Proof of Theorem 175

The theorem to be proved is
r<qg & rv'<q¢ — r-¢d+r<q-¢

Suppose the theorem does not hold. Then, with the variables held fixed,
H) [[(r) <(@] & [() <@)] & [-((r-d)+7")<(q-)]]

Special cases of the hypothesis and previous results:

0: r<gq from H:r:q:r':q’

1. r<{q from H:r:q:r':q

20 a(r-¢)+r'<q-¢ from H:r:q:r':q

3 r<q V r+w=q from 162;r;q:w

4: —r<q V -0=w from 162;r;q:w

5: ar'<q¢ VvV r4+uw =¢ from 162;r;¢":w’

6: (r-r)+(r-w)=r-(r'+u) from 101;r;r";w’

o (r-(r+uw)+H(w- (W)= +w) (1 +w) from 106;r;w;r’ 4+ w’

8 O0=w V -~r'<qd VvV r<w-q from 173;w;r';q

9 —r<w-¢d Vv ((r-r)+@r-W)+r<((r-r)+ - -w))+ (w-q) from
1745w - g r') + (- '

Equality substitutions:

10: =r"+w'=¢q VvV =(r-)+@r-w)=r-0+w) Vv (r-r)+r-w)=r-(¢)
11: =7 +w =q¢ Vv (-0 +u0)+(w- - +w)) = (+w) - (0 +w)
122 2 (r-r)+(r-w)=r-¢ vV 2 ((r-r)+(r-w))+r" <((r-r)+(r-w))+ (w-q)
Vo (rd)+r < (r-d)+(w-q)

13: = (r-¢)+w-¢)=0C+w)-¢d VvV —(-¢)+r <)+ w- )
Vo o(r-¢)+r<(r+w)-q

~

14: = g=r+w V (r-¢)+r"<@-¢d Vv = (r-¢d)+r<(@r+w)-¢

Inferences:


http://math.princeton.edu/~nelson/ref/162.pdf
http://math.princeton.edu/~nelson/ref/162.pdf
http://math.princeton.edu/~nelson/ref/162.pdf
http://math.princeton.edu/~nelson/ref/101.pdf
http://math.princeton.edu/~nelson/ref/106.pdf
http://math.princeton.edu/~nelson/ref/173.pdf
http://math.princeton.edu/~nelson/ref/174.pdf

15:

16:

17:

18:

19:

20:

21:

22:

23:

24:

25:

r4+w=4q by
0: r<gq
3 mr<q V r+w=gq

—0=w by
0: r<gq
4: =r<qg V - 0=w

r+w =¢ by
1< ¢
5: ' <q¢ v or+uw =4

0O=w V r<w-¢ by

L <

8: 0=w V —r<q¢gd VvV r<w-¢

“r+w=q V ~(r-¢)+r<(r+w)-¢ by

2. = (r-qd)+r'<q-¢

4: =r+w=q V (r-¢)+r<qg¢d Vv =(r-¢)+r<(r+w) ¢
—r'+w'=q¢ Vv (r-r)+(r-w)=r-¢ by

6: (r-r)+(r-w)=r-(r+uw)

10: =" 4w'=¢ Vv =(r-r)+@r-w)=r-(r+w) v (r-r)+(r-w)=r-¢

Abw =g V) e d) =)l by
T () + e () = b))

1I: = r'+w' =¢ vV (- ("+w)+(w (rM+w)) =(r+w) - +w)
(r-¢d)+(w-¢)=r+w)- ¢

—(rg)+r<(r+w)-q by

15: r+w=gq

19: =r+w=q V =(r-¢)+r<(r+w) ¢

r<w-q¢ by

16: =0 =w

18 0=w V r<w-q

(r-ry+(r-w)=r-q¢ by

17: v +uw' =4

20 =" +w'=¢ VvV (rer)+(r-w)=r-q¢

(r-¢)+w-¢)=(+w)-¢ by



26:

27:

28:

29:

30:

31:

17: 7 +w' = ¢
2l 't =q V() +(w-q) = (r+w)- ¢

gt (wd)=(r+w)-¢ VvV a(r-¢)+r"<(r-¢)+(w-q) by
22: = (r- q’)—l—r <(r+w)-q

B:=(rd)+(w-¢)=+w)-¢ vV =(@-d)+r <@ )+ (w-q)
(r-¢)+r <(r+w)-¢

() + o)) 47 < (o) + o)) + (o) by

23: ' <w-q

9: ~r'<w-g" v ((r-r)+(r-w)) +r" <((r-r) + (r-w')) + (w- )

() + )+ < () (W) weg) V)4 < (g (e g)

24: (r-r)+(r-w)=r-4

12: = (r-r)+(r-w)=r¢ v = ((rr)+0-w))+r <((r-r)+(r-w))+(w-q)
(r-¢)+r" <(r-¢)+w-q)

S(red)+r<(r-d)+(w-q) by

25: (r-¢ )+ (w-¢)=(r+w)- ¢

26: ~(r-¢)+(w-¢)=0+w)¢ VvV =(r-¢)+r"<(@r-¢)+w-q)

(r-g)+r <(r-¢)+w-¢) by

27: ((r-r")+(r-w)) +r" <((r-r)+(r-w)) +(w-q)

28: = ((rer")+(r-w"))+r" < ((rr")+(r-w'))+(w-q) Vv (r-¢)+r" <(r-q)+w-q)
QREA by

20: = (r-¢)+r"<(r-¢)+ (w-¢q)

30: (r-¢)+r" <(r-¢)+(w-q)



