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FOR FINITE AND DOUBLING SUBSETS OF L, WHEN p > 2
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ABSTRACT. Fix p > 2. We prove that the Euclidean distortion of every n-point subset of L, is p3(ogn) 2 +oll),
thus, in particular, demonstrating that all n-point subsets of L, exhibit an asymptotic improvement over the
O(logn) Euclidean distortion guarantee that Bourgain’s embedding theorem provides for arbitrary n-point
metric spaces. We also prove that the separation modulus of every n-point subset of L, is O(pz\/logn ,
which is sharp up to the dependence on p. We deduce from (a refinement of) this asymptotic evaluation
of the finitary separation modulus of L), that for any n-point subset C of Ly, any Banach space Z, and any
1-Lipschitz function f : € — Z, there exists a O(p?+/log n)-Lipschitz function F : Lp — Z that extends f. We
obtain analogous separation and extension statements for doubling subsets of Lp.
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1. INTRODUCTION

Prior to passing to detailed descriptions of concepts, results, methods and history, we open with the
following quick list that describes in broad strokes the main three outcomes of the present article which
are resolutions of longstanding open problems in metric embedding theory:

(1) For every 2 < p <oo, every n-point subset of L, is shown to embed into L, with bi-Lipschitz dis-
tortion that grows to co as n — oo asymptotically slower log n. Whether or not this holds has been
a well-known open problem ever since the 1985 work [16] proved that any n-point metric space
whatsoever embeds into a Hilbert space with distortion O(log ). In other words, it was unknown
(and resolved herein) if—in terms of their bi-Lipschitz embeddability into L,— anything can be
said about finite subsets of L, beyond the fact that they are metric spaces.

(2) For every 2 < p < oo, any n-point subset C of L,, any Banach space Z, and any 1-Lipschitz func-
tion f: € — Z, there is an L-Lipschitz function F : L, — Z whose restriction to C coincides with f,
where L grows to oo as n — oo asymptotically slower than (logn)/loglogn. Whether or not this
holds has been open ever since the 2004 work [52] proved that this extension statement holds
with L = O((logn)/loglogn) and with L, replaced by any metric space whatsoever.

(3) For every 2 < p < 0o, answering a question that was posed in the 2017 work [77], it is proved that
the largest possible separation modulus of an n-point subset of L, is bounded from above and
from below by positive multiples (which may depend only on p) of y/log n. This yields asymptot-
ically optimal randomized clustering of finite subsets of L,, where the quality of the clustering is
measured by the ratio between the probability that it separates points and their distance, which
is an influential method that was introduced [12] in the mid-1990s in the computer science liter-
ature and has since substantially impacted both algorithm design and pure mathematics.

In addition to the above listed answers to known questions, we obtain improved Lipschitz extension
and randomized clustering results for doubling subsets of L, when 2 < p < oo, which are new even
when p = 2 but (to the best of our knowledge) they have not been previously posed as open problems.
Specifically, setting C,, = p?\/log p, we prove that if D Ly, is A-doubling for some A > 2, then for any
Banach space Z and any 1-Lipschitz function f : D — Z, there exists a O(C+/logA)-Lipschitz function
F: L, — Zthat extends f, and furthermore the separation modulus of D is O(C,,/logA).

All of the aforementioned results are proved through an induction on scales and localization argument
that we develop herein, in combination with a novel property of the Mazur map that we introduce.

We will next turn to a more technical (but entirely self-contained) description of the above statements:

1.1. Bi-Lipschitzembeddings. The Euclidean distortion of a finite metric space (171, dj;;), which is com-
monly denoted c, (171) following [58], is the smallest D > 0 such that there exists f : 711 — L, satisfying

Vx,yell, dm(x,y) <If(x)— fW, < Ddm(x,y).

The Euclidean distortion growth {cgl (777)},';0:1 of an infinite metric space (171, dj) is defined by
n def
VrneN,  c; (M) = sup c2(C). €Y)
Ccm
IClI<n
One says that (171, dy;) has nontrivial Euclidean distortion growth if
crm
lim -2 G =0.
n—oo logn

2)

The above use of the word “nontrivial” arises from the Bourgain embedding theorem [16], which asserts

that ¢} (111) = O(logn) for every metric space (11,dj;). A well-known open question (which has been

prominently on researchers’ minds ever since [16] appeared but to the best of our knowledge was not
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stated in print) is whether L, has nontrivial Euclidean distortion growth for every 2 < p < ooEI In other
words, in terms of their bi-Lipschitz embeddability into a Hilbert space, can anything be said about finite
subsets of L, beyond merely that they are metric spaces? Here we prove that the answer is affirmative:

Theorem 1. If2 < p < oo, then L, has nontrivial Euclidean distortion growth. More preciselyﬂ
Vne{3,4,..}, iy < pVlognloglogn. 3)

If1 < p <2, thenc)(Ly) S /logn for every integer n > 2 by [22]. In fact, together with the matching
lower bound from [31], it follows from [22] that cgl (L) = y/logn; at present, L, is the only classical Banach
space for which the Euclidean distortion growth has been computed up to universal constant factors,
other than the (trivial) case c’z1 (L») =1 and the (substantial) case cg (Loo) =logn (the latter statement is a
combination of [16] and [58} 8] for the upper and lower bounds on cg (Lso), respectively).

If p > 2, then prior to Theoremit was known that L, has nontrivial Euclidean distortion growth only
when 2 < p < 3v/e € [4.94,4.95]. Specifically, it was announced in Section 5.3 of the 2014 arXiv posting [13]
that L, has nontrivial Euclidean distortion growth when 2 < p < 4. We warn that [13] was replaced by
a version in which all discussion of distortion growth was removed (and, to the best of our knowledge
what was removed from [13] did not appear elsewhere). We do not know why the authors of [13] chose to
remove that material, as it seems to us that the sketch of proof in [13] is sound, albeit with missing steps.
In our initial arXiv posting [83], which is superseded by the present article, we succeeded to prove that L,
has nontrivial Euclidean distortion growth only when 2 < p < 4, while being unaware of [13] (the bound
that we obtained in [83] is stronger than what is implied by [13]). The subsequent work [49] used a clever
iterative application of our main embedding theorem in [83] to extend to 4 < p < 3y/e the range for which
L), has nontrivial Euclidean distortion growth, but that method of [49] breaks down when p > 3v/e. From
the quantitative perspective, the bound (3) of Theoreml[l|is the best-known such bound for all fixed p > 2.

Conjecture 2. The bound (@) givesc (Ly) = o(logn) when p = o(y/logn//loglogn). If p > logn, then 2,
embeds with O(1) distortion into Ly, so c} (Ly) = logn as all n-point metric spaces are isometric to a subset
of ¢%,. We conjecture that cj (L,) = o(logn) in the remaining range y/logn/{/loglogn < p = o(logn).

1.1.1. Toward a sharp Euclidean distortion growth rate for L,,. Now that it is established that L, has non-
trivial Euclidean distortion growth for every 1 < p < oo, one can turn attention to determining the growth
rate of cg (Lp) as n — oo, which is currently known only for p € {1,2}. This seems to be a highly nontrivial
matter. The Lewis theorem [54] asserts that ¢, (X) > Kl1/2=1pl for every k-dimensional subspace X of L,
(this lower bound holds as equality when X = fl]f ; see e.g. [95} 43]). In accordance with the longstanding
Ribe research program [17, 44} [74, (10,90, 89} 34} [78]), this naturally leads to the following open question:

Question 3 (Nonlinear Lewis problem). Is it true that for every 1 < p < oo we have

Ve, <Ly =, dogmlt . (4)
In fact, it is not even known whether () holds for any fixed p € [1,00] \ {1,2,00}.

IFor concreteness, Lp will always be the space of (equivalence classes of) p-integrable functions on the interval [0,1],
equipped with Lebesgue measure, but all of our results hold for any L, (i) space; this follows formally as any separable Ly (1)
space embeds isometrically into L, (see e.g. [97, Chapter II.A]), though the proofs extend effortlessly to arbitrary L, () spaces.
Other such standard Banach space-theoretic notations and conventions that will be used herein are according to [56}/57].

2We will use throughout the ensuing text the following (standard) conventions for asymptotic notation, in addition to the
usual O(-), o(-), Q(+), () notation. Given a, b > 0, by writing a < b or b 2, a we mean that a < xb for some universal constant
x >0, and a = b stands for (a < b) A (b < @). When we will need to allow for dependence on parameters, we will indicate it by
subscripts. For example, in the presence of auxiliary objects g, U, ¢, the notation a <4 y,¢ b means that a < x(q, U, )b, where
x(q,U, ) > 0 may depend only on q, U, ¢, and similarly for the notations a 2 4y, b and a =4y, b- Also, in what follows when
expressions like, say, v/logloglogn appear for some integer 7, it will be assumed tacitly that # is greater than a sufficiently large
universal constant, so that they make sense (thus, n > 15 in the above example). In all such occurrences, the corresponding
statement will be self-evident for smaller values of 7 € N (by suitably adjusting an implicit universal constant factor).
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We expect that answering Question[3|would be very challenging (based in part on how the only known
nontrivial cases p € {1,00} of Question B|were resolved), especially if the answer is positive, which would
likely be a major achievement that would entail introducing a significant new idea/embedding method.

The challenge within Questionis to prove the upper bound on ¢} (L) in (4), as the lower bound

Vne2,3,...,}, Ly (logn)‘%_%‘. (5)

follows from known results (observe that thanks to (5) our new upper bound (3) is optimal up to lower
order factors whenever p = (logn)°Y — o). To justify @), if 1 < p < 2, then for each k € N consider the
n-point hypercube {0,1}* as a subset of f,’f, thus n = |{0, 1}"*| = 2¥. By [31] its Euclidean distortion is

=

1_1 1_
c2(10, 155, I ) = k7% = (logm)» ™2,

which shows that (5) holds when 7 is a power of 2; it is straightforward to deduce from this that (5) holds
for every integer n > 2 (e.g., by augmenting the hypercube with auxiliary very distant points that form an
equilateral metric). If p > 2, then by [87] there is an n-vertex connected planar graph G, equipped with
its shortest-path metric, whose Euclidean distortion satisfies c2(G,) 2 y/logn. As p > 2, the proof of the
main result of [91] (see also the exposition in [36}47]) shows that there is an embedding f of G,, (indeed,
of any connected planar graph) into L, whose bi-Lipschitz distortion is at most a universal constant
multiple of (logn)'/?; the image f(G,) < L, exhibits the validity of (5) in the remaining range p > 2.

The lower bound (5) is only part of the picture, as there must be some dependence on p in (4) that di-
verges as p — oo, which demonstrates that there is a qualitative difference between the nonlinear setting
of Questionand its aforementioned linear counterpart [54]. Indeed, consider any n-point metric space
1M, with c2(111,,) 2 logn, which exists thanks to [58,8]. Because 771, embeds isometrically into £2, while
22! embeds with O(1) distortion into Loogn), it follows that for p =logn we necessarily have

cy(Lp) 2 \/min{p,logn}(logn)%_%. (6)

This suggests (but does not prove!) that perhaps (6) holds for all p > 2. If so, then it would follow that a
power-type dependence on p in our new bound (3) is unavoidable if a(loglogn)/logloglogn < p Slogn

for some fixed a > 2, e.g., combining () and (6) gives /(logn)loglogn < ¢ (Lioglogn) < v/10g nloglogn).

1.2. Lipschitz extension. Given a (source) metric space (171, dj;;), a subset € of 171 such that |C| > 2, and a
(target) metric space (7, dg), one denotes (following [64]) by e(177,C; T) € [1,00] the infimum over those
K > 0 such that for every function f: C — J there exists a function F : 1711 — J whose restriction to C
coincides with f, and the Lipschitz constant of F satisfies:

I FliLipang) < Kl f lLipe;7)» W)

where (7) uses the following notation for Lipschitz constants, which will occur throughout what follows:

def dy (f(x), f(»)

I flliLipe;7y = sup
P xyee  dm(x,y)

X£y

The supremum of e(771, C; 7') over all the subsets C of 171 containing at least two points is denoted e(171; 7).
For each integer n > 2 one defines e, (171) to be the supremum of (171, C;Z) over all C < 171 satisfying
2 <|C| £ n, and all Banach spaces (Z, | - llz). By [53} Theorem 1.10], every metric space (171, dj;;) satisfies:

logn

Vne{3,4,..} en(M) <

. 8
™~ loglogn (®)

Remark 4. Given ametric space (171, dp), its Lipschitz extension moduluse(111) is defines to be the supre-

mum of e(171, C; Z) over all C < 1711 with |C| > 2 and all Banach spaces (Z, | -]z). When the (typical) situation

e(M) = oo occurs, one can consider analogously to (I) the finitary invariant e”(/71) which is defined for
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each n € {2,3,...} to be the supremum of e(C) over all subsets C < 171 with 2 < |C| < nﬂ It is important
to stress the difference between e, (171) and e” (111), namely, e, (171) measures the extent to which for any
C < M with 2 < |€| < n, any Lipschitz function from € to a Banach space can be extended to a Lipschitz
function on 771, while e"(171) disregards how C is situated in the super-space 771, asking for such exten-
sions to € of Banach space-valued functions from arbitrary subsets of C. While e, (711) was studied in the
literature for a long time (starting with [42], inspired by [35,55]), to the best of our knowledge e”" (171) was
not considered before. Nevertheless, e (171) has a key role in our investigations herein; see Section[1.3.2]

By [53 Theorem 1.12] for every 1 < p < 2 we have:
Vne23,...),  enlly) S, dogm?. ©)

The following Lipschitz extension theorem treats the analog of (9) in the previously unknown range p > 2:

Theorem 5. If2<p<ocoandne{2,3,...,}, then

en(Lp) S p?\/logn.

Theorem [5| answers the natural question that was left open by [53] (and stated elsewhere, e.g. [82])
whether for every (indeed, any) fixed 2 < p < co we have

lim e, (L,)——— =0. (10)
n—0o0 logn

In other words, prior to Theoremit was not even known if one could provide an upper bound on e, (L)

that is asymptotically better than merely using the fact that L, is a metric space through (8).

Remark 6. We hesitate to call “nontrivial extension growth” for L, partly due to the distinction
that is noted in Remark[4} and mainly because in contrast to the analogous setting in (@), it is unknown
if (8) is asymptotically sharp, nor is it conjectured that this is the case (though, it could very well be so).
Determining the largest possible growth rate as n — oo of e, (171) over all metric spaces 171 is a major open
question for which the currently best-known lower bound [82] is that e, (171) must sometimes be at least
a positive universal constant multiple of y/logn. In other words, the currently best-known bounds on
en(Loo) are \/logn < e,(Ls) < (logn)/loglogn. For finite p, at present there is insufficient information
for there to be a widely accepted conjecture what the sharp asymptotic dependence as n — oo should
be in Theorem [5, as well as in the estimate (9) of [53]. The best-available bounds in this context are
presented in Section[I.2.1]below, from which it follows that if p is allowed to depend on 7 so that it tends
to oo at a (log n)°V rate, then Theoremis sharp up to lower order factors; e.g. we now know that:

V logn S en(Lloglogn) S \V logn(loglog n)z.

Conceivably e, (L) =p \/logn or even e, (L,) = y/logn for all p > 2, but proving this would be a spectac-
ular achievement; in particular, the former statement would settle the Hilbertian case p = 2 and the latter
statement would also settle the aforementioned case p = co of extension from finite subsets of general
metric spaces, while both of these remain tantalizingly unknown despite major efforts over many years.

The implicit constant in (@) that the proofin [53] provides tends to co as p — 1*; this seems inherent to
the currently available approach due to its reliance on [63] E] Thus the case p = 1 remains the last holdout
for the question of improving (8) when 771 is L, for some fixed 1 < p < ooﬂ

3More generally, we will maintain the following notational convention. Given an invariant i(777) € R U {oo} of metric spaces
(M, dyp), for each n € {2,3,.. .} the superscript notation i” (177) is reserved for the supremum of i(C) over C < 1711 with 2 < |C| < n.
In contrast, the subscript notation i, (771) is used less consistently in the literature to denote more subtle finitary invariants that
still consider arbitrary subsets € of 177 with 2 < |C| < n, but do not depend only on the intrinsic geometry of (C, dyp).

4The best available bound as p — 1% on the implicit constant in @) can be deduced from the proof in [80} Section 4.2], which
implies that one can take it to be at most a universal constant multiple of 1/(p —1).

SThe case p =oois also open, as we recalled in Remark@ since it corresponds to arbitrary metric spaces (171, dyy).
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logn )

Problem 7. Determine whether for n€ {3,4,...} we havee,(L1) =0 (loglogn

It is worthwhile to recall in the context of Problemthat by [69] we have e, (171;Z) <z \/logn for every
metric space (171, dyp;) and every Banach space (Z, || - |z) that has an equivalent norm whose modulus of
uniform convexity has power type 2 (see e.g. [11] for background on this class of spaces); the Hilbertian
special case Z = L, of this statement is the famous Johnson-Lindenstrauss extension theorem [41].

A positive answer to Problem [7]would have significant algorithmic consequences by improving over
the best-known upper bound on the existence of vertex cut sparsifiers of weighted graphs [72], which
has stood for a long time despite substantial efforts to improve it in the computer science literature (see
e.g. [24,132,62]). The connection between Lipschitz extension and graph sparsification that yields this
potential application of Problem Was discovered in [62]; we omit the details and the definition of the
relevant sparsification notion as they are covered thoroughly in [62], as well as in e.g. [22} Section 1.3.3].

Remark 8. Even though it is of secondary importance given the current state of knowledge, we note that
if one allows p > 2 to depend on 7, then Theorem [5|improves over the general estimate (8) if and only
if p = o(y/logn/+/loglogn). Understanding this for p > {/logn/4/loglogn is open. For that matter, by
examining its behavior as p — 17, one sees that the bound (9) of [53] improves over (8) if and only if
(p—1)loglogn = 2(logloglog n) —loglogloglog n + O(1); understanding this for other 1 < p < 2 is open.

1.2.1. Known Lipschitz extension impossibility results. Unlike the discussion in Section[1.1.1} there is no
widely accepted conjectural growth rate (as n — oo) for e, (L,) when 1 < p < oo is fixed; this growth rate
is not even known in the Hilbertian setting p = 2. A naive appeal to [54] from the perspective of the Ribe
program leads to the prediction e, (Lp) <), (logn)''/2~1/PI. This was indeed a possibility for quite some
time (see e.g. the questions posed in [42}[9] for p = 2), until it was shown in [73] to fail even when p = 2.
The best-known lower bound in the range 2 < p <4 is e, (L)) 2 v/(logn)/loglogn. In fact, for every
infinite dimensional Banach space X we have e, (X) 2 +/(logn)/loglogn because by [71] (see also [73]),

VmeN, e om&) 2 Vm, (1D

while for every m € N by Dvoretzky’s theorem [30] £," is O(1)-isomorphic to a subspace of X.

For the remaining values of p, the best-known lower bounds are e, (Lp,) = ((logn)/loglogn)'/2~1/P!
when p € [1,2) U (2,00) and e, (Ly,) = v/logn. For 1 < p < 2, this coincides with [41} Theorem 3]. If p > 2,
then e, (Lp) 2 ((logn)/loglogn)!/~1'P also follows from the reasoning in [41], though it is not stated
there explicitly. Indeed, by [94] for every 1 < p < oo and every m € N there is a linear subspace Y =Y, of
¢} such that ||Projl gn_.gn 2 m">~1/P! for every projection Proj from £ onto Y. By [55], this implies:

< =

@™ :v) > ml 3. (12)

The discretization method of [41] deduces from that there is a subset 771 =11, of !,;” with [17] = mOm
(specifically, 1 is a (1/m°®)-net of the unit sphere of Y) such that e(%”, my) 2 mt/2=1/pl

1.2.2. Lipschitz extension from doubling subsets. Given A € {2,3,...}, ametric space (171, dj;) is A-doublin
if for every r > 0 and every x € 171 there exist y1,..., yx € Il with By (x,2r) € By (y1, 1) U...UBm(ya, 1)
Here, as well as throughout the ensuing discussion, By (1, p) = {v € 1l : di;;(u, v) < p} denotes the closed
dm-ball centered at a point u € 111 of radius p > 0.

By [53, Theorem 1.6], for every metric space (771, djp), for every A-doubling subset D of 771, and for
every Banach space (Z,| - ||z) we have

e(M,D;Z) <logA. (13)

It is an important open problem to determine if in the above stated generality the right hand side of
can be reduced to o(logA) as A — co. It is also natural to investigate if such an improvement could be

6The notion of A-doubling when A > 2 is not necessarily an integer coincides with [A|-doubling.
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achieved for specific metric spaces 771, though to the best of our knowledge this has not been previously
posed as an open question. In particular, it was not known if could be improved when 771 is a Hilbert
space; this is answered as the special case p = 2 of the following theorem:

Theorem 9. If2 < p < oo, then the following estimate holds for every A € {2,3,.. .}, for every subset D of L,
that is A-doubling, and for every Banach space (Z, || - |z):

e(Ly,D;2) S (pzy/logp)\/logk. (14)

We expect that the right hand side of could be improved to o(logA) also in the remaining range
1< p<2,ie, forevery A € {2,3,.. .}, for every subset D of L, that is A-doubling, and for every Banach
space (Z, || - lz), we conjecture that e(Ly, D;Z) = o(logA). The case p = 1 here is most tenuous in terms of
available methods and evidence. When 1 < p < 2, an attempt to combine our approach herein with the
proof of (@) in [53] leads to probabilistic issues that we currently do not know how to address but they
could be quite tractable. In terms of the best-known lower bounds in the context of Theorem |9} as every
finite dimensional normed space Y is A-doubling for A = e?@m™) it follows from and that for
everyA € {2,3,...} and every 1 < p < oo there exists a A-doubling subset D = D p of L, and a Banach space

Z =17, forwhiche(L,,D;Z) 2 v/logA if 2 < p <4 and e(Ly, D;Z) > (log\)'V2"VPlif p € [1,2) U (4, 00].

1.3. Randomized clustering. Given a metric space (171, dj;;) and a partition P of 771, denote for each
x € 1M the element of P containing x by P(x). For A > 0, a partition P of 771 is said to be A-bounded if
diamy,; (P(x)) < A for every x € 171. Here, as well as throughout the ensuing discussion, the dj;;-diameter
of @ # € <111 will be denoted diamj;; (C) = sup x,yeC dm(x,y) € [0,00].

Following [80], one says that P = {I'',I'?,...} is a random partition of a metric space (111, dy) if there
exists a probability space (Q,P) such that I'' : Q — 2", 12 : 0 — 2" . is a sequence of set-valued map-
pings that are strongly measurableﬂ namely, {w € Q: ENT(w) # @} is P-measurable for every i € N and
every closed subset E of 171, and if we write P = {T*¥(w) : ke N} for each w € Q, then the mapping w — P?
takes values in partitions of 771. Note that we are formally discussing here random ordered partitions of
1 into countably many clusters, but this nuance will not have a role in what follows (it is important only
for some of the results from the literature that we will need to quote). Measurability is not relevant when
N is finite, which is the setting that we will initially discuss below, but we will quickly need to also treat
random partitions of infinite spaces, at which point we will verify measurability as required.

Given A > 0, one says that P is a A-bounded random partition of (771, djy;) if P* is a A-bounded parti-
tion of (171, diy) for every w € Q. Given o > 0, arandom A-bounded partition P of a metric space (171, dj)
is said to be o-separating if the following requirement holds:

vr,yel, P[P £Pp] < %dm(x,y)‘ (15)

The separation modulus of (771, dj;;), denoted SEP(171), is the infimum over ¢ > 0 such that for every
A > 0 there exists a random A-bounded o-separating partition Py of 777; if no such random partition
exists, then set SEP (771) = co. This important concept has been introduced by [12], see [80] for the history.
For an infinite metric space (171, dj;;), define its separation growth {SEP” (Tﬂ)};ozl by

def
vneN,  SEP"(1) = sup SEP(C).
ccm
ICI<n
We say that (171, dj;;) has nontrivial separation growth if
. SEP"(M)
lim ——— =0. (16)
n—oo  logn
"This notion of measurability of set-valued functions is called here “strongly measurable” even though parts of the literature
calls it more simply “measurable” to distinguish it from the notion of a “weakly measurable” set-valued function which is also
commonly used in the literature but is not what we need herein. See [39] for a treatment of these classical concepts.
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The term “nontrivial” is used here since by [12] every metric space (111, dy) satisfies SEP” (111) = O(log n).

By [23, 51,1801, if 1 < p < 2, then SEP"(L,) = o(logn) if lim,,_.o(p — 1) (loglog n)/logloglog n = oo,
while if liminf,_.,(p — 1)loglogn < oo, then SEP”(LP) 2 logn. See [80, Section 1.7.6] for more on this
(including sharp bounds for fixed 1 < p < 2), where it is conjectured that SEP" (L) = o(logn) if and only
iflim,,—.oo(p —1)loglogn = co.

It was asked in [77, Question 1] (reiterated in [80, Question 83]) if L, has nontrivial separation growth
when 2 < p < oo (see [80, Section 1.7.6] for the relation to metric dimension reduction). This question
was answered affirmatively in [48] by showing that SEP"(L,) < (logn)!~'/” for every (p,n) € (2,00) x N.
It was also asked in [77, [80] if, in fact, for every (p, n) € (2,00) x N we have SEP"(L,) <, \/logn, which
would be asymptotically optimal as n — oo for every fixed 2 < p < co (see below). Here we prove that this
sharp evaluation of the largest possible separation modulus of an n-point subset of L, indeed holds:

Theorem 10. Forevery2 < p <oc andeveryne€ {2,3,...} we have SEP”(Lp) =, v/logn. More precisely,

Y(p,n) € (2,00) x N, Viogn < SEP"(L,,) < pz\/logn. (17)

The new content of is its upper bound on SEP"(L,,); the lower bound on SEP"(L),) in holds
since SEP"(L,) = \/logn, by [23], while SEP" (X) > SEP"(L,) for every infinite dimensional Banach space
X, by Dvoretzky’s theorem [30]. So, we now know that SEP”(L,,) =o(logn)asn—-o0if2<p=o0 ({‘/log n),
and it fails if p 2 logn because in that case £} embeds with distortion O(1) into L,, any n-point met-
ric space 771 embeds into ¢, and we already recalled that by [12] there exists such a space for which
SEP(1M) 2 logn. It remains open (likely requiring a substantially new idea) to understand what happens
in the remaining range +/logn < p = o(logn).

Remark 11. The first arXiv posting [83] of our work (which the present article supersedes) suppressed the
dependence on p in Theorem[10|because the main matter at hand is determining the asymptotic growth
rate of SEP"(L,,) as n — oo; this is what was asked in [77] and what Theorem answers. Nevertheless,
understanding the dependence on p is of value in its own right (partially because in applications some-
times p itself is allowed to depend on n), and an inspection of the proof in [83] reveals that it yields the
estimate SEP" (Lp) < 2o v/logn. This was achieved in [83] by combining the approach of [13}/48] with a
bootstrapping argument, which, as explained in [83} Remark 8] can also be realized as an iterative proce-
dure. The question of improving the dependence on p was broached in the subsequent work [49], which
enhanced the recursion in a novel and interesting way to get the bound SEP" (L) < p*\/logn. The proof
herein of Theorem[10|incorporates a more geometric approach by examining radially bounded random
partitions and relying on a new property of the Mazur map that could be of use elsewhere; an overview
of the ideas and steps of that proof appears in Section[1.3.3|below.

We will also prove the following theorem for doubling subsets of L:

Theorem 12. Ifp,\ > 2, then every A-doubling subset D of L, satisfies:

SEP(D) < (pz\/logp)\/log?\.

1.3.1. From separation of neighborhoods to Lipschitz extension. The similarity between the conclusions
of Theorem [10]and Theorem 5] as well as Theorem [12]and Theorem[9] are not coincidental. The link is
provided by Theorem[13]below, which we will deduce quickly in Section[7|from [53] (with input from [80]).

In the formulation of Theorem L3} as well as throughout the ensuing discussions, we will use the fol-
lowing (natural but nonstandard) notation. Given a metric space (171, dy;;) and € < 171, for every r > 0 we
will denote the r-neighborhood € in 171 by:

Bm@,nE B, n. (18)
xeC
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Given A > 0 we will denote by SEP 4 (771) the infimum over ¢ > 0 such that there is a random A-bounded
o-separating partition of 771 (again, if no such random partition exists, then write SEP (171) = o0). Thus,

SEP (1) = sup SEPA (111).
A>0
Theorem 13. Suppose that (111, dyn) is a metric space and that C # @ is a locally compact subset of 111.
Then, the following Lipschitz extension estimate holds for every Banach space (Z,|| - |z) and every L > 0:

e(M, C;2) <L+supSEPA(Bm(G A)) (19)
A>0

Our main contribution to randomized clustering of (neighborhoods of) subsets of L, is:

Theorem 14. There exists a universal constanty > 0 with the following property. Suppose that2 < p < co.
Foreveryne€ {2,3,...}, ifC is an n-point subset of Ly, then for every A > 0 we have:

SEPA(By, (€, %A)) < p?\/logn. 20)
Furthermore, for every A > 2, if D is a subset of L, that is A\-doubling, then for every A > 0 we have:

SEP4 By, (D, A)) (*V/logp)/logh. (21)

Because any neighborhood of a set contains the set itself, Theorem[14]strengthens (the upper bound
on SEP™(L,) in) Theorem and Theorem Furthermore, Theorem and Theorem@follow from The-
orem[14]by invoking Theorem|13] Indeed, any Lipschitz function from subset of a metric space that take
values in a complete metric space automatically extends to the closure of its domain, so in Theorem [14]
we may assume that D is a closed subset of L,,. As D is also assumed in Theoremto be doubling, it is
locally compact (see e.g. [38, Lemma 4.1.14], or notice that any ball in D is compact because it is totally
bounded and complete). The assumptions of Theorem[13|therefore hold with L = p by Theorem[14] Note
here that even when € < L, is finite, the above justification of Theoreminvolves random partitions of
infinite sets (neighborhoods of € in L), for which measurability considerations are pertinent.

1.3.2. From separation and extension to Euclidean embedding. The link between Theorem 5|and Theo-
rem is furnished by Theorembelow, which is an embedding statement of independent interest; one
can view it as a variant of the “measured descent” embedding method [47] that incorporates separating
partitions rather than the padded partitions that occur in [47]. The proof of Theorem[15, which appears
in Sectlon' 2} combines multiple ingredients, many of which (but not all) refine the reasoning in [5].

For Theorem 15} recall that e¥(777) = sup{e(€) : €< A || < k} was defined in Remark|4}

Theorem 15. Forevery n€ {3,4,...}, every n-point metric space (11, dm) satisfies

km2ek 4
SEP*(1M)=e*(N1; Ly) ) 22)

co (M) < \/(ogn) 108108”( Z k(logk)?

For every k € {2,3,...} we have SEPk(Lp) < p?+/logk by Theorem and ek(Lp) <e(Ly) S /p by BII.
A substitution of these two estimates into Theorem|[15|implies Theorem|1]as follows:

p*(logk)-p )
<
Sy S \/(logn)loglogn(z tlogh)?

k=2

n
=p’ (logn)loglogn(f
1

9

) = p3,/lognloglogn.

slogs



1.3.3. Localization and induction on scales, and a radial property of the Mazur map. The purpose of this
section is to provide an overview of the key ingredients of our proof of Theorem[14]
Suppose that (171, dj;;) is a metric space and C < 171. The djy; - (circum)radius of C is defined as follows:

rady; (C) d:efinf{r € [0,00] : 3x € M such that By (x,1) 2 €}, (23)
Given A > 0, we will say that a random partition P of C is radially A-bounded with respect to 771 if:
Vxe€,  radpy(Px) <A. (24)
A random partition (w € Q) — P® of C, defined on some probability space (Q,P), is radially A-bounded
with respect to 171 if rady;; (P* (x)) < A for every w € Q and every x € C. Given a random partition P of C
that is radially A-bounded with respect to 771, say that it is o-separating for some o > 0 if holds.
Denote by SEP, (C; 171) the infimum over ¢ > 0 such that there exists a g-separating random partition

of € that is radially A-bounded with respect to 771 (as always, when no such partition exists we define this
parameter to be co). Recalling that diam;j; (-) denotes the djy;-diameter, the following bounds hold:

Vo #£Cc, rady, (C) < diamyy (€) < 2rady, (C). (25)

Consequently, the following simple general relations between the separation and radial separation mod-
uli are satisfied for every metric space (171, diy), every @ # € <111, and every A > 0:

SEPA(C; 1) < SEPA(C) < ZS/E\P%(G;WI), (26)

Even though the above radial variants of the notions of random A-bounded and o-separating parti-
tions may seem to be nuanced minor tweaks of the standard (by now classical) definitions, we will see
that they influence our results in a way that is more dramatic than what one might initially expect.

The following lemma is a localization and induction on scales principle for random radial separation:

Lemma 16. Suppose that (111, dyy) is a separable metric space and that @ # C < 111 satisfies

!
AII—IEOKSEPA(G) =0. 27
Then, the following estimate holds for every A >0 and K > 1:
(o]
— 1 —
SEPA(GM) < Y. — lim sup SEPksa(CN By (2, K*H ' A +€);M). (28)
s=0 K* e=0" zem

The limits in exist as the summands are nondecreasing with €. We used the term “localization”
to describe Lemma as the s-summand in depends only on €N By (z, KS*'A +€), which is a “local
snapshot” of €. We used the term “induction on scales” to describe Lemmal[16|as the left hand side of
treats partitions at scale A while the right hand side of considers partitions at an increasing sequence
of larger scales. Our proof of Lemmal[16|is an iterative use of the following observation. One can partition
C into clusters of radius at most A by first partitioning it into clusters of radius at most KA; each of those
clusters is thus contained in a ball of radius KA +¢, so we can proceed to refine the aforementioned initial
partition by partitioning each of the enclosing balls into pieces of radius at most A.

A standard tool for analysing the geometry L, is the classical Mazur map [67] to L (and shifts thereof),
whose restriction to balls has well-understood (and widely-used) quite favorable uniform continuity
properties, i.e., it is well-behaved on the local snapshots of € that appear in the right hand side of (28).

For 1 < p, g < oo, the Mazur map M4 : L, — L is defined [67] by:

VoeLy, Viel01l,  My_q@) (0 1o sign (o). (29)

If p > 2, then M),_., is Lipschitz by [67], so we may consider the following normalization of the Mazur
map that makes it be a 1-Lipschitz function from L, into the Hilbert space L;:

~ def 1
p—2 =

= M,_,. (30)
IMp—2llLipw iz
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The normalization factor in satisfies ||Mp_,2||Lip(Lp; 1,) < p, as computed in [75} equation (5.32)].
We will prove herein that there exists a universal constant § > 0 such that the following inclusion holds:

— _ 1 1

VoeBr,  (My_s) (BL2 (M,,Hzap), g)) c BLp(;gb, 1- 5), 31)
where By, is the ball in L, of radius 1 centered at the 0-function; more generally, the unit ball centered
at the origin of a Banach space (X, || - lx) will always be denoted Bx = {x € X: [ x|lx < 1} = Bx(0, 1).

The upshot of is that the restriction of f]\/vlpﬂz to By, gives a 1-Lipschitz function f into a Hilbert
space with the property that for any point x € By, the pullback under f of the Hilbertian ball centered
at f(x) of radius /p is contained in an Lj,-ball whose radius is a definite number (independent of x)
smaller than 1, albeit ever so slightly as p — co.

Returning to the setting of Theorem([14] the above discussion sets the stage for the following procedure.
First apply Lemma[16|with K = 1/(1—-1/(4p)); the choice of this value of K will allow us to take advantage
of the radius decrease in from 1 (the radius of the domain of f) to 1-1/(4p).

Thus, suppressing (only for the purpose of the present proof sketch) the small additive € > 0 correction
of the radius that appears in (the complete reasoning in Section|6|takes this correction into account),
we may now fix z € 171, A > 0 and an integer s > 0 and focus our attention on obtaining a separating
partition that is K*A-radially bounded with respect to L, of the local snapshots € n By, (z, K St1A) and
DnBL,(z,K St17). By translating by z and rescaling by K**!A, we are thus interested in obtaining a
separating partition that is (1/K)-radially bounded with respect to L, of €N B, and Dn By,

As these local snapshots are contained in the unit ball of L, we may apply the Mazur map to them, for
which holds. The resulting images are now subsets of L,, on which we may us Euclidean geometric
considerations to randomly partition them with good separation into clusters of L,-diameter at most 5/p
(using the partitioning results of [23} 53} [80] as well as the Kirszbraun extension theorem [46] and the
Johnson-Lindenstrauss dimension reduction lemma [41]). The pullback under the normalized Mazur
map of the resulting partition will then have good separation, and by it will have L,-radius a most
1-1/(4p) = 1/K, as desired. Note that the center (1/p)¢ of the ball in the right hand side of need not
belong to the corresponding local snapshot of € and D, but this is permitted by the definition of radially
bounded random partitions with respect to the super-space L. By substituting the resulting bounds on
the radial separation moduli of the snapshots and summing over s, Theorem [14]follows.

Remark 17. As we already mentioned, good bounds on the moduli of uniform continuity of the Mazur
map are well known [75, equation (5.32)] and widely used. If one incorporates into the above reasoning
those bounds in place of the new radial property of the Mazur map that we obtain herein, one arrives
at exponential dependence on p in the right had side of and of (2I). In Section [3|we will prove that
such an exponential loss is inherent to the aforementioned alternative route, and it will be incurred by
any uniform homeomorphism from the unit ball of L, () into Hilbert space, not only by the Mazur map.
What achieves is power-type dependence on p if one is willing to settle for a small gain in the radius
of the pre-image. This forces us to work with K close to 1 in Lemmal |16} so the geometric convergence
in is slow, but as K — 1 is of order 1/ p, this leads to a multiplicative loss which is also just O(p).

1.4. Beyond L,. Here we will discuss generalizations of our results to Banach spaces that need notbe L,
(or any L, (u) space, for which all the statements are identical). Those who are interested only the afore-
mentioned statements for L, can harmlessly skip this material, which assumes some (entirely standard,
per e.g. [15]) background from Banach space theory that is not pertinent to the ensuing proofs.

An inspection of the reasoning herein reveals that if (X, || - [|x) is an infinite dimensional Banach space,
then the conclusions of Theorem|[1} Theorem [5} Theorem[9} Theorem[12} Theorem[10} and Theorem [14]
hold with L, replaced by X provided that there is an injective Lipschitz function from the unit ball of X
into a Hilbert space whose inverse is uniformly continuous, with the only difference being that in this
(much) more general setting the dependence on p should be replaced by a dependence on the Lipschitz
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constant and the modulus of uniform continuity of the inverse in the aforementioned assumption on X.
There is substantial literature [67} 20} [88, 21}, 28| (15} 92} [2 93} 26} 27] that obtains uniform homeomor-
phisms from the unit ball of certain Banach spaces into a Hilbert space, which we will next describe.

The important work [88] implies that if (X, || - ||x) is a Banach space with an unconditional basis whose
modulus of uniform smoothness has power-type 2 and whose modulus of uniform convexity has power
type p, then there is an injective Lipschitz function from the unit ball of X into a Hilbert space whose
inverse is (2/p) -Hﬁlderﬁwhence the theorems that we listed above hold for such X. The work [21] gener-
alizes the aforementioned result of [88] to Banach lattices, though in a manner that is lossy with respect
to the Holder estimates that are obtained; we expect, however, that with not much more care the rea-
soning in [21] could be adapted to show that if (X, || - [x) is a Banach lattice whose modulus of uniform
smoothness has power-type 2 and whose modulus of uniform convexity has power type p, there is an
injective Lipschitz function from the unit ball of X into a Hilbert space whose inverse is (2/ p)-Hélder.

By [93l, if (X, | - lIx) is the Schatten—von Neumann trace class S;, or more generally if it is a noncom-
mutative L, space over any von Neumann algebra, then there is an injective Lipschitz function from the
unit ball of X into a Hilbert space whose inverse is (2/ p)-Hélder, thus showing that the theorems that we
listed above can be generalized to this noncommutative setting. We conjecture that the same holds for
any unitary ideal Sg over any Banach space (E, | - ||g) with a 1-symmetric basis, provided that E has mod-
ulus of uniform smoothness of power-type 2 and modulus of uniform convexity has power type p; we
leave this as an open question that seems quite accessible (perhaps even straightforward) with current
technology (the work [40] could be especially helpful here).

There are valuable works that construct uniform homeomorphisms into Hilbert space of unit balls in
interpolation spaces (see [28, 26} 27] and [15} Section 3 of Chapter 9]), but they do not yield the above
Lipschitz estimate and it would be interesting to understand (perhaps requiring a substantial new idea)
whether such a Lipschitz estimate could be derived in this context as well (under suitable assumptions).

Problem 18. The extent to which the inclusion generalizes beyond L, is uncharted (and currently
unstudied) territory. In particular, it would be interesting to determine if holds for the noncommu-
tative Mazur map on the Schatten-von Neumann trace class S, when p > 2. And, it would be worthwhile
to understand how should be changed when L, is replaced by a Banach space (X, || - [x) with an un-
conditional basis whose modulus of uniform smoothness has power-type 2, the pertinent question being
how the radii of the balls that occur in should depend on geometric characteristics of X.

1.5. Roadmap. The rest of the ensuing text is organized as follows. We will start by proving Theorem [15]
in Section[2] As we explained in Section [L.3.2} this will complete the reduction of Theorem [I| to Theo-
rem[10} Thus, what will remain to be done after Section [2]is to prove Theorem|14} which we have already
seen implies the rest of the new results that are obtained herein; the corresponding extension statements
rely on Theorem [13} which is not stated in the literature but readily follows from the link between ran-
domized separation and Lipschitz extension that was discovered in [53]. The justification of Theorem[13]
using 53] appears in Section[7} In Section [3|we will set the stage for proving the inclusion (31), which
we will do in Section[d] While the concepts that are discussed in Section [3|are not needed for the proof
Theorem[14} those motivate their radial counterparts that are used for this purpose and are discussed in
Section[d] Also, Section 3| proves an impossibility result that explains the need for the variants that Sec-
tion[d| provides. Lemmal(16]is proved in Section[5} and the proof of Theorem|14]is completed in Section|6}

2. MEASURED DESCENT FOR SEPARATED PARTITIONS (IN THE PRESENCE OF LIPSCHITZ EXTENSION)

The purpose of this section is to prove Theorem|[15] As we explained in Section[1.3.2} this will reduce
Theorem|1]to Theorem[14} which will be proven later, in Section[6|below.

8[88] obtains such a function into L; rather than into Ly, but it is straightforward to adapt the reasoning so as to obtain a
function into L. Furthermore, these Lipschitz and Hoélder assertions follow from an inspection of the proofs in [88], but they
are not stated there explicitly. It is perhaps simplest to verify them by examining the exposition of [88] in the monograph [15].
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2.1. Weakly bi-Lipschitz embeddings. Section[I.I|recalled (for brevity of the Introduction) only the no-
tion of Euclidean distortion, but it is standard (and fruitful) to study the analogous concept for embed-
dings into an arbitrary metric space. A metric space (171, di;;) has a bi-Lipschitz embedding of distortion
D > 1 into a metric space (£, dz) if there is a nonconstant Lipschitz function f: 711 — Z satisfying

— dz (F00, F() > IIfIILmD(m;z)
The Z-distortion cz (111) of 171 is the infimum over those D € [1,00] for which an embedding f as above
exists. We also denote C;’% (M) =supfcz(C): |1Cl <N A 2<|C| < n} for every integer n > 2.

There is a “one scale at a time” variant of the above classical setup, which is an important and com-
monly used concept in the study of metric embeddings; the relevant terminology, which we next recall,
was introduced in [81} p. 192] (the reason for the nomenclature is further articulated in [75} Section 7.2]).

dm(x,y), (32)

Definition 19. A metric space (111, dy) admits a weakly bi-Lipschitz embedding of distortion D > 1 into a
metric space (£, dz) if for any A > 0 there is a nonconstant Lipschitz function f = fa : 11l — Z satisfying

I flLipam;,z
f ip(IM; )A.
D

Analogously to the above notation, in the setting of Definition[I9|let d z (777) be the infimum over those
D € [1,00] for which (171, dj;;) has a weakly bi-Lipschitz embedding of distortion D into (Z, dz), and write

Vx,yeM,  dmxy)=>A= dz(fx),f(y)>

vne23,..), dLom%E sup dz(@.

ccm
2<[CILn

We will also use the shorter notation de (M) =d, (M) and dzn UDE d,’;(m) forp>1land ne{2,3,...}.
Suitably defined “spatially localized” variants of Definition [19| will be discussed in Section [3| below,
as they are important for proving the results that obtained herein. In this section, though, it suffices to
consider only the above “vanilla” notion of “one scale at a time” embedding, as well as the following ad
hoc notation for an obvious (also standard) “two-sided scale-localized” version thereof.
Given metric spaces (111, dy) and (£, dz), let dz (M) denote the infimum over those D € [1,00] with
the property that for any A > 0 there exists a nonconstant Lipschitz function f = fa : 171l — % satisfying

||f||Lip(7fZ;;2§)A
D
We also use the shorter notation aLp D ap (M) and agp am = a,’; (M) for p>1and n€{2,3,...}, where

Ve,yeM, A<dmn(xy) <2A = dz(fx), f(y) > (33)

Vnei23,..), dLomE sup dz(@.
Ccm
2<I€Ln

Remark 20. The factor 2 in was fixed for concreteness, but it is an arbitrary choice of minor signifi-
cance to the context of what we study herein. Specifically, suppose that 1 < a < # < oo and for any A >0
there exists a 1-Lipschitz function fa : 111 — L satisfying

A
Vx,yell, A<dmxy)<al = [[fa(x)=fa)lL, > D (34)
Set k = [(logB)/loga] — 1. If x, y € 111 satisfy A <dm(x,y) < BA, then alA < dp(x, ¥) < a*1A for some
i €1{0,...,k}, whence || fyin(X) = foin(W L, = a'A/D > A/D. So, if we define ga : 111 — L, ® Ly = Ly by

1 k
g ——Y fia@eu;,

vk+1iD

where vy, ..., Vg is an arbitrary orthonormal system in Ly, then g is 1-Lipschitz and

Vx,yell, A<dn(x,y) <PA = lIga(x)—gaM L, =

13
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Therefore, the existence for every A > 0 of a 1-Lipschitz function satisfying implies the existence for
every A > 0 of such a function having the analogous property with a replaced by 8 and D replaced by

logﬁ"
=q8 D
Loga “p

2.1.1. From separation and extension to a weakly bi-Lipschitz embedding. Lemmal[21]below bounds d» ()
by a product of separation moduli and (squares of) Lipschitz extension moduli, as those that appear in
the statement of Theorem The statement of Lemma 21| uses the following common notation and
terminology, as well as the nonstandard notation that we will introduce in (35).

Given a metric space (171, dyy;), a subset 11 is called a net of 171 if there is r > 0 such that 71 is r-separated,
i.e., dm(a, b) > r for every distinct x, y € 11, and 1 is also e-dense in 171, i.e., for every x € 111 thereis a € 1
such that dj; (x, a) < r. For each target metric space (7, dg), the Lipschitz extension modulus from nets
enet (111, J) is defined to be the supremum of e(771,11; Z) over all possible nets 71 of 771, where we recall
that the (standard) notation for Lipschitz extension moduli was already introduced in Section Clearly
enet (ML, T) < e(M;T), but it is worthwhile to single out extension from nets because it is an especially
important and useful instance of the Lipschitz extension problem, and there are situations in which
bounds on epe (171; 7') are known that are stronger than the available upper bounds on e(771; ); examples
of works that either treat or rely on extension from nets include [18} 14} [71},[76} 82, [79} 3} (19} [85] .

For Theorem |15} it is convenient to introduce the following notation for every metric space (171, dy):

(M) = 0N, doyy) dEfmax{SEP(n)e(m,TZ;Lz)z - Nis anet ofm}. 35)

Thus, I1(171) < SEP(1M)enec(M1; Ly)? < SEP(M1)e(NN1; Ly)?. The following lemma relates the “separation-
extension product” I1(/71) to the weakly bi-Lipschitz Euclidean distortion d, (171):

Lemma 21. Every finite metric space (111, dy) satisfies d» (111) < 8I1(11) + 1.

Proof. Our goal is to prove that for any A > 0 there is a 1-Lipschitz function f = fa : 111 — L, such that

A
> —_ > P
vx,yell, dnx, 2N = Ifx)-fWL, = SO+ 1 (36)

Set m =[] and fix A > 0. Let 0 < € < 1/2 and 0 < § < 1 — 2¢ be auxiliary parameters whose values will
be specified later to optimize the ensuing reasoning. Fix from now an arbitrary (¢A)-net 71 of 171.

Let {vs}sen < Lo be an orthonormal system of 2"l vectors in Ly, indexed by the subsets of 1. Denoting
by Q the collection of all the (§A)-bounded partitions of 71, let u be a probability measure Q such that

EP
Ya,beNl, u[PeQ: P@#Pb)]< > 6A(n)dm(a,b). 37)
We can now define a function { : 711 — L, (u; Lo) as follows:
VaeN vPeQ, w@@®X 2;{(_)1@(,”. (38)

As |lvg — vgllf2 =2 whenever §,T < 1 are distinct, every a, b € 11 satisfy

AVed
b (a) - w(b)”Lz(,uLz)-\/i\/z u[Peq: Pla) £ P
(39)
\/sASEP(Tl)dm(a b) I VeAdm(a,b) dm(a,b)
D) S e(M, N; 05) e(m N6

where the last step of holds as dyy (a, b) > €A for distinct a, b € 1. By (39), the Lipschitz constant of
1 is at most 1/e(171,11; ¢,), so there is a 1-Lipschitz function ¥ : 111 — Ly (y; L) that extends .
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Consider x, y € 111 with dj; (x, y) > A. Take a, b € 11 such that dyy (x, a), dij (y, b) < €A. Then,
dm(a,b) = dm(x,y) —dm(x,a) —dm(y, b) = (1-2€)A > 6A, (40)

where the last step of is where the assumption § < 1 — 2¢ is used. Since diam;y; (P(a)) < 6A for every
P € Q, necessarily b ¢ P(a). In other words, P(a) # P(b) for every P € Q. Equivalently, every P € Q
satisfies |vp) — vpwy iz, = v/2. Recalling the definition of 1, because a,b € 1l and ¥ extends \ we
consequently have ||V (a) — ¥ (D) |, ;L) = IV (@) =V D)L, (L,) = AVeESITI(IN). Therefore,

W (x) =YWL, (1) = 1Y (@) =Y (D) L, (u51,) — 1P (X) = V(@) I, (12,) — 1P (¥) = Y (DI, (51)

AVeED Ved (41)
= = dp(x, @) —dpy b 2> ( 2 __ 2£)A,
I D)
where the penultimate step of uses the fact that W is 1-Lipschitz.
def

The right hand side of is maximal for € = gopr = 6/(16I1(711)), which is a valid choice for the
above reasoning provided that the requirement 6 < 1 — 2&, is satisfied, i.e., if & < 8I1(717)/ (8I1(111) + 1).
Assuming from now on that this restriction on § holds, substitute £y into @I). Since ¥ takes values in
an m-dimensional subspace of a Hilbert space, by composing ¥ with an isometry between that subspace
and £," and translating the resulting function so that 0 € £" is in its image, we conclude that for every
0< & <8I/ (8I(M) +1) there is a 1-Lipschitz function ®5 : 111 — Bem (0,diam(17)) that satisfies:

O0A
8DIIM)

Now follows by takinga § — (8I1(777)/(8I1(111) + 1))~ limit of ®s along a convergent subsequence. [

Vx,yel, dmx,y) 20 = [|Ps(x)—DPs(¥) g >

2.2. Strongly bi-Lipschitz from weakly bi-Lipschitz. Here we will prove the following embedding result:
Theorem 22. Forevery ne€ {3,4,...}, every n-point metric space (11, dym) satisfies

-1 dkm? 2
cz(m)gmax{\/logn( > k(zl(()—gk))z) ,dg(m)}\/loglogn. (42)

k=2
Thanks to Lemma[21} Theorem[22|implies Theorem[15] In fact, this yields the following estimate:

n—-1 11k 2\3
[am ) ,H(m)}\/loglogn

(M) ,Smax{ \/logn( >

= k(logk)?
n=1 SEPK(11)2ek  (1M1; 1,)*) 2 “3)
(35) - . 2

< max{\/logn(z k(loe;Iect)z 2 )2,SEP(m)zenet(m;L2)4}\/loglogﬂ,

k=2

which is a strengthening of (22), where uses the following notation:

VkeN, D) def sup TI(C) and eﬁet(m; L) def sup enet(C; Lo).
p#CcIM p#Cs
ICI<k ICI<k
(This adheres to the notational convention that we have been maintaining throughout by which a super-
script indicates the hereditary version of an invariant of metric spaces which is obtained by considering
the subset of the metric space of a given size for which the invariant in question is maximal.)

For the sole purpose of proving Theorem [3| (as a consequence of our Theorem [10|and the Lipschitz
extension theorem of [81]), one could use [5] as a “black box” rather than using Theorem[22] Specifically,
Theoremfollows by fixing p > 2, using Theoremand the estimate e(L,; L,) < /p of [81] to deduce
that Hk(Lp) < p®/logk for every integer k > 2, whence dlzc(Lp) < p3/logk by Lemma and now a
substitution of this conclusion into [5, Theorem 4.1] yields Theorem |3}
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Thus, those who wish to verify Theorem8|while appealing to the published literature can stop reading
Section 2] here, and continue reading the present article from Section [3|onwards; that material does not
rely on the contents of the rest of Section[2]

Notwithstanding the above discussion, it is worthwhile to revisit the ideas of [5] so as to derive Theo-
rem[22|because it is an independently interesting geometric statement that did not appear elsewhere. In
comparison to the reasoning in [5], the ensuing proof of Theorem 22]is more modular and its steps are
more general and flexible, so they could be of use for further investigations elsewhere.

Observe that Theorem[22)implies the following embedding result:

1 dkamy Vlogl
V-<60<1,VC>1, max —=2 <C = (M) < C(logn)emin{—()g Ogn,loglogn}. (44)
2 kei2,...n} (logk)? V20 -1

The special case 8 = 1/2 of coincides with the case € = 1/2 of [5, Theorem 4.1]. However, if1/2 <60 <1
is independent of n or more generally iflim,,_.., (0 —1/2)loglogn = co, then improves asymptotically
over [5, Theorem 4.1], though this could also be deduced by a careful inspection of the proof in [5].

In fact, the ensuing justification of Theorem[22]is an involved but quite direct refinement and gener-
alization of the reasoning in [5]; it is also not entirely self-contained because it uses [5, Theorem 4.5] as
a “black box,” since we do not have anything novel to add to [5} Theorem 4.5] (there are enhancements
of [5, Theorem 4.5] that appeared in [4}[22], but those are not needed for the present purposes).

2.2.1. Weakly bi-Lipschitz embeddings of controlled local growth centers. A key part of the proof of The-
orem [22|studies the geometry of the set of points in a metric space which are centers of balls whose size
increases in a controlled manner for radii that belong to a prescribed range. The pertinent object is:

Notation 23 (controlled local growth centers). Suppose that (111, dyy) is a locally finite metric space (thus,
all balls in 111 are finite). ForK > 1 and R > r > 0, let G<x (1, R) denote the set of centers in 11l at which the
growth rate of balls from radius r to radius R is at most K, i.e.,

d def |Bm (x, R)|
<k (R =GZ(r,R) = {xem: ———— <Ky (45)
¢ #<K |Bm(x,1)|
Note in passing that the sets of Notation[23|obey the following immediate inclusions:
VISKSK,VOSr<r'<R'<R  G«x(nR) G (r,R). (46)

The following theorem derives favorable Euclidean embedding properties of the sets of controlled local
growth centers from Deﬁnition which refine and generalize results that were obtained in [5]:

Theorem 24. Fix an integer n > 3 and supposed that (111, diy) is an n-point metric space. Then,
o Thereis al-Lipschitz function y : 11l — L, satisfying the following for every0 <r <R and K > 1:

1 3 R-r
V(x,y) € Gk (r,R) x 1M, dm(x,y) > Er + ER = |lyx) -y, 2 —. 47)

vKlogn

o There is a universal constant C > 1 with the following property. Fix K,D, 8 > 1. Suppose that for
any C < M with |C| < K and any A > 0 there is a 1-Lipschitz function f = fe a : 11l — Ly satisfying:

A
Vx,yeC,  A<dm(xy) <3A = |f(x)-fWlL, = D (48)

Then, for any A > 0 and any R > r > 0 that satisfy the restrictions
A>9Dr and  R-r>Cp(log|G<k(r,R)I)A, (49)
there is a 1-Lipschitz function ¢ = ¢, r : 11l — Ly for which the following property holds:

A
V(x, ) eGex(nR) xN,  A<dm(x,y) <A = o) —dWL, 2 D (50)

Prior to proving Theorem [24]we will next explain how it implies Theorem 22}
16



Proof of Theorem[22 assuming Theorem[24 Let C > 1 be the universal constant from (the second part of)
Theorem [24] For the ensuing reasoning, it will be convenient to set the following notation:

rk & —Zi
bo2rdkam

Fix k € {1,..., n}. By the definition ofalzC (M) and Remark for =6 and a = 2, for every subset C < 171
with 2 < |C| < k and every A > 0 there exists a 1-Lipschitz function f = fe 5 : 711 — L such that

VieZ Vke(l,...,n}, and  R"E'3C(ogn)2!. (51)

A
Vx,yeC, A<dm,y)<6A = If(X0)-fWL, 2 =—-
y y FOO=f O, = = o)
The assumption of the second part of Theorem [24]therefore holds with the following parameters:
=2 and K=k and D=3dsom. (52)

Consequently, for every i € Z there exists a 1-Lipschitz function ¢>f : 111 — L, such that

Vxy) € Gek(rf RY) x M, 27 <dm(x,y) <27 = 195 () = dF e, 2 7, (53)
This is indeed a valid application of Theorem 24]for the parameter choices
A=27d50M)2"  and r=rF and R=R!, (54)

because A =9Dr by and (54), and furthermore since C > 1 and |G<k (1, R)| < [I11| = n we have

. .
R—r = 2C(ogm2’ >2C(log|CG<x(r, R)2' E22ED B (log| Gk (r, RI)A.

Apply [5, Theorem 4.5] to {(,bf} kez with the parameters A =3C(logn)/2 > 1and B = 273’5 (M) <logn,
while using B < log 1, which holds by [16]. This yields ¢* : 171 — L, that has the following two properties:

" ILipom;Ly < /(Togn)loglogn, (55)
and
|Bi (x, R™)| 22i
Vx,ye M, Viez,  llo*x) -¢*)? Z{IO —lJmin{A ok x) — ok 11?7 } (56)
y @ @Iz, ) Bri ) aEany b, i WL,

For every distinct x, y € 171 define i(x, y) € Z by the requirement 2/Y) < dp (x, y) < 2800+ je,,

i(x,y) & | log, dim (x,y)]. (57)

We will also set i(x,x) = —oo for every x € 11l. As |11l| = n the definition of G<,(r, R) implies that
G<n(r,R) =M for every R > r > 0. Hence, the following index £ (x, y) € {1, ..., n} is well-defined:

n
Ay Emin{ke (1., xe () Gar(rfy Rl )} (58)
l=k

For every x € 171, the above convention i(x, x) = —oo is consistent with setting  (x, x) = 1. We calim that

llog# (x, )]
dsam

To justify B9), fix x, y e M and k € {£(x, ), £ (x, y)+1,...,n}. If A(x, y) € {1,2}, then the right hand side of

the inequality in vanishes, so holds vacuously. We can therefore assume that £ (x, y) € {3,4, ..., n}.
As k > £(x,y), the definition of £ (x, y) and the definition of i(x, y) show that

k (X, i(x,y)+1
x€Ger(rie,yRile,y) and 25V <dp(x, y) <2/ (60)

Vx,yeM, Ve lh(x, ),k +1,...,m,  lo ) -, > dm(x, y). (59)

Consequently,

EOAGD dm(x,y)

k k
”(Pi(x,y)(x)_(pi(x’y)(y)”Lz z ri(x,y) = W (61)
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At the same time, by the minimality of 4 (x, y) per (58), we have

( A(x,y)-1 Rn

X € G<hiny)- i l(xy)

which by is equivalent to the following lower bound on the growth rate of balls centered at x:

|Bm (%, R}{,. )
ml)fxy)y > ) - 1. (62)
|Bm(x rl(xy) )|
Since dk(m) > dﬁ(x W= 1(771) we have rl oy S < rf((x)f’;;)_l by (51), and therefore
£x,y)-1
|Bn1(x rt(xy))' |Bn]( z(xny; )| (63)
Consequently,
|Bm(x R, )| | &3 |Bm(x, R}, )
{logz B#J > { g e J > |log,(A(x,y) - )| <logh(x,y),  (64)
| m(x’rl(x,y))| |Bnl(x;rl(x’y) )\

where the last step of (64) is valid because we are now working under the assumption £ (x, y) > 3. The
desired assertion (59) now follows by substituting (6I) and (64) into (56) while using 2! = dy; (x, y).
Next, observe that the function y : 771 — L, from the first part of Theorem satisfies:

lWlvpon;z,y <1 and  Vx,yel,  llyx) -y, 2 dm(x,y). (65)

1
VA, y)logn

Indeed, the first part of is the upper bound on the Lipschitz constant of y from statement of Theo-
rem[24] For the second part of (65), fix distinct x, y € 111 and record the following (very) crude bounds:

n & i y-1 iy B L kxy) | 3 i1
Riixy > 2 and dm(x, y) > 2rl(x nt 22 (66)
Thus,
A(x,y) pn Ax,Y) 5i(x,y)-1
X€ggﬁ_(xy ( i(x,y) 'Rt(xy)) ggﬁ(x;)’)( Tix, ) 210 ) (67)

where the first step of follows from the case k = £(x, y) of (60) and the second step of follows
from the first part of and the (trivial) monotonicity property of the sets of controlled local growth
centers. We can thereofre complete the justification of the second part of as follows:

i y)-1_ Aoy Lo
2 iy 20970 dpy(x, y)

VHE(x,y)logn \//i(x,y)logn B \//i(x,y)logn’
where the first step of (68) uses the first part (47) of Theoreleth r= 0D B oitiy- LK=A(x,y),

i(x,y)’
which is valid thanks to (67) and the second part of (66).
If vy,..., v, is an orthonormal system in Ly, then define f :M — L ® Ly = L, by setting

ly () =y (WL, 2 (68)

az(m)
Vxell, f(x) \/(logn)loglogn Y(x)® v+ E —— ke ") v,  (69)
\/_logk \/logn

The orthonormality of vy, ..., v, and the the bounds on the Lipschitz constants in and give

n=1 dkm? \z

I fllipon;aery) S max{ \/10%"( > k(zlo—gk)z) ,d2(1M) ¢ /loglogn. (70)
k=2
18



Furthermore, every distinct x, y € 111 satisfy the following lower bound:

1) = F D)o, EINEINED (loglogn + loghx,) "i 1, llogh(x,y)] )i
dm(x,y) ~ k(x,y) T kT klogk)? logn
n 1
> (—logk’g” + llogA(x, )] ds__, Uoghtx,y)] ) 1)
ﬁb(xr y) max{£ (x,y),2} S(log S) lOgI’l
logl 1 logh (x, )] \ 2
=(0)g0gn+u()gé(x,y”( : B )+L0g (xy)J)ZZL
k(x,y) logmaxi{£(x,y),2} logn logn

where the last step of is verified by considering separately the cases 1 < £(x, y) < max{loglogn, 3},
max{loglogn,3} < A(x, y) < v/nand /n < £(x, y) < n. The desired distortion bound of Theorem
follows by combining and for the embedding f of 771 into Hilbert space. O

Passing to the proof of Theorem [24] we will first justify its first part by following the reasoning in the
proof of [5, Claim 4.6] as well as its predecessors [68, Lemma 3.4], [1, Theorem 2] and [25| Lemma 2.9],
all of which are an elaboration of the important embedding technique that was introduced in [16].

Given a metric space (171, dy), the distance of a point x € 771 to a nonempty subset € of 771 is denoted
as usual by dj (x, €) = inf{dyy (x, ) : y € C}. It is worthwhile to state separately the following observation:

Observation 25. Let (171, dy) be a finite metric space. Given 0 < p < 1, denote by Zp the (p-Bernoulli)
random subset of 111 that is obtained by including independently each x € 11l in Z with probabilityp, i.e.,

veem, PIZ,=Cl=pla-pCl (72)

Then, for every0 < r < R and every x,y € 1l such that dmy (x,y) > %r + %R, we have
R_
P Zp Z@ and |dm (x, zp) _ dm (J/; zpn > Tr] > min{(l _p)le(x,R)I’ 1-Q1 _p)le(x,r)l}‘ (73)

Proof. Consider the events E and F that are defined as follows:

{ Edgf{dm(x,zp) >R and dp(yZ,) <52}, (74)
Fd:ef{dm(x,zp) <r and dm(y,Zp) > % )
By definition, ENF=@and EUF S{Zp #® A |dm(x,Zp) —dm(y,Zp)| > (R—r)/2}, so we have
R—-r
P [Zp #@ and |dm(x,Zp) —dm(y, Zp)| > — = P[E] +P[F]. (75)

Note that the event {dj;; (x, Zp) > R} occurs if and only if Zp contains no point from By (x, R), and the
event {d;(y, Zp) < (r+R)/2} occurs if and only if Zp contains at least one point from By (y, (r+ R)/2). By
the triangle inequality for djy;, the assumption dy; (x,y) > r/2+3R/2=R+(r+R)/2 of Observationim-
plies that By (x, R)n B (y, (r+R)/2) = @, so {d (x,£p) > R} and {d (y, £p) < (r+R)/2} are independent
events, thanks to the definition of Zp. Consequently,

r+R

PIEI 2@ P[Z,nBn(x, B = 2] P (1—p)Bn®RIp

dm(y, Zp) <

+R
dm (3, Zy) < = . ] (76)

In the same vein, the events {dy; (x,£p) < r} and {dm (y, £yp) > (r + R)/2} coincide with, respectively, the
events {£,N By (x, 1) # ¢} and {ZL, N By (y, (r+R)/2) = ¢}. The latter two events are independent because
Bm(x,r)nBm(y,(r+R)/2) € Bm(x,R)Nn By (y, (r + R)/2) = @, so we have

r+R 72)

L (1 - _p)|Bm(xvr)|)|]:|>

PIF) 2@ P2, By, 1) # 0P

dm (y, Zp) >

R
dm(y, Zy) > %] . (@7
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The desired bound is now justified as follows:

R—r
P[Zp #@ and |dpn(x,Zp)—dm(y,Zp)| > —]

2
(73 (76
/\/\ (1—p)/ BRI p dm (%, Zp) < r+R +(1‘(1‘P)'B”“x'”')ﬂﬂ>[dm(y,:z;p)> r+R
R R
>min{“‘P)'B’”“"R”»1—(1—9)'3"”“’”'}(”3 dm(y,Zp) <5 | 4P A,z > ])
:min{(l_p)|Bm(X,R)|,1_(l_p)le(x,r)l}. 0

For the of proof of the first part of Theorem [24] it will be notationally beneficial to use the convention
that the distance of a point x € 711 of a metric space (111, dyy;) to the empty set equals oo (in our setting 771
is finite, so the same purpose will be served by defining dj; (x, @) to be any fixed number that is strictly
larger than the diameter diam(771) = sup{dy;(y,z) : y,z €111} of 1, say, dm (x, @) = diam(171) +1).

Proof of the first part of Theorem|24 For each i €{1,...,[logn]}let Z,-: be the random subset of 771 from
Observationwith p= 2~ Denote the probability space on which these sets are defined by (Q,P); it can
be the corresponding product space, though they need not be independent for the ensuing reasoning.
Let 11, v2,... be an orthonormal basis of L, and define a 1-Lipschitz function f : 711 — L,(P; Lp) = L, by

[logn]

V/ [logn] ,;1

For every x € M and R > 0 let iz(x) € {1,..., [log n]} be such that e’*®~1 < |B;;(x, R)| < e’*™_ Then,

def

V(o eMxQ,  fw) = min {dy (x, Z,-i (®)), diam(7)} v;. (78)

B (%, B)| eir)-1

VK>1,Y0<r <R VxeGex(nR), "> IBp(xRI>Bpten)| > —=—>———. (19
Using Observation|25} for every x € G<x (1, R) and every y € 111 with djy (x, y) > r/2+3R/2 we have
R—-r
P | [min{dp (X, Zo-irw ), diam(@7)} — min{dpm (¥, Z -z ) , diam (70 }| > T]
ip(x elR-1 (80)
g min{(l_e—iR(x))eR( )’1_(1_e—iR(x)) K }: %.

This directly implies the desired estimate as follows:
I1£(0) = fFD Iz, ;L)

' 1 [logn] ) %
\/TW( Zl fQ‘min{dm(x,Ze_j(w)),diam(nl)}—min{dm(y,Ze_j(a))),diam(m)}‘ dIP(w))
p=

>_! (f )min{d (%, Z g-izo (@), diam (1)} = min{dp (y, Z ,-ip0 () diam(m)}|2dﬂ3>(w));
iy M\ Ay =i ’ - M\Y) &2e—ir(®) ’

Vv [logn] \Ja
B R-—r
= 0

v Klogn '
It remains to prove the second part of Theorem[24] We will start with the following lemma:

Lemma 26. Fix K,D,p > 1. Let (1N, dy) be a locally finite metric space such that for every C < 111 with
|Cl < K and every A > 0 there exists a 1-Lipschitz function f = fg,, oA : 11l — Ly that satisfies:

A
Vx,ye€C,  A<dm(xy) <3pA = |f(x)-fWL, = D (81)
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Then, for every finite nonempty subset U of 111, any A > 0 and any R > r > 0 that satisfy the restrictions

A>9Dr and R —r > diamyyu (W), (82)
there exists a 1-Lipschitz function ¢ = ¢ r,r a,dy, : 11l — L such that
A
V(x,y) € (UnG<k(r,R)) x M, A<dm(x,y) <A = [Pp(x) =P, =D (83)

Due to the similarity of Lemma[26]and the second part of Theorem[24} it is helpful to spell out how they
differ. Assumption of Lemma 26| coincides with assumption of Theorem[24] Conclusion of
Lemma(26|is weaker than the desired conclusion of Theorem[24} It imposes a further restriction that
the point x belongs not only to the set G<x (r, R) of centers whose local growth at the input radii R > r > 0
is at most K, but also to an arbitrary but fixed bounded nonempty subset U of 777; for this, Lemma
requires in that those radii are separated by diam;y (1), while Theorem[24]asks in for them to be
separated by a quantity that involves both the given scale A > 0 and the size of G<x (1, R).

Proof of Lemmal26 Let 11 be a subset of UN G« (r, R) with the property that dy (a, b) > 2r for all distinct
a,b €11, and furthermore 71 is maximal with respect to inclusion among all the subsets of UNn G<x (1, R)
that have this property. By the triangle inequality for djy;, the balls {By;(a, 1)} 4en are disjoint, so we have

U Bm(a,n)| (84)

|NImin|By(a, 1< )Y |Bm(a,r)|=
aell aen

acn

FixX amin € 1 such that | By (amin, 1)| = mingen |Bm (a, r)|. By the triangle inequality for djy;, since 11 < U
we have By (a, r) € By (@min, diamyy (W) + 1) € By (@min, R) for every a € 11, as R—r > diam;y; (U). Thanks
to (84), this implies [77] < | By (@min, R/ 1B (Gmin, ). AS amin € 11 € G<k (1, R), we deduce that [77| < K.

By the assumption of Lemma[26|applied to C = 11, there is a 1-Lipschitz function f: 771 — L for which

Va,beN,  No<dmla,b) <360 = lIf(@)-fB)l, > %, where Ag %' lglgD !

which is valid since A > 9Dr > 76Dr/(19D — 1), as D > 1, so the parameter Ag in is indeed positive.
Because 171 is locally finite, ¢(171) is a countable subset of Ly, so by replacing L, by L, @R, we may assume
that there exists a vector v € f(11) < L, that satisfies | v||;, = 1 and v is orthogonal to f(171). Since f is
1-Lipschitz, and by the triangle inequality for djyy; also the function (x € 111) — dyy(x, 1) is 1-Lipschitz,
the aforementioned orthogonality implies that the following function ¢ : 171 — L, is 1-Lipschitz:

A-4r, (85)

vxenn, ¢(x)d=ef%f(x)+d"%);’mv

We then have the following lower bound:

Vx,yell, lp(x) = (W)L, Z max{ll f(x) = F WLy, ldm (x,71) = din (3, 11} (86)

Fix x € UN @<k (1, R). By the maximality of 71 with respect to inclusion, there must exist ay € 71 such
that dy (x, ayx) < 2r, i.e., we have dj (x,11) < 2r. Consequently, if y € 171 satisfies

A
d 1) =2 _— 87
m(y, 1) r+19D (87)

then it follows from that [[¢p(x) —p() |, 2 A/ D, which is the desired conclusion of (87).
The above simple preparatory reasoning demonstrates that the proof of Lemma[26|will be complete if
we will prove that [[¢(x) — (), 2 A/D whenever x, y € 171 have the following properties:

A
A<dnm(x,y) <BA and Jay,ay e, dm(a,ay) <2r and dm(y,ay)<2r+ 19D (88)
This is indeed the case because by the triangle inequality for dj;; we have

A
dm(ax,ay) > di () = dm(x, a0 = dn(nby) > A=ar+ == B a,, (89)
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and
A
dm(ax, ay) < dm(x,y) +dm(x, ay) + dm(y, by) < PA+4r+ D < 3PAo, (90)
where checking that the last step of is valid is straightforward using the definition of Ag together
with the assumptions § > 1 and A > 9Dr > 9r. Thanks to and we may use with a = a, and
b = ay in combination with to conclude that the following lower bound holds:

Ip(x) =W, Z 1f=FL, = 1 f(ax) = flaple, =1 f(x) = fladlL, =1 f () = flayllL,
Bo —dm(x,ay) —dm(y, ay) é —I?IE’DI;IA_M —4r— A A o
- D ’ e D 19D~ D’
where the second step of uses the triangle inequality in L,, the third step of uses the fact that f
is 1-Lipschitz, and the final step of is straightforward to verify using r < A/(9D) and D > 1. (|

Lemma[27|below provides a link between Lemma[26|and Theorem[24] it is a spatial localization princi-
ple for Euclidean single scale embeddings that does not involve the controlled local growth centers. The
term “spatial localization” is used here for the following reason: The assumption of Lemma 27| per
is that “one scale at a time” embeddings exist for arbitrary subsets of small diameter, and its conclusion
per is that such an embedding guarantee is possible provided one of the points is close to a subset
whose cardinality is sufficiently small without any bound on the spacial size (diameter) of that subset.

Lemma 27. There is a universal constant C > 1 with the following property. Suppose that 3,D > 1
and d,A > 0. Let (1l,dy) be a metric space and fix X,y < 11l. Assume that for every ¢ # U < 11l with
diam;y (W) < d there is a 1-Lipschitz function fy : U — Ly satisfying

A
Y, eUnX)xUnY),  A<dm(xy) <pA = llfulx) = fu)llL, = D (92)

d
Then, for any C < 11l with2 < |C| < e%F there is a 1-Lipschitz function e : 111 — Ly satisfying

A
Vi) eXxy,  (A<dmxy) <BA)A(dn(x,C) < (B+DA) = llgex) —peWlL, 2 D (93)

Prior to proving Lemma (27} which is of independent interest and could be of value for other purposes
elsewhere (in particular, another application of it will be worked out in Section 3), we will next demon-
strate how to quickly deduce the second part of Theorem[24]assuming its validity:

Proof of the second part of Theorem[24 assuming Lemma[27, We may assume that |G<x (1, R)| > 2 since if
G<k(r,R) = ¢, then the desired conclusion is vacuous, and if |G<x (1, R)| = 1, then let x € 771 be such
that G<x(r,R) = {xo} and the desired conclusion holds for ¢(x) = dim(x,x0) € R. Let C > 1 be the
constant from Lemma[27] Assumption of Theorem[24]coincides with assumption of Lemma|26|
and the second part of assumption Theorem[24]implies that R — r > diamyy; (U) for every nonempty
subset U of 171 for which diamyy (U) < CB(log|G<k (1, R)|)A. We may therefore apply Lemma[26to deduce
that for every such U there is a 1-Lipschitz function fy; : 771 — L, for which assumption of Lemma27]
holds for X =Y =111 and ¢ = CB(og|G<x (r, R)DA, and with D replaced by a positive universal constant
multiple of D. The desired conclusion of Theorem 24]is now a special case of the conclusion of
Lemma applied to € = G<k(r, R), which is valid because 2 < |G<k (r,R)| = e!!(CBD) O

Thus, in order to complete the proof of Theorem [24]it remains to prove Lemma[27} which we do next:

Proof of Lemmal27 For each § <171 and K > 0, let Party; (S; K) denote the set of all the partitions P of 8
that are K-bounded with respect to dpy, i.e., diamy;; (P(x)) < K for every x € S.
By [12], there exist universal constants 0 < p < 1 < « such that for any € < 771 with |C| > 1 and any Ag >0
there exists a probability measure e 5, on Party; (C; Ag) satisfying the following condition:
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VxeC, e, AO[{‘P()EPartm(G No) : m( Ao)ﬂec{yo(x)] = p.

log IC]
We will proceed to prove that Lemma[27holds if we take the universal constant C equal to 60x.
Fix any subset C of 771 whose size satisfies the assumptions in the statement of Lemma ie.,
4 _d
2 < |G| < eChb = gboxpa (94)

It will be convenient to set the following notations:

Mo E16x(B+1(loglC)A  and QL' Party; (M;8(8+ D(2kloglCl+DA)  and  pE e,

Thus, Q is the set of A’-bounded partitions of the entire metric space 111, where we introduce the notation

A’def8(,6+l)(21<log|(i’|+1)A 8(ﬁ+1)( 30pA J+1)A<¢¢, (95)

and the last step of is valid because implies in particular that ¢/A > 60xBlog2, and using this
lower bound on /A the rightmost inequality in is elementary to verify, since 8,k > 1. Now, a substi-
tution of u into [53} Lemma 3.8] shows that there exists a probability measure v on Q such that

VxeM,  dp(x,C<(B+DA = v[PeQ: Byx,(+1)A) S Px)] >p. (96)

By [68, Lemma 5.2] there exists a function G = G : L, — Ly such that for every x, y € Ly,
1 . .
IGX)IL, = 1G(W I, =A and > min{A, [|x - yl,} <IGx) -G, <min{A, [x—ylg,}. (97
For every U C 171 define 9y = 0ya 4, : 111 — [0,1] by

1
Vzel, oy défmin{l,xdm(z,m\w}. 98)

As the function (¢ € R) — min{l, #/A} is (1/A)-Lipschitz and nondecreasing, [0y llLipgn;r) < 1/A. Finally,
because by we have diamy;; (P(z)) < 4 for every P € Q and z € 171, so we can invoke the assumption
of Lemma[27]to fix a 1-Lipschitz function fp(,) : P(z) — L that satisfies with U = P(2), i.e.,

A
YV, e@P@NX)xP@E@NY), A<dnxy) <BA = | fre)(%) = fre DL, = D 99)

In particular, fp(; (2) is well-defined since z € P(z), so we can define ¢ : 111 — Ly(v; L) = L, by setting

G(frw (). (100)
We first claim that the following point-wise bound holds:
Vx,yeM, VvPeQ,  l@e) @ —pec() P, < dn(x,y). (101)

Observe that after will be established, by squaring both of its sides and then integrating the resulting
estimate dv(P), we will deduce that ¢e is 1-Lipschitz as a function 771 to Ly (v; L) = L,

To verify (I01), fix x, y € 111 and P € Q. Suppose first that P(x) = P(y) defu Then

1
9@ = pe@®)] = 3| Putd —aum)Gu) + (G ) - G|,

Pu — )l v
gufuy”G(fu(x))”Lz W6 fee0) - GlaGN], 02
I lwipan:
S MAdm( ,J/)+—||fu||L1p(m Lydmx,y) <dm(x,y),

where the first step of is a consequence of the definition (I00) of ¢¢e, using the current assumption

P(x) = P(y) = U, the penultimate step of uses and the fact that 0 < 0y (-) < 1 by (98), and the

final step of holds as fj is 1-Lipschitz and 0y is (1/A)-Lipschitz. This establishes if P(x) =P(y).
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It remains to verify when P(x) # P(y), i.e.,, x e M~ P(y) and y € N~ P(x), which implies that
max {dp (x, 1~ D)), din (y, M~ D)} < dm (x, ). (103)

Consequently, when P(x) # P(y) we can justify as follows:

@059 1

1
lpe(0)(P) = pe() P < lpe() P+ lpe(x)(P) EDT(X) (A + EofP(y) (»A

1 1
< Edm(x,m\(P(x))+§dm(y,77’l\9’(y)) < dm(x, ).

Next, fix x,y € 171 that satisfy dj;(x,y) < BA. Using the triangle inequality for djy, it follows that
Bm(y,A) < By (x, (B+ 1)A). Hence, if P € Q is such that By (x, (8+ 1)A) < P(x), then P(y) = P(x) and
also min{dy (x, 1 . P(x)), dim (3, 11~ P(y))} = A. Recalling (98), it follows that

(dm(x, ) <BA) A (Bi(x,(B+1)A) €P(x) = (P(x) = P())) A (09 (x) =y (1) = 1), (104)

forevery x,y € 11l and every P € QZZ. Consequently, the following lower bound holds for all (x, y) e X x Y
that satisfy dy (x,C) < (B+ DA and A < dp(x, ) < BA:

lpe(x) = e L, ov;Ly) = (‘/{ lpe(x) —@e(y) ||f2 dV(T))

PeQ: By (x,(f+1)A)=P(x)}
1

2 (f{?eﬂz B (x,(B+1) AP0}

1
>z

=l
4\ J(Pe: By (x,(B+1)2) =P ()}

16U 0) - G ), ave)
(105)

mmmwﬁmm—me@mwmy

> % v({PeQ: Bp(x,(B+1A) =PW)}) > i—\gﬁ = %,

where the second step of holds by using (I04), which is valid as dy; (x, y) < BA, the third step
of uses the first inequality in (97), the fourth step of uses (99), which is valid as A < dyp (x, y) <
BA and (x, y) € (P(x)nX) x (P(x)nY) by (104), and D > 1, and the penultimate step of iswhere is
used, which is valid as djy; (x, €) < (8+1)A. We have thus proved the remaining part of Lemma O

Remark 28. An inspection of the proof of Lemma[27|reveals that the restriction on the size of C appears in
its statement only because by [12] the padding modulus of € is O(log|C|). Specifically, using the notation
of [80], given 0 < p < 11let PAD,,(C) = PAD, (€, djy) be the smallest K > 1 such that for every A > 0 there is
a distribution over A-bounded random partitions P of € with the property that for every x € € the prob-
ability that By (x,A/K) n € is contained in P(x) is at least p. A repetition of the reasoning of Lemma
gives mutatis mutandis that if one replaces its requirement |€| < e//(CFY) by PAD,(€) < d/(CBA), then
its conclusion holds with [[@e(x) —pe (ML, 2 A/ D replaced by llpe(x) —pe (N, 2 Av/P/D.

3. LOCALIZED WEAKLY BI-LIPSCHITZ EMBEDDINGS

The following “localized version” of Definition|19|is a slight generalization of a definition that appeared
in [75), Section 7.2], which corresponds to the (arbitrary) choice K = 32 below:

Definition 29. Given K, D > 0, a metric space (111, diy) is said to admit a K -localized weakly bi-Lipschitz
embedding into a metric space (11, dy) with distortion D if for every A > 0 and every z € 111 there exists a
non-constant Lipschitz function fg : 111 — 11 such that

If5 I
1 LlpA,
D

A key (well known) property of L, that we will use herein is the (first part of) the following theorem:
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Theorem 30. IfK > 1 and p > 2, then L, admits a K-localized weakly bi-Lipschitz embedding into L
with distortion D, where D < p2P'?KP'>~1. Conversely, if L, admits a K-localized weakly bi-Lipschitz
embedding into L, with distortion D, then necessarily D > 2P'?KP/271,

Proof. The first part of Theorem essentially coincides with Lemma 7.6 of [75], which notes the (spe-
cial case K = 32 of the) following general statement. Suppose that (X, ||-[x) and (Y, |- |ly) are Banach spaces
for which there exists a function U : Bx — Y from the unit ball Bx = {x € X: [lx|lx < 1} to Y satisfying

Vx,yeBx, o(llx—ylx)<IU@-UWly<Lix-ylx (107)

for some L > 0 and an increasing modulus o : [0,00) — [0,00). Let px : X — Bx be the standard retraction
(e.g. [75} equation (5.2)]) from X onto By, i.e., px(x) = x/ max{|| x||x, 1} for every x € X. It is straightforward
to check that || px|lLip < 2, so if we define for z € X and K, A > 0 a function fAZ :X—Yby:

vieX,  fix) dngAU(px(é(x - z))),
then || f{llLip < 2L by the second inequality in (I07). Using this together with the first inequality in
shows that for every x, y € Bx(z,KA), if ||x— yllx > 0, then ||fAZ(x) - fAZ(y) ly > Kw(l/K)lIfAZIILipA/(ZL).
Thus, X admits a K-localized weakly bi-Lipschitz embedding into Y with distortion 2L/ (Kw(1/K)).

In particular, if in we have w(f) = t%/ B forall t > 0 and some «, § > 1, then Xadmits a K-localized
weakly bi-Lipschitz embedding into Y with distortion 2LBK*"!. When X = Ly forsome p>2andY = Ly,
one can take U to be the restriction to the unit ball of L), of the classical Mazur map [67] My_.>: L, — Lo,
in which case this holds with a = p/2 and f = 27’2, and with L in satisfying L = p. A derivation of
these values of a, §, L for the Mazur map appears in [75]; see specifically equation (5.32) there.

We will establish the reverse direction by adjusting the proof of [75, Lemma 52]. So, suppose that L,
admits a K-localized weakly bi-Lipschitz embedding into L, with distortion D, and our goal is to bound
D from below. As the complex plane C = ¢2, embeds into L, with distortion 1 +¢ forany 0 <e < K—1
(e.g. by Dvoretzky’s theorem [30], though using that theorem is overkill for this purpose), it follows that
also L, (C) admits a K/(1 + ¢)-localized weakly bi-Lipschitz embedding into L, with distortion (1 + &) D.
Therefore, it suffices to prove that if L,(C) admits a K-localized weakly bi-Lipschitz embedding into L,
with distortion D, then necessarily D > 2P/2KP/2~! (considering ¢ = 1/ p above suffices).

Fix n € N. Applying the assumption that L, (C) admits a K-localized weakly bi-Lipschitz embedding
into L, of distortion D to A = n''?/K in Deﬁnition, it follows that there s f : n'/? Bync) — Ly satisfying

1 1

1 nr
Iflip=1and  Vx,yenrBye, Ix-Ylgo 2 = If Q)= f, 2

n (108)

KD’
: def oni/m def 2 m—1 :

For me Nwriteu,, = e eCandletU, = {1,uy,us,,...,u” "} < C be the cyclic group of the roots

of unity of order m. By (the Hilbertian special case of) Theorem 5.2 in [84] (whose conclusion is a slightly

simpler variant of [70, Theorem 4.1]@), if m > v/n and m is divisible by 8, then every g : U}, — L, satisfies:

n
Z Z ||g(x) _g(xlwu)xj—ly_xj)xj+lr-”)xn)||iz
j=1xeUp,
(109)

SJ’:_n YooY s - gubx,..ubixa) |-

ge{—1,1}" xeU!,

We will apply (T09) to the restriction to U?, < nl/P By (c) of the function f': nt’'p Bgnicy = L2 in (108). For
that, observe that since f is 1-Lipschitz, every € = (¢3,...,&,) € {-1,1}" and x = (xy,..., x,) € U}}, satisfy

1
27 nr
1—-cos (—))

| £ G0 = fuix, . ouiixa) ||, <[ —umxn, ..., (T -ui)x, -

1
0o = 2ny m

9Alternatively one could combine here Theorem 4.1 in [70] with the discussion in Section 4 of [33].
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Hence, the right hand side of (109) for g = f|y» can be bounded from above as follows:

2 2
Y Y - fux)[E S e 110

2" ee{-1,1}" xeU,
To bound the right hand side of (109) from below, suppose that n < (2K)”. Then, for every x € U,, and
every j € {1,...,n} we have ||x - (x1,...,Xj-1,=Xj, Xj+1,..., Xn) ||L,,(<IZ) =2>nYP/K, so using (108) we get:

1
nr
Vxe U%) ||f(-x) _f(xlv---:xj—ly_xjrxj+11---,x}’l) ||L2 > E-
Consequently,
n 1+; n
2 n rm
> D ”f(x)_f(xlv-~’xj—l’_xj,xj+1»-~yxn)”L2 > KD (111)

j=1xeUy,

By combining (TI0) and (I1I) with (T09) and rearranging, we deduce that D = /n/K. The require-
ments for this to hold were that n < (2K)”, as well as that m > /n and m = 0 mod 8, so choosing
n=[(2K)?] and m =8 [/n] gives D > v/2K)? —1/K =< 2P/?KP/?71 as required. O

Remark 31. It is worthwhile to note (though not needed for the results herein) that by incorporating the
Maurey-Pisier theorem [66] and the main result of [70] that Rademacher cotype and metric cotype coin-
cide, the above proof of the lower bound on D in Theorem[30]yields mutatis mutandis the following state-
ment. Let X, |- [Ix), (Y, - lly) be Banach spaces. Suppose Y has Rademacher cotype g and that p > 2 equals
the infimum over those p’ > 2 such that X has Rademcaher cotype p'. Fix K,D > 1 and p > q. If X ad-
mits a K-localized weakly bi-Lipschitz embedding into Y with distortion D, then D > 2P/9KP/971/C,(Y),
where C,(Y) is the Rademacher cotype ¢ constant of Y.

As donein for the two-sided scale-localized variant of Definition[19} we will also say in the context
of Definition [29] that a metric space (171, dy;;) admits a two-sided scale-localized K -localized weakly bi-
Lipschitz embedding into a metric space (11, dy) with distortion D > 0 if for every A > 0 and every z € 171
there exists a non-constant Lipschitz function g% : 771 — 11 such that

Il gx lLip

VX,y€Bm(z,KA),  A<dn(x,y) <28 = dp(gi(x),gx(y) > A. (112)

The localization principle of Lemma [27] allows us to relate as follows localized weakly bi-Lipschitz
embeddings to the usual (global) weakly bi-Lipschitz embeddings that were discussed in Section|2.1

Lemma 32. There exists a universal constant x > 2 with the following property. Fix a nondecreasing
function D : (1,00) — (1,00). Suppose that (111, diyy) is a metric space admitting a two-sided scale-localized
K-localized weakly bi-Lipschitz embedding into L, with distortion less than D(K) for every K > 1. Then,

Vne{23,..} 8;1(77’0 < D(xlogn). (113)

Proof. We will show that holds for x = 2C, where C > 1 is the universal constant of Lemma[27] For
every nonempty bounded subset U of 171, fix any zy € U. Then, U < By (zy, diamyy (U)), whence for every
A > 0, by considering the restriction to U of the function in with K = diamy;; (U)/A and z = z, the
assumption of Lemmaimplies that there exists a 1-Lipschitz function fy 5 : 771 — L, that satisfies

Vx,yel, A<dmxy) <20 = |fial®) = fiaWll, = D (damman) ( i (0 )
A

So, for every integer n > 2 we may apply Lemma[27lwith X =Y =111 and = 2, as well as = 2C(logn)A
and D = D(d/A), to obtain for every C < 711 with |C| = n a 1-Lipschitz function ¢¢ A : 111 — L, that satisfies

Vx,yeM, (A<dmx,y) <20)A(dm(x,C) <3A) = llpea(X)—pe s, 2
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This is more than what is needed to deduce that ag (M) < D(2Clogn), per (33). In particular, we obtained
a function ¢e s that is defined on all of 777 while we only need it to be a 1-Lipschitz function on €. For
that, in the above application Lemma it would suffice that fy 5 is defined on U, for which we could
work here with the weakening of the notion of two-sided scale-localized K-localized weakly bi-Lipschitz
embedding in which the function g3 in is defined only on Bjy;;(z, KA). This observation could be
relevant to future investigations, but not when 771 is a Banach space since in that case Lipschitz functions
can be extended from any ball to the super-space while increasing their Lipschitz constant by a factor of
at most 2, which is seen by composing with the radial retraction as we did in the proof of Theorem[30] [

With Lemma at hand, we can now summarize the best available upper bounds on ag (Lp):

Viogn if1<p<vs-1,
R (logn)%(%_%) ifv5-1<p<2,
Vne{2,3...,}, dg(Lp) S (logn)g_l if2< p <3, (114)

p3\/logn if3< p < Vlogn,
logn if p > </logn.

Our contribution here is the range 2 < p = o({/logn) of (I14), in which the previously best known esti-
mate was nothing more than the O(logn) upper bound that holds by [16] for any n-point metric space.
The case 2 < p <3 of follows by substituting Theorem into Lemma and if 3 < p < v/logn,
then follows by substituting Theoremand the bound e(Ly; Ly) < /p of [81] into Lemma (us-
ing Theorem and Lemma here would yield a weaker result). If 1 < p < v/5—1, then is due
to [6],if vV5—-1< p <2, then is due to [50], and if p > </logn, then follows from [16].

The best available lower bound on ag(L,,) is a universal constant multiple of (logn)'/P~1/2if 1 < p <2
and max{min{p,logn}, ((logn)/loglog n)Y2-1py if p = 2; when 1 < p < 2 this follows from [31] by con-
sidering as in Section the discrete k-dimensional hypercube with the él]f metric, and for p > 2 the
Q(min{p,logn}) lower bound follows from [65] while the Q(((logn)/loglogn) 172=11p 1ower bound follows
from [70] (one cannot consider for this purpose the planar graph example that was used in Section[I.1.1).

Thus, we know that is optimal only when (p — 1)logn = O(1) and p 2 logn (and, trivially, when
p = 2), but it plausibly not optimal for the rest of the possible values of p. It would be worthwhile (and
likely challenging) to obtain asymptotically sharp bounds here.

4. LOCALIZED RADIALLY WEAKLY BI-LIPSCHITZ EMBEDDINGS

As we will see later, Definition 29 (correspondingly, the first part of Theorem [30) suffices for proving
Theorem/[I] Theorem[5} Theorem[9} Theorem[10] and Theorem[12|with a constant factor that has a much
worse (exponential) dependence on p. The lower bound in the second part of Theorem [30] shows that
such aloss is inherent to this approach. It is more delicate to get the stated dependence on p in the above
theorems. For that purpose, we will next introduce a (quite subtle, but crucial) variant of Definition
which is interesting in its own right and likely useful for other purposes beyond its applications that we
derive herein. We will prove that the Mazur map obeys the aforementioned variant with a much better
dependence on p, and demonstrate that this new embedding notion preserves the separation modulus.

To motivate Definition 33| below, clarify its geometric meaning, and explain its nuanced difference
from Definition 29} we will start by examining the following consequence of Definition

Fix K, A > 0 and suppose that a metric space (171, dj;;) admits a K-localized weakly bi-Lipschitz embed-
ding into a metric space (71, dp) with distortion D. Thus, for every A > 0 there is a nonconstant Lipschitz
function fAZ : 1M — 1 for which holds. If x € 111 and y, w € By (z, KA) satisfy dp; (y, w) > A, then,

I fZ
fADLpA < dn(FE), fFw) < 2max{dn (F20, £ ), dn (£ (), 2 w)}.
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Letting By, (x,r) ={y € I : dn(x,y) < r} be the open dj;-ball centered at x € 111 of radius r > 0, we get:

1 e I/ I
Vxell, ¥y weBn@KY),  dm(yw)>A = {ywig ()7 (B (Ew, 557 a))-
The contrapositive of this conclusion implies that
) 1{ o ez, WAIILip
wxell,  diamp|Bp(z,K) 0 (£7) 7 (B (fEw), > a))|<a. (115)

Definition below is important for our purposes. It modifies in the following 5 ways. Firstly, it
considers only closed balls and it replaces the weak inequality in by a strict inequality; both of these
modifications are essentially cosmetic as they have insignificant impact on the results that are obtained
herein and they are introduced for ease of remembering the definition and to streamline its subsequent
implementations. Definition also changes the term 2D in to D, which is merely a matter of
notational convenience that impacts only the values of the (mostly implicit) universal constant factors in
the results that are obtained herein. Next, it requires the nonconstant Lipschitz function f¢ to be defined
on By (z, KA) rather than on all of 777; while this could be a genuine weakening when 771 is an arbitrary
metric space, if 771 is a Banach space, then (as we recalled in the proof of Theorem the standard
normalization mapping yields a 2-Lipschitz retraction from 771 onto By (z, KA), so by precomposing
with this retraction we would obtain the same property for a function that is now defined on all of 771, at
the cost of replacing D by 2D; again, this would only impact the universal constant factors in the results
that are obtained herein. Finally, Definition replaces the dj;;-diameter in by the dy;-radius.
While one might think that due to this is also a minor modification, it is, in fact, substantial, as it
leads to an exponential improvement of the dependence on p, as expressed in Lemmal[34]below.

Definition 33. Given K, D > 0, we say that a metric space (111, dy) admits a K -localized radially weakly
bi-Lipschitz embedding into a metric space (11, dy) with distortion D if for every A > 0 and every z € 111
there exists a non-constant Lipschitz function fg : By (z, KA) — 11 such that

_ I £l
Vx € Bz, KA), radm((fAz) I(Bn(fAz(x), fADLpA)))<A. (116)

By the above discussion, if a metric space (171, dj;;) admits a K-localized weakly bi-Lipschitz embed-
ding into a metric space (71, dy) with distortion D, then for any € > 0 it also admits a (1 + €) K-localized
radially weakly bi-Lipschitz embedding into 71 with distortion 2(1 + £)2D.

Conversely, suppose that there is L > 1 such that for every ball Byy; (z, r) < 171 there exists an L-Lipschitz
retraction p? from 771 onto By (z, r); if 111 is a Banach space, then we can take L = 2. If f : By (z, KA) — 11
is a nonconstant Lipschitz function satisfying (116), then the function F{ = f{op§ : 111 — 11 extends f7
and satisfies || F{llLip < LIl f{lILip- Therefore, for every x € By (z, KA) we have:

diamm ((fAZ)_I (Bn (fAZ (x), ”F§1||)Lip A))) < diamm ((fAZ) ! (Bn (fAZ(JC)»

It follows that y ¢ (fAZ)_1 (B (fAZ(x), ||F§ lLipA/(LD)))) whenever x, y € By (z, KA) satisfy dyp (x, y) > 2A. In
particular, since F X extends fAZ, we have

”fAZ”Lip A))) oA

IExNip  IFRMLip
LD 2LD

Recalling Definition[29} this observation shows that (under the assumption that an L-Lipschitz retrac-
tion from 771 onto any ball in 771 exists), if 771 admits a K-localized radially weakly bi-Lipschitz embedding
into 71 with distortion D, then also 771 admits a (K/2)-localized weakly bi-Lipschitz embedding into 71
with distortion 2LD. In particular, if 771 is a Banach space, then we deduce that it admits a (K/2)-localized
weakly bi-Lipschitz embedding into 77 with distortion 4D.
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The above loss of a 2L factor in the distortion is of secondary importance if L = O(1), as it only impacts
the universal constant factors in the results that are obtained herein. However, the above reduction of
K to K/2 is significant, as demonstrated by Proposition [34] below, which should be contrasted with the
second part of Theorem[30} since it shows that if the word “radially” would be omitted from the statement
of Proposition[34] then the distortion in its conclusion would have to be e*®.

Lemma 34. Ifp > 2, then there are K = K(p), D = D(p) > 1 satisfying K —1 = 1/p and D = p such that L,
admits a K -localized radially weakly bi-Lipschitz embedding into L, with distortion D.

Lemma [34| provides a novel property (potentially of use beyond its applications herein) of the Mazur
map [67], whose classical definition was recalled in (29); the relevant property, which implies Lemma
and is, in fact, what Lemma[34]will prove, was already stated in the Introduction as the inclusion (31).

It is straightforward to check that M,,_., maps L, bijectively onto L; with M p_, q = Mg—p. Further-
more, [Mp—q(x)lL, = lxlz, for every x € Ly, and Mp_.4(sx) = sPla sign(s)M,,_.4(x) for every x € L, and
s € R. The property of the Mazur map that lies at the heart of Lemma34]is the following inequality:

Lemma 35. Ifp > 2, then for every0 < a < <5 and every0 <A <1 we havﬂ

vr,yely,  ly-axly <Q-Aa)lxlf, + [Mp—2(1) = Mp_2(0)]|7,. (117)

5
1-V)pa
Note that since A appears only in the right hand side of (I17), the optimal way to use Lemma [35|is to
apply (117) with the value A = A(x, y, p, @) that minimizes the right hand side of (1I7) over 0 < A < 1.

Assuming the validity of Lemma(35|for the moment, we will next show how to deduce Lemma

Proof of Lemmal34 assuming Lemma|35 We will start by demonstrating that there exists a universal con-
stant ¢ > 0 such that the following inclusion holds forevery0 < a < 1/pand 0 < g,1 < IEI

VxeB, qup(BLz (M,,ﬂz(x), cpay/(1-o)A(1— /1))) € B, (ax,1-0)a). (118)
To verify (118), note first that by the mean value theorem there exists cAa <0 < Aa % such that

p-1
(1-cila)P —(1-Aa)’ =pQ-0)P 10 -0)Ala>(1- U)Apa(l—%) %(1 o)pa=A(1-0)pa,

where we used the fact that (p > 1) — (1 - A/ p)P~! is decreasing and tends to e~ as p — co. Therefore, if
we define r = r(a, p,o,1) >0 by

r‘EVW(u—am)P—u—m)P), (119)

then r 2 pav/(1-0)A( — A). Consequently, the inclusion would follow if we will show that
VxeBr, Mo p(Br,(My-2(),r)) < Br,(ax,1-0Aa). (120)

To justify (120) we need to prove that [| Mz, (w) — axl, < 1-oAa for every w € L, satisfying
lw—Mp—2(0)l, <7 (121)

10The constant 5 in the right hand side of is neither optimal nor does it have meaningful impact on the ensuing results.
11Stating for general parameters a, 1,0 is beneficial because its proof is simpler to read without making choices that
are arbitrary at this juncture, and also this could be relevant for future investigations. Below, we will use fora=1/p and
A =0 =1/2, which suffices for the specific application herein even though these choices of 1,0 are not optimal for the ensuing
reasoning; its optimization leads to a different settings of A, o (specifically, o = 2/3 and A = (5 — v/13)/2 = 0.697... turn out to be
best), but this only impacts the value of the (implicit) universal constant factors in our results.
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This indeed holds thanks to the following application of Lemmawith y=M_.p(w):

@ 5llw—Mp—2 (0117, )5 @Z0 52 \»
Mo p(w) - axlly, < [(1-Aa)? + (l—i)pa LZ)” < ((I—Aa)p+m " _sha.

Having established (118), we will use it by noting that for @ = % andAl=0= % it implies that

1
Vae By, rads,(Mop(BrMp-2(0.7)) < 1- ) (122)
where y > 0 is a universal constant. To deduce Lemma from (122), fix z € L, and A > 0, and define
z def L . _ def i
viel, finE® KAM,WZ(KA (x z)) €L, where K=K(p %1+ 5 02
Then, f¥: Ly — L, is a bijection whose inverse is given by
3 1
Vwely,  (f5) " w) =Z+KAM2_,p(mw). (124)
Since (KA)1(x—2z) € BLp for every x € BLp (z, KA), it follows that
_ @A IZHA 129 1 Z3)
Vxe By, (z,KA),  radm((£7) " (Br, (fE00), YK)) < (1-—)xa "2 (125)

4p

By [75, equation (5.32)] we have || Mp_2llLip(z,;1,) < p/V'2, so also I f{Lipz,;L,) < p by (123). Conse-
quently, for every x € L, we have By, (fZ(x),yKA)) 2 B, (fZ(x), (yK/p)ll fllLipA)), so, recalling Defini-
tionﬁ we see that implies that L, admits a K-localized radially weakly bi-Lipschitz embedding
into L, with distortion D, where K = K(p) is given in (123),so K—1=1/p,and D = D(p) = p/(Ky) = p. [

Remark 36. The above proofofLemmayields for =/ ve—1/v5e€ [0.14,0.15], as seen from (120)
while recalling (119) with our choices a =1/p and A = 0 = 1/2, and using IIMpﬁgllLip(Lp;Lz) < p/\/i.

By a straightforward tensorization argument, Lemma [35| can be deduced from its one-dimensional
counterpart, which amounts to the following numerical fact:

Lemma 37. Ifp > 2, then the following estimate holds for every0 < a < % and every0 <A <1:

502

2 2 p
Yu,veR, |u+vﬂsinu+v—aupsinv| gl—/lapu2+—. 126
| | » sign( ) |u|» sign(v) ( ) 1-Mpa (126)
We will next explain how to quickly deduce Lemma 35|from Lemma 37}
Proof ofLemma assuming Lemma Fixing x, y € L), define u = u(x), v = v(x, y) € L, by
uEM, o0 and  vE M, () -M, ). (127)

Then,
1
ly—axiy, =f0 ly(6) — ax(®)|P dt

1 2 2
A:f |lu(t) + v(0)|7 sign (u(6) + v(1) — alu(d)] 7 sign (v(n)|” dt
0

26)

i

< A-Aa)Plulf + Tpa i,
{127 5 2
! (1 —Aa)p”Mp_,z(JC) ||E2 + m”Mp—Q(y) - Mpﬂz(x) ||L2'

This coincides with (117) because | Mp—2(x)llz, = lxllz,,- O
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Proof of Lemmal[37 If u = 0, then (I26) holds (with room to spare), so assume u # 0. By normalization, it
suffices to prove (126) when u =1, i.e., our goal is equivalent to establishing the following estimate:

2

VveR, |1+ vl7si n(1+v)—a|p<(1—Aa)p+L (128)
' 8 h (1-A)pa’
Suppose first that v > —1 + a”’?, in which case our goal (I28) becomes the following inequality:
1405 <as[a-rapr s —22 )p 129
+v)r <a+|(1- +— .
(I+v)r <a (( @) - Mpa (129)

If also |v| < 4/15(1 — 1) pa /20, which will see is when (129) is most meaningful, then we proceed as fol-
lows. The function (t > 0) — (1+ £)'/? is decreasing, so (1+ )/t > (19/4)*'15 > ¢?/5 for 0 < t < 15/4.
Hence, (1+£)'/7 > e?!/6P) > 14 2¢/(5p) for 0 < t < 15/4. Using this for t = 50%/((1- 1) pa) < 15/4, we get

1

(1+5—v2)p>1+i (130)
Q-Mpa) = A-MNpPa’
We can therefore bound the right hand side of from below as follows:
2 L 5 1 )
a+ (1—Aa)”+L)” >a+(1—m)(1+—5” ),, 1+(1- M+ 22OV
1-Apa 1-Vpa 1-1)p2a a3

2

v 2 v 2 2 2
— — =1+-v+ ——\/(1—1)04) >1+=v=>1+v)7,
1-N)pla p (p\/(l—/l)a p

where the third step of (I31) holds because 1-Aa > 1-1/p >1/2,as0<A<1,0< a < 1/pand p > 2,and
the final step of holds because 0 < 2/p < 1, so the function (v > -1) — 1+2v/p—-(1 +y)2/"J attains its
global minimum when v = 0, where it vanishes. We have thus completed the verification of when
vl < /15(1 = V) pa/20. If \/15(1 - V) pa/20 < |v| < 1, then holds because

(1+v)7 <27 (1+15)’l’<(1+ 5v° );< + 5v° ),7 (132)
V)P & =T |l T T a | >
4 4 4 (1-Vpa 1-AN)pa

where in the last step of (132) we used that (1 - Aa)? > (1-1/p)? > 1/4,as Aa < @ < 1/p < 1/2. The
remaining case of (I29) is when v > 1, which holds (with room to spare) because in this case we have

>1+1-ANa+

1-Aa)P +

1
2 2 1 502\
1+0)7 <Q2v)r < (50%)7 <a+ 1—)1a”+—) )
( )P < (20) ( ) (( ) 1-Dpa
where the last step is valid because (1 - 1) pa < pa < 1.
It remains to check (I28) for v < —1 + aP’2, in which case set w = —v > 1 —aP’2 > 0 and (128) becomes:

e sign(— w) < [ - e+ 22 )’ (133
—|lw-=1|r -w)<[a- +— .

a—|w-1|rsign(1-w) (( a) (I—A)pa) )
But is very crude since —| w—12'p sign(l-w) < (5/((1—/1)]904))”” w?'P as 5/(1-A) pa) >5/(pa) > 5,
andalsoa < (1-a) < (1-Aa), as @ < 1/p < 1/2. This completes the proof of Lemma U

5. LOCALIZATION AND INDUCTION ON SCALES FOR SEPARATED RANDOM PARTITIONS

Here we will prove the general localization and induction on scales principle that was formulated as
Lemmal16] All of the relevant definitions were provided in the Introduction. In particular, the notion of
radially bounded separating random partitions was introduced in Section
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Proof of Lemmal[16 We will prove that the following inequality holds for every K > 1 and every A, & > 0,
even without the assumption (27) of Lemma|16} namely for any separable metric space (171, dj):

SEPA(C; M) < SEPKA(G 1) + sup SEP (€ n By (2, KA +£);1M). (134)
zell

Accepting the validity of (134) for the moment (its justification appears below), we will next proceed to
explain how to use it to qulckly deduce Lemmall6]

Suppose first that SEPA(G M) < oo, which is when (28) is most meaningful. Then, SEPAr(G M) < co
for every A’ > A. We may therefore rearrange the limit as ¢ — 0* of (I34) with A replaced by K*A for every
integer s > 0 to obtain the following recursive estimate:

—SEPM(G M) = ——SEP g1 (€ 11) < F lim, sup SEPxa (CN B (2, KT 1A +€);M).  (135)
e=0" zem

Thanks to the assumption , by summing over s € NU {0} and telescoping we get (28), as K > 1.

If SEPA (C;111) = oo, then we need to demonstrate that the right hand side of is also infinite. This
is so because the assumption implies in particular that there is s € N for which SEP g5 (C; 1) < oo,
whence also SEP ks (C;111) < 0o by (@26). We can therefore consider the largest nonnegative integer sg
for which SEP g4 (G;771) = oo. By applying with A replaced by KA, we see that since the left hand
side of that inequality is infinite while the first term in the right hand side of that inequality is finite by the
maximality of sy, necessarily sup ¢, S/@Ksm(@ N Bm (z, KA + €); ) = oo for every € > 0. Therefore
the sp-summand in the right hand side of is infinite, as required.

To prove (134), fix € > 0. Define 0,7 > 0 by

o ¥'SEPkAM)  and 1% supSEPA(CN By(z, KA +e);M). (136)
zell

We may assume from now that o, 7 < 0 because otherwise (134) is vacuous.
Fixn > 0. The definition of o in (136) yields the existence of a probability space (Qo, up) and a sequence
of strongly measurable mappings
{@':Q0— 2%,
satisfying
Y (i,wp) €N x Qp rad (@' (wo)) < KA, (137)
and furthermore if we define
d f
Yo € Qo = {0 (wo)} 32, (138)

then Q®° is a partition of C for each wy € Qy, and the followmg requirement holds:
Vx,y€eC, polwo € Qo Q¥ (x) 2™ ()] < —dm (x, ). (139)

Because 171 is separable, we can fix a sequence {u,})., that is dense in /71. Thanks to we can
then define a sequence of random indices {n': Q¢ — N}f‘;l < N as follows:

Voo eQ,  nl(wo) E'min{neN: & (wy) < By (un, KA +6)}. (140)

Note in passing (so that we could use it freely later) that the measurability of all of these random indices
is a quick consequence of the strong measurability of each of {®* : Qg — 26}‘1?21. Indeed, foreveryi,n e N,

{wo € Qo : n'(wo) = n}

= {wo € Qo : (o) N (C~ By (un, KA +€)) = 3}
n-1

M {wo € Qo: @ (wo) N (C~ By (g, KA+8)) # 2} .
k=1
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Next, by the definition of 7 in for every n € N there is a probability space (2, 1t,,) and a sequence
of strongly measurable mappings

{\Pr{ .Q, — zean(un,KA+g)}°°

j=1
satisfying .
V(j,m) eNxN, Vo,€Q, radp(¥ (n) <A, (141)
and furthermore if we define
VneN, Yo,eQ, R E w0, (142)
then (R}," is a partition of € N By (4, KA + €) for each w,, € Q,, and the following requirement holds:
VX, y€CNBm(un, KA+¢€),  pin[wn € Qu: Ry"(x) # Ry ()] < —dm(x ¥). (143)
We will henceforth work with the product space (Q, ) that is given by:
def T def &
Q= 1_[ Qy and pu= Un. (144)
n=0 n=0
For every i, j € N define I'’J : Q — 2 by:
Vi, ) ENxN, Vo = (@o,01,..0 €Q,  T'(w) Ll (wg)n \If{. )(wni(wo)). (145)
The strong measurability of '/ follows from the assumed strong measurability of 2 n ] 1 together

with the measurability of {n?}%° -2, that we verified above, as a consequence of the assumed strong mea-
surability of {(D"}‘i’gl. Indeed, suppose that E < € is closed. For w = (wg, w1,...) € Q, definition (145) shows

that T/ (w)NE # ¢ if and only if \Pr{i o) (@niwy) NE # @, as E< Cand (@ (w0)}32, is a partition of €. Thus,
{weQ: T (W) NE # ¢}

o8] .
UUU{werO: n(wo) = n} x Qp x ... x Qg x {wn € Qs B () NE# @} x ]‘[ Q.
i=1j=1n= k=n+1

Therefore, we can consider the random partition of € that is given by
w=(,0,.)eQ, P def{r’ T},
which satisfies rady; (P® (x)) < A for every x € € thanks to (I41) and (145). Finally, every x, y € C satisfy:
plweQ: P # P ()]
>, _ Z Z,u[wEQ @' (wg) 21{x,y} and ! . )( 1(w0))2{x,y}]
i=1j=

o0 OO

ploeQ: @ (wy)21x,y} and n'(wp)=n and ‘P,{(wn)g{x,y}]

M8

Il
—

~
1l
—

.
Il
—
S

IIE

T
Mg
o
Mg =

~
Il
—_
~
Il
—
S
Il
—

o[weQo: @ [(wo) 21{x,y} and n'(wy) = n|pn[wn€Qp: \If,f(wn)z{x,y}]

||§
M8

(1 Pnlwn€Qp: ﬂw"(v)¢ﬂw"(y)])2u0[w€90 @' (wg) 21{x,y} and n(a)o)—n]
i=1

N
1l
—

(143) A (138) T+77
< 1- (1 —min{l, Tdm(x, y)})uo [wo €Qp: Q®o(x) £ QWo (y)]
. T+7M . o+ U—H'+T+17
< 1- (1 —min{l, Tdm(x,y)})(l —-min{l, Edm(% y)}) < KTdm (x, ).
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By taking the limit of this estimate as 7 — 0* we conclude that indeed holds. g

6. ANALYTIC SEPARATION IS PRESERVED UNDER LOCALIZED RADIALLY WEAKLY BI-LIPSCHITZ EMBEDDINGS

We will need to impose a stronger measurability requirement from random partitions to be able to eas-
ily use localized radially weakly bi-Lipschitz embeddings to transfer separating random partitions from
one metric space to another; this is the mechanism by which the proof of Theorem|[14|will be completed.

Given a Polish metric space (171, dyy;) and a probability space (Q,[P), call a sequence of set-valued map-
pings {I': Q — 2"7};?31 an analytic random partition of 771 if for every i € N and every analytic subset A of
M the set {w € Q: ANT%(w)} is P-measurable. For this, we recall the standard terminology that a metric
space is called Polish if it is separable and complete and a subset of a Polish metric space is analytic if it
is a continuous image of a Polish metric space; see [45] for a thorough treatment and [59] for the history.

Because closed subsets of a Polish metric space are analytic, any analytic random partition is in partic-
ular arandom partition per the definition that we recalled in Section The following theorem from [80]
provides examples of analytic random partitions with good (optimal) separation properties:

11
Theorem 38. ForeachkeNandl < p <oothereisl <o=0(p,k) < kmax{"’z} such that for any A > 0
there exists an analytic random partition of ﬂlf that is A-bounded and o -separating.

The Introduction of [80] states Theorem [38|without mentioning that the corresponding random parti-
tions are analytic, but their analyticity is stated in [80, Lemma 119], which is what is applied in the proof
of [80, Lemma 125] to derive the measurability of the random partition that Theorem sesE] We will
use below only the case p = 2 of Theorem 38} for which the underlying construction for finite subsets of
ézk is due to [23], and its extension to random partitions of all of sz is due to [53}/80]. The short proof of
following basic and useful lemma clarifies why it is beneficial to consider analytic random partitions:

Lemma39. Fixo,A,R,L>0. Let (11, dyp) be a Polish metric space admitting an analytic random partition
that is (LR)-bounded and o -separating. Suppose that (111, dyy) is a Polish metric space, $ < 111 is a Borel
subset of 111, and that ¢ : & — 11 is an L-Lipschitz function that satisfies the following property:

vxes,  radp ((,0—1 (B (qo(x),LR))) <A. (146)
Then, (8, dm) admits an analytic random partition that is A-radially bounded and 0% -separating. Hence,
— A
SEPAS; D) < O'E.
Proof. Fix a probability space (Q, u) and an analytic random partition
P={ri:Q-2"%, (147)

that is (LR)-bounded and o-separating. If E < 8 is analytic, then ¢(E) < 1 is analytic as ¢ is continuous,
whence by the assumed analyticity of the random partition (147) for every i € N the set

{weQ: o (T'W)NE#3}={weQ: T'() Np(E) # 8}

is u-measurable. So, the following sequence of set-valued mappings is an analytic random partition of 8:

9={we—92°} {weq) — ¢ (I w) <8}, (148)
A different way to write is:
Voe vxes, 90 FPAED o1 (5o (o)) (149)

1274 notice that the statement of [80, Lemma 119] provides the measurability that we need, recall the important classical
theorem of Luzin [61] (see also e.g. [45} Theorem 21.10]) that analytic sets are universally measurable, i.e., they are measurable
with respect to every complete o-finite Borel measure on the given Polish metric space.
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Because P is (RL)-bounded by assumption, diamy, (P“ (¢ (x))) < RL for every w € Q and x € 171, whence
P (p(x)) < Bn(p(x),RL). Thanks to (I49), this implies that Q¢ (x) is contained in ¢~ (B (¢(x), RL)).
By invoking the assumption we conclude that the random partition Q is A-radially bounded with
respect to the super-space (171, djy;). Finally, for every x, y € S we have

ploeQ: Q¥ x) #2“ ()| p[w €Q: PY(p0) # ?‘”((p(y))]
(150)
<o

’

dn(p(x),¢(y)) < (U_A)dm(x,J’)
LR “UR A
where the second step of uses the assumption that PP is o-separating and (LR)-bounded, and the
third step of uses the assumption that ¢ is L-Lipschitz. We already checked that Q is A-radially
bounded with respect to (171, dy), so it follows from that SEPA($;11) < 0A/R, as required. O

The following lemma sets the stage for our subsequent application of Lemma 39} its short proof pro-
ceed by combining two important Euclidean results, namely the Kirszbraun Lipschitz extension theo-
rem [46] and the Johnson-Lindenstrauss dimension lemma [41].

Lemma 40. Forany C < Ly with?2 < |C| < oo there is an integer 1 < k <log|C| and H: L, — €2k satisfying:

Vx,y€ Ly, %le—ylle—gsz(x,G)—gsz(y,G) SIHE) =HW) g < X =y, (151)
Therefore, the following inclusion holds for any r > 0 and any point x in the r -neighborhood By, (C, 1) of C:
Br,(C,rnH! (Bge(H(x),r)) < By, (x,8r). (152)

For (152), recall our (nonstandard) notation for neighborhoods of subsets in a metric space.

Proof of Lemmal[40, follows from the first inequality in (I5I). Indeed, fix r > 0 and x € B, (C, ), i.e.,
dr,(x,©) < r. Consider any point y that belongs to the set that appears in the left hand side of (152). Thus,
y€BL(Cr),ie., dr(y,C) <r,and H(y) € BZZk(H(x), r),ie. |H(x) - H(y)lr, < r. By substituting these 3
bounds into the first inequality in and rearranging we arrive at || x — yll;, < 8r, i.e., y € By, (x,8r), as
required. Lemma[40|will therefore be proven once we establish (40), which we will proceed to do next.
The Johnson-Lindenstrauss lemma [41] yields a positive integer k <log|C|and h: L, — ﬂzk such that

1
Vx,y€eC, > lx = yliz, <NR) =R lgx < lx=ylL,. (153)
Now, Kirszbraun’s Lipschitz extension theorem [46] provides a function H: L, — !2" satisfying:

VaeC, H(@=h(a) and Vxyely [HX)-HWIg<Ix-ylL,. (154)

Given x, y € Ly, the second inequality in (15I), i.e., the fact that H is 1-Lipschitz, coincides with the
second condition in (I54). For the first inequality in (151) fix a, b € L, such that

a,beC and lx—alr, =d,(x,C) and ly—=>blr, =dr,(,0C). (155)
Then,
lx—ylL, < lx—alg, +lla=Dblr, +11b-ylL,
(153) A(155)
< dr,(x,C) +2|h(a) — h(b) ||ng +dr,(y,0)

B2 g, (x,0) + 21 H@) - HD) s +d1, (7,©)

dp, (x,€) + 2(| H(@) = Hx)llge + | Hx) = H)lge + 1 H(y) = HD)ll gt ) + L, (3, €)

dp, (x,€) +2(lla— xll, + | Hx) = HY) g + 1y = bllz, ) + dr, (1, €)

”E //\E A

dr, (x,C) +2(dg, (x,C) + | H(x) - H(y) g + dr, (x, ©)) +dr,(y,C).
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which rearranges to give the desired lower bound on || H(x) — H() || o in the first inequality of (1I51). [J

Lemma4l. FixK,D > 1. Suppose that (111, diyy) is a metric space that admits a K -localized radially weakly
bi-Lipschitz embedding into L, with distortion D. If C < 111 satisfies 2 < |C| < co and also

Cc By (z, (K— %)A) (156)

for some A >0 and z € 111, then there is an integer k = O(log|C|) a 1-Lipschitz function
1 k
QP an ((‘3, @A) d [2
such that
VxeBm(e,iA), rad (p_l(B k(<p(x),iA)) <A. (157)
8D & 8D

Proof. Writing r def A/(8D), we have By, (C,r) < By (z, KA) thanks to (I56) and the triangle inequality
for dyy. Hence, recalling Definition 33} the assumption of Lemma[41]implies that there is a 1-Lipschitz
function f: By (€, r) — Ly and 0 < R < A such that for any x € By, (C, r) there is y € 171 satisfying:

1
£ (BL(f(),80) = ! (BLZ (reo, BA)) < Byn(yo, B, (158)

By applying Lemma to f(C) we get an integer 1 < k < log|C| and a 1-Lipschitz function H: L, — sz
that satisfies the following inclusion for any v € By, (f(C), r):

Br,(f(€),r)n H! (B[Zk(H(U), r)) < By, (v,87).
Since f is 1-Lipschitz, f(x) € Br,(f(C), r) for every v € Bj; (C, r), so the following holds a special case:
VxeBn(©r),  BL(f@,r)nH™ (B,zk (o), r)) < By, (f(x),87), (159)
where we define ¢ def Hof:Bnm@C,r)— [2’“. Then, ¢ is 1-Lipschitz as both f and H are 1-Lipschitz. Ob-

serve furthermore thatas f is 1-Lipschitz and its domain is By (C, r), all of its values belong to By, (f(C), r).
Therefore (159) can we rewritten as follows:

VxeBn©r),  f(Bn(f@,n)nH" (Bgzk (o), r)) < By, (f(x),87), (160)
By applying f~! to both sides of and then using (158), we conclude that
Ly -1 1 _ 1 -1
Vx € Bm (@, 8_DA) =Bm(C, 1), P (Bgzk (<P(x), 8_DA)) =f (H (B[Zk (p(x), r))) S Bm(y«, R).
The dj;;-radius of (p‘l (Bgzk (p(x),0/(8D))) is therefore at most R < A for any x € By (C,A/(8D)). In other
words, the desired conclusion of Lemmaf41]indeed holds. ]

The following theorem implies Theorembecause if M = L, for some p > 2, then by Lemma its
assumptions hold with D=pand K-1=1/p.

Theorem 42. FixK,D,A > 1. Let (111, diy;) be a Polish metric space admitting a K -localized radially weakly
bi-Lipschitz embedding into L, with distortion D. Then, every A-doubling Borel subset D of 111 satisfies:

i 1 Viogh | Vlogrs .
VA>0,  SEPA(Bu(D, o A)m) S 28 L e if1<K<1+7, (161)
3D K-1 | kDlog(KD) ifK>1+3.
If furthermore 2 < |D| < oo, then
— 1 VieglDl [ L ifl<K<1++
) —_— A)- <L VY O . K-1 = D’
vA>0, SEPA(B’”(D’Q;DA)’m)N K-1 {KD ifK>1+3. (162)
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Note that if |D| = n < oo, then conclusion (163) of Theoremis stronger than its conclusion (164)
unless the doubling constant A is very large; specifically, this occurs if and only if

1
A= no(log(eKD) ) .

Proof of Theorem[43. It suffices to prove Theorem[42|while imposing the further assumption K > 1+1/D
becauseifl < K < 1+1/D < 2, then we can replace D by the larger quantity 1/(K—1). Thus, we will assume
from now that K > 1+ 1/D and our goal becomes to prove that
KD,/log(KD)
k-1 Viesh

(163)

~

— 1
, —A) <
SEP (B (D, DA),m)
and correspondingly if 2 < |D| < oo, then

_ 1 KD
SEPA(Bm(D,g—DA);TH) < 7 ViogIDl. (164)

We will start by proving (I63). Fix A > 0. Our goal is to eventually apply Lemma([16]with € replaced by
B (D, Al(9D)), and with K replaced by K., where for convenience we set the following notation:

1
K ¥ r- — (165)
2D’
Then, our assumption K > 1+ 1/D ensures that
K.,-1=K-1. (166)

In particular, K, > 1, so this will be a valid instantiation of Lemma
Fix s > 0 and define three auxiliary parameters a = a(s, A, K, D), B = B(s,A, K, D), e = €(s, A, K, D) by:

1 2K
o (K— —)KSA and B LA la and g dequ (167)
8D 8D 9D D
Observe for later use that because s >0, K > K, >1and D > 1, we have:
K; a K;
a=KK;A and a>pf=—A=— and £0= —A. (168)
D KD D

Fix z € 111. By a standard iteration of the assumed A-doubling property of D, there exists a finite subset C
of D N By (z, @) which is B-dense in D N By (z, @), i.e., B (C, B) 2 D n By (z, a), and whose size satisfies:

<@ }\[IOgZ(%aﬂ, (169)
(Briefly, for completeness (see also |38, Lemma 4.1.12]): If £ € N satisfies 2! > 2a/ B, then iterate ¢ times
the doubling condition for D to get the existence of a cover D N By (z, @) by A¢ balls of radius a/2¢ < /2,
and then let € consist of one point from the intersection of each of these balls with DN By (z, @).) Observe
that by the definition of a, the aforementioned inclusion € € D N By, (z, @) can be rewritten as
GgﬂmBm(z,(K—é)KjA). (170)
Also, the parameters in and were chosen judiciously so that following inclusion holds:

an(D,g%A) N Bm(z, KI A +e9) < B (€, KSA) (171)

8D
Indeed, if x € 171 satisfies djy (x, y) < A/(9D) for some y € D, and also d (x, z) < KA + &g, then

1
dm(y,2) < dm(x, )+ d (6, 2) < =8+ K A+ g IS EED

Therefore, y € DN By (z, ). As Cis B-dense in DN By (z, a) there exists ¢ € C with djy; (c, y) < 8, whence:

@& | -
d , d d 8 —A —K,A.
m(x,¢) <dm(x,y)+dm(y,c) < ™) +p 2D
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This implies that x belongs to the right hand side of (171), as required.
Thanks to (I70), we may invoke Lemmal41]with A replaced by K} A to get an integer k satisfying

o) (8
k=logl|Cl < (logA)log(E) < (logA)log(KD), (172)

and a 1-Lipschitz function ¢ = ¢, : By (D, Q%A) N B (z, KSTLA + €9) — £F, such that

1 ) . 1
Ve Bn(D, 55A) N Bin(a, K3 A+ eo), radm((p (B[Zk(<p(x),8—DKjA)))<K:A. (173)

Now, thanks to (173) we may apply Lemmato 8 =B (D,A/(9D)) N By (z, KSTLA +£9) €171 and the
target space 11 = £, for which the assumption of Lemma holds for o < VK by Theorem with the
parameters L =1, R = KA/(8D) and A replaced by K3 A, to get that:

Q=) 1
Vze, SEPKM(Bm(fD,@A)mBm(z,K,f“A+£0);m),SD\/E < Dy/(ogNlog(KD).

Consequently,

— 1
lim supSEPK*sA(Bm (D, —=A)n By (z, KA + ) m)
e=0" zem 9D (174)

— 1
< sup SEPKjA(Bm (D, @A) N Bm(z K A+ gg); m) < D+/(log\)log(KD).
zelll

In order to be able to use Lemma(l6|in conjunction with (I74), we must first check that its assump-

tion holds with € replaced by By; (D, A/(9D)), i.e., we need to verify that:
Tliixgo%SEPT(Bm(QD,%A)) - 0. (175)

The ensuing justification of is suboptimal from the quantitative perspective. We chose this route as
itis quick and for our purposes a qualitative statement (namely, without providing a rate of convergence)
such as suffices. See Remark below for an improved (optimal) statement.

A well-known classical result (contained in [7]; see also [37, Chapter 12] and the discussion in [29], or
e.g. the proof of [86, Theorem 5.2]) asserts that there are k = k(A) € N and 0 < = n(A) < 1 such that for
any T > 0 there exists a function fr: 171 — ﬂzk which satisfies:

1
Ifrllpaney <1 and  Va,be D, dm(a,b) > ZT = dm(fr(@), fr(b)) =nT. (176)
We will next proceed to demonstrate that the following inclusion holds:
A 1 | 1 o n 1
VT2 o m Ve Bn(Dogpa),  Bn(Digpa)n fy (B (fr, 5T)) < B3 7). (177)

After will be established, we will proceed by fixing T > A/(2nD) and applying Lemma[39|with both
11 and 8 replaced by By (D, A/(9D)), the function ¢ replaced by the restriction of fy to By (D,A/(9D)),
the target space 71 = £X, for which the assumption of Lemmaholds for o < VK by Theorem and
with the parameters L=12 || fT”Lip(m; ¢y R=nT/2and A replaced by T/2, to get that:

A 1 — 1 vk
= — ) —A)| <2<
VT > D’ SEPT(Bm(D, gDA)) < 2SEP§T(Bm(D, 9DA)) S 1, (178)

which handily implies (I75).
Thus, it remains to prove (177), which we will next do by contradiction. The contrapositive of is
that there exist T > 0, as well as x, y € 17l and a, b € D that satisfy:
T> A and | fr(x) = frMlyx < nt and dm(x,a),dm(y,b) < A and dp(x,y) > Z (179)
nD 2 S 2 9D 2
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It follows in particular from that dpy (a, b) is sufficiently large so that the second part of applies:

T 20T 29T T
dm(a,b) = dmp(x,y) —dm(x,a) —dmn(y,b) > > 9D > E__Z >

We may therefore use (176) to deduce the following contradictory chain of inequalities:

(180)

nT
- 2 I = frWlge = 1 fr(@ = frdlge = fr(x) = fr@lge =1 fr ) = frdllg

2
(180 A (I76) 2A anT
> (@ = Fr® g = frll e (dmto @)+ dme ) = nT=== = nr =21
Having checked the assumption of Lemmal(16|with C replaced by By; (D, A/(9D)) is indeed satis-
fied, substituting into the conclusion of Lemmal(16/and K replaced by K. gives:

<Ep 1 ® 1 K.Dy/log(KD)
SEPA (B (D, 9DA);m) < D/TlogNIog(KD) ZOF - K——gl
s= * *

which implies the desired estimate (163) by the definition (I65) of K. and (166).
The justification of the finitary variant (164) is identical to the above reasoning, except that in this case
one can simply work with € = D, and then replace the bound on k in (172) by k <log|D]. g

0gA,

Remark 43. An optimal version of (178) is the following statement. There is a universal constant C > 0
such that if (171, dyy;) is a metric space and D < 171 is complete and A-doubling for some A > 2, then:

Vr>0, VT >Cr, SEPr(Bm(D,r)) < logA. (181)

If D is compact, then follows from [53, Theorem 3.17] applied to any A°V-doubling nondegenerate
measure o on D; the existence of such a measure is due to [96], though the aforementioned dependence
of its doubling constant on A is not stated there but instead follows from an inspection of its proof (see
also [37, Chapter 13]). If D is complete but not necessarily compact, then is not proved in the litera-
ture but we will next indicate two ways to justify it. One such route is to use [53}, Corollary 3.12] to obtain
a O(logA)-padded partition of ‘D, then use [53, Lemma 3.8] to extend it to a O(logA)-padded random
partition of By, (D, r), and finally use [61, Theorem 2.2] to transform the extended random partition to
arandom partition of By (D, r) that is O(logA)-separating. However, [51] is an unpublished manuscript
and one needs to justify the measurability that we need of each of the above steps (we checked that this is
indeed the case, but it is somewhat tedious and does not appear in the literature). An alternative way to
prove is to follow the approach in the proof of [53, Theorem 3.17] when o is now the A°@-doubling
nondegenerate measure g on D whose existence is proved in [60] (since D is complete). As this o can
have infinite mass (unlike the compact case), one needs to incorporate a (somewhat involved) reasoning
that is a suitable adaptation of what was done in [80, Chapter 4]; an upshot of this route is that the mea-
surability that we need is already worked out in [80]. Both of the above ways to demonstrate result
in digressions that are lengthier than how we proceeded above to establish (I78), albeit suboptimally.

7. DEDUCTION OF THEOREM [13|FROM [53]

Here will explain how to quickly derive Theorem|[13|from one of the main results of [53].

Proof of Theorem[13 Fix L >0 and denote

1
o dZEfsup SEPx (Bm (e —A)).
A>0 L
We may assume that o < oo as otherwise is vacuous. Fix A > 0. By the definition of o, for any € > 0
there exists a probability space (Q,P) = (Q¢ a1, Pe,a,1) and a random partition
. o0
P (EfiPE,A,L = {F’ 1 Q — 2Bm (G'%A)}

i=1
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of Bjn(C,A/L) that is A-bounded and (o + €)-separating. Because C is nonempty and locally compact,
by [80, Lemma 115] for each i € N there exists a P-to-Borel measurable function y* : Q — C that satisfies

VoeQ, THw)#8 = dn(y (), w)=dn(C I w). (182)

For each x € 1M1\ By;(C,A/L) fix any ¢, € € with dyy(x, cx) < 2dy;(x,C). Denote by I'*: Q — 2M and
Y*: Q — C the constant (set-valued and point-valued, respectively) functions that are given by setting
I'(w) = {x} and y*(w) = ¢, for every w € Q. Then, the following forms a stochastic decompositiorﬂ of 171
with respect to € in the sense of [53] Definition 3.1]:

(P O,y ()52 VIO Obiem e 1)) (183)
By combining [53, Lemma 2.1] and [53} Theorem 4.1, part 3.] it suffices to check that the stochastic
decomposition is A-bounded and (1/(2L),1/ max{2L,o + €})-separating with respect to C, in the

sense of [53} Definition 3.2] and [53} Definition 3.7], respectively. The former requirement is immediate
as (183) adds singleton clusters to the random partition P. The latter requirements mean that if we write

def
VoeQ, QUEPUU {{x}}xem\Bm(e)%A)' (184)

then

max{2L,o0 + ¢}
Tdm (x, y). (185)
To verify (185), fix x, y € 1 with djy; ({x, y},€) < A/(2L). Assume that also dj (x, y) < A/(2L), as otherwise
the right hand side of is atleast 1. So, max{d (x,C), dm (y,Q)} < dm(x, ¥}, C) +dm(x, y) <A/L, ie.,
X,y € B (C,A/L), whence follows from the definition of Q and the fact that P is assumed to
be a (0 + €)-separating random partition of By (C,A/L). ([l

1
Vx,yeM,  dmx,y},0 < fA=P [Q¥x) #2“ ()] <

Remark 44. We assumed in Theorem [13]that C is locally compact only for invoking [80, Lemma 115] to
get measurable functions {y’: Q — €132, that satisfy (an inspection of the proof of [80, Lemma 115]
reveals that all that is required for this is that € is o-compact). One can alternatively stipulate the exis-
tence of such functions (even with the weaker requirement dy; (y! (w), T (w)) < 2di (C, T (w)) in (I82)) as
part of the assumption of Theorem This would be analogous to the route that was pursued in [53],
which axiomatizes the minimal assumptions that are needed for its proofs. However, it is hard to main-
tain such an assumption under various natural operations, including those that are applied herein, such
as preimages under Lipschitz functions and intersections. The foundational reworking of [80] circum-
vents such issues by imposing stronger measurability requirements that are readily seen to be perserved
under natural geometric operations; adopting this approach facilitates the constructions herein.
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