Large sets of nearly orthogonal vectors
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Abstract

It is shown that there is an absolute positive constant § > 0, so that for all positive integers k
and d, there are sets of at least d°10g2(k+2)/log;10g2(k+2) ponzero vectors in R?, in which any k + 1

members contain an orthogonal pair. This settles a problem of Fiiredi and Stanley.

1 Introduction

For two positive integers d and k, let «(d, k) denote the maximum possible cardinality of a set of
nonzero vectors in R? such that among any k + 1 members of the set there is an orthogonal pair.
More generally, for three positive integers d and k > 1 > 1, let «(d, k, ) denote the maximum possible
cardinality of a set P of nonzero vectors in R% such that any subset of k + 1 members of P contains
some [+ 1 pairwise orthogonal vectors. Thus a(d, k) = a(d, k,1). Trivially, a(d, 1) = d and Rosenfeld
[5] proved, using an interesting algebraic argument, that «(d,2) = 2d for every d. Fiiredi and Stanley
[4] observed that «(2,k) = 2k, and proved that «(4,5) > 24, that for every fixed d and [ the limit
limp—ooa(d, k,1)/E is equal to its supremum, and that for every fixed [ there exists some §; > 0 and
do such that this supremum is at least (1 + &;)¢ for all d > dy and at most

(L+ o(1))y/md/(1)((1 + 1)/,

where the o(1) term tends to zero as d tends to infinity.

They conjectured that for every [ > 1 there is some g = g(I) ( < o0) such that a(d, k,1) < (dk)?
for every d and k.

In this note we show that this conjecture is false for every admissible [ by proving the following

result.
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Theorem 1.1 For every | > 1 there exists an € = ¢ > 0 such that for every positive integer t
divisible by 4 and satisfying t > 1, and for every positive integer s, if d = t° and k = |21 /(et)],
then

ald, k1) > 295/2,

Note that by the above result, and by the obvious monotonicity properties of «, for every fixed
[ > 1 there are some § = 6(l) > 0 and ko(l) such that for every k > ko(l) and every d > 2logk,

ald, k1) > (8108 (k+2)/log log(k+2)’ W

where here and in what follows all logarithms are in base 2. Indeed, given [ > 1 and k > ko(l), d >
2logk, let ¢ = ¢ be as in Theorem 1.1, and let ¢t be the largest integer divisible by 4 for which
k> % Note that t = (1 + o(1))logk. Next let s be the largest integer such that d > ¢*. Then
s > Q(logd/loglog k) and hence, by Theorem 1.1,

Oé(d, k, l) > a(ts, L2t+1/(€t)J’l) > 2ets/2 > dQ(elogk:/ loglogk)’

implying (1).

Moreover, since a(d, k,l) > Max{d, k} for all d and k > [ > 1 the assumptions that d > 2logk
and that k& > ko() can be dropped (by changing ¢, if necessary) and we thus conclude that (1) holds
for all d and all £ > 1 > 1.

This shows that the above conjecture is false for all values of I. The special case [ = 1 implies,
in particular, that there exists a fized k so that for every sufficiently large dimension d there is
a collection of, say, d'%° nonzero vectors in R% so that among any k + 1 of those some two are
orthogonal.

The two main ingredients in our proof are a result of Frankl and Ro6dl [3], whose relevance to
this problem is mentioned already by Fiiredi and Stanley in [4], and the basic idea of Feige in [2]
which is based on the the technique of Berman and Schnitger [1]. It is worth noting that the gap
between the upper and lower bounds for «(d, k, 1) is still large, and the problem of determining the
asymptotic behaviour of this function more precisely, as well as that of determining the precise value

of the function for various small values of the parameters, remain wide open.

2 The proof

Proof of Theorem 1.1. The tensor product x = v1 * v9 x ... * vg of s vectors
vV = (’UZ'J,U%"Q, ey Uz‘,t), (1 S 7 § S)
in R! is a vector in R whose coordinates, indexed by the ordered s-tuples

(1,02, ... 0s) 1 1 <ij <t



are defined by
L(inyigyesis) = Ulin V2 = * " Usiis -

It is easy and well known that the inner product x -y of the vector z above with y = uy *ug * ... % ug
(u; € RY) is simply the product [[_;(v; - u;) of all the inner products v; - u; (computed in R?).
Therefore, z and y are orthogonal if and only if there is some index ¢ for which v; and w; are
orthogonal. If F'is a set of vectors in RY consisting of vectors each of which is a tensor product of s
vectors in RY, the j*"-projection of F is the set of all vectors v in R? such that there is some member
V1 * Vg % ... x vg of ' with v; = v.

Let [ be a positive integer. For an integer t, let Q; denote the set of all 2! real vectors of length
t whose coordinates are +1 and —1. Frankl and Rddl [3] proved that there exists an € = ¢, > 0 such

(1=t contains

that for every t > [ which is divisible by 4, any subset of @, of cardinality at least 2
[ + 1 pairwise orthogonal vectors. Define a subset F of 2t nonzero vectors in R%, where d = t°, as
follows

F:{Ul*vg...*vs:UiEQt}.

If G1,Ga,...,Gs are subsets of Q¢, and each GG; does not contain [+ 1 pairwise orthogonal vectors,
then the set
B={vy *xvg*...%xvs:0; € G}
is called a dangerous box. Note that trivially, each dangerous box contains at most o(1—e)ts
1—e)t

vectors,
since each G in the definition above is of size at most 2( . Note also that the number of dangerous
boxes is clearly less than 22'¢ (since there are less than 92" possible choices for each Gi). A crucial
observation is that any subset S of F' that contains no [ 4+ 1 pairwise orthogonal vectors is contained
in a dangerous box. Indeed, simply define G; to be the i*"-projection of S. Then S lies in the box
determined by the sets G;, and no G; can contain [ + 1 pairwise orthogonal vectors (since otherwise
the corresponding members of S are pairwise orthogonal as well, contradicting the assumption).
Let P be a random set of vectors obtained by choosing, randomly, independently (and with
repetitions) n = (26“/ 2] members of F. To complete the proof we show that with positive probability
every subset of more than k = [2/*!/(et)| members of P contains [ + 1 pairwise orthogonal vectors.
For each dangerous box B, let Ep be the event that P contains more than k& members of B. By
the observation above, if none of the events E'g occurs, then P contains no subset of cardinality k+ 1
without [ + 1 pairwise orthogonal members, as needed. It thus remains to estimate the probability

of each event E'g. For a fixed box B,

n 1Bl \kt1 -
ProblE < 1= INk+ <9 ets(k-‘rl)/Q'
Since there are less than 22 dangerous boxes, the probability that at least one event Fp occurs is

smaller than
22ts2—ets(k+1)/2 <1.



Therefore, with positive probability every subset of cardinality k + 1 of P contains [ + 1 pairwise

orthogonal members. In particular, such a P exists, showing that for d =t and k = |2!71/(et) ],
ald, k,d) > |P| =n > 242,

and completing the proof. O
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