corrected version of 6.16.6 (pp. 186—189 in katz—sarnak)

Proposition 6.16.6 Fix integers r = 1 and N = 2, and denote by
I:=1.:=(1,1,.,1)inR",

For any non—negative Borel measurable function function g >0 on RY, denote by G the non—
negative Borel measurable function function G = 0 defined by the Lebesgue integral
G(x) =g, w11 &x — thydt = (Dl 17 &(x — tx(D)dt.
Fix an offset vector ¢ in Z":
I<c(l)<c)<...<c(r).

For each integer k with 0 <k < c(1)-1, ¢ — kI is again an offset vector, and we have the identity

[xr GAOFTu(U(N), offsets ¢) = X < < (1)1 Jrr 2dv(c—KILUN)).
proof The idea of the proof is that already used in proving 6.12.4, 6.12.6, and 6.14.12, namely to
express the integrals involved as integrals over U(N) against Haar measure, and then to show that
the integrands coincide on the set U(N)'®8 of elements with N distinct eigenvalues.

The definition of v(c, U(N)) as a direct image from U(N)XU(1) gives

Ixr gdvic, UMND) = [0, 2y 2OCD)ETIPA),...., B(cr) (T PA))d(p/2m)dA
for any offset vector c. The definition of Offu(U(N), offsets c¢) as the expected value over U(N) of
the measures Offu(A, U(N), offsets c) gives

[rr GAOfTu(U(N), offsets ¢) = J; , Ugr GAOffu(A, U(N), offsets ¢)dA.
We will show that for each A in U(N) with N distinct eigenvalues, we have

Jgr GAOffu(A, UN), offsets c)

=20 < < e(ty-1 Ji0.2m) EOCD—K)ETIPA). ... Ble(r)—K) (TP A)d(g/2m).
To show this, we proceed as follows. Denote by ¢(i) := ¢(i)(A) the (non—normalized)
angles of A, defined for all i in Z. For each i, let
s; .= (N2m)(@(i+1) — (1))
be the i'th normalized spacing of A, and let
S; = (¢(@), p(i+1)1 c U(1)
be the half open interval between ¢(i) and ¢(i+1). By definition of Offu(A, U(N), offsets c), we
have
Nl r GAOffu(A, U(N), offsets c)
=2/ mod N GG pa1 + 8040+t Spyc(1)mer Spal + 8032+t Spie(r))-
Let us introduce the scalars
S¢.ab = 2 <i<hSp4isifash,
=0ifa>b.
Then
NJ.[Rr GdOffu(A, U(N), offsets c) = 2{ mod N G(Sf,l,c(l)’ Sf,l,C(z)""’ Sf,l,C(I‘))

=2 mod N G(sy 1.0
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where we denote by Selc the vector (Sf,l,c(l)’ S¢.1,0(2) Sf,l,c(r))'

Now recall the definition of G in terms of g, to see that

Glspp.0) =1, ey E601c ~hdt= o, ey €601~ Dt
We break the interval (0, sp | c(l)] into c(1) disjoint intervals

0,50 1,c(1)1 =0, 2y ciceqy Se+i) = Ho<rcey—1 6o,k Se,1,k+1 -
Thus we get

G(sp1.0)=2Zo<k<c)-1 J(s{, Lo S Liat] g(sp g c— thdt

S g(sf’ﬂ c _Sf,l,k]] — thdt.
At this point, we observe that we have the relation
S¢.1,¢ 7Se,1,k0 = Sp4k 1 .c—kI-
So the previous identity becomes
Gspp0) = 2o<k< c()-1 I[0, Sparat) g(Sp4k 1,c—k1 — thdt.
Summing over ¢ and shifting ¢ by k+1, we obtain
Nl r GAOffu(A, U(N), offsets c)
=20<k<o(l) -1 24 modN I[0, 5! g(Sp_1 1,c—k1 — thdt.
So we are reduced to showing that for each k with 0 <k <c(1) — 1, we have
(I/N)zf mod N '[[0, s/] g(sf—l,l],c—ld] — thdt

=20 <k<c(l)-1 I(0,

= li0. 20 BEC(D-K)ETPA)..... Ble(n)-k)(€ P A)d(¢/27).
This is a statement about the offset vector c—klI, so it suffices to treat universally the case when
k=0, i.e., to show that for any offset vector ¢ in Z' we have

(I/N)zf mod N '[[0, s/] g(sf—l,]],c - ﬂ])dt

=] (0, 27 EOC(D)ETPA),..., Bc() (e PA))d(p/27).
To show this, it suffices to show that for each ¢ we have

ks, g(6(c(1))(EIPA)...., B(c(n)(e1PA))d(p/27)
= (I/N)]j, o &80 ¢ — tht.

But this is a tautology: as ¢ runs in (¢(f), (f+1)], 9(0)(e_i9"A) runs froms,_q ot0S/_1 ¢~
Sﬂ]. QED



