RANDOM ZERO SETS WITH LOCAL GROWTH GUARANTEES
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ABSTRACT. We prove thatif (171, d) is an n-point metric space that embeds quasisymmetrically into a Hilbert
space, then for every 7 > 0 there is a random subset Z of 771 such that for any pair of points x, y € 171 with
d(x,y) > 7, the probability that both x € Z and d(y, Z) > ,BT/\/I +1log(IB(y,x BT)I/|B(y, 1)) is Q(1), where
k > 1 is a universal constant and 8 > 0 depends only on the modulus of the quasisymmetric embedding.
The proofrelies on a refinement of the Arora-Rao-Vazirani rounding technique. Among the applications of
this result is that the largest possible Euclidean distortion of an n-point subset of ¢; is ®(y/logn), and the
integrality gap of the Goemans-Linial semidefinite program for the Sparsest Cut problem on inputs of size
nis ©(y/logn). Multiple further applications are given.
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1. INTRODUCTION

The field of metric embeddings is a mathematical discipline with interest in its own right, but it is also
notable for its rich and multifaceted interactions with a broad swath of pure and applied mathematics,
ranging from its origins in geometry and functional analysis, through its profound connections to group
theory, topology, harmonic analysis, extension of functions, probability, combinatorics, statistics, ap-
proximation algorithms, computational complexity, and data structures. The main contribution of the
present work resolves a longstanding question in metric embeddings, which has implications for several
of the aforementioned directions. Given that the natural readership has varied backgrounds, the results
that are obtained herein are presented below in a self-contained manner that introduces all of the rel-
evant background, and explains in context the motivations and the meanings of what is accomplished.
This inevitably leads to a longer and more gradual Introduction. We will therefore open with a brief
section (Section [L.1I) that quickly covers a selection of the main results assuming familiarity with some
history, background, notation, and terminology, while postponing the presentation of precise technical
details and the discussion of the history to subsequent sections. After this initial overview, we will restart
the Introduction in Section[1.2]while presenting our results more formally and with relevant background,
and we will also later describe (mainly in Section[2) the history and key ideas of our proofs.

1.1. Informal overview. Bourgain's embedding theorem [Bou85]| asserts that any n-point metric space
embeds into a Hilbert space with (bi-Lipschitz) distortion O(logn). This is optimal up to the value of
the implicit universal constant, as discovered independently by Linial- London-Rabinovich |[LLR95] and
Aumann-Rabani [AR98]; the “culprits” which exhibit this optimality are n-vertex expander graphs.

When a metric space 771 does not admit a bi-Lipschitz embedding into a Hilbert space (which is typi-
cally the case), one can quantify the extent to which 771 is non-Euclidean by studying its Euclidean distor-
tion growth sequence {c} (111)}5° ,, which is defined by letting c} (/71) be the supremum of the Euclidean
distortion c,(C) over all n-point subsets € of 771. The aforementioned embedding theorem of Bourgain
says that ¢} (111) < logn for every metric space 771. As any n-point metric space is isometric to a subset of
¢, the aforementioned nonembeddability result of Linial- London-Rabinovich and Aumann-Rabani
says that cJ (/o) = logn. Of course, one also obviously has c} (¢2) = 1. Prior to the present work and de-
spite major efforts over the past decades, the growth rate of ¢ (X) as n — oo was not known up to positive
constant factors for any infinite dimensional normed space X other than the above trivial cases of £, and
¢, and obvious variants thereof (namely, c§ (X) = O(1) if (and only if) X is O(1)-isomorphic to a Hilbert
space, and for c} (X) = logn to hold it suffices that {¢],}°> , embed into X with distortion O(1), which is
equivalent to X not having finite cotype by a theorem of Maurey-Pisier [MP73]).

Here we will prove that c7/(¢1) = y/logn. This resolves a famous folklore question in metric geometry
and functional analysis that goes back to Enflo’s seminal work |[Enf69], though to the best of our knowl-
edge it was first asked in print by Goemans [Goe97|. The new result herein is the positive embedding
statement c; (/1) < y/logn, while multiple n-point subsets of #; have long been known to have Euclidean
distortion at least a positive constant multiple of {/logn, including the Hamming cubes [Enf69] and the
Laakso and diamond graphs [Laa00,[LP01,[INRO3]; the fact that our estimate cgl (¢1) < y/logn is saturated
by substantially different n-point subsets of ¢; indicates the difficulty of proving such an embedding re-
sult, which, as we will soon explain, holds in much greater generality and thus provides a positive answer
within a large class of metric spaces to an old and influential question of Johnson-Lindenstrauss [JL84]
(reiterated in [Bou85), page 47]) on the validity of a natural nonlinear version of John’s theorem [Joh48].

Given 0 < s,€ < 1, say that a metric space (171, djy) is (s, €)-quasisymmetrically Hilbertian if there is a
one-to-one function f from 771 to a Hilbert space (H, || [lgg) such that || f(x)— f()) g < A=)l f(x)—f(2)lu
for every x,y,z € 11 satisfying dpy(x,y) < sdm(x,z). Call 711 quasisymetrically Hilbertian if there are
0 < s,e < 1forwhich itis (s, €)-quasisymmetrically Hilbertian. The above requirement is satisfied trivially
for every metric space 771 when € = 0 and any s > 0 (by assigning points in 771 to an orthonormal system).
Thus, we are asking here for an embedding into a Hilbert space that is better—however slightly—than
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this trivial embedding, a requirement that holds when 771 is quasisymmetrically equivalent to a subset of
a Hilbert space in the sense of Ahlfors—Beurling [BA56] and Tukia-Viisild [TV80], which is a classical and
extensively studied notion. The class of quasisymmetrically Hilbertian metric spaces encompasses dis-
parate geometries, though not all metric spaces (e.g., any space that contains arbitrarily large expander
graphs is not quasisymmetrically Hilbertian). One of our main embedding results (which includes the
above statement on c} (¢1) as a special case), is that if 771 is (s, £)-quasisymmetrically Hilbertian, then
¢} (M) <S¢ /logn. This more general setup is geometrically valuable in its own right, but also it includes
all metric spaces of negative type, which is crucial for the following application to computer science.

The Sparsest Cut problem is a central and extensively studied topic in approximation algorithms due
to its intrinsic interest, its deep connections to pure mathematics, and its varied use as a subroutine for
many other algorithmic tasks [Shm96]. It takes as its input an integer n (the “universe size”), and two
collections of symmetric nonnegative pairwise weights {C; j}(; je(1,...nx(1,...ny and {Djj} jeit,...mx(1,...n}
(called “capacities” and “demands,” respectively), and its goal is to compute (or approximate) in poly-
nomial time the minimum of (¥;esX jeq1,.,n~sCij)/ XiesX jeq1,...nj~s Dij over all possible nonempty
proper subsets S of {1,..., n} (this ratio should be thought of as the total capacity that crosses the bound-
ary of the bipartition (S, {1,...,n} \ S) of {1,..., n}, divided by the total demand that crosses its boundary).
In the mid-1990s, Goemans and Linial (independently) proposed an algorithm for Sparsest Cut, called
the Goemans-Linial semidefinite program, but despite intensive efforts prior to the present work the as-
ymptotic growth rate as n — oo (up to positive universal constant factors) of the performance of this fa-
mous algorithm remained unknown (no other algorithm is currently conjectured to have asymptotically
better performance than the Goemans-Linial semidefinite program). Letting a g (n) denote the smallest
a > 1 such that the Goemans-Linial semidefinite program outputs a number that is at most a times the
aforementioned minimum of the ratio of total capacity to total demand across the boundary of a biparti-
tion, we deduce herein that ag| (n) is bounded from above and from below by positive universal constant
multiples of y/log n. Our new contribution is the positive algorithmic statement ag (1) < /logn, as the
matching impossibility result was already obtained (quite laboriously) in [NY18].

Prior to passing to an overview of our main geometric structural result, which answers a question
from [ALNO05], we will mention one more of its consequences; more applications will be described later
in the Introduction. Gromov classically associated a quantity called the observable diameter to a metric
probability space (171, djp, ). Briefly and informally (the precise definition is recalled in Section|[1.3.2),
the observable diameter quantifies the extent to which one could measure the size of the metric space
using sufficiently smooth real-valued functions as observations, while accounting for possible observa-
tional errors by discarding at most a fixed fraction (with respect to the given probability measure p) of the
observations. Lévy’s spherical isoperimetric theorem [Lév51] implies that the ratio between the observ-
able diameter of the Euclidean n-sphere to its actual (metric) diameter is of order 1/+/n. Here we prove
that the Euclidean n-sphere is extremal in this regard among all nondegenerate n-dimensional metric
probability spaces that are quasisymmetrically Hilbertian (both “nondegenerate” and “n-dimensional”
need to be suitably defined here; see Sectionfor the precise formulation), namely, up to dimension-
independent positive constant factors, the Euclidean n-sphere has the smallest possible observable di-
ameter among all such spaces (this is new even for arbitrary Borel probability measures on R").

1.1.1. Random zero sets. Consider the unit integer grid in R?, colored black and white as a checker board.
By randomly rotating and shifting this grid (say, rotating by a uniformly random angle and shifting by a
vector chosen uniformly from a large bounded region), and then considering the union of all the black
squares, one obtains a random subset of R? which is an archetypical example of what is called (follow-
ing the terminology of [ALNOQ5]) a random zero set (at unit scale; by dilating the grid one obtains the
corresponding object at any given scale). There are multiple ways to perform such constructions in
R” for any n € N (e.g., flip an independent coin for each integer cell and consider the union of all of
those cells whose outcome is “tails”). Another example of a useful random zero set for the Euclidean
3



space R" is as follows. Choose a direction v € S"~! uniformly at random (i.e., v is distributed accord-
ing to the normalized surface area measure on the unit Euclidean sphere in R”), and consider the slabs
{{xeR": k<(x,v) <k+1}: ke Z}. After coloring those slabs back and white in an alternating fashion,
shifting them randomly in the direction of v and considering the union of the white slabs, one obtains
another archetypical example of a random zero set. Constructions of this type are commonly used for
organizing Euclidean point sets in harmonic analysis, geometry, algorithms and data structures.

The above procedures rely on properties of R” that are not purely metric (coordinate structure, ran-
dom rotations). We wish to obtain meaningful analogues of such random zero sets in an arbitrary qua-
sisymmetrically Hilbertian metric measure space (111, di;, ). We will consider only finite 771 to circum-
vent measurability issues, and only u of full support (e.g., the counting measure on 771). The most in-
volved and innovative part of the present work is a construction when 771 is (s, €)-quasisymmetrically
Hilbertian for any scale 7 > 0 a random subset Z; of 771 such that for every pair of points x, y € 111 with
dm(x,y) > 7 and any 0 < A < 1/2, the probability that both x belongs to Z; and the distance of y to Z; is
at least At is greater than a positive universal constant multiple of (u(B(y,1967))/u(B(y, ,BT)))_M, where
B = B(s,€) depends only on s, € and B(y, r) denotes the closed ball in 771 of radius r > 0 centered at z € 171.

A crucial feature of the above random zero set is that the stated super-Gaussian probability lower
bound depends (optimally) on the local growth of the measure p near y at scale 7: If the measure of the
ball B(y,1987) is not much larger than the measure of B(y, 1), then the bound improves. This is critical
for our applications as it leads to a cancellation that yields estimates that are sharp up to constant factors,
while previously known bounds included a redundant lower order factor that tends to oo as |[171| — co.

Random zero sets as above were previously available with the local growth u(B(y,19871))/u(B(y, B1))
replaced by the larger quantity p(177)/ min ¢y p({z}) by the deep work [ARV04] of Arora-Rao-Vazirani in
combination with the clever use of duality by Chawla—Gupta—-Récke [CGRO5]; see [ALN05]. The utility to
metric embeddings of possibly improving this to random zero sets with the above local growth guarantee
was realized long ago, due to its compatibility with the measured descent embedding method [KLMNO4].
Indeed, the question whether one could construct such random zero sets was posed in [ALN05] while ex-
pressing skepticism that this is possible due to the nonlocal nature of the Arora—Rao—Vazirani reasoning.
The fact that they do exist is an unexpected turn of events which leads to a conceptual change of per-
spective on a major line work in the literature on metric embeddings, as will be clarified in subsequent
sections. Our proof introduces novel enhancements of the Arora—Rao-Vazirani approach to rounding
semidefinite programs (via the perspective that has been subsequently developed by Rothvoss [Rot16]),
and we expect that more applications of this will be found beyond those that are obtained herein.

1.2. Detailed technical statements and background. Unless stated otherwise, all the metric spaces that
are discussed herein will be tacitly assumed to contain at least two points. Our main result is the follow-
ing geometric structural theorem for metric spaces:

Theorem 1. There is a universal constant x > 1 with the following property. Givenn : [0,00) — [0,00) and
a finite metric space (111, d) that has a modulus-n quasisymmetric embedding into a Hilbert space, there is
B = B(n) >0 that depends only onn such that for every nondegenerate measure u on 111 and for everyt >0
there exists a probability measure P = P*""' on the nonempty subsets 2""' < {@} of M that satisﬁe

pr

LB (y,xpT1))
\/1 +log == LB, BT)

Vx,yell, dx,y) 21 = P|@#ZL <N d(y,Z) >

and xeZ|=>1. (1)

Iwe will use throughout the ensuing text the following (standard) conventions for asymptotic notation, in addition to the
usual O(-), 0(+),Q(-), (") notation. Given a, b > 0, by writing a < b or b 2 a we mean that a < xb for some universal constant
x >0, and a = b stands for (a < b) A (b < a). Thus, we are asserting in (I) that the probability is at least some positive universal
constant. When we will need to allow for dependence on parameters, we will indicate it by subscripts. For example, in the
presence of auxiliary objects q, U, ¢, the notation a $4,u,¢ b means that a < x(q, U, ¢) b, where x (¢, U, ¢) > 0 may depend only
on q,U, ¢, and similarly for the notations a 2 4 y,¢ b and a =4y ¢ b. Thus, in Theoremlwe can also write § =y 1.
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The statement of Theorem|[T]uses the following (standard) conventions for notation and terminology,
which we will also maintain throughout what follows. Balls in a metric space (171, dyy;) will always be
closed balls, namely B(x,r) = {y e 11l : dmn(x,y) < r}for x €11l and r > 0. The distance of a point y € 171
from a nonempty subset Z of 171 is d(y, £) = inf,cz dm (¥, z). A Borel measure on 771 is nondegenerate if
0 < u(B(x,1)) < oo for every x € 1711 and every r > 0. Finally (and mainly), one says that (171, dy;;) embeds
quasisymmetrically into a metric space (11, dp) if there is an injection ¢ : 771 — 11 and an increasing
modulus 7 : [0,00) — [0,00) with lim_.g7(s) =0, for which every distinct x, y, z € 171 satisfy

dn((p(x),tp(y))< (dm(x,y))
dn(p(x),9(2) ~ \dn(x,2))

2)

One calls such ¢ a modulus-n quasisymmetric embedding of 771 into 1.

The notion of quasisymmetric embedding can be traced back to the classical work [BA56], though it
has been formally introduced in [TV80]. This important concept has been investigated extensively; see
for examples the survey [Vdi99] and the monograph [Hei01] for an indication of the large body of work
on this topic. It suffices to say here that (2) encodes the fact that ¢ preserves the “thinness” of triangles,
and hence it roughly preserve “shape.” In contrast, a bi-Lipschitz embedding (see below) roughly
preserves “size,” hence a fortiori it preserves shape. The requirement that (171, dj;;) embeds quasisym-
metrically into (11, dy) is therefore quite WeakEI so Theorem |1{applies to a rich class of metric spaces,
including notably those which have a snowflake that admits a bi-Lipschitz embedding into a Hilbert
space, and in particular metric spaces of negative type (we will discuss these examples further below).

Theorem [1] settles a problem that was considered by experts (for reasons that will soon become ev-
ident) ever since the appearance of the Arora—Rao-Vazirani rounding algorithm [ARV04] and the mea-
sured descent embedding technique [KLMNO4]. The question whether Theorem|[I]holds was first posed
in the literature in [ALNO5| (specifically, see the paragraph just before Section 3 there), though [ALNO5]
expresses implicit doubt that Theorem [I|could be valid. The availability of Theorem|[I]is indeed a some-
what surprising development as it leads to a change of perspective on (and a sharp improvement of) a
line of work that straddles metric geometry, functional analysis and computer science. We will return to
this in Section 2} which is devoted to a discussion of the history and prior results that were obtained in
this direction, and a description of the conceptual innovations that occur in our proof of Theorem[1] An
explanation of the meaning and origin of (1), which is commonly called a “random zero set” requirement,
appears in Section[1.3.2]and Section 2] We will next explain some corollaries of Theorem[l}

1.3. Geometric and algorithmic consequences of Theorem[1} Here, we will explain some applications
of Theorem |1} doing this will also demonstrate why it was sought-after over the past 20 years by re-
searchers in this area. Much of what we will describe belongs to the well-known intended consequences
of this line of research (see Section[2|for the history). Other parts are indeed corollaries of Theorem/[I]that
have a short justification (modulo the available literature), but to the best of our knowledge they were not
previously anticipated. We will recall all of the needed terminology when it will become relevant as we
go along, thus making the ensuing discussion self-contained.

1.3.1. Quasisymmetrically Hilbertian metric spaces. If (111, d) is a metric space and {ey} i denotes the
standard coordinate basis of ¢, (m)E] then for every increasing function 7 : [0,00) — [0,00) that satisfies

2As an indication of this, it has long been unknown (see [Vdi99} problem 8.3.1]) whether any two separable infinite dimen-
sional Banach spaces are quasisymmetrically equivalent to each other, i.e., there exists a quasisymmetric bijection between
them, and this possibility has been ruled out only relatively recently [Naol2al. As another illustration of the subtle restrictions
that a quasisymmmetry can impose, by [DS89] there are two closed 4-dimensional manifolds that are homeomorphic but not
quasisymmetrically homeomorphic. The discussion herein provides more obstructions to the existence of a quasisymmetry.
3The functional-analytic notation that is used herein is entirely standard, as in e.g. the classical treatise [LI77].
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lim_.¢+ n(s) > 1 and for every distinct x, y, z € 17l we have

llex—eylle,m 2
x—eylle,am :£:1< limn(s)<n(
lex — ez”&(?’ﬂ) \/z s—0*

d(x, y))
dx,z))

This observation shows that the existence of an embedding for which (2) holds with 71 a Hilbert space is a
vacuous requirement (it is always satisfied) whenever lim;_.¢+ 7(s) > 1. Of course, lim;_.o+ n(s) = 0 is part
of the definition of a quasisymmetric embedding, so this trivial setting is excluded by the assumption of
Theorem[I] Nevertheless, our proof of Theorem [I|will show that its conclusion holds even if we require
only that limg_¢+ n(s) < 1. In other words, existence of an embedding into a Hilbert space that satisfies
anything beyond the above trivial guarantee suffices for our purposes. It seems worthwhile to introduce
the following terminology for this (perhaps somewhat deceptively) non-stringent requirement:

Definition 2 (quasisymmetrically Hilbertian metric space). For0 < s,€ < 1, say that a metric space (111, d)
is (s, €)-quasisymmetrically Hilbertian if there is an injection ¢ : 111 — H into a Hilbert space H such that

Vx,y,zeM,  dx,y) <sd(x,z2) = @) - lu < A-8)llpx) - @@)lu. 3)
Say that (111, d) is quasisymmetrically Hilbertian if there exists such a ¢ for some0 < s,e < 1.
Using the terminology of Definition[2} we can now state the following strengthening of Theorem([I}

Theorem 3 (generalization of Theorem([1). There is a universal constant a > 1 with the following property.
Given 0 < s,e < 1/2, denote B = s*'¢. Suppose that a finite metric space (11, d) is (s, €) -quasisymmetrically
Hilbertian and that 1 is a nondegenerate measure on 111. Then, for every T > 0 there is a probability mea-
sureP” on 2"~ {@} such that for every0 < A < 1/2 and every x,y € Nl with d(x,y) > 7 we hav
w(B(y,1967)) )‘Az "
u(B(y, B1))

Theorem |1| coincides with the special case A < 1/ \/1 +log(u(B(y,19671))/ u(B(y, 1)) of Theorem
now with x and the dependence of  on n given explicitly. To the best of our knowledge, the distributional
estimate (4) in the rest of the range 0 < A < 1/2 was not previously conjectured in the literature.

In contrast to Theorem 3] for general metric spaces the best analogous result is the following theorem:

P'[@#Z<M: d(y,Z) > Apt and XEZ]Z(

Theorem 4. Let (171, d) be a finite metric space and |1 a nondegenerate measure on111. For everyt > 0 there
is a probability measureP” on 2""' \ (@} such that for every0 < A < 1/8 and every x, y € N with d(x,y) > T,

PP p#£Z<M:dy,Z)>At and xeZ]|>

By, 2\
u) ) (5)

1By, §1))

1
4

Even though Theorem[4]does not appear in the literature, it follows from a generalization of the proof
of the main result of [MNO7], combined with an idea from [Ra099]; we will include the proof of Theorem4]
in Section[11] The fact that Theorem[4]cannot be improved follows from Remark[12|below.

In summary, Theorem [3]states that the additional information that 777 is quasisymmetrically Hilber-
tian can be used to improve the linear dependence on A in the exponent in right hand side of (5) to the
quadratic dependence on A in the exponent in the right hand side of (), which we will soon see is the
best one can hope for.

4The constant 19 that appears in ({4) is included for concreteness as it arises from the ensuing proof, but it is neither claimed
to be sharp nor is it important for the applications of (@) that are obtained herein. The same is true for the constants in (5).
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1.3.2. Observable diameter, embeddings, nonlinear spectral gaps, and Lipschitz extension. It is natural to
start by recalling the following definition, which was introduced in [ALNO05} Definition 2.2]:

Definition 5 (spreading random zero set). Fix{ >0 and 0 <6 < 1. A finite metric space (111, d) is said
to admit a random zero set which is { -spreading with probability § if for every T > 0 there is a probability
measureP™ on the nonempty subsets 2" ~ {®} of M such that

Vx,yeml, d(x,y))r:l]ﬂ[gzs;éz‘;m:d(y,Z))% and er])é. (6)

The requirement (6) of Definition [5is simpler than the conclusion (I) of Theorem|1} which involves a
spreading parameter ¢ = {(y, 7) that depends on the point y and the distance scale 7, suitably encoding
what one should think of as the “local growth rate of the measure u near y at scale r.” In a similar vein,
the requirement (6) of Definition [5]is simpler than the conclusion @) of Theorem [3] which allows the
lower bound ¢ on the “separation probability” to depend on the local growth rate of the measure u near
y at scale . Our first example of the utility of such more refined geometric information deduces the
existence of a traditional random zero set in sense of Definition[5] when the metric space is doubling.

Given K € N, a metric space (171, d) is said to be K-doubling if for every x € 771 and every r > 0 there are
X1,...,Xg € M such that B(x,2r) < B(x1, r)U---UB(xkg, r); note that necessarily K > 2 if 771 contains at least
two points. By [VK84], if C < 171 is finite (it suffices to only assume here is that (C, d) is complete [LS98]),
then there is a measure u whose support is equal to € such that for every x € € and every r > 0,

0 < u(Bx,2r) < K°Du(Bx, ). (7)
By applying Theorem 3|to a measure y as in (7), we obtain the following statement:

Theorem 6. There is a universal constant x > 1 with the following property. Fix0 < s, < %, p=1 KeN.
Let (1M, d) be a K-doubling metric space that is (s, €)-quasisymmetrically Hilbertian. Then, every finite
subset of 1M1 admits a random zero set that is (1/s)X'¢,/max{1, (log K)/ p} -spreading with probability e P

Proof of Theorem|[6 assuming Theorem|3). If C < 111 is finite, then use [VK84] to get a doubling measure y
satisfying (7) whose support is equal to C. Let @ > 1 and 8 = s%/¢ be as in Theorem By iterating (7) five
times one sees that u(B(y,19671)) < u(B(y,ZS,BT)) < KO(I)H(B(y, B1)) foreveryr >0and y € C. Theorem
therefore provides a probability measure P* on 2\ {¢} and a universal constant y > 1 such that for every
Ae[1/4/logK,1/2] and every x, y € C with d(x, y) > T we have

P [p#Z<C:xeZ and d(yZ)>Apt]>K "V, (8)

If1 < p<(logK)/4,ie., \/p/logK € [1/,/logK,1/2], we may use (8) with A = \/p/logK to see that P" is
{-spreading with probability ™77, where { = 1/(Af) = (1/5)%'¢\/(logK)/p. If p > (logK)/4, then use
with A = 1/2 to get that P7 is {-spreading with probability K~7/4 > e~7?, where { = 2/ = 2(1/5)%'¢. The
desired conclusion now follows provided x > 1 is a sufficiently large universal constant. g

We will next describe some consequences of Theorem [6} starting with resolving a problem that was
left open in [NRS05]. The geometric phenomenon that [NRS05] aimed to establish is:

“Up to dimension-independent constant factors, the n-dimensional Euclidean sphere has
the smallest possible observable diameter among all the normalized e®"” -doubling metric
probability spaces that are quasisymmetrically Hilbertian.”

For a metric space (171, d), a Borel probability measure p on 177, and 6 > 0 the 6-observable diameter
ObsDiaan Ld) @

of the metric measure space (171, d, p) is defined [Gro07] to be the supremum over all possible 1-Lipschitz
functions f : 1711 — R of the infimum of diamg (f (&) = supi{l f(x) — f(¥)|: x,y € &} over all possible Borel
7



subsets & < 1711 with p(S$) > 1— 0. If the metric is clear from the context, then we will use the notation
ObsDialel @ = ObsDiamLm'd) @.

The observable diameter is extensively-studied; see e.g. [Led01,(Gro07,|Shil6, BF22]. Its qualitative in-
terpretation (e.g. [Ber00, page 336]) is to view each real-valued 1-Lipschitz function as a way to “observe”
the size of a given metric space while accounting for possible observational errors by discarding at most
a f-fraction (with respect to a given probability measure) of the observations. As explained in [Gro07], for
every n € N and every 0 < 8 < 1, the 8-observable diameter of the unit Euclidean sphere in R” equipped
with its normalized surface area measure is at most 1/+/n times a positive factor that depends only on 6.

For n € N, denote the standard unit Euclidean sphere in R” by S"~! = {x e R" : |x|» = 1}. Through-
out what follows, $”~! will be equipped with the metric that is inherited from ¢, and ¢”*~! will denote
the normalized surface-area (probability) measure on S~ !. Since 07} is Ky,-doubling for some K, < 5"
(e.g. [Sem01} Section 2.2]; a better upper bound on K}, appears in [VG03]), also sl [;l is 5"*-doubling.

If (MM, d) is a metric space and p is a Borel probability measure on 771, then we say that p is normalized
if the median of d(x, y) is equal to 1 when (x, y) € 1711 x 111 is distributed according to u x u. Note that ¢!
is not normalized per this terminology, but one could normalize it by rescaling the metric by a factor that
is bounded from above and from below by positive universal constants.

Theorem 7. Forevery0< s,e <1 andeveryneN, if(111,d) is a metric space that is (s, €) -quasisymmetrically
Hilbertian and 5" -doubling, then every normalized Borel probability measure u on 111 satisfies

Y0<6<6,  ObsDiam!"(g) >, ObsDiam®, , (6), 9)
where 0y > 0 is a universal constant.

Theorem [7] establishes that the above extremal property of the observable diameter of the Euclidean
sphere indeed holds; its (simple) derivation from Theorem|[6|appears in Section [9}

It would be worthwhile to investigate the extent to which the phenomenon that is expressed in The-
orem|[7|holds for metric spaces that need not be quasisymmetrically Hilbertian. For example, we do not
know if when 2 < p < oo, any e®"”-doubling subset 771 of ¢ p satisfies (@) (for any Borel probability mea-
sure u on 171), with the implicit dependence on s, € now replaced by a dependence on p; if this is not the
case, then it would be interesting to determine the asymptotic rate (as n — oo) at which the smallest pos-
sible observable diameter of such spaces tends to 0. Theorem does not cover this setting because ¢,
is not quasisymmetrically Hilbertian when p > 2; this follows from [Naol2a], as explained in Remark
below. It is simple to see that some assumption on the e -doubling metric space is needed for the con-
clusion (9) of Theorem[i]to hold with a dimension-independent constant factor (i.e., Theorem@] does not
hold for subsets of ¢,); indeed, expander graphs demonstrate this, as explained in Remark below.

Theorem [7|is a manifestation of the following impossibility result for super-Gaussian concentration
of any quasisymmetrically Hilbertian doubling metric probability space. Given a metric space (171, d)
and a Borel probability measure p on 771, the isoperimetric (or concentration) function of the metric
probability space (171, d, ) is defined as follows, where Boz (171, d) < 2" denotes the Borel subsets of 771

viz0, IMP0%E sup  p(xem: dx,© > 1), (10)
@#CeBor(M,d)
we=3

We will use the notation I[]Z n=1I Lm’d) (t) when the metric is clear from the context.

Concentration of measure is related to the observable diameter through the following relations, which
hold for every complete metric space (171, d) and every Borel probability measure p on 77; their simple
derivations can be found in e.g. [Led01} Proposition 1.12] and [Shil6, Remark 2.28].

V0, t>0, I[l”(t) >0 — ObsDiaan @ >t and Izn(t) <0 = ObsDiamT(ZB) <2t (1)
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The solution [Lév51] of the isoperimetric problem for the Euclidean sphere implies that for any n € N,
Ve>0, IS (1) <e OmE, 12)

Alternatively, by the solution [Bor75}/ST78] of the isoperimetric problem for the Gaussian measure, if we
rescale the metric on £} by a factor of order 1/y/7 so that the standard Gaussian measure on ¢} will be
normalized, the isoperimetric function of the resulting metric probability space is also bounded from
above by the right hand side of (I2). More such examples are available in the literature; see e.g. [Mau79,
Gro80, [MS86} IGM87], and a systematic treatment can be found in [Led01]. Inspired by [Chal4] Elwe say
that a metric probability space exhibits the super-concentration phenomenon if its isoperimetric func-
tion is asymptotically smaller (as n — oo) than the right hand side of (I2). This phenomenon is useful
when available, as demonstrated in [Chal4], but Theorembelow, which is also a simple consequence of
Theorem|6|that we will derive in Section[9] asserts the following “no measure is super-concentrated” phe-
nomenon: If (177, d) is a quasisymmetrically Hilbertian metric space that is e0n -doubling, then (171, d, u)
does not have super-concentration for any Borel probability measure p on 771 whatsoever.

Theorem 8. Forevery0 < s,e < 1 thereexists ¢ = c(s,€) > 0 with the following propertyﬂ IfneNand(1M,d)
is a metric space that is (s, €) -quasisymmetrically Hilbertian and 5" -doubling, then every normalized Borel
probability measure pu on 111 satisfies

Vo<o<1l,  Ilcp)ze . (13)

Following [Rab08,[Nao21a], given p, D > 1 we say that a metric space (171, dy;) embeds with p-average
distortion D into a metric space (11, dy) if for every Borel probability measure p on 771 there are s > 0 and
f = fu:1 — N thatis sD-Lipschitz, namely, dy (f(x), f(y)) < sDdm (x, y) for every x, y € 111, such that

(ff dn (f (), f)P du(x) du(y)) S S(ff dm (x, )P dp(x) du(y) "
mxmn M

If this occurs for p = 1, then one omits p by saying that 771 embeds with average distortion D into 71, and
if this occurs for p = 2, then one says that 771 embeds with quadratic average distortion D into 71.

By substituting Theorem|6]into [Nao14), Proposition 7.1], and then substituting the resulting statement
into [Nao21a, Lemma 60], we arrive at the following corollary of Theorem

Theorem 9. There exists a universal constant x > 1 with the following property. Suppose that K € N and
0<s,e<1/2. Let (11, d) be a K-doubling metric space that is (s, €) -quasisymmetrically Hilbertian. Then,
for every p > 1 one can embed (111, d) into the real line R with p-average distortion at most

(1)5 { [logK }
—| max 15, (14)
s p

The upper bound on the average distortion in Theorem [9]is new even for subsets of a Hilbert
spaceﬂ Furthermore, Theorem@ is optimal in the entire range of possible values of K e Nand p > 1,
up to the dependence on s, e (which we did not investigate in the present work), as seen by the Fact
below, which we will prove in Section[12} this also demonstrates the optimality of Theorem|3]

Fact 10. ForneN and p > 1, the smallest D > 1 such that ¢ embeds into R with p-average distortion D
is bounded from above and from below by positive universal constant multiples of /max{1, n/ p}.

5In [Chaldl, even weaker estimates about variance rather than concentration are said to be super-concentrated.

6An inspection of the ensuing proofs reveals that if 0 < s,& < %, then both the constant ¢ in and the implicit constant
factor in (9) can be taken to be a positive universal constant multiple of s¥/€ where « is the constant in Theorem

"Nevertheless, we expect that for the (very) special case of subsets of Hilbert space one could prove Theorem @ using more
standard (and simpler) chaining-style reasoning a la Fernique-Talagrand, along the lines of the proof in [IN07] which treats a
related, but different, setting. The main value of Theorem@]is its applicability to metric spaces that are far from Euclidean.
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By standard volumetric reasoning [CW71}, [Hei01], every n-dimensional normed space is K;,-doubling
for some K, = e, As the quantity \/max{l, n/ p} in Fact[10|is bounded from above and from below by
positive universal constant multiples of \/ max{l, logK,)/p}, Factshows that Theorem@is sharp.

Theorem|[I1]below shows that Theorem|[d]is, in fact, sharp in the following much stronger sense: Even if
one relaxes the stringent goal of Theorem[9]to embed 771 into R by allowing the embedding to be into any
Banach space of type 2, then it is still impossible to do so with p-average distortion that is asymptotically
better (as p, K — co) than what is provided by Theorem[9] For this (as well as for ensuing discussions), we
recall the (standard) terminology that a Banach space (X, || - ||) is said [HJ74} MP76] to have (Rademacher)
type 1 < r < 2ifthereis T > 0 such that for every n € N, every xy,..., x, € X satisfy

n n
B[ Y el "] <17 X (15)
i=1 i=1

where the expectation in is with respect to i.i.d. symmetric Bernoulli random variables €y, ..., &, i.e.,
they are independent and Pr[e; = 1] = Pr[e; = —1] = 1/2 for every i € [n] = {1,...,n}. The infimum over
those T for which the above requirement holds is denoted T, (X). We then have, for example, T,;(Lg) = 1
when 1< g <2,and T>(Ly) = /g when g > 2, as explained in, say, Chapter 6 of the textbook [AK16].

The proof of the following theorem was shown to us by Alexandros Eskenazis; we thank him for allow-
ing us to include it in Section[12} which also treats target spaces of type r for any 1 < r < 2.

Theorem 11. Suppose that (X, | - ||) is a Banach space of type 2. For every n € N and p > 1, if £ embeds
into X with p-average distortion D, then necessarily D 2 v/n/ max{,/p, T>(X)}.

Theorem|[11]implies the aforementioned strong optimality of Theorem[9|as ¢, is an instance of a met-
ric space that embeds quasisymmetrically into a Hilbert space (two different examples of closed-form
formulae of embeddings that exhibit this appear in e.g. [MN04} Remark 5.10] and [Nao10, Section 3]).

Remark 12. By repeating the above reasoning mutatis mutandis while using Theorem[4 instead of Theo-
rem(3, one sees that for every p > 1, any finite K -doubling metric space admits a random zero set that is
O(max{1, (logK)/ p}) -spreading with probability e”P. Consequently, any K -doubling metric space embeds
with p-average distortion O(max{l, (log K)/ p}) into R. This cannot be improved even if one allows the em-
bedding to be into any target normed space X that has type r > 1. Indeed, by combining the deep result
of [Laf09] with the first bound in equation (131) of [Nao21a] and the reasoning in [LLR95, Mat97], one sees
that for arbitrarily large n € N there is an n-point metric space such if it embeds with p-average distortion
D into X, then necessarily D 2, 1,x) max{l,(logn)/p}. It remains to note that any n-point metric space
is (vacuously) n-doubling. Theorem[d thus shows that for doubling metric spaces that are also quasisym-
metrically Hilbertian the aforementioned upper bound on the p-average distortion into R can be (sharply)
improved to the square root of the best that one can hope for in the setting of arbitrary metric spaces.

Given neN, let A" ' = {m = (my,...,7m,) €[0,1]": ;7:1 7; = 1} denote the simplex of probability mea-
sures on [n]. When we say that a matrix A = (a; j)E M, (R) is stochastic we always mean row-stochastic,
ie., (aj1,...,ain) € A" for every i €{l,...,n}. Given « € A" 1 a stochastic matrix A = (aij) € My([R) is
n-reversible if m;a;; = mjaj; for every i, j € {1,..., n}. In this case, A is a self-adjoint contraction on Ly (r)
and the decreasing rearrangement of the eigenvalues of A is denoted 1 = A, (A) > ... > A,(A) > —1. The
spectral gap of A is 1 — 12 (A). The conductance (with respect to A, ) of a subset @ # S C [#n] is

def 1
N T S S ai,
A = S <) iezs,-e%\sn’a]

where 7(S) = }_jes ;. The Cheeger constant of A is defined by

hA) S min @A(S).
@#SCIn]
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For p > 1, the p-Poincaré constant (reciprocal of the p-spectral gap) of A with respect to a metric
space (171, d), denoted y (A, dP), is the infimum over y € [0,00] such that for every xi,..., x, € 11l we have:

n n n n
Y Y mimid(xi, x)P <y ) Y miaiid(xi, x;)P. (16)

i=1j=1 i=1j=1
The works [Mat97, [Laf08| [NS11, MN14}, [Nao14] Nao18, ANN™18a, [dLdIS21] [Nao21a, [Esk22| [Nao24b] in-
clude information on nonlinear spectral gaps and their applications. Because it is simple to check that
Y(A, du%) =1/(1-22(A)) and y(A, dr) = 1/ h(A), where dp is the standard metric on R, Theorem@implies;

Theorem 13. Fixn,KeNand0 < s,e < 1/2. Suppose that (111, d) is a metric space that is both K -doubling
and (s, €) -quasisymmetrically Hilbertian. Then, every stochastic matrix A € M, (R) satisfies

Vv9ogK 2 logK
Ad) <ge —— d Ad) <gg ———. 17
Y( ) SS,E hA) an Y( ) NSS,E 1 /IZ(A) (17)

Furthermore, the implicit constants in can be taken to be (1/s)°1/9

Theorem complements the bounds in [Nao14, Section 7.1.1] by showing that they can be improved
if one considers quasisymmetrically Hilbertian doubling metric spaces rather than arbitrary doubling
metric spaces; in the latter case, the dependence on K in the two estimates in can be taken to be,
respectively, logK and (logK )2, and this is optimal. The second inequality in is optimal, as seen by
taking A = Q, to be the transition matrix of the standard random walk on the Hamming cube, because it
is straightforward to check that Q, satisfies the following bounds:

1 -
- LQn

Whether the first inequality in can be improved is perhaps the most important question that
remains open in the context of the present work; see Question [14] below. The best lower bound that
is currently available is the example in [KM13], which shows that one cannot replace the y/logK term
in by anything smaller than exp(c+/loglogK) for some universal constant ¢ > 0. If it were possible
to improve the dependence on K in the first inequality in (I7), then this would have major algorithmic
implications; we will explain this matter after presenting the relevant algorithmic setup in Section[1.3.3]

Question 14. For0< s,e < 1/2 and K € N, what is the growth rate as K — oo (up to constant factors that
depend on s, €) of the smallest @ = a(K, s, €) such thaty(A,d) < alh(A) for every (s, €)-quasisymmetrically
Hilbertian K -doubling metric space (111, d), every n € N and every stochastic matrix A € M, (R) ?

Among the consequences of the nonlinear spectral gap bounds of Theorem[13]is that they quickly im-
ply the following bound on the cutting modulus, which is a parameter that was introduced in [ANN™18al]
as a tool for hierarchically partitioning metric spaces. It was used in [ANN™18a] to construct a data struc-
ture for approximate nearest neighbor search; we will return to this algorithmic setting in Section[1.3.3]

Given @ > 0, the cutting modulus Zj; (®) of a metric space (111, d) was defined in [ANN™18a] to be the
infimum over those Z € (0,00] with the following property. For every n € N, every r > 0, every 7 € A1,
every stochastic -reversible matrix A = (a;;) € M, (R), and every xi, ..., X, € 111 that satisfy

Vi, je[n], aijj>0 = d(x;,xj)<r, (18)
at least one of the following two (non-dichotomic) scenarios must occur:
« Either there exists @ # S C [n] such that P4 (S) < D,
« or, there exists i € [n] such that 7({j € [n]: d(x;,x;) <Er}) > 3.

Theorem 15. Fix K e N and 0 < s,e < 1. Suppose that (111,d) is a metric space that is both K-doubling
and (s, €) -quasisymmetrically Hilbertian. Then, for every ® > 0 we have
_ Vv1ogK
Em (D) S,s,s o
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Proof of Theorem|15 assuming Theorem[13 Fix ® > 0 and take any 0 < Z < Zj(®). By the definition of
Zm (@) as an infimum, this means that there are n € N and r > 0 for which we can find a probability vector
e A"1 astochastic n-reversible matrix A = (a; i) € Mu(R), and points xi,..., X, € 11 that satisfy yet

1
= — 1
¢;rglcr%n DPA(S)>P  and %Hn({]e[n] d(xj,xj) > Z r})>2 (19)

The first assertion in (I9) is the same as saying that hZ(A) > ®. Hence, y(A,d) S;¢ \/10gK/® by the first
inequality in (I7). An application of the definition of y (A, d) to the points xj, ..., X, now shows that

r (@ n n \/9ogK It 1 @ /logK
< ZZ H]d(xtyx] 8,E Og ZZ at]d(xz’x] < o8 r. t

(O]

N| [1]

Remark 16. The above proof of Theorem|[I15 used the first inequality in (I7). One can also deduce Theo-
rem(15 from Theorem[13 by repeating this reasoning mutatis mutandis while using the second inequality
in and incorporating Cheeger’s inequality for Markov chains [JS88,[LS88]. Indeed, the cutting modulus
was bounded in [ANN"18a] using bounds on quadratic nonlinear spectral gaps in this way. However, it is
worthwhile to deduce Theorem[15 using only the first inequality in since the second inequality in
is sharp yet the first inequality in could possibly be improved, as expressed in Question[I4 Algorithmic
ramifications of this possibility will be discussed in Section

Following [LLR95], the (bi-Lipschitz) distortion of a finite metric space (171, dy) in an infinite metric
space (11, dp), which is denoted c(;,4,) (111, di) or simply ¢y (111) when the underlying metrics are clear
from the context, is the infimum over those D > 0 for which there are f: 771 — 11 and s > 0 such that

vx,yeM,  sdm(x,y) <dp(f(x),fy)<Dsdn(x,y). (20)

If p > 1and 1 is an infinite dimensional L, (u) space, then ¢y, (1) does not depend on p (in fact,
this holds if dim (L, (w)) > [111|(1171] - 1)/2 by [Bal90]), so one commonly uses the shorter notation:

cp M) L ep 1y (). 21)

The especially important and useful parameters c,(1711) and c; (171) are naturally called, respectively, the
Euclidean distortion of 771 and the L; distortion of 771. .

The classical Fréchet embedding ®(y;.4,,) of 711 into the set R*" ~?} of real-valued functions on the
nonempty subsets of 711 is defined by setting for every x € 17l and ¢ # Z < 111,

DQm,am) (x)(Z) dm (x,%4). (22)

Given p,D > 1, one says that (171, d);;) embeds into L, with distortion D via the Fréchet embedding if
there exists a probability measure P on 2" \ {g} such that for every x, y € 71 we have

dm(x,y) < DI®on,ay) (X) = Con,an WL, ®- (23)

For example, the famous embedding of [Bou85] is of this form. This terminology is consistent with what
we recalled above because implies that ¢, (111) < D. Indeed, contrast with the trivial estimate

1D@n,dym) (X) = Pam,dyy WL, @ < 1Pan,dy) () = Pan,dp) W L,@ < dm(x,y), (24)

where the first step of holds as [P is a probability measure and the second step of is a straight-
forward consequence of the triangle inequality for dj;;. However, knowing that (17, dj;;) embeds into L,
with distortion D via the Fréchet embedding provides more information than mere embeddability into
Ly, which is sometimes needed in applications (e.g. [FHL08, MM16]|); furthermore, the former embed-
ding may not be possible when it is known that the latter embedding does exist (e.g. [MR01, BLMNO6]).
The measured descent embedding technique [KLMNO05] yields the following result:
12



Theorem 17 (special case of measured descent [KLMNO5]). FixneN,a > >0, and0<¢,6,0 <1. Let
(M, d) be an n-point metric space with the property that for every T > 0 there is a probability measure P*
on the nonempty subsets of 111 such that for every x, y € 11l that satisfy T < d(x,y) < (1+60)1 we have

PTlg#ZcM: dy,Z) > il and xeZ|>6. 25)
1+1 |B(y,at)|
8 1B(.p)|
Then,
c2(M) Se5.6,a,p \/10gn. (26)

Furthermore, the bound on the Euclidean distortion of 111 is obtained via the Fréchet embedding.

Even though those who are familiar with [KLMNO5] will recognize Theorem [17|as a special case of
measured descent, Theorem [17|does not appear in [KLMNO5] as a standalone statement. Instead, The-
oremfollows from part of’| the proof of Lemma 1.8 in [KLMNO5]: the random zero set appears in the
second displayed equation on page 847 of [KLMNO5] and the corresponding Fréchet embedding appears
in the line immediately following it. As Theorem[17]is crucial for the applications of Theorem[I7|that we
will explain next, we will include in Section[I10]a self-contained proof of Theorem[17]which builds on the
above ideas while incorporating further enhancements so as to yield both a more general statement and
the best dependence that we currently have of the implicit constant factor in ong, 6,0, a, B; see (287).

In the influential work [JL84], Johnson and Lindenstrauss asked if c(171) < y/logn for any n-point
metric space (171, d). If this were true, then it would have been a satisfactory analogue of John’s theo-
rem [Joh48]| that c;(X) < vdimX for any finite-dimensional normed space X, in accordance with the pre-
dictions of the Ribe program [Bou86, Kal08, [Nao12b, [Bal13} [0Ost13}|God17, Nao18]. Bourgain famously
answered [Bou85|] the aforementioned Johnson-Lindenstrauss question negatively; an asymptotically
stronger (sharp) impossibility result was subsequently obtained (by another method) in [LLR95), /AR98].
Hence, a positive answer would necessitate imposing restrictions on the metric space (171, d). The follow-
ing theorem follows by substituting Theorem |I]into Theorem[17} It answers the Johnson-Lindenstrauss
problem positively within the class of quasisymmetrically Hilbertian metric spaces.

Theorem 18 (Johnson-Lindenstrauss problem/nonlinear John theorem). For every 0 < s,e < 1/2 and
neN, if (1M, d) is an n-point (s, €) -quasisymmetrically Hilbertian metric space, then c,(111) <. \/logn.

The class of metric spaces that admit a quasisymmetric embedding into a Hilbert space encompasses
metric spaces of finite Assouad-Nagata dimension [LS05], or more generally [NS11] metric spaces that
admit a padded stochastic decomposition (thus, it includes, say, planar graphs [KPR93] and doubling
metric spaces [Ass83, IGKL03]), as well as L, (u) spaces for 1 < p < 2 [BDCK66, WW75], and the infinite
dimensional Heisenberg group H* [LNO06].

Remark 19. Ignoring much of the information that is provided by Theorem|9, one can consider the real line
as a subset of ¢, to deduce that for any K e N and 0 < s,e < 1/2, a K-doubling (s, €) -quasisymmetricall

Hilbertian metric space embeds into ¢» with average distortion O(y/logK), which is shar;ﬂ by Fact@
This nonlinear version of John's theorem is quite satisfactory for the following reasons. Firstly, it does not
hold for general K-doubling metric spaces, for which the best bound that one can get on the Euclidean
average distortion is O(log K), as follows from the proofs in [LLR95|/AR98|Mat97]; a stronger impossibility
result appears in Remark[12, Secondly, unlike Theorem|[18, such a result does not hold for bi-Lipschitz

8The proof of [KLMNO5} Lemma 1.8] derives further facts that are relevant to the setup of [KLMNO05], but not for Theorem

9We warn of the following somewhat confusing pitfall here. Assouad famously proved [Ass83] that any doubling metric

space embeds quasisymmetrically into £, (even into R" for some n € N). So, superficially it might seem that our assumption

that the space is quasisymmetrically Hilbertian is redundant. However, Assouad’s theorem yields a quasisymmetric embedding
whose modulus (necessarily) depends on the doubling constant.
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embeddings, so one must somehow relax the requirement from the embedding, as we did here by consid-
ering average distortion. Indeed, by [Laa00, [LPO1] there exists a doubling metric space 11l that embeds
quasisymmetrically into ¢ by [Ass83l, yet 11l does not admit any bi-Lipschitz embedding into ¢; the sub-
sequent works [CKO06,[LNO6], which are natural extensions to infinite dimensional targets of the important
contributions [Pan89, [Sem96], show that one can also take 111 here to be the Heisenberg group.

A longstanding open question asks for the growth rate of the largest possible Euclidean distortion of
a finite subset of ¢;. This question arose from Enflo’s influential proof [Enf69] that the d-dimensional
Hamming cube C; = {0, 114 c [f has Euclidean distortion V/d, i.e., it is of order Vlognforn= 2d — [Cal.

To the best of our knowledge, the aforementioned question remained a famous unpublished folklore
problem for many years, though it was eventually published by Goemans in [Goe97, page 157], who
stated the elegant conjecture that for every n € N, any n-point subset of £; embeds into ¢, with distortion
O(y/logn); see also Linial’s Open Problem 4 in [Lin02]. By contrasting the conjectural asymptotic upper
bound in [Goe97] with the lower bound of [Enf69], it would then follow that the d-dimensional Hamming
cube has the asymptotically largest possible growth rate among all subsets of ¢; of size 2¢.

As an indication of the difficulty here, we mention that arbitrarily large n-point subsets of ¢; that are
different from the Hamming cube have been shown to have Euclidean distortion ©(y/logn). E.g., these
can be planar graphs, which can even be taken to be O(1)-doubling [Laa00, LP01,[NR03]. Thus, the above
question has asymptotic extremizers that are markedly different from each other.

Theorem [18|provides the following positive resolution of the above conjecture:

Theorem 20 (finite subsets of ¢; that are furthest from being Euclidean). For every n € N, the maximal
Euclidean distortion of an n-point subset of ¢, is bounded from above and from below by positive universal

constant multiples of \/logn.

For 0 < 6 < 1 and a metric space (171, d), it is common to call (in reference to the Koch snowflake; see
e.g. [DS97]) the metric space (171, d?) the 0-snowflake of (171, d), or simply the 6-snowflake of 771 if the
metric is clear from the context. If the %—snowﬂake of 771 embeds isometrically into a Hilbert space, then
one says that 771 is a metric space of negative type; see e.g. the monograph [DL10] or the survey [Naol0]
for more on this important and useful notion, including the reason for the nomenclature.

In [Goe97, page 158], Goemans conjectured that for every n € N, any n-point metric space of nega-
tive type embeds into ¢, with distortion O(y/logn). By definition, a metric space of negative type has
a modulus-n quasisymmetric emebdding into ¢, with n(t) = /7 for every ¢ > 0, and with (2) holding as
equality. Hence, Theorem[18|provides the following positive resolution of Goemans’ conjecture (the cor-
responding lower bound follows by considering the Hamming cube {0,1}¢ < ¢ f again and using [Enf69],
as its image in !g under the formal identity mapping exhibits that it is a metric space of negative type):

Theorem 21 (finite metrics of negative type that are furthest from being Euclidean). For everyneN, the
largest possible Euclidean distortion of an n-point metric space of negative type is bounded from above
and from below by positive universal constant multiples of \/logn.

In fact, we also deduce from Theorem|[I8]the following result that answers the major problem of eval-
uating the growth rate of the largest possible L; distortion of a finite metric space of negative type (this
formulation appears as Open Problem 3 in [Lin02], and see also e.g. [Goe97, Mat02]):

Theorem 22 (finite metrics of negative type that are furthest from subsets of L,). For every n € N, the
largest possible L, distortion of an n-point metric space of negative type is bounded from above and from
below by positive universal constant multiples of \/logn.

The upper bound on the distortion in Theorem [22] follows from Theorem [18| since c1(171) < ¢, (111)
for every finite metric space (171, dyy); there are multiple ways to justify this, but perhaps the quickest
(though overkill) is to apply Dvoretzky’s theorem [Dvo61]. The matching lower bound is due to [NY18],
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where it is exhibited by considering a sufficiently dense net in the unit ball of the 5-dimensional Heisen-
berg group H°, equipped with a suitable equivalent metric of negative type that was constructed in [LN06]
(by [NY22], the 3-dimensional Heisenberg group H? is insufficient for this purpose).

Remark 23. Until its landmark negative answer in [KV05], it was a major open question (due, indepen-
dently, to Goemans and Linial) whether every metric space of negative type admits a bi-Lipschitz em-
bedding into L. Theorem|22 completes the efforts by many researchers in mathematics and theoretical
computer science (including [LN06, ALN08, (CGR08}, KR09,|CK104a} |CK10b,(CKN11} [KV15|,NY18], as well as
multiple unpublished works) to understand the rate (for n-point metric spaces of negative type, as n — oo)
of the failure of this possibility. It is worthwhile to recall in this context the (still open) conjecture of [ANV10]
that any invariant metric of negative type on an Abelian group admits a bi-Lipschitz embedding into L.

Thus far, we applied Theorem[I|by combining it with Theorem[17|without utilizing the further knowl-
edge from Theorem (17| that the corresponding distortion bound is obtained via the Fréchet em-
bedding. We will next present an application to the Lipschitz extension problem that incorporates this
additional information. In order to do so, we first need to recall basic notation that originates in [Mat90].

Suppose that (S, dg) is a (source) metric space and (7, dy) is a (target) metric space. For a nonempty
subset 171 of 8, let (8, 171; T) denote the infimum over those K € [1,00] such that for every L > 0 and every
L-Lipschitz function f: 711 — T there is a KL-Lipschitz function F : § — 1 that extends f.

The following observation is a straightforward consequence of the above definition:

Observation 24. Fix a, 8 > 0. Suppose that (8, dg) is a metric space and that @ #1111 < 8. Let (1, dn) be a
metric space such that there is an a-Lipschitz function ¢ : S — N satisfying dn (@(x), o (y)) > dg(x, y)/ B for
every x,y € 1. Then, e(8,111;T) < afe(M, p(11); T) for every metric space (T, dg).

The Lipschitz extension modulus e(8; T) of a pair (8, T) of metric spaces is defined to be the supremum
of e(8,11;7) over all the nonempty subsets 171 of §. Analogously, following [LN04] we define the absolute
Lipschitz extension modulus ae(177; T) of a pair (171, T) of metric spaces to be the supremum of e(S, 171; 7)
over all the possible metric spaces $ that (isometrically) contain 771 as a subset.

The study of the above moduli has a rich history due to their intrinsic geometric and analytic interest
as well as their applications and connections to multiple areas of mathematics; a (partial) description
of this background appears in the monographs [BB12a, BB12b}/CMN19], and in [MN13}NR17, Nao24a].
Nevertheless, basic problems about these moduli have stubbornly resisted many efforts, including the
following example of a longstanding open question due to Ball [Bal92|, to which we will return later in
an algorithmic context, following the insights of Makarychev and Makarychev in [MM16]:

Question 25 (Ball’s extension problem). Is it true thate({»; 1) < oo?
More generally, we pose the following question which we think is of fundamental importance:
Question 26. Characterize the class T(¢2) of those target metric spaces (T, dy) for which e(€2;7) < co.

Kirszbraun’s theorem [Kir34] says that ¢, € T(¥¢,); in fact, e(£2;¢2) = 1. Question is of course the
special case of Question that asks whether ¢; € J(¢,). One could also aim to characterize for any
source metric space (8, dg) the class J(8) of those target metric spaces (7, dg) for which e(8, T) < co. This
seems to be a challenging though potentially fruitful research direction. As a start, we do not know if
given two Banach spaces X, Y, the equality T7(X) = J(Y) implies that X and Y are bi-Lipschitz equivalent.

When e(8;T) = oo, which is typically the case, one still studies the Lipschitz extension problem for the
pair (8,7) by considering the asymptotic growth rate of the following finitary moduli (which are finite if
a quite mild assumption on the target space J holds; see [JLS86] and Section 5.3 in [Nao24al):

VneNnN, en(S;‘J')d:ef sup (S, 15;7).
=
[mi<n
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The introduction of [NR17] (particularly Section 1.3 there) surveys known bounds on these parametersET]
The following consequence of Theorem(I|provides a modest amount of further information on this topic:

Corollary 27. There exists a universal constant C > 0 with the following property. Fix 0 < s,e < 1/2 and
an integer n > 2. Suppose that (111, dym) is an n-point metric space that is also (s, €)-quasisymmetrically
Hilbertian. Then, for every 0 < 6 < 1 and every target metric space (7, dy) we have

aeM;T) <ge e%en(ﬁflogmﬂ)wlogn. 27)

The main result of [JL84] is that ae(177;¢,) < /logn for any n-point metric space 771. By Corollary
for 6 = 1 we see that if 171 is also (s, €)-quasisymmetrically Hilbertian, then ae(171;7) S; o v/logn for any
metric space (7, dg) that belongs to the class J(¢2) from Question

Proof of Corollary[27 assuming Theorem([l] Fix a metric space (8, dg) such that 771 < 8 and the restriction
of dg to 111 x 111 coincides with dj;. By combining Theorem (1| with Theorem [17| there is a probability
measure P on 2/ < {®} such that the Fréchet embedding ® = ®y,4,,) : 11l — L>(P) in satisfies

Ve, yelll,  [®x)-@W)lL,@) Jse dm(x,y). (28)

1
Vlogn

The key observation now is that each of the coordinates of the Fréchet embedding is a distance from a
nonempty subset of 771, so one can define ® on the super space & and not just on 771, and the 1-Lipschitz
condition (24), which is nothing more than an application of the triangle inequality for dg, still holds.
Therefore, we may assume from now that ® : § — L, (P) is 1-Lipschitz and satisfies (28).

Denote m = [6logn]. The (proof of the) Johnson-Lindenstrauss dimension reduction lemma [JL84]
(see equation (28) in [Nao18] for the version that we are using here) implies that there exists a universal
constant C >0 and a 1-Lipschitz function g : ®(/711) — £ that satisfies

Yu,vedN), IIg(u)—g(v)Ilz26‘%Ilu—vllL2(m. (29)

By Kirszbraun’s extension theorem [Kir34] (also e.g. [BL00, Chapter 1]) there is a 1-Lipschitz function
G: Ly(P) — ¢} that extends g. Denote ¢ = Go®:8 — ¢'. Then ¢ is 1-Lipschitz and for every x, y € 111,

c _%
o) —p(l2=1g@x) - g@(l2 2 e ? 1Px) -~ PN L,@ 2 se ———=dm(x, ).

Vlogn

It remains to apply Observationwith n=107= [gﬁlogm, a=1and f <S¢ es v/logn, and then to take
the supremum over all possible super-spaces (8, dg) of (171, dy;;) to arrive at the desired estimate 7). [

1.3.3. Sparsest Cut, Max-Cut, sparsification, and nearest neighbor search. Given n € N, the Sparsest Cut
problem (with general capacities and demands) on n-vertices takes as its input two n-by-n symmetric
matrices with nonnegative entries C = (c; i D = (d; jE M,,([0,00)) and aims to evaluate (or estimate) in
polynomial time the following quantity:

Y sy Cii
SparsestCut(C, D) & nin SIS SIEMNS T (30)

0#8CIn Yies L jen~s dij

In the mid-1990s Goemans and Linial introduced a semidefinite program (SDP) that computes (with
o(1) precision) in polynomial a number SDP¢, (C, D) > 0 that satisfies:

SDPg¢, (C, D) < SparsestCut(C, D).

10Note that [NRI7] failed to state the best known bound on en(l1,0p) for 1 < p <2, which is e, (€1,4p) S /(logn)/ (p—1).
This is a special case of [MNO06} Theorem 2.1], i.e., it was actually available at the time [NR17] was written but overlooked there.
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See e.g. [NY18] and the references therein for a relatively recent account of this extensively studied topic,

as well as Section[2] The pertinent question is therefore to understand the growth rate as n — oo of the

integrality gap of the Goemans-Linial SDP for Sparsest Cut, which is defined to be the following quantity:
su SparsestCut(C, D)

p
C,DeM,([000)) SDPgL(C,D)
C,D symmeric

The algorithm that outputs SDPg (C, D) is then guaranteed to estimate SparsestCut(C, D) within a factor
that is at most this integrality gap. No other algorithm is currently known to (or is conjectured to) perform
asymptotically better then this algorithm of Goemans and Linial.

Theorem 28 (integrality gap of the Goemans-Linial SDP for Sparsest Cut). For every n € N, the n-vertex
integrality gap of the Goemans-Linial semidefinite program for the Sparsest Cut problem is bounded from
above and from below by positive universal constant multiples of \/logn.

The lower bound of Q(y/logn) in Theorem [28| on the integrality gap of the Goemans-Linial SDP for
Sparsest Cut is from [NY18]. Thus, our contribution to Theorem[28|is in terms of algorithm design rather
than proving an impossibility result, i.e., we derive an improved (sharp) upper bound on the integrality
gap of this SDP, and hence we provide the best known polynomial time approximation algorithm for
Sparsest Cut. The fact that Theorem |22|implies a O(y/logn) upper bound on the integrality gap of the
Goemans-Linial SDP for Sparsest Cut is a standard result that has been known for along time (going back
at least to [Goe97]); see [Naol0, Lemma 4.5] for its detailed derivation (based on the duality argument
in [Mat02| Proposition 15.5.2], which is attributed there to unpublished work of Rabinovich).

We focused above on the algorithmic task of efficiently approximating the number SparsestCut(C, D),
but the fact that our O(y/logn)-embedding of any n-point metric space of negative type is actually (per
Theorem [21)) into ¢ rather than “merely” into ¢, implies formally that there is also an algorithm which
outputs a subset @ # S C [n] that is a near-minimizer of the right hand side of (30), up to the aforemen-
tioned O(y/log n) error tolerance. This deduction utilizes the observation from the seminal work [LLR95]
of Linial, London and Rabinovich that optimal embeddings into a Hilbert space can themselves be found
in polynomial time (unlike embeddings into L,, see [IM04},[DL10]), as this task itself can be cast as a semi-
definite program; the (standard) deduction of this assertion is worked out in e.g. [ALN08, Section 5].

One can refine the above discussion for each k € {2,...,n} to obtain a O(y/log k)-factor approxima-
tion algorithm if the matrix D has support of size at most k, i.e., |{(i, j) € [n] x [n] : dij > 0} < k. Also
this fact is a formal consequence of what we have seen, as Theorem [21|is proved by substituting Theo-
rem|[I]into Theorem [I7} which yields the stated distortion guarantee via the Fréchet embedding. That
embedding can be automatically extended to any super-space while remaining 1-Lipschitz (as we have
seen above in the proof of Corollary[27), which is all that is needed in order to obtain the aforementioned
O(y/log k)-factor approximation guarantee. Again, the standard deduction of this assertion is worked out
in [ALNO8], though note that [ALNO08, Section 5] incorporates a step that is irrelevant for our purposes
because the embedding of [ALNO08] is not Fréchet, so [ALNO8] must justify why it could be extended.

It is worthwhile to summarize the above discussion as the following separate algorithmic statement:

Theorem 29 (algorithm for finding an approximate Sparsest Cut when there are k demand pairs). There
exists a polynomial time algorithm with the following property. Suppose thatn e N and k € {2,...,n}. Let
C=(cij),D=(d;}) € My([0,00)) be symmetric matrices such that|{(i, j) € [n] x [n] : d;; > 0}| < k. Then, the
aforementioned algorithm outputs a subset @ # S C [n] that satisfies:

2ies Zje[n]\S Cij
< SparsestCut(C,D)y/logk. (31
ZIES Z]e[n]\S dl_]

The next algorithmic application of Theorem [1|that we will describe in this section follows from the
work of Makarychev, Makarychev and Vijayaraghavan [MMV14] which beautifully relates the Sparsest
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Cut problem to perturbation resilience of the Max-Cut problem (in the sense of Bilu-Linial [BL12]; see
also the MaxCut-specific work [BDLS13], and the survey [MM16]).

The Max-Cut problem on n-vertices takes as its input an n-by-n symmetric matrix with nonnegative
entries W = (w; ;) € M ([0, 00)), which one should think of as an edge-weighted graph whose vertex set is
[n], and aims to compute (or approximate) in polynomial time the following quantity:

def
MaxCut(W) ) ;Iggn] iezs]c%\s wj. (32)
Given y > 1, a matrix W as above is Bilu-Linial y-stable (y-stable, in short) for Max-Cut if there is a
unique @ # S C [n] such that MaxCut(W) =Y jes Y jetn~s Wij, namely, the right hand side of has only
one maximizer, and furthermore we have MaxCut(W') = ¥jes ¥ je[n)s W} i for every symmetric matrix
W' = (w;.].) € M,,([0,00)) that satisfies w;; < w;.]. <yw;jjforevery i, j € [n].
Makarychev, Makarychev and Vijayaraghavan studied [MMV14] an SDP that can be evaluated (with
o(1) precision) in polynomial time and outputs a number SDPymy (W) 2> 0 that satisfies

SDPpmmy (W) > MaxCut(W). (33)

The Makarychev-Makarychev—Vijayaraghavan SDP for Max-Cut coincides with the Goemans-Williamson
SDP for Max-Cut [GW94] with the (by now standard) added squared-¢, triangle inequality constraints,
except for the “twist” that those constraints are imposed on the symmetrized version of the vector solu-
tion, namely, if the SDP outputs unit vectors v1,...,v, € S*~!, then Makarychev, Makarychev and Vija-
yaraghavan require that | u— v < lu— w|3 + | w - v|3 for every u, v, w € {vy,..., Vp, = V1, ..., — Up}

The Makarychev—Makarychev-Vijayaraghavan SDP for Max-Cut is said to be integral on the input W
(see [MMV14, Definition 2.3]) if for every optimal solution vy,..., v, € S"~! of this SDP there is a unit
vector e € "1 such that v; € {e,—e} for every i € [n]. By (33), SDPuymv (W) = MaxCut(W) when this
occurs, i.e., the Makarychev—-Makarychev-Vijayaraghavan algorithm outputs an exact solution for Max-
Cut on the input W, in contrast to the fact that (under standard complexity-theoretic assumptions) one
cannot hope to always obtain such an exact solution on general inputs [PY91}Has01, KKMOO07, MOO10].

By substituting Theorem into [MMV14} Theorem 3.1] and [MMV14, Theorem 5.2], we get the fol-
lowing evaluation of the growth rate of the critical y = y(n) such that the Makarychev—Makarychev-
Vijayaraghavan SDP for Max-Cut is integral on every n-vertex instance of Max-Cut that is y-stable:

Theorem 30 (stable integrality of the Makarychev—-Makarychev-Vijayaraghavan SDP for Max-Cut). There
are universal constants C > ¢ > 0 with the following property for any integer n > 2. Ify > C+/logn, then the
Makarychev—Makarychev-Vijayaraghavan SDP relaxation of Max-Cut is integral on any n-vertex input
that is y-stable for Max-Cut. If 1 <y < c+/logn, then there is an n-vertex input that is y-stable for Max-
Cut on which the Makarychev—Makarychev-Vijayaraghavan SDP relaxation of Max-Cut is not integral.

We will next combine Corollary with [MM16, Theorem 5.1] to get an asymptotic improvement
of [MM16, Theorem 5.11], which is an intriguing link between the (major) classical problem on Lipschitz
extension that we recalled in Question[25} and the vertex sparsification paradigm of Moitra [Moi09].

FixneNand Q > 1. Let A = (a;;) € M, ([0,00)) be a symmetric matrix (which, again, we think of as an
edge-weighted graph whose vertex set is [n]). Following [Moi09], given U < [n] and a symmetric matrix

B = (Bij) i jjeuxu € Myxu([0,00)),
one says that B is a Q-quality vertex cut sparsifier of A if the following holds for every @ # S C U:
min > Y ;<) Y Ppg<Q min > Y ajj (34)

o GeT jelnsT peSqeU~S U5 €T jelnnT

Hgee [Kar05, ACMMO5] for earlier incarnations of this idea, along with demonstrations of its utility in other aspects of
combinatorial optimization.
18



The combinatorial meaning of is that if the weighted graph B on the (potentially much) smaller
subset U of the vertices [n] is a Q-quality vertex cut sparsifier of a weighted graph A, then the size with
respect to B of the edge-boundary of any partition of U into two sets S and U \ S is up to the specified
error tolerance Q the minimal size with respect to A of the edge-boundary of a bipartition of [n] that
separates S and U\ S. If |U| and Q are small, then this is a valuable tool for reducing the dependence on n
in combinatorial optimization problems; see [M0i09,[LM10] for concrete examples of such applications.

For k e N, let Qi“t denote the infimum over all those Q > 1 such that for every n € N, for every sym-
metric matrix A = («;j) € M;([0,00)) and every U < [n] with |U| = k there exists a Q-quality cut sparsifier
B =(Bij)u,jjeuxu € Muxu([0,00)). Moitra proved in [Moi09] that

cht < log k

_— 35
k' ~loglogk (55

which remains the best known upper bound despite substantial efforts [CLLM10,[EGK*10,[MM16]. Using
the notation for Lipschitz extension moduli we recalled above, Theorem 5.1 in [MM16] states that

QM =e(ly;41). (36)
By (36), Theorem D.2 in [MM16] (which is due to Johnson and Schechtman, applying [FJS88]) gives
cut >V logk
k' ~loglogk’

which is currently the best known lower bound on Qz‘“.
By substituting the identity into Corollary[27|we conclude that

QM S e (£)°84; 01)/logk. (38)

Thus, alower bound on Qz‘“ that grows faster than a positive universal constant multiple of y/log k would
imply a negative answer to Question this would hold in particular if the old upper bound were
sharp. Conversely, if Question [25|had a positive answer, then by we would get that Qz‘“ < y/logk,
i.e., we would then have an upper bound on Qz‘“ that almost matches the lower bound (37).

Q (37)

Remark 31. The best known upper bound [LNO5| on e(¢},¢1), in fact, on e(¢}};Z) for any Banach space
Z, ise(l;Z) < \/n. The best known lower bound is e(¢!;Z) 2 +/n for a suitably chosen Banach space Z.
This is due to [MN13|, building on Kalton's important contributions [Kal04, Kall2]; a different proof was
found in [Nao21b]. In both cases the target space Z is not ¢, and it is conceivable that an upper bound on
e(¢%; 01) that is better than O(y/n) is available (indeed, Question might have a positive answer). The
forthcoming work [BN24)] can be viewed as some evidence that perhaps e(¢?;Z) < v/n for every Banach
space Z. If this were true, then its special caseZ = ¢\ together with would imply that Qi‘” < (logk)3/4.

Our final example of an application of Theorem (1| (through its corollaries in Section1.3.2) is to the
Approximate Nearest Neighbor Search problem, which is of importance to both theory and practice; the
relatively recent survey [AIR18] and the references therein are a good entry point to this active area.

Let (171, d) be ametric space, n e Nand D > 1. The goal of the D-approximate nearest neighbor search
problem is to preprocess C so as to obtain a data structure with the following property. There is an algo-
rithm that takes as input a query point x € 771 \. C, examines only the data structure, and outputs a point
y € € that is guaranteed to satisfy d(x, y) < Dd(x,C). Both the preprocessing and the query algorithm
are allowed to use randomness, in which case the aforementioned approximation guarantee has to hold
with probability that is at least a positive universal constant (say, 2/3). The pertinent parameters which
one hopes to make small are the preprocessing time (how long it takes to construct the data structure),
the size of the data structure (how much space is required to store it), and the query time (given the query
point x, how long it takes the algorithm to output its approximate nearest neighbor y in ©).
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The above formulation sets aside computational issues regarding how the metric space is given; these
are important but secondary in the present context. It suffices to consider the metric in the black-box
model, i.e., through oracle calls to the distance function. In concrete examples (e.g. if there is an extrinsic
coordinate structure) more realistic computational models for the input metric are available, but those
are case-specific while herein we wish to focus on more general principles.

By [HPIM12], the approximate nearest neighbor search problem can be reduced to solving (logn
instances of its “decision version,” called the near neighbor search problem. Given D > 1 and r > 0, the
(D, r)-near neighbor search problem aims to (randomly) preprocess the data set € to build a data struc-
ture for which there is a (randomized) algorithm that takes as input a query point x € 771 \. C, examines
only the data structure and outputs a point y € € such that if d(x, €) < r, then with Q(1) probability we
have d(x, y) < Dr. Due to this reduction, we will focus from now on near neighbor search.

The following result is a substitution of Theorem|[15]into [ANN*18a, Theorem 4.1]:

)O(l)

Theorem 32 (cell-probe data structure for near neighbor on quasisymmetrically Hilbertian spaces). Sup-
pose that0 < s,e < 1/2 and that K, n, w > 2 are integers. Let (111, d) be a finite metric space whose size sat-
isfieslog|1M| <loglogn that is both K -doubling and (s, €) -quasisymmetrically Hilbertian. Fix C < 11 with
|C| = n. Also, fix r > 0 that can be specified using w bits. For every (loglogn)/logn < 6 < 1 one can ran-
domly preprocess this datum (we make no claim about the preprocessing time) and eventually store some
memory as a (random) data structure consisting of a sequence of cells, each of which contains a single bit.
The total number of cells (the space of the data structure) is O(w + n**°log|M|). There is a randomized
algorithm that takes as input a query point x € 111, probes at most O(w + n® log|1M|) cells of the data struc-
ture (possibly adaptively), performs unbounded auxiliary computations and uses unbounded auxiliary
memory, and outputs a point y € C such that if d(x,C) < r, then with probability Q(1) we have
V1ogK

d(x, ) ,Ss,g Tn (39)

Background on the cell-probe model for data structures can be found in e.g. [Yao81} Mil99]. The-
orem [32| plainly does not address all of the algorithmic issues that we mentioned above. It does not
control the preprocessing time for constructing the data structure, and it only bounds the number of
cells of the data structure that the algorithm examines without controlling its overall running time. As
in [ANN™18a], the value of Theoremis that it serves as a “proof of concept” rather than a final result,
or at least it can be thought of as a barrier for proving impossibility of efficient approximate near neigh-
bor data structures with the parameters described in Theorem [32] This is so because all of the known
unconditional data structure lower bounds proceed by proving a cell-probe lower bound [Mil99].

Theoremraises the challenge to make the iterative partitioning scheme of [ANN™18a| that is pow-
ered by the cutting modulus estimate of Theorem|[I5|computationally efficient, which would entail mak-
ing our construction in the proof of Theorem 1| computationally efficient. We expect that this goal is
achievable (perhaps only for a subclass of quasisymmetrically Hilbertian metric spaces that are repre-
sented in a suitably succinct manner), but would require effort and new ideas, analogously to the transi-
tion from [ANN™18a] to [ANN"18b]; we defer this interesting research direction to future work.

By combining [ANN™18a, Theorem 4.1] with the facts that were recalled immediately after the state-
ment of Theorem[13] we see that for arbitrary K-doubling metric spaces Theorem[32]holds mutatis mu-
tandis, but with the factor y/logK in replaced by logK. The available D-approximate near neigh-
bor data structure for general K-doubling metric spaces with approximation D = O((log[()g) for some
0 < 0 < 1 suffers from the “curse of dimensionality” (the intrinsic dimension in this context is naturally
of order log K), in the sense that its query time grows super-polynomially in log K. Specifically, the query
time obtained in [Fil23] when D = C(log K)? is at least exp(Q((log K)!~%)/C), albeit in a tailor-made (non-
standard) computational model (when D = 1+¢ for some 0 < € < 1, which is a very important range of pa-
rameters but not the one that concerns us here, the same issue occurs in the older works [KL05, HPMO06]
that use a standard computational model). If the given metric space is also (s, €)-quasisymmetrically
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Hilbertian and n = exp(o; ¢ (1/logK)), then Theoremapplies with D <0 1/logK/d and its query time
is better than that of [Fil23].

If the answer to Questionwere such that the y/logK term in could be improved to o(y/logK),
then we would correspondingly improve the dependence on K in (39). This is an intriguing possibility
of potential practical significance in addition to its great theoretical interest. As an example of a conse-
quence of this possiblity that does not relate to (I7), we note that because for every n € N any n-point
metric space is (trivially) n-doubling, in combination with [Naol4, Theorem 1.3] this would imply in
particular that any n-point metric space of negative type embeds with average distortion o(y/logn) into
/1, thus improving over the main embedding result of [ARV09] and consequently yielding an asymptotic
improvement over the best-known polynomial time approximation algorithm for the Sparsest Cut prob-
lem with uniform capacities and demands, i.e., the algorithmic optimization problem that corresponds
to the special case of in which ¢;; €{0,1} and d;; = 1 for every i, j € [n].

2. HISTORY AND PROOF OVERVIEW

The precursor to Theoremappeared as Theorem 3.1 of [ALNO8] (first announced in [ALNO05]); using the
terminology that we recalled as Deﬁnition it states that any n-point metric space (171, d) of negative
type admits a random zero set that is O(y/log n)-spreading with probability (1), i.e., for some universal
constant ¢ > 0 and any 7 > 0 there exists a probability measure I’ = P*""! on 2/"" \_{@} such that

Vx,yell, dx,p)z21t =P|loAZ<: dy,ZL) >

CT and xeXZ| 1. (40)
Vlogn
The main result of [ALNO05,/ALNO08] used to prove that c, (111) < /log nloglogn, and [ALN07] showed
that the same bound on the Euclidean distortion of /71 can be obtained via the Fréchet embedding.

Evidently, conclusion (I) of Theorem|I}is quantitatively stronger than (40). However, its main contri-
bution is a qualitative enhancement that allows one to exploit cancelation to derive the upper boundﬁ
of Theorem 20} Theorem 21} Theorem [22|and Theorem 28| without any unbounded lower order factors,
thus resolving the respective open questions; the previously best known bounds here [ALN08] had a re-
dundant loglog n factor, and correspondingly conclusion of Theorem 29| was known with the factor
v/1ogk replaced by y/log kloglog k. The connection between the Sparsest Cut problem and perturbation
resilience of the MaxCut problem was discovered in [MMV14], where Theoremwas obtained with the
lower bound y > C+/logn replaced by y > C+/lognloglogn, as [MMV14] appealed to [ALNO8]; the im-
pact of Theorem [I]in this context is to obtain the sharp rate of growth of the threshold for stable integral-
ityE] The connection between Lipschitz extension and vertex sparsification was discovered in [MM16],
where the bound was obtained with the term +/logk replaced by +/logkloglogk, as [MM16] ap-
pealed to [ALNOQ7]; the above derivation of Corollary follows the approach of [MM16].

The phenomenon that Theorem establishes was first broached in [NRS05]. While [NRS05] did not
succeed to obtain the desired extremal property of the Euclidean sphere that is independent of dimen-
sion, Theorem 1.7 of [NRS05] is a result towards this goal that is off by a logarithmic factor. Specifically,
INRS05} Theorem 1.7] shows that for any increasing 7 : [0,00) — [0,00) with lim;_.¢7(s) =0andany n e N,
if (171, d) is a metric space of diameter O(1) that has a modulus-7n quasisymmetric embedding into ¢, and
u is a normalized e®"-doubling Borel probability measure on 771, then there exists 0 < 0, < 1 such that

ObsDiam/" (6,) = ObsDiam?, | (6. 41)

1
Vlogn

12Recall that the new content of these theorems is their upper bounds, namely their positive embedding/algorithmic asser-
tions; the matching impossibility results are due to [Enf69, NY18].
13Up to universal constant factors; perhaps here one could hope to discover the exact threshold. Obtaining sharp constants
in Theorem Theorem Theorem Theorem|22|and Theorem [28|seems very far beyond reach, likely an unrealistic goal.
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The other applications to doubling metric spaces that are obtained herein did not appear in the literature
even up to lower-order factors, though for some of those applications we expect that one could suitably
adapt the reasoning of [NRS05}/ALNO08]| to derive similarly non-sharp statements.

The utility of Theorem [I| for removing altogether any unbounded lower order factor from [ALN08] is
obvious, as it is nothing more than a direct substitution of (I) into measured descent [KLMNO05] (The-
orem|I7 herein). This possibility is discussed in [ALNO05], though with skepticism that the statement of
Theorem (1| could be valid due to the nonlocal nature of the (deep) ARV rounding algorithm [ARVQ9],
which is the central input to (@0). In contrast, a key feature of (I is that the “performance” of the ran-
dom zero set at the given scale 7 for each given pair of points x, y € 171 depends only the local “snapshot”
B(y,xp7) of I near y at scale O;(7), and moreover that it depends only on the extent to which the mea-
sure of B(y, kA7) increases relative to the measure of the proportionally smaller snapshot B(y, ft) of 171.

In absence of such locality, [ALN08] starts out with (40), from which point it does not make any fur-
ther appeal to [ARV09] and instead it proceeds by adapting measured descent in order to obtain the
aforementioned distortion bound, i.e., while incurring a lower order yet unbounded multiplicative loss.
The reasoning that is used in [ALNO7| to show that this can, in fact, be achieved via the Fréchet embed-
ding also takes as a “black box” without any further appeal to [ARV09] and proceeds by yet another
enhancement of measured descent.

We do not see how to derive the aforementioned sharp embedding results via the above route, which is
purely metric/analytic in contrast to the more structural nature of ARV. Instead, the present work “flips”
the approach of [ALNO08| by leaving measured decent untouched (it can now be simply quoted), and
enhancing, as we will next outline, the structural insights that are provided by the ARV framework.

After the appearance of the ARV algorithm in [ARV04], simplifications, refinements, extensions, and
reformulations of it were developed in multiple works, including notably its full journal version [ARV09]
and [CGRO05|Lee05, NRS05,/ACMMO05,/ALS11,Rot16]. All of those contributions were valuable to us in the
process of developing the ensuing enhancement of ARV. Rothvoss’ lecture notes [Rotl6] stand out here
since they creatively redo the setup and reasoning in a natural, and, as it turns out, more flexible way. In
particular, we introduce Definition[34]below of compatibility of a labelled graph with a mapping into R”,
which arose from our efforts to understand the extent to which the proofin [Rot16] can be strengthened.

2.1. Directional Euclidean sparsification of graphs. The above referenced versions of the ARV algo-
rithm study (explicitly or implicitly) a natural way to “sparsify” certain (combinatorial) graphs, i.e., a
procedure that removes in a meaningful way some of the edges of a given graph. Our proof of Theorem([I]
investigates a more involved version of this procedure, applied to graphs that encode more geometric in-
formation than the proximity graphs that were used in those works. This section is devoted to explaining
these ideas in suitable generality.

The aforementioned literature considers a finite negative type metric space (171, d) and a scale 7 > 0,
and studies the proximity graph G = (171, E) whose vertex set is 711 and {x, y} € E if and only if d (x, y) <A,
where A = ct/4/log|1| for some universal constant ¢ > 0. In the present setting, we are led to consider
a certain graph (specified below) whose vertex set is still 771, yet if a pair of points x, y € 771 are joined by
an edge, then this will encode information that combines both their proximity and the local growth rate
near x, y of a given measure p on m{lf] The sparsification procedure in our context will involve a pairwise
thresholding criterion (we will soon explain what this means) that is nonconstant, while previous works
considered a fixed threshold that is independent of the given pair of points in 771.

Because the ensuing reasoning needs to consider multiple metrics simultaneously, including multiple
metrics on the same set (arising from both the original metric and the shortest-path metrics of graphs
as above), it will be beneficial to use subscripts when denoting distances, balls, diametersPE] Thus, given

1411 fact, we will need to analyse separately the connected components of such a graph, but we will initially suppress that
subtlety for the purpose of this overview.
51 parts that treat only a single metric, such as Sectionand some of the Introduction, we will drop this convention.
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a metric space (1, dy), we will write diamyy; (A) = sup,, pe 4 dm(a, b) and djy (x, A) = infge 4 di (x, @) for,
respectively, the djy;-diameter of @ # A < 111 and the dyy-distance of x € 171 from A. We will also write
Bm(x,r)={yeNl: dpn(x,y) < r} for the dy;-ball centered at x of radius r > 0. Thus, givenneN, p > 1
and x € R", we will use the notation Bpn(x,r)={ye€ R"™: |lx—yll, <r}, where || zll, = (lz1|P +...+ |z, |PYY P
for z = (z1,...,2,) € R™. The the standard scalar product on R” will be denoted (-, ") : R” x R" — R, i.e.,
{(z,w) = z1w1 +...+ z,wy for z= (z1,...,2,), w = (Wy,..., wy,) € R". The standard Gaussian measure on
R” will be denoted (as usual) by v, i.e., the density of y,, at z € R" is proportional to exp(— |Iz||§/2).
Throughout what follows, all graphs will be tacitly assumed to be finite and will be allowed to have
self-loops. Given a (possibly disconnected) graph G = (V, E), denote the shortest-path/geodesic (ex-
tended) metric that it induces on its vertex set V by dg : V x V — [0,00], under the natural convention
that dg(x, y) = oo if and only if (x, y) € T x I for distinct connected components I',I' < V of G. For r >0
and x € V, the corresponding ball in (V, dg) will be denoted Bg(x,r) = {y € V: dg(x,y) < r}. In particular,
Bg(x,1) ={x}u{y e V: {x,y} € E}, which is also denoted Ng(x), is the neighborhood in G of the vertex x.
Correspondingly, the neighborhood in G of a vertex subset U < V will be denoted Ng(U), i.e.,

Ne(@) % | Ne) = lyeV: do(y,U) < 1.
xeU

When a graph G = (V, E) is accompanied by a mapping f : V — R”, which we think of as a geometric
representation of G, and an edge-labelling o : E — R, which we think of as a thresholding criterion for
determining which edges will be retained in the ensuing sparsification, for each vector v € R"” we can
consider the sub-graph of G that is obtained by deleting those {x, y} € E with |[{f(x)— f (), v)| <40 ({x, y}):

Definition 33 (directional Euclidean sparsification). Let G = (V,E) be a graph. IfneNand f : V — R",
then for everyo : E— R and v e R" deﬁne{gl

Ew; f,0) € {ix, yt e E: [(f () — (), v)] > do(ix, yD} S E. (42)

We thus obtain the following subgrapiﬂ of G, which we call the Euclidean sparsification of G in direction
v corresponding to its Euclidean representation f and the thresholding functiono:

Gw; f,0) € (V,E(w; f,0). (43)

Understanding typical properties of G(v; f, o) when v is chosen randomly according to the Gaussian
measure Y, is interesting in its own right. Here, we will investigate its matching number, which is also
what [Rot16] studies (as do other ARV-related works, usually implicitly), in the case when o = 1/2 is con-
stant and G = (171, E) is the above “vanilla” proximity graph on a finite metric space (171, dy;;) of negative
type, i.e., {x, y} € Eifand only if d(x, y) < A for some fixed A > 0. Recall that the matching number v(G) of
a graph G = (V, E) is the maximum cardinality of a pairwise-disjoint collection of its edges. We will need
only rudimentary properties of this basic combinatorial notion (that will be recalled when they will arise
in proofs), which are covered in e.g. [LP09].

Since both the graphs G = (V, E) that we will investigate herein, and their labelings o : E — R that we
will use as thresholds for Euclidean sparsification, are more complicated than the aforementioned spe-
cial case, it is beneficial to first study the above setting abstractly. We arrived at the following definition,
that will have an important role below, by examining the elegant proof in [Rot16] with this goal in mind:

Definition 34 (compatibility of a graph with its Euclidean realization and edge labeling). Fix n € N and
C>0. LetG=(V,E) beagraph, f:V —-R" and o : E — [0,00). We say that G is C-compatible with f and
o ifthereexist A: V — [0,00) and K : V — N that have the following three properties:

16Wwe decided to insert the factor 4 in the definition of Euclidean sparsification for convenience only, as this yields a
slight simplification of expressions in the ensuing reasoning. This choice is, of course, nothing more than a superficial normal-
ization which could be removed if so desired by replacing throughout what follows the thresholding function o by o/4.

170bserve that even though graphs are allowed herein to have self-loops, if o takes values in [0, 00), then the strict inequality
in implies that G(v; f,0) will never have self-loops, i.e., {x, x} ¢ E(v; f,0) for every x e V.
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(1) ForeveryxeV andye€ Bg(x,K(x)—1), ifz€ V is such that{y, z} € E, then
Alx) <oy, z}). (44)

(2) Foreveryx €V and every y € Ng(x) we have

f( max <f(z)—f(y),v>)dyn(v)<K(x)A(y). (45)
R” \ zeBg(y,K (1))

(3) Foreveryx € V we have

F(Bo(x K)) € By (), éA(x)). (46)

Definition[34]is scale-invariant in the following sense: if G is C-compatible with f and o, then G is also
C-compatible with A f and Ao for every A > 0, as seen by considering AA. The only part of Definition
that involves the parameter C is the inclusion (46), which implies in particular that C-compatibility be-
comes a more stringent property as C grows. The precise role of the properties that Definition 34| re-
quires from K, A will become apparent upon examining the details of how they are applied in the ensu-
ing proofs. In (very) broad strokes, their significance is that K, A take as input a single vertex, which we
think of as a consistent choice of “local scales” at that vertex (for, respectively, the domain and range of
f), yet they control the pairwise interactions ¢ through ({@4), and the oscillations of f through (45); both
of these controls occur on (combinatorial) balls in G whose radius is determined by K.

Note the following feature of Definition[34} it stipulates the existence of A, K with the stated properties,
but these are auxiliary objects that occur internally to the definition and are not part of the notion of G
being C-compatible with f and o. Thus, any statement about C-compatibility will not refer to K, A, i.e.,
they will only be used as tools within its proof. This is exemplified by the following theorem, which
is central to our proof of Theorem (1| It asserts that C-compatibility for large C > 0 implies that the
expected matching number v(G(v; f,0)) is small when v is distributed according to y,. This result is a
generalization of the ARV reasoning as it was recast by Rothvoss, and its proof (which appears in Section[|
below), is an adaptation of the strategy that he introduced in [Rot16, Section 6.1].

Theorem 35 (expected matching number of Euclidean sparsification). Fix C > 1 and n € N. Suppose that
G = (V,E) is a graph that is C-compatible with f : V — R" and o : E — [0,00). ThenEgI

f V(G(w; f,0)) dyn(v) <6e" 1|V, (47)
RVZ

The proof of Theorem35]is the only part of our proof of Theorem|3|that elaborates on the central inno-
vation of [ARV09], namely, what is known today as the “ARV chaining argument” (through the approach
to it that was devised in [Rot16]). We will suitably implement this argument in Section [3|to prove Theo-
rem[35] That implementation involves work that is of a more technical nature, and the conceptually new
contribution here is the mere introduction of Definition 34} which makes Theorem 35|possible.

2.2. From Theorem[35|to Theorem[3} The rest of the proof of Theorem[3|does not relate to ARV chaining.
We will next describe the steps that remain in the derivation of Theorem [3|from Theorem 35, Proposi-
tion[36 below will be used for that purpose; its elementary proof appears in Section[4} Like Theorem 35}
Proposition [36]is about graph theory/probability: Notice that we have not yet used the assumption that
(M, dyn) is ametric space, or that it is quasisymmetrically Hilbertian; these will occur only in subsequent
stages of the reasoning.

1875 v is finite, it is straightforward to check from the definition that the function v — v(G(v; f, o)) from R” to NuU {0} is
Borel-measurable, i.e., {v € R : v(G(v; f,0)) = m} is a Borel subset of R” for fixed m € NU{0}. So, the integral in is defined.
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Proposition 36. There is a universal constantx > 1 with the following property. Fixn e N and letG = (V, E)
be a graph. Suppose that A : V — (0,00] is moderately varyinﬂ along edges of G in the following sense:

Vix,y}€E, A(y) < 2A(x). (48)

Assume also that we are given a mapping f : V — R" and a probability measure w on V x V such that the
following inequality holds for every x,y € V for which (x,y) belongs to the support of w, i.e., w(x,y) >0,
and also x and y belong to same connected component of G:

If(x0) = f 2 = min{A(x), A(y)}- (49)
Then, for every C > 1 and every v € R", there are A(v) = A“C(v), B(v) = B (v) € V such that the mapping
(veR™ — (A(v), B(v)) 2" x 2" (50)

is Borel-measumblef_ﬁl and the following point-wise estimate holds:
VveR", V(x,y) € A(v) xB(v), {x,y}€E = v, f(x) - f(y) > Cmax{A(x),A(y)}. (51)

Furthermore, they,-expected w-measure of the product A(v) x B(v) €V x V satisfies
f w(AW) x Bw))dy,(v) > e <. (52)

The following proposition is an especially important step in the proof of Theorem 3}

Proposition 37. There is a universal constant { > 1 with the following propertyE] Let (MM, dyy) be a finite
metric space, equipped with a nondegenerate measure . Fort,C > 0 define p = p gy, u,c,r : 11l — [1,00) by

B ,19
vxel,  p %11 L, flog MBI 19T) (53)
C w(Bm(x,1))
Then, there exists a mapping q = qay, u.c,z : 'l — 1 satisfying
VxeM,  dm(q(x),x)<71, (54)
with the following properties.
Let G = Ggy, ;i,c,r be the graph whose vertex set is 111 and whose edge set E = Eg,, ,, c 7 is given by
T
vxr Em’ {x’ }€E<:>d '(x’ )g.—' (55)
Y Y mey min{p(x), p(y)}

Foreveryx € 11, let T (x) < 11 denote the connected component of x in G. Then, q(x) € T'(x) for every x € 1.
Furthermore, for any n € N and any mapping ¢ : 111 — R", the graph G is C-compatible with ¢oq : 111 — R"

19The constant factor 2 in was chosen arbitrarily for simplicity as this suffices for the present purposes, but the proof
herein of Proposition shows that replacing it by any factor that is bigger than 1 only impacts the value of x in (52).
Proposition [36| must state the measurability of the mapping in in order to allow us to freely consider (at multiple
junctures throughout the ensuing proofs) probabilities of various events, as well as expectations such as (52). The classical
treatment of (Borel-)measurability of set-valued mappings between topological spaces is covered in e.g. the survey [Wag77],
but we do not need to recall it here: As V is a finite set, the mapping in can take finitely many values, so its measurability
in Propositionmeans that all of its fibers are Borel, i.e., for every A, B < V the set {v € R" : A(v) = A and B(v) = B} is a Borel
subset of R”. This is also how one should interpret below measurability statements about set-valued mappings that are defined
on topological spaces that differ from R”; we will need to consider such situations later in this article (all of the topological
spaces that will occur below will be Polish, i.e., separable complete metric spaces). Measurability is thus a benign matter in the
present finitary setting, but conceivably in the future one could need to consider variants for infinite spaces, in which case we
expect that the nature of the concrete and simple constructions herein to easily lead to favorable measurability properties.
2lAn inspection of the reasoning herein reveals that { = 2 would work for Proposition though this value is not sharp.
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and o : E— [0,00), where o = 0 g,,,¢,poq : E — [0,00) is defined by

def
Vix,yteE, o(x,yh=C weBm 2 mX e lgog(a)—poq)lz). (56)
be B (a,21)NT'(x)

Before proceeding to the rest of the steps of the proof of Theorem 3] will next discuss the significance
of Proposition[37, whose proof, which appears in Section 5} contains a key idea of the present work.

Note that Proposition[37]is the first time that the assumption that (177, djy) is a metric space is used in
the proof of Theorem 3} but this proposition works for any metric space and we do not yet need to know
that it is quasisymmetrically Hilbertian. Also, Proposition[37)introduces the type of graphs to which the
general combinatorial/probabilisitc statements of Theorem 35/and Proposition[36|will be applied: their
vertices are points in 777 and their edges are given by (55). The relevance of Proposition[37|to Theorem[35]
is evident, as Proposition[37]produces situations in which the C-compatibility assumption of Theorem[35]
is satisfied. The link to Proposition[36|will be made later, in a subsequent step of the proof of Theorem 3]

The crucial geometric contribution of Proposition[37)is constructing the mapping ¢ : 111 — 111, which
should be viewed as a way to “compress” a given metric space: its image g(171) < 711 will typically be much
smaller than 771, yet it will encode geometric properties of 771 and u that will be important for the purpose
of working with ratios of measures of balls as in (53), which is our main goal. In fact, Propositionstates
that g is a universally compatible compression scheme in the sense that C-compatibility arises upon
composition with g of any function whatsoever from 171 to R” (for a suitable choice of edge-labelling o).

Proposition [37| treats the specific function p in because this is what is needed below, and also
since this is what arises from the use of the Gaussian measure in requirement of Definition[34] Nev-
ertheless, the compression scheme in Section|5|works for any edge set as in when p : 111 — [1,00) is
arbitrary. The construction in Section [5|is therefore more general than what is used for Proposition [37|
and hence it could be useful for other purposes (perhaps in settings to which appropriate non-Gaussian
or non-Euclidean versions of compatibility are pertinent). The idea is to consider and suitably analyse
hierarchically nested (27)-nets in the level sets of p, arranged in increasing order; see Construction

The fact that the function g of Proposition 37 preserves connected components of G will be used to
apply Proposition[37|when ¢ is the mapping from Definition[2|of what it means for (171, dj;) to be (s, €)-
quasisymemtrically Hilbertian; recall (3). The point is that since by we know that {x, y} € E implies
that dy(x,y) < 1, as p > 1 by (563), any connected component I of G is 7-discretely path connected as
a subset of 771, i.e., for every x, y € T there exist k € N and a discrete path zy = x, z1,...,2x = y € I joining
x to y such that dy(z;, z;—1) < 7 for every i € [k]. This will allow us to iterate (3) within each connected
component of G, leading to the following proposition, which is the only way that the assumption that
(M, dyy) is quasisymmetrically Hilbertian will be used in the proof of Theorem 3}

Proposition 38. Fix0<e¢,s< 1 3 andr > 1, and suppose that > 0 satisfies

def 3log®r)

B<LPs,e,r) =5 ¢ . (57)
For a finite (s, €) -quasisymmetrically Hilbertian metric space (111, dym), a nondegenerate measure p1 on 111,
andt,C >0, let G = (I, E) be the graph from Proposition with (C,1) replaced by (rC, 1), i.e.,

Bt
Vx,yell, WEE = dmx,))  ————, 58
X,y {x, 5} mx,y) minip(x), p()] (58)

where, with { > 1 the universal constant from Proposition (37), we denote

011 £ fogHECx 196
M(Bm(x uBm(x, pr))

Vxell, (59)

22This ¢ is well-defined because if {x, y} € E, then x and y belong to the same connected component of G, i.e., T'(x) =T'(y) =
I'. Also, because p > 1 by (563), definition implies that if {x, y} € E, then djy;(x, y) < 7, so the maximum in is over a
nonempty subset of 771 (e.g., one can take therea=xeTand b=yeT).
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Then, there are f: 111 — R o : E — [0,00), and A : 11 — (0,00] that have the following properties:

o Gis(rC)-compatible with f and o;
o Ifx,y € 111 belong to the same connected component of G, then

dmx,y) =21 = Clf(x) - f(Mll2 > max{A(x), A(y)}, (60)

and
{x,})eE = A(y)<2A(x) and 4o({x,y) <min{A(x),A(})}. (61)

The proof of Proposition 38| appears in Section 6} it consists of an application of Proposition[37]to ¢
as in (3), together with studying some basic implications of being (s, €)-quasisymmetrically Hilbertian,
in the spirit of (but not identical to) the foundational work in Section 2 of [TV80].

The upshot of Proposition[38]is that it provides the compatibility of the graph that we care about with
f and o, which is the assumption of Theorem 35, but now we can ignore the specific choice of o from
Proposition[37|that appears in (56), and instead we know that o is controlled as in the second inequality
in by a function A that satisfies the assumptions of Proposition[36] Thus, Proposition 38 will allow
us to combine Theorem 35/and Proposition[36|to obtain the following theorem:

Theorem 39. There exists a universal constant ag > 1 with the following properties. Fix 0 < s, < 5 and

a = ay. Suppose that > 0 satisfies

1
2

B< Bals,e) st (62)
Let (1M, dm) be a finite metric space that is (s, €) -Hilbertian. Suppose that0 < T < diam(11) and thatw isa
symmetric probability measure on 111 x 111 whose support is contained in{(x,y) e M x1: dmn(x,y) = t}. In
other words, w(11l1 x 111) = 1, for every x,y € Il we havew(x,y) =w(y,x), andw(x,y) >0 = dimj(x,y) > 1.
Then, for everyC > 1 and v € R there exist nonempty subsets A* (v) = AZ) C(v),B*(v) = B:) c() of N
such that the set-valued mapping (v € R") — (A* (v), B* (v)) is Borel-measurable, they satisfy ’

Bt

vveR"M v(x,y) e A*(0)xB*(v),  dpxy) > ——, (63)
Y ey min{p(x), p(y)}
where p : 111 — [1,00) is defined by
1 B ,19
vxell,  p %1+ L [logHEM 1961 (64)
aC p(Bm(x, f1))
and furthermore, ifx > 1 is the universal constant from Proposition|36} then
f w(A* () x B*(0)) dy,(v) > e ¥ (65)

The conclusion of Theorem [3]about random zero sets is a simple formal consequence of the fact that
for every fixed probability measure w as in Theorem[39} there exist random pairs of sets as in Theorem[39]
that are separated per and w-large per (65). The reason for this is mainly duality (minimax theorem),
together with a simple scale gluing argument; the (short) details of this deduction appear in Section [8]
The idea to insert into the ARV reasoning a “weighting” such as w on pairs of points of 771 is a key insight
of [CGRO3], were it was introduced in order to prove that any n-point metric space of negative type
embeds into ¢, with distortion O((log7)®/#); this idea played the same role in [ALNO05], as well as herein.

The proof that Theorem [39| follows from Theorem Proposition 36, and Proposition which, as
we explained above, is all that remains to complete the proof of Theorem[3} appears in Section[7} We will
next conclude this section by sketching in broad strokes the reason why this works.

Write n = |171]. Start by applying Proposition[38|with r = {a, where { is the universal constant in (59),
thus ensuring that coincides with (589). Henceforth in this sketch, G = (177, E) will stand for the graph
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from this application of Proposition[38} i.e., its edges are given by where p is defined in (59). The first
bullet point in the conclusion of Proposition 38|makes it possible to apply Theorem 35to get that

2 2,2
fan(G(v;f,a))dyn(v),Se_fczn:e_{Tczn. (66)

Think of the expectation estimate as expressing the following structural information about the
Euclidean sparsification G(v; f,0) of G in a typical direction v € R": for such v the graph G(v; f,0) is
“clustered” in the sense that it cannot have a large collection of disjoint edges, and hence there is a small
set of vertices (i.e., a small subset of 771) which is incident to all of the edges in G(v; f,0). Even though
this is not quite how we will use Theorem[35]in Section[7} namely, we will actually use a similar statement
about fractional matchings of G(v; f,0) that is a simple formal consequence of Theorem 35 for the pur-
pose of intuitively understanding within the present sketch the reason why the deduction of Theorem[39]
works, it suffices to initially consider the above combinatorial implication of (66).

Conclusion of Proposition|38]is stronger than assumption of Proposition 36 with f replaced
by Cf. Also, the first inequality in conclusion of Proposition 38| coincides with assumption of
Proposition[36] We may therefore proceed to apply Proposition [36|with f replaced by Cf to get subsets
A(v), B(v) € Ml for each v € R" such that holds and, by canceling C in with f replaced by Cf,

YveR", V(x,y) € A(v) x B(v), {x,y}€ E = [, f(x) — f(y)|>max{A(x), A(y)}. (67)

The next observation is crucial. Recalling Definition[33} by the second inequality in conclusion of
Proposition 38} it follows from that for every v € R”, if (x, y) € A(v) x B(v) and {x, y} € E, then {x, y}
is also an edge of G(v; f,0). Equivalently, if (x, y) € A(v) x B(v) yet {x, y} is not an edge of G(v; f,0), then
necessarily {x, y} ¢ E, i.e., by the definition of E the desired inequality in holds.

Per the above discussion, for typical v € R” there is a small subset of 771 that is incident to all of the
edges in G(v; f,0), so by removing it we get large subsets A* (v) € A(v) and B*(v) < B* (v) such that
holds. The notion of “large” here must be interpreted as the size of A* (v) x B* (v) with respect to the given
measure w on 771 x 171, since the input to this reasoning (supplied by Proposition [36) is ; this is why
we will actually work with a weighted version of for fractional matchings, but, as we stated above, it
is a simple formal consequence Theorem 35| that is quickly deduced in Section[7] Finally, for the above
reasoning to succeed, the lower bound in needs to dominate the upper bound in (66); this is why in
Theorem 39 a is assumed to be at least a sufficiently large universal constant a, (given in below).
The corresponding number-crunching is carried out in Section[7]

3. PROOF OF THEOREM[35]

As we explained in Section[2} in this section we will prove Theorem 35 by following the strategy in [Rot16].
To start with, the following simple lemma is a straightforward generalization of [Rot16, Lemma 10]:

Lemma 40. Foreveryx eV andL,R > 0 define Ff}{ :R" — R by setting

VoeR",  Folw) défyegé%;f(y) — (0, ). (68)

Then, FSI{ is L-Lipschitz (as a function from ¢} toR) provided that the following inclusion holds:

f(Bs(x,R)) € Bgr(f(x), L), (69)

Proof. For every u, v € R"” we have
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G,f
F = — f(x), 0 u—
or W yegé?;fR)(<f(y) f), v+ (f) - f(x),u—v))

< - ’ - v
yergl?xR)U M -fx) v>+y€g(13€(l§m<f WM-f,u-v)

—FGf(U)+ dmax () - fx),u-v) (70)

< E> — —
\FX,R(VH yEgée&R)IIf(x) TNz [lu=vl2

SFESL )+ Llu- vl

where we used the definition (68) in the first and third steps of (70), the fourth step of is an applica-

tion of Cauchy-Schwarz, and the final step of is a restatement of the assumption (69). O
We will henceforth denote the y,-mean of the function F/ f that is given in (68) by S . R, ie.,
G,f def G,
ES) S f Fol dyn. (71)

Note in passing that the definition implies the following point-wise monotonicity in the parameter
R that holds for every fixed vertex x € V and every fixed vector v € R":

G, G,
YOSRI<Ry,  Fp ) <Egy (). (72)
By integrating with respect to 7y, we record for ease of later use the following basic property of (71):
VXeV,VOSR <Ry,  Eop <ECH. (73)

We will also need some control on how varies as we change the vertex x along edges of G; this appears
in the following simple lemma, which is a straightforward generalization of [Rot16, Lemma 11]:

Lemma41. ForeveryR >0, everyx eV, everyy € Ng(x), and every v € R" we have

Fon ) = ESd )+ (f(y) - £, ).

ESf S ESS

Consequently, £ "y, | > VR’

as seen by integrating this point-wise inequality with respect toy .

Proof. Simply observe that Bg(y, R) € Bg(x, R+ 1), as y € Ng(x), and therefore

(&) _ _
xR+1() max (f(z) f(x),v>>zerBr(lse(1}>§R)<f(z) Fx),v)

Z€Bg(x,R+1)

=(fW-fE,»+ max (f@-f,» B ey -ron+rSw. O
z€Bg(¥,R) »

The following technical lemma contains a trichotomy that is crucial for a subsequent induction step:
Lemma42. FixC>0, ke NuU{0}, and neN. Let G = (V, E) be a graph, equipped with mappings
f:V-R", A:V —[0,00), K: V=N, o:E—[0,00),
for which
vxeV,  f(Bo(xKw))<Ba(rw, — A(x)) (74)

Assume that for every v € R" there exists a set of vertices A, € V and a one-to-one function ¢, : A, =V
that satisfy the following properties. Firstly, we require that

YveR" Vxe A, {py(x), x} € E. (75)
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Secondly, we require that
VveR", Vxe Ay,  (f(x)=f(¢pu(x),v)>Ax) +A(Py(2) + 20 ({x, Py (1)}). (76)
Thirdly, we require that for every x € V the set{v e R" : x € A,} is Lebesgue-measurable and it satisfies
Ya(lveR": xe Ay} >3e 1€ (77)

Then, for every @ # U <V at least one of the following three (mutually exclusive) properties must hold:
(1) There exists x € Ng(U) for which K(x) < k

(2) We have
2
INg()|>eT|Ul and VxeNg(U), K =k+1, (78)
and furthermore{z_gl
G f Gf
Vx e N E = E .
x € Ng(U), Ny ydr]nn?vﬁé(x) vk (79)
(3) We have
2
ING(U)IgeCTIUI and Vx € Ng(U), Kx)>k+1, (80)
and furthermore there exists a subset  # W < Ng(U) for which
_c Gf . Gf
Wi>eTIUland  Vxew, Egi, > min (£ +20(x, ). (81)
{x,yl€E

Proof. Suppose that Case|[(I)does not hold, which means that (as K takes values in N) we have
Vxe Ng(U), K(x)=>k+1. (82)

In other words, the second requirement in and holds automatically if Case[(I)}does not hold.
If INg(U)| > ¢C*'41U] in addition to (82), then we claim that Case holds. For this, we need to ver-
ify (79). Indeed, suppose that x € Ng(U) and consider any y € U n Ng(x). By Lemmaf41|we have

S > [EG f (83)

xk+1 =
Since y is an arbitrary vertex in U N Ng(x), this proves (79).
It thus remains to assume that holds and to then demonstrate the rest of Case i.e., to show
that there exists W < Ng(U) that satisfies (81)). To this end, for each v € R” define S, € V by

s, {xe A, nU: F& ) > £ -awm)}. (84)

Observe that the following inclusion holds for every x € U:
{veR": xe A} c{veR": xes}U{veR": Fof ) <] -am)}. (85)

We therefore have

CZ

3¢ yn({velR".xeAy})Qyn({velR”.xESU})+}/n({v€[R” Fol o <ey[-awy). 66

By the second part of our current assumption (80), every x € Ng(U) satisfies K(x) > k + 1. Hence
[72) 1
vxeNo(l),  f(Bo(x,K) < f(Bo(x k+D) < f(Be(x, K)) 'S By(f), EA(x)).

By Lemma(40| this implies that

A(x) d |FS! <A (87)

G,
VxeNg(U),  ||F, f”Llp[") wieet lipen S =5

23The maximum in is well-defined because U n Ng(x) # @ if (and only if) x € Ng (U).
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The Gaussian isoperimetric theorem [Bor75,/ST78] (see [Led01, Corollary 2.6]) therefore implies{z_z] that
VxeNe(W),  yaliveR": Fo/ ) <EX] - Aw)) <72, (88)

and also
n. G,f -1c?
Vx e Ng(U), Yo({veR": k+1(v)>[E k+l+A(x)})<e 207, (89)

In particular, a substitution of into gives the following statement:

VxeU, yo({veR": xES,,})236_%C2—e_%cz>26_icz. (90)
Define T, < V for every v € R" by
def
Ty S $u(S)). (91)
As ¢, : Ay, — V is assumed to be one-to-one, we have
VveR”, [Tyl =1Syl. (92)
The definition ensures that S, € A,, so T, € Ng(S,) by (75). By also S, € U, so
T, < Ng(U). 93)
Define W < Ng(U) by
wE e No): yaliveR": xeT,))> e 3¢}, (94)
With this choice, we can reason as follows (the second step below is an application of Fubini):
271U < Y yu(lveR": xes,))
xeU
= [ 1sular
[RVL
92
l} / [Ty d'}’n
[RVL
& Ya(lveR": xe T+ Y ya(lveR": xeT,))
xeNg(U)~\W XeEW
_1c2
S ez INg(UNW[+ W]
= O INGI+ (1= 1w
(80)

1 1
< e‘ZCZ|U|+(1—e7C2)|W|.

This simplifies to give the following justification of the first requirement in for our choice of W:
CZ
wiz 1> e i,
1-ez€
To complete the proof of Lemmal42} it remains to derive the second requirement in ; note that we
did not use thus far the remaining assumption (76), but we will do so for this purpose. Consider x € W.
The definition of W ensures that also x € Ng(U), and therefore the estimate in holds. Hence,

G, _le2
Yu(lveR": F k+1(y)>Ex,{+1+A(x)}) < e ¢y (wer: xeTy),
This implies in particular that
JveR”, xeT, and karl(v) xk+1 +A(x). (95)

24Formally, the way Gaussian isoperimetry is typically stated in the literature implies and when the upper bounds
on the Llpschltz constants in (87) are strictly positive, i.e., when A(x) > 0. Nevertheless, when A(x) = 0 by we get that the

functions F” f and F” kfﬂ are constant, so the probabilities in the left hand sides of and vanish.
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From now, fix v € R" for which the two requirements in hold. By the definition of T, there
exists (a unique) y € S, such that x = ¢, (y). By the definition (84) of S, we know that

(V) > [E -Ay).
Recalling the definition (68) of F ¢ f , it follows that

BzeBnh),  (f@A-fW, ) =] -AW). (96)

We will also fix from now any z € V that satisfies (96). The definition of S, ensures that y € A,, so we

may apply the assumption[76|while recalling that y was chosen to satisfy x = ¢, (y), to get the estimate
SO = fX),v)>AW) +AX) +20({y, x}). 97)

Consequently,

(f@ - f0, 0 PEESS

But z€ Bg(x, k+1), as z€ Bg(y, k) and {x, y} € E. So, by the definition (68) of F &/ from we get

+A(x) +20{y, x}). (98)

x,k+1’
G,

xk+1(v)>[E L+ A@) 20y, 1)), 99)

In combination with the second condition in (95), it follows from (99) that

G, G,
Eol, ) > By +20((y,x).
Because y € S, < U and {x, y} € E, this completes the proof of the second requirement in (81). (Il
In the proof of Theorem 35|we will use the following convenient notation for every x € V.and R > 1:
me, RS min oy, 2 (100)
{y,z}€E
Y€BG(x,R-1)

Also, for R < 1 we denote m(x, R) = 0. Observe that (by definition) we have
VxeV, VO R <Ry, mg(x, Ry) < my(x,Ry) and Vi{x,y}€E, my(x,2) <o(x,y}). (101)

Thus, in particular, we have

VR>2, Vix, y} € E, mg(x, R) < o({x, y}). (102)
Furthermore, the definition (100) immediately implies that
VR>1,VxeV,Vye Ng(x), my(x,R+1)<mg(y,R). (103)

Remark 43. Itis worthwhile to observe for ease of later reference that using the notions in and (100) we
can restate conditions and from Definition|34 of C-compatibility as the following requirements:

VxeV, Vye Ng(x), Ax) <mg(x,K(x))  and [Ei'};( ) SK@AW).

We are now ready to prove Theorem 35}

Proof of Theorem|35 We will begin with quick setup that (straightforwardly) provides measurability and
symmetry requirements that are needed for the ensuing reasoning. Definition ensures the mapping
E(; f,0):R" —2F
is Borel measurable. Also, by definition E(—v; f,0) = E(v; f,0) for every v € R". For each v € R”, let M(v)
be the collection of all the maximal-size matchings of the graph G(v; f,0). Since V is finite, the mapping
MR 22" <2

is also Borel-measurable and satisfies M(—v) = M(v) for every v € R”. Fix any linear ordering < on the
(finite) set of matchings of G and for each v € R" let M(v) be the element of M(v) that is minimal with
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respect to <. The mapping v — M(v) is Borel-measurable and satisfies M(—v) = M(v) for every v € R".
Furthermore, this construction ensures that for every fixed edge e € E, the set {v e R"” : e € M(v)} is Borel.
Suppose for the purpose of obtaining a contradiction that

f IM()|dyp(v) > 6e" 1| V). (104)
[Rn

We will start by performing the following iterative procedure. Denote V; = V and M; (v) = M (v) for every
v € R". Suppose inductively that Vi <V and {M;(v)},err have been defined for some j € N, where for
each v € R" we require that M j(v) € M(v) is a matching of the following graph:

Gjw;f,0) Y
Furthermore, we require that the mapping M; is Borel-measurable, satisfies M;(—v) = M;(v) for every
v eR", and for every fixed edge e € E, the set {v e R" : e€ M;(v)} is Borel.
If there does not exist x; € V; that satisfies

(Vi Ejw; f,0) € {e e Ew; f,0): e< Vj}). (105)

Yn({v€R": Je € M;(v) such that x; € e}) < 6e_iC2, (106)
then terminate the construction. Otherwise, fix x; € V; for which (106) holds and denote

Via ®visix)  and  VeeR",  Miam) €M) < {ee M) xjee}.
The above measurability requirements for M, are immediate from this definition.

Note that for every v € R", since M(v) is a matching of G and M;(v) € M(v), there is at most one edge
e € M;(v) for which x; € e. Consequently, we have the following point-wise estimate:

Yve Rn» |Mj+1(V)| = |M](V)| - 1{He€Mj(v) such that x;€e}-

By integrating this inequality with respect to y, and using our choice of x;, we conclude that

f IMj+1(v)|d)fn(U)>f IM;(W)|dyn(v) —y,({v € R": Je e M;(v) such that x; € e})
R” R”
L (107)
>f IM;(v)|dy,(v) —6e”1C".
Rn

Suppose that this procedure terminates at the J € N step; this must occur because V is finite and each
step removes a vertex, whence J < |V|+ 1. By applying (107) inductively we see that

1 _1 (104)
=

fﬂq{nm](vndmv)>fw|M(v)|dyn(v)—6e—4czu—1)>fW|M(v)|dyn(v)—6e v S0, 08)

Thanks to the strict inequality in the first step of (108), it follows in particular that V; # (zs Furthermore,
because the above procedure terminated at the J € N step, we have

VxeV;,  ya(lveR": Jee My(v)suchthatxee}) >6e 1< (109)

We will next proceed to apply Lemma 42| (multiple times) to the following induced subgraph of G:

G & (v, E € ecE: ecvp).
Theorem [35|assumes that G is C-compatible with f and o, solet K: V — Nand A: V — [0,00) be map-
pings as in Definition Henceforth, we will slightly abuse notation by also denoting the restrictions
of f,K,A to Vj by f,K,A, and correspondingly denoting the restriction of o to Ej by 0. Observe that
because G; is an induced subgraph of G, we have Bg, (x, R) < Bg(x, R) for every x € V; and R > 0. Thanks

25By increasing the factor 6 in (104) to, say, 7, and then repeating the above reasoning, we can ensure that the mean of

|Mj(v)| with respect to yy, is at least exp(—C?2/4)|V|, and hence also [Vy| 2 exp(— C2%/4)|V), since Mj(v) is a matching of a graph

whose vertex set is V;. We do not need such a guarantee below, but it is worthwhile to note it in case this will occur in the future.
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to these inclusions, an inspection of Definition 34| reveals that as G is C-compatible with f and o, also
G is C-compatible with f and o.
For each vector v € R" define A, < V; by

» E4xe V1 3tx, 1 € My(v) such that (f(x) — £(), v) > 4o ({x, Y} (110)
Because M;(v) is a matching of G, if x € A,, then there is a unique y € V; such that {x, y} € M;(v). We
can therefore define ¢, (x) = y. The fact that M;(v) is a matching of G also implies that ¢, : A, — Vj is
one-to-one, and by design this definition ensures that assumption of Lemma [42]is satisfied.
We next claim that the following equality of events holds for every fixed x € Vj:

{veR": Jee Mj(v) suchthatxee} ={veR": xe A} U{veR": xe A_,}. (111)

Indeed, it is immediate from the definition (I10) of {A,},er~ that the right hand side of (I11) is contained
in the left hand side of (I1I). The reverse inclusion follows from the fact that M;(v) is a matching of the
graph G;(v; f,0) in (I05), which is a subgraph of the Euclidean sparsification G(v; f, o) of G. So, if v € R”
and thereis e € M;(v) with x € e, then e € E(v; f, 0). By the definition of Euclidean sparsification, this
means that if y € Vyissuch that e = {x, y}, then [{f(x)— f(y), )| > 4o ({x, y}). H{f (x) - f (), v) > 4o ({x, ¥}),
then x € A,, and otherwise (f(x) — f(), v) < —40({x, y}), which means that x € A_,,.

By (110), the sets in the right hand side of (I11) are disjoint unless v = 0. Therefore, for every x € V;

6e7i¢ < yu(lveR": Jee Mj(v) such that x € e})

0y (eR": xe A ) +ya(lveR™: xe A_}) =2y, ((veR": xe A,}).

Hence,
n —1lc2
VxeV;,  ya(lveR": xeAy})=>3e73".

In other words, we checked that condition of Lemma[42]is satisfied for G (the corresponding mea-
surability requirement follows from the measurability that we ensured in the above construction).

For every v € R" and x € A,, by (a special case of) the condition of Definition 34} which is part of
the C-compatibility assumption of Theorem[35] we know that

20 ({x,¢u(x)}) = AX) + Ay (1)) (112)
Consequently, we deduce as follows that condition of Lemma[42]is satisfied:

(f)=fPo(0),v) > 40 ({x,¢u(0}) = AW) +A(Py (X)) +20({x, Py (0)}).

Condition of Lemma [42] coincides with condition of Definition 34 with G replaced by G, so
it holds thanks to the C-compatibility of G; with f and o. This completes the verification of all of the
assumptions of Lemma

We will next apply Lemma [42|iteratively as follows to obtain T € N, as well as nonempty subsets @ #
Uy, Uy,...,Ur € Vyand indices ay, ..., ar € {2, 3}, for which the following requirements hold. Firstly, at the
start of the induction set Uy = Vj and a; = 3. Secondly, at the end of the iteration we have

min K(x)<T. (113)
x€Ng,; (Ur)

Thirdly, for every ¢ € [T] (so, excluding ¢ = 0), if we denote

d; Eisern: ag=3)), (114)

then

VielU, Kw=>t and ES >2dumg(x 0. (115)
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Finally, we require that the following estimate holds:

12 . _
Uil CZ(;—lW}):{ ev. , iar=2, (116)

Vte[T], >e2 .
U1l e 1C° ifa, =3.
Supposing for the moment that the above construction has already been carried out, we will next see
how it can be used to complete the proof of Theorern By (113) we can fix x € Ng,(Ur), thus we can
also fix y € Ur N Ng, (x), for which K(x) < T. As y € Ng, (x), by combining K(x) < T with condition
of Definition[34} per its formulation in Remark[43} we see that

G f
[Ey,K(y) < TA®). (117)

Because y € Ur, the case t = T of the first condition in (115) gives the bound K(y) < T, so by the (very
simple) monotonicity properties that we recorded in and in (101), we have

Gj, Gj,
By <ERL,, and  me(yK(1) <me(y ). (118)
Also, by Remark the (first part of the) C-compatibility assumption of Theorem gives the estimate
A(y) <mq(y, K(y)). (119)
By combining (T17), and (I19), we conclude that
[Ei’T’f < Ty (y, T). (120)

At the same time, by applying (116) inductively we see that

T 2 -2
|UT| = |Ut| 1;6 e%(%_ tT:1 l{az:S)) e%(z—dT)

= 2 . (121)
[Uol ;=7 |U¢-1l
Since Ut < Vj = Uy, the left hand side of (121) is at most 1, so, since C > 0, (121) implies that
T
dr > 7 (122)
Because y € Ur, a substitution of (I22) into the case t = T of the second part of (I15) gives
Gy,

E y”Tf > Ty (y, T). (123)

We thus arrive at the desired contradiction by contrasting with (123), i.e., the contrapositive as-
sumption (I04), which is the premise of the current discussion, cannot hold. This completes the proof
of Theorem 35| assuming that the aforementioned construction (of T, Uy, Us,...,Ur, a1,...,ar with the
above specifications) can indeed be carried out; this is what we will justify next.

Recall that we already defined Uy = V; and a; = 3. We will start by applying Lemma [42| with U = Uy
and d = k = 0. Case[(1) of Lemma [42] does not hold because k = 0 and K takes values in N. Case[2) of
Lemmadoes not hold as U = Uy = Vy and C > 0, so |Ng, (V)| = [Vj] < e© 4| V. Lemmatherefore
ensures that its Caseholds, thus producing a set @ # W < Ng, (V) = V;. We will then define U, = W.
With this notation, we thus know from the first inequality in that

U
—| 1 > e_%cz.
[Uol
Because a; = 3 (by definition), this coincides with the case t = 1 of (116). Furthermore, by we have
veel,, EX>2 min o (x, y) & 2, (x, 1.
, e
{x, y}EIE]

As d; =1 thanks to (114), this coincides with the case ¢ = 1 of the second requirement in (115). The case
t = 1 of the first requirement in is automatic because K takes values in N.

Assume inductively that for ¢ € N we already defined @ # Uy, Us,...,U; € Vj and ay,...,a; € {2,3} for
which both and hold, with dy, ..., d; given by (I14). If there is x € Ng, (U,) for which K(x) < ¢,
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then define T = ¢, thus ensuring that is satisfied. Otherwise, by Lemmaf42|applied with U = U; and
d = d;, either Case[(2) of Lemma[42]holds, or Case[(3) of Lemma[42|holds. We will encode this dichotomy
by defining a;,1 = 2 if Case[(2) holds, and defining a;.1 = 3 if Case[(3)holds.

If Caseholds, then set U1 = Ng, (Uy). By we have d;;1 = dy, as a;+1 =2, so holds with
t replaced by ¢ + 1 thanks to the first condition in the conclusion of Lemma[42]in this case. The rest
of is a restatement of the first part of with ¢ replaced by ¢ + 1, and the second part of (also
with ¢ replaced by ¢+1) is derived as follows from the remaining conclusion of Lemmaf42]in Case

. .
i’t’fl > min  EV S min )Zdﬂn(,(y,t) > 2diiimg(x, t+1).

yeU,nNg, (x) ! YeUnNg, (x

If Case holds, then define U1 = W, where W is the subset of Ng,(U;) that Case produces.
Then, the second condition in shows that the first requirement in holds with ¢ replaced by
t+ 1. To show that the second requirement in is satisfied with ¢ replaced by t + 1, observe that
by we have d;1 = d; + 1, as a;+1 = 3, so by the second condition in (81), we see that

(81) . (19 . (T02) A (T03)
[EJ?,]L"IIE min (Ei’t'f+20({x,y})) > min (2dimo (y, ) +20((x, 1) = 2drimg(x, t+1).
t t

{x,yl€E; {x,yl€E;

This completes the derivation of (I15) when Case[(3)holds, thus completing the inductive step.
By the first condition in (L15), the above iterative procedure cannot continue indefinitely, as it entails
that ¢ < maxyecy K(x); the desired construction is completed when this iteration terminates. O

4. PROBABILISTIC GROUNDWORK

Our goal here is to present the proof of Proposition 36} which consists of elementary probabilistic con-
siderations. We start with the following simple general lemma:

Lemma 44. Fix > 0. Let X be a random variable, defined on some probability space (Q,P), which has
a density ¢ that is nondecreasing on (—oo,0] and nonincreasing on [0,00). Suppose that f : R — [0,00) is
B-periodic, i.e, f(t+ B) = f(t) for every t € R, and also that f is integrable on the interval |0, ]. Then,

E[fX)] > (%foﬁf(t)dt)u» [IX] > B].

Proof. Simply note that for every k € N we have

kB kp
f fX)e(x) dx>f f(xX)p(kp)dx
(k-1 (k-1

B B 1 pk+Dp
=(f f(t)dt)tp(kﬁ)2(f f(r)dr)—f 0(x)dx,
0 0 B Jkp

(124)

and

~(k-1)p ~(k-1)B
f F(X)p(x)dx 2[ fX)p(=kp)dx
—kp kp

B B 1 kB
=(f f(r)dt)¢(—kﬁ)>(f f(r)dr)—f 0(x)dx,
0 0 BJ-tk+1p

where in (124) and (125) the first and third steps use the monotonicity assumptions on ¢, and the second
steps use the B-periodicity of f. By summing (124) and (125) over k € N we conclude that

(125)

E[f(X)] =f_:f(x)<p(x)dx> (%f()ﬁf(t)dt)fR\(_ﬁﬁ)(p(x)dx= (%foﬁf(t)dt)[FD[IXI > Bl. O
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For every 6 € [0, 1] define two (periodic) subsets Ly, Ry < R of the real line by

1
Lgd_ef{relR:r—9€U k,k+—)} and Rgdzef{reﬂ%:r—eeu
kez 4 kez

1 3
k+—,k+—)}. (126)
2 4

By definition, we then have

1
VO el0,1], ¥(ab) e Ly xRy, la=bl> . (127)
Throughout what follows, we will denote the Lebesgue probability measure on [0, 1] by U. Observe that
1
YaeR, U({0€(0,1]: acLg})=U({0€(0,1]: a€ Ry}) = n (128)
and, if we consider the periodic tent function 7 : R — [0, c0) that is given by
0 ifogs—szgii,
def 11 _ ) os—1sl-3 'f1<s—LsJ<-,
0 1f < s—1s] <1,
then
V(a,b)eR?, U0 €l0,1]: (ab) € Ly x Rg}) = (la— bl). (130)
Both and follow from straightforward elementary computations, which we omit.
Lemma 45. Fix C > 0. For every v e R" and 6 € [0,1] define Lc(v,0), Rc(v,0) = R" by
def n. (0,2Z) def n. v,2)
Lo(,0) % { ER": GLQ} and  Re(r,0)% { R R@} (131)

where Lg, Ry <R are as in (126). Then, both (v,0) — L¢(v,0) and (v,0) — Rc(v,0) are Borel-measurable
set-valued mappings from (fromR" x [0, 1] to the Borel subsets of R") that satisfy

Y(v,0) eR" x [0,1], V(x,y) € Lc(v,0) x Rc(v,0), Kv,x—y)|>C. (132)
Furthermore, recalling that U denotes the Lebesgue measure on [0, 1], we have
1
Vv,zeR", U({0€0,1]: ze Lc(v,0)}) =U({0 €[0,1]: z€ Rc(v,0)}) = n (133)
and
__9c?
Vx,yeR", (Yo xU)(1(1,0) €R" x [0,1]: (x,¥) € Lc(v,0) x Re(v,0)}) 2 e 2. (134)

Proof. The measurability assertion is immediate from the definitions (126) and (131). Requirement (132)
follows directly from (I31) and (127). Requirement (I33) follows directly from (131) and (128). To justify
the remaining property (I34), fix distinct x, y € R" and observe that

(YnxU)({(r,0) eR" x [0,1]: (x,¥) € Lc(v,0) x Re(v,6)})
(v, x) v,y) f (I(v,x—yﬂ)
= fRn (9€[0 1]: 20 €Ly and 20 ERQ})dYn(V) = WT —c dya(v),

where we recall the definition of 7 in (129). By rotation-invariance, (v, x — y)/llx — yll» is distributed over
R according to y; when v is distributed over R” according to y,. By Lemma 44} we therefore have

f‘r(%)d}’n(v) ( T(t)dt)\/7f e 2dsA i {le Yl }e_x—ygze_ux—y@,

F= yn
where the second step is valid as the integral of t over [0, 1] is a positive universal constant, and the
following standard asymptotic identity holds (its elementary proof can be found in e.g. [Kom55}[Dur19]):

oo 52 ]. [l2
f e_2ds:min{—,l}e_2. O
a a
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Lemma 46. Fixa,C >0 and n € N. Suppose that X is a finite set, equipped with mappings f : X — R" and
A: X — (0,00]. Then, there is a Polish probability space (Q, [P’)E] and for every v e R" and y € Q there are

Acv,p) = ALM w0, Bew,p) = BLM (. X,

such that the set-valued mappings (v, x) — Ac(v,x) and (v,x) — Bc(v,y) from R" x Q to 2X are Borel-
measurable, and have the following properties. Firstly, for any x,y € X, any v € R" and any y € Q, if

() eAcw,Y) xBc(r,y) and e “A(x) <A(y) <e”Aw), (135)
then
K, f(x) = f(1))] > Cmax{A(x), A(y)}. (136)
Secondly, for every v e R" and x € X we have
1
P({xeQ: xe Ac(v,))}) =P({xyeQ: xe Bcy,y)}) = 5 (137)
Finally, every x, y € X for which min{A(x), A(y)} < oo satisfy
: 2 2
ux P 1) €R" x Q: (x,) € Ac(v, 1)  Be (v, ) = exp | ~9ete THADT AW - (138)

1) = FI12
Thus, yn, x P (1(v, 1) €R" x Q: (x,) € Ac(v, ) x Be(w, 1)}) = €79 “C" if | £ (x) = £ ()2 = min{A(x), A()}.

Proof. Lemma[46|permits A to take the value co because this will be convenient when Lemma[46|will be

applied, but it corresponds to a degenerate situation. To isolate the main point of Lemmaf46} denote
Xo EixeX: A =co} and  Xeow® X\ X, (139)

We will first treat the (more meaningful) subset X, of X.
For every r € [0,1] and i € Z define Y;(r) = Yi“(r) < Xcoo by

; . 1 2
Yi(r) d=ef{x€ Xeoo: gdati+n-2a <Ax) < eSa(H")} = {xE Xeoo: 3—logA(x) —TE [i— §'i)}' (140)
a
Note that {Y;(r)};cz are pairwise disjoint subsets of X.,. Writing also
Y(n=ven Y vm, (141)
ieZ
it is straightforward to compute that
2
Vx€Xeoo, U({rel0,1]: xeY(n)}) = 3 (142)
Recalling the notation introduced in Lemma every0 = (0,);icz €0, 11 and r € [0, 1], we now define

Ecw,0,n € JELw,0,,r),  where  EL(0,05,1) EYi(r) A f 7 (Losawenc(1,0)) € Xeoon

i€z (143)
Few,0,n € U F.,0,r), where  FL,0:,1) € V(1) 0 f (Rpatnc(,0) € Xeoo.
i€z
Fix 0 = (0;);icz € 0,114, v € R", and r € [0, 1], as well as X,y € X< that satisfy
(x,) € Ec(v,0,r) x Fc(v,0,r) and e “A(x) < A(y) <e“Ax), (144)
The first condition in and the definitions imply in particular that there are i, j € Z such that
(X, eYi(r)xYj(r) and  (f(x), f())) € Lgatienc(1,0;) X Rysatisnc(v,0). (145)

26Thus, Qisa separable complete metric space and P is a Borel probability measure on Q.
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Together with the second condition in (I44), the first condition in (145) entails that necessarily i = j.
Indeed, if j > i + 1, then we see from the definition (I40) that

yeY;(r) . . . xeY;(r)
A(y) >J eSa(]+r)—2a > eSa(l+1+r)—2a — ea . e3a(z+r) 2 eaA(x),

in contradiction to (I35). Analogously, we cannot have j < i — 1. Thus necessarily i = j, and therefore
max{A(x), A(y)} < &30+, (146)
by the definition[140|of Y;(r). Using Lemmal45} the second condition in (I45) now implies that

Ko, f ) = fyy] 22 gPatien T80

Cmax{A(x),A(n)}. (147)
We have thus checked that the following implication holds:
VX, 7€ Xcoo = v, () — (1)) > Cmax{A(x), A(y)}. (148)
Next, for every fixed v € R” and x € X<, we have

(U” xU)({6,r) € 10,11% x [0,1]: x€ Ec(v,0,1)})
Y WExU)({(0,1) € 10,11 x [0,1]: x€ Y;(r) and () € Lysatonc(1,61)})

i€z
1
=) l{xeY,-(r)}( f Lif el sagien o v,00y 40 | A7
i€z 0
(149)
=) 1{x€mr)}tu({9 €[0,1]: f(x) € Losatisnc(v,0)})dr
ieZ
By Liyrer,1: xe i)
ieZ 4
1 1
o JUlrelo,1): xe y(ry) &2 - -
By the analogous reasoning, for every x € X<, we also have
1
WE xU)({0,1 €[0,114 x [0,1]: x€ Fc(v,0,1)}) = 5 (150)

Finally, suppose that i, j € Z satisfy i # j. If x, y € X<, then for every r € [0,1] and v € R" we have
U2({0 10,17 (5,1 € f7! (Lewnnc(0,00) % F (Resaronc (1,0,))} )

1 (151)

16’

By multiplying by 1(x,yev;(r)xv;(r); and then integrating with respect to y, x U, we see that

[o%)
@

=U({0; €10,1]: f(x) € Lgat+nc(1,0)}U({0; € [0,1]: f()) € Rgsaenc (v, 9])})

rnx U2 xU)({(1,0,1) € R" x [0, 117 x [0,1] : (%, y) € EL(1,0,7) x FL.(0,6, 1))

1 (152)
ER2ED ~u(ir e 10,11 (o p) € Yitr) x v500),
where we recall that the identity holds for every x, y € Xco, whenever i, j € Z satisfy i # j.
At the same time, for every i € Z and r € [0,1], if x, y € Y;(r), then
. (140)
et " e min {A(x), A()}. (153)
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Therefore, for every x, y € X< and every fixed r € [0, 1] we have
Lix, yevi () (Fn ¥ [UZ)({(U,H) eR" % [0,11%: (x,) € f (Losatinc(v,07)) x f_l(Reaa(i+r)C(U,0i))})

= Leyers(r (Yn X [U)({(v,@i) ER"x[0,1]: (£(x), f(3) € Lyatonc (1,07) x Resa(nr)c(l/,ei)})

1 Y;( )}exp( —9e6“(i+”C2 ) (154
~ ,YEY; -
Hyehitr Ifx) = FII3

min{A(x)?, A(y)%} 2)

Ifx)—fFII5
By integrating (154) with respect to U, we conclude that for every i € Z and every x, y € X<oo,

(Yo x U xU)({(1,0,7) eR" x [0,11% x [0, 1] : (x,) € EL(1,0,7) x FL(,0,1)})

> l{x,er[(r)}eXp(_994a

@)1 159 - 2 A(y)2 (155)
2 exp(—9€4“mm{A(X) ) }cz)[u({re 0,11: x,y€ Y;(r}).
If ()= FII3
By combining and (155), we see that the following estimate holds for every x, y € X<oo:
(YuxU2 xU)({(r,0,1) € R" x [0,117 x [0,1]: (x,¥) € Ec(v,0,1) x Fc(v,0,1)})
30X UF X U100, €R 10,117 % 10,117 (.)€ E(,1) Fl(0,6,r))
l,]€
o
+ Y (raxUSxU)({(1,0,7) €R" x [0, 117 x [0,1]: (x,)) € E5(1,0,7) x F-(1,0,1)})
ieZ
521 155 i 2 A(y)2
exp(—9e4“ min{A(x) ,A(J’; }Cz) Z [U({r €1[0,1]: (x,y) € Y;(r) x Yj(r)})
If )= FWII2 iz (156)
heay 1o MIN{A(X)%, A(y)?} 2)
= exp| —9e C|U({re[0,1]: x,ye Y(r)}
P ( If@- I ( d )

min{A(x)%, A(»)%)
1f (0 = I3

e

3 If(x) = fFII5

The above considerations yield for Ec(-), F¢(-) the conclusions of Lemmafd6lwhen x, y € X<, but it is

simple to extend those to every x, y € X as follows. Let @ be the probability measure on the 3-point set
{1,2,3} that is given by Q(1) = 2/3 and Q(2) = Q(3) = 1/6. Consider the (Polish) probability space

>exp(—9e4“ Cz) (U({relo,1]: xe Y(N})+U({rel0,1]: ye Y(r)})-1)

QP (10,117 x 0,11 x{1,2,3,, U7 x Ux ), (157)

and, recalling (I39), define Ac, B¢ : R"” x Q — 2% by setting for every (v,0, r, k) € R" x [0,1]¥ x [0, 1] x {1, 2,3},
s [ (Ec@0,1), Fc(,6,n) ifk=1,

(Ac(v,0,1,6),Bc(v,0,1,0) S { (Ec(1,0,1) U Xoo, Fc(1,0,1)) ifk=2, (158)
(Ec,0,1), Fc(v,0,1)UXs) ifk=3.

For these definitions, the measurability requirements of Lemma are immediate@
Suppose first that (135) is satisfied for some x, y€ X, ve R and y = (0, 1, k) € Q. If {x, y} N Xx # @, then
by the second requirement in (135) we have A(x) = A(y) = oo, i.e., X, ¥ € X, but then by (I58) we see that

27Recall that we assumed in Lemmathat X is finite, but we did this only to remove the need to mention any assumption
on f and A; if X is an infinite Polish space, then (I58) will define Borel-measurable set valued mappings if we impose the
assumptions that f and A are Borel measurable.
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the first requirement in cannot hold. We therefore necessarily have x, y € X.,, in which case
holds thanks to (I58) and (135), so the desired conclusion (I36) follows from (147).
Next, to verify (I37) fix v e R” and x € X. If x € X<, then
P((0, 1,k €Q: xe Acw,0,r,k3) TP2E® Z 1) (0,7 € 10,11 x [0,1] : x€ Ec(1,0,1))

’

| =

and analogously thanks to (I50) we also have

P({6,r,k)eQ: x€Bc(v,0,1,k)}) =

| =

On the other hand, if x € X, then
A (D) 1
P({0,r,k) €Q: xe Ac(n,0,r,k)}) BPAEY @i =2) = o

and
‘ 1
P(i0,r,k) €Q: xe Bo(w,0,r, k) BP2ER g = 3) = -

Altogether, this completes the verification of (137).

To complete the proof of Lemma 46} it remains to check that holds for every x, y € X such that
min{A(x), A(y)} < oo, i.e., [{x, ¥} N Xcool = 1. Indeed, if x, y € X, then thanks to and (158), we see
that coincides with (156). If x € X<, and y € X, then

Yo xP{(v,0,1,k) eR" xQ: (x,y) € Ac(v,0,1,k) x B¢c(v,0,1,k)})

Y xP((0,0, k) eR"xQ: x€Ec(v,0,r) and k=3})

éf W% xU)({0, 1) € 10,117 x [0,1]: x € Ec(1,6,1}) dyn(v)
Rn

: 2 2
19 19 exp(—ge‘“" min{A(x)=, A(y)°} 2)

36 ™~ Ifo - fFwIz
ie., holds in this case. The remaining case (x, y) € X<, x X is derived analogously using (150). [

Proof of Proposition[36 Set a =1log2, for assumption of Proposition[36to match assumption of
Lemma which we will next applyF_g] Let V!,...,V™ c V be the connected components of G. For each
s€[m],let AS ,Bé ‘R x QS — 2Ys =2V the random subsets of V* that Lemmaprovides (for X = V5, the
C from the statement of Proposition the above a, and slightly abusing notation by identifying f, A
with their restrictions to V*), where the underlying probability space is now denoted (Q¥,P¥).

Consider the probability space

QP) L@l x .. x5 P x.. xPY).

Define random subsets Ac, B¢ : R” x P — 2% of V by setting
def "' def "'
YveR", Vy=1,...xm€Q,  Acp = JAL(wxs) and  Belwy) = [JBL(wxs). (159)
s=1 s=1

In other words, for each fixed v € R” the random pairs of subsets (Alc(v, ), Bé(v, ), (AZ (0,9), BE (v, 9)
are chosen independently, and then A¢(v,-) and B¢(v,-) are the unions of their first and second coordi-
nates, respectively. We will proceed to check that with positive probability (indeed, in expectation), the
sets in when y is distributed according to [P satisfy the stated conclusions of Proposition

In fact, requirement holds for every y € Q, since if (x, y) € Ac(v, ) x B¢(v, ¥) and {x, y} € E, then
X, y are in the same connected component of G, so from we know that (x, y) € A} (v, x) x BX.(v, x) for
some s € [m]. Also holds by (48), so conclusion of Lemmaf6lfor (Q°,P*) gives (51).

28The proof shows that if we replace the factor 2 in by e for any a > 0, then the conclusions of Propositionhold with
the universal constant x in replaced by 9¢%¢.
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For each x € V let s(x) denote the unique s € [m] to which x belongs. We then have

fg(fww(flc(v,)()xBC(v,X))dyn(U) dP(y)

= Y @y xP)({(t,peR"xQ: (x,y) € Ac(v,¥) x Bc(v, })
(x,y)eV

Z

(x,y)eV

(160)
0(x, )0 xP) (0, 1) €R" x Q: (x,) € AL (0, x5(0) X BE (0, X500)})

> min (< P)(((0, ) €R" < Q: () € AW, x500) % BE (0, X5)}),

where the last step of (160) holds because w is a probability measure. For x, y € V, if s(x) = s(y) = s, then

Y xP)({(n, 1) ER" x Q1 (x,)) € AXY (1, xs) % BE(V)(,,,XS(”)})
o 1O

~

(rn < P ({0, 1o) ER™ x Q: (x,7) € AS(v, 1) % B0, x5))

On the other hand, if s(x) # s(y), then ASC(X)(U, Xs(x) and Bé(y ', Xs(y) are independent random subsets
of X for each fixed v € R", so we have the following crude estimate:

I xP) ({0, 0) €R™ x Q2 (x, 1) € ALY (1, 500) X BEY (0, Xs()})
=]

% > e—964"‘C2‘
A substitution of and into shows that

fﬂ(fna)(Ac(v,X) X Bc(v,x)) dyn()| dP(p) > p-9eect

Hence there exists y* € Q such that if we denote A(v) = Ac(v, ¥*) and B(v) = B¢(v, ¥*) for v € R”, then

PO ({50 € Q"1 xe AT 0, 15w P (150 €271 y e AL 0, 15N dyn() (162

f w(A2() x BE()) dy,(v) > e ¢
Rn
This completes the proof of (52), with the (concrete, but far from optimal) value x = 9¢*1°82 = 144, O

5. UNIVERSALLY COMPATIBLE COMPRESSION OF LOCAL GROWTH PROXIMITY GRAPHS
The following is a key construction that underlies our proof of Proposition 37

Construction 47. Let (S, dg) be a finite metric space and fix a function 9:8 — R. For each ¢ € R denote

Se = S¢(9) L 97 ((—00,¢1) = {x € 8: 9(x) < &, (163)
namely, S¢ is the ¢ -sublevel set of 0. Let ¢ e N and {1 < ¢» <... <y be the increasing rearrangement of the
values of 9, i.e., 9(8) = {¢1,...,&s}. Thus,

S6, G S G- & Se =8,

Fixt > 0. For each i € [¢] define inductively 1, < S¢, as follows. Let 11, be a subset of S¢, that is maximal
with respect to inclusion among all those 11 < S¢, such that dg(a,b) > 2t for every distinct a,b € 1. If
i €1{2,...,0}, then assume inductively that 1l¢, | has already been defined and let 1l¢, be a subset of S¢, that
is maximal with respect to inclusion among all those 1l = S¢, that contain ¢, | and such that dgs(a, b) > 21

for every distinct a, b € 11. We thus have (by design),

He € Ng, ..., (164)
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Observe also that 1, is (27)-dense in S¢, for every i € [¢], i.e., dg(w,1¢,) < 27 for every w € S¢, (otherwise,
we could add w to 1¢,, in contradiction to its maximality with respect to inclusion,).

Next, define a rounding function q : 8 — 8 as follows. Given w € 8, fix any minimizer wmin of 9 on
Bs(w,57), i.e., Wmin € Bs(w,57) and 9(wmin) < 9(2) for every z € Bs(w,5T). Because Wmin € Sy(w,,,) and
Now,,,) is (21)-dense in Sy, ), we can define q(w) to be any point in g, . ) with ds(q(w), Wmin) < 27.

The following lemma derives basic properties of the objects defined in Construction[47}
Lemma 48. Under the definitions of Construction q and {ﬂgi}le have the following properties:
Vwes, ds(qw),w)<7t and  ¢q(Bs(w,57)) <Ny (165)

Consequently,
Vx,y€es, ds(x,y) <31 = q(Bs(y,21)) < Bs(y,97) N Ny (). (166)

Proof. For ([1653), fix w € 8. The first part of is a direct consequence of Construction[47]and the tri-
angle inequality, since for every w € 8 we have dg(wmin, w) < 57 and dg(g(w), wmin) < 27, by definition.
For the second part of (I65), observe that for every z € Bg(w,57) we have w € Bg(z,57) and zpy, is the
minimizer of 9 on Bg(z,57), 50 9(zmin) < 9(w). Hence, Ny,...) < Nouw) by (164). But q(2) € Ny(,,,) by
definition, so q(z) € Hy(y,). As z is an arbitrary point in Bg(w, 57), this proves the second part of (I65).

is a formal consequence of and the triangle inequality, since if x, y € S satisfy dg(x, y) < 3T,
then Bs(y,21) < Bs(x,57), whence q(Bs(y,21)) < q(Bs(x,57)) < Ny by the case w = x of the second part
of (I65), and for every w € Bg(y,271) we have dg(q(w), y) < ds(q(w), w) +ds(w, y) < 7T +271 = 97 using the
first part of (I65), so we also have g(Bs(y,21)) < Bg(y,971). OJ

The significance of incorporating the rounding function g of Construction[47Jarises from the following
lemma, which bounds the sizes of sets such as those that appear in the right hand side of (166):

Lemma 49. Fix 1 > 0. Let (8,ds) be a finite metric space. Suppose that?:8 — (0,00) andn:8 — (0,00)
are functions that have the following property. For every x € 8 and every subset T of Bg(x,18t) with the
property that every distinct y, z € T satisfy ds(y, z) > 2T, we hav@

Yoy <n(w). (167)
yeT
Consider the setting of Construction[47 applied to (8, dg) and t, and with 9 = 9y, : 8§ — [1,00) given by
vxes, o LiW (168)
0(x)
Then, for every ¢ € 9(S) and every @ # € < TN with diamg(C) < 187 we have
[CNT| <& (169)

Before passing to the proof of Lemmaf49} we record in the following simple remark the examples that
we will use in the ensuing proof of Proposition 37 of (numerator functions) n: 8§ — (0,00) and (denomi-
nator functions) 0: 8 — (0,00) as in (168) that satisfy assumption (167) of Lemma

Remark 50. In the setting of Lemmal49, for everyd : 8 — (0,00) and x € 8 defined.(x) to be the maximum
of Xyeg0(y) over all possible T < Bg(x,187) that satisfy dg(y, z) > 27 for every distinct y,z € J. Then, by
design the smallestn : 8 — (0,00) that satisfies is04:8 — (0,00), i.e., assumption of Lemmal[49
holds if and only if n > 0. point-wise. A simple way to achieve this occurs when (111, dyn) is a metric space
that contains (8,dg) isometrically, i.e., 8 < 11l and the restriction of diy to 8 x 8 coincides with dg. If y is
any nondegenerate measure on the super-space 111, then consider the functions 0,n: 8 — (0,00) that are
given by setting 0(x) = u(Bm (x, 1)) and n(x) = u(Bym (x,1971)) for each x € 8; note that we are evaluating
here the measure y1 on balls of the super-space 11l which could contain points that do not belong to 8 (this

29Thus, in particular, 0(x) < n(x) for every x € §, as seen by considering J = {x}.
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nuance will be needed later). For any x € 8, if J < 8 is such that dg(y, z) > 21 for every distinct y,z € T, then
by the triangle inequality for d the balls {B (y,7)}ye7 (in the super-space 111) are pairwise disjoint. If
alsoT < Bg(x,187), then Uye7 Bin (y,T) < B (x,197) by the triangle inequality for di, so holds.

Proof of Lemmal49. As¢ € 9(8) € [1,00), the conclusion of Lemma[49]is immediate if |€n77¢| < 1. We may
therefore assume that Cn 7l # @. By Constructionwe know that ds(y, z) > 27 every distinct y, z € 1.
Since diamg (C) < 187, we also have C < Bg(x, 187) for every x € C. We can therefore apply the assumption
on d,n in Lemmaf9]for T = € N7l to get that

(167)
VxeC, Y. oy < n. (170)

ye@mng

But, Construction[47)ensures that 7; € S, so recalling (163) we have 9(x) < ¢ for every x € 1¢. Thus,

Vx e, n(x) fa(x) (171)
Consequently,
(L70DA(L71)
VYxeCnll, Y ay < oW (172)
ye@rm;
Let x. € €N 1l be the minimizer of 9 on €N 11, i.e., 0(x.) <0(y) for every y € €n1l¢. Then, applied
to x, implies that [N 71[0(x4) < {0 (x4). As 0(x«) >0, we conclude that [CN 71| <. O

We will use Lemma [49|via the following corollary of it which provides a bound on Gaussian processes
that arise from the composition of arbitrary mappings ¢ : 8 — R™ with the rounding function g:

Corollary 51. Continuing with the notation and assumptions of Lemmal49, fix m e N and ¢ : § — R™.
Then, the following estimate holds for every y € 8§ and every U < Bg(y,2T1):

f (m%XKv poq(z)—@o q(y))l) dy,(v) S (maxn(po q(z) —@oq(y) ||2) min og n(w) . (173)
m zell weBg (y,37) o(w)
Proof. For every y, w € 8, by applying Lemma[49|with ¢ = 9(w) and € = Bs(y,97), we see that

Vhwes,  |Bsn9n) nNlou| S 0w ;Ewi (174)
By combining with conclusion of Lemma[48] we see that

Yywes,  ds(y,w) <3t = |q(Bs(y,27))| g%. (175)

Fixing y € 8 and U < Bs(y,27) as in Corollary[51} we get from the following cardinality estimate:

. n(w)
min .
weBs (,31) 0(W)

lpo g < 1g)I < |g(Bs(y,21))| < (176)

By a simple bound on the expected maximum of a finite Gaussian process which appears in many places
in the literature, including specifically in e.g. [Pis89, Lemma 4.14], we have{iol

[ (maxitwpo gt - po quni)dyuw) S (maxlpe qia) - poqlz) loglpog@ol. a7
m Z
The desired conclusion follows from a substitution of into (I77). O

30A mechanical inspection of the (elementary) proof of [Pis89) Lemma 4.14] shows that the implicit universal constant
in (I77) can be taken to be less than 2, and, in fact, that it can be taken to be arbitrarily close to v/2 as | o g(U)| — co.
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Observe that the proof of Corollary[51|makes the value of the compression (via composition with the
rounding function q) that Construction 47 provides evident: If we would have considered ¢ rather than
@oqin (I73), then the same reasoning would have led to the factor min,ep, (137 V1ogm(x)/0(x)) in
being replaced by /log|U| < /log|Bs(y,27)|, which is insufficient for our proof of Theorem

Remark 52. Ifh:[1,00) — R is monotone increasing, then one could consider Lemma[49with the function
din replaced by the function (x € 8) — h(n(x)/0(x)). As Construction[47only depends on the ordering
of the values in 9, it will output the same rounding function p, independently of h, and therefore Corol-
lary[51| will remain unchanged. In the overview of the proof that we presented in Section|2, we sketched
the above compression step this way while referring to nets in the level sets of the function p that is given
in equation of Proposition|[37 using the notation of the statement Proposition[37, this corresponds to
considering h(t) =1+ ({/C)+/logt above, with d(x) = u(By (x,1)) andn(x) = w(Bm(x,1971)).

We will soon explain how Construction [47| facilitates compatibility (per Definition of proximity
graphs of a metric space (as in e.g. definition of Proposition[37) though we will work in greater gen-
erality). The following lemma is the main way that we will use such proximity information:

Lemma 53. Fixt > 0. Suppose that (S, dg) is a finite metric space. Given p : § — [1,00), consider the graph
G =Gyg,p,r = (8, E) whose vertex set is S and whose edge set E = Eg , ; is defined by

Vx,y€S, {x,y}€e E < dg(x,y) < (178)

T
min{p(x), p(y)}
Then,

vxeS,  Bg(xp(x)+1)SBs(x,21) where p0YE min pla. (179)

z€Bg (x,2T)
Proof. We will actually prove the following local Lipschitz property of the formal identity mapping from

(8,dg) to (8, dg), which holds for every a > 1 and every x, y € 8:
T
dg(x, )<(a—1)( min (z))+1 = ds(x,y) < — dg(x,y). (180)
Gy zeBs(x,ar)p sy Minze g (x,a1) P (2) Sl

This is stronger than the desired inclusion in (I79) since if a = 2, then the minimum that appears in (I80)
coincides with the function p that we introduced in (179), so (180) implies for a = 2 that

Vayes,  de(xy) <P +1<2p() = ds(x,y) < %dc(x, n <2t (181)

The second inequality in (18T)uses the assumption p > 1.
If dg(x,y) =0, then x = y, so (180) holds. We will next prove (180) by induction on dg(x, y). If

1<dg(x,y) < (a-1) ( min p(z)) +1, (182)
z€Bg (x,aT1)
then there is w € V such that dg (x, w) = dg(x, y)—1 and {w, y} € E. Hence, the induction hypothesis gives
ds(x, w) < — : dg(x, w) = — ’ (de(x,w)-1) < (@a-Dr<ar, (183)
MINzeBg (x,a1) p(2) MINzeBg (x,a1) p(2)

and the definition (178) of E gives

ds(w,y) < , (184)

min{p(w), p(y)}
where we used the assumption p > 1. Hence, dg(x,y) < dg(x, w) +dg(w,y) < (¢ —1)T+ 7 = art, by

and (184). Thus, y € Bs(x,at). Also w € Bs(x,at), by (I183). So, min{p(w), p(¥)} = minzep,(x,ar) P(2). A
substitution of this into (184) gives

ds(w,y) < — . (185)
MINzeBg (x,a1) p(2)
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The inductive step now concludes as follows:

ds(x,y) <ds(x,w)+dg(w,y)
(183) A (185) T
<

mianBs x,ar) P(2)

T T

minzeBs x,ar) P(2) mianBg(x,aT) p(2)

(de(x,w)-1)+

dg(x, w). ]

We are now ready to perform the main purpose of this section, which is to prove Proposition 37}

Proof of Proposition[37 Take the universal constant { > 1, which is part of the definition of the func-
tion p : 111 — [1,00) in Proposition[37} to be the implicit factor in conclusion of Corollary[49]

We will apply Lemmal|53]separately to each of the connected component of I of the graph G = (111, E)
from Proposition whose edges are defined in(55), with (8,ds) = (T, dmy) and with p : T — [1,00) re-
placed by pr = plr, the restriction of the function p given in to I'. In accordance with (179), we have

VxeT, pr(x)= min )p(z), (186)

Z€Br(x,21

where we denote Br(x, 1) def Bm(x,r)nT foreveryxeT' and r > 0.

The above application of Lemma[53to (T, dj;;) and pr produces a graph Gr whose vertex set is I'. The
definition of the edge set of Gr coincides per (I78)with the restriction to I of the edge set of the graph G
on /71 that is given in (55), i.e., Eq, p.,r = {{X, y} € Egy, pr - {x,y} ST}. Consequently, as I is a connected
component of G, we have

Vrel0,00), VxeT, Bg(x,r) = Bg(x,r)NT' = Bg,(x, ). (187)

So, the inclusion (I79) from Lemmal53|can be written as follows for every connected component I' of G:

VxeT, Bg(x,pr(x)+1) = Bg, (x, pr(x) +1) Br(x,27). (188)

Next, as in Remark[50} define d,n: 771 — (0,00) by setting

veem, @ EuBnxn) and  nx) E uBnx197). (189)

Let 9: 17711 — [1,00) be given as in for the choices of 9, n in (189). For every connected component T’
of G denote the restrictions of 9,n,9 to T by or, nr, Jr, respectively. Apply Constructionto (', dim,) and
Ir, thus obtaining a rounding function gr : I' — I'. Let g : 171 — 111 be given by defining it to coincide with
gr on each connected component I of G, i.e.,

Vxel,  qx) =qre@). (190)

The requirement g(x) € I'(x) of Proposition 37 holds by design. Also, ensures that requirement
of Proposition[37/holds, by applying Lemmal48|separately to each connected component of G.

Verifying Definition [34] of C-compatibility (for ¢ o q) requires introducing two auxiliary functions K :
111 — N and A : 171 — [0,00); recalling (186), we will define those functions as follows:

def  — def
Ve, KxE [pro®] and AXZEC|[ max  pogx)—¢oq2l2|. (191)
ZEBF(X) (x,27)

With these choices (and the above preparation), it is quite simple to check that Definition [34]is satisfied.
For requirement of Deﬁnition we are given x € 17l and y € Bg(x, K(x)—1), aswell as z € 171 such

that {y, z} € E. The goal is to check that A(x) < 0({y, z}), with o given in (56). This indeed holds since

__
¥,2€ Bg(x,K(x)) € Bg(x,prem(x)+1) € Bry(x,27). (192)
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Therefore, x € By (y,21) N By (z,21) T, where T d:efl"(x) =T'(y) =T'(2), so we have

D

A(x) max ||(p°61(x)—(,006](b)||2)

bEBm (x,21)nT’

156)

<C max og(a)—poqg(b :a,z.

h (ﬂEBm(J’YZT)ﬂBm(Z,Zf)ﬂl"”(p q@=gedl )”2) (y2)
beBm(a,2t)NT

Requirement of Deﬁnitionis proved as follows. If x € 17l and y € Ng(x), then I'(x) =T'(y) def T,

and also djy (x, y) < 7 by (55), as p > 1. By the triangle inequality we therefore have
Br(x,21) < Br(y,371). (193)
: 31 def .
Apply Corollaryto (T, dm), the functions O, nr : T :— (0,00) > |and U = Br(y,21). Recalling that at the

start of the proof of Proposition[37we defined ¢ to be the implicit factor in the right hand side of (I73),
we thus obtain the following estimate:

fm (zegrl%x,zﬂ|<”"p°‘7(z) _(pOCI(J/)H)dYn(U)

@73 . w(Bm (w,1971))
< - Lt L
= {(zeg?(ayX,Z'r)”(poq(Z) woq(y)llz) we%ﬁlyl,sw\/l"g u(Bm(w, 1))
(193) u(anl(w ]9‘[)) (194)
< — i [t bt Sbibad
< ((Zegﬁf‘yx,zf)”‘p”’@ woq(y)llz)wegg%gzﬂ\/log 1By, 7))
A() min £ lo —/,L(Bm(w,l%))'
weBr (x,21) C u(Bm(w, 1))
Consequently,
f( max |<v,<poq(z)—woq(y))l)dyn(v) < f( max |<V;Q0°6](Z)_(Poq(J/)H)dYn(V)
R” \ zeBg (3,K(y)) n \ z€Br(y,21)
G3)A(194) .
< AY) n p(w) (195)
I Aypr
(191

< AWK

Requirement of Definition [34] coincides with (I95). The second step of (I95) is the only place in the
proof of Proposition[37]in which the specific choice of p in is used.
Finally, the remaining requirement of Definition[34]is established as follows for every x € 171

(192)

9o q(Bs(x,K(x)) T @oq(Bru(x,27)

S B ((po q(x),zeBIr{%ym llpoq(x)—¢poq(z) ||z)
1 1

Bz (o g0, 5A00)).

This concludes the proof of Proposition ]

31Recall that this is how we denoted the restrictions to T' of the functions given in (189); as explained in Remark they
satisfy assumption (167) of Lemma
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6. A STRUCTURAL IMPLICATION OF QUASISYMMETRY

The ultimate goal of this section is to prove Proposition[38] We will start by studying some basic impli-
cations of the notion of a metric space (171, d) being (s, €)-quasisymmetrically Hilbertian (given in Defi-
nition[2), though many of the ensuing elementary considerations do not require the target space to be a
Hilbert space. Similar issues are covered in the foundational work [TV80, Section 2].

It is convenient to introduce the following notion as it arises naturally when one wishes to iterate (@):

Terminology 54. Given0 < s<1andd > 0, say that a metric space (111, d) has (s,d) -non-discrete distances
if for every x, y € 111 there exists z € 111 such that sd(x,y) — 6 < d(x,z) < sd(x,y).

The next lemma is a simple iterative application of a condition such as the requirement (3) of being
quasisymmetrically HilbertianEZ]

Lemma 55. Fixa,0 > 0and0 < s < 1. Suppose that (111, di) is a metric space that has (s,6)-non-discrete
distances. Suppose furthermore that (11, dy) is a metric space and that ¢ : 11l — 11 satisfies

Vi) €M®, dp(x,y) < sdm(x,z) = dn(@0),¢() < adn(p(x),¢(2). (196)
Then, for every ¢ e N we have
s(1-s1
-
Proof. Observe that and coincide when ¢ = 1. We will proceed by induction on ¢. Assuming
that holds for ¢ € N, suppose that x, y, z € 111 satisfy

VX, 3,2 €3, dpx,y) <stdnx,z) - § = dn(pw), () < a’dp(pw),¢(2)). (197)

1-— l
dm(xy) < s, - =g (198)
-s
As (1M, dyy) is assumed to have (s,d)-non-discrete distances, we can fix w € 111 such that
sdm(x,2) =6 < dm(x, w) < sdpm(x, 2). (199)
The second inequality in (I99) makes it possible for us to apply (196) to the triple (x, w, z), which gives
dn (), (W) < adn(px),9(2)). (200)
Furthermore, observe that
1=/~ (@9 1—sf1
sCdm (x, w) - wé > ' (sdm(x,2) - 8) - -y )
1-s 1-5s
s(1-s9) s(1—s

> dm(x,y)+ 6—s’6—1—6=dm(x,y).

We can therefore apply the induction hypothesis to the triple (x, y, w) to get that
dn(px), () < a’dn(p), p(w)).
Thanks to 200), this implies dy (¢(x), () < a’*'dy (p(x),¢(2)), completing the induction step. g

Remark 56. Given 6 > 0, recall that a metric space (111, d) is said to be & -discretely path connected if for
every x,y € N there exist k € N and a k-step discrete path zo = x,z1,...,2x = y € 11l joining x to y such
that diy (zi,z;-1) < 0 for every i € [k]. Any such space has (s,6)-non-discrete distances for every0 < s < 1.
Indeed, if sd(x,y) <8, then choose z = x in Terminology[54 If sd(x,y) > &, then let i be the largest element
of [k1u{0} for which d(x, z;) < sd(x,y)—6; there is such i by the assumption sd(x,y)—6 > 0= d(x, zy). Now,
i<kasd(x,zx)=d(x,y) > sd(x,y) > sd(x,y)—0d. So, d(x,z;+1) = sd(x,y)—6 by the maximality of i. Also,
d(x,zi+1) < d(x,z))+d(z,zi+1) < sd(x,y)—0 + 06 = sd(x,y). Thus z = z;+1 works for Terminology

32Lemma assumes that the spaces in question are metric spaces because this is the context of the present investigation,
but the triangle inequality is never used in its proof.
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Furthermore, if (111, d) is path connected, then by continuity it has (s,0)-non-discrete distances for any
0 < s < 1. Lemmal55| therefore implies that if (196) holds, then for every ¢ € N and every x, y, z € 11l we have

dm(x,y) <s'dm(x,2) = dn(px), (1)) < a’dn(px),9(2)). (201)

Suppose that diy (x, y) < sdm (x, z) and write ¢ def [log(d(x,z)/d(x,)))/log(1/s)] € N. By design we have
dm(x, ) < stdm(x, ), so dp(@(x), (1) < a’dn(p(x), ¢(2) by @01). If0 < a <1, then

d(x,z) log 1
log d(x,y) 28a
a/ga log 1 _1:l(d(x’y))log§_
al\d(x,z)

Consequently, for every distinct x, y, z € 111 that satisfy dpy (x,y) < sdm (x, z) we have

dn((p(x),tp(y))< (dm(x,y))
dn(@(x),9(2) ~ "\dmn(x2))

wheren =1q,s: [0,00) — [0,00) is given by settingn(t) = t1°81/ 108U/ ¢ for t >0, s0lim,_o+ 1(£) = 0.
We have thus shown that for every path connected metric space (111, dm) and0< a,s <1, ifp: 111 -1

satisfies (196), then it also satisfies the condition @) of being quasisymmetric, except that now 2 is re-
quired to hold for every distinct x, y, z € 111 that satisfy dy (x,y) < sdm(x, z), rather than for any triple of
distinct points in 11l whatsoever. A straightforward inspection of the proof of the main result of [Nao12al re-
veals that even though its statement assumes the existence of a quasisymmetric embedding in the classical
sense [2), it actually uses this weaker condition. Therefore, thanks to the above reasoning [Naol2a| implies
in particular that if 2 < p < oo, then £, is not (s, €) -quasisymmetrically Hilbertian for any0 < s,e <1.

The following simple lemma will also be used in the proof of Proposition 38}

Lemma57. Fixt,s,a>0. Let (11, dm) and (11, dy) be metric spaces. Suppose that f : 111 — 1 satisfies

Vx,y,z€M,  dp(x,y) <st<2sdp(x,2) = dn(f(x0), f(1) < adp(f (), f(2). (202)
Given a nonempty subset & of 111 x 11 with
V(x,y) €&, dmx,y) 21, (203)

define A : 111 — [0,00) by setting
vxem, Ax% (ailr})fegmax{dn (fx), f@),dn(fx), f(D)}. (204)

Then, A(y) < (a+ 1)A(x) for every x,y € 11l with dmn(x,y) < st (by symmetry, also A(y) > A(x)/(a +1)).

Proof. Suppose that x, y € 111 satisfy dy (x, y) < s7. If (w, z) € €, then in particular dy; (w, z) > 7, by (203).
By the triangle inequality we therefore have max{dy; (x, w), dm (x, 2)} = 7/2; without loss of generality we
may assume that dp (x, z) > /2. We can now use to get that

dn(f(x), f () < adn(f (0, f (2)- (205)
Consequently,
A(y) <max{dn(f (), fw), dn(f ), f(2)}
<dn(f (), () +max{dn (f(x), f (), dn(f (%), f ()}
< (a+ D max{dp(fx), f(w),dn(f(x), f(2)},
where the last step uses (205). By taking the infimum over (w, z) € £, we get that A(y) < (@ + DA(x). O

We can now prove Proposition which, as explained in Section [2] is a structural implication of
(M, dm) being (s, €)-quasisymmetrically Hilbertian that is used in the proof of Theorem 3] (the assump-
tion that (171, dj) is (s, €)-quasisymmetrically Hilbertian is not used elsewhere in the proof of Theorem3).
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Proof of Proposition[38 Write n = |111|. The assumption that (171, djy) is (s, €)-quasisymmetrically Hilber-
tian means that there is an injection ¢ : 171 — R such that

Vx,y,z€ll,  dmx,y) <sdm(x,z) = llex) —e(llz < A -e)llpx) — @22 (206)
Apply Proposition [37]with 7 replaced by B7 and C replaced by rC to get g : 111 — 111 that satisfies
Vxell, dm(q(x),x) <7p7, (207)
and such that, recalling that the statement of Proposition [37]denotes the connected component in G of
each x € MM by I'(x), if we define, in accordance with (56),

%00 and  VixyleFE U({x,y})défrc( ||f(a)—f(b)llz), (208)

max
a€Bm (x,2pT)NBm (y,2p7)NI (x)
beBm(a,2f1)NT'(x)
then Gis (rC)-compatible with f and o. So, the first requirement of Proposition[38holds by construction.
It remains to define A and show that it satisfies the rest of the assertions of Proposition 38| Firstly,

vxem,  diamp(T(x)>7 = A®X) défc( Jmin max{|lf(0) = @l 1 ()~ f(z)llz}). (209)

dm(w,z)>1

The assumption diam;; (I'(x)) > 7 in (209) ensures that the minimum is over a nonempty set; we com-
plement this definition to the case diam;y (I'(x)) < 7, which is uninteresting for Proposition as follows:

YxeM,  diampy(fx) <t = A®X) .
This ensures that holds (vacuously) and holds (trivially) when x, y € 771 are both members of the
same connected component of G whose diameter is strictly smaller than 7.

Passing to the more meaningful case of x, y € 111 with T'(x) = I'(y) dgfl“ and diamyy, (I') > 7, we will first
check that A(x) # 0. If w, z € T satisfy dyy (w, z) > 7, then diy(g(w), q(z)) > T — 14f7 > 0, thanks to
and since < 1/14 by (57). Hence q(w) # q(z), so because ¢ is injective and f = @o g, either f(x) # f(w)
or f(x) # f(z), which implies that A(x) > 0 by (209). If dj; (x, y) > 7, then we can consider (w, z) = (x, y)
in to get A(x) < Cllf(x) — f( 2. By symmetry, also A(y) < Cllf(x) = f(¥)ll2, so holds.

It remains to verify (61). We will first check that the assumptions of Lemma[57]are satisfied with a = 1, s
replaced by s/8, f replaced by C f, and the target space (11, dy;) taken to be £7. So, suppose that x, y, z € 111
satisfy dj (x, y) < st/8 and dj (x, z) > 1/2. Then, by and the triangle inequality for djy,

1 1
dim(q(x), g() < gr L1467 < ir and  di(q(0,4(2) > 57147 > 77, 210)

where the two last steps in hold since f < s/112 < 1/56 by (57), using 0 < s,& < % and r > 1. By con-
trasting the two estimates in we see that dp(q(x), q(y) < sdm(q(x),q(2)), so we may apply
with (x, y, 2) replaced by (g(x), (), q(2)) to get || f (x) = f(W)ll2 < L= f(x) = f(@)ll2 < f(x) = f(2)l2, as

f = ¢oq. This establishes assumption (202) of Lemma[57with the above parameters.

If {x, y} € E, which implies I'(x) = T'(y) def T, and if diamy;; (I') > 7, then as p > 1 by (59), definition

of E gives dm(x,y) < Bt < (s/8)1, using (57). Applying Lemmato E={(w,z)eT xT:dm(w,z) =1},
notice that the restriction of (204) to I" coincides with the restriction of (209) to FESI so A(y) <2A(x).

It remains to prove the second part of when {x, y} € E and diam(T) > 7, where T def I'(x) =T().
By (208), we need to show that if a € By (x,267) N By (y,2Bt)NT and b € By (a,2B1) NT, then

4rCl f(a) - f(D)ll2 < min {A(x), A(Y)}. (211)

33Recall that we chose above to apply Lemmawith freplaced by Cf.
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To see why (211) holds, fix from now such a, b € 111. Then, dy;; (x, b) < din(x, @) + dm (a, b) < 47, so

max{dm(q(x),q(@),dm(q(x),q(@)} < max{dm(x,a),dn(x,b)}+14p7

<18ﬂr<lsgr—iﬂr<ls[1—s(l_—se_l)ﬂr, “
4 1-s 4 1-s
where we introduce the notation
0=0re)™ Pog@w en, (213)

using which the penultimate inequality in is straightforward to verify thanks to the assumption
on fand because 0 < s,e <1/2and r > 1.

Because I' is the connected component of x (and y) in the graph G, and thanks to and the fact that
o = 1by (B9), the dy;-distance between the endpoints of every edge of G is at most 7, the metric space
(T, dm) is Br-discretely path connected, and hence it has (s, f7)-non-discrete distances (recall Terminol-
ogy[54]and Remark[56). We can therefore apply Lemma55|to the metric space (T, djy;) with s, ¢ as above,
a =1-¢and § = B, in which case assumption of Lemmafor 1 = ¢} coincides with (206).

The assumption diam(I') > 7 means that there are w, z € I for which dy(w, z) > 7. By the triangle
inequality for djy, it follows that max{d;; (x, w), din (x, z)} = 1/2, so we may assume without loss of gen-
erality that djy; (x, z) > 7/2. Using and the triangle inequality for dj;, we therefore have

dm(q(x),q(2)) > %r— 1467 > }lr. (214)
By combining and (214), we see that
1-— /-1
max{dmn (q(x), g(@), dm(q(x), )} < s’ dm(q(x), q(2)) - al 1_8 ),BT. (215)

Since a,b,x,z € T and Proposition asserts that g(I') < I', we have g(a), q(b), q(x),q(z) € T'. Because
we checked that the assumptions of Lemma hold for (I, dy;;) with the above parameters, and
corresponds to the assumption in (I97), then using that f = ¢ o g we get from Lemma [55| (applied to ¢
twice, once to the triple (g(x), g(a), q(z)) € '}, and once to the triple (q(x), q(b), q(2)) € %) that
max{|| f(x) = f(@ll2, 1 f(x) = FD) 2} < A= N f () - FD2 < e N f () - F2I2
23 1 1
< Ellf(x) -f@2< ar max{ll f(x) = f(w)ll2, | f(x) = f(2) 2}
By taking the minimum over all w, z € T with dyj; (w, z) > T while recalling (209), we get from that
A(x)
max{|l f(x) - f(@)ll2, | f(x) = f(D) |2} < oc
By the triangle inequality for 7, this implies that 4rC|| f(a) — f(b)|l2 < A(x). The symmetric reasoning
shows that also 4rC| f(a) — f (b)ll2 < A(y). This completes the proof of the desired inequality @11). [

(216)

7. PROOF OF THEOREM[39]

As Theorem 39| treats a general class of probability measures on 771 x 171, which is needed for the duality
step that will be performed in Section[8} a fractional version of Theorem[35|is required. Prior to passing to
the proof of Theorem[39} we will start this section by explaining this formal consequence of Theorem[35

Recall that v(G) denotes the matching number of a graph G = (V, E), i.e, it is the maximum size of a
pairwise disjoint collection of edges in E. The fractional matching number of G, denoted v*(G), is the
maximum of )_,c g ¢p(e) over all possible ¢ : E — [0, 1] that satisfy the following constraints:

YxeV, ) ¢e<1. (217)

eeE
xee
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Clearly v*(G) > v(G), since v(G) is the maximum of the same optimization problem as above if we add to
it the further requirement that ¢ only takes values in {0, 1}. Conversely, by [Lov74] we have v* (G) < %v(G),
with equality holding if and only if G is a disjoint union of triangles; see [Fiir81, Corollary 1] (also, e.g. the
recent exposition [CKO16, Corollary 9]). We therefore have the following corollary of Theorem 35}

Corollary58. FixC > 1 and n € N. Suppose that G = (V, E) is a graph that is C-compatible with f : V — R"
ando : E — [0,00). Then[]

f v (G(v; f,0)) dyn(v) < 9e7iC V1. (218)
Rn

We will, in fact, need below the following vertex-weighted version of Corollary[58} which is a quick con-
sequence of it thanks to the immediate fact that the notion of C-compatibility is preserved by blowups
(we soon will explain what this means). Given a graph G = (V, E) and vertex weights Q : V — [0,00), let
V*Q (G) be the maximum of }_ .. ¢(e) over all possible ¢ : E — [0,00) that satisfy the following constraints:

VxeV, Z P(e) < Q(x). (219)

ecE
xee

Thus, v*(G) corresponds to the special Q = 1.

Suppose that Q(V) €N U {0}. Write V' ' V< Q~1(0) and E' &' {e € E: e< V'}. The graph G' & (v, /)
is obtained from G by deleting all the vertices on which Q vanishes and all of the edges that are incident
to such a vertex. For every x € V' introduce Q(x)-copies {xi,..., Xq(y} of x, and define

UL U fxenxow)  and  FE U {ix,y: () € 1QW1 x Q).
xeV’ {x,yleE’

Thus, H def (U, F) is the standard Q|y-blowup of G’ in which each vertex x of G’ is replaced by a “cloud”
consisting of Q(x) copies of x, and every edge of G’ is replaced by the complete bipartite graph between
the cloud of x and the cloud of y. It is straightforward to check as follows that VE(G) =v*(H).

Suppose that ¢ : E — [0,00) satisfies the constraints (219). We “lift” ¢» to ¢p* : F — [0, 1] by setting

¢d(x, 1)
QQY)

Then, }_ feF &* (f) =Y ccp (), and by (219) we know that ¢p* satisfies the analogue of the constraints
for H. This shows that VB(G) < v*(H). In the reverse direction, for ®: F — [0, 1] define @, : E — [0,00) by

Vix,y}e E, Vi, /) €[ QI x [Q],  ¢"Uxi, ¥ =

Qx) Q(y)
Yix,}€E, ®.(x,yH=) ) ®Ux;yi}.
i=1 j=1
By definition, ). rer O ) =Y cce P+ (e), and if ® satisfies the analogue of the constraints for H, then
®, satisfies (219). Therefore, v* (H) < VB(G), so we indeed have VE(G) =v*(H).
Continuing with the above setting and notation, suppose that G is C-compatible with f: V — R" and
0 : E — [0,00) for some n €N and C > 0, per Deﬁnition Lift f to f* : U — R" by setting f*(x;) = f(x)
for every x € V' and i € [Q(x)]. Also lift o to ¢* : F — [0,00) by setting U*({xi,yj}) = o({x, y}) for every
{x,y} € E and (i, j) € [Q(x)] x [Q(y)]. Then H is C-compatible with f* and ¢*, as seen immediately by
lifting the mappings K: V — R" and A: V — [0,00) from Deﬁnitionin the same manner, i.e., defining
K*(x;) = K(x) and A* (x;) = A(x) for every x € V' and i € [Q(x)]. Therefore, by Corollarywe have
1

f Vi (H; f*,0%) dy,(v) <9e7i€ U1 =9¢77C Y. Q).

xeV

34The function (v € R") — v*(G(v; f,0)) in @I8) is Borel-measurable because by the set {v e R" : E(v;f,0) = E'} is
Borel for every fixed E’ € E, and there are finitely many such F’.
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For each v € R", an inspection of the definition of the Euclidean sparsification H(v; f*,0*) reveals that it
coincides with the Q| -blowup of G(v; f, 7). Consequently, v*(H(v; f*,0%)) = va(G(v;f, 0)). Hence,

1

fang(G(v;f,a))d)fn(v) <9¢iC’ Y Q). (220)

xeV

We derived under the assumption that Q takes values in the integers, but it follows formally from
this that holds for any Q : V — [0,00). Indeed, by considering an arbitrarily precise approximation
of Q by rational-valued vertex weights, we may assume that Q takes values in @, and then by rescaling by
the common denominator of these values, the general case follows from the case Q(V) € NuU {0}.

Corollary59. FixC > 1 and n € N. Suppose that G = (V, E) is a graph that is C-compatible with f : V — R"
and o : E — [0,00). Then, for every Q:V — [0,00) we have

fang(G(v;f,a))dyn(v) <9e71C Z Q(x). (221)

xeV

We will also use the following general lemma about vertex-weighted fractional matching numbers:

Lemma 60. Suppose thatV is a finite set and that w is a symmetric nonnegative measure onV x V. Define
Q=0Qy:V —[0,00) by setting
VxeV, Q(x) def Y w(x, ). (222)
yev
Let L,R < V be disjoint subsets of V. Suppose that G = (LU R, E) is a bipartite graph whose sides are L, R
(thus,|lenL|=|enR| =1 for every e € E). Then, there exist subsets L; < L and Rg C R such that

w(Ly x Ry) > w(Lx R) - ZVaLuR(G) and V(x,y) € Ly x Ry, {x,yt¢ E. (223)

Proof. We will slightly abuse notation by letting Q also denote the restriction Q|r g of Q to LU R; thus,
the Q-weighted fractional matching number V*QlLuR (G) that appears in will be denoted vg (G) below

Let FM(G) < RE be the Q-weighted fractional matching polytope of G, i.e.,

def

FMo(@ = {¢: E— (0,001 ) p(e) < Q) forall x e V.

eeE
xee

In other words, FM(G) consists of all of the edge weights ¢ : E — [0,00) that satisfy the constraints that
appear in (219). By the compactness of FM(G), we may fix from now a maximizer ¢* of the fractional
matching problem for G with vertex weights Q, i.e., ¢* : E — [0,00) belongs to FM(G) and

2P @=vy(G = sup Y ¢le). (224)

ecE PeFMq(G) ecE
Define Q* : LU R — [0, 00) by setting
VxeLUR, Q" E Y ¢*(e) <QW), (225)

eeE
xee

where the last inequality in holds because ¢* € FM(G). Then, since G is bipartite we have

YO+ Y owmE2Y ¢t E v (226)
x€eL YER eeE
Next, define Lj < L and R < B as follows:
L%xel: Q*<Qw} and R E{xeR: Q*(x) < Q. (227)

In other words, thanks to the last inequality in (225), we can also write

INLy={xel: Q*(0)=Qx)} and R~R;={xeR:Q"(x)=QW)}. (228)
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The second requirement in (223) is satisfied because if there were x € Lj and y € R; with {x, y} € E,
then by (227) there would be ¢ > 0 such that

Q" (x)+e<Qx) and Q'(y)+e< Q). (229)
Hence, if we consider ¢ : E — [0, 00) by setting

¢*(e) ifee Ex{x,y},
¢*(e)+e ife={x,y},
then ¢ € FM(G) thanks to the fact that ¢* € FM(G) and (229), yet Y ocp¢p(e) = Y ecpPp™(€) + € > V*Q(G)
by the first equality in (224). This is in contradiction to the second equality in (224).
Finally, the first requirement in is justified as follows:

w@LxR)-)Y Y wxy- Y Y oy

VeeE, ¢(e) dzef{

w(LE x RY)

xeLyeR\R; xeL~\Ly yeR;

> oLxR)- )Y Y oxy- ) Y okxy
YERNRj xeV xeL\Ly yeV

= oxR- ) Y oyx- Y ) oxy
YERNR; xeV xeL~\Ly yeV

SLorxr- Y Q- ¥ Qw
YERNR} xeL\Lg

B yirxr)- ¥ om- Y 0w
YERNR; xeL~\Lyg

> wLxR-) Q"(»-Y Q"

YER X€L
(226)

w(Lx R) - ZVE)(G),
where the third step above is where the symmetry assumption on w is used. g

With the above preparation at hand, we can now prove Theorem[39

def . . .
Proof of Theorem Denote n = [711]. Let ap > 1 be a universal constant whose value will be specified at
the end of the ensuing reasoning, to satisfy constraints that will arise as we go along; see (241). Suppose
that @ > ag and, letting { > 1 be the universal constant that appears in (59), define

r&a>1. (230)

The statement of Theorem[39|assumes that > 0 satisfies (62). Our next step will be to apply Proposi-

tion[38|with this choice of B, for which we need to know that the assumption of Proposition[38holds.

This requirement simplifies to a > 3log(8r) = 3log(8(a) using (230), and since our only assumption on
a here is that a > ay, for this to be satisfied it suffices to impose the following first restriction on ay:

ao > 6log(487). 231)

So, apply Proposition[38to (171, dy;;) with the datum s, €, 1, 7, C, B. This produces a graph G = (11, E) that
is given by (58), and the function p : 771 — [1,00) that appears in is defined in (59). Proposition[38|also
produces f: 111 — R", g : E — [0,00) and A : 171 — (0,00], such that G is (rC)-compatible with f and o,
and the requirements in and are satisfied for every x, y € 771 that belong to the same connected
component of G. The choice of 7 in was made to ensure that the function p in coincides with
the function p in (64), i.e., the output of Proposition[38]is consistent with the statement of Theorem [39]

Part of the above consequences of Proposition [38| makes it possible for us to use Proposition (36| as
follows. The first requirement in coincides with assumption of Proposition[36] Also, because
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the measure w of Theorem [39]is assumed to be supported on {(x,y) € N x M : dp(x,y) > 7} and the
second inequality in holds under the assumption djy (x, y) > 7, we have

Vr,yell, ow(x,y)>0= [Cf(x)-Cf(l2=>max{A(x), A}

Therefore, the function Cf satisﬁeﬁ assumption of Proposition

We may thus apply Propositionto obtain for every v € R" subsets A(v), B(v) of 171 that satisfy the
stated (rudimentary) measurability requirements, and for which we have, by rewriting conclusion
of Proposition[36|with f replaced by Cf, the following point-wise inequality:

VveR", V(x,y) € Aw)xBv), {x,y}€E = v, f(x)— f(y)|>max{A(x), A(y)}. (232)

Conclusion of Propositionalso holds, i.e., for some universal constants 0 < 6 < 1 < x, we have
f w(AW) x Bw))dy,(v) > 0e ¢, (233)

Observe that A(v) and B(v) are disjoint for every v € R". Indeed, the definition of E implies that
{x, x} € E for every x € 111 (i.e., by definition G has a self-loop at each of its vertices), so if it were the case
that x € A(v) n B(v), then we would get a contradiction to the strict inequality in in its special case
x = y. We can therefore consider the bipartite graph G, = (A(v) U B(v), E,) that is defined by

Vx,ye AW UB(), {x,y}€E, < {x,y}eEand (x,y)€ (A(v) x BW))U(B() x A(v)).  (234)

We will next make the following observation about G, that will be especially important to the ensu-
ing reasoning. For every v € R”, the graph G, is a subgraph of the Euclidean sparsification G(v; f,0)
per its definition in and {@3), for the f and o that were obtained above from Proposition In-
deed, by 234), if {x, y} € E,, then {x, y} € E and either (x, y) € A(v) x B(v) or (y,x) € A(v) x B(v). Hence,
(v, f(x)— f ()] >max{A(x), A(y)} by 232). But, max{A(x), A(y)} = min{A(x), A(})} > 40 ({x, y}) using the
second inequality in conclusion of Proposition So, {v, f(x) — f(y))| > 40 ({x, ¥}), which, per {@2),
is precisely the requirement for {x, y} € E to be an edge of the Euclidean sparsification G(v; f, o).

Consider the function Q = Q,, : 711 — [0, 00) that is given by setting Q(x) = ). yemw(x,y) forevery x € 1.
The fact that G, is a subgraph of G(v; f, o) for every v € R” implies in particular the following point-wise
estimate on its maximal fractional matching with respect to the vertex weights Q:

VVER", VO uumm G0 <VH(G; f,0)). (235)

Both sides of the inequality in are Borel-measurable functions of v since there are finitely many
subgraphs H of G and the sets {v e R”: G, = H} and {v e R": G(v; f,0) = H} are Borel subsets of R” by the
measurability of v — (A(v), B(v)) in Proposition 36} and the definition of G(v; f,0). Integrate with
respect to v, while substituting the fact that G is (rC)-compatible with f and o into Corollary[59} to get
221) A (235 2 «
f VOluwose (G AYn(®) EDLED g,-irct Y QW E9e i Cuomxmy =97, (236)
no R xel

Next, for each v € R” apply Lemmato Gy. This yields A; (v) € A(v) and Bg (v) € B(v) such that
w(Ag(0) x By (v)) 2 0(A(W) x BW)) =2vg,, - (G,), (237)

and
V(x,y) € Ay(v) x By (v), {x,y} ¢ Ey. (238)

The mapping (v € R") — (Aj(v), By (v)) is Borel-measurable because it is the composition of the map-
pings v — (A(v), B(v)) and (A(v), B(v)) — (Aj (v), By (v)), the first of which is Borel-measurable by Propo-
sition[36/and the second of which is a mapping between finite sets.

351n fact, we get here that Cf satisfies a stronger form of with max{-, -} in place of min{:, -} in the right hand side, but we
do not need to take advantage of this herein.
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By the definition of E, it follows from (234) and (238) that

() x B ___ b
V(x,y) € Ay(v) x By (v), dm(x,y) > minip(), p ()} (239)
Furthermore,
fw(A;(u)ng(v))dy,,(u) > f w(A(v)xB(v))dyn(v)—Zf VOlawosw (Cv) dYn (V)
n [RVL Rl’l (240)

1233) A (236) 2 1,202 0 2
> Pe¥C —gemi"C > —KC

)

provided r > 24/x +10g(18/6), so that the penultimate step of is valid (this is where the assumption
C > 1is used). Recalling the dependence of r on ¢, and that we are assuming a > «ay, this will be
satisfied if ag > (2/{)y/x +1o0g(18/6). Earlier we also required that the restriction on ag holds, so
altogether the entirety of the requirements that we impose on @ will be satisfied by the following choice:

ag dgfmax{%\/K+log%8,610g(486)}. (241)

We have thus almost established the assertions of Theorem except that A(’)‘ (v) or Bg (v) could pos-
sibly be empty for some v € R”, while the subsets of 171 that Theorem[39|outputs are required (for conve-
nience in subsequent applications) to be nonempty. This further requirement can be ensured since we
are assuming in Theoremthat T > diam(/7), so we can fix xg, yo € 111 with djy; (x0, yo) > T and define

. o wdet [ (Ag(), By (v)) if @ ¢ {A; (), By ()},
VveR",  (A*(v),B = 07770 : 9700

ve (47w, B*w) { (xoh o)), if @ € {A% (), B (1)}
Then, the mapping (v € R") — (A*(v), B*(v)) is Borel-measurable as it is the composition of the map-
pings v — (Aj (v), By (v)) and (Ag (v), By (v)) — (A*(v), B* (v)), the first of which we checked is measurable
and the second of which is between finite sets. Because 0 < § < 1 and p > 1, it follows from that

the first desired conclusion of Theorem [39 holds, and it follows from (240) that the second desired
conclusion of Theorem 39 holds. O

8. DUALITY

Our goal here is to deduce Theorem[3|from Theorem[39] which is primarily straightforward duality:

Lemma 61. Fix 0 < p < 1. Suppose that X is a finite set. Let ¢ : X x X — R be a symmetric real-valued
function, and let S be a nonempty subset of X x X. Fix also any function y : X — R and define

F A B e (2X V1) x 2\ 19)): V(r, e Ax B, p(x,y) > maxfy (0, y(}}. (242)

Assume that for every probability measure w on X x X whose support is contained in S there exists a prob-
ability measure u,, on F that satisfies:

w(AxB)+w(Bx A)
f duw(A,B) = p. (243)
F 2
Then, there exists a probability measureP on 2% ~ {@} such that
V(x,y) €S, [P’[(ZS#EZSQX: xe€X and mg;(p(y,z)}u/(y) = p. (244)
ZE A
Proof. For a finite set U we denote the simplex of all the probability measures on U by Ay. Observe that
. wW(Ax B)+w(Bx A) . w(Ax B)+w(Bx A)
min max du(A,B) 2 mmf duy,(A,B) = p.
weAs uelhy JoF 2 welAs JF 2
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By the minimax theorem [vIN28,[Sim95], we therefore have
[ w(Ax B)+w(B x A)
F

p < maxmin >

ﬂEAg’ weAg

du(A, B)

1 1
:maxmin(— oy (X, YIU(A,B) + 5 Y ) o yuAB)

HEDs WEAS \ 2 (4 ‘ByeF (x,))eAx B (AB)eF (x,y)€Bx A
, p({(AB) eF: (x,y) € AxB})+u({(A,B)eF: (y,x) € Ax B})
= max min Z w(x,y)
yEA{;'UJEAS (x,y)(—:S 2
. HlABeF: (x,y)e AxB}) +u({(AB)eF: (y,x) € Ax B})
= max min .
UeAs (x,y)€S 2

Thus, there exists a probability measure g on & that satisfies
1 1
Y(x,)) €S, E,u({(A,B) €F: (x,y)e AxB})+ 5,u({(A,B) €F: (y,x) € AxB}) >p. (245)

Suppose that (A,B) is a random element of F that is distributed according to u. Let € be a standard
{0, 1}-valued Bernoulli random variable (thus, the probabilities that € = 0 and € = 1 are both equal 1/2)
that is independent of (A ,B). Denote the probability space on which (A,B) and ¢ are defined by (Q,P),
and let Z be the random nonempty subset of X which is the following function of Q: if € = 0, then Z = A
and if e = 1, then Z = B. This definition means that for every fixed x, y € X we have

P[xeZ and mi;g@(y,z)}w(y)]
zE

1 1 (246)
=-P[xeA and ming(y,2) >y ()| +=P[xe€B and mind(y,2z) =y ()]
2 zeA 2 zeB
As ¢ is a symmetric function, by the definition of F the following inclusions of events hold:
{xe A and yeBlc{xeA and mingz¢(y,2) =y} (247)
{xeB and yeAlc{xeB and minggP(y,2) =y}
Therefore,
2 21D 1 1
PlxeZ and mind(y,2) >y¢(y)] = -P[xeA and yeB|+=-P[xeB and yeA]
ZeZ 2 2 (248)
1 1
= z,u({(A,B) €F: (x,y)e AxB})+ E,u({(A,B) €F: (y,x) € AxB}).
The desired probabilistic estimate now follows by combining and (243). O

We can now explain how to deduce Theorem 3|from Theorem 39} as Theorem 39| was already proven,
this will complete the proof of Theorem[3] The reasoning below will freely use the notations and assump-
tions from the statements of Theorem 39

Proof of Theorem([3 We will use the notations and assumptions of Theorem 3|and Theorem [39} with the
following choice of universal constant & in the definition 8 = s*’¢ in Theorem|3} which uses the universal
constant k > 1 from Proposition[36} this is consistent with requirement of Theorem[39} as a > ay:

a d:efmax{Ze\/ZK, ao}. (249)

Our goal is to apply Lemma(61|with X =771, ¢ = dyy and S = {(x,y) e M x N : dyy (%, y) > 1}; note that

the conlusion of Theorem 8|is vacuous if diam(777) < 7, so we may assume from now that S # @. We will
also choose ¥ = ft/p, where p is from (64). With these choices, the set F in becomes

_ m m ) , S Bt }
F {(A, By e (2" \{a}) x (2" \{8}): V(x,y) € Ax B, dm(x,y) = —min{p(x),p(y)} . (250)
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Fix C > 1 and a probability measure w on 171 x 17l whose support is contained in S, which by the defini-
tion of S means that every x, y € 111 with w(x, y) > 0 satisfy djy; (x, y) > 7. We can thus apply Theorem[39]to
the symmetrization of w, i.e., to the probability measure that assigns the mass (w(x, y) +w(y, x))/2 to each
(x,y) € M x1M, to get for every v € R” nonempty subsets A* (v), B* (v) of 171. Let ¢ be the law of the pair
(A*(v), B*(v)) as v € R" is distributed according to y,. By and we know that (A*(v),B*(v)) e F
forall v e R", i.e., y, ¢ is supported on F. By applied to the symmetrization of w,

f w(AXx B)+w(B x A)
F 2

dptec(A,B) > e ¥, @251)

We are thus in position to use Lemmato get a probability measure P€ on 2" < {@} that satisfies
Vix,y)eS, PC(p#AZcM:dnx,Z)>w(y) and yeZ]>e*C

Recalling our choice of S and , as well as the notation for p in (64), this conclusion coincides with the
requirement that every x, y € 1711 with dj (x, y) > 7 satisfy

Bt
1(Bm (x,1967))
w(Bm (x,P7))

Observe that the special case C = O(1) of (252] already implies Theorem[1} To deduce Theorem 3} let
% be the following random nonempty subset of M: First choose k € N with probability 27%, and then
select a random subset of 171 according to P€ for C = e¥~!. Denote the law of this random subset Z by P.

Fix x, y € 1l with dyy (x, y) > T. Suppose first that

Clo£Zcm: dpx,2) > and yeZ|>e . (252)

1+ —54/log

a 1
<AL -, (253)
lo 1(Bm (x,1967)) I
8 “uBm x, p1)

As1l/A-1>0,

p(Bm X, lgﬁ‘[))
108 = B o ) o (B 196T) €D |
a(i-1) 8 U(B (e, 1)) '

Hence, there exists k € N such that

,u(Bm (x, 19ﬁT)) #(Bm (x,1967))

V108 S Bty e V108 =B, oy 2e/1 ,u(Bm (x,19B1))

a(z-1) a(1-1) & uBmx, pr)

where the third inequality in is valid because 0 < A1 <1/2,s01/A—-1>1/(21). Now,

(254)

Pldn(x,Z) > APt and yeZ]|>2%P" [dp(x,Z)>Afr and yeZ]
Bt
1+a log £

and yeZ|> e (klog2+xet?) (255)

> 2 kpet” [dm (x,Z) >

(B (x,19671))
w(Bm (y,p7))

where the first step of (253) is a direct consequence of the definition of P, the second step of (255) is valid
by the first inequality in (254), which can be rewritten as

1

A< )
p(Bm (x,1967))

w(Bm (x,p7))

and the third step of (255) is an application of 252) with C = e¥"! > 1. Next, because x,k > 1, it is
straightforward to check that klog2 + ke?*~2 < 2xe?**~2. Consequently,

1+ Ml,c_l log

’

(255) 2k-2 (254) _8:;7;2/12 -
Pldm(x,Z) > Apr and yeZ] > em2xet @(—'U(Bm(x’lgﬁm) > (—,u(Bm(x,l%r))
w(Bm(x, BT)) w(Bm(x, BT))
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where the last step holds as a > 2ev/2«x by (249). This proves (@) for A satisfying (253). The validity of () in
the entire range 0 < A < 1/2 follows formally from its validity when A belongs to the restricted range (253):
if 0 < A < a/+/log((By (x,1967))/ u(By (x, f7)), then by using the endpoint case of what we just proved,

a
dm(y, &) > Bt and xeZ
lo u(Bm (x,1967))
8 1(Bm(x,p71))

Ze_“z =1. O

Pdm(x,Z) > Apt and yeZ|>P

9. FROM A RANDOM ZERO SET TO A “NO MEASURE IS CONCENTRATED PHENOMENON”

Our goal here is to show how Theoremand Theoremfollow from Theorem@ We will, in fact, obtain
the following more precise result, from which it is quick to deduce Theorem[7jand Theorem |8}

Theorem 62. For every0 < s,e < 1 there exists c = c(s,&) > 0 with the following property. Given n € N, let
(M, d) be a5"-doubling (s, €) -quasisymmetrically Hilbertian metric. Suppose that u is a Borel probability
measure on 11l and fix 0 < p < 1 and d > 0 for which

(ux @) ({(x, ) €M =M : d(x,y) >0}) >p. (256)
Then, for every vVx/n < ¢ < 1, wherex > 1 is the universal constant from Theorem@, we have
1M (cpd) = pe ", 257)

Prior to proving Theorem we will next assume its validity and explain how it implies Theorem
and Theorem If the assumptions and notation of Theoremhold, then

VO<P<L, L (cpd) Zpe (258)

Indeed, conclusion (257) of Theoremimplies (259) if vx/n < ¢ < 1 (with the implicit constant in (258)
equal to 1). If 0 < ¢ < vV« /n, then since per the isoperimetric function is non-increasing,

m m K (257) _ 2
1o > 1] (¢[0) = pe ™ Zepe ™

The normalization assumption of Theoremand Theoremis that holdsforo=1andp = %, as
we say that u is normalized if the median of d(x, y) when (x, y) € 171 x 111 is distributed according to p x u
is equal to 1. Thus, Theorem|8]is a special case of (258).

To prove (a similar strengthening of) Theorem suppose first that p/(2e") < 0 < min{p/(2e¥),p?/4},
where we are continuing to reason under the assumptions and notation of Theorem|[62} Define

log & log L
¢o=¢o(p,0,n)d:ef\/ i” = ig, (259)

where the last equivalence in (259) holds as 8 < p?/4. The rest of the above assumptions on 6 are equiv-
alent to vk/n < ¢ < 1, so (257) holds, i.e., Iztn (cpp0) > 260 > 6. Therefore, by the first implication in (11),

2eX 4
However, the following estimate on the observable diameter of the Euclidean sphere is a standard con-
sequence of Lévy’s spherical isoperimetric theorem [Lév51] (see e.g. equation (1.21) in [Led01]):

p . {p pz}, . e . [o8s 260

m
Vﬁ <6 <min Obleam# 0) = cp0 = -

Vo >0, ObsDiam?, o 1(9) < (261)

We therefore conclude from (260) and (261) that

vi 9<mm{i ﬁ} —Obleamm 0) >, ObsDiam®" ;).
2en 2eX’ 4 ~ on”
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If 0 < 8 < p/(2e™), then because the definition of the §-observable diameter (of any metric probability
space) immediately implies that it is non-increasing in 6, the special case 6 = p/(2¢") of (260) gives

1 . m 1 . m( b E0 ' . g
SObleamH @) > SObleam# (ﬁ) P sel :d1amgg (Sn )zObleamUH ()R

Altogether, we have verified that the assumptions of Theorem|[62]imply that

2
. 1 . . gnl
V0<0< mm{z%, %}, 5ObleamﬁZ (0) 5, ObsDiam?, ", (). (262)
Theoremis the special case p = % and 0 = 1 of (262), so we get (9) with 6y = min{1/(4¢*),1/16}.
Note that [NRS05] proved the (suboptimal, dimension-dependent) estimate under the assump-
tion that diam(777) < oo and the following expectation bound holds for some a > 0:

ff d(x,y)du(x)du(y) = adiam(@11). (263)
mxm

This setting is covered by the above derivation of (262) assuming the probability bound (256) because

adiam(M) < (ux p({(x,) M xM: dex,p) > %diam(m)})diam(m) + gdiam(m).

So, holds with p = a/2 and 0 = adiam(771)/2, in which case (262) becomes

) a a? ObsDiamZn @)
¥0<0 <minf 2 o diam (170)
which is the form of the conclusion of [NRS05, Theorem 1.7], though now it is dimension-independent.
Passing to the proof of Theorem 62} we will first record Lemma 63| below. It shows that the existence
of large well-separated subsets yields a lower bound on the isoperimetric function; a proof of this simple
fact is implicit in the proof of [Shil6| Proposition 2.26]. Recall that, as in (10), the Borel subsets of a metric
space (171, d) are denoted Boz (111, d). The distance between @ # A, B < 111 is denoted (as usual) by

Zse aObsDiam(STr,l,__l1 @),

d(A,B) Einf{d(a,b): (a,b) € A xB}.

Lemma 63. For every metric space (111, d), every Borel probability measure 1 on 111 satisifes

ve>o, I > sup min {p(A), u(B)}.
A, BeBor(M,d)~{p}
d(A,B)>2t

Proof. Fix t > 0. Let A, B be nonempty Borel subsets of 771 with d(A, B) > 2t. By the triangle inequality,
2t <dA,B) <d(x,A)+d(x,B) < 2max{d(x, A),d(x,B)} for every x € 111. Thus, max{d(x,A),d(x,B)} >t
forevery x e, ie., M ={xeNl: d(x,A) > t;u{xelll: d(x,B) > t}. As u is a probability measure, this
implies that max{u({x € M : d(x,A) > 1), u(fx € M : d(x,B) > h} > 1. M pxeM: dx,A) > 1) > 3,
then denote C = {x e 711: d(x,A) > t} and observe that (by design) we have {x €111 : d(x,C) > t} 2 A. So,

00 > p(lxeM: dx,€) > 1) > pA).
The symmetric reasoning gives ILn(t) > p(B) in the remaining case u({xe M : d(x,B) > t}) > % O
The following lemma shows that a spreading random zero set is an obstruction to isoperimetry:

Lemma 64. Ifa finite metric space (111, d) admits a random zero set which is { -spreading with probability
8 (per Definition|[5) for some{ >0 and 0 < & < 1, then every probability measure it on 111 satisfies

Ve>0, L0 >6uxw(ix,y) eMxM: dix,y) >210). (264)
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Proof. Fix t > 0 and let P* be as in Deﬁnitionwith T=21(, i.e,
Ve, yeM, dx,y =2t = P [@p#Z<M: d(y,Z)>2t and xeZ]>6. (265)
Then,

f, /J({J/Emi d(y,Z)>2t})“(z)P2t{(z)
PN

I Nz ama sez) duduI AP (Z)
@M~ {ph)xMxM

:ff P p#Z<M: dy,Z)>2t and xeZ]du(x)duy)
mxm

> P (@#Z<M: dy,Z)>2t and xeZ]du(x)du(y)

[f{(x,y)emxm: d(x,y)>21(}

1265)
> S(uxw{,y) eMxN: dx,y) > 2t}).

Therefore, there exists @ # Z = 2, < 111 such that
min{u({y e M: d(y,Z) >28}), w(Z)} = p(ly e M: d(y, Z) > 26} u(Z)
>6(uxw({x,y) eMxM: d(x,y) > 2t}).

The desired estimate holds vacuously if its right hand side vanishes, so we may assume that
(wxw{(x, ) eMxNl: d(x,y) >2t(}) >0, whence {y e 11: d(y,Z) > 2t},Z # @ by ([266). Furthermore,
d({lyenl: d(y,Z) >2t},Z) > 2t, so follows by combining Lemmal63|with (266). d

Lemmal(65|below is an approximation step for passing from Lemmal[64]to the analogous statement for
infinite spaces; we include its proof for completeness as we did not locate it in the literature, though it is
straightforward and one could take it an easy exercise rather than reading it.

(266)

Lemma 65. Let (171, d) be a metric space in which every ball is totally bounded, and let 1 a Borel probability
measureonlll. Forany0 <o <1 and t,D > 0 there exists a finitely supported probability measurev on 111
such that

(ux @ ({x, ) €eMxM: dx,y)>D}) < (vxV)({(x,y) €M xMN: d(x,y) > D}) +o0, (267)
and,
">l t+0)-o. (268)
Prior to justifying Lemma |65} we will show how it quickly implies Theorem [62}

Proof of Theorem|[62 assuming Lemma[65, We may assume without loss of generality that 0 < s,& < 1/2.
Since balls in doubling metric spaces are totally bounded, by Lemma 65|t suffices to prove Theorem 62|
when (171, d) is a finite metric space. Because ¢ > v/k/n, we may apply Theorem [6|with p = n¢?/x > 1
and K =5". We have p <logK as x > 1 > ¢, so (171,d) has a random zero set that is {-spreading with
probability §, where § = e™*P = e """ and { = s~/ £y/(nlogb)/p. Next, apply Lemma |64|with t = c¢D,
where ¢ = c(s,€) = s¥/¢/ (2y/xlog5). For the above choices of parameters we have 2£{ =0, so implies
the desired estimate by (256). O

Proof of Lemmal65 Fix any xo € 111. As limg_. it(B(x0, R)) = p(111) = 1, we can also fix R > ¢ such that
1
w(Bxg,R—1))>1- 50 (269)

Finally, as limy_o+ (ux p){(x, ) e M x M : d(x,y) =2 D+3w}) = (uxw{(x,y) e M xMN: d(x,y) > D}) we
may fix 0 < w < 0/2 for which

(xw{x, ) eMxN: dx,y)>D}) < (uxw({(x,y) €M xM: dx,y) > D+3w})+ iaz. (270)
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Observe in passing that the above choices imply in particular the following estimate:

(uxw({x, ) eMxM: d(x,y)>D})

270 1
< x5 € BUso, R x Bxo, R - d(x,) > D+30]) + 507

(271)
+ (ux (M x 1) . (Bxo, R) x Bxo, R))

< (uxw({(x,y) € B(xg,R) x B(xo,R): d(x,y) > D+3w})+0

As every ball in 771 is assumed to be totally bounded, there are n € N and xy, ..., x, € B(xp, R) such that

n
B(xo,R) = |J B(xj,w). (272)
i=1
We will next consider the Voronoi tessellation Vy,...,"V,, € B(xo, R) of B(xp, R) that is induced by the (or-
dered) w-dense subset {xy, ..., x,} of B(xp, R), which is defined (as usual) by setting
V] = {xeB()CO,R) d(x)xl) - d(xr{xly ,xn})}y

and then proceeding inductively by setting
i
Vief,..,n—1}, Vi E{xe B, R : dx,xie1) = d(x, ix1,..., xaD}~ U V).
=1

Thus, d(x, x;) < w for every i € [n] and every x € V;, thanks to (272), and because, by design, {V;};e[n is a
(Borel) partition of B(xy, R), the following defines a finitely supported probability measure on 771:

def & ,U(v )
L 5, (273)
,:Zi 1(B(xo, R))

To check (267), denote

7€ G, petn x n: i, x)) > D+ o, (274)
so that
vxV)({(, ) eMxM: d(x,y)>D}) > (vxVv)({(x,y) €M xM: d(x,y) > D+w})
E)1 T H(Vi)u(Vj)z > ( U vix Vj), (275)
el (B (xo, R)) G.jes

where the last step of (275) is valid as {V; x V};, j)e[nx[n] are pairwise disjoint. Also, we will show that the
following inclusion holds:

{(x,y) € B(xo,R) x B(x0,R): d(x,y) 2D+3w}< |J VixV;, (276)
i,)e]
from which we will get that
(1 x @) ({(x, ) €B(xo, R) x B(x0,R) : d(x,y) > D +3w})
275 A 276) 277)
< (vxV({x, ) eMxM: d(x,y) > D}).
To verify (276), if x,y € B(xo,R), then fix i, j € [n] such that (x,y) € V; x V;, whence d(x, x;) < w and
d(y,x;) < w. If also d(x,y) > D + 3w, then d(x;,x;) > d(x,y) —d(x,x;) —d(y,yj) > D+w, so (i,j) € ]
by [@274), thus proving (276). The desired bound now follows by substituting into (271).
It remains to prove (268). As v is supported on the finite set {x1,..., x,}, we can fix K € [n] such that

2Nt +0)=v(lxeM: dix, {xi}rex) = t+0}). (278)
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If we introduce the notation
def def def
Co= UV and Sy =V, where L={l€[n]: dxs {xgtrex) = t+0}, (279)
keK (€L

then by the definition (273) of v we see that (278) becomes

w(Co) = —pu(B(xo,R))  and p(80)=IW(t+o)u(B(xo,R)). (280)

N =

Consider the Borel subsets €, & of 771 that are given by

¥ eouM B, B) and S SN Bxy,R-1. (281)

Observe that the following simple inclusion holds:
Sc{xeM:dx,C) >t} (282)

Indeed, take x € & and y € C. If y € 111 . B(xo, R), then d(x, y) > d(y, xg) — d(x, x¢) > t since x € B(xg,R— 1)

by @281). Otherwise y € Gy and x € Sy by (281), so by there are ¢ € L and k € K such that x € V, and

y € Vi, whence d(x,xy) < w and d(y, x;) < w. Because d(xy,x;) > t + o by the definition of L, it

follows that d(x, y) > d(x, x;) — d(x,x0) — d(y, x) = t+0 — 2w > t, since w < /2. This proves (282).
Because Cy S B(xp, R), the two sets in the union that defines € in are disjoint, so

@80 1
1(C©) = u(Co) + 1 - p(B(xo,R) = 1- E“(B(XO’R)) >

N~

We may therefore apply the definition of Iztn (#) to C and conclude the proof of (268) as follows:

(282 (281]
'z p(txeM:dx,C) >1) = pS) > wSo)—p(M~Bxo,R-1)

| ,
It +0) + (u(Bxo, B) 1) It +0) 1+ p(Blxo, R— 1) = IM(t+0)-0. O

Remark 66. Fix n €N and a4-regular graph G = (V, E) with|V| = 5" such the second-largest eigenvalue of
the transition matrix of its standard random walk is at most 1 —y, wherey > 0 is a universal constant; the
survey [HLWO6] discusses such expander graphs, including their existence. Let |1 be the uniform probability
measure on 'V and let m > 0 be a median of dg(x, y) with respect to (x,y) € V x V distributed uniformly
at random. Then m = n (one direction of this asymptotic equivalence follows from [Chu89| and the other
direction is a consequence of a simple counting argument, as in e.g. [Mat97]). By [GM83] (its discrete
counterpart which we are using here is treated in [AM85}|Alo86, [BHTQO0] ), we have

1
Vi>0, I,S‘/’de) (1) Se O (283)
By e.g. [Led01, Proposition 1.12], (283) implies the following estimate on the observable diameter:

(v, 1 dg) log

Vo< <o, ObsDiam,, 0 < —

DN |~

The metric space (V,m~dg) is trivially 5" -doubling, so this demonstrates that some assumption must be
imposed on metric a space so that conclusion () of Theorem[7 will hold (with the implicit dependence on
s, € replaced by dependence on the aforementioned assumption). Finding “useful minimal assumptions”
that are needed here is an interesting research direction (purposefully formulated somewhat vaguely).
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10. MULTI-SCALE STOCHASTIC MIXING OF RANDOM ZERO SETS

The main result of this section is the following theorem, which generalizes part of [KLMNO05]. It describes
a way to obtain a multi-scale stochastic mixture of distributions over random subsets of a metric space.

Theorem 67. Let (111, d) be a finite metric space and let . be a nondegenerate measure on 111. Denote

m
=0, < = HU™) . (284)
minyeym H(X)
Suppose that for every n € Z we are given a probability measureP" on 2""' \ {@}. Then, for every a > b there

exists a probability measure P on 2" (@} such that for every x,y € 11, every ¢,u >0, and every n € Z
P[d(x,Z) > min{2?*""2 ¢} and d(y,Z) < u]

llog u(B(x,Z”“’))J (285)

p(B(x,20+m)) n
L B2 ) pn gy, Z) > ¢ and d(y, Z) < ul.
~(a-b+1)logd ([d(x,2)> ¢ and d(y,Z) < u]

Prior to proving Theorem|[67} we will use it to deduce the following theorem, which is a restatement of
Theorem (17} except that the implicit dependence on the parameters in is now stated explicitly:

Theorem 68. Fixa > f>0and0<¢,0,0 <1. Let (111, d) be a finite metric space such that for everyt >0
there is a probability measure P on 2" < {@} that satisfies the following estimate:

Viyel, 1<dxy)<d+0)7 = P° d(x,Z))% and yeZ|>6.  (286)
e|B(x,at
log Tatx. o
Then, 1
{a,1} \ 5
1 1+log g\ 2
QS 8}( = B2\ flogiml. (287)

Furthermore, the bound (287) on the Euclidean distortion of 111 is obtained via the Fréchet embedding.

Proof of Theorem|[68 assuming Theorem[67 Since the assumption of Theorem [68/becomes weaker
ifwe increase a and decrease 3, we may assume from now without loss of generality that @ > 2 and 8 < 1.

For each 7 € Z, define as follows a probability measure Q" on 2/ < {@}. Let 7 be chosen uniformly at
random from {27, (1+6)2",...,(1+6)/9127} and then choose Z < 111 according to P*. We will denote the
law of the resulting random subset Z by Q". If x, y € 111 satisfy 2" < d(x, y) < 2"*"1, then with probability
that is at least a positive universal constant multiple of 8 we have 7 < d(x, y) < (1 + 8)7, which implies in
particular that 271 <7< 2" as 2" < d(x,y) <2"" and 0 < 0 < 1, so we may use to deduce that

21’1—1
e|B(x,a2"
108 T5t, g2
Writing 2a = 2% and /2=2%soa>2and b<-1and 1+log(a/f)=a-b+1=a-b, becomes
2}’1—1
Vo yeM, 2"'<d(xy) <2"! — Q" d(x,%)}% and yeZ|>660. (289)
e X,24+n
IOg |B(x,2b+")|
Of course, by symmetry we also have
n-1
Vx,yel, 2" <d(x,y) < 2l — Q7 d(y,Z) > I and xeZ| 2 d6. (290)
lo elB(y,2% )|
g |B(y,2b+”)|

36Note that the definition (284) of the aspect ratio @ of p implies that ® > [171|. In particular, ® > 2 per our convention that
all metric spaces are not singletons, so the denominator in the right hand side of (285) does not vanish.
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Apply Theorem [67|to the measures {Q"},cz and with u being the counting measure on 777 (thus, re-
calling (284), we have ® = |771| in this case) to get a probability measure [’ on 2/ < {@} that satisfies the
following inequality for every x, y € 111, every n € Z, and every ¢, u > 0:

P[d(x,Z) > min{2?*"2 ¢} and d(y,Z) < u]

|log 4220 | (291)

pBE2) |
_— d(x,£)>¥¢ and d(y,Z£) < u].
2 @=blog Q"[d(x,Z) > ¢ and d(y,Z) < u]

We will proceed to bound the distortion into L, (P) of the Fréchet embedding @y 4) that is given in (22).
Fixing distinct x, y € 171, define n = n(x, y) € Z by

n=n(x,y) def llog, d(x,y)| < 2" <d(x,y) <2"*. (292)

Apply @91) with the parameters ¢ = £2""!/, /log % and u = 0 to get, using (289), that

log IBG27")
P|d(x,Z)>mind 2072, £ 2" and ye Z zmae. (293)
2 /log ellli(xézba”;)” (a—Db)log|M|
x’ +n
In the same vein, using (290) we also get the symmetric estimate
|B(,2% )|
lo
_ £ { 8 |B(y2b+”)|J
P |d(y,Z) > min{ 2°72, 2" and x€ Z| > ——— =
(y, %) mm{ } and x ~ @=b)logl|

e|B(y,29+M)|
2y log 755,25,
Next, observe that because a >2 and b< -1,

B(x,2""")UB(,2"*") € B(x,2°"")nB(y,2*"")  and  B(x,2""")nB(y,2"*") = o. (294)

Indeed, if z € B(x,20*"), then d(z,y) < d(z,x) + d(x,y) < 2P+ d(x,y) < 267 4241 < 52071 < pa+n
where the third step uses (292), the penultimate step uses b < —1 and the final step uses a > 2. Thus,
B(x,2P*") < B(y,2%*™). By symmetry also B(y,2*") € B(x,2%*"), so the first assertion in holds.
For the second assertion of (294), if there were w € B(x,2*") n B(y,2P*"), then we get the contradiction
dx,y) <dx,w)+d(w,y) < ob+l+n o on < d(x,y), where the penultimate step uses b < —1 and the final
step uses (292). Having verified that is indeed satisfied, we deduce from it that

2min {|B(x,25"™)1,1B(y, 25" ™)1} < |B(x, 27| +|B(y,2P"™)| < min {|B(x,2%"™)|,|B(y,2%"™)|}.

By interchanging the roles of x and y, if necessary, we may therefore assume without loss of generality
that |B(x,2%"™)|/|B(x,2b*™)| > 2, in which case @293) implies (recalling that 2” = §/2) that

X . log B2
P|d(x,Z) > -min{B, 2" and ye Z | > —1B&2 50 (295)
8 log [B(x,2%71)] (a—b)log|M|
|B(x,277)]

Consequently, the Fréchet embedding @y 4) yields the distortion bound into Ly () because
1Pn,a) () = Pon,ay W L,m = 1d(x, Z) —d(y, L) L,@

|B(x,2%")| 1 1
log poamm, 2 € 50 2
> | ——=2 "~ _§0| min{ 8, —————— 2" > minie, B} ———— | d(x,y). O
~ ((a—b)longl Z log:B(x,2Z+”): ~ e.p} (a—Db)log|M| x,y)
B(x,207)

In preparation for the proof of Theorem [67} we introduce the following notation for a metric space
(M, d) and a nondegenerate measure . on /71:

VXel, VieR, A0 =fyao0 S max{keZ: p(Bx,25) <e'}. (296)
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In other words, if we define

Vel VOER,  sp(x) = spua(x) Elogu(B(x,2%), 297)
then for every x € 771 the function ¢ — £(x, ) is piecewise constant and given by

Vxelll, VieZ, six)<t<sipi(x) = Ax,0)=1. (298)
We record for ease of later use the following simple variant of an observation from [KLMNO05]:

Lemma 69. Foreveryx €11l and t € Z we have
VyeB(x,28®0°N)  fy, 0 e {h(x, 0 - 1,A0, 1), h(x, ) + 1} (299)

Proof. Denote k = £(x,t). f y € B(x,2% 1), then B(y,Zk_l) c B(x,25). Because ,u(B(x,Zk)) <et by the
definition of k = A (x, 1), it follows that u(B(y,25 1)) < e, i.e., k(y, 1) € {k—1,k,...} by 296). Similarly,
B(x,2k*1) < B(y,2%+1 4 2k-1) < B(y,2%+2) while u(B(x,25*1)) > e’ by the definition of k=FA(x,1), s0
(B (y,2%*2)) > ef, which implies by that A(y, 1) €{...,k, k+1}. O

We can now prove Theorem[67}

Proof of Theorem[67 Because Theorem 67 only discusses ratios of values of the measure p, we may as-
sume without loss of generality that p is normalized so that min ¢, p(x) = 1, in which case p(171) = @.
Fix a > b. Define two subsets I, T of Z by

1€Ym,...,1at and  T%Yo,..., llog®] -1} (300)

The ensuing construction involves auxiliary random variables which we will next introduce. Firstly, let i
be arandom variable that is distributed uniformly over I, and let t be arandom variable that is distributed
uniformly over T. Secondly, for every i € Z let o; and n; be random variables that are distributed uni-
formly over {0,1} and {0, 1,2}, respectively. Finally, for every n € Z let Z,, be a random subset of 771 that is
distributed according to P”. We also require that all of the above random variables/subsets, namely

i»t»{o-i}i€Z){ni}iEZ){Zn}n€Z’ (301)

are independent, and we denote the (product) probability space on which they are defined by (Q,P).
Consider the following random subset Z of 771, which is a function of the random variables in (301):

def
Z = zeM: ze Zh(z0—itnpmnit V{2 €M Opzy-i =1}, (302)

where we recall the notation (296). We will prove that for every x, y € 111, every ¢,u > 0, and every n € Z,
P[Z #¢ and d(x,Z)>min{2?""2 ¢} and d(y,Z) < u]

[log 4220 | (303)

pBe2m) |,
L B2 bl g(x, Z) > ¢ and d(y, Z) < ul.
~(@a-b+1)logd [d(x,2) > ¢ and d(y, ) < u]

This will imply the desired conclusion of Theorem|[67|by considering the random subset Z in
conditioned on the event {Z # @}, i.e., the restriction of Z to the subset {Z # @} of Q, equipped with the
probability measure P[Z # @] ™' P (note that implies in particular that P[Z # @] > 0).

Given n € Z, define two (cylinder) events C,, < C;, < Q by

« def def
Cn :e {(nn—z,nn—l’nn) = (27 1,0)} and Cn :e {(UH—ZIUH—I!UH!nn—Zrnn—])nn) = (0,07())2’ 1)0)}- (304)
Thus,

1 1
Pr(C;] = 7 =1 and Pr[C,] = PEre =1. (305)
Also, recalling the notation (296), for every n € Z and w € 111 define events E,(w), F,(w), G(w) < Q by

Exw)E{wez,), FuwE{kwv-ictn-2n-1,n}  Gw) C{orwy-i=1}.  (306)
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Claim 70. Foreveryne Z,yelll, and u > 0, the following inclusion of events holds:

{Z#¢ and d(y,Z) <u}2 ( U (Eawn(Faw)u G(w)))) nck. (307)
weB(y,u)

Proof. 1f the event in the right-hand side of occurs, then the event C;, occurs and, recalling the

notations in (306), there exists w € Z, with d(w, y) < usuch that £ (w,t)—i € {n—-2,n-1,n} or o4 y-i = 1.

If A(w,t)—i€{n-2,n-1,n}, then £(w,t) —i+ngwy-i = n thanks to the assumed occurrence of the event

C,, that s given in (304), so w € Z by ([302). On the other hand, if o (,,1)—i = 1, then implies directly

that w € Z. In both cases w € £, whence Z # ¢ and d(y, Z) < d(y, w) < u, as required. OJ

Next, recalling the notation (297), for every n € Z and x € 171 define an event H,(x) < Q by
def
Hyy(x) = {51401 (0) <t < si4n (0} (308)

Claim 71. Foreveryme Z and x € 11l we have

L(B(x,297 ™)
[10 u(B(x,zb“"))J

(@a—b+1)logd® "’

P[Hy;,(x)] 2 (309)

Proof. Simply compute that, since i is distributed uniformly over I and t is distributed uniformly over T,
where I, T are given in (300), we have

piH, () D 1 & HreT: sivm1(0) <t <Siym)}]
m ~ [al-Tbl+1 5, Mlog®]
Bazemy | (10
- - [log%J
AT At 4m-101, - [81a14m T = B [S1a14m (X1 = [S7p14m-1(X)] > (B (x,2P+m))
B (Tal - [b] +1)[log ®] ~ (Tal-[b1+D[log®] ~ (a-b+1logd’

where the penultimate step of is valid thanks to our normalization min,¢y p(z) = 1, which ensures
that T2 {[sip1+m-1(X)1,..., [S[a1+m(x)]1 — 1}, and the last step of holds since [a] - [b]+1=a—-b+1
and [log®] =<log®, as a > b and ® > 2, and furthermore

[S7a1+m ()1 = [Stp1+m=10)1 2 LS[a1+m (X) = S[p14m—1 (X))

i {10 p(B(x, 21T M)) J > {log p(B(x,297™)) J . -
KB (x,2b1-1+m)) (B (x,20+m))
For the next (and final) claim, we define for every ne Z, x € 11l and ¢ > 0 an event L, (x,¢) < Q by
Lo(x, 0) d(x, Z) > ¢} 311)
Claim 72. ForeveryneZ,x€lll, and ¢ > 0, the following inclusion of events holds:
{Z #¢ and d(x,Z) > min2"""2 ¢}} o H,(x) N L,y (x,O) N C, N {Z # 2} (312)

Proof. Suppose that z € 111 satisfies d(z, x) < min{2+"~2 ¢} and also that the event in the right hand side
of occurs. Our goal is to deduce that z ¢ Z. Indeed, d(z,Z,) > d(x,Z,) —d(z,x) > d(x,Z,)—¢ >0,
because part of our assumption on z is that d(x, z) < ¢ and the occurrence of the event in the right hand
side of ensures in particular that L, (x,¢) occurs, i.e., d(x,Z,) > ¢. Thus, z ¢ Z,. By (302), we will
therefore be done if we will show that the occurrence of the event in the right hand side of implies
that £(z,t) — i+ ngz-i = n and o4z —i = 0. This indeed holds since s;;,-1(x) <t < sit,(x) as Hy(x)
occurs, so £(x,t) =i+ n—1Dby ([@298). Buti> [b] > bsince i € I, where we recall that I < Z is given in (300),
so A(x,t) > b+ n—1. Hence, d(z,x) < 272 < 2Ax0-1 ysing the rest of our assumption on z, so by
Lemmal69we see that £ (z,t) —i € {n—2,n—1, n}. As the occurrence of the right hand side of ensures
that the event C,, in occurs, it follows that o4, +)—i =0 and £(z,t) — i+ g y-i = 1, asrequired. [
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Next, fixne Z, x,y € Ml and ¢, u > 0. Denote |B(y, u)| = p and write

B(yvu):{wl)---rwp}; (313)
i.e., we are fixing an arbitrary linear order on B(y, u). For every g € [p] define an event A; < Q by
q-1
Aq e Ep(wg)~ U En(wy) |0 (Fr(wg) UG(wg)) N Hyp(x) N Ly (x,6) N Cy. (314)
r=1

Thus, Ay,..., Ap are pairwise disjoint and by combining Claim and Claimwe see that

p
{Z #@ and d(x,Z) >min2"*"2,¢} and d(y,Z) <u}2 | Aq.
q=1

Consequently,
P
P[Z #@ and d(x,Z)>min{2"*""2 ¢} and d(y,Z) <u] > ) PlAgl. (315)
q=1
In order to understand the right hand side of 315), define for every ¢ € [p] events A/ ,A’c; cQby
def 9
A’q = (En(wq) N U E,(wy) an(wq) NHy(x)NLy(x,0)NCy, (316)
r=1
and,
q-1
A Eywp < U En(wr)) N (Q Fa(wg) N Glwg) 0 Hy(9) 0 Ly(x, )0 C, T80 4 al - @317)
r=1
We therefore have
_ li "
Vqelpl, PlAg] =P[A,] +P[A,]. (318)

Recalling (306) and (308), the event (Q \ F,,(wg4)) N Hy(x) in the right hand side of means that
Sien—1(x) <t < $4p(x) and E(wq, t)—i¢ {n—2,n—-1,n}. So, by integrating with respect to i and t we get

1 q-1
PlAg) = )3 P [(En(wcﬂ S U Ea) n{hau,0-i =110 L5, 00N Ca |, (319)
T e b
Sitn-1(X)<I<Si15(X)
K(wg,t)—i¢{n—2,n-1,n}
where we used the facts that the events E,(w),..., En(wp) and L,(x, £), defined in (306) and (311), re-
spectively, depend only on Z,, the event C,, from (304) depends only on (0,-2,0,-1,0 n,Mn-2,Mn-1,1Mn),
and the event G(wy), that does depend on i, t per (306), is equal to {a/;,(wq,t)_i = 1}. The crucial point to
observe now is that if (i, f) € I x T are such that E(wq, H—-i¢{n—-2,n-1,n}, then Ofi(wy,0—i and C, are
independent and Plo wy,n-i =11 =1/2, 50 each of the summands in the right hand side (319) satisfy

q-1
P | (En(wq)~ U Ea(wn))n{os0u,0-i =130 La(x,0 N C,
r=1
1 N p
= P (En(wq)\rL:JlEn(wr))an(x, ).
Thus,
PlA = — y . P[(E( ) U Eat )) 1 L, 0 (320)
= —_— Weq) w X, .
q [I]-|T| OeIxT 2433 ni®q = n\Wr n

Sitn—1(X)<I<Si4,(x)
R(wg,0)—-i¢{n-2,n-1,n}
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The analogous consideration shows mutatis mutandis that if for g € [p] we define A’q” cQby

q-1
def
A S Enwe)~ U En(wr)) N(QN Fn(wg) N Hy(x) N Ly(x,0) N C, (321)
r=1
then
1 (i )
Pr{Ay] = Y = [(En(wq) ~U En(w,)) NL,x,?) 2P[Ag). (322)
] -1T (i,heIxT 2°3 r=1
Si+n-1(X)SI<Sj4n ()
R(wg,t)-i¢{n-2,n—1,n}
Consequently, for every g € [p] we have
BI8) A [B22) 1 1 1
PlA)l > PLAL]+ 5 PlAY] > E(n1>[A’q] +P[AY]) = > PLAY"], (323)
where we introduce the notation
q-1
Ay E En(wg) ~ U En(wn) |0 Hy () 0 Ly(x, )N Gy, (324)
r=1

and observe that by (816), (321) and (324), the events Ay, A/ are disjoint and they satisfy A;, U A7’ = AZ".
Finally, the events {A’ " } q=1 are pairwise disjoint, so

1
P[Z # @ and d(x,Z) > min{2?*"2, ¢} and d(y,Z) < ul -A-

P p

Z PLAY"] = IF’ ( U A’;’). (325)
g=1 q=1

Observing the following simple identity of events,

p
U 4y €23 ( U En(wq)) A Hp () N Ly(x, 0) 0 G CO2E 4By 1) 0 2, # 8} 1 Hy(0) 0 Ly (6, 0) N C,
q=1 =1
Hy,(x) n{d(x,Z,) > ¢ and d(y,Z,) <u}nCy,
we get from the independence of the events Hj,(x),{d(x, %) = ¢ and d(y,£,) < u},C, (recalling
and (308), they depend on (i,t), Z,, (0 n-2,0 511,01, Mn-2,Mn-1,Mn), respectively) and that
P[Z #¢ and d(x,Z) >min{2"*""2 ¢} and d(y,Z) < u]

>P|Hy0) n{d(x,Z,) > ¢ and d(y,Zn) <u }an]
=P[Hy(x)]-Pld(x,%Z,) = ¢ and d(y,£,) < u]-P[Cpy]

u(B(x,z‘”"))J
POg [(B(x,257m)

~ (a-b+1)logd
where the last step is an application of (305) and conclusion (309) of Claim[71] This proves (303). O

11. PROOF OF THEOREM[4]

We preferred to state Theorem [4]for finite metric spaces to avoid the need to consider measurability
issues about distributions over random subsets. Nevertheless, all that one needs here is that the event
that appears in the left hand side of (5) is P*-measurable, and it is possible to ensure that the ensuing
proof of Theorem 4| achieves this under mild assumptions on a separable metric space (171, d) and any
nondegenerate Borel measure p on 171 with u(171) < oo; such a treatment appears in [Nao24a), Section 3.3].

The ensuing proof of Theorem[4|generalizes the proof of the main result of [MNO7]; the incorporation
of the selectors {0,}%?, (see the paragraph after equation (328)) originates from [Ra0o99].
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Proof of Theorem[4, As the right hand side of (5) involves only a ratio of two values of y, by normalizing
we may assume that u is a probability measure. Let {z;}?2, be i.i.d. points distributed according to u, and
denote their law by P# = u®N. For every r > 0 and x € 171 consider the following random variable:

T(x,r) Einf{reN: diz;,x) <r}, (326)

with the convention that T'(x, r) = co if there is no ¢ € N for which d(z;, x) < r. Observe that because p is
assumed to be a nondegenerate measure, T'(x, r) is finite almost everywhere. Indeed,

PH[T(x,r)=c0] =PH [Vt EN, d(z;,x) > 1)]

t

BT 0 T _ r_

= lim P [s:ﬂl{zs €M~ B(x,n}| = lim (1- p(B(x,m)" =0,

where in the penultimate step uses the independence of {zs}72, and the final step holds as u(B(x, r)) > 0.
Next, we claim that the following inclusion of events holds:

t—1
{YweBx, A1), T(w,r) =1t} 2 ( ({zs€e M~ B(x,r +/lr)}) Nn{z; € B(x,r - A1)}. (327)
s=1

Indeed, suppose that the event in the right hand side of (327) occurs, i.e., for every s € {1,...,t — 1} we
have d(z, x) > r + At and also d(z;, x) < r — At. Therefore, if w € B(x,At) and s€ {1,...,t—1}, then

d(zs,w) > d(zs,x)—d(x,w)>F+At)-At =1,
which means that T(w, r) > t, by the definition (326). At the same time,
dizyw) <d@zZyx)+dx,w) < (T -At)+At=r,

so, infact, T'(w,r) = t. As this holds for every w € B(x, A1), we thus checked that the event in the left hand

side of occurs. Using and the independence of {z:}{_,, we therefore get the following bound:
-1

P [Vwe By AT), T(w,1) = 1] > (1- (B, r +AD))  p(B(x, 7 = AD)). (328)

Let R be a random variable that is distributed uniformly over the interval (7/4,7/2). Also, let {0}32,
be standard Bernoulli random variables, i.e., Pr[o; = 1] = Pr[o; = 0] = 1/2 for every t € N. We will require
below that the random variables {z [}‘;‘;1, R, {G[}‘;‘;l are independent. Denote by P* their joint law (note
that the dependence on the scale T here arises only from the presence of the random variable R). Finally,
define a random subset & < 171 as follows:

ZE xem: orpr =1} (329)

We will next demonstrate that (5) holds, thus proving Theoremby conditioning on the event {-Z # @}.
Fix x, y € 1l with d(x, y) > T and observe the following inclusion of events:

{dly,Z)>At and xeZ}

> U ({Tx,R =stn{os=Un{YweB(y A1), T(w,R) = t}n{o, = 0}). (330)
(s,n)eN
S#L

To check (@30), if the right hand side of occurs, then x € Z and B(y, Ar) €111\ Z by (329). The latter
inclusion implies that d(y,Z) > Ar, i.e., the left hand side of occurs. As the events in right hand
side of (330), namely, {{T(x,R) = s}n{os =1} n{Vw € B(y, A1), T(w,R) = t}n{o; = O}}»z"t:1 are pairwise
disjoint (as membership in each of them implies s = T'(x,R) and ¢ = T'(y,R)), we deduce from that

1
P'[d(y,Z)>At and xe€Z]|> ) -P'[T(x,R=s and VYweB(yAr), Tw,R) =t], (331
(s,n)eN
S#L

where we used the fact that the random variables T'(x,R), T(y,R) depend only on {z4}?? | and R, so they

are independent of o, 0, for each s, r €N, and o}, 0 are independent if s # t. For every t € N, the events
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{T(x,R)=t}and {Yw € B(y, A1), T(w,R) = t} = {T(y,R) = ¢} are disjoint, since if T'(x,R) = T(y,R) = t, then
by the definition (326) of T'(:,-) we would have d(z;, x), d(z;, y) < R< 1/2, so d(x,y) < T by the triangle
inequality, in contradiction to our assumption. Thus, can be rewritten as follows:

1
P'ld(y,Z)>At and xe€Z|> n P"[T(x,R)=s and VYweB(y A1), T(w,R) =]
s=1t=1
1 [e.o]
=3 Y P'[Vwe B(y, A1), T(w,R) = 1] (332)
i=1

124 (37
= ‘Z—f P¥[Vw € B(y, A7), T(w,r) = t]dr,
4571 )k

where the last step of (332) uses the definition of R and its independence from {z;}?7,
We can now conclude the justification (4) as follows:

P*[d(y,Z) > At and x€Z]|

> %ﬁz (Z (1 —u(B(x,r+M)))"1u(B(x,r—M)))dr (333)
1T \t=1
— 1[51 elog,u(B(x,r—/lr))—log,u(B(x,r+/lr)) dr
TJi;
1 [4f [ 3T
L—lexp(;([1 logu(B(x,r—At))dr — ﬁ logu(B(x, r+Ar))dr)) (334)
1 4 (i+/1)‘r 7+/1 )T
= Zexp (;(fl e logu(B(x,p))dp - f log,u(B(x,p))dp))
1
> exp (8l(logp(B(x, 51)) —logu(B(x, gr))))
1 u(B(y,gm)‘S"
4\ pB(y,51)

where (333) is a combination of (328) and (332), in (334) we used Jensen’s inequality, and the rest of the
steps above hold because A < 1/8. This completes the proof of Theorem[4] U

12. IMPOSSIBILITY RESULTS FOR AVERAGE DISTORTION
Fact[10]is the special case g = 2 of the following proposition:

Proposition 73. Fixp > 1 and n € N. If1 < g < 2, then the smallest D > 1 for which ¢y embeds into R
with p-average distortion D is bounded from above and below by positive universal constant multiples of
vmax{l,n/p}. If g > 2, then the smallest D > 1 for which ¢ Z embeds into R with p-average distortion D is
at most a universal constant multiple of (max{1, n/ p}) 1-149 and it is at least a positive universal constant
multiple of the following quantity:

% iflgpgn%andqglogn,
né if max 1,%}<p<q<logn,
1 lo% 1fp<10gr;l§ q, (335)
1 1 if logn < p < q or p >max{q, %},
(%)E ifg<p<yZ




Since ¢ ; embeds quasisymmetrically into £, when 1 < g < 2 (specifically, by [BDCK66] its %-snowﬂake
is isometric to a subset of £5), for this range of g the upper bound on D in Proposition|73|is a special case
of Theorem |9} But, Theorem |9/ has a much simpler proof in its special case 111 = £, which we will in-
clude below. When g > 2 the upper and lower bounds on D in Proposition[73|do not match, and they do
not belong to the framework that we study herein because ¢, does not admit a quasisymmetric mebed-
ding into a Hilbert space [Naol2a]. Nevertheless, it is beneficial to derive below the best bounds that we
currently have for g in this range, as a small step towards the following independently interesting open
question that arises naturally from the above discussion:

Question 74. Given n € N and p > 1, what is the growth rate as n — oo of the smallest D > 1 such that
0 embeds with p-average distortion D into R? We currently do not know the answer to this question even
in the (most interesting) case p = 2. More generally, for every q > 2, what is the order of magnitude (up to
universal constant factors) of the smallest D > 1 such that ¢; embeds with p-average distortion D into R?

By [Naol14], when g > 2 the smallest D > 1 such that ¢, embeds into ¢, with quadratiﬂ average dis-
tortion D is bounded from above and from below by positive universal constant multiples of g (the proof
of this fact in [Naol4] is nonconstructive; in [KNT21] an algorithmic proof was found). Proposition
shows that the situation is markedly different if one wishes to study the average distortion of £, in R, and
Question 74| aims to understand this phenomenon, with possible algorithmic ramifications, depending
on the answer. Regardless, it is likely that a substantially new idea will be needed to answer Question

Proof of Proposition[73, We will first derive the asserted upper bounds on D. For g > 1let H = H@ be the
symmetric real-valued random variable whose density at each s € R is equal to

1 7t
_1
i)

We extend this notation to g = 1 by letting H = H!) be a symmetric Bernoulli random variable, namely,
Pr[H=1] =Pr[H=-1] =1/2. If we take Hy,...,H;, to be i.i.d. copies of H and consider the random vector

UL H,,...,H,) eRr",

then the random vector U/||U]l 4/(4-1) takes (by design) values in the unit sphere of the dual ¢ Z I(g-1) of ¢ Z,
and furthermore the random variable [|U| 4/(4-1) is independent of U/|U|l4/(4-1); these useful probabilis-
tic facts are due to [SZ90, RR91] (generalizations that could pertain to future extensions of the ensuing
reasoning were found in [BLMNO06), Section 2] and [Nao24a, Lemma 156])Egl

By e.g. equation (6.48) in [Nao24al, in combination with Stirling’s formula, we have
1 F((n+10)(67—1)) % .
p A S 1-1
([E[nuuqq]) -( T ) = (maxi{p, n}) 7. (336)
q

-1

Also, by [BLMNO6, Proposition 7] (whose key input is [GK95]; for g = 1 it suffices to use [Hit93] here), for
every ay,...,a, € R, ifwelet ay > a; > ... > a; > 0 be the decreasing rearrangement of |a,|,..., |ay|, then

1

n
ZaiHi’p
i=1

’ L (1pl i n 3 1
) :pl‘a(Z(a;‘)") +vpl| > (a;‘)z) Zmin{Pl_q,Ll}}llallq, (337)
i=1 2

i=|pl nmax{o !

q

37By [Nao21aj Proposition 6], this statement formally implies bounds on the p-average distortion of ¢4 into a Hilbert space.
38Note that when q = 1 the random vector U is distributed uniformly over {—1,1}" and ||U|lc = 1 is constant. If one does
not mind obtaining worse bounds on the universal constants that the ensuing proof provides, then in the range 1 < g < 2 one
could work instead with the random vector U /n(d=D/4 when UW is distributed uniformly over {-1,1}".
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where the last step of (337) follows from a straightforward application of Holder’s inequality. Hence,
1 1
1 p1\? _ [E[Ka,U)IP]\? ny |\~
E U == < |mingl— : 338
( 1UIl o, ) ]) ( ~( { }) (338)

E[IU1", ] P
q-1
where in we continue to denote the standard scalar product on R” by (-,-) : R” x R" — R, the first
step of holds because ||U| 4/(4-1) is independent of U/||Ull 4/(4-1), and the last step of consists
of a substitution of and and simplification of the resulting expression.
Thanks to (338), there is a universal constant C > 0 such that if we consider the random linear func-
tional F: £ — R that is given by setting for every x € R",

2

C(max{l,%})l_m

IUIl o
q-1

Fx) %

(x,U),

then the Lipschitz constant of F with respect to the £} metric is at most C(max{1, n/ p})' =/ ™2, and
1
vx,yeR",  (E[IFW-FWI])" > Ix-ylg. (339)
By Fubini, it follows from (339) that for every Borel probability measure  on R” we have

E

ffw WIF(x)—F(y)lpdu(x)du(y) 2[[Rn - ||x—y||§d,u(x)du(y),

Hence, with positive probability the C(max{1, n/ p})! =1/ m&2.4}_jpschitz function F satisfies

Uf |F(x)—F(y)|pdu(x)du(y))”>(ff lx— I dux) du |
R xR" R x[R"

thus proving the upper bound that is asserted in Proposition[73|(in the entire range g > 1) on the smallest
D > 1 for which £y embeds with p-average distortion D into R.

It remains to prove the lower bounds on the average distortion that are asserted in Proposition
Observe first that it suffices to treat only the case g > 2. Indeed, if 1 < g < 2 then by [FLM77] there exists
an integer m = n such that £; embeds with (bi-Lipschitz) distortion O(1) into £g. Hence, if £; embeds
with p-average distortion D into R, then also (51 embeds with p-average distortion O(D) into R, which
implies that D 2 y/max{1, n/ p} by the (yet to be proven) case g = 2 of Proposition Thus, suppose that
g > 2 and that ¢ Z embeds with p-average distortion D > 1 into R. The goal is to show that necessarily
% if1<p<-L and g <logn,

n
n% ifmax{l,il}gpgqglogn,

q
D> { logn !

» ifp<logn<g, (340)

—

iflogn < p < qor p>max{q, %},
ifg<p<g,

Q=

—

)

Let k = k(n) € N be the largest integer such that k(k—1)/2 < n. Thus k = /n, so logk = logn. By com-
bining part (i) of Theorem 1 in [Mat97] with Proposition 1 in [Bal90], every k-point metric space embeds
into éZ with (bi-Lipschitz) distortion O(max{1, (logk)/q}) = max{l, (logn)/q}. At the same time, by the
proof of part (ii) of Theorem 1 in [Mat97] there exists a k-point metric space 771 (namely, any bounded de-
gree k-vertex Q(1)-expander graph works here) such that every embedding of 777 into R incurs p-average
distortion that is at least a positive universal constant multiple of max{1, (logk)/p} = max{1, (logn)/ p}.
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Our assumption on D therefore implies that

lo’;n if p,g=>lognorqg<logn<p, (341)
} if1<p<logn<g.

max{l, logn} % if1<p,g<logn,
DZmax{l,— =< 1
max{1, logn
p
Next, denote the unit sphere of £7 by B” {xeR": |xll4 <1} Let Kg " be the cone measure [GM87] on
the sphere 0B/, i.e., k5 (E) = vol,((0, l]E) for every Lebesgue measurable E < 0Bj. By our assumption on
D, there exists f:R" — R thatis D-Lipschitz with respect to the ¢-metric such that

g z
(ff | (x) = fFIP dxg (x) dKZ(y)) > (ff lx— yll} dij (x) dKZ(y))
B! x0B! OB!'xdB!

P n % P n g
X - dxl(x)| = f lxlldxl(x)| =1
[aBs faBs a ! ) (aBs e )

where the second step of uses Jensen's inequality. As f is D-Lipschitz with respect to the £g-metric
and q > 2, by the Gromov-Milman concentration inequality [GM87] (see [AdRBV98] for a different sim-
ple proof; the case p = 2 follows from Lévy’s classical isoperimetric theorem, as in e.g. [Led01, Chapter 2])
combined with the estimate on the modulus of uniform convexity of ¢4 in [Cla36], we have

(342)

P

S

Vs>0,  xg|{xeaB): If()-Myl> st Se ),
where My is the median of f and C > 0 is a universal constant. Consequently,

Vs>0, (kgxxy)

Px OB ()~ f()] = s}] < e ), (343)

Hence,

%
<l [ ipe- ol deg dxgm)
0B} x0B}

= =

= (fo ps”_l(KZ X Kp) [{(x, Y)€OBy x 0By : |f(x)~ f(y)| = s}] ds) (344)

< =

1
na

where the first step of (344) uses (343), the third step of (344) uses (342), and the final step of (344) is an
application of Stirling’s formula. We therefore conclude that D must obey the following lower estimate:

U psPlen(cs)’ ds) =CMD:(E)3D,

1
n
D> (—) " (345)
p
The desired estimate (340) follows by combining (342) with (345), and a straightforward case analysis. [J

Next, the case r = 2 of the following theorem coincides with Theorem

Theorem 75. Let (X, | - |I) be a Banach space of type1 <r < 2. GivenneN and p > 1, if ¢} embeds intoX
with p-average distortion D > 1, then necessarily

n'-
D>{ T

I

if1<p<T,X)2%nr 1
if T,X)2%n 1< p< .
74

(346)
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Theorem [76) below is the main ingredient in the proof of Theorem[75] Its formulation uses the con-
vention (to which we will adhere later as well) that all the expectations of Banach space-valued functions
whose domain is a finite set are with respect to the uniform probability measure on that set. Thus, if S is
a finite set and (X, || - Ix) is a Banach space, then for every f : S — X we will use the notations

Eifi=—~Y f9eX and  Vp>1, IflLsp = ([nfnx]) (|S|Z”f(s)”x) >0.

|S| SES seS
Given n € N and a Banach space (X, || - [Ix), for f:{—1,1}" — X and i € [n] define 9; f : {—1,1}"* — X by

Vee {_1) l}nr a f(g) f(81,82y ,5i—1»_8i»8i+1,-~-;5n) _f(8)~ (347)

Theorem 76. Fix p > > 1 and n e N. Suppose that X, || - |x) is a Banach space of type r. Then, every
f:{-1,1}" - X withE[ f 1= 0 satzsﬁes the following estimate:

1
”f”Lp({—l X)) S Tr(X) Z ||6 f”L ({=1,13m; X)) +\/_ Z ”6 f”Lp({ LX) | - (348)

The proof of Theorem[76|was found by Alexandros Eskenazis, answering positively a question that we
posed in an earlier draft of the present work. We are grateful to him for allowing us to include it here.
Prior to proving Theorem[76} we will next show how it implies Theorem[75}

Proof of Theorem[75 assuming Theorem[76 It suffices to prove Theorem[75|when p > 2, because its con-
clusion when 1 < p < 2 follows formally from its special case p = 2 by [Nao21al equation (105)].
So, assume from now that p > 2 and suppose that f:{-1,1}" - X satisﬁes{ig]

1

[Elnf@ - r@1g])" > (El1e-o17])" =n, (349)
and that also for some D > 1 we have
Ve,Se -1}, If(@ - fO)Ix< Dle—6l =2Dlli € [nl: & #6:l, (350)

i.e., f is D-Lipschitz with respect to the metric on {—1,1}" that is inherited from ¢ {l and the metric on X
that is induced by | - I|x. Theoremwill be proven once we will show that D must satisfy (346), which is
a simple consequence of (348). Indeed, by translating f we may assume that E[f] = 0. By Theorem|[76}

"' (Elf©- f(6)||"’]) <20 fllL,a-1m%0
1
829 1 ; n : BIDAEB50) N
S Tr(X)(Z ”6l'f||£p({_1'1}n;x)) +\/ﬁ(z ||al'f”%p({—1,l}";X)) < D(Tr(X)nV +,/pn),
i=1 i=1
Therefore,
_1
D> n ] i if1< P<Tr(X)2nr : -
~ T.X0nt +pn \/g if T,0%n ' < p< .

The proof of Theorem([76lis a quick concatenation of the (substantial) results of [BELP08] and [IvHV20]:

Proof of Theorem|[76, The main result of [[vHV20] is well-known to yield the following estimate:

1

n r
”f”Lr({—l,l}”;X) S_, Tr (X)(Z ”aif”Ir,r({—l,l}";X) . (351)
i=1

39Note that the last equivalence in the assumption (349) has a quick justification: For one direction use the triangle inequal-
ity in Lp({~1,1}";¢7), and the other direction use Jensen’s inequality for the averaging over §.
75



(Specifically, deduce from [I[vHV20] by applying [IvHV20|, Theorem 1.2] to the function ®(x) = IIxII)r(,
and then combining the resulting estimate with the second and third displayed equations on page 674
of [[vHV20].) Furthermore, by the (real-valued) Poincaré inequality of [BELP08| Theorem 1.1(1)], we have

(é(a,-ufux)zf

Since [ fllz,¢-1,137% < I fllL,-1,137% and by the triangle inequality for |- [|x we have 0;| flIx () < [10; f(e)lIx
for every € € {—1,1}" and every i € [n], it follows from (351) and (352) that

(352)

|| ”f”X_ ”f”Ll({—l,l}";X) ||Lp({—l,1}") S, \/ﬁ .
L,{-1,1}")

L, -1 < JIFlx = 1ALy -1,0m% ||L,,({—1,1}n) s MAUAGEBID
(353)

’

L,(-1,13m)

n i n 1
ST,00( Y 1001 v+ VP (3 (00:71°)
i=1 i=1

where the first step of (353) is an application of the triangle inequality in L, ({—1,1}""). It remains to note
that final term in (353) is at most the second term in (348) by the triangle inequality in L 2 (-1,11". O
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