FINAL MAT104 SPRING 2006

SOLUTIONS
Answers:
(1) In|vVa?2 +1+ 2| — +C’
(2) ————522 ln(liﬁﬂ) ) 4 Qtan_l(x +1)+C
(3) It converges.
(4) a) It converges. b) It converges.
(5) It converges for —1 < z < 1.
(6) -5
(7) 219/2¢45
(8) y(a:) 1 tanm+C€—tanx
9) y(z) = C1® + Cpe 2 + 15
2
Eloi V= %H(\/?—l)
11) L =38
Solutions:

(1) Evaluate
2
x
/(1+x2)3/2 e

We use the trigonometric substitution x = tanf, dz = sec? 0df

2 2 2
/ z d:U:/tan 0 sec* 0 o
(14 22)3/2 sec3 0
tan? 6
_/ sec d0
:/sec29—1 40
sec 6

:/Sece d@—/cos@ do

=In|sect + tanf| —sinf + C

. _ x _ 1 oy .
We have sin§ = Nras) and cosf = Nt Rewriting the above result in terms of

T we get

+C.

22
/( PIE de =ln|vVaz?2+1+z| — m

(2) Evaluate

/ In(2? + 2z + 2) d
(x+1)2
1
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We first make the change of variable y =z + 1, dy = dx to get

/ In(z? + 22 + 2) e — / In(y? +1 a.
(z+1)? y?

We then integrate by parts with v = In(1 + 3?), du = 1423;2 dy and dv = y—12dy,

1

v= —
Y

In(y? +1 —In(1 + 92 2
/n(y+)dy n(+y)+/ dy

y? Y 1432
—1In(1 + 2
:M+2tan—1y+0.
y

Rewriting in terms of the variable x

/ln(m2—|—21‘+2) do — —In(1+ (z+1)%)
@+nz 7 z+1

+2tan "' (z +1) +C

(3) Does [,° lng(;i_f) dx converge or diverge 7

The only trouble spot is at co. We have In(e* — 2) ~ z at z — oo as

In(e® — 2
i (e —2)

T—00 €T

=1

using L’Hospital rule. Also 23 + 1 ~ 22 at infinity. Therefore the convergence or
divergence of the integral is the same as for the following integral

oz 1
J/ 3 dr = d/“ ) dx.
2 X 2 x
By the p-test, this integral converges. Hence the above integral converges.

(4) a. Does > >, % converge or diverge ?

We use the ratio test
n+1 12 |
lim O g 3" ((n 4+ 1)1 (2n)!
n—oo G, n—oo (2(n+1))! 37(n!)
2
= lim 3(r+1)
n—oo (2n+2)(2n + 1)
~ lim 3n?+6n+3
oo 4dn? 4 6n + 2
3
=—-<1
1 <

By the ratio test the series converges.

10n 10 .
b. Does Y »° | <" converge or diverge ?

elOn

. . . 10
We split the series in two: ) + >, %%. We use the root test on both.

For the first, we get

1
. el0n /n . 10
lim = lim [ —
n—oo nmn n—oo n

=0<«1

n n"
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10\ 1/n 1/n\10
lim <n—n> = lim <u>
n—oo n n—oo n

=0<«1

and

Therefore both series converge so the sum of the two converges.

(5) For what values of x does ) 7z converge?

W
We first look at the interval of absolute convergence. Setting a,, = |n(1n””7:)1/2|
we have
Gn+1 _ ‘CC’ n(lnn)l/z
an (n+ 1)(In(n + 1))1/2
We take the limit of the ratio lim,,_ ., 2+ as

an

lim |z n(lnn)/? = |z| { lim n lim Inn v
n—oo ' (n+1)(In(n + 1))1/2 n—oomn +1) \n—colnn+In(l+1/n)

= ||
where we have used In(n + 1) = Inn + In(1 + 1/n). The ratio test that the series

converges for lim,_ aztl < 1. In our case we have that the series converges
absolutely for |z| < 1.

G D
2 n(lnn)t/2"
W is decreasing and converges to 0

as n — oco. By the alternating test, it must converge.
If x =1, we get the series

It remains to check the end point. If x = —1, the series reduces to Y >~

This is an alternating series. Moreover,

- 1
;::2 n(lnn)t/2’

This is a series with positive terms. The form of the term in the series suggests
the use of the integral test. The relevant integral is

/°° dx
o x(lnz)l/2

We make the change of variable v = Inx to get

/°° dx _/°° dv C
2 x(lnl‘)l/Q_ 121)1/2_

By the integral test we conclude that the series diverges at x = 1.

(6) Find
I e2* — cosx — sin 2z
im

z—0 111(1 + SL’) —

This a case 0 We use Taylor series about z = 0. We have 2 = 1422+ ) +...,
cosr=1— 2, + ..., s1n2x—2x——+ and
2?2 a2?

— dy = 1-— 24 Vdy=o2— =+ 1 ..
1+ x) /1+yy/0( y+y+)yw2—|—3—|—



lim
x—0

(7)
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using the sum of a geometric series. The z2-terms will be the dominant terms in
the numerator and the denominator. Inserting the series, we get

e?* — cosx — sin 2 . (1+2x+42%/2+..) — (1 —22/24+..) — (22 —...)
im

In(l+z)—= z—0 (x—a%/24+..)—x
522/2 4 ...
= m —————
z—0 —1’2/2 4+ ...
=5

Write (1 + ) (1 4 4v/3)'7 in polar form with r > and 0 < 0 < 27.

We first write each number in polar form. We have 1+i = v/2e/™/4 asr = /1 + 1

and tan j = % = 1. The same way 1+ iv/3 = 2¢7™/3. It is now easy to take

powers:

(144" = 915/2 ,it5T _ 915/2 iTF

- 17T

(1+iV3)17 = 2175 = 2170

where we have used 1‘?7” = 27 + %” and NTW = 47 + %” It remains to take the

product of both numbers
(1+4)15(1+iv3)17 = <215/2€i%’> (21761'%”) _ 919/2 i4F _ 949/2 il[E

417 17
as T2 = 2 +

12

2 tan x

Find all real solutions to the differential equations cos a:j—z +y=e

This is a first-order linear equation. We divide by cos? z to get the usual form

g—z + Coi%cy = CO;QmetaH$. Recall that 1/cos?2z = sec?z. By the form of the

equation, the integrating factor is given by e”’(*) where

P(x) = /Seczx dzr = tan z.

tanx

Multiplying the equation by the integrating factor e and using the product

rule yields
d
o

Integration on both sides gives

tan x 2 2tanx

y):sec xe

1
etanxy: /86021' e2tanx dr = §e2tanx_’_C.

where we have used the change of variable u = 2tan . We get the final answer by
dividing by eta®®

Find all real solutions to the differential equations g% + g—g — 2y = %7,
The general solution is given by y(z) = yn(x) + yp(x) where y; is the solu-

tion to the homogeneous equation and y, is the particular solution to the non-
homogeneous equation.
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We first find the solution to the homogeneous equation % + g—g —2y =0. The
characteristic polynomial of the equation is 2 +r — 2. It has roots 7, = 1 and
r9 = —2. Therefore we have

yh(ac) = (C1e" + 026_296.

To find y,, we guess from the equation that it should be of the form y,(x) = Ae3*
for some real constant A. To find A, we insert our guess in the equation to get

(9A + 3A — 2A) 3% = 32,

Dividing by €3, we conclude that A = 1/10 for our guess to satisfy the equation.
Therefore, the general solution to the equation is

1
y(z) = Cre® + Che™2® + 1—0639”.

(10) Find the volume of the solid obtained by revolving the region under the curve
y = cosx and above the z-axis for 0 < x < 7/3 about the line x = —1.

We use the shell method. The shells have radius z+1 and height cos . Therefore
the volume is given by

w/3
V:/ 2n(z + 1) cosz dx
0

w/3 /3
:27r/ T COST d517+271'/ cos x dx
0 0

/3
=27 (zsinz + cosx) ‘0 + 27 (sinz)

V3 V3
—oar | = X241 op v
7T<32+2 >+7T2

/3

7.[.2
:ﬁ‘i‘ﬂ'(\/g—l)

(11) Find the length of the curve given in the parametric form by

() = 2(#2 — 1)3/2
y(t) = 3t2

where 2 <t < 3.

The length of the curve is given by the integral

2
NCROE
We have ‘fl—f = 6t(t 1/ 2 and dy = 6t. The integral becomes

:/ \/36t2(t2—1)+36t2dt:6/ \/t_4dt:6/ 2 dt
2 2 2

3\ 3
—6<§> =38




