LOCALLY DECODABLE CODES AND THE FAILURE
OF COTYPE FOR PROJECTIVE TENSOR PRODUCTS
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ABSTRACT. It is shown that for every p € (1,00) there exists
a Banach space X of finite cotype such that the projective ten-
sor product ép@@X fails to have finite cotype. More generally, if
P1,P2,p3 € (1,00) satisfy p% + piz + pis < 1 then £, ®¢,,®0,, does
not have finite cotype. This is proved via a connection to the
theory of locally decodable codes.

1. INTRODUCTION

Throughout this paper all Banach spaces are assumed to be over the
reals, though our results apply (with the same proofs) to complex Ba-
nach spaces as well. We shall use standard Banach space notation and
terminology, e.g., as in [I]. We shall also use the asymptotic notation
<, 2 to indicate the corresponding inequalities up to universal con-

~) o~

stant factors, and we shall denote equivalence up to universal constant
factors by =<, i.e., A < B is the same as (A < B) A (A 2 B).

The projective tensor product of two Banach spaces (X, | - ||x) and
(Y, || - ly), denoted X®Y, is the completion of their algebraic tensor
product X ® Y, equipped with the norm

2]l xzy = inf {Z lillx - willy : 3n € N, 3{ (2, 4:) )y € X x Y,

i=1
such that z = le ®yi} .

=1

Thus, if X,Y are finite dimensional then the unit ball of X®Y is the
convex hull in X ® Y of all the vectors of the form = ® y, where z is
a unit vector in X and y is a unit vector in Y. To state two concrete
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examples of this construction, one always has (;®X = ¢;(X), and
(,&05 can be naturally identified with the Schatten trace class S, i.e.,
the space of all compact operators T : {5 — {5, equipped with the norm
IT||s, = trace(v/T*T). For these facts, and much more information on
projective tensor products, we refer to [15], 24] 12].

The literature contains a significant amount of work on the perma-
nence of various key Banach space properties under projective tensor
products; see the survey [11] for some of the known results along these
lines. Here we will be mainly concerned with geometric properties of
projective tensor products with L,(u) spaces, p € (1,00), in which case
examples of known results include that LP®X is weakly sequentially
complete iff X is [I8], L,®X has the Radon-Nikodym property iff X
does [9, 8], and L,®X contains a copy of ¢ iff X does [10].

When one does not consider projective tensor products with L, (u)
spaces, the above permanence properties are known to fail [21] [7].
Specifically, Bourgain and Pisier [7] showed that there exist a weakly
sequentially complete Banach space X with the Radon-Nikodym prop-
erty, such that X®X contains a copy of ¢ (thus X ®X fails weak
sequential completeness and the Radon-Nikodym property).

Here we will be concerned with the permanence of finite cotype under

projective tensor products. For ¢ € [2,00), a Banach space (X, || - ||x)
is said to have cotype ¢ if there exists C' € (0,00) such that for every
n € N and every x1,...,x, € X we have

1/2

n 1/q n 2
(Statt) “<ofzflSe) )0
i=1 i=1 X
where the expectation in is taken with respect to uniformly dis-
tributed € = (e1,...,e,) € {—1,1}". Thus L, has cotype max{p, 2} for
for every p € [1,00) (see, e.g., [1]). The infimum over those C' € (0, c0)
for which holds true is denoted C,(X, | - ||x), or, if the norm is

clear from the context, simply C,(X). Given k£ € N and a norm || - ||
on R¥ it will also be convenient to denote C‘(‘?”) = C,(R* || -]]). If X
has cotype ¢ for some g € [2, 00) then we say that X has finite cotype,
or simply that X has cotype. The Maurey-Pisier theorem [19] implies
that X fails to have finite cotype if and only if it is universal in the
sense that there exists K € (0,00) such that all finite dimensional Ba-
nach spaces embed into X with distortion at most K (equivalently, ¢,
embeds into X with distortion at most K for all n € N). We are there-
fore interested in the permanence under projective tensor products of
the failure of the above universality property.
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Tomczak-Jaegermann proved [25] that £,®¢, = S; has cotype 2,
and Pisier proved [22, 23] that if p, ¢ € [2,00) then L,®L, has cotype
max{p, ¢} (see [22] for a more general result along these lines). Other
than these facts and the easy fact that L;®X = Li(X) always inherits
the cotype of X, we do not know of other permanence results for cotype
under projective tensor products. In particular, it is open whether
L,®L, has finite cotype when p € (1,2) and ¢ € (1,2], and whether
055 = (50505 has finite cotype (these questions are stated in [23]).

A remarkable theorem of Pisier [21] asserts that there exist two Ba-
nach spaces X and Y of finite cotype such that X®Y does not have
finite cotype. Specifically, by a famous theorem of Bourgain [5], L, /H*
has cotype 2 (H* is the closed span of {6 +— >0} ' C L), and Pisier
constructs [21] a Banach space Z of cotype 2 such that Z&(L,/H")
contains a copy of ¢.

We have seen that projective tensor products with L,(u) spaces pre-
serve a variety of geometric properties, but that similar results often fail
for projective tensor products between general Banach spaces. In this
vein, for p € (1, 00) it was unknown whether Lp@)X has finite cotype if
X has finite cotype. This question was explicitly asked in [11], p. 59],
and here we answer it negatively by showing that for every p € (1, 00)
there exists a Banach space X of finite cotype such that €p<§>X fails to
have finite cotype. Thus, L,®X contains copies {£" }°¢, with distor-
tion bounded by a constant independent of n; contrast this statement
with the theorem of Bu and Dowling [I0] quoted above that asserts
that L,@Y contains a copy of ¢y iff Y itself contains a copy of ¢y. Note
that when p = 2 we see that even the projective tensor product with
Hilbert space need not preserve finite cotype.

Our main result is the following theorem.

Theorem 1.1. Fiz py,ps,ps € (1,00) such that
—+—+—<1 (2)

Then €p1®€p2®fp3 does not have finite cotype. Moreover, there ezists
a universal constant ¢ € (0,00) such that for every py,pa,p3 € (1,00)
satisfying , every q € [2,00), and every integer n > 15 we have

- (c (log log n)? ) | @)

5 . log log log n

Cy (6,86,86,) 2 o

It follows from Theorem that for every p € (1,00), if we set
X = Egp/(p_l)@)@p/(p_l) then £,X fails to have finite cotype. By the
result of Pisier [22] quoted above, X has finite cotype. Another notable
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consequence of Theorem is that there exists a Banach space Y such
that Y®Y has finite cotype yet YRY®Y fails to have finite cotype.
We conjecture that is not sharp, leaving open the determination of
the asymptotic behavior of, say, C, (f’g@ﬁg@@).

Our proof of Theorem is based on a connection between cotype of
tensor products and results from theoretical computer science, namely
the theory of locally decodable codes. This link allows us to use (as
a “black box”) delicate constructions that are available in the com-
puter science literature in order to prove Theorem Our initial
hope was to use this connection in the reverse direction, namely, to
use Banach space theory to address an important question about the
length of locally decodable codes, but it turned out that instead locally
decodable codes can be used to address the question in Banach space
theory described above. Nevertheless, there is hope that the connec-
tion presented below, when combined with geometric insights about
tensor norms, might lead to improved lower bounds for locally decod-
able codes. This hope will be made explicit in the following section.

1.1. Locally decodable codes and cotype. Definition below
is due to Katz and Trevisan [16]; see the surveys [26, 29] for more
information on this notion (and the closely related notion of private
information retrieval), as well as a description of some of its many
applications in cryptography and computational complexity theory. We
note that in the present paper no reference to Definition will be
made other than through the conclusion of Lemma below.

Definition 1.2 (3-query locally decodable code). Fiz m,n € N and
®,0 € (0,1/2). A function

C:{-1,1}" = {-1,1}"

is called a 3-query locally decodable code of quality (¢p,0) if for every
t € {1,...,m} there exists a distribution A, over 4-tuples (i,7,k,g),
where 1,7,k € {1,...,n} and g : {—1,1}> — {—1,1}, with the property
that for every e € {—1,1}" and every 6 € {—1,1}" that differs from
C(g) in at most ¢ - n coordinates, with probability (with respect to the
distribution A;) at least % + 6 we have g(6;,0;, %) = €.

The motivation behind Definition [L.2is as follows. Just like standard
error correcting codes, locally decodable codes provide a way to encode
an m-bit message into a longer n-bit codeword in a way that allows
one to recover the original message from the codeword, even if it is
corrupted in any set of coordinates that isn’t too large. However, while
standard error correcting codes typically require reading essentially all
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the n bits of the corrupted codeword in order to recover even one bit
of the message, a 3-query locally decodable code allows one to do this
while reading only 3 bits.

It is an important open question to determine the asymptotic be-
havior in m of the smallest n for which 3-query locally decodable codes
exist (for some fixed ¢, 6, say, ¢ = 6 = 1/16). The best known upper
bound, due to Efremenko [13] using in part key ideas of Yekhanin [2§]
and a combinatorial construction of Grolmusz [I4], is that for every
m € N there exists an integer n € N satisfying

loglogn = +/logmloglogm, (4)

for which there exists a code C': {—1,1}"™ — {—1, 1}" which is 3-query
locally decodable of quality (¢>, % — 6¢) for all ¢ € (0,1/12). See [3] for
an improvement of the implicit constant factor in .

The best known lower bound, due to Woodruff [27] as a logarithmic
improvement over a lower bound of Kerenidis and de Wolf [I7], is that
for, say, ¢ = 6 = 1/16 we necessarily have

m2

n 2> .
~ logm

(5)

In what follows, given n € N we let eq, ..., e, be the standard coor-
dinate basis of R". Let ||-|| be a norm on R*@R"®@R". For K € [1,00)
say that || - || is K -tensor-symmetric if for every choice of permutations
7,0, T € Sy, every choice of sign vectors €,d,n € {—1,1}", and every
choice of scalars {a; ;. }i; C R, we have

Z Z Z giajnkaw(i),a(j),T(k)ei X €; ® ey,
i=1 j=1 k=1
K Z Z Z Qi,5,kC4 X €; X ek

i=1 j=1 k=1

(6)

Theorem 1.3. Fiz m,n € N and ¢,0 € (0,1/2). Suppose that there
exists a 3-query locally decodable code C' : {—1,1}™ — {—=1,1}" o
quality (¢,0). For every K € [1,00), if || - || is a K-tensor-symmetric
norm on R3" @ R3" @ R3" then for every q € [2,00) we have

K209 . HZ k= 16z®€j®6k” > ¢0*m! /4 '
-1 sz 1€z®€z®€zH ~ log(n+1)
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Theorem implies that if, say, ¢ = @ = 1/16 then there exists a
universal constant ¢ € (0, 00) such that

emt Hz;o’zl e ® e ® el
)2?21 2511 iil € Xe; X eg

where the first supremum in ([7)) is taken over all the 1-tensor-symmetric
norms || - || on R3 @ R?*" ® R3". While our initial hope was to use
to narrow the large gap between and , we do not know if there
exists a norm on R3" @ R3" @ R3" with respect to which exhibits
an asymptotic improvement over . This question is arguably the
most important question that the present paper leaves open. However,
Theorem [I.3] contains new information when one contrasts it with Efre-
menko’s upper bound , thus yielding the following corollary.

n 2= sup sup exp
I a€f2.00) cpl

(D
H

Corollary 1.4. There exists a universal constant ¢ € (0,00) such that
for every integer n > 15, every q € [2,00) and every K € [1,00), any

K-tensor-symmetric norm || - || on R @ R* @ R"™ satisfies
n c . (10glogn)2
(@) > ||Zi:1 6i®€i®€i” exXp <q logloglogn>
-~

HZ?:l Z?:l ZZ:I e X €; X ek ‘ K? logn

Suppose that p1,p2, ps € (1, 00) satisfy and define r € [1,00) by
1 ger 1 1 1
e
r pr P2 D3
Denoting e = Y, ¢; € R™, we have

DD awe e

i=1 j=1 k=1

=le®e® e”egle@z%@zg?)

o, e, 80,
ZWWaW%%WM%IHW“”M”WWIW” (8)

It is also well known (see, e.g., Theorem 1.3 in [2]) that

n

Zei®ei®€i

=1

=nl/r (9)

0, O15, 81
Since Kgl®ﬁgz®€;3.is 1-tensor-symmetric, it follows from and @D
that Theorem [L.1]is a consequence of Corollary [1.4]

Acknowledgements. We are very grateful to Gilles Pisier for his en-
couragement and many insightful suggestions.
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2. PRELIMINARIES

In this section we briefly recall some standard notation and results
on vector-valued Fourier analysis.

For n € N, the Walsh functions {Wy : {=1,1}" = {=1,1}}acq1,..n}
are given by WA( ) =1licaci (X, || |lx) is a Banach space then for
every f:{=1,1}" - X and A C {1,...,n} we write

F(A) =E[Wa(e) f(e)], (10)

where the expectation in (10)) is with respect to ¢ € {—1,1}" chosen
uniformly at random. Then,

Vee {-11}", fle)= > Wale)f(A
AC{1,...,n}

The Rademacher projection of f, denoted Rad(f) : {—1,1}" — X,
is defined by

Vee {-1,1}", Rad(f Zgl ({z}).

Pisier’s famous bound on the K-convexity constant [20] asserts that if
X is finite dimensional then every f: {—1,1}" — X satisfies

VE [IRad()©)II%] £ log (dim(X) + 1) - E[If@)I%]. (1)

Recall that the implied constant in is universal, and thus it does
not depend on n, f, (X, - |lx) or dim(X). Bourgain proved [6] that
the logarithmic dependence on dim(X) in (11)) cannot be improved in
general.

3. RELATING LOCALLY DECODABLE CODES TO COTYPE

Locally decodable codes will be used in what follows via the following
lemma which is a slight variant of a result that appears in Appendix B
of [4] (the proof in [4] is itself a variant of an argument in [I7]).

Lemma 3.1 ([]). Fiz m,n € N and ¢,0 € (0,1/2). Suppose that
C:{-1,1}" = {=1,1}" is a 3-query locally decodable code of quality
(¢,0). Then there exists a function C' : {—1,1}™ — {—1,1}3" with
the following properties. For every i € {1,...,m} there exist three
permutations ;, 0;, T; € Sy, and for every j € {1,..., [¢pOn/9]} there
exists a sign & € {—1,1}, such that if e € {— 1 , 1}™ is chosen uniformly

at random then with probability at least 5 T E we have

C'(€)m()C' ()0 () C"(€)miy) = e (12)
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Proof. By Appendix B of [4], for every i € {1,...,m} there exists a
family of nonempty disjoint subsets F; of {1,...,n} such that
o |7l > 2,
e cach S € F; satisfies |S] < 3,
o for each S € F; there exists a sign 6;(5) € {—1, 1} such that if
e € {—1,1}" is chosen uniformly at random then

Prob

[[ce). = 5i(S)5i] >t % (13)

seSs

Define C’ : {—1,1}™ — {—1,1}>" by setting the first n coordinates of
C'(x) to be equal to C(x), and defining the remaining 2n coordinates
of C'(x) to be equal to 1. One can then add 3 — |S| elements from
{n+1,...,3n} toeachset S € F; so that F; becomes a family of disjoint
subsets of {1,...,3n} of size equal to 3, while not changing the validity

of with C replaced by C’. Write F; = {{m(j),al-(j),n(j)}}ﬁ{ for

some 7,04, 7T; € Sa,. Letting 67 = 6;({m;(j), 0:(j), 7:(5)}), the validity

of with probability at least % + 1% is the same as ([13]). 0

Remark 3.1. An inspection of the proof of Efremenko’s result [13]
reveals that it directly gives a function C’ as in Lemma 3.1, Therefore,
strictly speaking, Lemma |3.1]is only required for statements like The-
orem that involve arbitrary locally decodable codes, and not for
statements like Theorem and Corollary that use Efremenko’s
construction. We also note that the function C” given by Efremenko’s
construction has properties that are slightly stronger than those guar-
anteed by Lemma it satisfies for every ¢ € {—1,1}", and
moreover one can take 6{ = 1 for all 7,j. It is easy to see, however,
that the latter property can be ensured in general, with only a slight
loss in constants (say by replacing 3n with 6n).

Fix n € N and let || - || be a seminorm on (R")*? YR @R @ R".
Write
Oy © max le ®@e®el. (14)
ee{-1,1}"

For o, 8 € (0,1) consider the subset S(a, 8) C (R")®* defined by

S(o, B)
» (] 3
= U N{ze®)%: (e @ oy @ €xiiy )| 2 0}, (15)

m,o0,TESy j=1
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and write

S (e, ' min |z 16
a8 min |al (16)

Theorem 3.2. Fiz m,n € N and ¢,0 € (0,1/2). Suppose that there
exists a 3-query locally decodable code C' : {—1,1}" — {—1,1}" of

quality (¢,0). Then for every seminorm || - || on R® @ R3 @ R3" and
every q € [2,00) we have

ml/a < C|(|?H) O
~ . (17)
log(n +1) ™ &.4(6/8,¢0/27)

Proof. Let C" : {—1,1}™ — {—1,1}3" be the function from Lemma[3.1]
Define f: {—1,1}™ — R @ R*" @ R3" by

fle)=C'(e) @ C'(e) ® C'(e).

Recalling the definition (14)), we have || f(¢)|| < Oy foralle € {—1,1}™.
Combined with Pisier’s bound on the K-convexity constant ( . we
therefore have

1/2

log ((3n)° +1) - Oy Z

1/q
G
H || i=1

where in the last step of we used the definition of the cotype ¢

constant CI(I?II)'
Using the notation of Lemma [3.1] fix i € {1,...,m} and for every
je{l,...,[¢On/9]} write

P] “f prob [< ) @ €o,(j) D €r(j), f(5)> - 655’} ’ (19)

where the probability in is over € € {—1,1}™ chosen uniformly at
random. Recalling the definition of f, it follows from that

P )

V(i,5) € {1,...,m} x {1,...,[¢On/9]}, P/> 16

L\DI)—t



10 JOP BRIET, ASSAF NAOR, AND ODED REGEV
Now, for every (i,j) € {1,...,m} x {1,...,[¢0n/9]} we have
67 (er) ® €y ® ensy, JUIN)
= (dlenq) ® €a) @ en Bl f(€)])
= E[0ei (en) © €aiy) @ eniyy, f(€))]
pl (1—P.).Z 21)
Recalling (15), it follows from (21)) that f({i}) € S(6/8,$6/27) for all

i€ {l,...,m}. The definition (16| therefore implies that
min_ Hf {ih)| = Spiers, 00/27),

which gives the desired estimate (17]) due to . O

By substituting into Theorem we deduce that any seminorm
on R" ® R” ® R™ must obey the following nontrivial restriction.

Corollary 3.3. There exist universal constants «, ;¢ € (0,1) such

that for every integer n > 15, if || - || is a seminorm on R™ @ R™ @ R™
and q € [2,00) then
Cifl O o 1 ¢ (loglogn)?
cexp | - (22)
Spa, B) ~ logn q logloglogn

Proof. By Efremenko’s bound combined with Theorem 7 there
exist universal constants aq, f1,¢; € (0,1) and a sequence of integers
{nm}5o_s C N satisfying

loglog n,, =< v/logmloglogm, (23)

such that for every integer m > 3 and ¢ € [2,00), if | - | is a seminorm
on R3"m @ R3"m @ R3" then

C|§‘q)-(9\.| - ml/a ® 1 Cen [ (log log n,,)? (24)
SH(Oq,Bl) ~ logn,, ~ logn,, q logloglogn,, )

Due to , there is Ny € N such that if n > Ny then there exists
an 1nteger m > 3 for which

3 (1 - %) N <N < 3Ny (25)

Observe that by adjusting the constant ¢, the desired asymptotic in-
equality holds true if n € (15, Np). We may therefore assume that
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n > Ny, in which case we apply to the trivial extension of || - || to
a seminorm | - | on R3" @ R3"m @ R3" j.e., for every {az‘,j,k}?%:l set

n n n
E :E :E A ke ® €5 @ ey

i=1 j=1 k=1

3Nm 3Nm 3Nm

Z Z Z a; k€ K €5 K eg

i=1 j=1 k=1

Then C’ﬁ” = CI(I?H) and O = Oj, and due to (25) we also have
Si(ar, B1) = S (o, B1/2). The desired estimate (22)) is therefore

a consequence of . O

Due to the following simple lemma, Theorem and Corollary
follow from Theorem [3.2] and Corollary respectively.

def

Lemma 3.4. Fixn € N and o, € (0,1). For K € [1,00), if || - | is
a K-tensor-symmetric norm on R" ® R" @ R™ then

O K |33 > cide;@en|. (26)
i=1 j=1 k=1
and
aff ||
S||.||(O¢,ﬂ) = 7 Zei@)ei@@i (27)
i=1

Proof. is an immediate consequence of the definitions @ and .
Next, fix © € S(a, 5). Writing @ = >0 D% D7 aijre; ® € @ ey,
for some {a;;1}7; =1 € R, and recalling , there exist m, 0,7 € S,
such that

Vie {17 SR I—ﬁn-l} ) ‘a’ﬂ(’i),d(i),ﬂ'(i)l Z Q. (28)
For g,6,n € {—1,1}" and p € S,, define

def n n n
Won = NN €i0i5k(2, 6,1, P)rop(i) oop(i) rop) & © € D ek, (29)

i=1 j=1 k=1
where
sk, p) def | 7k if p(k) > [Bn],
T Ek0KSIZN(Crop(k),cop(k),rop(k)) Otherwise.

Thus, if (¢,0,n,p) € {—1,1}" x {—1,1}" x {—1,1}" x S, is chosen
uniformly at random then

l—én-‘ A (4),0(i),7(i a
E[«f,] = Yot | n”’ W] Sej@e; ey (30)

j=1
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Consequently,

- @A eI

af Z e; ®e;Re; < HE [xg,é,n} H

j=1

©~ @9
<E[||o25,]] "< Klzl. (31)

Recalling , the validity of for all x € S(a, B) implies . O

1]
2]
3]

[4]

[12]

[13]

[14]

[15]
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