UNIFORM NONEXTENDABILITY FROM NETS

ASSAF NAOR

Abstract. It is shown that there exist Banach spaces X, Y , a 1-net N of X and a Lipschitz function f : N → Y such that every F : X → Y that extends f is not uniformly continuous.

1. Introduction

A metric space (X, d_X ) is said to embed uniformly into a metric space (Y, d_Y ) if there exists an injection f : X → Y such that both f and f^{−1} are uniformly continuous. (X, d_X ) is said [5] to embed coarsely into (Y, d_Y ) if there exists f : X → Y and nondecreasing functions α, β : [0, ∞) → [0, ∞) with lim_{t→∞} α(t) = ∞ such that α(d_X (x, y)) � d_Y (f(x), f(y)) � β(d_X (x, y)) for every x, y ∈ X. While making no attempt to survey the very large literature on these topics, we only indicate here that in addition to their intrinsic geometric interest, uniform and coarse embeddings have important applications in areas ranging from functional analysis [4] to group theory and topology [17], and theoretical computer science [2].

In the context of embeddings of Banach spaces, the literature suggests that uniform and coarse embeddings are closely related, despite dealing with infinitesimal and large-scale structures, respectively. Specifically, by [1, 6, 15] a Banach space X embeds uniformly into a Hilbert space if and only if it embeds coarsely into a Hilbert space. Also, certain obstructions work equally well [7, 11, 9] for ruling out both uniform and coarse embeddings of Banach spaces. Despite this, it remains unknown whether or not the existence of a coarse embedding of a Banach space X into a Banach space Y implies that X also embeds uniformly into Y . The analogous question with the roles of coarse and uniform embeddings interchanged is open as well. The only available negative result in this context treats uniform and coarse equivalences rather than embeddings: Kalton [8] proved the existence of two Banach spaces X, Y that are coarsely equivalent but not uniformly equivalent.

Recent work of Rosendal [16] yields progress towards the above questions. It implies that if X and Y are Banach spaces such that X embeds uniformly into Y , then X also embeds coarsely into ℓ_p(Y ) for every p � 1. As for the deduction of uniform embeddability from coarse embeddability, Rosendal’s work [16] implies that if X and Y are Banach spaces with the property that for every 1-net N of X, every Lipschitz function f : N → Y admits an extension F : X → Y that is uniformly continuous, then the existence of a coarse embedding of X into Y implies that X embeds uniformly into ℓ_p(Y ) for every p � 1. Rosendal therefore asked [16] whether or not every pair of Banach spaces X, Y has this (seemingly weak) extension property. Here we show that this is not the case.

Theorem 1. There exist two Banach spaces (X, ‖ · ‖_X ) and (Y, ‖ · ‖_Y ), a 1-net N of X and a Lipschitz function f : N → Y such that every F : X → Y that extends f is not uniformly continuous. Moreover, any F : X → Y that is uniformly continuous satisfies

sup_{x∈N} ‖F (x) − f(x)‖_Y = ∞. (1)

It remains an interesting open question to understand those pairs of Banach spaces X, Y for which Rosendal’s question has a positive answer, i.e., to prove theorems asserting the existence of

Supported by NSF grant CCF-0832795, BSF grant 2010021, the Packard Foundation and the Simons Foundation.

a uniformly continuous extension of any Y -valued Lipschitz function that is defined on a 1-net N of X. If the initial function f : N → Y is assumed to be Hölder with sufficiently small exponent rather than Lipschitz (which is a more stringent requirement since the minimum positive distance in N is at least 1), then such an extension result holds true provided that Y is superreflexive. This follows from deep work of Ball [3] (see [12] for the precise statement that we need here). Indeed, if Y is superreflexive then by the work of Pisier [14] we know that Y admits an equivalent norm whose modulus of uniform convexity has power-type q for some q ∈ [2, ∞). Therefore, by [3, 12], Y has metric Markov cotype q. Since any metric raised to the power 1/q has Markov type q, it follows from [3, 12] that every 1/q-Hölder function from a subset of X into Y can be extended to a 1/q-Hölder function defined on all X. The role of superreflexivity here is only through the finiteness of the metric Markov cotype of Y , so by [12] similar statements hold true when Y is a q-barycentric metric space (in particular, if Y is a Hadamard space then this holds true with q = 2). These considerations, however, do not address Rosendal’s question, where the initial function f : N → Y is only assumed to be Lipschitz. At the same time, an inspection of the proof below reveals that in Theorem 1 we can ensure for every α ∈ (0, 1) that f is α-Hölder, so in general the uniformly continuous extension problem for Hölder functions on nets in Banach spaces has a negative answer.

2. Proof of Theorem 1

The proof below is a variant of the argument in Section 5 of [13], which itself uses an averaging idea that is inspired by Lemma 6 in [10].

For p � 2 let M_p : ℓ_2 → ℓ_p be the Mazur map, i.e., for every x ∈ ℓ_2 and j ∈ N,

M_p(x)_j^{def}= |x_j |^{2p} sign(x_j ).

Since p � 2, it is elementary to check that every u, v ∈ R satisfy | ||u|^{2p} sign(u) − |v|^{2p} sign(v) | |^p � 2^{p−2}|u − v|^2.

Consequently, for every x, y ∈ ℓ_2 we have.

‖M_p(x) − M_p(y)‖_p � 2^{1− 2p} ‖x − y‖ 2 p 2 � 2‖x − y‖ 2 p 2 . (2)

Denote

X^{def}=

(^∞⨁ p=2 ℓ_2 ) ∞ and Y^{def}=

(^∞⨁ p=2 ℓ_p ) ∞ . (3)

Fix a 1-net M of ℓ_2 and denote N =

∏_∞ p=2 M. Then (by the definition of X) N is a 1-net of X.

Define f : N → Y by setting for every (x_p)^∞_{p=2} ∈ X,

f((x_p)^∞_{p=2})^{def}= (M_p(x_p))^∞_{p=2}.

Since the minimum distance in N is at least 1, it follows from (2) (and the definitions of X and Y ) that f is 2-Lipschitz.

Suppose for the purpose of obtaining a contradiction that there exists F : X → Y that is uniformly continuous and satisfies

γ^{def}= sup_{x∈N} ‖F (x) − f(x)‖_Y < ∞. (4)

Let ω : [0, ∞) → [0, ∞) be the modulus of uniform continuity of F . Thus ω is nondecreasing and lim_{s→0} ω(s) = 0. Write F = (F_p)^∞_{p=2}, where for every integer p � 2 the mapping F_p : ℓ_2 → ℓ_p also has modulus of continuity that is bounded from above by ω (by the definitions of X and Y ). By (4) and the definition of f, for every y ∈ M we have ‖F_p(y) − M_p(y)‖_p � γ. Hence, since M is a 1-net,

sup_{x∈ℓ2} ‖F_p(x) − M_p(x)‖_p � sup_{x∈ℓ2} inf_{y∈M} ( ‖F_p(x) − F_p(y)‖_p + ‖F_p(y) − M_p(y)‖_p + ‖M_p(y) − M_p(x)‖_p ) (2) � sup_{x∈ℓ2} inf_{y∈M} ( ω (‖x − y‖_2) + γ + 2‖y − x‖ 2 p 2 ) � ω(1) + γ + 2. (5)

In what follows, for every n ∈ N we let J_n : ℓ^n_2 → ℓ_2 be the canonical embedding, i.e., J_n(x_1, . . . , x_n) = (x_1, . . . , x_n, 0, . . .). Also, we let Q_n : ℓ_p → ℓ^n_p be the canonical projection, i.e., Q_n((x_j )^∞_{j=1}) = (x_1, . . . , x_n). Given n ∈ N, we identify a permutation π ∈ S_n with its associated permutation matrix, i.e., πx = (x_π−1_{(1)}, . . . , x_π−1_{(n)}) for every x ∈ R^n. Similarly, we identify ε ∈ {−1, 1}^n with the corresponding diagonal matrix, i.e., εx = (ε_1x_1, . . . , ε_nx_n) for every x ∈ R^n.

Fix two integers p, n ∈ N with p � 2. Define G^n_p : ℓ^n_2 → ℓ^n_p by

∀ x ∈ ℓ^n_2 , G^n_p (x)^{def}= 1 2^nn! ∑ π∈S_n ∑ ε∈{−1,1}^n

(επ)^{−1}Q_n ∘ F_p ∘ J_n(επx). (6)

Then, because {επ : (ε, π) ∈ {−1, 1}^n × S_n} forms a group of linear operators on R^n, we have G^n_p (επx) = επG^n_p (x) for every (ε, π) ∈ {−1, 1}^n ×S_n and x ∈ ℓ^n_2 . Since for every A ⊆ {1, . . . , n} and t ∈ R we have π(t1_A) = t1_A whenever π ∈ S_n fixes A, it follows that there exist α(t, A), β(t, A) ∈ R such that G^n_p (t1_A) = α(t, A)1_A + β(t, A)1_{{1,...,n}∖A}. Since (1_A − 1_{{1,...,n}∖A})(t1_A) = t1_A, it follows that β(t, A) = −β(t, A), thus G^n_p (t1_A) = α(t, A)1_A. Finally, since for every A, B ⊆ {1, . . . , n} of the same cardinality there exists π ∈ S_n with π(t1_A) = t1_B , we conclude that α(t, A) depends only on the cardinality of A. In other words, there exists a sequence {α_k(t)}^n_{k=0} ⊆ R such that

∀ A ⊆ {1, . . . , n}, ∀ t ∈ R, G^n_p (t1_A) = α_{|A|}(t)1_A. (7)

Since Q_n ∘ M_p ∘ J_n(επx) = επQ_n ∘ M_p ∘ J_n(x) for every x ∈ ℓ^n_2 and (ε, π) ∈ {−1, 1}^n × S_n,

sup_{x∈ℓn} 2 ‖ G^n_p (x) − Q_n ∘ M_p ∘ J_n(x) ‖ p (6) = sup_{x∈ℓn} 2 ‖ ‖ 1 2^nn! ∑ π∈S_n ∑ ε∈{−1,1}^n

(επ)^{−1}Q_n ∘ (F_p − M_p) ∘ J_n(επx) ‖ ‖ p (5) � ω(1) + γ + 2.

In particular, for every k ∈ {1, . . . , n − 1} and t ∈ (0, ∞) we have ‖ ‖G_{np} (t1_{{n−k+1,...,n}}) − t^2_p 1_{{n−k+1,...,n}} ‖ ‖ p = ‖ ‖G^n_p (t1_{{n−k+1,...,n}}) − Q_n ∘ M_p ∘ J_n ∘ (t1_{{n−k+1,...,n}}) ‖ ‖_p � ω(1) + γ + 2.

and‖

‖G_{np} (t1_{{1,...,k}}) − t^2_p 1_{{1,...,k}} ‖ ‖ p = ‖ G^n_p ( t1_{{1,...,k}} ) − Q_n ∘ M_p ∘ J_n ∘ ( t1_{{1,...,k}} )‖ p � ω(1) + γ + 2.

Consequently, assuming from now on that 2k � n + 1 we have

t^{2p} (2k)^{1p} = ‖ ‖t^2_p (1_{{n−k+1,...,n}} − 1_{{1,...,k}}) ‖ ‖ p � ‖ G^n_p ( t1_{{n−k+1,...,n}} ) − G^n_p ( t1_{{1,...,k}} )‖ p + ‖ ‖ ‖G^n_p ( t1_{{n−k+1,...,n}} ) − t^{2p} 1_{{n−k+1,...,n}} ‖ ‖ ‖_p + ‖ ‖G^n_p ( t1_{{1,...,k}} ) − t^{2p} 1_{{1,...,k}} ‖ ‖_p � ‖ G^n_p ( t1_{{n−k+1,...,n}} ) − G^n_p ( t1_{{1,...,k}} )‖ p + 2ω(1) + 2γ + 4. (8)

At the same time, since G^n_p is obtained by averaging compositions of Q_n ∘ F_p ∘ J_n : ℓ^n_2 → ℓ^n_p with isometries (of both the source space and the target space), the modulus of uniform continuity of G^n_p is bounded from above by ω. Hence, ‖ ‖G^n_p (t1_{{n−k+1,...,n}}) − G^n_p (t1_{{1,...,k}}) ‖ ‖_p^{(7)}= ‖ ‖α_k(t) (1_{{n−k+1,...,n}} − 1_{{1,...,k}}) ‖ ‖_p = |α_k(t)|(2k)^1p

= k^{1p} ‖ ‖α_k(t) (1_{{1,...,k}} − 1_{{2,...,k+1}}) ‖ ‖_p^{(7)}= k^1p ‖ ‖G^n_p (t1_{{1,...,k}}) − G^n_p (t1_{{2,...,k+1}}) ‖ ‖_p � k^1p ω( √ 2t).

In combination with (8), this yields the following estimate, which holds for every p, k ∈ N with p � 2 and t ∈ (0, ∞). t^{2p} (2k)^{1p} � k^{1p} ω( √ 2t) + 2ω(1) + 2γ + 4. (9) Suppose that 0 < t < 1/( √ 2e^2) and choose p = ⌈ log ( 1 2t^2 )⌉ � 2 and k = ( 2ω(1) + 2γ + 4 ω( √ 2t) )_{2 log}^( 1_{2t2}^) .

These choices ensure that k^{1p} ω( √ 2t) � 2ω(1) + 2γ + 4 and (2t^2)^{1p} � 1/e, so (9) implies that ω( √ 2t) �

(2t^2)^{1p} 2 � 1 2e . Thus lim inf_{s→0} ω(s) > 0, a contradiction. □

Remark 2. In order to obtain an example of separable Banach spaces (X^′, ‖ · ‖_X′ ) and (Y^′, ‖ · ‖_Y ′ ) that satisfy the conclusion of Theorem 1, replace the ℓ_∞ products in (3) by c_0 products, i.e., define

X^{′ def}=

(^∞⨁ p=2 ℓ_2 ) c_0

and Y^{′ def}=

(^∞⨁ p=2 ℓ_p ) c_0 . If the initial 1-net M ⊆ ℓ_2 is chosen so that 0 ∈ M, then the set N^{′ def}= X^′ ∩

∏_∞ p=2 M is a 1-net in X^′ and the above proof of Theorem 1 goes through in this modified setting without any other change.

Acknowledgements. I am grateful to Bill Johnson for suggesting that I consider Rosendal’s question and several helpful discussions on these topics. I also thank Christian Rosendal for sharing his work [16] and helpful comments, in particular noting that the proof of Theorem 1 also yields (1).

References

[1] I. Aharoni, B. Maurey, and B. S. Mityagin. Uniform embeddings of metric spaces and of Banach spaces into Hilbert spaces. Israel J. Math., 52(3):251–265, 1985.

[2] A. Andoni, R. Krauthgamer, and I. P. Razenshteyn. Sketching and embedding are equivalent for norms. In Proceedings of the Forty-Seventh Annual ACM Symposium on Theory of Computing, pages 479–488, 2015.

[3] K. Ball. Markov chains, Riesz transforms and Lipschitz maps. Geom. Funct. Anal., 2(2):137–172, 1992. [4] Y. Benyamini and J. Lindenstrauss. Geometric nonlinear functional analysis. Vol. 1, volume 48 of American Mathematical Society Colloquium Publications. American Mathematical Society, Providence, RI, 2000.

[5] M. Gromov. Asymptotic invariants of infinite groups. In Geometric group theory, Vol. 2 (Sussex, 1991), volume 182 of London Math. Soc. Lecture Note Ser., pages 1–295. Cambridge Univ. Press, Cambridge, 1993.

[6] W. B. Johnson and N. L. Randrianarivony. lp (p > 2) does not coarsely embed into a Hilbert space. Proc. Amer.

Math. Soc., 134(4):1045–1050 (electronic), 2006.

[7] N. J. Kalton. Coarse and uniform embeddings into reflexive spaces. Q. J. Math., 58(3):393–414, 2007. [8] N. J. Kalton. The uniform structure of Banach spaces. Math. Ann., 354(4):1247–1288, 2012. [9] M. Kraus. Coarse and uniform embeddings between Orlicz sequence spaces. Mediterr. J. Math., 11(2):653–666, 2014.

[10] J. Lindenstrauss. On nonlinear projections in Banach spaces. Michigan Math. J., 11:263–287, 1964.

[11] M. Mendel and A. Naor. Metric cotype. Ann. of Math. (2), 168(1):247–298, 2008.

[12] M. Mendel and A. Naor. Spectral calculus and Lipschitz extension for barycentric metric spaces. Anal. Geom.

Metr. Spaces, 1:163–199, 2013.

[13] A. Naor. A phase transition phenomenon between the isometric and isomorphic extension problems for Hölder functions between Lp spaces. Mathematika, 48(1-2):253–271 (2003), 2001.

[14] G. Pisier. Martingales with values in uniformly convex spaces. Israel J. Math., 20(3-4):326–350, 1975. [15] N. L. Randrianarivony. Characterization of quasi-Banach spaces which coarsely embed into a Hilbert space. Proc.

Amer. Math. Soc., 134(5):1315–1317 (electronic), 2006.

[16] C. Rosendal. Equivariant geometry of Banach spaces and topological groups. Preprint, 2015. [17] G. Yu. Higher index theory of elliptic operators and geometry of groups. In International Congress of Mathematicians. Vol. II, pages 1623–1639. Eur. Math. Soc., Zürich, 2006.

Mathematics Department, Princeton University, Fine Hall, Washington Road, Princeton, NJ 08544- 1000, USA.

E-mail address: naor@math.princeton.edu