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Abstract

This article investigates, by probabilistic methods, various geometric questions on
By, the unit ball of £. We propose realizations in terms of independent random vari-
ables of several distributions on B}, including the normalized volume measure. These
representations allow us to unify and extend the known results of the sub-independence
of coordinate slabs in B. As another application, we compute moments of linear
functionals on By which gives sharp constants in Khinchine’s inequalities on B, and
determines the 1)s-constant of all directions on Bj;. We also study the extremal values
of several Gaussian averages on sections of B} (including mean width and f-norm), and
derive several monotonicity results as p varies. Applications to balancing vectors in £y
and to covering numbers of polyhedra complete the exposition.

1 Introduction

For p > 0 and a sequence of real numbers z = (z;)°; denote |z|, = (3.2, ]x,;\p)l/p. For
p = 00 we set ||z||oc = sup;cy |zi|. The space of all infinite sequences x with [|z|, < oo
is denoted ¢,. Similarly, the space R" equipped with the quasi-norm || - ||, is denoted



¢y. Finally, the unit balls of £ and ¢, are defined as B = {z € R"; |lz|, < 1} and
B, ={x € RY; ||z, < 1}, respectively.

The geometry of £} spaces in general, and the geometry of the £} balls in particular, has
been intensively investigated in the past decades. A particular topic of interest has been
the evaluation of the extremal volumes of sections and projections of B. Apart from their
intrinsic interest, such questions have applications in several probabilistic and geometric
contexts, some of which will be described below. The purpose of the present article is to
obtain several new results of this flavor. We represent various geometric parameters of By
probabilistically, and apply methods from Probability Theory to estimate them.

In Section 2 we introduce representations in terms of independent random variables of
some distributions on By, including the volume measure on B). Obtaining concrete real-
izations of the (normalized) volume measure on a general convex body K C R" seems to be
a hopeless task. For general bodies one is therefore reduced to hunting for approximations,
and this has been successfully achieved via Markov chain methods by Kannan-Lovasz-
Simonovits [16] (which paper is actually the last in a long list of articles obtaining similar
approximate representations. We refer to [16] and the references therein for an accurate
historic depiction of the subject). The simpler structure of B, allows us to give the fol-
lowing representation of the volume measure (which extends to p > 0 classical results for

p € {1,2,00}).

Theorem 1. Let gy,...,gn be i.i.d. random variables with density 1/(20(1 + 1/p))e~ 11"
(t € R), and let Z be an exponential random variable independent of gi,...,gn (i-e. the
density of Z ise”t, t >0). Denote G = (g1,...,9n) € R™ and consider the random vector

G
(X, lgilp + 2)17

Then V' generates the normalized volume measure on By, i.e. for every measurable A C R",

V=

vol(AN By)

PV ed)= vol(B™)

Section 2.1 provides a simple probabilistic perspective to the sub-independence of coor-
dinate slabs on B). This remarkable fact was originally proved by Ball-Perissinaki [3] for
the volume measure and in [20] for the cone measure. We establish this property for more
general distributions, combining an extension of Theorem 1 with arguments similar to the
proof of the classical FKG inequality [14].

In Section 2.2, Theorem 1 is applied to the study of the moments of linear functionals
on By for p > 1. Answering a question posed to us by A. Giannopoulos, we estimate the
best constants in the Khinchine inequality on By and describe the so-called 2-directions
of By.

Section 3 is devoted to the analysis of the extremal values of several geometric param-
eters of sections of By for p > 0. A classical result of Meyer and Pajor [19] states that for
every k-dimensional subspace E of R", if p < 2 then voli(EN By) < volk(B]’;), and if p > 2
then voly(E N By) > VOlk(BS). In Section 3.1 we show that for every 0 < o < k, every
0 < B < p and every k-dimensional subspace E of R”, if 0 < p < 2 then

/ 52 dz < / lel;%dz  and / lelfde > / )8z,
Sn-1nE Sh—1 Sn-1nE Sh—1
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and if 2 < p < oo then

[ dalprde= [ el and [ elfdes [ el e,
Sn—1nE Sk—1 Sn—1nE Sk—1

The case a = k in the above inequalities is just a restatement of the Meyer-Pajor theorem.
The case 8 = p follows from the following stronger monotonicity result, proved in Section
3.1, that the mapping

fsnflnE ||$||£dx

p>0r
Jorr llfpda

is increasing in p.

Since Gaussian and spherical averages of homogeneous functions are proportional, these
facts can be restated in terms of moments of Gaussian vectors. Note that the above quanti-
ties encompass useful classical parameters of the geometry of Banach spaces, such as mean
width and ¢-norm (see [25]).

The proofs appear in Section 3.1 and consist of finding probabilistic expressions of
various expectations of Gaussian vectors on subspaces of R”, and then applying stochastic
orderings to estimate them.

In Section 3.2 we apply the Brascamp-Lieb inequality to obtain estimates in the other
direction.

Section 3.3 deals with the case of the cube B[,. We derive the following distributional
inequalities, valid for all k-dimensional subspaces £ C R"™ and every r > 0

W(rBL) < ve(ENrBL) < (r\/ZB!;) :

where v, v denote the standard Gaussian measure on R* and F, respectively. The right-
hand side of the above inequality follows from the Brascamp-Lieb inequality, and the left-
hand side from the following monotonicity result: for every k-dimensional subspace £ C R",

the function
ve(ENrBY,)

r>0— ,
Vi (rBE,)

is non-increasing.

Sections 3.4 and 3.5 are devoted to applications of the previous results. Section 3.4
deals with the Komlés conjecture which asks whether there is a universal constant ¢ >
0 such that for every zi,...,z, € BY, there are signs ¢i,...,&, € {—1,1} for which
I>°i, €izil| o, < c. This challenging problem remains unsolved, and the best upper bound
on ¢, due to Banaszczyk [4], is ¢ = O(\/@). In this section we show that our estimates,
together with Banaszczyk’s theorem, yield an infinite dimensional version of this result,
which implies in particular a better upper bound when m = o(n).

Proposition 1. There is an absolute constant C > 0 such that for every integer m > 0

and every x1,...,Tm € oo, there are signs €1,...,em € {—1,1} for which
m
Zaixi < Cy/logd- max |x;|l2 < Cy/logm - max |[|z;]|2,
: 1<1<m 1<1<m
=1 00
where d is the dimension of the linear span of 1,...,Tm.



Section 3.5 answers a question posed to us by M. Talagrand, concerning the number of
cubes required to cover a convex hull of a finite number of points in ¢5. Given two convex
sets K, L C {s, denote by N(K,L) the minimal number of translates of L required to
cover K (this number may be infinite). Obtaining sharp bounds on this parameter is of
fundamental importance in several problems in convex geometry (see e.g. [25]), probability
(see e.g. [18]) and operator theory (see e.g. [24]). Given A C ¢, we denote by absconv(A)
the convex hull of AU (—A). The main result of Section 3.5 is

Proposition 2. There exists an absolute constant C' > 0 such that for every integer m,
e>0and 2 <p<oo, for all x1,...,xy in the unit ball of £s,

logm

log N (absconv{z1,...,zy},eBy) < Cm.

Such a statement is already known for p = 2 by the results of Carl-Pajor [13]. From
Schiitt’s results [30] on the entropy of the identity operator between Eg and Eg, if the points
r1i,...,T,m are assumed to be in an ambient E‘Olo then such an inequality is valid with the
term log m replaced by log max(m,d). Proposition 2 bounds the covering number of the
polyhedron absconv{z1,...,z,,} C B2d in terms of the number of its vertices, independently
of the ambient dimension.

2 Representation of Measures on B

We begin by stating a probabilistic representation of the cone measure on 9B; which is
due to Schechtman-Zinn [28] and independently to Rachev-Rischendorf [27]. This repre-
sentation has applications of probabilistic and geometric nature [21, 8, 20].

Let K be convex symmetric body in R™. Recall that the cone measure on 0K, denoted
Ixc, is defined for A C 0K by

vol(ta; a € A,0 <t <1)
vol(K)

pr (A) =

Thus, px (A) is the volume of the cone with base A and cusp 0, normalized by the volume of
K. Alternately, pux is the unique measure for which the following polar integration formula
holds: for every f € Li(R"™),

f(z)dx =n - vol(K) / vt flrz)dug (z)dr.
R 0 0K
Schechtman-Zinn and Rachev-Riischendorf proved the following

Theorem 2 ([28, 27]). Let g1, ..., gn be i.i.d. random variables with density e~ I!" /(2T (14
1/p)), t € R. Consider the random vector G = (gi,...,9n) € R", and denote

Gl (20, gilr) 77

Then'Y is independent of ||G||,. Moreover, Y generates the measure ppn, i.c. for every
measurable A C OB}, ppp(A) = P(Y € A).

Y

We propose the following extension:



Theorem 3. Let G = (g1,...,9n) be a random wvector as in Theorem 2. Let W be a
nonnegative random variable with distribution h, and independent of G. Then the random

vector
G

1

(el +w)”

generates the measure h({0})upp + W Apn, where Apn stands for Lebesgue’s measure re-

stricted to By, and for v € B, W(x) = (||x||p), where for r € [0,1]

[r<1 + ;)]nd)(r) - (1_:p)+1 /(0700) WP T dh(w), (1)

Proof. Note that the density of |g;|P is

1
d ur 1 1 1

—P(lg;] < 1/py — . v lo—u .
qut gl =w?) = — o+’ rap? ¢ vl

In other words, |g;|P has a gamma(1/p, 1) distribution. By the additivity property of the
gamma semigroup, the random variable ||G||p = >, |gi|P has a gamma(n/p,1) distribu-

tion, i.e. its density is 1/F(n/p)u%_le_“ (u>0).
For any f € L1(R"™), and conditioning on W,

G G
Ef{f ———— | = Ef| ——————— | dh(w).
! ((HGH§+W)I/”) /[O,oo) ! ((HGH%w)U”) "

Since G/||G||, and ||G||, are independent, then for every w > 0:

G Gl " G
f 1/p = Ef G p G =
(IG5 + w) IGlp+w/) (Gl
1 /OO n_y _ < u )1/” G
— ur e “Ef du
T(n/p) Jo < wvw) TG,
1 1( rPw >Z_1 _ rPw ( G > pre~lw
= —_— e 1= .Ef(r dr,
o ) (15 "\"ien,) t=my
where we have made the change of variable 2t = r?. Hence,
G G
B () - nttones ()
((I!GII£+W>1/p> 11y
1 n—1
_ p / n/p/ r - Ef( G >d dh
= w e 1-rP . r r dh(w
/0 oo Jo (1 gryE cp, )

n 1 Tnfl /’ P G
— /P17 Ef < > d
- w™Pe w r T.

p<;+1>/o G ( 000 W ) E e,

On the other hand, let w be a probability measure on B with £,-radial density ¢(||z||,)
(x € B;}). By the polar coordinate integration formula for pBy, the representation from
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)]
Theorem 2 and the fact that vol(B)) = F(Ziﬂ)
P

[ f@pdow) = wvol(B) /O LS <ngHp>dr

B GG L

r(z+1) el

from which the result easily follows. O

i

Since (1) holds true for dh(w) = e~ 1,50} dw and ¥(r) = ié(i’(%(zg, we have established

p
Theorem 1. We now study more general distributions. By making the change of variable
5= % in (1) obtain the following representation theorem. We refer to the book [32] for

completely monotone functions and the Laplace transform.

Theorem 4. Let v be a probability measure on R"™ with density ¢ (||z([p) 11 ([|x]|p). Assume

that the function
1 s 1/p
— ; 0
8H(1+5)5+1¢ (1—|—8> s >

is completely monotone. Then there is a positive random variable W such that for every

measurable A C R"™,
V(A) =P #1/ S A N
(Gl +wW)"*

and the density of W is given by

or (L +1)|" s\
B

w”/P
where L is the Laplace transform.

Next, we single out an interesting case for which the above theorem may be applied:
when W is a gamma(a, 1) random variable, the density of W is h(w) = 1/T'(a)w® te™®

and thus
1 " 1 X 4w
[21“ <+1>] P(r) = 7 1/ wr e T duw
p L(a)(1—rp)» T Jo

1-— P)p T * n
= (L—rf)> - / wr T e dw
L(a)(1—rp)» T Jo

(1=rP)eir (2 +a)
()

)

G

Corollary 3. Let W be a gamma(a, 1) random variable. Then the random vector W
P+

generates the measure on By with density
n

fle) = () [21‘ (% +1

)]n(l = lllp)* 10,11 ([l ) (2)



Finally let us give a geometric interpretation of some of our representations. Fix two
integers m,n and consider the orthogonal projection of the cone measure on 8B;}+m onto
the first n coordinates. By the Schechtman-Zinn Theorem, this measure is generated by

the random vector
(917 cee 7gn)

1/p°
(i lgal? + 3270 Lgal?)

The random variable Z?jﬁu |gi|P is independent of ¢1,..., g, and has a gamma(m/p,1)
distribution. Hence, the above discussion leads to the following extension of classical obser-
vations about B} and BY (for these sets the cone measure coincides with the better studied
normalized surface measure).

Corollary 4. When p is an integer, the orthogonal projection of the cone measure on 8Bg+p
onto the first n coordinates is the (normalized) volume measure on By. More generally, for
arbitrary p > 0, the orthogonal projection of the cone measure on 8B;}+m onto the first n
coordinates has density

fz) = F(HTm) (1= l2[5)% 101 (l12])
() fr (o e

2.1 An application: sub-independence of coordinate slabs

The sub-independence of coordinate slabs in By is helpful in the study of the Central Limit
Problem [1, 21] and of various deviation inequalities [20, 7]. More precisely, this property
is enjoyed by the normalized volume measure on Bj), as proved analytically in [3] and
geometrically in [1]. It was established probabilistically in [20] for the cone measure on B,;.
In this section we combine our representation results with an argument of [20] in order to
derive sub-independence of coordinate slabs for a wider class of distributions. We require
the following result:

Theorem 5 ([6]). Let Xi,...,X, be independent symmetric random variables. Assume
that X; has densz’ty v; = e Vi, where Vj is locally integrable. For X = (X1,...,Xn), the
random vector IIXH is independent of the random wvariable | X||, if and only if there are

bi,...,bp > —1 and a,cy,...,cn, > 0 such that for every 1 <i <n, ¢;(x) = Ci|x\bie_“|m|p.
Remark: As a consequence of this characterization, setting for k& < n, X* := (X 1, oo, Xi)
(where we write for simplicity X for X™), it follows that the mdependence of XL

from || X*||,.

from
\Xll

| X||, guarantees for every k < n the independence of i Xk||

The following lemma was essentially proved in [20]. It was stated there for the cone
measure on 9B}, but the proof carries through to the more general setting. We sketch
the argument for the sake of completeness. Our geometric interest lead us to consider
symmetric variables, but it is clear that the result concerns nonnegative variables.

Lemma 5. Let Xy,..., X, be independent symmetric random variables. Fort=1,...,n—
1, assume that X; has density 1; = exp(—V;), where V; is locally integrable. We write
i for the law of | Xy,|. Denote X = (X1,...,X,), X" ! = (X1,...,X,_1) and assume
that ﬁ is independent of || X" 1|,. Let fi,..., fn : [0,00) — [0,00) be nonnegative



non-decreasing functions. Then

Hf (\’?\‘)] <[es (i)

i=1

E

Proof. The proof is by induction on n. Assume that n > 1 and that the required inequality
holds for n — 1. Conditioning on | Xy,

. [H 4 <H|§<(ﬁ|p>] -
- L {[Hﬁ< (17 'ﬂ p)l/PH o <<||Xn1||;+rp>1/p>}d“"“)'

Note that by Theorem 5, % and || X"72||, are independent, so that we may apply
P

the inductive hypothesis. Denote by ¢ the density of || X" !||, and by the independence of
X' and || X"}, it follows that for every r > 0

IX™=p
| Xi| . r _
{ Hfz ( (x5 + p)”p>] e (<|!X”1llp+rp>”p>}
- | Xii|
— /0 o(u) fr (W’) [Hl fz< T HX’HHp)] du

2

> | Xi|
< [ e () ] H 5 (s o)

For u > 0 let hy(r) = fn (W) and

n—1
B A U |XZ|
bu(r) = [ B4 <<up O ||Xn1”,,> "

Thus h, is non-decreasing and k, is non-increasing and if X/ is an independent copy of
X, then [hy, (| Xn]) — ho(IX)))] - [ku (| X0]) — k(| X]|)] < 0 point-wise. Taking expectation of
this inequality,

[ okt < < L. hu(?“)dun(r)> ( L. ku(r)d,un(r)) ,

implying that

: [Uf <H§TL>] < [ etwhab) dudar)
/0 p(u) (/R+ P (r )dﬂn(r)> </R+ k‘u(r)dun(r)> du

- | Xl )
= TTEs .
[1Ef (uxup

IN




The main result of this section is contained in the following theorem.

Theorem 6. Let G = (g1,...,9n) be a random vector with independent coordinates with
distribution e~ " /(20(1 + 1/p)) dt, t € R. Let W be a nonnegative random variable, inde-
pendent from G. Let v be the distribution (supported on B;}) of the vector

G

S A
(I1Glp +W)»

Then for every si,...,8, >0,

v (ﬂ{l’i\ > Sz‘}) < HV({!%\ > s5i}).

Proof. Assume that ¢ is a random variable independent of G and W which takes the values

+1, —1 with probability 1/2. We set X = (g1,..., gn,eW/?) € R**!. By Theorem 2 i <

Gl
and [|G|, are independent, so we can apply Lemma 5 to X, with fij(z) = 1j, o)(7) for
i=1,...,nand f,+1 = 1. Hence,

i (ﬂ{umu'i'ww - }> Sflf ({Mg%w - 82}>'

O]

Remarks:

1) By the very same proof, one can see that the conclusion of Lemma 5 holds for
nonnegative, non-increasing functions. Thus Theorem 6 also holds for symmetric slabs
{lzil < si}

2) We have obtained subindependence of coordinate slabs for a class of measures on By,
described in Theorem 3. This unifies the previously known occurrences of such subinde-
pendence, since the cone measure p,, and the normalized volume measure on B belong to
this class. We obtain new concrete examples, as the measures v, with density

r(g+a)

() [2P (% +1

falz) = )]n(l — 2B 1 ()

Since these measures v, are isotropic, an immediate consequence of Theorem 6 is that they
enjoy the Central Limit Property in the sense that Theorem 5 of [21] holds for them. We
refer to that paper for details.

2.2  An application: moment inequalities on B for p > 1

In what follows, given two sequences of positive real numbers (a;)icr, (b;i)icr the notation
a; ~ b; refers to the fact that there are constants ¢ and C such that for all i € I, ca; < b; <
Ca;. We emphasize that such ¢, C' are always absolute numerical constants.

We can relate moments of linear functionals on B)’ to moments of linear functionals
of the random vector G = (g1,...,9,) with independent coordinates with distribution
e I /(20 (1 4 1/p)) dt:



Lemma 6. For every integer n > 1, every p,q > 1 and every a € R"™ one has

1 q 1/q 1/q
(vol(Bg) /Bn dm) ~ (max{n qg} 1/p ( ‘Z“zgz ) :

p
Proof. Denote a = (ay,...,ay). By the probabilistic representation of the volume measure
on By established in Theorem 1,

G
1 lg d = E THoA~D 1 T
wl / §:“m ! '<mG%+Zﬂma>

n

E ;T

=1

q

< |Gl ) < G a>q
Gl + Z Gl
q
(i) | el )
Gl + Z Gy
E<HGM Y”.Eua@w
IGlz+2/) |  EIGIp °
where we have used the independence of IIGH and [|G||,. Applying this identity to a =
(1,0,...,0) yields
1 QP a/p 1
q E('Q@ > ) [ e
E[Gllp 1Gllp+ 2 vol(B})E|g1|7 Jpp
. r(t41)
Now, E|g1]? = m, and for every p,q > 1
1 / 2vol(Bn—1) 1
— |z1|%dx = pn/ ul(1 — up) v du
vol(By) n vol(B7)  Jo
n—1
2[2r<117+1)] F(%Jrl)l o .
= . . = / ve (1—w)? dv
r(zte1)or (S+1)]" PJo
n +1 n—
) F<5+1) .F(‘JTJrl)F p+1)'
n—1 1 n
F(T+1)F(§+1> (q+1)r(7‘1+1
Therefore,
L [e (e y“ BRACER)
BloTs [“\Ielg+2) |~ r (e )
and by Stirling’s formula, there are constants ¢, C' > 0 such that for all n,q,p > 1,
1/q
) r(z+1) )
< b <C— -
(max{n,q})'? = \ p (Lﬂ + 1) = (max{n,q})¥/’
P

10



For independent symmetric random variable with log-concave cumulated distribution
function, Kwapien and Gluskin [15] obtained an almost exact expression of moments of
linear functionals. We apply their result to obtain:

Proposition 7. Let n > 1 be an integer. Let p,q > 1 and ay > ag > --- > a, > 0. Then

(E’ En: a;gi q) " ~ ql/p<z af/(p_l)> e + \/§< Z a?) 1/2,
i=1 ~

1<q 1>q
The proof of Proposition 7 requires some preparation.

[e's) » e—tp
e Vdu < ——,
t ptr1

00 e~ 17
/ e Wdu > —.
t 2ptP—1

In addition, the function t — ftoo e " du is log-concave.

00 oo , p—1 —tP
_uP (% —uP _ ¢
e “du < e du = pa—
t ¢t pt

To prove the reverse inequality assume that ¢ > 1. Integrating by parts,

00 00 B_tp -1 00 e—up e—tp oo
/ e ¥ du = / ul TP P e W dy = T~ U / du > I _/ e " du
t ¢ ptP— p Jy u 2z t

which implies the assertion.
Finally, set f(t) = ftoo e~ du. In order to show that f is log-concave it suffices show
that f”f — (f)? < 0 point-wise. Now,

Lemma 8. For everyt >0

and for everyt > 1,

Proof. For every ¢t > 0

F'Of) = )P =e” (ptp_l /too e du — e—tp> <0,

by the first assertion we proved. O

Proof of Proposition 7. For notational convenience we write the proof for p > 1 only. The
case p = 1 follows by taking limits. In what follows g denotes a random variable with
density 1/(2'(1 + 1/p))e ", TLet 6, > 0 be such that P(6,|g| > 1) = 1/e. Denote
N(t) = —log P(6y|g| > t) and let N*(¢) be the Legendre transform of N, i.e. N*(t) =
sup{ts — N(s); s > 0}. By Lemma 8, N is convex, and a result of Gluskin and Kwapien
[15] states that in this case,

n q\ 1/a 1/2
(IE Zaigi ) ~ 0, |inf < t > 0; ZN*(q?l) <gq +\/51<Zaf)
i=1 i<q i>q

11



where a1 > a9 > ... > a, > 0. We shall prove below that there exists universal constants
¢,d,C,C" > 0 such that for all p > 1, ¢ <0, < ', for all t > 0, (N*(t)P~Y/P < Ct and
for all t > 2, (N*(£))P~V/P > ¢t. Let

to =inf < t > 0; ZN*(qtaz) <gq
i<q
then it is easy to see that there exists a universal constant C' > 0 such that
(r—1)/p
to < Cq'/? < 3 az;/(p—1>> .
1<q
Moreover, if i is the biggest integer less than g such that ga;,—1/ty > 2 then

. ( qa; Cqa; \P/®~Y
xv(w)= 2, (%)

i<q 1<ig—

which shows that

(r—1)/p
to > C’ql/p< Z af/(p1)> and tg > %0

~ 2
i<ig—1
It is now clear that
1) (r=1)/p 1) (r=1)/p
i<q i<ig—1
: (»-1)/p
t —
<t ((1@0“) b0 < cto.

C q

To prove the bounds on 6, note that since |g| has uniformly bounded density in p, there is
an absolute constant ¢ > 0 such that for every s > 0, P(|g| > s) > 1—cs. If s = c1(1—e7!)
then P(|g| > s) > P(|g| > 1/6,), which shows that 6, < s™' < C. On the other hand,
Lemma 8 implies that there is an absolute constant ¢ for which P(|g| > ¢/) < 1/e = P(|g| >
1/6,), and thus 6, > 1/¢.

It remains to prove the above mentioned bounds on N*. Lemma 8 shows that for every

5> 0,
N(s) > 0p> +logT(1 +1/p) > <0‘1>p.

Hp +logp+( —l)log<

Hence, for every s > 0,

p p p/(p—1)
ts — N(S) S ts — <S) S max {tS — <S> } S L S Ctp/(p_l)'
Qp s>0 Qp pl/(Pfl)

For 0 < s <, st—N(s) <Ot =0 (tp/(p_l)), and the upper bound for N* follows.
The lower bound in Lemma 8 shows that there are absolute constants ¢, C' > 1 such that

(p—1) 1/(p-1)
for s > cf,, N(s) < <%§)p. Ift > cpflcpp/ﬁp then for s = (%”)p/ g (%) g > cbp,

* O\ ? 19, \"/* 1 1
N(t)zst—N(S)Zst—<9p> :<1_p><c> pl/ (-1

12



We may therefore assume that ¢ < (cC)P~!p. By our choice of 6, N(1) = 1, which implies

that for all ¢t > 2,
p/(p—1)
>

i} ¢
Nz =N 252 5 G

completing the proof.
O

The results of this sections may be combined to obtain the following exact expression,
up to universal constants: for a; > ao > --- > a, >0

_n\®-1)/p 1/2
( / Z ) 1/q g\ ( Zigq af/(p 1)) i \/§< Zi>q a?)

a;x; ~ )
vollB;) /i (max{n, g})'"”

which virtually allows one to solve any question related to moment estimates on B.

(3)

2.2.1 Khinchine inequalities

A well known variant of Khinchine’s inequality states that for every 1 < p, ¢ < oo and every
integer n there are A(p,q,n), B(p,q,n) > 0 such that for every (ay,...,a,) € R™

i) ] o) "o ()

and we assume that A(p, q,n), B(p,q,n) are the best constants for which the above inequal-
ity holds for all (ay,...,a,) € R". We determine A(p,q,n) and B(p,q,n), up to absolute
multiplicative constants.

i L

Theorem 7. For every integer n and for every 1 < g < oo and 1 <p <2,

A, g, >~{/mm{1 \/j} and B(p,q,n)wmin{l,(Z)l/p}

while for 2 < p < oo,

A(p,q,n)Nmin{L(Z)l/p} and  B(p,q, )N\{?mm{l \/j}

This is a consequence of (3) and of the following:

Lemma 9. For every a = (a1,...,a,) € S* 1, if 1 <p <2 then

1

1
g\» 2 (1) (r—1)/p 1/2
Vgmax {1, (n) Sq”p(zaﬁ’ g > +\/§<Za?) <V2.q'r.

i<q i>q
If 2 < p < oo then
(r=1)/p 1/2 1_1
ql/p<ql/p<2af/(p_”> +¢6<Za?> < 2Qmin{1, (Z) }
i<q i>q

Furthermore, these inequalities are optimal, up to universal constants.

13



Proof. Assume that 1 < p < 2. Since /a + Vb < V2a + b,

PN 1/2 1/2 1/2
(S (@) sar(La) wva( ) <veer

1<q 1>q 1<q 1>q

Similarly, if ¢ > n then

(r-1)/p 1/2 (r—1)/p 1/p
ql/p(zaf/(p_l)> + ﬁ(Za?) = ql/p(Zaf/(p_l)) > Ll_

i<q i>q i<n

and if ¢ < n,
1) (p—1)/p 1/2
ql/p(Zaf ! ) +¢6(Za?) > /1.
i<q i>q

The fact that these inequalities are best possible up to universal constants follows by consid-

ering in each case the vectors (1,0,...,0), (1/y/n,...,1/y/n) or (1/\/q,...,1/,/4,0,...,0)
when g < n. The proof of the case p > 2 is equally simple. O

2.2.2 r-directions

We start with a few definitions. Let a € [1,2] and set u to be a probability measure on R™.
For a measurable function f: R™ — R, define the following Orlicz norm associated with «
and p by

190 = inf {3 > 05 [ " dp < 2},

-

It is well known that [|f[|s, ) ~ Supg>1 q_é(f |f|qd,u>g. Given a vector 6 in the unit

sphere S"~1 of R”, one says that 6 defines a 1), direction for y with a constant C' > 0 if
the function fy(x) = (z, ) satisfies

olato < O( [ 1 an)

In other words the moment of fy of order ¢ is bounded from above by a constant times
Cq"* times the second moment of fo-

From now on consider a convex body K C R™, with the center of mass at the origin.
Such a body is said to be a 1, body with constant C' if all directions # € S*~! are 1), with
a constant C, with respect to the uniform probability measure on K. It follows from the
Brunn-Minkowski inequality that convex bodies are 1 with a uniform constant, and any
improvement on this estimate would be very useful. Note that the notion of s-bodies is
crucial in Bourgain’s bound on the isotropy constant [12] of convex bodies. This motivated
recent works on the o-directions of convex bodies. In fact, it is not even clear that there
exists a universal constant C' such that any convex body (of any dimension) admits at least
one o-direction with constant C. This question of V. Milman was solved in very special
cases such as zonoids (Paouris [23]) and unconditional bodies (Bobkov and Nazarov [11]
show that the main diagonal is v¢2). Thanks to equation (3) we are able to study these
questions for B}.

Proposition 10. There exists C > 0 such that

14



1. For everyn > 1 and every p > 2, B} is a 12-body with constant C.
2. For everyn > 1 and every p € [1,2], By is a p-body with constant C'.

The first point was actually a consequence of results in [7], where subindependence was
also used.

Proof. Without loss of generality we consider a direction § € S"~! with 6; > 6y > --- >
0, > 0. Fix ¢ > 1. Equation (3) gives, with obvious notation
1

Ealor) (n Y (d(Se) e a(S0)). o

1
(EB;} |(X, 0) !2> ’ max{n, ¢} i<q i>q

where p' = p/(p — 1).

The result now follows from obvious estimates. Indeed, since n/max{n,q} < 1, for
p > 2, Hélder’s inequality implies that |[|(6;)i<qll,y < min{n, g}/2=VP||(6;)i<qll2 < ¢*/271/P.
Hence, the right-hand side in (4) is less than 2,/g. For p € [1,2], it is evident that
1(0:)i<qllyy < [1(0i)i<qll2 < 1 and thus the ratio of moments is bounded by a constant
times ¢'/?. O

Next, we describe the 19 constant on B;‘ of every direction for 1 < p < 2.

Proposition 11. Let p € [1,2]. For any integer n > 1 and 0 € S"~1, 0 is a yo-direction of
By and the best constant for which it is 1y is, up to an absolule multiplicative constants,
nt/P=12)6]|,.

Observe that from the above result, the direction of the main diagonal is 3. For
p = 1 we recover a result of Bobkov and Nazarov [10] (let us note that in that paper, the
authors give another moment estimate for BT, which can be recovered by our method, and
which implies that most directions are .. Moreover Bobkov and Nazarov show that
these moment upper estimates for Bf' can be transferred to isotropic unconditional convex
bodies).

Proof. Assume, as we may, that 6; > 65 > --- > 6, > 0. For ¢ < n the right-hand side of
(4) is equal to

1 1_1 1_1
g7 [[(03)i<qlly + V@l (0i)iqll2 < Vg (n” 21[(0:)i<nlly + 1) <2/qnr 2 [[(0:)i<nllps

1 1
where we used Hélder’s inequality in the form 1 = ||(6;)i<nll2 < nP ™ 2||(6:)i<nllpy-
1 1_1
If ¢ > n the right-hand side of (4) is nr |0,y < \/gn? 2{|(0;)i<nlly- For ¢ = n, it is
easy to see that the estimate cannot be improved by more than a universal factor. O

3 Extremal Geometric Parameters of Sections of B, p > (

In what follows we will denote by G a standard Gaussian vector. If E C R™ is a k-
dimensional subspace then G will still stand for a standard Gaussian vector on E (which
is well defined due to rotational invariance).
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3.1 Bounds via stochastic ordering

In this section, we present monotonicity properties for sections of Bj as p > 0 varies. We
follow the approach of Meyer and Pajor [19]. They proved that for a fixed vector subspace
of dimension k in R", the ratio Volk(EﬁBg)/Volk(B;f) is non-decreasing in p > 1. This was
later extended to p > 0 and to ¢,-sums of arbitrary spaces of finite dimension (see [5] and
the reference therein). We are interested in Gaussian averages of the £),-norm on sections.
Our results will recover in several ways the latter result on the volume.

We will use the notion of peaked ordering on measures. Given two absolutely continuous
measures 1 and v on R?, one says that v is more peaked than p and writes u < v if for
every symmetric bounded convex set C'

w(C) < v(C).

In the following statement, we put together the properties that we need. They follow from
more general results by Kanter [17].

Proposition 12. Let u,v be probability measures on R, with even densities which are
non-increasing on [0,00). If u < v then for every n > 1 one has p®" < v®".

The aim of the next two lemmas is to relate Gaussian averages of the ¢,-norm on sub-
spaces to the values of some product measures. Let E C R™ be a subspace with dim(E) = k.
We denote by Pg the orthogonal projection from R"™ onto E and let ugiq,...,u, be an
orthonormal basis of E+. Set

1
Boo(E*) = {x €eEY sup (z,u)| < 2}
i=k+1,...,n

and for € > 0,
E(e) = {x € R"z — Pp(z) € EBOO(EJ‘)} .

Lemma 13. Let E be a k-dimensional subspace of R"™ and set h to be a continuous function
in L1(R™,~y,), with the following property: there exist K,n > 0 such that for every x € R"
one has |h(z)| < Kel#l2/@+0) - Then

[ (o) =i (%) - / ).

Proof. Fix some € > 0. By the rotational invariance of the Gaussian measure,

=13

(2m)"/2 /E @) = / e 1 (@) h(a)dma ()

2 2
a3 1613

= / e 2 2 h(a+b)dmg(a)dmpg. (b)
ExeBoo(EL)

_laid ol

_ En—k/ e 2 e 2 h(a+€c)dmk(a)dmn—k(c)‘
EXBoo(E+)

By continuity and dominated convergence, the latter integral converges when € goes to zero
to

2
_llali3

vol, 4(Ba(EY)) /E =52 (@) dmy (a),

which gives the claimed result. O
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Fix 0 < p,A < o0, let a(p,A) = 2f0°° e M= qt and set fpx to be the probability
measure on R defined by

dpip A () = e AP =@ gy
Lemma 14. Let E be a k-dimensional subspace of R™ and 0 < p, A < co. Then

A P
Ee Qp/ZHGHEﬁB;L

= lim ek_"uffgf(E(e)).

g Gl 0
Proof. By Lemma 13,
n—k
o = Mazlp Il
Ee 2p/2HG”%mB'£ — llm (272T) ° / ei 217/21)7 22dmn(x)
e—0 \ € E(e)
n—k
(27 7 on2 n —Xa(p A a]f—a(p.A)?]13
= 1111(1) — 2" 2a(p, N) e P PP 2dmy,(x)
— € €
¢ E(\/ﬁa(p,k))
n—k
. 27\ 2
= E%Qk/%y(p)\)k (€2> M?;L(E(E))‘

Thus, applied to £ = R* x {0,,_1} with u; = e; for i > k, this identity yields

n—k

n—k
TGl gk F(27N 7 ([ el —atae
Ee 1111%2 a(p, A) 5 e dx
& —€/2

€

= 2"2a(p, NF(2m) 7,
from which the required result follows. O

In the forthcoming lemmas and propositions, we look for comparison results in the sense
of the peaked ordering, between measures of the form p, x. We start with useful facts about
the constants a(p, A) which appear in the definition of y) ».

Lemma 15. Let A > 0 and 0 < p < ¢ < o0. Thena(p,r(;\ﬂ)> <a(q,r(qﬁl)>.
2 2

Proof. By its definition,

a(p,\) = 2/ e M gt = V- Eexp (- 91 > ,
0

op/2

where g is a standard Gaussian random variable. Recall that

VT 2
and thus
A Alg|”
— | = -E —-— .
“\"r (%) v Eer < V7 Elglp
Therefore, Lemma 15 follows from the following result: O
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Lemma 16. Fiz 0 < p < g < oo and let X be a non-negative random variable with
EX? < co. Then for every convex function f : [0,00] — [0, 00),

XP X4
Ef (]EXP) <Ef (EXq)'

Proof. Let t; be defined by t¢/P(EXP)/P = t}/4(EX?)1/4. Clearly,

Bl (XN r (XN = [* rommar+ [T ronma, 5)
7 (axe) 1 (5x5) = | i

where h(t) = P(X? > tEXP) — P(X? > tEXY). Since h > 0 on [0, ] and A < 0 on [tg, c0)
and [ h(t)dt = 0, then

" On(ndt + wﬂmww=/“wm—ﬂmmwﬁ+/ﬂﬂw—ﬂmmwmsa
0 to 0 to

where we have used the fact that f’ is non-decreasing. Combined with (5), this completes
the proof. ]

Proposition 17. Let 0 < p < q, and A1, A2 > 0. Then:

a) If ¢ > 2 and a(p, \1) > a(q, A2) then pipx, < g r,-

b) If ¢ <2 and a(p, A1) < a(q, A2) then ppn, < fgx,-

c) If p <2 and g > 2 then without any restriction on A1 and Az, iy x, < fgrs-
d) If 0 <p <2 and Ay < Ag then i, x, < fip ), -

e) If p>2 and A\ < Aa then iy x, < fipr,-

Proof. Define h : [0,00) — R by

h(a) = /a [e_)‘la(P»AI)PtP—a(p7A1)2t2 — e—/\20‘(q7/\2)‘1t‘7—Oé(q)\z)%z] dt.
0
In order to prove that pp x, < ftg,n, one has to show that h(a) <0 for all @ > 0. Note that
h(0) = limy_,o0 h(x) = 0, and if
() = =Ma(p, )" = a(p, \)? + Aaa(g, Ao) 1% + a(g, Ao)?
then sign(h') = sign(v).
In case a), lim, 0% (a) < 0 and lim,—,o ¢(a) > 0. Hence b’ < 0 in a neighborhood of
0 and h/(a) > 0 for a large enough. If there were some ag > 0 such that h(ap) > 0 then it

would follow that A’ must have at least 3 zeros. Thus ¥ would also have 3 zeros, implying
that 1/’ has at least 2 zeros. This is impossible since

P (t) = =A1(p — 2)a(p, \)PP % + Aa(q — 2)a(g, A2) 972

clearly has at most one zero.
Cases b) and c) are just as simple. To prove case d) one must show that the function

6() = (Moalp, 2o)” = Ma(p, M) )72 + alp, 2)? — alp, \)?
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is first positive and then negative. Since it changes signs only once, it is enough to check
this at zero and infinity. Observe that

o oo 2
a(p,\) =2 / e M a and  AYPa(p,)\) =2 / e T gy,
0 0

so that a(p,\) is decreasing in A and Aa(p, A\)P is increasing in A. Since p < 2 then
limg 0 ¢ (x) = 400 and lim;_,o ¥ (z) < 0. The proof of the last case is almost identical. [

Proposition 18. Let E be a k-dimensional subspace of R™ and set X > 0. For p > 0, let
AHGH%mBg
P | ")

AGlP, ] '

F(p) =
Eexp [_W(pfl)

Then F' is non-decreasing on (0,2]. Moreover for p > 2 one has F(p) > F(2) = 1.

Proof. Let r < 2, fix some A > 0, let p > r, and define

A

r (=)

By Lemma 15 and cases b and c of Proposition 17, pu, x, < pp ,. Tensorizing and applying
Proposition 12, it follows that u®§1 =< ,ufiz\‘?. In particular, for every e > 0,

T

A=

A
p and )\2 =
()

HER (B(e) < 1% (E(e)).

By Lemma 14
MGlgnpn MGl gnpn
E AIIGH;@ - Ael®, ’ (6)
exp _2%/21—‘(&21) Eexp —m
hence F(r) < F(p) holds when r < 2 and r < p. O

Theorem 8. Let E be a k-dimensional subspace of R". Then the function

ol

T
EIGI,

s non-increasing in p > 0.

Proof. Assume that p < ¢ < 2. Both sides of (6) equal 1 for A = 0, so the same inequality
must hold between the derivatives at 0 of both sides, that is

E|G[Gnpn E(G|1%x E|G|% g E||G|%,
—_ p + P < q + q )
2p/2T (%) op/2T (%) ~ 9q/2T (—‘151) 24/2T <f1;71>
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Note that

k 00 j
2k 22 2211 p+1
P P — P -
IE||GHB,5 E;l |gi Nzl 2Pe” 2 dx N kF( 5 ) :

Hence, the above inequality translates to

ok ElGIensy 2k ok ElGlznsy, 2k

N 7§_77+77
vr EIGI, VRS VE EIGI, v

so that » ‘
ElGl5nsy _ ElGIbns,

EIGI, -~ EIGIE,

It remains to deal with the case 2 < p < ¢, which is slightly more complicated because
the last proposition does not give much in this case for a fixed value of the parameter \.
However, something remains true when A tends to zero, and thus one can pass to the limit.

Indeed, fix two numbers ¢, c, > 0 such that

cp <

1
and ¢4 >
P

+1
r(#5)
and for every A > 0 define

f) = alp,epA) — alg, egA) = 2/ e M g 2/ e~ Mt gy
0 0

£1(0) = —2cp/ e dt + 2cq/ e dt =2 [cqr (q;) — ¢, <p;>] > 0.
0 0

Since f(0) = 0, it follows that there is some 6 = d,, > 0 such that for every 0 < A < 4,
f(A) >0, ie. a(p,cpA) > alg,cgA). Part a) of Proposition 17 now implies that i, .\ <
Hg,cor- As before, tensorization and an application of Lemma 14 give that for every A <4,

AepllGlly gn AegllGNL A 5n
Eexp | ———7m—" 2m P E exp —7(1/; 4
op/ 2

<
SeplGl, \ = reqllGlg, )
Eexp —W Eexp —T

and the required inequality follows by taking derivatives at 0 and letting ¢, and ¢, tend to
1/r (%) and 1/T (%1), respectively. O

Remark: Assume that 0 < p < 2. By Proposition 17, for every A > 0, ppx < po ) = 7,

where 4 has density e~ on R. Hence, by rotation invariance of this Gaussian density,

one has that for every A > 0

MGl —Aneugg

P
Ee ENBY < Ee
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Thus, for any (reasonable) measure 7 on [0, 00),
oo P oo _AIGIP
E/ ¢ MEnsp 4700 < IE/ e MMeg gm0y,
0 0

which by Bernstein’s Theorem (see, e.g., the book [32]) implies that for every f : [0,00) — R
which is completely monotonic,

Ef(1GIngy) < EFUIGIE,),

provided these expectations are finite.
Two particular cases which should be singled out are f(t) = e for 0 < § < 1 and
A >0, and f(t) =t " for n > 0. The first case implies that for every A > 0,

op
NG| ., =G|
e l HEme < Ee BE

E

)

which, by differentiation at 0 yields
E|Gl sy > EIGIz,
From the second case it is evident that for 0 < a < k,
EIGll58m; < EIGI.

The condition o < k is imposed to ensure that these expectations would be finite.
When 2 < p < 00, ¥ < pip,», and all the above inequalities are reversed. Summarizing,
we obtain

Corollary 19. Let E be a k dimensional subspace of R™. Then for 0 < p < 2 and every
O<a<kand0<p<p,

E|Glss; <EICI, and  EIGIEqps, > EIGI,.
If 2 < p < oo then for every 0 < a < k and 0 < 6 < p,
E|Glssy = EICI, and  EIGIEqp, < EIGI,.

The following proposition is a corollary of parts d) and e) in Proposition 17.

Proposition 20. Let E be a k-dimensional subspace of R™. Then the function

P
6_>‘I|G”EQBI7?L

E

-AlGI1P
Ee By

18 non-increasing when p < 2 and non-decreasing when p > 2.

)\ZOD—)TP()\) =

Remark: Since r,(0) = 1 we have an alternative proof to Corollary 19. Additionally the
limit of r,(\) when A tends to infinity is

|
Jre Felnmp gy volg(E N By)
volg(BF)

P
ka e Bp dx

The above equality can be proved by polar integration. The comparison between 7,(0) and
rp(+00) yields an alternative proof of the Meyer-Pajor Theorem [19] which uses a different
interpolation between exp(—t2) and exp(—|t|P).
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3.2 Bounds via convolution inequalities

In this section we derive upper bounds on the Laplace transform of HGH%Q B for p > 2. The
main tool is Ball’s version of the Brascamp-Lieb inequality [9, 2]. We follow the method of
[2] where the main focus was on the volume of sections.

Let E be a k-dimensional subspace of R™ and let P be the orthogonal projection onto FE.
The canonical basis of R™ provides a decomposition of the identity map as > ; e;®Qe; = Id,,
where (v ® v)(x) = (x,v)v. Projecting this relation onto F yields a decomposition of the
identity on FE

n
ZPei ® Pe; = Idg.
=1

Setting ¢; = |Pe;|? and u; = Pe;/|Pe;| (or any unit vector if the norm of Pe; is 0), this
rewrites as Z?zl cui®u; = Idg. Let A > 0, and note that for any x € E the i-th coordinate
in the canonical basis is x; = (z,¢e;) = (Px,¢;) = (x, Pe;) = \/ci(x, u;). Hence,

n

/G—Anxz—mn%mdx _ /He—/\wﬂ—wﬂ/?dx
E Ei=1
n

_ / [ A vateur et 2y
Ei=1

— / ﬂ (ﬂcﬁ’”‘l\<x,uz~>|h<w,ui>2/2)” dz
Ei—1

n

11 (/ e Q’II“’—tQﬂdt)
R

=1

. [le( ;a)],

where we have set 1(s) = 2 fooo e~ "M /244 Firgt, observe that for p > 2 the function
defined on (0,00) x [0,00) by (s,t) — —A\s>Pt? — ¢2/2 is concave (indeed, on this set the
function (s,t) — s27PtP is convex, as follows from a direct calculation of its Hessian matrix).
Therefore, by a well known result of Borell, Prékopa and Rinott (see e.g. [26]), log(s) is a
concave function of s > 0 (because it is the integral in ¢ of a log-concave function of (s, t)).
Lemma 22 below ensures that the map

IN

§>0+— slogd)(\}g)

is concave. This property can be combined with the relation ;" ; ¢; = k (which follows by
taking traces in the decomposition of the identity). It yields that for p > 2

p—2 k
/ e Nelb=l213/2 35, < ( / V) -2 dt)
E R
Returning to our previous setting, it implies that for every A > 0

AV G,

=AG|E, o
MG ny

E
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Integrating this inequality against positive measures on [0,00) and applying Bernstein’s
Theorem [32], it follows that for every completely monotonic function f : [0,00) — [0, c0)

1 (MGl ) <B7 (3 (V) 615,).

In particular, the following corollary is evident.

Corollary 21. For any p > 2, every 0 < 6 <1 and every A > 0:

0(p—2)
G, (Va7 el

EﬁBZ’,L S Ee

E

In particular, by differentiation at 0 it follows that for every 0 < (6 < p,

1_ 1

\(3)
BICH ey 2 () EIGH

Also, for every 0 < a < k

afi_1
ElGl50s; < (3) < ”>E||G|B§-

Remark. Assume that k divides n, and write n = mk. Consider the subspace F© C R"”
which is the “main diagonal” with respect to the decomposition R” = R¥ x --- x R¥_ (i.e.
F={(x1,...,2m); v; €R* x1=...=x,}). Then

Py
EGI% s =m (—= ) Bz, = (5)" Bl
sy ="\ 5~ \n By

which shows that when k divides n, the case 8 = p in Corollary 21, is optimal.

Lemma 22. Let ¢ : [0,00) — [0,00) be a non-decreasing concave function. Then the

function f(t) :=tc (it), defined for t > 0 is concave.

Proof. We may assume that ¢ is twice continuously differentiable. Clearly

1 1 1
/ t - <> - 76/ <> ’
rO=c{z)" 2\
which is non-increasing provided the function g(u) = c(u) — §¢(u) is non-decreasing on

[0,00). Now, ¢'(u) = # — 5¢”(u) is non-negative by our assumptions on c.

O]

3.3 Gaussian measures of sections of the cube

In view of the previous results, one is tempted to conjecture that the following distributional
inequality holds for Gaussian measures of sections of dilates of the £-ball, that is, for every
k-dimensional subspace E and every r > 0, vy (TB}’;) <7ye(ENrBy)if p > 2 and the reverse
inequality for p < 2. If such a statement were true, some of the previous results would follow
by integration. Unfortunately, it seems that the known techniques are insufficient for this
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purpose. The product structure of the cube will, however, allow us to prove this conjecture
for p = oo.

By Lemma 13, for every k-dimensional subspace £ C R"™ and r > 0

ny _ 1 7T 2
(BN rBL) = lim (55)

k 1 n 7&
W/E()He 2 1y (w3)dmy ().
€ i=1

/¢ 2,2
/ e~ dt = 1,
r/0

Let 6(r) = 0 be such that

ie.,

We require the following observation:
Lemma 23. The function r — 0(r) is increasing and the function r — @ s decreasing.

Proof. The first assertion is obvious. The second statement follows by differentiating. In-
deed,

1 (7 e 1 2 1 [T g2 1" 2 2
d/ e_%dt =—|e 2 — / e_t?dt = / e 2 — 6_% dt <0.
drr /g r r Jo r2 Jo

O
Denote by p, the probability measure on R defined by
_0(r)%¢?
dpr(t) = €2 1y j0(r),r /0 () dE.
Thus,
n—k n 2,2
oy (T ) o ,
wE0rB) =t (55) T g [ T Tt @
L (2)T et
- EE% (71') .2n6n—k Pr (E(E))
Observe that N i
1 T2 0(r)
ky_— =
Yk (rBse) = (27T)k/2 (/_Te 2 dt) (QW)k/Q’
hence (F B )
BT " D) _ iy = (R 7
’}/k(rBC];;o) GE)I[I) (26)n_k p?” ( (6)) ( )

Lemma 24. For everyr > s >0, pr < ps.
Proof. As usual, define h : [0,00) — R by

_6(r)2%2 0(s)2t2

h(a):/o {6 2 L) r/ee)(B) — €7 2 L g p(s),s/00s) (B) | A,
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and our goal is to show that h(a) < 0 for all @ > 0. By Lemma 23, (T > so that

T 2 o)
h(a) =0 for a > a7+ Moreover, for 525 <a < 57 h(a) = pr([0,a]) — 1 < 0. Finally, for
0<a<

o(r)’
= g(s)a
a _9(7‘)2t2 9(9)2 2
h(a) = / e 2z —e dt <0,
0
since 6(r) > 6(s). O
By (7), tensorizing the above lemma yields

Theorem 9. For every k-dimensional subspace E C R™ the function:

ve(E NrBY,)
Y (rBE,)

is non-increasing. In particular, by passing to the limit r — oo it follows that for every
r >0,

r >0,

ve(E NrBL) > v (rBL).

By arguments analogous to those in Section 3.2 one can also obtain the following upper
bound on the Gaussian measure of sections of dilates of the cube, which is a Gaussian
analog of Ball’s slicing theorem in [2]. As noted in Section 3.2, these bounds are optimal
when k divides n.

Theorem 10. For every k-dimenstonal subspace E C R™ and every r > 0

vE(ENrBL) < (T\/ZB];O) .

3.4 An application: a remark on the Komlés conjecture

In this section we apply the results of the previous section to prove the following proposition,
which was stated in the introduction:

Proposition 25. There is an absolute constant C' > 0 such that for every integer m > 0

and every xi,...,Tm € Lo, if we denote by d the dimension of the linear span of x1,...,xy
then there are signs €1,...,em € {—1,1} such that

m

Zaixi < Cy/logd- max |x;|l2 < Cy/logm - max |[|z;]2.

P 1<1<m 1<1<m

- oo

Proof. We may assume that zi,...,x, € {2, in which case, we may write x; = y; + 2,
where y; € £Y for some (large) N, and | z||oc < 1/m. Denote E = span{yi,...,ym} and
let d’ be the dimension of E. There is a constant ¢ > 0 such that for r = cy/log d’ < ¢v/logd,
Yo (rBL) > 3. By Theorem 9, if we set K = E NrBX then y5(K) > 3. By Banaszczyk’s
theorem [4], there are signs e1,...,e, € {—1,1} such that >, g;y; € cK, where ¢ is an
absolute constant. Hence

m
E Eil; <
i=1 00

m
E EilYi
i=1

+ 3 llzilloo < (¢4 1)y/logd.
o =1
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It is equally simple to deduce the following ¢, version of this result for p > 2:

Proposition 26. There is an absolute constant C' > 0 such that for every 2 < p < oo,

every integer m > 0 and every x1i,...,xy, € £y, if we denote by d the dimension of the
linear span of x1, ..., Ty then there are signs €1, ...,e,m € {—1,1} such that

m

Al < .dye. Ty < .mi/P. s,

D_ciwi| <OVp-d max |laill, < CVpem!T - max il

=1 P
Proof. As before, we may assume that 21, ..., 2, € £ for some large N. By Corollary 19,
if we set E = span{zy,..., %} then

2
E|GIly gy < EIGIY, = dEll” = O (dp?).

Hence, for every r > 0,

ve(ENrBY) =1-P (|G|

Y

P
N
EnB, rP TP

E|GII; /2
) Zlmﬁvzlo(dpp )
Setting K = EN TB;)V, then for some r = O (\/f) . dl/p), Ye(K) > %, which concludes the
proof by Banaszczyk’s theorem [4]. O

Remark: The above estimate can actually be improved to give tail estimates as follows.
Let E be an m-dimensional subspace of R". Since for p > 2 the function x — ||z, is
Lipschitz with constant 1 on R™ and the Gaussian isoperimetric inequality shows that for
every € > 0,

2

vE (E N (EIIG) sy + E)B;;) >1-e 7.
Since E||G||pnpp < E||G||B§ < ¢,/p - m*/? for some absolute constant c, then

2

YE (Eﬂ (c\/[)~m1/p+6)Bg) >1—e 7.

3.5 An application: covering numbers of convex hulls of points in /; by
B, balls

In this section, which is similar in spirit to the previous one, we use our results to give an
infinite dimensional extension of a classical inequality which bounds the minimal number of
cubes B4 required to cover a convex hull of a finite number of points in ¢ (this classical
result depends on the maximum of d and the number of points). Here, we are interested
in finding upper bounds of the minimal number of cubes € B, required to cover a convex
hull of a finite number of points in /2 depending only on £ and the number of taken points.
Since the structure of /, depends deeply of the chosen basis in ¢2, a simple approximation
argument is not enough to obtain our result.
The main result of this section, as described in the introduction, is re-stated below:

Proposition 27. There exists an absolute constant C' > 0 such that for every integer m,
e>0and2 <p<oo, for all x1,...,xy in the unit ball of Lo,

logm
log N (absconv{z1,...,znm},eBp) < Cm.
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Proof. We first prove the Proposition in the case when p = co. Since all z;’s are in By we
can find an integer d so that we can write x; = y; + z; with y; € Bg and ||z;||co < € for all
i =1,...,m. If the absolute convex hull of y1,...,y, can be covered by N translates of
eBgo then the absolute convex hull of x1,...,x, can be covered by N translates of 2¢ B.
So, it is enough to prove the result for the y;’s.

Let T : £]* — (% defined by Te; = y; for all i = 1,...,m, E = span{y1,...,Yn} and G
is a Gaussian vector in E. Since ||z;||2 < 1, then by Sudakov’s inequality [31],

sup 5\/10gN(T(Bi”),5(B‘2i NE) <E sup [(G,y;)] < Cy/logm.

e>0 i=1,..m

Moreover, by the dual Sudakov inequality due to Pajor and Tomczak-Jaegermann [22],

supey/log N(B§ N E,eBL) < E| Gl np:
e>0 o

and by Corollary 19, E||G|\sa ng < E[|G|[gams < Cy/logm. Therefore,

sup 5\/Iog N(BYNE,eBL) < Cy/logm.
e>0

Since the covering numbers are sub-additive,

1
log N(T(B}"),B%) < log N(T(B}"), VE(BS N E)) +log N(V(B§ N E),eBL) < 0+ 222,

For a general p > 2, the proof follows by interpolation. Recall that for Banach spaces X, Y
and a compact operator u : X — Y, the entropy numbers of u are defined for every integer
k by

ex(u: X —Y) =inf{e; N(u(Bx),eBy) < 2F}.

Let T be defined as before on ¢1* by Te; = z; for all ¢ = 1,...,m. It is well known (see
lemma 12.1.11 in [24]) that for every integer k,

€2k:—1(T : Kgn - Ep) S ek(T . E’in — 62)2/p€k(T : ET — 400)1_2/17‘

The above result for p = oo, stated in terms of entropy numbers, is

en(T: 07 — ls) < C - loim’
and Sudakov’s inequality [31] is just
ex(T: (7' —by) < C- loim
Therefore,
eak—1(T : 07" — £,) < C - <loim>1—1/p7
as claimed. )
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