Proof of Theorem 184

The theorem to be proved is
r1<y1 & wx<ys — w1+tz2<Yy1+Y

Suppose the theorem does not hold. Then, with the variables held fixed,
H) [[(z1) < )] & [22) < ()] & [~ (21 +22) < (1 +92)]]

Special cases of the hypothesis and previous results:

r1 <Y1 from H:xq:yi:x2:y0

ro < Yo from H:xq:yi:ze:yo

"z + 22 <Y1+ Yo from H:xi:iyr:wo:y9

<y Vo oxtw =y from 167;x1;y1:w;

2o <y V xotwr=1yo from 167;x2;y2:wo2

1+ (w1 + (z2 + w2)) = (z1 + w1) + (z2 + w2) from 72;x1;w1;m0 + wo
wy + (v2 +w2) = (w1 +x2) +wy  from  T2wy5205w2

To + w1 = wy + x2 from 98;wq ;2o

T + (w1 +w2) = (v2 +wy) +we  from  T2wo5wiw2

1+ (2 + (w1 + w2)) = (21 + x2) + (w1 + w2) from 72;zq;20;w1 + wo

—
<

1+ x2 < (21 + x2) + (W1 + w2) from 71z + 22wy + wo

Equality substitutions:

11: —\1'2+w2 = Y2 V ﬂx1+((w1+x2)+w2) = (:1:1+w1)—|—(:1;2—|—w2)
Vo2 + ((wr +22) +w2) = (21 +wi) + (v2)

120 = wy+(re+we) = (w1 +x2)twe V. =2+ (wi+ (22 +wz)) = (21 +wi) + (22 +w2)
Voo + ((wr + 22) +we) = (21 +wi) + (22 + we)

13: —zo4wy =wy+x2 V -zt (wy+ws) = (x0+w)+wy V 2o+ (wy+ws) =
(w1+562)+w2

14: - Jfg—i—(wl —|—w2) = (w1 +x2)—|—w2 Vo= 32‘1—|—(LL'2+(U71 +w2)) = (ZEl +$2)—|—(U)1 —|—w2)
Vooxy+ ((wr +22) +w2) = (21 + 22) + (w1 + w2)

15: =+ ((wr+x2)tws) = (v14x2)H witws) V= z+((wr+xo)+ws) = (x1+w1)+ys
Vo (w1 xo) + (w1 +ws) = (21 +wr) + e
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16: = (1 + @) + (w1 +we) =y1+y2 V. @+ x < (21 + 22) + (w1 + wa)
Vo ox1+22 <y +y2

170wy =x1+wy V (v1+x2)+(wi+w2) = (1) +y2 V = (v1+22) + (w1 +ws) =
(x1 4+ w1) + Y2

Inferences:

18: z1+wi =uy1 by
0: z1 <
3w <y1 V oxptw =y

19: 29+ wo = yo by
1: 29 < yo
4: o <ys V. T2+ wy = Yo

20: - (w1 +x)+(wit+w)=y1+y2 V —x1+x2 < (21 +x2)+ (w1 +wz) by
20 nwy+ 12 <Y1+ Y2
16: = (21 +@2) + (Wi +w2) =1 +y2 Va2 < (21 + x2) + (w1 + wo)
Voxry+ a2 <yt oy

21: —wpH (e twr) = (w1 +x2)+we V oz + (w1 +22) +wz) = (21 +w1) + (2 +ws)

5: x1 + (w1 + (z2 + w2)) = (x1 + w1) + (22 + w2)
12: ~wi+(xotws) = (wr4z2)twe V x4 (wi+(z2t+ws)) = (z14+wr)+(x2+ws)
Vx4 (wg + 22) +we) = (21 +wy) + (2 + ws)

22: 1 + ((w1 + .’172) + ’LUQ) = (.CCl + wl) + (ZL‘Q + wg) by
6: wy + (z2 +w2) = (w1 + x2) + wo
21: wwiH(rotwse) = (w1 +x2)+wy V x4+ (w1 +z2)+wse) = (x14+wi)+(x2+ws2)

230 ~zot(witwe) = (z2+wi) Fwe V oz + (w1 +w2) = (w1 + x2) + wo by
T o +w; = wy + 2o
13: mzo4wy = w420 V ozt (wyt+ws) = (ze+wy)+we V xo+ (wy+wse) =
(w1 + z2) + wo

24 zo + (w1 + w2) = (w1 + x2) + wo by
8: 2 + (w1 +w2) = (r2 +wy) + wa
23: —|132+(U)1—|—w2) = (a:2+w1)+w2 V :132+(w1 —l—w2) :(w1 +$2)+w2

25: -~ :U2+(w1 —|-’U)2) = (U)l +x2)+w2 V. x —|—((U}1 +.’E2)+’UJ2) = (.fEl +x2)+(w1 —|-’U)2)



9: z1 + (z2 + (w1 + we)) = (z1 + 22) + (w1 + w2)
14: = zo+(wi1tws) = (w14x2)+we V - x4+ (ra+(wrtws)) = (z1422)+ (w1 +ws)
V X1 + ((w1 + 332) + wz) = (371 + $2) + (’UJ1 + wg)

26: - (1 +x2) + (w1 +w2) =y1 + Y2 by
10: 1 + 22 < (21 + z2) + (w1 + w2)
20: (1 +x2)+ (w1 +we) =y1+y2 V oz + 20 < (21 +22) + (w1 + w2)

27 (14 z2)+(wr4we) =y14+y2 V = (x14+22)+ (w1 +w2) = (1 +w1) + Yo by
18: =1+ wy =1
17 mxy+wr =y1 V (z1+o2)+F(witwe) =y1+y2 Vo (21 +22) +(wi +wa) =
(71 +w1) + 2

28: i+ ((wi+ze)+ws) = (x1+wr)+H(x2t+we) V 21+ ((wi+x2)+we) = (x14+w1)+y2
by

19: 29 +wo = Yo

11: = zo +wy = y2 V=2 + ((wy + x2) + w2) = (21 + wy) + (22 + we)
Vooz+ (wr +22) + w2) = (@1 4+ wi) + 92

29: x4+ (w1 +22) +we) = (1 +w1) +y2 by

22: 21 + (w1 + 22) + we) = (21 +w1) + (22 + we)

28: = xy + ((wy + x9) +ws) = (1 +wy) + (x2 +ws) V21 4+ (w1 +22) +ws) =
(21 +w1) + Yo

30: z1 + (w1 +x2) +we) = (1 + x2) + (w1 + wa) by
24 To + (wl + U)g) = (wl + ZEQ) -+ wo
25: = wo+ (w1 +ws) = (wi+a)+tws V x4+ ((wr+xe)+tws) = (x1+22)+ (w1 +ws)

3l: = (21 +x2) + (w1 +wa) = (1 +w1) + Y2 by
26: = (1 + x2) + (w1 +w2) =y1 + Yo
27: (:131 +:1:2) + (w1 +w2) =y +y2 V = (1’1 +1’2) + (w1 +’UJ2) = (xl +w1) + Yo

32: —r+((wi+ze)+ws) = (x1+x2)+(witwse) V (z14+22)+(wi+ws) = (x1+w1)+ye
by

29: 21+ (w1 + 22) +w2) = (1 +w1) + Y2

15: =z + (w1 + 22) +we) = (w1 +x2) + (w1 +w2) V. =21 + ((wy +22) +ws) =
(x1+wy)+ys V (1 +22)+ (w1 +w2) = (21 + w1) + Y2

33: (.161 + ZUQ) + (w1 + ’wg) = (581 + wl) + Yo by
30: z1 + ((w1 + w2) + w2) = (71 + 22) + (w1 + w2)
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32: — w1+ ((wy + x2) +ws) = (v +x2) + (w1 +wa) V(21 4+ 22) + (w1 +ws) =
(x1 +w1) + Y2

34: QFA by
31: = (21 + 22) + (w1 +wz) = (21 +w1) + 12
33: (w1 + w2) + (w1 +w2) = (21 + wy) + Yo



