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RANDOM MARTINGALES AND LOCALIZATION OF
MAXIMAL INEQUALITIES

ASSAF NAOR AND TERENCE TAO

ABSTRACT. Let (X,d,n) be a metric measure space. For ) # R C (0,00) consider the
Hardy-Littlewood maximal operator

def 1
Mgf(z) = supi/
f ( ) TER:U’(B(‘T?T)) B(z,r)

We show that if there is an m» > 1 such that one has the “microdoubling condition”
p(B(z,(1+1)r)) < p(B(z,r)) for all z € X and r > 0, then the weak (1,1) norm
of Mg has the following localization property:

| f] dp.

MRz, (x)= Lo (x) = 75};%’ HMRO[T,W]HLl(X)—»LLOO(X) ‘

An immediate consequence is that if (X, d, ) is Ahlfors-David n-regular then the weak (1, 1)
norm of Mg is < nlogn, generalizing a result of Stein and Strémberg [17]. We show that
this bound is sharp, by constructing a metric measure space (X, d, ) that is Ahlfors-David
n-regular, for which the weak (1,1) norm of M ) is 2 nlogn. The localization property
of My, is proved by assigning to each f € Lq(X) a distribution over random martingales for
which the associated (random) Doob maximal inequality controls the weak (1, 1) inequality
for Mp.
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1. INTRODUCTION

A metric measure space (X, d, p) is a separable metric space (X, d), equipped with a Radon
measure p. We assume throughout the non-degeneracy property 0 < pu(B(z,r)) < oo for all
r > 0, where B(z,r) o {y € X :d(z,y) < r}. For any locally integrable f : X — C, we can
then define the Hardy-Littlewood mazximal function

: /
S T
P B Jpen

which is easily verified to be measurable.
We shall study the weak (1,1) operator norm of M, defined as usual to be the least
quantity 0 < || M|z, (x)— L, (x) < oo for which one has the distributional inequality

M £l Ly o) S NM | Ly (x) = L1 0o(x) - 1200 (1)

for all f € L1(X). Here L,(X) (p > 1) denotes the usual Lebesgue space corresponding to
the measure p, and Ly, o (X) is the weak L, norm,

def
111y o) = sUD A - (| f] > X)VP.
A>0

Analogously to (1), the strong (p, p) operator norm of M is defined as usual to be the least
quantity 0 < || M|\, x)—r,x) < oo for which

M fllz,x) < IM]|z,x)=L,00 - I fllz, 0 (2)
for all f € L,(X).

In most cases of interest it is probably impossible to compute || M ||z, (x)-L, .. (x) exactly;
notable exceptions to this statement are ultrametric spaces, where the weak (1,1) norm of
M equals 1 (we will return to the class of ultrametric spaces presently), and the real line R,
equipped with the usual metric and Lebesgue measure, where it was shown by Melas [34]

that the weak (1,1) norm of M equals %671 (the case of the strong (p, p) norm of M, p > 1,
when X = R, remains open, but we refer to [20, 25] for some partial results).

In view of these difficulties, it seems more reasonable to ask for estimates on the asymptotic
behavior of the various operator norms of maximal functions. Quite remarkably, despite the
wide applicability of maximal inequalities, and significant effort by many researchers, even
in the simple case when X is the n-dimensional Hilbert space ¢5 and u is Lebesgue measure,
it is unknown whether or not the weak (1,1) norm of M is bounded independently of the
dimension n.

A classical application of the Vitali covering theorem (see for example [17, 16, 21, 27])
shows that for any n-dimensional normed space X, the weak (1, 1) and strong (p, p) norms of
M grow at most exponentially in n. This was greatly improved by Stein and Strémberg [17]
to [[M||L,(x)»1:..(x) = O(nlogn) for a general n-dimensional normed space, and to the
slightly better bound [|[M ||, )1, ey = O(n) for n-dimensional Hilbert space. Until
recently, there was no known example of a sequence of n-dimensional normed spaces X,, for
which || M|, (x,)— L1 (x,) tends to oo with n. A recent breakthrough of Aldaz [1] showed
that when X,, = ¢, i.e., R" equipped with the f,, norm (whose unit ball is an axis parallel
cube), || M|\, (x.)=L1..(x,) Mmust tend to oo with n; the best known lower bound [3] on
M|y en)—11 o (eny is (logn)' =M. The best known upper estimate for || M|z, (x)-zr,...(x)

when X = ¢ remains the Stein-Stromberg O(nlogn) bound.
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As partial evidence that when X is the n-dimensional Euclidean space (3, the weak
(1,1) norm ||M||z,(x)=L,..o(x) might be bounded, we can take Stein’s theorem [15] (see
also the appendix of [17]) which asserts that in the Euclidean case, for p > 1 we have
M|, x)>L,x) < C(p), where C(p) < oo depends on p but not on n. For general n-
dimensional normed spaces, Stein and Stromberg [17] obtained the bound || M|z, x)-5,x) <
c(p)n, while Bourgain [3, 9] and Carbery [13] proved that for any n-dimensional normed
space, ||M| 1, x)>0,x) < C(p) < oo provided p > 2. It is unknown whether or not
there is some 1 < p < % for which there exist n-dimensional normed spaces X, such
that || M]| Lp(Xn)—Ly(X,) 18 unbounded. This is unknown even for the case of cube aver-
ages X,, = (2. It was shown by Bourgain [10] that || M|\, x)-r,x) < C(p,q) for all p > 1
when X = (7 and ¢ is an even integer, and this was extended by Miiller to X = £} for all
1<qg < o0

A dimension independent bound on || M|, (¢3)-sL, .. (c5) Would mean that the classical Eu-
clidean Hardy-Littlewood maximal inequality is in essence an infinite dimensional phenom-
enon. This statement is not quite true, since there is no “Lebesgue measure” on infinite
dimensional Hilbert space, but nevertheless, even Stein’s dimension independent bound on
| M|z, (e3)—L,(ep), P> 1, has interesting infinite dimensional consequences—see for examples
Tiser’s work [53] on differentiation of integrals with respect to certain Gaussian measures
on Hilbert space (provided that the integrand is in L, for some p > 1). Moreover, im-
proved bounds on || M|z, (x)-L, .. (x) are clearly of interest since they would yield improved
quantitative estimates in the many known applications of the Hardy-Littlewood maximal in-
equality. As an example, such bounds are relevant for quantitative variants of Rademacher’s
differentiation theorem for Lipschitz functions, which are used in results on the bi-Lipschitz
distortion of discrete nets (see [11, 15]).

Bounds on || M ||z, (x)=1, .. (x) and || M ||z, (x)-L,(x) have been also intensively investigated
for metric measure spaces other than finite dimensional normed spaces. Strong (p, p) bounds
for free groups (with counting measure) have been established by Nevo and Stein in [10].
In Section 5 we prove the corresponding weak (1,1) inequality, which is nevertheless not
sufficient for the purpose of ergodic theoretical applications as in [10]; see Conjecture 1
below for more information'. In the case of the Heisenberg group H?*"*!, equipped with
either the Carnot-Carathéodory metric or the Koranyi norm (and the underlying measure
being the Haar measure), dimension independent strong (p,p) bounds have been obtained

by Zienkiewicz [50], and a weak (1,1) bound of O(n) was obtained by Li [30]. It is unclear
if these bounds generalize to other nilpotent Lie groups (though perhaps similar methods
could apply to certain two step nilpotent Lie groups, by replacing the use of [11] in [50] with
the results of [38, 23]).

The main result of the present paper implies a general bound for the weak (1,1) norm of
the Hardy-Littlewood maximal function on Ahlfors-David n-regular spaces; a class of metric
measure spaces that contains the examples described above as special cases (except for the
case of the free group, which is dealt with separately in Section 5). Specifically, assume that

TAfter presenting our work we learned from Michael Cowling that the weak (1, 1) inequality for the free
group can be also deduced from the work of Rochberg and Taibleson [42]. Our combinatorial proof in
Section 5 is different from the proof in [42], though it is similar to the proof in an unpublished manuscript
of Cowling, Meda and Setti, which adapts arguments of Stromberg [18] in the case of the hyperbolic space.
We thank Michael Cowling and Lewis Bowen for showing us the Cowling-Meda-Setti manuscript.
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the metric measure space (X, d, u) satisfies the growth bounds
Vee X Vr>0, r"<pu(B(zr)<Cr’, (3)

where n > 2, and C'is independent of x,r. Under this assumption, we show that

||M||L1(X)—>L1,OO(X) - O(n IOg TL), (4)
where the implied constant depends only on C. At the same time, we construct for all n > 2

an Abelian group G, equipped with a translation invariant metric d,, and a translation
invariant measure y,, that satisfies (3) with C' = 81 ?, yet

| M| Ly (Gn) =L 0o (G) 2 M lOg T (5)

We can also ensure that for all p > 1 we have

Here, and in what follows, we use X <Y, Y 2 X to denote the estimate X < CY for some
absolute constant C'; if we need C' to depend on parameters, we indicate this by subscripts,
thus X <, Y means that X < C,Y for some C, depending only on p. We shall also use the
notation X <Y for X <Y A Y < X.

Note that the bound (4) contains the Stein-Stromberg result for n-dimensional normed
spaces. It also applies to, say, any translation invariant length metric on nilpotent Lie
groups’. However, it falls shy (by a logarithmic factor) of the two O(n) results quoted
above: for the Euclidean space £%, and the Heisenberg group H?***'. Our lower bound (5)
suggests that in order to improve upon the O(nlogn) bound of Stein and Strémberg, one
must genuinely use the underlying geometry of the normed vector space and not just the
metric properties, or the L, theory. For instance, to obtain the bound of O(n) in the case of
the Euclidean metric in [17], it was necessary to exploit the relationship between averaging on
balls and the heat semigroup, in order that the Hopf-Dunford-Schwartz maximal inequality
can be used. A similar strategy was used for the Heisenberg group in [30]. This type of
relationship does not appear to be available for general norms on R".

The results presented above are simple corollaries of a general localization phenomenon for
maximal inequalities, which we shall now describe. In fact, for the bound (4) to hold true,
we need to assume a condition which is less restrictive than the Ahlfors-David regularity
condition (3); in particular it need not hold for all radii r, and it thus also applies to discrete
groups of polynomial growth, equipped with the word metric and the counting measure. All
of these issues are explained in the following subsection.

1.1. Microdoubling and the localization theorem. Let (X, d, 1) be a metric measure
space. For R C (0,00) we consider the maximal operator corresponding to radii in R, which
is defined by

def

Mpf(z) & pﬁ / Ml (7)

reR MW
Thus, using our previous notation, M = M ).

20ne can modify the argument to make C' arbitrarily close to 1, but we will not do so here as it requires
more artificial constructions.
31t seems likely however that the original Stein-Stromberg argument can be extended to this setting.
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We shall say that (X,d, u) is n-microdoubling with constant K if for all z € X and all

r > 0 we have
" (B (x (1 + %) r)> < KB(z,r). (8)

The case n = 1 in (8) is the classical K-doubling condition
Vee X Vr>0, w(B(z,2r)<KB(z,r). (9)

Note that (8) follows from the Ahlfors-David n-regularity condition (3), with K = eC.
The microdoubling property appeared in various guises in the literature; for example, it
follows from a lemma of Colding and Minicozzi [158] (see also Proposition 6.12 in [11]) that
if (X,d, p) is a K-doubling length space, then it is also n-microdoubling with constant O(1),
where n = eX°". We note in passing that this exponential dependence on K is necessary,
as exhibited by the interval X = [1, N], with the metric inherited from R, and the measure
whose density is p(x) = %; the doubling constant for this length space is of order log N, but
it can only be n-microdoubling with n a power of N.

Our main result is the following localization theorem for maximal inequalities on mi-
crodoubling spaces. It deals, for any 1 < p < oo, with the weak (p,p) norm of Mg, defined
as the optimal number || Mg||z,(x)-L, . (x) for which the distributional inequality

p
‘|MRHLP(X)—>LP,OO(X) ||f||P
\P Lp(X)

p(Mpf>A) <
holds for all f € L,(X) and A > 0.

Theorem 1.1 (Localisation). Fizn > 1 and K > 5. Let (X,d, 1) be a metric measure space
satisfying the microdoubling condition (8). Fix ) # R C (0,00) and p > 1. Then we have

log log K\ '/”
IMRlL, 00150000 S K + (1 + m) Sup || Maniran |1, x) 1y iy - (10)

Remark 1.1. In the converse direction, one trivially has

MRl L) 20000 2 up 1Ml 0 2, 0

Note that the term l‘fillgi f in (10) is always at most loglog K. Thus when K is independent
of n, up to constants, in order to establish a weak (p,p) maximal inequality for spaces
obeying (8), it suffices to do so for scales localized to an interval [r,nr|. In many cases (e.g.

finite-dimensional normed vector spaces) we can also rescale to r = 1.

1.2. Weak (1,1) norm bounds. To deduce some corollaries of Theorem 1.1, fix an integer
m € N, and note that for all f € L,(X) and , A > 0 we have,

p (Mpapar f > X) = < max MRm[ma‘/m,muH)/m]f > A)

0<jsm—1
m—1
S Zo K <MRm[mj/m,rn<j+1>/m]f > )\> < mogjfgf_lﬂ (MRﬂ[rnj/m,Tn(j+l)/m]f > )\) .
]:

Thus, under the assumptions of Theorem 1.1 (and specializing to p = 1), we have for every

m € N
5



log log K
IME| L, ()51 m) S K +m (1 + ) P H frant /1] (11)
r>

1+ logn

Li(X)—=L1.00(X)

Note that for m > 2nlogn we have nt/m <1+ 5, and hence for all r > 0,

1
M Mlmrfg—/ fdu KA 1f 12
wope ) S B @) Jogagiiny a -
where A, is the averaging operator:
1
A f(x déf—/ £l dp. 13
( ) [L(B(l‘,?“)) B(z,r‘)| | ( )

Under some mild uniformity assumption on pu, the strong (1,1) norm of A, is bounded for
all 7 > 0. For example, if u(B(x,r)) does not depend on z (as is the case for invariant
metrics and measures on groups), then a simple application of Fubini’s theorem shows that
| Ar|| 2, ()L, (x) < 1. In fact, if we knew that p(B(z,r)) < Ku(B(y,r)) for all € X and
y € B(z,r) (which is a trivial consequence of the Ahlfors-David regularity condition (3)),
then we would have by the same reasoning || A, ||, (x)—r,(x) < K. An elegant way to combine
this uniformity condition with the microdoubling condition (8), is to impose the following
condition, which we call strong n-microdoubling with constant K:

Vi e X Vr>0VyeBar), u <B (y, (1 + %) r>) < KB(z,1). (14)

Thus, by a combination of (11) and (12), we see that if (X, d,u) satisfies (14), then
M|y ()= (x) Sk nlogn. Similarly, if RN [r, nl/mr] contains at most one point for all
r >0, then ||Mgl|z,(x)=L:...(x) Sk m. This happens in particular if

R=2"={2": keZ},
and m =< logn, proving the following corollary:

Corollary 1.2. Fizn > 1 and K > 5. Let (X,d, ) be a metric measure space satisfying
the strong n-microdoubling condition (14). Then

M|, (x)>L1 e (x) Sk nlogn, (15)
||M2Z||L1(X)—>L1700(X) Sk logn. (16)

The lacunary maximal function M,z was previously studied for n-dimensional normed
spaces by Bourgain in [9], where he proved that its strong (p,p) norm is bounded by a
dimension independent constant C, < oo (recall that for the non-lacunary maximal function
this is only known for p > 2). The logarithmic upper bound (16) on the weak (1,1) norm
of the lacunary maximal function when X is an n-dimensional normed space was proved by
Menarguez and Soria in [35].

In section 4 we present a different approach to the proof of Corollary 1.2, following an
argument of E. Lindenstrauss [31]. While it gives slightly weaker results, and does not yield
the localization theorem, this approach is of independent interest. Moreover, Lindenstrauss’
approach is based on a beautiful randomization of the Vitali covering argument, and as
such complements our approach to Theorem 1.1, which is based on a random partitioning

method that originated in theoretical computer science and combinatorics (an overview of
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our technique is contained in Section 1.3). The maximal functions considered in [31] arose
when taking averages over Fglner sequences of an amenable group action on a measure space,
and were thus not directly connected to the metric questions that are studied in the present
paper. Nevertheless we consider the arguments in Section 4 to be essentially the same as
those in [31]. We thank Raanan Schul for pointing out how the maximal inequality of E.
Lindenstrauss implies the Hardy-Littlewood maximal inequality under strong microdoubling.

1.3. Ultrametric approximations: deterministic and random. Doob’s classical max-
imal inequality for martingales (see Section 2) is perhaps the simplest and most versatile
maximal inequality for which the weak (1, 1) norm is known exactly (and is equal to 1). Our
proof of Theorem 1.1 relates the weak (1,1) inequality for M to the maximal inequality for
martingales, by allowing the martingale itself to be a random object. We show that while the
weak (1, 1) inequality is not itself a martingale inequality, it is possible to associate to each
f € L1(X) a distribution over random martingales. These random martingales stochastically
approximate M f, in the sense that we can write down a variant of Doob’s inequality for each
of them, which, under the microdoubling assumption, in expectation yields theorem 1.1. The
details are presented in Section 3.

An alternative interpretation of Doob’s maximal inequality is that if (X, d, ) is a metric
measure space, and if in addition d is an ultrametric, i.e., d(z,y) < max{d(z, z),d(z,y)} for
all z,y,z € X, then | M||1,x)>1, . (x) < 1. Indeed, restrict for simplicity to the case of a
finite ultrametric, in which case we obtain an induced hierarchical family of partitions of X
into balls, where each ball at a given “level” is the union of balls of smaller radii at the next
“level”. This picture immediately shows that by considering the averages of f on smaller
and smaller balls, in the ultrametric case we can reduce the weak (1, 1) inequality for M f
to Doob’s maximal inequality.

Of course, not every metric is an ultrametric, or even close to an ultrametric. Nevertheless,
over the previous two decades, researchers in combinatorics and computer science developed
methods to associate to a general metric space (X, d) a distribution over random ultrametrics
pon X, which dominate d and sufficiently approximate it in various senses (depending on the
application at hand). Such methods are often also called “random partitioning methods”,
in reference to the hierarchical (tree) structure of ultrametrics. This approach originated
in the pioneering works of Linial and Saks [32] and Alon, Karp, Peleg and West [2], and
has been substantially developed and refined by Bartal [4, 5]. Important contributions of
Calinescu, Karloff and Rabani [12] and Fakcharoenphol, Rao and Talwar [22] resulted in a
sharp form of “Bartal’s random tree method”, and our work builds on these ideas. In [306, 37]
such random ultrametrics were used in order to prove maximal-type inequalities of a very
different nature (motivated by embedding problems, as ultrametrics are isometric to subsets
of Hilbert space [29]); these results also served as some inspiration for our work.

One should mention here that the idea of relating metrics to ultrametric models is, of
course, standard. Hierarchical partitioning schemes are ubiquitous in analysis and geome-
try (see the discussion of Calderén-Zygmund decompositions in [15], or, say, Christ’s cube
construction in [10]). Proving maximal inequalities by considering certain Hierarchical parti-
tions is extremely natural; a striking example of this type is Talagrand’s majorizing measure
theorem [19], which deals with sharp maximal inequalities for Gaussian processes via a con-
struction of special ultrametrics (the ultrametric approach is explicit in [19], and has an

alternative later description [50] via the so called “generic chaining”; see also [20]). Explicit
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uses of random coverings and partitions in the context of purely analytic problems occurred
in E. Lindenstrauss’ aforementioned randomization of the Vitali covering argument for the
purpose of pointwise theorems for amenable groups [31], and in the work of Nazarov, Treil
and Volberg [39] on T'(b) theorems on non-homogeneous spaces. See also [28] for applications
to extensions of Lipschitz functions.

1.4. Lower bounds. A standard application of the Vitali covering argument (see e.g. [1(]
or [52]) yields the inequality

|12
where M f is the modified Hardy-Littlewood maximal operator

1
Mf(x dﬁfsup—/ fldp,
(@) r>0 ((B(z,7,7)) B(a:,r)| |

and B(z,r) C B(z,r,r) C B(x,2r) is the enlarged ball

< , 17
L) £y ) (17)

B(SL’,T,T) déf U B(y,’f’) :{ZGX:d(.ﬁC,’g),d(y,Z) ngOI‘ someyEX}.

yeB(z,r)

In particular, if we have the doubling condition (9), then
M|, (x)> L1 e (x) < K. (18)

The factor 2 in (9) cannot be replaced by any smaller number while still retaining linear
behavior in terms of K of the weak (1,1) operator norm; see [13].

In the absence of any further assumptions on the metric measure space, the bound (18) is
close to sharp:

Proposition 1.5 (The star counterexample). Fiz K > 1. Then there exists a metric measure
space obeying (9) with
M|z, 0501 2 [ K] — 1.

Proof. Without loss of generality we may take K to be an integer. Let X be the “star” graph
formed by connecting one “hub” vertex vy to (K —1)? other “spoke” vertices vy, . .. V(K —1)2,
with the usual graph metric (thus d(vg,v;) = 1 and d(v;,v;) = 2 for all distinct i,j €
{1,...,(K —1)?}). Let u be the measure which assigns the mass K — 1 to vy and mass 1
to all other vertices; one easily verifies that (9) holds. Let f € Li(X) be the function which
equals 1 on vy and vanishes elsewhere. Then one easily verifies that || f||z,x) = K — 1, that
1(X) = K(K — 1), and that M f(z) > £ for all 2 € X, and the claim follows. O

Remark 1.2. One can achieve a similar effect in a high-dimensional Euclidean space R™. If
we let X = {0,e,...,e,} be the origin and standard basis with the usual Euclidean metric

and counting measure, then (9) holds with K ' o + 1, while if we let f be the indicator
function of 0, then M f(z) > 1 for all z € X, and so | M||1,(x)=1,(x) = 22 = £, A more
sophisticated version of this example was observed in [11]: if we take X to be the origin
0, together with a maximal 1.01-separated (say) subset of the sphere S?~! then (9) holds
for K = |X| > C™ for some absolute constant C' > 1, but ||M||,(x)»1, (x) = 5 by the
same argument as before. In particular this shows that the Hardy-Littlewood weak (1,1)
operator norm (as well as the L, operator norm for any fixed 1 < p < oo) for measures

in R™ can grow exponentially in the dimension n. In the converse direction, a well-known
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application of the Besicovitch covering lemma [0, 7] shows that ||M|| L, (x)-r, x) < C" for
some absolute constant C' whenever X is a subset of R" with the Euclidean metric, and pu is
an arbitrary Radon measure. In particular, as observed in [14], this shows that the constants
in the Besicovitch covering lemma must grow exponentially in the dimension (see also [24]).

1.5.1. Adding more hypotheses. Despite the example in Proposition 1.5, we know due to
Corollary 1.2 that in many cases the bound (18) can be significantly improved. In partic-
ular, a more meaningful variant of Proposition 1.5 would be if we also impose the natural
uniformity condition that p(B(z,r)) is independent of z € X. As discussed in Section 1.2,
this immediately implies that the averaging operators A, given in (13) are now contractions
on Ly(X). Thus in order for the weak (1, 1) operator norm to be large, one needs to have
contributions to the set {M f > A} from several scales r, rather than just a single scale as
in Proposition 1.5.

Another hypothesis that one can add, in order to make a potential counter-example more
meaningful, is that the maximal operator M is already of strong-type (p, p) forall 1 < p < oo,
as we know to be the case for X = £3, due to Stein’s theorem [15]. Finally, we can make the
task of bounding the maximal operator easier by replacing M with the lacunary maximal
operator Myz.

Our first main construction shows that even with all of these additional hypotheses and
simplifications, we still cannot improve significantly upon (18).

Theorem 1.3 (Doubling example). Let K > 1. Then there exists a metric measure space
(X,d, ) with X an Abelian group and d,p translation-invariant, such that the doubling
condition (9) holds, and ||M||L,(x)»r,x) Sp 1 holds for all 1 < p < oo (with the implied
constant independent of K ), but such that

K
[ Moz £y (x) 110 () 2 (19)

We prove this theorem in Section 6.3. The basic idea is to first build a maximal operator
not arising from a metric measure space which is of strong type (p, p) but not of weak type
(1,1), and then take an appropriate “tensor product” of this operator with a martingale
type operator to obtain a new operator which is essentially a lacunary maximal operator
associated to a metric measure space. The constant 48 in (19) can of course be improved,
but we will not seek to optimize it here.

As stated earlier, we also construct an example of a metric measure space that shows that
Corollary 1.2 is sharp even under the stronger Ahlfors-David regularity condition (3).

Theorem 1.4 (Ahlfors-David regular example). Assume that n > 2. Then there exists an
Abelian group G, with invariant measure j1 and an invariant metric d, obeying the Ahlfors-
David n-reqularity condition (3) with K = 81, such that

M|y 6y 11 () Z nlogN, (20)
and
”MQZHLl(G)aLl,OO(G) 2 logn. (21)
Furthermore we have
M|, @)-rp@) Sp 1 (22)

forall 1 < p < o0.



1.6. The example of the infinite tree. The above examples seem to indicate that the
weak (1, 1) behavior of the Hardy-Littlewood maximal function can deteriorate substantially
when the doubling constant is large, even when assuming good L, bounds, as well as unifor-
mity assumptions on the measure of balls. Nevertheless, there are some interesting examples
of metric measure spaces with very poor (or non-existent) doubling properties, for which one
still has a weak (1,1) bound. We give just one example of this phenomenon, namely the
infinite regular tree.

Theorem 1.5 (Hardy-Littlewood inequality for the infinite tree). Fiz an integer k > 2, and
let T be the infinite rooted k-ary tree, with the usual graph metric d and counting measure
. Then we have

M|z () Loy S 1
(Thus the implied constant is independent of the degree k.)

We prove this theorem in Section 5. We remark that the L, boundedness of this maximal
function for p > 1 was essentially established by Nevo and Stein in [10]. The argument
here proceeds very differently from the usual covering type arguments, which are totally
unavailable here due to the utter lack of doubling for this tree. Instead, we use a more
combinatorial argument taking advantage of the “expander” or “non-amenability” properties
of this tree, which roughly asserts that any given finite subset of the tree must have large
boundaries at every distance scale.

When k is odd, T is almost” identifiable with the free group on % generators. The above
theorem then suggests that a maximal ergodic theorem in L, should be available for ergodic
actions of free groups on measure-preserving systems (the analogous L, maximal theorems for
p > 1 being established in [10]). However, the non-amenability of the free group prevents one
from applying standard arguments to transfer Theorem 1.5 to this setting (indeed, our proof
of Theorem 1.5 will rely heavily on this non-amenability). Thus the following conjecture
remains open:

Conjecture 1. Let F' be a finitely generated free group, and let w — T, be an ergodic action
of F on a probability space (X, B, ). Then

1
EEERY T, <
S IBGd )] > TSl S Iz

n21 weB(id,n) L1 (X)
for all f € L1(X), where B(id,n) is the collection of words in F' of length less than n.

We remark that by applying the pointwise convergence theorems in [10] and a standard
density argument, Conjecture 1 would imply the pointwise convergence result

1

lim ——— T = d

i gy 2 Tl = [ S
weB(id,n)

for all f € Ly(X) and almost every x € X. This result is currently known for f € L,(X) for

p > 1, due to [10].

“More precisely, one needs to enlarge the tree at the root to have k + 1 descendants instead of k. But one
can easily check that this change only affects the weak (1, 1) norm of the maximal function by a constant at
worst.
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2. DOOB-TYPE MAXIMAL INEQUALITIES

Let (X, d, u) be a metric measure space with pu(X) < oo (more generally, the arguments
below extend to the o-finite case). If .# is a o-algebra of measurable sets in X, we let L,(.%)
denote the space of L,(X) functions which are .#-measurable. The orthogonal projection
from Lo(X) to the closed subspace Ly(.%#) will be denoted f — E(f|.%), and as is well known
it extends to a contraction on L,(X) for all 1 < p < oo. The following important inequality
of Doob is classical (see [19, 21]).

Proposition 2.1 (Doob’s maximal inequality). Let %y C % C %, C --- be an increasing
sequence of o-algebras. Then we have

felhX) =

sup |E(f‘<%e)|
k>0

< | fllzy o
Ll,oo(X)

and for 1 < p < oo,

f € Ly(X) = |sup|E(f|F)]

k>0

p
< o1l
Lyx) P

We now establish a variant of this inequality, in which the expectations E(f|.%y) are
replaced by more general sublinear operators.

Theorem 2.1 (Modified Doob’s inequality). Let %, C F; C %y C --- be an increasing
sequence of o-algebras and fix 1 < p < oo. For each k € N let M;, be a sublinear operator’
defined on Ly(X) + Loo(X) such that we have the bounds

feLyX) = [IMiflle, .0 < Alfllz,c0, (23)
and
f€Lu(X) = |Mifllr.cx) < B|E(If]]F)

Suppose also that we have the localization property
feLl,(X)+Lo(X) N Ep€Fp = 1 My1f =M1 (15, f). (25)

Then we have

Iy (24)

sup | My, f|

k>0

< (AP + 2B)P) || fllL,x)

Lp,oo(X)

for all f € Ly(X).

Remark 2.1. Observe that the properties (24), (25) (with B = 1) are satisfied by the

projection operator My f = E(f|-#) whenever %, C .F C .Zj,1. Thus (24), (25) can be

viewed together as a kind of assertion that My, lies “between” %), and %, in some sense.

By this we mean that [My(f 4 ¢)| < |My(f)| + |Mi(g)| and |My(cf)| = |c| - | My f| for all functions f, g
in the domain of M}, and all constants ¢ € R.
11



Proof. By monotone convergence we may restrict the supremum over k£ > 0 to a finite range,
say 0 < k < K for some finite ' € N. We can then assume without loss of generality that
F, is the trivial algebra {(), X} for all k¥ < 0. By homogeneity it suffices to show that

Fen(x) =y sup [Mf]> 1) < (@Y + 25Y) [ 117 (26)
0<k<K
Fix f € L,(X) and note that Doob’s maximal inequality implies that
1 1
(s B 0717 > 55) <n( s BOIR) > G5 ) < @y [ 1y du
0<k<K (2B) x

0<k<K 2B

Thus in order to prove (26) it will suffice to show that

o ({ s s> by { s B (1120 > ) < car [ an e
0<k<K 0<k<K X

Consider the inclusion

P 1
{ sw ianf> 1 h s 505112 > 5

0<k<K

cU{pns=1n s m0717) < 5} @)

k=0 0<y<k
Therefore, if we introduce the sets

A x| {IE A17)) 2;}

0<j<k

and
e 1
0, & {E (If1|Z) = QB} N Ay.

Then Ay € F_1, the sets € are disjoint, and using (25) we see that (28) implies the
inclusion

1
{ w1 > b s 505112 > 55} € U{rlAkMkf|>1}

0<k<K

= U {IM (14, 1) > 13 (29)
k=0
On the other hand, from (24) we have

HMk(flAk\Qk)HLOO(X) <B HE (’f|1Ak\Qk"§k) HLOO(X) =B HE (’ngZ’f) lAk\Qk”Loo(X)

1 1
<B-—=-.
2B 2
Hence by the sublinearity of M) we have the following inclusion (up to sets of measure zero):
1
(7101 > 1) < {acrta)l > 5} (30)

12



Combining (29) with (30) and the assumption (23), we obtain

o ({ e st = 1 { s B (7170 > 55 }) < > (1¥e(1001> 3)

0<k<K
K
<S Ay [ 1117 du= 4y /
k= e K-

Uk:o Qk

FPdp < (24) /X P dp

0

This is precisely the estimate (27), as desired. O

3. LOCALIZATION OF MAXIMAL INEQUALITIES

Let (X, d, ) be a bounded metric measure space. Given a partition & of X and z € X,
we denote by &(x) the unique element of & containing X. We shall say that a sequence
{ P )32, of partitions of X is a partition tree if the following conditions hold true:

o # is the trivial partition {X}.
e For every x € X and k € {0} UN we have
diam(X)
2k
e For every k € {0} UN the partition &, is a refinement of the partition 2, i.e.,
for every x € X we have Py, (z) C Pp(x).

For 5 > 0, a probability distribution Pr over partition trees { % }72, is said to be [-padded
if for every x € X and every k € N,

S diam(X) 1
Note that (32) has the following simple consequence, which we will use later: for every
measurable set 2 C X denote

qQpi(h) oo {x cQ: B (17 MIE;—I:(X)> C @k(x)} : (33)

diam (P (z)) < (31)

(32)

Thus and(k) is a random subset of €2. By Fubini’s theorem we have:

ad(k B diam(X) 22 pu(92)
Remark 3.1. In the definitions above we implicitly made the assumptions that certain
events are measurable in the appropriate measure spaces. Namely, for (32) we need the

event {B (x, Mlé;—im) C ﬁzk(x)} to be Pr-measurable for every z € X and k € {0} UN,

and for (34) we need the event {(rc, {P12,): x€Q N B (x, Bd%f(X» C ﬁk(x)} to be

measurable with respect to u x Pr for all £ € {0} UN. These assumptions will be trivially
satisfied in the concrete constructions below.

Remark 3.2. In the above definitions we made some arbitrary choices: the factor 2% in (31)

can be taken to be some other factor r, > 0, and the % lower bound on the probability

in (32) can be taken to be some other probability pg. Since we will not use these additional
13



degrees of freedom here, we chose not to mention them for the sake of simplifying notation.
But, the arguments below can be easily carried out in greater generality, which might be
useful for future applications of these notions.

The following lemma deals with the existence of padded random partition trees on mi-
crodoubling metric measure spaces. The argument is similar to the proof of Theorem 3.17
in [28], which is based on ideas from the theoretical computer science literature [12, 22]. The
last part of the argument is in the spirit of the proof of the main padding inequality in [37].

Lemma 3.1. Fizn > 1 and K > 5. Let (X,d, ) be a separable bounded metric measure
space which satisfies (8). Then X admits a m-padded probability distribution over
partition trees.

Remark 3.3. Let (X, d) is a separable complete and bounded metric space which is doubling
with constant A, i.e., every ball in X can be covered by at most A balls of half the radius.
It is a classical fact, due to Vol'berg and Konyagin [51] in the case of compact spaces, and
Luukkainen and Saksman [33] in the case of general complete spaces (see also [55] and chapter
13 in [27]), that X admits a non-degenerate measure p which is doubling with constant A2
(the power 2 can be replaced here by any power bigger than 1). Thus the conclusion of
Lemma 3.1 holds in this case with n = 1 and K = \2.

Proof of Lemma 3.1. By rescaling the metric we may assume without loss of generality that
diam(X) = 1. Since X is bounded, u(X) < oo, and we may therefore normalize p to be
a probability measure. Let x1, 29, x3,... be points chosen uniformly and independently at
random from X according to the measure pu, i.e., (z1,x9,...) is distributed according to
the probability measure u®®0. For each k let r, be a random variable that is distributed
uniformly on the interval [2*’“*2, 2*’“*1}. We assume that rq, 79, ... are independent. Let Pr
denote the joint distribution of (xy1, zs,...), (11,72, ...).
For every k € N define a random variable j; : X — NU {oco} by

jelz) Cinf {j € NU {00} : d(z,2;) <1y}
Note that jj(z) is almost surely finite for every x € X, since each x; has positive probability
of falling into B(z,r,) 2 B (z,27%%) (see the argument in [23] for more details). Since X
is separable, it follows that the event |,y Use;{Jk(z) < 0o} has probability 1. From now

on we will condition on this event.
For every k € N and ¢4, ..., /¢, € N define

def

Ply,....0) ={xe X: ji(z)="1,...,0k(x) =L} .
Then &2, o {P(l1,...,l): l1,...,0x € N} is a partition of X. By definition
P(fl, e ,gk) Q B(ZL’gk,’I“k) Q B (ng,Q_k_l) s
and for all k£ € N,
P(ly, ... g, lyy1) C P(ly, ... lg).

Therefore P, is a refinement of &, and diam (2, (x)) < 27% for all z € X,

Denote
1

S — 35
p 16nlog K (35)
14



Since K > 5, we have § < % Fix k € N and x € X and observe that

e[ (n. 1) € 21| = [ﬂ {men(af). o= je(y)}]

>1- ZP sve s (g ). i) i) 60)

Fix ¢ € {1,...,k}. Observe the following inclusion:

{Hy €B (96, 2’%) , Je() %jE(Z/)}

o0 i—1
gUﬂ{re—§<d(% ) < m+2’% A d(z;, )>re+§k}. (37)
i=1j=1
To prove (37), assume that the event on the left hand side of (37) occurs, i.e., that there
is some y € B( ’2k) for which j,(z) # je(y). Let ¢ € N be the first index such that
d(zi,z) < 1o+ Qk. In order to prove that the event in the right hand side of (37) occurs,
it suffices to show that the event ﬂ;;ll {re— 2% <d(ziy,z) <re+ ﬁ A d(zj,x) > 10+ 2%
occurs, which, by the minimality of ¢, is equivalent to showing that d(x;,x) > 1y — 2% So,
assume for the sake of contradiction that d(z;, z) < 1, — 2% This implies in particular that
je(x) = i, and moreover, since y € B ( x, 2@) we have d(x;,y) < 1y, implying that j,(y) < i.
But, d (x Ty )) <d (y,m” ) +d(x,y) < 10+ Qk, and the minimality of ¢ implies that

j€<y) > 0. Thus j(y) =i = jg(l‘) contradicting our assumption on y.
Now, (37) implies that

Pr [Ely €B ( i) Je(x) # jz(y)]

2
3¢ _ B
- 11— 2£+2/ H (B (l’, r 2’“)) dr- (38)




The expression in the exponent in (39) can be estimated as follows:

—0—1 -2 /8 —k —0—1 B —k
/2 [h(r—ﬁk)—h(r >]dr 2 +2 h(s)ds—/2 - h(s)ds
9—t—2 2 9—t—2_go—k 9—t—1_go—k
> B2 [ (2777 = Be™®) —h (2771 + B27F)] . (40)

By recalling the definition of h, a combination of (38), (39), (40) yields the bound,

B2~ (k=0)+3

Pr |3 € B (.57 ) i) 2 0ew)] 21 - (” GG . Tk”) oy

p (B (z, 271 4 f27F))

Note that since ¢ < k and 8 < 5 we know that 27 + 527F < (1 + %)nﬂ (2772 — p27%).
Hence, combining the assumption (8) with (41), we see that

Pr |3y € B (1,52 ) ) £ dely)] < 1 K0

(35)
< (n4+1)p2 %08 log K < 27¢*0 (42)
Plugging (42) into (36) we see that

Pr{B(m,mﬂ_k)Q@k(x)}:Pr{B( f)C@k ] 1—22 k£)>—

This is precisely the statement that the partition tree {7 }72, is w-Ppadded. U

16n1

The connection between the existence of padded random partition trees and the Hardy-
Littlewood maximal inequality is established in the proof of Theorem 1.1.

Proof of Theorem 1.1. By a standard monotone convergence argument we may assume that
R is bounded, say R C [0, D] for some D > 1. Fix f € L,(X). By homogeneity it suffices to

show that
loglog K
pef >0 g (1475550 )@ kr) [ AP,
1+ logn x

where C' > 0 is a universal constant and

e

Q= SUP HMRO[T m“]HL X)oLpoo(X) (43)

By monotone convergence we may assume that f (and hence also My f) has bounded support.
We would like to apply Theorem 2.1, but unfortunately there are no obvious candidates for
Fr. with which we have either (24) or (25). Nevertheless, we shall be able to proceed by
replacing Mg with a slightly modified variant.

Let E be the support of f and denote

E Y {reX: d, E)< D},

and

E'Y {z e X: dx E)<2D}.
16



Then F C E' C E” and diam(E"”) < 4D + diam(E) < co. Moreover the support of Mgf is
contained in E’. It will therefore suffice to prove that

log log K
MR L5y Ly o) S (1 + T) Q+K.

By rescaling the metric we may assume that diam(E”) = 1. Once this is achieved we may
also assume that R C (0, 1], since the operator Mpn(1 o0, viewed as an operator on L,(E’),
is pointwise bounded by the averaging operator on E’.

Using Lemma 3.1, let {#};~, be a random partition tree on E” which is S-padded, where

1
- 16nlog K°

Let m be the largest integer such that 27™ < 3. Denote for k > 0 and i € {1,2,3},
Rz deme [ (8k+i)m 2 (3k—1+i)m} and R def U R?«
keNU{0}
Thus R = R' U R? U R3, which implies that
p(Mgf >1) = p(max{Mpif, Mp2f, Mps f} > 1)
SpMpf>1)+pu(Mpef>1)+p(Mpsf>1). (44)
Fix i € {1,2,3} and k € NU {0}, and define

k-1
B {:ceE'; My, f(z) > 1}\U{er'; My f(z) > 1}.
j=0
Then the sets E} are disjoint and
,LL(MRif>1):M< sup Mle>1>:Z,u(E,i). (45)
keNU{0} —

Recalling (33), we denote

= def ivpad((3(k—1)+i+1)m i B
Ek = (Ek)g ((3( )+it+1)m) — {J,’ € Ek; : B (27, m) Q Q(S(k1)+i+1)m($)} .

Then by (34) we know that

E [n(E)] > 45 (46)

Plugging (46) into (45) we see that

2| >u(B)

where Mp: is the sublinear operator

p(Mpi f > 1)

u( sup Msz>1>] (47)
keNU{0}

17 def
MR;'QQ = 1§;'€MR;'€9‘
17



Write 7 = 2-Gk+0m and let v < 1 + hl)illzif be an integer such that 2™/* < n. By the

definition of @, for every g € L,(E’) and t > 0 we have

u (MR;g > t) < p <MR}'€9 > t) = u (Mpapamng > t)

HgHL (E")
< u<MRﬁ[r2%,nr2T]g >< Qp 2l

Thus,

g€ L(E) — ||Mng < 0Qllgllz, e (48)

Ly, (E')

For every k € NU {0} we let .% def () be the g-algebra generated by the partition
P Then Fy C F C F, C ---. We claim that for every k € NU {0}, if F' € F(5i4it1)m
then

1FMR;’c (9) = MRZ

k+1

(1rg). (49)

By the definition of M Ri s in order to prove (49) we have to show that for almost every « € F’
we have

Lp(z) - 1g (2)- Mg (9)(x) =1 (z) Mg

k+1 k+1 k+1 k+1

(1rg)(z). (50)

It is non-trivial to check (50) only when = € E}€ 41, in which case we are guaranteed that
B (:L‘, (2~ (@Bktit1)m ) C P(skri+1ym(x). But since F' € Fspiit1)m, we know that Pgppiviym(x)
is either disjoint from F or contained in F. If Pggyit1ym(x) C F, then for every r € R2+1,

B(x,r) C B (x,27 G 2m) C B (g, 27D C Py iym(2) C F, (51)

where we used the fact that r < 2-G*+D=1+0m and 2= < 3. The inclusion (51) implies that
both sides of the equation (50) are equal to Mp; (9)(x). On the other hand, if Prgit1)m(2)

is disjoint from F', then B(z,r) is disjoint from F for all » € R}, implying that both sides
of the equation (50) vanish. This concludes the proof of (49).

Fix g € Loo(E'), and extend ¢ to a function on X whose value is 0 outside E’. Assume
that

|E (I9]]-Z shri+1)m HLOO By = 1
This implies that for all F' € .Z(3,4i41)m We have

[ lsldn= [ lgldu < n(F O E) < () (52)
F FNE/
Fix r € R}, and = € E'. Denote

F def U {C € @(3k+i+1)m :CN B(QS,T) =+ @} c ﬁ(gkﬂ'_,_l)m.

Note that B(x,r) C E”, which implies that

F D B(z,r). (53)
18



Moreover,

CEPBryit1)m

FCB (a:, r 4 sup diam(C)) C B(x,r+ 2_(3’“”“)’”) CB(z,(1+27™)r), (54)

where in the last inclusion in (54) we used the fact that » € R} implies that r > 2-Gk+Om,
Hence,
1 / (53) 1 (52 pu(F)
— gldp < ——— | lgldp < ——=
p(B(x, 7)) Jpn p(B(x,r) Jp w(B(z,r))
9 uB 02 pBEar D) O,
p(B(x,r)) p(B(z,r)) 7

We are now in position to apply Theorem 2.1 to the increasing sequence of o-algebras
{y(3k+i+1)m};ozo and the sublinear operators {MRZ} , with A = v'/PQ, due to (48), and
B = K, due to (55):

u( sup Mg f > 1> < (2pva+2pr)/ |fIPdp
X

keNU{0}
< (v (14208108 KN oot g /\flpdu-
1+ logn X

Using (47) and (44), we therefore deduce that

loglog K p
Mgpf>1)]"7 < 14— K
1 (Maf > 1) N(( # TR0 ) 1o

as required. O

4. AN ARGUMENT OF E. LINDENSTRAUSS

We now present an alternative approach to Corollary 1.2, following an argument of E.
Lindenstrauss [31]. Let us first make some definitions. We fix a metric measure space
(X,d, ). Given any two radii 7,7 > 0 and a center x € X, we define the enlarged ball
B(xz,r,r") by

B(z,r,r") o U B(y,r")={z€ X :d(z,y) <7 A d(y,z) <r' for some y € X}.

yEB(z,r)
Thus, for instance,
B(z,r) C B(z,r,r") C B(x,r +1'). (56)
In analogy to [31], we say that a finite sequence of radii 0 < r; < ry < --- < 1, is tempered
with constant K > 1 if we have the bound

Vied{l,...,k} Ve e X Vy € B(x,r),
y (Bm) U (U B <>)> <Kp(Blyry). (1)
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Theorem 4.1 (Lindenstrauss maximal inequality). Let (X, d, u) be a metric measure space,
and let 0 < r;y < ro < ... <71y be a sequence of radit which is tempered with constant K.
Then we have the weak (1,1) mazimal inequality

1 2e K
X: —_— dp > XN| < ~
! (‘”e BT Sy ) c— 1Al

for all f € L(X) and A > 0.

Proof of Corollary 1.2 assuming Theorem J.1. Assume that (X,d, u) obeys the strong mi-
crodoubling condition (14). It is immediate to check that any sequence 0 < 11 <1y < ... <71y
obeying the lacunarity condition r; > nr;_; will be tempered with constant K, and hence
by Theorem 4.1,

1 2e K
€ X: e A— du > M| < — .
a (m 1255k B, 1) /B(x,rj) Il ) =1 e

If instead we have the lacunarity condition r; > 2r;_;, then we can sparsify this sequence into
O(log n) subsequences obeying the prior lacunarity condition, and hence, by subadditivity,

1 Klogn
X —_— dpu> M| S .
(e iy 190 ) £

From monotone convergence we then conclude (16). Similarly, any sequence obeying the
lacunarity condition r; > (1 + %)Tj_l can be sparsified into O(nlogn) sequences which have
a lacunarity ratio of n. By monotone convergence this implies that

1 Knlogn
wloex: sup [ idn>a) s S
( reqrbyz B@,7) Jpa A o

where (1 + +)% denotes the integer powers of 14 1. Now note from (14) that every ball is
contained in a ball whose radius is an integer power of 1 + %, and whose measure is at most
K times larger. Thus

1
Mf(x) <K sup [ ilan
re(l—i—%)z B(:L‘, T) B(z,r)

and (15) follows. O

Proof of Theorem J.1. As in [31], this is achieved by a randomized variant of the Vitali
covering argument. We may take f to be non-negative, and normalize A = 1. For each
Jj€{l,....k}, let E; be a compact subset of X on which we have

1
er-:>—/ fdu>1. (58)
’ B(x,75) Jper)

By inner regularity it will suffice to show that

(Us)<

2
_elK/Xf dy. (59)

(&
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We establish (59) by induction on k. The case k = 0 is vacuously true, so suppose k > 1
and the claim has already been proven for k—1 (i.e, that (59) holds true for all non-negative
f € L1(X) and all sets {E]}f;ll satisfying (58)).
By compactness, we see that there exists an € > 0 such that
r € By, = u(B(z,mg)) > €.

We then define the extended ball

B*(x) B B(x,ry, U <UB T, T, T )

Thus, since the sequence of radii {r;}¥_, is tempered, for all y € B(x,7}),

e < (B W) < Kp(B(x, ) (60)
If we then define the intensity function

i !
pl) = Inf | W(B ()’

then p is a measurable function on £} which is bounded both above and below:
1 1

Ki(Blary) SP0 =<2 (61

We now introduce a Poisson process ¥ on Ej with intensity p(z). Thus ¥ is a random
subset’® of Ej, which will be almost surely finite, and more precisely, for any non-negative
measurable weight w : £, — R, the quantity > . w(x) is a Poisson random variable with

expectation
Sw <x>] ~ [ wpan (62)
Ey

TeEX

def E

i.e., for any integer k > 0

Pr <Zw(ac) _ k) _ e_c;:!%. (63)

TEY
Now we define the random sets
jols U B*(x) and re U B(z,ry).
TEXD reX

Then,

<UE) Ek+p(E’+M<UE\E> (64)

j=1

6If B, contains atoms, then ¥ may contain multiplicity, thus it is really a multiset rather than a set in
this case. One way to create X is to let N be a Poisson random variable with expectation P def f B, pdp and

then let ¥ = {z1,...,zx5} where x1,...,zy are iid elements of E chosen using the probability distribution
pdp/P.
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Let us investigate the third term in (64). Fix j € {1,...,k —1}. If z € E; \ E’, then
! / fdu>1

S — /,l/ .

B(x,75) JB.r,)

But, since x ¢ E’ it follows from our definitions that B(z,r;) is disjoint from F. Thus we

have
1

B(Iv Tj) /B(x,rj) )
k—1

We can therefore apply the induction hypothesis to the sets {E; \ E’ ;=1 and the function
f1x\r, and conclude that

(UE\E) X\Ffdu

It follows from (64) that it suffices to show that

1(Er) + E[u(E")] < E[u(Ey) + p(E")] <

[re]

Now, applying (62) and (63) with w o 1/p, we have

1
]

IS

() =E

while from definition of E’ we have
. 1
) < ) = o
TEXD ey

Thus, in order to prove (65) it suffices to show that

1 e
E < KE / d } . 66
Sita) <510 o
From (58) we know that for all x € ¥,
1 1 /
< L@ f di,
p(@) " plp(Bler)) Sy e
and hence
1 / 1
— E 1nen | | £ du. 67
* |2 ] ( 2 B )D (o7
Fix y € X. From (62) with w(x) = %’E)())), we see that
E Z . 1B(Cﬂ,?"k)(y) :/ —1 du(x). (68)
= p(@)(B(z, 1)) BBy BT, 7x))
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By substituting (68) into (67), we see that in order to prove (66) it will suffice to prove the
pointwise estimate

/ 1 du(z) < eK
Ex.NB(y,rk) M(B(ZL', rk)) e—1

E[1r(y)], (69)

for all y € X.

Now observe that the definition of F implies that 1x(y) = 1if and only if |[XNB(y,r%)| > 1.
But, recall from (62) (using w(z) = 1lgr,)(x)) that |3 N B(y,r)| is a Poisson random
variable with expectation

aly) < / Lo(yrop dit = / p(x) du(z), (70)
Ey, ExNB(y,rk)
and thus
Ellp(y)]=1—eW. (71)
A combination of (61) and (70) yields the bound
1
/Ekmmymk) p(B(x, 1)) dule) < Kay) ()

The definition of p(z) implies that if y € B(x,r;) then p(z) < M(Bi(y)) < u(B(; L since

B*(y) O B(xz,r). In combination with (70), we deduce that a(y) < 1. But, the function
a — =22 is decreasing on [0,00), and therefore 1 — e=*® > (1 — e"")a(y). This, in
combination with (71) and (72), implies (69), and completes the proof of Theorem 4.1. [

As observed in [31], the above argument allows us to extract a good maximal inequality
for sufficiently sparse subsequences of radii if the situation is sufficiently “amenable”. In our
current context, the analogue for amenability is in fact subexponential growth:

Corollary 4.2. Let (X, d, 1) be a metric measure space such that u(B(z,r)) is independent
of v € X for allr > 0. Suppose also that we have the sub-exponential growth condition

lim log pu(B(x,r)) —0 (73)
r—00 T

for any x € X (note that our assumption implies that the choice of = is in fact irrelevant).

Then there exists a sequence of radit 0 < ry < ro < ... tending to infinity such that we have

the mazximal tnequality

feLi(X) = |[sup Ay, [f]

k>1

< 4l
L1,00(X)

where the averaging operators A, are given by A,.g o m fB(I " lg| dp.

Proof. We construct the radii recursively as follows. We set r; ©Ir r1,...,7, have already
been chosen, we choose 741 > max {rg, k} so that

logp (B (z, g1 +1%)) < p(B (2, 7541)) + 0.001

for any x € X. Such a radius must exist, since otherwise one would easily contradict (73).
The sequence of radii is tempered with constant K = €% and the claim follows since

2K
< 4. O

1—e—1
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5. THE INFINITE TREE

Fix k > 2 and let T be the infinite rooted k-ary tree with the usual graph metric and the
counting measure p. In this section we prove Theorem 1.5. The first (standard) step is to
replace the Hardy-Littlewood maximal function with the spherical maximal function

Arﬂmﬁkw——Lﬂ S 1w,

r=0 ’S(.Z',?" yeS(z,r)
where S(x,r) is the sphere

S(x,r) of {yeT:d(z,y) =r}.

Since every ball can be written as the disjoint union of spheres, we have the pointwise
estimate

Mf(x) < M°f(z),

and so it suffices to show that

pleeT: M°f(x) > )N—HfHLl (74)

for all f € Li(T) and A > 0.
Our arguments rely on the following expander-type estimate. We use |E| = u(E) to denote
the cardinality of a finite set £ C T'.

Lemma 5.1. Let E, F be finite subsets of T and let r > 0 be an integer. Then
{(z.y) € Ex F: d(w,y) = r}| < 2BV P2k,

This bound should be compared against the “trivial” bounds of |E|k" and |F|k". It is
superior when |E|/|F| lies between k" and k~". By setting F and F' equal to concentric
spheres one can verify that the bound is essentially sharp in this case.

Proof. Let us subdivide T = U;?io T;, where Tj is the generation of the tree at depth j (thus

for instance |T;| = k7). We then define F} “EnN T; and Fj “FEn T;. Observe that in

order for an element in £} and an element in F; to have dlstance exaetly r, we must have
i =74 r—2m for some m € {0,...,r}. Thus we can write

{(z,y) € EX F:d(z,y)=r} = Z > Hxy) €Ejx F:d(z,y)=r}|. (75)
m=0 4,j;eNU{0}
i=j+r—2m
Fix m € {0,...,r} and 4,5 € NU {0} such that i = j +r — 2m. Observe that if z € T}
and y € T; are at distance r in T, then the m!" parent of z equals the (r —m)™ parent of .
From this we conclude that for each x € T} there are at most A"™™ elements of y € T; with
d(z,y) = r, and conversely for each y € T; there are at most k™ elements of z € T; with

d(xz,y) =r. Thus

{(2,9) € E; x Fy: d(a,y) = r}| < min (""" E;|, k™| ]} (76)
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A combination of (75) and (76) implies that our task is therefore to show that

S0 min{kE| R E} < 2E|V2IF)VET. (77)
m=0 ¢,jeNU{0}
1=j+r—2m
If we write ¢; o % and d; o ‘2 for j > 0 and ¢; o d; 0 for J < 0 then we have
> Kej=|E| and Zkﬂ'dj = |F|, (78)
=0 =0

and we have

T min { k""" E;|, K" Fi| } = g k402 min {e¢;, d;}
>, 2, min{FTIELRTE} = ) j

m=0 ¢,jeNU{0} m=0 ¢,jeNU{0}
i=j+r—2m i=j4+r—2m

<K RS2 min {c;, di} . (79)

i,j=0
A combination of (78) and (79) shows that in order to prove (77) it will suffice to show that

00 1/2 1/2
Z k(i+j)/2 min {Cj, dl} < 2 (Z ijj) (Z k’ldz> .

i,j=0 =0 i>0

To prove this inequality, let a be a real parameter to be chosen later, and estimate

i E+)/2 phin {Cj,dz‘} Z kH—J)/?c + Z kz+J)/2d < Zkﬁ—gc +Zk1—§d

t,5=0 1,7ENU{0} 1,7ENU{0}
1<j+a 2]+
Optimising in a we obtain the required result. O

For each r > 0, let A? denote the spherical averaging operator

A f(x) ;)) S 1wl

S

w(S(z,r)) =

Thus M° f(x) = sup,>¢ Ay f(x). We can use Lemma 5.1 to obtain a distributional estimate
on A.

Lemma 5.2. Let f € L1(T), r >0 and A > 0. Then

(A7 S ). \/>2" (If1 =2N).

nGNU{O}

1<2"<2K"
Proof. We may take f to be non-negative. By dividing f by A\ we may normalize A = 1. We
bound

1
f<g+ Y e+ flimye, (80)
neNU{0}
1<2n<k7'
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where F,, is the sublevel set

WE {2 f <) (81)
Hence .
A<+ DD 2 A M) + A (Myapn) (2)
neNU{0}
1<2n<k”
Since p(S(z,7)) < k" we see that
0 . 1.,
i (A2 (F1iaaiy) #0) <Kp (f > ok ) | (83)
Thus we have
w1 A (1) > o | 4k (f = S
neNU{0}
1<2" <k

Note that if

|

> 24 (1g,) 2
neNU{0}
1<2™<k"

then we necessarily have for some n € N such that 1 < 2" < k",

2n+4 < )
Indeed, otherwise we have

1 1 gn\ /4 AR/ 1 1
- < A (1 ) < — z < <=,
2 2 P (Le.) < 75 2 (k) 16k7/4 (214 — 1) ~ 2
neNU{0} neNU{0}
1<2"<k™ 1<2" <k

AL (1g,) >

which is a contraction. Thus

1
pf =< Y uE) k(12 5. 84
neNU{0}
12" <k

e [ o 1\
T N (O

Note that F;, is finite and observe that

1 . _ Al (2\
o {(z,y) € B, x F, :d(z,y) =71} = ZA (1g,)( X (F) :

yeF,

where

Applying Lemma 5.1 we conclude that
ny 1/4
() <2_) <9 PE) )

2n+4 k-r kr
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Hence
2n
p(F,) <2 \ o 2" u(Ey).
Plugging this estimate into (84), we obtain the required result. O

Proof of Theorem 1.5. Now we prove (74). Since M°f = sup,-, Ay f, Lemma 5.2 implies
that

pOEF2N <D nIZNZD D \/gﬂ”u(lf!w"u)

r=0 r=0 neNU{0}

1<27 <2k
_ = 1 23n/21 < - 2n1 < 1
D> 2| > = MBS Y 2 @iz S ) @),
z€T n=0 | reNu{0} zeT n=0 zeT
kr>2n—1
which is (74), as desired. The proof of Theorem 1.5 is complete. O
) p p

6. SHARPNESS

The purpose of this section is to prove Theorem 1.3 and Theorem 1.4.

6.1. A preliminary construction. Before we exhibit the full examples, we first need a
preliminary example of a maximal operator associated to a finite Abelian group (but not to
a metric) which has bad weak (1, 1) behavior.

Proposition 6.2 (Preliminary example). Let g be a power of an odd prime, and let F,
be the finite field with q elements. If q is sufficiently large then there exists a vector space
X, over Fy with counting measure pi and dimension m = dim(X,) < /g, and disjoint sets
{E. C X4}.cr, which are symmetric around the origin (i.e. x € E. if and only if —v € E.)
with measure ) 5

e B, = 5ou(X,) < u(E) < Zu(X,) (85)
and such that the mazimal function

M, f(z) = max |f (2 +y)|du(y)

obeys the bounds
2
p
Mol < (F) T (36)

for all 1 < p < o0, but such that

q
||Mq||L1(Xq)‘>L1,oo(Xq) > 5 (87)

Furthermore, there exists a one-dimensional subspace W_,, 11 in X, with the property that
for all z € F,

1
pWopmia + E2) 2 ZM(Xq)a (88)

where W_,, .1 + E, is the Minkowski sum of W_,,.1 and E,.
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Remark 6.1. The dimension bound dim(X,) < /g is not necessary for Theorem 1.3, but
will be useful for proving Theorem 1.4. Conversely, the property (88) is used for Theorem
1.3 but not for Theorem 1.4. Even though our choice of notation for W_,, ;1 seems somewhat
cumbersome at this juncture, it will become convenient when we apply Proposition 6.2 in
Section 6.3.

Proof of Proposition 6.2. Let m be the largest integer less than ,/q. We set X, o " to be
the m-dimensional vector space over IF,, with counting measure x. On this space we consider
the non-degenerate quadratic form” Q : X, — F, by

def
Q(z1,. .., 1) = 25 + ... 22,

Define for z € F,

B, {z €F: Qa) =2} =Q7\(2).

Clearly FE. is symmetric around the origin.
Let [} denote the dual of the additive group of IF,. Fix a non-trivial character y € F;\ {1}.
Then a standard Gauss sum argument (see Lemma 4.14 in [51]) shows that since ¢ is odd,

> x (2?)| =4 (89)

z€lFy

for every y € F, \ {0}.
For every © = (x1,...,2y), 2" = (2}, ..., 2},) € X, write (z,2') o >y xay € Fy. Then
for every n € X, and y € F, \ {0} we have (using the fact that ¢ is odd),

= ﬁ Z X (y5 +njz;)

7=1 :CjEJFq
m 2
B L (59) sz 1(Xg)
TS (o () )| L= o

Consider the elementary identity

/X X Q) + {0, z)) dp(x)

Lp.(2) = ¢ > x(=y2)x (yQ(x)) . (91)

L) s [ 1@ (0.2) duto)

=

"One could also use here a random symmetric function from F7" to Fy if desired; the key features of ()

that we shall need are that it is even, and its Fourier coefficients are all small.
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Then

‘u (E.) 1‘ _
mXy) g

/X Y Q) + (0, x) — y2) dy(x)

17 yer,\{0}

©0) 1 1
—— < Va < —, (92)

X qm/2 X ﬁ X 2q7
provided that ¢ is large enough. This proves (85). Moreover, for every n € X, \ {0},

(90) 1
Lo Ve (93)

ST e

(1) 1

S qu(Xy) 2

17 yeF,\{0}

Consider the averaging operator

/X X Q) + {0, z)) dp(z)

def 1

@) g [ 1 i)
Inequalities (92) and (93), combined with Parseval’s identity, imply the L, bound
w(X,) ‘ ‘ < 2 fllzaexn)
1 = A-fllary < S e [T )] Dy < 2t (90

On the other hand, since A, is a contraction in L;, we have

1= A fllzyxp) < 20 o) (95)
Interpolating between (94) and (95) (see [57]) we get that for every 1 < p <2,
2 2 27% ma9—2
I = Aty <27 () My =265 P Usllcy (00)
Hence
1/p

H%%XHﬂ—Azﬂfl)IH < X[t =a-amlf;
q Lp(Xq) z€Fy

Lp(Xq)

(96)
< 207 (0" 5) 7

Thus
_my2-2
1Moy < (1207 (75)"77 ) Uy

3\ 2} f
< (12 () ) Wy 5 100 o
92
The last step in (97) can be proved as follows: for ¢ > 36, the term 1 + 2¢/7 ( e L) !

1

. eV . .
is <14 ¢'™*~ 2, where we write 2 = 1 — . Now consider the cases ¢ > 2
~ ? P

\/% and € < 7
separately. The bound (97) proves (86) when 1 < p < 2. The case p > 2 follows from a
similar interpolation argument, using trivial bound [[ M, f||r..x,) < [[f]lze(xy)-
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To prove (87), let f o 140y be the indicator function of the origin 0. Then || f|z,x) = 1.
Since the sets {E.}.cr, cover X, we see from (85) that M,f(x) > sy forall e X,
and (87) follows (setting A slightly larger than ﬁxq))

Finally, let W_,,;1 be the span of the first basis vector e; € X, = F;". Let S denote
the set of squares in Fy, i.e. S o {22 : 2 € F,}. Since ¢ is odd, |S| = £+, Observe that
(z1,...,2y) lies in E, + W_,, 1 if and only if 23 4+ ... + 22 is in z — S. Arguing as in (92)
we deduce that

M(EZ+W—m+l) = ZM((mlax27"'7$m)eFT: mg—l-—l—xfnzz—s)

ses
= Zq»{(l’g,,l’m) EF;”’_I: $§++xfnzz—s}|
sesS
LAl
2 q q9 _ q
; ( q q(m=1/2
_ q+1 q+1
= ) ( 2 2q(m—1)/2) :
This establishes the bound (88) for ¢ sufficiently large. O

Remark 6.2. This example once again demonstrates the (well-known) fact that Lo-type
smoothing estimates, such as those arising from smallness of Fourier coefficients, can imply
L, maximal bounds by standard interpolation arguments, but do not necessarily imply weak-
type (1,1) bounds.

6.3. The doubling example. We now prove Theorem 1.3. The claim is trivial for K < 48,
so we will assume K > 48. By Bertrand’s postulate we may find an odd prime g between K /4
and K/2, which we now fix. We then let F;, X, and {E.}.cr, be as in Proposition 6.2. Fix
an arbitrary enumeration of the points in Fy, say F, = {z1,..., 2.} and write ;. = I (this
will not create any ambiguity in what follows). It will also be convenient to set Ey = {0}.
The maximal function M, in Proposition 6.2 is not associated to a metric, let alone one with
the doubling property (9), since the sets E; are not nested. However, this can be remedied

by extending the space X, in the following fashion.

We let X & Xy x FI be the Cartesian product of X, with the vector space FZ, with

counting measure p. We also let

(0} =VoCWVC...CV, =T
be the standard flag in I, thus V; is the span of {e,...,e;} for j € {0,...,q}, where
€1, ..., €q 1s the standard basis of F{. In particular

j€{0,....q} = u(Vj)=¢. (98)
Recall that X, is itself a vector space " over F,, thus we have another flag

{0} =W_, CW_,,;1u C...CWy=X,,

where

Jeq0, . m) — pw ) = XD (99)

q]
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We can ensure that W_,,.; is the one-dimensional subspace mentioned in Proposition 6.2.

For v € F, let j(v) denote the minimal j € {0,...,¢} such that v € V;. For v € X, and
Jj €{0,...,q}, let £;(u) be the maximal ¢ € {0,...,m} such that u € E; + W_,. Now, for
(u,v), (v,v") € X define

d((u,v), (', ")) & 41y 4+ 27 @ (100)
We claim that d is a translation invariant metric on X. The translation invariance and
non-degeneracy of d are immediate from the definition. The symmetry of d follows from
the fact that the £; C X, are symmetric around the origin. It therefore remains to verify
that for all z,y € X we have d(z +v,0) < d(x,0) + d(y,0). Write z = (u,v), y = (uv',?v),
Jg=7j), j =j), £ =1;(u), I =Ly(v). Without loss of generality j > j/. Then v € V;
and v' € Vi CVj. So, v+ €V, ie, jlv+v) <j. Denoting " = £y (u + u'), we see
that it suffices to prove the inequality

P g0y + 27 Lurwsoy < 41 g0y + 27 Loy + 49 Loy + 27 1oy (101)

If 7 > 1 then v,v" # 0, and (101) holds since 47" > 4 > 2=, On the other hand, if j' = 0

(equivalently v = 0) then by definition v’ € W_p. Since u € E; + W_,, it follows that

utu € B+ W_ i+ W_p = Ejuiv) + Worningeey. Thus €7 > min{¢, ¢'}, and (101) follows
from the trivial inequality 27 ™™ 1, gy < 27 oy + 278 Loy

The balls in the metric d take the following form:

r>49+1 = B(0,r) = X, (102)

Jje{l,....q—1}, ¥ +1<r <4 = B(0,r) =X, x V], (103)

Fje{l,....q—1}, ¥ <r<4 427" = B0,r) = (E; x V;)U (X, x V1), (104)

3G, 0 e{l,...,q—1}x{1,....m—1}, 49 +27 <r < 4f 27!
— B(0,r) = ((E; + W_¢) x V) U (X, x V;_1), (105)
1<r<4 = B(0,r) =X, x {0}, (106)
e{l,....m}, 27 <r <27 = B(0,r) =W_; x {0}. (107)

We shall first of all prove that (X,d, ) is doubling with constant 2¢ < K. For r > 4
take j € {1,2,...} such that 4/ < r < 49" If in addition, 47 + 1 < r < 47*! then since
2r < 4972 it follows from (103), (104), (105) that B(x,2r) C X, x V,;1, implying that

i (B(0,2r)) < (X, % Vi) = ¢ (X,) < g (X, x Vi) 2 g (BO,r). (108)
On the other hand, if 4/ < r < 49 + 1 then 47 +1 < 2r < 477!, Note that (104), (105) imply
that
Ej X ‘/] cB (O,T), (109)
and therefore

(109 85) (109)
1 (B(0,2r) =" (X, x V) = ¢ u(Xy) < 2¢ " p(Ey) = 2qu (B x Vi) < 2qu(B (x,7)) .
Similarly, using (106), (107), also for 0 < r < 4 we have u (B(0,2r)) < qu(B(0,7)). Thus

(X,d, ) is doubling with constant 2¢, as claimed.
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Now, from (87) we can find f, : X, = R with norm || f,||z,(x,) = 1 and A > 0 such that

H(Mafy > X) > oL

We extend this function f, to a function f : X — R, defined by f(z,y) o fq(x) for x € X,
and y € F{. Thus

(110)

11z ) = [EGL - W fall oy = o (111)
We shall next compute My f(z,y) for (z,y) € X, x Fl = X. Actually, for very minor
technical reasons we need to consider the slight variant

1
2,9), (1 +¢)r)) /B((x Do) | (2, 9)] dulz,y) (112)

for some small ¢ > 0, but this clearly will not make a difference since we can rescale the
metric by 1+ €.
Observe that for any 1 < j < ¢ we have

1
M () > ; Z folx + '),
1 (B0, (1 +¢)47)) (z',y")€B(0,(1+€)47)

M3 f(r,9) = sup e

re2z

Note that if 0 < & < 477-27™%! then it follows from (104) that

. (5) 2 | g g
p (B0, (1+e)47)) < p(Ej x Vi) + p(Xg x Viog) < X+ (o)’ b= 3¢ (X).

Using the inclusion B(0, (1+¢)47) D E; x Vj, which trivially follows from (104), we conclude

that
3q31— Z qux—i-x .

x'eE; y'eVj

sz(x y)
Hence, in combination with (98) and (85), we get the bound
M. f(z,y) Z fol + ')

mGE’

Taking the supremum over all 5 we conclude the pointwise estimate

1
M5 f(,9) > =Myfy().
In particular we have

1
(M > ) 2 Egle Oy > 0 > -
Recalling (111) we thus see that
) 1 K
‘|MQZ’|L1(X)*>L1,OO(X) 12C] 48
yielding (19).

The only remaining task is to establish the L, bounds ||M ||, x)-r,x) Sp 1, for p > 1. To
do this let’s examine what equations (102)—(107) say about the measures of the balls B(0, r)
appearing in the definition of the maximal function M. For r < 4, the balls all take the form
W_; x {0} for some —m < —j < 0. For 49 < r < 49 +27™% for some 1 < j < ¢, the ball
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B(0,r) is equal to the union of the two sets E; x V; and X, x V,_y, which have the same
measure up to a universal factor thanks to (85), (98). For 47 + 27"t L r < 47+ we see
that the ball B(0,r) lies between (E; +W_,,41) x V; and X, x V}, and so thanks to (88) has
measure comparable to X, x V,. Putting all this together, we obtain the pointwise bound

1
<
Mg(z,y) < S A > g, y)|+gr<1]a<>§w E >

x'ex+W_; r'eXqy €y+V
/
+ max ——————~ E E (113)
0<j<q :u
r'ex+Ejy €y+V

for all functions g : X — R.
If we let _;, for —m < —j < 0, be the o-algebra on X generated by the cosets of
W_; x {0}, we have

1 /
ma E y) = max E B_i| (x,y), 114
_mg_};go M(w_]) o g |g(x y)’ —mg—};':go [|g|} ]] (I y) ( )

where E [|g||_;] denotes the conditional expectation of |g| with respect to the o-algebra
_;. Applying Doob’s maximal inequality (Proposition 2.1), we thus see that this expression
is bounded on L,, i.e

P 1/p

1 p
] sw > o] dute) | < Llllneo (19
i .

“m<—j<o (W_;5) a' CxtW_;

A similar argument disposes of the second term in (113), i.e
p 1/p
p
max —————~ g(2', )| du(z,y) < ——9ll,x)- (116)
/X 0<]<q,UX xgqy@;vj p—1 p(X)
By combining (115) and (116) with (113), we see that it suffices to establish the bound
p 1/p 5
p
max @l dute) | 5 (5E) Nalseo- 017
/XO<J<‘1M x;}jy;‘/ p—1 p(X)

We can bound the left-hand side of (117) by

P 1/p

/XmaxL Z G(x,y’) dﬂ(%?ﬂ )

o<yi<a (V)

Yy ey+V;
where
Gloy) S max —— 57 gl
0<Isa Hl(E ) z'cx+E;

Applying Doob’s maximal inequality again, we thus reduce to showing that

2
p
161,005 (25 ) oo
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But this follows from (86) (and Fubini’s theorem). The proof of Theorem 1.3 is complete. [

6.4. The Ahlfors-David regular example. Now we prove Theorem 1.4. Once again we
may take n to be large, as the claim is easy for bounded n (e.g., one could take the usual
Hardy-Littlewood maximal function on R™).

The heart of our construction is the following lemma:

Lemma 6.1. There exists a finite Abelian group X, equipped with counting measure p and
an invariant metric dx, with the following properties:

(1) The are integers a < b such that for all x,y € X we have dx(z,y) € {0} U {37/"}_,.
(2) For all v € [3%/™,3%"] and all x € X we have

379" < u(B(x, 7)) < 374 (118)

(3) | M|y (x)=L1.00(x) 2 nlogn.

(4) HMQZHLl(X)HLl,(X,(X) 2 logn.
(5) For all 1 < p < oo we have ||M ||, (x)—r,x) Sp 1.

Proof of Theorem 1./ assuming Lemma 6.1. In what follows F3 denotes the field of size 3.
Let Y be the subspace of F§° consisting of all finitely supported vectors, equipped with the
counting measure v. For (yi,ys,...) € Y let j(y) denote the largest j € N such that y; # 0.
If y =0 we set j(y) = —o0. For y,4/ € Y define

oy (y,y') & gb/m . 3iw=y)/n,

Then py is an invariant ultrametric on Y, satisfying py (y,y’) € {0} U {3¢T/"}%2 for all
v,y € Y. Let Y; C Y denote the set of vectors whose support is contained in the first j
coordinates. Thus Y is a subspace of Y and Y; = B,, (O, 3(1’“')/”). Since v(Y;) = 37, it
follows that for all » > 3" and y € Y we have

370 v (B, (y, 1)) < 370" (119)

Next, we let Z denote the set ]F‘?O, and let 7 denote the countable product of the normalized
counting measure on F3. Thus 7 is an invariant probability measure on Z. For & € N let
Zy, be the subspace of Z consisting of (21, 29,...) € Z with 2y = 20 = ... = 2z;, = 0 (we shall
also use the convention Zy = Z). Thus 7(Z;,) = 37%. For z € Z let k(z) denote the largest
integer k£ > 0 such that z € Z; (with the convention k(0) = o0). For z, 2" € Z define

po(z, ) & B 3ke=2/m,

Then py is an invariant ultrametric on Z, satisfying pz(z,2’) € {0} U {3l*=)/"}%2 | for all
2,2 € Y. It follows from the definitions that for all £ > 0 we have B,, (0, 3(“*’“*1)/”) = 7.
Let o be the invariant measure on Z given by o = 3%~'7. Thus for all r < 3%/™ we have,

%r" <o (B,,(y,r)) < 3r". (120)
We shall now let G be the Abelian group Z x X x Y, equipped with the ¢, product metric
de ((z,z,y), (2, 2',y)) = max {pz(z, ), d(x,2'), py(y,y')} . We shall also equip G with the
product measure g = 0 X fi X V.
The balls in G are given by By, (0,7) = B,,(0,7) X By (0,7) x B,y (0,7). If r > 3%n
then By, (0,7) = X, and thus by (118) we have 1t (Bay (0,7)) € [3°~ a 3b 3], Similarly,
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for r > 3Y™ we have B,,(0,7) = Z, and thus o (B,,(0,7)) = 3*7L. It therefore follows
from (119) that

1
7> 3" — g (B, (0,1)) € [57"",97“”] : (121)
If 39" < r < 3% then B,, (0,7) = {0}, and hence v (B,, (0,7)) = 1 As before, we also
have in this case o (B,,(0,7)) = 3%, and by (118), p (Bay (0,7)) € [37%", 373y ] Thus,
39" L r < 3" — g (By, (0,7) [—r Or ] . (122)

Finally, for » < 3%™ we have B,, (0,7) = {0} and By, (0,7) = {0} and so v (B,,(0,7)) =
i (Biy (0,7)) = 1. In combination with (120), we see that

3

Inequalities (121), (122), (123) show that the metric measure space (G, dg, p) is Ahlfors-
David n-regular.
It remains to prove the estimates (20), (21), (22). By assertion (3) of Lemma 6.1 we can

find f: X — Ry with || f|/z,x) = 1, and XA > 0, such that

1
r<3Y" = g (Ba.(0,7)) € {—r",?)r"] . (123)

nlogn

A

Define a function g : G — Ry by g(z,z,y) = f(x)l{y=0y. Then |g||r,) = o(Z) = 3°7".
Moreover, we have the pointwise estimate

W(MF > ) 2 (124)

" ( ) - prZ (0,7)x Bay, (0,7)x Bpy (0,r) f<$ + x’)l{erz/:O}d,UG(z’, x, y’)
a\x,y,z) = sup
3a/nLpL3b/n 27e; (sz (07 T) X de (07 1”) X BPY (07 T))
= (M f(z)) 1iz—0},

where we used the fact that B, (0,7) = {0} for r < 3¥/". Thus by Fubini’s theorem,

(124)

ne (Mg > ) 2 o(Z)p(Mf > ) 2 3

nlogn nlogn
= 1911

This proves (20); the proof of (21) is identical. To prove (22) take an non-negative h € L,(G),
and observe the pointwise bound

anz(Oﬂ") h(z+ 2 x,y)do(2)

Mh(z,z,y) < sup (125)
r<3a/n o (sz (0,7))
S S x4+ y)do(2)du(2)
L osw Zx By (0,7) - (126)
3a/n<rb/n 20710 (Bay (0, 7))
fZXXpr 0 ME 2y +y)do () dp(z')dv(y')
+ sup = T ; (127)
r>3b/n 20=1.3b=ay (B,,.(0,7))

where in the denominator of (127) we used the fact that u(z) > 3.
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Since pyz is an ultrametric, Doob’s maximal inequality implies that for all x € X and
y € Y we have,

prZ(O,r) h(z+ 2, z,y)do(2)\" ,
/ (p 7 (Byy(0,7)) ) ()5 [ 0o ),

Thus, by Fubini’s theorem, the L,(G) norm of the term in (125) is S, |||z, (c)- A similar

~

argument shows that the L,(G) norm of the term in (127) is <, [|h||z,(). Finally, using

Y.

assertion (5) of Lemma 6.1, we get the same bound for the term in (126), proving (22). O

Proof of Lemma 6.1. Let ¢ = 3" be a power of three between %nlogn and énlog n. We
invoke Proposition 6.2 to create a vector space X, = Fi" over a finite field F;, with counting
measure /i, together with sets Fy, ..., E, obeying the properties stated in Proposition 6.2;

in particular
m < y/nlogn. (128)

Note that F, can itself be viewed as a vector space over the field Fs of three elements, and
thus X, is a vector space over F3 of dimension

MY mk = mlogs ¢ < n?(logn)/. (129)
As in Section 6.3, the idea is to take a Cartesian product of X, with another vector space,
and try to create balls which resemble the product of a set E; with a subspace. Some care
is however required in order to make the construction compatible with both the constraint
(8) and the triangle inequality.
Analogously to the arguments in Section 6.3, we shall need a flag

{0} =W_yy CW_pyy1 C...C W =X,

of vector spaces over Fs in X, so that u(W_;) = 377u(X,) for all —M < —j < 0. (We will

not use (88) or the space W_,, 11 in Proposition 6.2, so there is no collision of notation here.)

Our space shall be X &f X, x F%, with counting measure p. We shall need a flag

(0} =V, CWVC...CV,=F}

in F4, with u(V;) = 37.
For every integer —M < j < ¢, we define the set B; C X = X, x F4 as follows:

oIf—nggO,WesetBjdéfVij{O}.

o If1 <5 <q, we set

ot min{j+k,q}
B,= X, xVy)UJl U Exw)|. (130)
=1
The B; are symmetric and nested, with
{0} =B_.y<CB_yn<...CB,=X. (131)
We define a function d : X x X — R, by setting d(z,z) = 0 for all z € X, and
d(z,y) < min {37/" . 2 —y € B;}, (132)

for all distinct z,y € X. Thus d takes values in {0} U {3j/" c —M+1<j5< q}. The first

assertion of Lemma 6.1 therefore holds with a = =M + 1 and b = q.
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Claim 6.2. d is a translation-invariant metric on X.

Proof. The translation-invariance, non-degeneracy, and symmetry properties of d are obvious
(symmetry follows from the symmetry of E;). The only non-trivial task is to verify the
triangle inequality. By construction, it will suffice to show that x + 2’ € B;s_; whenever
x € Bj, 2’ € By, and —M < j,7,j" < q are such that

RUNAGSSE N (133)
By symmetry we may assume that j < j/. It follows from (133) that provided n is large

enough,
34"/ < 8d'/n (1 + 37(M+q71)/n) > 34’/ <1 + 3*%1‘)%") > 3(j’+k)/n7 (134)

where we used the fact that ¢ < inlogn, while M < n'/?(logn)*? and k = logg g < logn.
It follows from (134) that
i > 4k (135)
If y/ < 0, then we have B;+ B = By, sox+1' € By C Bju_;, C Bjy_q, as required. Assume
therefore that j* > 1. Then B; C By € Xy X Viin(jr4k,q}, and hence z+2" € Xy X Vipingjrk,q)-
On the other hand, we will have Xy X Viyingjrir,q € Bjr—1 as soon as min{j’ + k,q} < j".
Since j” < g, it follows from (135) that j' + k < ¢. Hence, using (135) once more, we see
that min{j’ + k,q} = j' + k < j”, as required. O
Claim 6.3. For allr € [3_(M_1)/”,3q/”} and all x € X, we have
3 1(Xy)
Proof. By translation invariance we may assume that = = 0. Let j be the integer such that
3/m < r < 3U+D/m Then B(0,r) = B;. If j <0 then B; = W; x {0}, and hence
B B: , 1
pBz.r) _ mBy) _ g5 ¢ {_r”,rn} : (136)
1(Xq) 1(Xq) 3
If j > 1 the it follows from (130) that B; O X, x Vj, and hence
u(B(0,r) _ pu(B;) oL

< 4r™.

= > (V) =3 > —r" 137
WX) (xS =2 7
At the same time, it follows from (130) that
min{j+k,q} - min{j+k,q}
p(B(0,r) _ p(Bj) _ o p(Er) S -
- <3P+ T 3
1(Xq) 1(Xq) Ez:; 1(Xq) q ;
<374 S gminteka) g 3—3k gminlithal — 430 <4, (138)
q

as required. O

Claim 6.3 implies the second assertion of Lemma 6.1, since u(X,) = 3 = 37oF1,
We shall now prove the third assertion of Lemma 6.1. Since the balls B(x,r) in X take

the form x 4 B; for some j, we have
1
Mf(r) = max ——="|f(z+y)|
GB]'

~M<j<q pu(Bj)
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;From (87) we can find f; : X, — Ry with || ||z, (x,) = 1, and A > 0, such that

9
2\

We extend this function f, to a function f : X — R, defined by f(z,y) & fq(x) for x € X,
and y € F. Thus,

n(Myfg>A) > (139)

[ flzyx) = 3% (140)
Observe that for 1 < j < ¢ — k we have,
(138) . (85)
u(Bj) < 4u(Xg)3 < 8qulEjr)(Vi) = 8u(Ejpr)(Visr)-
Hence, for all (x,2") € X we have,

1
Miwa) 2w, o T 2 M+l

(y,y")EB;

Since B; contains F; X Vj+k for 1 < j < g — k, we conclude that

>
Mf<x7‘r) k‘+1<€<Q8/,L E@ Z|qu+y)|

yeE,

1

>§ 1r£l]a<)$1u Z|fq ‘l’y‘_z Z|fq$+y - (141)
j=1 yEE
Denote g : X = R by g(z,2') = Zf ) u(ll%) > yer, |fo(x +y)|. Then
. (140)
91l o) < B3N folleyxy =" [1fllL.x) logs g- (142)

It follows from (141) that we have the pointwise bound M, f,(z) < 8M f(z,2') + g(z, ).
Thus,

quHLl(X) (139)A(140)

0 < p((z,2') e X o Myfy(z) > N\)
< u@Mf+g>N)
A A
< M —
u( f> 16>+u(g> 2)
A 2lgllz,(x)
< e
“( /> 16> LY
(142) A 2logs ql| fl ., x)
< M —
“( Uk 16) * A
Hence,
[ M|y (x)1100(x) 2 ¢ 2 nlogn, (143)

which gives the third assertion of Lemma 6.1.
A similar argument (requiring a closer inspection of the details of Proposition 6.2) can
be used to give the fourth assertion of Lemma 6.1; alternatively, one can use (143) and the

pigeonhole principle to show that a dilated version M, .oz of the lacunary maximal function
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has weak (1,1) norm 2 logn for some r > 0, and then rescale the metric. We omit the
details.

It remains to verify the L, bound in assertion (5) of Lemma 6.1, i.e., to show for all
f € L,(X) we have

§:|fif*-y Sp 11l

7M<j<q Iu yeB

Lp(X)

The contribution of the case —M < j < 0 can be handled by Doob’s maximal inequality as
in Section 6.3, so we need only consider the case 1 < j < ¢. Using (138) and the definition
of Bj, we soon verify the pointwise estimate

s i 3 e 1S xS St y)

1<j<q /L 1<z<q ,u(X X Vz) XV,
1
_ . (144
TR E;v.lf(ﬂy)’ (144)
Indeed, denote
1 1
h(x) = max ———— flx +y)|+ max ———— flx+y)
(z) 1<i<q (X, x Vj) yengil ( ) 1<i<q u(E; x V;) yE;V e )

Then for all 1 < j < q,

. min k,
(130 Y cxv, [F@+ )|+ DTS @+ )

| S
yEB HJ(B])
(137) mm{ﬁkﬂ} (138)
BJM(Xq)

proving (144).

The fact that the first term in the right-hand side of (144) is bounded in L,(X) again
follows from Doob’s maximal inequality, while the L,(X) boundedness of the second term
in the right-hand side of (144) follows from (86), Doob’s maximal inequality and a Fubini
argument, as in Section 6.3. The proof of Theorem 1.4 is now complete. 0
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