B*. Over a finite extension
E/k where f factors completely, say f(X) = [[,(X — a;), the lisse
rank one sheaf £, (,—y on A'[1/f]/k becomes isomorphic to the sheaf
®?:1£Xi(ai*t) on Al[l/f]/E'

Let us say that y is “totally ramified” (what we called “as ramified
as possible” in the Introduction) if each x; and the product [, x; are
all nontrivial. In view of Lemma 2.2, x is totally ramified if and only if
the group H}(A'[1/f]/k, L, u—+)) is pure of weight one, or equivalently
if and only if the group HO(A'[1/f]/k, £ u-1)(1/2)[1]) is pure of weight
zero, in which case it has dimension n — 1.
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Let us say that a totally ramified x is “generic” if, in addition to
being totally ramified, its constituent characters y; satisfy the three
conditions of Theorem 4.1. We denote by

TotRam(k, f),resp. TotRamGen(k, f)

the sets of totally ramified (respectively totally ramified and generic)
characters of B*.

Lemma 5.1. Let x be a totally ramified character of B*. Let p be
a character of k* which is good for N((—=1)"f,x). Then the product
character X pnorm 1S totally ramified. Moreover, x is generic if and only
if XPNorm 1S generic.

Proof. Indeed, if geometrically we have Ly —y = ®j;Ly,(;—t), then
Ly onommu—t) = Q1 Ly pla;—t); We view p and the x; as characters of
wteme(G,, /k), to make sense of the products y;p. Alternatively, if f
splits over E, think of p as the character x — p(Normpg/(z)) of E*.
Thus the constituent characters of xpnorm are the y;p. That p is good
for N((—1)"f, x) means precisely p does not occur in the local mon-
odromy of N((—1)"f,x) at either 0 or infty. Its absence at 0 is the
nontriviality of each x;p . Its absence at oo is that p™ [ [, x; is nontrivial,
i.e., that [ [,(xip) is nontrivial. Thus xpnorm is totally ramified. If in ad-
dition y is generic, say x7 # [[; xi, then (x1p)" # [[;(x:p), and hence
X PNorm 18 generic as well. Conversely, if x is totally ramified and xpnorm
is totally ramified and generic, then p is good for N((—1)"f, XxpNorm)
and so by the previous argument y is totally ramified and generic. [J

We now combine this lemma with Corollary 4.2 to get a result con-
cerning those conjugacy classes 0y ¢, of the Introduction whose x is
totally ramified and generic.

Corollary 5.2. Suppose \/q > 1+2n. Let A be a nontrivial irreducible
representation of U(n — 1) which occurs in std®® @ (std")®°. Then we
have the estimate

| > Trace(A (6, 7))

x€TotRamGen(k,f)
< (#TotRamGen(k, f)2(a + b+ 1)(2n)*™//q.

Proof. Let us say that two totally ramified generic characters xy and
X' of B* are equivalent if X' = xpnorm for some (necessarily unique)
character p of k*. Break the terms of the sum into equivalence classes.
The sum over the equivalence class of x is precisely the sum bounded
by Corollary 4.2, with A there taken to be (—1)". O
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Our final task is to infer from this estimate an estimate for the sum

over all x in T'ot Ram(k, f). For this, we now turn to giving upper and
lower bounds for #TotRam(k, f) and for #TotRamGen(k, ). We
define three monic integer polynomials of degree n,

Pall,n(X) = Xn — 1,
Prpa(X)=(X-2"- Y X/,

and

Praga(X)=(X—1-n)"+ (X —=2)"—=X"+1—n Z Xt

Lemma 5.3. For q := #k, we have the (trivial) estimate
#TOtRam(k7 f) S Pall,n(Q) = qn -1

Proof. Indeed, B* is a subset of B\ {0}, whose cardinality is ¢" — 1, so
q" — 1 is an upper bound for the total number of characters of B*. [

Lemma 5.4.

#TotRam(k, f) > Prrna(q) = (¢ —2)" Z q,
0<i<n-—1
and
#({char's of B*}\ TotRam(k,f)) <q" —1—(q—2)"+ > d.
0<i<n—1

Proof. Factor f as the product of k-irreducible monic polynomials P;
of degree d;. Thus n = >.d;, and #B* = [[.(¢* — 1) > (¢ — )™
So there are at least (¢ — 1)" characters y of B*. We now count the
characters which violate or satisfy the two conditions of being totally
ramified.

Since k* C B>, the restriction map on characters is surjective.
So the condition that x|k* be nontrivial disqualifies #B*/(¢ — 1) =
(ITi(¢% —1))/(g — 1) of them.

The condition that each constituent character y; is nontrivial is
equivalent to the condition that when we write x as the product of
characters yp, of the factors (k[X]/(P;))*, each xp, is nontrivial. So
there are [],(¢% — 2) choices of x which satisfy this condition. If we
now omit the ones which are trivial on £*, we are left with at least

[T =2) - " - 1)/(a-1)

% 7
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characters which are totally ramified. From the inequalities ¢¢ — 2 >
(g —2)% and J],(¢% — 1) < ¢" — 1 we get

#TotRam(k, f) > H(qdi —2)— ([Ja* - )/(g—1) >

i

>(q-2"— Y, ¢
0<i<n—1
Combining this with the previous lemma, we get the asserted upper
bound for the number of characters of B* which are not totally rami-
fied. O

Lemma 5.5. For ¢ > n+ 1, we have the estimate

#TotRamGen(k, f) > Prraa(q) =

=(@—1-n)"+(@-2"—¢"+1-n Y ¢
0<i<n—1

Proof. We now count the characters which violate or satisfy the two
additional condtions which make a totally ramified character generic

We first turn to the condition that for at least one of the x;, x}' #
IL xi- Suppose first that f is itself irreducible. Then x is a character
of the field B* = Fj., and its constituent characters xi,..., X, are
the characters y, x%, ..., x¢" . The condition that x" # IL x: is the
condition that y™ # x!T7+9""" which disqualifies at most 1 + ¢ +
... + ¢! —n possible .

If f is not irreducible, let P be an irreducible factor of some degree
d < n, and yp the P-constituent of x. The the constituents of xp as

character of (k[X]/(P))* are xp, X5, ...,Xq;_l. Think of these as the
first d constituents of y. We can be sure that there is some choice of
index j € [1,d] such that x7 # [[; x; if we have

IT x # q]x)*
1<j<d i
This is the condition that
n—d gdt
ng Y(1+gq+...+q )7&( H Xi)d‘
d+1<i<n

So for any given choice of the P,-components of x for all the other
irreducible factors B; of f, at most (n—d)(1+¢q+...+¢* ') characters
x p are disqualified. So the total number of characters x which fail this
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second condition is at most (n — d)(1 4+ ¢+ ... + ¢ ) [1p.p(¢® = 1).
From the inequality

n=d)(1+q+..+¢" ) [ =D =mn-d(]] (¢"-1)g—1)
P#P all Py
<(n—=1(¢"-1)/(qg—1)
we see that the in either case, f irreducible or not, there are at most

(n—1( > )
0<i<n—1
characters y of B* which violate this first condition.

We now turn to the condition that the constituents y; be all dis-
tinct. Again we factor f, and this time collect the factors according
to their degrees. Suppose that there are e; factors Py, ;,7 = 1,..,¢;
whose degrees are d;. The first condition for distinctness is that for
each Py, j-component xp, ; the d; characters Xp for0<1<d; -1
are all distinct, or in other Words that the orbit of Xp,, ;, under the ¢’th
power map has full length d;, rather than some proper divisor of d;.
The characters of F;di whose orbit length is a proper divisor of d; are
those which come from (by composition with the relative norm) char-
acters of subfields [F,» for some proper divisor r of d;. So the number
of such short-orbit characters is at most >_,, ., (¢" — 1), and this is
trivially bounded by

N -D<-1+ > <1+ > ¢ <—1+[di/2g*.

r\di,r<di T|di,’l”<di 1§T§di/2

So the number of full-orbit characters of ]F:di is at least

— (/24 2 g — g

Suppose now that for each irreducible factor Py, ; of f, we have cho-
sen a full-orbit (i.e., orbit length d;) character. For irreducibles of dif-
ferent degrees, there can be no equality of their constituent characters,
because the orbit-lengths are different. If there are e; > 2 irreducible
factors of the same degree d;, say Py, 1, ..., Py, ¢;, then we may choose
Xp,,, to be any of the at least ¢% — ¢%~" full-orbit characters of ]F;di'

Then we must choose xp, , to be a full-orbit character of F:di which
does lie in the orbit of xp, ,, thus excluding d; possible full-orbit char-
acters. Continuing in this way, we see that there are at least

e;—1

T (Tl =" —jd))

d; which occur j=0
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characters y of B* all of whose constituents are distinct.

Because ¢ > n + 1, each factor (¢% — ¢%~! — jd;) satisfies

(¢% —q" " —jd) > (¢ —¢"' —n) > (¢ —1—n)*%.
[For the last inequality, write ¢ = X + n + 1; then we are saying that
(X +n+1)TYX +n) > X%+ n, which obv10usly holds for X > 0 and
d > 1.] Thus for ¢ > n + 1, there are at least
(¢g—1-n)"
characters y of B* all of whose constituents are distinct.

Removing from these those which violate the first condition, we are
left with at least

(g—=1—=n)"—(n—1)( Z q")

characters which, if totally ramified, are also generic. We have already

seen that at most
¢ -1-(g=2"+ > ¢
0<i<n-—1

characters fail to be totally ramified. Taking (some of) these away, we
end up with at least

(q=1-n)"=m-1( > ¢)=("-1-(¢=2"+ Y ¢)=

0<i<n—1 0<i<n—1
—(q—1-n)"+@=2"—¢"+1-n Y ¢
0<i<n—1
characters which are totally ramified and generic. 0

Lemma 5.6. We have the estimate

#(TotRam(k, f) \ TotRamGen(k, f) < Pann(q) — Prren(q) =

=(g-1-n)"+(q-2"=2"+2-n > .

0<i<n—1
Proof. Combine Lemmas 5.3 and 5.5. O

Lemma 5.7. There exists a real constant C,, such that for ¢ > C,,, we
have

Pain(q) — Prran(q) < Prraa(q)/vVa

Proof. The difference Puyn(X) — Prrea(X) is a real polynomial of
degree n — 1, while Prpg,(X) is a real polynomial which is monic of
degree n. O
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Theorem 5.8. Suppose q > C,, and \/q > 1+2n. Let A be a nontrivial
irreducible representation of U(n—1) which occurs in std®®* @ (std")*P.
Then we have the estimate

D Trace(A(6ksn)l

x€TotRam(k,f)

< (#TotRamGen(k, f))4(a + b+ 1)(2n)**"/\/q.

Proof. We break the sum into two pieces, the sum over x € Tot RamGen(k, f),
and the sum over x € Tot Ram(k, f)\Tot RamGen(k, f). By Corollary
5.2, the absolute value of the first sum is bounded by

(#Tot RamGen(k, f))2(a + b+ 1)(2n)***/\/g.

The second sum has at most

Pann(q) — Prren(q) < Prron(q)/va < (#TotRamGen(k, f))//q

terms, each of which, being the trace of a unitary conjugacy class in a
representation of dimension at most (n — 1)**?, is bounded in absolute
value by (n—1)**?. So the absolute value of the second sum is bounded
by

(#TotRamGen(k, f))(n — 1)**°/\/g,

which is less than the upper bound for the first sum. So doubling the
upper bound for the first sum is safe. U

Corollary 5.9. Suppose q > C,, and \/q > 14+2n. Let A be a nontrivial
irreducible representation of U(n—1) which occurs in std®* @ (std")®.
Then we have the estimate

(1/#TotRam(k,f)) Y Trace(A(by )|

X€TotRam(k,f)
<4(a+0b+1)(2n)""/\/q.
Proof. Indeed, #TotRamGen(k, f) < #TotRam(k, f). O
Thus we obtain our target result.

Theorem 5.10. Fiz an integer n > 2 and a sequence of data (k;, f;)
with k; a finite field (of possibly varying characteristic) and f;(X) €
ki[X] squarefree of degree n. If #k; is archimedeanly increasing to oo,
the collections of conjugacy classes

{eki7fi,x}XETOtRam(ki,fi)

become equidistributed in U(n — 1)# as #k; — oo.
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6. APPENDIX: THE CASE OF “EVEN” CHARACTERS

We continue to work with a squarefree monic polynomial f(X) €
k[X] of degree n > 2, and the k-algebra B := k[X]/(f(X)X). We
say that a character y of B* is even if it is trivial on k* (viewed as a
subgroup of B*).

Lemma 6.1. The chararcter x is even if and only if L —¢) is lisse
at oo (more precisely, if and only if, denoting by j : A'[1/f] C P! the
inclusion, the middle extension sheaf j Lyw—y on P! is lisse at cc).
Moreover, for even x we have the formula

Trace(F'r0oby ool Lyu—1)) = 1.

Proof. The first assertion is immediate from the geometric isomorphism
of L, u— with the tensor product ®;_,L,,(,—1), together with Lemma
2.3. For the second assertion, we argue as follows. We have a mor-
phism G,,, — B* given by ¢ — 1/t. The corresponding pullback sheaf
Lyt on Gy, is trivial, i.e., isomorphic to the constant sheaf Qy, pre-
cisely because x is trivial on k*. So on G,,[1/f], we have arithmetic
isomorphisms

Lytu—t) = Lyt @ Lyt = Lxu/i-1)-
In terms of the uniformizing parameter s := 1/t at oo, we have £, (,—y) =
Ly (su—1)- Extending L, (s,—1) across oo, i.e., across s = 0, by direct im-
age, we get
Trace(Froby, | jxLyu—t)) = Trace(Frobyo|jLysu—1)) = X(—1) =1,
the last equality because, once again, x is trivial on k*. U

Let us say that an even character x is totally ramified if, in the
geometric isomorphism

Lyu-t) = 1Ly (aimt)

each y; is nontrivial. The we have the following lemma, analogous to
Lemma 2.5

Lemma 6.2. The even character x is totally ramified if and only if the
group H}(P1/f] @k k, juLlyu—t)) s pure of weight one, in which case
H} has dimension n — 2, and H? = 0.

Let us denote by T'ot RamFEven(k, f) the set of even characters of B~
which are totally ramified. Attached to each x € TotRamFEven(k, f),

we have a conjugacy class 0y ;, € U(n — 2)#, defined by its reversed
characteristic polynomial via the equation

det(1 — T/#kby 1) = det(1 — TFroby|H}(P'[1/ f] @ k, jxLou—r)))-
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Keating and Rudnick make the following conjecture, the “even” ver-
sion of Theorem 5.10.

Conjecture 6.3. Fiz an integer n > 3 and a sequence of data (k;, f;)
with k; a finite field (of possibly varying characteristic) and f;(X) €
ki[X] squarefree of degree n. If #k; is archimedeanly increasing to oo,
the collections of conjugacy classes

{eki,fi,x }xETotRamEven(ki,fi)
become equidistributed in U(n — 2)% as #k; — oo.

At present, we can prove this only under the additional (and highly
artificial) hypothesis that each f;(X) € k;[X] has a zero in k;.

Theorem 6.4. Fiz an integer n > 3 and a sequence of data (k;, f;) with
k; a finite field (of possibly varying characteristic) and f;(X) € k;[X]
squarefree of degree m. Suppose each f; has a zero in k;. If #k; is
archimedeanly increasing to oo, the collections of conjugacy classes

{gki,fi7x }XETotRamEven(ki,fi)
become equidistributed in U(n — 2)% as #k; — oo.

Proof. Replacing each f; by an additive translate X — X 4+ a; of itself,
we reduce to the case when each f; is of the form f;(X) = Xg;(X),
with g; € k;|X] squarefree and having ¢;(0) # 0.

The idea is that the theorem is a consequence of a (slight variant
of) Theorem 5.10, applied to the g;. To explain this, let us fix a finite
field k, a squarefree monic g(X) € k[X] of degree n — 1 with g(0) # 0,
and put f(X) := Xg(X). Let us write By := k[X]/(f(X)), B, :=
KX]/(9(X)), By := K[X]/(X) = k. Then

By =~k x B,.
For P(X) a monic irreducible in k[X]| which is prime to f, the image
of P(X) in By is, via this isomorphism, the pair
(P(0), P mod g) = (the scalar P(0) € k™) x (1, P/P(0) mod g).

For an even character s of B Jf, with components x x, x4, we therefore
have

xy(P mod f) = x;(1, P/P(0) mod g) = x,(P/P(0)).

If x; lies in TotRamEwven(k, f) then xx is nontrivial, each con-
stituent chararcter ; of x, is nontrivial, and, by the evenness of
X, the restriction of x, to k™ is the inverse of the nontrivial char-
acter xx. In other words, x, € TotRam(k,g). Conversely, given
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Xy € TotRam(k, g), define xx to be the restriction to £* of 1x,; then
the pair (xx, x,) taken to be xy lies in TotRamEven(k, f).
For P(X) = X —t a linear irreducible, and x; even, we have

Xr(X —1) = xo(X = 1)/(=1)) = xo(1 = X/2).
Exactly as in section 2 of this paper, we find an arithmetic isomorphism

on Al[1/f] = Gnu[L/g],

Ly = Lxg(-u/e)
In terms of the parameter s := 1/t on G,,, and the palindrome g% (s) :=
5999 g(t) of g, our sheaf becomes L, (1_ys) on G,,[1/gP*'], and has an
obvious lisse extension across s = 0 to the sheaf £, (1_s) on AM[1/gP*].
[N.B. Here the w is still the image of X in By, and x, is our character
of BY. But it is the zeroes of g"*(s) we must avoid.]

We now define conjugacy classes Oy 4.\, € U(n — 2)#, for each y, €
TotRam(k, g), through their reversed characteristic polynomials

det(1—T\/#kOpg,) = det(L—TFroby|H (A'[1/g"| @1k, Ly, (1-us))-

With these preliminaries out of the way, we see that we have reduced
Theorem 6.4 to the variant of Theorem 5.10 for the conjugacy classes
{Ok.g.xy FxseTot Ram(k,g)- To prove this variant, we repeat the proof of
Theorem 5.10, but looking at the direct image by ¢P% of Ly, (1-us)
(rather than looking at the direct image by (—1)%9@g of L, (,—y), as
we did in proving Theorem 5.10). U
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