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Abstract

We study certain one-parameter families of exponential sums of Airy—Laurent type.
Their general theory was developed in Katz and Tiep (Airy sheaves of Laurent type: an
introduction, https://web.math.princeton.edu/~nmk/kt31_11sept.pdf). In the present
paper, we make use of that general theory to compute monodromy groups in some
particularly simple families (in the sense of “simple to remember"), realizing Weyl
groups of type E¢ and Eg.
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1 Introduction

In classical analysis, Airy functions are the Fourier transforms of exponentials &)
of polynomials, (originally for the polynomial g(x) := x3/3) and Airy differential
equations are the linear differential equations
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they satisfy. These differential equations have an irregular singularity at co, and have
quite interesting differential Galois groups. In the seminal paper [21] of Such, he
introduces their £-adic finite field analogues, the local systems whose trace functions
are of the form

t = — Z Y(g(x) +tx).

The local systems we are concerned with here are generalizations of these Airy
local systems in several ways. We allow the “s term" fx to be replaced by rx“, we
allow the polynomial g(x) to be replaced by a Laurent polynomial f(1/x) + g(x),
and we allow an “outside factor" x (x) in the sum. Here is a more detailed discussion.

We work in odd characteristic p > 0, and denote by E an algebraic closure of IF,.
We also fix a prime £ # p to be able to speak of Qg-adic cohomology. We fix integers

A>1, a>1
about which we assume

p1Aa.

We fix polynomials

f(x) € k[x], deg(f)= A, k some finite subfield of F,,
g(x) € k[x], deg(g) <a, ksome finite subfield of E,

We make the assumption tl_1at f(x) is Artin—Schreier reduced: this means that in the
expression f(x) =), ¢;x', we have ¢; = 0, if p |i. We define

gCdgeg (f) = ged({i [ c; # 0})

the greatest common divisor of the degrees of the monomials appearing in f. We
suppose

ged(a, gedge, (/) = 1.

We fix x a (possibly trivial) multiplicative character of a finite extension k/IF), con-
taining the coefficients of f and g. We denote by ¥ a chosen nontrivial additive
character of IF,. For L /k a finite extension, we denote by xp, respectively by ¥, the
composition of x, respectively of ¥, with Normy, /¢, respectively with Tracer .

We denote by G(f, g, a, x) the lisse sheaf on G,,,/k whose trace function at time
t € L™, for L/k a finite extension, is
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t> = Y YL(f(1/x) + g (x) + 1x) XL (x).

xelLX*

We will mostly be concerned with the case when y = x», the quadratic character.

2 Basic facts about G(f, g, a, })

The local system G(f, g, a, x) is lisse of rank D = A + a on G,,, and pure of weight
one. We view it as being the Fourier transform

FTy ([l (Ly (£ (1704500 @ Ly (1))

Lemma21 Letr A > 1, a > 1, p 1 Aa, f be Artin-Schreier reduced, and
gcd(a, gcddeg(f)) = 1. Then the I (00)-representation of G(f, g, a, x) isirreducible.
It has rank A + a and all slopes A/(A + a).

Proof This is a straightforward application of Laumon’s results on the local mon-
odromy of FTy. The input sheaf to FTy, is lisse on G,, of rank a, with 1(0)-slopes
A/a. The hypothesis

ng (Cl, ngdeg(f)) =1

implies that the 7 (0)-representation of the input sheaf is irreducible, cf. the proof of
[19, Lemma 2.1].

Then the I (co)-representation of G(f, g, a, x) isFTloc (0, co)(rank a, slopes A/a),
which has rank A + a and all slopes A/(A + a), cf. [10, 7.4.4(4)]. The asserted irre-
ducibility result from the irreducibility of the input and the fact that FTloc (0, co) is a
suitable equivalence of categories. O

Lemma 2.2 Suppose that A = 1 and that p 1 (a + 1). Then the image of P(c0) in
the representation attached to S(f, g, a, x) is isomorphic to the additive group of the

field ¥, (pa+1)-

Proof The I(oco)-representation is irreducible of prime to p rank @ + 1 and has
Swan = 1.By[9, 1.14], the I (co)-representation is the Kummer direct image [a+1],L
of some L with Swan = 1. Moreover, as a P (co)-representation, the / (co) represen-
tation is the direct sum of the multiplicative translates, by elements of 1,1, of L.
Because L has Swan = 1, it is of the form L (4 for some a # 0 in E. Now repeat
the (end of) the proof of [14, Lemma 1.2]. O

Lemma23 If both f,g are odd polynomials and a is odd, the local system
S(f, g, a, x2) is geometrically self-dual. Indeed, its constant field twist by
1/Gauss(yr, x2) is arithmetically self-dual.

Proof The local system G(f, g, a, x2) is geometrically irreducible. The oddness of
f, g, a insures that its constant field twist by 1/Gauss(yr, x2), which is pure of weight
zero, has real traces, hence the asserted autoduality. O
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Theorem 2.4 Ifboth f, g are odd polynomials and a is odd, the geometric determinant
of S(f,g.a, x2)is Ly,.

Proof We first explain the idea. For fixed data f, a, the local system S(f, g, a, x2)
makes sense for any odd polynomial g of degree < a. Such g form an affine space
A©@=D/2 "and indeed there is a local system on A@~D/2x G,,, call it Suniv(f, a, x),
whose trace function at a point (g, #) is

(8, 1) > = D Y (f(1/x) 4 g(x) + 1x) x2(x).

Because this local system is self-dual, its determinant, call it Lypjy, is either triv-

ial or nontrivial of order 2. Viewing w, as Z/27Z, we view Lyuiy as an element of

H! ((A(“’l)/ 2% Gum) /E, 7./27). Because we are in odd characteristic p, the groups

HI(AW=D2/F ) 7,/27) = 0 foralli > 0,and HO(AU~V/2/F, 7.)27) = 7./27.
By the Kunneth formula [3, Corollary 1.11], the map

pry: A(a_l)/2XGm _)Gma (g’t) =1,
induces by pullback an isomorphism
H'(Gn/F,, 2/22) = H' (A“" V2 x G, /F,, Z/27).
For any fixed go € A“~1/2, pullback by the inclusion
inclg,: G,y C ACD2, G, (g0, 1)
induces an isomorphism
H' ((A“" V2 %Gy /F), 2/2Z) = H (G /T, Z/27).
The composition pr, oinclg, is the identity map of G, to itself. Therefore the compo-
sition of their pullbacks, incly opr} is the identity on H (G, /E, Z7.J27).
On the one hand, if we view Lyniy as the pullback by pr, of a class Ly on G,,, then
for any go we have
inclgoﬁumv = Ly.
The key point is that this pullback inclEOLuniV is the determinant of the local system
S(f, go,a, x2) on Gy, /]F_p. What we must show is that Lo is L ,,. For this, it suffices
to check at the single point gg = 0.
The local system G(f, go =0, a, x2) is the local system denoted by G(f, a, x2) in
[20]. This local system has all co-slopes A/(A +a) < 1, and hence its entire G geom 15

the Zariski closure of all conjugates of the image of /(0). So its determinant is £, if
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and only if the determinant of its / (0)-representationis L, . Butits / (0)-representation
is the direct sum

P L,o @

pipi=x2

Because a is odd, its determinant is L, . Indeed, if we fix one a™ root po of x2, then
all the a'M roots are pg A as A runs over the characters of order dividing a. So we have

]_[ p = py X H A= xax1 =y
pipi=x2 AeChar(a) o

Theorem 2.5 If f is an odd polynomial, a is odd, and a > 2deg(g), the geometric
determinant of §(f, g, a, x2) is L,.

Proof By [19, Corollary 2.2], the geometric determinant is either trivial or is £,.
Using the argument above, it first suffices to check for the specialization g = O,
and then to observe that, again by the previous argument, this specialization has the
asserted determinant L, . O

We will now consider the following local systems on G?n with trace functions

(ros,0) > = > Yr(r/x 4 5x® 4+ 1x) 2, L.(x),

xelL>*
where
(B,a,p)=3,7,5), (5,7,3), or (1,7,3), (2.5.1)
or
(B,a,p)=(1,5,3)0or (2,5, 3). 2.5.2)

We will deviate from our previous notation, and denote this system as G, s as we
always let ¢ vary. In particular, G, s, is the pullback of G, s by r = rp and s = s for
any (ro, so) € G,zn.

Recall the conditions (S+) and (S-) defined in [17, Section 1.1]. A basic fact about
G, s is the following

Proposition 2.6 For the three choices of (B, a, p) as in (2.5.1), and for any (ro, so) €
G%l, Sro.50» and hence G, g, satisfies (S+).

Proof We already proved in Lemma 2.1 that the underlying representation V is 1 (c0)-
irreducible. Next, primitivity of Gy, s, is proved for (B,a, p) = (3,7,5), (5,7, 3)
in [19, Theorem 2.10(d)], and for (B, a, p) = (1,7, 3) in [19, Theorem 2.11]. An
application of [19, Proposition 2.8] shows that V' is tensor indecomposable over 1 (0).
Finally, for the first two choices of (B, a, p), V isnottensor induced by [19, Proposition
2.9(d)]. The same conclusion holds for the third choice by [19, Lemma 3.9], for in
this case, D = 8 = 23, so the only possible n is 3, which is not prime to p = 3. O
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Proposition 2.7 For the two choices of (B, a, p) as in (2.5.2), and for any (rg, so) €
G,%V Sro.50, and hence G, s, satisfies (S+).

Proof This is [19, Corollary 2.13]. O

A natural question is what we can say about these local systems after specializing
s =0.

Proposition 2.8 In any odd characteristic p, for any integer a > 4 with p 1 a,
and any multiplicative character A of order N prime to p, the local system on
(G xGp)/F,(an) whose trace function is

(r.t) > =Y Y(r/x + tx)Ax)
x#0

satisfies (S+). In fact, its specialization r = 1 satisfies (S+) and has G geom containing
a scalar multiple of a complex reflection if A # 1.

Proof Choose an a™ root x of A, i.e., a character x of Fp(an)™ with x4 = A.
[Concretely, in terms of a generator @ of F,(uan)™, A(w) has order N, and the
choice of x is the choice of an a' root of A(w) in ay. One then takes x (@) to be
this choice of a™ root.] We first prove that the r = 1 specialization, namely the local
system on Gy, /IF, (qn) whose trace function is

t =Y Y(1/x + ) X (x)
x#0

is geometrically isomorphic to the Kloosterman sheaf K [ (1, {x o} peChar(a))- Indeed,
this r = 1, s = 0 local system is geometrically calculated in terms of hypergeometric
sheaves I as being

FTy ([al(Ly (1/3) ® Lya(n)) = FTy (Ly ®al.H(2; 1)
= FTy (L ® H(2; Char(a))
= FTy (H(2; xChar(a))) = K[, (1, xChar(a)),

cf. [10, 8.1.12 & 8.4.2]. Now, if A has order e > 1 then the ah power of a generator
go of 1(0) of this Kloosterman sheaf has spectrum {1, ¢, ..., ¢} and thus it is the
Z-multiple of a complex reflection.

We next check that this Kloosterman sheaf is primitive. It suffices to show it is not
Kummer induced, by Pink’s result [8, Lemmas 11, 12]. We argue by contradiction.
Suppose it is Kummer induced of some degree d > 2, d | (a + 1). Choose a prime
divisor r of d. Then it is Kummer induced of degree r, and its characters are cosets of
Char(r). If r = a + 1, then its characters are precisely Char(r). But if we take two
distinct elements of ' Char (a), their ratio is a nontrivial element of Char(a), so has
order dividing a, so cannot be an element of Char () (simply because gcd (r, a) = 1).
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Ifr <a+1,thenr < (a+ 1)/2, hence outside the Char (r) coset of 1, there are two
distinct elements of ' Char (@), and their ratio again gives a contradiction.

Because this Kloosterman sheaf is primitive, it has (S+) by [16, 1.7]. Once this
r = 1 pullback local system has (S+), then so does the (r, t) local system. O

Corollary 2.9 For any odd prime p, any integer a > 4 with p | a, any integer 1 <
B < a, and any multiplicative character A of order N prime to p, the local system
on (G, x Al x Gm)/F p(an) whose trace function is

(r,s, 1) > — Z U(r/x +sxB 4+ tx%) Ax)
x#0

satisfies (S+).
Proof Indeed, its s = O pullback satisfies (S+). |

Next we study the moment M, » of G(1/x, x5, a, x) for B = 1, 2. See [11, 1.16,
1.17] or [17, Section 2.6] for a discussion of the moments of pure local systems, and
for their computation as a limsup.

Lemma 2.10 For any prime p, any integer a > 2 with p 1 a, and any multiplica-
tive character x of order prime to p, consider the local system G(1/x,x,a, x) on
an /F p(values of x)whose trace function at points of G, (L)3 for L/F p(values of x)
a finite extension, is

(Fy s, 1) > — D YL (r/x + sx 4 1) ().

xelL*

Then M> > < 3, with equality precisely when a is odd and x is either 1 or x», this
second case allowed only for p odd.

Proof Since M> > only decreases as Ggeom grows, it suffices to prove M > < 3 when
we freeze t = 1, and consider the two parameter local system on G, x G,, whose
trace function is

—1

s D o vLr/x +sx 4+ xY) xr(x).

xeL*

(r,s) —

By [18, 2.1], we may calculate its M> as the limsup, over finite extensions
F,/F,(values of x) of

1 1 1
2G-12 Z Z lﬂFq(r(;—i-——z—E>+S(x+y—z—w)

X X
r.s€lfy x,y,z,wel,

+x+yt =z~ w“) x(xy)x (zw).
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We first show that this limsup does not change if, instead of summing over (r, s) €
(IF;)Z, we sum over (r, s) € (IF,,)z. An individual summand with r = 0, any s, is

Z VF, (s(x +y—z—w)+x*+y* -z — w“) x (xy) X (zw)

X
x,y,z,welFy

4
= ‘ D r, (5x +xDx (0)]

X
xelfg

which is < (aﬂ)“, hence is O(qz). Similarly, an individual summand with s = 0,
any r, is < (aﬁ)“, hence is O(g?). The total number of (r, s) € (]I<‘q)2 withrs =0
is 2¢ — 1, so we are only changing the inner sum by O (g>), while we are dividing by
1/4*(q — D>

We now examine

1 1 1
mz Z wﬁ‘q<r(;+—_2_5)+S(X+y_Z_U))

r,s€lfy x.y.z,wely

+x oy =z — w“)x(xy)Y(zw)

1
D,y =2 = wh) x () X (zw)

g% g —1)? .
x,y,z,wely
1 1
x Z b\t oo sty —z—w)
x y w
r,s€lf,
—1 —_—
T G-12 D Ur, (4 =2 — ) () X (zw).

x,y,z,weFy
1/x+1/y=1/z+1/w, x+y=z4+w

We now examine the two equations in x, y, z, w with xyzw # 0 given by
I/x+1/y=1/z4+1/w, x+y=z+4+w,

which we rewrite as
x+y/xy=@Gz+w/zw, x+y=z+w.

Ifx4+y=z4+w=0,wehavetheplaney = —x,z = —w.lfx+y=z4+w #0,
then we divide by them and get 1/xy = 1/zw. Thus we have x + y = z + w and
xy = zw, and hence the two sets {x, y} and {z, w} coincide. So we have the two
planes x = z, y = wand x = w, y = z. On each of these last two planes, the function
x4 4+ y* — z% — w? vanishes, so ¥ (x4 + y* —z? —w?) = 1, and x (xy)x (zw) = 1.

On the first plane y = —x, z = —w, the sum x¢ 4+ y* — z% — w? vanishes precisely
when a is odd, and x (xy) X (zw) = x (x/w?).
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Thus if both a is odd and X2 = 1, then the first plane also contributes 1 to M> . In
general its contribution is

1
—— > Yr, (x* + (0 = w = (—w)) x (D)X (—w?)
(C] xwe]F><
2
=G 1)2 wa @+ (=) x(=xD)]

which is O(1/q) unless both a is odd and x> = 1.

Now we return to §(1/x, x, a, x) on G;%r We have proven that for its ¢ = 1 special-
ization, we have M, > < 3, with equality precisely when both a is odd and x> = 1.
When we do not have equality, we have M » = 2. As M» > can only decrease for a big-
ger group, we certainly have M » < 2,and hence M» 2 = 2,for §(1, x, x, a, x) unless
both a is add and X2 = 1. In the case when «a is odd and X2 =1,then §(1, x, x, a, x)
is self dual, hence has M> » > 3, and thus has the asserted M , = 3. O

Lemma 2.11 For any odd prime p, any integer a > 3 with p 1 a, and any multiplica-
tive character x of order prime to p, consider the local system S(1/x,x% a, x) on
G?n /F p(values of x) whose trace function at points of G, (L)3 for L/F p(values of x)
a finite extension, is

(r,s,t) — _—L Z Y (r/x + sx2 4 1x%) x 1 (x).
#L xelL*

Then M, = 2.

Proof By [18, 2.1], we may calculate the M3 > as the limsup, over finite extensions
F,/F,(values of x) of

1 1 1
2G-17° Z Z W]Fq<r<;+——z—w)+s(x +y* =27 —w?)

X X
r.s,telfy x,y,z,wely

+r(x 4y -z — w“))x(xy)i(zwl

We will refer to

Z Z w]pq<r<%+l—§—;>+s(x +y? =2 —wh)

r.s.t€Fy x,y.z,welfy

+r(x +y =2 = w")) x (xy) % (zw)
as “a summand".
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We first show that this limsup does not change if, instead of summing over (r, s, t) €
(IF;)3, we sum over (r, s, t) € (Fq)3. The summand with (r, s, t) = (0, 0, 0) is

> XX Gw) = ‘Zx(x)

x,y.z,wely xeFy

which vanishes if x # 1, and is (¢ — 1)* if x = 1.
An individual summand with » = 0, any (s, t) # (0, 0), is

Z I//IF(S(X +y? =22 —wh) + x4y =2 — w)) x () X (zw)

x,y,z2,wely

‘qu(sx +tx“)x(x)

xe]F><

which is < ((a + 1)\/_)4 hence is O(qz) Similarly, an individual summand with
s =0,any (r,t) # (0,0),is < ((a + 1)\/_)4 hence is 0(q2) Finally, an individual
summand with t = 0, any (r,s) # (0,0), is < (3,/)*, hence is O(¢?). The total
number of (r, s, 1) € (F,)* with (r,s,1) # (0,0,0) but rst = 0 is O(g?), so those
terms are only changing the inner sum by O (g%), and the (0, 0, 0) term is either 0 or
(g — 1)*, while we are dividing by ¢%(g — 1).

We now examine

1 1 11 s o
q%(q — 13 2 1/fIF"<r<x+y z w>+s(x Yy mE ey

r.s,t€Fy, x,y,z,wekFy

+rx*+y* =z — w“)) X (xy) X (zw)

1
= 13 Z X (xy) X (zw) Z VR, (t(x* +y* — 2% — w%))
q°(q—1) .
x,y,z,wely telf,
! L 1 2 2 2 2
x 2 ve(r Ty T Do v, (s 4y - —w?))
refy sely
g _
- 3 Z x (xy)x (zw),
(g—1 5
x,y,z,we]Fq
(x,y,z,w)ED

where the locus X is defined by the equations
Ux+1/y=1/z+ 1w, x>+ =22+w?, x%+y*=z"+w

We first look at the intersection of ¥ withx + y =z4+w. Ifx+y=z+w =0,
then as p # 2 the second equation x? 4+ y? = z 4+ w? gives the two lines y = —x,
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z=—w==®x.Ifx +y =z 4 w # 0, then we divide the first equation by them and
get 1/xy = 1/zw. Thus we have x + y = z + w and xy = zw, and hence the two
sets {x, y} and {z, w} coincide. So we have the two planes x = z, y = w and x = w,
y = z. On each of these two planes, x* + y* — z¢ — w® = 0 and x (xy)x (zw) = 1.
So the contribution of this intersection to the limsup is 2 + O (1/qg).

It remains to show that the number of points (x, y, z, w) € Z(F;) with x +y #
z4+ wis O(g). Note thatif x + y =0then 1/z4+ 1/w = 1/x 4+ 1/y = 0 and hence
z4+w =0=x+y.So we may assume x + y # 0, z + w # 0, and introduce new
variables

u=x+y, v=z+w, t=xy/(x+y),

so that
§:=Xxy=tu, zZw=tv, but u #v.
Now
u2—2tu=x2+y2=z2+w2=v2—2tv,
and so

u+v=2 ie v=2—u.

An easy induction on odd a > 3 shows that there are some integers ¢cp = 1, c1, ...,

C(a—1)/2 such that x¢ + y¢ = ZE‘:OIW ciu" %l in fact, ¢; = -2 ("7i). It follows

n—i\ i
that x* + y¢ = ZE‘:OI)/Z ciu"t', and so the condition x* 4 y* — z% — w = 0 is

equivalent to the vanishing of

(a—1)/2 (a—1)/2
Z cu 't — Z ci (2t —uw)" 7',
i=0 i=0

a homogeneous polynomial in u, ¢ of degree a with the coefficient for u® being 1 —
(D% =2.As p # 2, given any t € [, there are at most a values for u that satisfy
this last condition. For each (u, t), there are at most two pairs (x, y) withx +y = u,
xy = tu, and there are at most two pairs (z, w) with z +w = 2t —u, xy = (2t — u).
It follows that the number of points (x, y, z, w) € Z(IF;) withx +y #z+ wisat
most 4agq, as stated. |

3 Preliminaries on specializations of Ggeom
We first quote verbatim from [18, Section 11, Theorem 11.1], cf. [10, 8.17, 8.18].

“The situation we consider is the following. We are given a normal connected affine
noetherian scheme § = Spec(A) with A a noetherian normal integral domain with

@ Springer



65 Page 12 0f 34 N.M. Katz et al.

fraction field K, and a chosen algebraic closure K of K. Thus Spec(K) is a generic
point 7 of S, and Spec(K) is a geometric point 77 of S. We are given X /S a smooth
S-scheme of relative dimension D, with geometrically connected fibres, and ¢ € X (S)
asection of X/S. Then ¢ (7)) is a geometric point of X. We are given a finite group G
and a surjective homomorphism

T(X, () - G.

For each geometric point s of S, ¢ (s) is a geometric point of X (and also of X). We
have a continuous group homomorphism

71 (Xs, ¢(8)) = mi(X, ¢(s)) = w1 (X, ().

This last isomorphism is only canonical up to inner automorphism of the target group
m1(X, ¢(17)). By composition, we get a group homomorphism

m11(Xs, ¢(s)) = G

which is well defined up to inner automorphism of G. This applies in particular with
s taken to be 77. We are interested in how the image of 1 (X, ¢(s)) in G compares
with the image of 71 (X7, ¢ (7)) in G: when are these two subgroups of G conjugate
in G? Let us denote these image groups G and G7.

Theorem 3.1 ([18, 11.1]) There exists a dense open set U C S such that for any
geometric point s € U, Gy and G are conjugate subgroups of G. Moreover, for any
geometric point s € S, G is conjugate to a subgroup of Gz."

Because G is a finite group, this theorem has the following more precise corollary.
Corollary 3.2 The set of points s € S at which G is conjugate to Gz in G is open in S.
Proof The group Gy is finite (because it is a subgroup of the finite group G). Therefore

ithas only finitely many subgroups, say Gi; = Ho, Hy, ..., H,.The proof of [10, 8.17,
8.18] shows that each of the sets

Z; = {s € S| Gy is conjugate to H;}
and each of the sets
W; :=={s € § | Gy is conjugate to a subgroup of H;}

is constructible (a finite union of sets of the form (open set) N (closed set)). But each
set W; is stable by specialization, hence is closed, cf. [5, Chapter II, 3.18]. Therefore
Ui>1 W; is closed. Then its open complement is precisely the set Zj. O
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4 Finiteness theorems

We denote by ¢ the cardinality of k, and by &, the unique extension of k of degree r
inF,. V:(Q/Z)ptime o p — 0, 1) will denote Kubert’s V-function for the prime p
(cf. [14]).

Theorem 4.1 Letd; > d» > --- > d,, > 0 be prime to p integers, d = (dy, ..., dy)

and F the local system on G:"i’t—‘rkl whose trace function is given by

Fky; s, 1, ... 1) = D W (s/x + x4 x®) xag, ().

1
ikl =,
xeky
Then F has finite (geometric and arithmetic) monodromy group if and only if
1
2

1
V(le] + -+ dpxy + E) + V@) +-+Vixg) 2

Jor every (x1, ..., xn) € (Q/Z) e 1o p-

Proof By [14,Proposition2.1], we need to show that F'(k,; s, 1, . . ., t,) isan algebraic
integer or, equivalently, that

1
ordyr < Z Y, (s/x + tlxdl + -+ tnxd”) X2k, (x)) > =
2
xek)
forevery r > 1 and (s, 11, ..., t;) € (kX)"*!. Taking the Mellin transform on G/;*1,

this is equivalent to

D n®E @) - Eat) Y Wk (/3 + x4 1x) g, ()

St ety €KY xek)

=) Xk () ( > (s/x)n(s)) ( > U, (nx™g (n)))

xekr sek’ 1€k

E ( D vk, (rnxdn>sn<tn>)
thek)

= > X2k @) Gr(E @) GrE1) - E () Gy (En)

xek)
=G (NG &) GrEn) Y (Xok nE] - ED) ()

xek)
0 if ounEf B £ 1,

“ | @~ DG G, ED -G, (&) it Kok gt Bl =1
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has ord,~ > 1/2 for every n,&1,...,§, € kX, where G,(x) denotes the Gauss sum
associated to the multiplicative character x on k,-. This reduces to

1

ordgr (G (X2 &' -+ £57) Gr (€1) -+~ Gr (60)) > 5
for every &1,...,&, € I;r; which, by Stickelberger, is equivalent to the given
condition. O

Ifdix)+---+dyx, +1/2 # 0, using that V(y) + V(—y) = 1 for y # 0, we can
rewrite the condition as

1 1
V<d1xl + A dpxy + 5) SV(=x)+--+V(=xy) + 51

which trivially holds for djx; + - - - + dyx, + 1/2 = 0. So we have

Corollary 4.2 The local system F has finite monodromy if and only if the following two
conditions hold:

W) Vidix1 + - +dpxy +1/2) < V(=x1) + -+ + V(=x,) + 1/2 for every

()C], ey xn) € (Q/Z)gﬁmeto P
(i) VxD)+ V) +---+V(xn) = 1/2forevery (x1, ..., xn) € (Q/L)ime 1o p With
er'l:l dixi = 1/2

Note that the second condition is the criterion for the local system on G/, with trace
function

Flkeity, ... ty) = D Wk, (x4 1x ) o, (1)
kX

1
vk
xek;

to have finite monodromy. In terms of the sum-of-digits function [—], , — defined in
[13, Appendix], the first condition becomes

-1
[d1x1+"'+dnxn+p :|
2 pur—

r(p—1)

S[Pr—1—Xl]p,r,7+"'+[Pr—1—xn]p,r,7+ )

for every r > 1 and every 0 < x1,...,x, < p" such that p” — 1 does not divide
dix; + -+ 4+ dpx, + (p"— 1)/2. An argument similar to [14, Theorem 2.12] then
shows

Proposition 4.3 Suppose that there exists some real A > 0 such that

P -1
dixy + -+ dyx, +
2 P

rip—1
g[p’—l—xl]p+-~-+[pr—l—xn]p—f-%—i—A
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foreveryr > 1and every 0 < x1,...,x, < p" — 1, where [x], denotes the sum of
the p-adic digits of x. Then condition (i) in Corollary 4.2 holds.

For r > 1 and an n-tuple (x1, ..., x,) with0 < x; < p" — 1, let

- -1 - r(p—1)
C(r;m,..-,xn):[zderp ] —Z[p’—l—xl']p—pT-
i=1 p

i=1

Fors > 1 we say that the n-tuple (z1, ..., z,) with0 < zy, ..., z;, < p* —liss-good
if one of these conditions holds:

(@ C(s5215-+.,20) <0

(b) There exist an s’ < s and an n-tuple (2}, ..., z,,) with 0 < < p¥ = 1 such that
C(s"32),...,2,) = C(s;21, ..., 2,) and for every j > Othe (s + j)-th digit in
the p-adic expansion of > !, d;z; + (p®— 1)/2 is greater than or equal to the
(s'+ j)-th digit in the p-adic expansion of Y/, d;z} + (p* = 1)/2 (counting the
digits from right to left).

We say that the n-tuple (xy, ..., x,) with 0 < xq, ..., x, < p" — 1 has good termi-
nation if, for some 1 < s < r, the n-tuple (zy, ..., z,) whose i-th coordinate is the
number formed by the last s p-adic digits of x; (i.e. the remainder of the division of
x; by p*) is s-good.

Proposition 4.4 Suppose that there exists some ro > 1 such that all n-tuples
(X1, ..., x) With0 < xq, ..., x, < p'0— 1 have good termination. Then the hypoth-
esis of Proposition 4.3 holds.

Proof Let

A = max max C(r;xt1,...,xp).
1<r<ro 1<y, X, <P =1

We will prove by induction on r that
C(r;x17‘-'ax}’l) g A

forevery r > 1 and every 0 < xq,...,x, < p" — 1. For r < rg this is obvious by
definition of A. Fix r > ro and assume that the inequality holds for all smaller r.
Let (x1,...,x,) be an n-tuple with 0 < x1,...,x, < p” — 1. By hypothesis it has
good termination, since every s < rq is also < r. Hence there is some 1 < s < rg
such that the n-tuple (z1, ..., z,) whose i-th coordinate is the number formed by
the last s p-adic digits of x; is s-good. Let y; = p~*(x; — z;), that is, the number
obtained from x; by removing its last s p-adic digits. Then 0 < y; < p"™% — 1,
[pr=1-xil=[p" ™ =1=yil+[p'—1—z]and

[de,+—j| [Zd,yl } [Zd,z,+—j|—5( D
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where § is the number of digit carries in the (outer) sum

del Ly <Zd,y, ) <Zdlzl 1).

In particular, C(r; x1, ..., %,) = C(r —s; 1, ..., yo) +C(s; 21, ..., 20) —8(p—1).
We now have two options according to the definition of s-good.

(@) C(s; z1, ..., 2n) <0. Then

Cri;xy,....xp) r—s:y1,..., ) +C(s521, ..., Zn)

<C
<C@r—s;y1,..., ) <A

by induction.

(b) There exist an s’ < s and an n-tuple (z}, ..., z,) with0 < z} < p“,— 1 such that

C(s"32),...,2,) = C(s;21,...,2,) and for every j > O the (s + j)-th digit in the

p-adic expansion of ) 7_, djz; + (p* — 1)/2 is greater than or equal to the (s" + j)-th

digit in the p-adic expansion of Y d;z} + ( p* — 1)/2 (counting from the right).
Let x] = psly,- +z;fori =1,...,n. Then

Cr—s+sixi,...,x)=Cr—s;y1,...,y)+C(s"52},...,2,) —€(p—1),

where € is the number of digit carries in the (outer) sum

) (e 5

The hypothesis on the digits of Y7, djz; + (p*—1)/2and }_/_, d;iz} + (p'—1/2
implies that € < §. Therefore

V S+S

de AR (Zdzyz

Crixt,....,x) =CU —=s5;y1,...,9) +C(s;21,...,20) —=8(p = 1)
SCr—s;91,..s9) +CG"52), . 2) —€e(p—1)
=C(r—s+six},....x) <A

by induction. O

Theorem 4.5 The local system on (Gil Fy whose trace function is given by

1 7
Fyrss, t,u) > =25 Y Ymy (5/x +1x +ux’) xopy (¥)

x€lfy;
has finite monodromy.

Proof By Corollary 4.2, we need to show
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@ Vxr + 7x2 + 1/2) < V(—x1) + V(—x2) + 1/2 for every (x1,x2) €
(Q/Z)grime to 3"
(i) V(x)+V(=Tx +1/2) > 1/2 forevery x € (Q/Z)prime to 3-

Condition (ii) is the criterion for finite monodromy of the local system with trace
function

1 7
FFyst,u) > =2 ) Yy (0 + ux’) o my ()

xe]F;,

which holds by [12, Theorem 4.3] since 7 = (33 + 1)/(3 + 1). For the first condition,
following Proposition 4.4, we check by a computer search that all pairs (x1, x2) with
0< x1,x <3%—1have good termination.

For each s = 1,2, 3, the following tables show the list of all pairs (z1, z2) with
0 < z1,22 < 3% — 1 such that

(@) C(s;z1,22) > 0, and
(b) do not have good termination (i.e. all their last-digits truncations appear in the
previous tables marked with e).

If condition (b) for being s-good can be applied to them, we show the possible
values of s, ], z} on the table, otherwise we mark it with e and move it on to the next
s. All values of z; and z; are shown as their 3-adic expansion. The columns D and D’
show the result of removing the last s (respectively s”) digits of z; +7z2 + (3° — 1)/2
(resp. of 2} + 7z + 3= 1) /2). Each digit of the number in column D must be greater
than or equal to the corresponding digit of the number in column D’.

s=1

71 22 C(s: 21, 22) D

1 2 2 12 .
2 2 4 12 .
s =2

21 ) C(s:21, 22) D s/ z 2 C(s"s 27, 2) D'
21 22 2 21 .

02 22 2 20 .

12 12 2 11 .

12 22 2 21 .

2 02 2 2 .

22 12 2 12 1 1 2 2 12
2 22 4 21 .
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s=3

71 o) C(s;21,22) D s/ 7} A C(s': 2.2 D’
121 222 2 21 2 21 22 2 21
221 122 2 12 1 1 2 2 12
221 222 2 22 1 1 2 2 12
102 222 2 21 2 21 22 2 21
202 122 2 12 1 1 2 2 12
202 222 4 21 2 22 22 4 21
112 212 2 20 2 02 22 2 20
212 112 2 11 2 12 12 2 11
212 212 2 21 2 12 22 2 21
112 222 2 11 2 12 12 2 11
212 122 2 12 1 1 2 2 12
212 222 2 22 1 1 2 2 12
022 202 2 12 1 1 2 2 12
222 202 2 20 2 02 22 2 20
222 212 2 21 2 21 22 2 21
022 222 2 21 2 21 22 2 21
122 122 2 12 1 1 2 2 12
122 222 4 21 2 22 22 4 21
222 122 4 12 1 2 2 4 12
222 222 4 22 1 2 2 4 12

In the last table (for s = 3) there are no remaining cases left with e, so this finishes
the proof. O

Theorem 4.6 The local system on Gi Fs whose trace function is given by

1
Fyrss, t,) > =25 D Ymy (/3 + 107 +ux)) X vy (1)

xe]F?r
has finite monodromy.

Proof By Corollary 4.2, we need to show
@) V(Sx1+Tx2+1/2) < V(=x1)+V (—x2)+1/2forevery (x1, x2) € (@/Z)grime 03
(1) V(x1) + V(x2) = 1/2 for every (x1, x2) € (Q/Z)grime 10 3 Such that 5x; + 7xp =
1/2.

Condition (ii) is the criterion for finite monodromy of the local system with trace
function

1
F@®yit,u) > =205 D0 vmy (007 +ux)) oy (6)

xely,

which holds by [17, Theorem 10.3.13 (vi)]. For the first condition, following Proposi-
tion 4.4, we check by a computer search that all pairs (x1, x2) with 0 < x, x3 < 301
have good termination. For each s = 1, 2, 3, 4, 5, the following tables show the list of
all pairs (z1, z2) with 0 < z1, z2 < 3° — 1 such that
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(a) C(s;21,22) > 0, and
(b) do not have good termination (i.e. all their last-digits truncations appear in the
previous tables marked with e).

If condition (b) for being s-good can be applied to them, we show the possible values
of s/, z}, z} on the table, otherwise we mark it with e and move it on to the next s. All
values of z; and z; are shown as their 3-adic expansion. The columns D and D’ show
the result of removing the last s (respectively s) digits of 5z; +7z + (3° — 1) /2 (resp.
of 5z} + 725 + (3= 1) /2). Each digit of the number in column D must be greater
than or equal to the corresponding digit of the number in column D’.

s=1

21 22 C(s; z1,22) D

1 2 2 20 .
2 2 4 22 .
s=2

4 ) C(si21,22) D s’ 4 £ CGs'5 2y, 7)) D'
11 22 4 22 1 2 2 4 22
21 02 2 12 .

21 12 2 22 1 2 2 4 22
21 22 2 101 .

02 22 2 21 1 1 2 2 20
22 12 4 22 1 2 2 4 22
22 22 2 102 .

s=3

71 2 C(s;21,22) D s 7 A C(s'52).75) D’
121 202 2 22 1 2 2 4 22
221 102 2 21 1 1 2 2 20
021 222 2 22 1 2 2 4 22
121 122 2 21 1 1 2 2 20
221 222 4 102 .

022 222 2 22 1 2 2 4 22
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s=4

71 2 C(s;21,22) D s/ 7} 23 C(s'52).2%) D’
0221 2222 4 22 1 2 2 4 22
1221 0222 2 12 2 21 02 2 12
1221 1222 2 22 1 2 2 4 22
1221 2222 2 101 2 21 22 2 101
2221 0222 2 21 1 1 2 2 20
2221 1222 2 100 °

2221 2222 2 110 °

s =135

71 2 C(s;21,22) D s/ 4 A C(s': 2. 25) D’
02221 11222 2 12 2 21 02 2 12
02221 21222 2 22 1 2 2 4 22
12221 11222 2 21 1 1 2 2 20
12221 21222 2 100 4 2221 1222 2 100
22221 01222 2 20 1 1 2 2 20
22221 21222 4 102 3 221 222 4 102
12221 12222 2 22 1 2 2 4 22
12221 22222 2 101 2 21 22 2 101
22221 02222 2 21 1 1 2 2 20
22221 22222 2 110 4 2221 2222 2 110

In the last table (for s = 5) there are no remaining cases left with e, so this finishes
the proof. O

Theorem 4.7 The local system on an Fs whose trace function is given by

1
F(Fsrss,t,u) — ~572 Z Yy (s/x + x4+ ux7)x2,]F5, (x)

xe]F;,

has finite monodromy.

Proof By Corollary 4.2, we need to show
1) V(@Bx1+7x2+1/2) < V(—x1)+V(—x2)+1/2forevery (x1, x2) € (Q/Z)fmme 5"

(i) V(x1) + V(x2) > 1/2 for every (x1, x2) € ((@/Z)fmme t0 5 Such that 3x; + 7xp =
1/2.

Condition (ii) is the criterion for finite monodromy of the local system with trace
function

1
F@Esit,u) > =2z Y Yy (07 +ux)) o py (6)

xelg,

which holds by [17, Theorem 10.3.13 (ix)]. For the first condition, following Proposi-
tion 4.4, we check by a computer search that all pairs (x1, x2) with0 < x1, x2 < 501
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have good termination. For each s = 1, 2, 3, 4, 5, the following tables show the list of
all pairs (z1, z2) with

0<z1,22<5 =1

such that

(@) C(s;z1,22) > 0,and
(b) do not have good termination (i.e. all their last-digits truncations appear in the
previous tables marked with e).

If condition (b) for being s-good can be applied to them, we show the possible values
of s, z}, z, on the table, otherwise we mark it with e and move it on to the next s. All
values of z; and z; are shown as their 5-adic expansion. The columns D and D’ show
the result of removing the last s (respectively s”) digits of 3z; +7z2+ (55 — 1)/2 (resp.
of 32y + 7z + (5°—1) /2). Each digit of the number in column D must be greater
than or equal to the corresponding digit of the number in column D’.

s=1

71 2 C(s;21,22) D

3 4 4 12 o
4 4 4 13 °
s=2

21 22 C(s321.22) D s’ 4 A C'5 2y, 7)) D’
23 44 4 13 1 4 4 4 13
33 34 4 12 1 3 4 4 12
33 44 4 14 1 4 4 4 13
43 34 4 13 1 4 4 4 13
43 44 8 14 °

24 44 4 13 1 4 4 4 13
34 44 4 14 1 4 4 4 13
44 34 4 13 1 4 4 4 13
s=3

71 2 C(s;21,22) D s 7 % C(s's 2}, 25) D’
043 444 4 12 1 3 4 4 12
143 444 4 13 1 4 4 4 13
243 144 4 4 .
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243 344 4 12 1 3 4 4 12
243 444 4 14 1 4 4 4 13
343 244 4 11 °
343 344 4 13 1 4 4 4 13
343 444 8 14 2 43 44 8 14
443 044 4 4 °
443 244 4 12 1 3 4 4 12
443 344 8 13 °
443 444 4 20 .
s=4
71 2 C(s;21,22) D s/ 7 A CGs'52).25) D’
3243 4144 4 13 1 4 4 4 13
4243 3144 4 12 1 3 4 4 12
4243 4144 4 14 1 4 4 4 13
1343 4244 4 12 1 3 4 4 12
2343 4244 4 13 1 4 4 4 13
3343 1244 4 4 3 443 044 4 4
3343 3244 4 12 1 3 4 4 12
3343 4244 4 14 1 4 4 4 13
4343 2244 4 11 3 343 244 4 11
4343 3244 4 13 1 4 4 4 13
4343 4244 8 14 2 43 44 8 14
3443 4044 4 13 1 4 4 4 13
4443 3044 4 12 1 3 4 4 12
4443 4044 4 14 1 4 4 4 13
0443 2344 4 4 3 443 044 4 4
0443 4344 4 12 1 3 4 4 12
1443 3344 4 11 3 343 244 4 11
1443 4344 4 13 1 4 4 4 13
2443 1344 4 4 3 443 044 4 4
2443 3344 4 12 1 3 4 4 12
2443 4344 8 13 3 443 344 8 13
3443 0344 4 3 °
3443 2344 4 11 3 343 244 4 11
3443 3344 4 13 1 4 4 4 13
3443 4344 8 14 2 43 44 8 14
4443 0344 4 4 3 443 044 4 4
4443 1344 4 10 .

4443 2344 4 12 1 3 4 4 12
4443 3344 8 13 3 443 344 8 13
4443 4344 4 20 3 443 444 4 20
1443 4444 4 13 1 4 4 4 13
2443 3444 4 12 1 3 4 4 12
2443 4444 4 14 1 4 4 4 13
3443 3444 4 13 1 4 4 4 13
3443 4444 8 14 2 43 44 8 14
4443 0444 4 4 3 443 044 4 4

4443 2444 4 12 1 3 4 4 12
4443 3444 4 14 1 4 4 4 13
4443 4444 4 20 3 443 444 4 20
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s=35

71 2 C(s;21,22) D s/ 4 A C(s'52).7%) D’
23443 40344 4 12 1 3 4 4 12
33443 40344 4 13 1 4 4 4 13
43443 10344 4 4 3 443 044 4 4
438443 30344 4 12 1 3 4 4 12
43443 40344 4 41 4 4 4 13
14443 20344 4 4 3 443 044 4 4
14443 41344 4 12 1 3 4 4 12
24443 31344 4 1 3 343 244 4 1
24443 41344 4 13 1 4 4 4 13
34443 11344 4 4 3 443 044 4 4
34443 31344 4 12 1 3 4 4 12
34443 41344 8 13 3 443 344 8 13
44443 01344 4 3 4 3443 0344 4 3
44443 21344 4 n 3 343 244 4 1
44443 31344 4 13 1 4 4 4 13
44443 41344 8 14 2 43 44 8 14

In the last table (for s = 5) there are no remaining cases left with e, so this finishes

the proof.

Theorem 4.8 The local system on an Fy whose trace function is given by

1 5
Fyrss, t,0) > =25 Y Ymy (5/x +1x +ux”) Xy, (¥)

has finite monodromy.

Proof By Corollary 4.2, we need to show
(1) V(x1+5x04+1/2) < V(=x1)+V(—x2)+1/2forevery (x1, x2) € (Q/Z)?
(i) V(x) + V(=5x + 1/2) > 1/2 for every x € (Q/Z)prime to 3-

xelfy;

prime to 3°

Condition (ii) is the criterion for finite monodromy of the local system with trace

function

1
F@Eysit,u) > =205 D ey (03 +ux”) xopy (1)

xely,

which holds by [12, Theorem 4.2] since 5 = (32 + 1)/2. For the first condition,
following Proposition 4.4, we check by a computer search that all pairs (x1, x2) with
0 < x1,x < 3°—1 have good termination. For each s = 1, 2, 3, 4, the following
tables show the list of all pairs (z1, z2) with 0 < z1, z2 < 3% — 1 such that

(@ C(s; z1,22) > 0, and
(b) do not have good termination (i.e. all their last-digits truncations appear in the
previous tables marked with e).
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If condition (b) for being s-good can be applied to them, we show the possible values
of s', ], z), on the table, otherwise we mark it with e and move it on to the next s. All
values of z; and z; are shown as their 3-adic expansion. The columns D and D’ show
the result of removing the last s (respectively s”) digits of z; + 5z + (3* — 1) /2 (resp.
of 2| + 5z + (35/— 1)/2). Each digit of the number in column D must be greater than
or equal to the corresponding digit of the number in column D’.

s=1

7 2 C(s;z1,22) D

2 1 2 .
2 2 11 °
s =2

21 2 C(s321,22) D s’ Z 2 C(s"s 27, 7)) D'
12 21 2 11 1 2 2 2 11
22 21 2 12 1 2 2 2 11
12 2 2 12 1 2 2 2 11
22 22 4 12 .

s =3

21 22 C(s;21,22) D 5! z b2 C(s'; 2], 25) D'
022 222 2 12 1 2 2 2 11
122 222 4 12 2 22 22 4 12
222 022 2 2 1 2 1 2 2
222 122 2 11 1 2 2 2 11
222 222 2 20 .

s=4

21 ) C(s;z21,22) D s’ 4 ) CGs'5 2y, 2) D'
0222 2222 2 12 1 2 2 2 11
2222 1222 2 11 1 2 2 2 11
2222 2222 2 20 3 222 222 2 20
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In the last table (for s = 4) there are no remaining cases left with e, so this finishes
the proof. O

Theorem 4.9 The local system on ([}31 Fs whose trace function is given by

1
Eyisoton) > =2 O Yry (5/x + 16+ ux) o (6)

xel3;
has finite monodromy.

Proof By Corollary 4.2, we need to show
(i) V(2x145x241/2) < V(=x1)+V (—x2)+1/2forevery (x1, x2) € (Q/Z)?

prime to 3*
(i) V(x1) + V(x2) = 1/2 for every (x1, x2) € ((@/Z)fmme 103 Such that 2x; + 5x =
1/2.

Condition (ii) is the criterion for finite monodromy of the local system with trace
function

1
F@Eyst,u) > —20s )y (187 + ux®) Xy (3)

XGJF;,

which holds by [17, Theorem 10.3.13 (i)]. For the first condition, following Proposition
4.4, we check by a computer search that all pairs (x1, x2) with 0 < x1, x2 < 31
have good termination. For each s = 1, 2, 3, 4, 5, the following tables show the list of
all pairs (z1, z2) with 0 < z1, z2 < 3° — 1 such that

(a) C(s;21,22) > 0and
(b) do not have good termination (i.e. all their last-digits truncations appear in the
previous tables marked with e).

If condition (b) for being s-good can be applied to them, we show the possible values
of §', z}, 25 on the table, otherwise we mark it with e and move it on to the next s. All
values of z; and z; are shown as their 3-adic expansion. The columns D and D’ show
the result of removing the last s (respectively s”) digits of 2z; +5z2 + (3° — 1)/2 (resp.
of 27} + 5z, + (3" = 1)/2). Each digit of the number in column D must be greater
than or equal to the corresponding digit of the number in column D’.

s=1

21 22 C(s; z1,22) D

1 1 1 2 °
1 2 1 11 °
2 2 2 12 °

In the last table (for s = 5) there are no remaining cases left with e, so this finishes
the proof. O
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s=2
71 22 C(s;21,22) D s 4 A CGs's2).25) D’
21 21 3 12 °
11 22 2 12 1 2 2 2 12
21 12 1 11 1 1 2 1 11
21 22 1 20 °
22 22 2 20 °
s=3
71 2 C(s;21,22) D s/ 7 A C(s' 2.2 D’
021 221 1 12 1 2 2 2 12
221 121 1 12 1 2 2 2 12
221 221 3 20 °
021 222 1 12 1 2 2 2 12
221 122 1 12 1 2 2 2 12
221 222 1 21 1 1 2 1 11
022 222 2 12 1 2 2 2 12
122 122 1 11 1 1 2 1 11
122 222 1 20 2 21 22 1 20
222 122 2 12 1 2 2 2 12
222 222 2 21 2 22 22 2 20
s =4
21 2 C(s;21,22) D s/ Z A C(s':2).25) D’
0221 2221 3 12 2 21 21 3 12
1221 1221 2 11 °
1221 2221 2 20 3 221 221 3 20
2221 0221 1 10 °
2221 1221 3 12 2 21 21 3 12
2221 2221 3 21 3 221 221 3 20
s=15
71 %) C(s;21,22) D s 7 7 CGs'5 2, 75) D’
11221 21221 3 12 2 21 21 3 12
21221 11221 2 11 4 1221 1221 2 11
21221 21221 2 20 3 221 221 3 20
02221 20221 1 11 4 2221 0221 1 10
12221 20221 2 12 1 2 2 2 12
22221 00221 1 2 1 1 1 1 2
22221 10221 1 11 4 2221 0221 1 10
22221 20221 1 20 3 221 221 3 20
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5 Ggeom for local systems of rank 8

In this section, we will determine Ggeom,r,s, the geometric monodromy group of G, ,
and Ggeom, ry, s> the geometric monodromy group of G, 5, for any (rg, so) € an, of
rank 8. With (B, a, p) as in (2.5.1), it follows from Theorems 4.5, 4.7, and 4.6 that
Ggeom,r,s 18 finite. [Those results show that the restriction of G, s to the open dense
subset G; of (G}n x Al x G,, has finite Ggeom- In general, for a local system J on some
smooth, geometrically connected variety X, and U C X a dense open set, 71 (U) maps
onto 71(X), so F on X and F|y on U have the same Ggeom (indeed have the same
image of 7y).]

Theorem 5.1 Let (B, a, p) = (3,7,5). Then both G, s, and Gy, s, for any (ro, so) €
G2, have Ggeom = W(E3), the Weyl group of type Eg.

Proof By Theorem 4.7, G := Ggeom,r,s is a finite subgroup of GLg(C), whence the
same holds for its subgroup H = Ggeom,ry,s,- Next, H satisfies (S+) by Proposition
2.6, whence the same holds for G.

Let ¢ denote the G-character afforded by the underlying representation. By Lemma
2.3, ¢ takes real values for any specializations of (r, s), and hence ¢ is real-valued.
This implies that

Z(H) < Z(G) < Cs. (5.1.1)

Next, by Lemma 2.2 the image of P(c0) in H is isomorphic to the additive group
of Fs(ug) = Fs2, which is elementary abelian of order 52, whence (5.1.1) implies that

52 divides |H /Z(H)|. (5.1.2)

Now we can apply [16, Lemma 1.1] to both H and G. If either of them is an
extraspecial normalizer, then there is some € = % such that

H <2[7°.05(2),

which violates (5.1.2). So both H and G are almost quasisimple; in particular, L :=
H () is a quasisimple group with

S = LJZ(L)

being the unique non-abelian composition factor of H. The condition (S+) implies
that ¢|, is irreducible, and so Cy (L) = Z(H) by Schur’s lemma. It follows that

H/Z(H) — Aut(L),

and so 5% | |Aut(L)| by (5.1.2). Now we can inspect Table 2 in [6] to see that 2 - Q; 2)
is the unique possibility for L. Note that ¢|, is of type 4+, so

2-Q¢(2) = L<H < Noy)(L) = W(Eg) = L-2.
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Also note from Theorem 2.4 that G, 5, has geometric determinant x,, which shows
that H cannot be perfect. Hence H = W (E3).

The preceding arguments can also be repeated to show that G = W(Eg). As
H < G, we conclude that G = H. O

Theorem 5.2 Let (B,a, p) = (5,7,3). Then G, s has Ggeom = W(Eg), the Weyl
group of type Eg. Furthermore, there is a dense open set U C Gi that contains
(1, 1), such that Gy sy has Ggeom equal to W (Eg) when (rq, so) € U, and to Sg when
(ro,s0) ¢ U.

Proof By Theorem 4.6, G := Ggeom,r,s is a finite subgroup of GLg(C), whence the
same holds for its subgroup H = Ggeom,ry,s,- Next, H satisfies (S+) by Proposition
2.6, whence the same holds for G.

(a) Let ¢ denote the G-character afforded by the underlying representation V. By
Lemma 2.3, ¢ takes real values for any specializations of (, s), and hence ¢ is real-
valued. This implies that

Z(H) <Z(G) < Cy. (5.2.1)

Also note from Theorem 2.4 that G, 5, has geometric determinant x», which shows
that |y cannot be of symplectic type, and

H <O(V) but H £ SO(V). (5.2.2)

Next, the wild part of the I(0)-representation V has rank 2 and slopes 5/2, so
by [9, 1.14] it is the Kummer induction [2],L of some L with Swan = 5, and the
P (0)-representation is the direct sum £ @ [x — — x]*L. Moreover, these two pieces
are permuted by any element go € 7(0) which is a generator of /(0) modulo P (0).
Thus go acts on V with spectrum (o, —a, 1, 1, ..., 1) for some « € C*. Since the
image Q of P(0) is a 3-group, it is contained in SO(V'). Now, if the image of go is
contained in SO(V), then so is the image J of 1(0). By [16, 4.2], the fact that all
oo-slopes are < 1 implies that H is the normal closure of J, so we get H < SO(V),
contrary to (5.2.2). Thus —a? = —1,ie.a = £1 and gp acts on V as a reflection.

The version of Mitchell’s theorem given in the proof of [17, Theorem 4.2.3] now
shows that H = Z(H)Hy, where Hy = W(E3), or Hp is Sg acting in the deleted
natural permutation representation. In the former case, (5.2.1) implies that

H = W(Es).

Suppose we are in the latter case. First we consider the case Z(H) = Cj. Then
note that L .= H () =~ Agand H/L = C%. In particular, Q < L, and J is contained
in (L, go), a subgroup of index 2, whence normal, in H. Hence the normal closure of
J in H is contained in (L, go), and so cannot be equal to H, a contradiction. We have
shown that, in the latter case, H = Sg in its deleted natural permutation representation.

Now we apply the above consideration to (rg, s9) = (1, 1), and assume that H = So.
We consider the weight zero twist of G by 1/Gauss(y, x2), which is orthogonally self-
dual with integer Frobenius traces. Let us denote by Hyyi, its arithmetic monodromy
group. Then Hyin normalizes H, and hence we have H < Hyim < Nowv)(H) =
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Cy x H. In either case, over any even degree extension k /I3, we have Hyrimx = H =
Sg. So over any such k, all Frobenius traces lie in [—1, 8]. But a Magma calculation
shows that over [F34, both —3 and —2 (as well as 2 and 3) occur as Frobenius traces.
That H = W(Eg) at (rg, so) = (1, 1).
(b) The preceding arguments can also be repeated to show that either G = W (Eg) or
G < C2xSg. Since W(Eg) = Ggeom,1,1 < G and |C2 X Sg| < [W(Eg)|, we conclude
that G = W (Eg).

By Corollary 3.2, there is a dense open subset U of an containing (1, 1) such that
G geom, .50 €quals W(E3g) for (ro, so) € U and Ggeom,ry,5 = S9 for (ro,s0) ¢ U. O

Theorem 5.3 Let (B, a, p) = (1,7, 3). Then both G, s, and Gy, s, for any (ro, so) €
G,%V have Ggeom = W (Eg), the Weyl group of type Eg.

Proof (a) By Theorem 4.5, G := Ggeom,r,s is a finite subgroup of GLg(C), whence
the same holds for its subgroup H = Ggeom,ry,s- L€t ¢ denote the G-character
afforded by the underlying representation V. By Lemma 2.3, ¢ takes real values for
any specializations of (r, s), and hence ¢ is real-valued. This implies that

Z(H) < Z(G) < C». (5.3.1)

Also note from Theorem 2.4 that G, s, has geometric determinant x>, which shows
that ¢|y cannot be of symplectic type, and

H<G<O(V) but G,H ¢ SO(V). (5.3.2)

Next, the wild part of the 7(0)-representation V has rank 6, and so the image Q of
P (0) is non-abelian, and hence is a 3-group of order at least 33. 1t follows that 33
divides |H| and |G|. On the other hand, G has M> > = 3 by Lemma 2.10. It follows
from [4, Theorem 1.5] and (5.3.2) that either

E =2"°9G < Now)(E) = E-Of (),

orG =2-Ag,o0r2- Q;(Z) < G < W(Eg). The first possibility is ruled out since 33
divides |G|. Next, G is not perfect by (5.3.2), ruling out the groups 2- Ag and 2 - Qg‘ 2).
Hence we conclude that G = W (Eyg).

(b) It remains to determine H = G geom,ry,s, Which is a subgroup of G = W (Eg). By
Proposition 2.6, H satisfies condition (S+). Hence, by [16, Lemma 1.1], one of the
following two cases holds.

(bl) H is an extraspecial normalizer, i.e. R contains a normal 2-subgroup R = Z(R)E,
with E = 22*6 acting irreducibly on V = C8 ¢ =+, and Z(R) = Z(E) or Z(R) =
C4. Now (5.3.2) implies that € = + and Z(R) = Z(E). Thus R = E = 2® and

H < Now)(E) = E-O} (2).

This is however impossible since 33 divides |H|.
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(b2) H is almost quasisimple, i.e. S<t H/Z(H) < Aut(S) for a non-abelian simple
group S, and the quasisimple group L = E(H), with S = L/Z(L), acts irreducibly
on V. Furthermore, (5.3.1) implies that 33 divides |Aut(S)|. Now we analyze the
possibilities for (S, L) as listed in [6].

e S = L = SL(8). In this case, H/Z(H) < Aut(S) = SL»(8)-3 contains no
element of order 4, whereas a generator g, of /(co0) modulo P (0c0) has order 8
in H/Z(H), a contradiction.

e (S,L) = (Spg(2),2-Spg(2)).Since Aut(S) = S,by (5.3.1)wehave H = L.LetJ
and Q denote the image of 1 (00), respectively of P(oco) in H. Then Q is elementary
abelian of order 9 by Lemma 2.2. As J acts irreducibly on V, JZ (H) transitively
permutes the eight nontrivial irreducible characters of Q which all occur in V.
Identifying Q with QZ(H)/Z(H), we see that the subgroup JZ(H)/Z(H) of S
also permutes the eight nontrivial irreducible characters of Q transitively. Note that
S = Spe(2) admits an irreducible complex character 6 of degree 7, and certainly
0]o contains some irreducible constituent A # 1¢. But then all eight nontrivial
irreducible characters of Q must occur in 6|p of degree 7, a contradiction.

e (S,L) = (Ag,2-Ag). Since 2-Sg does not act on C8, we must have H = L. In
particular, H /Z(H) contains no element of order 8, whereas g~ has order 8 in
H/Z(H), a contradiction.

e S =L = Ag. As in the previous case, the fact that g, has central order 8 implies
that H/Z(H) = So. It follows from (5.3.1) that H/L is a group of order 2 or 4,
whence the image P of P(0) in H is contained in L = S. Note that the restriction
of the character ¢ to L is just the character of the deleted permutation module of
Ag. Now, ¢|p = 2-1p + o + o for some irreducible character « of P of degree
3, using the fact that ¢ is real-valued. It follows that the 3-subgroup P of Ag acts
on {1,2,...,9} with exactly three orbits. The length of any of these orbits is a
power of 3. So we conclude that each of them has length 3; say they are {1, 2, 3},
{4,5, 6}, and {7, 8, 9}. Now, as P fixes each of these three subsets, we see that
P < Ag and hence abelian, contrary to the fact that o has degree 3.

e (S,L) = (Q;(Z), 2-52;(2)). Here we have Z(H) = Z(L) = Z(G) = C»,
and S < H/Z(H) < S-2. Again using the fact that G, 5, having nontrivial
determinant we see that H > L. Hence we conclude that |H /Z(H)| = |S-2| =
|G/Z(H)| and thus H = G. O

Remark 5.4 As we mentioned at the beginning of the section, the extension to G, s
to G,, x A xG,, does not change its Ggeom- Now, the specialization Gy o of G, g
in both Theorems 5.2 and 5.3 yield the Kloosterman sheaf X[ ()2, Char(7))® L X2
by the proof of Proposition 2.8. In particular, its geometric monodromy group G o
contains minus a reflection. Applying [16, Theorem 9.3 (b)], we see that G1,0 = So,
acting on the tensor product of the deleted permutation representation with the sign
representation, i.e. on the non-reflection representation.
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6 Ggeom for local systems of rank 6

Theorem 6.1 Let (B, a, p) = (1,5,3). Then G, 5 has Ggeom = W (Es) x 2. Moreover,
for any (ro, o) € an, the geometric monodromy group of Gy, 5, is W(Eg), acting on
the non-reflection representation of degree 6.

Proof (a) By Theorem 4.8, G := Ggeom,r,s 1s a finite subgroup of GLg(C), whence
the same holds for its subgroup H := Ggeom,ry,s, fOr any (ro, so) € Gi. Let ¢ denote
the G-character afforded by the underlying representation V. Then

Q(p) =Q, andso Z(H) < Z(G) < C,. 6.1.1)

Also note from Theorem 2.4 that G, 5, has geometric determinant x>, and so it cannot
be of symplectic type, and

H<G<O(V) and H £ SO(V). (6.1.2)

Now we apply Lemma 2.10 to get M> »(G) = 3. Applying [4, Theorem 1.5] and using
(6.1.1), we see that G is almost quasisimple, and arrive at one of the following cases
for L = G,

e L = SU3(3). In this case, L<G/Z(G) < L-2. Using [22] one can check that
the rational-valued character ¢|;, does not have rational-valued extensions to L - 2.
Hence (6.1.1) implies that G = Z(G) x L. But in this case G < SO(V), contra-
dicting (6.1.2).

e L = SU4(2). In this case, L<1G/Z(G) < L-2. Since G £ SO(V) by (6.1.2),
G must induce an outer automorphism of L, i.e. G/Z(G) = L-2 = W(Eg).
Together with (6.1.1), this implies that W(E¢) < G < W(E¢) x 2. The same
arguments applied to Gaith,F; show that Gy r, < W(Eg) x 2. In particular,
[Guith,F; : G] < 2 and Gyrith, 7y = G. Now, a calculation with Magma [1] over
IF3s shows that the Frobenius at the point (r, s, ) = (1, 1, w437) for w a primitive
element in F3s has trace —4. We also note that a change of variable x — rx in the
trace function sends the trace of the Frobenius at (1, 1, ¢) to x> (r) times the trace
of the Frobenius at (1, r, tr7). Choosing r € [F3s with x2(r) = —1, we then get
a trace 4, namely at (1, sr, trd ), in addition to trace —4. Since neither of the two
6-dimensional irreducible representations of W (Eg) possesses both traces 4 and
—4, we conclude that G = W (Eg) x 2.

(b) It remains to determine H = Ggeom,r,s, Which is a subgroup of G = W (Eg) x 2.
By Proposition 2.7, H satisfies condition (S+). Hence, by [16, Lemma 1.1], H is
almost quasisimple: S<1 H/Z(H) < Aut(S) for a non-abelian simple group S, and
the quasisimple group K = E(H) with § = K/Z(K), acts irreducibly on V. By
Lemma 2.1, the image of P(co) in H is a non-abelian 3-group, so (6.1.1) implies
that 33 divides |Aut(S)|. Since K = K < G = SU4(2), the list of maximal
subgroups of SU4(2) in [2] shows that K = SU4(2) = L. Now Z(G)L has index 2
in G and Z(G)L < SO(V). Hence (6.1.2) implies that

L<H<G=Lx(3. (6.1.3)
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Now we look at the image J of 7(0) in H. Since H/L is a 2-group, the image Q of
P(0), a 3-subgroup, is contained in L. Next, J = (Q, h), where h is the image in H
of a generator gg of 7(0) modulo P (0). Since H/L has exponent 2, we have helL,
and hence

[LJ:L] <2 6.1.4)

Also, since G/L is abelian, LJ is normal in G and hence also in H. But H is the
normal closure of J by [16, Proposition 4.2], so H < LJ. Hence H = LJ, and now
(6.1.3) and (6.1.4) imply that [H: L] = 2 = [G: H]. Among the three subgroups
of index 2 in G, Z(G) x L is contained in SO(V), and the other two are isomorphic
to W(Eg), which act on V via the two irreducible 6-dimensional representations of
W (Ejs), the reflection and the non-reflection representation. Using (6.1.2), we obtain

H = W(Es). (6.1.5)

By Theorem 3.1, there is a subgroup G of G and an open dense subset U of an such
that for all (r1, s1) € U, Ggeom,r|,s; is conjugate to G5 in G. Now (6.1.5) implies that
|Ggeom,ri,s;| = |Gjl. It follows that G5 = W (Eg) and hence, being of index 2, that
G5 <1 G. Also by Theorem 3.1, for any (72, 57) € an, Ggeom, .5, 18 conjugate in G
to a subgroup of Gj;<1 G, hence it is a subgroup Gj. Again using (6.1.5), we obtain
that H = Gy. In particular, Ggeom,1,1 = H, and the calculation in (a) shows that H
acts on V via the non-reflection representation. O

Theorem 6.2 Let (B, a, p) = (2,5, 3). Then both G, s, and Gy, s, for any (ro, so) €
(G,zn, have Ggeom = 61-PSU4(3) - 22, the Mitchell group.

Proof (a) By Theorem 4.9, G := Ggeom,r,s is a finite subgroup of GLg(C), whence
the same holds for its subgroup H := Ggeom,ry,s, fOr any (ro, so) € G,%r Let ¢ denote
the G-character afforded by the underlying representation V. Then

Q(p) € Q(g3), andso Z(H) < Z(G) < Cg. (6.2.1)
Also note from Theorem 2.5 that G, ; has geometric determinant x2, and so
G y{ SL(V), H ;{ SL(V). (6.2.2)

Now we apply Lemma 2.11 to get M2 2(G) = 2. Applying [4, Theorem 1.5] and using
(6.2.1), we see that G is almost quasisimple, and arrive at one of the following cases
for L = G,

e L = SU4(2) or SU3(3). In this case, L<IG/Z(G) < L-2. Using [22] one can
check that M> » = 3, a contradiction.

e L. =6-PSL3(4). In this case, L<1 G < L-2; (in the notation of [22]). The condi-
tion (6.2.1) now implies that G = L is perfect, which contradicts (6.2.2).

e L = 6-PSU4(3). In this case, L<1G < L -2; (in the notation of [22]). Since G is
not perfect by (6.2.2), we have that G = L -2,, the Mitchell group.
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(b) It remains to determine H = Ggeom,ry,s, Which is a subgroup of G, the Mitchell
group. By Proposition 2.7, H satisfies condition (S+). Hence, by [16, Lemma 1.1], H
is almost quasisimple: S<t H /Z(H) < Aut(S) for a non-abelian simple group S, and
the quasisimple group K = E(H) with § = K /Z(K) acts irreducibly on V. We next
show that

Qelk) = Q(¢g3). (6.2.3)

By (6.2.1), it suffices to show that V| is not self-dual. Assume the contrary. Then
V and V* are two extensions of the absolutely irreducible module V|x to H. By
Gallagher’s theorem [7, (6.17)], V* = V ® U for some one-dimensional H / K -module
U. Applying [19, Corollary 2.7], we see that U = @g is trivial, and thus V is self-dual.
But this is impossible by [19, Lemma 2.3]. Using [6] and (6.2.3), we arrive at one of
the following cases for K.

e K = 3-Ag. Since the faithful module V| is invariant only under the outer auto-
morphisms 23 of K (in the notation of [2]), we have H = KCy(K) = KZ(H)
or H < Z(H)K -23. In the former case, K is perfect and Z(H) < Cg has deter-
minant 1 on V, and so H < SL(V), contrary to (6.2.2). In the latter case, one can
check using [2] that Q(¢| i) contains V2ory/=2, contradicting (6.2.1). [Note that
the Mitchell group contains a subgroup 3 - Ag - 23 which however acts reducibly on
the faithful irreducible representations of the Mitchell group — one can see it by
checking the character values at involutions insider 3 - Ag.]

e K = 3-A7. Since the faithful module V |k is not invariant under outer automor-
phisms of K,wehave H = KCy(K) = KZ(H).As K isperfectand Z(H) < Cq
has determinant 1 on V, we get H < SL(V), contradicting (6.2.2).

e K = 6-PSL3(4). Asin part (a), this implies H = K is perfect, again contradicting
(6.2.2).

e K = 6-PSU4(3). As in part (a), using (6.2.2) we obtain that H = K -2,. Since
H < G and |H| = |G|, it follows that H = G. O
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