Proof of Theorem 181

The theorem to be proved is

Qze(y@2) =Q(z@y) @ 2)
Suppose the theorem does not hold. Then, with the variables held fixed,

H) [ Qe y®2)) =Q(ray) o:2))l

Special cases of the hypothesis and previous results:

0: " Qzd(yd2)=Q((zdy) ® 2) from H:x:y:z

L (Qy)-(Qe) =Qy®z)  from 1805y;2

22 (Qz)-(Qy) =Q(zoy)  from 180wy

30 Q) (Qy®=2)=Qzd(y®=2))  from 180wy 2z

4 (Qzey) (Qx)=Q(zoy)®z)  from 180 & yz

5 (Qz) - ((Qy) - (Qz)) = ((Qz) - (Qu)) - (Qz)  from  102:Qu:Qy;Qz

Equality substitutions:
6: = (Qy)-(Qz) =Qydz) v - (Qr)-(Qy) (Q2)) = (Qz) - (Qy)) - (Q2)
[ (Qx) (Qy) = Q(:L‘ o Z)J) Vo ((Qz) - (Qy) - (Qz) = Qlzoy) @ 2) V

8 = (Qz) (Qy®=2) =Qrd(ydz2) V —-(Qr) (Quydz) =Q(zdy) ®=2)
V Qraoyd2)=Q(zdy

9: = ((Qz) - (Qy))-(Qz) = (Qr)- (Qy@z)) vV —((Qr)-(Qu))-(Qz) = Q(zdy) ®2)
vV (Qz)- (Qly@2) =Qz®y) @ 2)

Inferences:

10: = (Qr)-(Qy®2)) =Qza(y®z) vV - (Qr)-(Qy®z)) =Q((x®y)®z) by
0: ~Qz®(ye2) =Qzdy) ®2)
8: = (Qr) - (Qyo2) =Qa(y®=2) v ~(Qr)- (Quaz)=Q(ray) ®=2)
V Qzoe:z)=Q(ray) ®=)
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13:

14:

15:

16:

17:

18:

= (Q2)-((Qy)-(Qz)) = ((Qx)-(Qy))-(Qz) VvV ((Qz)-(Qy))-(Qz) = (Qx)-(Qy®=2))

1. (Qy)-(Qz) = Qy & 2)
~(Qu) - (Q2) =Qlyez) v = (Qz)-((Qy) - (Qz)) = ((Qz) - (Qy)) - (Qz)
((Qz) - (Qy)) - (Qz) = (Qx) - (Qy & 2))

((Qr)-(Qy) - (Qz) = Q((zoy)®2) v ~(Qedy)) (Q2) =Q(z@y)®2) by
2: (Qz) - (Qy) = Qz®y)
- (Qr) - (Qy) = Qzay) Vv ((Qr)-(Qy) (Qz) = Qlz @ y) & 2)
~(Qey) (Qz) =Q(zay) ®2)

~(Qr)-(Qyez) =Q(zey)®=z) by
3: (Qr) - (Qy@2)) = Qz e (y @ 2))
10: = (Qr)- (Qy©2) =Qro(y©=2) vV ~(Qr)-(Qly®2) =Ql(zdy) @ 2)

((Qz)- (Qy)) - (Qz) =Q((z®y)®2) by

4 (Qoy)) (Qz) =Qlz®y) ®2)

12: ((Qr) - (Qy)) - (Qz) = Q(z@y) @2) vV ~(Qady)) (Q2) =Q((xDy) @ 2)
) = (

(( ) - (Qy)) - (Qz) = (Qu) - (Qy®© 2)) by

5: (Qz) - ((Qy) - (Q2)) = ((Qz) - (Qy)) - (Qz)
11: = (Qz)-((Qy)-(Qz)) = ((Qx)-(Qy))-(Qz) v ((Qz)(Qy))-(Qz) = (Qz)-(Qy2))
—((Qe) - (Qy)) - (Qz) = (Q2) - (Qy©2)) v ~((Qr)-(Qy)) (Qz) = Q(z DY) © 2)

13: = (Qz) - (Qy®2) =Q((z®y) ® 2)
= ((Qr)-(Qy))-(Qz) = (Qx)-(Qy®z)) vV = ((Qx)-(Qy))(Qz) = Q(zdy)®2)
(Qz)- (Qye2) =Q((zdy) @ 2)

- ((Qz) - (Qy)) - (Qz) = (Qz) - (Qy® 2)) by

14: ((Qz) - (Qu)) - (Qz) = Q((z ©y) ® 2)

16: = ((Qx)-(Qy))-(Qz) = (Qr)-(Qy®2)) vV — ((Qr)-(Qy))-(Qz) = Q(zdy) =)
QEA by

15: ((Qz) - (Qy)) - (Qz) = (Qz) - (Qy @ 2))

17: = ((Qz) - (Qu)) - (Qz) = (Qz) - (Qy & 2))



