MAT104—Calculus. Spring 2003. Solutions to Final Exam.

1. [10 points] Find the following integrals.

(a) / e?® sine® dz
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b) [ —2—_d
O) [ e e
Solution.

(a) Substituting z = €®, dz = e” dz, we get

/ e2” sin e® dx—/zsinzdz.

On this latter integral we apply integration by parts to get

/62“ sine” dz = /zsinzdz: /—zd(cosz)

= —zcosz+/coszdz

= —zcosz+sinz+C

= —e®*cose® +sine® + C.

(b) Let’s use trigonometric substitution z = 2sinf. That yields
/1 T2 d /”/GSSin29cosﬁd0
Y dz= o TR T
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0
/ sz do = / tan® 0 d
o cos?d

/ (sec?0 — 1)dh = (tanf — )
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2. [12 points] (a) Let R be the region bounded by the curve y = x3, the z-axis and two vertical
lines x = 1 and = = 2. Find the volume of the region obtained by rotating R around the line z = 3.

(b) Let C be the portion of the curve y = 23 between the points (1,1) and (2,8). Find the area of
the surface generated by rotating C' about the z-axis.

Solution.

(a) We can apply the Shell Method to find that

2 2
Volume = 27r/ z3(3 —x)dz = 27r/ (3z® — z*) dz
1 1
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(b) Surface Area = 27r/ yi/1+ (d—y) dz = 27r/ 3y/1+ (322)2dz = 27r/ z3y/1 + 9zt daz.
1 z 1 1

In this integral it is wholesome to notice that a radical substitution z = 1 + 9z%, dz = 3623 dx
yields a simple integral
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3. [15 points] Determine whether the given improper integrals converge or diverge. Justify your
answers.

(a) /Z w%dx (b) /0 1 Si;ls(;’f) dz (o) /1 m%dx
1 .’L‘32 e T
o [ @ f @5

Solution.

(a) The only problem spot of this improper integral is at co. Note that

/°° sin? d </°° dz /°°dz<
—— dz ——— = — < 00
5 z(lnz)? 5 z(lnz)? n2 22 ’
where we introduced the substitution z = Inz. Therefore, by Comparison Test, our integral

converges.

(b) The only problem spot of this improper integral is at 0. There we have

sin(z?) z? 1
25/2 52 T g1z (z = 0).

dz
2172
improper integrals, our integral converges as well.

1
The improper integral / converges by p-test. Therefore, by Limit Comparison Test for
0

(¢) The only problem spot of this improper integral is at co. There we have

tan~* (22 2
bl ) (:v)Ni (z = o0).
3+ x z3

* dz . .
The improper integral / — converges by p-test. Therefore, by Limit Comparison Test for
1 X

improper integrals, our integral converges as well.

(d) The only problem spot of this improper integral is at 0. There we have (use, for example,
Maclaurin series for In(1 + z))

3/2 3/2

T zo/s 1 (z = 0)
In(1 + z2) 2 rl/2 z )

1
d

The improper integral / 1—$/2 converges by p-test. Therefore, by Limit Comparison Test for
o T

improper integrals, our integral converges as well.
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(e) This improper integral has two problem spots: at 1 and at co. At oo we have

1 1

2 -1 2

(x — 00),

while at 1 we have
1 1 1/2
= ~ / (x —1).
z2—-1 (z4+1)(z-1) z-1

/°° dz /2 do /°° dz
1 l'2—1_ 1 122—1 2 .’1,‘2—1.
(&)

d 'd d
T - / & diverges, while / acd converges. By Limit
z—1 z 5 x2

Comparison Test for improper integrals, that means that the first integral above diverges, while
the second converges. Hence our improper integral diverges.

Let’s write our integral as

2
By p-tests for improper integrals, /
1

4. [15 points] Write AC or CC or D to indicate whether the given series is Absolutely
Convergent, or Conditionally Convergent or Divergent. Justify your answers.

S 22n+ _5)" S 1)79n n
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Solution.

(a) D This series is a sum of two series,

n=1

2n n

Both of these series are geometric. However, first of them converges as its quotient is 4/5 < 1,
while the second diverges by n'® Term Test. Hence their sum has to diverge.

(b) AC Here absolute convergence can be easily established using the Ratio Test:

(_1)n+12n+1

. Y/ (n+ 1)! .ooantl n! .
nli{lgo (—1)“2” o nl—>oo AL (’n, + 1)' o nlbnolo 3 n + 1 o O < 1
vn!

1
(c) D Note that, as n — oo, sin — — 0 and {/e = e'/™ — 1, whence
n

lim 1
w0 sin(1/n) (/e — 1)

3

= 400.



This means that the n*® terms of our series fall into two subsequences (those with odd n’s and
those with even n’s), one of which diverges to —oo and the other to +o0o. In any case, this series
miserably fails nt® Term Test and therefore diverges.

(o)
(d) CC This series does not converge absolutely. Indeed, to the series Z we can apply
n=2

1
nvinn
Integral Test to see that it is equiconvergent with the improper integral

/ *  dz > dz
— = — = o0.
2 zvinz m2 V2
On the other hand, our series does converge conditionally because it converges by Alternating Series

nvinn

Test. Indeed, terms of this series have alternating signs and numbers form a monotonically

decreasing sequence of positive numbers with limit 0.

(e) AC We can use Root Test; indeed,

n l/n

1 1
14+ —

(1+7) 1+

lim | ——— = lim
n—00 nn/2 n—00 \/ﬁ
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5. [10 points] Let 0 < 6 < 27 and consider the series z:(—l)"+1 tan®"(#). Determine the values
n=1

of 0 for which the series converges and compute the sum. Simplify your answer.

Solution.

If we write the first couple of terms
tan?@ — tan* 6 4 tan® @ — tan®6 + - -

it becomes apparent that this is a geometric series with first term a = tan? 6 and quotient ¢ =
—tan? . Remember that geometric series converges if and only if |g| < 1, which in this case reads
as

| —tan%6| <1, ie. —1<tanf < 1.

In the given interval for 6, this condition is satisfied for

0<O< — <0< —, and

T 3T 5 Vs
— — < .
1 1 1 1 <0 <27

Within the interval of convergence, the sum of the infinite geometric series is given by

a tan’6  tan®6

. 9
= = = 0.
1-q¢ 1+tan%60 sec?d s

6. [9 points] Find the first three nonzero terms of the Taylor series at 0 for the function f(z) =
sinz

1423



Solution.
The formula for the sum of the infinite geometric series gives at once the Maclaurin expansion

1 1
= =1-2*+2%—2%+....
1+z3 1-(—23)

We will obtain the required Maclaurin expansion by multiplication of known expansions as follows:

: 3 5
e A [
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6 ' 120 6
6 120 ' 6 ’

where dots stand for terms with powers of 27 and higher. These are already first five nonzero terms
in the Maclaurin series for f(z).

(62:(:2 —1- 2352) (cosz — 1)
. [10 points] Find li
7- [10 points] Find lim ~— 0 ) o

Solution.

We can compute this limit by inserting the Maclaurin expansions of all functions appearing in this
limit. We obtain

(62”32 —-1- 2.’E2) (cosz — 1)

I
2530 (sin3z — In(1 + 3z)) z*
2)2 2)3 2 4
2, ) Qo) ) (1-E
) 142z + 5 + 6 + 1-2z 1 2 + 21 + 1
= lim
0 3z)3 32)2 31)3
= s — B0 gy B2 B0 )
6 2 3
48 z?2 ! z?
4.7 4. T .. 4.
. (2x+3—l— >< 2+24+ ) - 2z (2) 9
= lim =lm ——% = ——.
z—0 9z% 2713 =0 92 9
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8. [9 points] Let z = £ + £z and let w be a complex number whose modulus is 2 and whose

argument is 7/3. (Note: The modulus of a complex number is the same as the magnitude.) Write
each of the quantities below in the form a + 7b where and a and b are real numbers.

(a) p (b) 2% (c) 22 - w.
Solution.

Write z and w in polar form. These are easily seen to be

. 7T+,_7T _2( 7T+,_7T)
Z—COS4 ZSlIl4, w = COS3 ZSlIl3 .
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In the following we then simply apply rules for multiplying and dividing complex numbers in polar
form and in particular DeMoivre’s Law.

1
(a) = =2z"1=cos (—%) + 4 sin (—E

z 2 2

(b) 28 = cos 8?% +is 8(37” = cos(207) + isin(20m) = 1.

o o
(c) 22w = (cosg—i-z'sing) -2(cos§+ising) =2 (COSF—FZSIDF) —V3 +i.

9. [10 points] Find all complex numbers z satisfying the equation (2z —1)* = —16. Express your
answers in the form a + 7b, where a and b are real.

Solution.

For clarity let’s write w = 2z — 1 for the moment. We need to solve the equation
w* = —16 = 16(cos 7 + isin 7).

All complex roots of this equation are given by a general formula
2k 2k
w = V16 (cos% —I—z'sinwtliﬂ) , k=0,1,2,3.

This gives four solutions

3m
w1=2(cos—+zsm ) \/§+\/§z', w2:2<cosI+zsmz) \/_+\/_z

w3:2<cos5z—l—zsm5z>:—\/§—\/§z’, w4=2(cos7z+zsm—) V2 — V2i.

The corresponding values of z can be found from an equation z = (w+ 1)/2. We find that they are

V2+1 V2. —V2+1 V2. —V2+1 V2. V2+1 V2.
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