PACKING ARITHMETIC PROGRESSIONS
NOGA ALON, MICHAL DEBSKI, JAROSLAW GRYTCZUK, AND JAKUB PRZYBYL.O

ABSTRACT. Let F = {A;, Aa, ..., Ar} be a collection of finite arithmetic progressions, where
each A, is an initial segment of the set Dy = {d,2d,3d,...} of consecutive multiples of a
positive integer d. Let m(F) denote the minimum length of an interval containing pairwise
disjoint shifted copies of all members of the family F. We study this parameter in the
following two cases: for a fixed positive integer n, (1) each progression in F has the form
Ag = Dygn{l,2,...,n}, and (2) all progressions Ay of F have the same size n, that is,
Aq = Dgn{1,2,...,nd}. We in particular derive the following asymptotic estimates. In
case (1), when k = n, we get m(F) = O(n%2/Inn). In case (2), when k = n, we get
m(F) = O(n3/Inn), while if k& > ko(n), then m(F) < 3kn. In both cases we additionally
determine m(F) asymptotically or settle its order of magnitude for all k < n.

1. INTRODUCTION

For any positive integer m € N put [m] = {1,2,...,m}. Let Dy = {d,2d,3d, ...} denote
the set of all positive multiples of a number d € N. For a given subset A C N, its shifted
copy is any set of the form s+ A = {s+a:a € A}, where s is an arbitrary integer. We will
use the term shift to refer to both the set s + A and the number s.

Let F = {41, Ay, ..., A} be a collection of finite subsets of N. We say that F can be
packed into [m] if there exist integers s; such that:

(1) s; + A; C [m], for each i € [k],
(2) (si+A)N(s;+A;) =0, foralli,je [k], i3]

Let m(F) denote the least possible m € N such that F can be packed into [m]. Our goal
is to estimate the parameter m(F) for families consisting of arithmetic progressions whose
differences are pairwise distinct and form the set [k]. Obviously, the problem makes sense
only subject to imposing restrictions to the lengths of the progressions. We consider two
natural variants here.

Firstly, we investigate the bounded diameter setting, that is for a fixed n € N, we consider
families F = {A;, Ao, ..., Ax}, of maximal initial segments of the sets D, entirely contained
in [n]. More formally, each member of the family has the form A; = DyN[n] = {id: 1 < i <
|n/d|}. For any subset D C [n], let us denote Fp = {4y : d € D}, and let mp(n) = m(Fp).
If D = [k], with £ < n, then we simply write my(n) = m(Fy)) and m(n) = m,(n). Notice
that for & > n, the paramater mg(n) is not defined.

In our first result we determine the asymptotic order of the function m(n).
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Theorem 1. We have m(n) = ©(n?/1Inn). More precisely,

(5-o0) " min) < (5 +om) -

It would be nice to close the gap between these bounds, and we suspect that the constant
4/3 is closer to the truth. Actually, the above lower bound holds even if we restrict the
differences of arithmetic progressions to prime numbers not exceeding y/n. On the other
hand, if & < v/, then mg(n) < (1.52 + o(1))n*?/Inn, while for k < v/n, we have my(n) =
(14 0(1))kn/Ink, which is a certain indication in favor of the supposition (see Theorem 4).

Secondly, we consider similar collections of initial segments of sets of multiples Dy hav-
ing the same size n. More precisely, we investigate the packing problem for families G =
{By, By, ...,By}, where By = DyN[nd] = {id: 1 <i < n}, with d € [k]. As before, for any
subset D of positive integers, we denote Gp = {By : d € D}. Also, the corresponding pa-
rameters are defined in the same way, and we denote them analogously by Mp(n) = m(Gp),
Mi(n) = m(Gu), and M(n) = m(Gp).

Our next result determines the asymptotic order of the function M (n).

Theorem 2. We have M(n) = ©(n3/Inn). More precisely,

1 n? n?
(6 - 0(1)> o < M(n) < (0.526 + o(1)) o

In section 4 we formulate a more detailed version of the theorem with estimates for My (n)
when k < n (see Theorem 5).

Notice that the parameter My (n) is perfectly viable for & > n, unlike my(n). For k much
larger than n, by using different techniques, we get the following result.

Theorem 3. For every n € N there exists ko = ko(n) such that, for all k > ko, we have
My (n) < 3nk.

Let us remark that a similar statement may be far from true for arbitrary families of
n-element sets (with bounded diameter). Consider, for instance, the set

Sy =41,2,...,m2r,3r,...,(r+ 1)r}

of size |S,| = 2r = n. It is not hard to see that there is no way to pack two shifted copies
of S, so that they overlap. Hence, packing of k copies of S, requires an interval of length
at least kr(r +1) = Q(kn?). Similar examples can be constructed with reference to other
results of this paper.

The problem of packing arithmetic progressions with all gaps distinct emerged in con-
nection to certain puzzles having a common flavor of searching for perfect matchings in
hypergraphs defined by some distance constraints. One of them is the following problem of
barricade building posed by Cipra and popularized by Guy [12].

Let S,, denote the set of all permutations of [n]. Two permutations, (ai,as,...,a,) and
(b1,ba,...,by), are dependent if a; +---+a; = by + - -+ b;, for some i, j € [n — 1]. A subset
A C S, is independent if no two of its elements are dependent. What is the maximum size
of an independent set in S,? An easy upper bound is [n/2] + 1 and a natural conjecture is
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that it is attained. In [8] we proved that it is at least linear by using initially some packing
arguments, like the ones investigated here.

Another, more direct inspiration came from the puzzle of perfect rhythmic tilings, invented
by Johnson [14] (see also 3] and [21]). The task is to partition a segment [nk| into k arithmetic
progressions, each with n terms, but no two with the same gap. Is it true that, for every
fixed n, such tilings exist for all large enough k7 The answer is not known even for n = 3.

Let us finally mention that structures of our interest occur also in the context of some
more famous problems. For instance, the multiplication table problem of Erdds [9] (see [11])
asks simply for the cardinality of the union B; U ---U B,, of arithmetic progressions defined
above, while the Arithmetic Kakeya Conjecture of Katz and Tao [15] (stated independently
by Ruzsa [20]), concerns the least possible size of the union (s1 + By) U --- U (s + By) of
their shifted copies. Even Riemann Hypothesis can be equivalently formulated by using a
(slightly modified) incidence matriz of the family {A;, As,..., A, }, known as the Redheffer
matriz [18|, whose determinant coincides with the partial sum of the Mdbius function (see
[5])-

Proofs of the above stated results are presented in the three subsequent sections. The last
section contains discussion together with some further simple results, as well as several open
problems.

Throughout the paper we use the standard asymptotic notation. In particular, we assume
that values of n or k are sufficiently large whenever this is needed. The usual notation o(1)
denotes a quantity that tends to 0 as the relevant parameter tends to infinity. Should this
not be clear from context we will specify such parameter p by writing 0,(1) instead. The
logarithm in the natural base e is denoted by Inx, and log z denotes logarithm in base 2.

2. BOUNDS FOR m(n); PROOF OF THEOREM 1

2.1. Preliminaries. We examine packings of integer sets, hence an interval will be identified
with integer points, sometimes called elements, within it — the number of these will be called
the length of an interval. We will exploit several known estimates and will be mostly focused
on asymptotic approximations. For definiteness of notation let us however assume that an
interval of length z, where z is a real number, is assumed to contain |z] (integer) elements,
unless explicitly stated otherwise. We say an integer set A fits in an interval I when there is
its shifted copy s + A entirely contained in I.

We will be in particular repeatedly using the following well-known consequences of the
Prime Number Theorem.

Lemma 1. The sum of all primes up to x is

2

2Inx’

(1+0(1))

while the sum of squares of all primes up to x is

173

(1 +o0(1) g7 —-
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Let us further recall that an integer is y-smooth if its largest prime divisor is at most .
We will need the following result of Canfield, Erdés and Pomerance [7], see also [6].

Lemma 2 (|7]). If x = y" where u tends to infinity with x, and y > (Inx)*% then the
number of y-smooth integers that do not exceed x is
x
u(+o(M)u’

where the o(1)-term tends to 0 as x (and also y and u) tend to infinity.
We will also use the following simple fact.

Lemma 3. Let A and B be two integer subsets of an interval I of length g > n, and assume
that B fits in an interval of length n. Suppose, further, that |A| - |B| < g —n. Then there is
a shifted copy z + B of B which is disjoint from A and fits in I.

Proof. There are at least g —n shifted copies of B that lie inside I. At most |A|-|B| of these
may intersect A, since each of them is obtained by shifting some element b € B to some
a € A. Therefore, there is a shifted copy of B satisfying the required properties. O

2.2. The lower bound in Theorem 1. The proof of the lower bound is quite straightfor-
ward, showing that it holds even for mp(n) where D is the set of all primes p < v/n.

Proposition 1. Let D be the set of all primes that do not exceed \/n. Then

4 n3/2

moti) > (§ - o)

Inn’

Proof. Let D be as above, and let s; denote the shift of Ay so that the progressions sq+ Ay, d €
D, are pairwise disjoint and fit in [m]. We have to show that

4 n3/?
> |z—ol)) —.
" (3 ol )) Inn

Since for any two distinct primes, p and ¢, the progressions s, + A, and s, + A, are disjoint,
the Chinese Remainder Theorem implies that the shortest interval containing s, + A, and
the shortest interval containing s, + A, cannot have more than pg common elements. This
implies that |s, — s,] > n — max{p, ¢} — pq.

Let p1 < py < ... < p; be all elements of D, ordered from small to large, and let 7 be a
permutation of [t] defined according to the order of the shifts s4, that is,

< <...<

Spaiy S Sprzy S -+ - S Spyy-
By the above fact and Lemma 1 it follows that the difference between s, . and s, is at
least
(1 —o(1))nt — pr(i)pw(i+1)-
i<t
By the simple rearrangement inequality (see, e.g., [13]), the last sum is at most the sum of
squares of all elements in D. By Lemma 1 this sum is

(vn)?

(14 o(1) g .
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Since t = (1+0(1))y/n/In(y/n) by the Prime Number Theorem, the desired result follows. [

2.3. The upper bound in Theorem 1. The proof of the upper bound in Theorem 1
is more complicated than that of the lower bound. It will be convenient to describe the
applied packing procedure in several steps, as follows. Put s = /n(Inn)3.

presentation, we omit floor and ceiling signs here, when they are not essential.

To simplify the

Step 1: differences d < s which are (Inn)°-smooth.

By Lemma 2 the number of such differences is s%/°+°(1) = p2/5+(1)  We embed all progressions
A, with differences d considered in this step in separate (consecutive) intervals of length n.
The total length of these intervals is thus n”/>*°) = o(n3?2/Inn).

Step 2: differences d < s with a prime divisor p satisfying (Inn)®> < p < +/s.

For each prime p in the above range, define
D]ff) =D,N[s] ={d < s:p|d}.

Note that \Dl(f)] < s/p. Note also that for each collection of p consecutive elements in D](f) ,
the corresponding progressions A,;, Apit1)- - - -, Ap(i+p) can be packed in an interval of length
n. Indeed, each A,; may occupy positions congruent to j (mod p) in [n]. Therefore, the
progressions with differences in Dz(f) can be packed in an interval of total length of at most
n[|D;”|/p] < Ons/p?).

Summing over all p in the above range gives at most

1 1 n3/2 n3/2
— 1 < - ) = V=0 =
Ofms 2. \O(”S<1nn>5) O((lnnv) (m)

p=(lnn)5

Step 3: differences d < s with a prime divisor p satisfying /s <p < s.

Note that here we may also assume that these differences have no prime divisor larger than
(Inn)® and smaller than /s, but this is not needed for the argument.

Consider first the differences d < s = y/n(Inn)? divisible by a prime p > /n. Note that all
progressions with differences equal to such primes can be packed in one interval of length n.
Indeed, for each such p it suffices to place the corresponding progression A, in [n] at positions
congruent to 0 (mod p). By the Chinese Remainder Theorem, the resulting embeddings in
[n] of any two such progressions A, and A,, with primes p > ¢ > /n, cannot intersect, as
desired. Likewise, we may pack all progressions A,,, with prime p > y/n, in a single (new)
interval of length n, and so on. As all d < s divisible by a prime p > /n are of the form pg,
where ¢ < (Inn)3, we can fit all the corresponding progressions Ay disjointly in an interval
of total length n(Inn)® = o(n®?/Inn).

Secondly, note that for each fixed prime p such that /s < p < y/n, all progressions Ay with
differences d in the set D;s) can be packed in one interval of length n, since |D;,(,s)| <s/p<p.
As we will expose that the remaining progressions, considered in Step 4 below, require no
additional space, this suffices to obtain the upper bound with multiplicative factor roughly 2
rather than 5/3 (or 4/3). Indeed, the number of such primes is at most (1+o0(1))y/n/In(y/n),
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by the Prime Number Theorem, so the total length of an interval required for these is at most
(2 + o(1))n*?/Inn. We will however be more careful here and provide a tighter packing,
admitting overlaps of minimal intervals containing A; with d in selected sets DI(DS).

First note that, by the above remarks, the progressions with differences in all sets Dz(,s) with
Vs < p < v/n/lnn, can be packed disjointly in an interval of length o(n%?/Inn), due to
the Prime Number Theorem, which implies that the number of such primes p is o(y/n/Inn).
We are thus left with sets DS where p are primes in the range v/n/Inn < p < /n. Set
r=|(Inn)t].

Consider two consecutive primes p < ¢ such that /n/Inn < p < ¢ < +/n and note that
both sets | DS and |DS| are of size at most 7, since s = /n(Inn)3. We will demonstrate
that one may disjointly pack all progressions with differences in D,(f) U DE,S) in an interval
of length 2n — (1 — o(1))pg. It suffices to show, for some fixed integer m = (1 — o(1))pgq,
that we may find 2r disjoint arithmetic progressions such that each among the first half of
these includes every p-th element in [m|, while every remaining one consists of every g¢-th
element of [m]. In other words, we will prove that there are r distinct residues i (mod p)
and r distinct residues j (mod ¢) such that for any such pair (i, j) and every ¢ € [m], either
¢ # 1 (mod p) or £ # j (mod q). If so, the corresponding progressions can be extended (e.g.,
to the left for difference p and to the right for difference ¢) to provide disjoint packings of r
arithmetic progressions of size |n/p| and difference p and r arithmetic progressions of size
|n/q| and difference ¢ in an interval of length 2n — (1 — o(1))pq, which is more than enough
for our purpose.

We claim that we may take m = (p — 2r)q and i = (—i'q) (mod p), with i’ € [r], and
Jj = (—j'p) (mod q), with 5’ € [r] (hence, ¢ € [p — 1] and j € [¢ — 1]). Indeed, suppose that
for some pair (7, j) and any given ¢ € [m], we have £ =i (mod p) and ¢ = j (mod ¢). Then
there exist integers s € [0,¢ — 2r) and ¢ € [0, p — 2r) such that ¢ = sp+i and ¢ = tq+ j, and
there are positive integers ¢’,j" € [r], ' < r, s’ such that i = —i'¢+ s'p and j = —j'p + t'q.
Consequently, (s + s + j)p = (t +t +1')q, hence t + ¢ + ¢ > p, and thus t > p — 2r, a
contradiction.

Let p; > pa > ... > p, be all prime numbers in the interval (y/n/Inn,/n|. By pairing
every two consecutive primes of this collection and using the above overlapping packing in a
separate interval for every such pair, we may pack disjointly all progressions with differences
in D,, U...UD,, in an interval of length at most

(1+ 0(1))n1n2/\% —(1—o(1) > (pu)

1<i<|h/2]
Vvn 1 (Vn)®

= (1+ 0(1))nm —(1=o1);- 3n(y/m)

(2.1) - (g - 0(1)) n

Inn’

due to the Prime Number Theorem and Lemma 1.

Step 4: differences d > s.
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It is easy to see that the total size of all progressions in the investigated family F =
{A1, Ay, ..., A,} is only O(nlnn), while each of the remaining unpacked progressions is
of size at most \/n/(Inn)3. Therefore all of them can be packed one by one into the existing
packing using Lemma 3 (with room to spare).

This completes the proof of the upper bound and hence the proof of Theorem 1. O

3. BOUNDS FOR my(n) WITH SMALL k

We will now be concerned with packing only the first k& < n arithmetic progressions of the
collection Ay, As, ..., A, in a short interval. We will prove the following supplementary result
to Theorem 1 for k < v/n. (For k > \/n, the thesis of Theorem 1 remains valid and provides
the right order of my(n), since the corresponding lower bound exploits prime differences up
to y/n exclusively.)

Theorem 4. Let k and n be arbitrary positive integers, with k < \/n. If k < \/n, then

mi(n) = (14 oy(1)) 0

Otherwise, if k < \/n/2, then

(l—k—2—0(1)>k—n<mk(n)< (1—§—Z+%+o(1>>k—”

and if \/n/2 < k < \/n, then

k? kn 1 1 Vn  k? kn
1= o)) S <) < (54 —= Y (1)) o
< 30~ )) g <) (2 Tavak T )) Ik

Proof. For the lower bound it again suffices to focus on progressions A, with prime p < k.
By the Prime Number Theorem, the number of such primes equals ¢t = (1 + 0x(1))k/Ink.
By the same reasoning as in the proof of Proposition 1, since intervals including arithmetic
progressions with differences given by the analyzed primes cannot overlap too much, any
interval including disjoint copies of all these progressions cannot be shorter than

/{33
3k’

which concludes the proof of the lower bound in all cases.

(1— op(1))nt —

For the upper bound, note first that by Lemma 2, the number of (In k)*-smooth positive
integers d < k is at most k/2t°() So, the arithmetic progressions A, with such differences
can be packed in an interval of length

kn
3.1 o)
(3.1) Ok (ln k)
For a prime p, recall that D,S’“) = D, N[k] ={d < k: p|d}. Analogously as in the proof of
Theorem 1, for every fixed p < vk, any p progressions Ay with d € Dj(ok) can be packed in
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[n]. Thus, all arithmetic progressions with differences in D for all primes p € [(In k)2, VK]
can be packed in an interval of total length at most

]Dl(f)| 1 kn kn
=f | < . —_ | = | = ).
. <nk-O| ) = 0] ) =%\

p>(In k)2

(3.2) n- {
(Ink)2<p<vk

We are left with differences in Df,k) for primes satisfying vk < p < k. As before, the
progressions Ay with differences d in any such fixed set Dz(gk) can be packed in [n]. Thus, by
the Prime Number Theorem, all progressions A; with d in the union of the sets D](Dk) over
p < k/Ink can be packed in an interval of total length at most

(3.3) 0 (03—2)2) |

Likewise, the leftover progressions A, with d € D},k) for the remaining (large) values of p,
with k£/Ink < p < k, can be packed in an interval of length

(3.4) n(1l+ ok(l))ﬁ

so that the shortest intervals containing the embeddings of progressions Ay with d in any D,(,k)

do not overlap with the shortest interval containing the embeddings of progressions A; with d
in any other Dz(jf), p' # p. We may however tighten such packing by arranging these intervals
according to the decreasing order of the corresponding primes and assure their substantial
overlappings.

For primes p € (k/Ink, k/2] we proceed as in Step 3 of the proof of Theorem 1, i.e., we
first partition them into pairs of consecutive primes and for any such pair {p, ¢} we assure
an overlapping of length (1 — 0(1))pg. By Lemma 1, the total sum of the lengths of such
overlappings is thus

3
1)
3.5 1—o0k(1))5 - =2
( ) ( Ok( ))2 31n (g)
cf. estimates in (2.1).
Let p; > p» > ... > p, be all (remaining) prime numbers in (k/2,k]. Since for each

such p; we have D,(ff) = {p;}, we may be more efficient in this regime and provide two-sided
overlappings for shits of (almost) all A,,. Namely, by the Chinese Remainder Theorem,
it is straightforward to assure that the intersection of any two intervals containing shifted
copies of A, and A, , has length at least (1 — ox(1)) min{p;pi11,n/2}, for every i < z.
Estimating again by means of Lemma 1, we thus infer that for k < \/n_/2 all the remaining
arithmetic progressions, those not taken into account in (3.1), (3.2) and (3.3), can be packed
in an interval not exceeding the following length (where the first two components below
correspond to (3.4) and (3.5), while the last one estimates the total length of overlappings
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for primes in (k/2, k]):

- a-am) (- (G- 5))

while for k& € [\/n/2,/n] — in an interval not exceeding the following length (where the
last two components estimate the total lengths of overlappings separately for primes in

(k/2,+/n72) and in (\/n]2, k)

3
oy 261 G G8) e ) o (x ()
Ink 2 31n(§) 3111(\/_727) 3111(%) 2 Ink hl(\/Tg)
nk n3/? k3
= (1+0(1) (21nk:+3\/§1nk+481nk;>‘

4. BOUNDS FOR My (n) WHEN k < n

Let n be a fixed positive integer. We now turn our attention to packing collections of
arithmetic progressions { By, Bs, ..., By}, where each B, has size n and is of the form By =
{d,2d,... ,nd}, for d=1,2,... k. We will first study the case of k < n.

We will need the following well-known number theoretic facts.

Lemma 4. For every integer v > 2, > .= n~" = ((r), where ¢ is the Rieman zeta function.
In particular,

2
¢(2) = % ~ 1.645, ((3) ~ 1.202.

Recall that M (n) denotes the least size of an interval in which the above collection of
progressions By can be packed. Here is an analog of Theorem 4 for the function my(n).

Theorem 5. Let k < n be arbitrary positive integers. If k < n, then

1 k*n ¢(2) k*n k*n

g U« < (22 22 0. e

(2 ok(1)> E S My (n) < ( 5 —|—0k(1)) g < (0.823 4 04 (1)) T
Otherwise, if k < n/2, then

(1 _k —0(1)) kn < My(n) < (@ _ %Jro(l)) k?n

(1 L 0(1)) KT < My(n) < (<(2>2— L 0(1)) iy
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Proof. The lower bound follows by analysis parallel to the ones in the proofs of Theorems 1
and 4, but this time we estimate the minimal length of an interval containing disjoint copies of
all B, with prime p < k. Let p1 < py < ... < p; be all such primes, and let 7 be a permutation
of [t] defined consistently with the order of shifts s,, of all B, yielding optimal packing of
these in the shortest interval, say /. By the Chinese Remainder Theorem, |s:(,, ) = Sx(p))| =
(n = 1)Pr(iy — Px(i)Pr(i+1) for every i < t. By Lemma 1, we thus infer that the length of J
equals at least

Z(” — D)pr) — pr(i)pw(i+1) > (1 —o0x(1)) n_l<;2 — k_3 .

: : 2lnk  3lnk
i<t 1<t

For the upper bound we once more first note that by Lemma 2, the number of (Ink)2-

smooth positive integers d not exceeding k equals at most k'/?t°(1) so the corresponding

progressions B, can be packed into an interval of length at most k/27°M . kn = oy (k%n/In k).

As before, we define Dpk) = {d < k : p|d}, and likewise as in equation (3.2), for primes
€ ((Ink)?,Vk] we can do with (a fresh) interval of length

kY {'D]ﬂ:o<(l’f_g)2):ok(%).

(Ink)2<p<vk

Next, by the Prime Number Theorem, there are at most (1 + ox(1))k/(Ink)? primes p €
(Vk,k/Ink]. As for each of these it is sufficient to use an interval of length kn to handle all
differences in any given Dék), we may cope with these primes sparing an interval of length at
most (1 + ox(1))k*n/(Ink)? = op(k*n/Ink) to that end.

Let PP denote the set of all prime numbers. We partition the remaining primes p, with
k/Ink < p < k, into subsets P, .= {p e P:k/(i+1) <p < k/i}, where t = 1,2,... ¢ =
|Ink]. For each ¢ < ¢ we will now pack in a separate short interval J; all By with d €
UpE P, Dl(yk), thus completing the construction of packing of all B; with d < k.

For ¢ = 1 we have Dfok) = {p} for every p € P, and by The Chineese Reminder Theorem
we may pack all B, with p € P, greedily one after another so that the intersection of intervals
spanned by the embedded copies of B, and B, for any two consecutive p < g in P, has length
at least (1 — ox(1)) min{pq, pn/2}. Consequently, we may pack B, with p € P, in an interval
Jp of length

1
2
(4.1) (14 0x(1)) > - > p +5 > omwp
peP1N[n/2] peEP1N[n/2] pe(n/2,k)NP
Let us now fix any i € [2, ¢]. We will show that we may pack all sets By with d € J,p, D

in an interval J; of length

(4.2) 1+ ox(1 (Z pn — Z ip )

pEP; peP;

To that end we will first, similarly as in the case of ¢ = 1, pack all B, with p € F; in
an interval of the desired length — note this way we will handle only the sets By with the
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largest diameters for the given i. We will thus have to be careful in order to be later able to
complete the packing — by disjointly embedding the remaining sets of our interest within the
same interval.

Consider any two consecutive primes p < ¢ in P;. Since integers ip and ¢ are coprime, we
may pack B;, and B, in an interval I = [a,b] of length at most np + ng — (1 — 0x(1))ipq
with a shifted copy C, = {a = aj,a9,...,a,} of B;, disjoint with a shifted copy C, =
{b1,ba,...,b, = b} of B;, so that there is a set B, C {0,1,...,q — 1} of ¢ distinct residues
such that a; # r (mod ¢) for every a; > by and each r € R,. (The argument follows almost
the same lines as the one used in Step 3 of the proof of Theorem 1 to provide a similar
overlapping packing, but with m = (pi — i%)q and residues r = (—j'pi) (mod q) for j' € [i];
we omit further details.) By an additional slight shift, if necessary, we may also assume that

(4.3) by —a, <ipg—2p < (k—2)p< (n—2)p.

Note we may further glue such packings for all pairs of consecutive primes in P; (by identifying
copies of the same progressions), thus providing a packing of all B;,, p € P;, with two-sided
overlappings (of lengths (1—o0x(1))ipq for any two consecutive primes p, ¢ in F;), in an interval
J; of the desired length, bounded above by (4.2).

It remains to complete the packing by embedding the remaining sets By with d € UpE P, DI(,k)
in J;. For every q € P, we proceed as follows. Adapting the notation above, suppose
Cy = {b1,bs,...,b, = b} is the embedding of By, in J; (one may think of shifting entire J;
so that this holds). We then embed B, By, ..., Bi—1), in J; by positioning a copy of each
B, so that it starts at a point ¢, € (b1, by + ¢) which is equivalent modulo ¢ to a different
rm € Ry, provided above, ie., ¢, = 1, (mod q) and 7, # 7,y for m # m’. This way the
resulting embeddings of all B,,, with m € [i] in J; are obviously disjoint. Moreover, by the
choice of R, these are also disjoint with the embedding of B;, for p directly preceding ¢ in
P,. Note additionally that for every m € [i — 1], the last element of the embedding of B,,, is
smaller than by +¢+ (n—1)(i —1)qg = b, — (n — 2)q, and hence the condition (4.3) guarantees
that the embedding of B,,, will be disjoint with embeddings of all remaining sets B; with
d € Uyep, DY in J;.

Consequently, for £ < n/2, by summing up (4.1) and (4.2) for ¢ > 2, we conclude that all
sets By with d < k can be packed in an interval of length

L+op(D) [ DD ipn =Y ip” |,

i€[l] pEP; i€[l] pEP;

whereas by Lemma 1 (where by f ~ g we mean f = (1 + ox(1))g),

ZZ Z 2 B (%)2 nk? Zl nk? @
pn o n 21nk 2In k 2k £« " 20k

i€[l] peP; €[]

and

WL D@D Bt B
P 31nk‘ 30k 3nk £« 3k '

€] peFR; i€[f]
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Finally, for k& > n/2, we may bound the length of the shortest interval admitting packing of
all progressions B, with d < k by the same estimate as for k& < n/2 above plus the following,
which accounts for alteration of the formula in (4.1) for primes p > n/2:

o)y X - X n-p)

pE(n/Q,k‘]ﬂP pe(n/Q,k]ﬂ]P’

= A4+o) | X -5 D

pe(n/2,kNP pe(n/2,kNP

B2’ B ()

= (1+o0(1)) __@ _n. _ (3)
3lnk  3lnk 2 2lnk  2lnk
1k 1 n® 1 nk?

- ““(1))(5'@*@@—1@)

O

It seems that one of the key steps towards providing optimal multiplicative constants in
Theorems 1, 4 and 5 above should rely on understanding and designing appropriate packings
of arithmetic progressions with prime differences.

5. BOUND FOR Mj(n) WHEN k — co; PROOF OF THEOREM 3

In this section we prove Theorem 3. To do so we first pack almost all arithmetic progressions
from the collection {Bj, B, ..., B} into a cyclic interval of size nk, which will give us a
packing of these progressions into [m|, with m < 2nk. The rest of the progressions can be
packed in another interval of length nk (in fact, even a slightly shorter interval of length
nk — k + o(n%k)), which jointly give the result as stated in Theorem 3.

We will use the known result about nearly perfect matchings in nearly-regular uniform
hypergraphs with small co-degrees. The required statement, proved in [10] and [17] following
the initial ideas of Rodl [19], is stated in the following lemma. Recall that the maximum
co-degree of a hypergraph is the maximum number of edges containing a fixed pair of vertices.

Lemma 5 ([10], [17]). For every fized t and p > 0 there is a Dy and § > 0 such that any
t-uniform hypergraph on N wvertices in which the degree of every vertex is between (1 — 0)D
and (1+46)D, where D > Dy, and the mazximum co-degree is at most 6D, contains a matching
covering all but at most uIN vertices.

In the result below a cycle of length r is simply the cyclic group Z,. Let G,(k) =
{By, By, ..., By} be the family of arithmetic progressions By = {d, 2d, . ..,nd}, with d € [k].

Theorem 6. Let n be a fized positive integer. For every € > 0 there exists ko such that for
every k = kg, there is a set of at least (1—e€)k distinct arithmetic progressions from the family
G, (k) that can be packed into a cycle of length nk.

Proof. Put t = n+1, p = ¢/(n+ 1), N = nk + k, and consider the following ¢-uniform
hypergraph on the set of N vertices [k] UZ,. For each d € [k| there are kn edges, where the
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first vertex of each of these edges is d € [k] and the other n vertices are a cyclic shift of the
progression By in Z,;. Note that this hypergraph is D = kn-regular. It is also easy to check
that the maximum co-degree in it is smaller than n3. As n (and hence t) are fixed, if k is
sufficiently large, then by Lemma 5 the hypergraph contains a matching covering all vertices
besides at most ek(= uN) of them. This gives the required progressions. ([l

The assertion of Theorem 3 follows quickly from the last result. As mentioned above, the
cyclic packing gives a packing of almost all progressions into [m] = [2nk]. The rest of the
progressions can be packed in another interval of length nk — k + o(n?k) using Lemma 3.

6. CONCLUDING REMARKS AND OPEN PROBLEMS

6.1. Error correcting codes and Ferres shapes. The packing problem considered here
is similar in spirit to many packing problems in discrete mathematics. A prominent example
is the main combinatorial problem in Coding Theory. Here the objective is to pack shifts of
m Hamming balls of binary vectors of a given length n and radius r in the Hamming cube
{0,1}", where the shifts are performed in the group Z4. The existence of such a packing with
no overlap is equivalent to the existence of a binary error correcting code with m codewords,
length n, and distance at least 2r + 1. See, e.g., [16] and the references therein for the many
relevant known results and open problems.

Another example of a problem of this type is discussed in [1|. The main result there is that
the maximum fraction of all the p(n) Ferrers shapes corresponding to partitions of an integer
n that can be packed with no overlap in a rectangle of length n x p(n) is O(1/logn). Note
that here the shifts are two-dimensional. This can be used to show that the smallest length
t = t(n) of an n by t rectangle in which shifts of all the p(n) shapes can be packed with no
overlap is at least Q(p(n)logn). Indeed, we can cover any n by cp(n)logn rectangle by, say,
clogn + 1 subrectangles, each of height n and length smaller than p(n), so that consecutive
rectangles have an overlap of a common n by n square. If the original rectangle contains all
the Ferrers shapes, then each shape is fully contained in one of the smaller rectangles, which
cannot cover a fraction of at least 1/(clogn + 1) of all shapes for an appropriately chosen
constant ¢. Therefore t(n) > ep(n)logn for some absolute constant ¢ > 0.

It is not too difficult to show that this is tight up to the absolute constant c¢. Indeed, by
the Hardy-Ramanujan asymptotic formula for the number of shapes of size n, see, e.g., [4],

OV
4n\/§7

and the o(1)-term tends to 0 as n tends to infinity. This easily implies

(6.1) p(n) = (1+o(1))

2
3
that the number of shapes in which the first row z; or the first column y,; is larger than

where C' = 7

Ay/nlogn is less than p(n)/n for an appropriate absolute constant A. (To see this note that
the number of shapes with first row of length z; is p(n — 1) and a similar formula holds for
the first column.) We can thus first omit all these exceptional shapes, pack all the others
in an n by O(p(n)logn) rectangle using the packing along diagonals described in the final
remark of [1], and complete the packing by appending one additional n by n square for each
of the remaining exceptional shapes.
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6.2. Progressions with prime differences. Our main result in Theorem 1 shows that,
somewhat surprisingly, the minimum length of an interval in which all the n progressions Ay
with differences d € [n] can be packed with no overlap is the same, up to a constant factor,
as the length required for all prime differences p < y/n. Moreover, a close look at the proof
reveals that it implies the following.

Proposition 2. For any € > 0 there ezists § = d(€) > 0 so that the following holds. Let F
be the set of all differences d < y/n(Inn)?® divisible by a prime p, with 6/n < p < /n. Then,
n3/2

Mpp)-r(n) < e —(< em(n)).

Therefore, (1 — e)m(n) < mp(n)(< m(n)).

Proof. The total length required for packing the progressions with differences considered in
steps 1,2, and 4 in the proof of the upper bound of Theorem 1 is o(n%?/Inn) = o(m(n)).
The same holds for differences d which are considered in step 3 and are divisible by a prime
p > /n. By our argument in step 3, the contribution from the remaining differences from
this step which are divisible by a prime smaller than d+/n is at most n times the number of
these primes. The desired result thus follows by the Prime Number Theorem. O

6.3. Beyond arithmetic progressions with bounded diameter. The upper bound in
Theorem 1 applies the arithmetic properties of the progressions, besides the fact that their
sizes are |n/d|, for 1 < d < n. The sizes themselves (along with the diameter constraint)
suffice to imply that the sets can be packed in an interval of length ©(n*?), and this is
tight up to the hidden constant in the © notation. This is proved in the following simple
statement, in which we do not make a serious attempt to optimize the absolute constants.

Proposition 3. Let C;, 1 < i < n, be an arbitrary collection of subsets of [n|, where for all
admissible i, |C;| = |%|. Then there are shifts r; + C; that can be packed in an interval of
length at most (1 + 1/e + o(1))n3/2. This is tight up to the constant factor, that is, there are

such sets C; that cannot be packed in an interval of length smaller than (1 + o(1))n%/2/2.

Proof. The first /n sets C; can clearly be packed in an interval of length n*? by shifting
each C; to a separate interval of length n. Starting then with an empty new interval of length
bn3/? we pack shifts of the sets C; for i > y/n one by one, in order, using Lemma 3. When
trying to embed the set C,, the total size of the sets embedded so far (in this new interval)

1S at most
n

Y = =(@1+o(1)n(lnz —Invn).
Vn<i<z
(We assume here that, say, x > 1.1y/n, it is easy to see that there is no problem to embed
the earlier sets.)
By Lemma 3 the embedding can be performed provided for every relevant x,

(6.2) (1+ o(1))n(lnz — In+/n) - g < n¥2 —n.
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The function f(x) = W attains its maximum for x > \/n at © = ey/n, where its value
is 1/(ey/n). Therefore, the inequality in (6.2) holds for any fixed b > 1/e (and sufficiently
large n). This establishes the first part of the proposition.

To see that it is tight up to a constant factor consider an example in which each of the first
\/n/2 sets C; contains the interval [/n] = {1,2,...,y/n} as well as the arithmetic progression
{V/n,2y/n,3y/n,...,n} (assume, for simplicity, that y/n is an integer.) Then in any disjoint
packing of shifts of these \/n/2 sets C;, no two intervals of length n containing the shifted
C; can have a nonempty overlap. This completes the proof of the proposition. O

The constants in the upper bound and in the lower bound in the last proposition can be
improved by being a bit more careful. In the upper bound the constant can be improved to
\/% + o(1). This is done by embedding each of the first L‘/TZJ sets C; in a separate interval of
length n, and then by embedding the remaining sets C;, in order, one by one, using Lemma 3,
in another interval of length (\/%4—0(1))713/ 2. The constant in the lower bound can be improved
toIn2+0(1). To do so, add to the initial sets C; for i < v/n/2 described above additional sets
C; for v/n/2 < j < \/n, where for each such j, C; contains the interval [\/n] = {1,2,...,y/n}
together with the arithmetic progression {\/n,2v/n,3v/n,...,(n/j —/n)y/n}.

6.4. Conjectures. It may be interesting to find an asymptotic formula for m(n) and deter-
mine a constant b so that m(n) = (1 +0(1))b%/§. This seems to require additional ideas. The
same remark applies to other functions we considered. Below we state a list of conjectures
regarding this issue.

. 3/2
Conjecture 1. m(n) ~ % S

We also suspect 1/6 should approximate the multiplicative factor for M, (n), cf. Theorem 5.

3

Conjecture 2. M(n) ~ ¢ - &

"Inn-

Our apparently much weaker conjectures concern the set of prime numbers exclusively,
whose understanding seems to be one of the key objectives towards solving more general
settings. Denote by P(z) the set of prime numbers not exceeding x.

Conjecture 3. mp( /) (n) ~ % : %/:

n3

"Inn-

Conjecture 4. Mp,)(n) ~ &

The two problems above, in Conjectures 3 and 4, seem to be closely related. Note also
that the lower bounds in these follows from the proofs of the lower bounds in Theorem 1 and
Theorem 5, respectively.

As Conjecture 1, if true, resolves asymptotically also the issue of my(n) for k > y/n, in
view of Theorem 4, the only open case would concern k < y/n which are not o(y/n).

Conjecture 5. For every k satisfying Q(y/n) = k < y/n, we have

k? k

The following seem to be plausible in turn for My (n) with k£ < n, in view of Theorem 5.
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Conjecture 6. If k < n, then

oIk "
while otherwise,
k2 k3

~ ‘n— .

2Ink 3Ink

The last conjecture concerns packing of k arithmetic progressions of the form B; =
{d,2d,... ,nd}, for d = 1,2,... k, with the length n fixed. We suspect that perhaps the
trivial lower bound of nk is asymptotically correct.

Conjecture 7. For every fized n and k tending to infinity, we have

Mi(n) = (1 + o(1))nk.
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