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Introduction

In a remarkable numerical experiment, Odlyzko [Od]] found that the distribu-
tion of the (suitably normalized) spacings between successive zeroes of the Riemann
zeta function is (empirically) the same as the so-called GUE measure, a certain
probability measure on R arising in random matrix theory. His experiment was
inspired by work of Montgomery [Mon], who determined the pair correlation dis-
tribution between zeroes (in a restricted range), and who noted the compatibility
of what he found with the GUE prediction. Recent results of Rudnick and Sarnak
[Ru-Sar| are also compatible with the belief that the distribution of the spacings
between zeroes, not only of the Riemann zeta function, but also of quite general
automorphic L-functions over Q, are all given by the GUE measure, or, as we shall
say, all satisfy the Montgomery-Odlyzko Law. Unfortunately, proving this seems
well beyond range of existing techniques, and we have no results to offer in this
direction.

However, it is a long established principle that problems which seem inaccessible
in the number field case often have finite field analogues which are accessible. In
this book we establish the Montgomery-Odlyzko Law for wide classes of zeta and
L-functions over finite fields.

To fix idess, let us consider a special case, which none the less contains all
the essential phenomena, the case of curves over finite fields. Thus we consider a
finite field F,, and a proper, smooth, geometrically connected curve C/F, of genus
g. [For example, if we take a homogeneous form F(X,Y, Z) over F, of degree d in
three variables such that F' and its first partial derivatives have no common zeroes
in Fq, then the projective plane curve of equation ¥ = 0 in P2 is such a curve, of
genus g = (d — 1)(d — 1)/2.] The zeta function of C/Fg, denoted Z(C/Fq,T), was
first introduced by Artin [Artin] in his thesis. It is the basic diophantine invariant
of C/F,, constructed out of the numbers N, := Card(C(F,~)) of points on C with
coordinates in the unique field extension Fyn of F, of each degree n > 1. T As
a formal series over Q in one variable T, Z(C/¥,,T) is defined as the generating
series

Z(C/Fq,T) = exp Z N.T"/n
n>1
One knows that in fact Z(C/F,,T) is a rational function of T, of the form
P(T}/(1 -TX1 - qT),

where P(T) is a polynomial of degree 2g with Z-coefficients. By the Riemann
Hypothesis for curves over finite fields [Weil-CA], one knows that the reciprocal

1



2 INTRODUCTION

zeroes of P(T) all have complex absolute value Sqrt(q), i.e., we have

29
PT) = [[(1 — a;T), with |ajlc = Sart(g) for all ;.
i=1
We write
a; = Sqrt(g)e™, 0 < <2m.

Renumbering, we may assume that
0<p1 <2< Sy <27

The normalized spacings between the (reciprocal) zeroes of the zeta function of
C/F, are the following 2g real numbers. The first 2g — 1 are

(g/vr)(cpz - ‘Pl), (g/‘rr)(cps - <p2), iy (g/ﬂ')((ng - ‘P2g—l),
and the last is the “wraparound” spacing

(9/m)(p1 + 21 — pag).

The spacing measure g = pu{C/F,) attached to C/F, is the probability mea-
sure on R, supported in R>g, which gives mass 1/2g to each of the 2g normalized
spacings.

Before going on, we must first say what is the GUE measure on R, cf. 1.0-2.
For this, we first pick an integer N > 1, and consider the unitary group U(N) of
size N. Given an element A in U(N}, its N eigenvalues lie on the unit circle, and
we form the N normalized (to have mean 1) spacings between pairs of adjacent
eigenvalues, and out of these N spacings we form the probability measure on R
which gives mass 1/N to each of the N normalized spacings. This measure we
call u(A, U(N)), the spacing measure attached to an element A in U(N). We view
A p(A,U(N)) as a measure-valued function on U(N). One can make sense of
the integral of this function over U(N) against the total mass one Haar measure
dA on U(N): the result makes sense as a probability measure on R, denoted

WUNY) = /U o HA TN d

One then shows that as N grows, the measures u(U(N)) on R have a limit which
is again a probability measure on R, which we denote p(univ), and call the GUE
measure.! One shows that its cumulative distribution function
CDF ,(univ)(z) = / du(univ)
[0,z
is continuous on R. [In fact, this measure has a density, which vanishes outside
R, and is real analytic on R>g, cf. Appendix: Graphs for a picture.]

For the application to curves that we have in mind, we need to know that we
can obtain the GUE measure not just from the series of unitary groups U{N), but
also from any of the series of compact classical groups. Indeed, suppose we are
given any compact subgroup K of a given unitary group U(N). We can, for each
element A in K, form the spacing measure attached to A thought of as an element
of U(N). To remind ourselves that we do this only for elements of K, we denote
this measure u(A, K). Then we view A — (A, K) as a measure-valued function
on K, and we integrate this function against the total mass one Haar measure dA

1In the physics literature, this measure often carries Wigner's name



INTRODUCTION 3

on the compact group K. The result, denoted p(K) := [, u(A, K)dA, is itself a
probability measure on R. .

We can perform this construction with K any of the compact classical groups,
U(N) or SU(N) or USp(2N) or SO(2N +1) or SO(2N) or O(2N +1) or O(2N) in
their standard representations. We show that for G(N) running over any of these
series of compact classical groups, the sequence of probability measures u(G(N))
on R converges, as N grows, to the same measure u(univ), the GUE measure, that
we obtained as the large N limit of the u(U(N)) measures. [The case which will
be relevant to curves over finite fields will turn out to be the compact symplectic
groups USp(2N).]

Now let us return to a curve C/F, over a finite field, of some genus g. Since
the spacing measure u{C/F,) gives each of 2¢g points mass 1/2g, its CDF is a step
function, with 2g jumps. So it cannot possibly be the case that u(C/F,) is equal to
the GUE measure, whose CDF is continuous. Moreover, as we shall see later in this
Introduction, over any finite field there are sequences of curves of increasing genus
whose spacing measures are arbitrarily close to the delta measure &p supported at
the origin. So it is simply not true that the spacing measures of all curves of
large genus are close to the GUE measure. What we show is that “most” curves
of large genus over a large finite field have their spacing measure quite close to the
GUE measure, or in other words that “most” curves of sufficiently large genus over
a sufficiently large finite field satisfy the Montgomery-Odlyzko Law to an arbitrary
degree of precision.

To make this more precise, we need a numerical measure of how close two
probability measures on R, say u and v, are. For this, we use the Kolmogorofi-
Smirnov discrepancy, defined as the greatest vertical distance between the graphs
of their CDF’s:

discrep(u, v) := Sup | CDF,(s) — CDF,(s)|.
sinR

Notice that discrep(y, v) is a number which always lies in the closed interval [0, 1],
just because CDF’s of probability measures take values in [0, 1].

Now let us denote by M,(F,) the set, known to be finite, consisting of all
F,-isomorphism classes of genus g curves over F,. Our essential result about the
spacing measures u(C/F,) attached to curves over finite fields, and their relation
to the GUE measure p(univ), is this:

Theorem (cf. 12.2.3). We have the double limit formula
lim tm (/Mp(F)) 3 discrep(u(unin), u(C/F,)) = 0.
gm0 C in My(F,)
More precisely, for any real € > 0, there exists an integer N(g) such that for any
genus g > N (&), we have the inequality
Jim (1/|Mg(F)) D discrep(u(unit), w(C/F,)) < g1/,
C in My(F,)
To see what this says concretely, pick a small € > 0, and fix a genus g > N(g).
Then for ¢ sufficiently large, say ¢ > M (e, g), we will have

(3%) (1/IM(F)l) ). discrep(u(univ), u(C/F,)) < 2¢°~'/°.
C in M, (Fy)
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To see what this last inequality means about “most” curves, pick any two positive
real numbers a and 3 with a + 3 =1/6 — €. Denote by

M (Fg)(discrep > g%} C My(Fy)
the set of those C in M,(F,) for which
discrep(u(univ), u(C/Fg)) > ¢~ °.
Then we easily infer from (¥*) above that
| Mg (Fy)(discrep > g7*)|/|IM,(Fy)| < 2977,

ie., the fraction of curves in My(F,) whose discrepancy exceeds g~ is at most
2¢~4, provided that g > N(¢) and provided that ¢ > M(e,g). In other words, if
g and then g are sufficiently large, then the probability is at least 1 — 2¢™# that
a randomly chosen curve in My(F;} has discrepancy < g=. This is the sense in
which most curves of sufficiently large genus over a sufficiently large finite field have
a spacing measure which is arbitrarily close to the GUE measure.

To explain how one proves such results, we must now return to a discussion
of the GUE measure u(univ) and its genesis from compact classical groups G{N).
Suppose we take a particular G(N}, and an element A in G(N). How close is the
spacing measure (A, G(N}) to the GUE measure? The answer is that “most”
elements A of a large G(N) have their spacing measures quite close to the GUE
measure, as the following “law of large numbers” shows.

Theorem (cf. 1.2.6). In any of the series of compact classical groups G(N) =
U(N) or SU(N) or USp(2N) or SO(2N +1) or SO(2N) or O(2N +1) or O(2N),
we haeve

lim discrep(u(A, G(N)), u{univ)) dA = 0.
More precisely, given ¢ > 0, there exists an integer N(g) such that for any
N > N(e), we have

f discrep{u(A, G(N)), u(univ)) dA < N1/6,
CLN)

We also remark that the integrand above,
A — discrep(u( A, G(N)), u(univ)),

is a continuous (cf. 1.0.12) central function on G(N). This remark will allow us
below to apply Deligne's equidistribution theorem {(cf. 9.2.6, 9.6.10, 9.7.10) in a
completely straightforward way.

The connection between Theorems 12.2.3 and 1.2.6 comes about through mon-
odromy, and Deligne’s equidistribution theorem (9.6.10). Recall that the zeta func-
tion of a genus g curve C/F, is of the form P(T)/(1—T)(1—¢T), for P a polynomial
of degree 2g with the property that the auxiliary polynomial P(T/Sqrt(g)) has all
its roots on the unit circle. However, the polynomial P(T'/ Sqrt(g)) has a bit more
structure; namely, its 29 roots on the unit circle can be partitioned into g pairs
of inverses (£,1/€) on the unit circle. One interpretation of this fact is that there
exists a conjugacy class 9(C/F,) in the compact group USp(2g) such that

P(T/Sart(q)) = det(1 - TO(C/F,)).
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Because conjugacy classes in USp{2g) are uniquely determined by their characteris-
tic polynomials, there is a unique such conjugacy class 3(C/F,)} in USp(2g), which
we call the unitarized Frobenius conjugacy class attached to C/Fg.

Now fix an integer N > 1 and a genus g > 1. Consider a proper smooth family
m:C — S of genus ¢ curves, parameterized by a scheme S which, for simplicity, we
assume to be smooth and surjective over Spec(Z[1/N]) with geometrically connected
fibres. We further assume that for every prime number p which does not divide N,
the geometric monodromy group of the family of curves

T@F,:CoF, - S®F,

in characteristic p is the full symplectic group Sp(2g). Once we have made this
assumption about the monodromy of the family, Deligne's equidistribution theorem
{cf. 9.6.10) says the following. For each finite field F, of characteristic not dividing
N, and each point s in the finite set S(F;) of Fg-valued points of S, look at the
curve C;/F, named by the point s, and look at its unitarized Frobenius conjugacy
classes ¥(C,/F,) in USp(2g). Then these unitarized Frobenius conjugacy classes
are equidistributed in the space USp(2g)* of conjugacy classes in U Sp(2g) for the
probability measure piya.r on USp(2¢)# which is the direct image from USp(2g) of
its normalized Haar measure, in the following sense: for any C-valued continuous
central function f on USp(2g), we have the limit formula

im  (/ISEM) D FI(C/Fy))

—00,q prime to N
¢ @ prim sin S(Fy)

= / f duHaar-
USp(2g)*

In order to apply this to study the discrepancy for the curves over finite fields
C;s/F4 which occur in our family, we have only to apply Deligne’s equidistribution
theorem above to the continuous central function f on USp(2g) given by

A — discrep(u(A, USp(2g)), p(univ)).

We know from Theorem 1.2.6 quoted above that, given £ > 0, there is an N{¢) such
that for g > N(e), we have, for this f, the estimate

_/ f dpttnar < g5~ V0.
USp(2g)#

So if our family C/S has g > N(c), and we use Deligne’s equidistribution
theorem to calculate this integral, we find the estimate

lim G (/ISE) 3 discrep(u(univ), u(Ca/Fy)) < ¢7°.

g—oo,prime

s in S(F,)
In particular, if ¢ is prime to N and sufficiently large, we will have
() (1/IS(FH) D discrep(u(univ), u(C./Fy)) < 2°7 /6.
s in S(Fq)

To see what this means about the discrepancy of “most” curves in the family C/S,
pick a pair of positive real numbers ¢, 8 with o + § = 1/6 — . Denote by

S(F,)(discrep > g~ ) C S(Fy)
the set of those s in S(F,) for which
discrep(u(univ), u(Cs/Fq)) > g7<.
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Then we easily infer from (%x) above that
|S(F,)(discrep > ¢~*)I/|S(F,)| < 2977,

provided that g > N(e) and that g is prime to N and sufficiently large (how large
depends on the particular family C/S).

To obtain Theorem 12.2.3 stated above about Mg, we need only replace S(F,)
in the above formulas by My(F,). There are some technical difficulties to be
overcome in justifying this formal replacement; cf. 10.6 and 10.7 for an exhaustive
discussion of these difficulties and their resolution.

Once we know that “most” curves over finite fields have their spacing measure
close to the GUE measure, it is natural to ask if, given a finite field F,;, we can
exhibit a single explicit sequence of curves {C,/F,}, with C, of genus g, whose
spacing measures u(Cgy/F,) approach the GUE measure p(univ) as g — oo, in the
sense that limg_, o discrep(p(Cy /Fg), pt(univ)) = 0. We do not know how to do this
at present.

To the extent that we can write down families (of varieties, of exponential
sums, of ...) over finite fields whose geometric monodromy groups are large clas-
sical groups, we will get results similar to those for curves for the behavior of the
discrepancy in these families as well. We work this out explicitly for universal fam-
ilies of abelian varieties (where the group is again Sp), of smooth hypersurfaces in
projective space (where the group is either Sp or O), and for multi-variable Kloos-
terman sums (where the group is either Sp, SL or SO(odd)). Again in these more
general cases we do not know how to write down explicit sequences of objects of
the type considered whose spacing measures approach the GUE measure.

In the case of the Kloosterman sums Kl, (3, e in F) there is a plausible can-
didate for such a sequence.

Conjecture. Fiz a finite field ¥y, fir any choice of @ in FY and fiz any choice
of the nontrivial additive character ¥ of Fq. Then the spacing measure

p(Klp (¥, a in Ff))

attached to Kl (v, a in FX), or more precisely to its L-function, tends to the GUE
measure as n — 00 in the sense that

lim discrep(u(Kl,. (¥, a in Fy)), p(univ)) = 0.
n—oo

Suppose now that we fix an integer N > 1, and a large integer g. Suppose
that we are given a curve C/Z[1/N] which is proper and smooth with geometrically
connected fibres of genus g. For any prime p not dividing N, the reduction mod p of
our curve C/Z[1/N] is a curve C ® F,/F, of genus g, which has a spacing measure
4(C ® F,/F,). When is it reasonable to expect that for most primes p which
are prime to N, the spacing measure u(C ® F,,/F,) is close to the GUE measure
#(univ}? When should we expect some other behaviour?

Given C/Z[1/N] as above, for every prime p not dividing N, we obtain a uni-
tarized Frobenius conjugacy class 3(C @ F,/F,) in USp(2g). When is it reasonable
to expect that these classes 9(C ® F,/F,) are equidistributed in USp(2g)#, in the
sense that for any C-valued continuous central function f on USp(2g) we have

/USp(2g) f(A)dA = Xll_l.nm(l/'rr(X)) Z FO(C & F,/F,))?

p<X prime to N
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The Generalized Sato-Tate Conjecture is that this equidistribution {of
the classes 9(C ® F,,/F,) in USp(2g)#) holds whenever C/Z[1/N] has big arith-
metic monodromy, in the sense that for every prime I, the action of Gal(Q/Q) on
HY(C ® Q,Q;) has image which is open in the group GSp(2g,Q:) of symplectic
similitudes. As an immediate application of Theorem 12.2.3, we find:

Theorem. In the notations of Theorem 1.2.6, letc > 0 and g > N(e). Suppose
C/Z[1/N] is a curve of genus g as above, which has big arithmetic monodromy.
Suppose the generalized Sato-Tate conjecture holds. Then we have the inequality

xhlnoo(l/vr(x)) }: discrep{u(d(C @ Fy,/F,)), u(univ)) < gemMe,

p<X prime to N

Corollary. Suppose for each integer g; in an infinite subset ' of Z>,, we
are given an integer N; > 1 and o curve Cy, /Z{1/N;] of genus g; which has big
arithmetic monodromy. Suppose the generalized Sato-Tate conjecture holds. Then
the double limit im;_,o, limy_,. of

(/n(X)) 3 discrep(u(3(Cy, ® Fy/F,)), u(univ)

p<X prime to N;

vanishes.

Question. Notations and hypotheses as in the corollary, suppose that all N;
have a common value N, cf. pages 12-13 of this Introduction for examples of such
gituations. What is the density of the set of primes p not dividing N for which

lim dlscrep(p.(ﬂ(C @ Fy/Fp)), p(univ}) = 07

g—ooin

Presumably this need not hold for every prime p not dividing N.

Now let us turn to the opposite extreme, cases in which either we can prove or
we expect that the spacing measure is far from the GUE measure.

We first give, for every odd prime p, a sequence of curves over the prime field
F, whose genera go to infinity and whose spacing measures converge to the delta
measure &y supported at the origin. For each power ¢ = p! of p, we consider the
hyperelliptic curve C,/F, of equation

Cp: Y =X?_X.

This curve has genus g given by 2g = g — 1. Over F,, this curve admits the Artin-
Schreier action X — X+¢,Y — Y of the additive group of F,. If we pick any prime
{ # p, and decompose the cohomology group H'(C, ® F,,Q;) under this action,
each of the ¢ — 1 nontrivial additive characters ¥ of Fy occurs with multiplicity
one. On the corresponding one-dimensional eigenspace, the Frobenius with respect
to Fy, Frobg, necessarily acts as a scalar, and that scalar is none other than minus
the quadratic Gauss sum over F:

Gy, x2) =~ Y, d(@xalz
z in FY

where we have written X for the quadratic character of Fy. Now it is elementary
that the quadratic Gauss sum G,(3, x2) with any nontrivial ¥ satisfies

(Gq(¥, x2))* = x2(—1)g.
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Moreover, both square roots occur as ¥ varies. Thus Frob, has precisely 2 distinct
eigenvalues on H!. To see what this means for Frob,, write ¢ = pf. Then Frob,
is the f'th power of Frob,, and hence Frob, has at most 2f distinct eigenvalues on
H'. This means that among the ¢ — 1 = pf — 1 normalized spacings between the
reciprocal zeroes of the zeta function of C,;/Fp, all but at most 2f of the spacings
are equal to zero. Since 2f/(p — 1) — 0 as f — oo, we see that the spacing
measures u(C1/F,) approach & as f — 0o. Since the GUE measure is absolutely
continuous with respect to Lebesgue measure, it gives the origin mass zero. Hence
we have

discrep((Cy /Fy), w(univ)) > 1 - 2f/(p” — 1),

a crude quantification of the statement that 1(C,/F,) is far from the GUE measure.

Here is another example, valid for any prime p > 0, of a sequence of curves
over F, whose genera go to infinity and whose spacing measures converge to &g.
For each power ¢ := p/ of p, consider the degree ¢ + 1 Fermat curve over F,, say,
Fermat(g + 1)/F,, of homogeneous equation

Xl pyet! = zo+l,

This curve has genus g given by 2¢g = g(¢ — 1). It is elementary that over F 2, this
curve has 1 + ¢° points. [Hint: for z in Fg2, %+! is its norm to Fy, and the norm
map is surjective.] But we readily compute that

1+¢°=14¢* +2g9¢ =1+ g% — 2¢(—q).

Thus the Weil bound is attained, and hence every eigenvalue of Frob,z on H! is
—g.  Therefore Frob, has at most 2f distinct eigenvalues on H', while
dim H'! = p/(pf — 1), and we conclude as in the previous example that the spacing
measure u(Fermat(g + 1)/F,) tends to dy as f — 0o, and that

discrep (p(Fermat(g + 1)/F,), u(univ)) > 1 ~ 2f/(p! (p/ — 1)).

We now turn to a case in which we expect the spacing measure to be far from
the GUE measure. For each prime [, consider the modular curve Xo(l)/Z[1/1],
whose genus ¢, is approximately (! — 1)/12. Choose any prime /. When we de-
compose H! := H'(Xy(!) ® Q,Q;) under the Hecke operators, we find a direct
sum of g; two-dimensional subspaces, corresponding to the g; different weight two
normalized (a;(f) = 1) Hecke-eigenforms f = 3" . an(f)g”® on Xo(l). For each
such eigenform f, and each prime p with p # ! and p # U', the characteristic poly-
nomial of Frob, on the two-dimensional Hecke eigenspace in H' named by f is
X? —a,(f)X + p. We know by Deligne that |a,{f)| < 2Sqrt(p), so the two eigen-
values of Frob, here are Sqrt(p)et?»(/) where ¥p(f) is the unique angle in [0, ]
such that a,(f) = 2Sqrt(p) cos(Jp(f)). We denote by 9, in [0, 7]% the g;-tuple of
angles ¥, (f) indexed by eigenforms f, and we view 9, as a conjugacy class in the
product group USp(2)% = SU{2)%.

This Hecke-eigenvalue decomposition of H! is respected by Gal(Q/Q), and
forces the image of Gal(Q/Q) to land in the subgroup of the g;-fold self product
GL(2,Qy)% of GL(2,Qy) with itself consisting of elements (A;,...,Aq) all of
which have equal determinants. According to Ribet [Rib, 7.18], the image of
Gal(Q/Q) is Zariski dense in this group. In view of Ribet’s result, the natural
Sato-Tate conjecture for Xo(l) is the assertion that the conjugacy classes {9, }p:s
in the product group SU(2)% are equidistributed with respect to Haar measure
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in the sense that for any C-valued continuous central function £ on SU(2)%, the
integral

N
= z ) sin(z; i

=1

can be computed as the limit

Jim (1/7(X)) D7 h(By).
PLX,pH#l
Let us admit the truth of this Sato-Tate conjecture for Xy(!). We denote by

F(x):= (2/7) ./[0 ]sing(t)dt = (2z — sin(2z)) /27

the bijection from [0, 7] to [0, 1] which carries the measure (2/7) sin?(t) dt = dF on
[0, 7] to uniform measure dz on [0,1]. [We call F the straightening function for the
measure in question.] Given an element ¢ in [0, 7]%, we denote by F(#) in [0, 1]%
the result of applying F component by component. The Sato-Tate conjecture for
Xo(l) says precisely that the g;-tuples {F(d;)}p in [0,1]9 are equidistributed
in [0,1]% for uniform measure. Arrange the components of F(¥,) in increasing
numerical order, say

0< F(dy)1 S F(Wp)a < - S F(¥,)g < 1.

The F-straightened spacing measure pr(Xy(l) ® F,/F,) attached to Xo(I1) @ F, /F,
is the measure of total mass 1 — 1/¢; on R which gives each of the g; — 1 normal-
ized spacings &; := @i(F(¥p)i+1 — F(9,);) the mass 1/g;. An elementary analysis
of spacings between points in an interval which are randomly chosen for Lebesgue
measure shows that in this kind of question, the limiting answer is not the rather
exotic GUE, but rather the much more elementary and familiar exponential distri-
bution u(Poisson), the measure on R supported in R>q and given there by e~* dx.

Theorem. Assume the Sato-Tate conjecture above for all the modular curves
Xo(1)/Z[1/1],1 any prime. Then the F-straightened spacing measures

pr(Xo(l) ® ]Fp/]Fp)

are, for large 1, very near the Poisson measure p(Poisson) for most primes p # L.
More precisely, the double limit limy_.o. imy o of

(1/7(X)) Z discrep{pir (Xo(l) ® F, /F;), u(Poisson))
p<X p#l
vanishes.

Question. Is it true that for each prime p, we have

lim discrep(ur(Xo(l) ® Fp/F,), u(Poisson)) = 07
{—oo,l#p
We now discuss another aspect of our work, the distribution in families of “low-
lying zeroes”. [This terminology “low-lying zeroes” is inspired by the number field
picture, where we expect all the nontrivial zeroes to lie on a single vertical line, and
we measure height from the real axis. In the finite field case, where the normalized
zeroes lie on the unit circle, it would be more accurate to speak of “zeroes near 1”.]
For simplicity, we will discuss only the case of curves. Recall that the zeta function
of a genus g curve C/F, is of the form P(T")/(1 — T)(1 — ¢T), for P & polynomial
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of degree 2g with the property that the auxiliary polynomial P{T/Sqrt(q)) has all
its 2¢ roots on the unit circle, and its 2g roots can be partitioned into ¢ pairs of
inverses (£,1/£). So we may write P(T) as

g
P(T) = [[(1 - &sT)(1 - a;7T),
j=1
with
a_j =aj, aj_; =q.
If we pick the a; (rather than the a_j) to le in the upper half plane, we have
a; = Sart{g)e®,  0<p; <,

and with suitable renumbering the g angles y; in [0, 7] may be assumed to be in
increasing order:

0Sp1<p2<-- <y, <m.

With this numbering, we refer to (g/m)y; as the j’th normalized angle attached to
the curve C/Fy, or, if we like, attached to the unitarized Frobenius conjugacy class
Y(C/Fy).

More generally, given any element A in USp(2g), we have

g
det(1 — TA) = [J(1 - Te*3)(1 — Te5)
=1
for a unique sequence of angles 0 < ¢; < 3 < --- < @y < 7. For each integer
1 < j < g, the function on USp(2g) defined by

A g5 = p;(A)

is a continuous central function from USp(2g) to [0, 7]. We refer to (g/m)p;(A) as
the j’th normalized angle attached to the conjugacy class of the element A. The
function

A (g/m)p;(A)

is & continuous central function from USp(2g) to Ryq.

If we take the direct image of normalized Haar measure piya,, on USp(2g) by
the map A — (g/m)yp;(A), we obtain a probability measure on R supported in Rxg,
which we denote v(j, USp(2g)).

There are analogous constructions for the other classical groups, cf. 6.9 for the
details, which give rise to probability measures v(j, G(N)) for 1 < 7 < N and
G(N) any of U(N),USp(2N),SO(2N +1),SO(2N),O_(2N +1),0_(2N +2), all
on the real line and all supported in Rxo. Now unlike the spacing measures, which
were “universal” in the sense that the large NV limit existed and was independent
of which sequence of G(N)’s we ran through, these v measures do depend on the
sequence of G(N)’s chosen.

Theorem (7.5.5, 7.5.6). For each integer j > 1, there exist® three probability
measures v(j),v(—,j), and v(+,7) on R, supported in R>q and having continuous

21n fact, these measures all have densities, which for 7 = 1 are shown in Appendix: Graphs.
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CDF’s, such that we have the following large N limit statements for convergence in
the sense of uniform convergence of CDF’s:

v(i}, i G(N)=U(N),
Am v, G(N)) = {v(+.5), i G(N) = SO(2N} or O_(2N + 1),
v(—j), if G(N)=USp(2N),SO(2N +1),0_(2N + 2).

Here is a convenient mnemonic to remember which sign in v(&, j} is given hy
which orthogonal group series: the sign is the common sign of det(—A) for A in
either SO(2N) or O_(2N +1) or SO{(2N +1) or O_(2N +2). Experts will recognize
this sign as being the sign in the functional equation of P(T) := det(1 — T A)
under T — 1/T, which for orthogonal A is

TP p(1/T) = det(—A)P(T).

To see what this means concretely for curves, fix an integer N > 1, and sup-
pose for each genus g > 1 we are given a proper smooth family = : C; — Sy of
genus g curves, parameterized by a scheme S, which is smooth and surjective over
Spec(Z[1/N]) with geometrically connected fibres. We further assume that for ev-
ery prime number p which does not divide N, the geometric monodromy group of
the family of curves

T®F,:C,®F, - S5, ®F,

in characteristic p is the full symplectic group Sp(2g). For example, we might take
N =2, and for C;/S; the universal family of hyperelliptic curves Y? = Sag+1(X)
parameterized by the space Sy := Hgg41 of monic polynomials fog4; of degree
2g + 1 with invertible discriminant.

Let now h(z) be any C-valued continuous function on R. By Deligne’s equidis-
tribution theorem, for each integer j > 1, and each genus g > 7, we can compute
the integral

/ b dv(4,USp(29)) == / h{(g/7)p;(A)) dA
R USp(2g)

as the limit

lim  (1/IS(F)) D, hl({g/myes(9Cqus/Fa))).

g—00, prime to i
’ sin §(Fq)

Using the theorem above, about the large N limit of the measures (7, USp(2g))
being v(--, 7), we find that, for h(z) any bounded C-valued continuous function on
R, we can compute the integral

| hde)=5) = Jim h{(g/m)e;(A)) dA

9720 JU Sp(29)
as the double limit

lim lim (LS, (F)) Y A(9/m)es(3(Co,s/Fa)))-

9—00 g—ox, prime to
K P s in §(Fg)

If we look instead at universal families of hypersurfaces of even dimension, and
average over those whose functional equation (for the factor of its zeta function
corresponding to the primitive part of middle dimensional cohomology) has a fixed
sign ¢ = *1, we get double limit formulas for f; hdv(e,j). [Universal families
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of odd dimensional hypersurfaces have monodromy group Sp, so will lead only to
double limit formulas for f; hdv(—,j)}.]

We now leave the realm of what is proven, and discuss what might be true if, in
the double limit formulas above, we were to omit the inner limit over ¢. Again to fix
ideas, we return to the case of curves. Fix an integer N > 1, and an infinite subset
I' of Z»;. Suppose for each genus g in ' we are given a proper smooth family
7 : Cg — S, of genus g curves, parameterized by a scheme Sy which is smooth
and surjective over Spec(Z[1/N]) with geometrically connected fibres. We further
assume that for every prime number p which does not divide N, and for every g in
I', the geometric monodromy group of the family of curves

7®Fp: C,0F, — S, ®F,

in characteristic p is the full symplectic group Sp(2g). To further simplify matters,
we assume also that Sy(F,) is nonempty for every prime p not dividing N, and for
every genus g in I'.

We say that this collection of families {C4/Sg}4 in r weakly calculates the mea-
sure v(—, j) if, for every finite field IF, of characteristic prime to N, and for every
bounded continuous function A on R, we can calculate f, hdv(—,7) as

lim {1/ Y AS@EM| D Do Al{e/m@s(8(Co.e/Fo)))-

n—0oo .
g<n in 9<nin ' sin §,(F,)

We say that this collection of families {Cq4,Sg}ginr strongly calculates the
measure v(—, j) if, for every finite field F; of characteristic prime to IV, and for
every bounded continuous function h on R, we can calculate [ hdv(—,3) as

A8, ED) 3D k(a/mes(9Cos/FO))-

sin Sg(Fy)

It is elementary that if {C;/S;}, in r strongly calculates the measure v{—, j),
then {C;/S,}gin r weakly calculates it as well. If for every finite field Fq of char-
acteristic prime to N, the cardinalities |S,(F,)| grow fast enough that the ratios

(L/1Ss(F) D 184 (Fy)l

¥<gin

stay bounded (as g varies over T, ¢ fixed: the bound can vary with ¢), then the two
notions, strong and weak calculation of v{—, j), are equivalent.

Conjecture. Fiz an integer N > 1, and an infinite subset I' of Z>,. Sup-
pose for each genus g in I' we are given a proper smooth family m : C; — S, of
genus g curves, parameterized by o scheme Sy which is smooth end surjective over
Spec(Z[1/N]) with geometrically connected fibres. Suppose that for every g in T
and for every prime number p which does not divide N, the geometric monodromy
group of the family of curves

T®F, :C,®F, -5, 8F,
in characteristic p 13 the full symplectic group Sp(2g). Suppose also that S (F,)
18 nonempty for every prime p not dividing N, and for every genus g in I'. Then

for every integer j > 1, the coliection of families {Cy/Sy}g in v weakly calculates
the measure v(—, ). Moreover, if in addition we have limg_.o0 in 1 |Sy(Fg)| = 00
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for every finite field F, of characteristic prime to N, then the collection of families
{C4/S4}¢ in r strongly calculates the measure v(—,j).

Let us give some examples of situations N,T', {C,/S,}4 in r which satisfy all of
the hypotheses imposed in the statement of the conjecture.

1) N =1,T = Z»1, My 3k, universal family of curves with 3K structure (cf.
10.6).

2) N =2,T' = Z51, Hags1 or Hagyr, family Y2 = foo,(X) (cf. 10.1.18.3-4).

2biS) N = 2, r'= Zzl,H29+2 or H29+2, family Y2 = f29+2(X) (Cf. 10.1.18.4—5).

3) N =2, = Z>,: write 2g to the base 2as )" 2%, and define F 54 (X)
as the corresponding product of cyclotomic polynomials ®ga+1(X) = (X2 +1):

Fpp9(X) = H (X* +1).

a in base 2 expansion of 2g

some a>1

Take for Cy/5, the one-parameter (“T”) family of hyperelliptic curves of equation
Y2 = (X — T)F4(X).

4) N = 2l for | a prime, I' = those integers g > 1 such that in the base !
expression of 2g, all the digits are either 0 or I — 1: write 2g to the base [ as
Y come a>olt — 1)1, and define Fyo,(X) as the corresponding product of cyclo-
tomic polynomials ®,a+1(X). Take for Cy/S, the one-parameter (“T”) family of
hyperelliptic curves of equation ¥2? = (X — T} F} 29(X). [Of course, if we take ! = 2
in this example, we find example 3).]

5) N = 2l for | a prime, I' = those g > 1 such that 2¢ = ({ — 1){* for some
integer o > 0. Take for C,/S, the one-parameter (“I™) family of hyperelliptic
curves of equation Y? = (X — T)®a+1 (X).

Notice that in examples 1), 2), and 2bis), we do have

lim - |S4{Fg)| = oo.
g—oo in T
But in examples 3) through 5), the parameter space S, is always a Zariski open
set in the affine line Al, so |S,(F,)| < ¢ is uniformly bounded. The relevant sets
S4(F;) are always nonempty, since both 0 and +1 are always allowed parameter
values. -

The conjecture in the examples 2) and 2bis) (H version) can be viewed as a
statement about the low-lying zeroes of the L-functions of all quadratic extensions
of Fy(X). So seen, it has an analogue for Dirichlet L-series with quadratic char-
acter, which we will now formulate. Thus we take a quadratic extension K/Q,
of diseriminant Dy, corresponding to the quadratic Dirichlet character xx. We
assume that L(s, xx) satisfies the Riemann Hypothesis. We write the nontrivial
zeroes of L(s,xk) (which by the (even!) functional equation occur in conjugate
pairs) as 1/2 £iyx; with 0 < yr1 <y Sk <o

Conjecture. The low-lyying zeroes of Dirichlet L-functions with guadratic char-
acter weakly calculote the measure v(—,7), in the following sense. For any integer
j 21, and for any compactly supported continuous C-valued function h on R, we
can calculate the integral [ hdv(—,j) as

(L/{K with Dk < X})) Y. hlyk;log(Dx)/2x).
K with Di<X

lim
X—oo

3This second part of the conjecture, about. strong calculation, seems to us more speculative
than the first part.
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The measure ¥(—, 1) has a density which has the remarkable property of van-
ishing to second order at the origin, see Appendix: Graphs. Thus our conjecture
implies that L(s,xx) rarely has a zero at or even near the point 1/2. This sort
of behaviour was observed at a crude level by Hazelgrove, who seems to have been
the first to experiment numerically with zeroes of Dirichlet L-functions. The above
conjecture offers a precise version, and hints at the existence, in the global case,
of some remarkable analogue, yet to be discovered, of the symplectic monodromy
which in the function field case binds together the L-functions of quadratic exten-
sions of F,(X).

For a global situation in which both measures v(—,1) and v(+, j) arise, one
has elliptic curves over, say, Q, where some analogue of orthogonal monodromy
seems to enter. Let us grant that all elliptic curves over @ are modular, so that
their L-functions are entire, and let us assume further that these L-functions have
all their (nontrivial) zeroes on the line Re(s) = 1. For each integer n > 1, denote
by £, the set of (-isogeny classes of elliptic curves over Q with conductor Ng = n,
and by £, + and £, _ the subsets of £, consisting of those curves whose L-functions
have an even or odd functional equation, respectively.

If E/Q has an even functional equation, the nontrivial zeroes of L(s, E/Q)
occur in conjugate pairs, and we write them as

ltiyg,; with0< yg1 <72 <vE3<---.

If E/Q has an odd functional equation, then 1 is a zero of L(s, E/Q), and the
remaining nontrivial zeroes of L{s, E/Q) occur in conjugate pairs: we write the
remaining zeroes as 1 £ #yg ; with0<~vg; <7vg2 <ye3 < .

Conjecture. The low-lying zeroes of L-functions of elliptic curves over Q
weakly calculate the measure v(Lj), in the following sense. For any integer j > 1,
and for any compactly supported continuous C-valued function h on R, we can
calculate the integrals [ hdv(£,7) as follows:

[ ravt== Jim (1 S lncl] D hlym, logNe)/20),
n<X

RCX,E in £, _

and

Jrdce) = Jim {1/ S lensl] 3 hrms log(Ne)/2n).

n<X n<X,E in £, 4

As already remarked above, the measure v(—, 1) has a density which vanishes
to second order at the origin. So the conjecture for 5 = 1 predicts that among
L-functions of elliptic curves E/Q with odd functional equation, most should have
only a simple zero at s = 1 and no zeroes very near to s = 1. In particular,
just using the absolute continuity of ¥(—, 1) with respect to Lebesgue measure, the
conjecture implies that

Jim 1/ > 1en-l ) D {E in &, _ with yg, = 0}| =0.

n<X n<X

The measure v(+,1) also has a density. Its density, unlike that of v(—,1), is
nonzero at the origin. Nonetheless, #(+, 1) is absolutely continuous with respect to
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Lebesgue measure on R. So our conjecture for 5 = 1 implies that among E/Q with
even functional equation, most should have no zero at s = 1, in the sense that

Jim 1/ D lnsl ] Y HE in £, 4 with 4, =0} =0.

n<X n<X

If we also admit the conjecture of Birch and Swinnerton-Dyer that for E/@Q the
rank of the Mordell-Weil group E(Q) is equal to the order of vanishing of L(s, E /Q)
at s = 1, then the above consequences of the conjecture imply in turn that

Jim 1/ > 1€n-l] Y {E in &, _ with rank (E(Q@)) > 1}| =0,

n<X n<X

lim (1/ Y |€n+l| Y KE in £, with rank (E(Q)) > 0}| =0.

X—ooc
- n<X n<X

These last two statements together imply in turn that

Jim (1737 €] | Y H{E in &, with rank (E(Q)) > 2}| =0,

n<X n<X

or, in words, zero percent of elliptic curves over Q have rank 2 or more. The truth
of this has recently been called into question; cf. [Kra-Zag], [Fer], [Sil]. However,
if our conjecture is correct, then the “contradictory” data is simply an artifact of
too restricted a range of computation.

This ends our venture into speculation and conjecture. We now turn to a
summary of the contents of this book. The book falls naturally into three parts.
The first part, which consists of Chapters 1 through 8, is devoted to the theory of
spacing measures on large classical groups. Chapter 1 is devoted to defining the
spacing measures which are our main object of study, and to stating the main results
about them. In Chapter 2, we define “naive” versions of the spacing measures which
we find more amenable to combinatorial analysis. We then formulate versions of
our main results for these “naive” spacing measures, and show that they imply the
main results stated in the first chapter. The remainder of Chapter 2, along with
all of Chapters 3 and 4, is devoted to successive reduction steps (2.9.1, 3.0.1, 3.1.9,
4.2.2-4) in proving the main results. By the end of Chapter 4 we are reduced to
proving the three estimates of 4.2.2 and the “tail estimate” 3.1.9, iv). In Chapter
5, we first recall Weyl’s explicit formulas for Haar measure on the classical groups.
We then combine Weyl's formulas with a method of orthogonal polynomials (5.1.3)
which goes back to Gaudin [Gaudin]. Thus armed, we establish {in 5.8.3, 5.10.3
and 5.11.2) the three estimates of 4.2.2. Chapter 6 is devoted to the proof of the
tail estimate of 3.1.9, iv}. To prove it, we introduce “eigenvalue location measures”
in 6.9, and in 6.10.5 we give a tail estimate for the first of these measures. We
then (6.11, 6.12) relate these measures to spacing measures, which allows us in
6.13 to prove the required tail estimate 3.1.9, iv). At this point, all (save 1.7.6) of
the results announced in Chapters 1 and 2 have been proven. The remainder of
Chapter 6 explores multi-variable versions of the eigenvalue location measures. In
Chapter 7 we form generating series out of the limit spacing measures, we prove
1.7.6, and we relate these generating series, in the case of one variable, to certain
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infinite-dimensional Fredholm determinants, which are themselves large N limits of
finite-dimensional Fredholm determinants. We use this theory to construct large N
limits of the (one-variable) eigenvalue location measures, and establish the relations
between the limit spacing measures and the limit eigenvalue location measures in
one variable. Chapter 8 is devoted to a discussion of these same questions in several
variables.

The second part of the book, which consists of Chapters 9 through 11, is de-
voted to algebro-geometric situations over finite fields which, by means of Deligne’s
equidistribution theorem and the determination of monodromy groups, provide us
with “Frobenius conjugacy classes” in large compact classical groups which are suit-
ably equidistributed for Haar measure. In Chapter 9, we give various “abstract”
versions of Deligne’s equidistribution theorem, in the language of pure lisse sheaves.
Roughly speaking, these theorems assert an equidistribution (for Haar measure) of
Frobenius conjugacy classes in the space of conjugacy classes of a maximal compact
subgroup of the geometric monodromy group attached to the situation at hand. In
Chapters 10 and 11, we prove various families (of curves, of abelian varieties, of
hypersurfaces, of Kloosterman sums) to have geometric monodromy groups which
are large classical groups.

The third part of the book, which consists of Chapters 12 and 13, applies the
theory of the first part of the book to the families proven to have big monodromy
in the second part of the book. Chapter 12 looks specifically at GUE discrepancies
in these families, and Chapter 13 looks at the distribution of low-lying eigenvalues
in these same families.

The book concludes with two appendices. The first appendix, Densities, devel-
ops an approach to eigenvalue location measures through densities, determines their
large N limits, and presents a result of Harold Widom, that the large N limits of
the densities, and hence of the eigenvalue location measures, for the groups SU{N)
exist and are equal to those for U(N). The second appendix, Graphs, shows the
densities of the GUE measure and of a few of the one-variable eigenvalue location
measures.



CHAPTER 1

Statements of the Main Results

1.0. Measures attached to spacings of eigenvalues

1.0.1. Fix an integer N > 1. Given an element A in the unitary group U(N),
all of its eigenvalues lie on the unit circle, so there is a unique increasing sequence
of angles in [0, 27),

0< (1) Sp(2) £ -+ < p(N) < 2m,
such that
det(T — A) = [[(T - exp(ip(4)))-
J
The N nonnegative real numbers
e(F+1)—(j), forj=1,...,N -1,

and

2r + (p(l) - (p(N)a

are called the “literal” spacings between the adjacent eigenvalues of A. Their sum
is 2w, so their mean is 2r/N. By the normalized spacings between the adjacent
eigenvalues of A, we mean the N nonnegative real numbers s1,..., sy, defined by

sj = (N/2m)(p(5 +1) —p(5)), for j=1,...,N =1,
and

sy = (N/2m)(27 + (1) - p(N)).
Their sum is NV, so their mean is 1.

1.0.2. There are more general sorts of spacing data it will be convenient to
look at. To define these, we go back to the unique increasing sequence of angles in
{0, 2x),

0< 1) S(2) <--- < (N) < 2,
such that
det(T — 4) = [ [(T - exp(ieo()))-
3J

We can uniquely prolong the sequence i — (%) to all integers i by requiring that
@(i+ N) = @i} +2n. [This is just a convenient way to keep track of what happens
as we wrap around the unit circle. In this numbering system, we recover the
normalized spacings as

sy = (N/2m)(p(5 +1) — @(5)), forj=1,...,N]

17
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1.0.3. Given an integer » > 1, and a strictly increasing sequence
c:0<e(l)<e2) < - <efr)
of integers, which we will refer to as a vector c of “offsets”, we start at one of
the eigenvalue angles ¢(#), and then walk counterclockwise around the unit circle,
stopping successively at the points ¢(i + c(1)), (@ + ¢(2)),...,9(i + c(r)). The
distances we traverse in this r-stage journey form an r-vector,
(00 + c(1)) — (i), (i +c(2) = (i + (1), ., (i + c{r)) — pli + cfr — 1)),

called the literal spacing vector with offsets c starting at (7). The sum, overi =1
to N, of these literal spacing vectors is

21(c(1), e(2) — (1), ¢(3) — c(2),...,c(r) — c(r — 1)).
1.0.3.1. We define the normalized spacing vectors with offsets c to be the N
vectors, indexed by i =1 to N,

si{offsets ¢) :=
(N/2m)(p(i + c(1)} — (i), p(i + &(2)) — (i + (1)), -, (i + €(r)) — (i + c(r ~ 1))).

Their mean is (¢(1), ¢(2) — c(1),¢(3) — ¢(2),...,c(r) — c{r — 1)).
1.0.3.2. In the special case r = 1, ¢ = 1, these normalized spacing vectors are
just the normalized spacings between adjacent eigenvalues.

1.0.4. We now use the sequence of normalized spacing vectors with offsets c
to define a probability measure u(A, U(N), offsets ¢) on R" by decreeing that each
of the N spacing vectors s;{offsets c) has mass 1/N. In other words,

w{A,U(N), offsets c) := (1/N) Z(delta measure at s;(offsets c)),
J
ie.,

/ 7 du(A, U (N),offsets c) i= (1/N) 3 f(s;{ofises )

for any R-valued Borel measurable function f on R, i.e.,
(A, U(N), offsets ¢)(E)
:= (1/N)(number of indices j such that s;{offsets c) lies in E}),
for any Borel set E in R".

1.0.5. Given r > 1 and a vector ¢ = {(c(1),...,c(r)) in Z" of offsets,
0<c(l) <e(2) <-- <cfr),
we attach to it two other vectors in Z”, the vector
b= (c(1),e(2) — c(1),e(3) — c(2},...,¢(r) — c(r — 1)),
which we call the vector of steps, and the vector
a:=b-(1,1,...,1),
which we call the vector of separations. [The names are chosen as follows. In
the r-stage journey described by the vector of offsets, the i’th stage is to go from
the eigenvalue where we are to the &(i)’th eigenvalue which comes after it, so if we

think of ourselves as walking by stepping precisely on successive eigenvalues, then
the #'th stage takes us b(¢) steps. The number (i) is the number of intermediate
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eigenvalues which separate the starting point from the finishing point of the i’th
stage.] The step vector b has strictly positive components, the separation vector a
has nonnegative components. Either b or a determines ¢, by the formulas

c(i} =b(1) +6(2) + - +b(3) =i +a(l)+ a(2) +--- + a(s).

1.0.6. It will sometimes be convenient to refer to the normalized spacings
and to the measure defined by given offsets ¢ in terms of the vector b of steps, or
in terms of the vector a of separations. Thus we define

s;(steps b) = s;(offsets c),

w(A,U(N), steps b} := u(A,U(N), offsets c),
s;j(separations a) = s;(offsets c},

u(A,U(N), separations a) := p{A,U(N), offsets c).

1.0.7. Inthe above discussion, we chose the angles ¢(i) fori = 1,..., N in the
particular fundamental domain [0, 27). Suppose instead we had fixed a real number
@, and chosen the angles in [e, & + 27). Then the spacing vectors s;(offsets ¢} for
A computed using [, &+ 27) would be some cyclic permutation of those computed
using [0, 27). But the measure u{A4,U(N), offsets ¢) would be the same.

1.0.8. We now discuss the sense in which the probability measure
p(A,U(N), offsets ¢) depends continuously on A in U{N).

Lemma 1.0.9. 1) On U(N), each of the angles p(i) (computed using [0,2x))
is a bounded, Borel measurable function. Each is continuous on the open set

U(N)[1/ det(1 — A)]

of U(N) where 1 is not an eigenvalue. More generally, for each real o, the an-
gles computed using [o, a + 2w) are bounded, Borel measurable functions on U(N),
continuous on the open set U(N)[1/ det(e** — A)].

2) For any r > 1, and any offset ¢ in Z", and any real number «, each of
the N normalized spacing vectors s;(offsets c) computed using (o, + 27} is a
Borel measurable R"-valued function on U(N), which is continuous on
U(N)[1/ det(e*® — A)].

3) Let f be an R-valued continuous (respectively Borel measurable and bounded)
function on R". Then the R-valued function on U(N)

A~ /fdu(A,U(N), offsets c)
s continuous (respectively Borel measurable and bounded) on U(N).

PROOF. Assertion 1) is proven in the appendix, Corollary 1.8.5. Assertion 2)
results immediately from 1), given the definition of the spacing vectors in terms of
differences of the y(i)’s. For 3), we write

/ A, UN), offsets c) = (1/N) 3 f(ss(offsets ).

If f is bounded and measurable on R”, each term f(s;(offsets c)) is bounded and
measurable on U(N), hence also [ fdu(A,U(N), offsets c).

Suppose now that f is continuous and bounded on R". If we compute angles
using o, a+27), each term f(s;(offsets c)) is continuous on U (N)[1/ det(e** — A)),
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so A [ fdu(A,U(N), offset c) is continuous on U{N)[1/det(e** — A)]. These
open sets cover U(N) (any element of U{N) has at most N distinct eigenvalues},
hence the function A — [ f du(A, U(N), offsets ¢) is continuous on U{N). QED

1.0.10. Given a positive Borel measure v on R” which has finite total mass,
its cumulative distribution function CDF,, is the R>¢-valued function on R” defined
in terms of the v-measure of standard r-dimeunsional rectangles by

CDF.(x)} := v{(—o0, z]).
Given two such measures v and g on R", we define the discrepancy between them,
discrep(x, p) by
discrep(v, p) := Sup, i, g- | CDF,.(z) — CDF,(z)|.
If both 1 and v have total mass at most m, then discrep(v, ) lies in the closed
interval [0, m)].

Lemma 1.0.11. Fiz an integer r > 1, and an offset ¢ in Z™. Let v be a proba-
bility mensure v on R™ whose cumulative distribution function CDF, is continuous.
Then the function

A — discrep(u(A, U(N), offsets c},v)
from U(N) to [0,1] is continuous.
PROOF. It suffices to show that for every real number «, this function is con-
tinuous on the open set U(N)[1/det(e** — A)]. On this open set, the individual
normalized spacing vectors s;(offsets ¢} calculated using angles in [o, @ + 27) are

continuous functions. So the lemma results from the following lemma, which should
be well-known, but for which we do not know a reference.

Lemma 1.0.12. Fiz r > 1, and a positive Borel measure v on R” of finite

total mass whose cumulative distribution function is continuous. Fizx an integer
N > 1, and define for each N-tuple P := z[1],...,z[N] of points in R” a measure
w(P) on R” by

WP} = (1/N) Y (delta measure at z[5)).

i
The function

P — D(P) := discrep{u(P),v)
from R™N to [0, 1] is continuous.

PRrROOF. We will show that P ~— D{P) is continuous at any given point P in
R™N. Thus let P; be a sequence of points in R™Y which tends to P. We must show
that

D(P) > limsup D(P;), and liminf D(P;) > D(P).
Suppose not. Then there exists a real number A > 0 such that either
limsup D(F;) > D(P) + A, or liminf D(P;) < D(P) — A.
Replacing the sequence P; by a subsequence, we may further assume that either
D(P;) > D(P)+ A for every i, or D(P;) < D(P) — A for every 1.
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The space R is the increasing union of the countably many rectangles [-L, L]",

L=1,2,3,.... Since v is a measure, we have
V(R") = lim v([-L,L]"), A F

.
Therefore for large L we have Lun

%)
v([-L,L]") > v(R") — A/100, and Lon
each of the N R"-components of P liesin [1 — L, L — 1],
We fix one such choice of L.
The cumulative distribution function of v is continuous, by assumption, so its
restriction to the compact set [—L — 1, L 4+ 1]" is uniformly continuous. Therefore

we may choose a real € > 0 such that if z and y lie in [-L —1,L + 1]" and are
within £ of each other in the sense that sup; |z; — y:| < €, then

| CDF,(z) — CDF,(y)| < A/100.

We may and will further suppose that ¢ < 1.

Choose 7 such that P; is, coordinate by coordinate, within ¢ of P. Notice that,
because P; is within ¢ of P, both P and P; lie in the rectangle (—L,L]". This
rectangle contains all but at most A/100 of the mass of v, and it contains all the
mass of both y(P) and pu(F;).

Suppose first that

D(P) > D(P)+ A.
In view of the definition of D(P;) as a sup, there exists some z in R” such that
|lu(Pi)((—00, 2]} — v{(—00, z])| > D(P;) — A/100 > D(P) +(99/100} A.

We first remark that each coordinate z; of  must be > —L. For if not, the rectangle
(—00,z| has empty intersection with [—L, L|", and hence has v measure < A/100,
and p(P;) measure zero, so

|e(Pi){(—00, z]) — ¥{(—00,2})| = v((—o0, z]) < A/100,

which is nonsense.

It may not be the case that x; < L for each coordinate z; of z. We consider
the auxiliary point y with coordinates y; = min(z;, L). The rectangle (~o0,7] is
just the intersection of (—oo, z] with {—o00, L]”, and this last rectangle contains all
but 4/100 of the mass of v, and all the mass of u(FP;}. Therefore

0 < v((~o0,z)] — ¥{{~o00, 4]} < A/100,
p(P:){(—00,z]) = p(P;}((—00,4)),
and hence
[u(P}((—00,y]) — v((—o00,y])| > D(P) + (98/100}A.

What we have gained is that the point y lies in [-L, L]".
We now consider the sign of the difference

p(P)({—o0,y]) — v({—o0,¥]}.

If this is positive, consider the point y + (g,¢,...,€), which we write simply y + €.
Because P is € close to P, (—o0o, y+¢| contains at least as many P-points as (—oo, ¥]
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contains P; points. Therefore

w(P)((—o0,y+ €]} — v((—o0,y +&]) > p(P;)({—00,y]) — v((—o0,y + €])
.>_ p,(Pi)((——oo,y]) - V((_Ooay]) - (u((—oo,y + E]) - IJ((—OO, y]))
> D(P) + (98/100)A — A/100 > D(P),

which contradicts the definition of D(P) as a sup.
If the difference

#(Pe){(=00,9]) — v((—o00,4])

is negative, we consider instead the point y—¢. Because P is ¢ close to P;, (—o0, y—¢]
contains at most as many P-points as (—oo,y| contains P; points. Just as above,
we find

v((—00,y —e]) — u(P)((—o0,y — €]} > v((—o0,y — €]} — p(Pi){(—o0, y]}
> v((—o0,y]) — p{B:){(—00,]) — (v((—00,y]) — ¥{(—00,y — €]))
> D(P) + (98/100)A — A/100 > D(P),

again a contradiction.
It remains to deal with the case

D(FP;) < D(P) - A.
In view of the definition of D(P) as a sup, there exists some z in R” such that
l1£(P)((—c0,2]) — ¥{(—00,z]}| > D(P) - A/100.

Exactly as above, we show that =; < —L for every coordinate z; of z, and that if
we replace z by y := min(z, {L,..., L)), we have

|4(P)((—00,y]) — v((—00,4])| > D(P) ~24/100.

What we have gained is that the point y lies in [—L, L]".
If u(P)((—o0o0,y]) — v({—00,¥y)) is positive, then {—o0,y + €] contains as least as
many P;-points as {—oo, y] contains P-points, and so we get

|u(Pi)((—00,y + ¢]) — v{(—00,y + €])| > D(P) — 3A/100
(now use D(P;) < D(P) — A)
> D(P) + A - 3A/100 > D(P,),

again a contradiction of the definition of D{P;) as a sup.
If u(P)((—oo,y]) — v((—00,y]) is negative, then (—oo,y — ] contains at most
as many P;-points as (—oo,¥| contains P-points, and this time we get

[(P){(—00,y —€]) — v{(—o00,y — €])| > D(P) — 34/100
> D(P,) + A — 34/100 > D(P;),

again the same contradiction. QED
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1.1. Expected values of spacing measures

1.1.1. Suppose now that we are given a compact group K, a continuous
unitary representation

p: K — U(N),

and an offset ¢ in Z" for some r > 1. Then for each element A in K, we have an
element p(A} in U{N), and its associated spacing measure p(p(A), U(NV), offsets c)
on R". When we wish to emphasize (K, p) rather than the dimension N of p, we
will denote this spacing measure by

(A, K, p, offsets c) := pu(p(A),U(N), offsets ¢).
We denote by Haarg the normalized (total mass 1) Haar measure on K.
1.1.2. 'We wish to define a probability measure p(K, p, offsets ¢} on R” which

is in a suitable sense the “expected value” (:= integral against Haary) of the func-
tion

A u(p(A),U(N), offsets ¢) = (A4, K, p, offsets ¢)
from K to the space of probability measures on R”.
1.1.3. Here is an entirely elementary way to do this. Each of the func-

tions s;(offsets ¢) is bounded and Borel measurable on U(N), so each composite
s;(offsets ¢) o p is bounded and Borel measurable on K. We define

(K, p, offsets c) := (1/N) Z(sj(offsets c) o p)«(Haarg),

7

which is visibly a probability measure on R™.
By the very definition of p{K, p, offsets c), for any Borel measurable function
f on R”, we have the formula

/ﬂ;r fdu(K,p, offsets ¢) :=(1/N) Z/;(f(sj(offsets ¢)(p(A)))d Haarg
J

_ /K (1/N) Y, f(s3(oftsets ©)(p(4))) | d Haar
=/;{ (/Rr fdu(p(A),U(N), offsets c)) dHaarg .

1.1.4. If the representation p is understood, we will omit it from the notation,
and write p(K, p, offsets ¢} simply as u(K, offsets c).

1.1.5. In what follows, we will be primarily concerned with the case when K
is one of compact classical groups U(N) or SU(N) or SO(N) or O(N) or, for N
even, the compact form USp(N) of Sp(N), in its standard representation.
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1.2. Existence, universality and discrepancy theorems
for limits of expected values of spacing measures:
the three main theorems

Theorem 1.2.1 (Main Theorem 0}, Fir an integer r > 1, and an offset vector
¢ in Z7. Consider the expected value spacing measure u(U(N), offsets c) on R”
attached to U{N). There exists a probability measure

uluniv, offsets c)

on R™ to which the measures p(U(N), offsets c) converge as N — oo, in the sense
that for any R-valued, bounded, Borel measurable function f of compact support on
R", we have

[fdu(um'v, offsets c) = Nlim /fdu(U(N), offsets ¢).

—o0
The probability measure p(univ, offsets ¢) has a continuous cumulative distribution
function.

1.2.2. The use of the notation “univ” (for “universal”) is justified by the next
theorem.

Theorem 1.2.3 (Main Theorem 1). Fir an integer r > 1, and an offset vector
c in Z7. Consider the expected value spacing measures u(G(N), offsets c) on R”
attached to each of the following sequences G(N) of compact classical groups in
their standard representations:

U(N), SU(N), SO(2N + 1), O(2N + 1), USp(2N), SO(2N), O(2N).

In each of these sequences of classical groups, the expected value spacing measures
#(G(N), offsets c) converge (in the sense above) to the same limit p(univ, offsets c)
(which by Theorem 1.2.1 above is a probability measure with a continuous CDF).

1.2.4. Fix an integer r > 1, and an offset vector ¢ in Z". According to
Theorem 1.2.1, u(univ, offsets ¢) has a continuous CDF. For each N, the [0, 1]-
valued function on U{N)

A discrep(u{ A, U(N), offsets ¢}, u{univ, offsets c))

is therefore continuous on U (), thanks to Lemma 1.0.11 above. So for any compact
group K and any continuous unitary representation p of K, the [0, 1]-valued function
on K

A — discrep(u(A, K, p, offsets c), u(univ, offsets c))

is continuous on K.

1.2.5. In particular, for K = G(N) any of the compact classical groups in
their standard representations:

U(N),SU(N), SO(2N +1),0(2 + 1), USp(2N), SO(2N), O(2N),
the function
A — discrep(p(A, G(N), offsets c}, u(univ, offsets c})

is a continuous function on G(N), with values in [0,1].
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Theorem 1.2.6 (Main Theorem 2). Fiz an integer v > 1, an offset vector c
in Z" and a real number € > 0. There erists an explicit constant N(e,r,c) with the
following property: For G(N)} any of the compact classical groups in their standard
representations,

U(N), SU(N},SO{2N +1},0(2N + 1),USp(2N),SO(2N), O(2N},
we have the ineguality

discrep(u(A, G(N), offsets c), p(univ, offsets c))d(Haarg(ny)
G(N)

< Ne-U/Gr+d)
provided that N > N(z,r,c).

1.8. Interlude: A functorial property of Haar measure
on compact groups

Lemma 1.3.1. Let H and K be compact groups, and w : H — K a con-
tinuous group homomorphism which is surjective. Denote by Haary and Haarg
the normalized (total mass 1) Haar measures on H and K respectively. Then
w, Haary = Haarg as Borel measures on K.

PROOF. Since 7 is surjective, and Haary is translation invariant on H, its
direct image 7, Haary is translation invariant on K. Thus w, Haarg is both trans-
lation invariant on K and of total mass 1, so it must coincide with Haaryg. QED

Corollary 1.3.2. Let H be a compact group, T' a compact normal subgroup
of H, and K a closed subgroup of H such that H = TK. Then for any bounded
measurable function f on H which is invariant by T', we have

/ fdHaary = / fdHaarg .
H K
PROOF. We consider the quotient H/I' = K/(I' N K}. By the lemma above,

we have
/deaarH=/ deaa.rH/p=/ fdHaark(rnk)
H H/T K/(TNK)
- / fdHaark . QED
K

1.4. Application: Slight economies in proving Theorems 1.2.3 and 1.2.6

1.4.0. We apply this last result 1.3.2 as follows. The various spacing measures
attached to an element A of the unitary group U(N} are the same for A and for
AA, for any unitary scalar A in S, since multiplication by A simply rotates the
eigenvalues, but does not alter their spacings. So for each integer » > 1 and
each offset vector ¢ in Z", the expected values of the “offsets ¢” spacing measures
will coincide for U(N) and for SU(N). [Take I' to be the subgroup of scalars in
H = U(N), and K the subgroup SU(N).] Similarly, the expected values of the
“offsets ¢” spacing measures wil coincide for O(2N + 1) and for SO(2N + 1). [Take
I' to be the subgroup {1, —1} of scalars in H = O(2N + 1), and K the subgroup
SO(2N +1).] This means that the SU(N) case of Theorem 1.2.3 is equivalent to the
U(N) case of it (i.e., to Theorem 1.2.1}, and that the SO(2N + 1) case of Theorem
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1.2.3 is equivalent to the O(2N + 1) case. Similarly, the discrepancy integrals in
Theorem 1.2.6 coincide for U(N) and SU(N), and they coincide for O(2N +1) and
SO(2N +1). This means that the U(N) case of Theorem 1.2.6 is equivalent to the
SU(N) case of it, and that the O(2N + 1} case of Theorem 1.2.6 is equivalent to
the SO(2N + 1) case of it.

1.5. Application: An extension of Theorem 1.2.6

Lemma 1.5.1. Let N be an integer > 1, G(N) C H{N) compact groups in
one of the following four cases:

a) G(N) = SU(N) C H(N) C normalizer of G(N) in U(N),

b) G(N) = SO(2N +1) C H(N) C normalizer of G(N) in U(2N + 1),

c) G(N) =USp(2N) Cc H{(N) C normalizer of G(N) in U(2N),

d) G(N) = SO(2N) C H(N) C normalizer of G(N) in U(2N).
Let f be any bounded, Borel measurable function on the ambient group (i.e. on
U(N) in case a), on U(2N +1) in case b), on U(2N) in cases ¢) and d)) which is
invariant by the subgroup S* of unitary scalars. In cases a), b), and c) we have

/ fdHaar = fdHaar .
H(N) G(N)

In case d), we have either

/ fdHaar = fdHaar
H(N) SO(2N)

/ fdHaar = fdHaar
H(N) O(2N)

or

depending on whether or not every element of H(N), acting by conjugation on
SO(2N), induces an inner automorphism of SO(2N).

PROOF. In cases a), b) and ¢), we claim that the normalizer of G(NV) in the
ambient unitary group is S*G(N), while in case d) we claim this normalizer is
S1O(2N). It is obvious that the named group normalizes G(N), what must be
shown is that the normalizer is no bigger. In other words, we must show that
H(N) C S'G(N) in cases a), b), ¢), and we must show H(N) C S'O(2N) in case
d).

In case a}, S!G(N) is U(N), so there is nothing to prove. In cases b) and c),
use the fact that the Dynkin diagram has no nontrivial automorphisms, so every
automorphism of G(N) is inner. So any h in H(N), acting by conjugation on G{N),
induces conjugation by some element g in G(N). Then h~!g commutes with G{N)
in its standard representation. As this representation is irreducible, A~1g must be
a scalar, and this scalar, being unitary, lies in §!. Thus H(N) C S'G(N).

Case d) requires some additional attention. If N is 1, one argues by inspection.
This case is left to the reader. If N > 2 and N # 4, there is one nontrivial
automorphism of the Dynkin diagram, and it is induced by conjugation by any
element of O_(2N). So any h in H(N), acting by conjugation on SO(2N), induces
conjugation by some element g in O(2N). Repeating the irreducibility argument
given above in the b} and ¢) cases, we get H(N) C S'O(2N).

It remains to examine case d) with N = 4. Here the Dynkin diagram has three
extreme points, and its automorphism group is the group ¥, acting by permutation
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of these three points. Think of these three extreme points as (the highest weights
of) the three 8-dimensional irreducible representations of Lie(SO(8)) (namely the
“standard” one pgq and the two spin representations). The action of any h in
H(N) preserves the isomorphism class of pg4: indeed, for 4 in SO(2N) C U(2N),
and k in U(2N) which normalizes SO(2N),

psta(RAR™Y) := RAR™Y = hpya(A)R7L.

Therefore conjugation by h is either inner, or it interchanges the two spin represen-
tations. In the first case, we have h in S'G(N). In the latter case, use the fact that
any element y_ of O_(2N) also interchanges the two spin representations. Then
hy_ induces an inner automorphism, and hence hy_ is in S'G(N), whence h lies
in S'O(2N}), as required, even in the case N = 4.
In cases a}, b) and ¢), the inclusions
G(N) c H(N) c S'G(N)
make clear that we have an equality of groups
S'H(N) = S'G(N).
Using this equality, we apply Corollary 1.3.2 to the situations
H(N) c S'H(N) and G(N) c §*G(N)
to infer that

/ fd Haar = f fdHaar = f fdHaar = fdHaar,
H(N) STH(N) S1G{N) G(N)

as required.
In case d), we must distinguish two cases. If H(N) acts on SO(2N) through
inner automorphisms, we have the inclusion
G(N) c H(N) c S'G(N)

and we argue as above. If some h in H(N) induces a noninner automorphism,
then H(N) contains an element of S'O_(2N), in which case the inclusion
G(N)} C H(N) C S'O(2N) forces the equality
S'H(N) = S'0(2N),
and we apply Corollary 1.3.2 to the situations
H(N) c S'H(N) and O(2N) c S'O(2N). QED
Applying this Lemma 1.5.1 to f the discrepancy function, we get

Corollary 1.5.2. Let N be an integer > 1, G(N) C H(N) compact groups in
one of the following four cases:

a) G(N) = SU(N) c H(N) C normalizer of G(N) in U(N),

b) G(N) = SO(2N + 1) C H(N) C normalizer of G(N) in U(2N + 1),

¢) G(N) =USp(2N) C H(N) C normalizer of G(N) in U(2N),

d) G(N) = SO(2N) C H(N) C normalizer of G(N) in U(2N).
Let r > 1 be an integer, ¢ in Z" an offset vector. In cases a), b), c), we have

/ discrep(p{A, H(N), offsets c), p{univ, offsets ¢))d Haar
H(N)

= / discrep(p{ A, G(N), offsets c), u(univ, offsets ¢)}d Haar.
G(N)
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In case d), we have
f discrep(u(A, H(N), offsets c), p(univ, offsets c))d Haar
H(N)

= either
f discrep(u(A, SO(2N), offsets c), p(univ, offsets c))d Haar
SO(2N)

or
discrep(p{A, O(2N), offsets ¢}, u{univ, offsets c))d Haar,
O(2N)

depending on whether or not H(N)} acts by inner automorphism on SO(2N).

Thanks to this result 1.5.2, Theorem 1.2.6 yields formally:

Theorem 1.5.3 (Theorem 1.2.6 extended). Suppose Theorem 1.2.6 holds. Let
N be an integer > 1, G(N) C H(N) compact groups in one of the following four
cases:

a) G(N) = SU(N) C H(N) C normalizer of G(N) in U(N),

b) G(N) = SO(2N + 1) C H(N) C normalizer of G(N) in U(2N + 1),

¢) G(N)=USp(2N) C H(N) C normalizer of G(N) in U(2N),

d) G(N) = SO(2N) C H(N) C normalizer of G(N) in U(2N).
For any r,c,e as in Theorem 1.2.6, with explicit constant N{c,r,c), we have the
equality

f discrep(u(A, H(N), offsets c), u( univ, offsets c))d Haar
H(N)S Ne—1/(2r+a)
provided that N > N(g,7,¢).
1.8. Corollaries of Theorem 1.5.3

Carollary 1.6.1. Fir an integer r > 1, an offset vector ¢ in Z™ and a real

number 0 < € < 1/(2r +4). For eny positive real numbers o and 3 with
a+8=1/(2r+4) —¢,
and any N > N(e,r,c), then on H(N) the inequality
discrep(u{ A, H(N), offsets ¢), u(univ, offsets ¢) < N~%
holds outside a set of measure < N8,

ProoF. If discrep > N~% on a set of measure > N7, then already integrat-
ing over this set gives a contribution > N~*=8 to the integral, which cannot be
cancelled because discrep takes nonnegative values. QED

Corollary 1.6.2. Fizr an integer v > 1. Let N, be any seguence of integers
with N, > n*™+5. For each N > 1, pick one of the groups H(N) listed in Theorem
1.5.3, and form the product space [] , H(N,,) with its product Hoar measure. There
ezists a set Z of measure zero in this product such that for every element (Ap)n
not in Z, and for every offset vector ¢ in Z", we have the eventual inequality

discrep(u(An, H(N,), offsets c), u(univ, offsets c}) < p~ 1/ (2r+5)
for alln> 0.
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ProoF. This follows from Corollary 1.6.1 and Borel-Cantelli. In Corollary
1.6.1, take

e=2r+5)22r+4)" ' —(2r+5)7% >0,
a=(2r+5)72
B=(2r+5) 7"+ (2r+5)7°

Then o+ B8+e=(2r+4)71,(2r + 5)a = (2r + 5)7 1, and (2r + 5)3 > 1. So the
series 3, (Nn)™? converges. Fix an offset vector c in Z". By Borel-Cantelli and
Corollary 1.6.1, in our product space, the sequences (A,), for which

discrep(u( A, H{(Ny,), offsets ¢}, u(univ, offsets ¢)) < N, ¢
foralln >0

form a set of measure one, whose complement we denote Z.. Since
(Np)® > (n?+5) = n1/(2r+58) e have N7 < n~1/(2r+5) Thys for (4,,), outside
the set Z := | J, Z. of measure zero, and for each offset vector ¢ in Z”, we have

discrep(u(An, H(N,), offsets ¢), u(univ, offsets ¢)) < N ¢
for all n » 0. QED

1.8.3. We next fix an 7 > 1 and an offset vector ¢ in Z", and ask how far the
expected value measure p{H(N), offsets c) is from the limit measure

¢(univ, offsets c).

Corollary 1.6.4. Letr > 1 be an integer, ¢ tn Z" an offset vector, and € >0
a real number. For any integer N > N(e,r,c), and H(N) any of the groups listed
in Theorem 1.5.3, we have

discrep(u(H(N), offsets c), u(univ, offsets ¢)) < N~/ 3r+4),
PROOF. For brevity, we denote

i = p(univ, offsets ¢},
U(N) := p(H(N), offsets c),
p(A,N) := u(A, H(N), offsets c).

For any point z in R™, we denote by R(z) the rectangle (—oo,z]. We have

|lu(N)(R(2)) — w(R(z))| =

f (WA, N)(R(z)) — u(R(x)))d Haar
H(N)
< [ (4, W)(R(&) - i(R(a))|dHaar
H(N)
< f (Sup, |u(4, N)(R(y)) — s(R(y))|)d Haar
H(N)

:=/ | discrep(u(A, N), 1) |d Haar
H(N)
< NE—]/(2T+4)'

Since this holds for all , we have discrep(u(N), u) < Ns~1/{¥+4) QED
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1.7. Another generalization of Theorem 1.2.6

1.7.1. Before stating the generalization, we explain the motivation. Consider,
for an A in U(N), its N normalized eigenvalue spacings

s; = (N/2m)(p(5 + 1) — @(j)).
If we are interested in the distribution of the sums of two adjacent spacings s;+s;41,
we look at the “offset 2" spacing measure. But suppose we are interested in the
distribution of the differences of adjacent spacings, s;,1—s;, or more generally in the
distribution of some real linear combination of two adjacent spacings, as; + 85;11.
Then what we are asking about is this: take the spacing measures on R? given
by the offset vector (1,2), and take their direct images to R! by the linear map
(z,y) = az + By. How do these measures on R! behave? More generally, we might

take the direct images of our measures on R" by any surjective linear map to an
R*.

1.7.2. Another problem is this. Because we began by considering spacings,
our measures are measures on coordinatized Euclidean spaces R”. Qur notion of
CDF for measures on IR" depends entirely on these chosen coordinates. Conse-
quently, the very notion of discrepancy depends on the choice of coordinates. The
continuity property 1.0.11 of the discrepancy function depends on the fact that
the measure “v” has a continuous CDF, but this property itself depends on the
coordinate system,

1.7.3. It is in order to deal with these two problems that we give the following
generalization of Theorem 1.2.6. Before stating it, we make a somewhat ad hoc
definition.

1.7.4. Given an integer v > 1, we say that a C'-diffeomorphism
p:RT=RY
T = (xl) A ,iL‘r) — ((pl(x)a s )(pr(z))y

is of bounded distortion if it is “bi-bounded” in the sense that there exist strictly
positive real constants £ and 7 such that

1Y Izl < 3 le@) < &Y Jail.

The basic example we have in mind of such a ¢ is a linear automorphism of R".

1.7.5. Given a second integer k£ > 1 with k < r, we say that a C! map
n:R — R
is a C! partial coordinate system of bounded distortion if there exists a Ci-diffeo-
morphism

p: RT=R"
of bounded distortion such that, denoting by
pr[{1,2,...,k}] : R - R*
the projection onto the first k£ coordinates, we have
rm=pr[{L,2,...  k}oep.

The basic example we have in mind of such & 7 is a surjective linear map.
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Theorem 1.7.6. Letr > 1 an integer, b in Z™ a step vector with corresponding
separation vector o and offset vector c. Denote
p = pluniv, offsets c).
Suppose given an integer k with 1 < k < r, and a surjective linear map
. R — RF,
or, more generally, o partial C' coordinate system of bounded distortion
7 : R — R¥,

1) The measure m,p on R* is absolutely continuous with respect to Lebesgue
measure, and (hence, by 2.11.18) has @ continuous CDF.

2} Given any real € > 0, there ezists an explicit constant N(g,r, ¢, 7) with the
following property: For G(N) any of the compact classical groups in their standard
representalions,

U(N),SU(N),SO(2N +1),0(2N +1),USp(2N},SO(2N), O(2N},
and for
w(A,N) := p(A, G(N), offsets ¢}, for each A in G(N),
we have the inequality

/ discrep('fr,p(A, N), W*/L)d(Haaqu)) < N5_1/(27'+4),
G(N)

provided that N > N{g,r,c, 7).
Theorem 1.7.6 will be proven in 7.1. It immediately implies:

Theorem 1.7.7. Let G{N) C H(N) be compact groups in one of the following
four cases:

a) G(N) = SU(N) c H(N) C normalizer of G(N) in U(N},

b) G(N) = SO(2N +1) Cc H(N) C normalizer of G(N) in U(2N + 1),

¢) G{N) = USp(2N) Cc H(N) C normalizer of G(N) in U(2N),

d) G(N)= SO(2N) C H(N) C normalizer of G(N) in U(2N).

For €,r,c,m as in Theorem 1.7.6, with explicit constant N(e,r,c,7), we have
the inequality

/ discrep(m. (A, H(N), offsets ¢), m,(untv, offsets c))d Haar
H(N)
< Ne-U/red)
provided that N > N(z,r,c, 7).
Proor. The proof is identical to that of Theorem 1.5.3. QED

1.7.8. Exactly as in 1.6, Theorem 1.7.7 has the following three coroliaries.

Corollary 1.7.9. Hypotheses and notations as in Theorem 1.7.7, for any real
numbers o and 3 with

a+3=1/(2r+4) —¢,

and any N > N(e,r,c,m), then on H(N) any of the groups listed in Theorem 1.7.7,
the inequality

discrep(m. {4, H(N), offsets ¢}, m, pu{univ, offsets ¢) < N~
holds outside a set of measure < N—F.
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Corollary 1.7.10. Fiz an integer r > 1, an integer k with 1 < k < r, and
a surjective linear map m : R™ — R*. Let N, be any sequence of integers with
N, > a¥*5, For each N > 1, pick one of the groups H(N) listed in Theorem
1.7.7, and form the product space [[, H(Ny) with its product Haar measure. There
ezists o set Z of measure zero in this product such that for every element (Ay),
not in Z, and for every offset vector ¢ in Z7, we have the eventual inequality

discrep(mau(An, H(N,), offsets c), m u(univ, offsets ¢)) < n~1/{2r+5)
for alln > 0.

Corollary 1.7.11. Hypotheses and notations as in Theorem 1.7.7, for any
integer N > N(e,r,c,n), and H(N) any of the groups listed in Theorem 1.7.7, we
have

discrep(m.u(H(N), offsets c),m,u(univ, offsets c)) < Ne—1/(@r+4),

1.8. Appendix: Continuity properties of “the i’th eigenvalue”
as a function on U(N)

1.8.1. Given a nonempty set Z C C, and an integer N > 1, denote by Px z
the set of those monic polynomials of degree N in C[T] all of whose roots lie in Z.
Thus Py ¢ is the space of all monics of degree N in C[T], which we topologize by
viewing it as the space CV of coefficients, C with its usual topology. We topologize
Pu,z by viewing it as a subset of Py c.

Lemma 1.8.2. If Z is bounded in C (resp. closed in C, resp. compact), then
Pn,z is bounded in Py (resp. closed in Py, resp. compact).

Proor. If Z is bounded, the set Py z is bounded, because the coefficients of
any element of Py z are elementary symmetric functions of its N roots, all of which
lie in the bounded set Z.

Suppose Z is closed. To show that Py z is closed in Py ¢, we must show that
if {fa}» is a sequence of elements of Py z which converges coefficientwise to some
monic polynomial f, then f has all its roots in Z. Suppose not, and let o not in Z
be a root of f. Then f,(a) converges to f(a) = 0. But since « is not in the closed
set Z, its distance to Z, d{a, Z), is > 0. In particular, for any z in Z, we have

la - z| > d(a, Z).
So for any g in Py,z, say g(T) = [[(T — 2:), we have
lg(e)] = [[ le - 2| > dist(a, 2)".

Applying this to g = f,, we get |f.(a)| = dist(a, Z)V, so all the |f,(c)| are uni-
formly bounded away from zero, and hence the f,(a) do not converge to
fa) =0.

The compactness assertion results from the first two, since in both C and C¥,
compact is closed and bounded. QED

Lemma 1.8.3. Let a < b < a + 2 be real numbers, and denote by Z[a,b] the
closed interval in the unit circle which is the isomorphic image of the closed interval
[a,b] by the map x ++ exp(iz). Fix N > 1. Denote by [a,b]" (ordered) the subset of
[a,b]V consisting of those N-tuples (@1, ..., p,) of elements of [a,b] which satisfy

a<p(l) Sp2) < < (N} < b
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Then the map

[a, b]" (ordered) — P z(a,1):

a < p(1) Sp(2) <+ < p(N) < b [[(T ~ explin()))
i
is bicontinuous. In particular, for 1 < i < N, the rule which to f in Py zay
attaches (i} is a continuous function on Py z(q b)-

PROOF. The source [a, b]"¥ (ordered) is closed in the compact space {a,b]", be-
ing defined by < inequalities, hence the source is compact. Thus both source and
target are compact. The map is obviously continuous, and obviously bijective.
Therefore it is bicontinuous. QED

Lemma 1.8.4. Fiz a real number a. Consider the bijective map from Py g1 to
the space [a, a + 21} (ordered) which to f in Py 51 attaches the unigue increasing
sequence of angles in [a, a + 27),

a<p(l) <p(2) < -- < p(N) < o+ 2m,
such that
£(1) = [[(T - expli(i))-
7

(1) This map is continuous on the open set Py g1 _(ciey of Py st consisting
of those f with f(e**) # 0, and induces a homeomorphism from Py g1_{eie} to
(o, + 27) N (ordered).

(2) For each integer k > 1, denote by Wy, the locally closed set in Py g1 consist-
ing of those f which have a zero at T = €' of exact multiplicity k. This Wjection
15 continuous on Wi.

Proor. It suffices to treat the case a = 0.

(1) Any element f in Py g1_(3} lies in Py z(c,2x—¢ for some e > 0. If f, — f
is a Cauchy sequence in Py s1, we claim that each f, itself lies in Py z[c /297~ /2)
as soon as n > 0. To see this, take any point « in Z[—&/2,e/2]. Then we have

dist{a, Z[e,2m —e]) > ¢/m  (the circular distance is > £/2),
and hence our f in Py z[c 2x—c| Satisfies
(@] > dist(a, Zle, 2 — ey > (e/m)".

But if £, is within § of f coefficient by coefficient, then for any « in S we have
|frle) — fla)] < N& (because f, — f has degree < N — 1, and all coefficients at
most & in absolute value). So if we choose 6 so small that N§ < (¢/m)N, and n > 0
so that f, is within & of f, then f.(a) # 0 for any « in Z[—¢/2,¢,2]. In particular,
each such f;, lies in Py z[c/2,2n-¢/2)-

Because any Cauchy sequence in Py g1 which converges to an element of
Pn,s1-(1} has all far out terms in a single closed set P, z[c 2x—¢); for some € > 0,
a function from Py g1_{1} to a metric space is continuous if and only if its restric-
tion to each closed set Py, zjc 2x—¢); € > 0, is continuous. Since the angles defined
using [0,27) are continuous on each Py zi. 2x—c], € > 0, they are continuous on
Plel_{l}, as asserted.

{2) On the one point set Wy, there is nothing to prove. On Wy, with k < N,
(1) through (k) are identically zero. Division by (T—1)* is a continuous bijection
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from Wi to Py_i,51-q1)- For each ¢ > 1, the function (i + k) on Wy is the
composition (i + k)(f) = @(&)(f/(T — 1)*) of the continuous (thanks to part (1))
function (i) on Py_g,s1-{1} With the division map. QED

Corollary 1.8.5. On U(N), the N angles p(i) defined using [0, 2n) are contin-
uous on the open set U{N)|1/qet(1- 4y of U(N) where 1 is not an eigenvalue. They
are also continuous on each of the N locally closed sets Mult_; of U(N) where 1
is a zero of the characteristic polynomial of fized multiplicity i > 1. In particular,
they are all Borel measurable functions on U(N).



CHAPTER 2

Reformulation of the Main Results

2.0. “Naive” versions of the spacing measures

2.0.1. Fix r > 1, and an offset vector ¢ = (¢(1),...,¢(r)) in Z". We do
not know how to do explicit calculations, say of expected values, with the spacing
measures u(A, G(N),offsetsc) we have defined. The problem is caused by the fact
that the eigenvalues of A lie on a circle, not on a line. For this reason, we will
define, case by case for each N > c(r), measures p(naive, A, G(N),offsetsc) on R”
which have total mass slightly (when N > 0) less than 1, but which are much
better adapted to calculation because they only involve points on a line.

2.0.2. The U(N) case. Here we assume N > c(r). Attached to A in U(N)
are its N angles in [0, 27),

0<p(1) <p(2) < <p(N) < 2m.

Here we use only the first N — ¢(r) of the normalized spacing vectors s;(offsetsc),

i=1,...,N —c(r), ie., precisely those which don’t require wrapping around the
umit circle.
We define
N—c(r)
p(naive, A,U(N), offsets c) := (1/N) Z (delta measure at s;(offsets c)),
7=1

a measure of total mass (N —¢(r))/N on R".

2.0.3. The USp(2N) case. Here we assume N > c(r). The eigenvalues of A
in USp(2N) occur in N complex conjugate pairs, which we may write uniquely as
e*#l) with N angles in [0, 7,

0<p(1) <p2) <--- < p(N) <.
Each of these angles () is a continuous function of A in USp(2N).

For 1 < i € N -~ ¢(r}), we define the naive normalized spacing vectors
s;(naive, offsets ¢) in terms of these angles in [0, 7] by

si(naive, offsets c) :=
(N/m)(pli+c(1)) —p(3), p(i+c(2)) —p(i+e(1)), ..., (it e(r)) —e(ite(r —1)}).
We define
p(naive, A,USp(2N), offsets c)
N—c¢(r)
== (1/N) Z (delta measure at s;(naive, offsets c)),
i=1

a measure of total mass (N —c(r))/N on R”.

35
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2.0.4. The SO(2N + 1) case. Here we assume N > ¢(r). In SO(2N +1), 1
is an eigenvalue of every element A. The remaining eigenvalues of A occur in N
complex conjugate pairs, which we may write uniquely as e¥* () with N angles in
(0, 7],
0<p(l)Sp2)<---<p(N) ST
Each of these angles (2) is a continuous function of 4 in SO(2N + 1).

For 1 < ¢ < N — ¢(r), we define the naive normalized spacing vectors
s;(naive, offsets ¢) in terms of these angles in [0, 7] by

g;(naive, offsets c) 1=

(N+1/2)/m)(p(i+c(1)) —p(2), i+ c(2)) —p(i+ (1)), .. - plite(r)) ~plitc(r — 1))).
We define

u(naive, A, SO(2N + 1), offsets c)

N—c(r)
= (1/(N +1/2)) Z (delta measure at s;(naive, offsets c)}),
=1

a measure of total mass (N — ¢(r))/(N + 1/2) on R™.

2.0.5. The SO(2N) case. Here we assume N > ¢(r). The eigenvalues of A
in SO(2N) occur in N complex conjugate pairs, which we may write uniquely as
e+ with N angles in [0, 7],

0<p(l) <p(2)<--- <p(N)<m.
Each of these angles (1) is a continuous function of A in SO(2N).

For 1 € i € N — ¢(r), we define the naive normalized spacing vectors
3;(naive, offsets ¢) in terms of these angles in [0, 7] by

si(naive, offsets ¢) :=
(N/m)(e(i+e(1)) (i), pli+c(2)) —plit+e(1)), . . ., plite(r)) —(i+e(r—1))).
We define
u(naive, A, SO(2N), offsets c)
N—c(r)
= (1/N) Z (delta measure at s;(naive, offsets c)),
=1

a measure of total mass (N —c(r))/N on R™.

2.0.6. The O_(2N+2) case. We assume N > ¢(r). We denote by O_(2N +2)
the set of elements in O(2N + 2) of determinant —1. Of course O_ (2N +2) is not a
group, but rather a principal homogeneous space under SO(2N +2), and O(2N +2)
is the disjoint union

O(2N +2) = SO(2N +2) UO_(2N + 2).
We will denote by Haarg (49 the restriction to O— (2N + 2) of Haar measure
on O(2N + 2), but normalized so that O_(2N + 2) has measure 1,

Any element A in O_ (2N +2) has both 1 and —1 as eigenvalues. The remaining
eigenvalues of A occur in N complex conjugate pairs, which we may write uniquely
as e¥%() with N angles in [0, 7],

0<p(l) <p(2) <--- <p(N) <.

Each of these angles ¢(2) is a continuous function of A in O_(2N + 2).
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For 1 < i €< N — ¢(r), we define the naive normalized spacing vectors
8;(naive, offsets c) in terms of these angles in [0, 7] by

si(naive, offsets c) :=
(N/mY((i+e1) — pla), pli+e(2) ~pl+el)), .., gli+e(r)—li+e(r—1))).
We define
(naive, A,O_(2N + 2), offsets ¢)
N—clr)
= (1/(N + 1)) Z (delta measure at s;{naive, offsets c)),
j=1

a measure of total mass (N — ¢(r))/(N + 1) on R".

2.0.7. This concludes the case by case definition of the naive spacing measure
p(naive, A, G(N), offsets ¢) on R", for ¢ an offset vector in Z", and N > c(r).

Denote by a and b in Z" the separation and step vectors corresponding to the offset
vector ¢. We will sometimes name this same measure by its a or b:

y(naive, A, G(N), separations a) := u(naive, A, G{(INV), offsets c),
u(naive, A, G(N), steps b) := u(naive, A, G(N), offsets c).
[In following these measures under direct image by certain linear maps, it is the
“steps b” nomenclature which is most convenient. In expressing them as alternat-

ing sums of “correlations”, it is the “separations a” nomenclature which is most
convenient. |

2.1. Existence, universality and discrepancy theorems
for limits of expected values of naive spacing measures:
the main theorems bis

2.1.1. Fix an integer » > 1, and an offset vector ¢ in Z". For N > cfr), and
G(N) any of U(N),SO(2N + 1),USp(2N},SO(2N), O_(2N + 2), we have defined
a naive spacing measure

u(naive, A, G(N), offsets c),
which is a positive Borel measure on R” of total mass
(N —¢(r))/N for U(N),USp(2N), SO(2N),
(N —¢(r))/(N +1/2) for SO(2N + 1),
(N —c(r))/(N +1) for O_(2N +2).

By integration over G(N) with respect to normalized Haar measure, we define its
expected value

p(naive, G(N), offsets c),
which is a positive Borel measure on R™ of total mass given above.

Theorem 2.1.2 (Theorem 1.2.1 bis). Fiz an integer r > 1, and an offset vec-
tor c in Z". For each N > ¢(r), consider the expected value measure

u(naive, U(N), offsetsc) onR"
attached to U(N). As N — 00, these measures tend to a probability measure

p(naive, univ, offsets c)
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in the sense that for any R-valued, bounded, Borel measurable function f of compact
support on R", we have

f f du(naive, univ, offsets c) = A}im / f dp(naive, U(N), offsets c).

The probability measure u(naive, univ, offsets c) has @ continuous CDF.

Theorem 2.1.3 (Theorem 1.2.3 bis). Fiz an integer r 2> 1, and an offset vec-
tor ¢ in Z7. For each N > c(r), consider the expected value spacing measures

p(naive, G{N), offsets c)

on R” attached to G(N) one of

U(N), SO(2N +1), USp(2N), SO(2N), O_(2N +2).

In each of these sequences, the expected value spacing measures
y(naive, G(N), offsets c)

converge (in the sense above) to the same limit measure
p(naive, univ, offsets c),

which is a probability measure with continuous CDF.

2.1.4. Fix an integer r > 1, and an offset vector ¢ in Z". For N > ¢(r), and
G(N) one of U(N), SO(2N +1), USp(2N), SO(2N), O_(2N +2), the [0, 1}-valued
function on G(N)

A s discrep(p(naive, A,G(N), offsets c), p£(naive, univ, offsets c))

is Borel measurable. For G(N) = U(N), it is continuous on the open set of full
measure U(V)[1/det(1 — A)]. For the other G(N), this function is continuous on
all of G(IN) (because in all the non-U(N) cases, the individual angles (i) in [0, 7]
are each continuous functions on G(N)).

Theorem 2.1.5 (Theorem 1.2.6 bis). Fiz an integer r > 1, an offset vector ¢
in Z" and a real number € > 0. There ezists an explicit constant Ni(g,r,c) with
the following property: for G(N) one of

U(N), SO@2N +1), USp(2N), SO(2N), O_(2N +2),

and dA its total mass one Haar measure, we have the inequality
f discrep(u(naive, A, G(N), offsets ¢), u(naive, univ, offsets c)) dA
G(N)
< Ns—l/(2r+4),

provided that N > Ni(g,r,c).

2.2. Deduction of Theorems 1.2.1, 1.2.3 and 1.2.6
from their bis versions

Lemma 2.2.1. If Theorem 2.1.2 is true, then Theorem 1.2.1 is true, and the
limit probability measure p(univ, offsets c¢) of Theorem 1.2.1 is equal to the limit
probability measure u(naive, univ, offsets ¢) of Theorem 2.1.2.



2.2. DEDUCTION OF THEOREMS FROM BIS VERSIONS 39

PrOOF. The naive spacing measure p(naive, A,U(N), offsets ¢} differs from
(A, U(N), offsets c) in that it omits ¢(r) of the spacing vectors, each of mass
1/N. So for any Borel measurable function f on R" of compact support whose sup
norm is bounded by 1, we have the inequality

’/fdp(A,U(N), offsets ¢) — /fdu(naive, A, U(N), offsets ¢)| < ¢(r)/N.
Integrating this inequality over U(N), we get the inequality
/fdp(U(N), offsets ¢) — /fdu(naive, U(N), offsets c)| < e(r)/N.

Let N — 0. According to Theorem 2.1.2,
/fdp(naive,U(N), offsets ¢) — /fdu(na.ive, univ, offsets ¢).
Since ¢(r)/N — 0 a3 N — oo, we deduce that
/fdp(U(N), offsets ¢) — /fdp(na.ive, univ, offsets ¢).
As this holds for all f as above, we see that Theorem 1.2.1 holds, with limit measure
p(naive, univ, offsets c). QED

2.2.2. Before we deduce Theorems 1.2.3 and 1.2.6 from their bis versions, we
need to discuss a certain symmetry of R", namely the “reversing” map

rev:R" — R", rev(zy,zo2,...,2.) 1= (Zp, Tr-1,...,2Z1).

For r = 1, rev is the identity; for r > 2, rev is an involution.

2.2.3. Given a measure ¥ on R", we denote by rev, ¥ the measure
rev, V(E) = v(rev 1( E)) = v(rev(E)),
the last equality because rev? = id.

Lemma 2.2.4. Fizr an integerr > 1, and an offsel vector c in Z". For every N,
the expected value spacing measure u(U(N), offsets c) is invariant under reversal:

rev, u(U(N), offsets c) = u(U(N), offsets c).

PRoOF. For A in U(N), its complex conjugate A has the complex conjugate
eigenvalues. So the N spacing vectors s;(offsets c) for A are just the reversals of
those for A, listed in another order (the opposite order, if A has no eigenvalue 1).
Therefore their spacing measures are related by

u(A,U(N), offsets c) = rev, u(A, U(N), offsets c).

Since A — A4 is an automorphism of U(N), the normalized Haar measure on U(N)
is invariant under A — A. Therefore the two measure-valued functions on U(N),

A pu(AU(N), offsets c)
and
A u(A,U(N), offsets c¢) = rev, u(A,U(N), offsets ¢),
have the same expected value over U(N). QED
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Corollary 2.2.5. Suppose Theorem 1.2.1 holds. Then for every v > 1 and
every offset vector ¢ in Z", the limit measure p{univ, offsels c) is invariant under
reversal:

rev, p(univ, offsets c) = u(univ, offsets ¢).

ProoOF. By Theorem 1.2.1, p(U(N), offsets ¢) — p{univ, offsets ¢) as
N — oco. Applying reversal, we get

rev. w(U(N), offsets ¢) — rev, u(univ, offsets ¢) as N — oo.

But rev, u(U(N), offsets ¢) = u(U(N), offsets c). QED

Corollary 2.2.6. Suppose Theorem 2.1.3 holds. Then for every 7 > 1 and
every offset vector c in Z7, the limit measure p{naive, univ, offsets c) is invariant
under reversal.

PrROOF. Theorem 2.1.3 implies Theorem 2.1.2, which in turn, by 2.2.1, implies
that Theorem 1.2.1 holds and that u(naive, univ, offsets ¢) is equal to
p(univ, offsets c). Now apply the above corollary 2.2.5. QED

Lemma 2.2.7. Fiz an integer r > 1, and an offset vector ¢ in Z". For
N > c(r) and G(N) any of SO(2N + 1), USp(2N), SO(2N), O_(2N + 2), the
measures u(A, G(N), offsets c) and p(naive, A, G(N), offsets c) are related as fol-
lows:

u(A,G(N), offsets c)
= 1/2(p(naive, A,G(N), offsets c) + rev, u(naive, A, G(INV), offsets c))
+ (a positive Borel measure of total mass < (1 + c(r))/N).

PROOF. For A in USp(2N) or SO{2N), the 2N eigenvalues occur in conjugate
pairs, N in the top half of the unit circle (i.e., angles in [0,7]) and their N mirror
images in the bottom half of the unit circle. Our definition of the naive spacing
measure made use of those in the top half. Its reversal is precisely what we would
make using the spacings in the bottom half. In averaging them, we still omit the
2¢(r) spacings which involve both top and bottom eigenvalues, each with mass
1/2N. : :

For A in SO(2N + 1), 1 is an eigenvalue, and the other 2N eigenvalues fall
into N pairs as above. This time the average of top and bottom omits 1 + 2¢(r)
spacings, each with mass 1/(2N +1).

For A in O_(2N + 2), both £1 are eigenvalues, and the other 2N eigenvalues
fall into N pairs as above. This time the average of top and bottom omits 2 + 2¢(r)
spacings, each with mass 1/(2N +2). QED

Corollary 2.2.8. Fiz an integer r > 1, and an offset vector ¢ in Z". For
N > ¢(r) and G(N) any of SO(2N + 1), USp(2N), SO(2N), O_(2N + 2), the
expected values p(G(N), offsets c) and u(naive, G(N), offsets ¢} are related as fol-
lows:

w(G(N), offsets c)
= 1/2(u{naive, G(N), offsets c) + rev. u(naive, G(N), offsets c))
+ (a positive Borel measure of total mass < {1+ c(r))/N).

Proor. Integrate the previous Lemma 2.2.7 over G(N). QED
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Lemma 2.2.9. If Theorem 2.1.3 holds, then Theorem 1.2.3 holds, and the
limit probability measure p(univ, offsets c¢) of Theorem 1.2.3 i3 equal to the limit
probability measure p(naive, univ, offsets ¢) of Theorem 2.1.3.

ProoFr. Suppose Theorem 2.1.3 holds. In view of Lemma 2.2.1 above and the
discussion 1.4.0, it suffices to prove Theorem 1.2.3 for the cases G(N) = SO(2N+1),
USp(2N), SO(2N), and O_(2N) (these last two together trivially give the O(2N)

By Theorem 2.1.3, we know that as N — 00, we have

i(naive, A, G(N), offsets ¢) — p(naive, univ, offsets c).
Since p(naive, univ, offsets ¢) is invariant under reversal, by 2.2.6, we get

rev, p(naive, G{N), offsets c¢) — u(naive, univ, offsets c).

The assertion now follows from the above Corollary 2.2.8. QED

Lemma 2.2.10. Theorems 2.1.3 and 2.1.5 together imply 1.2.6.

PRrROOF. By Theorem 2.1.3, there is no need to distinguish between the mea-
sures u(naive, univ, offsets ¢) and u(univ, offsets ¢): they are equal. So we may and
will compute discrepancy from p(univ, offsets ¢}. We begin with the case of U{N).
As already remarked in the proof of Lemma 2.2.1, u(naive, A, U(N), offsets ¢) dif-
fers from u(A, U(N), offsets c) in that it omits c(r) of the spacing vectors, each of
mass 1/N. In particular, the discrepancy between them is bounded by c(r)/N. So
by the triangle inequality for discrepancy (sup norm for differences of CDF’s), we
have the inequality

discrep(p(A, G(N), offsets c), u(univ, offsets c))
< ¢(r)/N + discrep(u(naive, A, U(N), offsets c), u{univ, offsets c)).

Pick € > 0. Integrating over U(N), and using Theorem 2.1.5, we get
/ discrep(u(A, G(N), offsets c), u(univ, offsets c))d(Haarg(yy)
G(N) :

< C(T)/N-F— Ne/2~1/(2r+4)

provided that N > N,(e/2,r,c). But clearly there exists an explicit constant
M(e,r,c(r)) such that if N > M(e,r,c(r)}, we have

(1+¢(r))/N + N2/ Q4] ¢ pe=1/Gred),
So Theorem 1.2.3 holds for U(N), with
N, (51 T C) = Sup(Nl (6/21 L) C), M(E, Ty C(T)))

Clearly there exists an explicit constant M;(e,r) such that for N > M;(e,r),
we have : '

(N _ 1)6/2—1/(2r+4) < Ne—l/(2r+4).
We define
N(E,T, C) =1+ Sup(N2(€/2s L C), Ml (Ev T))
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With this choice of N{g,r,c), one sees easily that Theorem 1.2.6 holds for the
other G{N) as well. The key in these cases is the relation 2.2.7:
(A, G(N), offsets c)
= 1/2(p(naive, A, G(N), offsets c) + rev, u(naive, A, G(N), offsets c))
+ (a positive Borel measure of total mass < (1 + ¢(r))/N),
together with the reversal invariance of u(univ, offsets c}, thanks to which we have
the equality of discrepancies

discrep{i(naive, A, G(N), offsets c), g(univ, offsets c))
= discrep(rev, u(naive, A, G{(IN), offsets c), p(univ, offsets c)).

Using these together with the triangle inequality, we find that

discrep((A, U(N), offsets c), u(univ, offsets c))
< (14 ¢(r))/N + discrep(u(naive, A, G(N), offsets c), u(univ, offsets c}),

and the argument proceeds exactly as in the U(N) case. This proves Theorem
1.2.6 for SO(2N +1), USp(2N), SO(2N) and O_(2N + 2). [Indeed, in these cases
Na(e,r, c) would already work as our N(e,r,c). We only need the more conservative
N(g,r,c) defined above to handle the O_(2N) = O(2(N —1) + 2) case.] As already
explained, the SU(N) and O(2N + 1) cases result formally from the I/(N) and
SO(2N + 1) cases. The O{2N) case of Theorem 1.2.6 is just the average of the
SO(2N) and the O_(2N) = O(2(N — 1) + 2) cases. QED

2.3. The combinatorics of spacings of finitely many points on a line:
first discussion

2.3.1. We give ourselves an integer N > 2 and a set X of N points on the
real line, in increasing order,

X:2(1) <2(2) < - < B(N).

Formally, X is a nondecreasing map from the set {1,...,N} to R. But we will
often speak of X as though it were a subset of R of cardinality N, which, strictly
speaking, is only correct if all the x(2) are distinct.

2.3.2. We fix a real number s > 0, and ask ourselves how many pairs of
adjacent, or (-separated, points in X are at distance s from each other, i.e., how
many pairs of indices 1 <2 < 7 < N are there for which

z(j)—z(1)=s and j—i=17
We call this number Sep(0)(s).
2.3.3. We also ask how many pairs of points in X (not necessarily adjacent)

are at distance s from each other, i.e., how many pairs of indices 1 <i < j< N
are there for which

z(3) — z(i) = s?

We call this number Clump(0)(s).
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2.3.4. More generally, for each integer @ > 0, we ask how many pairs of a-
separated points in X are at distance s from each other, i.e., how many pairs of
indices 1 <z < § < N are there for which

z(j)—z(i)=s and j—i=a+17
We call this number Sep(a)}(s).

2.3.5. We also ask how many subsets of X of cardinality a+2 are there whose
endpoints are at distance s from each other, i.e., how many a + 2 tuples of indices
1 <4(0) <i(l) <- - <i(a+1) <N are there for which

z(i(a + 1)) — z(i(0)) = s?
We call this number Clump{a)(s).

2.3.6. Obviously, both Sep(a)(s) and Clump(a)(s) vanish if @ > 0 (in fact,
ifa>N—2).

2.3.7. The equations whose solutions are counted by Sep{a)(s) and
Clump(a)(s) make sense for all real s, but obviously have no solutions for s < 0.
So we define

Sep(a)(s) Clump(a)( =0 ifs<0.

Lemma 2.3.8. For every inieger a > 0, we have the identity
Clump(a)(s) = Z Binom(b, a) Sep(b)(s).

>a
ProOF. Clump(a)(s) is the number of (e + 2)-tuples of indices
1<i0)<i{l)<---<ifa+1) <N
for which
2(i(a+1)) - a(i(0)) = s.

Consider such an (a+2)-tuple. Its two endpoints are b := i(a+1)—1—:(0) separated
and at distance s, so these two endpoints are counted in Sep(b)(s). Between these
endpoints we have chosen one of the Binom(b, a) subsets of cardinality a of the b
intervening points. QED

Corollary 2.3.9. We have the identities of generating polynomaials in an in-
determinate T,

Z Clump(a){s)T' Z Sep(b)(s)(1+ T)°,

a>0D >0
> Sep(b)(s)T* = 3 Clump(a)(s)(T — 1)*.
42>0 a>0

Proor. The first identity is, coefficient by coefficient, the identity of Lemma
2.3.8. The second identity is obtained from the first by the change of variable
T—T-1. QED

Equating coefficients of like powers of T on both sides of the second identity,
we obtain
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Corollary 2.3.10. For each integer a > 0, we have the identity
Sep(a)(s) = »_{—1)""*Binom(n, a) Clump(n)(s).

n>a

Key Lemma 2.3.11. For each integer a > 0 and each integer m > a, we have
the inequalities

i(—l)"_“ Binom(n, a) Clump(n)(s) < Sep(a)(s) if m — a is odd,

Sep(a)(s) < zm:(—l)"'“Binom(n,a) Clump(n)(s) if m —a is even.

PROOF. Fix m > a. According to the previous corollary, we have

Sep(a)(s) = > _(—1)""* Binom(n, a) Clump(n)(s)

n>a

= i(—l)”_“ Binom(n, a) Clump(n)(s)

n=a

+ E (—1)""® Binom(n, a) Clump(n)(s).

n>2m+1
So we must show that the tail has the correct sign, i.e., that
(=1)mt1-e E (—1)"~* Binom(n, a) Clump(n)(s) > 0,
n>2m+1
i.e.,
E (—1)*~™~! Binom(n, @) Clump(n)(s) > 0.
n>m+1
We use Lemma 2.3.8 to write Clump in terms of Sep, and this becomes
E (=1)*"™"! Binom(n,a) E Binom(b, n) Sep(b)(s) > 0,
n>m+1 b>n

ie.,

b
E Sep(b)(s) E (-1)»"™~1 Binom(b, n) Binom(n, a) > 0.
b>m+1 n=m+1

Since each term Sep{b)(s) is nonnegative, it suffices to show that for fixed
b>m+1 > a, we have

b
Z (-1)*~™"! Binom(b, n) Binom(n,a) > 0.

n=m+1

At this point we make use of
Sublemma 2.3.12. For 0 < a <n < b, we have the identity
Binom(b, n) Binom{n, a) = Binom(b, ) Binom(b — a,n — a).

PROOF. Write binomial coefficients as ratios of factorials. QED
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Using the sublemma, this becomes

b
Z (—1)*~™~! Binom(b, a) Binom(b — a,n — a) > 0.

n=m++1
Factoring out Binom(b, a), this becomes

b
Z (-=1)* ™! Binom(b — a,n — a) > 0

n=m+1

In terms of the quantities k :=n—a, j:=m+ 1 —@a, and | := b — @, this becomes

!
Z(—l)'“_j Binom(!, k) > 0.

k=3
This positivity results from

Sublemma 2.3.13. For integers 1 < j <!, we have

t .
> (~1)*~ Binom(l, k) = Binom(! — 1,5 — 1).
k=j

Proor. This is Pascal’s triangle, read backwards. Explicitly, we have
Binom({, k} = Binom({ ~ 1, &) + Binom{l — 1,k — 1).
So our sum telescopes:

!
Z(—l)k‘j Binom(!, k)
k=3
! !
= (-1)*?Binom(l - 1,k) + ¥ _(~1)*"7 Binom(l — 1,k — 1).
k=3 k=3
In the first sum, the last (k = {) term vanishes, and for k < [ the k’th term of the

first sum cancels the (k + 1)’st term of the second, leaving only the first (k = j)
term in the second sum. QED, for both 2.3.13 and 2.3.11.

2.4. The combinatorics of spacings of finitely many points on a line:
second discussion

2.4.1. We continue with our given integer N > 2 and our given set X of N
points on the real line, in increasing order,

X:2(1) <z(2) < -+ < z(N).

2.4.2. Fix an integer r > 1, and a vector s = (s(1),...,s{r)) in R".
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2.4.3. Suppose we are given an offset vector c,
e = (e(1),...,c(r)),
in Z”, and the corresponding separation vector a,
a={a(l),...,a(r)),
a(l) =c(1) -1, a(@y=c(t) —1—c(t—1) fori=>2.
Using this data, we will now define two nonnegative integers
Sep(a){s) and Clump(a)(s)

in such a way that for » = 1, these are exactly the quantities of the same name
discussed in the previous section. It will be obvious from the definitions that

Sep(a)(s) = Clump(a)(s) =0 unless s has all s(z) > 0.

2.4.4. Clump(a)(s) is the number of systems of indices
1<i0)<#(l) < --<ife(r)) <N
for which we have
z(i(c(1))} - =(i(0)) = s(1)

and
z(i(c(5))) — z(i(c(i — 1))) = s(j) forj=2,...,7

2.4.5. Sep{a)(s) is the number of systems as above which satisfy in addition
the requirement that

-G - =1 forj=1,...,¢r).
2.4.6. We can also describe Sep(a)(s) as the number of systems of indices
1<k(0) <k(l)<- <Kk(r)<N
such that
z(k(1)) — =(k(0)) = s(1)
and
k() —zk(j - 1))=s(j) forj=2,...,7
and which satisfy
k(1) — K(0) = (1),
k(5) k(7 —1)=c(j) forj=2,...,r .

[Given the indices i(j) for 7 = 0,...,c(r), define k(0) = #(0), k{(j) = i(c(5))
for 5 = 1,...,7. Given the indices k(j) for j = 0,...,r, define ¢(0) = k(0),
i(c(j)) = k(j) for j = 1,...,r; there is then a unique way to define the terms
i(l) for the remaining values of [ so that i(l) —i({—1)=1for i =1,...,¢(7).]

2.4.7. In order to state the analogues in this more general context of the
identities and inequalities given above for r = 1 in the “first discussion” 2.3, we
will make use of the following notation.
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2.4.8. Given a = (a(1),...,a{r)) and b = (b(1),...,b(r}) in Z", we say that
a>0ifa(i) >0 foreach i. Wesaythata>bifa—b>0. Ifa> 0and 5> 0, we
write

Binom(b, a) := ﬁ Binom(b(1), a(2)}.

i=1
Given r indeterminates T3,...,T}, and a > 0 in Z7, we write
T* = [[(T)®, (@1 :=][@ 10D
i=1 i=1

We define .
Y(a) :=a(l) +a(2)+ -+ a(r).

For z a scalar (i.e., an element of a commutative ring R) we define
28 = 75

in R.

Lemma 2.4.9. For every a > 0 in Z7, we have the identity
Clump(a)(s) = Y _ Binom(b, a) Sep(b)(s).

b>a

Proor. This is entirely analogous to the proof of Lemma 2.3.8. Clump(a)(s)
is the number of systems of indices

1<i0) <i(l)<---<ie(r)) £ N
for which we have
z(i(c(1))) — z(i(0)) = (1),
2(i(el4))) — 2(i(e(i — 1)) = 8(§) forj=2,...,7.

Given the indices i(j) for j = 0,...,¢{r}, define k(0) = #(0), k(7)) = i(c(j)) for
j =1,...,7. These indices are counted in Sep(b)(s) for b the separation vector of
components

b(i)=k(i)—1—k(i-1), fori=1,...,r
Once the indices k(j) for j =0, ...,r are marked, we recover our original point in
Clump(a)(s) by picking, independently for i = 1,...,r, one of the Binom(b(i), a(3))
subsets of cardinality a(z) of the b() intervening points between k(1) and k(i — 1).
QED

Corollary 2.4.10. We have the identities of generating polynomials in r in-
determinates Ty,..., T,

Z Clump(a)(s)T® = Z Sep(b)(s)(1 + T)°,

a>0 b>0
) " Sep(b)(s)T* = > Clump(a)(s)(T — 1)°.
>0 a>0

ProoF. The first identity is, coefficient by coefficient, the identity of the
lemma. The second identity is obtained from the first by the change of variable
T—T-1. QED
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Equating coeflicients of like powers of T' on both sides of the second identity,
we obtain .

Corollary 2.4.11. For each a > 0 in Z", we have the identity
Sep{a)(s) = Z(—l)““" Binom(n, a) Clump(n)(s).
n>a

Key Lemma 2.4.12. For each a > 0 in Z", and each integer m > X(a), we
have the inequalities

Z {—1)""* Binom(n, a)} Clump(n)(s) < Sep(a)(s)
asn,E(n)<m
if m — X(a) is odd, and
Sep(a)(s) < . (~1)*~°Binom(n, ) Clump(n)(s)
a<n,Z(n)<m
if m — X{a) is even.
ProoF. Fix m > 2(a). According to the previous Corollary 2.4.11, we have
Sep(a)(s) = E(—I)"‘“ Binom(n, a) Clump(n)(s)

n>a

= Y (=1)"*Binom(n, a) Clump(nj(s)

a<n,E(n)<m

+ Z (—1)"~° Binom(n, a} Clump(n)(s).

a<n,E(n)>m+1
So we must show that the tail has the correct sign, i.e., that
(—1)m+1-E(e) Z (—1)*"° Binom{n, a) Clump(n){s) > 0,
a<n,Z(n)>m+1
i.e., we must show that
Z (=1)™*+*+E™) Binom(n, a) Clump(n)(s) > 0.
a<n,Z(n)>m+1

We use Lemma 2.4.9 to write Clump in terms of Sep, and this reduces to showing
that

Z (-=1)™+1+2( Binom(n, a) Z Binom (b, n) Sep(b)(s) > 0.
agn,E(n)>2m+1 b2n .
Using Sublemma 2.3.12, this becomes the inequality
> (=1)™t#5() ) " Binom(b, a) Binom(b — a,n — a) Sep(b)(s) > 0.
asn,Z(n)>m+1 b2n

Since each term Binom(b, a) Sep(b)(s) is nonnegative, it suffices to show that for
fixed b > a, we have

Y (~1)™*'*%™ Binom(b - a,n— a) 2 0.
a<n<h,E(n)>m+1
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In terms of the vectors k := n —a and ! := b — a in Z”, and the integer j :=
m + 1 — X(a), this becomes the positivity statement

(-1¥ ). (~1)*Binom(l,k) > 0.

0<k<LLB(k) >3

This positivity results from

Sublemma 2.4.13. For any integer § > 1, and any ! > 0 in Z" with X(I) > 1,
we have

(-1 > (-1)*Binom(}, k) = Binom(£(l) — 1,5 - 1).
0<k<, (k)2

PRroOF. Consider the binomial expansion of

(1+T):

[Ta+7y¥O=J[| Y Binom(i(s), k(@))(T:)*®

i i {0<k()<UE)

> Binom(l, k)T*.

0<k<!

Setting all T; equal to a single indeterminate S, and equating coefficients of like
powers of S, we find that for each integer a > 0, we have the identity

Z Binom(!, &) = Binom(X(l), a).
0<kSLB(k)=a

So the subject of our discussion is

(-1¥ Y (~1)*Binom(},k)

USk<LE(K) 2]

=(-1¥Y" ) (-1)*Binom(i k)
a>j 0<k<i :
Lk)=a

= (-1) Z(—l)a Binom (E(1}, a)

a2j

- Z(_l)a‘j Binom(X%(l), a)

a2j

= Binom(XZ(l) - 1,7 — 1),
thanks to Sublemma 2.3.13. QED, for both 2.4.13 and 2.4.12.

2.5. The combinatorics of spacings of finitely many points on a line:
third discussion: variations on Sep(a) and Clump{(a)

2.5.1. We continue with our given integer N > 2 and our given set X of N
points on the real line, in increasing order,

X:z(1) £2(2) <--- < z(N).
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2.5.2. Fix an integer r > 1, an offset vector

c=(c(1),...,¢(r))
in Z", and the corresponding separation vector a,
a = (a{1),...,a(r)),
a{l) =¢(1) — 1, a(i)=c(i)—1—c{i~1) fori>2
2.5.3. Out of this data, we define positive Borel measures (both will be finite
sums of delta measures) Sep(a) and Clump(a) on R" as follows. We have defined

the nonnegative integers Sep(a)(s) and Clump(a)(s) for any s in R”. For any Borel
set F in R", we define

Sep(a)(E) := Y Sep(a)(s),
sin B
Clump(a)(E) := » . Clump(a)(s).
sin E

2.5.4. For f any R-valued Borel measurable function on R”, we define

Sep(a, f) = [ fdSepa) = 3 f(s)Sepla)(s),

Clump(a, f) == fdelump(a) = Ef(s) Clump(a)(s),
(in both cases the sum over all s in R").

2.5.5. If we wish to emphasize the dependence of Sep(a, f) and Clump(a, f)
on the initial choice of N > 2 and the increasing sequence of real numbers

X:z(1)<z(2) < < z(N),
we will write Sep(a, f) and Clump(a, f) as
Sep(a, f, N, X) and Clump(a, f, N, X)

respectively.

2.5.6. Let us make explicit their dependence on X. We have

Clump(a, f,N,X) =

3 F@(c(1))) ~ 2(5(0)), #((c(2))) — sE(L)), . ., 2(i(e(r))) — (ilelr — 1)))),
the sumn over all systems of indices

1<#0) <i(l) < <ifc{r)) < N.

Sep(a, f, N, X) is the same sum, but with the range of summation restricted to
those systems of indices which in addition satisfy

iG)-iG-1)=1 forj=1,...,cr).

Lemma 2.5.7. For any integer N > 2, denote by RN (ordered) the closed sub-
set of RY consisting of those points (z(1),...,z(N)) which satisfy

2(1) € 5(2) < - < 3(N).
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The “order™ map RN — R¥(ordered) C RY, “arrange the coordinates in increasing
order”, :

X — order (X),

G T

i8 @ continuous map of RN to itself.

PRrRoOF. To check that a map X — Y of topological spaces is continuous, it
suffices to exhibit a finite covering of its source X by closed sets Z; such that the
map restricted to each Z; is continuous. We apply this criterion, taking the closed
sets to be indexed by the elements of the symmetric group Sy, the closed set Z,
being the set of those points (z(1), z(2),...,z(N)) which satisfy

2(o(1)) < 2(0(2)) < -+ < 2(o(V)).

Our map on Z, is certainly continuous, being the restriction to Z, of the linear
automorphism of RV given by . QED

Corollary 2.5.8. Let N > 2. The “order” map RN — RN (ordered) makes
RN (ordered) the quotient space RY /Sy in the category of topological spaces with
continuous maps, and also in the category of topological spaces with Borel measur-
able maps. Concretely, for any topological space Y, to give a continuous (respec-
tively Borel measurable} map F: RN — Y which ts £ n-invariant is the same as to
give a continuous (respectively Borel measurable) map G: RN (ordered) — Y, with
F and G determining each other by the rules

G := F|RN(ordered),  F(X) = G(order(X)).

PRrooF. If we start with a Y n-invariant F, then F(X) = F(order(X)) by
Sn-invariance. As the point order(X) lies in R" (ordered), we have

F(order(X)) = G{order(X)) for G := F|R" (ordered).

If F is continuous (respectively Borel measurable) on R, then so is G on
R¥(ordered). Conversely, given a continuous (respectively Borel measurable) map
G : RV (ordered) — Y, the composite X — F(order(X)) is ¥y-invariant, and is
continuous (resp. Borel measurable), because the “order” map is continuous. QED

Lemma 2.5.9. Fiz an integer r > 1 and a separation vector a in Z7. If f s
a continuous (respectively Borel measurable) function on R", then for each N > 2
the functions on RN (ordered)

X +— Sep{a, f,N,X) and X — Clump(a, f,N,X)
are each continuous (respectively Borel measurable).

Proor. This is obvious from the explicit formulas for these functions as finite
sums of values of f at images of X under linear maps from R" to R". QED

2.5.10. We have defined Sep(a, f, N, X) and Clump(a, f,N,X) for X in
R¥(ordered). We now extend them to be Ly-invariant functions on X in R¥,
by defining

Sep(a, f, N, X) := Sep(a, f, N, order(X)),
Clump(e, f, N, X) := Clump{a, f, N, order(X)).
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Lemma 2.5.11. Fiz an integer r > 1 and a separation vector a in Z™.
1) If f is a continuous (respectively Borel measurable) R-valued function on
R’, then for N > 2 the R-valued functions on RN

X — Sep(a, f,N,X) and X — Clump(a, f,N,X)

are each continuous (respectively Borel measurable) and Xy -invariont.
2) For t in R, denote by An(t) the diagonal point (f,t,...,t) in RN. The
functions
X — Sep(a, fy,N,X) and X — Clump(e, f,N,X)

are each invariant under additive translations X v X + An(t), for all t in R.
3) Suppose f as a function on R" has compact support, say supported in the
set {s in R™ with } . [s(3)| < a}. If N =1+ r+ (a), then the function
F: X — Sep(a, f,1+ r+ X(a), X) = Clump(a, f,1 + r + £(a), X)

vanishes unless X in R +I() Les within the tubular neighborhood
{X in RI75(@) with max [2(i) - 2(5)] < “}
17-,

of the diagonal. Moreover, if f is bounded on R”, then F' is bounded on IRH‘”'E(“),
and HF”sup < "f"sup-

PROOF. Assertion 1) simply combines the previous two lemmas (2.5.7 and
2.5.9). Assertion 2) is an immediate consequence of the definitions. For assertion
3), by X y-invariance, we may suppose X is ordered:

(1) < z(2) <--- < z(N).
Consider the offset vector ¢ in Z" corresponding to a. Because
N=1471+4%(a)=1+c(r),

there is only one index system to be considered in the definition of

Sep(a, f,1 +r + X(a), X) = Clump(e, f,1 + r + L(a), X)

= flz(1+¢(1)) — 2(1), 2(c(2)) — 2(c(1)),. - ., z(e(r)} — x{c(r ~ 1))).

For the unique point

s = (z(1 +¢(1)) — z(1),z(c(2)) - z(c(1)), . .., z(e(r)) — z{c(r — 1)))

at which f in evaluated, we have, because X is ordered,

Z (1) = 2{c(r) — 2(0) = max|z(i) - 2(j)l. QED

Lemma 2.5.12. Fiz an integer r > 1, a separation vector a > 0 in Z", a Borel
measurable R-valued function f on R, an integer N > 2, and o point X in RV,
1) We have the identity

Sep(a, f, N, X) = Z(—l)“‘“Binom(n, a) Clump(n, f, N, X).
n>a
2) If f 2 0 as function on R, then for each integer m > ¥(a), we have the
inequalities
Z {—1)*7° Binom(n, a) Clump(n, f, N, X) < Sep(a, f, N, X)

a<n,B(n)<m
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if n — ¥(a) is odd, and
Sep(e, f,N, X) < Z (—1)"~* Binom(n, a) Clump(n, f, N, X}
a<n, L(n}<m
if m — X(a) is even.
PROOF. Assertion 1} is just a restatement of Corollary 2.4.11, and assertion 2}
restates the Key Lemma 2.4.12. QED

2.5.13. Givenan integer N > 1, an integern > 1 and asubset T of {1,...,N}
with Card(T) = n, written in increasing order
1<t(1) <t(2) <--- <t(n) <N,
we denote by
pr(T) : RY = R*, X v pr(T)(X),
the linear map
(2(1),2(2), - -, 2(N)) = (2(t(1)), 2(£(2)), . .., 2(¢{n))).

Lemma 2.5.14. Let n and N be integers, both > 1. Suppose we are given
a continuous (respectively Borel measurable) R-valued function F' on R™ which is
Y, -invariant. Then the R-valued function Fin, N] on RV defined by

Fln,Nl: X— Y F(pr(T)(X)),
Card{T)=n
the sum over all subsets T of {1,..., N} with Card(T) = n, is a continuous (re-
spectively Borel measurable} R-valued function on RN which is Ty -invariant.

PROOF. If n > N, the sum is empty, and F[n, N] vanishes. If n < N, each of
the Binom(N, n) maps pr(T) is continuous, so F[n, N] is continuous (respectively
Borel measurable). For ¢ in Ly and X in RN, 0 X is the point with coordinates
(eX)(3) :== X(oc~1(i)). So for any subset T, pr(T)(c(X)) is a permutation of
pr{c~}(T))(X). Since F is T, -invariant, we have

F[n,Nl(eX):= > F(pr(T)(oX))
Card(T)=n

= > F(pr(c™'(T))(X)) = Fln, NI(X). QED
Card(T)=n
Lemma 2.5.15. Fiz an integer r > 1, a separation vector a > 0 in Z7, the

corresponding offset vector ¢ in Z”, a Borel measurable R-valued function f on R",
an integer N > 2, and a point X in RN, We have the identity

Clump(e, f,N,X) = Z Clump(a, f,1 + ¢(r), pr(T)(X))
Card(T)=14¢(r)
= > Clump(a, f,1+ 7+ {a), pr(T} X)),

Card(T)=147r+X(a)
the sum over all subsets T of {1,...,N} of cardinality 1 + c(r) =1 4+ r + {(a).

PRrROOF. Both sides are ¥y-invariant, so it suffices to check when X lies in
RN (ordered), in which case it is immediate from the explicit formula of 2.5.6. QED
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2.6. The combinatorics of spacings of finitely many points of a line:
fourth discussion: another variation on Clump(a)

2.6.1. We fix an integer r > 1, a separation vector a in Z", an integer
k > Z(a), an R-valued Borel measurable function f on R”, an integer N > 2,
and a point X in RY. We define a real number

TClump(k,a, f,N,X):= Y  Binom(n,a)Clump(n, f, N, X).
n>a,X(n)=k

Lemma 2.6.2. Fiz an integer r > 1, a separation vector a > 0 in Z", o Borel
measurable R-valued function f on R”, an integer N > 2, and a point X in RY.

1) We have the identity

Sep(a, f,N,X) = Y (-1)* ¥ TClump(k,a, f, N, X).
k>T(a)
2) If f = 0 as function on R", then for each integer m > Z(a), we have the
inequalities
Y (-1)*"** TClump(k,q, f, N, X) < Sep(a, f, N, X)
m>k>T{a)
if m — Z(a) is odd, and
Sep(a, f,N,X)< Y (~1)** TClump(k,a, f, N, X)
m>k>%(a)
if m — X(a) is even.
ProorF. This is just Lemma 2.5.12 with terms collected according to the value
k of Z(n). QED
Similarly, Lemma 2.5.15 gives

Lemma 2.6.3. Fiz an integer r > 1, a separation vector a > 0 in Z", an
integer k > X(a), a Borel measurable R-valued function f on R”, an integer N > 2,
and a point X in RY. We have the identity

TClump(k, a, f, N, X)
= > TClump(k, a, f,1+ 7 + k, pr(T)(X)),
Card(T)=14r+k
the sum over all subsets T of {1,...,N} of cardinality 1 + c{r) =1+ + k.

2.7. Relation to naive spacing measures on G(N):
Int, Cor and TCor

2.7.1. We fix an integer » > 1, a separation vector a in Z", an integer
k > X{(a), and an R-valued Borel measurable function f on R" of compact sup-
port. For G(N) any of U{N},SO(2N + 1),USp(2N}, SO(2N),O_(2N), and for A
in G(N), we will define real numbers

Int(a, f, G(N), A), Cor(a, f, G(N), A}, TCor(k, a, f, G(N), A).
The names “Int”, “Cor”, and “T'Cor” are intended to evoke “integral”, “correlation”

and *total correlation” respectively. We proceed case by case. We denote by ¢ in
Z" the vector of offsets corresponding to the separation vector a.
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2.7.2. The U(N) case. Given A in U(N), we define X (A) in RV to be the
vector whose components X (A)(i) are the N angles in [0, 27) of its eigenvalues,

0< (1) <p(2) < < p(N) < 2m.
It is immediate from the definitions that we have
[ ditusive, A,U(N), offets ) = (1/N) Sep(a, 1, N, (N/2m) X (4)).
We define
Int(a, f,U(N), A) = ‘/erdp(naive,A, U(N), offsets c)

= (1/N)Sep(a, f, N, (N/2m) X (4)),
Cot(a, £,U(N), 4) := (1/N) Clump(a, f, N, (N/2m)X(4)),
TCor(k,a, f,U(N),A) := (1/N) TClump(k, a, f, N, (N/2r) X (A)).
2.7.3. The USp(2N) and SO(2N) cases. For G(N) either USp(2N)} or

SO(2N), the eigenvalues of A in G(N) occur in N complex conjugate pairs, which
we may write uniquely as e¥*¥(9) with N angles in [0, 7],

0<p(1)<p()<- <p(N)<m

Each of these angles (2) is a continuous function of A in G(N). We denote by
X(A) in R¥ the vector whose N components X {A)(f) are these N angles (¢). It
is immediate from the definitions that we have

/ f du(naive, A, G(N), offsets c) = (1/N) Sep(a, f, N, (N/m) X(A)),
mr
for G(N) either USp(2N) or SO(2N). We define

Int(a, f,G(N), A) := / f du(naive, A, U(N), offsets ¢)
R"
= (1/N) Sep(a, f, N, (N/m) X (A)),
Cor(a, f,G(N), A} := (1/N) Clump(e, f, N, (N/m) X(A)}),
TCor(k,a, f, G(N), A) := (1/N) TClump(k, s, f, N, (N/m) X (4)),
for G(N) either USp(2N} or SO(2N).
2.7.4. The SO(2N + 1) case. In SO(2N + 1), 1 is an eigenvalue of every

element A. The remaining eigenvalues of 4 occur in N complex conjugate pairs,
which we may write uniquely as e¥*#U) with N angles in [0, 7],

0<p(l) <p(2h<--- < p(N) <.

Each of these angles (i) is a continuous function of A in SO(2N + 1). We denote
by X(A) in R¥ the vector whose N components X (A)(i) are these N angles (3).
It is immediate from the definitions that for G(N) = SO(2N + 1) we have

/ f du(naive, A, G(N), offsets ¢)
Rr
= (1/(N +1/2)) Sep(e, f, N, ((N + 1/2}/m) X (A)).
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We define
Int(a, £, G(N), A) = f £ du(naive, A, G(N), offsets c)
Rr
= (1/(N +1/2)) Sep(a, f, N, ((N + 1/2)/=) X (A)),

Cor(a, f,G(N), A) := (1/(N + 1/2)) Clump{a, f, N, ((N + 1/2)/7}X(A4)),

TCor(k, a, f,G(N), A} := (1/(N +1/2)) TClump(k, a, f, N, (N + 1/2)/m) X (A)),
for G(N) = SO(2N +1).
2.7.5. The O_(2N +2) case. Any element A in O_{2N +2) has both 1 and

—1 as eigenvalues. The remaining eigenvalues of A occur in N complex conjugate
pairs, which we may write uniquely as e**() with N angles in [0, 7],

0<p(l) Sp(2) <---<p(N) <.

Each of these angles ¢(2) is a continuous function of A in O_(2N). We denote by
X(A) in RV the vector whose N components X (A)(i) are these N angles ¢(3). It
js immediate from the definitions that for G{(N) = O_(2N + 2) we have

/R f du(naive, A, G(N), offsets c)
= (1/(N +1))Sep(a, f, N, ({N + 1)/m) X (A)).
We define
Int(a, f, G(N), A) = /R f du(naive, 4, G(N), offsets c)
= (1/(N + 1)} Sep(a, f, N, ({N + 1)/m) X (4)),
Cor(a, f,G(N), A) := (1/(N + 1)) Clump(a, f, N, (N + 1)/7) X (4)),

TCor(k,a, f,G(N), A} := (1/(N +1)) TClump(k, a, f, N, {(N +1)/m) X (4)),
for G(N) = O_(2N +2).
Lemma 2.7.6. Fix en integer v > 1, a separation vector a in Z", an R-
velued Borel measurable function f on R™ of compact support, G(N) any of U(N),

SO(2N +1),USp(2N),SO(2N),0_(2N +2), and A an element of G(N).
0) We have the identity

TCor(k,a, f,G(N), A) = z Binom({n, a) Cor{n, f, N, A).
n>a,n(n)=k :
1) We have the identity
Int(a, f,G(N), A) = Y (~1)*"F TCor(k,a, f,G(N), A).
k>%(a)
2) If f 2 0 as function on R”, then for each integer m > X(a}, we have the
inequalities

Y (~1)*ETCor(k,a, f,G(N), A) < Int(a, f,G(N), A)

m>k>E(a)
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if m — X(a) is odd, and
Int(a, f,G(N), A} < Y (-1)* " TCor(k, a, f,G(N), A)
m>k>%(a) :
if m — X(a) is even.
PrOOF. Assertion 0) is immediate from the definitions. The rest is just Lemma
2.5.12 in the new terminology. QED

2.8. Expected value measures via INT and COR and TCOR

2.8.1. We fix an integer r > 1, a separation vector a in Z", an integer
k > ¥(a), and an R-valued Borel measurable function f on R™ which is bounded
and of compact support. For G(N) any of U(N), SO(2N +1),USp(2N), SO(2N),
O_(2N), the three R-valued functions on G(N)

A — Int(a, f, G(N), A} or Cor(a, f,G(N)}, A) or TCor{k,a, f, G(N), A)

are Borel measurable and bounded, thanks to Lemma 2.5.9 and the definitions.
The first two vanish for N < 1 + 7 + E(a), the last for N < 1 + 7 + k. We define
real numbers

INT(a, f,G(N)),  Cor(a,f,G(N)),  TCOR(k,a, f,G(N))
by

INT(a, f, G(N)) := fG e GO, A4

. / £ du(naive, A, G(N), offsets c)dA,
a(N) IJrr

COR(a, f,G(N)) := /G ) Cor(a, f, G(N), A)dA,

TCOR(k. a, f, G(N)) := fG v TCor(Esc, £.G(N), A)dA.

Denote by ¢ in Z" the vector of offsets attached to the separation vector a. In
terms of the expected value measure

p(naive, G(N), offsets c) = g(naive, G(N), separations a)

on R", we have
INT(a, f,G(N)) = / f dp(naive, G(N), offsets c).
RT

Lemma 2.8.2. Fizx an integer T > 1, a separation vector a in Z", an R-valued
Borel measurable function f on R" which is bounded and of compact support, and
G(N) any of U{N), SO(2N +1),USp(2N), SO(2N),O_(2N + 2).

0) For each integer k > £(a), we have the identity

TCOR(k,a, f,G(N))= ).  Binom(n,a) COR(n, f,G(N)).
n>a,E(n)=k

1) We have the identity

INT(q, f,G(N)) = »_ (-1)*"*® TCOR(k,a, f,G(N)).
k>(a)
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2) If f > 0 as function on R", then for each integer m > X(a), we have the
inegualities
Y (-D)¥ " TCOR(k, 0, f,G(N)) < INT(a, f,G(N))
m>k>T(a)
if m — L(a) is odd, and
INT(a, ,G(N)) < Y, (-1)* =@ TCOR(k,a, f,G(N))
m>k>T(a)

if m — E(a) is even.
PrOOF. Integrate Lemma 2.7.6 over G(N). QED

2.9. The axiomatics of proving Theorem 2.1.3

Proposition 2.9.1. Consider the following conditions 1) and 2).

1) (existence of large N TCOR limits) For every integer r > 1, every sep-
aration vector a in Z, every integer k > Y(a), and every R-valued Borel mea-
surable function f on R" which is bounded and of compact support, there erists a
real number TCOR(k, a, f, univ) such that for G(N) any of U(N),SO(2N + 1),
USp(2N), SO(2N),0_(2N + 2), we have

Jim TCOR(k,a, f, G(N)) = TCOR(k,a, f, univ).

2) (convergence of large N TCOR limits) For every integer r > 1, every sepa-
ration vector a in Z", and every R-valued Borel measurable function f on R™ which
ts bounded and of compact support, the series

> |TCOR(k,a, f, univ)]
k2%(a)

is convergent.

If both of these conditions hold, then Theorem 2.1.3 holds. For every integer
r > 1 and every separation vector a in Z”, the imit measure u(naive, univ, sep.’s a)
on R” is given by the explicit formula

f [ du(naive, univ, sep’s a} = Z (~1)*~=() TCOR(k, q, f, unw)
k>Z(a)
valid for every R-valued Borel measurable function f on R™ which is bou’nded and
of compact support. We denote
INT(a, f, univ) := Nlim INT(a, f,G(N})

[ du(naive, univ, sep’s a).
R"

Moreover, if f > 0 as function on R”, then for each inieger m > £(a), we have
the inequalities
S (~1)* ) TCOR(k,a, f, univ) < INT(a, f, univ)
m2>k>T(a)
if m — Z(a) is odd, and
INT(e, f, univ) < Z (~1)*~%) TCOR(k, a, f, univ)
m2k>E(a)

if m — X(a) is even.
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PROOF. Fix the data 7,4, f as above. Suppose that f > 0 on R". For each N,
and each m > T(a) with M = 1 + £(a) mod 2, we have the inequalities

> (-1)*"EE) TCOR(k,a, f,G(N)) < INT(a, f,G(N))

m>k>L(a)

< D2 (-DFHYTCOR(K,a, £,G(V)).

m+12>k>E(a)

Fix m, and take the limsup and the liminf over N. By the existence of the large
N TCOR. limits, we get the inequalities

> (-1)*~ZTCOR(k,a, f, univ) < liminf INT(a, f, G(N))
m>k>L{a) N

<lLmsupINT(a, f,GIN)) < > (-1)*"E* TCOR(k,q, f, univ).
N m+12k>X(a)

Now take the limit over m of these inequalities. Since the series

Y (-1)¥"%*)TCOR(k,q, f, univ)
k>Z(a} -

converges, we find that limy_o INT(a, f,G(N)) := INT(a, f, univ) exists and is
equal to the sum of this series. Once we know INT(a, f, univ) exists for f > 0, the
inequalities above for finite m give the “moreover” conclusions upon passage to the
limit with N.

To pass from f > 0 to the general case, write f = f. — f—, with f, := Sup(f,0)
and f_ := Sup(—f,0). Applying the above argument to fi, one finds that
limp 00 INT(a, f,G(N)) exists for every bounded, Borel measurable f of com-
pact support on R” (and is equal to the sum of the TCOR series). Therefore there
exists a unique positive Borel measure p(naive, univ, sep.’s @) on R” such that for
all such f we have

f du(naive, univ, sep.’s @) = lim INT(q, f, G{N)),
R™ N—o0

cf. [Fel, page 243). But this limit measure may be “defective”, i.e., it may have
total mass strictly less than 1. [Indeed, it may vanish, as happens when one takes
a sequence of (delta measures concentrated at) points going off to infinity.)

2.9.2. Here is an argument to show that in our case, the limit measure, once
it exists, must be a probability measure. We first treat the case r = 1, and then
reduce the general case to the r = 1 case by a consideration of direct images.

Lemma 2.9.2.1 (Chebyshev). Fiz an integer b > 1 (to be thought of as o step
vector in Z7 with r = 1). For any integer N > 1 and any A in G(N), consider the
measure u(A,G(N), step b) on R. For any real M > 0, we have the inequality

u(A,G(N), step b)({z in R with |z| > MB}) < 1/M.

Proor. The spacings s;( step b) are nonnegative, and they are normalized to
have mean b. So u(A, G(N}, step b) is supported in Ryq, and

f:z:dp,(A,G(N), step b} = b.
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We must show that
(A, G(N), step b)({z > Mb}) < 1/M.

‘We compute

b= f zdu(A, G(N), step b) > / 2 du(A, G(N), step b)
{z>Mb}

2/ Mbdu(A,G(N), step b)
{z>Mb}
= Mbu(A,G(N), step b)({x > Mb}). QED

Corollary 2.9.2.2. Fir an infeger b > 1. For any integer N > b and any A in
G(N), consider the measure p(natve, A, G(N), step b) on R. For any real M > 0,
we have the inegquality

w(naive, A, G(N), step b)({z in R with |z| > Mb}) < 1/M.
ProOF. Indeed, for any (Borel measurable) set £, we have

p(naive, A, G(N), step b)(E) < u(A,G(N), step b)(E). QED

Corollary 2.9.2.3. Fiz an integer b > 1. For any integer N > b and any A in
G(N), consider the measure p(naive, A, G(N), step b) on R. For any real M > 0,
we have the inequality

u(naive, A,G(N), step b)({z in R with |z| < Mb}) >1—1/N —b/N —1/M.
Proor. The measure u(naive, A, G(N), step b) has total mass
(N=B)/(N+A)=1—-(b+A)/(N+X)>1-1/N —b/N,
A being 0,1/2 or 1 depending on which G(N) we are working on. QED

Lemma 2.9.2.4. Fiz an integer b > 1. For any integer N > b, consider the
expected value measure p(naive, G(N), step b) on R. For any real M > 0, we have
the inequality

p(naive, G(N), step b)({z in R with |z} < Mb}) >1~1/N—b/N - 1/M.
PROOF. Integrate the previous Corollary 2.9.2.3 over G(N). QED

Lemma 2.9.2.5. Fiz an inleger b > 1, and suppose that the limit measure
wu{naive, univ, step b) on R ezists. For any real M > 0, we have the inequality

p(naive, univ, step b)({z in R with |z| < Mb}) >1-1/M.
PrOOF. Fix M, and take the limit as N — oo in the previous result. QED
Corollary 2.9.2.6. Fiz an integer b > 1. If the limit measure -
p(naive, univ, step b)
on R exists, it is a probability measure.

Proor. We already know it has total mass at most 1. By the above inequality,
it has total mass > 1 — 1/M for every M > 0. QED
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2.9.2.7. We now explain how to deduce the general case from the r = 1 case.

Lemma 2.9.2.8. Fiz an integer r > 1 and a‘step vector b in Z7, with corre-
sponding offset vector c. For any integer N > X(b) and any A in G(N), consider
the measure p(naive, A, G(N), step b} on R". For any real M > 0, we have the
inequality

p(naive, A,G(N), steps b)({z in R™ with |z(i)| > Mb(i) for some i}) <r/M.
ProoF. The set {z in R™ with |z(i)|] > Mb(2) for some i} is the union of the
r sets B; := {z in R™ with |z(z)| > Mb(i)}. So it suffices to show that
p(naive, A,G{N), steps b)(E;} < 1/M.
By definition of direct image, we have
p(naive, A, G(N), steps b)(E;)
= pri].u(naive, A, G(N), steps b)({z in R with |z| > Mb(i}}).
But we know (by 2.11.10, to follow) that
p{naive, A, G(N), step pr[i](b) = b(z))
= pr(t).u(naive, A, G(N), steps b) + (pos. meas. of total mass < ¢(r)/N).
So we have the inequality
pr[t].u(naive, A, G(N), steps b)({z in R with |z| > Mb(3)})
< p(naive, A,G(N), step b(2))({z in R with |z| > Mb(i)})
<1/M,
the last step by Corollary 2.9.2.2. QED

Lemma 2.9.2.9. Fir an integer r > 1 and a step vector b in Z", with corre-

sponding offset vector ¢. For any integer N > Z(b) and any A in G(N), consider

the measure u{naive, A,G{N), step b) on R". For any real M > 0, we have the
inequality

p(naive, A, G(N), steps b)({z in R" with |z(i)| < Mb(3) for all i})
>1-1/N—¢(r)/N -r/M.
Proor. This is just the previous estimate applied to the complementary set,

together with the fact that the measure u(naive, A, G(N), steps b) has total mass
1—1/N - ¢(r}/N.

Lemma 2.9.2.10. Fiz an integer r > 1 and a step vector b in Z™, with cor-
responding offset vector ¢. For N > T(b), consider the expected value measure
p(naive, G(N), step b} on R™.

1) For any real M > 0, we have the inequality

p(naive, G(N). steps b)({z in R” with {z(i)| < Mb(i) for all })
>1-1/N—c¢(r)/N—r/M.

2) If the limit measure pu(naive, univ, steps b) exists, then for real M > 0 we
have the inequality

p(naive, univ, steps b)({z in R™ with |z(i)| < Mb(:) for alli}) > 1 —r/M,

and p(naive, univ, steps b) is a probability measure.
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ProOF. Assertion 1) is obtained by integrating the inequality of the previous
lemma over G(N). To obtain 2), we fix M and take the limit of 1) as N — oco.
This inequality shows that g(naive, univ, steps b) has total mass at least 1 — /M
for every M, and hence has total mass at least 1. But it a priori has total mass at
most one. QED

2.9.3. These lemmas show that u(naive, univ, steps b) is a probability mea-
sure. In order to complete the proof of Proposition 2.9.1, it remains only to show
that u(naive, univ, steps b) has a continuous CDF. As explained in the appen-
dix 2.11.17, u(naive, univ, steps b} has a continuous CDF if and only if for each
i=1,...,r, its direct image by pr[i] : R” — R has a continuous CD¥. Thanks to
Lemma 2.11.13, applicable because u(naive, univ, sep.’s a) is a probability measure,
we have

prli], u(naive, univ, steps b) = u(naive, univ, step b(z)).

Thus we are reduced to showing that each u(naive, univ, step b(¢)) on R has a
continuous CDF, i.e., to showing that this measure gives every point « in R mea-
sure zero. Think of this limit measure as being achieved through the sequence
G(N) = U(N). Since the characteristic function of a point is a bounded Borel
measurable function of compact support, we have the limit formula

w(naive, univ, step b(i))({a}) = Bm_u(naive, U(N), step b(1))({a})-

2.9.3.1. So it is sufficient to show that for every integer b > 1, every integer
N > b, and every a in R, we have

p(naive, U(N), step b)({a})} =0.

Lemma 2.9.3.2. For every integer b > 1, every integer N > b, and every o
n R, we have

p(naive, U(N), step b)({a}) =0,
u(U(N), step b)({a}) =0.

The measures u(naive,U(N), step b} and u(U(N), step b) on R have continuous
CDF's.

PROOF. That the measures have continuous CDF’s is equivalent to their giving
each single point {a} measure zero. This is automatic if @ < 0, since spacings are
nonnegative. So we may restrict attention to the case a > 0.

The quantity u(naive, U(N), step b)({a}) is, by definition, an integral over
U(N):

w(naive, U(N), step b)({a})
= f p(naive, A, U(N), step b)({a})d Haary(y) -
U(N)
Similarly,
u(U(N), step b)({a})

= / w{A,U(N), step b){({a})d Haary ).
U(N) :
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So it suffices to show that the integrand vanishes outside a set of measure zero in
U(N). Let us introduce the N angles

0<p(1}€p2) < < p(N)<2m

of the eigenvalues of A. Then p(naive, A,U(N), step b){({a})} is (1/N) times the
number of indices 1 < i < N — b with

(N/2m)(p(i + b) = p(3)) = a.
And p(A,U(N), step b)({a}) is (1/N) times the number of indices 1 < ¢ < N with
(N/2m)(p(i +b) — (i) =

(with the wraparound convention ¢(i + N) := 27 + (i) of 1.0.2}.
Consider the actual eigenvalues ¢(j) = €*#(/) of A, for j = 1,..., N, extended
to all § in Z by periodicity: ((j + N) := ¢(j). Denote by 8 in S§! the point

IB = e21rfa/N_

Then g(naive, A,U(N), step b)({a}) (resp. u(A4,U(N), step b)({a})) as function
of A is supported in the set of those A in U(N) for which there exists 1 <7 < N —b
(resp. 1 < i < N) such that {(i + b)/{(i) = B. So both, as functions of A, are
supported in the union, over 1 < 7 # j < N, of the sets.Z; ; of those A in U(N)
for which ¢(7)/¢(i) = 8. Let us call this finite union Z: thus Z := U, <;z;<n Zij-
We claim that Z has measure zero in U(N). The set Z is defined by conditions
on eigenvalues which are stable under the action of the symmetric group Xy (this
group permutes the various Z; ;), so Z is the inverse image of a set Z in the space of
conjugacy classes of U(N), and we can compute the measure of Z by using the Weyl
integration formula. For U(N), the space of conjugacy classes is (S*)V /Sy, and
the direct image of Haar measure on (S'}V /Sy is (the restriction to X y-invariant
functions of) a certain measure on (S!)V, the well-known formula for which will
occupy us at great length later on. All that we need for now is that this Hermann
Weyl measure on (S1)V is absolutely continuous with respect to usual Lebesgue
measure (:= the Haar measure on (S*)" viewed as a compact group). The inverse
image in (§')¥ of the set Z in (§')V /Sy is the union, over 1 < # j < N, of the
sets -

{¢ in (81" such that ¢(j)/¢(i) = B}

This set obviously has Lebesgue measure zero, being a hyperplane, so by absolute
continuity it has Hermann Weyl measure zero as well. Therefore Z has measure
zero in U(N). QED

This lemma in turn concludes the proof of Proposition 2.9.1. QED

2.10. Large N COR limits and formulas for limit measures

2.10.1. Since Proposition 2.9.1 is expressed entirely in terms of TCOR, the
reader may wonder what happened to COR. The answer is that nothing happened,
it's there also as a special case of TCOR. ‘

From the definitions, we see that for an integer r > 1, a separation vector @ in
Z", and an R-valued Borel measurable function f on R” which is bounded and of
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compact support, we have the identities

Clump(a, f, N, X) = TClump(Z(a), a, f, N,X) for N >2,X in RV,
Cor(a, f,G(N), A) = TCor(X(a),qa, f,G(N}, A} for N >2,Ain G(N),
COR{a, f, G(N)) = TCOR(Z(a),a, f,G(N)) for N > 2, for any G(N).
Proposition 2.10.2. Suppose that conditions 1) and ii) of Proposition 2.9.1
hold. For every integer v > 1, every separation vector a in Z™, and every R-valued
Borel measurable function f on R™ which is bounded and of compact support, we
have:

1) There ezists e reel number COR(a, f, uni) such that for G(N) any of
U(N),SO(2N + 1),USp(2N), SO(2N),O0_(2N + 2), we have

Nli—rtnoo COR(a, f, G(N)) = COR({a, f, univ).
2) For each integer k > L(a), we have the identity
TCOR(k,q, f, univ) =y Binom(n,a) COR(n, f, univ).
n>a,E(n)=k
3) The series
Z Binom({n, a)] COR(n, f, univ)|
n>0

is convergent, and we have the identity
/ f du(naive, univ, sep’s a)
Rr

= Y (-1)*"P)TCOR(k,a, f, univ)

k>Z(a)

= > (-1)*"~*) Binom(n, a) COR(n, f, univ).

n>0

PROOF. Assertion 1) is the special case k = X(a) of condition i) of Proposition
2.9.1. Assertion 2) results from its finite IV version (2.8.2, part 0), by passage to
the Limit over N. For assertion 3), remark that in the sum

3" Binom(n, a)] COR(n, f, univ),

n>0

only the terms with n > a have Binom(n, a) nonzero, so we could as well write the
sum as

> Binom(n, a)| COR(n, f, univ)|.

n>a

We write f as f, — f_ to reduce to the case f > 0. In this case, each individual
term COR(n, f, univ) > 0, so the convergence is equivalent, thanks to 2), to the
convergence of

> |TCOR(k,a, f, univ|,
k>X(a)
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which holds by condition ii). Once we have the absolute convergence, 2) gives the
equality .
>~ (-1)*==) TCOR(k,q, f, univ)
k>Z(a)
= Z(—l)z("_“] Binom(n, a) COR(n, f, univ),
n>0
and by Proposition 2.9.1 the first sum is the integral. QED

2.11. Appendix: Direct image properties
of the spacing measures

2.11.0. Throughout this appendix, G(N) is any of U(N), SO(ZN + 1),
USp(2N),SO(2N),0_(2N +2).

Lemma 2.11.1. Fiz an integer r > 1, and a step vector b in Z". For any
integers 1 < i < j < r, denote by pr[i,j] : R” — RIT1~* the projection
pr[, j](z(1), ..., 2(r)) = (2(3),z(i + 1),...,z(3)).
For any integer N > 1, we have an equality of measures on RIt1 ¢,
prli, jlsi{A, G(N), steps b) = u(A,G(N), steps prli, j](b)).
PrOOF. By definition, we have
#(A,G(N), steps b) := p(psea(A), U(M), steps b),

where pgtq : G(N) — U(M) is the standard representation of G(N). So it suffices
to treat universally the case when G{N) = U(N).

In terms of the offset vector ¢ corresponding to the step vector b, the mea-
sure u(A,U(N), steps b) is the average of the delta measures supported at the N
normalized spacing vectors

si(steps b) := si(offsets c), k=1,...,N.

The direct image measure is the average of the delta measures supported at the
images of the points s, (steps b) under prlz, 7]. But the N points prl[¢, j}(si(steps b))
are a cyclic permutation of the N points si(steps prli, 5](b)). QED

In the special case i = 7, this gives

Corollary 2.11.2. Fiz an integer r > 1, and a step vector b in Z". For any
integers 1 < < r, denote by pr[i] : R™ — R the projection

pre](z(1), ..., z(r)) == z().
For any integer N > 1, we have an equality of measures on R,
prlilos(A, G(N), steps b) = (4, G(N), step b(3)).

Lemma 2.11.3. Fiz an integer r > 1, and a step vector b in Z7, with corre-
sponding offset vector ¢ (thus c(r) = L(b)). Denote by

Sum[b] : R¥M — R"
the linear map

Sum(b](s(1),...,s(c(r))) = (z(1),...,z(r)),
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where
c(1)
z(1) ==Y _ s(5),

i=1
and
<(i)
z(l) = Z s(j) for2<jij<r

F=14c(i—1)

Then for any step vector B in Z4") and for any integer N > 1, we have an equality
of measures on R",

Sum(bl.u(A, G(N), steps B) = u(A, G(N), steps Sumb](B)).
PRrROOF. Entirely analogous to the proof of the previous lemma. QED
In the special case r = 1, this becomes

Corollary 2.11.4. Fiz an integer v > 1, and a step vector b in Z™. Denote by
Sum : R™ — R the map (z(1),..,z(r)) = 35_, z(§) For any integer N > 1, we
have an equality of measures on R,

Sum, yi(naive, &, G(N), steps b) = u(naive, A,G(N), step Sum(b)).
In particular, taking b= (1,1,...,1) we get
Sum, (A, G(N), steps (1,1,...,1)) = u(A, G(N), stepr).

Integrating the last two lemmas over G{N), we get the analogous results for
the expected value measures.

Lemma 2.11.5. Fiz an integer r > 1, a step vector b in Z" with corresponding
offset vector ¢, and a step vector B in Zer) . For any integers 1 <1 < j <7, and
for any integer N > 1, we have an equality of measures on R7+1-¢,

prls, jl.p{G(N), steps b) = p(G(N), steps prlt, j](b)},
and we have an equality of measures on R”,
Sumb.u{(G(N), steps B) = u(G(N), steps Sum[b](B)).

2.11.6. We now give the analogues of these results for the naive spacing
measures.

Lemma 2.11.7. Fiz an integer r > 1, a step vector b in Z™, and c the corre-
sponding offset vector. For any integers 1 < i < j <r, denote by

prf¢, j] : R™ — RI+1—*
the projection
prli, 5)(z(1), .-, 2(r)) := (2(d),z(i + 1),..., z(5))-
For any integer N > ¢(r), we have an egquality of measures on RI+17%

w(naive, A,G(N), steps prfi, j)(b))
— ptl, les(naive, 4, GUN), steps b)+ (pos. meas. of total mass < c{r)/N).
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PROOF. The measure u(A, G{N), steps b) is formed using N —¢(r) naive spac-
ings sk(naive, offsets c) := s (naive, steps b), each with mass 1/(N + A), where

A=0 for U(N),USp(2N), or SO(2N),
A=1 for SO2N +1),
A=1 for O_(2N +2).

The images under pr|, j] of these N—c{r) = N—X(b) naive spacings are N —c(r) out
of the total number N — X(prl¢, j](b)) of naive spacings si(naive, steps prl[i, 7](b))
defining u(naive, A, G{N), steps pr[i, }(b)). So we are “missing”

Z(b) — X{prls, j)(6)) < L(b) = c(r)
naive spacings, each with mass 1/(N + A) < 1/N. QED

Lemma 2.11.8. Fiz an integer v > 1, and a step vector b in Z7, with corre-
sponding offset vector ¢ (thus ¢(r) = £(b)). Denote by

Sum[b] : R%M — R"
the linear map

Sumfp](5(1), - . ., s(e(r)) = (2(1), ..., z(r)),

where
c(1)
z(1) =Y s(s),
7=1
and
e(1)
s(i):= Y. slj) for2<i<r
j=l+e(i—1)

Then for any step vector B in Z%7} and for any integer N > 1, we have an equality
of measures on R",

Sum|b].u(naive, A, G(N), steps B) = u(naive, A, G(N), steps Sum{b](B)).
PRrROOF. Entirely analogous to the proof of the previous lemma, except this
time there are no “missing” spacings, since X(B) = L(Sum|b](B)). QED

2.11.9. Integrating the last two lemmas over G(N), we get the analogous
results for the expected value measures.

Lemma 2.11.10. Fix an integer r > 1, a step vector b in Z", and c the cor-
responding offset vector. For any integers 1 < i < § <r, denote by

prfi, j] : RT — RIH1-4
the projection
prit, j1(z(1),...,2(r)) == (x(2),z(i + 1),...,z(J)).
For any integer N > c(r), we have an equality of measures on RIT1—4
p(naive, G(N), steps prfi, j](b))
= prl, jl.u(natve, G(N), stepsd) + (pos. meas. of total mass <c(r}/N).
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Lemma 2.11.11. Fiz an integer 7 > 1, and a step vector b in Z7, with corre-
sponding offset vector ¢ {thus c(r} = X(b)). Denote by

Sumlp] : R°) - RT
the linear map
Sum[b)(s(1), ..., s(e(r))) = (z(1),..., z(r)),
where

(1)
2(1) == s(4),

J=1
and
e(i)
z(3) = Z s(j) for2<j<r

j:l-}-c(i—-l)

Then for any step vector B in Ze) and for any integer N > 1, we have an equality
of measures on R",

Sum b, u(naive, G(N), steps B} = p(naive, G(N), steps Sumib|(B)).
2.11.12. We now see what happens in the large N limit.

Lemma 2.11.13. Fiz an integer r > 1, a step vector b in Z", and ¢ the cor-
responding offset vector. For any integers 1 <i < j <, denote by

pri, j] : BT — RItI—E
the projection
pri, ](z(1), - ., =(r)) == (2(2), 2(i + 1), ..., &(3))-
Suppose that both of the limit measures
w(naive, univ, steps b) and p(naive, univ, steps pr[t, 7](b))

exist, and that the measure p(naive, univ, steps b) is a probability measure. Then
so is p{naive, univ, steps prli, j|(b)), and we have

prfi, 7] p(naive, univ, steps b) = p(naive, univ, steps prli, j|(b)).

PrOOF. For finite N, the measure pu(naive, G(N), steps b) has total mass
(N=%(b))/(N+2), which tends to 1 as N — oo. Because of this, the standard argu-
ment [Fel, page 243) for proper convergence of probability measures [applied to the
sequence of probability measures ((N — X(b))/(N + A))~'u(naive, G(N), steps b),
which converges properly to p(naive, univ, steps b)] shows that for any bounded
continuous function on R", we have

f du(naive, univ, steps b)
RT
= lim / f du(naive, G(N), steps b).
RT

N—o0
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Take now a continuous function g of compact support on R*1~* and take for f
the function ¢ o pr[¢, j], which is a continuous bounded function on R”. Then the
above limit formula gives

/ g dpr[i, j].p(naive, univ, steps b)
Ri+1-4

= lim g dprli, j]. p(naive, G(N), steps b).

N—oo Jri+1-i

By Lemma 2.11.10 above, we have

i(naive, G(N), steps pr[z, j](b))
= pr[¢, j]. #(naive, G(N), steps b)+(pos. meas. of total mass < c(r)/N).

So we get
/ g dpr[i, 7]. p(naive, G{N), steps b)
Ri+1-i

= / g du(naive, G(N), steps pr[t, j](b)) + Error(N),
R2+1-1

with | Error(N}| < ||glsup (c(r)/N). Therefore we get
/ g dpr[i, j].p(naive, univ, steps b)
Ry+1—i

= lim g du(naive, G(N), steps prfi, 7](b))

N—oo fpy+1-1
= / g du(naive, univ, steps prlz, 5](b)).
Ri+1—i

Since this holds for every continuous g of compact support, we have the equality of
measures
pr[i, j].p{naive, univ, steps b) = u(naive, univ, steps prl, 7]()).

From this it follows that x(naive, univ, steps pr(z, j](b)) is itself a probability mea-
sure. QED

Lemma 2.11.14. Fir an integer r > 1, and a step vector b in Z™, with corre-
sponding offset vector ¢ (thus c(r) = L(b)). Denote by

Sum(b] : R —» R"
the linear map

Sum(b](s(1),...,s(c(r))) == (z(1),...,z{r)),

where
(1)
z(1) ==Y _ s(5),
i=1
and

e(t)
z(i) := Z s{(j) for2<ji<r

F=14e(i—1)
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Fiz a step vector B in Z°), Suppose that both of the limit measures
p{naive, univ, steps B) and p(naive, univ, steps Sum{b(B)])
exist, and that the measure u(naive, univ, steps B) is a probability measure. Then
30 is p(naive, univ, steps Sum[b)(B)), and we have
Sum|[b], p(naive, univ, steps B) = p(naive, univ, steps Sum[b)(B)).

PROOF. Entirely analogous to the previous proof, except easier, since this time
thanks to Lemma 2.11.1 there is no error term. QED

2.11.15. To conclude this appendix, we give the following lemma and corol-
laries, which are surely well-known, but for which we do not know an explicit
reference.

Lemma 2.11.16. Let r > 1 be an integer. A positive Borel measure u of R™
of finite total mass has a continuous CDF if and only for each i =1,...,7, and for
each real o, the translated coordinate hyperplane z(i) = a has p-measure zero.

Before giving the entirely elementary proof, we state the main applications we
have in mind (cf. the discussion 2.9.3).

Corollary 2.11.17. Let r > 1 be an integer. A positive Borel measure i on
R" of finite total mass has a continuous CDF if and only if for eachi=1,...,r,
the direct image measure pril.p on R has a continuous CDF.

PRrROOF OF COROLLARY 2.11.17. Using the criterion of the lemma for having
a continuous CDF, this equivalence is immediate from the tautogous identity

u({z(@) = a}) = (prlil.u){{a}). QED

Corollary 2.11.18. Letr > 1 be an integer. A positive Borel measure pp on R”
of finite total mass which is absolutely continuous with respect to Lebesgue measure
on R” has a continuous CDF.

PROOF OF COROLLARY 2.11.18. Absolute continuity forces each translated
coordinate hyperplane z(1) = a to have y-measure zero. QED

We now turn to the proof of Lemma 2.11.16.

PROOF OF LEMMA 2.11.16. Given € > 0 real, we write A(e) for the point
(e,g,...,¢) in R". If no confusion seems likely, we will write £+ ¢ to mean =+ A(e).
We denote by F(z) := u((—09, z]) the CDF of the measure u.

Suppose first that p({z(i) = a}) =0 for all 7 and all real @. Fix a point X in
R, and let {X,}n be a sequence of points in R” converging to X. We must show
that F(X,) — F(X). Because X, — X, there is a sequence of strictly positive real
numbers &, — 0 such that X, lies in the open interval (X —¢,, X +¢,). Thus we
have

X-en<X,<X+e, and X—-¢,<X<X+¢z,.
Because F is a CDF, it has the monotonicity property
F(z) < Fly) ifz<y.
So we have
F(X —e,) < F(X,)<F(X+¢;) and F(X —¢,) < F(X) < F(X +¢€,).
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Therefore it suffices to show that F(X +¢£,) — F(X) and F(X —¢,) — F(X), for
any sequence of strictly positive real numbers €, —0.
Again using the monotonicity property, it suffices to show that
F(X+1/n)— F(X) and F(X —1/n)— F(X).

The set (—oo, X] is the intersection of the decreasing sets (—oo, X + 1/n], so
F(X 4+ 1/n) — F(X) for F the CDF of any positive measure of finite total mass.

Because p({z(i) = a}) = 0 for all < and all @, for any point s in R™ we have
u((—00,8)) = p((—o00,9]) (since the difference is contained in the union of the
hyperplanes {z in R with z(¢} = s(i)}, each of which has p-measure zero). In
particular, F(X) = p((—o0,X)), and F(z — 1/n) = u((—o00, X — 1/n)) for each
n. The set (=00, X} is the increasing union of the sets (—oo0, X — 1/n), and u is a
measure, so F(X —1/n}) — F(X).

Suppose now that u has continuous CDF. We must show that u({z(i) = a}) =0
for all i and all . By symmetry, it suffices to treat the case i = 1. If r = 1, then

p({e}) = F(a) - p((-00,a)) = F(o) — lim F(a—1/n)=0.
If r > 1, fix a large real number M, and consider the point
X =(a,M,M,...,M)
and the approaching sequence
Xn=(—-1/n,M,M,... M)
Because p is a measure, lim, .o F(X5) is the measure of
{YinR" with Y(1)<aand Y() < M fori=2,...,7}.
But F(X) = p({—o0, X]), so
F(X)~ lim F(X,)
=p{Y inR" withY(1)=aand Y (i) < M fori =2,...,7}).
Thus if # is continuous, we have
p{Y nR" with Y(1) =aand Y(E) < M fori=2,...,7}) =0
for every M, and hence u({Y in R" with Y (1) = a}) = 0. QED






CHAPTER 3

Reduction Steps in Proving the Main Theorems

3.0. The axiomatics of proving Theorems 2.1.3 and 2.1.5

Proposition 3.0.1. Suppose that both of the following conditions i) and ii)
hold.

i) (Convergence rate for TCOR’s) For every integer © > 1, every separation
vector a in Z", every integer k > X(a), and every R-valued Borel measurable func-
tion f on R” which is bounded and supported in 3., |3(t)| < a, there exists a real
number

TCOR(k,a, f, univ)
such that for every G(N) as in 2.1.3 above, we have the estimate

| TCOR(k, a, f, G(N)) — TCOR(k, 6, f, univ)|
< Binom(r 4+ k — 1,7 + 5(a) — D[|f lsup(8a) " ((rax)? + a + 1 + 10log(N))/N.

il) (Bound for finite N TCOR's) For every integerr > 1, every separation vector
a in Z", every integer k > X(a), and every R-valued Borel measurable function f
on R” which is bounded, supported in 3", |s(i)| < a, and every G(N) as above, we
have the estimate (independent of N)
| TCOR(k, e, f,G(N)}|
< Binom(r 4+ k — 1,7 + 5(a) — 1)||fllsup2(2)**7 /(k + ).

Then conditions 1) and 2) of Proposition 2.9.1 are satisfied, and hence Theorem
2.1.3 holds.

PROOF. Assertion i) gives the existence of large N TCor limits (as well as an
estimate for the rate of convergence). Since the large N limit exists, assertion ii)
gives the estimate

| TCOR(k, a, f, univ}|
< Binom(r + k — 1,7 4+ Z(A) — 1)||fllsup2(20)**7/(k + 7)\.

The convergence of 37,5, | TCOR(k, a, f, univ)| follows easily. Indeed, since r
and X{a) are fixed, if we put d :=r + E(a} — 1, we get

Binom(r + k — 1,r 4+ Z(a) — 1) = Binom(r + k — 1, d) < Binom(r + k, d),
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whence

3" | TCOR(k,a, f, univ)|
k>%(a)
< 20 fllsup Z Binom(r + k, d)(2a)**" /(k + 7)!
k>5(e)

< 20l fllsup Y _ Binom(n, d)(2a)"/n!

n>0
= 2||fllsup X the value at z = 2o of the entire function

(2%(d/d2)?/d!)(e®) = 2%e*/d!. QED
3.1. A mild generalization of Theorem 2.1.5: the p-version

3.1.1. Fix an integer r > 1, and a step vector b in R”, with separation vector
a and offset vector ¢. Denote by u the probability measure on R”

4 = p(naive, univ, steps d) = p(univ, steps b)

given by Theorem 2.1.3. For each integer i with 1 < i < 7, we denote by y; the
probability measure on R which is its i’th projection (cf. 2.11.13):

i := pri].4 = p(naive, univ, step b(2}) = p(univ, step b(%)).

The measure g is supported in (R>q)", and each y; is supported in R>o. By
Theorem 2.1.3, we know that each u; has a continuous CDF.

3.1.2. We wish to understand the role played by the choice of coordinates on
R”. Thus we fix
¢ :R" — R” a homeomorphism of R,

L= (121, e 71:1‘) = (‘Pl(-’ﬂ), LARE! (pr(x))7
which is “bi-bounded” in the sense that there exist strictly positive real constants

& and 7 such that
1Y |zl <Y lpi(@) <8 [zl
The basic example we have in mind of such a ¢ is a linear automorphism of R".

3.1.3. For each integer ¢ with 1 < ¢ < r, we denote by p; , the probability
measure on R which is the 7’th projection of ¢ in y-coordinates:

i = (@i)xpt-
We make the following assumption’ 3.1.4:
3.1.4. For each ¢, the measure u;, on R has a continuous CDF.

3.1.5. Attached to each point = in (R U {£o0})" is the set (a semi-infinite
rectangle in y-coordinates)
R(z,p) ;= {z in R” with p;(2) < z(7) for all 1}.
We will use the expression “semi-infinite ¢-rectangle” to mean a set of this form.
If any coordinate of x is —co, the set R(z, ) is empty. If z is a finite point, i.e., a
point in R", we call R(z,p) a “semi-finite y-rectangle”.

IWe will see in 7.0.13 that 3.1.4 automatically holds for ¢ any C! diffeomorphism, in particular
for ¢ any linear automorphism of R”.
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3.1.5.1. For v, and v any two measures on R of finite total mass, we define
their p-discrepancy

p-discrep(vi,12) == Sup  |vi(R(z,)) — va(R(z,¢))|
z in (RU{+oa})"

= Sup |V1(R(Z,S0)) - VZ(R(Z:W))l

z in R7
[A priori, the first Sup might exceed the second, since it takes more sets into
account. In fact, the two Sup’s are equal, because for z in (RU {+o0})" with some
coordinates +oc, R(z, ) is the increasing union of ¢-rectangles R(z,, @), for €, the
point in R” defined by replacing each +c0 coordinate in x by n. By the countable
additivity of measures, v (R(z, ¢)) is the limit of v, (R(zn,)), and similarly for
vy. Therefore for this fixed z, we have

[1(R(z, 0)) — va(R(z, @))| = lim |11 (R(zn, p)) — v2(R(2r, )],
and each term |v(R(zy,¢)) — ¥2(R(zn,))| is bounded by the second, “smaller”
Sup.]

Theorem 3.1.6 (g-version of 2.1.5). Fiz an integer r > 1, a step vector b in
Z7, and strictly positive constants €,1, and k. There erists an ezplicit constant
Ni(e,r,¢,m, k) with the following property:

For any homeomorphism p : R™ — R7,
2= (1,01 2) o (@1(0), . 0e(2)),
which is “(n, k) bi-bounded” in the sense that
nY 1wl < 3 lea)] < 63 Jail,
and which satisfies the property
(3.1.4) for each i, p; », == (p:)spt on R has a continuous CDF,

for any N > Nyi(e,r,¢,n,k), for G(N) any of U(N), USp(2N), SO(2N + 1),
SO(2N),0_(2N + 2), for u the probability measure on R”

i == p(naive, univ, steps b) = pu(univ, steps b),
and for
u(A, N) := u(naive, A, G(N), steps b),
we have

f o -discrep(, (A, N))dA < Ne~1/@r+4),
G{N)

Corollary 3.1.7. Hypotheses and notations as in 3.1.6, let J C {1,2,...,7}
be any nonempty subset of the indices; say J is j; < j3 < -+ < Jx. Consider the
map

‘P(J) ‘RT— Rki T (Sojl (z)l Sojz (Z), c - P (I))
Then for N > Ny(e,r,c,m, k), G(N) any of U(N),USp(2N), SO(2N +1), SO(2N),
O_(2N + 2), we have

/ discrep(p(J)xpt, @(J)s (A, N))dA < N&~ 1/ 2+
G(N)
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ProOOF OF COROLLARY 3.1.7. We claim that we have the inequality

discrep(p(J)«p, p(J) (A, N)) < p-discrep(p, u(4, N)),

which when integrated over G(N) gives the corollary. This inequality holds for any
two measures of finite total mass v, and vs, i.e., we have

discrep((J)ov1, (T }utn) < p-discrep(vy, v2).
To see this, notice that for any  in R,
o(J)~(the “usual” rectangle R(z) in R*) = R(y, ¥}

for y in (RU {+c0})" the point with coordinates y;, = z;, and yx = +00 for A not
in J. Thus we get

I((N)1}(R(z)) — (p(Thre)(R(z))] = 11 (R(y, ) — vo(R(y, )|
< p-discrep(v1,v2). QED
3.1.8. The main task of this chapter is to prove the following proposition.

Proposition 3.1.9. Suppose that in addition to conditions i) and ii) of the
previous Proposition 3.0.1, the following conditions iii) end iv) hold:

iii) (Bound for variance of TCor as function of A in G(N)) For every integer
r > 1, every separation vector a in Z7, every integer k > 3(a), and every R-valued
Borel measurable function f on R” which is bounded, supported in y_; |s(i)| < a,
and every G(N) as above, we have the estimate

Var(A — TCor(k, a, f,G(N), A) on G(N))
< [Binom(r + k — 1,7 + I(a) — 1)| f leup)? (3(8)**" + 65(8a)**+?") /N,

iv) (Estimate for the tail of the most classical spacing measure) There exist
explicit real constanis A > 0 and B > 0 such that the limit measure

p#(naive, univ, step 1)
on R satisfies
u(naive, univ, step 1)({|z| > s}) < Ae™B*" for every real s > 0.2
Then Theorem 3.1.6, the p-version of Theorem 2.1.5, holds.

PROOF. Because Theorem 2.1.3 holds (thanks to the previous proposition),
there is no need to distinguish between the limit measures p(naive, univ, steps b}
and p(univ, steps &). Our first task is to deduce from iv) a tail estimate for the
most general limit measure p(naive, univ, steps b).

Lemma 3.1.10. Suppose that Theorem 2.1.3 holds. Fiz an integer r > 1, and
a step vector b in Z”. For any real s > 0, we have the inequality

p(univ, steps b)({z in R” with |z(z)| > sb(i) for some i})
< (b) x p(univ, step 1}({|z| > s}).
In particular, if iv) holds, then for any real s > 0, we have
p(univ, steps b)({z in R" with |z(i)] > sb(i) for some i}) < £(b) x Ae~ B’

2We will show in 6.13.4 that we can take 4 = 4/3 and B = 1/8.
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PrOOF. The set {z in R” with |z(2)| > sb(z) for some i} is the union of the r
sets E; := {z in R” with |z(i)| > sb(z)}. So we have

p(univ, steps b) ({Z |z(3)| > sz(b)}) < Y u(univ, steps b)(Ex).

By definition of direct image, we have
p(univ, steps b)(E;) = (pr{i].(univ, steps b)){({|z| > sb(:)})
— (univ, step b3))({l2] > sb(i)}),
the last equality by Lemma 2.11.13.
For any n > 1, denote by 1,, the step vector (1,1,1,...,1) in R*. By Lemma
2.11.14, under the “sum of the coordinates” map Sum : R® — R, we have
Sum, p(univ, steps 1,,) = p{univ, step n).

Applying this with n = b(i), we get
p(univ, step b(3))({|z| > sb(i)}) = p(univ, steps 15:;) ({'Zx(j)| > sb(i)}).
7

For each i, the set in R?®) where | 3 (7)| > sb(4) lies in the union of the b(¢) sets
F; := {z in R with |z(5)] > s}. So again by definition of direct image, we have

p(univ, steps Hb(i))({|z $(j)l > Sb(i)})

< Zu(univ, steps 1p(;))({|x(5)] > s})

= Z(pr[j]«#(univ, steps Ly()){({|z] > s})

= Zp(univ, step 1)({|z| > s})

j
= b(i)p(univ, step 1)({|z| > s}). QED

3.2, M-grid discrepancy, L cutoff
and dependence on the choice of coordinates

3.2.1. Throughout this section, we will assume that conditions i), ii) and iii}
of Propositions 3.0.1 and 3.1.9 hold, but we will not assume iv). The main result
of this section is Corollary 3.2.29.

3.2.2. We first explain our general strategy for dealing with discrepancy. Fix
the following data:

7 > 1 an integer,

bin R" a step vector, with separation vector a and offset vector ¢,
M > 2 a (large) integer, the “grid size”,

L > ¥(a) a (large) integer, the “cutoff”,

N > 1 a (large) integer, the “group size”,

G(N), one of U{N),USp(2N),SO(2N +1),S0O(2N),0_(2N + 2).
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Denote by u the probability measure on R"
i := p(naive, univ, steps b) = p(univ, steps b)
given by Theorem 2.1.3. We further fix
¢ :R"™ — R" a homeomorphism of R",
2= (1., 20) = (p1(a), ., 0 (@),

which is “bi-bounded” in the sense that there exist strictly positive real constants

x and 7 such that
UM EARS P PHCNEFHPNEAL

For each integer i with 1 < ¢ < r, we denote by p, , the probability measure on R
which is the ’th projection of ¢ in ¢-coordinates:

Hip = (Pi)att:
We make the assumption 3.1.4:

3.2.3 = 3.1.4. For each i, the measure y; , on R has a continuous CDF,

3.2.4. We denote by G;,, the CDF of y;,. Because G;, is continuous and
nondecreasing, with lim;_,_ o Gi o (z) = 0 and lim, ., Gi,(z) = 1, there exists a
set S; of M + 1 distinct points in R U {£o0},

~00 = 8(0,7) < 8(1,1) < 8(2,1) < -+ < §(M —1,8) < 8(M,) = +00
such that
G; o(s(4,8)) =3/M, for =0,..., M.

We fix, for each 1 < i < r, a choice of such a set S;. The positive real number
(3.2.4.1) 8= Max(|s(1,i)|, |s(M — 1,)|)
i

is called the M-y-grid diameter.
3.2.4.2, We view the set

S:=8;1 x8 x:-x8 C(RU{too})"

as a set of (M + 1)" grid points in (RU {£o0})", and call it the set of grid points,
or the set of M-yp-grid points relative to g if confusion is possible. We say that a
grid point is finite if none of its coordinates is *oo0, i.e., if the point lies in R".

3.2.5. Attached to each point z in (R U {£oo})” is the set (a semi-infinite
rectangle in @-coordinates)

R(z,¢) := {z in R" with ¢;(z) < z(%) for all i}.

We will use the expression “semi-infinite y-rectangle” to mean a set of this form.
If any coordinate of z is —oo, the set R(z, ) is empty. If z is a finite point, i.e., a
point in R", we call R(z, ¢) a “semi-finite @-rectangle”. The marked @-rectangles
are those attached to grid points. The semi-finite marked ¢-rectangles are those
attached to the (M — 1)" finite grid points.
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3.2.6. Recall (3.1.5.1) that for 14 and v; any two measures on R" of finite
total mass, we defined their (-discrepancy

p-discrep(vy, 1) ;= Sup  |n(R(z,¥)) — va(R(z,¥))
z in (RU{Zo0})"

= Sup [ (R(z,9)) - va(R(z, ).

x in R
3.2.7. We denote
Ruax = {2 in R” with s(1,%) < ¢;(2) < (M — 1,1) for all i}.

Lemma 3.2.8. We have the following inegualities:

1} p(R™ — Rpax) < 2r/M.

2) For any Borel measurable set E in R™, and any Borel measure v on R™ of
total mass < 1, we have

IW(E) — v(E)|
< 4r/M + |1(E N Bunax) = V(E N Rrna)| + [1(Rinax) — V(Rimas).

PrOOF. For 1), notice that R" — R,,., is contained in the union of the 2r sets
{z in R" with @;(z) < s(1,4)}, i=1,...,n,
and
{z in R" with @;(2) > s(M —1,7)}, i=1,...,r

By construction of our M-¢-grid, each of these sets has y-measure 1/M. The point
is that, by definition of direct image,

u({z in BT with i(z) < s(L,)}) = pip((~00, (1, 1)) = Gip(s(L,)) = 1/M.

Now that we have proven 1), 2) is the special case X = R", K = Rpax,
€ = 2r/M, of the following standard lemma, which is implicit in {Fel, pages 243
244].

Lemma 3.2.9. Let (X, u) be a probability space, £ > 0 real, K C X a measur-
able set with p(X — K) < e. For any measure v on X of total mass at most one,
and any measurable set E C X, we have

|u(E) —v(E)|
<2+ |w(ENK) - v(ENK)| +|u(K) — v(K)|-

PrOOF. Write E as the disjoint union
E=(ENnK)|| (E-EnK),
L)
uE)-vE)=uEnNK)—v(ENK)+u(E-ENK)-v(E-ENK).
Therefore we have

|WEY-v(E) < |W{ENK)—v(ENK)|+ uw(E—ENK)+v(E~ENK).



80 3. REDUCTION STEPS

But we have
wWE-ENK)+v(FE-ENK)
<X - K)+v(X - K)
=u(X - K) + v(X) - v(K)
<uX -K)+1-v(K)
= WX - K) + u(X — K) + u(K) — v(K)
< 2 + u(K) — v(K)
< 2+ |u(K) - v(K)|. QED
3.2.10. For v; and v, any two Borel measures on R” of finite total mass, we
define their “M-¢-grid discrepancy”
M-p-discrep(vy, 12)
= Supseml-ﬁnit;e marked p-rectangles R |V1 (R n Rmax) - Vz(R n Rm&x)'

The M-p-grid discrepancy is “easy” to calculate, in that it requires looking only at
the (M - 2)” semi-finite marked -rectangles none of whose coordinates is either
$(0,1) = —oo (such rectangles being empty) or s(1,1) (such rectangles having empty
intersection with Rax), Whereas the p-discrepancy (cf. 3.1.5.1) takes the sup over
all ¢-rectangles.

Lemma 3.2.11. Suppose given a semi-finite @-rectangle R = R(z, ),z in R”.

1) Among oll marked p-rectangles contained in R, there is a mazimal one, say
Ry. Among all marked p-rectangles containing R, there is a minimal one, say Ry.
We have

R, C R CRg, Ry is semi-finite or emply, and
#(Re) — p(Ra) < 7/M.
2) “(R) - H(Rﬂ Rmax) < 2T/M'

PROOF. For each 1 < 1 < r, see where z(i) sits among the points of S;: there
is a largest index j(¢) such that

(j(8),3) < =(6)
and a smallest index k() such that
z(i) < s(k(3),1).

It is clear that k(i) > j(i), and that k(i) is either j(i) or 1 + j(i), depending
on whether or not s{j(i),%) = z({). We take for R; (resp. Rz) the ¢-rectangle
attached to the point s; (resp. s2) whose #’th coordinate is s(j(2), ) (resp. s(k(i), <))
for each i. These marked y-rectangles obviously have the asserted maximality
and minimality properties, R; is semi-finite if no j(i) vanishes, and R; is empty
otherwise, Ry C R C Ry, and Ry — R; is contained in the union of the r sets
E; = {z in R™ with s(j(i),%) < @i(z) < s(k(i),?)}, for § = 1,...,7. By the
definition of p; , as direct image,

H(E;) = ps o ((s(5(1), 3}, s(k(2), 9)])
= Gi(s(k(),4)) — Gi(s(§(3),1)) = k(3)/M — j(i)/M < 1/M,
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whence u(Ry) — u(R1) < 7/M, as required for 1). Statement 2) is immediate from
part 1) of the previous lemma 3.2.8. QED

Lemma 3.2.12. For v any measure on R" of total mass < 1, we have the
inegualities

@-discrep(p, v) < 5r/M + |p(Rmax) — V(Rmax)} + M -¢-discrep(u, v},

|/-"'(Rmax) - V(Rmax)l < M%p—discrep(u, V)a
and -
@~discrep(u, v) < 5r/M + 2(M-p -discrep(yu, v)).

PROOF. Given a semi-finite o-rectangte R = R(z, ),  in R", we find marked
w-rectangles R, € R C Ry with p(R2) — p(Ry) < r/M, thanks to the previous
lemma. So we have the inequalities

u(R) < w(R) < u(Ry) and u(Ry) < v(R) < v(Ry),
from which we infer
|u(R) — v(R)| < Max(ju(Rz) — v(R1)|, Iv(Rs) — p(Ry)]).
From the inequality u(Rs} — u(Ry) <r/M, we get
|u(R) — v(R)| < r/M + Max(Ju(R1) — v(R1)], [v(R2) — p(R2)|)-
For i =1 or 2, we apply 3.2.9, to bound
|u(R:) — v(R:)|
< 47/M + |p(R: N Rimax) — V(R: N Rinax)l + |1(Rmax) — V(Rmax)|.
Thus we get
|u(R) — v(R)| < r/M + Max(|u(R1) — v(R1)l, [v(Re) — u(R2)|)
< 57/M + |u(Rmax) — v(Rmax)|
+ Max(|u(R1 N Riax) — Y(R1 N Riax); [v(R2 N Rnax) — #(R2 N Rinax)).-
Although R, need not be semi-finite, its intersection with Ry is equal to
R3 N Ryayx, for a semi-finite marked R3. [Indeed, if R; is R(z), we can take Rj

to be R(y) for y the finite grid point with coordinates y(:) = z(i) if () < +o0,
y(#) = s(M — 1,4) if 2(¢) = +00.] Therefore the inequality above gives us

|u(R) — v(R)| < 5r/M + |p(Rmax) — V(Rmax)| + M-¢-discrep(u, v).
Since this holds for all semi-finite R, we have
p-discrep(y, @) < 57/M + |u(Rmax) — v(Rmax)| + M-p-discrep(p, v).

We note that R, is itself of the form RsN Ray, for R4 the semi-finite marked
@-rectangle R(z, ) with z(i) = s(M — 1,1) for all . Therefore we have

|(Rinax) — v(Rmax)| < M~p-discrep(u, v).
Combining these last two inequalities, we get

p-discrep(u, ) < 5r/M + 2(M-p-discrep(p,v)). QED
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3.2.13. For each element A in G(N), we denote by u(A, N) the measure of
total mass (N — c(r))/(N + A) on R,

K(A, N) := pu(naive, A, G(N), steps b).
Applying the previous result, we get
Corollary 3.2.14. For any A in G(N), we have
@ -discrep(y, (A, N)) < 5r/M + 2(M -p-discrep(u, 1(4, N))).

3.2.15. At this point, we recall (cf. 2.7.6, 2.8.2, 2.9.1) the combinatorial for-
mulas which express the measures

p(A, N) := p(naive, A, G(N), separations a),
4(N) := p(naive, G(N), separations a),
i = p(naive, univ, separations a)

as an alternating sum of TCor’s and TCOR’s. For f an R-valued Borel measurable
function on R” of compact support, and A in G(N), we have

Tnt(a, f, G(N), A) == /m Fdu(A,N),
INT(a,£,G(V) = [ fau(w)

INT(a, f, univ) = fm Fdn,

Int(a, f,G(N),A) = Y (-1)* % TCor(k,a, f,G(N), A),

k>%(a)

INT(q, f,G(N)) = > (-1)*"=() TCOR(k,q, f, G(N)),
k>Z(a)

INT(q, f, univ) = Y (—1)*"=@ TCOR(k,q, f, univ).
k>%(a)

If in addition f > 0 as function on R", each of the terms
TCor(k,a, f, G(N),A), TCOR(k,a,f,G(N)), TCOR(k,aq,f, univ)
is nonnegative, and for each integer m > ¥(a), we have the inequalities
> (-1)*F TCor(k,a, f,G(N), A) < Int(a, f, G(N), 4),

m>k>E(a)
> (1" TCOR(k,q, f,G(N)) < INT(a, f, G(N)),
m>k>L(a)
Y (=1)*F) TCOR(k,q, f, univ) < INT(a, f, univ),
m>k>E(a)
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if m — X(a) is odd, and we have the inequalities

Int(a, f,G(N), A} < ) (-1)k 5 T‘Cor(k, a, fG(N), 4),
m>k>%(a)
INT(a, f,G(N)) < > (-1)**“)TCOR(k, a, f,G(N)),

m>k>E(a)

INT(a, f, univ) < Y~ (-1)*")TCOR(k,a, f, univ),

m>k>E(a)
if m — X(a) is even.

Lemma 3.2.16. For f > (} a nonnegative, bounded, Borel measurable function
of compact support on R”, and L > X(a) a cutoff, we have the inegualities

|INT(a, f, univ) — Int(a, f, G(N), A)]

< Y |TCOR(k,a, f, uniw)— TCor(k,a, f,G(N), A)
L>k>Z(n)
+ TCOR(L; a, f, univ) + TCOR(L + 1, qa, f, univ)

< ). |TCOR(k,a, f,G(N)) — TCor(k,a, f,G(N), A)|
L>k>%(a)
+ > |TCOR(k,a, f,G(N)) — TCOR(k,q, f, univ)|

L>k>3(a)

+ TCOR(L, @, f, univ) + TCOR(L + 1, qa, f, univ).

ProOF. The second inequality is immediate from the first, by the triangle
inequality. For the first, we argue as follows. Fix A in G(N). Let m > ¥(a) be a
cutoff having the same parity as ¥(a). Suppose first that

INT(a, f, univ) > Int(a, f, G(N), A).
Then we have
0 < INT(a, f, univ) — Int(a, f, G(N), A)
< > (-1)*"@TCOR(k,a, f, univ)

B m>k>X(a)
- Y. (-1 TCor(k,a, f,G(N), A)
m—1>k>X(a)
< TCOR(m, a, f, univ)
+ ). |TCOR(k,a,f, univ) - TCor(k,a, f,G(N), A)|.

m—12k>E(a)

If L is m, this inequality trivially implies the asserted one. If L is m + 1, this
inequality for m + 2 trivially implies the asserted one.
Now suppose that

Int(a, f, G(N), A) > INT(a, f, univ).
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Then we have
0 < Int(a, f, G(N), A) — INT(a, f, univ)

< > ()P TCor(k,a, f,G(N), A)

- m>k>T(a)
- ) (-)*FITCOR(k,e, f, univ)
m+12k>T(a)
< TCOR(m + 1,4, f,G(N))
+ Y |TCOR(k,a,f, univ) — TCor(k,a, f,G(N), A)\.
m2k>L(a)
If L is either 7 or m + 1, this inequality trivially implies the asserted one. QED

3.2.17. Tt is the second inequality of 3.2.16 which will be useful to us. We
will use our estimate for the rate of convergence of large N limits of TCOR'’s to
estimate the terms of the second line, and our bounds on TCOR's to estimate the
terms of the last line. Let us recall a crude form of these bounds.

Lemma 3.2.18. Suppose that conditions i), i) and iii) of Propositions 3.0.1
and 3.1.9 hold. For f > 0 a bounded, Borel measurable function of compact support
on R” with || f|lsup < 1, supported in 3", [z(3)| < a, we have the following estimates.

i) | TCOR(k, a, f,G(N)) — TCOR(k, a, f, untv)|
< (16a)**" ((ma)? 4+ a + 1 + 10log(N))/N.

ii) | TCOR(k, a, f, G(N))| < (da)*¥*7/(k + 1),
ii bis) | TCOR(k, a, f, univ)| < (4a)**"/(k + 1)),
iii) Sqrt(Var(A — TCor(k,a, f, G(N), A) on G(N)))

< (3(32a)*" + 1)/ Sqrt(N).

PROOF. Use the trivial bound Binom(r + k — 1,7 + £(a) — 1) < 2r+%~1 to get
i}, ii) and iii) from their cited counterparts, and let N — oo to get ii bis) from ii).
QED

3.2.19. We now use these bounds for f the characteristic function of a set
RN Rupax, for R a finite marked -rectangle. Such an f is certainly supported in

Runax := {2 in R" with s(1,%) < ¢;(2) < s(M — 1,4) for all ¢}.
This set lies in the set
{z in R" with |¢;(2)| < Max(|s(M — 1,1)|,|s(1,1)}) for all i},

which set in turn lies in the set
{z in R” with Elzp,-(zﬂ < ZMa.x(]s(M - 1,4)|,]8(1,%)]) == ﬁ} .

[Recall that
B =3 Max(ls(1, 9], [s(M - 1,))
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is the M-p-grid diameter, cf. 3.2.4.1.] In view of the dilational assumption on ,

namely .
nY |zl <Y lei@)| S kY b,

this last set, and hence Ry, ., is contained in the set

{:I: in R with Z EARS ﬂ/n} .
i
For east of later reference, we record this fact.

Lemma 3.2.20. We have the inclusion
Ronax C {x in R with »_|zi| < ,B/n} .
i

It will be convenient to know that 8/7 is not too small.
Lemma 3.2.21, If M > 4r, then 8/n > 1/10.

PROOF. Let oo > 0. For f the characteristic function of any Borel set E
contained in the region 3 |z;| < @, and a in Z" the separation vector such that u
is pu(univ, sep.’s a), we have, as recalled above,

wE) = Ar fdup =INT(a, f, univ)

= Y (-1)*=) TCOR(k,a, f, univ),

k>Z(a)
with the estimate
| TCOR(k, a, f, univ)| < (4a)"+’/(k + 7))L

Therefore we have the inequality

WEYS ST (o) (k) <) (4ol (k4 )

k>X(a) k>0
= Z(4a)k/k! < Z(4a)k/k! =el* - 1.
k>r k>1

Take a = /1, and E = Ry,,,. We know by 3.2.8, part 1), that
#(Rmax) 21— 2r/M,
so we obtain
1 —2r/M < u(Rumax) < P71 — 1,
i.e.
e¥/n >0 2r/M > 1.5
Taking logs, we find 43/7 > log(1.5) > 0.405, whence 8/ > 1/10. QED
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Lemma 3.2.22. For any Borel set R contained in Ruyax, and for L > £(a) a
cutoff, we have the inequality

[u(R) — u(4, N)(R)|
< Y. |TCOR(k,a,f,G(N)) — TCor(k,a, f,G(N), 4)|

L>k>%(a)
+9(168/n)E 721 + 21og(N)) /N
+ (48/m T /(L + o) + @B/ P /(L + 1+ 1)

Proor. For f the characteristic function of R, Lemma 3.2.16 gives

lu(R) — w(A, N)(R)| = |INT(q, f, univ) - Int(a, f, G(N), A)|
< Z |TCOR(k’a7fa G(N)) - TCor(k,a,f, G(N)aA)l
L>k>%(a)

+ > |TCOR(k,a, f,G(N)) — TCOR(k, a, f, univ}
L>k>5(a)
+ TCOR(L, a, f, univ) + TCOR(L + 1,a, f, univ)

(using the bounds of 3.2.18 and 3.2.20)

< > |TCOR(k,a,f,G(N)) - TCor(k,a, f,G(N), A)
L>k>¥(a)

+ ) (168/m*T((xB/n)* + B/n + 1+ 101og(N))/N

L>k>%(a)
+ (4B/m) T (L + ) + (4B/n) YT (L + 1+ 1)L,

Recall that 8/n > 1/10, so 163/n > 1.6 > 3/2. For a finite geometric series
Eszzz(a)’Yk“ with v > 3/2, we have

STk Y A= oD/ - 1)

L>k>T(a) L>k>0
<Ly 2 1) < (7/(y = )Y = (L4 1/ (y - )y <3y

Thus we have

> (168/m**((xB/m)* + B/n +1 + 101log(N))

L>k>X(a)
< 3(168/m)*"((xB/n)* + B/n + 1 + 10log(N))
< 3(168/n)*(3(168/n)® + 101log(N))
< 3(168/n) "7 (3(168/7)%(1 + 2log(N)))
< 9(168/n)* 7"+ (1 + 21og(N)). QED
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Corollary 3.2.23. For each semi-finite marked p-rectangle R, denote by xr
the characteristic function of RN Ryax- Then we have the inequality

M-p-discrep(u, u(A, N))
= SUPepms. finite marked R IR N Rimax) — p(A, N)(R N Bmax)|
< 9(168/m) "+ (1 + 210g(N)) /N
+ 4B/ /(L4 ) + @B/ T /(L + 1+ 7)!
+3. Y |TCOR(k,a,xr,G(N)) — TCor(k,a,xr, G(N), A)l,

R L>k>X(a)

the sum extended over the (M — 2)" finite marked p-rectangles none of whose co-
ordinates is ${0,t) = —oo or s(1,1).

PROOF. For each of the (M — 2)" semi-finite marked y-rectangles R for which
RN Rpayx is nonempty, the previous lemma gives an upper bound for the quantity
|B(RN Renax) — (A, N)(RN Rumax)| as a sum of two positive terms A + B(R), with
A constant and B(R) depending on R. Each of these is bounded by A+ B(R).
QED

Integrating over G(N), we obtain
Lemma 3.2.24. We have the estimate

M-y -discrep(u, (A, N))dA
G(N)

< 9(168/m) 7 *3(1+ 21og(N))/N
+ 4B/ /(LA )+ (48/m) P /(L + 147!

+ Z Z / | TCOR(ka @, XR, G(N)) - TCOI‘(k, e, XR, G(AV), A)ldA
R L>k>D(a)” ¢

3.2.25. We now use Cauchy-Schwarz to estimate

/ | TCOR(E, a, xr, G(N)) — TCor(k,a, xr, G(N), A)| dA
G(N)

< Sqgrt (/ | TCOR(k, a, xr, G{N}) — TCor(k, a, x&, G(N), A)|? dA)
G(N)

:= Sqrt(Var(A — TCOR(k, a, xg, G(N)) on G(N)}).
So from Lemma 3.2.24 we get

Lemma 3.2.26. We have the estimate

M ~p-discrep(us, u(A, N)) dA
G(N)
< 9(188/m)"*7*3(1 + 210g(N))/N
+ 4B/ /(L + )+ 4B/ /(L +1 4 7))
+Y° ) Sart(Var(A ~ TCOR(K, a,xr, G(N)) on G(N))).

R Lrk>E(a)
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Now plugging in the estimates for variance and TCOR’s recalled above, with
f =xr and a = B/n, we find

Corollary 3.2.27. We have the estimate

M -p-discrep(p, u(A, N)) dA
G(N)

< 27(168/n)"*"+2/ Sart(N)
+ (48/m) T /(L + 1)+ (48/m)E T (L + 1+ 7))
+ (M — 2)712(328/n)E+" / Sqrt(N).

PrOOF. We have, from the previous result,

/G ) M-p -discrep(p, p(A, N)) dA
< 9(168/7)**7**(1 + 2log(N))/N
+ (4B/m) T /(L + T+ (48P /(L +1 47!
+3° )" Sqrt(Var(A -+ TCOR(k, o, xr, G(N)) on G(N)))

R L>k>T(a)
(using 3.2.18 and 3.2.20)
< 9(168/n)"*73(1 + 210g(N))/N
+ (48/m T L+ )+ (4B/m) T (L 4+ 1 47!
+3° ST (3(328/m)%F7 +1)/ Sart(N)

R L5k%0
(using 328/n > 1)
< 9(168/m)E+73(1 + 210g(N))/N
+ (48/m)HT /(L 4+ + 4B/ T (L + 1+ )
+(M=2)" Y 4(328/m)** "/ Sart(N)

L>k>0
(using 326/n > 3/2)

< 9(168/m)™* 7T *(1 + 21og(N))/N
+ (48/m) T /(L + )+ 4B/ P T (L + 1+ 7)!
+ (M — 2)712(328/n)E1" / Sart(N).
Now use the fact that for any N > 1, we have
1/N <1/Sqrt(N),
log(N)/N < 1/Sqrt(N)
to bound (1 + 2log(N))/N by 3/ Sqrt(N). QED
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Corollary 3.2.28. We have the estimate
/ @ -discrep{u, u{A, N)) dA
G(N)
<5r/M
+2(27)(168/n)"+7+2 / Sqrt(N)
+2((48/m) /(L + )+ 4B/ (L + 1+ 1))
+ 2(M — 2)712(3208/m)" 7/ Sart(N).
PRoOOF. We have the inequality (3.2.12, third inequality)
@ -discrep(u, v) < 5r/M + 2(M-p-discrep(p, v)).
Integrate it over G(N) and use the previous result. QED

For ease of later computation, we record a very crude form of the previous
result.

Corollary 3.2.29. We have the estimate
[ o-discrep(u, u(4, W) dA
G(N)

< 5r/M + 27(328/n)X Y2 (M" / Sart(N) + 1/(L + 7)Y).
PROOF. We bound 2 by 27, so
2(27)(16ﬂ/n)L+r+2 < 27(32ﬂ/n)L+r+2_
We bound (M —2)" by M7, so
(M — 2)712(328)5" < 24M7(328)L 2.
We bound
204857 /(L + )+ (4B/my /(L + 1+ 1))
< 27((4B/m)"FT + (4B8/m) P/ (L + ) < (328/m) T2 /(L + 7). QED

3.3. A weak form of Theorem 3.1.6

Proposition 3.3.1. Suppose that conditions 1), ii) and iil} of Propositions
3.0.1 and 3.1.9 hold. Then the following weak form of Theorem 3.1.6 holds:

Theorem 3.3.2. Fix an integer r > 1, an offset vector ¢ in Z7, with corre-
sponding separation vector a and step vector b, and a real number ¢ > 0. For any ¢
as in 3.1.20 and satisfying 3.1.4, there erists an explicit constent N3(e,r,c, ) with
the following property: for G(N) any of

U(N),SO(2N +1),USp(2N),SO(2N), O_(2N + 2),
and for
u = p(natve, univ, offsets c),
u(A, N) = p(naive, A,G(N), offsets ¢)
we have the inequality

/ p-discrep(u, u(4, N))dA4 <,
G(N)
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provided that N > N3(g,7,¢, ).

Proor. For any grid size M > 4r, with M-¢-grid diameter denoted 3, and
any cutoff L > ¥ (a), we have, by Corollary 3.2.29 above,

/ o, Pisrep(a (4, ) 4
< 57/M + 27(328/n) X+ ( M7/ Sqrt(N) + 1/(L + m)1).

We first choose M large enough that M > 4r and 5r/M < ¢/3. This choice of M
gives us & 3, namely the M-yp-grid diameter. The power series for 27z%e”,

27 E "2 /nl,
720

is everywhere convergent, in particular at x = 320/7n. So the sequence, indexed by
L,

27(320/m)** ™ /(L + r)!
tends to zero as L — oo. We choose L large enough that
27(328/m /(L 4+ 1)l < £/3.
Finally, having chosen M and L, we need only take NV so large that
27(328/m)X+ ™2 M™/Sart(N) < £/3. QED

3.4. Conclusion of the axiomatic proof of Theorem 3.1.6

3.4.1. We now make use of condition iv) of Proposition 3.1.9, the tail estimate
for the “classical” one variable spacing measure. We have restricted the use of the
tail estimate to this section in order to clarify what we can get without it, namely
the weak version 3.3.2 of Theorem 3.1.6 given above. Another reason for isolating
it is that, although we give a proof of it (6.13.4) at the level of the Weyl integration
formula, it seems to use to be somewhat deeper than our other three axiomatic
inputs. [We should mention here that the asymptotic behavior of the tail for large
s, not just an upper bound for it, was given by [Widom]. Presumably one could
make effective his result and so get from it the kind of tail estimate, valid for all
s > 0, that we require.]

3.4.2. Thus there exist explicit real constants 4 > 0 and B > 0 such that
the limit measure g(univ, sep. 0) = p(univ, step 1) on R satisfies

w{univ, step 1)({|z| > s}) < Ae=B9" for every real s > 0.

We may and will assume that the constant A is > 1, and that the constant B is
<1, cf. 6.13.4, where we show that we may take A =4/3 and B =1/8.

Lemma 3.4.3. Suppose M > 3. Then for C the constant
C := (1/n)rr®S(b) Sart((1 + log(rAS(b)))/B),
the M-p-grid diameler 3 satisfies
B/n < C x Sart(log(M))}.



3.4. CONCLUSION OF THE AXIOMATIC PROOF OF THEOREM 3.1.6 91

Proor. Recall (3.2.4.1) that the M-p-grid diameter £ is defined as
Bi= Max(s(1,9)], Is(M ~ 1,9)]),
i

where, for each 1, s(1,7) < s(M — 1,7) are real numbers chosen so that
u({z in R with ¢i(z) < s(L,9)}) = /M,
p({z in R" with @;(z} > s(M — 1,7)}) = 1/M.
It will be convenient to introduce the quantities, for 1 < i < 7,
B, = Max(|s(L, )], |s(M — 1,))).

Our strategy to estimate 8 = >_ §; is to estimate separately each 3;.
We claim that for each ¢ we have the inequality

u({z in R with |g:(z)] > 1)) > 1/M.

Indeed, if 8; = |s(M — 1,%)| > |s(1,1}|, then we must have s(M — 1,7) > O {for if
s(M —1,1) < 0 then s(1,7) < s(M —1,1) implies |s(1,1)| > |s(M —1,%)]) and hence
{z in R" with |@;(z)] > B} D {z in R" with p;(z) > s(M —1,1)}.

This latter set has p-measure 1/M by construction.
If B; = |s(1,2)] > |s(M — 1,3)|, then s(1,i} < O (because if s(1,%) > 0, then
s(1,2) < s(M — 1,%) implies |s{(M — 1,%)| > |s(1,¢)|), and hence
{z in R” with |@;(z)| > 3} D {z in R™ with ¢;(z) < s(1,)}.
This latter set has p-measure 1/M, because by construction the set
{z in R™ with p;(z) < s(1,4)}

has y-measure 1/M, and by the hypothesis 3.1.4 that p; , has a continuous CDF,
the set {z in R™ with ¢;(z) = s(1,}} has u-measure zero.
We next use the inequality

los(z)] <D o (@) < &) a5,
7 5

which gives an inclusion

{z in R™ with |p;(z)| > 3} C {z in R” with K.Z |z;] > B}
Jj
C U{z in R™ with |z;| > 8;/«kr}.
J
Therefore this union | J;{z in R” with |z;| > 8;/xr} has measure > 1/M, and hence
at least one of the unionees has measure > 1/rM. This says that for each i there
exists an index 7 such that

p{{z in R” with |z;| > 8;/kr}) > 1/rM.

Now recall that the direct image measure g; := pr[j].u defined in terms of the
standard coordinates z,...,z, on R" of our spacing measure u = u(univ, steps b)
is the measure u(univ, step b(3)). According to 3.1.10, u; = u(univ, step b(j}) has
the tail estimate

pi{lal > sb(5)}) < b(j)Ae~B,



a2 3. REDUCTION STEPS

which we rewrite as
p({z in B” with [z;] > sb(5)}) < b(j)Ae™P*".
Taking s to be 3;/xrb(j), we have the inequality
w({z in R” with |z;| > Bi/kr}) < b(j)Aexp(—B(B:/krb(3))?)

< B(b)Aexp(—B(Bi/kr Y _ (b))

But recall that for each i there exists j such that
1/rM < p({z in R" with |z;| > B:/kr}).
Thus we get, for each 4, the inequality
1/rM < £(b) Aexp(~B(B:/xrE(b))%),
ie.,
exp(B(B:/krE(b))?) < MrAZ(b),
or, taking logs and remembering that M >3 >eand A > 1,
B(Bi/nr5(8))? < log(M) + log(rAZ(b)) < log(M)(1 + log(rAS(b)),
ie.
(8:)? < log(M)(krE(b))*(1 + log(rAZ(b)))/B,
ie.,
B < Saqrt(log(M))(krX(b)) Sqrt((1 + log(rAL(6)))/B).
Since B =Y, B; is the sum of r such terms, we get
B < kr?Z(b) Sart((1 + log(rAX(b)})/ B) x Sart(log(M)) = nC' x Sart(log(M)),

for C the constant

C = (1/9)xr*E(b) Sart((1 + log(rAX(b)))/B). QED

3.4.4. We now explain the idea of the argument, to show how the exponent
1/(2r + 4) arises. Using 3.2.29 and the above estimate for 3/n, we get

i o Bl (4,8 4
< 5r/M + 27(320)++2 Sqrt(log (M) LA +2( M7/ Sqrt(N) + 1/(L + r)1).

We wish to pick M and L as functions of N so as to exploit this. Our rough idea,
which we will make precise in a moment, is to take

M = N®, (L+r)=N7
for positive real a and « to be determined. With such a choice, we have
log(M) = alog(N) = (a/v)log((L +)!).

Before proceeding, let us explicate some standard inequalities.
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Lemma 3.4.5. Let ¢ > 0.
1) Given real K > 0, there is an explicit constant Ny(e, K) such that

Kot < T(z)° for real > Ny(e, K).
We can take
Nye, K)=2if K <1,
Ny(e, K) =eK¥® if K > 1.
2) There is an explicit constant N3(e) such that
(log(T(z)))**! < T(x)'** for real z > Ns(e).
For ¢ < 1/2, we can take N5(c) to be the unique real number s > e° for which
loglog(s)/ log(s) = &/2. Fore > 1/2, we can take N5(e) to be N5(1/2).
PROOF. Both result from Stirling’s formula, in the form [W-W, page 253] that
for £ > 0 real,
log(I'(z)) = (= — 1/2)log(z) — = + log(Sart(2m)) + v (),
with 0 < ¢(z) < 1/122.
We will use the two followihg consequences of Stirling's formula. For z > 0,
log(T'(z)) > (z — 1/2) log(z) — = + 1/2 + log(Sqrt(2n /e))
> (z — 1/2)(log(z) — 1),
and for z > 1,
log(D()) < (z — 1/2) log(a)
< (z —1/2)log(x)
< (x —1/2)log(z).

To prove 1), note first that if K < 1, then Ny(e, K} = 2 works, because I'(2) = 1
and I'(z) is increasing in z > 2. If K > 1, we claim that

Ny(e, K) = eK¥®
does the job. Suppose that £ > eK?/¢. Then z > e. By Stirling,
log(I'(z)) > (z — 1/2)(log(z) — 1),
so it suffices to show that
(= + 1) log(K) < e(z — 1/2)(log(z) — 1),

— z + log(Sqrt(2m)) + 1/12z
—z+1/12z

ie.,
(1/¢) log(K) < ((z — 1/2)/(z + 1})(log(z) — 1)
= (1 - (3/2(z + 1))){log(z) - 1)-
Since £ > e > 2,(1 — (3/2(z + 1))) > 1/2, and log{z} — 1 > 0, and so it suffices if
(1/€)log(K) < (1/2)(log(z) — 1),

which is precisely the condition z > eK?/%.
To prove 2), we may assume € < 1/2, since N5(1/2) will work as N5(¢) for any
larger €. We now use also the inequality

log(T'(x}) < (z — 1/2) log(z) for z > 1,
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so for z > e® we have
1 < loglog(l’(z)) < log{z — 1/2) + log log(z).
Thus to have (log(I'(z)))=*! < I'(z)!*¢, it suffices to have
(z+ 1)(log(z — 1/2) + loglog(z)} < (1 + £)(x — 1/2)(log(z) — 1),
ie.,

log(z — 1/2) + loglog(z) < (1 +&)((z — 1/2)/(z + 1)) (log(z) — 1).
So it suffices if
log(z) + loglog{z) < {1+ &)(1 — 1/(2z + 2))(log(z) — 1),

1+ log log(z)/ log() < (1 + £)(1 — 1/(2z +2))(1 — 1/ log(z)),
and for this it suffices if
1 + loglog(z)/ log(z) < (1+¢€)(1 — 1/{(2z + 2) — 1/ log(x)).
For 0 < € < 1/2, we have &2 = ge < /2, so we have
14¢e/2=1+2/3—¢/6 <1+2¢/3—¢%/3=(1+e)1l—¢/3).
So we need simply choose z > e° large enough that
log log(z)/log(z) < €/2 and 1/(2z +2)+ 1/log(z) <¢&/3.
For this, it is enough if z > e® satisfies
loglog(z)/log(z) < /2,
1/log(z) < e/4,
1/{(2z +2) < e/12.
Introduce the quantity t := loglog(z). Thus ¢ > 1. Then
log log(x)/log(z) =te™ and 1/log(z) =e™".

The function z — loglog{z) is an order preserving bijection from (e, 00) to (1, c0).
The function ¢ +— te~! is strictly decreasing for ¢ > 1 (its derivative,
e ! —te™t = e (1 —t)is < 0 for t > 1), so it defines an order reversing bijection
of (1, 00) with (0,1/e). Thus the function

z +— log log(x}/ log(z)
defines an order reversing bijection of (e®, ) with (0,1/e).
Because /2 < 1/4 < 1/e, there is a unique s > e with log log(s)/ log(s) = /2.
For any x > s, we have loglog(z)/log(z) < £/2. We define N5(¢) := s, and define
€ = loglog(s) (so Ee~¢ = ¢/2).
‘We must show that if £ > s, then we also have
1/log(z) <e/4 and 1/(2z+2) <eg/l12.

To show that 1/log(z) < /4 if z > s, it suffices to show that 1/log(s) < e/4, i.e.,
that e~¢ < e/4. Suppose not. Then e~¢ > ¢/4, and so

€/2 = Ee=¢ > £e/4,
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which implies 2 > £, in which case we must have
262 < ge78 =¢/2 < 1/4,

which implies 8 < €2, which is false (e? is 7.389...). This contradiction shows that
if £ > s, then 1/ log(z) < £/4.

We now show that if z > s, then 1/(22 + 2) < ¢/12. Again, it suffices to show
that 1/(2s + 2) < ¢/12. Since we just showed that 1/log(s) < €/4, it suffices to
show that 1/(2s + 2) < 1/3log(s), which is equivalent to 2s + 2 > 3log(s). The
function

z - 22+ 2 — 3log(x)

is strictly increasing for z > 3/2, and already at * = 2 it takes the value
6 —3log(2) >6 -3 >0. As s > e > 2, we must have 2s + 2 — 3log(s) > 0.
QED

3.4.6. With ¢ > 0 fixed, apply the lemmma with = L +r + 1 and
K = 32CSqrt(a/v). For L = r + 1 > Sup(Ny(e, K), N5(¢)), which in turn forces
N = ((L + )" to be impressively large, we get

(32C)5+7*2 Sqrt(log(M)) -+ +2
= (32C x Sqrt{a/v)) "2 Sqrt(log((L 4 r)1)) L+ +2
< (L + P))F((L + r)1)1+9/2 = N/2437e/2
and thus

/ p-discrep(u, (A, N))dA
G(N)

< 5r/M +27(32C)E+7+2 Sqrt(log( M)+ +2( M7 / Sqrt(N) + 1/(L +r)!)
< 5rN—® + 27N/ 2+3ve/2(yra=1/2 4 N-7)
=5rN~* + 27N'1/2+37s,’2+ra—1/2 + 27N'7/2+375/2.
" Let us now equate the three different exponents to which N occurs:
—a = (v/2)(1+ 3e) + ra — 1/2 = (v/2)(1 — 3¢).
Equating the last two and then doubling gives
294+ 2ra=1.
Equating the first and last and then doubling gives 2o = (1 — 3¢), so we find
27+ ry(l — 3¢) = 1,
ie.,
v=1/(2+r —3re),
a=7v(1-3¢)/2=(1-3¢c)/(4+ 2r — 6re).
Thus we find

f p-discrep(u, u(A, N)) dA
aQ(N)

< 5r N~ 4+ 27N7/2+37£/2+ra—1/2 + 27N——’7/2+37E/2
< (5r + 54N~
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with
a=(1-3¢)/(4+2r —6re),

provided that NV is sufficiently large.

3.4.7. 'We now make precise this argument. Given £ > 0, we will produce an
explicit constant Ny(e,r, ¢, 7, %) such that for N > Ny (e,7,¢,7,5), we have

f y-discrep(u, u{A,N))dA < Ne—1/@r+4)
G(N)

We may and will suppose that e < 1/6, since otherwise the statement is trivially
true, and holds for all N > 1.
3.4.8. We define strictly positive real numbers a and + by

a={1-23e)/(4+ 2r —6re),
¥y =1/(2+ 7 - 3re).

3.4.9. Now suppose that N® > 4r and that NY > (X(a) +r)!. We define the
grid size M > 4r to be the integral part of N*. Thus
(1/2)N® < N* —1 < M < N°.

We define the cutoff L > 1 + £(a) to be the largest positive integer L such that
N7 > (L+r—1)!. Since n — n! is strictly increasing on integers n > 1, we have

(L+rN>2N">(L+r—-1)1=(L+7)}/(L+7r)>N"/(L+r).
Using these inequalities, we infer that
log(M) < log(N®) = (a/v)log(N7) < (a/v)log{{L + 7)),

and hence

(320) L+ +2 Sqrt(log( M) L7 +2
< (32C x Sqrt{a/¥)) " +2 Sqrt(log((L + r)))F+7+2,

Suppose L + r + 1 > Sup(Ny(e, K), Ns(e)), for K = 32C Sqrt(e/+). Then we can
continue this chain of inequalities:

< ((L+ (L +,,.)!)(1+5)/2 =((L +r)|_)(1+35)/2
=(L+ r)(1+35)/2((L +r— 1)!)(1+3£)/2
<(L+ r)(1+35)/2N'y(1+35)/2_

We also record for use below the inequalities

/M <2N™*  1/(L+r)!< N7,
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3.4.10. Thus from 3.2.29 we get

f -discrep(y, w(A, N)) dA
G(N)

< 5r/M + 27(32C) 54742 Sqrt(log (M) “+"+2(M7 / Sqrt(N) + 1/(L + )1
<10rN~® 4 27(L + r)(l+35)/2N'1(1+35)/2(Nra—l/2 + Nw'y)
= 10rN @ 4 27(L + r)+3V2(N—c 4 N~

the last equality by our calculated choice of & and +.
Thus we have

f o-discrep(u, (A, N)) dA
G(N)

< (107 4 54(L 4 r)1+3e¥/2yy—e
< (10r +54(L + r))N~™
= (64r + S4L)N~<,
provided that N* > 2 and that N* > (Z(a) + r)L.
3.4.11. Suppose in addition that L + 7 > e?. We use
NY>(L+r-1)1=T(L+r)
and Stirling’s formula to get
ylog{N)} > (L +7—1/2)log(L +r) — L — 7 + log(Sqrt(2m))
=(L+7r —1/2)(log(L +7) — 1} + log(Sqrt(2n/e))
>(L+r—-1/2)(log(L+71)~1)
>L+r-1/2>L,

and thus we have

/ -discrep(y, p(A, N))dA < (647 + 54y log(N))N <.
G(N)

Finally, we choose N sufficiently large that
64r + 54y log(N) < N¢/2,

Then we have
/ p-discrep(y, (A, N))dA < N*/27=,
G(N)

Returning to the definition of o, we see that
a—¢g/2=(1-3e)/(4+2r — bre) — /2
>(1-3e)/(4+2r) —¢/2
=1/(4+2r)—3e/(4+2r) — /2
>1/(4+2r)—3e/6 —¢/2=1/(4+2r) — ¢,
and hence

/ @ -discrep{y, (A, N)) dA < NE-V@r+a)
G(N)

provided that N is sufficiently large.
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3.5. Making explicit the constants

3.5.1. Let us now make explicit how large we must take N, i.e., let us calcu-
late the constant N, (e,7,c,7,). We first review the various constants A, B, &(b),
7, 6,C,€,a,7, K, Ny(¢, K), Ns{e) which have arisen, and the constraints placed
upon N,

3.5.2. p(univ, step 1)({|z| > s}) < Ae=B¢" for real s > 0, with A > 1,
0 < B <1 (in fact, we can take A = 4/3, B = 1/8).

3.5.3. u is u(univ, steps b) on R, separation vector a and offset vector c.
3.5.4. ¢ :R" — R" is a homeomorphism of R",

T =(Z1,...,%r) = (Q1(T),- -, 0r(T)),

which is “bi-bounded” in the sense that there exist strictly positive real constants x
and 1 such that 3 |z;| < X |pi(z)| < &Y |zi|. We may, at the cost of increasing
K, assume that </ > 1. We assume that each (p;).u has a continuous CDF.

3.5.5. C:=(1/n)xkr?E(b)Sqrt{(1 + log(rAX(b)))/B),so C > 1.
3.56. 0<e<1/6.
3.5.7. a=(1—3¢)/(4+2r — 6re).
3.5.8. y=1/(24+r — 3re).
3.5.9. a/y={1-3¢)/2 lies in (1/4,1/2).
3.5.10. K = 32C Sqrt{a/7); visibly K > 1.
3.5.11. K**! < T(z)* for real z > Ny(e, K) = eK?/¢.
3.5.12. (log(I'(z)))**! < I'(z}!*¢ for real z > Ns(e).
3.5.13. N;{¢) = unique real s > e* with loglog(s)/log(s) = £/2.
3.5.14. N°>2and N7 > (5(a) + 1)l = S(b)L.
3.5.15. (1/2)N® < N®—1< M < N; this defines M.
3.5.16. (L+r7)! > N”>(L+r—1)}; this defines L.
3.5.17. L +r+ 12 Sup(Ny(e, K), Ns(¢)); this is equivalent to
T(L + 7+ 1) > T'(Sup(Na(e, K), N5(¢)))
and is implied by )
N > T(Sup(Na(e, K), Ns(e))).
3.5.18. L+ > €% equivalent to
T(L+r+1) >T(e® +1),
implied by
N >T(e* +1).
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3.5.19. 64r + 54ylog(N) < N¢/2,

(In the discussion of L +7 + 1 and of L + 7, we use the well known fact that
I'(s) is strictly increasing on [2, 00), and so defines an order preserving bijection of
[2,00) with [1,00). This is equivalent to the fact that logT" is strictly increasing
on [2,00). It holds because the derivative of logI" is > 0 on [2,00). One sees this
positivity from Gauss’s integral formula [W-W, page 247] for

¥(s) = (ogT)(9) = [ (- (/- e et

(0,00)

in which the integrand is > 0 for s > 2. The positivity of the integrand is the

agsertion that for s > 2 and ¢ > 0, we have
l1—et> te_t(‘_l),

or equivalently that for « > 1 and ¢ > 0 we have
l-et—te ™ > 0.

View u > 1 as fixed. The function f(t} :=1—e~! — te™** vanishes at t = 0, and is
strictly increasing for t > 0, as its derivative at ¢t > 0 is

et — e 4 tue™t™ > tue ™ > 0.
Therefore f(t) > 0 for t > 0‘, as required. |
3.5.20. We now look more closely at the last condition,
64r + 54ylog(N) < N°/2,
Put z := log{N=/2) and write this condition as
128r¢ + 216z < 2ce”,
which is implied by
128r < e” and 216vz < ge”.
Since z < e*/2 for > log(4), these will both be satisfied if N*/2 > 4 and if
128r < N°/? and 216y/e < N&/4.
3.5.21. So the estimate
[ p-discrep(u, u(4, N)) dt < NETHEre),
lel¥y)
holds provided N is strictly larger than each of the following six quantities:
21/01,
OODERS
(T(Sup(Na(e, K), Ns(e))"7,
(T(e® + )7,
(128r)%¢,
(2167/2)*/%,

and we may take N (g,7,¢,1, k) in Theorem 3.1.6 to be the sup of these six explicit
though gigantic quantities.






CHAPTER 4

Test Functions

4.0. The classes T(n) and Tp(n) of test functions

4.0.1. For each integer n > 2, we denote by 7 (n) the R-vector space consist-
ing of all bounded, Borel measurable, R-valued functions F on R™ which satisfy the
following two conditions:

1) F is Z,-invariant,

2) F is invariant under additive translation by the diagonal vector
An(t) == (¢,t,...,1), for any ¢ in R.

4.0.2. We denote by Ty(n) the subspace of 7 (n) consisting of those functions
F in T(n) which satisfy the-additional condition:

3) F has “compact support modulo the diagonal” in the sense that there exists
a real o > 0 such that F(X) = 0 if Sup, ; [z(:) — z(j)| > . [If F satisfies this
condition with a given «, we write supp(F) < a.]

4.0.3. Given F in T (n), we denote by || F||sup its sup norm as function on R".
Under pointwise multiplication of functions, 7(n) is a ring. For each real a > 0,
{F in Ty(n) with supp(F) < a} is an ideal, say I(a), in 7(n). For a < B, we have
I(a) C I(B), and To(n) = U,> I(a). We also have I(a) = .., I(B).

4.0.4. The motivation for introducing the class 7y(n) is given by the following
lemma.

Lemma 4.0.5. Fiz an integer r > 1, a separaiion vector a 2 0 in Z”, and
an integer k > L(a). Let f be a bounded, Borel measurable, R-valued function on
R [respectively, which in addition is of compact support, and a > 0 a real number
such that f is supported in the compact set {s in R” with 3", |s(i)| < a}]. Then

1) The function F on R™E(1+ defined by

F(X) := Clump(a, f,r + Z{a) + 1, X)
ties in T(r + £(a) + 1) fresp. in Ty(r + E(a) + 1)], and satisfies
IFllsup < Il Fllsup
[resp., and supp(F) < a.
2) The function G on R™T*+! defined by
G(X) := TClump(k,a, f,r + k+ 1, X)
lies in T(r + k + 1) [resp. in Ty(r + k + 1)], and satisfies
IGllsup < Binom(r + & ~ 1,7 + (@) — )llflloup
[resp., and supp(G) < af.
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Proor. Since Clump(e, f,r + Z(e) + 1, X) is symmetric in X by definition,
assertion 1) is just a restatement of Lemma 2.5.11. For assertion 2), we use the
definition

TClump(k,a, f,r +k+ 1, X)

= E Binom(n, a) Clump(n, f,r + k + 1, X).
n>a,Z(n)=k

By 1) applied to each term Clump(n, f,r + k + 1, X), each Clump term lies in
T(r + k + 1), has sup norm < || f||sup [resp. and has supp < a]. So it remains only
to prove

Sublemma 4.0.6. Fiz an integer v > 1, a separation vector a > 0 in Z", and
an integer k > X(a). Then we have

z Binom(n, a) = Binom(r + k - 1,7 + £(a} — 1).
n>a,Z(n)=k

ProoF. For r = 1, there is nothing to prove. For r > 2, we argue as follows.
Recall first that for a fixed integer [ > 1, the series (1 —7)~! is the generating series
for the number of monomials of degree d in | variables. Thus

(~1)% Binom(~{,d) = Binom(I — 1 + d,! — 1)

is the number of monomials of degree d in ! variables. We restate this as saying
that, for {,d integers > 0, Binom(! + d,!) is the number of monomials of degree d
in { 4 1 variables.

Now consider r sets of distinct independent variables, the 7’th set consisting of
a(i)+1 variables. We will count the number of monomials in these X(a)+r variables
which are homogeneous of degree D. Any such monomial is multi-homogeneous,
i.e., it is homogeneous of some degree 6(7) in the variables from the #’th set, and
the degrees 8(i) are subject only to the condition that each §(f) is a nonnegative
integer, and that Y, 6(i) = D. Thus é := (6(1),...,6(r)) is a separation vector, and
¥(§) = D. Now how many monomials in all the variables are muiti-homogeneous
of multi-degree 67 This number is

H(number of monomials of degree 6() in a(i) + 1 variables)

= H Binom(a(i) + 6(2),a(z)) := Binom(a + §, ).

So if we break up the monomials of degree D in X(a) + r variables according to
their multi-degrees, we get

Binom(D + E(a)+r—-1,5(a) +r - 1)
= number of monomials of degree D in ¥(a) + r variables

= E Binom{a + §,a).

§>0 with £(6)=D

Taking D = k — X(a), n = a + & gives the asserted identity. QED
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4.1. The random variable Z[n, F,G(N)] on G(N)
attached to a function F.in 7(n)

4.1.1, Given an integer n > 2, a function F in T(n), and an integer N > 1,
recall (2.5.14) that we denote by F[n,N] the function on RV defined by

Fn,N: X — Y F{pr(T)(X)),
Card(T)=n
the sum over all subsets T of {1,..., N} with Card(T') = n. Thus F[n, N| vanishes
for N < n, and Fln,n] is F itself.

4.1.2. It is immediate from the definitions that if F' lies in 7 (r), then F[n, N]
lies in T(N). However, even if F lies in Ty(n), F[n, N] does not, in general, lie in
To(N}.

4.1.3. Given F in T(n) as above, and an integer N > 1, for G{N) any of
U(N},SO(2N +1),USp(2N),SO(2N),O_(2N +2), and A in G(N), we will define
a function Z[n, F, G{N)] on G(N) as follows, cf. the definitions of Int and Cor in
2.7.2-5. Given A in G(N), we denote by X(A) in RV the N-tuple of its angles of
eigenvalues, cf. 2.7.2-5, and we define:
if G(N) =U(N),

Z[n, F,G(N)|(A) := (1/N)F[n, N}((N/2m) X (A))
= (1/N) Z F((N/2m) pr(T)(X(A))),
Card(T)=n
if G(N) = USp(2N) or SO(2N),
Z[n, F,G(N)I(A) := (1/N)Fn, N|((N/m) X (A))
=(1/N) Y F((N/m)pr(T)(X(A4))),
Card(T)=n
if G(N) = SO@N + 1),
Zn, F,G(N))(A) :== (1/(N +1/2))F[n, N](({N +1/2)/7) X (A))
=(1/(N+1/2)) Y F(((N+1/2)/=) pr(T)(X(A))),
Card(T)=n
if G(N) = O_(2N +32),
Z[n, F,G(N))(A) := (1/(N + 1)) F[n, NJ({(N +1)/m) X (A))
=(/(N+1) Y, F(N+1/m)pr(T)X(4)
Card(T)=n

4.1.4. It is obvious from these definitions and from Lemma 2.5.14 that
Z[n,F,G(N)] is a bounded, Borel measurable function on G(N). For the reader’s
convenience, we record the relation of the random variable Z[n, F, G{N)] to the Cor
and TCor functions of 2.7.

Lemma 4.1.5. Fiz an integer r > 1, a separation vector a in Z7, an integer
k > 3(a), and a bounded R-valued Borel measurable function f on R".
1) Denote by H in T(r + X(a) + 1) the function

H(X) := Clump(a, f, r + Z(a) + 1, X).
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Then for every N > 2 and every X in RY we have
H[r + X(a) + 1, N}(X) = Clump(a, f, N, X),
and for every A in G(N) we have
Z[r + B(a) + 1, H,G(N)](A) = Cor(a, f, G(N}, A).
2) Denote by F in T(r + k+ 1) the function
F(X) := TClump(k,q, f,r + k+ 1, X).
Then for every N > 2 and every X in RN we have
F[r + k+1, N](X) = TClump(k, a, f, N, X),
and for every A in G(N) we have
Zlr + k+1,F,G(N)}(A) = TCor(k, a, f, G(N}, A).
ProoF. Immediate from 2.5.15, 2.6.3, and the definitions. QED
Remark 4.1.6. Although we have defined Z[n, F,G(N)] for F in T(n), it is
only for F' in Ty(n) that we will be able to say much of interest.
4.2. Estimates for the expectation E(Z[n, F,G(N)]) and
variance Var(Z[n, F, G(N}]) of Z[n, F,G(N)] on G(N)

4.2.1. For any bounded Borel measurable R-valued function f on G(N),
G(N) any of U(N), SO(2N + 1),USp(2N), SO(2N),O0_(2N + 2), we denote

2
— = 2 - .
E(f) : /G(N)fdﬁaar, Var(f) /G(N)f dHaar (/G(N)deaar)

The key estimate we need is the following:

Theorem 4.2.2. Let n > 2 be an integer, F in Ty(n), o > 0 a real number

such that supp(F) < a.
i) There exists a real number E(n, F, untv) such that for any N > 2 and any

G(N), we have
|E(Z[n, F,G(N)]) — E(n, F, univ)]|
<N Flsup(8)* 1 ((m@)? + @ + 1 + 10log(N))/N.
ii} For any N > 2 and any G(N) we have
|E(Z[n, F,G(N)])| < |F|sup2(20)™ " /(n = 1)1,
iii) For any N > 2 and any G(N) we have
| Var(Z[n, F, G(N)])] < (3(8a)™ " + 65(8a)*™*) (|| Fl|sup)* /N.

Proposition 4.2.3. Suppose that Theorem 4.2.2 holds. Then conditions i)
and ii) of Proposition 3.0.1 hold, and condition iii) of Proposition 3.1.9 holds. In
particular, parts i) and ii) of Theorem 4.2.2 imply Theorem 2.1.3.

PROOF. In order to get the desired conclusions for the data &, a, f, and G(N),
simply apply Theorem 4.2.2 to n =7 + k + 1 and the function
F(X) := TClump(k,a, f,r + k+ 1, X)
in Tp(n), making use of the estimates 4.0.5 for | Fls,, and supp(F'), and of the
compatibility 4.1.5. QED
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Corollary 4.2.4. Suppose that Theorem 4.2.2 holds, and that the following
condition iv) holds.

iv} (estimate for the tail of the most classical spacing measure) There exist
explicit real constants A > 0 and B > 0 such that the limit measure

u(naive, undv, sep. 0)
on R satisfies
w(naive, univ, sep. 0)({|z| > s}) < Ae" B for every real s > 0.
Then Theorem 3.1.6, the p-version of 2.1.5, holds.

PrOOF. In view of the previous result, this is just a restatement of 3.1.9. QED






CHAPTER 5

Haar Measure

5.0. The Weyl integration formula for the various G(N)

5.0.1. We give first a case by case account of the explicit shape the Weyl
integration formula takes for each of the G(N). The version of the formula which
we need, especially in the non-U(N) case, is precisely the one given in [Weyl, pages
197 (7.4B}, 218 (7.8B), 224 (9.7) and 226 (9.15)]. In all but the O_(2N + 2) case,
this formula is, to a modern reader, a straightforward deciphering of the “intrinsic”
one given in {Bour-L9, §6, No. 2, Cor. 1]. The O_(2N + 2) formula seems to have
been all but forgotten in modern times.

5.0.2. For A in G(N), we denote by X(A) in RY its vector of eigenvalue
angles, cf. 2.7.2-5. Thus for A in U(N), X(A) lies in [0,27)", while in the other
cases, X (A) lies in [0, 7]V. :

5.0.3. The U(N) case [Weyl, p. 197 (7.4B)]. An element A in U(N) is de-
termined up to conjugacy by its vector of angles X {A). Bounded, Borel measurable
R-valued central functions g on U(N) are in one-one correspondence with bounded,
Borel measurable R-valued functions § on [0,27)" which are Ey-invariant, via
9(A) = §(X(A)). We denote by u(U(N)) the measure on [0,2m)" (with coordi-
nates z(i), i =1,..., N) given by

u(U(N)) = (1/NY) (H ¢0) — eix“')ﬁ) [T ¢tati)/2m)

i<k
The Weyl integration formula asserts that for g a central function on U{N), corre-
sponding to a ¥y-invariant § on [0, 27)", we have

/ gdHaar = §du(U(N)).
U(N) [0,27)¥

5.0.4. The USp(2N) case [Weyl, p. 218 (7.8B)]. An element A in USp(2N)}
is determined up to conjugacy by its vector of angles X (A). Bounded, Borel mea-
surable R-valued central functions g on USp(2N) are in one-one correspondence
with bounded, Borel measurable R-valued functions § on [0,7]" which are Zx-
invariant, via g(A4) = §(X (A)). We denote by p(USp(2N)) the measure on [0, 7]V
(with coordinates z(i), i = 1,..., N) given by

wUSp2N))

= (1/NY) (H(z cos(w(d)) - 2cos(x<j>))) [J(@/) sin*((s)) dai)).

i<y i
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The Weyl integration formula asserts that for g a central function on USp{2N),
corresponding to a Ey-invariant § on [0, 7]V, we have

/ gdHaar = §dp(USp(2N)).
USp(2N) [0,7]¥

5.0.5. The SO(2N + 1) case [Weyl, p. 224 (9.7)]. An element A in
SO(2N +1) is determined up to conjugacy by its vector of angles X (A}. Bounded,
Borel measurable R-valued central functions g on SO(2N + 1) are in one-one corre-
spondence with bounded, Borel measurable R-valued functions § on [0, 7]V which
are X y-invariant, via g(A) = g(X(A)). We denote by #(SO(2N + 1)) the measure
on [0, 7]V (with coordinates (i), i=1,...,N) given by

W(SO@2N +1))

2
= (1 /Nl)(H([l + 2 cos(z(1))]~[1 + 2cos(m(j))])) [1((2/7) sin®(z(3)/2) da(i)).

i<j i
The Weyl integration formula asserts that for g a central function on SO(2N + 1),
corresponding to a I y-invariant § on [0, 7]V, we have

/ gdHaar = gdu(SO(2N +1)).
SO(2N+1) [0,7]%

5.0.6. The SO(2N) case [Weyl, p. 228 (9.15})]. An element A in SO{2N) is
determined up to conjugation by elements in the ambient group O(2N}) by its vector
of angles X (A). Bounded, Borel measurable R-valued O(2N)-central (i.e., invariant
by O(2N) conjugation) functions g on SO(2N) are in one-one correspondence with
bounded, Borel measurable R-valued functions § on [0, 7]V which are ¥ y-invariant,
via g(A) = §(X(A)). We denote by u(SO(2N)) the measure on [0, 7|V (with
coordinates x(3), i =1,..., N) given by

2
#(SO(2N)) := (2/NY) (H@COS(m(i)) - 2005(-’5(3')))) [/2m) de(@)).
i<y i
The Weyl integration formula asserts that for g an O(2N)-central function on
SO(2N), corresponding to & X n-invariant § on [0, 7]V, we have

/ gdHaar = / §du(SO(2N)).
SO@2N) [0,%)¥

5.0.7. The O_(2N + 2) case [Weyl, p. 228 (9.15)]. An element A in
O_(2N + 2) is determined up to O(2N + 2)-conjugation by its vector of angles
X(A). Bounded, Borel measurable R-valued O(2N + 2)-central functions g on
O_(2N + 2) are in one-one correspondence with bounded, Borel measurable R-
valued functions § on {0, 7)Y which are Ty-invariant, via g(A) = G(X(A4)). We
denote by u(O_(2N + 2)) the measure on [0,#]V (with coordinates z(3),
i=1,...,N) given by

#(O_(2N +2)) := u(USp(2N))

= (1/N1) (H(z cos(z(i)) — 2cos(a:(j)))) H((z/w) sin?(z(i)) dz(4)).

i<j
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The Weyl integration formula asserts that for g an O(2N + 2)-central function on
O_(2N +2), corresponding to a En-invariant § on [0, 7]", we have

/ gdHaar = / gdu(O_(2N + 2)).
O_(2N+2) 0,7V

Remarks 5.0.8. 1) In all the cases, the measure x(G(N)) is visibly X y-invari-
ant. So for any (bounded, Borel measurable) function f on [0,27)" in the U(N)
case or on [0, 7]V in the non-U(N) cases, both f and its T y-symmetrization have
the same integral against p(U(N)).

2) In the case of either SO(2N) or O_(2N), the normalized Haar measure
is, by its uniqueness, necessarily invariant under O(2N)-conjugation. Therefore
any (bounded, Borel measurable) function f on SO(2N) or O_(2N) has the same
integral against Haar measure as its O(2N )-centralization, the function

T — f(ga:g_l)dHa.ar(g).
O(2N)

5.1. The Kn(z,y) version of the Weyl integration formula

5.1.1. In this section, we give another expression for the measure u(G{N)),
for G{N) each of U(N),USp(2N}, SO(2N + 1), and SO(2N), which shows how it
is built up from the N = 1 case. [Since p{(O_(2N + 2)) = pu(USp(2N)), we do
not discuss the O_(2N + 2) case separately.] This version of the Weyl integration
formula, which we learned from [Mehta] in the U(/N) case, is what allows us to do
effective calculations of expectation and variance for the functions Z[n, F, G(N)].

5.1.2. We first recall the Vandermonde determinant. Given an integer
N > 1, and N elements f(1),..., f(N) in a commutative ring R, the Vandermonde
determinant Vandermonde(f(1),..., f(N)) is the N x N determinant whose (3, j)
entry is f(i)?7!,1 < 4,7 < N. One has
Vandermonde(f(1), ..., f(N)) = [[(f(2) - f(2)-
i<j
Key Lemma 5.1.3 (compare [Mehta, 5.2.1]). Suppose that (T, p) is a mea-

sure space with a positive measure p of finite total mass. Let f be a bounded
measurable C-valued function on T with

[rau=o  [ira=

Suppose that for every integer n > 1, there ezxists a monic polynomial in one variable
Po(X) in C[X] of degree n such that the sequence of functions {¢n}n>0 on T defined
by

wo == 1/ Sqrt(u(T)),

n =P, (f) forn>1,
is an orthonormal sequence;

f Pip;dp=05;; forallz,j=>0.
T

For any integer N > 1, consider the N-fold product T™. For eachi=1,...,N,
denote by

prfi] : TN - T, t > t(3),
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the i’th projection. Denote by Kn(x,y) the function on T?
N-1

Kn(z,9) = Y on(2)@a()-

n=0
For each integer n > 1, we define
D(n, N) := detnxn(Kn(t(3), £(5))),
a function on T". We define
D(0,N):=1,

viewed as function on the one point space T°.
1) We have the identity of functions on TN

(1/ Sqrt(u(T))) Vandermonde(f(¢(1)), ..., f(t{N))) = detyx v (i1 (2(3))).
2) We have the identity of functions on TN
(1/(T))] Vandermonde(£(t(1)), ., F(H(N))* = D(N, N).
3) For 1 < n < N, we have the identity of functions on T~}

fTD(n,N)(t(l), ..., t(n)) du(t(n)) = (N +1 —n)D(n— 1, N).

4) For 1 < n < N, the function D(n,N) on T" is R-valued, nonnegative,
and symmetric, i.e., Ly-invariant. For n > N, the function D(n,N) vanishes
identically.

5) For n > 1, let F be a (bounded, measurable, R-valued) function on T, and
for any N > 1 denote by F[n, N| the function on TV defined by

Fln, N)(t(1),...,t(N)) := > F(t(i(1)),- - ., t(i(n})).
1<i(1) <i(2) < oor <i(r) N
Denote by pu(n, N) the measure on T™ defined by
u(n, N) = (l/n')D(n, N) dpy - dll'n-

The measure p(n, N) is invariant by X, and we have the integration formula

/ F[n,N]dp,(N,N)=f Fdu(n,N).
T~ Tn

PROOF. 1) For n 2 1, ¢n := P,(f) = f* + lower terms. This means that we
can pass from det yx n(wi—1(£(j))) to the NxN determinant whose i’th row for i > 2
is (£(2(4))"1); and whose first row is (wo(t(7))); = (1/ Sarb(u(@N)(L, 1,..., 1), by
elementary row operations. Equating determinants, we get the assertion.

2) Taking the square absolute value of 1), we get

(1/w(T))| Vandermonde(f(t(1)),. .., f(E(N)))[?
= | detyxn (@iz1 (H{7)))I? = detwxn(wi—1(t(5))) X detnxn (@i, (¢()))
= detyxn ({1 7) = @j—1(8(d))) x det s v (@;—1(4(5)))
= detnxn ((&:7) = > 0k-1(HD)Br—1 (t3))) := D(N, N).
%
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3) From the orthonormality of the ,'s and the definition of Ky, we get the
integration formulas :

/ Kn(t,t)du(t) = N,
T

./TKN(:L"t)KN(tl y) dlu'(t) = KN(xyy)'

The first of these is precisely the n =1 case of the assertion.
For n > 1, we expand D(n, N) by its n’th column:
D(n,N) =3 (-1)¥*"Ky(t(k), t(n)) Cofactor(k, n).
k=1
The term with £ = n is Kn(t(n),t(n))D(n — 1,N), which integrates to give
N x D{(n—-1,N).

It remains to see that for each of the n — 1 values of k& from 1 to n— 1, the term
(—1)**" K (t(k),t(n)) x Cofactor(k,n) integrates to give —D(n — 1, N). For each
such k, we expand Cofactor(k, n) by its n’th row:

n—1
Cofactor(k,n) = Y _(~1)"""HKy(t(n),t(1)) x Cofactor({n, k},{!, n}},
=1 :
where

Cofactor({n, k}, {{,n}} := the (n,!)-cofactor of Cofactor(k,n)

is the n — 2 x n — 2 matrix obtained by removing the indicated rows and columns.
So we obtain

(—1)**" Kn(t(k), t(n)) x Cofactor(k,n)
= i(—l)k_l“KN(t(n), t({))Kn(t(k), t(n)) Cofactor({n, k}, {l,n}}.
=1

The term Cofactor({n,k},{l,n}} is just the (k,1) cofactor of D{n — 1, N) (itself
the (n,n)-cofactor of D(n, N)), and Kn(t(n),t())Kn(t(k), t(n)) integrates to give
Ky (t(k), t(1)). So after integration, we get
n—1
=) (=DM KN (#(K), (1)) x (the (k,1) cofactor of D(n — 1, N)),
1

~
Il

which is precisely (—1) times (the expansion by minors along the k’th row of)
D(n—1,N).

4) In view of the integration formula 3), it suffices, to treat the case n < N,
to show that D(N, N) is real, nonnegative, and symmetric in its N variables. This
is obvious from 2), since the Vandermonde determinant transforms under Lnx by
the sign character, and hence its square absolute value is symmetric, as well as real
and nonnegative.

To show that D{n, N) vanishes for n > N, think of D(n,N) as the n x n
determinant made from Kx(z,y). Introduce functions 4; on T for ¢ =0,...,n —1
by defining

Yii=¢; for0<i<N -1, and
P, =0 for N<i<n-—1
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Then it is trivially true that

n-1
KN(xly) = Z d)i(x)_ai(y))
i=0
and hence (cf. the proof of 2)}) that
detnxn(Kn(@(2), 2(1))) = | detnxn (i1 (2 (1)),

But as » > N, the last row of this last determinant is identically zero.

5) The X,-invariance of y(n, N} is obvious from 4). If n > N, both F[n, N]
and u(n, N) vanish identically, so the integration formula is true but nugatory. For
n = N, there is nothing to prove. Suppose now that 1 < n < N. Consider the
integral

/ F[”aMXD(NaN)duI"'dNN
TN

_ ) / F(((1)), ..., t(i(n))) D(N, Ny dps - - dpaw.

1<i(l)<i(@y<-<i(r)<N ¥ TV

By symmetry of D(N, N) under Ly, each summand is equal to
/N F((1),...,t(n)D(N,N)dy; - - dun.
T

Using 3) successively to integrate out the variables t(N),t(N ~1),...,t{(n + 1), we
get

[ F. - MDD, N - i
= @@ (V=) [ P, 0D, V) dar - dn
- (N—n)!/ F x D(n, N)dus - - dpin.
Since there are Binom(N, n) summands, we get
(1/NY) / Fln, N] x D(N, N)dy, - - dun
TN
— (1/N1) Binom(N, n)(N — n)! / F x D(n, N) dpy - -~ doo
T"
= (1/n!)/ Fx D(n,N)du;---dun. QED
Tﬂ

Remark 5.1.3.1. In part 5), if F' is symmetric on T™, then Fln, N] is sym-
metric on TV. In nearly all applications, the input function F will in fact be
symmetric, but this symmetry is not needed for the validity of part 5).

5.1.4. We now explain how to apply this lemma to rewrite the Weyl measure
u(G(N)) as being the measure p(N, N) on TV for a suitable situation of the type
(T, u, f) considered in the lJemma. We proceed case by case.
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5.1.5. The U(N) case. The group G(1) = U(1) is abelian, so U(1) is its own
space of conjugacy classes. We take for T this space of conjugacy classes, viewed
not so canonically as being [0, 27), endowed with the normalized Haar measure
4 = dz/2m. For the function f, we take the function f(z) := €%, the character of
the standard representation of U/(1). The powers f*, n in Z, are orthonormal, so
we may take P,,(X) to be X™. Since y has total mass 1, we have ¢, = f" for all
n > 0. For N > 1, the function Ky(z,y) is

N-1
Kn(zg) = ¥ enie),

n=0

The measure p(U(N)) on TV = [0,27)" is equal to

w(U(N)) := (1/NY) (H |ei=(9) _ gtz |2)Hd(z(i)/27r)

i<k

= (1/N"})| Vandermonde(f(z(1)), ..., f(z(N))}|? Hd(z(i)/27r)
= (1/N1) det v n (K n{(z(3), 2(5))) Hd i)/2r),

which is the measure pu(N, N) attached to the data

T = [0,2m), u = dz /27, f(x) = €F).
The measure p(n, N) attached to this data is

ln, N) = (1/n!) detuscn (K (a(0), 2(3))) [ d(w(i)/2).

5.1.6. The USp(2N) case. The group G(1) = USp(2) = SU(2) has as its
space of conjugacy classes the space T := [0, 7], and the Weyl measure on T is
(2/7) sin®(z) dz. We take for f the function

f(z) = 2cos(z) = sin(2z)/ sin(x),

which is the character of the standard 2-dimensional representation of SU(2). The
group SU(2) has a single irreducible representation of each degree n > 1 (namely
Sym™ ! of the standard representation), whose character is

sin{nz)/ sin(z) = 6, odd + Z (€% 4 e—iha),
1<kLn—1
k=n—1mod?2

This formula makes it obvious that sin(nz)/sin(z) is a monic Z-polynomial of
degree n — 1 in the quantity €' + ¢™** = 2 cos(z). By the Peter Weyl theorem (or
by trigonometry), we know that the functions sin(nz)/sin(z) are orthonormal on
[0, 7] for the measure u = (2/7) sin®(z) dz. So we have

wn =sin((n + 1)z)/sin(z) for all n > 0.
For N > 1, the function Kn(z,y) is therefore

N
Ky (z,y) = (1/sin(z) sin(y)) Z sin(nz) sin(ny).

n=1
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The measure p{USp(2N)) on TV = [0, 7" is equal to

2
= (1/N1) (H(2COS(1‘(1’)) —2008(1‘(3')))) (/) sin®(@(2)) dz(2))

i<j i

= (1/NY)| Vandermonde(f(z(1)). ... f(=(N))I* [[(2/m) sin® (a(®) da(2))
= (1/NY) et xv (K (e(0),2())) T (2/m) sin? () de(0),
which is the measure p(N, N) attached tco the data
(T = [0,7], ot = (2/7)sin?(2) dz, f(z) = 2cos(z)).

The measure u(n, N) attached to this data is

p(n, N) = (1/n!) detnxn (Kn(z(i), 2(5))) H((Z/W) sin®(z(1)) dx(i)).

5.1.7. The SO(2N + 1) case. The group G(1) = SO(3) has as its space of
conjugacy classes the space T := [0, #], and the Weyl measure on T is

(2/m) sin®(2/2) dz.
We take for f the function
f(z) :==1+ 2cos(z) = sin(3z/2)/ sin(z/2),

which is the character of the standard 3-dimensional representation of SO(3). The
group SO(3) has a single irreducible representation of each odd degree 2n + 1
(namely Sym2” of the standard representation of SU(2), viewed as a representation
of SU(2)}/(£1) = SO(3)), whose character is

sin((2n+ 1)x/2)/sin(z/2) =1+ Z (e*= 4 gikTY,
1<k<n

This formula makes it obvious that sin{((2n+ 1)z/2)/ sin(z/2) is a monic Z-polyno-
mial of degree n in the quantity

14 € 4+ e =1 4 2cos(z) = sin(3z/2)/ sin(x/2).

By the Peter-Weyl theorem (or by trigonometry), we know that the functions
{sin((2n + 1)z/2)/sin(xz/2)}.>0 are orthonormal on [0,7] for the measure
4 = (2/7) sin*(z/2) dz. So we have

¥n = sin((2n + 1)z/2)/ sin{z/2) foralln > 0.
¥Yor N > 1, the function Kn(z,y) is therefore

N-1

Ky (z,y) = (1/sin(z/2)sin(y/2)) Y_ sin((2n + 1)z/2)sin((2n + 1)y/2).
n=0
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The measure u(SO(2N + 1)) on TV = [0, 7]V is equal to

2
(1/ND) (H([l + 2cos(z(%))] — [1 + 2 cos(z(j )])) H( (2/7) sin®(x(3) /2) dz(3))

i<y

= (1/N)| Vandermonde(f(z(1)),. .., f(z(N |2H (2/7)sin®(x(4)/2) dz (%))
= (1/NY) detwxy (K (), 2()) [ [((2/7) smﬁ(z(z)/mdw(z)),

which is the measure p(NV, N) attached to the data
(T = [0, 7], o = (2/7) sin’(z/2) dz, f(z} = 1 + 2 cos(z)).
The measure p(n, N) attached to this data is

p(n, N} = (1/n!) detnxn(Kn (2(2), 2(5))) H((2/7f) sin®(z(1)/2) dz(i)).

5.1.8. The SO(2N) case. The group G(1) = SO(2) is the abelian group
U(1). The conjugation action of O(2)/SO(2} = +1 on SO(2) is inversion. The
quotient of SO(2) by O(2)-conjugation is the space T := [0, 7]. We take for 4 the
measure dr/2m on T, which has total mass 1/2, and is half of the direct image of
normalized Haar measure from SO(2). We take for f the function

f(z) == 2cos(z) = €= + €77,

which is the character of the standard 2-dimensional representation of SO(2). For
every n > 1, we define

fn(z) := 2cos(nz) = ™ 4 77,

Each f, is the character of a representation V;, of SO(2) which is the sum of two
inequivalent irreducible representations, and for n # m the representations V,, and
Vin have no common constituent. Intrinsically, the V;, for n > 1 are precisely the
restrictions to SO(2) of the nontrivial irreducible representations of O(2).
It is obvious that f,{z) is a monic Z-polynomial of degree n in the quantity
f(z) = e + e = 2cos(z).

By the Peter-Weyl theorem (or by trigonometry), we know that the functions
{2cos(nz)},»1 are orthonormal on [0,7] for the measure p = dx/2w. [It was
to insure this orthonormality that we chose u as we did.] So we have

¢n = 2cos(nz) foralln > 1.
But precisely because the measure u has total mass 1/2, we have
polz) = Sart(2).
For N > 1, the function Kn(z,v) is therefore

N-1
Kn(z,y)=2+4 E cos(nz) cos(ny).

n=1
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The measure u(SO(2N)) on TV = [0, 7]V is equal to

i<j i

2
(2/NY) (H(zcos(x(v:)) -2 cos(x(j)))) [ 2m) da(iy)
= (2/N")| Vandermonde( f(z(1)),. . ., f(z(N)))|? H((l /2m) dz(4))

= (1/N!) detn v (K (2(i), 2(7))) H((l/%)dx(i)),

which is the measure u{N, N) attached to the data
(T = [0,7], ¢ = dz/2m, f(z) = 2 cos(z)).
The measure p(n, N) attached to this data is

p(n, N) = (1/nl) detnxn(Kn (2(i), 2(7)) H( 1/2m) dz(i))-

5.2. The Ly(z,y) rewriting of the Weyl integration formula

5.2.1. In this section, we record the “euclidean” version of the formulas of
the last section, i.e., we write the measure p(n, N) on [0,27)™ or [0,7]" as an ex-
plicit “density”, given by a determinant, times normalized (total mass 1) Lebesgue
measure.

5.2.2. The U(N) case. In this case, there is nothing to change. We define
N-1
Ln(z,y) = Kn(z,y) = D em=0),

n=0

The measure p(n, N) on [0, 27)" is
p(n, N) = (1/nl) detyxn(Ln(z(2),2(5)}) H(d:z; i)/2x).

5.2.3. The USp(2N) (and O_(2N + 2)) case. In this case, we define
Ln(z,y) = 2sin($) sin(y)Kn(z,y)

Z 2sin(nz) sin(ny).

n=1

The measure p(n, N) on [0, 7]? is

u(n, N) = (1/n1) detnyn (Ln(z(3), z(5))) H(d:z:(z )/m).

5.2.4. The SO(2N + 1) case. In this case, we define

Ly(z,y) = 2sin(z/2) sin(y/2)Kn(z, y)
N-1

= Z 2sin{(2n + 1)z/2) sin((2n + 1)y/2).
n=0

The measure p(n, N) on [0,7]" is
u(n, N) = (1/n)) detyxn (L (z(1), H(dx i)/ 7).



5.3. ESTIMATES FOR Ln(z,¥) 17

5.2.5. The SO(2N) case. In this case, we define

LN(m)y) = (I/Q)KN(I)y)
N-1
=1+ Z 2 cos(nzx) cos(ny).

n=1

The measure p(n, N) on [0,#]" is

w(n, N) = (1/n) detnxn (Ly (2(), 2(5))) H(da:(i)/w).

5.3. Estimates for Ly(z,y)
Lemma 5.3.1. For every (z,y) in R?, and every N > 1, we have the estimate
Ly (z,y})| < N in the U(N) case,
|La(z,y)| < 2N in the USp(2N),SO(2N + 1) and SO(2N) cases.

PROOF. Obvious from the expression of Ly as a sum of trig functions. QED

Lemma 5.3.2. For every N > 1, Ln(x,y) is a periodic of period 4w in each
variable separately, and viewed as a function on the probability space [0,4x)? with
normalized Lebesgue measure dx dy/16n? it has Ly norm = Sqrt(N).

Proor. The periodicity is obvious from the expression of Ly as a sum of trig
functions (we need 4 for the SO(2N + 1) case), as is the Ly estimate. QED

Lemma 5.3.3. Foreveryl < n < N and every (z(1),...,z(n)) in R™ we hove
the estimate '

| detyxn(La{x(i), z(4)))| < N™ in the U(N) case,
| detywn(La{z(i),z(7)})| < (2N)* in the USp(2N),SO{2N +1)
and SO(2N) cases.

PROOF. Interpret L,(z(¢),z(j)) as the standard Hermitian inner product
(v(i), v(j)) of vectors in CV, where v(j) in CV is

for U(N) : (1, =i, 821'1(1)’ L ’ei(N—l)rO')),
for USp(2N) : V2(sin{z(5)), sin(2z(5)), . - ., sin(Nz(5))),
for SO(2N +1) :  v2(sin(z(5)/2),sin(32(5)/2), - - ., sin((2N — 1)z(5)/2)),
for SO(2N) : (1, V2 cos(z(5)), V2 cos(22(5)), . . ., V2 cos((N — 1)z (5)))-
Since each vector v(j} has
[v(HII* < N in the U(N) case,
lo()|> < 2N in the USp(2N), SO(2N + 1) and SO(2N) cases,
our assertion amounts to the well-known Hadamard inequality:

Lemma 5.3.4. Given n > 1 vectors v(1),...,v(n) in a Hilbert space, we have
the ineguality

| detmcn (00, v < [] WGP
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PROOF. The truth of the asserted iunequality is invariant under scaling the
vectors v(i) by strictly positive real constants (3;. Indeed, under such scaling the
(1,7) entry is multiplied by B;3;, so each term in the full £, expausion of the
determinant is multiplied by []; 8:8,:) = ([1;8:)®. This allows us to reduce to
the case where each vector u(i) is either zero or has |v(i)|| = 1. If any v(i) is
zero, the assertion is obvious, since both sides vanish. So we may assume that each
lv(Z))i =1, and we must prove that

| detrxa((v(2), (N < 1.

If the vectors v(i) are linearly dependent, say >, a;v(i) = 0, then for every
3,2, 0i{v(i),v(f)) = 0, so the determinant vanishes, and there is nothing to prove.
If the vectors v(¢) are linearly independent, then the n x n matrix A := ((v(%), v(j}})
is the matrix of a positive definite Hermitian form (namely the Hilbert space in-
ner product) on the n-dimensional space spanned by the v(:), expressed in that
basis. Therefore the n eigenvalues A1,..., A, of A are real and positive. Therefore
| det A| = []; X;. By the ineguality between the geometric and arithmetic mean, we
have

1/n
| detuscn((0(a), v(I™ = | det A1/ = (H Af) <@/
= (1/n) Trace(4) = (1/m) 3_ (o), v(i)) = (1/m) 3 0@ = 1. QED

5.4. The Ly(x,y) determinants in terms of the sine ratios Sy(z)

5.4.1. It will be convenient to adapt the following notation. For « real and
N >1 an integer, we define

(5.4.2) Sw(x) :=sin(Nz/2)/sin(z/2),

a Laurent polynomial in the quantity ¢**/2 with Z coefficients.

5.4.3. The U(N) case. For each n > 1, we have

detynxn(Ln(z(2), 2(3))) = detnxn(Sn(x(2) ~ z(4))).
To see this, recall that

N-1
Ly{z,y) = Z enle—v)
n=0

is the value at z =z — y of
(eiNz -~ 1)/(6"z -1) = [e"Nz/2 sin(Nz/2)]/[ei‘2/2 sin(z/2)]
— ei(N—l)z/2SN(z)_

Therefore the n x n matrix made from Ly{z(2),z(j)) is conjugate to that made
from Sy (z(i) — z(j)) by the diagonal matrix whose j’th entry is !V —1=(1)/2,

Remark 5.4.3.1. This formula makes visible the fact that
detnx”(LN(z(i),z(j)))

is real, a fact we know a priori because the matrix is hermitian.
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5.4.4. The USp(2N) (and O_(2N + 2)) case. In this case, we have

Ln(z,y) = (1/2)(Sen+1(z — y) — Sanvs1(z + )
To see this, recall that
N

Ly(z,y) := 2sin(z)sin(y}Kn(z,y) = E 2sin(nz) sin(ny).

n=1

Subtract the cosine addition identities
cos(z + y) = cos(z) cos(y) — sin(z) sin(y),
cos(z — y) = cos(z) cos(y) + sin(z) sin(y),
to get .
2 sin{z) sin(y) = cos(z — y) — cos{z + y).

Taking nz and ny in the above and summing over n, we get

N
Lu(z,y) = 3 cos(n(z — )) — cos(n(z +)).

n=1
The identity
N
sin{(2N + 1)x)/sin(z) = 1 + 2 Z cos(2nz)
n=1
gives
N
(1/2)Sen+1(z) = 1/2+ Y cos(nz),
n=1
50 we get
Ln(z,y) = (1/2)(San+1(z — y) — San1(z + y)),
as asserted.

5.4.5. The SO(2N + 1) case. In this case, we have
Ly(z,y) = (1/2)(San(z — y) — San(z + ¥))-
To see this, recall that
Ln(z,y) := 2sin(z/2} sin(y/2)Kn(z,y)

N-1
= Z 2sin((2n + 1)z/2) sin((2n + 1)y/2).

n=0
Again using the cosine addition formula, we rewrite this as
N—1

= > cos((2n +1)(z — ¥)/2) — cos((2n + 1)(z + )/2).

n=0
The identity
N-1
sin(2Nz)/sin{z) = 2 Z cos({2n + 1)z)

n=0
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gives
(1/2)Son(z) = z cos((2n + 1)z/2),
s0 we get
Ln(z,y) = (1/2)(Sen(z — y) — San(z + v)),
as asserted.

5.4.6. The SO(2N) case. In this case, we have
Ly (z,y) = (1/2)(San-1(z — y} + Sen+1{z +¥)).

To see this, recall that
N-1
Ln(z,y) == (1/2)Kn(z,y) =1+ Z 2 cos(nz) cos(ny).

n=1
Using the cosine addition formula, we rewrite this as

N—-1

=1+ z cos{n(z — y)} + cos{n(z + y)).
n=1

Now use the identity (cf. the USp(2N) case)

N
(1/2)San-1(z) = 1/2+ Y cos(naz),
n=1
to get the asserted identity.

5.5. Case by case summary of explicit Weyl measure formulas via Sy

5.5.1. The U(N) case. The measure p(n,N) on [0,27)" is
u(n, N) = (1/n1) detnsn(Sn (2(3) — 2())) [ [(dz(3)/27).

5.5.2. The USp(2N) and O_(2N +2} cases. The measure yu(n, N) on [0, 7"

u{(n, N} = (1/n!) detnx,(Ln(z(i), 2(5))) H(dr(i)/ﬂ):
where
Ln(z,y) = (1/2)(Sani1{z — y) — Sanya(z + 3)).
5.5.3. The SO(2N + 1) case. The measure p(n, N) on [0, 7] is
#(n, N) = (1/nl) detnxn(Ln(2(i), z(5))) H(dl‘ (@)/m),

where

Ly(z,y) = (1/2)(San(z —y) — San(z +9))-
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5.5.4. The SO(2N) case. The measure u(n, N) on [0, z|™ is
(N = (1/nt) detrxn (L (2(3), 2(5)) [ J(dz @)/ ),

where
Ln(z,y) = (1/2)(San-1(z — y) + San—1 (2 + ))-

Remark 5.5.56. We have proven (Lemma 5.1.3, part 5) that the measures
u(n, N) are X, -invariant. On the other hand, this invariance is obvious from the
explicit formulas, since for any f(z,y), the determinant det,,(f(z(),z(5})) is
¥,-invariant.

5.6. Unified summary of explicit Weyl measure formulas via Sy

5.6.1. In order to unify these formulas, we introduce the quantities A\, o, p, 7
and e according to the following table:

G(N) Ao p T ¢
U(N) 021 0 O
USp(2N) 012 1 -1
SO@N+1) 3+ 1 2 0 -1
SO(2N) 012 -1 1
O_(2N+2) 1 1 2 1 -1

The measure u(n, N) on [0,0x]" is
(1/n!) detrxn (Ln((3), 2(7)) [ ] (do(i)/om)
with t
Ly(z,y) = (0/2)[Spn+r(z — ¥) + €Spn1r(z + ¥)]-

Remark 5.6.1.1. The attentive reader will have noticed that, in the U(N)
case, we have replaced [0,2m)" by [0,2n]". This change is harmless because the
measure

(1/n) detnn (L (2(8), 2(3))) [ ] (d2(3) /o)

on [0,27]" is absolutely continuous with respect to Lebesgue measure, so it gives
the entire boundary measure zero.

5.6.2. With an eye to what will be useful later, we define
Ln,—(2,y) := (0/2}Son+-(z — y) = (1/p)Spn4-(z — ¥),
Ln+(2,9) i= (e0/2)Spnar(z + ).
Lemma 5.6.3. 1) For any (z,y) in R?, and any integer n > 1, we have
Ly —(z, 9}l <(2N+71)/2=N+7/2<N+1,
|Lyn+(z, 9} < [e|(2N +1)/2 = [e|(N +7/2) < [e|(N +1).
2) For any z in R™, we have
| detnxn(Ln (z(i), (5)))| < (V)"
| detnxn (L, (z(d), 2(F)))| < (2N + 7)/2)".
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PROOF. Assertion 1) is just the fact, obvious from its expression as a trigono-
metric polynomial, that |Sy(z)| < N for all real z. The first statement of 2) just
repeats Lemma 5.3.1. The second statement of 2) for U(N) is the same as the first,
and the second statement for other G(N} is the same as the first for U(2N + 7).
QED

5.6.4. We denote by u_(n, N) the measure on [0, on]" given by

p_(n,N) := (1/n) detnxn(Ly - (2(i), 2())) H(d:z:(z‘) Jom)
= (1/n!) detnyn(Spn - (2(3) — 2(5))) [ [(de(i)/2m).

1

This last expression shows that g_(n, N} for G(N) is indeed a measure; namely, it
is the restriction to [0, om]|" of the measure u(n,2N +7) from U(2N +7) on [0, 27]™.
It also reminds us that in the U({N) case, we have p_{n, N) = p(n, N).

5.7. Formulas for the expectation E(Z[n, F, G(N)])

5.7.1. Given an integer n > 2, a function F in 7(n), and an integer N > 1,
recall (from 2.5.14) that we denote by F(n, N] the function on R" defined by

Fin,N1: X = > F(pr(T)(X)),
Card(T)=n
the sum over all subsets T' of {1,..., N} with Card(T) = n. Recall (from 4.1.3)
that Z[n, F, G(N)] is the function on G(N} defined by

Zln, FG(N)](A) := (1/(N + \))Fn, N|(((N + ) /om) X (4))
=(1/(N+X) Y, F((N+X)/om)ypr(THX(A))).

Card(T)=n

Lemma 5.7.2. Given an integer n > 2, a function F in T(n), and an integer
N > 1, the expectation E(Z[n, F,G(N)]) is given by the integral

E(ZIn, £,6N) = /(N +3) [ F(N + Nafom) dutn, N).
[0,
PROOF. The function A — Z[n, F, G(N)|(A) is a symmetric function of X (A),
corresponding to the symmetric function

X ((N+X) 3 F((N+X)/om)pr(T)(X)),
Card(T)=n
so we may apply the Weyl integration formula to express it as the integral against
#{N,N) of this function. But this function is of the form G[n,N], for G the
symmetric function

X = (1/(N+MF(((N+ A)/om)X).
We then apply part 5) of the Key Lemma 5.1.3 to write the integral of G{n, N)
against u(N,N) as the integral of G against u(n,N). The “unified formula” is
just a rewriting of this, except that in the /(N) case the domain of integration is
[0, 2x]™ instead of [0, 27)". But as already remarked in 5.6.1.1 above, the measure
u(n, N) is absolutely continuous with respect to Lebesgue measure, so it is the same
to integrate over [0,2n]™ as over [0,2m)*. QED
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5.8. Upper bound for E{Z[n, F,G(N)])
5.8.1. We now show that part ii) of Theorem 4.2.2 holds.

Proposition 5.8.2. Let n > 2 be an integer, F in Tp(n), a > 0 a reel number
such that supp(F) < a. For any N > 2 and any G(N) we have
|E(Z[n, F, GIN)DI < [|Fllsup(2/0)(22/0)" " /(n — 1)!
< ”F"sup2(20‘)n_l/(" -l

PROOF. We may assume n < N, since if not the function Z[n, F, G(N)] van-
ishes. By the previous lemma, we have

E(ZIn,F,G(N)) = (1/(N+X) [ F((N +Xa/on)du(n, N).
|0,om]"
By scaling, we may assume ||F||s,p = 1. Among all such F' with supp(F') < a, the
expectation is largest when F' is the characteristic function of the “a-neighborhood
of the diagonal” set

A(n, ) := {z in R” with Sup|z(i) — z(j}| < a}.

Then F({N + A)z/ox) is the characteristic function of the set A(n, aon/(N + A)).
Thanks to 5.2 and 5.3.3, the measure u(n, N) is dominated by (1/n!)(2N/o)*
times normalized Lebesgue measure on [0, on]". So we have

|E(Zln, F,G(N)))| = |(1/(N + ) f F((N + Nz/om) dufn, N)

[0,0%]"

< (/m)EN/o (N +N) [ PN+ Nafom) H(dm(z‘)/mr)

Goxn
= (1/n1}(2N/o)*(1/(N + '\))/[o - F((N + Mz H dz(i
= (1/n))(2N/o)"(1/(N + A)) Vol(A(n,a/{N + A ) nio,1J™)
< (1/nh(2N/o)"(1/N) Vol(A(n,a/N) N[0, 1]")
= (1/nY)(2/a)*(N)"~! Vol(A(n, /N) N [0, 1]").
At this point we need the following
Lemma 5.8.3. Forn > 2 and any real a > 0, we have
(1/n) Vol(A(n,a) N[0, 1]™) < a™1/(n - 1)L
ProOOF. The region A(n,a) N [0,1]" is stable by the symmetric group ¥,,

so (1/n!} Vol(A(n,a) N [0,1}*) is the volume of the region in R™ defined by the
inequalities

0<a(l) <a(2) < - <aln) <1,
z(n) —z(l) <«
This region lies in the region
0<z(1) L1,
0<a(l) < (2) < - < z(n),
z(n) —z(1) < c.
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By the unimodular change of coordinates
y(0) = (1),
y(i)=z(E+1)—z(1) fori=1,...,n-1,
this last region is the product
0,1] x {yin R* " with 0 < y(1}) < -  <y(n—1) < a},
whose volume in R™ is that of the region
{yinR* ! with0<y(l)<---<y(n—1) < a}

in R"~1. This last region is a fundamental domain for the action of £,_; on the
a-cube [0,a)" 1, so has volume o™ '/(n — 1)1. QED

5.8.4. Using Lemma 5.8.3, applied with a/N, we get
(1/n)(2/0)"(N)"~! Vol(A(n,a/N)n {0,1]™)
< (2/a)*(N)*Ha/NY""1/(n = 1)1 = (2/0)"a™ ! /(n — 1)),
which completes the proof of Proposition 5.8.2. QED

5.9. Interlude: The sin(rz)/nz kernel and its approximations
5.9.1. For an integer n > 2, and z in R", we define
W(R)((L), - - 3(n)) i= detnxn(sin(r(z(i) — 2(7)))/m(z(i) — 2(1))).

Lemma 5.9.2. 1) For z in R, we have |sin(nz)/mz| < 1.
2) Forn > 2 and z in R", we have |[W(n)(z(1),...,z(n))| < L.

PrROOF. For any fixed z in R, we have the limit formula
sin{rz)/nz = A}im sin(rz)/N sin(rz/N)
= lim (1/N)Sny(27z/N).
N—oo
So we have the limit formula
W(n)(a(D), .., =(n) = Jim_detuxa((1/N)Sy((2n/N)((i) - 2(3))))-

So 1) results from the estimate |Sy{z)| < N, and 2) results from the U{N) case of
5.3.3 (via 5.4.3), by passage to the limit. QED

Lemma 5.9.3. For z real with |z| < 1, we have
|(sin(z)/z) — 1| < 2%/5.
Proor. Expanding sin(z)/z in power series, we get

> (=172 /(2n + 1)

n>1

<D 2™ /@En+ 1

n=1

(sin(z)/z) — 1] =

For |z| < 1, each term z2" is bounded by z?, so

(sin(z)/z) — 1| < o (Z 1/(2n + 1)1) ,

n>1
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and

Y 1/@n+1)l=e-1-1-Y 1/@n)'<e—2-1/2! - 1/4!

n>1 n21
<272-2-1/2-1/24<1/5. QED
Lemma 5.9.3.1. For x real and M > 0 real, we have
|1 - (z/M sin{z/M))| < (1/4)(z/M)* if |z| <M.

Proor. Changing variable, this becomes

|1 — (z/sin(z))| < 22/4 ifjz| < 1.

By 5.9.3, we know that

|(sin(z)/z) — 1| < £%/5 if |z| < 1.

Fix z,|z| £ 1, and put A :=sin(z)/z. Then |A — 1| < 1/5, so |A| > 4/5, and
11— A7 = [(A—D)I/JA] < |A - 1]/(4/5) < (s/5)/(4/5) = £*/4. QED
Lemma 5.9.4. For z real and M > 0 real, we have

|sin(z)/z — sin(z)/M sin{z/M)| < (x/M)?/4 if |z] < M.
Proor. We have |sin(z)| < |z| for all real z, and
| sin(z}/x — sin(z)/M sin(z/M)| = |sin(z) /x| |1 — (z/M sin(z/M))|.
Now apply the previous Lemma 5.9.3.1. QED
Lemma 5.9.5. For = real, § real and M > 0 real, if |z| < M we have
|sin(x)/z — sin((1 + 6)z)/M sin(z/M)| < |6] + (1 + |6]) (z/M)?/4.
PrOOF. We suppose |z{ < M. We write the quantity to be estimated as
|sin(z)/z — sin{z)/M sin(z/M) + (sin(z) — sin((1 + 6)z))/M sin{z/M}|
< |sin{z)/z — sin(z)/M sin(x/M)| + |(sin(z) — sin((1 + 6)z)}/M sin(z/M}|.

The first term is bounded by (z/M)?/4, by 5.9.4 above. We use the mean value
theorem and then 5.9.3 to estimate the second:

|(sin(z) — sin{(1 + 8)x))/M sin{z/M)| < |6z/M sin(z/M)|
= |6 + 6(z/M sin{z/M) — 1)| < |6| +|6|(z/M)?/4. QED

Corollary 5.9.6. For any integer N > 1 and any G(N), we have:
1) For real x with |[nx} < N,

|sin(72)/72 — (N +3)(0/D S 4+((N + X)L oma)
<1/2N + (14 1/2N)(rz/2N)2.
2) For all real z,
[sin(rz)/mz — (N + X) "0 /2)Son+r({(N + N)"lonwz)| < 1/2N + 2(rz/N)2.
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Proor. Let us simplify
(N +X)7H0/2)Spn+-((N + X)~onz)
= (p(N + X)) Spn 1+ ((p(N + A))~'2mz)
= sin((pN + 7)1/ (a(N + \)/(o(N + N))sin((p(N + A)) ~7z).
Suppose first that |wz/N| < 1. The first assertion is the specjal case
§=(pN +71)/p(N + ) —1=(1—pA}/p(N + \), M=pN+r7

of the previous lemma, since in all cases |6] < 1/2N. It trivially implies the second.

If |mz/N| > 1, the second assertion holds trivially, since the terms being sub-
tracted have absolute values at most 1 and (pN + 7)/(pN + pA) < 1+ 1/2N
respectively. QED

5.9.7. For each G(N) and for each integer n > 2, we define a function
W{(n,N) on R® by

W(n,N) = detpun((N + X)Ly (N + A)"Lonz(i), (N + A) lonz())),
detnxn((N + A) 71 (0/2)S,n+r (N + N) " om(z(i) — 2(5))))-
By Lemma 5.6.3, part 2), we have

Lemma 5.9.8. For any G(N), any n > 2 and any z in R™, we have
[W(n, N)(z)| < (N +7)}/(2N +2\))" < (1+ 1/2N)" < 2",

5.9.9. The next lemma shows that for fixed n, W(n, N)(z) is a good approx-
imation to W(n)(z), provided N is very large and z is near the diagonal.

Lemma 5.9.10. Fiz integers n > 2 and N > 1, and a choice of G(N). Let
a > 0 be real, and = in R" a point with Sup, ; |z(i) — z(5)| < a. Then we have the
inegquality

|[W(n)(z) — W(n,N)(z)| < nl xnx2"! x (1/2N + 2(ra/N)?).

Proor. We are comparing the determinants of two n x n matrices, say A and
B, whose individual entries a(7,7) and b(i,j) are bounded respectively by 1 and
by (pN + 7)/(pN + pA) <1+ 1/2N < 2 in absolute value, and whose differences
la(4, ) —b(2, 7)| are bounded by 1/2N +2(wa/N)?, thanks to the previous Corollary
5.9.6. So the result follows from (the ¢t = 2,5 = 1/2N + 2(na/N)? case of) the
following crude lemma.

Lemma 5.9.11. Let n > 2 be an integer, and s > 0 and ¢ > 0 real. Let
A = (a(i,7)) and B = (b(t, 7))} in Mn(C} be n x n matrices with

Sup |a(z,7)| < ¢,
ij
Sup |b(z, )| < t,
ij
Supla(i, 5) — b(¢, /)] < s.
1,2

Then | det(A) — det(B)| < (n!)nt"1s.
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PRrRoOF. Expand out det(A) and det(B) and separately compare each of the n!
terms. For a fixed ¢ in T, let a(?) := a(i, p(2)), b(z) := b(Z, p(i)). The telescoping
sum

> (H b(z)) (b(s) - a(d)) (H a(z)) = [Te6) - [T o0

is the sum of n terms, each bounded in absolute value by t*~!s. QED

5.10. Large N limit of E(Z[n, F,G(N)]) via the sin{rz)/mz kernel

Definition 5.10.1. Let n > 2 be an integer, F' in Z5(n), @ > 0 a real number
such that supp(F) < . Define the real number E(n, F, univ) by

E(n, F, univ) = /lo,,,]n-uorde,) F(O,z)W(n)(O,z)U dz(3).

The integral is visibly independent of the auxiliary choice of @ > 0 such that
supp(F) < a.

5.10.2. We now show that part i) of Theorem 4.2.2 holds, with the above
explicit formula for the large N limit E(n, F, univ).

Proposition 5.10.3. Letn > 2 be an integer, F in Ty(n), o > 0 a real number
such that supp(F) < . For any integer N > 2 and any G(N), we have

|E(Z[n,F,G(N)]) — E(n,F, univ)|
< ||Fllsup (8)™ " ((re)? + a + 1 + 10log(N)) /N
PRrROOF. We will prove this in a series of three lemmas.

By Lemma 5.7.2, the expectation E(Z{n, F, G(N)]) is given by

E(Z[n, F,G(N)]) = (1/(N + X)) / F((N + Nz/or) du(n, N)
= (1/nY(N + X)) - F((N + Nz /o) detrxn(Ln(z(1), (4))) H(dx(i)/f”f)-
We denote by E_(Zfn, F,G(N)]) the integral
(5.10.3.1)
E_(Zn, F,G(N))) = (1/(N + A) )/ F((N + Nz /x) du_(n, N)

={(1/nl(N + X)) - F((N + A)z/om) detnxn(Ln, - (z(5), 2(3))) H(dm(i)/aw).

Lemma 5.10.4. Let n > 2 be an integer, F in Th(n), o > 0 a real number
such that supp(F) < a. For N > 2 and any G(N), we have the estimate
|E(Z[n, F,G(N)]) - E~(Z[n, F,G(N)})|
< ||F||sup(8a)"_110 log(N)/N.

Proor. If G(N) is U(N), then u(n, N) = p_(n, N), and there is nothing to
prove. In the other cases, we have 0 = 1,p = 2.



128 5. HAAR MEASURE

We expand the n x n determinant of the Ly(z,y) into n! terms of type
sgn(p) [1; Ln (=(3), z(¢(4))) for ¢ in ,,. Writing
LN(xay) = LN.'(:E: y) + LN.+(xa y):
we expand each n-fold product []; L~ (z(%), z(p(2))) into 2" terms, corresponding
to which factors we replace by Ly _(z,y) and which by Ly 4(z,y). The choice of
all “—” gives the n x n determinant of the Ly, _(z,y); the remaining (2™ — 1)n!

terms are individually to be regarded as error terms. Thus the difference of the two
integrals is a sum, with signs, of (2™ — 1)n! integrals of the form

N+ [ PN+ X2 (1'_[ L 4 (2), x(sp(i)))) [Ltest/m),

where in the product []; Ln,+{z (3}, z(¢(7))), at least one + is +. We choose one
particular term Ly 4(z(i0), z{¢(%0))) which has the +, and use the trivial estimate
|ILns(z,0)| <(1/2)2N +7) <(1/2)2N +1) < N +1

to deal with the n—1 other terms. We also use the trivial estimate 1/(N+X) < 1/N.
Thus each of (2" — 1)n! integrals is bounded in absolute value by one of the form

(1/n! NY(N + 1)~1 /

[0,

[F(N + Nz /m)| L.+ (2io), 2(o))| [] (@(i) /).

Because supp(F) < a, |F({N + A)z/x)| is supported in the region A{n,ma/N)
defined by

Sup |z(i) — z(j)| < 7a/(N + A) < ma/N.

1,7
So the above integral is bounded by
(1/t NN + 1" Fe

[0 r]PNA(nra/N)

| L.+ (a(io), 2io))] [ ] (@) /).

By renumbering, we may assume that i = 1 and jo = 1 or 2. We pass to the
coordinates

z(1), &3)=z()—z(Dforj=2,...,n.

In this coordinate system, each |6(7)] € #a/N, and so the domain of integration
[0,7]* N A(n, 7a/N) lies in the product region

[0,7) x [-7a/N, Ta/N]""1.
Thus

/[nglnn Atma/) |Ln,+(2(1), (f0))} l:[(dx(i) /)

<

/ x4+ (2(1), 2(o)) | d(z(1)/m) ] (46(0) /)
[0,7]x[-7a/N,ma/N]"—1 i>2

- f |Sav4r (22(1) + 800 ld(z(1)/27) [ (66) /).
[0,x]x[-Ta/N,ra/N]n-1 i>2
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If jo = 1, the integrand is a function of z{1) alone, and this integral is

= (2a/N)"" A} | [Sarr (22| do(1)/2m

= (2a/N)™! /[D |in((2N +7)2)/ sin(z) da/2r

If j5 = 2, the integrand is a function of 2(1) and §(2) alone, and the integral is

(2a/N)n—2/ (-/[0 ]|82N+T(2$+6)|d2‘:/271') d6/71'

[-xa/N,xa/N]|

< {2a/N)*™' Sup / |Sonsr (22 + 6)| dz/2m
|8|<an/N J[0,7|

< (2a/N)*! Sup / |sin((2N + 7)(z + 6/2})/ sin{z + 6/2)| dz/2x.
|6|<ar/N J[0,7]

Let us admit temporarily the truth of the following sublemma.

Sublemma 5.10.5. For any integer N > 2, and any real y, we have

/ |sin(N (z + )/ sin(z + )| dz/27 < 2+ log(N — 1).
o,

By the sublemma, we have

_/[(]m],,nA(n’m/N) | LN+ (z(t0), 2(Jo))| I;[(d-'ﬂ(’i)/')r)

< (2a/N)*"1(2 +log(2N + 7 - 1))
< (2a/N)""(2 +log(2N))
< (2a/N)"* ' (5log(N)) (since N > 2).
Hence, retracing our steps, we find that
|E(Z[n, F,G(N)]) - E_(Z[n, F,G(N)])|
< (2% = D! (1/n NY(N + 1)" | F lsup (20/N)" (5 log(NV))
= |1 Fllyup(2® — 1)(20)™ (N + 1)/N)"" 5 log(N)/N
< || Flsup2™(42)" 5 10g(N)/N = || F||sup(8a)" ' 10log(N)/N.
QED for Lemma 5.10.4, modulo Sublemma 5.10.5.
PROOF OF SUBLEMMA 5.10.5. The function sin(Nz}/sin(z) is periodic of

period 27, so for any y we have

‘/[; ] | sin(N{z + ¥))/ sin{z + y}| dz/2n
< / |sin(N(z +y))/sin{z +y)|{dz/2m
[—m,m]
_ /| sin(Nz)/ sin(a)| da/2n (by periodicity)

= / |sin(Nz)/sin(x)|dz/= (by evenness).
[0,



130 5. HAAR MEASURE

Break up the interval [0, 7] into the 2NV subintervals
I; = [jm/2N,(j+ 1)n/2N] forj=0,...,2N —1.

We get
2N-1

[, Jane sniedsin = 3 [ anire)/ s de/n

We use the estimate |sin(Nz)/sin(z)| < N for the j = 0 and § = 2N — 1 terms.
We use the estimate | sin{Nzx)/ sin{z)| < |1/ sin(z)| for the others. As each interval
I; has dr /7 length 1/2N, this gives

2N-2

‘/[0,"] |sin{Nz)/sin(z)|dz/m <1+ ; -/1 |1/ sin(z)| dz/x.

J

Because sin(z) in [0,7] is symmetric about the midpoint w/2, the terms
flj |1/ sin(z)| dz/m match in pairs (j and 2N — 1 — j), so we get

N-1
‘/[o,w] |sin(Nz)/sin{z)| dz/m <1+2 ; ./1,- |1/ sin(z)| dz/m.

For z in [0, 7/2], we have x > sin(z) > 2z/7, so on I; above we have

1/sin{z) < 7/2z < w /(257 /2N) = N/j,

/ 11/ sin(z)| dz/x < (N/5) / dz/m = 1/2j,
I i

and thus we get
N—-1

/ |sin(Nz)/ sin(@)|dz/m <1+ 3 1/j
[0,7] i=1
N-1
<2+ 31/ <2+log(N —1). QED for 5.10.5.
=2

Lemma 5.10.6. Let n > 2 be an integer, F in Ty(n), o > 0 a real number
such that supp(F) < a. For N > 2 and any G(N), if we define

E_(n,F,N,G(N)) := / F(0,2)W(n, N)(O,z)H dz(z),

[0,cxe[™—1(order)
we have the estimate

|E_(n, F,N,G(N)) — E_{Z[n, F,G(N)])| < 2(2¢)™| F||sup/(n — 1)! N.

Proor. Recall that E_(Z[n, F, G(N)]) is the integral
(1/n! (N + X)) /[ PN + X)afom) detmsn (L, (=), ) [ ot fom).
0,o7™ i
Making the change of variable
y = (N + X/om,
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we may rewrite E_(Z[n, F,G(N)]) as
@ [ FeWen N ] .
[0.N+A" ;

A key point is that W (n, N) is itself a function in the class 7(n), i.e., it is both
Yn-invariant [being of the form det,x.(f(¥(Z),y(7)))] and invariant by additive
translations by all A,(t) := (t,...,t) [because f(z,y) is of the form g(z — y)].

By the X,-invariance, we may rewrite E_(Z[n, F, G(N)]) as

(1/(N + ) Fy)W(n, N)(y) [ ] dv (@),
[0,N + X" (order) i

where [0, N + A]”*(order) is the region
{yin R” with 0 < y(1) Sy(2) <-- < y(n) <N +2A}

By the invariance of both F(y)} and W(n, N){(y) by additive translation by
diagonal vectors A, (t), we have

F(y) = F(0,y(2) —y(1),...,y(n) —y(1)),
W(n’ N)(y) = W(n’N)(O’ y(2) - y(l)v o ,y(n’) - y(l))

Make the further change of variable
t = y(1}), (D) =y(@) —y(l) fori=2,...,n

In the coordinates (t, z) our integral E_{Z[n,F,G(N)]) is
/v +) [

A ( /[(],Nﬂ_t]n_l(mder) FOW(,N)0,2) ]| dz(i)) at
—a/@N) [ et
[0,N+A)
with
= 4 n, N , dz(2).
g(t) -[O,N+A—t]"’1(order) F(O )W( )(0 z) U (Z)

The function F' has supp(F'} < o, so for z in {0, N + A ~ t]*~!(order) the function
F(0, 2) vanishes unless 2(n) < o. Thus we may rewrite the inner integral g(¢) as

s = [ F(0,2)W (n, N)(0,2) ] dai).
[0.min(ce, N4+ X—t}]"—1(order) A

For any ¢ in [0, N + A}, we have the bound

ool [ 0w N0, [] )

< (@7 (n = DYIIF lsupIW (1, N)llsup < 271/ (1 — DY||F lsup
by 5.9.8, which also establishes that
|E—(n, F, N,G(N))| £ 2*(a™ ! /(n = 1))]| Flsup-
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Suppose first that N + A > a. Then we have
QN+ [ oty
= (1/(N + /\))/ gt)dt + (1 /(N + ) g(t) dt.

[0, N+A—a] [N+A—a,N+A]
For t in [0, N + )\ — a], the inner integral g(t) is

/ F(0,2)W(n, N)(0,2) [ ] dz(3),
[0,a3™—1{order) ;
independent of ¢, and so the first term is

(1/(N +A) g(t) dt
[0,N+A—a]

=((N+X=a)/(N+))) A )F(O, 2)W(n, N)(O,z)H dz(4)

= (1 —{a/(N +N)E_(n, F,N,G(N)).
We may estimate the second term by
(1/(N + A)) g(t)dt
[N+A—a,N+2]
< (a/(N+2)2" (@™ /{n = DY Fllsup < (20)"[| Fllsup/(n — 1)1 N.
Thus we have
\E_(n, F,N,G(N)) — E_(Z[n, F, G(N)])| < 2(20)"|Flsup/(n — 1)! N,

provided N + A > a.
Suppose now that & > N + . Then the above estimate holds trivially. Indeed,
for any «, we have

\E_(Z[n, F,G(N)])|

< 2@ /(n = 1)) Fllsup,

/(N + X)) [{0 L

and we have already noted that
|E-(n, F,N,G(N))| < 2*{a"™""/(n ~ 1)) Fllsup-
Thus we find that
|E_(n, F,N,G(N)) = E_(ZIn, F,G(N)})| < 2** o™ | Flsup/(n — 1)1
Because & > N+ A > N, we have 1 < /N, so
27 07| Fllgup/(n ~ 1! < 2(20)™| Fllgup/(n — 1)! N.  QED

Lemma 5.10.7. Let n > 2 be an integer, F in Ty(n), a > 0 a real number
such that supp(F) < a. For N > 2 and any G(N), we have the estimate
|E—(n, F,N,G(N)) — E(n, F, univ)}
< n?(2a)*1(1/2N + 2(ra/N)*)|| F||sup-
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ProoF. The difference is the absolute value of
/ F(0, 2)(W (r, N)(0, 2) - W(n)(0,2)) [] dz(i).
[0,a]~ 1 (order) §

The domain of integration has area a®~!/(n—1)!. In it, we have, by Lemma 5.9.10,
[W (n)(0, z) — W(n, N)}(0,2)] < n! xn x 2" x (1/2N + 2(ra/N)?),
and so the assertion is obvious. QED

5.10.8. We can now finish the proof of Proposition 5.10.3, by combining the
three lemmas. Taken together, they give an error of

[|Fllsup (8)"~'101og(N) /N
+ | Flsup2(20)™/(n — IN' N
+ | Fllsupn®(2e)* " H(1/2N + 2(ma/N)?).
We leave the first alone, replace the second by the cruder
|| Fllsup (8)™ /N,
and use n? < 4" 1 and N > 2 to replace the third by
[ lsup (82)" 71 (1/2N + 2(ma/N)?)
< [1Fllsup(8)"(1/N + (ma)?/N)
= [|Fllsup(82)* ™' (1 + (7a)*)/N. QED

5.11. Upper bound for the variance
5.11.1. In this section, we show that part iii) of Theorem 4.2.2 holds.

Proposition 5.11.2. Letn > 2 be an integer, F in Ty(n), a > 0 a real number
such that supp(F) < a. For any N > 2 and any G(N) we have

| Var(Z[n, F,G(N)])| < (3(8a)" " + 65(8a)*" ~2) (I Fllsup)* /N-

ProOOF. For A in G(N), with angles X(A) in [0,07|Y, Zn, F, G(N)|(A) was
defined (in 4.1.3) by

Z[n, FG(N)(A) == (1/(N + X)) Fn, N[(N + A)/om) X (4))
=(/(N+A) Y PN+ X)/om)pr(THX(A)).
Card(T)=n

For any function W on G(N), its variance Var(W) is defined as

Var(W) := W? dHaar — (

W dHaar | .
G(N)

G(N)

So our first task is to square Z[n, F, G(N)](A).
Let us fix F, N,G(N), and A in G(N), and denote

Z = Z[n,F,G(N)](A).
For a subset T of {1,2,..., N} of cardinality n, we define
f(T) == F(((N + A)/om) pr(THX (A))).
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Thus we have

W+nzZ= 3 AT,

#T'=n
(N+X?Z22= 3 FDS).
#T=n,#S=n
We now break up this sum according to the value of C :=T U S:

Z2=(N+N Y > Y DS

n<i<on #CO=l | C=TUS
#T=n,#5=n
For each subset C of {1,2,..., N} of cardinality {, we define
RC):= Y. FT(S).

C=TUS
#T=n,#S=n
Thus we have
Z2=(N+XN Y (N+X7 Y R(C

n<i<2n #C=l

For each [ with n <1 < 2n, it is tautological that the inner summand

(N+07 Y RO)

#C=!
is itself of the form Z[l, H;, G(N)](A) for H, the function on R’ defined by
H(X):= Y, Fpr(THX)F(pr(S)(X)).
{1,2,...,}=TUS8
#T:ﬂ,#s=n
Thus we have
(5.11.2.1) Zin, GNP = (N+ 01 Y Z[L, H,G(N)].
n<i{<in
Integrating over G(N), we get
(5.11.2.2) E(Z[n, F,GIN)) = > (N+X"'E(Z[l, H;,G(N)]).
n<i<2n

5.11.3. Our first task is to show that the terms with [ < 2n are negligible.
Lemma 5.11.4. The function H; lies in T(l), and
|Hllsup < Binom(Z, n) Binom(n, I — n}(|Flsup)”.
Ifl < 2n, H; lies in Ty(1), and supp(H;) < 2.

PROOF. The key is that F lies in 7y(n), with supp(F)} < a. Because F lies in
T(n), L.e., is B,-invariant and invariant by diagonal translation in R?, we see easily
that H, is £;-invariant and invariant by diagonal translation in R', i.e., H; lies in
7).

To get the asserted bound on || H||sup, look at the formula for H; in terms
of F, each term of which is bounded by (||F|lsyp)*. This formula for H; in terms
of F has Binom({,n)Binom(n,! — n) terms. Pick first T, which can be any of
the Binom(l,n) possible subsets of {1,...,{} of cardinality n. Having picked T', S
may be any set of cardinality n which contains C(T) := {1,...,l} — T, a set of
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cardinality #C(T) = ! — n. So picking S amounts to picking S — C(T'), which may
be any subset of cardinality n — (I — n) = 2n — I of T. Hence, given T, there are
Binom(n, 2n — {) = Binom(n,{ — n) choices for S.

Suppose now that ! < 2n. We claim that supp(H;) < 2a. In each term
F(pr{T}X))F(pr(S)(X)), the two sets S and T cannot be disjoint (because SUT
is {1,...,1}, and ! < 2n). So there is an index 7o which lies in both § and T. Any
index j with 1 < j < I lies in either § or 7. If j lies in S, then F(pr(S)(X))
vanishes if |z(i) — z(j)| > a, because supp(F) < a. If j is in T, then F(pr(T}(X))
vanishes if |z(ip) — (5)] > . So the product F(pr(T}(X))F(pr(S)(X)) vanishes if
|z(io) — z(j)| > a for any j. By the triangle inequality, F(pr(T){(X))F(pr(S}X)},
and hence H;(X) itself, vanishes if there are any two indices j and & such that
lz(k) — z(5}| > 2a. This means precisely that supp(H;) < 2a. QED

Corollary 5.11.5. For l < 2n, we have the estimate
(N + X) T E(Z[L, H, G(V)))]

< (|| F|lsup)? Binom(l, n) Binom(n, { — n)2(2a)' =1 /(I — 1)! N.
PrOOF. Simply combine Proposition 5.8.2 with the above Lemma 5.11.4. QED
5.11.6. We now turn to a detailed look at the I = 2n term

(N + N\~ E(Z[2n, Han, G(N)]).

Lemma 5.11.7. We have the estimate

[(N + )" E(Z[2n, Hen, G(N)]) — (B(Z[n, £, G(N)]))?|

< (| Fllsup)? Binom{2n, n)4%(4a)**~%/N.

PrOOF. We apply the general formula (5.7.2),

B2l F,6N) = (YN +0) [ PN + Na/om) du(n, ),

[0,0n]"

to find
(N + A" 1E(Z[2n, Hz2n, G(N)])
=N+ /\)—2/ Hon (N + A)z/om)dp(2n, N)
[0,ex)2"

= (N + )2 Z Integral{S, T,

81T={1.....2n}
#S=#T=n

where Integral(S, T) is the integral
A, on PN+ 0 prT)(@) [om)F(N +X) pr(S)(a) o) dys(2n, N).

For brevity of notation, let us denote

z(T) := pr(T)(z},
$(@) == PN + Na/om).
Then we may rewrite Integral(S, T as

Tntegral(S, T) = /[  (&(T)£(2(8) du(2n, N).

0,0x]
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Because the measure g(2n, N} is Xo,-invariant, and Lo, acts transitively on the
set of all partitions (S, T) of {1,...,2n} into two disjoint subsets of cardinality n,
we see that Integral(S, T) is independent of (S,T). There are Binom(2n,n) such
partitions. Fixing one such (S,T), say ({1,2,...,n},{n+1,n+2,...,2n}), we have

(N + N)1E(Z[2n, Han, G(N)])
= Binom(2n,n)(N + A) % Integral(S, T).
The measure u(2n, N) is of the form (5.6.1)

(1/(2n)") deton xon (L (z(2), 2(5))) H(d:z: (1)/om).

Let us denote
D(2n, N)(z) := detanxon(La{z(i), z(4))).
Then we have
(N + A\) " E(Z[2n, Hyn, G(N)])

= Binom(2n,n)(N + A)~ /{0 . fx(D)f(z(S)) dp(2n, N)

~@ W [ SEmiE)Den M@ [/

Expand D(2n, N)(z) = detanxan{Ln{z(i), (7)) as the sum of (2n)! terms
sgn(p) [ ] Lw ((), o(e(0)))

indexed by ¢ in ¥,,. We must distinguish two sorts of elements ¢, those which
respect the chosen partition (S,T), and those which do not. We group the corre-
sponding terms,

Dresp(2n, N)(z) = 3. sgn(@) [] Lw(z(0), 2(0(3))),
@ respects S | | T i

and

Dnonresp(znx N)(.’l:) = Z Sgn(‘P) H LN(x('i’)a z(‘P(?’)))

v does not respect §| | T
Thus we have
(N + N E(Z[2n, Han, GV)])
— (nL(N +X)"2 /m TN D2 N [ i)/ rm

+ (N + X)) /[ D) D2 W) () [ [t om)

010.7‘-]'211
It is tautological that we have the product decomposition
Dresp(2n, N)(z) = D(n, N)(z(8))D{n, N)(z(T)).

From this, we see that

O+ [ ) E(S) Denen(2n, M) [l fom)

[0,0m]3"
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is the square of

(n! (N + ,\))-l/

[0,0x]"

1(@)D(n, N)(z) [](da(@}/om) = B(Z[n, F,G(N)).

Thus we have
(N + X)"2E(Z(2n, Hzn, G(N)]) — (E(Z[n, F, G(N)]))?

= (nl(N + X))~2 / F@TF(@(5) Dasnreso(27, V) (&) [[ )/ m).

{D.ox]2n

5.11.8. It remains only to bound the “remainder” term

(n!/(N + ,\))““"-/[;I - F(z(T)) f(2(S}) Dnonresp(2n, N){(z) H(dz(i)/aw).

Lemma 5.11.7 will follow from

Lemma 5.11.9. We have the estimote
N+ )2 [ D)) Daonrsy (20, N)(2) [ (3

[0,0x]?"
< {||F|lsup)? Binom{2n, n)4*(4a)*~2/N.

Proor. It suffices to show that for each ¢ in ), which does not respect
(S, T}, of which there are at most (2n)!, we have

[CILERVRY NI CCONCON | EMCORIFON] | CEO7)

< (| F]lsup)?42 (4a)®™ =2/ (n])2N.

Look at the cycle decomposition of . At least one of its cycles contains elements
of both § and T. Renumbering, we may suppose that (S, 7T) is

({1,2,....n}L{n+1,n+2,...,2n}),

that both 1 and n+ 1 are in the same -orbit, and that ¢(1} = n+ 1. Because the
forward p-orbit of n + 1 does not stay in T, there will be some n+ & > n and some
b < n for which o(n + @) = b. The idea is to pay special attention to the factor

Ly(z(1),z(n+ 1)) Ly(z(n + a), z{(b)),
and to use the trivial bound |Ly (z(2), z(p(i)))| < 2N, cf. 5.3.1, on the other 2n —2
terms in the product. So we have
[CUEE N SIS CCONEON | IECEIPON] § CHOTE]
< (2N H ! (N + \)) 72
< FEES N1, 260+ 1) Ln(arn + ) 2 [ 6) o)

Make the change of coordinates
s=z(1), 8@)=z(E)—z(l)fori=2,...,n,
t=z(n+1), e@)=z(n+i)—z(n+1)fori=2,...,n,
and put
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Because supp(F) < a, f(z(S)) := F((N + A)z(S)}/or) is supported in the region
Sup; |6(3)] < oma/(N + A) < oma/N, and similarly f(z(T)) is supported in the
region Sup; |g(2)] € oma/N. So we have

/['0 jon | (z(T) F(2(SH| | Ln(z(1),z(n + 1)) Ln{z(n + a), z(b))| H(dz(i)/mr)

2 n ) /o t)/o
S (“F"SUP) -/[—avra/N,a'rrrx/NPn—zI t2(€, 6) H(d(S(Z)/ 7!') ];[(dé‘( )/ 7!')
where
Tnt(e, 6) = f L D (e <(e), s+ SO/ om)dtefom)
[0,0m]2

Thus we have the inequality
/[0 - |f (D)} f(2(SNLn(x(1), 2(n + 1)) Ly(z(n + a), z(b))| H(dm(fi)/gn)
< (I1Fllsup)*(2e/N)*" 2 Sup| Inta(e, 6)]

But for any values of the ¢£'s and the é’s, we have, by enlarging the domain of
integration from [0, o7)? to [0,4m]2, the inequality

|Int(e, §)| < 16 f (s, )L (t + (), s + 6(b))|d(s /4m)d(t/4m).
(0,4m]2

By the Cauchy-Schwarz inequality on the probability space [0, 472, d(s/4m)d(t/4r),

we get

| Inty (e, 6} < 16|[Ln (s, )L, [l L ( + €(a), s+ 6(b)) |l .-

The function Ly (s, t) is periodic of period 47 in each variable separately, and has Lo
norm Sqrt(N), by 5.3.2. By the translation invariance and symmetry of Lebesgue
measure, we have

ILn (s ), = [ILn (t + e(a), s + 6(b))]|z.-
So we get
| Intz (e, 6)| < 16N.
Tracing our way back, we get the required estimate, and so Lemma 5.11.9, and

hence Lemma 5.11.7. QED

5.11.10. We may now conclude the proof of Proposition 5.11.2. By com-
bining 5.11.4, 5.11.5, and 5.11.7, we find that | Var(Z[n, F, G(N}})| is bounded by
(I1F lsup)? /N times

2n—1
> Binom(l, n) Binom(n, { — n)2(2a)~' /(¢ - 1)!
l=n

+ Binom(2n, n)4%(4a)?" 2,
Let us admit temporarily that
Binom(l,n) Binom(n,l — n)/(1 - 1)! < 3.
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Then our bounding factor is

2n—1 .

<6 Z (2¢)'=! + Binom(2n, n)42(4a) 22

{=n
In the partial geometric series, either the first term or the last term is largest,
depending on the size of 2¢, so each term is bounded by the sum of the first and
last terms. We bound Binom(2n, n) by 2°" (expand (1 +1)?"). Thus our bounding
factor is

< 6n((20)" 7" + (20)** %) + 22742 (4a)* 2
= (6n/4"7")(8a)™ ! + (6n/42"%)(8c)*" 2 + 43 (8ax) "2
< 3(8a)™! + 65(8a)?" 2,
which proves the proposition. It remains to explain why
Binom({, n) Binom(n,i — n) /{1 — 1)! < 3,

which in fact holds for all 0 < n <! < 2n. Expanding out in terms of factorials, it
amounts to

<30 - )t - n) (20— 1),

which is the case r = 3 of the statement that, given r > 1 nonnegative integers
k(7), we have

1/m 3 k6 < [Tk

To see this, proceed by induction on r, the case r = 1 being clear. If any k(i)
vanishes, the r case is trivially implied by the r — 1 case. If all k(i) are > 1, the
assertion results from the stronger assertion

1/r) ) k(@) <[J k() if all k(3) > 1,

which is obvious from writing k(7) as 14z(%) and expanding out both sides. QED






CHAPTER 6

Tail Estimates

6.0. Review: Operators of finite rank
and their (reversed) characteristic polynomials

6.0.1. The following lemma is well known, we give it for ease of reference.

Lemma 6.0.2. Let k be a field, V a k-vector space, and L : V — V a k-linear
endomorphism which is of finite rank in the sense that the image space L(V) is
finite-dimensional. Then V has a unique direct sum decomposition

V= Vnilp 35! Vinv

into L-stable subspaces such that L is invertible on Vi, and such that L is nilpotent
on Vailp- The subspace Vin, 'is finite-dimensional.

PROOF. Since the image space L{V) is finite-dimensional, the decreasing se-
quence of subspaces L(V) D> L*(V) D L*(V) D - - - must stabilize, say

LY(V) =LV (V) = LN*¥(V) for all k > 1.

Then L™(V) is finite-dimensional, and L maps it onto itself, so L is invertible on
LN (V). We will take Vi, to be LV (V), and we will take Vhilp to be Ker(L¥). These
two subspaces have zero intersection in V/, since their intersection is the kernel of L
in LY (V), while L is invertible on L¥ (V). To see that Ker(L" )& L" (V) maps onto
V, take any v in V. Then L™ (v) lies in LN (V) = L2 (V), say L™ (v) = L?N (w) for
some w in V. Thus LV kills v — L¥ (w), so v = (v — L (w)) + L™ (w), as required.

Suppose we have some other L-stable direct sum decomposition V = A@® B
with L invertible on B and nilpotent on A. It suffices to show that A C Ker(L")
and that B € LV (V). Now LV (A) lies in LN(V), but is killed by some power of
L,so LY(A) =0, and thus A lies in Ker(L"). Since L is invertible on B, we have
B =LN(B),so Bc L¥(V). QED

6.0.3. Given an operator L on V of finite rank, we define its (reversed) char-
acteristic polynomial in 1 + Tk[T] by
det(1 — TL|V) := det(1 — TL|Viny)-
6.0.4. For any L-stable subspace V; of V with Vi, C W, e.g. for Vg = L(V),
we have
det(1 — TL|V) = det(1 — TL|Vp).
6.1. Integral operators of finite rank: a basic compatibility between

spectral and Fredholm determinants

6.1.1. Suppose we are given a measure space X, a measure g on X of finite
total mass, and a bounded measurable function K(z,y) on X x X. We denote

141
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by K the integral operator f — [ K(z,y)f(y)du(y) on Lo(X,p). Its Fredholm
determinant det(1 + T'K) is the formal series in 1 + TC{[T]] defined by

det(1+TK) =1+ 3 T”/n')/ detn (K (2(2) H du(i).

n>1

6.1.2. Suppose now that the kernel K(z,y) can be written as a finite sum
Yor, fi{z)gi(y) with f; and g; bounded measurable functions on X. Then the
operator K is visibly of finite rank: its image lies in the span of the f;. Therefore
we may also speak of the determinant det(1 + TK) in the sense of operators of
finite rank, which is a priori an element of 1 + TC[T] C 1+ TC|[[T]]. Let us refer
to this determinant as the spectral determinant.

6.1.3. The following lemma is well known. We give it for ease of reference.

Lemma 6.1.4. In the situation of 6.1.2, the Fredholm determinant is equal to
the spectral determinant.

Proor. If K = (, both determinants are the constant function 1. If not, pick
a basis 1, . .., pq of the C-span of the f;’s. Expressing the f; in terms of these, we
get an expression of K(z,y) as ¥, wi(z)¥:{y)- So it suffices to treat universally the
case in which the f; are linearly independent. Then the image K(Ls) lies in the
C-span of the f;, a K-stable subspace which has basis the f;. On this basis, K acts
as

fom K1) = [ A5(@s) o) aduto) = Dot
where the coefficients a; ; are given by

a5 = / g5 fi dp.

So if we denote by A the n X n matrix (a; ;), the spectral determinant det(1+7TK)
is equal to det(1 + T'4), which is a polynomial of degree at most .

Let us first check that the Fredholm determinant is also a polynomial of degree
at most n. This amounts to showing that

/X detuxa(K (@), 2 [] du@) =0 for d>n.

In fact detgxq( K (z{i}, z(7))) vanishes identically for d > n. To see this, notice that
for any d > 1, the d x d matrix of functions K (z(i), z(5)) is & matrix product

A falz(1)) a@1), - -, 01 (z(d))
G- @ | ), ee)
Filz(@), ., falz(d)) 0u (@), ., galz(d))

of the shape
(d rows by n columns) x (n rows by d columns),

intrinsically the matrix of an endomorphism of a d-dimensional space which factors
through an n-dimensional space, and hence has rank at most n. So if d > n, the
d x d determinant vanishes identically, as asserted.
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For each d =1, ...,n, we must now compare the coefficient of T%/d! in the two
sorts of det(1 + TK). On the Fredholm side, this coefficient is

/Xd detay (K (x(4), z(j))) H dp(i)

/ [T 3 sgn(a)HK(z(z) (@)

o in Sg
-/, JIRZCDY sn(0) [13° 5e)as(a00)
o in 84 i=1j=1

Expanding out the product, we find

- fxaHd“ i) D sen ")H)’J(»)(ﬂc )90 @(@(0)).

J in [1,n]¢ o in S84

Putting like variables together, we rewrite this as

d
) / IT aute S sgn(o) [] 16 @ 0)G sto-16)(2(6)

J in {1,n]d o in Sd i=1

= 5 ¥ s U)H(/ fi2) gJ(g—l(-,))dﬂ)

Jin [1,n]¢ o in 84

— Z Z sgn U)HGJ(; 1 J (o))

Jin [1,n]¢ o in Sq

= Z detaxa(as(y,a())-
J in [1,n]¢

In this last expression, the terms indexed by a J such that the set {J(1)},...,J{d)}
consists of less than d distinct elements all vanish. Indeed, if, say, J{1) = J(2), the
d x d matrix in question has the same first and second rows.

Now consider those J for which the set {J(1),J(2),...,J(d)} is a given set
S = {s1,82,---,54} consisting of d distinct elements of {1,...,n}. For a given S,
there are precisely d! distinct J giving rise to it, and for each the contribution is
the same, namely it is the S x § minor of the matrix A. Thus the coefficient of
T4/d! is equal to

d! > (the S x § minor of A) = d! Trace(A%(4)),
Sc{1,...,nr},Card(S)=d

and this is precisely the coefficient of 7¢/d! in det(1 +TA). QED

6.2. An integration formula

6.2.1. Let us return to the situation of 5.1.3. Thus we are given a measure
space {X, ) with p a positive measure of finite total mass, and a bounded, Borel
measurable C-valued function f on X with

/;fdu=0, /lelzdp=1.
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We suppose that for every integer n > 1, there exists a monic polynomial in one
variable P, (T) in C[T] of degree n such that the sequence of functions {¢n}n>0 on
X defined by

w0 := 1/ Sart{p(X)),
Pn = Pﬂ(f) forn > 1,

is an orthonormal sequence:
/ pip;du=8; foralli,j>0.
X

For any integer N > 1, consider the N-fold product X~. For each i = 1,...,N,
denote by

prfi] : XN = X,z = 2(i)
the #’th projection. Denote by Kx(z,y) the function on X2

N—-1
Kn(z,y) =) onl(@)B,(v).

n=0
For each integer n > 1, we define
D(n, N) := det,xn(Kn(2z(1), 2(5))),
a function on X™. We denote by u(n, N) the measure on X™ defined by
w(n, N) = (1/nt) D(n, N) dpss - ditp.

Lemma 6.2.2. In the above situation 6.2.1, let F : X — C be a C-valued
bounded measurable function on X. Fix an integer N > 1. Consider the integral
operator of finite rank on Lo(X, ) with kernel Ky (z,y}F(y). Consider also the
matriz-valued function

Fow: XY S NxN matrices,
Frnar(z) := Diag(f(z(1)), f(z(2)),- .-, fF(=(N))).
1) We have the identity of polynomials in C[T]

/XN det(l + T Fmat(z) (N, N) = det(1 + TKn (z, y)F (y)| L2( X, 1))

2) More generally, given finitely many C-valued bounded measurable functions
F,...,F, on X, we have the identity

_/X , det (1 + Z:ﬂﬂ,mm(z)) B(N, N) = det (1 + Kn(z,9) Y TiFi(y)|La(X, u))

of polynomials in C[T1,...,Ty)].

ProoF. For any t in C*, the integral operator Ky (z,y) Y, t;Fi(y) has image
contained in the C-span of the functions g, -..,n_1, and the matrix coefficients
of its restriction to that space are polynomials (in fact linear forms) in ¢. So both
sides of the identity asserted in 2) are in fact polynomials in T. To see that they
coincide as polynomials, it suffices to show that they coincide as functions on C”,
To show that they coincide at a given t in C*, it suffices to prove 1) for the function
3, t:Fi, and then evaluate at T = 1.
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Assertion 1) is nothing other than Key Lemma 5.1.3, part 5), together with
the explicit formula for a Fredholm determinant.' Indeed, if we expand out the
integrand in terms of the elementary symmetric functions o, of N variables, we get

f det(1 + T Fmat(z))u(N, N)
XN
_ /X A+ TFE@)WN, N)

—1+ 31" [ oulFla1), Fa(2), .., FE(N)u(N, ).

n>1
The function o,,(F(z(1)), F(2(2)),- .., F(z(N))) on X¥ is of the form G,[n, N| for
the symmetric function G, on X" defined by
zin X" HF(z(i)).
So by 5.1.3, part 5}, we have
[, onF D), F@(@), .., Fla( M), V)

= [ Galn MUV, = [ Gutn, )
XN xn
=) | (H F(z(z‘))) detncn (K (2(1), 2(7))) dpiz -~ it
xn \i]

= (1/nt) [ detun (K (@(9), 2P (a)) dr o,

and this last expression is precisely the coefficient of 7™ in the Fredholm determi-
nant det(1 + TK y (z,y) F(y)|L2(X, 4)). QED

6.3. Integrals of determinants over G(N) as Fredholm determinants

6.3.1. In this section, we give a very simple integral formula, which for a
step function reduces to a formula of Tracy-Widom [T-W, Thm. 6], and which for
a characteristic function goes back to [Gaudin} and [Mehta, A.7.21). The only
novelty here is in the formulation of the result: once formulated, it very nearly
“proves itself”.

6.3.2. We begin with an elementary instance of “functional calculus”. Sup-
pose we are given a C-valued function f : ! — C on the unit circle. For each
N > 1, we can uniquely extend f to a function

F:U(N) = N x N matrices over C
which satisfies
F(Diag(a,...,an)) = Diag(f(a1),. ., flan)),
F(ABA™Y) = AF(B)A™ for all A, B in U(N).

To see this, think of U{N) as Aut(V,(,)) for (V,(,)) an N-dimensional Hilbert
space. Then we define

F:Aut(V,(,)) = End(V)
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as follows. Any A in U(N) is semi-simple, so we have a direct sum decomposition
of V as @B, ;, 51 Ker(A — X). We define F(A) to be the operator

@ (scalar multiplication by f(c) on Ker(A — a)).
a in S
Lemma 6.3.3. A C-valued function f on S! is continuous (resp. bounded and
Borel measurable), if and only if the extended function

F:Aut(V,{,)) — End(V)

is continuous (resp. bounded for the operator norm, and Borel measurable) on
Aut(V,{,)).

PROOF. To show the “if”, denote by 1 the identity element in Aut{V,{(,}).
Then we may recover f on S? from its attached F on Aut(V, (,}) as the composite

S Z22L Aut(V, (,3) S End(v) ST
This makes clear that f has whatever good properties F' does.

To show the “only if*, begin with f on S!. For f bounded on S!, and any A
in Aut(V, {,)), the explicit recipe for f(A) on the eigenspaces of A shows that the
operator norm of f(A) is equal to the sup norm of f on S':

ILFCA = 11flsup-

Any continuous f on S* = {zin C,|z| = 1} is the uniform limit of trigonometric
polynomials, i.e. of Laurent polynomials f,(z). But for any such Laurent polyno-
mial fn, A — fn(A) is visibly a continuous function of A in Aut{V,(,}). By the
above norm equality, the sequence of functions A — f,(A) on Aut(V, {(,)) converges
uniformly to the function A — f(A), which is therefore continuous.

Here is an argument to show that if f is Borel measurable on S*, then its F is
Borel measurable on Aut(V,{,)). Inside the C-vector space of all C-valued functions
on S!, consider the C-vector subspace, call it £, consisting of those f’s whose F is
Borel measurable. It is trivial from the definitions that if a sequence of C-valued
functions g on S! converges pointwise on S! to a C-valued function g on S!, then
the sequence of associated functions Gy, converges pointwise on Aut(V,{,}) to the
function G. Since a pointwise limit of Borel measurable functions on Aut(V, (,}) is
again Borel measurable, the vector space £ is closed under the operation of taking
pointwise limits: if each g, isin £, so is g. We proved above that £ contains all the
continuous functions. Therefore £ contains all “Baire class 1” functions (functions
which are pointwise limits of continuous functions), all pointwise limits of Baire
class 1 functions, et cetera. Thus £ contains all functions in all the successive Baire
classes, i.e., £ contains all the Borel measurable functions. QED

C.

6.3.4. With these preliminaries out of the way, we can state and prove our
integration formula. We begin with the unitary group, where the formulation is the
most natural.

Theorem 6.3.5. Let N > 1. Denote by Kn(z,y) the kernel attached to U(N),
viewed as a function on S' x S'. For any bounded, Borel measurable function
f : 8! = C, consider the integral operator on L,(S',u), u the normalized Haar
measure on S, with kernel Kn(z,y)f(y). Then we have the polynomial identity

fu et TF(A) dA = det(1 + T (o, 0 WLa(S", ),
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where we have written dA for the normalized Haar measure on U{N).
More generally, given finitely many C-valued, bounded, Borel measurable func-
tions f1,..., fn on S, we have the identity

/(N) det (1 + ZTze(A)) dA = det (1 + Kn{z,y) an,(y)|L2(Sl,ﬂ-))
v i i

of polynomials in C[T1,...,T,].

PROOF. This results from the Weyl integration formula on U(N) inits Ky (z, y)
form, together with 6.2.2. Just as in 6.2.2, it suffices to prove the first version. We
have

/ det(1 + TF(A)) dA
U(N)

- /( det(1 + TF(Diag(z(i), ..., z(N)))) (N, N)
SI)N

- Lo (H(l +Tf(m(i)))) W, N)

= / det(l + Tfmat(z))u(N7 N)
(SI)N

= det(1 + TKn(z,y) f(y)|L2(S", p)). QED

Variant 6.3.6. Hypotheses and notations as in Theorem 6.3.5, suppose that
J C 8! is a Borel measurable set outside of which all the functions f; vanish. Then
we have the identities

/ oyt TF() dA = det(1 + T, TS 0| Lol ),
U

/U(N) det (1 + Z;T;Fi(/l)) dA = det (1 +Kn(z,y) Z T: f(w)l L2 (J, #IJ)) .

PROOF. Again it suffices to prove the one-variable version, so what must be
shown is that if f vanishes outside J, then we have

det(1 + TKn(z,y)T f(y)|L2(S*, 1))
= det(1 + TEn(z,y)f ()| L2(J, | T)).
This is obvious coefficient by coefficient from the explicit integral formula for the
coeflicients of a Fredholm determinant. QED

Corollary 6.3.7 (Compare [Gaudin], [Mehta, A.7.27], and [T-W, discus-
sion preceding Theorem 6]).
1) Let J C S* be a Borel measurable set. We have the identity

det(1 + TKn(z,9)|L2(J, plJ)) = Y (1 + T)" eigen(n, J, U(N)),

n>0
where eigen(n, J,U(N)) is the normalized Haar measure of the set
Eigen(n, J,U(N)) C U(N)

consisting of those elements A exactly n of whose eigenvalues lie in J.
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2) More generally, given a collection J of r > 1 pairwise disjoint Borel measur-
able subsets J1, ..., J. of S', with characteristic functions X, We have the identity

det (1 +TKn(2,9) Y Tex,, (W)IL2 (U Ji,ulu.f,-))

= 3 (1+T)"eigen(n, J,U(N)),
n>0 in &
where for each n > 0 in Z", eigen(n, J,U(N)) is the normalized Haar measure
of the set Eigen(n,J,U(N)) C U(N) consisting of those elements A exactly n; of
whose eigenvalues lie in J; for each 1.

Proor. To prove the single J case, apply the previous result to f the char-
acteristic function of J. Then the integrand det(1 + TF(A)) is equal to (1 + T)"
precisely on the set Eigen(n, J,U(N)), so we have

/ det(1+ TF(A))dA = Z(l + TY" eigen{n, J, U(N)).
U(N)

n>0
On the other side, we have
det(l + TKn(z,y) f(y)|L2(J, p|J)) = det(1 + TKn(z,y)|L2(J, pl J)),

exactly because f is the characteristic function of J. To do the J case, apply
the previous result to the functions f; := x I Because the J;'s are disjoint,
the integrand det(1 + >, T;Fi(A)) takes the value (1 + T')™ precisely on the set
Eigen(n,J,U(N)). QED

6.3.8. We now turn to the other G(V), where the formulation is more cum-
bersome. Thus we fix an integer N > 1, and take G(N) to be one of SO(2N + 1),
USp(2N),O_(2N +2),SO(2N). In the discussion 5.1.5-8 of the Weyl integration
formula for these G(N), the measure space (T, 1) which underlay the theory had
T = [0,], and the measure y was given by the following table:

G(N) measure 4 on [0, 7]
USp(2N) (2/7) sin® (z) dx
SO(2N + 1) (2/7)sin’(z/2) dx
SO(2N) dz /2w

O_(2N +2)  (2/m)sin’(z)dz

We denote by Ky (z,y) the Kn-kernel on [0,n] attached to G(N).

Theorem 6.3.9. Fiz an integer N > 1, and teke G(N) to be one of
SO(2N + 1),USp(2N),O_(2N + 2),SO(2N). Let f : [0,7) — C be a bounded,
Borel measurable function on [0, 7] with f(0) = f(x) = 0. We extend f by zero to
a function F on [0,27) = S'. Viewing each G(N) inside its ambient unitary group
U(2N + 2X) of the same size, we consider the composite map

GIN) CURN +2)) = {(2N +2)) x (2N + 2)) matrices},

which we continue to denote A — F(A). Then we have the integration formula

i oy Bt TF() A = det(1 + TR (2, 9) S| Ea(T, ),
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where we write dA for the normalized Haar measure on G(N).
More generally, given finitely many C-valued bounded measurable functions
fis-.., fa on [0, 7], each of which vanishes at the endpoints, we have the identity

-/G )det (1 + Z EE(A)) dA = det (1 + KN((L', y) ZT,,f,(y)ng(T, ;l))
(N i i

of polynomials in C[T1,...,Ty].

PROOF. As in the proof of the U{N) case, the several variable version results
from the one-variable version. Given an element A in G(IN), denote by ¢(A4) in
[0, 7]V its “vector of eigenvalue angles”,

0 < @(1)(4) < p@)A) S -+ < p(N)(A) S
as defined in 2.0.3-6. Then the eigenvalues of A are the 2N + 2X numbers
e:tiso(j)(fl), j=1,...,N,
together with
{1if G(N) is SO(2N + 1)}, {1 if G(N) is O_{(2N + 2)}.

Because f(0) = f(m) =0, we have F(1) = F(—1) = 0, so the only eigenvalues of A

at which F is possibly nonzero are the e*(/){4) j =1, . N. Thus F(A) has as its

possibly nonzero eigenvalues precisely the N quantities F(e??()(4)) 5 =1 ... N.
But tautologically we have f(z) = F(e**) for any « in [0, 7], so we have

det(1 + TF(A)) = H(l + T f(e(5)(A))) = det(1 + T fmar(#(4))).

Thus we have

/ det(1+ TF(A))dA= /
G(N) G(

= _/TN det(1 + T frmae (2))e(N, N) = det(1 + TKn (2, y) f(9)| L2(T, 1)) QED

det(l + T fmat(p(A))) dA
N)

Variant 6.3.10. Hypotheses and notations as in 6.3.9, denote by Ly (z.y) the
kernel attached to G(N) in 5.2.3-5. Then

fG(N) det(1 + TF(A))dA = det{l + TLy(z,y)} f(y)|L2([0, 7], dz/7)),
and

/( det(l+z T,-F,-(A)) dA=det (1+LN(m,y)Zﬂfi(y)ng([O,vr],dm/ﬂ)).
G(N) : 7

PROOF. Again it suffices to prove the one-variable statement, i.e., to show that
det(1 + T'Ly(z, y)f(y)|L2([0, 7|, dz /7))
= det(1 + TEn(z,y) f(y)|L2((0, 7], 1))
But the measure g is of the form D{z)dz/m, and Ly{(z,y) is defined to be
D(z)D(y)K n(z.y), so the identity is obvious coefficient by coefficient. More intrin-
sically, the map “multiplication by D(z)” is a unitary isomorphism from Lo ([0, 7], x)

to L2([0, 7], dz/m) which carries the integral operator on Lo([0, 7], 2} with kernel
Kn(z,y)f(y) to that on L([0, 7],dx/#) with kernel Ly(z,y)f(y}). QED
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Variant 6.3.11. Hypotheses and notations as in 6.3.9, suppose that J C [0, 7]
is a Borel measurable set outside of which all the functions f; vanish. Then we have
the identities

/;:(N) det(1 + TF(A))dA =det(1 + TKn(z,y) f(y)|L2(J, )}

= det(1 + TLn(z, y) f(y)|L2(J, dz /7)),

end
/G(N] det (1 + ZTiFi(A)) dA = det (1 + Kn{z,y) ZTifi(y)lLZ(J: #))

= det (1 + Ln(z,y) ZTifi(y)ng(J, dx/w)) .

6.3.12. Here is another version of the result for G(NN) which does not im-
pose the “vanishing at the endpoints” condition. Its only disadvantage is that
the integrand is specific to the particular G{N) in question, rather than being the
restriction to G(N) of a single integrand on the ambient unitary group.

Proposition 6.3.13. Suppose f is a bounded, Borel measurable function on
[0, 7]. Given an element A in one of SO(2N +1),USp(2N), O_(2N +2), SO(2N),
with “angles”
0 < p(1)(A) < p(2)(A4) < --- < (NN A) <,

form the expression

[+ TG,

7

which for variable A is a bounded, Borel measurable function on G(N) (the individ-
ual ()(A) are continuous functions of A for these G(N)). Let J be a measurable
subset of [0, w| outside of which f vanishes. Then we have the integration formulas

b

A " (Hu + Tf(<p(j)(A)))) dA = det(1 + TKn(z,9) (y)|L2(J, 1)),

=det(1 + TLn(x,y)f(y)|L2(J,dz/m)).

Similarly for several f;, all of which vanish outside of J:

/;(N) (H(l + Zﬂfiﬁp(i)(fi))))dA = det(l + Kn(z,y) ZTifi(yﬂLz(J, ;A))

= det(1+ Ln(@,9) 3 Tfi(w)|La(J, da/m) ).

Proor. Immediate from 6.2.2 and the Weyl integration formuls. QED

6.3.14. [Exactly as in the U(N) case above, we find

Corollary 6.3.15 (Compare [Gaudin|, [Mehta, A.7.27], and [T-W, discus-
sion preceding Theorem 6]). Let G(N) be one of SO(2N + 1), USp(2N),
O_(2N +2), or SO(2N).
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1) Let J C [0, 7] be a Borel measurable set. We have the identity
det(1 + TLn(z,y)|Lo(J, dz /7)) = Z(l + T)" eigen(n, J, G(N)),
n>0
where eigen(n, J,G(N)) is the normalized (G(N) gets total mass one) Haar measure
of the set Eigen(n, J,G(N)) C G{N) consisting of those elements A exactly n of
whose angles {p(i)(A)}, lie in J.
2) More generally, given a collection J of r > 1 pairwise disjoint Borel mea-

surable subsets Ji,...,J. of [0,7], with characteristic functions x ;0 we have the
identity
A
det (1 +Ly(z,y) Y Tix, (v)|L2 (U Jt-,dz/vr)) > L
i i 2

= > (1+T)"eigen(n, J,G(N)),
n>Q in r
where for each n > 0 in Z7, eigen(n,J,G(N)) is the normalized Haar measure
of the set Eigen(n,J,G(N)) C G(N) consisting of those elements A ezactly n; of
whose angles {p(i)(A)}Y, lie in J; for eachi=1,...,r.

6.4. A new special case: O_(2N + 1)

6.4.1. In previous discussions, we never considered separately the case of
O_(2N+1) = (-1)SO(2N+1), because our main interest was in spacings, and these
are insensitive to replacing A by —A. Moreover, the Haar measure on O_{2N + 1)
(i.e., the restriction from O(2N + 1) of its Haar measure, but normalized to give
O_{2N + 1) total mass one) is, via the bijection A — —A of SO(2N + 1) with
O_(2N + 1), just the (direct image of) Haar measure on SO(2N + 1). However,
when we come to questions of location of eigenvalues, the situation is no longer
the same for SO(2N + 1) as for O_(2N + 1).

6.4.2. Let us be more precise. Given an element B in O_(2N + 1), there is
a unique sequence of N angles
0<p(1)(B) <p(2)(B)<--- S p(N)(B) <
such that the 2N + 1 eigenvalues of B are {—1} together with the 2N quantities
eXwlNB) j_1. . N.

6.4.3. On the other hand, the element A := —B lies in SO(2N + 1), and its
eigenvalues are thus {1} together with the 2N quantities

_eEwliNB) _ gim ivG)(B) _ oHitr—p)(B) i1 N
So the angles of A are related to those of B := —A by
p(j)(A) =7 —p(N +1 - j)(B).

In other words, the involution = — 7 — z interchanges the angles of A with those
of B.

Lemma 6.4.4. Let f be a C-valued, bounded, Borel measurable function on
[0, ), and denote by g the funciion on (0,7 defined by

9(z) = f(x — ).
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Then we have the identity

fo_(m]) (H(1+Tf(«ou)(3)))) dB

J

- /80(2N+1) (H(l + Tg(ﬂo(j)(A)))) dA,

7

and similarly for several fi's:

/0(2N+1) (1;1 (1 + Xi:Tifi(ﬂo(j)(B)))) dB
B /somm) (H (1 + ZiITigf(m)(A)))) dA.

6.4.5. Combining 6.4.4 with our integration formula 6.3.15 for SO(2N + 1),
we obtain

Corollary 6.4.6. Denote by Ly(z,y) the Ly kernel for SO(2N +1). Denote
by G{N) the kernel

GN(:an) = LN(ﬂ_xaﬂ_y)'

1) For f any C-valued, bounded, Borel measurable function on (0,7}, and any
Borel measurable subset J C [0, 7} outside of which f vanishes, we have the identity

/0—(2N+1) (H(1+Tf(9"(j)(3)))) dB

j
= det(1 + TGn(z,¥) f{y)|L2(J, dz/m)).
In particular, taking for f the characteristic function of J, we have the identity

> (1 +T)"eigen(n, J, 0 (2N + 1)) = det(1 + TGn(z, y)|L2(J, dz/T)).

n=>0

2) Similarly, for several f;, all of which vanish outside of J, we have

f (H (1 +ani(cp(j)(3)))) 4B
O-(2N+1) \ 75 -

= det (1 + Gn(z.y) ZTifi(y)lL‘Z(J! dI/W)) .

In particular, given a collection J of r > 1 pairwise disjoint Borel measurable
subsets Jy, ..., J. of [0,7], and taking for the f; their characteristic functions x 7.0
we have the identity

det (1 + Gn(z,v) ZTiXJi ®)|L2 (U Ji,diﬂ/’f))

= Z (1 + T)"eigen(n, J,0_ (2N + 1)),

n>0 in E
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where for each n > 0 in Z7, eigen(n, J,O_(2N + 1)) is the normalized Haar mea-
sure of the set Eigen(n, .J,0_(2N + 1)) C O_(2N +1) consisting of those elements
B ezactly n; of whose angles {p(i)(B)}Y, ke in J; for eachi=1,...,r.

6.4.7. We will refer to Gn(z,y) as the Ly kernel for O_(2N + 1). It differs
by a quite interesting sign from the Ly kernel for SO(2N +1), as we will now show.
Recall (5.4.5) that the Ly kernel for SO(2N + 1) is given in terms of the function
Sn(z) :==sin(Nz/2)/sin(z/2) by the formula

Ly(z,y) = (1/2)(San(z — y) — San(z +y)).
Lemma 6.4.8. The Ly kernel for O_(2N + 1) is given by
Gn(z,y) = (1/2)(Sen(z — ¥} + San{z + ).
Proor. We readily calculate
Gu(z,y) = Ln(m —z,m~y)
= (1/2)(Sen({m — z) = (m — y)) — San((m — z) + (7 — 1))
= (1/2)(San(y — z) — Sen (27 — (z + 9)))-
So our assertion comes down to the two identities
Son(z) = San (—1), Son{(2m — ) = —San(z).
But for any integer 7, S;{z) is an even function of z, and satisfies
S;(2m — z) = (—1)7H18;(x).
Let us deduce this last identity from the representation theory of SU(2). Remember
that T;(z) := S;(2z) is the character (trace of Diag(e**, e~**)) of the j-dimensional
irreducible representation p; of SU(2), which is
Symm’ ¥ (stdy).

Since the element —1 acts as the scalar —1 in stdy, it acts as the scalar (=1 lin
Symm’~(std;) = p;. Therefore for any A in SU(2), we have

pi(—A) = (=1)"p;(4),
and taking traces gives
Trace(p;(—A)) = (—1)7~* Trace(p,(A4)).

If A = Diag(e*®,e” %), —A is SU(2)-conjugate to Diag(e!™==) ¢ #7-%)}, whence
T;(m — z) = (~1)771T;(z), as required. QED

6.4.9. For ease of later reference, we record here the fact that the L y kernel
for O_(2N +1) does indeed provide for O_(2N + 1) the analogue of the integration
formulas of 5.1.3, part 5), and 5.5.

Lemma 6.4.10. Let 1 < n < N be integers. Let F be a C-valued, bounded,
Borel measurable function on [0, 7|" which is T,,-invariant, and denote by Fn, N|
the function on [0, 7" defined by

Fln, N)(#(1),..-,t(N)) := > F(t(i(1)),- .., t(i(n)))-

1<5(1) < <i(n) <N
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For B in O_(2N +1), denote by X(B) in [0, )" its vector of angles of eigenvalues.
Denote by dB the total mass one Haar measure on O_(2N+1). Denote by Gn(z,y)
the kernel

Gn(z,y) = (1/2)(Son(z — y) + Son(z + ¥))-
Denote by u(n, N) the measure on [0,7]" defined by

pn, N) = (1/n!) detnxn(Gn (2(2), 2(5))) [ [(dz(3)/m).

i

Then we have the integration formula

/ Fln, N)(X(B)) dB = / Fdu(n, N).
O_(2N+1) 0,x]"

Proor. This results immediately from the corresponding integration formula
on SO(2N +1), applied to the function H(X) := F(x1, — X) on [0, n]*. We have,
by 5.1.3, part 5), 5.5.3, and 6.4.8,

f Hin, N)(X(A)) dA
SO(2N+1)
=/ [ HG), o) detaen (L9, 260 [T )/,

for Ly{z,y) the kernel (1/2)(Son(z —y) — San(z +9)) = GN(m — 2,7 ~ ¥).
Making the change of variable B := — A, we have

Hin, N](X(A)) = H[n, N](r 1, - X(B)) = F[n, N(X(B)),

and the first integral becomes

/ Hin, N|(X(A)) dA = Fln, NY(X(B)) dB
SO(2N+1) O_(2N+1)

Make the change of variable z(i) — 7 — z(), and recall that
Gn(z,y) = Ln(m ~z, 7~ y).
The second integral becomes

() [ B o) debn L@, 260 [ i)

=) [ P20 detn( G, 200 [0 )
)" i
Thus we find the asserted integration formula. QED
6.5. Interlude: A determinant-trace inequality
Lemma 6.5.1. For real z in |0, 1], we have the inequality
.l-z<e™E

PROOF. For z = 1, the assertion is abvious. For z in [0,1), the assertion is
equivalent to

e* < 1/(1 - z)

which is obvious from the power series expansions. QED
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Corollary 6.5.2. Suppose that Ay > Xy > A3 > -+ is a decreasing sequence
of real numbers in (0,1], such that 3, \; converges, say to S. Denote by E(T) the
entire function [[.(1 + \T), and consider its power series expansion around the
point T = —1, say

E(T) = Y0+ T,
n>0

Then the expansion coefficients E, oll lie in 0,1}, >~ E, = 1, and we have the
{crude) estimate

0< B, <252
We have the more precise estimates
0< Eyg<e ™,
and
0<E,< (e/n)"S”e_s for each n satisfyingl <n < S.

Proor. Write E(T') as [[,((1 — A;) + Ai(1 +T)) to see that each E, is > 0. If
we evaluate E(T) =[[,(1+\T) =3, -, (1+T)"E, at T =0, weget 3, E, =1
Thus each E, lies in [0,1]. -

To estimate the E,,, we argue as follows. We have

Ey=E(-1)=[[0-x)<[Jer =€

To estimate E, for n > 1, we use the calculus of residues. By the Cauchy formula,
for any real r > 0 we have

E, = (1/2mi) / (E(T)/(1+ T)") dlog(1 +T)

14T |=r
— (1/27) / (E(re® — 1)/(re'?)™) a9,
[0,27]
so we have
Bal 5 (f2m) [ 1B(re® = 1)/(re")" 9
[0,27]
< (r7) Sup [E(re™ — 1)|.

Take r < 1. Then for any real ¢ we have

|E(re® — 1)| = H (1= X)) + M(re?)| < H((l — A +7TA)
=[[a-a-nr) <JJe ™ = e 008 = =875,

Thus we find that for each n > 1 and each r in (0, 1], we have an estimate
0< E,<eSes/rm,

If we take r = 1/2, we get the asserted estimate E, < 2"e~5/2.

The attentive reader will have noticed that for n > S, this estimate for E, is
worse than the trivial estimate E,, < 1. The most extreme instance of this failure
of our method is when § = 0: then all A; = 0, so E(T) is the constant function 1,
Ey=1,and E, =0forn > 1.
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To analyse the general case, we fix § > 0andn > 1, and we view e Se™5 /r® asa
function of the strictly positive real variable r. This function is strictly decreasing
in (0,n/S), attains its minimum at r = n/S, and is then strictly increasing in
{n/S,00). Soif S > n we may take r = n/S (remember we need r < 1). But if
S < m, our function is decreasing on (0, 1), so the “best” r is r = 1, giving only the
trivial estimate E, < 1. QED

6.5.3. If we take the \; to be the eigenvalues of an operator A of finite rank,
then E(T) becomes det(1 + T 4), S becomes Trace(A), and we get

Corollary 6.5.4 (determinant-trace inequality). Let A be an endomorphism
of finite rank of a C-vector space, all of whose eigenvalues are real numbers in
[0,1]. Put S := Trace(A). Denote by E(T) the characteristic polynomial

E(T) :=det{l + TA),
and consider its expansion around T = —1,
E(T)=) (14 T)"Ex.
n>0

Then the exzpansion coefficients E, oll ke in [0,1], 3 E, = 1, and we have the
(crude) estimate

0< E, <2me 572,
We have the more precise estimates
0<By<e™
and
0< E, <({e/n)"S*e™° for each n satisfying 1 <n < S.

6.6. First application of the determinant-trace inequality

6.6.1. Recall that for each integer N > 1, Sy(z) is the function
N-1
sin(Nz/2)/sin(z/2) = Z eHN-1-2)2/2
=0
We defined kernels Sy (z,y) and St v (z,y) as follows:
Sn(z,y) = Sniz —y),
St n(z,y) := SNn(z,y) £ Sn(—2z, ).
For real o and real s > 0, we define integral operators
KN s,o i= the integral operator with kernel Sy(z,y) on Ly([a, a + s, dz/27),
K4 s = the integral operator with kernel Sy n(z,y) on Lo([0, 5], dz/2x)
= the integral operator with kernel
(1/2)S1,n(z,y) = (1/2)(Sn(z, y) £ Sn(-2,y))
on Ly([0, 8], dz/n).
Lemma 6.6.2. For real s in [0,27], and any real «, the integral operator
Knsa on Lo(la,a + s],dz/2r), whose unitary isomorphism class is independent

of w, is positive (and hence self-adjoint) of finite rank, and all its eigenvalues lie
in [0,1]. Its Predholm determinant E(N,T),s) is equal to its spectral determinant.
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ProOOF. The integral operator Ky, o is of finite rank, because its kernel is a
finite sum of terms f{z)g(y). So its spectral determinant is equal to its Fredholm
determinant. To show that all its eigenvalues lie in [0, 1], it suffices to show that
this operator is positive, and of operator norm < 1. We have an orthogonal direct
sum decomposition

Lo(fo, a + 27], dz/27)
= Ly([o,a + s],dz/27) @ Lo([a + s, @ + 27], dz/27).
We denote by P(s) the orthogonal projection of Lo([a,a + 27],dz/27) onto

Ly([a,a + s),dz/2r), and by Kn o the integral operator on Lo([a, a + 27], dz /27)
with kernel Sy (z,y). Then we have the direct sum decomposition

P(s)oKnaoP{(s)=Knsa @l

To show that Kn s . is positive and of operator norm < 1, it suffices, using the
direct sum decomposition, to show that P(s)oKn ,0P(s) is positive and of operator
norm < 1. To show this, it suffices in turn to show that Ky, is positive and of
operator norm < 1. But Ky, is unitarily conjugate (via multiplication by the
function e!(M—1)2/2) to the operator given by the kernel

E : e~z
0<j<N—-1

So it suffices to show that this operator is positive and of operator norm < 1. But
this last operator is an orthogonal projection (onto the span of the N functions
e"% 0 < j < N —1), so is certainly a positive operator of norm < 1. QED

6.6.3. Since the function Sy(z) is even, the kernel Ky satisfies

Kn(z,—y) = Kn(—2,9),

and hence the operator Ky 24,a=—s 0On Lo([—s, s],dz/2m) respects the subspaces of
odd and even functions.

6.6.4. More precisely, we have the orthogonal decomposition
Lo([—s, s],dz/2m) = La([—s, 8], dx /27 )even & Lo([—8, 8], d2x/2m)gqd,
f=f+f
with
fe(z) = (1/2)(f(z) £ f(-2)).
6.6.5. Via the isometric isomorphisms
Restriction : Ly{[~s, 8], dz/27 )even = L2([0, 8], dz /),
Restriction : Ly([—s, §], dz/27)oda = L2([0, s], dz/7),
we get an orthogonal direct sum decomposition
(6.6.6) La([—s, s],dz/27) = Ly([0, s], dz/7) & L2([0, 5], dz /),
of spaces and of operators
(6.6.7) Knosa=—s = Ky ns@ K- Ns-

From this direct sum decomposition, we obtain
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Corollary 6.6.8. For real s in [0, 7], and each choice of £, the integral oper-
ator Ky n.s on La([0, s], dz/m) with kernel
(1/2)(Sn(z,y) £ Sn(—5,¥))

is of finite rank, positive and self-adjoint, and all its eigenvalues lie in [0,1]. Its
Fredholm determinant EL(N,T,s) is equal to ifs spectral determinant. We have
the product formule

E(N,T,2s) = E4(N,T,s)E_(N,T,s).
6.6.9. Our next task is to compute the traces of these operators.

Lemma 6.6.10. 1) For any real s in [0, 7] and any integer N > 1, we have
the ezact formula
Tra'ce(KN,2s) = Ns/”r'
2) For any real s in (0,7/2] and any integer N > 1, we have the estimates
| Trace(K+ v s) — Ns/2nm| < (1/2x)(1 + (x/2)|log(sN)]).

PROOF. By the compatibility of spectral and Fredholm determinants for an
integral operator K on a finite measure space (X,p) with a bounded kernel
K(z,y) = 3_i, fi(z)gi(y) of finite rank, its trace is the integral of K(z,y} over the
diagonal:

Tra»ce(K):LK(a:,z) dye.

Since the function Sy (z) := sin(Nz/2)/sin(z/2) takes the value N at z = 0,
the kernel Sn(z,y) := Sn(z — y) when restricted to the diagonal is the constant
function N, and hence we get

Trace(Kn 2:) = /

[_373]

S (2, ) dz/2m = / N dz/2x = Ns/x.

[—s.s]
Similarly, we get
Trace(Ki,N,s)

=(1/2) ‘/[‘0}81 SN(x,z)da:/w:t(l/2)/[0’s] Sn(—z,z)dz/7

=(1/2)/ Ndz/m£(1/2) [ Sn(-2z)dz/n
[0,8] [0.5]

= Ns/2m £+ (1/2x) / (sin(Nz)/ sin(z)) dz.
(0,s]
It now suffices to prove the estimate
/ |sin{Nz)/sin(z)| dr <1+ (7/2)|log(Ns)|,
[0.5]

provided that s lies in (0,7/2] and N > 1.

The integrand |sin{Nz)/sin(z)| is bounded by N (think of sin(Nz)/sin(z) as
the character of the N-dimensional irreducible representation of SU(2)), so we have
the trivial estimate

/[ ] |sin{Nz)/sin(z)|dz < Ns.
0,8
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For s < 1/N, this gives what we need. For s > 1/N, break the interval [0, 5]
into [0,1/N] and [1/N, s], and use the inequality above to bound the integral over
[0,1/N] by 1. It remains to check that

/ | sin(Nz)/ sin(z)|dz < (w/2) log(Ns)
[1/N,s

for s in [1/N,w/2].
For z in [0,7/2], we have sin(z) > 2z /7. Since |sin(Nz)| < 1 for all real z, we
have

/ | sin(Nz)/ sin{z)|dz < / (w/2z) dz = (7 /2)log{Ns),
(1/N.s]

(1/N,s)

as required. QED

6.6.11. We can now apply the determinant-trace inequality 6.5.4 to estimate
the expansion coefficients E,, (N, s) and E4 (N, s) of the Fredholm determinants
of these operators around the point —1. Thus we define

(6.6.12) det(1+ TKn,) = E(N,T,s) =Y _ E,(N,s)(1+T)",
(6.6.13) det(1 +TKzn,s) = Bx(N,T,8) ==Y Ex a(N,s)(1+T)".

Proposition 6.6.14. 1) For any real s in [0,7], any integer N > 1, aend any
integer n > O, we have the estimate

0 < E.(N,2s) < 2" exp(—Ns/2x).

2} For any real s in (0,7/2], any integer N > 2 with (N — 1)s > 12, and any
integer n > 0, we have the estimate

0 < E4o(N,s) < 2"exp(—(N + 1)s/8).
PROOF. For 1), we have Trace(Ky_2s) = Ns/m, and we use the crude form of
the determinant-trace inequality. For 2), we use the inequality
| Trace(Kav,0) — Ns/2n] < (1/2m)(1 + (/2)] log(sN)])

to infer that
Trace(Ks,v,0) > Ns/2r — (1/2m)(1 + (n/2) log(sN))

= (N + 1)s/dm + {{N — V)s/4m — (1/2m)(1 + (7 /2)| log(sN)|)}

= (N 4+ 1)s/4nw + (1/4m){(N —1)s — 2 — 7| log(sN)|}

= (N +1s/dn + (1/4m){(N = 1)s — 2 — 7| log(s(N — 1)}| — wlog(N/(N — 1))}

> (N 4+ 1)s/4n + (1/4m){(N — 1)s — 2 — 7| log(s(N — 1))| — wlog(2)}.
For real > 12, we have £ —2— mlog(z) — m log(2) > 0 (check numerically at z = 12
and observe that this function is increasing in z > m). So for (N —1)s > 12 we have

Trace(K+ ns) > (N + 1)s/4nm, and we use the crude form of the determinant-trace
inequality. QED

6.7. Application: Estimates for the numbers eigen{(n, s, G(N))

. 6.7.1. Fix an integer N > 1, G(N) any of U(N),SO(2N + 1),USp(2N),
SO(2N),0_(2N +2),0_(2N +1). Recall the table of auxiliary constants (with a
new entry for O_(2N + 1) in accordance with 6.4.8):
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G(N) Ao p T €
U(N) 021 0 0
USp2N) 0 1 2 1 -1
SO2N+1) § 1 2 0 -1
SO(2N) 012 -1 1
O_(2N+2) 1 1 2 1 -1
O_(2N+1) 1 1.2 0 1

6.7.2. Let us recall that kernel Ly(z,y) attached to G(N) in 5.5 and 6.4.8.
It is given by the foliowing table:

G(N) Ly(z,y)

o) T e = Sy (el Va2
other G(N), i.e., (0/2){Spn4r(x — y) + €Sonir(x + )], Lee,,
SO(2N +1) (1/2)(San(z — y) ~ San(z + 9))
USp(2N)or O_(2N +2) (1/2)(Son+1(x — ¥) = Sons1(z+ 1))
SO(2N) (1/2)(Senv+1(z — y) + San-1(z +3))
O-(2N +1) (1/2)(San{z — y) + Son (z + ¥)).

6.7.3. Given an integer n > 0, and a Borel measurable set 7 in [0, 0], we
defined the subset

Eigen(n, 7,G(N)) € G(N)
to consist of those elements A in G{IN) exactly n of whose angles
0<p(l) <@ < <p(N)<2n i GN) = U(N),
0<p(1)<p(2) < < @(N)<m for the other G(N),
lie in J. We defined
eigen(n, J, G(N)) := Haar measure of Eigen(n,7,G(N)),
the measure normalized to give G(N) total mass one.
6.7.4. When J is the closed interval [0, s], for some real s in [0, o7], we write
Eigen(n, s, G(N)) := Eigen(n, [0, 5], G(N)),
eigen(n, 8, G(N)) := eigen(n, [0, 5], G(N)).
6.7.5. Thus Eigen(0, s, G{N)} is the locus defined by
w(1) > s.
For 1 € n £ N — 1, Eigen(n, s, G(N)) is the locus defined by
w(n) < sand p(n +1) > s.
For n = N, Eigen(n, s, G(N)) is the locus defined by
p(N) <s,

and for n > N, Eigen(n, s, G(N)) is empty.
Combining the tables above with 6.3.7, 6.3.15, and 6.4.6, we get the following.
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Proposition 6.7.6. Fiz an integer N > 1, G(N) any of U(N),SO(2N + 1),
USp(2N),SO(2N)},O_(2N + 2),0_(2N +1). For s real in [0,0m], the polynomial
Z(l + T)™eigen(n, s, G(N))

n>0
is equal to the following Fredholm determinant:

N) Fredholm det giving Y - ,(1+ T)™eigen(n, s, G(N))
U(N) E(N,T,s)
SO(2N +1) E_(2N,T,s)
USp(2N) or O_(2N +2) E_(2N +1,T,s)
SO(2N) E+(2N —1,T,5)
O_(2N +1) EL(2N,T, s)

More explicitly, we have the following table:

G(N) eigen(n, s, G(N))
U(N) En(N, s)

SO(2N +1) _ (2N, s)
USp(2N) or O_(2N + 2) (2N +1 s)
SO(2N) Ern (N 1%
O_(2N +1) Ey (2N, s)

6.7.7. Putting this together with the estimates 6.6.14, we get the following
estimates.

Proposition 6.7.8: Estimates for eigen(n, S,G(N)). 1) For any real s in
(0, 7], any integer N > 1 and any integer n. > 0,n < N, we have

eigen(n, 23, U(N)) < 2" exp(—Ns/2r).

2) For any s in (0,%/2], any integer N > 2 with (2N — 2)s > 12, and any
integer n 2> 0,n < N, we have

eigen(n, s, SO(2N + 1)) < 2" exp(—(2N + 1)3/87),
eigen(n, s, USp(2N)) < 2" exp(—(2N + 2)s/8x),
eigen(n,s, O_(2N + 2)} < 2" exp(—(2N + 2)s/8m),
eigen(n,s, SO(2N}) < 2" exp(—2Ns/8),
eigen(n, s, O_(2N + 1)) < 2" exp(—(2N + 1)s/8m).

6.7.9. In terms of the auxiliary quantities o and X,

G(N) Ao
U(N) 0 2
USp(2N) 0 1
SO(2N +1) 1 1
O_(2N+2) 1 1
SO(2N) 0 1
O_(2N+1) 3 1

we can rewrite the previous result more compactly as
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Lemma 6.7.10. 1) For any real s in (0, 7], any tnteger N > 1 and any integer
n>0,n <N, we have

eigen{n,os,U(N)) < 2" exp(—oNs/4w).

2) For any s in (0,7/2], any integer N > 2 with (2N — 2)s > 12, and any

integer n > 0,n < N, we have
eigen(n, a5, G(N)) < 2" exp(—o (N + \)s/4x)

for G(N) each of SO(2N + 1),USp(2N),O_(2N + 2),SO(2N),O0_(2N +1).

6.7.11. After the change of variable from s to sm/(N + A), we find the fol-
lowing slightly cruder but more usefu) form.

Lemma 6.7.12. For any integer N > 2, any integer n in [0, N], end any real
s in [8/m,N/2|, we have the estimate
eigen(n, sor/(N + A), G(N)) < 2"e~7%/

for G(N) any of U(N), SO(2N +1),USp(2N),O_(2N + 2), SO(2N),O_(2N +1).

6.8. Some curious identities among various eigen(n, s, G(N))

Lemma 6.8.1. Fiz a real number s in (0, 7). The polynomials E(N,T, s} and
EL(N,T,s) have the following degrees in T
degy E(N,T,2s) = N,
degr E_(2N +1,T,s) = N,
degr EL(2N —1,T,s) =N,
degr E_(2N,T,s) = N,
degT E+(2N, T, 3) = N.
PROOF. By 6.7.6, these are the polynomials
Z(l + T)" eigen(n, os, G(N))
n>0

for G(N) respectively U(N),USp(2N),SO(2N),SO(2N + 1),0_(2N +1). The
sets Eigen(n,os, G(N)) are empty for n > N. For n = N and s > 0, the set
Eigen(N,0s, G{N)) has nonzero Haar measure, because it contains an open neigh-
borhood of 1 for the four groups, and an open neighborhood of —1 for O_ (2N +1).
QED

6.8.2. The curious identities are these.

Lemma 6.8.3. 1) For each integer N > 1, and each real s in [0, 7], we have
the following measure identities:

eigen(0, 2s, U(2N — 1)} = eigen(0, 5, SO(2N)) x eigen(0, s, USp(2N — 2))
= eigen(0, s, SO(2N)) x eigen(0, s, O_(2N)),
and

eigen(0, 25, U(2N)) = eigen(0, s, SO(2N + 1)) x eigen(0, s, O—(2N +1)).
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2) More generally, for each integer n > 0, we have the identities
eigen(n,2s, U(2N — 1))

= Z eigen(a, s, SO(2N)) x eigen(b, s, USp(2N — 2))
a+b=n

Z eigen(a, s, SO(2N)) x eigen(b, s, O_(2N)),
at+b=n

and
eigen(n, 2s, U(2N))

= Z eigen(e, s, SO(2N + 1)) x eigen(b, s, O_(2N +1)).
a+b=n

PrOOF. Expand out in powers of 1 + T' the identities
E(2N -1,T,2s) = EL(2N - 1,T,s)E_(2N — 1,T,s),
E(2N,T,2s) = EL(2N,T,s)E_(2N,T,s). QED

Question 6.8.4. Is there an intrinsic proof of these rather mysterious measure
identities? The U(2N — 1) identity is reminiscent of the equality of dimensions

dim(U(2N — 1)) = dim(SO(2N) x USp(2N - 2)),
ie.,
(2N —1)2 = 2N)(2N — 1)/2+ (2N — 2)(2N - 1)/2.

On the other hand, the U(2N) identity does not seem to have a dimensional coun-
terpart. And the equality of dimensions,

dim(U(2N)) = dim(SO(2N) x USp(2N)),
which is the dimensional consequence of the decomposition
V®2 = AXV) @ Sym*(V)
for a 2N-dimensional vector space V| does not seem to have a measure formula to
go along with it.
6.9. Normalized “n’th eigenvalue” measures attached to G(N)

6.9.1. For G(N) any of U(N),SO(2N + 1),USp(2N)SO(2N),O0_(2N + 2),
O_(2N + 1), and A in G(N), we have its sequence of angles

0< (1) <p(2) <--- < p(N) <2r if G(N) =U(N),
0<p(1)<p(2)<--- < p(N)<m for the other G(N).

In terms of the auxiliary constants A and ¢ we define its sequence of normalized
angles

0<9(1)<I2) < <HN)S N+
by
¥n) := (N + X)g(n) /o
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Concretely,
¥(n) := Ny{n)/2n for U(N),
d(n) = (N 4+ 1/2)p(n)/m = (2N + 1)p(n)/2x for SO(2N + 1),
¥(n) := Np(n)/m = 2Np(n)/2r for USp(2N) or SO(2N),

¥(n) := (N + Lyp(n)/m = (2N + 2)p(n)/2nr  for O_(2N +2),
B(n) ;= (N + 1/2)p(n)/x = (2N + D)p(n)/2x for O_(2N + 1).
We will view the 9¥(n} as functions from G(N) to R. For U(N), each ¥(n) is Borel

measurable, and its restriction to the A with det(1 — A) nonzero is continuous (by
1.8.5). On the other G(N), each Y(n) is continuous.

6.9.2. It is worth pointing out that, unlike the normalized spacings (1.0.1),
the normalized angles of an element A of G(N) depend on A as an element of
G(N), not just on A as an element of the ambient unitary group. For example,
in SO(2N + 1), every element A has 1 as an eigenvalue, and so there is a shift in
numbering:

9(n)(A in SO(2N + 1)) =9(n + 1}(A in U(2N + 1))
for 1 < n £ N. Similarly, in O_(2N + 2), every element A has both %1 as
elgenvalues, and again there is a shift in numbering:

¥(n)(Ain O_(2N +2)) =9(n+ 1)(A in U(2N + 2))

for 1 <n < N. In the case of A in USp(2N) or SO(2N), the eigenvalue 1 occurs
with even multiplicity 2k, and there is a shift in numbering which depends upon
this multiplicity:

9(n)(A in SO(2N) or USp(2N)) =9(n + k)(A in U(2N))
for 1 < n < N. The only slightly redeeming feature is that for G(N) one of
U(N),USp(2N),O_(2N+1) or SO(2N}, the set G(IN)[1/ det(1—A)] of elements for
which 1 is not an eigenvalue has full measure one, and for G(N) one of SO(2N+1) or

O_(2N +2), the set G(IN)[1/ det'(1 — A)] of elements A for which 1 is an eigenvalue
with multiplicity one has full measure one.

6.9.3. For G(N) any of U(N), SO(2N + 1), USp(2N), SO(2N), O_(2N +2),

O_(2N + 1) and any integer n with 1 £ n £ N, we define a probability measure
v(n, G(N))

on R, supported in [0, N + A], by
(6.9.4) v(n, G(N)) .= 9(n). Haarg(n -
Thus v(n, G(N)) is the probability measure on R whose cumulative distribution
function CDF,(n g(ny) is
(6.9.5) CDF,(»,¢(n))(s) = Haar measure of {A in G(N) with 9(n) < s}.

It is convenient to work also with the tails of some of these measures. Recall that
for any probability measure y on R, its tail, Tail,, is the function on R with values
in {0,1] defined by

Tail,(s) := 1 — CDF,(s) = p((s, 00)).
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Thus we have
(6.9.6) Tail, (n,c:(v))(8) = Haar measure of {A in G(N) with 9(n) > s}.

Lemma 6.9.7. For N > 2, G(N) any of U(N),SO(2N + 1),USp(2N),
SO(2N),0_(2N + 2),0_(2N + 1), and real s in (0, N + )), we have the iden-
tities

1) eigen(0, som/(N + A), G{N)) = Tail, (1, c(ny)(5)

=1-CDF,(1,c(w)(s),

2)for1<n<N-—1,

eigen(n, som/(N + A), G(N))
= CDF, (n,(i))(8) — CDF yini1,c(n))(8)
= Taily(ns1,6(3)) (8}~ Tailun,cim)(s),

3) eigen(N, saﬂ./(N + ’\): G(N)) = CDFu(N,G(N)) (S)
Equivalently, we have the identities, for 1 <n < N,
n—1
4) Tail,(n,c(ay(s) = Z eigen(4, som/(N + A), G(N)).
J=0

PROOF. The set {4 in G(N) with 9(n) > s} is the set
{A in G(N) with < n — 1 normalized angles in [0, s]}

n—1
= || {Ain G(N) with exactly j normalized angles in [0, s]}
=0
n—1

= Eigen(j, som/(N + A}, G(N)),
=0

and its complement {A4 in G(N) with ¥(n) < s} is the set
{A in G{(N) with > n normalized angles in [0, ]}

= A {A in G(N) with exactly j normalized angles in [0, s}
jzn

= |>_| Eigen(j, son /(N + )\),G(N)).

Taking the Haar measures of these sets, and remembering that for j > N the set
Eigen(j, som/(M + X), G(N)) is empty, gives the assertions. QED

Proposition 6.9.8: Tail Estimates for v{n,G(N)). For aeny integer
N > 2, any integer n in [0, N], and any real s in [8/m, N/2], we have the estimate
Taill,(n,c(m)(s) < Qre=09/4,

ProOOF. This is immediate from 6.7.12, thanks to the formula 6.9.7, part 4),

n—1

Tail,(n,c(v))(8) = 3 _ eigen(j, som/(N + X),G(N})). QED
=0
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6.10. Interlude: Sharper upper bounds for eigen(0, s, SO(2N)),
for eigen(0,s,0_(2N + 1)), and for eigen(0, s, U(N))

Proposition 6.10.1 (compare [Mehta, 6.8]). For each N > 1, and each real
s in [0, 7], we have the inequality

eigen(0, s, SO(2N)) < (cos®(s/2NN° N2 < (1 — (s/m)P)N*-N/2,

ProoF. It is tautological that the measure of Eigen(0, s, SO(2N)) is the inte-
gral

[, du,m
(8,m]N

for the measure (N, N) attached to SO(2N). Rather than expand this out in terms
of the Ly kernel, we will go back to the Weyl integration formula on SO(2N} in
its original form as found in [Weyl, page 228, (9.15)] and recalled in 5.0.6. Thus
the measure of Eigen(0, s, SO(2N)) is

2
(2/NY) / ( [T (2cos(z(i)) — 2cos(z(4))) )H(dx )/ 2m).

In terms of the quantities ¥(%) := z(2)/2, this becomes

2
emyf (H(zcos(w(z‘» —2cos<2r9(j>))) [Tstiy/m).

i<j i
Using the identity
(2cos(8))? = 2 cos(29) + 2

we may rewrite this as

(2/N1) S (H(4cos (9(:)) — 4 cos?(9(5)) ) H(dﬂ (i) /).

i<j
We now express this integral in terms of w; := cos*(99(i)). The map
9 — cos?(¥) ;== w
is an orientation-reversing bijection of [0, #/2] with [0,1], and
dw = —2 cos(¥) sin(?) d¥ = —2 Sqrt(w(l — w)) dv.

Thus our integral becomes

2
(2/NY) /m:msz(s/w (H(4w,--4wj)) [T(dw:/2m Sart(w:(1 — wi))).

i<y i
To clarify what is going on, let us introduce, for any real A in {0, 1], the integral
I()\) defined as

2
I(N) = f(N) [T4w: — 4wy) | [[(dws/ Sart(wi(1 — wy))),
.0

i<j i
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where
FINY == (2/(2n)V NI).
Thus I(0) = 0, and Eigen(0, s, SO(2N)) = I{cos?(s/2)), for s in [0, 7). In particular,
taking s = 0, we see that [(1) = 1. We claim that
I(N) < ANV -N2p()

for X in [0,1]. This is clear for A = 0. For A > 0, write w; as Az; for z in [0, 1].
Making the change of variable, we get a factor of A from each of the N(N —1)/2
terms (4Az; —4)z;), and a factor of A1/2 from each of the N terms d(Az;)/ Sqrt(Az;):

2
=5 | (H(mi - 4Azj)) [1(d00z)/ SartAz(t — Az)))

i<j i

= ANWN-1215(N) (H(% - 4zj)) [I(dz/ Sart(z:(1 — Az:)))
[0.1)

i<j i

i< i

< [/\N(N—L/z)]f(N)/['DI)N (H(4zi—4zj)) H(dz,-/ Sqrt(z;(1 — z;))),

the last inequality because 1/Sqrt(l — Az;) < 1/Sqrt{l — z;). Taking X to be
cos?(s/2), we get the asserted estimate
eigen(0, s, SO(2N)) < (cos?(s/2)} ~N/2,
To get the final inequality, recall that for = in [0, 7/2], we have the inequality
2z/m < sin(z) < z.
Thus for s in [0, 7] we have
cos®(s/2) = 1 —sin®(s/2) < 1 — (s/7)%. QED
6.10.2. A similar argument leads to the next estimate.

Proposition 6.10.3. For each N > 1, and each real s in [0,7], we have the

inequality
eigen(0, s, O_(2N + 1)) < (cos?(s/2)) V" +M/2 < (1 — (s/m)2) N +N/2,

Proor. By the ¥ — 7 — 1§ symmetry relating the angles of an element B in

O_(2N + 1} to those of the corresponding element —B in SO(2ZN + 1), we have
eigen(0, s, O_(2N + 1)} := eigen(0, [0, s], O_ (2N + 1))
= eigen(0, [r — s, 7|, SO(2N + 1)).

To calculate eigen (0, [x — s, 7], SO(2N + 1)), we return to Weyl’s form of the Weyl

integration for SO(2N + 1), as given in [Weyl, page 224, (9.7)] and recalled in
5.0.5. We have

eigen(0, [ — s, 7}, SO(2N + 1))

2
= (/NY) [I(2cosz(i)) — 2cos(@(i)) | [](2/7)sin(a(i)/2) da(i)).
(0,m—s)¥

i<j i
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In terms of the quantities ¥; := x(4)/2, this becomes

2
N! 2c0s(29;) — 2 cos(29; ) sin®(9;) d;).
AN f o (H< cos(29:) — 2cos( ))) TT(e/msin o2y )

i<j
Again using the identity
(2 cos(9))? = 2cos(29) + 2,

we may rewrite this as

2
209 — 2(9. ) sin? (9, Y
(1/N1) flw_sw (g@cos (9:) — 4cos (193))) 1;1((4/ ) sin® (9;) d;)

Now make the change of variable w; := sin? {(¥:}. We have
dw; = 2sin(V;) cos(d;) d¥; = 2 Sqrt(w; (1 — w;)) d9;.
Thus we have
(4/7) sin(0;) d9; = (4/7)ws dw;/2 Sart{wi{1 — w;))
= (2/m) Sqrt{w; /(1 — w;)) dw;,

and our integral becomes

g(N) _

)

2
H(4w, — 4wj) H(Sqrt(w,/(l - w,)) dw,;),
[08in2(m/2~s/2)N \ ;5

with
9(N) == 2V NIV |
For real A in [0, 1], we denote by I()) the integral defined by

I(/\) = g(N) e (H(4w,; — 41Uj)) H(Sqrt(wi/(l - w,-))dwi).

i<y i
Thus I(0) = 0, and
Eigen(0, s, SO _(2N + 1)) = I(sin*(n/2 — 5/2)), for s in [0, 7).
In particular, taking s = 0, we see that I(1) = 1. We claim that
I(A) < ANP+N2 (),
Making the substitution w; = Az;, we get a factor of A2 from each of the N(N —1)/2
terms (dw; — 4w;)?, and a factor A*/2 from each of the N factors Sqrt{w;) dw;.
And as before we have Sqrt(1/(1 — Az;)) < Sqrt(1/(1 — 2;)). Taking A to be
sin?(7/2 — /2), we get the inequality
eigen(0, s, O_ (2N +1)) < (sin?(n/2 — s/2)) V" +N/2,

But sin(r/2 — s/2) = cos(s/2), and we conclude as in the proof of 6.10.1 above.
QED

Proposition 6.10.4. For s real in [0, 7], and any integer N > 1, we have the
estimate

eigen(0,2s, U(N)) < (1 — (s/m))NWV+1)/4,
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PrROOF. From 6.8.3, we have
eigen(0, 25, U(2N — 1)) = eigen(0, s, SO(2N)) x eigen(0, s, USp(2N — 2))

for N > 1. But eigen(0, s, USp(2N —2)) lies in [0, 1], because it is the Haar measure
of a subset of USp(2N — 2). So we have

eigen(0, 25, U (2N — 1)) < eigen(0,5, SO(2N)) < (1 — (s/w)z)Nz_N/z,

the last inequality by 6.10.1.
Similarly, we have

eigen(0, 2s, U(2N)) = eigen(0, s, SO(2N + 1)) x eigen(0, s, O_{2N + 1)),
which gives
eigen(0, 25, U(2N)) < eigen(0,s,0_(2N + 1)) < (1 — (s/m)2)N*+N/2,
this time using 6.10.3. QED

Corollary 6.10.5 (tail estimate for v(1,U(N))). For any integer N > 1 and
any real s > 0, we have

l Tail,1,u(n))(8) < e/,

ProOF. The measure v(1,U(N)) is supported in [0, V], so its tail vanishes for
s > N. Thus the assertion is trivially correct for s > N. By definition, we have

Tail, (1,u(ny)(s) = eigen(0, 27s/N,U(N)).
By the above estimate we have
eigen(0, 2rs/N,U(N)) < (1 — (s/N)2)NIN+Df4,

For s in [0, N], (s/N)? lies in [0, 1], so by the inequality 1 — z < e~ for z in [0, 1]
{cf. 6.5.1), we find

(1 _ (S/N)2)N(N+l)/4 < exp(_(s/N)Q)N(N+l)/4
< exp(—(s/N)2)N'/4 = ¢==*/1. QED
6.11. A more symmetric construction
of the “n’th eigenvalue” measures v(n,U{N))

6.11.1. Consider the product group U({1) x U(N}, and on it consider, for each
integer n with 1 < n < N, the function

F,:U)xUN)—=RsoCR
defined by
F, (€%, A) := normalized distance from e*® to the n’th eigenvalue of A which
one encounters starting at €' and walking counterclockwise
around the unit circle, measuring distances so that the unit
circle has circumference N.

Lemma 6.11.2. The direct image of normalized Haar measure on U(1)xU(N)
by the map F, is the measure v(n,U(N)) on R.
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PRrRoOOF. In terms of the n’th normalized angle #(n)(A) attached to an element
A in U(N), we have

Fo(€', A) = 9(n)(e7** A).
So if we denote by
m:U(1) x U(N) — U(N)
the surjective homomorphism
(e, A) := e ¥ A,

we have a commutative diagram

U(l) x U(N) =25

b

U(N).

Since w, Haar = Haar for any surjective homomorphism of compact groups (by
1.3.1), the assertion is obvious from the transitivity of direct image:

Frox HaarU(l)xU(N] = ﬂ(“)tﬂ’* Ha'arU(l)xU(N)
= 9(n). Haary(yy := v(n, U(N)). QED

6.12. Relation between the “n’th eigenvalue” measures v(n,U(N))
and the expected value spacing measures u(U(N), sep. k)
on a fixed U(N)

6.12.1. Before proceeding, it will be useful to have the following elementary
but useful version of integration by parts.

Lemma 6.12.2 (Tail integration lemma). Let o be a probability measure on
R>q. For any positive, increasing C*° function f : Ryo — R0 with f(0) =0, e.g.
f(z) ;= x™, any n > 1, we have the integration formula

/ f'(s) Tail,(s) ds = / S (=) du(z)-
[0,00)

[Oim)

More generally, let g: R>o0 — Ryq be any positive Borel measurable function, with
indefinite integral G(z) = flﬂ o g(s)ds. Then we have the integration formula

/ 9(s) Tail,(s) ds = / G(z) du(x).
[0,0c) (0,00}

ProoF. The second statement for g := f’ implies the first for f, so it suffices
to prove the second. The functions g(s) and Tail,(z) are both positive and Borel
measurable, so both sides make sense as elements of R U {+0c}. It is there that



6.12. n'TH EIGENVALUE AND EXPECTED SPACING VALUE MEASURES 171

the asserted equality holds. We have

/[o.m) g(s) Tail,(s) ds := /[0,00) 9(s) ( /( oo] d#(x)) ds
- //0§s<x<oo 9(s) de du(z) = /(0,00) (/lo‘x)g(S) ds) i)

= / G(z) du(z) = / G(z) dp(z),
(0,00) [0.00)

the last equality because G(0) = 0. QED

6.12.3. We now turn to the subject proper of this section. We begin with
the simplest, and in many ways the most important, case.

Proposition 6.12.4 (compare [Mehta, 5.1.16a,b,c, A.8]). For any integer
N > 1, we have an equality of measures on Rxq

U(l) U(AT)) = Tail}b(U(N], step 1)(8) ds.

PRrROOF. Both measures are supported in [0, N], so it suffices to show that they
agree on all Borel measurable subsets of [0, N]. For this, it suffices to show that
for every positive, bounded, Borel measurable function g : R>o — Rxo of compact
support, we have

/ gdv(1,U(N)) = / 9(5) Tailyxy, scep 1)(8) ds.
[0,00) [0,00)

Let us denote by G the indefinite integral G{(z) : f[u s) ds, so that by the tail
integration Lemma 6.12.2 above we have
| o6) Tailywiy s (Vs = [ Gla) o)
[0,00) 10,00}

Thus we are reduced to showing that
| eaua) = [ cdawa), sep1).
[0,00) [0,00)

The idea is to express both integrals as integrals over U(N) against Haar mea-
sure, and then to show that the integrands coincide outside a set of Haar measure
zero. In the case at hand, we will show the integrands agree on the set U{N)"€ of
“regular elements” in U(N), i.e., those with N distinct eigenvalues.

The description 6.11.2 of u(l U(N))} as a direct image from U(1} x U(NV) gives

/ gdv(1,U(N)) = / (1)(e=* A))d(ip/2r) dA.
[0.00 U(N) /o, 27;)

The definition 1.1.3 of u(U(N), step 1} as an expected value over U(N) of the
measures u(A, U(N), step 1) gives

Gdu(U(N), step 1) =/ ( o )Gdu(A, U(N), step 1)) dA.

[0,0) U(N)

We will now show that for each A in U(N)™8, we have

/ g(¥(1)(e ¥ A dp/2r = / Gdu(A,U(N), step 1).
[0,27) [0,00)
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Let us denote by
0< (1) <p(2) <-- <p(N) <2m
the (nonnormalized) angles of A, and put (N +1) = 2m +¢(1). Fork=1,..., N,
let
sk = (N/2m)(p(k + 1) — p(k))
be the normalized spacings of A. Let us denote by
Sk = (p(k),p(k+1)] CUQ)

the half open interval between the k'th and (k+ 1)’st eigenvalues of A (counting as
we start counterclockwise from the origin in U(1}).
By definition of (A, U{N), step 1), we have

/[0 ) G du(A,U(N), step 1) = (1/N) 3" G(sy).
o] k

The integral over S! is
[ o wadeo/zr=3 [ ad(e ) dp/on
(0,27) e VYO
We will show that for each k we have
fs o(B(1)(e™ A)) dip/2m = (1/N)G(sk).
k

The key point is that when the variable ¢ is in the interval Sk, then the first
eigenvalue past ¢ has angle ¢(k + 1), and the normalized distance from ¢ to it is
(N/2m)(p(k+ 1) — ). So for each k we have

fs 9(B(1) (e~ A)) dip/2m = [( o((N/2m)(plk + 1) = @) dp/2m

(k) p(k+1)]

g((N/2m)(p(k + 1) — (k) — ¢)) dp/2n

-/(0.¢(k+1)—w(k)l

/ (s — Nep/2m) do/2m
(0,i0(k+1)—¢(k)]

= [ tox-o)ds/N = [ gla)da/N = (1/N)G(ss). QED
(0,5x] [0.8x)
6.12.5. A similar argument gives
Proposition 6.12.8 (compare [Mehta, 5.1.16a,b,c, A.8]). For any integer
N > 1, and any integer r with 1 < v < N, we have an equality of measures
on Rxp

T

Z U(j) U(N)) = Ta'ily(U(N), step r)(s) ds.

=1

Proor. We adopt the notations of the previous proof. Exactly as above, we
reduce to showing that for each regular element A in U(N), we have

e = 7).
jz_;_/m,mg(ﬂu)(e A)) dip/2m ./[o,m)Gdu(A’U(N)’ step 7)
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The second integral is given by

N
[ G du(A,U(N), step r) = (1/N) 3" G(sk + sk41 + - + Skr-1).
0.00) k=1

The first expression we rewrite as a sum over the intervals S:

r

r N
Z‘/[;)Q )g(ﬂ(j)(e_i‘PA))d(p/Zn=ZZ/“s g(rg(j)(e—isz)) dip /2.

i=1 i=1k=1
For ¢ in the interval Sk, the j'th eigenvalue after ¢ is (k + j), and the nor-
malized distance from p to it is

(N/2m)(p(k + j) — @) = (N/2m)(p(k + 7) — p(k + 1)) + (N/2m){p(k + 1} — ¢)
=Y skt + (N/2m)(p(k+1) - @)
=1
So exactly as in the previous proof we find

|| stoeeay dosor

. g(x) dz/N
‘/[‘Ef——xl Sit1: 120 Sx1)

— (/) (G (g Sk+z) e (§k+l)) |

Summing over k and 7, we get the required telescoping. QED
Corollary 6.12.7. For N > k > 2, the measure v(k,U(N)) on Rx¢ is given
by
v(k,U(N)) = (Tail,un), step £)(t) — Tailyu(ny, step x-1)(t)) dt-
6.12.8. We now return to the measures v(k,U(N)) and p(U(N), step k).

Corollary 6.12.9. For any integer n > 1, and any integer N > n, we have
the integration formula

/ Tail, (N, step n)(t) dt =n.
[0,00)

FIRST PROOF. Each measure v(k,U(N)) with 1 < k < N is a probability
measure on R, supported in R>g.

SECOND PROOF. By the tail integration lemma above, we have
[ el e m®dt = [ sdu(U(N), step m)(z).
{0,00) {0,00)

The measure u(U(N), step ») on R is supported in {0, N|, because it is the integral
over U(N) of the function 4 ~ u(A,U(N), step n), and each pu(A,U(N), step n)
is tautologically supported in [0, N]. So we may rewrite the integral in terms of the
characteristic function X (o,n; of the interval (0, N] as

/(0 )xdu(U(N), step n)(z) =/ zX(0,N)(z) du(U(N), step n)(z).

R>o
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Here the integrand zx o n|(z) is a bounded Borel function, so by the definition of
u(U(N), step n) as an integral over U(N), this integral is

= /U(N) (/R Tx0.n)(Z) dp{A, U(N), step n)(a:)) dA

- / ( / zdp(A, U(N), step n)(z)) da,
U(N}) R>p

the last equality because each measure p{A, U(N), step n) has support in {0, V].
The innermost integral is equal to n, because for each A the mean of its normalized
n-step spacings is tautologically equal to n (cf. 1.0.3). QED

6.13. Tail estimate for u(U(N), sep. 0) and u(univ, sep. 0)

Proposition 6.13.1. For any real s > 0, and any integer N > 1, we have the
estimate

. _&?
Tail, (), sep. (5 +1) <e /4,

PROOF. The function Tail,(y(ny, sep. 0)(5) is decreasing, so we have

Tail,(y(n), sep. 03(§ +1) < /[ " Tail, vy, sep. 0)(T) dz

_ / V(1 U(N)) (by 6.12.4)
[8,541]

< / V(1 U(N)) = Tailu oy (5)
[s,00]
<e M,
the last inequality by 6.10.5. QED

Corollary 6.13.2 (Tail Estimate). For any reals > 0, and any integer N > 1,
we have the estimate

: —s? -5
Tailu(u(ny, sep. 0)(5) < €'/9e™ /8 < (4/8)e ™12,

ProoF. For 0 < s < 1, we have el/475°/8 > ¢1/8 5 1. but Tail takes values in
[0,1]. For s > 1, we know that Tail(s) < e~1*~1"/4 50 we need only check that

e~ (1M < o1/4-9%/8 {41 real 5 > 1,
i.e.,

1 < el/4Hs=1)?/4-5"/8  g51 1oal s > 1.
But this holds for all real s, since

1/4+ (s —1)2/4 - s2/8=(1/8)(2+2(s — 1)® — s%) = (1/8)(s = 2)2 > 0. QED
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6.13.3. We now pass to the large NV limit.

Proposition 6.13.4 (Tail estimate for u(univ, sep. 0)). For real s > 0, the
measure u(univ, sep. 0) has the tail estimate

Tailu(unz'v, sep. 0)(3) < (4/3)6_82/8'
ProOOF. For fixed s > 0, we have

’I‘la'ilp(univl sep. 0)(3) =1- p’(univn sep. 0)([0’ S])
=1- lim p(U(N), sep. 0)([0, s])

Jim (1= p(U(N), sep- 0)([0, s]))

= IJEnoo Tailﬂ(u(N), sep. 0)(5)1

so the result follows from the finite N tail estimate above. QED

Corollary 6.13.5. For any integer v > 1, and for any step vector b in Z", the
measures p(univ, steps b) and u(U(N), steps b), N > 2, satisfy the tail estimate

p({z in R with |z(3)| > sb(i) for some i}) < E(b)(4/3)e—32/8,
for every real s > 0.

Proor. This follows from the tail estimate for the case = 1 = b proven above
by the argument used in the proof of 3.1.10. QED

In particular, in one variable we have

Corollary 6.13.6. For any integer b > 1, the measures p(univ, step b) and
w(U(N), step b), N > 2, on R satisfy the tail estimates

Ta'ilp(uni'u, step b) (S) < b(4/3)e_32/8b21
. o2 /ap2
Tall#(U(N), step b) (S) < b(4/3)8 s°/8b .

6.14. Multi-eigenvalue location measures,
static spacing measures and expected values
of several variable spacing measures on U(N)

6.14.1. Given an element A in U(N), we have defined in 1.0.1 its sequence
of angles

0<p(1) <p(2) <--- < p(N) < 2m,
and then extended the definition of (7} to all integers ¢ by requiring
wli+ N) = gli) + 2.

Up to now, we have taken the point of view that we start at the origin in §!
and walk counterclockwise around the unit circle without looking back, noting the
eigenvalues of A as we pass them. Now we allow ourselves to look both ways from
the origin, i.e., we consider the angles ©(7) with i negative as well as positive. For
1— N < i< N, these angles satisfy

—2r < P(1-N) < <p(-1) Sp(0) <0< p(1) Sp(2) <+ < p(N) < 2m.



176 6. TAIL ESTIMATES

6.14.2. In terms of the complex conjugate A of A in U{N), we have

©(0)(4) = —p(1)(4),
e(~1)(4) = —¢(2)(A),
©(1 - k)(4) = —p(k)(A),

for every integer k.

6.14.3. For every integer n, we define the n’th normalized angle ¥(n) of A in
U(N) by

B(n) := (N/2m)p(n),
and we denote by Fy, : U(1) x U(N) — R the map defined by
F. (e, A) := 9(n)(e ¥ A).
6.14.4. We first define multi-eigenvalue location measures. Given an integer
r > 1 and a vector c in Z” with
(1) <e(2) <--- <elr),

we denote by v(c, U{N)) the probability measure on R" which is the direct image
of Haar measure by the map U(N) — R" defined by the normalized angles

A (B(c(1)), ..., B(c(r)).
Thus
v(c, U(N)) := ((c(1)}, - .., ¥(c(r))). Haary(n) -

We call v(c, U(N)) the multi-eigenvalue location measure for the eigenvalues
named by the vector c.

Lemma 6.14.5. Suppose given an integer r > 1, and a vector ¢ in Z7 with
(1) <ce(2) < - < efr).
The measure v(c, U(N)) is supported in (R>¢) {order). For any nonempty subset
S={1<s1<--- < <1}
of the indez set {1,...,r}, we denote by
pr[S] : R” — RO=d(S)
the projection onto the named coordinates. We have an equality
pr{S].v(e, U(N)) = w(pr[S](c), U(N))
of measures on RC2rd{(5),

PROOF. A tautology. QED
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6.14.6. Exactly as in 6.11.2, we have a more symmetric description of the ’s
in terms of the F,’s. :

Lemma 6.14.7. Suppose given an integer v > 1, and a vector ¢ in Z" wnth
(1) <c(2) < --- <cfr).
In terms of the map
(Feysr - Fe)) 1 U(Q) x U(N) = R,
we have
v(c,U(N)) = (Fe1yr- - - » Fe(ry)» Haar gy xu(ay -

6.14.8. We next define “static spacing measures”. Given an integer r > 2
and a vector ¢ in Z" with

c(1) < ¢2) <+ < er),
consider the map U(N) — R™! given by
(8(c(2)) — 9(e(1)), B(e(3)) — H(c(2))s - -, elr)) — Ielr — ).
We denote by &(c, U(N)) the probability measure on R™~? given by
(9(e(2)) — Ble(1)), He(3)) — Ble(2)), - -, Ble(r)) — He(r)) — Helr — 1))). Haary(w) -

We call £(e, U(N)) the static spacing measure for the eigenvalues named by the
vector c¢.

Lemma 6.14.9. Under the “successive subtraction” map
SuccSub : R” — R™71,
(Z1y-e s Tr) = (T3 — T1 -0y Tr — Tro1),
we have
SuccSub, v(c, U(N)) = £(c, U(N)).
PROOF. A tautology. QED
Corollary 6.14.10. In terms of the map
(Fogz) = Foqys -+ - Fepry = Fer—1y) : U(1) x U(N) - R771,
we have
Ec,U(N)) = (Feay — Feqryy- -2 Fory — For—1y)» Haarpyx vy -

PROOF. Immediate from the last two lemmas, by the transitivity of direct
images. QED

6.14.11. We now turn to the relations between the multi-eigenvalue location
measures, the static spacing measures, and the expected value spacing measures.

Proposition 6.14.12. Fiz an integer N > 2. Let ¢ > 0 and b > ( be integers.
Consider the integer vector

[~a,b+1] :=(—a,1 —a,2—a,...,0,1,...,b+1) in Z0T+2,
and the associated multi-eigenvalue location measure
v([~a,b+1,U(N)) on R**+2,
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This measure is related to the expected value spacing measure
M(U(N)a Sep. 0a+b+1) on Ra+b+1

as follows. Denote by L : Re+e+1 _y Re+b+2 5y [(3), the linear map defined as
follows: given a vector x := (z(—a),...,z(b)), its image L(x) is the vector whose
components are given by

7
(L())(—3) ==Y _z(-1), forj=1,...,a,

=1

(L(x))()=0
(L{z))(j Zx , forj=1,...,b+1

[Stricily speaking, we should denote this map L, 4, since it depends on both a and
b, not just on the integer a+ b+ 1.
Given a nonnegative Borel measurable function f > 0 on R°+*+2 denote
by F the nonnegative Borel measurable function on R°Y®*l whose wvalue at
= (z(-a),...,z(b)} is given by the Lebesgue integral

F(z):=/ fL(@) —t1ydt = |2(0)] [ f(L(z) - tz(O)1)
[0,z(0)]

(0.1
Then we have the identity

/ fdu((—a,b+ 1}, U(N)) = / Fdu(U(N), sep. Oppoin).
Ro-+h+2 Ratb+2

Proor. The idea of the proof is that already used in proving 6.12.4 and 6.12.6,
namely to express both integrals as integrals over U(N) against Haar measure, and
then to show that the integrands coincide on the set U(N)™8 of “regular elements”
in U(N), ie., those with N distinct eigenvalues.

The definition 6.14.7 of v([—a,b+1], U(N}) as a direct image from U (1) x U(N)
gives

[ ravti-ab+1,000)
= [ [ e, Hbt e A) dle/2m)d
U(N) Jin,2x)

The definition 1.1.3 of u(U(N), sep. Ogt+b+2) as the expected value over U(N) of
the measures (A, U(N), sep. Ogypy2) gives

/ Fdu(U(N), sep. Oase1)
Ra+h+‘2

= / ( / Fdu{A,U(N), sep. 0a+b+1)) dA.
U(N) ]Rn+b+2

We will show that for A with N distinct eigenvalues, we have

/{02 SOa A Mo+ DA/ 2)

- / Fdu(A, U(N), sep. Opsps1)-
Ro+b41
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Let us denote by (i) := ¢(i){A) the (nonnormalized) angles of A, defined for all £
in Z. For each i, let .

si = (N/2m)(p(i + 1) — (i)
be the i’th normalized spacing of A. Let us denote by

S i= (p(a), (i + 1] € U(L)

the half open interval between (i) and (i + 1).
By definition of u(A,U(N), sep. Oo4s41), we have

/ qu'(A-; U(N)9 s€p. 0a+b+l) = (1/N) Z F(slasH-lw -.,3l+a+b)1
Rotot Imod N

which we rewrite as
=(1/N) D" F(S1—a,St41-ar- - St4b)-
{mod ¥V
We claim that for each integer {, we have
F(B{—a)(e"A),...,8(b+ 1)(e7 ¥ A))d(Np/27)
Si
= F(Sz;a, Sl4l—ay Sl+b)-
For ¢ in the interval S, and j > 1, the 7’th eigenvalue after ¢ is ¢(! + ), and
the normalized distance from ¢ to it is
(N/2m){p(t+5) — ¢)
= (N/2m) (I +1) — @) + (N/2m){p(I + §) — (I + 1))

= (N2 + 1) = )+ 3 s
k=1
i1
= (Z sw) = (N/2m)(p — (1))
k=0

For j > 0, the j + 1st eigenvalue before ¢ is (I — j), and minus the normalized
distance from ¢ to it is

J
—(N/2m)(p — (1)) - Z S1—k-
k=1
The point is that for ¢ in S;, the vector
(I(—a)(e 0 A),..., 96+ 1) 4))
is equal to

L(81—as8141—as - - - 8145) — (N/27){p — (1)) 1.
As ¢ runs over S), the parameter (N/27){p — (1)) runs from 0 to s;. Thus we get

g F({(—a)(e™*4),...,9(b+1)(e 7P A)) d(Np/27)

= F(L(si—ay S141—as - - -, St4b) — t1) dt,
[0,s1]

which, by the very definition of F, is equal to F{s;—q, St41-a,: -, S14+s). QED
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Corollary 6.14.13. Hypotheses and notations as in 6.14.12, let Y be a topo-
logical space, and let ™ : R**®*2 + Y be a Borel measurable map such that
n(z — t1) = w(z) for all z := (z(—a),...,z(b + 1)) in R****2 and all t in R,
Then we have equalities of measures on Y,

mov([—a,b+ 1], U(N)) = (o L)(|2(0})|u(U (N}, sep. Oatp+1))
= (wo L)(z(0)u(U(N), sep. Oasb+1)):

ProOF. For g a positive Borel measurable function on Y, and f the function
z - g(n(z)) on R**+2  the invariance of = under t1 translation gives

Flz) = /[OII(O)] F(L(z) —t1)dt := / g(n(L(z) — t1)) dt

[0,x{0)]

- / g(n(L(x))) dt = |2(0) |g(n(L(z})).
(0,z(0}]
Using Proposition 6.14.12, we get

/ gdmw([~a,b+1],U(N))
Y

= [ faes+ 00N = [ PO, sep. Ouer)

ket+b+2 Re+b+1
= [ . s Olo(rE@)) du(U(N), sep. Onsosr)

= [ gdtro D) (=OUN), sep. Ourosr)).
v
This shows the first equality. But the measure p{U(N), sep. 0q4s+1) is supported
in (R>p)®***!, so we have the trivial equality
|2(0)|u(U(N), sep. Ogtb+1) = T(O)p(U(N), sep. Ogsp41)
of measures on R*tt+1, QED

Corollary 6.14.14. Let r > 1 be an integer. On R™ with coordinates x(1),. ..,
z(r), for each integer i = 1,...,r, the measure z(:)u(U(N), sep. 0.) on R is equal
to the static spacing measure £([1 — 4,7 + 1 —i], U(N)).

ProOF. For each a > 0,b > 0 with a + b = r — 1, consider the successive
subtraction map
7 = SuccSub : ReHo+2 _, Ro+b+l —R7

which is visibly invariant under ¢1 translation. In coordinates X{—a),...,X(b+1)
on R4+4+2  the previous corollary gives

SuccSub, v([—a,b + 1], U(N))
= (SuccSub oL}, (X (0)(U{N), sep. Optb+1)).

But the composite map
SuccSubolL : Re+o+! _, po+b+l

is the identity, so we get
SuccSub, v([—a,b+ 1], U(N)) = X(0)u(U(N), sep. Opqp41)-
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The coordinates z(1),...,z(r) on R™ = R%*+%*! are related to the X (i} by
(i) = X(i - 1-a),
so we get
SuccSub. v([—a, b+ 1], U(N)) = z(a + 1)p(U(N), sep. Oapb+1),
e,
£([—a,b+ 1), U(N)} = z(a + 1)u(U(N), sep. 0,).

Taking successively a = 0,1,...,7 — 1 gives the assertion. QED
6.14.15. Taking r =1, we get perhaps the most striking corollary.

Corollary 6.14.16. The measure zu(U(N), sep. 0) on R is equal to the static
spacing measure £((0,1),U(N)) on R, ie., the direct image of Haar measure on
U(N) by the map A — the normalized spacing so of A which contains the point 1
on the unit circle.

6.14.17. For higher r, we get a description of zp(U(N), step 7) as a sum of
all the r-fold static spacing measures corresponding to the r different 7-fold spacings
which contain the point 1 on the unit circle.

Corollary 6.14.18. The measure zp(U(N), step r) is the sum of the static
spacing measures {((e —r,a),UN)),a=1,...,r.

Proor. We know (by 6.14.14) that for i = 1,...,r we have
z(i)u(U(N), sep. 0-) =§(f1 —4,r + 1 1], U(N)).
Summing over i, we get

(Zx(z‘)) WUN), sep. 0,) = Y _6([1 — iy +1 =4, UN)),

=1 i=1
an equality of measures on R". Take the direct image to R by the map
Sum: R™ = R, (z(1),...,z(r)) — >_;_, z(i). On the left, we have

Sum, ((i z(z}) u{U(N), sep. 0,.))

i=1

= Sum, (Sum*(z)u(U(N), sep. 0,))

= z Sum, p(u(N), sep. 0,)
= zp(U(N), step r).
On the right, we have the tautological relation
Sum, &([1 —4,r +1—3,UWN)) =&((1 —4,7+ 1 —13),U(N)).
Reindexing by taking ¢ to be r + 1 ~ i, we get the assertion. QED

Remark 6.14.19. This expression of zu(U(N), step r) as the sum of 7 prob-
ability measures gives yet “another” proof that

/ su(U(N), stepr) =,
R
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or equivalently that

/ Tail#(u(N), step ,)(t) dt =7,
[0,00)

cf. the proof of 6.12.9.

6.14.20. Here is the several variable version of the above result.

Proposition 6.14.21. Fiz an integer N > 2. Let r > 1 be an integer, and ¢
in Z7 an offset vector,

0<ce(l)y<e(2) < - <cfr).
Denote by 0® ¢ in Z™1! the vector (0,c(1),...,c(r)), and define
¢(0) := 0.
Foreachi=1,...,r, define
d(i) == c(2) — c(i — 1).
Then for eachi=1,...,r, the measure z(:)u(U(N), offset ¢) on R” is the sum of
d(i) static spacing measures
c(i}—~1
z(i)p(U(N), offsetc)= 3 £0&c ~jlp,UN)),

j=c(i—1)

corresponding to the d(i) different spacing vectors of offset c whose i’th constituent
spacing contains the point 1 on the unit circle.

PROOF. By the result 6.14.14 in c(r) variables, in R°(") for every integer a with
1 < a < ¢(r) we have

z(a)u(U(N), sep. Or)) = £([1 - a,¢(r) + 1 — a], U(N)).
Take the sum of these equalities as a runs from c(z — 1) + 1 to c():
<(#)

Z :r,(a)p,(U(N), sep. Oc(r))
a=1+c(i-1)
c(i)
= Z (1 —a,c(r)+1—a},U(NY)).
a=1+¢(i—1)

Now take the direct image to R" of this equality by the map “successive partial
: 8PS, : R(") — R” given by

e(1)
(x(a))a:l,...,c(r) s ( Z (I:(a))
) i=1,....7

a=1+c¢(i—1

to obtain the asserted identity. QED
It is perhaps worth pointing out the following special case.

Corollary 6.14.22. Notations and hypotheses as in 6.4.21, suppose in addi-
tion that c(1) = 1. Then we have

z()p{U (N), offset c) = £(0 @ ¢, U(N)).
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6.15. A failure of symmetry

6.15.1. One might think that “by symmetry”, all the static spacing measures
of given offset coincide. This is not the case. We will illustrate this in the simplest
case, that of the nearest neighbor static spacing measures £((,i + 1), U(N)) for
various values of imod N, any N > 2. Given A in U(N), we denote by s;(A),
imod NV, its NV normalized spacings

si(A) = (N/27)(o(i + 1)(A) — (i) (A4)).
So viewing A +— s;(A) as a function on U(N), we have
(8i)+ Haary(wy = €((4,¢+ 1), U(N)).
We do have the relations
8;(A) = s_i(A)

for each imod N. Because Haar measure is invariant under the automorphism
A — A of U(N), these relations imply that we have equalities of measures

for every imod V.

Question 6.15.2. Are these the only R-linear relations among the N measures
&((4,4 + 1), U(N)), i.e., are the measures £((¢,¢ + 1),U(N)) with 0 < ¢ < [N/2]
R-linearly independent?

Proposition 6.15.3. Fiz an integer N > 2. The N measures

§((4,i+1),U(N)), imodN,
are not all equal,

PrOOF. We argue by contradiction. The sum of these measures is
Nup(U(N), sep. 0);

indeed this was how we saw back in 1.1.3 that the expected value measures
uw(U(N), sep. 0) made good sense. So if all these measures coincide, each is equal
to u(U(N), sep. 0). But the N’th one is zu(U(N), sep. 0). Therefore we find an
equality of measures

w(U(N), sep. 0) = zu(U(N), sep. 0).
Multiplying both sides by z* for any integer & > 0, we find

z*u(U(N), sep. 0) = " u(u(N), sep. 0).

Therefore for all £ > 0 we have

z*u(U(N), sep. 0) = u(U(N), sep. 0).

Integrating both sides over R, we find that u(U(N), sep. 0) has all its moments 1.
Since these moments grow slowly, u(U(N), sep. 0) is the unique measure with these
moments, and hence u(U(N), sep. 0) must be equal to &,, the delta measure at the
point 1. Therefore each measure §((%,% + 1), U(N))} is 6;. This means that outside
a set of measure zero in U(N), every element of U(N) has all of its normalized
spacings equal to 1, in other words is conjugate to an element of the form

(a unitary scalar) x (the diagonal matrix Diag(e?™#/V,j =1,...,N)).
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Taking traces, we conclude that outside a set of measure zero in U(N), the trace
vanishes (remember N > 2, so }_; e*™3/N = (). But the trace is nonzero at the
identity, so must be nonzero in a nonempty open set. But any nonempty open set
has nonzero Haar measure. Contradiction. QED

6.15.4. Let us treat the [/(2) case explicitly, since here the failure of the
symmetry intuition is perhaps the most shocking. The Weyl integration formula in
this case asserts that if we view the space of conjugacy classes in U/(2) as the space
of pairs of angles in order

0 < (1) < p(2) < 2m,
then the (direct image from U(2) of) Haar measure is the measure
(1/2m)?|e"®) — M2 d(1) dp(2).

We reparameterize this space by passing to coordinates (1) and z = ¢(2) — ©(1).
In these coordinates the space of conjugacy classes is

p(l) >0, 20, ¢(1)+z<2m,
and the measure is
(1/2m)2|e™ — 12 dp(1) dz.
The normalized spacing 9(2) — 9(1) is (N/2m)x = z/m. Thus for f a function on

R, we have

/R £(2) d(8(2) — (1)), Haarys
— T 2 T iz __ 112
N (1/2 ) //tp(l)ZO,zZO,t,o(l)+:n<21r f(Z/ )le 1| d‘p(l) dz

— ﬂ_2 T iz _ 12
= (1/2n) /m") (/{0) dtp(l)) fla/mle™ ~ 1] de
=@zt [ em-o)f(a/mlet ~ 1P da

[

0,2r

= /27 [ @-a/mila/mie® - 1Pdo/n
[0,27)
=R [ @-oree -1

0,2

= (1/2)* (2 = ) F(£)(2 — 2 cos(mt)) dt
[0,2)

- / (2 — £)£(£) sin®(rt/2) dt.

0,2)

Thus we have

(9(2) — (1)), Haary(g) = Ijp.2)(£)(2 — t}sin®(nt/2) dt.
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In the same ¢(1),z coordinates, the normalized spacing ¥(3) — 9(2) is equal to
2 — z/7, since the sum of the two normalized spacings is 2. Thus we have

/R F(@)d(3(3) - 9(2)). Hasrygy
_ T 2 — /7 it _ 112
B (1/2 ) //(p(l)ZO,:I:ZO,(p(l)+J:<27r f(2 / )le 1’ dw(l) de

= )2 —z/m)|e® - 2
=apmr | ( ons d«o(l)) £z~ a/mle™ = 11 do
= (1/2n)? /

[Ul

.—_/ (2 —t)f(2 — t) sin?(xt/2) dt
[0,2)

@2r —z)f(2—z/m)|e* — 1| dz
2r)

- / ££(t) sin? ( — mt/2) dt
(0,2]

= / tf(t) sin®(mt/2) dt,

(0,2] '

and thus _
(9(3) — 9(2))« Haary ) = I(o,9)(t)t sin®(mt/2} dt.

Thus we see explicitly that

(9(3) — 9(2))« Haary z) # (9(2) — (1)), Haary(y) -
Adding these two, we get 2u(U(2), sep. 0), so we must have

(U (2), sep. 0) = I (t) sin®(mt/2) dt.
6.16. Offset spacing measures and their relation
to multi-eigenvalue location measures on U(N)
6.16.1. Given an integer r > 1, we denote by
Of :R" — R"

the linear automorphism of R" defined on z = (z(1),...,z{r)) in R" by

Off(z) = (z(1),z(1) + z(2), z(1) + =(2) + z(3), ... ),

i.e., Off(z} is the vector whose j’th component is 33, ;;#(i). The inverse auto-
morphism is y — Diff(y), defined by

) . y(1), fori=1,
Diff(y) (i) = ¢~ . . .
y(@) —y(i—1), fori=2,...,r.
6.16.2. Given a Borel probability measure u on R", we denote by
Off u:=Off, u
the direct image of u by the automorphism Off : R™ — R”. For any bounded, Borel
measurable function f(z) on R", we have the tautological integration formula

/ F(z)d(Off 1) = / (O (2)) du.
RT Rr
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6.16.3. We now fix a separation vector e in Z", with corresponding step
vector b := a + 1, and corresponding offset vector ¢ := Off(b). For any N > 2,
we have the spacing measure p(U({N), offsets ¢) on R”. In this section, we will be
concerned with the “offset spacing measure”

Off u(U(N), offsets c) := Off, w(U(N), offsets c).

Just as u(U(N), offsets c¢) was defined as the expected value over U(N) of the
measures u(A, U(N), offsets c) attached to elements A of U(N), so the measure
Off u(U(N), offsets ¢) is the expected value over U(N) of the measures
Off u(A,U(N), offsets c).

Lemma 6.16.4 {compare Lemma 6.14.5). 1) For any nonemply subset S of
{1,2,...,7}, denote by

pr[S]: R" — RS
the projection onto the named variables. Then we have
pr(S].(Off u(A,U(N), offsets ¢)) = Off u(A,U(N), offsets pr[S](c))
for every A in U(N), and
pr[S). (Off s(U(N), offsets ¢)) = Off u(U(N), offsets pr(S](c)).

2) The measures Off u(A,U(N), offsets c) and Off u(U(N), offsets ¢) on R"
are supported in (R>o)"(order).

PROOF. For both 1) and 2), the assertion for Off u(A, U(N) offsets c) is tautolo-
gous, and the assertion for Off u{(U{N), offsets c) results from this one by integration
over U(N). QED

6.16.5. The main result of this section is the relation of the offset spacing
measure to the multi-eigenvalue location measure v(c, U(N)}. In the case r = 1,
where Off : R — R is the identity, this relation is 6.12.6. Here is the general case.

Proposition 6.16.6. Fiz integers r > 1 and N > 2, and denote

1:=1,:=(1,1,...,1) in R".
For any nonnegative Borel measurable function g > 0 on R", denoie by G the
nonnegative Borel measurable function G > 0 defined by the Lebesgue integral

G(z) == /[O}z(lng(:z —ti)dt = |x(1)|j[’011] gz — tz(1)1) dt.

Fiz an offset vector ¢ in Z":
1<e(l) <e(2) <+ < efr).

For each integer k with 0 < k < ¢(1) — 1, ¢ — k1 is again an offset vector, and we
have the identity

/ GAORu(U(N), offsets ) = 3 / gdvic — k1, U(N)).
R” o<k<e(1)-1 7%

Proor. The idea of the proof is that already used in proving 6.12.4, 6.12.6,
and 6.14.12, namely to express the integrals involved as integrals over U{N) against
Haar measure, and then to show that the integrands coincide on the set U({N)™®
of elements with N distinct eigenvalues.
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The definition of v(c, U(N)) as a direct image from U(N) x U(1) gives
| gavte.uy |
-/ . A} L FOEE2A), . o(elr)e™ Apti/om) d

for any offset vector ¢. The definition of Off u{(U(N), offsets ¢) as the expected
value over U(N) of the measures Off (A, U(N), offsets ¢) gives

Gd Off u(U(N), offsets c)
Rr

= / ( Gd Off u(A,U(N), offsets c)) dA.
v(Ny \Jr~
We will show that for each A in U(N) with N distinct eigenvalues, we have

/ G dOff u(A, U{N), offsets c)

= E _/[02 | F(O(c(1) —k)(e ™ A),...,0(c(r) — k) (e™** A))d(p/27).

0<k<e(1)—1
To show this, we proceed as follows. Denote by ¢(2) := ¢(i)(A) the (nonnor-
malized) angles of A, defined for all ¢ in Z. For each i, let
si := (N/2m)(p(i + 1) — ()}
be the i'th normalized spacing of A, and let
Si = (pli) p(i+ 1)) C UQ)

be the half open interval between (i) and (i + 1). By definition of
Off u(A,U(N), offsets ¢), we have

N [ GdOff u(A, U(N), offsets c)
Rr

= E Gsir1+ St42 + -+ St4c(1)y- -2 Sl + 8142+ 00+ Sie(r))-
{mod ¥V

Let us introduce the scalars
Sta,b = z Si+i, fa<yb,
a<i<b
=0, ifa>b

Then

N | GdOff u(A,U(N), offsets c)
RY‘

= Z G(81,1,c(1) 81,1,6(2)1 - + - 2 SL1,c(r))
tmod N

= Z G(sl,ﬂ,C)a

{mod N

where we denote by s;,1,. the vector (s;1,c(1)154,1,c(2)- - - » 51, 1,¢(r) )
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Now recall the definition of G in terms of g, to see that

G(st,1.¢) =/ g(s1,1.c—tl)dt
[0s81,1,c¢1)]

=/ g(s1,1,c —tl) dt.
(0s52,1,6(13)

We break the interval (0, 81,1 ¢(1)] into ¢(1) disjoint intervals

(0,51,115(1)]=(0, Z Sipi] = _U_ (81.1,6 S1,1,k41)-

1<i<e(1) 0<k<c(1)-1
Thus we get
G(s11.c) = Z / g(s,c—th)dt
0<k<e(1)—17 (81,065 S350 41]

= Z / g(s,1,c — si 6l —tl)dt.
(0,81,k,k+1)

0<k<e(1)—1
At this point, we observe that we have the relations
8,0, — St,1,k | = Si4k,1,c—kI, SLkk+1 = Si4k0,1 = Si4+k-

So the previous identity hecomes

G(st,1,c) = Z 9(St4k,0,c—k1 — 1) dt.

0<k<e(1)—1 " (0814l

Summing over ! and shifting { by k, we obtain

N | GdOff u(A, U(N), offsets c)

IRT

= Z Z /io ]g(sl,n,c—kl—tﬂ)dt.
,8

0<k<c(1)—1 lmodN
So we are reduced to showing that for each & with 0 < & < ¢(1) — 1, we have

am >

Imod N ¥ [0:1

- /m ey T P = B0 A), ..., B(e(r) — k)(e~ 4)) d(p/2m).

]9(51,1,c—k1 —tl)dt

r
This is a statement about the offset vector ¢ — k1, so it suffices to treat universally
the case when k =0, i.e., to show that for any offset vector ¢ in Z™ we have

(/N > g(se1,c — 1) dt

Imod N Y [0:s]

N /[0 27) FS(c(1)) (e A), ..., 9(c(r)) (e A)) d(p/2r).
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To show this, it suffices to show that for each { we have

/S (P A), .., De(r)) (e A)d(p/27)

=(1/N)/ o(su1c—t1) dt.
[0,5¢]
But this is a tautology: as ¢ runs in (¢(1), p({ + 1)], 9(c)(e~** A) runs from 8,1,
to si1,c—si11. QED
Corollary 6.16.7. The relation

f GdOff u(U(N), offsetscy= Y f gdvi(c—k1,U(N))

Rr 0<k<e(1)-1 VR
for G{z) defined as the Lebesgue integral G(z) := f[(],z(l)] g(z —tl) dt, remains valid

if we allow g to be a Borel measurable function of polynomial growth (or indeed any
Borel measurable function which is bounded on compact sets).

PrOOF. The measures involved are all probability measures of compact sup-
port. Because we have measures of finite mass, we may extend the proposition
from nonnegative Borel functions g to bounded Borel functions f, and using the
compact support we may externd to any Borel functions ¢ whose restrictions to all
compact sets are bounded, in particular to Borel functions of polynomial growth.
QED

6.17. Interlude: “Tails” of measures on R"

6.17.1. Let r > 1 be an integer, u a Borel probability measure on R". For s
in R", we defined the rectangle R(s) C R" as

R(s) := {z in R" such that (i) < s(i} fori=1,...,7},
and we defined the cumulative distribution function (CDF) of u by
CDF.(s) := u(R(s)).
6.17.2. We now define, for s in R", a “tail rectangle” T'(s) in R" by
T(s):= {z in R" such that z(z) > s(i) fori=1,...,r}.

For r = 1, T{s) is just the complement of R(s), whence the terminology “tail”.
For r = 2, R(s) is a closed third quadrant and T'(s) is the “opposite” open first
quadrant. Here is the r = 2 picture:

T(s)

R(s)
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6.17.3. 'We define the tail function of u, Tail,, by
Tail,(s) = 4(T(s)).
Lemma 6.17.4. Letr > 1 be an integer, u a Borel probability measure on R”,
Denote by [-1] : R™ = R" the map z — —z.
1) We have
CDF|_),u(—8) = lim Tail,(s — (1/n)1),
n-—od
Taily(s) = lim CDF|_y),,(-s — (1/n)1).
2} The measure u is determined by its tasl function.
3) The following conditions are equivalent:
3a) Tail, is continuous,

3b) CDF|_y,,. is continuous,
3c) CDF, is continuous.

Moreover, if these equivalent conditions hold, then for every s in R we have
Tail, (s} = CDF|_y), u(—=s) = u{{z in R" with x(3) > s(i) for all i}).
Proor. We first prove 1). It is tautologous that
CDF|_yj,,(—8) = u({z in R" such that — z(s) < —s(3) for all i})
= u({z in R" such that z(z) > s(i) for all i})

=u (ﬂ {z in R" such that z(i) > s(i) — 1/n for all z})

n>l
=p{ [ T(s—(1/m)1)].

n>1

Because p has finite mass, the measure of this decreasing intersection is
lim Tail,(s — (1/n)1).
Similarly,
Tail, (s) = u({z in R" such that z(i) > s() for all 1})
= u({z in R" such that — z(¢) < —s(%) for all i})

= (U {z in R” such that — z(3) < —s(i),— 1/n for all 'i})
n>1

= lim p({z in R" such that — (i) < —s(i) — 1/n for all i})

= l'_u.lgo CDF_yj,u(—8— (1/n)1).

Assertion 2) follows from the first formula of 1}, which shows that Tail, determines
CDF|_y). ., which in turn determines [-1].x and then u itself. To prove 3), we
argue as follows. If Tail, is continuous, then by 1) we have

CDF |-y, u(—5) = Tail,(s),
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which shows that CDF[_yj,, is continuous. CDF[_y),, is continuous if and only
if each hyperplane z(i) = a has [~1].u-measure zero, if and only if each hyper-
plane z(i) = o has y-measure zero, if and only if CDF,, is continuous. Finally, if
CDF|_y},, is continuous, then by 1) we have Tail,(s) = CDF|_y, .(~—8), whence
Tail, is continuous. The final assertion results from the equality

Tail,(s) = CDF|_y), u(~s5)

proven above, along with the explicitation of CDF(_,j_,.(~s). QED

Lemma 6.17.5. A real-valued continuous function F(3) on R™ with values in
[0,1] 4s Tail,, for some Borel probability measure p on R” with a continuous Tail if
and only if F satisfies the following three conditions:

1) lim, ,» F{nl) =0.

2) lim, o F(—n1) =1.

3) F satisfies the Lebesgue-Sticltjes positivity condition (which expresses that
the rectangle (s,s + 1] is to have nonnegative measure): For every s in R”, and for
every t in (R.q)", we have

Z (_1)Card(S)F (S + Z t(z)e(z)) >0.

subsets S of {1,2,...,r} iin S

PROOF. It is elementary that if 4 is a Borel probability measure with Tail,
continuous, then F(s) := Tail,(s) satisfies these conditions. Conversely, given a
continuous F which satisfies these conditions, we define G(s) := F(—s). Then G
satisfies the usual conditions to be the CDF of a Borel probability measure, say v,
with a continuous CDF, and if we take u := [—1),v, then g has tail F. QED

Corollary 6.17.6 (Limit Lemma). Let r > 1 be an integer, {in}n>1 o se-
quence of Borel probability measures on R”, each of which has a continuous teil
function. Suppose that the sequence of functions {Tail, }n converges uniformly on
R™ to some function F. Then F is continuous, and there erists a unique Borel
probability measure p on R™ whose tail function is F. For any bounded continuous
function g on R™, we have the limit formula

/gdy:lim g dpin.
r n—00 fpr

PRrROOF. Let us write F,, := Tail, . The uniform convergence of F, to F
shows that F is continuous, takes values in [0, 1], and satisfies the Lebesgue-Stieltjes
positivity condition 3) of the previous lemma. To construct p with Tail, = F, it
suffices to show that F' satisfies conditions 1) and 2) of the previous lemma as
well. For each n, the function of one real variable £ — Fp(z1) := ua(T(z1)) is a
decreasing function of z, which is 1 at —oo and 0 at +oo. By the uniformity of the
convergence of F,, to F', z — F(z1) has these properties as well, and so satisfies 1)
and 2) of the previous lemma.

Once we know that F is Tail, for some Borel probability measure p with a
continuous tail, we use the relations

CDF[_I]_“ﬂ (8) = Ta.il,‘n(—s), CDF[_]]_“(S) = Tail,‘(—-s),
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to see that the measures [—1}.u, converge properly to the probability measure u,
from which it follows [Fel, page 243] that

[ adt) = lim [ gd(-1l.pm)
R" R”

for every bounded continuous g. Applying this to the function g(—z) gives the
asserted relation

f gdy = lim / gdy,. QED
r n—oo fgpr

6.17.7. There is a simple Moebius inversion relation between CDF’s and
Tail’s.

Lemma 6.17.8. Let r > 1 be an integer, pu a Borel probability measure on R”.
For each subset S of {1,2,...,7}, denote by pr[S] : R" — RS the projection onto
the named coordinates, with the convention that R? = {0} for S = @. Then for s
in R" we have the inversion formulas

Tail,‘ (S) = Z (_1)#5 CDFpr[S].u(pr[S](s)))

Sc{1,2,...,r}
CDF,(s)= Y (—1)*5Tail,ys), . (priSI(s)).
5c{1,2,..,r}

PrROOF. Fix s in R". For each j = 1,...,r, denote by x; and p; the char-
acteristic functions of the half-planes z{j) < s(j) and z(j) > s(j) respectively.
Then x; + p; = 1, the characteristic function of R(s) is [1;x; = [T,{1 — p)),
and the characteristic function of T'(s) is []; p; = [1;{1 — x4). Similarly, for each
§ c {1,2,...,7}, the characteristic function of pr[S]~*(R(pr[S](s))) is [1; in 5 X3

and the characteristic function of pr[S]=Y(T(pr[S](s))) is []; i, s #;. The asserted
inversion formulas are obtained by expanding

xrio = [ x5 =[] - ps)
J J
and
XT(s) = HPJ' = H(l - Xj)
J J
respectively by the binomial theorem, and integrating against y. QED

Corollary 6.17.9. Let r > 1 be an integer, {in}n>1 and u Borel probability
measures on R™. The following conditions are equivalent.

1) For every subset S of {1,2,...,r}, the sequence of functions {Tailp(g], 4, }n
converges pointwise (respectively uniformly) to Tail,g)_ .

2) For every subset § of {1,2,...,7}, the sequence of functions {CDFp(s]. . }n
converges pointwise (respectively uniformly) to CDF s, -

8.18. Tails of offset spacing measures
and tails of multi-eigenvalue location measures on U(N)
Proposition 6.18.1. Fiz an integer v > 1 and an offset vector ¢ in Z7,
1<c(l) <e(2) < -+ <efr).
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For each integer N > 2, and each s in R with s(1) > 0, we have the relation

Z Ta'ilu(c—kll,U(N)) (S) = / Ta'iIOffu(U(N), offsets c)(s + tl) dt.
0<k<ce(1)—-1 [0.00]

Proor. Fix s in R” with s(1) > 0. We apply 6.16.6 with the nonnegative Borel
function g taken to be the characteristic function of the tail rectangle T'(s). Then
for ¢ in R, the function z + g(z —t1) is the characteristic function of the rectangle
T(s+tl). The general relation

> / gdvic - k1,U(N)) = / G dOff (U {N), offsets c)
r R™

0<k<e(1)—1

becomes, for this choice of g, the relation

> Tailyeorruny(s)
0<k<e(1)-1

=/ (/ g(m—t]l)dt) dOf u(U(N), offsets c).
Rr [0,z(1)]

Because the measure Off u(U(N), offsets ¢) is supported in (Rxp)"(order), in par-
ticular it is supported in #(1) > 0, so we may rewrite this integral as

:/ (/ g(m—tll)dt) d Off u{(U(N), offsets ¢)
Rr,z(1)>0 \ J[0,2(1)]

dOff u(U(N), offsets c) dt.

-/I;TXR,J:(l)ZtZO,z>s+tIl
Because s(1) > 0, the condition z > s +t1 implies z(1) > t, so we may rewrite the

integral as

dOff w(U(N), offsets c) dt

/Rrxm,zzo,z>s+u

- / ( / dOff W(U(N), offsets c)) dt
[0,0c] Rr,z>s+t1

and the inner integral is Tailog u(ti(n), offsets ¢) (8 +t1). QED

Corollary 6.18.2. Hypotheses and notations as in 6.18.1 above, for s in R”
with s(1) > 0, we have :

TailOff w(U(N), offsets c](s)

= (Za/as(i)) Z Tail, (c—k1,u(N)) (5)-

0<k<e(1)—1
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Proor. Indeed, for € > 0 in R we have

Z Tail, (c_x1,u(n) (s + 1)
0<k<e(1)—1

= /[ ] Tailog u(U(N), offsets (s + €1 +t1) dt
0,00

= ‘/]‘ | Tailpg w(U(N), offsets c) (s+tl)dt.
£,00
So we readily compute the difference

Z (Tail, (c—k1,u(ny) (8 +€1) — Tail, (c—x1,v Ny (8))
0<k<c(1) -1

= - 0] TailOﬂ'y.(U(N), offsets c)(s +t1)dt.
£

Dividing by ¢ and letting ¢ — 0 gives the assertion for the derivative from above,
Similarly, for small £, the vector s — £1 still has first coordinate > 0, so we have

Z Taily(c—k1,0(ny) (8 — €1)

0<k<e(1)}—1

= / Tailog w(u(n), offsets ) (5 — €1 +t1) dt
[0,00]

= ‘/[ | TailOff w(U(N), offsets c) (S + tﬂ) dt.
—e,00
So we readily compute the difference

> (Tailye—ir,uvy(s — €1) — Tail, c—rr,u(ny (5))
0<k<e(1)—1

= ‘/[ | Tailog u(U(N), offsets c)(s +t1)dt.
-&,0

Dividing by —e and letting € — 0 gives the assertion for the derivative from below.
QED
6.19. Moments of offset spacing measures
and of multi-eigenvalue location measures on U(N)
Proposition 6.19.1. Fiz an integer r > 1 and an offset vector c in Z7,
1<e(l)<e(2) < - <cfr).

For each integer N > 2, we have the following relations among moments: for any
polynomial function H(z) on R™ which is divisible by z(1) as a polynomial, denote
by h(z) the polynomial

b= (Z 6/6x(i)) H.
Then for such an H we have the relation

hdv(c — k1, U(N)) :/ HdOff p(U(N), offsets c).
RT

0<k<c(1)—1YR"
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PROOF. This is seen most easily by writing H as an R-linear sum of monomials
- .
1)*O [[(() - ot - 1))2®
i=2

with @ in Z™ having a(1) > 1 and all a{¢) > 0. For H an individual such monomial,
we have

(Za/&v(z ) = g(1)z(1)21)-? H(:c ) — z(i - 1))2,

For z(1) > 0, we recover

H(z):= /[0,1(1 h(z — t1)dt.

Since the measure Off u(U (N}, offsets c) is supported in z(1) > 0, the assertion
results immediately from 6.16.7, applied to the polynomial function k. QED
6.20. Multi-eigenvalue location measures for the other G(N)

6.20.1. For G(N) one of SO(2N + 1),USp(2N),SO{2N),O_(2N + 2), or
O_(2N +1), and A in G(N), we have defined its angles

0 < p(1)(4) < @(2)(A) < -+ < P(N)(A) <,
and its normalized angles
P(2)(A) := (N + A)p(i)(A)/x, i=1,...,N.
Given an integer 7 > 1, an offset vector ¢ in Z",
0<e(l)<e(2) < -+ <efr),

and an integer N > c¢(r), we denote by v{c, G(N)) the probability measure on R”
which is the direct image of total mass one Haar measure on G(N) by the map
G(N) — R" defined by the normalized angles

A~ (¥(c(1)), ..., Hc(r))-
Thus
v(c, G(N)) := (8(c(1}), - .., ¥(e(r))). Haarg(ny -
6.20.2. Exactly as in the case of U(N), cf. 6.14.5, we have

Lemma 6.20.3. Suppose given an integer r > 1, and an offset vector c in Z".
For any nonempty subset

S={1<s < <s <7}
of the index set {1,...,r}, we denote by
pr[S] : R” — ROad(S)
the projection onto the named coordinates. We have an equality
pr(Slaw(e, G(N)) = v(pr[S)(c), G(N))

of measures on RC2rd(S),
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Proposition 6.20.4. Given an integer r > 1, an offset vector ¢ in Z7,
0<c(l)<e(2) < - <efr),
and an integer N > e(r), for G(N) any of U(N), SO(2N + 1),USp(2N), SO(2N),
O_(2N +2),0_(2N +1), the measure v(c, G(N)) on R” is absolutely continuous
with respect to Lebesgue measure.

PRrOOF. Denote by S the subset {¢(1),...,¢(r)} of {1,2,...,N}. Then
v(e, G(N)) = pr[9].v((1,2,...,N),G(N)).
Now pr[S].(Lebesgue measure on RY) is absolutely continuous with respect to
Lebesgue measure on R", so it suffices to show that »((1,2,..., N),G(N)) is abso-
lutely continuous with respect to Lebesgue measure on R¥. This is obvious from

the fact that the Hermann Wey] measure on T'/W, viewed as a W-invariant measure
on T, is absolutely continuous with respect to Haar measure on T". QED

Corollary 6.20.5. Hypotheses and notations as in 6.20.4 above, the measure
v(c, G(N)) has a continuous CDF and hence (by 6.17.4) has a continuous tail.

ProOOF. In view of 2.11.17, it suffices to show that each one-variable projection
pr(i].v{c, G(N}) = v{c(t), G(N)) on R has no point masses, and this is guaranteed
by the absolute continuity of v{c(t}, G{N)) with respect to Lebesgue measure. QED



CHAPTER 7

Large N Limits and Fredholm Determinants

7.0, Generating series for the limit measures u(univ, sep.’s a)
in several variables: absolute continuity of these measures

7.0.1. Let us fix an integer r > 1, and a bounded, Borel measurable R-valued
function f on R" of compact support. For any separation vector a in Z", with
corresponding offset vector ¢, the measure

p(univ, sep.’s a) = p,(lnaive, univ, sep.’s @)

is given (2.10.1) by

f dp(univ, sep.’s a)
Rr

= Z(—l)r("_“)Binom(n, a) COR(n, f, univ).

n>0

Lemma 7.0.2. Suppose that f on R" is supported in ) |s(i)| < a. For any
separation vector n in Z", we have the estimate

| COR(n, f, univ)| < | fllsup (@)™ ™/(r + B(n))L.
If n corresponds to the offset vector ¢, so c(r) = r + £(n), we have the formula

COR(n, f, univ) = /[(J,a|r+2(")(order) H(0, )W (r + Z(n) + 1)(0, 2) 1:[ dz(i),
where
H(z(0),z(1),...,z(c(r}))
= f(z(c(1)) - 2(0),2(c(2)) — =(c(1)), - .., 2{c(r)) — =(c(r —1))).
PRrROOF. Because f has compact support, the function
H(X) :=Clump(n, f,r + E(n) + 1, X)
= f(z(c(1)) = 2(0), 2(e(2)) — 2(c(1)), - -, 2(c(r)) — 2(e(r — 1))
lies in To(r + E(n) + 1), cf. 4.0.5. According to 4.1.5, for every A in G(N) we have
Cor(n, f,G(N), A) = Z[r + L(n) + 1, H, G(N)](A).
Integrating over G(N), we get
COR(n, f,G(N)) = E(Z[r + £(n) + 1, H,G(N}]).
If we take G(N) to be U(N), then 5.8.2 gives (because ¢ = 2 for U(N)) the estimate
|E(Z[r + £(n) + 1, H,G(N))]| < [|Hllsup(@) ¥V /(r + Z(n))!
< [ fllsup (@)= (r + Z(n))!.

197
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Taking the limit over N and using 5.10.3, we get the asserted estimate for
| COR(n, f, univ)|, and the asserted formula

COR(n, f, univ) = E(r + E(n) + 1, H, univ)
H(0, )W (r + £(n) + 1)(0,2) [ | d2(:). QED

/[O,a]'+3(") {order)

Proposition 7.0.3. Fiz an integer r > 1. For any separation vector ¢ in Z7,
the measure

p{univ, sep.’s a) = u(naive, univ, sep.’s a)
on R" is absolutely continuous with respect to Lebesgue measure,

ProoF. It suffices to show that any bounded set £ C R" of Lebesgue measure
zero has p(univ, sep.’s a)-measure zero. Denote by f the characteristic function of
E. In view of the fundamental identity 2.10.2,

/ f du(univ, sep.’s a)
R"

= Z(—l)z("““) Binom(n, a) COR(n, f, umiv),
n>0

it suffices to show that COR(n, f, univ} = 0 for n > 0 in Z". For this, we use the
identity of the previous lemma,

COR(n, f, univ) = /

[0,a]7+%¢") (order)

H(0,2)W(r + E(n) + 1)(0,2) [ ] da(d),

where c is the offset vector corresponding to n, and

H(z(0),z(1), ..., z(c(r)))
= f(=z(c(1)) - 2(0), =(c(2)) — 2(c(1)), - .., 2(c(r)) — z(c(r — 1))).
So it suffices if H(0, z) as function on R" is the characteristic function of a set of
Lebesgue measure zero in R%". To see this, view R") as R” x R%(")~" via coordi-
nates (the z{c(7))’s, the other 2z(j)’s), and recall the inverse linear automorphisms

Off and Diff of R™ (cf. 6.16.1). Then H(0, z) is the characteristic function of the
product set Diff ' (E) x R")~". QED

7.0.4. Let us now consider the formal power series in 7 variables
G (T)(f) = G (Th,..., T-)(f)
defined by
Gr(Th,...,T.)(f) =Y COR(n, f, univ)I™.

n>0

Lemma 7.0.5. For any bounded, Borel measurable R-valued function f on R™
of compact support, the formal power series G.(T)(f) is everywhere convergent.
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PROOF. If f is supported in 3 |s(f)| < a, then by the previous lemma G.(T)(f)
is term by term majorized (denoted temporarily as <) by

3 ot (r L B < a7 Y oF T (r + Z(n))!

n>0 n>0

Ko Z a®MT" /B (n)! <€ o }: RO i / ( (n(z )

n>0 n>0
=a’ exp (aZT,-) . QED

Lemma 7.0.6. For any bounded, Borel measurable R-valued function f on R"
of compact support, and any separation vector a in Z”, we have

f f du(univ, sep.’s a)
RT
= H((d/dT,-)“(")/a(z‘)!)G,(Tl, o T)(H)lau 1i=-1-

Equivalently, we have the identity of entire functions of r variables
Ge(T)(f) = Z 1+ T)"/ f du(univ, sep.’s n),
n>0 in Z7 Rr
with the usual notational convention (1+T)" :=[[.(1+ )™M,

PROOF. In view of the definition of G, (T'), this is just a compact restatement
of 2.10.2. QED

7.0.7. Given a point s in (R»¢)”, we denote by R(s) the rectangle [0, s] in
(R>0)", and by Ig,) its characteristic function. Given an offset vector ¢ in Z”, we
define

Domain(c, s) C (R>0)" (order)
to be the set of those points 0 < z(1) < z(2) < -+ < z(¢(r)) which satisfy
z(c(1)) < s(1),
and
2(c(d)) — z(c(i — 1)) < s(3) fori=2,...,r.

Lemma 7.0.8. For each separation vector n in Z”, with corresponding offset
vector ¢, and for each s in (R>o)", we have the identity

COR(m, Irs), univ) = / WL+ e(r))(0,2) [] d260),
Domain(c,s) i
and the estimate

| COR(n, Ings), umiv)] < (E(s))™+=/(r + Z(m))L

PROOF. This is just 7.0.2, applied to the function f = Ip(,), whose a is L(s)
and whose H(0, 2} is the characteristic function of Domain(c, s). QED
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Lemma 7.0.9. For each separation vector n in Z", with corresponding step
vector b and offset vector ¢, the function

8 COR(TL IR(S), uni’u)
is the restriction to (Rxo)" of an entire function of s which is divisible by [], s(2)5()
(and hence in particular divisible by [], s(f)). For s in C", we have

| COR(n, Irs), univ)|
(H (1s(0) P /(i ) Sar(1-+ ()1 expl(1+0) B ot

PrROOF. We first prove everything except the estimate for complex s. That it
is entire will result from the formula

COR(n, Ip(s), univ) = / W(1+ ¢(r)){(0,z2) H dz(35),
Damain{c,s) 3
and the fact that W(1 + ¢(r))(0, 2) is the restriction to R°(") of an entire function
of z. Let us begin with an s in (R»0)". If any of the coordinates s(i) of s vanishes,

Domain(c, s) has Lebesgue measure zero, and COR(n, Ip,), univ) = 0. Thus it
suffices to study

8+ COR(n, Ir(,), univ)
for s in (R+0)". To do this, we introduce the difference variables
z(1) = z(1),
z(j) = 2(j) —2(j — 1) for2<j <cfr).
Seen in the z variables, Domain(c, s) is the region Region{c, s) defined by the in-
equalities
e(i)
all z(j) > 0, and Z z(j) < s(i) fori=1,...,r,
F=1+e(i—1)
with the convention that c(0) = 0. We define an entire function of ='s by
V{e(r))(z) := W(1 + ¢(r))(0, 2).
We define scalars t(5), 7 =1,...,¢(r), by
t(g) =s(i} fl+ci—1)<7<e(t),
and we make the further change of variables
z(3) =t(hu(s), i=1,...,¢(r).
In the u coordinates, we have

COR(n, Ingy, wniv) = [ VN TTe0) dus)
egion(c,

(Ht a)) ZCONCNY | [E6)
Region(c,1) 3
b(3) c(r))(tu du(j),
~(Ie) [ e T o)
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where Region(c, 1) is the region of u space defined by the inequalities

e(4)
all u(y) > 0, and Z u(y) <1 fori=1,...,7
j=14¢{i—1)

Thus it suffices to show that

S VD) I 4wt

is an entire function of ¢t. To see this, expand the entire function V(c(r))(z) in
an everywhere convergent power series, say ¥, A,z*. For fixed ¢, we may apply
dominated convergence to integrate term by term over the compact Region{e, 1):

Vie(r))(tuw du(z
/R iy, VD@ ] i
- /R e ; Au(tw)? H du(s)
- Au” L v ] uto

To see that this last series in ¢ is everywhere convergent, we argue as follows.
The region Region(e, 1) is contained in the unit cube [0,1]°""), so |[u¥| < 1 in the
integral. Moreover, Region(c, 1) has Buclidean volume 1/ []; b(3)}; this amounts to
the statement that for any integer n > 1, the region of R™ defined by

all (i) >0, Y z(i)<1

7

glon(c,1)

has volume 1/n!. To see this, use the variables z(i) = >_;; (j), in which this is
the region [0, 1]"(order),

0<2(1)<2(2) < <z(n)<1,

which has volume 1/n!, being, up to a set of measure zero, a fundamental domain
for the action of T, on [0,1]®. Thus we may estimate

./Region(c,'l) u H du(Z) S -/R,e H du(") = I/I:Ib(‘l)1 S 1,

i gion{c,1}

and so the series 3-,, Auw(t)” fpegion(e,1) ¥ [1; du(d) is dominated term by term by
the entire function 3, A, (£)¥ = V(c(r))(t).
It remains to prove the estimate asserted for complex s. We use the formula

COR(n, IR(3)1 univ) = (H S(i)b(i)) /
H Re

and remind the reader that ¢ in C<(") is the vector

V(er)(tw) [ du(s),

gion(c,1)

(s(1) repeated b(1) times,.. ., s(r) repeated b(r) times).
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From this, we get
| COR(n, Ip(s), univ)|

s(i (1) c(r ) u( g
< (Hl @) ) fmmmm ()t )|1;[d %)
< (Hls(i)lb‘“) CSup  [V(elr))tu) I] aui),

u in Region{c,1) Region(c,1) ™
= (H(lS(i)lb(‘)/b(i)!)) Sup  [V(e(r))(tw)).
i u in Region{e,1)

Thus it suffices to establish the inequality
[V (e(r))(wt)] < Sart(L + ¢(r))*+*) exp ((1 +¢(r)) Z IS(i)IW)

for t in C(") and u in Region(c, 1).

In the ¢(r} variables 2(j) := >, u(i)t(i), 1 < j < ¢(r), and with 2(0} := 0,
we have

V(e(r))(ut) = W(1 + c(r))(0, 2) = det(A),
= (f(2(8) — 2(N)o<ijcerry,  f(x) =sin(rz)/nz.
Thus each entry of the matrix A is of the form
f(£(a partial sum of u(5)¢(7)'s)).

From the power series expansion of f{z) = sin(nx)/nz, we see that for complex

Z we have

|f(z)| = |sin(rz)/xz| = Z( 1)™(rz)?™/(2n + 1)!
n>0
< lmef /() < ) |nz* /nl = exp(n|z).
n>0 n>0

Since exp(x) is increasing for real x, we have

1f(£(a partial sum of u(4)t(5)’s))| < exp (Zlu(a J)|7f) :

But recall that for those j with 14-¢(i—1) < j < ¢(%), we have t{§) = s(i). Moreover,
because w lies in Region(c, 1), we have all u(j) > 0, and 335, ), u(j) < 1. Thus
we have

S Ml = 3 Y sl < Ol

=1 3

Thus V(c(r))}(t) is a determinant of size 1 + ¢(r), each of whose entries is bounded
in absolute value by exp(3_, |s(i)|r). The Hadamard determinant inequality

lan n x n determinant (a; ;)| < (n!/2 I\(PJD( la; ;)"

gives the asserted estimate. QED
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Proposition 7.0.10. For each integer r > 1, the series
GAT,s) = G (T)(Ig(s) = Y_ T" Cor(n, In(s), univ),
n>0

which for each s in (R>q)" is an entire function of T in CT, is the restriction to
C” x (R>p)" of an entire function on C* which is divisible by [, (7).

PROOF. We know that each coefficient COR(n, I»(,), univ) is an entire func-
tion of s which is divisible by []; s(¢), and hence each finite sum

Z T™ Cor(n, Ig(s), univ)
1>n>0

is an entire function of (T, s) which vanishes when any s(i) = 0. Since a uniform
limit of holomorphic functions is holomorphic, it suffices to check that the series

Z T™ Cor(n, I, univ)
n20

converges uniformly on compact sets in CZ". For then the limit series will be entire,
and it will vanish when any s(i) = 0, so will be divisible by []; s(z).

To do this, pick a real number M > 1, and suppose all |T;] < M and all
[s(3)| < M. Then

| COR('IL, IR(,), univ)|

< (H(Mb(i)/b(i)!)) Sart(1 + ¢(r)) <) exp((1 + ¢(r))yr M)

= (E(b)!/ Hb(i)!) (ME®) /52(b)!) Sqr(1 + ¢(r) o) exp((1 + ¢(r))r M)

< rE® (MEO) /5 (b)1) Sqrt(1 + ¢(r))*+<) exp((1 + c(r))rMr).
Recalling that ¢(r) = E(b) > r > 1, we have 1+ ¢(r) < 2¢(r), so we may continue
< rECHME® /5(B)1) Sqrt(1 + c(r)) " exp(2e(r)r M)
= ((exp(2rMm)rM)=®) /5 (b)1) Sqrt(1 + E(b))' ¥
The number of step vectors b with a given value of £(b) is trivially bounded by
(£(b))7~1, since each (i) is an integer in [1, £(b)], and the last one b(r) is determined

by the first r — 1. Thus if all |T;| < M and all |s(z)| < M, we have, summing over
possible values k of X(b),

Z |T™ Cor(n, Ig(s), univ)|
n20
< S TR MR (exp(2r Ma)r M) (Sart(1 + k) F/kY)
k>r
< kM (exp(2r Mm)rM)*(Sqrt(1 + k) F/k!)
k>r
< Tk exp(2rMm)r M?)*(Sart(1 + k) TR /kL).
k>0
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So it suffices that the function of one variable
Y kT XK (Sart(1 + k) 7kt
k>0
be entire. This function is the result of applying (Xd/dX) ! to
> XK(Sart(1 + k) F/kY),
k>0
so it suffices that this last function be entire. This is immediate from Stirling’s
inequality (cf. the proof of 3.4.5)

log(T(x)) > (z — 1/2)(log{z) — 1) for real z > 0. QED

Corollary 7.0.11. For each integer r > 1, and each separation vector n in

Z", the cumulative disiribution function (CDF) of the measure u(univ, sep.’s n),
s in (Rx>o)” — p{univ, sep.'s n)(R(s)),

is (the restriction to (R>0)” of) an entire function on C” which is divisible by
IT; s(3)-

PROOF. Obvious from 7.0.6 and the fact that G,.(T,s) is entire and divisible
by [1; s(i). QED

Proposition 7.0.12. For each integer r > 1, and each separation vector n in
Z7, consider the entire function p(n;s) of (s(1),...,s(r)) defined by

p(n,s) = (H(d/ds(i))) (u(untv, sep.’s n)(R(s))).

The measure p(univ, sep.’s n) on R" is the direct image (i.e., extension by zero)
from (R>0)" of the measure on (Rx0)" given by

p(n; s) H ds(i).

PROOF. Let us denote temporarily by f(n, 8) the entire function
f(n,9) := u(upiv, sep.’s n)(R(s)).
For s in (R>¢)", p(n, s) is real and > 0, because it is the limit, as £ > 0 goes to zero,
of p(univ, sep.’s n)([];[s(%), s(2) + €])/”. So p(n; s) []; ds(t) is a positive measure
on (Rzo)r.

We know that p(univ, sep.’s n) is supported in (R>¢)", so it suffices to show
that it coincides with p(n;s) []; ds(#) on (R>o)". Since f{n,s) vanishes whenever
any s(¢) = 0, the fundamental theorem of calculus together with the previous
corollary gives, for any s in (R>¢)”,

,8) = T I I dz(i),
ie.,
iv, sep.'s n) = o) [ e
L(s)u,(umv sep.'s n) /R(s) p(n; ) ,- (3)

for every rectangle R(s) in (R>0)". Thus our two Borel measures on (Rx>0)" agree
on all rectangles R(s), hence must be equal as Borel measures on (R>0)". QED
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Corollary 7.0.13. 1) For each integer r > 1, and each separation vector n
tn Z7, the measure u(univ, sep.’s n) on R" is absolutely continuous with respect to
Lebesgue measure. :

2) For any C! diffeomorphism of R",

¢:RT=R7, ofz) = (pi(2), ..., 0r(2)),
we have:
2a) The direct image measure . p(univ, sep.’s n) is absolutely continuous with
respect to Lebesgue measure.
2b) Each of the direct image measures (p;).p{univ, sep.’s n) on R is absolutely
continuous with respect to Lebesgue measure, and so in particular has a continuous
CDF.

PrOOF. 1) The absolute continuity was proven above in 7.0.3. It is also ob-
vious from the explicit formula for u(univ, sep.’s n) as the extension by zero of
p(n, z) []; dz(i).

For 2a), we argue as follows. Since ¢ is a C! diffeomorphism, the Jacobian
formula

(¢ 1).(Lebesgue measure H dz(i)) = 93&(8@/6:1:0)) H dz(i)

shows that (¢ ~!).(Lebesgue measure) is absolutely continuous with respect to
Lebesgue measure. But (p~!).p(univ, sep.’s n) is absolutely. continuous with
respect to (¢~ !).{Lebesgue measure), just by transport of structure from 1), so
(¢~ 1).u(univ, sep.’s n) is absolutely continuous with respect to Lebesgue mea-
sure on R". Replacing ¢ by ¢~ 1, we find that p.u{univ, sep.’s n) is absolutely
continuous with respect to Lebesgue measure.

For 2b), consider the #’th projection pr[i] : R™ — R. For any Borel set E in R of
Lebesgue measure zero, its inverse image prfi]"}(E) in R" certainly has Lebesgue
measure zero. Therefore if v is any Borel measure on R™ which is absolutely contin-
uous with respect to Lebesgue measure, its direct image pr(i]. on R is absolutely
continuous with respect to Lebesgue measure on R. Applying this to the measure
v = @, u{univ, sep.’s 1), we find that

pr(i}.v = pri]. . p(univ, sep.’s n) = (p;).p{univ, sep.’s n)
is absolutely continuous with respect to Lebesgue measure. QED

7.1. Interlude: Proof of Theorem 1.7.6
Let us recall the statement.

Theorem 1.7.6. Let r > 1 be an integer, b in Z" a step vector with corre-
sponding separation vector a and offset vector c¢. Denote

u = p(univ, offsets c).
Suppose given an integer k with 1 < k < r, and a surjective linear map
m:R — Rk,
or, more generally, a partial C* coordinate system of bounded distortion
m: R — Rk
1) The measure m.u on R¥ is absolutely continuous with respect to Lebesgue
measure, and (consequently) has a continuous CDF.
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2) Given any real € > 0, there exists an explicit constant N(e,r,c,m) with the
following property: For G(N) any of the compact classicel groups in their standard
representations,

U(N),SU(N),SO(2N +1),0(2N +1)},USp(2N), SO(2N), O(2N),
and for
(A, N) := u(A,G(N), offsets c), for each A in G(N),

we have the inequality

/ discrep(w,p(A, N),m.pu)dA < NE—I/(2r+4)1
G(N)

provided that N > N(g,r,c,m).

PROOF. We first “complete” 7 : R” — R* to a C!-diffeomorphism of bounded
distortion ¢ : R” — R” in such a way that for J := {1,2,...,k}, we have

7 = pr[J] o .

To prove assertion 1), we use the fact (7.0.13) that ¢ on R” is absolutely con-
tinuous with respect to Lebesgue measure v, on R™. It is then tautological that
7.4 is absolutely continuous with respect to m.v,. We claim that w,v;, is absolutely
continuous with respect to Lebesgue measure v on R*. To see this, use the fact
that m,v, = pr[J].p.v,. Because ¢ is a C!-diffeomorphism, the Jacobian rule gives
w.v, = (the Jacobian of ¢~ !)v,, and hence y,v, is absolutely continuous with
respect to v,.. Taking direct image by pr[J], we get that m,v, is absolutely contin-
uous with respect to pr[J].v, on R*. But pr[J].v, on R* is absolutely continuous
with respect to Lebesgue measure v. Indeed, v, is a product: v, = v X Vg, so
pr(J].v; is a product

pr(J].v, = v x (direct image from R™* to R® of v_,).

More explicitly, if k = 7, then pr[J],v, = vi. If k < , then pr[J],v, is the measure
on R¥ defined on Lebesgue measurable sets E by

(pr[J)o e )(E) = v (E x R™™%) = 0 if e (E) = 0,
= oo if ¥, (E) > 0.

To recapitulate, 7,1, is absolutely continuous with respect to pr[J{.v,, and pr{J].v;,
on R is absolutely continuous with respect to Lebesgue measure v. Hence m,u
is absolutely continuous with respect to Lebesgue measure. The continuity of its
CDF then results from 2.11.18.

To prove assertion 2), we first reduce to the case k = r by using 7 = pr[J] o ¢.
We then use the trivial inequality that for any two Lebesgue measures v, and vs of
finite total mass on R™, we have

discrep(pr[J]«v1, pr[J]sv2) < discrep(vy, v2),
cf. 3.1.7.
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Applying this inequality to v; and v, the measures p.u(A, N) and @, 4, we find
that

discrep(myu(A, N), mop) dA
G(N)

= f discrep(pr[J]. . (A, N), pr(J).p.p) dA
G(N)

< discrep(ip. (A, N), pap) dA.
G(N)

‘We now wish to apply Theorem 3.1.6, which says that
f discrep(p. u(naive, A, N), p. ) dA < Ne~1/Cr+d)
G(N)

provided that N > Ny(g,r,c,n, &), where & is the L; norm of ¢, and 5 is the L;
norm of ¢~!. The hypothesis 3.1.4 of 3.1.6 holds by part 1), according to which
@« has a continuous CDF, or, what is the same (by 2.11.17), each prli]..u has a
continuous CDF.

We also apply the same result with ¢ replaced by g orev, where rev : R* — R*
is the “reverse the coordinates” automorphism of R*. This gives us the inequality

discrep(p. rev, u(naive, A, N}, p, rev, u) dA
G(N)

5 N:—l/(2r+4),
provided that N > Ni(e,r,¢,n, k). As already noted in 2.2.8 and 2.2.6, we have

TeVy b = p,
w(A, N) = (1/2)(rev, p(naive, A, N) + pu(naive, A, N))
+ a positive Borel measurable of total mass < (1 + ¢{r))/(N —1).

Apply ¢. to these equalities. We get

PaT€V, U = Puldy
wap(A, N) = (1/2)(pa rev, p(naive, A, N) + @, u(naive, A, N))
+ a positive Borel measure of total mass < (1 +¢(r))/(N —1).

By the trianéle inequality for discrepancy (L., norm of differences of CDF’s), we
get

discrep(p.p(A, N), oups)
< (L4c(r)/(N—1)
+ (1/2) discrep(p. rev. (naive, A, N), o, rev, u)
+ (1/2) discrep(p.p(naive, A, N), . u}.

Integrating this inequality over G(N), we get

/ discrep(p. (A, N), p.p) dA
G(N)

< (1+¢(r))/(N —1)+ N~/ (r+4)
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provided N > Ni(¢g,r,¢,m,.), Thus if we take N so large that all three of the
following conditions hold,

N> Nl(g/zi T, CJL"),
N5/2—1/(2r+4) < (1/2)N5_1/(2r+4),
(1+¢(r))/(N =1) < N/2-H/GrHD),

we get
[ discrep(p.u(A, N) i) dA < NeH/r0
G(N) .

So we may take
N(e,r,c,m) = Max(N1(e/2,r, ¢, K),22/5, 14 (1 + ¢(r))¥3). QED

7.2. Generating series in the case r = 1:
relation to a Fredholm determinant

7.2.1. We specialize now to the case r = 1, and discuss in detail the measures
on R ’

(7.2.1.1) : Yo 1= p(univ, sep. a), a=0,1,...,

the classical spacing measures. In this case, the general formulas of 7.0.1 and 7.0.2
specialize to

(7.2.12) f f dpta = $(~1)" Binom(n, @) COR(n, f, univ),
R n>0

and

(7.2.1.3)

COR(n, f, univ) = /

0<£z{1)< - Lz(n+1)

Flaln+ D)W n +2)(0,2) [ d=(0),

for any bounded measurable f of compact support on R. The series G1(T, s) is
given by

Gi(T,s) := E T™ Cor(n, Ig(), univ)

n20

= T"/ W(n+2)(0,z dz(i
(7.2.14) 2 0<2{1)< - Co(nt1)<s (n+2)( )1:[ @

n>0

- Z(T"/(n+1)!)f W (n +2)(0,2) [] dz(é)-
n>0 [0,5]7+1 . i

Thus for each integer @ > 0 and each real s > 0 we have the identity

CDF, (s} = /

(0,4]
= ((d/dT)“/a')Gl (T, 3)|T=—l~

Equivalently, we have the series expansion

(7.2.1.6) G1(T,s) =Y _(1+T)* CDF,(s),

n>0

du(univ, sep. a
(7.2.1.5) (univ, sep- )

for (T, s) in C x Rxy.
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Lemma 7.2.2. For each inleger n > 1, consider the function en(s) on Rxo
defined by .

en(8) := /{0,‘1‘]n W{(n)(z) H dz(i).

1) The function e, is the restriction to R>o of an entire function of s, which
is divisible by s™ and which satisfies the estimate

lea(s)| < |8|™ exp(n|s|m) Sart(n)™ for all s in C.
2) Forn =1, we have €,(3) = s.
3) Forn > 0, we have
(d/ds)(ensa(s)/(n + 2)!) = COR(, Ings), unit)
=(1/(n+1)}) W(n +2)(0, 2) [] dz(s).

IO,S]"+1

PRrROOF. To prove 1), notice that e,(0) = 0. For s > 0, we make the change of
variable sy(¢) = z(i), so that

en(s) := o W(n)(x.)IiI dr(i) = s* o W(n)(-sy)H dy(d).

The rest of the proof of 1) is entirely similar to the proof of 7.0.9, and is left to
the reader. Assertion 2) is obvious, since W(1)(z) = det1x,(f(z —z)) = f(0), with
f(z) = sin(zz)/nz, and f(0) = 1. To prove 3), which is an identity between entire
functions, it suffices to check for s in Ryo. We view e, (s) as

n)(z) [ ] d=(3),
[0,.!]" '
and expand to second order: we introduce e with £2 = 0, and compute

en(s + 5) - 8n(s)

- /[0 . W(n)(z)I:[dx(i)— /l W (n)(z Hdz

,.!

=ZA#WW¢MHWWMHMW
= EZ/ z(1),...,z(i — 1), s,2(i + 1),...,‘z(n))H dz (i)

[0,8)%—3
=ne et W(n)(s,z(2),...,z(n) )H dz(i),

the last step using the fact that W(n) is Sn-mvana.nt. To conclude, we use the fact
that W(n)(z) is invariant under both

T+— —T
and
z—z+ Ap(t) =+ (¢,t,...,1¢)
to make the change of variable z — s — z, which carries
W(n)(s,z(2),...,z(n)) —» W(n)(0,s — z(2),...,s — z(n)),
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and preserves the domain of integration. Thus we get

(d/ds)(en(s)) = n/ W(n)(0,s — x(2),...,s — z(n)) H dz(3)

(0,s]m 2

—n f[m]“_l W(n)(0,2(2), ..., (n) H da(i)

=n! COR(n — 2, f, univ). QED
Proposition 7.2.3. The series
E(T,s):=1+Y T en(s)/n!
n>1
is the restriction to C x R>q of an entire function of (T, s), and
(d/d$)E(T,s) = T + T*G1(T, s).
PRoOF. The proof that E(T,s) is entire is entirely similar to the proof of

7.0.10 that G.(T,s) is entire, and is left to the reader. The asserted formula for
{d/ds)E(T, s) results from parts 2} and 3) of 7.2.2. QED

7.2.4. By definition, we have
E(T,s) =1+ T (1/n) W(n)(z) H dax(s)

: [O.e)"
(7.2.4.1) 2!

=1+ Y T (/nl) /[D . et (K (2, 2(5)) [ (i)

n>1
for K(z,y) the kernel
(7.2.4.2) K(z,y) :=sin(n(z — y))/7m(z — y).
Because K(z,y) = K(z + o,y + a) for any a, for each n we have

_/ ndetnxn(K(fL‘(i),z(j))) I I d:z:(z)

(7.2.4.3) (0.4 ;
= d nxn K z(1 A y dx(1).
'/[‘a,a+s]" ot (K (z(i), (7)) Ill (4)

Thus we find [W-W, page 215, 11.21] the apparently miraculous

Identity 7.2.5. For any real a, and any real s > 0, consider the integral
operator K, , with kernel K(z,y) := sin(n(z — y))/7(xz — y} acting on the space
Ly([o, o + 8], d):

a@i= [ Kni)dy
a,o+3
This operator has a well defined Fredholm determinant, and we have the identity
E(T,s) =det(1 + TK; ,).
[For s =0, Ly([a,  + 8],dz) is the zero space, and this identity says 1 = 1]

Remark 7.2.6. For fixed s and variable o, all the operators K, ., are isomet-

rically isomorphic, via the translation isomorphisms from Lq(fa, 0y + 8],dz) to

Ly ([a2, a2 + s], dz). We put the “a” in the notation because we will have occasion
to consider also kernels which are not translation-invariant.
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7.3. The Fredholm determinants E(T,s) and E+(T,s)
7.3.1. In the preceding section, we considered the kernel
K(z,y) :=sin(n(z — y))/7(z — y).
In this section, we will consider also the kernels
Ki(z,y) = K{z,y) + K(-z,y),
K_(z,y) == K(z,y) — K(-z,y).

In terms of these kernels, we define integral operators K2,, K , and K_ ; as follows,
for each real s > O:

K, := the integral operator with kernel K{z,y) on Ly([-s, 5], dz),
K+ ; := the integral operator with kernel K4 (x,y) on Ly([0, 8], dx).
7.3.2. It is proven in 7.10.1 that the above integral operators K>, and K ,

are positive operators of trace class, whose Fredholm determinants agree with their
spectral determinants.

7.3.3. We have an orthogonal decomposition
Ly([—s,s),dx) = Ly([—S, 3], dT)even @ La([~S, 5], dZ)odd,
f=f+f
with
fe(x) == (1/2)(f(z) £ f(-=)).

Both of the subspaces are stable by the integral operator K5,, because, sin(z)/x
being an even function, we have

K(z,—y) = K(-z,y).
7.3.4. Via the isometric isomorphisms
(1/ Sqrt(2)) Restriction : La([—s, s], dZ)even = L2(]0, 3, dx),
(1/ Sqrt(2)) Restriction : Lo([—s, s], dZ)oad = L2{([0, 8], dx),
we get the isometric isomorphisms
Koo|La([—s, s|dT)even = K 4| L2([0, 8], dz),
Kos|La([—s, sldz)oaa = K— 4|L2([0, s],dz).
7.3.5. We define the Fredholm determinant
Ba(Te) =14 1) [ detua(Ks (a6, ) I de(9:
n>1 18 i
By 7.10.1, E4 (T, s) is also the spectral determinant
E(T,s) = det(1+ TK.,|L2((0, s}, d))
= det(1 + TK24|L2([—3, |, dZ)parity +)-

Exactly as in proving 7.0.10, one proves that E, (T, s) is (the restriction to Cx R3¢
of) an entire function of (T, s). Explicitly, writing

(7.3.5.2) ein(s) i= /lo ) detmn (K (2(2), 2 () [ dnti),

(7.3.5.1)
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we have the estimate (compare 7.2.2; here each matrix entry is at worst twice as
large)

(7.3.5.3) le+ n(s)} < |s|™ exp(2n|s|x) Sqrt(n)” for all s in C.

In view of the decomposition

(7.3.5.4) La([—s, s},dz) = Ly([—s, 5], dT)even ® La([~s, 3], dT)oaa

and the spectral interpretation of the Fredholm determinants in question, we have
{by 7.10.1, part 4) the identity

(7.3.5.5) E(T,2s) = Eo(T, s)E_(T,s).

Notice that at s = 0, all three spaces in the decomposition above are the zero space,
so we have

(7.3.5.6) 1 = E(T,0) = E.(T,0) = E_(T,0),

and the above identity reduces to 1 =1 x 1.

7.3.6. It will be convenient to name the coefficients of the series expansions
of these functions around the point T' = —1. Thus we define entire functions of s,
E,.(s) and E4 n(s), for each integer n > 0 by

E(T,s) =Y (1+T)"Eq(s),

n>0

Ex(T,8) = ) (1+T)"Exnls),

n>0
or equivalently,

En(s) := ((¢/dT}"/n)E(T, 8)|r=-1,
E; n(s) = ((d/dT)" /n))Ex(T, s)|r=-1-

7.3.7. We will see shortly, in 7.5.3, that the functions E,(s) and Ej ,(s)
have exponential decay for large real s. Much stronger results are available, cf.
[Widom], [T-W] and [B-T-W], who give detailed asymptotics of these functions
for large real s.

7.4. Interpretation of E(T,s) and E.(T,s) as large N scaling limits
of E(N,T,s) and E4+(N,T,s)

7.4.1. Recall from 5.4.2 that for each integer N > 1, Sy(z) is the func-
tion sin(Nz/2)/ sin(z/2) = Z;-V;Ol e(N-1-27)2/2  We defined kernels Sy(z,y) and
S+ n(z,y) as follows:

Sn(z,y) = Sn(z —1y),
Sy n(z,y) = Sn(z,y) + Sn(—z,¥).
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7.4.2. For real a and real s > 0, we defined integral operators
KN, o := the integral operator with kernel Sy (z,y) on L:([a, a + ], dz/27),
K+ N s := the integral operator with kernel S4 n(z,y) on L,([0, s], dz/27)
= the integral operator with kernel
(1/2)8+,n(z,y) = (1/2)(Sn{z, y}) £ Sn(~2,9))
on L([0, s], dz/7).

[For s = 0, the spaces Lo([a, a+s|,dz/27) and Lo([0, s|, dz/7) are the zero spaces.|
For fixed s > 0 and variable a, all the operators K, o are isometrically equivalent.

7.4.3. We defined (variants of) characteristic polynomials
E(N,T,s) :=det(l1 + TKn ) (independent of a),
Ey(N,T,s):=det(l1 + TKy ns).
7.4.4. Explicitly, we have the formulas

BON.T0) = ST/ [ detiea(Su(a(i) 2(9) H(dx(z’)/%),

k>0

E+(N,T,s) Z(T"/k')/ detyxx (St N (z(?), 2 H(dm(t)/27r)

k>0

with the convention that a 0 x 0 determinant is 1. These are polynomials in T' of
degree at most N. [For s = 0, these polynomials are identically 1.] Their coefficients
are controlled by the following lemma.

Lemma 7.4.5. Given integers N > 1 and k > 1, the functions Ax n(s) and
Ay k. Nn(s) defined for real s > O by the infegrals

L detwn(Si a0, 2t Tt /20
and

/{0 RS ICORON | CLOT

respectively are the restriction to R.o of entire functions of s, which are both
bounded in absolute value by

|s/27|* Sqrt(k)*(2N)* exp(kN|s| /2)
forall s in C.

PROOF. At s = 0, all these integrals vanish. If s > 0, then by the change of
variable z(i) = sy(i), our integrals become

(s/2m)k /[;),1]'= detg k(SN (sy(3), sy(4)}) I:[ dy()
and

(o/2m [ detiea(San(ov(i) s T et

respectively, which makes clear that the functions are entire in s. The function
Sn(z) = LI €N =1-20)2/2 obviously satisfies |Sy(z)] < N exp(N|z|/2) for all
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z in C. So for complex s, but z and y in [0,1]*, the entries Sy{sy(i), sy(j)) and
S+ v (sy(3), sy(4)) of the determinants are bounded by
IS (sy(3), sy(i)) < N exp(N|s|/2),
|S£,n(sy(3), sy(4))| < 2N exp(N|s|/2)-

The Hadamard determinant inequality now gives the asserted bounds, cf. the proof
of 7.0.9. QED

Proposition 7.4.6. For any fized real number a, the three sequences of entire
functions of (T, s} )

E(N,T,2rs/(N +a)), E4+(N,T,2ns/(N +a)), E_(N,T,2ns/(N + a))
indezed by integers N > Max(2, —a) converge to the entire functions E(T,s),
E,(T,s), and E_(T,s) respectively, uniformly on compact subsets of C*.

ProoOF. For N large, the ratio N/(N +a) < 2. For any such N, the coefficient
of T*/k! in any of the N’th terms is bounded on complex s by

(4)s| Sqrt(k)e™™!<)*,

as is immediate from 7.4.5. The same bound holds for the coefficient of T*/k! in
E(T,s) or EL(T,s) by 7.2.2 and 7.3.5.3.

Using these estimates, we see that given M > 0 and £ > 0, there exists an inte-
ger L such that in the region (|T'| < M, |s| < M), each of the functions in question,
namely either E(T,s) or E4(T,s) or one of its finite N alleged approximants with
N large enough that N/{N +a) < 2, is approximated within & by the sum of its first
L terms as a series in T with coefficients functions of s. So we need only prove that
the coefficients of individual powers of T' converge uniformly on compact subsets of
the complex s plane. Let us do this explicitly for, say, E4(T,s), the E(T,s) case
being entirely similar. Fix an integer k > 1. The coefficient ey x(s) of T*/k! in
E:t (T, 8) is ’

/[0 |, detioak(K (a0, () [ o)

= /[0 - dethk(SK:t(Sy(’i),sy(j)))H dy(4).
The coefficient of T#/k! in Es(N,T,2ns/(N + a)) i

/ detio(Se v (w(3), 2(7))) [[(d=(6) /27),
[0,2s/(N+a)]* i

which by the change of variable z(i) = 2mwsy(¢)/(N + a) becomes
= /[0 " detexi((s/(N + @))S+ v (2msy(1) /(N + ), 2msy(5) /(N + @))) H dy(i).

The determinant is integrated over a compact region, so it suffices that as N — oo,
the determinants converge uniformly, for y in [0,1]F and s in & compact set of C,
to

detrx k(8K 4 (sy(4), sy(4))).
So it suffices for each of the individual entries
(8/(N + @))S+,n(2msy (i) /(N + a), 2msy(§)/ (N + )
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to so converge to sK4{sy(z), sy(7))- This in turn reduces to the standard fact that
for s in a compact subset of C we have uniform convergence of

(1/(N + a))Sn(2rs/(N + a)) = sin(rsN/(N + a})/(N + a)sin(ns/(N + a))
to sin(ns)/ns. QED
7.5. Large N limits of the measures v(n, G(N)):

the measures v(n) and v(+,n)

Proposition 7.5.1. For s > 0 real, n > { an integer, and G(N) any of U(N),
SO(2N +1),USp(2N),SO(2N),O_(2N + 2),0_(2N + 1), the bimit

Nlim eigen(n,ons/(N + A), G(N))

— 00 .

exists. In terms of the expansion coefficients Eggn.yn(3) defined by
Esign(s)(Ta 8) = Z(l + T)n sign(z),n(s);

n>0
ie.,
ESiK"(E)-ﬂ-(s_) = ((d/dT)n/n')Eslgn(s)(T; s)|T=—17
we have the limit formula

Esign(:),n(s) = Nlj—lonoo eigen(n, UWS/(N + ’\)7 G(N))

Explicitly, we have the limit formulas

1) E,.(s)= 1\}1—1»1100 eigen(n, 2rs/N,U(N)).
2) E_.(s)= Nli_x.nm eigen(n, 2rs/(N + 1/2), SO(2N + 1)).
3) E_.(s8) = Nli_z’noo eigen(n,ms/N,USp(2N))
= Nh—lonoo eigen(n,ns/(N + 1), 0_(2N + 2)).
4) Ein(s)= Nli_r’nw eigen(n,ns/N,SO(2N))

= Nlim eigen(n,ns/(N + 1/2),0_(2N + 1)).
Moreover, the convergence is uniform on compact subsets of R>q.

ProoFr. This is a simple application of Proposition 7.4.6, together with the
fact that if one has convergence, uniformly on compact sets, of a sequence of entire
functions f,, — f of several complex variables, then for any analytic differential
operator D with entire coefficients, the sequence D(f,) converges, uniformly on
compact sets, to D(f).

According to 6.7.6, for 0 < s < o7, we have

eigen(n, s, G(N)) = ((d/dT)" /n!) Eyign(e)(pN + 7, T, 8)|7=—1
Rescaling, we find that for N > s > 0 we have
eigen(n,omws/(N + A), G(N))
= ((d/dT)" /n!) EBggne (0N + 7, T, 018 /(N + A))|r=—1
— ((4/dT)" /) Eqgage(oN + 7,7, 27/p(N + N)lr—1.
Thanks to 7.4.6, we have convergence
Eign(e)(pN + 7,T, 218/ p(N + 7)) —= Eyign(c)(T, 5),
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uniformly on compact sets of C2. Applying ({d/dT)*/n!) and evaluating at T = —1
gives the asserted limit formulas, with uniform convergence on compact subsets of
R>o. QED

Remark 7.5.2. For any G{N), and any real s with 0 < s < o, we have the
relation

1= E eigen(n, s, G(N)),

n>0

simply because the sets Eigen(n, s, G(N)) are a partition of G(¥). In view of 6.7.6,
this amounts to the statement that

l= Esign(s)(pN +7,T, S)IT=0)

which is obvious from the definition of Egz,(c)(pN +7, T, s) as a modified character-
istic polynomial det(1 + T'(something)}. Similarly, the series E(T, s) and E.(T,s),
being modified Fredholm determinants, satisfy

1= E(0,s) = EL(0,s),
or equivalently,
1=3 En(s)=)  Exn(s)
n>0 n>0
So we get the not entirely obvious relation
(7.5.2.1) i= Z lim eigen(n,ons/(N + A), G(N)),
n>0 N—oo
for every real s > 0.
Corollary 7.5.3. For any real s > 0, end any integer n > 0, we have the
estimates
0 < En(s) < 2" exp(—s/2),
0 < Ex,n(s) < 2" exp(—s/4).
PROOF. Combine the estimates of 6.7.8 for eigen(n, s, G(N)) with the above
limit formulas. QED
Corollary 7.5.4. For s > 0 real, n > 1 an integer, and G(N) any of U(N),
SO(2N +1),USp(2N),SO(2N)},0_(2N + 2),0_(2N + 1), the lemits
Jim Teilyngwyy(s),  lim CDF,(n a(my)(s)

exist, and we have the following limit formulaS'

]_) A}lm T&I] (n.G(N)) S) Z Esxgn(s) ](S)

2) Jim CDFy(n.a(vy(s) = Z Esign(e).5(8):
izn

3) llm CDF (n,G(NY) S) =1- Z Eslgn(s) 3

Moreover, the convergence is uniform on Rxg.
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ProOOF. Fix n > 1. The limit formula for Tall,,(,, G (wy)(s) results from its finite
analogue 6.9.7, part 4),

n-—1

Tail, (n,g(N)) (8) = z eigen(4, som/(N + ), G(N)),
7=0

valid for N > n, using the limit formulas of 7.5.1,
Esign(s).j (S) = Nll—i'loo eigen(j, UﬂS/(N + A)’ G(N))’

for j =0,1,...,n~1. The uniformity on compact subsets of R of the convergence
for each of these n limits gives the same uniformity for the Tail limit formula. But
since we have the tail estimate 6.9.8,

0 < Tail,(n,g(wy)(s) < 2"e™7%/4,
the convergence is necessarily uniform on Ry¢: given £ > 0, choose S large enough
that 2"e~5/4 < &, and then take N; large enough that, for all N > N,

Tail,(n,c(a))(s) is within £ of the limit for s in [0, 5].
The limit formulas 2} and 3) with uniformity are equivalent to 1), because

CDF,(,a(n)) (s) = 1 — Taily(n,g(ny) (3)s
and because (by 7.5.2) we have
1= Eugniejn(s). QED

n>0

Proposition 7.5.5. For every integer n > 1, there ewist positive Borel proba-
bility measures on R,

v(n) and v(£,n),

supported in R>o, and having continuous CDF’s whose restrictions to Ryo are
entire, such that
1) imy oo v(n, U(N)} = v(n),
2) imy oo v(n, SO(2N + 1)) = v(—,n),
3} limy_ o0 v(n, USP(2N)) = v(—,n),
4) limy . v(n, SO(2N)) = v{+,n),
5) my o (1, O—(2N +2)) = v(—,n),
6) imy_o v(n,0_(2N + 1)) = v(+,n),
in the sense of convergence of cumulative distribufion functions which is uniform
on R>g. The cumulative distribution funcitions of these measures are given by the
ezplicit formulas
n—1
CDF,ny(s) =1 — ) _ E;(s)
3=0

CDFy s ny(s) =1— Z Ex j(s).

The tasls of these measures satisfy the estimates
0 < Tail,(m(s) < 2"e™*/2,
0 < Taily(gny(s) < 27"/
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PROOF. In the previous result, we proved that

n—1

ngnm CDFu(n,G(N))(s) =1- 2(:) Esign(e),j (s)
]=

with convergence uniform on R>¢. Consider the limit function

n—1
s+ Him CDFu(nc(my(s) =1 - Zﬂ Esign(e).s (s):
J:
say f(s). This f is a nondecreasing function on R>( with values in [0, 1], because it
is the pointwise limit of such functions. We claim that f(0) = 0. This follows from
the fact 7.3.5.6 that Egz,(c(7,0) = 1, so its expansion coefficients around 7' = —1
are given by Eg () ;(0) = 65,0, and hence we find

n—1 n—1
f(O) =1- ZEsign(e),j(o) =1- (1 + ZO) =0.
§=0 i=1

Moreover, f is the restriction to K>y of an entire function, so in particular it is
continuous. As it vanishes at s = 0, we may extend f to all of R as a continuous
nondecreasing function from R to [0, 1] by decreeing that it vanish for s < 0. From
the tail estimate 6.9.8, we see that the function 1 — f(s) satisfies

0<1— f(s) £ 2% exp(—0os/4)

for s > 0. Therefore f is the CDF of a positive Borel probability measure [namely
the Lebesgue-Stieltjes measure for which every interval [a,b] or {a,b] or (a,b) gets
measure f(b) — f(a).] Its tail is the function 1 — f(s), which, as noted just above,
satisfies the asserted tail estimate. QED

Proposition 7.5.6. For any integer n > 1, and G(N) any of U(N),

SO(2N +1),USp(2N),80(2N),0O_(2N + 2),0_(2N + 1), we have:

1) The measures v(n,G(N)),v(n) and v(4, n) have moments of all orders, and
each of these measures is uniguely determined by its moments.

2) For any continuous function f(x) of polynomial growth, we have the limit
formula

Jim_ [ 7)o, GV = [ (@) dvtsigate),m),
Jim_ [ 1) dvn,U00) = [ 1ta) o),

Jim [ 1) vt SO@N +1)) = [ f(@)du(=,m),

Jim [ £(@)dvtn,USpeN)) = [ 1) dol-,m),

Jin_ [ f(z)duin, 50@N) = [ @ vt m),
Jim_ [ 1@ dutn, 0-@N +2)) = [ f(@)du(-,m),
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Jim / (@) di(n, O_(2N +1)) = / () dv(+,m).

PRrROOF. We have uniform tail estimates for the measures v(n,G(N)) and
v(sign(e),n), and uniform convergence of their CDF’s. So the proposition results
from the case A = 1 of the next three standard lemmas, which we give for ease of
reference.

Lemma 7.5.7. Let 1 be o positive Borel measure on R under which finite
intervals have finite measure. Suppose that there exist strictly positive real constants
A, B, and ) such that for every real s > 0, we have the tail estimate

n({z in R with |z| > s}) < Ae= B

Then n has moments of all orders, i.e., the functions |z|® lie in L,(R,n) for all
integers n > 0. If in addition ) > 1, then 7 is uniquely determined by its moments
= fgzdn, n=0,1,....

ProoF. If n = 0, then

/dn n(R) = n({0}) + n({z in R with |z| > 0}) < n({0}) + A.

If n > 1, then |z|™ vanishes at 0, and we readily calculate

le"‘dn=/ |z[™ dn + / |£|™ dn
-/II; {0} Z <|::|<k+l

k>0

= E/ |z]™ dn

£>0 k<iz|<k+1

< / k+1)"dn
Z k<|z|5k+1( )

k>0
<Y k+1)" / dn
>0 k<|z|
< S (k1) A B
k>0
= A+ (k+1)"Ae” 5
k>1
< A+AZ/ (z+2)"e B dg
k>1" k=LKl
=A+A (z +2)"e 5= dz
Io,00)
=A+A[| (@+2"e B dr+ A (z+2)"e B dz
[0,1) [1,00)
<A+3"A+3"A ze~ B 4g
(1,00)
<A+3"A+3"4A gnHle=B dz/z

[1,00)
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(now set y := Bx?)
—A+FA+TAQN) [ /B ayly
[B,oc)

< A+3"A+43"A(1/A)B~(m+1M/A /( - YA gy 1y
L0

= A4 3"A + 3" A(1/N) B~V ((n 4 1)/N).

This shows that all moments exist. Now it is known [Fel, page 487] that a sufficient
condition for 77 to be determined by its moments m,, is that the series

> Mpz™/nl
built from its absolute moments
M, = / \e|™ dn
R

have a nonzero radius of convergence. If A > 1, then our estimate, together with
Stirling’s formula, shows that this condition is satisfied, and that for A > 1 this
series is entire. QED

7.5.8. For ease of later reference, let us record a several variable version of
this result.

Lemma 7.5.9. Let r > 1 be an integer, and n a positive Borel measure on R”
which gives finite measure to compact sets. Suppose that there exist strictly positive
real constants A, B, and X\ such that for every real s > 0, and everyi =1,...,r,
we have the tail estimate

prlilan({z in R with |z| > s}) := n({z in R" with |z(5)| > s}) < Ae~B*"

Then 1 has moments of all orders, ie., for all n > 0 in Z", the functions
lz|® = [, |z(3)|*® lie in Ly(R",n). If in addition A > 1, then 1 is uniquely
determined by its moments My, := [p. % dn, n >0 in Z°.

PROOF. For real s > 0, let us denote by £(s) C R" the closed set
E(s):= {z in R” with Mia.x|:c(?:)[ < s},
For each i = 1,...,r, we denote by E;(s) C R” the closed set
Ei(s) := {z in R" with |z(%)| < s}.
Our hypothesis is that for s > 0 real, for each i =1,,..,r we have
n(R™ — Ei(s)) < Ae™ 8.

Now E(s) is the intersection of the E;(s), so R"— E(s) is the union of the R" — E;(s),
and hence we have

n(R™ — E(s)) < rAe=8%.
For n = 0, we use the fact that E(0) = {0} to write

[ lal" dn = n(®) = n(E@) + 1R ~ E©) < n({o}) + 7.
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For n > 0 and # 0, |z|™ vanishes at 0, and we readily calculate

z|™ d =/ z|™"dn + / |z|™ dn
-/erl 7 E(0) la Z E(k+1)—E{k) |

k>0

*Z/ |=|™ dn

k>0 Bk+1)-E(k)

< / (k + 1)5™ dn
?;0 E(k+1)~E(%)

<> (k+ 1)2(")/ dn

2 -

< 3 (k+1)EMrae B
k>0

< r[A+ 35 4 4 3T A(1/0) B~ EMHD/AT (B 1)/))],

the last inequality obtained just as in the proof of the previous lemma. This shows
that all moments exist. A sufficient condition [Fel, page 463; the same “analyticity
of the Fourier transform in a neighborhood of R™ in C™” works for any r] for 7 to
be uniquely determined by its moments is that the series in r variables

}: M,z™ /n!

n>0in Z7

made from the absolute moments M,, := f;. |z|™ dn converge in a nonempty open
polydisc around the origin. If A > 1, then our estimate for M,,, together with
Stirling’s formula, shows that this condition is satisfied, and that if A > 1 this
series is entire. QED

7.5.10. Given (4, B,)) in (Rsp)®, we say that a positive Borel measure 7
on R™ which is finite on compact sets has exponential decay of type (A4, B,\) if it
satisfies the hypotheses of the previous lemma for this choice of (4, B, A).

Lemma 7.5.11. Let 7 > 1 be an integer, (A, B, )) in (R>0)3, and mx, k > 1,
a sequence of positive Borel measures on R, each of which has exponential decay
of type (A, B, X). Suppose that
Jim 7(R7) = 1

Suppose further that the sequence of cumulative distribution functions CDF,, (z)
converges, uniformly on compact subsets of R", to some function F(z) on R".
Then F(x) is the CDF of a positive Borel probability measure 7o, on R™ which
has exponential decay of type (A, B, X). For any R-valued continuous function f on
R™ which has polynomial growth, i.e. which satisfies

f@) =0+ =)D, lzl = =@,
for some integer d > 0, we have

fdnk = fdnoo.

k—ooo
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PRrOOF. First, we should remark that each 7n; has finite total mass (it has
moments of all orders, in particular a zeroth moment), so each CDF,, is well-
defined as an Rp-valued function on R". To show that F(x) is the CDF of a
positive Borel measure, it suffices, by the Lebesgue-Stieltjes construction, to check
that F(z) satisfies the Lebesgue-Stieltjes positivity condition, and that F(z) is
continuous from above in the sense that F(z + ¢l,) — F(z) as ¢ — 0+. The
positivity results from the fact that F' is the pointwise limit of functions with this
positivity. The continuity from above of F' at any given point z in R” results from
the fact that F' is, in a neighborhood of z, the uniform limit of functions which are
continuous from above.

Once 7 exists, then for any rectangle R(z) = (—oc0, z] in R", we have

Nloo(R(z)) = lim ni(R(z)) = lim e (R") — me(R” ~ R(z))].
Taking z to be sl, with s > 0, we have E(s) C R(sl,), so
0 < mi(R" — R(s1,)) < m(R" = B(s)) < rde™",

s0 we get
Moo (R(s1,)) 2 [kl'un 'r)k(IR’)] —rAe B =1 rAe B,

Taking s large, we see that 7, has total mass at least one. To show that 7, has
mass at most one, we argue as follows. Because R" is the increasing union of the
R(s1.), Noo(R") = limyp 00 Neo(R(n1;)). So it suffices to show that for fixed n,
Neo(R(n1,)} < 1. But

Noo(R(nl;)) = lim ni(R(nl,)) < lim nyg(R7) = 1.

Therefore 74, is a probability measure.
We must now show that

ool R” — Ei(s)) < Ae™ B,

View E;(s) as the increasing union of E;(s) N E(n), as n — oo. For fixed n, think
of R” as the disjoint union of E(r) and R™ — E(n). We have

noo(Rr - E,(S))
= N (E(n) — Ei(s) N E(n)) + n (R™ — Ei(s)) N (R” — E(n)))
< Neo(E(n) — Ei(s) N E(n)} 4+ noe(R™ — E(n))
= N (E(n) ~ Es(s) N E(n)) + 1 — 1o (E(n))
= lim [ (E(n) - Ei(s) N E(n)) + 1 — nk(E(n))]
= Jim [ne(Br) — Bi(s) 0 E(n) +1e(®') — me(B(n)]
= lim [r (E(n) — Ei(s) N E(n)) + m(R” = E(n))]
< rde B 4 Jim ne(E(n) — Ei(s) 0 E(n))
<rAe BV 4 kli{{.lo M(R™ — Ey(s))
< rAe=B" 4 Ae~B2,

Letting n get large, we get the asserted inequality.
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Let us say that a real s > 0 is a continuity point for 7., if the nondecreasing
function s — 7, (E(s)) from Rxp to [0,1] is continuous at s. There are at most
countably many points at which this function is discontinuous {because for each
k > 1 there are at most k points where it jumps by more than 1/k). Denote by
E(s—) the half open rectangle (—sl,,sl,]; thus Interior(E(s)) C E(s—) C E(s).
For s a point of continuity of 7, all three sets have the same 7-measure. Similarly,
each 7, having finite mass, has at most countably many points of discontinuity.
Thus every s outside a countable set is & point of continuity for every 7 and for
Thoo-

Suppose now that f is a continuous function on R” with polynomial growth. For
any continuous f, and any real s > 0, f restricted to E(s) is uniformly continuous.
For all rectangles R = (a,b] contained in E(s), the sequence nx{R) converges to
Noo (R). The usual argument [Fel, pages 243, 244] of partitioning E(s—) into finitely
many small half open rectangles (a,b] on each of which f is very nearly constant
shows that for any s which is a point of continuity of all n,, and of 7, we have

im [ fdm=lim [ fdn— f fdne= [ fdne.
k—oo JE(s) k—ce JE(s—) E(s-) E(s)

For any measure 77 with exponential decay of type (A, B, ), and any function f
with |f(z)| < C(1 + ||z|)¢, we have

/ 'fdn‘= >/ fdn
R™—E(5) k>0 E(3+k+1)—E(3+k)

<

/ |fldn

sZcfE

= (s+k+1)—E(s+k)

d
(1+Z|z(z')|) n
520(1+r(s+k+1))d/ dn

k>0 E(s+k+1)—E(s+k)

520{1+r(s+k+1))d/ dn
Rr—E(s+k)

k>0

< ST+ (s +k+1))2Ae~BOR’
k>0

<Y (s + b+ 2)) Aem B+,
k20

Let us denote by [s] the integer part of s, so [s] < s < [s] + 1. Then we have

/ fdn| < ACr* Y (k+ 3)de—BK"
Rr—E(s)

k>[s]

Since the series

ACT?Y (k + 3)%e=B%
k>0
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is convergent, its tails go to zero, so given € > 0 there exists n such that for any
s2>n,

< ACr¢ E(k + 3)‘18_ka <e

k>n

f fn
Rr—E(s)

for all 7 of exponential decay (A, B, ) and all f with |f(z)] < C(1 + ||z|))¢. Fix
a choice of s > n which is a point of continuity for all the 7, and for 7. We can
choose ky such that

/ fam— [ fdne|<e
E(s) E(s)
for k > ko. Then we have

‘f fdnk—/ fdnoo~ <3¢
Rr Rr

for all k > kg. Since £ > 0 was arbitrary, we get
dim [ fan = / f oo, QED

Corollary 7.5.12. Hypotheses and notations as in Lemma 7.5.11 above, sup-
pose we are given in addition an integer n > 1 and o continuous map
¢ : R — R™ which is of polynomial growth of degree d in the sense that for
some real C > 0, [lp(z)|| < C(1 + [lz]))¢. Let

D:= Sgp(ﬂk(Rr))-
Then we have:

1) The direct image measures Q.Mx and Q.Nec ore of exrponential decay
(A',B’,\/d) with

B = B/(2*C™Y) and A’ = Max(r A, DeB'(C2"y,
2) For any continuous function f of polynomial growth on R™, we have

/ fd(@sme) = _/ f d(panoo)-

PROOF. Assertion 2} is obvious from the final assertion of the lemma, since for
7 any of 7 or 7, we have

fmn fd{pan) = /}; @ (f)dn,

and the function ¢*(f) := f o ¢ is of polynomial growth on R". To check assertion
1}, write o(z) = (¢1(z),. - ., ¥n(z)). For any measure 7 on R" of exponential decay
(A, B, ) and total mass < D, we have

(prfilaen)({z in R with |z| > C(1 + 5)%})
:=n({z in R" with |p;(z)| > C(1 + s)9}).

k—»oo

But we have

|loi(e}| < Z ks (o) = lle(@)l < O+ |z
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so if z in R™ has |p;(z)| > C(1 + 5)?, then ||z|| > s, so « lies in R™ — E(s/r). Thus
we have '
{z in R™ with |p;(z)| > C(1 + s)¢} C R” — E(s/r),
and hence
(prfi)ep.n)({z in R with |z| > C(1 + 8)?}) < p(R" — E(s/r)) < rAe=Blsin)

For s > 1, put t = C(1 + 8)%, so s = (t/C)/¢ — 1. Because s > 1, we have
(t/C)? > 2, and hence (t/C)/% —1 > (1/2)(t/C)/¢. Thus for t > C2%, we have

(prlilep.n)({z in R with |z} > t}) < rAe~BUE/OY/4-1)/r)?

< rAe” BUDWONY _ g =By > 09¢,
For 0 < t < C2¢, we have the trivial estimate
prilep.m)({z in R with |z| > £}) < D < A'e~ B (C2W* ¢ pre-B'2/*
n

as required. QED

7.5.13. Here is a second application of these general results on convergence
of moments. '

Proposition 7.5.14. Let r > 1 be an integer, and b in Z™ a step vector.

1) The measures p(univ, steps b) and p(U(N), steps b), N > 2, on R™ have
moments of all orders, and each of these measures is uniquely determined by its
moments.

2) For any continuous function f(z) on R™ of polynomial growth, we have the
limit formula

Nlim /f(x) dp(U(N), steps b) = /f(:c) du(univ, steps b).
Proor. Thanks to 6.13.5, these measures are all of exponential decay

(4, B, A) = ((4/3)5(b), (1/8) Sup(5(3)), 2),

so the first assertion follows from 7.5.9. According to 1.6.4, the CDF’s of the
measures ;(U(N), steps b) converge uniformly to the CDF of u(univ, steps b), so
the second assertion results from 7.5.11. QED

Corollary 7.5.15. For eachi=1,...,r, the first moments of these measures
are given by

/x(z’) du(U(N), steps b) = /x(z) dp(univ, steps b) = b(3).

Proor. For finite N, this reduces by direct image to the + = 1 case, in which
case it is proven in 6.12.9. Now take the large N limit, using 2) above. QED

7.6. Relations among the measures p, and the measures v(n)

7.6.1. In order to manipulate these objects more conveniently, we introduce
three entire functions on C2: :
F(T,s) := (1 + T)(E(T, s) — 1)/T,
Fu(T,s):=(1+T)E+(T,s)—1)/T.
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These functions are entire because E(0,s) = E+(0,s) = 1, and they visibly vanish
at T = —1. Their higher derivatives at 7' = —1 are given by

Lemma 7.6.2. For each real s > 0, we have the identities
F(T,s) =) _(1+T)" CDF,(s(s),
n>1

+(T,s) = 3 _(14T)" CDF, (4 m(s).

n>1

PROOF. We will write out the proof for F(T,s). The Fi cases are exactly the
same and are left to the reader. Since F(T),s) is, for fixed s, entire in T, it suffices
to show that the asserted series expansion is valid in a neighborhood of T' = —1.
We begin by writing the power series expansion of E(T, s) around T = —1:

E(T,8) =) (1+T)"En(s).
n>0

Multiplying by 1 + T, we get
(1+T)E(T,8) = Y. (1 + T)"En-1(s).

n>1
Multiplying by
YT=-1/1-1+T)=-Y 1+T)",
n>0

we find
A+ T)E(T,s)/T=-Y _(1+T)* Y. Es(s).

n>1 0<j<n-1

By 7.5.5, we may rewrite this as
(1+T)E(T,s)/T =Y _(1+T)"(CDF,(n)(s) — 1)

n>1
{E(l + T)" CDF,(n)( s)} Sa+1yr
n>1 n>1

- {Z(l +T)" CDF,(n)(s)} ~(L+T)/(1- (1+T))

n>1

= {E(l + )" CDF,,(,,)(S)} + (14 T)/T,

n>21

50 we get

(1+T)E(T,s)/T - (14T)/T =Y _(1+T)" CDFy(ny(s). QED

n>1
Lemma 7.6.3. We have the identity
(d/ds)F(T,s) = (1 +T) — (1 + T)G1(T,s) + (1 + T)*G:1(T, s)

of entire functions on C2.
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PRooF. This results from the fundamental relation 7.2.3
(d/ds)E(T,s) = T + T*G1(T, s)

and the definition of F'(T, s) as
F(T,s) = (1 4+ T)(E(T,s) — 1)/T.

We readily calculate

(d/ds)F(T,s) = (1+ T)d/ds)E(T,s)/T

=1+ T)(T+T*G:(T,s))/T
=14+ T)14+TG\(T,s))
=(14T)(1~G\(T,s)+ (14+T)G:(T,s)). QED

Corollary 7.6.4. The restrictions to Rxo of the CDF’s of the measures v(n)
forn > 1 and of the measures

fn = p(univ, sep. n)
forn >0 are related by
1) (d/ds) CDF,;y = 1 — CDF,,,

and for each n > 2,
2) (d/ds) CDF, () = CDF,, _,—CDF,, _, .
Equivalently, on R>o we have the formulas
3) Tail,, = Y (d/ds)CDF,(;41) forn>0,
0<j<n
or
4) Taily,(s) = — D (n+1-j)(d/ds)E;(s) forn20.
0<j<n

We have the identities of measures on R>p

n

5) > (i +1) = Tail,, (s) ds.

Jj=0
In statements 1) through 4), derivatives at s = 0 are taken from above.

ProOF. The first set of formulas 1) and 2) are just the spelling out of the
identity
(d/ds)F(T,s) = (1+T) — (1 + T)G1(T, s) + (1 + T)?G:1(T, 5),
together with the expansions
F(T,s)= > _(1+T)" CDF ) s),
n>1
and

G\(T,s) = 3 _(1+T)"CDF,_(s).

n>0
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Because each upn, is a probability measure, Tail, . = 1 — CDF,,,, so 3) results from
1) and 2) by partial summation, and implies them by successive subtraction. The
next one 4) is equivalent to 3), as one sees by applying d/ds to the relations
n—1
CDF,(n)(s) =1 > Ej(s) forn>1.
j=0
The final one 5) is just the integrated form of 3). QED

Remarks 7.6.5. Since v(n) is a positive measure, its CDF is a nondecreasing
function, so (d/ds) CDF,(»y > 0. So we learn that 1—CDF,; > 0, which we already
knew, and we learn that for each n > 0,

CDF,,, > CDF

This we also see directly, as follows. Already at the leve! of individual elements A
of U(N) with N > n+ 1, we claim that

Hnil

CDF,(A,u(N), sep. n) = CDF (4 t(Ny, sep. nt1) -
Indeed, in terms of the sequence of angles of A,
0<p(1) L p(2) <--- < p(N) < 2m,
extended to all integers by (7 + N) = p(5) + 27, we have the tautological formula
N x CDF y(4,0(N), sep. n)(8)
= Card{indices ¢ with 1 <7 < N and (i +n+1) — ¢(2) < 27rs/N},
which makes obvious that for fixed s, CDF (4 u(n), sep. n)(8) is a decreasing func-
tion of n.
7.7. Recapitulation, and concordance with the formulas in [Mehta]

7.7.1. For real s > 0, with derivatives at s = 0 taken from above, we have
the following summarizing list of formulas:

(7.7.1.1) E(T,s) = det(1 + TK, o),
(7.7.1.2) E(T,0) =1,
(7.7.1.3) E(T,s) =) _(1+T)"En(s),

n20
(7.7.1.4) E,(s)= Nli_r‘no0 eigen(n, 2ns/N,U(N)} forn >0,
(7.7.1.5) F(T,s):=(Q+T)(E(T,s) - 1)/T,
(7.7.1.6) F(T,s) = (1+T)" CDF,n(s),

n>1
(7.7.1.7) v(n) = NhPm ¥{n)«(Haar measure on U(N)) for n >1,
(7.7.1.8) CDFy(my(s) =1~ "z—: Eij(s) forn>1,
=0
’ n—-1

(7.7.1.9) Tail,(ny(s) = Y _ Ej(s) forn > 1,

=0

(7.7.1.10) Eo(s) =1 — CDF,(s),
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(7.7.1.11) En(s) = CDFV(H)(S) - CDFU(,H_])(S) forn>1,
(7.7.1.12) Gy(T,s) =Y _(1+T)"CDF,, (s),

n>0
(7.7.1.13 (d/ds)E(T,s) =T + T*G1(T, s),

)
(7.7.1.14) (d/ds)F(T,s) = (1+T) - (1 +T)G1(T, 3) + (1 + T)?G(T, ),
(7.7.1.15) pn := p(univ, sep. n),
(7.7.1.16) (d/ds) CDF, 3y = 1 — CDF,,,,
(7.7.1.17) (d/ds) CDF,(,) = CDF,,_,—CDF,, _, forn>2,

(7.7.1.18) Tail,, = Y (d/ds)CDF,;=— »_ (d/ds)Tail,
1<5<n+1 1<j<n+1
=— Y (n+1-j)(d/ds)Ej(s) forn>0,
0<j<n
(7.7.1.19) Tail,, , (s) ds = Z v(j) as measures on Ryg.
1<j<n+1

7.7.2. Wesee from formulas 7.7.1.1-2 and 7.7.1.13 above that knowing E(T), s)
is equivalent to knowing G4 (T, s), and from 7.7.1.12 that knowing G (T, s) is equiv-
alent to knowing all the measures y,. If we compare these equations with those in
[Mehta, 5.1.16-18 and A.7.27], we find the following concordance between Mehta’s
objects and ours:

range of validity Mehta’s ours

n>0 Ey(n,s) E.(s)

n>0 Fy(n,s) (d/ds) CDF,(,+1)(s)
n>0 Fy(n,s)ds vin+1)

n>0 p2(n,s) (d/ds) CDF,,_ (s)
n>0 pg(n s)ds pin

It is interesting to note that Mehta [Mehta, discussion page 84, discussion page
88, appendix A8| defines his p2(0, s) as a conditional probability. He then speaks
of p2(0, s) ds [Mehta, 5.1.38] as though it were equal to what we have defined as
the spacing measure gp. At finite level N, the justification for doing so is provided
by 6.12.4.

7.8. Supplement: Fredholm determinants and spectral determinants,
with applications to E(T,s) and E.(T, s)

7.8.1. In this supplement, we give some basic compatibilities between Fred-
holm determinants and spectral determinants of integral operators.
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7.8.2. Recall from 7.3 that
E(T,s) =Y (1+T)"Ea(s),

n>0

Es(T,s) =Y (14 T)"Eg na(s),
n>0

where E(T,2s) and E4 (T, s) are the Fredholm determinants
E(T,2s) := det(1 + TKo,|L2([—s, 8], dz)),
Ey(T,s) :=det(1 + TKy+ o|La([0, 5], dx)),
for K, the integral operator on Lo([—~s, s], dz) with kernel
K(z,y) :=sin(n(z ~ y))/n(z - y),
and for K4 , the integral operator on Lo([0, s], dx) with kernel
Ky(z,y) == K(z,y) £ K(-=z,y).

Because sin(nz)/mz is an even function, the integral operator Ko, preserves the
subspaces of odd and of even functions. We have an isometric isomorphism

K:t,le?([O: s]l d.’L') = K23|L2([_‘S, S], dz)paricy *.

7.8.3. It is technically convenient to interpret all of our operators as acting
on a single space, which here we will take to be Ly(R, dz). For each real s > 0, we
have an orthogonal direct sum decomposition

Ly(R,dz) = La([-s, 5], dz) ® L2 (R — [~s, 5], dz).
7.8.4. We denote by P(s) the orthogonal projection of Lo(R,dz) onto

Lo([—s, s],dx). Concretely, if we denote by I, the characteristic function of the
interval [—s, s], then for f in Ly(R,dz) we have

P(s)(f) =ILf.

7.8.5. We also have an orthogonal direct sum decomposition into odd and
even functions,

LZ(IRr dﬂ:) = L2 (]Ra dx)even & L2(Ra dx)odd -

The corresponding orthogonal projections are denoted P(+). These projections
both commute with P(s). We denote by

P(t,s) := P(+)P(s) = P(s)P{x)
the orthogonal projection of Ly(R,dx) onto Lay{[—s, s], dT)parity +-
7.8.6. We denote by K the integral operator on Lo(R, dz) given by the kernel
K(z,y) :=sin(r(z - y))/n(z — y)-
7.8.7. For real s > 0, we define operators K(2s) and K(+,s) (sic) on
L,(R, dz) by
K(2s) = P(s)o K o P(s},
K(+,s) = P(£) o K(2s) o P(£)
= P(t,8) o K o P(£,s) = P(s) o P(+) 0 K o P(x) o P(s).
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7.8.8. In terms of the decomposition
L2(R, dzx) = La([~s, s], dz) & Lo(R'— [-s, 5], dz),
we have
K(2s) = Kos|La([-s, s],dx) & 0.
7.8.9. In terms of the further decomposition
Ly(R,dz) = La(|—s, ], dZ)even ® Lao([~s, 5], d2)oda ® L2(R — [—s, 5], dz),
we have
K(+,5) = Kas|L2([—3, 5], d)even D 0D 0,
K(~,s) =0 Kay|L2([—3, 5],dz)0aa ® 0.
Thus the operators K(2s) and K(+, s) are compact for all real s > 0.

Lemma 7.8.10. The operator K on Ly(R,dx) is the Fourier transform of the
orthogonal projection P(w). In particular, K is itself an orthogonal projection, with
both kernel and range of infinite dimension.

PROOF. The operator K is convolution with the function k(z) := sin(nz)/nz.
The Fourier transform on L2(R, dz), defined by

FT(f)(y) = (2m)"1/? fk f(z)e™ d,

is an isometry, whose square is f = f_ := the function £ — f(—z). Because of the
normslizing factor, the relation of FT to convolution is
FT(f x g) = (2n)'°FT(f)FT(g) = FT(f)FT((27)'"*g).

One readily calculates that for the function I, := the characteristic function of
[—m, 7], we have F'T(I.) = (2m)'/2k. By inversion, we have FT((2x)/%k) = I,. So
taking g := k, we get

FT(K(f)) = FT(f k) = FT(f)FT((2n)/*k) = I, FT(f) = P(x)FT(f).
In other words, we have FT o K = P(x)o FT,or K = FT~! o P(n) o FT. QED

Corollary 7.8.10.1. The operator K is self-adjoint, positive, and of operator
norm 1. For real s > 0, each of the compact operators K(2s) and K(+,s) is
self-adjoint, positive, and of operator norm < 1.

PROOF. We know that K is a nonzero orthogonal projection, and any such is
self-adjoint, positive, and of operator norm 1. For any second orthogonal projection
P, the operator PKP remains self-adjoint and positive, and of operator norm < 1.
Apply this with P either P(s) or P(+,s). QED

Corollary 7.8.10.2. The operators K(+) := P(+) o K o P(+) are the Fourier
transforms of the orthogonal projections P(4,w), so in particular they are orthog-
onal projections with kernels and ranges of infinite dimension.

Proor. The projections P(+) commute with Fourier transform. QED

Lemma 7.8.11. In the strong topology on operators on Lo(R, dzx), we have
lim P(s) =1, the identity operator f — f.

s— 400
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Proor. This is the statement that for any f(x) in L.(R,dz), the truncated
functions I,(z) f(z) tend to f(z) in Ly(R,dz), i.e., that for f in Lo(R, dz) we have

lim |f(2){*dz = 0.

s——+noo |a:|>s
The integral in question is a decreasing function of s > 0, so it suffices to check for
integer values of s. But the series

/ (@) de
n>0 n+12|z|>n

is convergent (to [ |f(z)|? dz), so its tails go to zero. QED

Corollary 7.8.12. In the strong topology on operators on L:(R,dz), we have
lim K(2s) = K,
S—+400
lim K(+,s) = K(%).

$—+ 400
ProOF. This is obvious from limg—, ;o P(s) = 1 and the formulas
K(2s) = P(s)o K o P(s),
K(£,5) = P(s) o K(£) o P(s).
Indeed, for any bounded operator L, we have
L= SETOQP(S) o Lo P(s).

The point is that all the operator norms || P(s)o L|| are uniformly bounded ({by ||L||,

as the P(s) are projections), so the assertion is obvious from the identity
L—P(s)oLoP(s)=(1— P(s))o L+ (P(s)o LYo (1 — P(s)),

cf. [Riesz-Sz.-Nagy, §84, top of page 201]. QED

7.9. Interlude: Generalities on Fredholm determinants
and spectral determinants

7.9.1. For any positive, self-adjoint compact operator L on a separable Hilbert
space H, one knows that its spectrum o (L) is a countable subset of the closed real
interval [0, |L|]] which contains ||L|| and which has no nonzero limit points. One
knows further that for every nonzero A in ¢(L), the subspace

|Xer(L - A)"

has finite dimension m(\) > 1, called the multiplicity of A, cf. [Reed-Simon, VI.15]
and [Riesz-Sz.-Nagy, §§93-95]. If we write down each nonzero A in the spectrum
as many times as its multiplicity m()), proceeding by decreasing size of A, we get
a list which starts with ||L|| and which is either finite or countable:

Il =X 2x 2.

We adopt the convention (which is reasonable only in the infinite-dimensional con-
text) that if the list is finite, say of length N, then

A;=0 fori> N.
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Thus we may speak unambiguously of the n’th eigenvalue A, of L, for every
integer n > 1. If M is infinite dimensional, then by the Hilbert-Schmidt the-
orem [Reed-Simon, VI.16] there is an orthonormal basis {en}.>1, such that
Le, = Anen, and the A, tend to zero as n —-co.

7.9.2. In this generality, there is nothing one can say about the rate of decay
of the A,: any real sequence Ay > Az > - - with limit 0 is the sequence of eigenvalues
of some compact, positive, self-adjoint L. Indeed, if we choose an orthonormal basis
{en}n>1, the operator v — Y An(en,v)e, does the job, cf. [Reed-Simon, VI,
Problem 45 (a)] for the compactness. In particular, the series 3 A, may diverge, so
in general the formal expression [], -, (1+A,T) fails to make sense, even as a formal
power series in 1 + TR[[T]]. Notice, however, that if ¥ A, converges (and hence
converges absolutely, as all A, > 0), then the formal expression [] ..., (1+A,T) is an
entire function, in the sense that the sequence of polynomials {[]; <, <i(1+AT)}k
converges uniformly on compact subsets of C, cf. [W-W, 3.341]. C

7.9.3. Under what circumstances can we be sure that ) A, converges, so that
[1.>1(1 + A.T) is an entire function of T? A trivial case is when there are only
finitely many nonzero A,’s. The next simplest case, and one that will be adequate
for our purposes, is this.

Lemma 7.9.4. On H := Ly([a,b,dx) for a compact interval [a,b], let L be
o positive self-adjoint compact operator given by a self-adjoint kernel L(x,y) on
[a,b] x [a, b] which is continuous. Denote by {\,}» its sequence of eigenvalues. Then
Y- An converges, and the entire function [] 5 ,(1 + A\.T) is equal to the Fredholm
determinant B

det(1+ TL|H) =1+ ZT"(l/n!)f

n>1 [a,b]"

detpxn(L(z(8), z(5))) H dz(3).

PROOF. Denote by {¢.(z)}, an orthonormal set of eigenfunctions for the
nonzero A,’s. Then by Mercer’s theorem [Riesz-Sz.-Nagy, §98] each ¢, is a
continuous function, and the series development

L(z, y) = Z Anpn(z)P, (1)

is uniformly convergent. In particular, the series
L(z,z) = Z An@n ()P, (2)
n

is uniformly convergent, so may be integrated term by term to give

f L(z,z)dx = Z/\ﬂ.
[2.B] n

This shows that ) A, converges, and hence that [] ., (1+ A,T) is an entire func-
tion of T, to which the partial products [], <, (1 + A.T") converge uniformly on
compacta.

Now consider the Fredholm determinant

det(1 + TLIH) = 1+ S T™(1/n!) /[ . etnxn (L0, 26)) [T =6,

n>1
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which we know [W-W, 11.21] to be an entire function. We claim that
det(1+ TLIH) = [T+ 2aT).
n>1
If L has only finitely many nonzero A,’s, the series 3 A,¢n ()%, () has finitely

many terms, and the asserted identity is 6.1.4. In the general case, for each & > 1
define

Lk(x,y) = Z A'n‘pn(a'-)¢~n(3.l)'
n<k
Then Ly converges uniformly to L as k — oo, by Mercer’s theorem. Looking at the
formulas for the individual coefficients of a Fredholm determinant, we see that
det(1 + TLi|H) — det(l + TL|H)
in the sense of coefficient by coefficient convergence. But for each finite k& we have
det(1+TLe[H) = [[ (14 A.7),
1<n<k
so we have
I1 (14 2T) - det(1 + TL|H),
1<n<k

coeflicient by coefficient. Therefore the power series around T = 0 of the two entire
functions [],,(1+AnT) and det(1+T L|H) are identical, and hence these functions
are equal. QED

7.9.5. This result 7.9.4 motivates the following definition. Suppose we are
given a bounded operator on a separable Hilbert space H. We say that L is “positive
of trace class”, or PTC, if both the following conditions are satisfied:

1) L is positive, self-adjoint, and compact.

2) 3_ ), converges.

For such an L, [],,-,(1 + A,T) is an entire function. We define its spectral deter-
minant, denoted det(1 + TL|H), by
det(1 + TLH) := [J (1 + AaT).
n>1

Scholie 7.9.6 0) When H is Ly([a,b],dz) for a compact interval [a,b], and
L is a positive self-adjoint integral operator given by a continuous kernel L(z,y),
then L is PTC, and its Fredholm determinant as integral operator coincides with
its spectral determinant.

1) The zero operator on any H is PTC, with spectral determinant identically 1.

2) If L; on H; is PTC fori=1,2, then L1 ® Ly on H1 & Ha s PTC, and we
have the product formula

det(1 + T(L1 & L2)|Hy & Hz) = det(1 + TL1[H;) det(l + TLa|Hy).

3) If L; on H; is a bounded operator for i = 1,2, and if L, & Ly on H; & H;
is PTC, then so is each L; on H;, and we have the product formula

det(1 + T(Ly ® L2)|Hy & Ha) = det(1+ TLy|Hy) det(1 + TLo|Ha).

4) If L on H is PTC, and if Ly on H, is isometrically isomorphic to L on M,
then Ly on H, is PTC, and their spectral determinants are equal.
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7.10. Application to E(T,s) and E+(T,s)
Lemma 7.10.1. For each real s > 0, the operafors
Ky on Ly([—s, s],dz),
Ky s on Lo([0, 8], dz),
K35 on Ly([—s, 8], d2) parity +,
K(2s) on Lo(R, dz),
K(+,s) on Lo(R, dz)
are all PTC. The Fredholm determinants
E(T, 2s) := det(1 + TKy,|Lo([—s, s], dx)),
E+(T,s) :=det(l + TK4 4|L2 (|0, 5], dx)),
are related to each other and to the spectral determinants by
1) Ex(T,s) := det(1 4+ TKas|La([—s, 5], d%) parsty ),
2) E(T,2s) = det(1 + TK(23)|L,(R, dz)),

3) E4(T,s) := det(1 + TK (&, 5)|L2(R, dz)),
4) E(T,2s) = E(T,s)E_(T, s).

ProoF. Once we know that all the operators in question are PTC, 1) follows
via Scholie 7.9.6, 4}, from the isometric isomorphism

K:t,leZ([O; 3]: d.’l;) = K25[L2([_3: S], dm)parity +:

and 2), 3) and 4) follow from the direct sum decompositions of 7.8.8 and 7.8.9,
using parts 1) and 2) of Scholie 7.9.6.

For real s > 0, each of the compact operators K(2s) and K (&, s} is self-adjoint
and positive, by 7.8.10.1. From the direct sum decomposition

K(2s) = Kaa|Lo([—s, 5], dz) @ 0

it follows that K3, on Ly ([—s, 5], dz) is positive (as well as compact and self-adjoint),
so by 7.9.4 it is PTC. Applying Scholie 7.9.6, 2), we get that K(2s) is PTC. From
the orthogonal decomposition K(2s) = K (+,s) ® K(—,s) we get, using Scholie
7.9.6, 3), that K(%,s) is PTC. Then from

K(+, S) = Kglez([—S, 3], dz)even D080,

K('—) S) =0 & K28|L2(['—sa S]) dm)odd & 01
we infer, via Scholie 7.9.6, 3), that each Ky,;|L2([~s, 8], d%)parity + is PTC. Using
the isometric isomorphism

K:b-?lLZ([O’ s]7d$) = K28|L2([_s, S]adx)parity +»
we get, via Scholie 7.9.6, 4), that K4 , on L,([0, ], dz) is PTC. QED
7.11. Appendix: Large N limits of multi-eigenvalue location measures
and of static and offset spacing measures on U(N)
7.11.1. We begin with a result valid for all the G{N).

Proposition 7.11.2. Let N > 1, G(N) any of U(N), SO(2N + 1),U Sp(2N),
SO(2N),O_(2N +2),0_(2N +1). Given any integer 7 > 1 and an offset vector
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c in Z7, the maulti-eigenvelue location measure v{(c, G(N)) on R” has the following
tail estimate. For real s > 0,

v(c, G(N))({z in R" with some [z(i)| > s}) < (Z 2°(i)) exp(—os/4).

PROOF. The set {x in R™ with some |z(i)] > s} is the union of the r sets
{z in R" with [z(:)| > s}, ¢ = 1,..., 7. Since pril.v(c, G(N)) = v{c(i), G(N)), we
are reduced to the case 7 = 1, which is 6.9.8. QED

7.11.3. In the special case of U(N), we have a stronger result.

Proposition 7.11.4. Let N > 1. Given an integer r > 1 and a vector ¢ in Z*
with :

c(l) <e(2) <+ <efr),

the multi-eigenvalue locetion measure v(c, U(N)) on R has the following tail esti-
mate. Denote

(i) = max(c(i), 1 - (1)),
D= mfxx(d(z))

For real s > 0, we have

v(e, UNY({z in R” with some |z(i)| > s}) < rD*(8/3) Sqrt(m)e~*/16D%,

PROOF. Just as above, we reduce to treating the one variable case v{e(%), G(IV))
for any (i) in Z. To treat c(i) <0, we use the fact that under complex conjugation
A+ A on U(N) we have

9(1 - k)(A) = —9(k)(A), for every integer k.
So for the one variable measures we have
v(c(@), U(N)) = [z — —2]"v(1 — c(i), U(NV)).

So we are reduced to treating the one-variable measure v(b, U(V)) for a single b > 1.
To do this, use the relations 6.12.6

b
D VG, UINY) = Tailywwvy, step 0y (3) ds
=1

and the estimates 6.13.6,

Taﬂu(U(ﬁ). step b)(8) < b(4/3)e"2/852 '
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Then for s > 0, we have

Tail, (5w (8) 1= / v(b, U(N))

(s,00)

/,, )

Tallp(U(N ). step b) (z) dz

IA

>
Jow

< b(4/3) / e =" /8% gy

(3100)

=b(4/3) / g ® /168 o= /168 g
{8,00)

< b(4/3)e—32/16b2/ e—x2/1sb’ dz
(0=°°)

(now set t := z/4b)
= b(4/3)e™" /16" 4 / et dt
(OYm)

= b(4/3)e~="/165% 9 / et dt
R

= 5%(8/3) Sqrt(n)e~*"/1%" . QED
7.11.5. We now give some large N limit results whose proofs do not depend

on the previous Fredholm theory.

Proposition 7.11.6. Leta > 0 and b > 0 be integers, r := a+ b+2. Consider
the integer vector

[a,b+1] == (-a,1 —a,2—a,...,0,1,...,b+1) in Z3T>+2,
and the associated multi-eigenvalue location measure
v([-a,b+1],U(N)) on R".
For any Borel measurable function f on R" of polynomial growth, the limit

lim fdv([—a,b+1]),U(N))
N—oo R"

exists. Moreover, if we denote by F the function on R™™! defined by the Lebesgue
integral

Flz) = / F(L(z) — t1) dt == [(0)| f F(L(z) — to(0) 1) dt,
[0,x(0}] (0.1)

then this limit is equal to [, F du(univ, sep. 0._;).
There exists a Borel probability measure v([—a,b + 1]) on R™ which has expo-
nential decay of type (A, B,2) and for which we have

Jim [ fdu(l—a,b+1,U(N) = /R Jav(f-ab+1)

for every Borel measurable f of polynomial growth. The measure v{[—a,b+ 1]) is
unique with these properties, and is the unique measure with its moments.
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ProoF. We adapt the notations of 6.14.12. Given a Borel measurable f on R”
of polynomial growth, we have the function on R"~!

F(z) :=/ F(L(z) ~t1) dt = |1:(0)|/ F(L(z) - t=(0)1) dt,
10,20 0.

which is itself a Borel measurable function of polynomial growth, and we have the
identity

/W fdv([~a,b+ 1], U(N)) = /

RT

Fdu(U(N), sep. 0,-1).
-1
Let us admit temporarily the following assertion:

7.11.7.  For any Borel measurable function F of polynomial growth, we have
the limit formula

lim Fdu(U(N), sep. 0,_1) =/ F du(univ, sep. 0._1).
Rr—l

N—oo fpr-1

Then we have

lim / fdu([—a,b+1],U(N))=/ F dy(univ, sep. 0-_1),
Rr Rr-1

N—oo
which proves the first statement. The assignment,
f = de’(unlvi sep. O'r—l),
Rr-1

restricted to f’s which are characteristic functions xg of Borel sets in R", defines
a Borel measure, which we define to be v{[—a, ¥+ 1]). All positive Borel functions
f of polynomial growth are integrable against this measure, precisely because the
same is true for the measure u(univ, sep. 0, ;) in virtue of its exponential decay
at oc.

To see that v([—a, b+ 1]) has exponential decay of type {A, B,2), we use the
general shape of the transformation

F(z) = /[O,z(m] f(Liz) —t1) dt,

and the fact that g(univ, sep. 0._1) has exponential decay of this same type.
Fix s > 0 real. If for some ¢ in [~a, b+ 1] the function f is supported in the set

E; s :={z in R" with |z(i}| > s{a + b+ 2)},
then the function F' vanishes in
{z in R"™! with |z(j)| < s for all j in [~a,b]}.
If | f] € 1 everywhere, then we have
|[F(z)] < 12(0)].
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Taking f to be the characteristic function of E; 5, we get

Wb+ 1)(Bes) = [ Fdu(U(), sep. 0,-)
-/ Fdp(U(N), sep. 0,_,)
R™-1, some jz(j)[>s

< Z / 2(0)| du(U(N), sep. 0y).

" 1.|1(J)|>3

To estimate these integrals, thmk of the region |z(5)| > s as the disjoint union over
n > 0 of the regions {|z(5)| > s,n < [2(0)| < n+ 1}, say R(j,s,n). On R(j, s,n)
the integrand is bounded by n + 1, so we have

/ 12(0)] di(U(N), sep. 0,_,)
R jz(5) |2

<D (n+ 1a(U(N), sep. 0-_1)(R(j, s,n)).

n>0
= Y (n+1)u(U(N), sep. 0,_1)(R(j\s,n))
n20,n<s+1
+ Z (n+ 1)u(U(N), sep. 0,_1)(R({F, s,n)).
n>s+1

Now use the fact that u(U(N), sep. Oqypy2) has exponential decay of explicit type
(4/3,1/8,2}, by 6.13.2. The first sum is bounded by

(s + 3)2u(U(N), sep. 0,_1)({z with |z(j)| > s}) < (s + 3)2(4/3)e™>"
The second sum is bounded by

3" (n+ Du(UN), sep. 0,_1)({z with |z(0)] > n})

n>8+1

< Y @ <@ [ @rdea
n>s+1 z2s

For any B > 1/8, there exists an explicitable A such that both of these upper bounds

are bounded by Ae~B*_ This shows that our limit measure has the asserted decay.

It follows by 7.5.7 that our limit measure is determined by its moments, and hence

is unique. QED modulo proving 7.11.7.

7.11.8. It remains to prove 7.11.7.

Lemma 7.11.9. For any integer r > 2, and any Borel measurable function F
on R of polynomial growth, we have the limit formula

hm Fdu(U(N), sep. 0,_1) =/ Fdu(univ, sep. 0,_1).
—7 Rr—.

r—1

PROOF. Because all the measures u(U(N), sep. 0,_;) and p(univ, sep. 0,_1)
have the same tail estimate, given any F' of polynomial growth, and given any
€ > 0, we can pick a single constant s such that the integral of ¥ over the re-
gion Z |z(i)] > s is at most ¢ for any of these measures. On the compact set
>-;|2(3)| < s, our function is bounded. On this set our integrals converge, by 1.2.2.
QED for 7.11.9, and with it 7.11.7 and 7.11.6.
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7.11.10. The same argument gives

Corollary 7.11.11 to Lemma 7.11.9. For any integer r > 1, for any sepa-
ration vector a in Z", and for any Borel measurable F on R™ of polynomial growth,
we have the limit formula

lim Fdu(U(N), sep. a) =/

Fdu(univ, sep. a).
N—oo RT Rr

Proposition 7.11.12. The limit measure v{[—a, b+1]) on R*+*+2 is absolutely
continuous with respect to Lebesgue measure.

PROOF. We must show that if E ¢ R%+%*2 js a Borel set of Lebesgue measure
zero, then E has v([—a,b+ 1]}-measure zero. Passing to characteristic functions,
it suffices to show that for any nonnegative Borel function f on R*+2+2 for which
Jratssz F(y) dy = 0, we also have [o..s4, fdv([—a,b+1]) = 0. But this last integral
is equal to

/ Fdu(univ, sep. 0g4b41),
Ra+b+1
where F(z) is the function on R®+5+1 defined by
Flz) = / F(L(z) — t1) dt := |2(0)] / F(L(z) — tz(0)1) dt.
[0,2{0)] [0.1]

The measure u(univ, sep. Og4s+1) is absolutely continuous with respect to Lebesgue
measure on R%+%+! (by 7.0.13), so it suffices to show that F vanishes almost every-
where for Lebesgue measure. This is equivalent, F' being nonnegative, to showing

that
/ F(z)dz = 0.
Ra+b+1

To see this, notice that we have

f Flz)dz = (/ f(L(z) —tJl)dt) dz
Ro+b+1 Ra+b+1t [0,::(0)]
=/ (/ f(L(x)—tIl)dt) do
Ra+bd+1 2(0)>0 [0,2(0)]

N / (/ F(L(z) - tﬂ)dt) de.
Re+b+1 5(0)<0 \ J[0,2(0)]

In the second term, the inner integral is f[&—x(ﬁ)] f(L{z) + t1) dt, so all in all we
have

/ F(z)dz =1_+1,,
Re+b41

where

o= ([ /0 2t0e) iz
Ratt+t 2(0)20 \J[0,2(0)]

We now rewrite Iy as

/ F(L(z) £ 1) dt dz.
Re+b+1 xR ,2(0)>¢>0
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Because f is nonnegative, we have
05115/ f(L{zx) £ t1) dt dx.
Ra+bd+1l xR

The key observation now is that for either choice of sign +, the map
Ra+b+1 xR — Ra+b+2

(z,t) — L(z) £ t1,

is a linear isomorphism. Thus the direct image of Haar measure df dz on R*++! xR
by this map is a Haar measure dy on R*t+2 and we tautologically have

/ ﬂMﬂiWﬁﬂ:/ ) dy.
Re+d+1xR

Ro+b+32

But our hypothesis is precisely that this last integral vanishes. Therefore each of
Iy =0, and 50 fpo4e4: Fz)dz =0. QED

Proposition 7.11.13. Given an integer r > 1 and a vector ¢ in Z7 with
() <ef2) < --- < efr),

consider the multi-eigenvelue location measure v(c,U(N)) on R". For any Borel
measurable function f on R" of polynomial growth, the limit

mnff@@wm)
N—oo R~

exists. There erists a Borel probability measure v(c) on R™ which has exponential
decay of type (A, B,2) and for which we have

lim fdv(c,U(N)) = fdv(c)
N—oc R* RT

for every Borel measurable f of polynomial growth. The measure v(c) is unique

with these properties, and is the unique measure with its moments. Moreover, the

measure v{c) on R™ is absolutely continuous with respect to Lebesgue measure.

PRrOOF. This is immediate from the previous result. Indeed, if we pick integers
a, b both > 0 such that —a < ¢(1), ¢(r) < b+1, then the measures v{c,U(N)) on R”
are the direct images of the measures v([—a, b+ 1], U(N)) on R****2 by the partial
coordinate projection prc] : R*+*+2 — R”. We define v{c) to be pr[c|.v([—a,b+1]).
Then by 7.5.12, all the measures v(c, U{N)) and v(¢) are of the same exponential
type (A, B, 2}, because this was the case for v([—a,b + 1], U{N)).

With this definition of v{c), the convergence of integrals for f a Borel function
of polynomial growth on R" is immmediately reduced to the previously treated case
when c is [—a, b+ 1], since for such an f, the composite f o pr[c] is such a function
on R*+*+2 The uniqueness follows exactly as in 7.11.6 above.

That v{c) is absolutely continuous with respect to Lebesgue measure on R”
follows from the formula

v(c) = prlclev([-a, b+ 1]),

together with the absolute continuity, proven above, of v([—a, b+ 1]) with respect
to Lebesgue measure dy on R***+2. So pr|c|.v([—a, b+ 1]) is absolutely continuous
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with respect to prlc].(dy). But pr(c]«(dy) is absclutely continuous with respect to
Lebesgue measure on R", because up to an (Rq)* factor, Lebesgue measure on
]Ra+b+2 o ]R‘r % Ra+b+'l—r‘

is the product of Lebesgue measure on the factors, so pr[c| !(any Borel set of
Lebesgue measure zero in R”) has Lebesgue measure zero in R*+*+2. QED

Proposition 7.11.14. Given an infeger 7 > 2 and a vector c in Z" with
c(l) < c(2) <+ < efr),

consider the static spacing measure £(c, U(N)) on R™1.
For any Borel measurable function f on R™™1 of polynomial growth, the limit
Jim [ fae(e,U(N))
—0 JRT~1

1

exists. There exists a Borel probebility measure £(c) on R"~! which has exponential

decay of type (A, B,2) and for which we have
im_ [ et U = [ fagco

N—oo Rr-1

for every Borel measurable f of polynomial growth. The measure £(c) is unigque
with these properties, and is the unigue messure with its moments.

PROOF. We know that £(c, U(N)) is obtained from v{c, U(N)) by taking di-
rect image by the map SuccSub : R — R771, cf. 6.4.9. We define £(c) to be
SuccSub, ¥(c). The proof is now identical to that of the result above. QED

7.11.15. With these limit results, we can now take the large N limits of
various relations proven in 6.14 for finite N.

Proposition 7.11.16 (large N limit of 6.14.16). The measure
zp(univ, sep. 0)
on R is equal to the static spacing measure £((0,1)) on R.

Proposition 7.11.17 (large N limit of 6.14.18). For any r > 1, the measure
zpu(univ, step 7) on R is the sum of the static spacing measures &((a — 7,0)),
a=1,...,r.

Proposition 7.11.18 (large N limit of 6.14.21). Letr > 1 be an integer, and

¢ in Z" an offset vector,
0<c(l)<e2) < - <efr).
Denote by 0@ c in Z™t1 the vector (0,c(1),...,¢(r)), and define
c(0) :=0.
For eachi=1,...,7, define
d(?) ==c(i) — c(i — 1).
Then for each 1 = 1,...,r the measure x(i)u(univ, offset c) on R" is the sum of
d(i) static spacing measures
c(i)—1
z(3)u(univ, offset ¢) = Z EO0@c — jlpp1).
j=eli-1)
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Corollary 7.11.18.1. Notations and hypotheses as in 7.11.18, suppose in ad-
dition that ¢(1} = 1. Then we have

z(1)p(univ, offset c) = £(0 & ¢).
7.11.19. We can also take the large N limit of 6.16.7.

Proposition 7.11.20 (large N limit of 6.16.7). For any integer r > 1, and
for any offset vector c in Z", the offset spacing measure
Off p(univ, offsets ¢) := Off. (u(univ, offsets c))

on R" is related to the measures v{c —kl), 0 < k < ¢(1) — 1, as follows. For every
Borel measurable function g on R™ of polynomial growth, we have the function

G(z) = /[o,x(l)] g(z — t1)dt,

which is itself a Borel measurable function of polynomial growth, and we have the
identity

/ G d Off u(univ, offsets c) = Z / gdv(c—k1).
R™ o<k<e(1)-1"R"
ProOF. By 7.11.13, we have
> / gdv(c—kl)= lim " / gdv(c — k1, U(N)).
Rr N—om R,-
0<k<e(1)—1 0<k<c(1)—1
By 7.11.11 we have

G d Off u(univ, offsets ¢) = / (G o Off )du(univ, offsets ¢)
R R

= Nlim (G o Off)du(U(N), offsets ¢)
— 00 RT

- lim / G dOR u(U(N), offsets c).
RT

N—o0

Thus the asserted result is indeed the limit of its finite ¥ analogue 6.16.7. QED






CHAPTER 8

Several Variables

8.0. Fredholm determinants in several variables
and their measure-theoretic meaning (cf. [T-W])

8.0.1. Suppose we are given a topological space J, a Borel measure y on J of
finite total mass, and a bounded measurable function F(z,y) on J x J. [In practice
J will be a closed interval in R and i will be a constant multiple of usual Lebesgue
measure dz.] We denote by F', or F;, the integral operator

Cfe (the function z — /;F(:z:, v f(y) du(y))

on Ly(J,du) with kernel F(z,y). The operator 1 + F; on Lj(J,du) has a well-
defined Fredholm determinant, given by the explicit formula

(8.0.1.1) det(l+ Fy) =1+ E(l/n‘) ‘/J“ detnxn (F(z(2), 2(3))) H du(i).

8.0.2. Fix an integer » > 1, and r disjoint (possibly empty) Borel measurable
subsets I, fa,...,I. of J. For j =1,...,7, we denote by = — x;(z) the character-
istic function of I, viewed as a function on J. Given 7 complex numbers Ty, ..., T,
we consider the bounded measurable function - T;x;(y)F(z, y) on J x J, and the
corresponding integral operator . T;x;{y)F, on Ly(J, dy).

Lemma 8.0.3 (cf. [T-W]). The Fredholm determinant

det (1 + ETJ-xj(y)FJ)

is an entire function of (T1,...,T:), given (in usual multinomial notation) by the
power sertes

det (1 + Ezjj(y)FJ)

J

=1+ E (T /nY) dets(ayxz(n) (F(z(2), 2(4))}) H du(i)

n>0,n#0 in Zr [T (k)i

ProoOF. That this series is an entire function of T results from the Hadamard
estimate [W-W, page 213, 11.1]

| detg(n)xx(n) (F(2(2), 2(7)))] < E(n)z(")/z(gug(ll’(z, y)))=0
x
and Stirling’s formula.

245
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To prove the identity, we first reduce to treating the case when all the I;’s are
nonempty.

If all the I; are empty, we are asserting that 1 = 1, which is correct. In general,
if say I, I, ..., I are nonempty and I; is empty for j > k, let T<; denote the
k-tuple (I, I2,...,I:}. Then both

et (1 + Zzja-(y)FJ)
and
1+ > (T/a) “ dets(n) xm(n) (F(2(2), (7)) )H dp(i)

2>0,75£0 in Z* M (e)™
are functions of 11, ..., Tk alone, and these functions are

o 1+ S rm

i<k
and
1+ Z (T“/’n,‘) / detg(ﬂ)xz(n) .’E(i J) H d“
n>0,n#0 in Z¥ ngk(lj)"(”

respectively. So it suffices to treat the case, possibly with lower 7, when all the I;

are nonempty.
Thus we now suppose all the I; are nonempty. We use the general formula for
a Fredholm determinant recalled above, which gives

det (1 + Zzj,-(y)FJ)

7

=14 Z(l/ll)/ detiy; (Z Texe(z())F(z(1), :z:(j))) H du(i).

i1

So what we must show is that for each integer { > 1, we have the identity

/“)_/ det; (szXk(-’L' NE (z(2), z(3) )Hd#
- Y avm /H ey etz (P, () T )

n>0 in Zr,S(n)=!l

To see this, we compute the value of
detixi (Z Tka(m(j))F(-’E(i),-’E(j)))
k

at a point z in J'. We distinguish cases, according to which coordinates z(j) of the
point z lie in which of the sets I, and which lie in none of the I;;.
First of all, if some z(jo) lies in none of the Iy, then for every ¢ we have

ZTka(x(jo))F(x(i),:z,-(jo)) =0,
%
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and hence

detis. (z Tkxk(z(j))F(z(i),z(j))) =0,

k

because the jo'th column is identically zero.

It remains to treat those points z where every component z(j) lies in some
{necessarily unique, by disjointness) Ix. Given such a point, for each k we denote
by Jk the set of those indices j for which z(7) lies in [}, and for each j we denote
by k(j) the unique index such that z(j) lies in Iy(;). The sets {Jx} attached to z
form a partition of the set {1,2,...,{}, and the cardinalities

n(k) := Card(J)

form a partition of L.
At z, we have

D Tuxw (2(3)) F(z(3), 2(5)) = Ty F2(2), 2(3)),
k

and hence, at z we have

k

det,x; (ZTka(m(j))F(m(i),m(j))) = detyxi(Trz) F(2(2), 2(5)))

= (HTk(J-)) detixi (F(z(), z(5)))

2

- (H(Tk>c“d“~>) detixt(F(a(t), 2(3)))

k
= T™ detyx; (F(z (1), .'l:(]))),

for n in Z" the vector of cardinalities n(k) = Card(Jy).
Thus we obtain

/1) [ aets (Z Tkxk(zu))F(za),zu))) [T st
k [

—qm Y ™ detuxi(F(a(i), 2()) [ ] du(@),

partitions {Jx }& [l (k)4
the sum over all partitions {Jx} of the set {1,2,...,1}, and in which we have
written fH (L)) to denote integration over the subset of J* consisting of those z
k
for which z(j) lies in I}, for j in J,. However, the integrand det;xi(F(z(3), z(5))) is
a symmetric function of its variables z(1),...,z(l), so by symmetry we may group

together all the {!/n! partitions {J;} which give rise to the same cardinality vector
n. Thus we obtain

/) [ ot (z nxk(zu»F(z(i),z(ﬂ)) IT e
k i

= > (T™/n!) det,xl(F(m(i),m(j)))Hdu(i). QED

n>0 in Zr,E(n)=l [T (L)nted
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Corollary 8.0.4. For any Borel measurable subset Jy C J which contains all
the I;’s, in particular for Jo == J_LJ.I 1, we have an egquality of Fredholm determi-
nants

det (1 + ZTij(y)FJ) = det(1 + ZTij(y)FJo),

J

with the convention that the empty determinant is 1.

ProoF. This is obvious from the explicit formula. QED

Remark 8.0.5. More conceptually, if we take J; := J_LJ.I ; and denote by Iy
the complement in J of Jy, then we have an orthogonal direct sum decomposition

L2(Js dﬂ) = LQ(JO) d,u) D L2(ondﬂ),

in which 37, Tjx;(y)Fs kills Ly(lo,dp). Thus the “2 x 2 matrix” of Fy in this
decomposition is lower triangular, of the form

F;, 0
* 0/

So the result should follow from a reasonable spectral interpretation of these de-
terminants.

8.1. Measure-theoretic application to the G(N)

8.1.1. We fix an integer N > 2, and take for G(N) any of U(N),
SO(2N + 1},USp(2N), SO(2N),0_(2N + 2),0_(2N + 1). We have the associ-
ated kernel Ly{(z,y) attached to G(N) in 5.2 and 6.4.

8.1.2. Fix an integer + > 1, and an ordered r-tuple Z of disjoint (possibly
empty) measurable subsets Iy, ..., I, in the space
[-m,m), for U(N),
[0,7], for any other G{N).
Given n > 0 in Z7, recall from 6.3.7, 6.3.15, and 6.4.6 that we denote by
Eigen(n,Z,G(N)) C G(N)

the set of those elements A in G(N) such that for each j = 1,...,7, exactly n(j)
of its angles

0<p(l)<p2)<---<
0<p(l)<p(2)<--- <

(N) <2n if G(N)=U(N),
(N) <7 f{or the other G(N}),

lie in the prescribed set I;. If some Ix is empty, then Eigen(n,Z,G(N)) is empty
unless n(k) = 0.
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8.1.3. It is convenient to be able to speak of Eigen(n,Z, G(N}), defined by
the above recipe, for any vector n in Z". This set is empty unless n > 0. We have

= || Eigen(n, T, G(N)),

the elements of G(IN) apportioned according to how many of their angles lie in
the various I’s. For example, in the extreme case that all the I, are empty,
G(N) = Eigen{0,Z, G(N)), and for n # 0 we have Eigen(n,Z, G(N)) = @. The set
Eigen(n, T, G(N)) is empty if £(n) > N. We denote by

eigen(n,Z, G(N)) := Haar measure of Eigen(n,Z,G(N)),
the Haar measure normalized to give G(IN) total mass one.

Lemma 8.1.4 ([T-W]). For N > 2, and G(N) any of U(N),SO(2N + 1),
USp(2N),SO(2N),O_(2N + 2},0_(2N + 1), we have the identity

(1+ZT,XJ )L |Le (J_l_ d:z:/mr))

= det (1+ ZTJ)(J )Ln|L2([0, , on], dz /o) )

J

— Z (1 + T)™eigen(n, Z, G(N)).

n>0 in Z7

ProoOF. That the first two Fredholm determinants coincide has already been
remarked above in 8.0.4. That the last two agree is 6.3.7 for U(N), 6.3.15 and 6.4.6
for the other G(N). QED

8.2. Several variable Fredholm determinants
for the sin(nz)/mrz kernel and its + variants

8.2.1. Fix an integer r > 1. Given two vectors s,t in (R>o)” which are
“intertwined” in the sense that

0 <s(1) <#(1) < 5(2) <£(2) <--- < s(r) < H(r),

we denote by Z(s,t) the r-tuple of disjoint (and some possibly empty, if 7 is at least
2) intervals in [0, ¢(r)] given by

= B0
= S(J)?t(.?)]a i=2...,7

8.2.2. Recall the kernels

K(z,y} = sin(n(z — y)) /7(z — y),
K+(Z, y) = K(:z:, y) + K(—:z:,y),
K_(:E, y) = K(Z,y) - K(_z) y)'
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8.2.3. We define several variable Fredholm determinants

2

B(T,s,t) = det (1 + LT WK )lLa(, t(r)],dw))

and

2z

E:t(T7 S,t) = det (1 + ZTJ'XJ' ('y)K:h(.’E, y)|L2([0i t(T)],d.’l:)) .

8.2.4. For fixed s,t, we know (by 8.0.3) that these are entire functions of T.
For ease of later reference, we denote by E,(s,t) and by E ,(s,t) their expansion
coefficients around the point all T, = —1;

E(T,s,t)= Y, (1+T)"Ea(s,t),
n>0 in Zr

Es(T,s,t)= > (1+T)"Exn(s,t).
n>0in Z7

Lemma B.2.5. For eachr > 1, E(T,s,t) and EL(T,s,t) are (the restrictions
to C” x (the subset of (R>0)?" consisting of pairs of intertwined vectors) of ) entire
functions on C37.

ProoF. We will do the case of E(T,s,t), the Ey case being entirely similar.
Expand E(T, s,t) as a series in T, say
E(T,s,t)=1+ Y Ba(s,t)T"
n>0 in Z7 %0
The coefficient B, (s,t) is, by 8.0.3, the integral
(1/nh) dets:(nyx £(n) (B (2(), z()) [ | d(d),
Hk(lk)"'(k) 4
where the variables are taken in the various I; by some choice of an 7-tuple of
disjoint subsets J; of {1,...,%(n)} such that Card(J;) = n{s) foreachi=1,...,r.
To parameterize the intervals I, we make the following change of variable in this
integral:
z(k) = s(lx) + (t(Ix) — s(lx))2z(k) if k lies in Jy, .
In terms of these variables, By (s,t) is the integral

(/) TT6G) - st / Vins,,2) [T 460,

7 0,1]5(n)
where V(n, s,t, z) is the entire function of (s, ¢,z)} defined by
Vin,s,t, z)
= detg(n)xpm) (K (s(l:) + (8(E) — s(1:))2(6), sly) + ((L;) — s(i;))2(5)))-
This makes obvious that each individual coefficient B, (s,t) is an entire function of
(s,t). It remains to show that the series

1+ Y Bu(s,)T"

n>0 in Z7,n#£0
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converges uniformly on compact subsets of C3". This amounts to a decent estimate
for the coefficients B, (s,t). As recalled in the proof of 7.0.9, we have the inequality

| sin(nz)/7z| < exp(w|z|) for any z in C.
From this, we get that for z in [0, 1]*(™), we have the estimate

|K (s(t:) + (2(0) — s(l:))2(d), (L) + (¢(L5) — s(45))2(5))]
< exp(w|(s(l:) + (¢(L:) — s(l:})2(2)} — (¢(Ly) — s(4))2()))

5exp(w(4z:BUH+2§:“@N)>:

from which by Hadamard’s determinant inequality we get

Z(n)
|V(n,s,t z}| < ):J(n)z(”]/2 exp (w (42 |s(@)| + 22|t(z)|)) .

Thus we get

| Bp(s,t)T"|

I(n)
S (B2 m) [ 16) - s@)™ exp (W (42 ls@]+2 |t(i)|)) ;

< (B(n)E/2 m1)An,

For A the r-tuple AGi) = T3] (i) — s(i)| exp(n(4 ¥, 1s(3)| + 2%, ). So it
remains only to observe that, by Stirling’s formula, the series

> (Bm)P2/nh) A

n20 in &7

is an entire function of A in C". QED

8.3. Large N scaling limits

8.3.1. Fix one of the series U(N), SO(2N + 1), USp(2N), SO(2N),
O_(2N + 2),0_(2N +1). Fix also an integer r > 1, and two vectors s,t in
(R>0)” which are “intertwined” in the sense of 8.2.1. For N >» 0, we have
ornt(r)/(N + A) < on, so the intertwined vectors oms/(N + A),ont/(N + A) give
us an r-tuple of disjoint intervals in [0, o7],

Z(s,t,G(N)) :=Z(ors/{N + A),omt/(N + A)),

I, = {oms(1)/(N + A),ont(1)/(N + A)],
I; = (ons(§)/(N + A),omt(§)/(N+ A)] forj=2,...,m
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8.3.2. We form, using the Ly kernel appropriate to G{N),

G(N) Ln(z,y)
U(N) Tnmp €Y

= Sn(x ~ y)etN-1)(z-p)/2
other G(N}, i.e., (0/2)[Son+r(z — ¥) + €Son+-(Z + 7)), L&,
SO(2N +1} (1/2)(San(z —y) — San(z +9))
USp(2N) or O_(2N +2) (1/2)(San+1(z — ) — Sanv+1{z +¥))
SO(2N) (1/2)(Sen-1(z — y) + Senv1(z + 9))
O_(2N +1) (1/2)(San(z — y) + San(z + )

the corresponding several variable Fredholm determinant

E(T,s,t,G(N)) := det (1 + Zzjj(y)LMLQ([O,aw],dm/aw)) .

3

Each such determinant is a polynomial in T' whose coefficients, we will show below,
are entire functions of (s,t). According to 8.1.4., its expansion around the point all
T,=-1is

E(T,s,t,G(N)) = > (1 4 T)" eigen(n, (s, t, G(N)), G(N)).
n>0 in Z7,Z(n)<N
According to 8.0.3, its expansion around the origin is
E(T,s,t,G(N)) =1+ > Bn(s,t, GIN))T™,
n2>0in 27, 1<E(n)<N
where B,(s,1,G(IV)) is given by the integral
(1/n) detsnyx sy (L (®(0), 2(5))) [ [(de(i)/om).
nk(lk)n(k) 3

Lemma 8.3.3. For G(N) one of U(N),SO(2N + 1),USp(2N),SO(2N),
O_(2N + 2),0_(2N + 1) the coefficients Byn(s,t,G{N)) are (the restriction to
{points (s,t) in (R»0)?" which are intertwined} of) entire functions, which for
(s,t) in C¥ are bounded by

|Bﬂ(sa ta G(N))l
. Z(n)
< /) IL 1) = o 9) (2w > ") (sexp(ar (s Dl + 2 )}

PRrRoOF. The coefficient B,,(s,t,G(N)) is the integral
(1/n) /H R NCORION] ) GOV
5 IE)7 ;

where
Iy = [oms(1)/(N + A), omt(1)/(N + A)],
I = (ons(1)/(N + A),ont(1)/(N+))] forj=2,...,r,
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and where the variables are teken in the various I, by some choice of an r-tuple of
disjoint subsets J; of {1,...,%(n)} such that Card(J;) =n(i) for each i =1,...,r.
Let us temporarily define

A=on/(N+ M), B=A/or=1/(N + ).

To parameterize the intervals f;, make the following change of variable in this
integral:

z(k) = A(s(lx) + (t(Ix) — s(Ix))z(k)) if k lies in Jp, ,
ie.,
z(k)/om = B(s(lx) + (1) — s(lx))2z(k)) if k lies in J;,.
In terms of these variables, B,(s,t, G(N)) is the integral

) ) (CORFDI /[0 oy V212 GON T 60

where V(n, s,t,2,G(N)) is the entire function of (s,t,2) defined by
V(n,s,t,z, G(N)) .
:= detg(nyxx(n) (BIN (A(s(l)+(¢(L:) — s(L:))2(3)), A(s(l;) + (65} — s(E3))2(3))))-
)

[Strictly speaking, this formula for B,(s,t,G(N)) is a priori correct only if
s(i) < t(i) for each 7. However, in the case s{¢} = t(i) for some %, it is still
correct, since both

(1/n!) /n LR RSO ) (COTE
and

1/ T t63) - s /[0 FERCELION ) £20

vanish if n(z) > 0, while if n(z) = 0 the interval I; is irrelevant to both.]
By the Hadamard determinant inequality, it remains to show that for z in
[0,1]%™), we have

|BLy (A(s(l) + (¢(k) — s(l:))z(D)), A(s(ly) + (#(L) — s(I;))2(7)))

< 3exp (37r (42 |s(2)| + 22 |t(z)|)) .
To see this, recall from 7.4.5 that for z in T, we have
|Sn ()| < N exp(N|z|/2).
In view of the formulas defining Ly in terms of S,n4-, we have
|Ln(z,9)| < (2N + 1) exp((pN + 1)(|=| + [y])) for (z,y) in C2,
and hence
|BLn(Az, Ay)| = |(1/(N + \)Ln{omz /(N + N, omy/(N + N)|
< (2N + 1)/(N + A)) exp(((pN + 1)/ (N + X)) (om){|z| + [y])
< 3exp(3n({z] + |y))-
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This gives
|BLn (A(s(l:) + (2(L) — s(1))2(2)), A(s(ly) + (¢(85) — s(E5))2(5)))]

< 3exp (37r (4 Z Is(3)] + 2 Z It(i)l)) ,
as required. QED

8.3.4. In order to be able to state more easily the estimate given in the
next result, it is convenient to denote by IDg(2) the entire function of one complex
variable

Do(z) =1+ Zz"n"/z/n!,
n>1
and to names its “tails”
Dy(z) := Z ™"n™? /n!
n>k
for each integer k > 1.

Proposition 8.3.5. Fiz one of the series G(N) = U(N), SO(2N + 1),
USp(2N), SO(2N), O_(2N + 2), or O2N +1). As N — oo, the sequence
E(T, s,t, G(N)) of entire functions of (T, s,t) converges, uniformly on compact sub-
sets of C%7, to

E(T,s,t), if G(N) = U(N),
E,(T,s,t), if GIN) = SO(2N) or O_(2N +1),
E_(T,s,t), if G(N) =USp(2N) or SO(2N + 1) or O_{2N + 2).
Moreover, if we define
Izl == 3 =)

Jor  in C™, then each of the entire functions E(T, s,t,G(N)), as well as each of the
limits E(T,s,t) and E+(T),s,t), has the following property: for each integer [ > Q,
its power series }° g iy z- On(s,t)T™ around T = 0 satisfies

Z |Cn(s, t)Tnl

n>0 in Zr,Z(n)21
< D(r[ITICIEN + Nlsl(3 exp(3m{4]|s]| + 2[[£[]})))
for all (T, s,t) in C3,

PROOF. The agserted majorization is immediate from 8.3.3, which majorizes
the n’th term |C, (s, t)T™| by

7™ | [T 160) = s@I"O (S (Bexp(3n(a 3 s +2 3 1)) ™

< (ITICHEN + 1) (3 exp(3m(alls] + 2[|t)))) ™ (Bn)=/2) fnt.

Grouping together all terms with a given value k& of £(n), and taking into account
the identity {equate coefficients in exp(z)” = exp(rz))

k! = > 1/n!,

n2>0in 2",8{(n)=k
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gives the asserted estimate. The proof of convergence is entirely analogous to the
proof of 7.4.6, and is left to the reader. QED

8.3.6. We denote by E,(s,t,G(N)) the entire functions of (s,t) defined as
the expansion coefficients of E(T,s,t, G(N)) around the point all T; = —1:

E(T,s,t,G(N))= >, (L+T)"Eq(s,t,G(N)).
n>0in Zr,E(n)<N

Thus (by 8.1.4) for s and ¢ in (Rxo)" and intertwined, we have
E.(s,t,G(N)) = eigen(n,I(s, t,G(N)), G(N)).

Applying the differential operator argument used in the proof of 7.5.1, we obtain
the following corollary.

Corollary 8.3.7. Fizn > 0inZ". As N — o0, the sequence of entire func-
tions E,(s,t,G(N)) converges, uniformly on compact subsets of C*", to

Ea(sit) i G(N) = UW),
Ei n(s,t) ¥ G(N)=SO(2N) or O_(2N +1),
E_.(s,t) of G(N) =USp(2N) or SO(2n+ 1) or O_(2N +2).
In particular, for s and t in (Rxo)" and intertwined, we have the limit formulas
E.(s,t) = Nh_r.noo eigen(n,Z(s,t,U(N)),U(N)),
Ein(s,t)= h}l_r'nm eigen(n, I(s,t, G(N)), G(N))
for G{N) = SO(2N) or O_(2N + 1),
and
E_,(s,t)= Nll_l.noo eigen(n, I(s,t,G(N)),G(N))
for G(N) = USp(2N) or SO(2N +1) or O_(2N +2).

8.3.8. It will be convenient to have a more uniform version of this conver-
gence.

Lemma 8.3.9. Hypotheses and notations as in Proposition 8.3.5 above, each
one of the entire functions E(T,s,t, G(N)), as well as each of the entire functions
E(T,s,t) and E+(T,s,t), has the following property: for every integer | > 0, its
power series Y o i z-(1 + T)"An(s, t) around the point all T; = —1 satisfies

> @+IT)M A, )]

n>0 in 7, E(n)>1
< Di(r2r + TN + 1s1) (3 exp(3 (4]l + 2[1£)))),

where by (1 + |T|)™ we mean [[;(1 + |T:[)"®).

Proor. Fix s and t, and denote by f(T') := f(T, s, t) one of the entire functions
E(T,s,t,G(N)}, or E(T,s,t) or E+(T,s,t). We consider the two expansions

(M= 3% 1= Y 4,0+D"

n>0in Zr n>0in Z7
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We first solve for A,’'s in terms of C,,’s. We have

Yo AT = Y Cu(T-1)

n>0 in Z7 n>0in E7

= Z Cn Z (-1)*~™ Binom({n, m)T™

n>0in Z7 0<m<n

Z ™ Z (~1)"~™ Binom(n, m)Ch,

m>0in Z" n>m

and hence we obtain
A, = Z (~1)"*~™ Binom(n, m)Ch,
n>m

and hence
|Am| < ) Binom(n, m)|Cul,

n>m

80

> 1+ T))™Am|

m>0 in Zv,B(m)>1

< > (1+|T)™ )_ Binom(n,m)|Ch|

m>0 in Z7,B(m)>! n>m

Z |Cr| z Binom(n, m)(1 + |T)™

n>0 in Z7,E{n)>1 0<€m<n,S(m)>1

S |Cal >~ Binom(n,m)(1+ |T)™

n>0 in Z7,3(n) 2! 0<m<n

> Cnl(2+ [T])™.

n>0 in Z7,Z(n)>1

IA

According to the previous result, we have
> ICAl T < Du(r (| TN (lI]] + [1sN)(3 exp(3n{4]s]| + 2[[¢]I}1)))-
n>0 in Z7,B{n)>!
Replacing T by 2 + |T'| := the point with coordinates 2 + {T;|, and noting that
2+ |T| has ||(2+ [T} = 2r + ||T|{, we get the asserted estimate. QED
Proposition 8.3.10. Fir a nonempty subset W of {n > 0 in Z"}, and G(N)
one of U(N), SO(2N + 1), USp(2N), SO(2N),0_(2N + 2), O_(2N +1).
1} The series
Bw(s,t,G(N)):= 3 _ En(s,t,G(NV))
nin W
as well as the series
Ew(s,t) := Z En(s,t)
nin W
and
By w(s,t):= Y Ein(st),
nin W
converge uniformly on compact subsets of C*", to entire functions of (s,t).
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2) As N — co, the sequence of enlire functions Ey (s,t,G(N)) converges,
uniformly on compact subsets of C¥", to .
Ew(s,t)  if G(N)=U(N),
Eiw(s,t) i#f G(N)=SO(2N) or O_{(2N + 1),
E_w(s,t) if G(N)=USp(2N) or SO(2N + 1} or O_(2N +2).
Proor. For 1}, the uniform convergence on compacta results immediately from
the growth estimates of the previous result, with T' = 0. To prove 2), we use these

estimates to reduce, just as in the proof of 7.4.6, to treating the case when W
consists of a single n, in which case it results from 8.3.7. QED

8.4. Large N limits of multi-eigenvalue location measures
attached to G(N)

8.4.1. Exactly as in 6.14.1 and 6.20.1, for G(N) any of U(N),SO(2N + 1),
USp(2N),SO(2N),O_(2N +2),0_(2N +1), and A in G(N), we have its sequence
of angles

0<p() Sp(D) < Sp(N) <2r i GN) = U(N),
0<pl)<p(2) < - <p(N) <7 for the other G(N)

and its sequence of normalized angles

0< (1) <H2) < <HN) <N+,

defined by
J(n}) ;= (N + Ayp(n)/on.
Concretely,
¥(n) := Ny(n)/2n for U(N)
¥(n) := (N +1/2)p(n)/m = (2N + 1)p(n)/2n  for SO(2N +1) or O_(2N + 1}
¥(n) := Np(n)/m = 2N(n)/2n for USp(2N) or SO(2N}
B(n) := (N + Dp(n)/m = (2N + 2)p(n)/2x  for O_(2N + 2).

8.4.2. Given an integer r > 1, an offset vector ¢ in Z",
0<c(l)<e2) <---<efr),

and an integer N > ¢{r), recall that we denote by v(c,G(N)) the probability
measure on R" which is the direct image of total mass one Haar measure on G(N)
by the map G(N) — R defined by the normalized angles

A (9(ce(1)),...,9(c(r))).
Thus
v(c, G(N)) = (¥(c(1)),.. ., 3(c(r))) Haargew) -
The measure v(c, G(N)) is supported in (Rx>o)" (order).
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8.4.3. Given a point s in (Ry)"(order), we denote by J(s) the r-tuple of
disjoint intervals
I1 = [O,S(l)],
L =(s(G=1)s(j)] forj=2,...,n
For n in Z", we define the set Eigen(n, s, G(N)) C G(N) to be the set of elements
A in G(N) such that for each i =1,...,r, A has exactly n(¢) normalized angles in

the interval I;. We define eigen(n, s, G(N)) to be the normalized Haar measure of
the set Eigen(n, s, G(N)). The set Eigen(n, s, G{N)) is empty unless n > 0.

8.4.4. If N > s(r), the set Eigen(n, s, G(N)) is related to the sets of 8.1.2 as
follows. We denote
J(s,G(N)) := J(oms/(N + X)),
an r-tuple of disjoint intervals in [0, o). Then
Eigen(n, s, G{(N)) := Eigen(n, J (s, G(N)), G(N))},
eigen(n, s, G(N)}) := eigen(n, J (s, G(N)}, G(N))
for every n in Z7.
Lemma 8.4.5 (CDF’s and tails of v(c, G(N))). Suppose given an integer
T > 1, an offset veclor ¢ in Z", o point s in (R>o)"(order), an integer N > c(r),
and G(N) one of U(N),SO(2N +1),USp(2N), SO(2N),O_{(2N +2),0_(2N +1).
1) We have the identity
CDF,,(C,G(N)](S) = E eigen(n, 8, G(N))
n>0 in Zr,0f (n)>c
2) We have the identity
Tail,c,a(ny(8) = Z eigen(n, s, G(N)).
n2>0 tn Z*,0ff(n)<c

PRrROOF. The key point is that, because s lies in (Ryo)"(order), for each
i = 1,...,r, the closed interval [0,s(¢)] is the disjoint union of the intervals 7,
1 € k £ 14, in J(s). Therefore we can describe the set Eigen(n,s,G(N)) as
the set of those A in G(N) such that for each ¢ = 1,...,r, A has exactly
n(1) + n(2) + - - - + n(i) (= Off(n)(¢)) normalized angles in [0, s(z)].

Using this, we prove 1) and 2). By definition, CDF, (., ¢(n))(s) is the Haar
measure of the set

{A in G(N)|#{c(z})(A) < s(¢) for i =1,...,7}
= {A in G(N)|A has > ¢(i) normalized angles in [0,s()], for i =1,...,7}
= || Eigen(n,s,G(N)).
n in Z7,0ff(n)2c

Taking the Haar measures of both sides gives 1).
Similarly, Tail,,c(a))(s) is the Haar measure of the set

{A in G(N)|9(c(i))(A) > s(i) fori=1,...,r}
= {A in G(N)|A has < ¢(i) normalized angles in [0, s(i})], for i=1,...,r}

= ﬁ Eigen(n, s, G{(N)).
n in Zr,0ff (n)<c
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Taking the Haar measures of both sides gives 2). QED

Remark 8.4.6. In the above result, the CDF is given as an infinite sum of
eigen’s, but the tail function is a finite sum of eigen’s.

8.4.7. The previous result computed the CDF and tail of v(c, G(N)) at points
sin {R0)"(order). Because the measure v(c, G(N)) is supported in {R>q)"(order),
and has a continuous CDF (by 6.20.5), both its CDF and its tail are determined
by their values there, as the next lemma shows.

Lemma 8.4.8. Let v be any Borel measure of finite total mass on R™ which is
supported in (R>o)"(order).

1) If s in R" has some s(i) < 0, then CDF,(s) = 0.

2) For s in (R>()", denote by SuccMin(s) the point

(Minj>; 5(7), Min;>2 s(5), . . ., Min; >r s(5))
in (R>o)"(order). Then
CDF,(s) = CDF,(SuccMin(s)).
3) If s in R", denote by Max(0, s) the componentwise mazimum. If Tail, is
continuous, then
Tail, (s) = Tail, (Max(0, s)).
4) For s in (R>q)", denote by SuccMax(s) the point
(Max;<1 8(7), Max;<2 5(7), - - -, Max;<r 5())
in (R>q)"(order). Then
Tail, (s) = Tail,, (SuccMax(s)).

PRrOOF. 1) For s not > 0, the rectangle R(s) has empty intersection with
(R>0)7, so a fortiori it has empty intersection with (R>)"(order). 2) For s > 0, the
rectangles R(s) and R(SuccMin(s)) have the same intersection with (R>g)"{order).
3) If Tail, is continuous, Tail, (s) is also (by 6.17.4) the measure of the “closed tail
rectangle” T(s) := {z in R" with z(¢) > s(¢) for i = 1,...,7}. For any s, the closed
tail rectangles T'(s) and T(Max(0, s)) have the same intersection with (R>0)", so a
fortiori with (R>o)" (order). 4) For s > 0, the rectangles T(s) and T(SuccMax(s))
have the same intersection with (Rx>()"(order). QED

8.4.9. Fix an integer r > 1. Given s and ¢ intertwined in (R>o)",

0<s(1) <t(1) <s(2) <t(2) < --- < s(r) < #(r),
we defined in 8.2.3 the several variable Fredholm determinants
E(T,s,t) and E,(T,s,t).

8.4.10. We now specialize this general choice of r successive intervals to a
choice of r adjacent intervals, which begin at the origin. Thus we give ourselves a
point s in (R»q)"(order}),

0<8(1)<s(2) <--- < s(r).
We wish to consider the r-tuple of intervals
I = [0,s(1)],
I;=(s(i—1),s(i)] fori=2,...,r.
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To put this in the E(T, s,t) context, we denote
Steunc = (0,8(1), (2),...,s(r —1)).
Then si e and s are intertwined, and we define
E(T,s) := E(T, Strunc, 8)
E;i(T,s):= E4(T, Strunc, 5)-

8.4.11. We denote by E, (s} and by E. ,(s) their expansion coefficients
around the point all T; = —1:

ET,s)= Y. (1+T)"En(s),

n20in 7

Ei(T,s)= Y. (L+T)"Eia(s).
n>0in Z"

In the case r = 1, this notation is compatible with that of 7.3.6 and 7.5.1.
8.4.12. Similarly, for each G(N), we denote by
E(T,s,G(N)) := E(T, 8trunc, s, G(N)),
and by E, (s, G(N)) its expansion coeflicients around the point all T; = —1:
E(T,s,G(N))= > (1L+T)"En(s,G(N)).
n>0 in Er
Thus for s in (Ryp)"(order), we have
E.,.(s,G(N)) = eigen(n, 3, G(N))
for every N > s(7).

8.4.13. Since the map 3 — (Sgrunc, 8} is holomorphic, we get from 8.3.5 the
following result.

Lemma 8.4.14. The functions E(T,s,G(N)), E(T,s) and E4(T,s) are the
restrictions to C™ x (Ryo) (order) of entire functions on C*. As N — oo, the
sequence E(T, s, G(N))} of entire functions of (T,s) converges, unifermly on com-
pact subsets of C*", to

E(T,s), i G(N)=U(N),
E.(T,s), if G(N)=SO(2N) or O_(2N +1),
E_(T,s), i G(N)=USp(2N} or SO(2N + 1) or O_(2N + 2).

From 8.3.10, we get

Proposition 8.4.15. Fir a nonempty subset W of {n > 0 in Z"}, and G(N)
one of U(N),SO(2N + 1),USp(2N),SO(2N),0_(2N + 2),0_(2N +1).

1) The series

Ew(s,G(N)) = ) Eu(s,G(N))
n tn W
as well as the series

Ey(s) = Z E,(s)

n in W
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and

Eiw(s)i= Y Eyna(s),

nin W

converge, uniformly on compact subsets of C, to entire functions of s.
2) As N — o0, the sequence of entire functions Ey (s, G(N)) converges, uni-
formly on compact subsets of C™, to

Ew(s) #f G(N)=U(N),
E.w(s) #G(N)=SO@N) or O_(2N +1),
E_w(s) #f G(N)Y=USp(2N) or SO(2N + 1) or O_{(2N + 2).

8.4.18. 'We now turn to the question of taking large N limits of the measures
v(c,G(N)), for ¢ an offset vector.

Proposition 8.4.17. Fiz an integer r > 1, and an offset vector ¢ in Z". There
exist Borel probability measures v(c) and v(+,c) on R", supported in (R>o)" (order)
and having continuous CDF’s, such that

Jm v GN)=v(e),  FGIN)=U(N),
= v(+,¢), if G(N) = SO(2N) or O_(2N +1),
=v(—,0), if G(N) = USp(2N), SO(2N + 1),0_(2N +2),
in the sense of uniform convergence of both CDF’s and of tail functions on R".
As functions on (R>o)" (order), the CDF’s and tail functions of these measures are

(the restrictions to (R>q)" (order) of) entire functions on C7, given by the explicit
formudas

CDF ey (8) = Z E,(s,G(N)),
n>0 in Z27,0ff(n)>c
CDF () (s) = > E.(s),
n>0in Z7,0ff(n)>c
CDF,(+,¢)(8) = Z Ey 1(s),
720 in Z7,0ff(n)>c
Tail, o, cony () = Z E,.(s,G(N)),
n>0 in Z7,0f(n)<c
Tail, () (s) = Z E,(s),
n>0 in Zr,0ff(n)<c
Tail, (4, (s) = > B 1 (9).

n>0 in Zr,0f (n)<c

The measures v(c) and v(%,c) have ezponential decay (4, B,)) with A = 2¢(7)
B =o/4, and A = 1. For any continuous function f of polynomial growth on R",
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we have the limit formulas

[ 1= Jim [ savieuv),
/ fav(+,c)= lim / fdv(e,G(N)) for G(N) = SO(2N) or O_(2N +1),

/fdu(-—, c)= Nlim /fdu(c,G(N))
for G(N) = USp(2N),SO{2N + 1), or O_{(2N +2).
The measures v(c) and v(x,c) are determined by their moments.

Proor. Consider the measure v(c, G(N)) on R". Its one variable projections
are given by 6.20.3,

pr(i].i{c, G(N)) = v(c(d), G(N)),
and these satisfy the tail estimate 6.9.8,
Tailu(c({),G(N))(S) < oclidg—os/4 < 2c(Me—s/4,

So v(c, G(N)) has exponential decay (A, B,A) = (2°"),0/4,1).

We first claim that as N — oo, the CDF's of the v(c, G{(N)) converge uniformly
on R”. In view of their uniform exponential decay, it suffices to show uniform
convergence on compact subsets of R". In view of 8.4.8, it suffices for this to show
uniform convergence on compact subsets of (R>q)". For s in ({R>0)", and N > s(r),
we have (by 8.4.5)

CDF,(c,cany)(s) = > eigen(n, s, G(N))
n>0 in Z7,0ff(n)>c

= > En(s,G(N))
n>0in Z7,0ff(n}>c

= Ew(s,G(N))

for W the set {n > 0in Z7, Off(n) > ¢}, so the required convergence is 8.4.15. A
similar argument, with W now taken as the finite set {n > 0 in Z", Off(n) < c},
shows that as N — oo, the tails of the v(c, G(N)) converge uniformly on R".

The result now follows from 7.5.11 and 6.20.4 {combined with 2.11.18). QED

Remark 8.4.18. As proven in 7.11.12, the measure »(c) on R” is absolutely
continuous with respect to Lebesgue measure. That this also holds for the mea-
sures v(+,c) will be proven in AD.4.4.1. It amounts to the statement that these
measures give measure zero to the hyperplane (1) = 0 and to the hyperplanes
(i) —2(i—1)=0for i =2,...,7, but the proof is along different lines.

Corollary 8.4.19. Suppose given an integer r > 1, and an offset vector c in
Z". For any nonempty subset

S={1<s1<---<s8 <7}
of the indez set {1,...,7}, we denote by
pl‘[S] CRT — RCard(S)
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the projection onto the named coordinates. We have egualities
pr(S]ev(e) = v(pr(S](e))
pr[S]uv(, ¢) = v(=, pr[S](c))
of measures on RCard(S)

PROOF. Use the previous result together with 6.20.3, which gives the finite N
analogue, to see that both of the measures in question agree on bounded continuous
functions. QED

8.5. Relation of the limit measure Off y(univ, offsets c)
with the limit measures v(c)
Proposition 8.5.1. Fiz an integer r > 1, and denote
1:=1,:=(1,1,...,1) in R".

For any Borel measurable function g on R"™ of polynomial growth, denote by G the
Borel measurable function of polynomial growth defined by the Lebesgue integral

G(z) = /[0,x(1)] 9z - t1)dt := |z(1)] /[0’1] glz — tx(1)1) dt.

Fiz an offset vector c in Z7:

1<e(l) <e(2) < <elr).
For each integer k with 0 < k < ¢{1) — 1, ¢ — k1 is again an offset vector, and we
have the identity

G d Off u(univ, offsets c) = Z f gdv(c—k1).

R” 0<k<c(1)—1

ProoOF. By 7.11.11 and 8.4.17 applied to the left and right sides respectively,
this is the large N limit of 6.16.7. QED

8.5.2. Once we have this result, we get
Proposition 8.5.3. Fiz an integer r > 1 and an offset vector ¢ in Z7,
I1<e(l)<e(2) <+ < cfr).
For any s in R™ with s(1) > 0, we have the relation
Z Tail, (k1) (s) = / Tailog p(univ, offsets ¢)(s +t1)dt.
0<k<e(1)—1 [0,00]

PRrROOF. Repeat the proof of 6.18.1, using the previous result in place of 6.16.6.
QED

Corollary 8.5.4. Hypotheses and notations as in 8.5.3 above, for any s in R”
with s(1) > 0, we have

Ta'ﬂOf‘f;z(un-iu, offsets c) (3} = (Z a/as(z)) Z Tailu(c—kl)(s)'

0<k<c(1)-1

PRrROOF. Repeat the proof of 6.18.2. QED
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Proposition 8.5.5. Hypotheses and notations as in 8.5.8 above, we have the
following relations among moments: for any polynomial function H(z) on R™ which
is divisible by (1) as a polynomial, denote by h(x) the polynomial

hi= (Z B/Bx(i)) H.

Then we have the relation

Z / hdv(c—kl)= / H d Off p{univ, offsets c).
R” R~

0<k<c(1)—1

PRrOOF. Repeat the proof of 6.19.1. QED

8.5.6. The following lemma is standard.

Density Lemma 8.5.7. Let 7 > 1 be an integer, U C R” an open set, and p
a Borel probability measure on R”. Suppose that

1) y is supported in the closure U of U.

2) The boundary 8(U) :=U — U has Lebesgue measure zero.

3) The measure p on R™ is absolutely continuous with respect to Lebesque mea-
sure.

4) The restriction to U of the function Tail, is C*°.

Then u is the extension by zero of its restriction to U, and on U the measure

u is given in coordinates £(1},...,z(r) on the ambient R™ by
(—1) (H 8/8:1:(i)) (Tail,) [ ] d=(9)-
i=1 i=1

PrOOF. Already hypotheses 1), 2) and 3) imply that u is the extension by zero
of its restriction to U. It remains to see that if in addition Tail, is C> on U, then
pon U is given by the asserted formula. To see this, we use the fact that for s in
U and for t > 0 in R", the measure of the rectangle (s, s + t] is equal to

> (—1)Card(S) Tail,, (s-i- S t(i)e(i)) .

subsets S of {1,2,...,r} iin S

For t sufficiently small, all of the points s + 3, ;. ¢ t(¢)e(?) lie in U.

Because Tail, is C°* in U, we see by iterating the fundamental theorem of
calculus 7 times that this alternating sum is equal to the integral over the rectangle
(s, s+ t] of the differential form

(-1)" (H 8/8:1:(7:)) (Tail,) [ ] de(d).
i=1 i=1

Therefore both u|U and (~1)7([];_, 8/8x(:))(Tail,)} [T;_, dz(i)|U agree as Borel
measures on [/, because they give the same measure to all rectangles in U. QED

Proposition 8.5.8. Let r > 1 be an integer, ¢ in Z7 an offset vector. Denote
by U C R” the open set 0 < z(1) < o(2) < --- < z(r), whose closure U is
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(R>n)"(order). Let us define functions F(c,z) and P(c,z) of z in U by

Fle,z) = (-1)" (H(’)/(’h(z)) (Taily(g)),

P(C, .’L‘) = (_1)7‘ (H 6/61‘(")) (Ta'ﬂOﬂ'p.(univ, offsets c))
i=1

Then
1) v(c) is the extension by zero of the measure F(c,z)[[i_, dz(i) on U.
2) Off u(univ, offsetsc) is the extension by zero of the measure
P(c,z)[Ti~, dz=(i) on U.
3) Both F(c,z) and P(c,z) are the restrictions to U of entire functions on CT,
which are related by

- (Z 6/66(1’)) Ple,z) = Z F(c—-kl,z).

0<k<c(l)-1

PROOF. Apply the previous lemma to 1{c) and to Off #(univ, offsets c) to get
statements 1) and 2). Statement 3) then follows by applying the differential oper-
ator (—1)"([T;_, 8/0z()) to the identity

Tailog p{univ, offsets c) (.’L‘ (Z 6/61‘(7’)) Z Ta‘iIU(c—kl)(z)

0<k<e(1) -1
proven in 8.5.4. QED
Corollary 8.5.9. Let r > 1 be an integer, ¢ in Z" an offset vector. The

measure p{univ, offsets ¢) is the extension by zero of its restriction fo the open set
(Rs0)", where it is given by P(c, Off(z)) []i_, d=(3).

PROOF. Apply Off* to the previous description of
Off p(univ, offsets ¢) := Off, u(univ, offsets c),

and use the fact that Off* Off, is the identity. Since Off *(U) is (R>0)", we find
that u(univ, offsets ¢) is the extension by zero of its restriction to the open set
{R>0)", on which it is given by

of* (P(c, z) H d:z;(z')) = P(c, Offi(z)) Off* (H dz(z‘))

i=1
= P(c, Off(z)) [ ] dz(a),
i=1
the last equality because Off is unipotent. QED

Remark 8.5.10. If we combine these last results with 8.4.17, according to
which for z in U we have the finite sum formula

Tailu(c) (z) = Z E,(z),

n>0 in Zr,Off(n}<c
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we get explicit formulas for both F(e,z) and P(c, z) as finite sums of higher deriva-
tives of the functions E,(z)}. For F, we get

(=1) F(e,z) = > (H B/Bm(i)) (En(z))-

n2>0 in Z7,0ff(r)<c \i=1
To state the result for P, let us introduce, for » > 0 in Z™ and for ¢ an offset vector
in Z7, the nonnegative integer

N(n,c) := the number of integers k with 0 < k <¢(1) — 1
such that Off(n) < ¢ - k1.
Then we get
(=)t P(c, z)

= (HB/Bm(i)) (Z 6/6:1:(2')) > N(n,c)E,(z).

i=1 n>0 in Zr,0ff(n)<c
In the case r = 1, we recover the formulas tabulated in 7.7, where we labeled by the
separation, whereas here we label by the offset, i.e., y, there is p(univ, offset a+ 1)
here.



CHAPTER 9
Equidistribution

9.0. Preliminaries

9.0.1. In this chapter, we will review the basic equidistribution results proven
by Deligne in [De-Weil II, 3.5].

9.0.2. Recall [SGA 1] that for any connected scheme X, and any geometric
point £ of X (i.e., £ is a point of X with values in some algebraically closed field), we
have the profinite fundamental group m; (X, £), which classifies finite etale coverings
of X. For variable (X,£) as above, formation of m is a covariant functor. As in
classical topology, for any two geometric points & and &3 of X, there is the notion of
a “path” from §; to &, which induces an isomorphism from m (X, &) to m1 (X, £2).
This isomorphism is independent of the chosen path up to inner automorphism
of either source or target. In the special case when X is the spec of a field k, a
geometric point £ is an algebraically closed overfield L of k, and m (X, &) is just
the galois group Gal(k*P /k), ¥**P denoting the separable closure of k in L. In the
particular case of a finite field, or more generally of a connected scheme X whose
7, is abelian, the group 71 (X, ) is canonically independent of base point, and may
be denoted m (X) with no ambiguity.

9.0.3. When the connected scheme X is normal, it is irreducible, say with
generic point 7 := the spec of its function field K. In terms of an algebraic
closure K of K, viewed as a geometric generic point 7 of X, the group m; (X, %) is
the quotient of Gal(K®?/K) which classifies those finite separable L/K with the
property that the normalization of X in L is finite etale over X.

9.0.4. When & is a finite field, say of cardinality g, then Gal(k®®F /) is canoni-
cally the group Z, with generator the “arithmetic Frobenius” automorphism z — z4

of k**P. The inverse of this generator is called the “geometric Frobenius”, denoted
F.

9.0.5. Suppose now that X is a connected scheme, with geometric point &,
that % is a finite field, and that z in X (k) is a k-valued point of X, which we view
as a morphism z : Spec(k) — X. So if we pick a separable closure k™ of k, and
denote by T the k-valued point lying over z, we get a canonical homomorphism

Ty (Spec(k)) — My (X,f)
If we compose this with any isomorphism = (X, Z) & m (X, £) given by a path, we
get a homomorphism

m1(Spec(k)} — m (X, §)
which is well-defined up to inner automorphism of the target. The image of Fj
in 7 (X, €) is thus well-defined up to conjugacy: its conjugacy class in 71 (X,£) is

267
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called the Frobenius conjugacy class, denoted Fy ., attached to the finite field
k and to the k-valued point z in X (k).

9.0.6. Let us now recall the basic set-up for Deligne’s equidistribution theo-
rem. We are given a finite field k, a smooth, geometrically connected scheme X/k
of dimension d > 0, a prime number { invertible in k, and a lisse Q;-sheaf F on X of
rank r > 1, which for our purposes we may define to be an r-dimensional, continu-
ous (;-representation p of m(X,7) (intrinsically in GL(F5)). [This definition of a
lisse Q;-sheaf, as a continuous Q,-representation p of m;(X,7), makes sense on any
normal connected scheme X, and later in this chapter (in 9.3.1) such more general
X’s will come into play.]

Remark 9.0.7. We should mention here the fact that any compact subgroup
of GL(r,Q,), in particular the image p(m1(X,%)), lies in GL(r, E)) for some finite
extension Fy of Q, so this definition agrees with the one given in [De-Weil IT,
1.1.1}, where it was required that p land in some GL(r, E»). This fact, which does
not seem to appear in the literature, has been repeatedly rediscovered. We first
learned it from Sinnott in 1989, and then again from Pop in 1995. Here is a Haar
measure version of Pop’s argument, which was based on Baire category. Since @
has only finitely many extensions of any given degree n inside a fixed Q;, we can
find a countable sequence of finite extensions of Q;,say E1 :=Q; C B C Ez C -+,
whose union is Q, (e.g., take for E,, the compositum inside @, of all finite extensions
of Q; of degree < n). Then for each n, G,, .= GL(r, E,,) is a closed subgroup of
G = GL(r,Q,), we have G, C Gn41, and G is the union of the G,. Now apply the
following lemma.

Lemma 9.0.8 (Pop). Let G be a topological group, which is the increasing
union of a countable sequence of closed subgroups G,. Then any compact subgroup
K of G lies in some G,.

PROOF. For each n, K, := KNG, is a closed subgroup of K, we have
K, € K..1, and K is the union of the K,,. We claim that K is equal to some
K,. To see this, consider the Haar measure 1 on K of total mass one. Since K
is the increasing union of the measurable (because closed) subsets K,,, we have
1 = p(K) = limp—oo p(Kr). Pick n large enough that u(K,) > 1/2. Then
K = K, for if not there exists a left coset vK, of K, in K which is disjoint
from K,,, and then K contains K, | | 7K, and so

1= p(K) > p(Kp) + p(vKn) = 2u(K,)
(the last equality by the translation invariance of u), contradiction. QED
9.0.9. We denote m{*°™ (X, %) := m (X ®¢ k,7), or just 7¥°™ if X/k is un-

derstood, and call it the geometric fundamental group. Writing m; for m1(X, %), we
have the fundamental exact sequence

15 W%eom —m E, Gal(z/k)(g 2 via Fk,) — 1.

9.0.10. We fix an embedding ¢ of fields Q; — C. For any real number w, we
say that F is t-pure of weight w if, for every finite overfield E of &, and for every
point z in X(FE), all the eigenvalues of p(Fg ) have, under the complex embedding
¢, complex absolute value Card(E)*/2. We say that F is pure of weight w if it is
t-pure of this same weight w for every choice of ¢.
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9.0.11. For any integer n, we denote by Q;(n) the lisse, rank one Q;-sheaf on
Spec(k) which, as character of Gal(k/k), takes the value Card(k)~" on Fi. Thus
Qy(n) is +pure of weight —2n, for any .. More generally, for any unit o in the
ring of integers of @y, we denote by “a9°” the lisse, rank one ;-sheaf on Spec(k)
which, as character of Gal(k/k), takes the value o on Fy. Thus Q,(—n) is “ad¢8”
for o = Card(k)™. For each embedding ¢ : @, — C, “a%%8” is ,-pure of weight
2log(|e{e)|)/ log(Card(k)), which might (e.g., if & is transcendental) vary wildly
with ¢, If we choose an N'th root of Card(k) for some N, we may speak of the
lisse rank one sheaves Q,(M/N) for any rational number M/N in (1/N)Z. For any
X/k as above, we denote by Q;{(—n) and “a%®” the lisse, rank one Q;-sheaf on X
obtained by pullback. As characters, their values on Frobenius conjugacy classes
Fg . are given by Card(E)” and by o9¢8(E/¥) respectively. Given any lisse F as
above, we denote by F(—n) and F ® a8 the tensor products of F with Q;(—n)
and “a’%®” respectively.

9.0.12. Given F on X as above, we denote by Ggeom the @Q;-algebraic group
defined as the Zariski closure of p{m1 (X ®x k)) in GL(r). It is a fundamental result
of Deligne [De-Weil II, 3.4.1 (iii)] that if F is «-pure of some weight w, then F
is completely reducible as a representation of w1 (X ® k), and hence that Ggeom 18
reductive. It then follows from a result of Grothendieck [De-Weil II, 1.3.9 and the
first four lines of its proof] that Ggeom is in fact semisimple (in the sense that its
identity component is semisimple, or equivalently that its Lie algebra is semisimple).

9.0.13. Given F on X as above, there are compact(ly supported) cohomology
groups H:(X ® k,F), which are finite-dimensional Q;-spaces on which Gal(k/k)
acts continuously, and which vanish unless 7 lies in [0,2d]). For any integer n, or
any l-adic unit o, we have

HYX ® k, F(n)) = H5(X ®x k, F)(n),
Hi{X @k, F ® a%%) & H{(X @ k, F) @ %,

a kind of trivial projection formula. Moreover, H24(X ® k, F(d)) is canonically
the coinvariants Fseom under 7§°°" in F, i.e.,

H2 (X @1 &, F) 22 (Frgeom)(—d).

Moreover, if X is in addition affine, then Hi(X ®; k, F) vanishes unless ¢ lies in
(d, 2d); this is the Poincaré dual of the Lefschetz affine theorem, that a d-dimensional
affine variety over an algebraically closed field has cohomological dimension < d.

9.0.14. The diophantine interest of these compact cohomology groups is given
by the Lefschetz trace formula, in which for v a conjugacy class in m; we write
Trace(7y|F) := Trace(p{7)): for any finite overfield E of k, we have

> Trace(Fp.|F):= Y. Trace(p(Fg,s))
T in X(E) z in X(E)
=) (1) Trace((Fr) %5 F/M) | Hi( X & k, F)).

{

(9.0.14.1)
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9.0.15. Suppose now in addition that F is t-pure of weight w. Then the
fundamental result of Deligne in {De-Weil II, 3.3.1 and 3.3.10] is that for each 4,
the compact cohomology group H:(X ® k, F) is mixed of weight < w + i, in the
sense that every eigenvalue of Fi on this cohomology group has, via ¢, complex
absolute value < Card(k)“"*")/ 2 Taking for F the constant sheaf Q,, which is
-pure of weight zero for any choice of ¢, we see that Hi(X & k,Q,) is mixed
of weight < 4, while the description of H>? in terms of 7™ -coinvariants shows
that H24(X ® k,Q;) = Q,(—d), the one-dimensional space on which Fj, acts as
Card(k)?. The Lefschetz trace formula then gives that for every finite extension E
of &,

(9.0.15.1) Card(X (E)) =Y _(—1)* Trace((Fx)**s /D) | Hi(X & k,Qy)).
Putting the H2¢ term to the other side, and denoting

RL(X @ k, Q) := dimg; HA(X ®« k,Q)),
we get the Lang-Weil estimate [Lang-Weil]

| Card(X (E)) - Card(E)*| < 3 hi(X @4 K, Q) Card(E)/?
i<2d

{9.0.15.2)
< (Z hi(X R E,(_Dl)) Card(E)(Qd—lJﬂ_

i<2d

9.0.16. Consider now the case when F is t-pure of weight zero, and in which
5™ acts irreducibly and nontrivially, or more generally without nonzero co-
invariants, in the representation p corresponding to F. In view of the descrip-
tion (cf. 9.0.13) of H2? in terms of m§*™.coinvariants, this means precisely that
HX(X ®) k,F) = 0. The Lefschetz trace formula then gives, for every finite ex-

tension F of k,
E 'I‘race(FE,zlf)
z in X(E)
= ) (1) Trace((Fy)*EE/0 | HI(X &4 k, F)),

i<2d

(9.0.16.1)

with H? ;-mixed of weight < i. This gives the following inequality of complex (via
¢) absolute values, for every finite extension £ of k:

> Trace(p(Feq))| < D hi(X @k k, F) Card(E)¥/?
(9.0.16.2) [|=in X(®) 5
< (Z hi(X Rk E,f)) Ca,rd(E)(2d—l)/2'

i<2d

9.1. Interlude: zeta functions in families:
how lisse pure F’s arise in nature

9.1.1. Before embarking on an exposition of Deligne’s equidistribution theo-
rem for lisse, t-pure sheaves F, we first explain the most fundamental way such F
arise in nature,
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9.1.2. To begin, let us recall the most basic facts about zeta functions of
general varieties over finite fields, and their expression by /-adic cohomology. We
begin with a finite field k, and a scheme X/k which is separated and of finite type.
Inside (any choice of} k, k has a unique extension k, of each degree n > 1. We
denote

N, := Np(X/k) := Card(X (k,)).

The sequence of integers N,(X/k} is the most basic diophantine invariant of X/k.
They are most meaningfully packaged in the zeta function of X/k, defined as the
formal series in one variable T’

Zeta(X/k,T) :==exp [ 3" N.T"/n| in1+TQ[T]).

n>1

This series also has an Euler product expression, over the closed points of X. For
X /k as above, a closed point z of X is an orbit of Gal(k/k) acting on the set X (k)
of k-valued points of X. The degree of a closed point z, denoted deg(x), is the
cardinality of the corresponding orbit. Thus the closed points of degree dividing a
given integer n > 1 are precisely the orbits of Gal(k/k) on the set X (k,). So if we
denote by

B, := B,{X/k} := the number of closed points of degree =,

we have the identities

N, = ZTB,.
rln

These identities are then equivalent to the Euler product expression

Zeta( X /k,T) = H (1 — Tes=)=1,

closed points T of X

which in turn shows that Zeta(X/k, T) lies in 1 + TZ([T]]. By a fundamental result
of Dwork [Dw], Zeta(X/k,T) is a rational function of T i.e., lies in Q(T'), and, in
lowest terms, is of the form A(Z")/B(T) with A and B in 1+ TZ[T]. In particular,
the reciprocal zeroes and poles of the zeta function are algebraic integers.

9.1.3. We now turn to Grothendieck’s l-adic cohomological approach to the
zeta function. For any prime number { invertible in &k, Grothendieck et al. defined
[SGA 1, 4, 43, 5], for such an X/k. compact cohomology groups H:(X & k,Q;),
which are finite-dimensional Q,-spaces on which Gal(k/k) acts continuously, and
which vanish unless 7 lies in [0, 2dim(X)).

9.1.4. Before going further, notice that each H*(X ®; k,Q,), thought of as a
finite-dimensional Q;-space on which Gal(k/k) acts continuously, may be thought
of, tautogously, as a lisse @;-sheaf on Spec(k). This point of view will be of vital
conceptual importance below.
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9.1.5. The Lefschetz trace formula [Gro-FL, SGA 43, Rapport| for X/k,
recalled in 9.0.15.1 above, asserts that for each n > 1,

(9.1.5.1) Np =Y _(—1) Trace((Fi)"|Hi{(X @ k,@)) in Q.
This formula for given X/k and all n is equivalent to the formula
2dim(X) _
(9.1.5.2) Zeta(X/k,T) =[] det(1- TFHI(X @k Q)"
i=0

an identity in 1 + TQ,[[T]] which we call the {-adic cohomological expression of
the zeta function. It is known [SGA 7, Exposé XXI, Appendice, 5.2.2] that the
individual factors have coefficients in the ring of all algebraic integers, i.e., that
the eigenvalue o of Fy, on Hi(X ® k,Q;) are algebraic integers. Deligne’s main
result in Weil II, [De-Weil II, 3.3.4], applied to X/k, gives that H:(X ®x k, Q;)
as lisse Q;-sheaf on Spec(k) is mixed of integer weights w in [0,1], in the sense that
it is a successive extension of lisse Q;-sheaves on Spec(k) each of which is pure of
some integer weight in [0,%]. Concretely, this means that for any eigenvalue a of
Fi, on HY(X ®; k,Q,), there is an integer w in [0,1], called the weight of @, such
that |o(a)| = Card(k)*/2 for any complex embedding ¢ of the field of all algebraic
numbers. We should remind the reader that, for a general X/k, it is (conjectured
but) not known that for each ¢, the individual l-adic factor

det(1 — TF,|H: (X ® k, Q)

lies in Z[T] and is independent of the auxiliary choice of [ invertible in k.

9.1.6. We now assume that in addition X/k is proper, smooth, and geomet-
rically connected, of dimension & > 0. In this case, we have Poincaré duality: the
cup-product pairing

Hi(X ®x k, Q) x H2 Y (X @ k,Q) » H2(X @4 k, Q) = Qy(—d)

is a perfect pairing which is Gal(k/k)-equivariant. Since Q;(—d) is pure of weight
2d, and each H: is mixed of weight < i, it follows from this duality that each
H{X ® k,Q,) is pure of weight %, cf. [De-Weil II, 3.3.9].

9.1.7. Thus for X/k proper, smooth and geometrically connected of dimen~
sion d > 0, each H:(X ®y k,(Q;), thought of as a finite-dimensional Q;-space on
which Gal(k/k) acts continuously, is a lisse Q;-sheaf on Spec(k) which is pure of
weight 7.

9.1.8. From this purity, we see that there can be no cancellation in the coho-
mological expression of the zeta function, that all the reciprocal zeroes (respectively
poles} of the zeta function are pure of some odd (resp. even) weight, and that for
each 7 the individual factor

det(1 — TFe|HHX @k &, Q)

is independent of [ and lies in Z[T'], because it can be recovered intrinsically from
the zeta function by looking at the zeroes (for ¢ odd) or poles (for ¢ even) of the
zeta function which lie on the complex circle of radius Card(k)~*/2.
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_9.1.9. If we fix a choice ay of ¢'/? in @Q,, we may form the lisse rank one
Q-sheaf :

(9.1.9.1) T(-1/2) = ()

on Spec(k), and its tensor powers Q,(—/2) := (Q,(—1/2))®, i in Z. We then form
the Tate-twisted cohomology groups H: (X ® k, Q;)(:/2), which are pure of weight
zero. On these twisted groups, cup product induces Gal(k/k}-equivariant perfect
pairings
H(X © k. Q)(3/2) x H*7H(X & k, Q) ((2d - 9)/2)

— H¥*(X @ k, Q) (d) 2 Q;.
In particular, the twisted middle dimensional cohomology group

HA(X @ K, Qu)(d/2)

is autodual. Because cup product obeys the usual sign rules, this autoduality is
symplectic if d is odd, orthogonal if d is even.

(9.1.9.2)

9.1.10. Now let us consider not a single X /k which is proper, smooth, and
geometrically connected, but rather a family of such, by which we mean a proper
smooth morphism 7 : X — S with geometrically connected fibres. We fix a prime
number [, and we assume that S is a connected normal Z[1/{]-scheme which is
separated and of finite type over Z[1/!]. For each field k, and each k-valued point s
in S(k), the fibre X,/k of X/S at the point s is proper, smooth and geometrically
connected. For each ¢, the compact cohomology group HX{(X, ®x k,Q,) with its
continuous action of Gal(k/k) is a lisse Q,-sheaf on Spec(k), which, if & is finite, is
pure of weight i. How are these sheaves related for various fields &, and for various
k-valued points s of S?

9.1.11. The answer is given by the specialization theorem for the cohomology
of the fibres of a proper smooth morphism [SGA 4, XVI, 2.2], which in turn
depends on the proper base change theorem [SGA 4, XII, 5.1 (iii) and 5.2 (iii)]
and the smooth base change theorem [SGA 4, XVI, 1.1 and 1.2]. For each ¢ there
is a lisse @,-sheaf, denoted R'm@Q), of rank denoted b;, on S, i.e., a continuous
finite dimensional Qj-representation p;; of 7 (S) to GL(b;, @), with the following
interpolation property:

9.1.11.1. For every field k, and every point s in S(k), viewed as a morphism
s : Spec(k) — S, the pullback s*(R*m@;), i.e., the composite representation

Gal(k/k) = m (Spec(k)) <5 m (S) 24 GL(;, Q)

of Gal(k/k), is isomorphic to the sheaf on Spec(k) given by Hi(X, ®: k,Q;) with
its continuous action of Gal(k/k).

9.1.12. Let us make several remarks here. First of all, if we take for k the
function field K of S, and for s in S(K's) the generic point 1 of S, then 71 (S) is &
quotient of Gal(Ks/Ks). So a representation of 7 (S) is determined by its pullback
to Gal(Ks/Ks). Therefore there is at most one lisse (Q;-sheaf on S which has the
stated interpolation property (9.1.11.1}, even for the single test case (Ks,7n). So
we could rephrase the theorem in to parts, as saying that
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1) H{(X, ®ks Ks,Q,) as representation of Gal(K s/Kg) is “unramified on S”
in the sense that it is trivial on the kernel of the surjection Gal(Ks/Kg) — m1(S),
and hence factors through this surjection, and thus defines a lisse Q;-sheaf on S,

2) the lisse sheaf on S defined in part 1) has the stated interpolation property
(9.1.11.1).

9.1.13. The second remark is this. Take for k a finite field, s in S(k). On the
one hand, we defined a Frobenius conjugacy class F ; in m1(S), so we may speak
of the characteristic polynomial

det(1 - TF | R'mQy) == det(1 — Tps,o(Fi.s)).-

On the other hand, we defined s*(R'm@Q,) as a lisse sheaf on Spec(k), so we

may speak of

det(l — TFy|s*(R'mQ)))-
It is tautologous that we have the equality

det(1 — TF, s|R'mQy) = det(1 — TFi|s*(R*m@Q))).
It resuits from the specialization theorem that we have the equality
det(l — TFy|s*(R'mQ;)) = det(1 — TF,|HA(X, @« k,Q,)).
Putting these last two equalities together, we find the fundamental compatibility
(9.1.13.1) det(1 ~ TFy o|R*mQ,) = det(1 — TF:|H:(X, @k k, Q).
In the extreme cases i = 0 and i = 2d, for each fibre X /k, we have
H( X, 2: k,Qp) =y,

H} (X, @ k,Q)(d) =Q,
as representations of Gal(k/k). We may infer that the lisse rank one Q;-sheaves
R°m@Q; and R%m@Q,(d) are both isomorphic to @, i.e., trivial as characters of

m1(S). To check this, it suffices by Chebotarev to show that both are trivial on all
Frobenius conjugacy classes Fy ,, and this triviality is given by 9.1.13.1 above.

9.1.14. The cup product pairings
(R'mQy)(i/2) x (R**~'mQ)((2d - )/2) — (R¥mQ,)(d) 2 Q,
are perfect pairings of lisse sheaves, pure of weight zero, which induce on fibres the

cup product pairings of 9.1.9.2. In particular, (R*m@Q;)(d/2) is autodual, symplec-
tically for d odd and orthogonally for d even.

Scholie 9.1.15 Let X/S be proper and smooth with geometrically connected
fibres all of dimension d > 0, with S normal, connected, and of finite type over
Z[1/1). The lisse Q,-sheaves R'mQ; on S wanish for i outside [0,2d], R'm@Q is
of pure weight 1, ROmQ, = Q. RQdW!(_Dl = Qu(~d), and Rdm@l(d/2) is autodual,
symplectically for d odd and orthogonally for d even. For each finite fleld k, and
each point s in S(k), we have

det(l — TFy o|R'mQ;) = det(l ~ TFi| H:(X, ® k, Q).
Taking the alternating product over i, we get
2dim(X)

Zeta(X,/k,T) = H det(l — TFy  |[RPmQ) V.
i=0
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9.1.16. .Just to make this entirely down to earth, let us consider the case
when X/§ is a family of proper smooth geometrically connected curves C/S of
genus g, i.e., the case d = 1 of the above discussion. The above formula for the zeta
functions of the fibres boils down to this: for any finite field &, and any s in §(k),
we have

Zeta(C,/k, T) = det(1 — TFy 4| R'mQ,)/(1 — T)(1 — Card(k)T),
det(1 — TF; o|R*mQ;) = det(1 — TFx|HL(C, @1 %, Q))),

and the twisted sheaf R'm@Q,(1/2) is symplectically self-dual of rank 2g, and pure
of weight zero. This sheaf Rm@Q,(1/2) is perhaps the archetypical example of a
lisse ;-sheaf which is pure of weight zero.

9.2. A version of Deligne’s equidistribution theorem

9.2.1. We can now state and prove a useful version of Deligne’s equidistri-
bution theorem. We return to our basic setup: k is a finite field, X/k is smooth
and geometrically connected of dimension d > 0, ! is invertible in k, ¢ is a complex
embedding of Q,, and F is a lisse Q;-sheaf on X, which we suppose to be :-pure of
weight zero. As above, we denote by Ggeom the Zariski closure of p(n$°°™), which
is a semisimple algebraic group over Q; (by [De-Weil II, 1.3.9 and the first four
lines of its proof] and the ¢-purity of F). We now make the following assumption:

(9.2.1.1) under p, we have p(71) C Ggeom (Q;)-

9.2.2. We will use this assumption in the following way. For any finite-
dimensional @;-representation

A Ggeom — GL(m)
of the algebraic group Ggeom, the composite representation A o p of 7y,
T = Ggeom(@l) — GL(m,Q,) |

“is” a lisse Q;-sheaf, denoted A(F), on X, with the property that for every element
~ in 71, we have

Trace(y|A(F)) = Trace(A(p(7))).

9.2.3. Via ¢, we may speak of the group Ggeom(C), which we may view as
a complex Lie group. Because Ggeom is semisimple, there exists in Ggeom(C) a
maximal compact subgroup K, and any two such are conjugate.

9.2.4. Our next task is to define Frobenius conjugacy classes in the compact
group K. For any finite extension K of k, for any z in X(E), and for any choice
of a Frobenius element Fg . in 71, the image ¢p(Fg ) in Ggeom(C) has all its
eigenvalues on the unit circle (F being t-pure of weight zero). We do not know that
p(FE 5} is semisimple, i.e., diagonalizable, but if we pass to its semisimple part
p{FE )" is the sense of Jordan decomposition, we obtain an element :(p(Fg ;)*°)
of Ggeom{C) which is semisimple with unitary eigenvalues, and which hence lies in
a compact subgroup of Ggeom(C) (e.g., it lies in the topological closure of the cyclic
group it generates, which is such a compact subgroup). Therefore ¢{p(Fg 5)**) is
Ggeom (C)-conjugate to an element of K. Using the fact that Ggeom and Ggeom(C)
have the “same” finite-dimensional representation theory, the unitarian trick (that
Ggeom(C) and K have the “same” finite-dimensional representation theory) and
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the Peter-Weyl theorem (that K-conjugacy classes are separated by the traces of
finite-dimensional representations of K'), one shows easily [De-Weil II, proof of
2.2.2] that the element of K obtained this way is well-defined up to K-conjugacy.
In other words, the Ggeom(C)-conjugacy class of ((p(Fg z)*°) meets K in a single
K-conjugacy class. We denote this K-conjugacy class ?(E,z), and think of it as
the generalized “angle” of (p(FE ;).

9.2.5. We can now state a version of Deligne’s equidistribution theorem. This
version is similar to the one given in [Ka-GKM, 3.6], where we assumed in addition
that X/k was an affine curve. There we used the Euler-Poincaré formula to prove
3) below, giving an expression for the constant here denoted C'(X ®; k, F) in terms
of the breaks of F at each of the points at infinity. In that case, denoting by g the
genus of the complete nonsingular model X of X, by N the number of k-points in
X — X,say z; fori=1,...,N, and by 7; the largest break of F at z;, we found
that

CX@rk,F)=20-2+N+Y r

would work in 3). The idea of bounding the constant in the general case, as we do
here in 4) below, we learned from Ofer Gabber.

Theorem 9.2.6 (compare [De-Weil II, 3.5.3], [Ka-GKM, 3.6]). Let k be a
finite field, X/k a smooth, geometrically connected scheme of dimension d > 0, !
a prime number invertible in k, ¢ o field embedding of Q, into C, and F a lisse
Q;-sheaf on X of rank v > 1 corresponding to an r-dimensional continuous Q-
representation p of . Denote by Geeom the Zariski closure of p(rf*°™). Assume
that F is t-pure of weight zero, and that p(m) lies in Ggeom(Q;)- Denote by K «
mazimal compact subgroup of Ggeom(C). Then we have the following results.

1) The Frobenius conjugacy classes 3(E,z) defined in 9.2.4 above are equidis-
tributed in the space of conjugacy classes of K, in the sense that for any continuous
C-valued central function f on K, we have the limit formula

fK fdHaar= lm (1/Card(X(E))) Y. f(8(B,x)),

(E)— x in X(E)

the limit taken over finite extensions E of k large enough that X (E) is nonemply.

2) For any finite-dimensional irreducible nontrivial C-representation A of K,
deduced via ¢ and restriction to K from a finite-dimensional irreducible nontrivial
Q,-representation A of Ggeom, we have the inequality

Y Trace(A(S(E,x)))| < Y hi(X @ik, A(F)) Card(£)*4-1)/2
z in X(E) 2

for all finite extensions F of k. N
3} There exists an integer C(X @ k. F) with the property that for any finite-
dimensional Q;-representation A of Gyeom, we have the inequality

3 RUX @k, A(F)) < dim(A)C(X @k K, F).

4) Pick a finite extension E\ of Q; such that p lands in GL{r, E,). Denote by
O, the ring of A-adic integers in E\, and by I the residue field of O\. Pick an
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On-form Fo, of F, and consider the lisse Fy-sheaf Fioa . := Fo, /A}'QA. Choose
any finite etale galois covering (not necessarily connected) Y of X Qi k, say
p:Y = X @k,

such that @*(Fueda) on Y is trivial. Then C(X @k, F) := 3, Ri(Y,F)), the sum
of the mod A Betti numbers of Y, “works” in 3) above.

5) For A(X ®r k) := 3, 0q BA(X ®1 k,Q)) and C(X @i k,F) as in 4) above,
for every irreducible nontrivial representation A of K, and every finite extension E
of k with Card(E) > 4A(X ®x k)2, we have the estimate

(1/Card(X(E))) Y Trace(g(9(E,x)))
x in X(E)
< 2dim(A)C(X ® k, F)/ Card(E)Y/2.
Proor. Statement 2) follows from [De-Weil IT] and the Lefschetz trace for-

mula for the sheaf A(F) on X/k, namely that for every finite extension E of k we
have

> Trace(A(p(Fgq)))
z in X(E)
= D (- 1) Trace((Fi) 5/ | HL(X @4 K, A(F))).

In this equality, the left hand side we may rewrite as
D Trace(A(p(Fee))*)= ),  Trace(A(p(Fes)*)),
z in X(E) z in X(E)
whose image under ¢ is precisely Y. X(E) Trace(A(Y(FE,z))). What about the
right hand side? For A irreducible and nontrivial, we have
H2(X @k, A(F)) =0,
and the sheaf A(F) is :-pure of weight zero {Ggeom being semisimple, A(F) is a sub-

quotient of some tensor power 72" of ). Thus by the main result of [De-Weil II],
each group H}(X ® k, A(F)) is t-mixed of weight < i. So we get

> Trace(A(d(E,z)))| < > hi(X @ k, A(F)) Card(E)**

< Y RUX @k, A(F)) Card(E)/?

i<2d-1

<) T RUX @ K, A(F)) Card(E)24-1/2,

Now that we have proven 2), we turn to proving 1). We first analyze when we
can be sure X(E) will be nonempty. By the Lang-Weil estimate (9.0.15.2), if we
denote by A(X @k k) :=3_;_,, R:(X ®1 k,Q;) the sum of all but the highest {-adic
Betti numbers of X, we have the inequality

| Card(X (E)) ~ Card(E)?| < A(X & k) Card(E)2d-1)/2
for every finite extension E of k. So X(F) is nonempty provided that
Card(E)"? > A(X ® k),
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and if Card(E)'/? > 2A(X ®; k) we have
Card(X (E)) > Card(E)%/2.
So by 2) we have

(1/Card(X(E))) Y Trace(A(%(E,x)))
zin X(B)

<Y KX 8k, A(F))[Card(E)?/ Card(X (E))]/ Sart(Card(E))
< > RUX ® k, A(F))2/ Sqrt(Card(E)).

Once we have this estimate, then 1) follows by the Peter-Wey! theorem, which
assures us that every continuous C-valued central function f on K is a uniform limit
of finite sums of trace functions of irreducible, finite-dimensional representations of
K. To prove 1), it suffices to check individually the case that f is either the constant
function 1, in which case there is no need to pass to a limit, or the case when f is
the trace function of an irreducible nontrivial representation A, in which case the
integral [, Trace(A(k))dk = 0, and the finite E-sum is O(1/Sqrt(Card(E))) b;
this last estimate.

To prove 3) and 4), we argue as follows. We must show that for any finite-
dimensional {Q;-representation A of Ggeom, We have the inequality

Zh (X @ik, A(F)) < dim(A) Zh‘(Y Fy).

Fix one such A. It is defined over some finite extension H of our already cho-
sen E). If we work over Oy, using the Oy-form Fp, ®p, O, its reduction
(Fo, ®0, Ou) ®o, Ha is just the extension of scalars (Fmoa a) ®F, Hy, and hence
itself becomes trivial as H,-sheaf on the same Y. Since

H::(Y'i ]HI/\) = H::(K F/\) ®FA IHI/\;

we have 3. hi(Y,Fa)} = Y, hL(Y,H,). So it suffices to treat universally the case in
which the representation A is also defined over E,.

Since ¢ : Y — X ®y k is finite etale galois, say with group T, for any Q,-sheaf
G on X ®; k we have

H{(X ® k,G) = H{(Y,0" )",

so we have a trivial inequality h}(X ®ik, G) < hi(Y,¢*G). The sheaf A(F) is a sub-
quotient of some tensor power F®™ of F, so ¢*A(F) is a subquotient of (¢*F)®".
Pick an O)-form A(F)o, of A(F). We claim first that the lisse Fy-sheal A{F)moq
defined as the reduction mod A of A(F)o, has ¢*(A(F)modr) & successive exten-
sion of the constant sheaf Fy by itself on Y. To see this, let U be any connected
component of Y, and 7y any element of m (U, some base point). By hypothesis,
the characteristic polynomial of ¥ on ¢*F, which is a priori a monic polynomial of
degree r = rank(F) with Ox-coefficients, is certainly congruent mod A to (T' — 1)7,
because -« acts trivially mod A. Therefore the characteristic polynomial of ¥ on
©* FO™ is monic with O)-coeficients and mod A is (T' — 1)™". Consider the char-
acteristic polynomial of ¥ on @*A(F). It is monic with Oj-coefficients, and it
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divides the characteristic polynomial of v on ¢*F®”. Therefore the characteris-
tic polynomial of ¥ on p*A(F), mod }, is a divisor of (I'— 1)"", and hence must
itself be congruent mod A to (T — 1)#™A), Since a representation is determined
up to semisimplification by its characteristic polynomials, it follows that on each
connected component U of Y, ¢*A(F)mod » is @ successive extension of constant
sheaves Fy. Writing the long exact cohomology sequence attached to a short exact
sequence of Fy~sheaves on Y, say

0-A—B—-C->0,

we see that
SThi(Y,B) < YoR(Y, 4) + S RL(Y, 0.
i i i
This yields
3 BAY, 0" A(F)modr) < dim(A) Y BE(Y, Fa).

By universal coeflicients, i.e., by the long exact cohomology sequence attached to
the short exact sequence of sheaves on Y
/\ = *
0— ¢*A(Flo, = ¢ A(Fo, = ¢"A(F)mear — 0,

A

we have for each 7 the inequality
he(Y, " A(F)} < B(Y, 0" A(Fmoa »)-
Combining this with the already noted inequality

Y RUX @k K A(F)) < Y RUY, 07 AF)),
we find the asserted inequality
> RUX @1k, A(F)) < dim(A) Y RUYFy).

Statement 5) is immediate from 2), 3), 4) and [Lang-Weil]. QED

9.3. A uniform version of Theorem 9.2.6

9.3.1. In the version of Deligne’s equidistribution theorem given above, we
were concerned with questions of equidistribution for a suitable F on a single X/k.
We now turn to the question of uniformity, when we allow X/k to vary in a family.
Thus we fix a prime number {, and a connected normal Z[1/{]-scheme S which is
separated and of finite type over Z[1/l]. In fact, our principal application will be
to the case when S is Spec(Z[1/l]) itself. Over S we give ourselves a smooth X/§
all of whose geometric fibres are connected of common dimension 4 > 0. On X,
which is normal and connected, we pick a geometric point £, and give ourselves
a lisse Q,-sheaf F of rank r > 1, corresponding to an r-dimensional continuous
@Q,-representation p of the fundamental group m(X,£). For each finite field k of
characteristic different from I, and each point s in S(k), the restriction F, of F to
the fibre X, of X/S at s is a lisse Q;-sheaf of rank r on a smooth, geometrically
connected scheme X, /k of dimension & over a finite field & in which ! is invertible.
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9.3.2. We first give two standard uniformity lemmas.

Lemma 9.3.3. There exists an integer A(X/S) such that for all finite fields
k, and all k-valued points s in S(k), we have the inequality

AX, @1 k) =D RiX, @k, Q) < AX/S).
i<2d
ProOF. This is immediate from the constructibility of the higher direct images
with compact support B! fid; for f : X — § the structural morphism, together with
proper base change. QED

Lemma 9.3.4. Pick a finite extension E) of Qi such that p(m(X,€)) lies in
GL(r, E)), an Oy-form Fo, of F, and a finite etale galois ¢ : Y — X such that
0*(Fo, /AFo,) is trivial as lisse Fx-sheaf on Y. [Thus for all finite fields k, and all
k-valued points s in S(k), the sheaf pi((Fo,)s/ANFo,)s) ts trivial as lisse Fx-sheaf
on'Y,, so a fortiori is trivial on Y; ®; k.] There exists an integer C(X/S,F) such
that for all finite fields k, and all k-valued points s in S(k), we have the inequality

C(Xs ® k, Fo) i= Y _ hi(Y. & K, F)) < C(X/S, F).

Proor. This is immediate from the constructibility of the higher direct images
with compact support R*'gFy for g : Y — S the structural map. QED

9.3.5. We now fix a semisimple Q;-algebraic subgroup G of G L(r), which we
assume satisfies the following condition (9.3.5.1):

9.3.5.1. The given r-dimensional representation of G is irreducible (“G is an
irreducible subgroup of GL(r)"), and the normalizer of G in GL(r) is G - G.

9.3.6. 'The standard examples of such G in GL(r) are the special linear group
SL(r), for r > 3 the full orthogonal group O(r), for r odd the special orthogonal
group SO(r), and for r even the symplectic group Sp(r).

9.3.7. Fix a field embedding ¢ of Q, into C. We assume that the sheaf F on
X satisfies the following conditions (9.3.7.1) and (9.3.7.2):

9.3.7.1. For every finite field & and every k-valued point s in S(k), there
exists a real number w, such that F, on X,/k is +-pure of weight w;,.

9.3.7.2. For every finite field & and every k-valued point s in §(k), the geo-
metric monodromy group Gygeom,s attached to Fy on X,/k is conjugate in GL(r)
to G.

9.4. Interlude: Pathologies around (9.3.7.1)

In all known examples which “occur in nature” and in which (9.3.7.1) holds,
the weight w, is independent of s. Here is an artificial example, worked out in a
discussion with Bill McCallum, where the weight w, does in fact vary with s. In
this example, the rank 7 will be one, X/S will be S/§ (thus each 77*™(X,) will
be trivial), and G will be the identity subgroup {1} of GL(1). To begin, we pick a
prime number { which does not split completely in the Gaussian field Q(¢). Thus ! is
either 2 or a prime ! = 3mod 4, and Q; (%) is a field which is quadratic over Q;, with
ring of integers Z;[#]. The scheme S will be the spec of the ring R := Z[1/2l,1}. Over
this ring, we have the elliptic curve E/R given by the (affine) equation ¥ =z—z
Each maximal ideal of R is principal and has a unique generator m which lies in Z[¢],
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is prime to {, and which satisfies 7 = 1mod(1 + 7)* in Z[s]. As was already known
implicitly to Gauss (cf. [Weil-INS)), the curve £/R has complex multiplication by
Z[i], and the Frobenius endomorphism of E @g (R/mR) is (the reduction mod
of) complex multiplication by 7. Now consider the l-adic Tate module T;(E): it is
a free of rank one Z;[i]-module on which m(S) acts linearly and continuously by
a continuous {Z;}i])*-valued character, say X, E/R of m1(S). For each prime 7 in
Z[i} which is prime to 2! and with m = 1 mod(1 + 7)*, the arithmetic Frobenius at
7, call it o, acts on T;(E) as 7. Thus x, E/R((p,,) = 7 for every maximal ideal ()
of S. On the geometric Frobenius F; at w, we have XZ.E/R(F“') =1/7.

The character x, E/R m1(S) — (Z[t])* has image the subgroup

1+ (1 +14)*Z,[4].

To see this, notice that because the image is closed, it suffices to show that the image
contains the dense subset consisting of the elements in Z[f] which are
1mod(1 +i)®. But by unique factorization in Z[i], these are precisely the products
of gaussian primes 7 with the same property. We define

Ly g/r i=log, Xy g/R"

Thus Ly g/p : m(S) — (1+ i)%Z,|i] is a continuous surjective homomorphism onto
the free rank two Zo-module M; := (1 + 4)3Z,[d).

For [ = 3mod 4, the character X, EiR m1(S) — (Zi[i])* is surjective. To see
this, notice that, by unique factorization, a dense subgroup of (Z;[]}* is generated
by

{¢,1 + 1, all Gaussian primes 7 = 1 mod(1 + ) and prime to {}.

Since the image of X B/R contains all of the latter elements, it suffices to show
that i and 1 + ¢ are each congruent mod any power {™ of I to an element of Z|[]
which is 1 mod(1 + i)® and prime to I. To do ¢, use i + {**(1 — ). To do 1 + i, use
1+ i+ 2rtl, We define
2_

LI.E/R = logl O(Xz: E/R)l !
Thus Ly g/p : m1(S) — 1Z[i} is a continuous surjective homomorphism onto the
free rank two Z;-module M; := {Z;[i].

Since L; p;r mod! is onto M;/IM;, and Frobenius elements attached to closed
points fill any finite abelian quotient of m(S), there exist gaussian primes 7 and
p such that L; g/r(m) and L; g/r(p) mod! form an Fi-basis of M;/IM;. Hence
L, g/r(m) and L; g/r(p) form a Z;-basis of M;. Now consider the continuous 1+1Z;~
valued character 7, : M; — 1 + {Z; defined by

Tg(aLl,E/R(’rr) + bLl,E/R(p)) ={1+ l)‘b for a, b in Z,.
Finally, consider the composite homomorphism
T 0 LZ.E/R : 7r1(S) —1+4+1Z, C le C @lx

If we view this homomorphism as a lisse, rank one Q;-sheaf £ on S, then for any
choice of ¢, £, is t-pure of weight zero at the closed point s corresponding to (),
and L, is «-pure of nonzero weight 2 log(1 + )/ log(pp) (“log” here the logarithm of
Napier) at the closed point s corresponding to (o).
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Once we have this £ on S, we can take an {-adic F on an X /S which satisfies
(9.3.5.1), (9.3.7.1), and (9.3.7.2) with a single w, and twist by £, i.e., pass to
F@f*Lfor f: X — 8 the structural map. The resulting situation F® f*£ on X/S
still satisfies (9.3.5.1), (9.3.7.1), and (9.3.7.2), but now with a w,; which depends
nontrivially on s. For a concrete example of such an F on an X/S, take X/S to
be the spec of the ring R[T,1/(T{(1 —T))]. Consider over X the Legendre family of
elliptic curves £/.X, in which £—~{0¢} is defined by the equation y* = z(z—1)(z—T),
with structural map ¢ : £ — X. Take for F the sheaf R'¢Q,. This F is lisse on X
of rank two [SGA 4, XVI, 2.2] s-pure of weight one for every choice of + [Hasse],
and on each geometric fibre of X/S the Ggeor is SL(2) [Ig).

There is another, even simpler, example of such pathology, worked out in a
discussion with Ofer Gabber. Take a prime number {, take S := Spec(Z[1/l]), and
consider the I-cyclotomic character x, : 71(S)*® 22 Z). Define p := (x,}*!~"). Then
p maps 7 (S)°® onto the subgroup 1+212Z; of Z)*. We have p(F,) = p"/~1) for each
prime p # . Because p takes values in 142127, which is a Z;-module, we can speak
of the powers p* for any a in Z;. Let us enumerate in increasing order the primes
p; other than I, p; < pa < ---. We claim that for all but at most countably many
choices of a in Zy, the values {p®(F},) }in1 in 14 2{%Z; are algebraically independent
over Q. The following argument is due to Ofer Gabber. It suffices to show that for
each integer m > 1, there are at most countably many a in Z; for which the n values
{p*(Fp;)}1<i<n are algebraically dependent over Q. To prove this, we argue as
follows. To say that the n values {p®(F},)}1<i<n are algebraically dependent over
Q is to say there exists a nonzero polynomial P in Z[X}, ..., X,] which vanishes at
the point {p®(Fp,)}1<icn- For fixed ¢, the map a — p?(p,) is l-adically analytic in
the sense that there exists a power series

F£i(T) in Zy[[IT})

such that for a in Z;, we have fi(a) = p*(Fp,). (Indeed, the l-adic log of p(F,,) lies
in 202Z;, so (1/1) log{p(Fp,)) lies in 2Z;, call it b;, and we have

p°(p:) = exp(a - log((p;)"*~1)) = exp(lab;) with b; in 21Z,.

For any b; in 21Z,, the series exp(Xb;) lies in Z;{[X]].)

Therefore P({p®(Fp,)}i<i<n) is the value at T = a of a power series fp(T)
in Z[[IT]]. If such a power series is not identically zero, then (by Weierstrass
preparation in the ring Z;[{T]]) fp(T) has at most finitely many zeroes in {¢ in C;
with ||i¢]]; < 1}. In particular, fp(T') is either identically zero or it has at most
finitely many zerces in Z;. Since there are only countably many P’s, it remains
only to show that there are no nonzero P’s for which fp(T) vanishes identically.
So suppose we have such a nonzero P in Z[Xy,..., X,], say P =3 An,X" with
A, in Z. Then for every a in Z;, we are to have

zAw H(pi)'w,-l(l—l)a =0.

In particular, for each integer k > O we are to have

k
ZAw (H(Pi)w‘l(ll)) =0.
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Now by unique factorization in Z, the integers

n(w) = [ [tV
2

are all distinct, i.e., n{w) # n{v) if v # w in Z®. So if we have at most N
distinct values of w, say wo, ..., wn—1, for which A, is possibly nonzero, then taking
k=0,1,2,...,N ~ 1 we see that the N x N matrix whose k'th row is {n{w;)*};
annihilates the column vector {A,,};. But this matrix is invertible, because its
transpose is the Vandermonde matrix attached to the N distinct integers n(w;) for
1=0,...,N — 1. Therefore all A,, vanish, and hence P vanishes identically.

Pick an arbitrary sequence 7; of strictly positive real numbers. There exists
a sequence z; of algebraically independent (over Q) elements in C with |z;| = 7;
(proof: for each m, the algebraic closure of Q(z; with ¢ < n) in C is countable, but
the circle of radius r,, is uncountable). Now pick one of the uncountably many a
in Z; for which the values p®(F},) are algebraically independent over Q. For any
sequence x; of algebraically independent (over @) elements in C, there exists an
embedding ¢ of Q; into C which maps p®(F},) to x; for every i. For such an ¢,
the £ on S corresponding to p* will have «-weight 2log(r;)/log(p;) at pi. Thus by
varying ¢ we can achieve any sequence wy, of real numbers as the sequence of the
t-weights of £ at the p;.

9.5. Interpretation of (9.3.7.2)

Here is another way to think about the condition (9.3.7.2). According to a
result of Pink [Ka-ESDE, 8.18.2], there is a dense open set U in S such that for
any geometric point u of U, the geometric monodromy group Ggeom,. attached to
the restriction of F to the geometric fibre X,, is equal to Ggeom 5, the group attached
to the restriction of F to the geometric generic fibre X7 of X/S. Moreover, for any
geometric point § of §, Ggeom s is conjugate in GL(r) to a subgroup of Gyeom 5-

If (9.3.7.2) holds, we claim that Ggeom7 is itself (a GL(r) conjugate of) G.
Indeed, since U is a nonempty scheme of finite type over Z[1/l], it contains k-
valued points for some finite field & in which ¢ is invertible, e.g., any closed point of
U underlies such a point, with & the residue field. Taking for u a geometric point
in U lying over such a k-valued point, we see from (9.3.7.2) and Pink’s result that
Ggeom,7 is (a GL(r) conjugate of) G. We see further that for every closed point s of
S, Ggeoms 1s conjugate to Ggeom,7- Conversely, suppose that Ggeom,s is conjugate
to G, and that for every closed point s of S, the group Ggeom 3, 2 priori conjugate to
a subgroup of Ggeom,5, is in fact conjugate to Ggeom,7 itself. Then (9.3.7.2) holds.

9.6. Return to a uniform version of Theorem 9.2.6

9.6.1. Suppose now that both (9.3.5.1) and (9.3.7.2) hold. Pick a geometric
point £ on X7, and consider the fundamental groups of X, of the generic fibre X,
of X/8§, and of the geometric generic fibre X;; of X/S, namely

Wl(Xl E) WI(XTI:‘E)s m (Xﬁ; f)

Both of the first two groups are quotients of the absolute galois group of the function
field of X, so the inclusion of X, into X induces a surjective homomorphism

M (X, &) =» m(X, ).
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On the other hand, the short exact sequence

1o m(Xp8) = 7 (X, &) = m1(n,7) — 1

shows that m1(X7,£) is a normal subgroup of m (X,,£). Therefore p(7m:(Xy,£))
normalizes p(m(X7,£)) and hence also normalizes its Zariski closure Gyeomn = G.
So by (9.3.5.1) we have

p(Tfl(thf)) - (Gm G)(@l)

Because the map (X, £) - 71(X, §) is surjective, we must have

p(m1(X,€)) = p(m1( X, ) C (G G)(Q).

Therefore for any finite-dimensional @Q,-representation A of the algebraic group
G - G, we may form the lisse Q;-sheaf A(F) on X.

9.6.2. We now assume that {9.3.5.1), (9.3.7.1) and (9.3.7.2) all hold. Because
G is semisimple, its center Z(G) is finite. Since G is an irreducible subgroup of
GL(r), Z(G) consists entirely of scalars, i.e., Z(G) = G N G,,, intersection inside
GL(r). So if we denote by IV the order of Z(G), we have

Z(G) =GNG, = py.
We may now define a homomorphism of @;-algebraic groups
multipy : Gy - G — G,
Bg — BY.
[We use the notation “multipg” because when G is either the orthogonal or symplec-
tic group, then N = 2, G,, - G is the group of orthogonal or symplectic similitudes,
and “multip,” is precisely the “multiplicator” character of the similitude group.

Of course, if G is SL(r), then N =r, G, - G is GL(r), and in this case “multips”
is the determinant.] The “multip,” character sits in a short exact sequence

1-G—-G, G- G,, — 1.

Lemma 9.6.3. In the situation F on X/S above, with (9.3.5.1), (9.3.7.1) and
(9.3.7.2) assumed to hold, ﬁx a finite field k, and ¢ k-valued point s of S. There
exists an [-adic unit o, in @ such that on X,/k, the representation p ® a8 of
71(Xs) corresponding to the twisted sheaf F; ® adeg maps the entire group n1(X,),
and not just m (Xs), to G, i.e., we have (p® a;‘eg)(m(Xs)) C G(@,)- The choice
of o, is unique up to multiplication by an N’th root of unity. For any such o,
Fs @ 098 i3 .-pure of weight zero.

PROOF. Pick any element F in 7, (X,) which maps onto F in Gal(k/k). We
are given that p maps m1(Xz) to G(Q,). Since (F)Z-m;(X5) is dense in 71 (X s), the
requirement on a, is precisely that (p® ad%%)(&},) lie in G(Qy), i.e., that a,p(F) ke
in G(Q,). Since a,p(Fy) is in any case an element of Gy, G, this last condition holds
if and only if multipG(asp(F"k)) =1, i.e., if and only if (a,)"V multipG(p(IFk)) =1,

Because the composite multips -p is a continuous @X -valued character of the
compact group {X), it has values in the subgroup of l-adic units. In particular,
multipg( (Fk)) is an l-adic unit in Q;. Thus a; is any N’th root of the l-adic unit

1/ multipg(p(F¥)).
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It remains to see that F, ® a8 is i-pure of weight zero. Since F, is assumed
t-pure of some weight w,, F, ® ad® is i-pure of weight

wy,s = Wy + 21og(|e(e,)|)/ log(Card(k)).

Therefore we can recover rw;,,, which we claim to be zero, as the :-weight of
det{F, ® ad*t). Since (p ® al®®)(71(X,)} C G(Q,) and G, being semisimple, has
finite image under the determinant, we see that det(p ® a2%8) is of finite order as
character of m (X,). Therefore det(p ® ad®8) is .-pure of weight zero for any ¢, and
hence rwy ; = 0, as required. QED

Remark 9.6.4. Here is a more conceptual approach to the question addressed
in Lemma 9.6.3. We claim that the composite character of m; (X)

multipg op : T (X) = @,
factors through 7,(S). To see this, denote by # the generic point of S, by 7 a

geometric point of S lying over 7, and by { a geometric point of Xz. As proven in
[Ka-Lang, Lemma 2], we have a right-exact sequence

T1(X7,€) = m(X, &) - m(5,7) — 1.

So it suffices to show that multipg op is trivial on 71(X5,£). But we have already
seen above that multipg op is trivial on every geometric fibre of X/S. Therefore
multip op factors through some character x of m1(S).

9.6.5. For k a finite field and for s a k-valued point of S, the character ade®
of 71 (s} found in the lemma above is precisely an N’th root of x~|m;(s). So if x7!
has an N'th root, say 7, as a character of 7;(S), then p ® T maps the entire group
m1(X5), and not just m;(X5), to G, for every finite-field-valued point s of S.

9.6.6. Unfortunately, a @lx-valued character x of m1(S), for S a normal con-
nected scheme of finite type over Z[1/1], does not have an N’th root in general. For
example, consider the case when S is the spec of Z[1/!], and x is the l-cyclotomic
character

X, m(S)* = 7).
Finding an N’th root of x, as character of m;(S) amounts to finding & continuous

homomorphism 7 from Z to Q" which maps each element of Z} to an N'th root
of itself. If ! is odd, the group Z; is the product of the cyclic group p;—; of { — 1'st
roots of unity with the pro-I cyclic group generated by 1 + . There is no problem
finding an N’'th root of 1 4+ which lies in 1 + MO, for a suitable finite extension
E), of ;. But the restriction of T to y;_1 must map g;_; to itself {just because T
is a group homomorphism), and this is possible if and only if the N’th power map
is surjective and hence bijective on y;_, i.e., it is possible if and only if N is prime
to { — 1. A similar analysis in the case [ = 2, where ZJ is {1} x (1 + 4Z5) shows
that an N’th root of x2 exists if and only if NV is odd. In particular, for any prime
I, x; does not have a square root as character of 7;(Spec(Z[1/1])).

9.6.7. An elementary but useful fact is that one can always take an N'th root
of x up to a character of finite order. Let S be any connected scheme, O the ring of
integers in a finite extension Ey of @, and x : 71(S) — O a continuous character.
Write O3 as the product (“Teichmuller decomposition”) of (roots of unity in (5 of
order prime to !) with the group 1 + AO, of principal units, say « = Teich(z){z).
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Correspondingly, we get a product decomposition of x as Teich(x), a character
of finite order prime to I, times (x), a character with values in 1 + AO,. Now
1 4+ AO, is a Z;-module, and it is finitely generated, since it contains with finite
index 1 4 IAQ,, which via the logarithm is isomorphic to IADj, which is Z;-free
of rank r = deg(F;/Q;). The torsion subgroup of 1 + AQ, is the group of those
I-power roots of unity which lie in E}, so is a finite cyclic group of order {* for some
integer a > 0. So as Z;-module, we have

1420, = (Z/IQZ) 23] (Zz)r,

corresponding to some choice of a generator ¢ of y« and a choice of r elements
U1,. .., U, of 14+ A0, which project onto a Z;-basis of (14 A(O,)/torsion. Via such a
choice, we get a further product decomposition of (x) as (x)suice [ [1—; u{*, where o;
is a character of 7, {.S) with values in Z;, and {x}finite is a character of order dividing
{%. Choose for each 7 an N’th root v; of u; with v; itself a principal unit in @;. Then

7=z, v/ is a @lx—valued character of 7;(S), and x/7" = Teich(x){X)gnite is

1= i
of finite oi‘der, as required.

9.6.8. Choose a maximal compact subgroup K in G(C). For each choice of a
finite field k with Card(k) > A(X/S)? in which { is invertible, of a k-valued point s
in S, of an l-adic unit a, such that 3% @ F, has its arithmetic monodromy inside
G, and of a k-valued point x in X, (k) (a set which is nonempty by the hypothesis
that Card(k) > A(X/S)?), the earlier discussion of ad®® ® F, on X,/k gives a
Frobenius conjugacy class in K, which we denote 9(k, s, a,, z).

9.6.9. We denote by u(k, s,as) the probability measure on the space K# of
conjugacy classes in K defined by averaging over the Frobenius conjugacy classes
9(k, s, as, x) as x runs over X (k):

pik,s,00) = (1/Card(Xo(k))) D Borisae):
z in Xs(k)

Theorem 9.6.10. Suppose we are given (I, X/S,F,t,G) as above, such that
the conditions (9.3.5.1), (9.3.7.1) and (9.3.7.2) are all satisfied. For any sequence
of choices of data (k;, s;, a5,) as above in which Card(k;) increases to infinity, the
measures u(k;, si,as,) on K# converge weak * to the measure u# on K# which is
the direct image of normalized (totel mass one) Haar measure on K, i.e., for any
continuous C-valued central function f on K, we have

f fdHaar = lim (1/ Card(Xo (k) 3 F(O(ker 51,00,y 7)),
K 1— 00

z in X, (ks)

More precisely, if A is any irreducible nontrivial representation of K, and (k, s, )
if any datum as above with Card(k) > 44(X/S)?, and C(X/S,F) is the constant
introduced in 9.3.4, then we have the estimate

/ Trace(A) du(k, s, o)
K*

PRrROOF. Once we choose a finite etale galois Y/ X which trivializes the reduction
mod A of an integral form Fp, of F, the geometric fibres Ys/X5 trivialize the
reductions mod A of the integral forms (o€ ® Fp, )¢ of ad°8 ® F, on X5, precisely
because when we pull back afeg from X; to X3, it becomes trivial. It now suffices
to apply part 5} of Theorem 9.2.6 fibre by fibre. QED

< 2C(X/8, F)dim(A)/ Card(k)*/2.
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Remark 9.6.11. The merit of the “more precise” estimate

Trace(A) du(k, s, 0,)| < 2C(X/S, F) dim(A)/ Card(k)*/>

/.
is that the error term is O(dim(A)/ Card(k)!/?). A weaker assertion, but one still
adequate (compare the proof of 9.2.6) to give the equidistribution as Card(k) — oo,
is that for each irreducible nontrivial representation A of K there exists a constant
D(X/S,F,A) such that for all (k,s, a,) as above we have

Trace(A) du(k, s, as)| < 2D(X/S, F, A)/ Card(k)*/2,

K#
To obtain this weaker statement directly, observe that any irreducible represen-
tation A of G extends to a representation A of G, - G. [Indeed, because A is
irreducible it must map the center Z(G) = G,, NG = pun to the scalars, hence
Aty must be of the form 3 — (%1 for a unique integer » in [0, N — 1]. So we
have A(Bg) = 8*A(g) for any 8 in py. Therefore we may define Aon G, G by
A(Bg) := B™A(g).] We then form the lisse Q;~sheaf A(F ) on X. On each geometric
fibre Xz of X/S, we have A(F)s 2 A(Fs) 2 A((al*E ® F.)s). So for A irreducible
nontrivial we may take for. D(X /S, F,A) the sup over geometric points 3 of § of

the quantity 3 ;o4 hi(Xs, A(F)s). This sup is finite by proper base change and

the constructibility of the sheaves Rif!(K(f)) on S, for f: X — S the structural
morphism.

9.7. Another version of Deligne’s equidistribution theorem

9.7.1. We suppose given a prime number !, an embedding ¢ of Q; into C, a
connected normal Z[1/{]-scheme S of finite type over Z[1/l] with generic point 1 and
geometric generic point 7, a smooth X/S with all fibres geometrically connected of
some common dimension d > 0, a geometric point ¢ of X=, and a lisse Q;-sheaf F
on X, of rank r > 1, corresponding to an r-dimensional continuous representation

p:m(X,€) = GL(F¢) = GL(r, Q).
9.7.2. 'We suppose given two semisimple Q-algebraic subgroups of GL(r),
G C Guith C GL('I'),

and we suppose that G is a normal subgroup of Grien of finite index. We denote
by I' the finite group Garitn(Q;}/G(Q;). We further suppose
(1) p(m1(X,€)) C Garite(Qy)}, and p(m1(X, §)) is Zariski dense in Garith-

(2) p(mi (X5 €)) C G(Qy).

(3) For every finite field k, and every k-valued point s of S, the group Ggeom
for F := F|X, is {conjugate in GL(r) to) G.

(4) F is t-pure of weight zero.

9.7.3. By (1), the composite homomorphism
- m(X,8) = Garien(@) = T
is surjective. By the right exact homotopy sequence
(X7 8) = m(X,8) = m(57) - 1,

we see as above that the surjective map m (X, &) —» I factors through w3 (S,7), say
as A : m(S,7) = I'. For a finite field k£ and a k-valued point s of S, we denote by
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v(k, s) the conjugacy class in I of A(Fj ;). By Chebotarev, each conjugacy class in
T is a y(k, s) for suitable data (k, s). Moreover, among all (k, s) with given y(k, s),
Card(k) is unbounded. [Proof: Write N := 1 + Card(T"), so ¥ = v for any v in
I. For a finite field k, denote by ky/k the extension of k of degree N. For s in
S(k) C S(ky), we have (Fi ) = Fi,.s and hence v(k, s) = v(kn,s) ]

9.7.4. Pick a maximal compact subgroup K of G(C). Since K is a compact
subgroup of Grith (C), we may pick a maximal compact subgroup Kavish of Gargn (C)
which contains K. Since K C Kaith NG, and Kyn NG is a compact subgroup
of G, we have K = K, ;1 N G by the maximality of K. Because Kapth is Zariski
dense in G, it maps onto the finite quotient T, and hence Kprith/K = T.

9.7.5. For any finite field k, any k-valued point s of S, and any k-valued
point = of X, +(p(Fk )*) is a conjugacy class in Gaith(C) which is semisimple
with unitary eigenvalues, and hence defines a conjugacy class, which we denote
9k, s, ), in Karien. The image of this conjugacy class in [' we temporarily denote
v(k,s,z). The class y(k,s,z) in I' is also the image in I" viewed as Garith/G of the
conjugacy class of p(Fy ;). As noted above, the image in I' of any class in 7;(X)
depends only on its image in 71(S). So the class in T of p(Fi ) depends only on
the image Fy s of Fi . in 71(S). Hence this class y(k, s, ) is equal to the class
denoted ~(k, s) in 9.7.4 above.

9.7.6. The surjective homomorphism Ki:n — I' induces a surjective map of
the spaces of conjugacy classes (Karicn)# — I'#. For each conjugacy class v in ['#,
we denote by Card(y) its cardinality, viewing v as a subset of I'. We denote by
(Karith~)¥ C (Karith)¥ the inverse image of v, and we denote by Karith,y C Karitn
the set of those elements in Kty whose image in T' lies in the class . Thus
(Kagtn)¥ is the disjoint union of the open and closed sets (Karith,y)?, and Karith
is the disjoint union of the open and closed sets Kyrith , each of which is open and
closed in K arith -

9.7.7. We denote by u the Haar measure on Katn of total mass Card(T);
this is the Haar measure on K,;in which gives K total mass one. We denote by u#
the direct image of u on (Karitn)¥, and for each v in T'#, we denote by u(y)¥ the
restriction of p# to (Kasichy)¥. Thus p(y)# gives (Karith.4)* total mass Card(y).
We may also view u(v)# as the direct image on (Karith)? of the restriction to
Karith,y of the Haar measure g on Kith, by the natural map Karien,y — (Karith,y)#.

Lemma 98.7.8. Let A : Kyith — GL(V) be an irreducible finite-dimensional
C-representation of Karitn- Denote by VK C V the space of K-invariants.

1) Either VK = 0 (in which case the restriction of A to K is a sum of irreducible
nontrivial representations of K) or VK =V (in which case A is a representation
of the quotient T').

2) If VE = 0, then for any element g in Kuun, we have

/ Trace(A) du = 0,
oK
and for any v in T'#, we have

/ Trace(A) du(y)* = 0.
(Karick,y)#
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3) If VE #£0, i.e. if A is a representation of T, then for any v in I'#, we have
/ Trace(A) du(y)* = Card(y) Trace(A(v)).
(Knrich,"f}#

PROOF. For 1), observe that since K is normal in Karich, VX is a K, iin-stable
subspace of V| so is either 0 or V by irreducibility. For 2}, denoting by dA the
normalized Haar measure on K, we have

/ Trace(A) du:/ Tra.ce(A(gA))dA=/ Trace(A(Ag)) dA
gK K K

= Trace (the endomorphism v — / A{A)(A(g)(»)) dA) .
K

But for each v in V, the integral f,. A(A)(A(g)(v)) dA lands in VK hence vanishes.
The second assertion of 2) is the sum of instances of the first, applied to a set of
lifts g in K,y of the elements of v in I'. Assertion 3) is a tautology. QED

8.7.9. For each finite field ¥ with Card(k) > A(X/S)? and each k-valued
point s in §, we denote by p(k,s) the measure of total mass Card(y(k,s)) on
(Karith,y(k,s))* defined by averaging over the Frobenius conjugacy classes ¥(k, s, z),
each of which lies in (Karimﬁ(k's))#, as z runs over X,(k), and then multiplying by
Card(vy(k, s)):

u(k, s) == (Card(y(k,s))/ Card(Xs(k))) D Sorisa)-
T in Xs(k)

Theorem 9.7.10. Suppose we are given (I, X/§,F,t,G, Guritn) 65 above, such
that the conditions (1), (2), (3) and (4) of 9.7.2 are all satisfied. Fizr a conjugacy
class v in T#. For any sequence of choices of data (ki,s;) as above with each
Card(k;) > A(X/S)?, with each y(ki,8;) = v and in which Card(k;) increases to
infinity, the measures p(k;, 3;) on (Karith y)# converge weak * to the measure p(y)*
on (Kaith4)¥, i.e., for any continuous C-valued central function f on Kapiw, we
have

/ fau?* = [
(Karith,+)# Karith, 4

= lim f du(ks, s:)

t—oo (Knri'.h,-y)#
= lim (Card(7)/ Card(X, (k) Y f(8(ki,s5,2)).
< x in X, (k)
More precisely, if (A, V) is any irreducible representation of Kyyn, if (K, 5) is any
datum as above with Card(k) > 4A(X/S)? and ~(k,s) = v, and if C(X/S,F) is
the constant introduced in 9.3.4 above, then we have the estimate

/ Trace(A) du(k, s) — / Trace(A) du()*
(Karith, 1) ¥

(Kuri'.h,-y)#
< 2C(X/8, F)dim(V/V¥}/ Card(k)/2.
PROOF. By Peter-Weyl, every continuous C-valued central function f on Karith

is the uniform limit of finite C-linear combinations of traces of irreducible represen-
tations of K, n, so it suffices to prove the “more precisely” estimate. In the case
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when VX = V| i.e., when A is a representation of I', we are asserting the identity

/ Trace(A) du(k,s) = [ Trace(A) du(m)*,
(Kurith,",]* (Karith.‘r)#

This holds because both sides are equal to Card(y) Trace(A(7)). In the case when
VE =0, we are asserting that

< 20(X/8, F) dim(V)/ Card(k)'/2.

/ Trace(A) du(k, s)
(Karir.h.'y )#

This results from the uniformity Lemma 9.3.4 applied to F on X/S, and from the
Lefschetz trace formula and Deligne’s main result [De-Weil II, 3.3.1 and 3.3.10],
applied to the lisse sheaf A(F) on X, which on each geometric fibre of X/S is i-pure
of weight zero and has its H2¢(Xs, A(F)s) = 0. QED

Remark 9.7.11. When Gaith is a finite group, i.e., when K, is finite,
this theorem is simply an effective version, which is uniform in a family, of the
Chebotarev density theorem [Lang-LSer, Thm. 1] for finite etale galois coverings
of smooth varieties over finite fields, cf. [Chav] for a recent application of that
theorem. To see this, fix a conjugacy class v of T, and fix a subset W of K ith 4
which is stable by K, n-conjugation. Taking for f the characteristic function of W,
we find that for all (k, s) with y(k, 8) = v and with Card(k) >> 0, the percentage of
k-valued points x in X,(k} whose Frobenius conjugacy class under g lands in W is
approximately Card(W)/ Card(Karitn,y). Let us make explicit the constants which
emerge.

Lemma 9.7.12. Let G be a finite group, and W C G a subset stable by con-
jugation. Denote by x — charw (x) the characteristic function of W. Then in the
expression of the central function chary as a C-linear sum of traces of irreducible
representations A of G, say

chary (z) = Z (W, A) Trace(A(x)),
irred A
we have the inequalities

le(W, A)| < dim(A).
PrROOF. Use the orthonormality of the functions Trace(A) on G for the total
mass one Haar measure d Haar on G to compute
c(W,A) =/ chary Trace(A) d Haar .
e
The inequality |c(W,A)| < dim(A) is now obvious, since the integrand is itself
pointwise bounded in absolute value by dim{A). QED

Theorem 9.7.13. Hypotheses and notations as in Theorem 9.7.10 above,
suppose in addition that Kui is finite. Let v be an element of I'*, and W a
subset of Karitny which is stable by K,wm-conjugation. Given (k,s) with
Card(k) > 4A(X/S)? and with v(k, s) = v, we have

| Card(W)/ Card(K arith ») — Card{{z in X,(k) | 9(k, s,x) in W}}/ Card(X,(k))|
< 2C(X/8, F) Card(Karien)/ Card(7) Card(k)'/?
< 2C(X/8, F) Card(Karicw,)/ Card(k)!/2.
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Proor. We apply Theorem 9.7.10, taking for f the characteristic function of
W. Since W lies in Kprith 4. it is tautologous that -

/ f du(x)* = Card(W)/ Card(K),
(Karith,-r]#
and that

JPRLECE
— Card(y) Card({z in X, (k) | 8(k, s,3) in W})/ Card(X.(k)).

Write f 85 3 i eq cops A of Ko C(Wi A) Trace(A). By Lemma 9.7.12, we have
|e(W, A)| < dim(A}. The individual integrals are given by

Card(y) Trace(A(7)), A trivial on K,
Trace(A) du(y)* = '
/(Kmm,,)# ace(A) du(y) {0, A nontrivial on K.

For the measure pu(k, 8), we have the equality
/ Trace(A) du(k, s) = Card(vy) Trace(A(7y))
(Karlth,-y)#

if A is trivial on K, and we have the estimate

< 2C(X/8, F)dim(A)/ Card(k)"/?

/ Trace(A) du(k, s)
(Karith,+)#*

if A is nontrivial on K. Using the estimate
|e(W, A)| < dim(A),
and the identity
> dim(A)® = Card(Kurin),

irred A
we get

| Card{(W)/ Card(K) — Card(y) Card({z in X(k) | ¥(k, s, z) in W})/ Card(X,(k))|

f Fp(n)* -~ f fap(k,s)
(Knrith,-y)# (K&Kilh,‘f)#

< 2C(X/S, F) Card(Krtn)/ Card(k) /2.
Dividing through by Card(7), we find the asserted inequality. QED







CHAPTER 10

Monodromy of Families of Curves

10.0. Explicit families of curves with big Ggeom

10.0.1. OQur first task is to give an example, for every genus g > 1, and for
every finite field k, of a one parameter family of curves of genus g in characteristic
p whose geometric monodromy is as big as possible. In all the examples, the
parameter space will be a nonempty open set U of Spec(k[T]), the affine T-line A'!
over k, and the family, a proper smooth map 7 : ¢ — U all of whose geometric
fibres are connected, proper smooth curves of genus g, will have the property that
for every prime number { # p, the group Ggeem for the lisse Q;-sheaf R!m@Q,; on U
is Sp(2g).

10.1. Examples in odd characteristic

10.1.1. We first give, for each genus g > 1, a construction valid in any char-
acteristic p # 2. Fix a finite field k of characteristic p # 2, and a polynomial f(X)
in k[X] of degree 29 which has all distinct roots in k. [For example, we may take
for f an irreducible monic polynomial of degree 2g, i.e., the monic irreducible over
k for any field generator of the extension of degree 2g.] Take as family of curves,
with parameter T, the family of hyperelliptic curves with affine equation (there is
a single point at infinity)

Y? = f(X)(X -T).
[To get an affine neighborhood of the point at infinity, one passes to the coordinates
U:=1/X and V := Y/X9*!. In terms of the polynomial frv(U) := f(X)/X? in
k[U] of degree 2g (or 2g —~ 1 if f(0) = 0) with all distinct roots in k, the equation
becomes
V2 = Ufrev(U)(l - TU):
with the origin (U = 0,V = 0) as the point at infinity]

10.1.2. The curve Y% = f(X)(X — ¢t} is nonsingular of genus g so long as ¢

avoids being a zero of f, so we may and will take U to be Spec(k[T][1/f(T)])-

10.1.3. However, it will be important for the proof that Ggeom is big to think
about this curve for all values of T'. Thus we denote

C* = the hypersurface Y? = f(X)(X — T) in A% x AL,
pr:C* — Al the map (X,Y,T) — T.
This will be our main object to study. We also denote
Caif '= the hypersurface V2 = U froo(U)(1 — TU) in A% x Al
7ot : Cap — A' the map (U, V,T) — T.

293
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The open set of C*f where X is invertible is isomorphic, as scheme over Al, to the
open set of Cog where U is invertible, by (X,Y,T) — (1/X,Y/X9"!,T). We define
7 : C — Al by glueing together C*¥ and C.g along this common open set. Over U,
x is a proper smooth map whose georoetric fibres are connected curves of genus g.

10.1.4. We now turn to a detailed study of the sheaf F := R! pr, @, on A’.
In it, we will make use of the following two general lemmas.

Lemma 10.1.5. Let k be an algebraically closed field in which l is invertible.
For any integer n > 1, any affine smooth connected S/k of dimensionn+1, e.g.,
S = A", any hypersurface V in S, (i.e., V is defined by the vanishing of a nonzero
global function on S) and anyi < n— 1, we have H{(V,F)) = 0 end HY(V,Q,) = 0.

PROOF. With either F; or Q, as coefficients, we have the excision long exact
sequence

o HY(S—V) = HYS) - H(V) » HXHS —V) - ...

Because both § and § — V are affine, smooth and connected of dimension n + 1,
we have H(S — V) = Hi(S) = 0 for i < n, by the Poincaré dual of the Lefschetz
affine theorem [SGA 4, XIV, Tbm. 3.1 and Cor. 3.2]. So the result is immediate
from the excision sequence. QED

Lemma 10.1.8. Let k be an algebraically closed field tn which [ is invertible.
Let C/k be an affine, smooth, connected curve. Suppose we are given an integer
n >0 and o k-morphtsm f:V — C, such that

a) V is a hypersurfoce in an affine smooth connected k-scheme of dimension
n+ 2,

b} for each algebraically closed overfield L of k, and each L-valued point t of
C, there erists an affine smooth connected L-scheme of dimension n+ 1 in which
f=Y(t) is a hypersurface.

Then

1) the sheaves R fiQ; on C vanish for i < n,

2) the sheaf R*fiQ; on C has no nonzero punctual sections, i.c., denoting by
j : U — C the inclusion of e nonvoid open set on which R™ i@, is lisse. the natural
map

R*/Q; — j.i*R*fQ,
is injective, or equivalently, H*(C,R*fiQ)) = 0, ¢f. [Ka-SE, 4.5.2].
PrOOF. The first assertion is immediate from proper base change and the

previous lemma applied to each geometric fibre. For the second, we consider the
Leray spectral sequence for Rfi,

Eg® = H2(C,R* Q) = HZ(V, Q).
The only possibly nonzero E, terms have a in [0, 2] (cohomological dimension of
curves) and b > n (by part 1). The only such term with ¢ + b =n is Eg"‘. The
only possibly nonzero differentials are dy™t™+! ; gt 1 Eg‘“+"‘ for m > 0.
Thus we have
HJ(C,R™ Q) = B;" = Bl = HX(V,Q) =0,

the Jast vanishing by the previous lemma, applied to V. QED
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Remark 10.1.7. A useful special case of 10.1.6 is a nonconstant function
f: V — A! with V/k affine smooth and connected of dimension n + 1. [V is
a hypersurface in V x A!, and each geometric fibre of f is a hypersurface in ¥,
since f —t never vanishes identically.]

10.1.8. Applying this lemma 10.1.6 to C*¥, which is a hypersurface in A3,
and the morphism pr : A AL,_whose fibres are hypersurfaces in A%, we find
that R®pr, @, = 0, and that R’ pr,Q, has no nonzero punctual sections.

Lemma 10.1.9. The restriction to U of the sheaf F := R'pr, Q, on A’ is lisse
of rank 2g and pure of weight one. At geometric points of Al -T, the stalk of F
has dimension 2g — L. The restriction to U of R?pr,Q, is the sheaf Q;(~1), and
the cup-product pairing

FIU x FIU — R pr, Q|U = Q;(-1)

is a perfect symplectic autoduality of F with values in Q,(—1). In particular, Geeom
for FIU is a subgroup of Sp(2g).

PROOF. Since F has no nonzero punctual sections, it is lisse precisely at those
points of A! where its stalk has maximum dimension. By proper base change, the

stalk F; at a geometric point £ in L = A'(L), L some algebraically closed extension
of k, is the compact. cohomology group

Fe=Hipr™ (1), @) = HI((Y? = FXUX - ). Q).
Ift lies in U, i.e., if f(£) # 0, this curve is the complement of a single rational point
o0 in a proper smooth geometrically connected curve C; of genus g. Since there is
a single missing point, the inclusion induces an isomorphism
HA(Y? = f(X)(X —1),Q) = H.(C.. Q).

Thus the stalks of F have dimension 2g at points of U. This shows that F)U is lisse
of rank 2g, and also that F|U is pure of weight one, by the Riemann hypothesis for
curves over finite fields [Weil-CA, §IV, No. 22, page 70)].

If t does not lie in U, then f(#) =0, so t lies in &, f is divisible by X — ¢, say
f(X) = g(X)(X — ), aud g is a polynomial of degree 2g — 1 with g(¢) # 0, and g
has 2g — 1 distinct roots in &. Then pr~1(t) is the curve of equation

Y2 = (X - 1)’g(X).

Let us temporarily denote by C the curve of equation Y% = g(X). Then we have
C — {the two points (X =1,Y = +¢{t)"/*)} 2 pr !(t) - {(X = t,Y =0)}.
But C' is the complement of a single point 0o in a proper smooth connected curve

of genus g — 1, so

hl(C - {the two points (X =#,Y = xg(t)1/%)},Q;) =29 — 2+ 2 = 2g.
Thus we have

hl(pr=*(t) ~ {one point (X =1t,Y =0}},@Q,) = 2¢-

In the excision sequence, say with (J-coefficients, for tbe inclusion of
pr—}(t) — {one point} into pr1(t), we have H%(pr~1(¢)} = 0 by 10.1.5, as pr=1(¢)
is a hypersurface in A%, and H!({point}} = 0 trivially, so we get a short exact
sequence

0 — HZ({point}) — H_ (pr~'(t) — {point}) — H2(pr™'(1)} — 0.
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This gives the asserted value 2g — 1 for AL(pr=1(t)).

Over U, the morphism is smooth of relative dimension one, with geometri-
cally connected fibres, so the sheaf R? pr,@,|U is the geometrically constant sheaf
Qi(-1), cf. 9.1.13. The cup-product pairing

FIU x FIU — R pr, QU = Q;(-1)
is an alternating pairing of lisse sheaves. To show that it is nondegenerate, it suffices
to check nondegeneracy on a single {or on every) geometric fibre of pr over /. But

for t in U, we have already noted that pr=!(¢) is of the form C; —{o0o}. The inclusion
induces an isomorphism

Hi(pr1(8), Qi) = H (C, Q)
and, dually, restriction induces an isomorphism of cohomology without support,
HYC, Q) & H' (pr' (1), Q)
Thus the canonical “forget supports” map is an isomorphism
Hl(pr'(1),Q) = H (pr'(t), Qy),
and so our cup product becomes the cup product pairing
Hi(pr ' (), Q) x H' (pr (1), Q) — @,
which is nondegenerate by Poincaré duality. QED
10.1.10. We could also have deduced directly all the assertions about F|U

by relating F directly to the sheaf R'm@, for 7 : C — A, which over U is a proper
smooth relative curve of genus g.

Lemma 10.1.11. The _inc_lusion of C* into C as schemes over A! induces
isomorphisms R pryQ; = R*mQ, fori=1 andi=2.
PrOOF. The complement of C*f in C is the oo section, id : A! — A! as scheme
over Al. The lemma is immediate from the excision sequence
= RprQ; — RmQ, — RidiQ — -+,
in which the restriction map R‘%rg@z — RYiq, @1 = @,_ is surjective (check fibre by
fibre: each fibre of = is nonvoid), and in which R*id| @, =0 for ¢ > 0. QED

Lemma 10.1.12. The lisse sheaf F on U is everywhere tame, i.e., it is tamely
ramified at all the points at 0o of U.

PrOOF. The Euler-Poincaré formula [Ray] for a lisse F on U asserts
XU @k, F) = rank(F)x(U @ K, Q) - Y Swang(F).
points z at oo

Now F is tame at z if and only if Swan,(F) = 0. As each term Swan,(F) is a
nonnegative integer, F is everywhere tame if and only if

X(U &5 k, F) = rank(F)x(U @& k, Qy),
ie., if and only if
xe(U ®: &, R' pr, Q) = 2g(1 — 2g).
By the Leray spectral sequence, we have
xe(pr HU) @k k, Q1) = xc(U @ k, R?pr, Q) — xc(U ®& k, R pr, Q).
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As noted in the proof of 10.1.9, the sheaf R? pr, Q1|U is the geometrically constant
sheaf Q;(—1), so we have

Xe(PrHU) @k B, Q1) = xo(U &4 k, Q) — xc(U ® k, R pr, Q)
=1-29 - xc(U ¢k, R pr; Q).
So F is everywhere tame if and only if we have
Xe(Pr~H(U) @ £, Q) = (1 - 29)°.

But we have a disjoint union decomposition of the total space C*f ® k into
pr=Y(U) ® k, and the 2g singular fibres pr=!(t) as ¢ runs over the zeroes of
f. Each singular fibre pr=!(¢) has A2 = 1, because k2 does not see points, and
prl(t) - {{X = t,Y = 0)} is of the form (complete smooth connected curve of
genus g—1)—{3 points}. So each singular fibre pr=!(¢) has x. = 1-(2¢g—1) = 2—2g4.
Thus we have

Xc(caﬁ Ok E1 @1) = XC(pr_l(U) ®k E! @l) + 29(2 - 2g)
So F is everywhere tame if and only if we have
Xe(C @k, Q) = (1 - 29)* +29(2 - 29) = 1.

So we are reduced to proving that the hypersurface Y2 = f(X)(X —T) in A*®; k
has x. = 1. By the change of variable Z := X — T, this becomes the hypersurface

2 = Zf(X) in A® ®; k with coordinates X,Y,Z. On the open set where f(X)
is invertible, ¥ is free, and we can solve for Z as Y2/ f(X). Thus this open set
is the product U x Al, with coordinates X, Y. On the (reduced) closed set where
f(X) =0, we have Y = 0, and Z is free, so this set is an (f = 0in A') x A?, with
coordinates X,Z. Thus we find that Yi—z f(X) has

Xe = XU Xx A+ x{((f=0in AY) x Al =(1-2¢) x 14+ (29) x 1 =1. QED

Lemma 10.1.13. At each geometric point t of Al — U, the local monodromy
of F is either trivial or is a unipotent pseudoreflection.

PROOF. Given a k-valued zero t of f, pick a geometric point 7 in its formal
punctured neighborhood Spec(k((T — t})). The inertia group (local monodromy
group at t) I1(t) := Gal(k((T — ¢))***/k((T — t))) = =1 (Spec(k((T — ¢))),7) acts on
F;. Denoting by j : U — A! the inclusion, it is tautological that the stalk of j.5*F
at ¢ is the space (F5)7(*) of invariants under I(¢). Since F has no nonzero puactual
sections, we have F C j.j*F, so we get

Foc(F' cFy

Since F; has codimension one in Fy, either I(¢) acts trivially or (F)'® is a codi-
mension one subspace.

In the latter case, I{t) acts through pseudoreflections with this fixed space.
Since I(t) acts through Sp(2g) and Sp(2¢) C SL(2g), these pseudoreflections must
be unipotent. Therefore the monodromy is tame (being pro-l), and the action is
through the maximal pro-{ quotient Z;(1) of I(¢), any generator =, of which acts as
a unipotent pseudoreflection. QED

Lemma 10.1.14. The group Ggeom for F|U is either trivial or is a connected
subgroup of Sp(2g) generated by unipotent pseudorefiections.
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Proor. Because F is everywhere tame, it is a representation of the tame quo-
tient 7i*™¢(A® ®y k — {zeroes of f}). This group is topologically generated by all
conjugates of all local monodromy groups I(t) at all zeroes of f, since the corre-
sponding quotient classifies finite etale coverings of A! ®; k which are tame at oo,
and any such covering is trivial. Although Gyeor is defined as the Zariski closure of
p(mE™™), it also the Zariski closure of any dense subgroup of p(7°>™). Hence Ggeom
is the Zariski closure in Sp(2g) of a group generated by some (possibly empty) list
of pseudoreflections. For each pseudoreflection g on the list, consider the one pa-
rameter subgroup X, := exp(tlog(g)) of Ggeom. Then Gyeom is equal to the group
generated by finitely many of these one parameter subgroups, and, being generated
by connected subgroups, is itself connected. QED

Lemma 10.1.15. The lisse sheaf F|U is irreducible es a Q;-representation of
ECT(U).

Proor. The question is geometric, so we may make a preliminary extension
of finite flelds to reduce to the case when f has all its roots in k. We will ap-
ply the diophantine criterion for irreducibility, cf. [Ka-RLS, 7.0.3]. Since F|U
is pure of weight one, it is semisimple as representation of 7§°°™. So by Schur’s
lemma, we must show that End(F) has precisely a one-dimensional space of w§*"-
invariants, or equivalently (End(F) being semisimple) a one-dimensional space of
75°°™_coinvariants, i.e., we must show h2(U ® k, End(F)) = 1. Since F is self-dual
toward @,(—1), End(F) = F ® F¥ & F ® F(1), and so we must show

RULK,FRF)=1.
As F® F on U is pure of weight 2, the group H2(U ®y k,F ® F) is pure of

weight 4. The symplectic pairing F @ F — Q,(—1) induces a surjective map of
Gal(k/k)-modules

HE(U ®x E’}-@}-) - Hcg(U ®r E,@;(—l)) g@l(_2)a

which we must prove to be an isomorphism. Since H;(U ® k, F ® F) is mixed
of weight < 3, and HY(U @ k, F ® F) = 0, this amounts, via the Lefschetz trace
formula, to proving that for any finite extension F of k, we have an estimate

Card(E)*— Y (Trace(Fg,|F))? = O(Card(E)*/%).
tin B,f(£)#0
As F is mixed of weight < 1 on all of A, if we add the terms (Trace(Fg |F))?

for the 2g possible bad ¢ values in F, we change our sum by O{Card(E)), so it is
equivalent to prove that

Card(E)* — > (Trace(Fg|F))* = O(Card(E)*?).
tin E
In fact, we will see that this is O(Card(E)), cf. [Ka-RLS, 7.1.1] for the meaning
of this improvement.
For each ¢ in E, the curve pr='{t) is Y2 = f(X)(X — t), which over k has
H2? = Q;(—1), so by the Lefschetz trace formula on pr!(t) and proper base change,
we have

Card(E) — Trace(Fg | F) = Card(pr~* (t)(E)).
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But we can count the E-points on Y2 = f(X)(X —t) by summing over X in E and
seeing for each how many square roots f(X)(X — t) has in E. So if we denote by
X the quadratic character of E*, extended to be 0 at 0, we have

Card(pr™!(tNEY) = Y (1+x((z - )f(z))),
z in E
and hence we get

— Trace(Fg, | F) = Y x((z —t)f(z)).

zin E
Therefore we have

2
3 (Trace(Fg 7)) = Y (Z x((z—t)f(x)))
tin E tinT \zin E
3 Y xe-tf@)z- 1)

tin Ez,zin E

Y xf(@)f(2) Y e —t)(z~1)).

z,z in E tin E

1

The innermost sum is, for given z and z in E, related to the number of E-points
on the quadric curve Q; . of equation Y? = (T — z)(T — z) by the same character
sum method used above:

Card(Q. -(E)) = Card(E) + 3" x((x - £)(z —1)).
tin E

If £ = 2, then Q. is Y2 = (T — )°, two lines crossing at (z,0), and has
2Card(E) — 1 E-points. If z # z, then @, is the finite part of a smooth quadric
curve with 2 rational points at oo, and so has Card(E) — 1 E-points. Thus we find

Z x((z —t){(z~t)) =Card(E) — 1, ifz=yz,
in E
t =-1, ifz#z

Thus we get

Y xU@() D xl(@—t)(z—1)

z.zin E tin E

= 3 x(f@)f()Card(E) - 3 x(f(z)f(2))

z=zin E T,z in E

= Card(E) 3 x(f()? - > x(f(2)f(2))

zin E T,z in E

2
= Card(E)(Card(E) —29) - ( Z X(f(x))) :

x in E
By the Riemann hypothesis for the curve Y? = f(X) over E, the last term
(X 1n £ X(f(2)))? is itself O(Card(E)). QED

Theorem 10.1.16. The group Gyeom for F|U is Sp(2g), i.e., the one-parame-
ter family of curves Y2 = f(X)(X — T) with parameter T has biggest possible
geometric monodromy group, namely Sp(2¢).



300 10. MONODROMY OF FAMILIES OF CURVES

PrOOF. Combining the previous two lemmas, we find that Ggeom is a connected
irreducible subgroup of Sp(2g) which contains a unipotent pseudoreflection. Thus
Lie{Ggeom) is an irreducible Lie-subalgebra of the symplectic Lie algebra SP(2g)
which is normalized by a unipotent pseudoreflection. By the Kazhdan-Margulis
theorem [Ka-ESDE, 1.5, Lie{Ggeom) is all of SP(2g), and hence Ggeom, a priori
a subgroup of Sp(2g), is all of Sp(2g). QED

Remark 10.1.17. A faster but more “high tech” approach to F is to view
it as the restriction to U of the middle convolution L.~ midLy(f) oD Al in the
sense of [Ka-RLS, 2.6]. It follows [Ka-RLS, 3.3.6] from this description and its
relation to Fourier transform that ¥ is geometrically irreducible, that at each finite
singularity the local monodromy is a unipotent pseudoreflection, and that at oo the
local monodromy is (—1) times a unipotent pseudoreflection. In the next section,
we will give examples in characteristic two, where we do not know any way to avoid
the Fourier transform theory.

Variant 10.1.18 (universal families of hyperelliptic curves).

10.1.18.1. For each integer d > 1, let us denote by H; the space of monic
polynomials of degree d with all distinct roots. Concretely, Hy is the open set in
A% with coordinates ag, @y, ...,a4—1 (thought of as the coefficients of the monic
polynomial f(X):= X%+ 3, ,a;X*) where the discriminant of that polynomial
f(X) is invertible. Thus for any field k, Ha(k) is precisely the set of square-free
monic polynomials f of degree d in one variable over k.

10.1.18.2. For each genus g > 1, we have a family of genus g hyperellip-
tic curves over Hog41[1/2], the fibre over a point f being the curve of equation
Y? = f(X). [We need to invert the prime 2 for this curve to be nonsingular.] In
view of 10.1.17, which tells us that various one-parameter subfamilies of this family
already have geometric monodromy as large as possible, namely Sp(2g), we find

Theorem 10.1.18.3. In any odd characteristic p, and for any genus g > 1,
the family of genus g hyperelliptic curves Y2 = f(X) over Hog+1 @ F,, has largest
possible geometric monodromy group Sp(2g).

10.1.18.4. For the sake of completeness, let us also spell out what happens
if we consider hyperelliptic curves of genus g of equation Y2 = f(X) with f monic
and square-free of degree 2¢g + 2. Let us denote by Hg the space of not-necessarily
monic degree d polynomials 3, ,6:;X" with a, invertible and with discriminant

invertible. If we “factor out” a4, i.e., write f as @q fmonic, we see that ﬁd = G XHg.

Theorem 10.1.18.5. 1) In any odd characteristic p, and for any genus g > 1,
the family of genus g hyperelliptic curves Y* = f(X) over Hogys ® F,, has largest
possible geometric monodromy group Sp(2g).

2) In any odd cheracteristic p, and for any genus g > 1, the family of genus
g hyperelliptic curves Y? = f(X) over Hagyo ® F, has largest possible geometric
monodromy group Sp(2g).

Proor. We first show that 1} implies 2). Indeed, if 1) holds, then because
Sp(2g) is connected, if we pull back our family to the finite etale double convering of
ﬁ29+2 ®Fp defined by taking a square root, say a4, of a4, d := 2¢g+2, the geometric
monodromy group remains Sp(2g). But over this double covering, the universal
curve Y2 = (g)? fmonic(X ) is isomorphic (replace ¥ by Y/aa) to Y2 = fronic(X).
































































































































































































































































































































































































