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ABSTRACT. Given a family H of graphs, we say that a graph G is H-induced-minor-free if no
induced minor of G is isomorphic to a member of H, We denote by W,,; the t-by-t hexagonal
grid, and by K;; the complete bipartite graph with both sides of the bipartition of size t. We
show that the class of {K; ., Wiy }-induced minor-free graphs with bounded clique number has
subpolynomial treewidth. Specifically, we prove that for every integer ¢ there exist ¢ € (0,1] and
¢ € N such that every n-vertex { K ;, Wix¢ }-induced minor-free graph with no clique of size ¢ has

treewidth at most 26108 7

1. INTRODUCTION

All graphs in this paper are finite and simple, and all logarithms are base 2. For standard graph
theory terminology that is not defined here we refer to reader to [15]. Let G = (V(G), E(G)) be a
graph. For a set X C V(G), we denote by G[X] the subgraph of G induced by X, and by G \ X
the subgraph of G induced by V(G)\ X. In this paper, we use induced subgraphs and their vertex
sets interchangeably. For subsets X,Y C V(G) we say that X is complete to Y if X and Y are
disjoint and every vertex of X is adjacent to every vertex of Y, and that X is anticomplete to Y
if X and Y are disjoint and every vertex of X is non-adjacent to every vertex of Y.

For graphs G and H, we say that H is an induced minor of GG if there exist disjoint connected
induced subgraphs {XU}UGV(H) of G such that X, is anticomplete to X, if and only if u is non-
adjacent to v in H; in this case we say that G' contains an H-induced-minor. Given a family H of
graphs, we say that a graph G is ‘H-induced-minor-free if no induced minor of G is isomorphic to
a member of H.

For a graph G, a tree decomposition (T, x) of G consists of a tree T and a map x: V(T) — 2V(@)
with the following properties:

1) For every v € V(G), there exists t € V(T) such that v € x(¢).
2) For every v1v9 € E(G), there exists t € V(T) such that vy, vs € x(1).
3) For every v € V(G), the subgraph of T" induced by {t € V(T') | v € x(t)} is connected.

For each t € V(T), we refer to x(t) as a bag of (T, x). The width of a tree decomposition (7, x),
denoted by width(T,x), is maxicy(ry [x(t)| — 1. The treewidth of G, denoted by tw(G), is the
minimum width of a tree decomposition of G. Graphs of bounded treewidth are well-understood
both structurally [21] and algorithmically [5].
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Let f: N — N be a function. A class C of graphs has treewidth bounded by f if every n-vertex
graph in C has treewidth at most f(n). If f can be taken to be a constant function, C is said
to have bounded treewidth. The question of which classes defined by forbidden induced subgraphs
or minors have bounded treewidth has received significant attention in recent years, including [6],
[16], [18], [19], a series of papers involving some of the authors of this manuscript, and others.
However, a recent result of [4] suggests that this question is unlikely to have a nice answer. On
the other hand, classes whose treewidth is bounded by a slow-growing function seem to be better
behaved, and are still of interest from the algorithmic perspective.

A whole host of graph problems [14] (including MAXIMUM WEIGHT INDEPENDENT SET, COL-
ORING, FEEDBACK VERTEX SET, DOMINATING SET, etc.) admit algorithms with running time

9(tw(@)?M 0 Thege problems can be solved in quasi-polynomial time on graph classes whose
treewidth is bounded by a poly-logarithmic function, and in sub-exponential time (in the O(2™)
for every € > 0 sense) on graph classes whose treewidth is bounded by a subpolynomial func-
tion. Hence, whenever a graph class has treewidth upper-bounded by a poly-logarthmic (sub-
polynomial) function, none of these problems can be NP-hard on this class unless every problem
in NP can be solved in quasi-polynomial (or sub-exponential) time.

A clique in a graph is a set of pairwise adjacent vertices, and a stable (or independent) set is a
set of pairwise non-adjacent vertices. We denote by Wy, the t-by-t hexagonal grid, and by K,
the complete bipartite graph with both sides of the bipartition of size t. For a positive integer t,
we denote by C, the class of { K, Wiy }-induced-minor-free graphs, and by C; be the subclass of
C; consisting of all graphs with no clique of size t. The following conjecture has become known in
the area:

Conjecture 1.1 (from [9]). For everyt € N, there is an integer d = d(t) such that every n-vertex
graph G € C; satisfies tw(G) < log? n.

Here, we prove a weakening of this, replacing the poly-logarithmic bound on treewidth by a
subpolynomial one:
Theorem 1.2. For every t € N, there exist € = €(t) € (0,1] and ¢ = ¢(t) € N such that every
n-vertex graph G in Cf satisfies tw(G) < 2¢08'~n

We remark that in view of Lemma 3.6 of [1] and the main theorem of [13], Theorem 1.2 can be
restated in the language of forbidden induced subgraphs instead of induced minors, but we will
not do it here.

Theorem 1.2 has the following corollary:

Corollary 1.3. For every t € N and for every e > 0 there exists N € N such that every n-vertex
graph G € C; with n > N satisfies tw(G) < nf.

We make two remarks about Corollary 1.3. First, it implies that for every ¢t € N and every
€ > 0, every problem which is solvable in time 9tw(@)7M o0
time O(2™) on graphs in C;.

Second, for every G € {Woun, Knn, K, } we have that tw(G) > [V(G)|2. Thus, Corollary 1.3
is best possible in the following sense. For every proper induced minor closed class F and integer
r, let F* be the subclass of F consisting of all graphs with no clique of size r. Then, for every
induced-minor-closed graph class F and every r > 3, either 7 C C; for some ¢, in which case F
has subpolynomial treewidth, or for every N € N there is a graph G € Fj with |V(G)| > N such
that tw(G) > [V(G)]z.

) admits an algorithm with running
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1.1. Definitions and notation. We continue with a few more definitions that will be used
throughout the paper. Let G be a graph. We denote by cc(G) the set of connected components
of G. For a vertex v € V(G) we denote by N(v) the set of neighbors of v, and N[v] denotes
N(v) U{v}. We denote the set of vertices in G at distance exactly 2 from v by N?(v). For a set
X C V(@) we denote by N(X) the set of all vertices of G\ X that have a neighbor in X, and we
let N[X] = N(X)UX. A path in G is an induced subgraph that is a path. The length of a path
is the number of edges in it. We denote by P = p;-...-p; a path in G where p;p; € E(G) if and
only if |7 — 7] = 1. We say that p; and pj, are the ends of P. The interior of P, denoted by P*, is
the set P\ {p1,px}. Fori,j e {1,....k} we denote by p;-P-p; the subpath of P with ends p;, p;.

Let G be a graph and let A, B C G be disjoint. We say that a set X C V(G)\ (AU B) separates
A from B if for every connected component D of G\ X, DNA=0or DNB =. Let a,b € V(G)
be non-adjacent. A set X C V(G) \ {a,b} separates a from b if for every connected component
D of G\ X, |[DN{a,b}| < 1. We also call X an a-b-separator. We denote by conng(a,b) the
minimum size of an a-b-separator in G.

1.2. Proof outline and organization. First we prove Lemma 2.1 that states that the number
of edges in a bipartite graph in C; is linear in the number of vertices on the smaller side of the
bipartition, provided no two vertices on the other side are twins (this last assumption is necessary
because of the example of a large star). The proof uses a result of [7] and some probabilistic
arguments. This lemma is separate from the rest of the proof, and we believe it to be of independent
interest.

Let us now describe the main proof. For this informal presentation we find it easier to go
through the proof in reverse order. First we use a result of [6] that states that the edges of
every graph in C; can be partitioned into a small number of star forests. Then, following the
ideas introduced in [18] and developed in [6], we reduce the problem of bounding the treewidth
of graphs in C; to a subclass of consisting of what we call "(F,r)-based" graphs. A graph G is
(F,r)-based if there exists an induced star forest F' with no isolated vertices in G, such that G
admits a tree decomposition in which every bag consists of at most r objects, each of which is a
star of F' or a single vertex; moreover, this phenomenon persists in all induced subgraphs of G
(with F' modified appropriately). (F,r)-based graphs are defined at the start of Section 6. This
is the only place in the proof where we explicitly use the bound on the clique number; the rest of
the proof only assumes that the graph at hand is (F,r)-based for some F' and r. This reduction
is done in Section 8.

The next observation is that graphs in C; are (p, q)-slim for appropriately chosen parameters p
and ¢. This means that in every stable set of p vertices there exists a pair a,b such that there
are no ¢ disjoint and pairwise anticomplete a-b-paths in G (we call such a pair g-slim). The main
ingredient of this proof is a lemma, essentially proved in [12], applied to an appropriate graph.
Analyzing the outcomes of that lemma through the lens of the main theorem of [13] gives the
result. The details are explained in Section 5.

The next step is to reduce the task of bounding the treewidth of an (F,r)-based graph in C;
to the question of separating ¢-slim pairs of vertices. This is immediate from a theorem in [2] if
the clique number is bounded, but here we present a different proof, which is more in the spirit of
[11], that does not use this assumption. For precise definitions of the terms below, see Section 7.
Let G be an (F,r)-based graph in Cy; it is enough to show that every normal weight function w
on G admits a small w-balanced separator. Since G is (F,r)-based, we can find (by repeatedly
using the existence of the special tree decomposition in a sequence of induced subgraphs of G)
pairwise anticomplete sets Yi,...,Y,, each of size at most r, and such that N[Y;] is a balanced
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separator in G\ U;; Y;. Next, assume that for every g-slim pair of vertices y; € Y; and y; € Y,
there is a small y;-y;-separator S,,,. in G. Let C' be the union of all such S,,,.. Then C' is still
small. We may assume that some component D of G\ (C UU_, Y;) has w(D) > 3. From the
choice of Y1, ..., Y}, each Y; contains a vertex v; with a neighbor in D. Since G is (p, ¢)-slim, some
pair (v;,v;) is g-slim. But S,,,, € C, and yet there is a v;-v;-path with interior in D, which is a
contradiction. This proof is done in Section 7.

Our next and final goal is to prove Theorem 6.3, asserting that every g¢-slim pair in an (F,r)-
based graph in C; admits a small separator. This is the most novel part of the paper, where new
ideas are needed. Let G be an (F),r)-based graph in C;, and let (a,b) be a g-slim pair of vertices
in GG, and assume that no small a-b-separator exists. Using the special tree decomposition and
a lemma from [10], we can find a very large (but with size bounded as a function of r and t)
collection of a-b-separators Si,...,S,, all pairwise disjoint and anticomplete to each other, such
that each S; has the following properties:

e S; has a partition D; UY; U X;.

e Y, is stable.
This is done in Section 6. Let D = U;_; D; and M = U;_, Y;. Then the sizes of D and M are still
under control. Note that M is a stable set. Next, we use Lemma 2.1 and averaging arguments to
produce an induced subgraph of H of G\ D and a a subset C' of M such that

e the size of H is a small proportion of the size of G.
e the size of C' is bounded as a function of ¢ and r.
e every a-b-path in G\ (D U M) contains a subpath with interior in H such that at least p
vertices of C' have neighbors in the subpath.
Such a triple (H,C, D U M) is called a good a-b-barrier and its existence is proved in Section 4.

Since G is (p,q)-slim, it follows from the definition of a good barrier that every a-b-path in
G\ (DU M) contains a subpath @ such that

e () C H, and
e there is a ¢-slim pair (u,v) with u,v € C such that Q) contains a subpath with ends u, v.
Inductively (on the size of H) there is a small (subpolynomial in V(H)) set S C V(H) such
that every ¢-slim pair (u,v) with u,v € C is separated in H \ S. But now SU M U D is an
a-b-separator in (G. This argument is carried out in Section 3 and it completes the proof. See
Fig. 1 for a diagrammatic depiction of the outline of the proof of Theorem 6.3.
Finally, we remark that the results in Section 3 and Section 4 are stated in greater generality
than what we need for the proof of Theorem 1.2, as we expect them to be useful for other families
of graphs that admit balanced separators with small domination number.

2. THE BIPARTITE LEMMA

Given a graph G, we say that u,v € V(G) are twins in G if N(u) \ {v} = N(v) \ {u}. If G is
clear from the context, we will simply say that v and v are twins. A twin class in G is a maximal
set of vertices, every two of which are twins. It is not hard to see that every graph has a unique
partition into twin classes.

Lemma 2.1. There exists a function f such that the following holds. Let G be a bipartite K-
induced-minor-free graph with bipartition (A, B) such that no two vertices in B are twins. Then

[E(G)] < f(t)]A].
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Small a-b separator

Theorem 6.1

For every ¢-slim pair (a,b)——— or =@ is slim-barred
(a,b) is mineable Zheorem 41, Good barrier separating a and b

G is slim barred
Theorem 3.3

————>Small separator for every slim pair

The family is (p, g)-slim
Theorem 5.1
F1GURE 1. Outline of the proof of the existence of small separators for g-slim pairs
in (F,r)-based graphs in C;.

Proof. 1t follows from the main result of [7] that there exists A = A(¢) such that G is A-degenerate.
We may assume that A > 2. [7] also implies the existence of A’ = A’(t) as a degeneracy bound for
graphs with no Ky-subgraph and no induced subdivision of K;,. Let f(t) = 208"~ A4 (A +1)A.
Let us take a degenerate ordering of V(G), that is an ordering vy, ..., v, in which each v; has at
most A neighbors in {v;;1,...,v,}. We may assume that the ordering vy, ..., v, was chosen so
that the vertices of A appear as late as possible: if v; € A then all the vertices of degree at most

Ain G\ {vy,...,v;_1} are in A.
() If1<i<j<n,v€Aand{vis1,...,0;} NA=0 then j —i <A.

Let ¢ < 1 < j. It follows from our choice of the ordering that |N(v)\ {vi,...,v;i—1}| > A. More-
over, since v;y1,...,v_1 € B and B is stable, we have that A > |N(v;) \ {v1,...,v_1}| = |[N(v)\
{v1,...,v;}|. This implies that v; € N(v;) \ {v1,...,v;_1}. Since |[N(v;) \ {v1,...,vi1} | < A, (1)
follows.

Let s € N be minimal such that v; € A. Let By = BN {vs,...,v,}. Let G' = G\ B; and
B’ = B\ B;. Note that every vertex in B’ has a degree at most A in G'.
(2) [E(G)| = [E(G)] — |A[(A + DA.

Since G is bipartite, E(G) \ E(G") = E(G[{vs, ...,v.}]). By (1), [{vs, ... 0.} | < JA[(A +1).
Since G[{vs, ..., v,}] is A-degenerate, |E(G")| > |E(G)| — |A|(A + 1)A. This proves (2).

Let r = 40A%A’. Let k € NU {0} be maximal such that there exist ay,...,a; € A satisfying
that, for all 1 < i < k, |N2’\NG/[{¢11 ..... ay(ai)l < 7o Let Ay = {ar,...,ar} and let A” = A\ 4,
and B" = B'\ Nos(A,). Let G = G[A" U B").

(3) [E(G")| = |E(G")| — 2"A] Ay

Since there are no twins in B, we have that for every ¢« < k, |No/(a;) \ N[{a1,...,a;i_1}]] < 2".
Thus, since every vertex in B’ has a degree at most A in G', we deduce that |E(G")| > |E(G")| —
2"A|A,|, proving (3).
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If |A”| = 0 then (2) and (3) imply that
[E(G)] < (2"A+ (A +1)A) |4

and so we are done. Therefore, we may assume for a contradiction that |A”| > 0.

(4) Let S = {{u,v} s.t u,v € A” and u € Nz,(v)}, then |S| > T‘%”'

Since for every v € A”, we have |[NZ,(v)| > r, there are at least r|A”| ordered pairs of vertices
in A” at distance 2. Dividing by 2 accounts for the double counting. This proves (4).

Sample X C A” by iterating over every element of A” and including it in X with probability
p = +. We will say that u,v € X is a good pair if there exists b € B” for which N (b)NX = {u, v}.
We now show that the expected number of good pairs is fairly high. Let {u,v} € S. We have that
1 ) A2 1

1
P (u,v is a good pair)ZA2(1—A Z@,

as this bounds the probability of the event that N(b) N X = {u,v} for b € B such that {u,v} C
N (b). Therefore, by (4), E[# good pairs] = 31, ,yes P (u,v is a good pair) > 5o T";m. So there
exists a choice of X* with at least gloAA/;l good pairs. Let I' be the graph with vertex set X*, and
where u is adjacent to v if and only if u,v is a good pair.

(5) E(I) < A'JX7.

Since I' is an induced minor of G, it follows that I' is K ;-induced-minor-free, and in particular no

induced subgraph of I' is a subdivision of K;,;. Next suppose that there is a clique K of size 2¢ in
[ let K = {ky,..., kau}. It follows from the definition of a good pair that for every 1 < j < j < 2t
there exists b;; € B such that N(b;;) N K = {k;,k;}. But then K U {b;;}1<i<j<o is an induced
subdivision of Ky in G, contrary to the fact that G is K;;-induced-minor-free. This proves that I’
has no clique of size 2t. Now the main result of [7] implies that I" is A’-degenerate, and therefore
|E(T)| < A’'|X*|. This proves (5).

On the other hand, by the choice of X* we have that |E(I")| > g'OAA"Q' > ;‘O)XQI > 2A|X*|, con-

trary to (5). Hence |A”| = 0, concluding the proof. |

3. SEPARATING SLIM PAIRS IN BARRED GRAPHS

Let G = (V, E) be a graph, let a,b € V be non-adjacent and let t,s € N. We say that the
pair (a,b) is s-wide if there exist s internally anticomplete a-b-paths in G; a pair of non-adjacent
vertices that is not s-wide is said to be s-slim. We say that G is (t, s)-slim if for every stable set
S C V of size t, there exist a,b € S such that (a,b) is s-slim. Similarly, we say that a graph class
F is (t, s)-slim if every graph in F is (t, s)-slim.

In this section, we take the first step to our next goal: showing that an s-slim pair can be
separated by a small subset of vertices. To do so we define the notion of a "barrier'. Loosely
speaking, a barrier separating a from b is a relatively small induced subgraph F' of G such that, in
order to separate a from b in G, it suffices to delete a few vertices from G \ F' and then separate a
few slim pairs from each other in F'. Now fix a slim pair (a,b). Assuming that such a barrier exists
for every s-slim pair for an appropriately chosen s (which is a property we called "slim-barred"),
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we design a recursive procedure to obtain a "small" a-b-separator in G. This reduces the problem
of separating slim pairs of vertices to the problem of finding good barriers. In this section, we
define and analyze this reduction.
Let G = (V, E) be a graph, let C, X, Y, Z be disjoint (and possibly empty) subsets of V' and let

t,p e N. Let G’ = G\ C. We say that B = (X,Y, Z,C) is a (t, p)-barrier if the following hold:

(1) Every X-Z path P in G’ contains an X-Z path P’ such that the interior of P’ is contained

inY.

(2) For every X-Z path P in G', [{C € cc(C) | N(P)NC #0}| > t.

(3) Every connected component of C' has at most p vertices.
We say that two (¢, p)-barriers B = (X,Y, Z,C) and B' = (X', Y', Z’, C") are disjoint if XUY UZ
is disjoint from X' U Y’ U Z’. Similarly, we say that two (¢,p)-barriers B = (X,Y, Z,C) and
B = (X',Y', Z' C") are anticomplete if X UY U Z is anticomplete to X' UY' U Z'. Let u,v €
VA (XUYUZUC). We say that B separates u from v (in G) if both X UC and Z U C separate
u from v in G. See Fig. 2 for an illustration.

AL

X Y A

o
L Nt

FIGURE 2. Visualization of a barrier separating u from wv.

We say that a (¢, p)-barrier B = (XY, Z, C) is reduced if every connected component of XUY UZ
intersects both X and Z.

Lemma 3.1. Let B = (X,Y,Z,C) be a (t,p)-barrier separating w from v. Then there exist
X' CX,)Y CVY,Z' CZ such that (X", Y', Z',C) is a reduced (t,p)-barrier separating u from v.

Proof. Let I' be the union of all connected components in X UY U Z meeting both X and Z. Let
X =XnIY'=yYynl,Z=ZnT.
(6) (X", Y, Z',C) is a (t,p)-barrier.

Condition 1 holds as every X'-Z’ path in G\ C contains a path with interior in Y, and therefore
in Y’. Condition 2 holds as every X’-Z’ path is also a X-Z path. Condition 3 holds since C is
unchanged. This proves (6).

(7) X' U C separates u from v.

Suppose not. Then there is a u-v-path P with PN (X' UC) = 0. Since (X,Y, Z, C) separates u
from v, it follows that PN X # () and PN Z # (), and consequently P contains an X-Z path Q.
Since (X,Y, Z, C) is a barrier, we may assume that Q* C Y. But then QN X’ # (), a contradiction.
This proves (7).
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Similarly, Z' U C separates u from v and, thus, (X', Y’, Z’, C) separates u from v. [ |

Let p,s,t € Nand let ¢, f, g : N — N be functions such that ¢(n)+ f(n)+g(n) < n. We say that
an n-vertex graph G is (s,t,p,c, f, g)-slim-barred if for every s-slim pair (u,v) there exist disjoint
subsets X,Y, Z,C, M of V' \ {u,v} such that

(1) B=(X,Y,Z,C) is a (t,p)-barrier in G \ M that separates u from v.
(2) |ec(C)| < e(n).

(3) |M]| < f(n).

(4) I XUY UZ| <g(n).

Similarly, we say that a graph class F is (s,t,p,c, f, g)-slim-barred if every graph in F is
(s,t,p,c, f, g)-slim-barred.

Lemma 3.2. Let s,t € N and let ¢, f,g : N — N be functions such that g(n) < n. Let H be a
hereditary graph class that is (t,s)-slim and (s,t,p,c, f, g)-slim-barred. Let

h(n) =  max max conng(a,b).
GeH, |V(G)|<n  (a,b) is an s-slim pair in G

Then, h obeys the following recursive inequality.

| f(n) 4+ 3(c(n)p)* + (c(n)p)®h(g(n))  otherwise

Proof. We proceed by induction on n. If n < 10, then the statement holds trivially. Let G
be an n-vertex graph in H and (a,b) be an s-slim pair in G. Let X,Y,Z C, M be disjoint
subsets of V \ {a,b} as in the definition of (s,t,p,c, f, g)-slim-barred for a and b. Let I =
{{u,v} u,v € C'and u,v is an s-slim pair in X UY U Z U {u,v}}. For every pair {u,v} € I, let
M, be a u-v separator in XUY UZU{u, v} of size connxuyuzufuey (u, v). Let M’ = Ugvrer Muw-

(8) MU M'UC separates a from b in G.

Suppose not and let P be a path from a to bin G \ (M U M’ U C). Since (X,Y, Z, C) separates
a from b in G, both PN X and P N Z are non-empty. Therefore, P contains an X-Z path.
Since (X,Y, Z,C) is a (t, p)-barrier, it follows that N(P) meets at least ¢ connected components
of C. Since H is (¢, s)-slim, there exist u,v € N(P) N C such that the pair (u,v) is s-slim. Then
M,, € M'. But since both v and v have neighbors in P, there is a u-v-path with interior in P.
This is a contradiction, and (8) follows.

(9) For all {u,v} € I, |M,,| < h(g(n)) + 2.

If |M,.| < 2, the statement trivially holds, so we may assume that |M,,| > 2. Let ¢,d € M,,
and let M, , be a u-v separator in (X UY U Z U {u,v}) \ {c,d} with [M] | minimum. Then, by
induction, we have |M,,| <2+ |M] | <2+ h(g(n)). This proves (9).

Since C' contains at most |C|*> < (c¢(n)p)? slim pairs, and using both (8) and (9), we get an a-b
separator of size

| M| +|C|+ M| < f(n) + c(n)p + (c(n)p)*(h(g(n)) +2) < f(n) + 3(c(n)p)* + (c(n)p)*h(g(n)).
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Theorem 3.3. Let s,t € N and let ¢, f,g : N — N be increasing functions such that g(n) < n and
such that the ratio ﬁ is non-increasing. Let H be a hereditary graph class that is (t, s)-slim and

(s,t,p,c, f,g)-slim-barred. Let

h(n) =  max max conng(a,b).
GeH, |[V(G)|I<n  (a,b) is an s-slim pair in G

Then, h(n) < 20(f(n) + 3c(n)2p?)(c(n)p) " (5t7)

Intuitively, Theorem 3.3 follows by analyzing the recursion tree for the function h obtained

by Lemma 3.2. It has a depth of at most 1Z)(g (Z)) and each of its nodes has at most (c(n)p)?
OB\ 5(n)
2log (n)

children; consequently it has a most 2(c(n)p) “5(3) vertices. The contribution of each vertex of
the recursion tree is, at most, 10(f(n) + 3c(n)?p?). We now proceed with a formal proof.

Proof of Theorem 3.3. Let N € N. Let

Hin) = n ifngl(]'
F(N)+3(c(N)p)*> + (¢(N)p)?H(g(n))  otherwise

By Lemma 3.2 and since f and c are increasing, we have that h(n) < H(n) for all n < N, so it is
2log (N)

sufficient to prove that H(N) < 20(f(N) + 3¢(N)?p?)(c(N)p) “’g(g(IJVw).
We prove the following slightly stronger statement: for all n < N, we have

_2l0g(n) .
H(n) < 20(f(N) + 3c(N)%p2) (c(N)p) *“(5) — (f(]ciingziz(ﬂp )

log (n)

Therefore, we may assume that n > 10 and that for all n’ < n, H(n') < 20K L) Z[fl.
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Now we have that

H(n) < K+ 2z H(g(n))

log(g((n))) K
< K + 2 | 20K 2(hon) — 1)
Z _

log (g9(n)) K
<K 42 [20K 2"(tn) — )

ATy K
— K+ 2 | 20Kz () — )

log (n) _1
=K+z QOKzlog(g%) — K)

— K420k 2 - 2K

z—1
log (n)
— 90K »(st) _ ( S 1) K
z—1
log (n)
= 20K »"atw) — K

as required.

4. FROM MINES TO BARRIERS

In this section, we introduce the notion of “mineable” pairs of vertices. Informally, a pair a,b
mineable if there exist many “almost disjoint” a-b-separators each with a small dominating set

(a “core”), and these cores are pairwise disjoint and anticomplete. We show that mineable pairs

of vertices admit good barriers separating them (after deleting a small set of vertices from the
graph). This is then used to prove that our graph class is slim-barred. We now proceed with
formal definitions. In this paper the we will only apply mineability with z = p = 1. We include
the more general form for potential future applications.

Let z,y, z,p € N and let G be a graph. For a,b € V(G), we say that (a,b) is (z,y, z, p)-mineable

in G if there exist disjoint Y1,...,Y, C V' \ {a,b} for which the following hold:

(1) For every i, there exists non-empty X; C N(Y;) \ {a,b} such that X] =Y; U X; is an a-b
separator in G\ U;; Yj.

(2) a and b belong the the same component of G'\ Uj_, Y}; and in particular for every ¢, a and
b belong to the same component of G'\ U;; ;.

(3) For distinct 4,5 € [z], Y; and Y are anticomplete.

(4) For every i, |ce(Y;)| < y.

(5) For every i, every component of Y; has size at most p.

(6) Every vertex of G is contained in at most z of the sets X7{,..., X_.

The goal of this section is to show that every mineable pair (with appropriately chosen parameters)
in a K;;-induced-minor-free graphs can be separated by a barrier with certain properties:
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Theorem 4.1. There exists a function ¢ : N — N such that the following holds. Let t,p,x,y,z €

N. Let G be an n-vertex K, -induced-minor-free graph and let (a,b) be an (x,y, z, p)-mineable pair
in G. Then there ezist disjoint subsets X, Y, Z, C, M of V(G) \ {a,b} such that

(1) B=(X,Y,Z,C) is a (t,p)-barrier in G\ M that separates a from b.
?25 {cc(‘C)\ < W0 (42 + 2t)p(t)yt.

3) M| < zyp.

(4) |X UY U Z| < 10011(4szer)2 '

We start with a lemma, which roughly states that the property of (a, b) being (z, y, z, p)-mineable
implies that we can find a sufficiently large number of small, pairwise anticomplete (¢, p)-barriers
in GG each of which separate a from b.

Lemma 4.2. Let G be a graph with n = |V(G)|, let x,y,z,t € N, and let w = (%4;%1'

Let a,b € V(G) and assume that (a,b) is (z,y,z,p)-mineable in G. Then there exists a set
C C V(G)\ {a,b} with [cc(C)| < zy and a collection B = {B; = (I;, J;, K;, C) },c () of (t.p)-
barriers, such that

e For every i, (I;, J;, K;, C) separates a from b.
e For every i, |I; U J; U K;| < M.
o For all distinct i,j € [w], B; and B; are anticomplete.

See Fig. 3 for an illustration of the outcome of Lemma 4.2.

I
L | Ji |Ky Iy | Jo |Ko| - L, | Jw |Kuy

QO

[ Jep)

FIGURE 3. Visualization of the result of Lemma 4.2.

The proof of Lemma 4.2 proceeds by a “distance layering” argument. We obtain a set C' and
a-b separators X1,..., X, in G\ C using that (a,b) is mineable. We define the “distance from a”
for every vertex v to be the number of separators X; we need to pass through in order to get from
a to v in G\ C. This acts much like a distance function, with an approximate triangle inequality
and the property that walking along any edge changes the distance by at most z. This lets us
define “distance layers” as all vertices that have a certain distance from a. Our barriers will be
unions of not too many consecutive distance layers. The bound on the size of the layers follows
from an averaging argument.

Proof. Let Yi,...,Y, and X;,...,X, be sets as in the definition of (z,y, 2z, p)-mineable, with

X! =Y, UX, for each i. Let C' =7, Y;; observe that |cc(C)| < zy as |cc(Y;)| < y for each i. For

each subset W C V(G)\ C, let (W) = [{i: W N X; # 0}|. For every vertex v € G \ C' we define
L) = min (P,

a-v-path P in G\C
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where d,(v) = oo if there is no a-v path in G\ C. For j € N we denote by S; the set of vertices
v € U7, X; such that d,(v) = j.

The following properties regarding ¢ and d, are immediate from the definitions, and are used
implicitly in the analysis that follows.

o For W,W' C V(G) \ C we have (W U W') < (W) + (W'). In particular, for distinct
vy, vy € V(G) and a path P with ends v; and ve, we have d,(ve) < d,(vy) + (P).

o If W is a walk from a to v in G\ C, then d,(v) < (W).

o If vj,v5 € V(G) \ C are adjacent and d,(v;) < d,(ve), then vy € Sy for some k €
[do(v1), do(v1) + 2].

We now define m = bZﬁtJ, and for j € [m] we let ij = (j —1)(2z+1t) + 1 and i} =i + .

i+
Write W; = U::r Si. Then the sets W, are pairwise disjoint. We let
j

Li={veG\(CUW;UW;n):ij <da(v) <ijyy}.

Next we prove the following.
(10) Forj e [m—1|, Bj = (W;,L;,W;11,C) is a (t,p)-barrier.

Recall that, for each j, no component of ¥; has more than p vertices. As C' is the union of the
sets Y;, and the sets Y; are pairwise anticomplete, it follows that B; satisfies condition (3) in the
definition of a (t, p)-barrier.

Next, we show that B; satisfies condition (1) in the definition of a (¢, p)-barrier. Let P be a
W;-W;11 path in G \ C; we show that there is a subpath P’ of P that is a W;-W;,, path with
(P')* € L;. If P consists of a single edge then the statement holds trivially, so we may assume this
is not the case. Write P = vy-va-...-v,.. If dy(v;) > o for every 1 < i < r, let @ = 1, otherwise
let @ = max {z 1<i<r dy(v;) < z;} + 1. Note that o < n as d,(v,) > i;1q > 1; since P is a
W;-Wj1 path.

We show that v, € W,. If a = 1 then this is true because P is a W;-W;,; path. Otherwise,
by the choice of «a, we have d,(va—1) < do(va), 50 v, € Sy for some k € [dg(vVa—1), da(Va—1) + 2]
Furthermore, by the choice of o we have v, > i}, and since d,(va—1) < 7; we have do(vo—1)+2z < zj
Thus k € [ij,i]], so vq € W;.

We further observe that a < r, since dq(va) < i) < i,y < do(v,). We may thus define
£ = min {z a<i<rdv) > z'j_+1}. An argument analogous to the previous paragraph shows
that Vs c VV]‘_H.

It follows immediately from the definitions of o and 3 that i; < d,(v;) < ij,, for each i such
that o < ¢ < 8. In particular, we have that v,-P-vg is a W;-W;,1 path contained in W;UL;UW, ;.
It follows that v,-P-vg contains a subpath (possibly itself) that is a W;-W;,; path with interior
in L;. Thus, B, satisfies condition (1) in the definition of a (¢, p)-barrier.

It remains to check condition (2) in the definition of a (¢, p)-barrier. In view of the first condi-
tion, it is enough to show that every W;-W,; path P with P* C L; satisfies the second condition.
Observe that if ¢(P) > t, then the second condition is satisfied as the sets Y; are pairwise anti-
complete.

We now show that ¢(P) > t. Let u € W; and v € W4, be the ends of P, and let P, be a
a-u-path in G'\ C achieving ¢(P;) = do(u) < i}. Then appending P to P; yields an a-v walk W
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in G\ C. We thus have have
da(v) S P(W) < do(u) + ¢ (P) < i +¢(P).

On the other hand, since v € Wj,1 we know that d,(v) > i;,, > i} +t. Consequently, i} +t <
do(v) < if +9(P), thus ¢(P) > t, and condition (2) in the definition of a (t, p)-barrier is satisfied.
This proves (10).

(11) For j € [m — 1], B; separates a and b.

It suffices to show that W, U C separates a from b for every ¢ € [m]. First, since each Xj,
separates a from b in G \ C, it follows that every a-b path in G \ C meets X}, for all k£ € [z], and
therefore d,(b) > x.

Now let ¢ € [m], and let P = v1-...-v, be an a-b path in G \ C, where v; = a and v, = b.
Observe that by the definition of 7, it holds that i, < x. Since d,(b) > z, we can define a € [r]
to be maximal such that d,(v,) < i,; note that &« < r — 1. We now have that v,4; € Sy for
some k € [dq(va), da(va) + 2]. By the choice of a we have k > i;, and since d,(va) < i, we have
do(va) +2 <i; +2 =1/, 50 vay1 € W,. Since every a-b path P in G\ C meets WW,, it follows that
W, U C separates a from b in G, proving (11).

Finally, we show that a large enough subset of the B; are pairwise anticomplete and have suffi-

ciently small size. First, we put m’ = || = | ;15; ] and B’ = {By;: i € [m/]}.

(12) For distinct «, 5 € [m/], By and Bsg are anticomplete.

Assume without loss of generality that a < 8. We have d,(v) < i3, for all v € (Way U Iz, U
Waat1) and d(v) > iy for all v € (Wap U Iyp U Wogyy). Since a < 8 we have 28 — (2 + 1) > 0,
and thus

iop —lgny1 = (26— (2a+1))(22+1t) — 2> 22+t — 2> 0.

Since d, takes values at most is,41 on vertices in (Wo, U Loy U W, 1) and values at least lgp ON
vertices in (Wag U Log U Wasiq), and i;aﬂ < lgg, W conclude that By, and Bsg are disjoint. Fur-
thermore, suppose that v, € (Waq ULy UWaay1) and vg € (WagULogUWas, 1) are adjacent. Then
we have vg € Sy for some k € [dy(va), do(va) + 2], and consequently d,(vg) € [da(va), da(va) + 2].
But d,(ve) + 2z < lgp < da(vg), a contradiction. It follows that Bs, and Bsg are anticomplete,
proving (12).

We now define

cB

100n(4 2t)?
B’ = {Bgil 1 € [m'], |W21 ULQZ‘ U W2i+1| > ’fl( Zt ) }

and write B = B\ B”, so that for each By; € B it holds that |Wy; U Lg; U Wo;4| < loon(tﬂ.

(13) It holds that |B| > 29 100n(4=+20".

Since the By; (for i € [m']) are pairwise disjoint, we have Y7 [Wa; U In; U Wa 1| < n. Thus,
we also have Y- p, cpr [Wai U La; U Waip1| < n. Since

> [Wai U Ly UWaiga| > |B”

Bo,eB"”

)

(100n(4z + 2t)2>
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we have |B"| < Letting B = B’ \ B”, we have

00737307 = T00{4=12D)"
Bl = |B|—|B" > { v J .
Bl =181 =151 > | -5 ) ~ Too@e w o0

and thus |B| > %uim’ proving (13).

We may now arbitrarily remove elements from B so that it has size [f—ogo 4;%1, completing the

proof. [

Next we show that in the collection of barriers produced by Lemma 4.2 we can choose one with
vertex set anticomplete to almost all components of C.

Lemma 4.3. There exists a function ¢ : N — N such that the following holds. Let 3,p,t € N. Let
G be an n-vertex K -induced-minor-free graph and let a,b € V(G). Let B ={B; = (X,,Y;, Z;, C’)}f:1
be a family of pairwise anticomplete (t,p)-barriers separating a from b. Then there exists C' C C
with |cc(C")] < M, i* and X, C X3, Yy C YL, Z. C Ziv, such that (X, Y., Z..,C") is a
(t,p)-barrier in G\ M where M = C'\ C".

See Fig. 4 for an illustration of the outcome of Lemma 4.3.

C
Cl

R
X, | Yy | 2| [ X Y 23] Xg| Y5 | Z5

LES)

[ Jep)

FIGURE 4. Visualization of Lemma 4.3.

Proof. Let ¢ be the function f from Lemma 2.1. Let B’ = {B] = (X[, Y/, Z, C’)}f:1 be the family

of reduced pairwise anticomplete (¢, p)-barriers obtained by applying Lemma 3.1 on each member
of B.

Let D = cc (Uigﬁ(Xi/ uY/u Z{)) and C = cc(C). Now consider the bipartite graph I" with
bipartition (D, C) and where there is an edge from d € D to ¢ € C if there is an edge from d to ¢ in
G. T' is an induced minor of GG as it can be obtained by deleting every vertex not in C'U Upep D
and contracting every component of D and C. Therefore, I' is K} ;-induced-minor-free. Let IV be

the induced subgraph of I' containing exactly one representative for each twin class of vertices in
D.

(14) [E()| = =

t

The second condition of the definition of a (¢, p)-barrier together with the fact that all barriers
in B’ are reduced imply that degp(d) > t for every d € D. It follows that every twin class in D
contains fewer than ¢ elements, as otherwise, there is a K;;-induced-minor in G. This proves (14).

The graph I satisfies the assumptions of Lemma 2.1, and therefore |E(I")| < ¢(t,k)|C|. By
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(14), |E(I)| < ¢(t,k)|C|t. Therefore, there is a (¢, p)-barrier B. and a set C' C C such that
IC'| < % and N(X.. UYL UZL) C Ueeer ¢ Let C" = Uqeer ¢ Noting that each component of

(" is a component of C' and thus contains at most p vertices, we deduce that (X/.,Y., Z. C") is
a (t,p)-barrier in G \ M where M = C'\ C" as required. [

Now we summarize what we have shown so far to prove the main result of this section:

Proof of Theorem 4.1. Let ¢ be defined as in Lemma 4.3. The assertion of Theorem 4.1 follows
by combining the family of (¢, p)-barriers obtained in Lemma 4.2 with Lemma 4.3. |

5. THE CLASS C; 1S SLIM
The goal of this section is to prove the following:
Theorem 5.1. For every t € N there exist p,q € N such that the class C; is (p, q)-slim.

We start with some definitions from [12]. Let G, H be graphs. Let V(H) = {vy,..., v}
An induced H-model in G is a k-tuple K = (C1,...,C})) of pairwise disjoint connected induced
subgraphs of G such that for all distinct 7, j € {1,...,k}, the sets C; and C; are anticomplete if
an only if v; is non-adjacent to v; in H. We say that K is linear if every C; is a path in G.

Let G be a graph. For k,l € N, a (k,l)-block in G is a pair (B,P) where B C V(G) with
|B| > k, and P is map assigning to each 2-subset {x,y} of B a set of at least [ pairwise internally
disjoint paths in G from x to y. We write P,y = P({x,y}). We denote by V(P(,,) the union
of the interiors of the paths that are elements of P, ,;. We say that (B,P) is strong if for all
distinct 2-subsets {x,y}, {2’,y'} of B, we have V(P) N V(P) = 0; that is, each path P € Py, is
internally disjoint from each path P’ € Py ).

We need the following result that was essentially proved in [12].

Lemma 5.2. For all s, p,0 € N there exist positive integers [ = f(s,p,0) and g = g(s, p,o) with
the following property. Let G be a graph and let (B, Q) be a strong (f,g)-block in G such that B
is a stable set and for every {z,y} C B, the paths (Q* : Q € Qz4y) are pairwise anticomplete in
G. Then one of the following holds.

(a) There is an induced subgraph of G isomorphic to a proper subdivision of K.
(b) There is a linear induced K, ,-model in G.

The difference between Lemma 5.2 here and Lemma 3.6 of [12] is that in [12] it is assumed
that G is K;1-free (and t is another parameter in the statement of the theorem), but there is no
assumption that the set B is stable. However, the only place in the proof where the bound on the
clique number of GG is used is an application of Ramsey Theorem to conclude that a large subset
of B is stable, so we do not need that assumption here.

We also need the following, which follows immediately from the main result of result of [13].
Following [13], we say that a (s, [)-constellation is a graph C' in which there is a stable set S¢ with
|Sc| = s, such that C'\ S¢ has exactly [ components, every component of C'\ S¢ is a path, and
every vertex of Sc has at least one neighbor in each component of S\ Sc.

Theorem 5.3. For all s,l,7 € N, there is a positive integer a = a(s,l,r) with the following
property. Let G' be a graph that that contains a K, ,-induced-minor. Then one of the following
holds.

(a) There is an induced subgraph of G isomorphic to either K., a subdivision of Wiy, or the
line graph of a subdivision of Wy
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(b) There is an (s,l)-constellation in G.
We are now ready to prove Theorem 5.1.

Proof of Theorem 5.1. Let G € C;. Let p = a(t,t,t) from Theorem 5.3. Let ¢ = g(t*, p, p) +
f(t2,p,p) and p = f(t%,p,p) as in Lemma 5.2. We will show that G is (p, ¢)-slim. Suppose that
there is a stable set B C V(G) with |B| = p such that every pair z,y in B is ¢g-wide.

Since |B| < p, it follows that for every x,y € B there exists a set Qy, ) of x-y-paths whose
interiors are disjoint from B and pairwise anticomplete with |Qy, 1| = g(t*, p,p). Let G’ be the
graph obtained from B U U, yep V(Qqayy) by replacing each vertex v in U, yep V(Q(ayy) With a
clique consisting of vertices vy, for every z,y € B such that v belongs to a path of Q3. Now
for every z,y € B, let Q) gy} D€ the set of paths obtained by replacing each vertex v in each
path of Q. ,} by its copy vz, Let Q' = U, yep Q- Then (B, Q') is an (f(s, p, p), (s, p, p))
strong block satisfying the assumptions of Lemma 5.2. It follows from Lemma 5.2 that one of the
following holds.

(a) There is an induced subgraph of G’ isomorphic to a proper subdivision of K;.
(b) There is a linear induced K, ,-model in G'.

Suppose first that G’ contains an induced subgraph F' isomorphic to a proper subdivision of K.
Then no two vertices of F' are adjacent twins, and so F' is isomorphic to an induced subgraph of
G. Tt follows that G contains a subdivision of W, ,, contrary to the fact that G € C;. Thus we
deduce that that there is a linear induced K, ,-model (C4,...,Cy,) in G'.

We apply Theorem 5.3 to G'[U, C;] to deduce that G’ contains an induced subgraph F iso-
morphic to either K;,, a subdivision of W, or the line graph of a subdivision of W;,; or a
(t,t)-constellation. In all cases, no two vertices of I are adjacent twins, and so F' is isomorphic
to an induced subgraph of G. But in all cases F' contains either an induced W,.;~-model, or an
induced K;,;-model, contrary to the fact that G € C,. [ |

6. SEPARATING SLIM PAIRS OF VERTICES IN (F,r)-BASED GRAPHS IN C;

Let G be a graph and let F' be an induced subgraph of G such that every component of F'is a star
(with at least two vertices). For every star S of F, let the center of S, denoted by ¢(F'), be defined
as follows. If |S| = 2, then let ¢(S) be an arbitrary vertex of S. If |S| > 2, let ¢(S) be the vertex of
degree greater than one in S. Let I(S) = S\ ¢(5). Let C'(F) be the set of all centers of stars of F’;
we call the vertices of C'(F') the centers of F. Let L(F) = F'\ C(F); we call the vertices of L(F)
the leaves of F'. Observe that both C'(F) and L(F') are stable sets. For a set X C V(G), we say
that X is F-based if S C X for every star S of F' with SN X # (). We define the F-measure of an
F-based subset X, up(X), as follows. Let a(X) = |{S such that S is a star of F' and SNX # (0}
Let b(X) = |X \ F|. Then up(X) = a(X) + b(X). Let G’ be an induced subgraph of G and let
S be a star of F. If ¢(S) € G" and I(S) NG’ # 0, the projection of S onto G', pe(S), is the star
SNG'. We define F(G') to be the induced subgraph of G’ whose components are pe(S) where
S is a star of F with ¢(S) € G’ and I(S) NG’ # (). We define C(F(G")) = C(F) N F(G") and
L(F(G") = L(F)N F(G"). Let r be a positive integer. We say that G is (F,r)-based if every
induced subgraph G’ of G admits a tree decomposition (77, x’) such that for each t € V/(T"), x/'(t')
is an F(G')-based set with ppn(X'(t')) < r. We call (T7,x') an (F,r)-tree decomposition of G'.
The goal of this section is to prove that, for appropriately chosen ¢, every ¢-slim pair of vertices
in an (F,r)-based graph in C; has a small separator.

We start with the following:
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Theorem 6.1. Let G be a graph, let F' be an induced subgraph of G such that every component
of F is a star (with at least two vertices), and let r,q,x € N. Assume that G is (F,r)-based. Let
a,b € V(G) be an q-slim pair in G. Then there exists a set D C V(G) with |D| < r(q— 1)z such
that either

(1) D is an a-b-separator in G, or
(2) (a,b) is (z,7(q — 1),1,1)-mineable in G\ D.

We start with a lemma.

Lemma 6.2. Let G be a graph, let ¢ € N, and let a,b € V(G) be a q-slim pair. Let (T, x) be a
tree decomposition of G. Then there exists I C V(T) with |I| < q such that for every a-b-path P
in G we have that (U x(t)) N P* # 0.

For g = 3 this is Theorem 2.6 of [10], but the same proof works for all g.
We can now prove Theorem 6.1.

Proof of Theorem 6.1. We may assume that a and b are in the same component of GG, for otherwise
the empty set is in a-b-separator in G. Let Gy = G. Let (Tp, xo) be an (F,r)-tree decomposition
of Gy. Let Iy be as in Lemma 6.2. Let
Cy = Urer, (X(D)\ ),
Yi = User, (x(£) N C(F)) and
X1 = Uyen, (X() N L(F)) .
Then Y7 C C(F), Xy € N(Y;) N L(F) and Y; U X, is an (a,b)-separator in Gy \ C;. Since
Y) C C(F), it follows that Y] is a stable set, and so every component of Y] has size one. Moreover
ICyuUYy] <r(g—1). Let Gy = Go \ (C1 UY1). We may assume that a and b are in the same
component of GGy, for otherwise the theorem holds setting D = C; U Y.

We proceed as follows. Assume that for some i > 1 we have defined G;, C;, Y7,...,Y;, Xq, ..., X;
with the following properties:

(1) Gi=G\ (C;UU;<; Y)).

)
) |Ci UUj<; UY;)| < ilg = 1)r.

) 1Y;| <r(g—1) forall j <.

) Yi,...,Y; are disjoint subsets of C'(F).
) Ui, Y; is a stable set.

) For every j < i, X; C L(F)NN(Y;).

) Xi,...,X; are disjoint subsets of L(F).

Note that Gy, C}, X;,Y; satisfy the conditions above. If ¢ = x, we stop. If i < z, proceed as
follows.
Let (7;, xi) be an (F,r)-tree decomposition of G;. Let I; be as in Lemma 6.2. Let
Cit1 = C; UUer, (X (1) \ F(Gy)),
Vit = Urer ((8) N C(F(G)) and
Kot = Unen () N L(F(GY).
Then X1 € N(Yiy1) N L(F) and Yi 1 U X4y is an (a, b)-separator in G\ (Ciy1 UUjci41 Yj)| =
Gi\ Cit1. Moreover, |Y;i1| <r(qg—1) and

Cer U U Yl <IGUUY+ U0\ LEG)] < (i~ g — 1) +r(g—1) = ilg — Dr.

J<i+1 J<i tel;
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It follows from the definitions of C(F(G;)) and L(F(G;)) that Yy, is disjoint from U,<; Y, and X4y
is disjoint from U;<; Xj. Let Giy1 = G\ (Cipr U ij<Z+1 Y;). If a and b are in different components
of Git1, then Cipy UU <41 Y is an a-b-separator of size at most (i 4+ 1)(¢ — 1)r < 2(¢ — 1)r in
G, and the theorem holds. Thus we may assume that a and b are in the same component of
Git1- Now Giy1,Ciq, Y, .. Y1, Xy, ..., X4 satisfy the conditions above, and we can continue
the process.

It follows that we may assume that : = z. Now, setting D = C}, the sets Y7,...,Y,, Xy,..., X,
show that (a,b) is (x, (¢ — 1)r, 1, 1)-mineable in G \ D, as required. |

We can now prove the main result of this section. Let ¢ be as in Theorem 4.1. We define
U(tq) = 15 (4 +2)°6(t) (g — 1).

Theorem 6.3. Let t € N and let p,q be as in Theorem 5.1. Let v € N be such that r > (t,q).
Then, for every (F,r)-based graph G € Cy; on n vertices, and every q-slim pair (a,b) in G, there
exists an a-b separator in G of size at most 2°(0s(r)+Viognlogr)

Proof. By Theorem 5.1 G is (p,q)-slim. We may assume that p > t. Let ¢ : N — N be as in
Theorem 4.1. Let z = 2Ve(108(0100(4+42p)2 < 2Ves(M10e(")). W define the following functions.

() = "4+ 20)0(p) r(q - D < -

100
I‘T’
=2 —1) < —
fln) = 20r(g —1) < 2
g(n) _ 100”(4 + 2]7) S 2= log(n) log(r)‘

X

(15) G is (q,p, 1, ¢, f, g)-slim-barred.

Let (¢,d) be a g-slim pair in G. Since G is (F,r)-based, Theorem 6.1 implies that there is

D C V(G) with |D| < zr(q — 1) such that either

(1) D is a c-d-separator in G, or

(2) (¢,d) is (z,7(¢ — 1),1,1)-mineable in G \ D.
If D is a c-d-separator in G, then setting X =Y =Z =C =) and M = D gives a (p, 1) barrier
in G\ M. Thus, we may assume that (c¢,d) is (x, (¢ — 1)r, 1, 1)-mineable in G \ D. Since G € C;
and p > t, it follows that G is K, ,-induced-minor-free. Since (¢, d) is ¢-slim in G, Theorem 4.1
implies that there exist disjoint subsets X, Y, Z, C, M’ of V(G) \ (D U {¢,d}) such that

(1) B=(X,Y,Z,C) is a (p, 1)-barrier in G \ M’ that separates ¢ from d.

(2) [C] < (4 + 2p)6(p) rla — 1) p.

(3) [M] <ar(g —1).

(4) |XUY U Z| < on(tezn),
Setting M = M’ U D, we get that there exist disjoint subsets X, Y, Z, C, M of V(G) \ {¢, d} such
that

( = (X,Y,Z,C) is a t-barrier in G \ M that separates ¢ from d.

1) B
2) |C] < 100(4+219)¢( )r(g—1)p.
3) M| < 2xr(q —1).

4) [XUY U Z| < Wonli2p)?
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This proves (15).

Now since (a,b) is ¢-slim and G is (q,p, ¢, f, g)-slim-barred, Theorem 3.3 implies that there is

logn

2 i
an a-b-separator of size at most 20(f(n) + 3c(n)?)c(n) 7 in G. We now bound this quantity.

logn logn

20(f(n) + 3e(n))e(n) ™77 = 20(f(n) + 3e(n)2)e(n)’V '

2 4 logn
<20 <” 4o ) c(n)*V "

100 ' 100

logn

S ZET’4C(TL)2 log r

logn

:)37’4 24 log(r) Tour

< xr424\/10gnlogr
< T525\/lognlogr
_ 25(log(r)+\/lognlogr)

7. BOUNDING THE TREEWIDTH OF (F,7)-BASED GRAPHS IN C;

In this section, we complete the treatment of (F)r)-based graphs, proving the following. Recall

that ¢ (t,q) = 1882 (4 +2t)%¢(t)(¢ — 1), where ¢ is as in Theorem 4.1.

Theorem 7.1. Let t € N, let p,q be as in Theorem 5.1, and let v > 1(t,q). Then every n-vertex
(F,7)-based graph G in C; satisfies tw(G) < 29108 +5viognlogr

We remark that a version of Theorem 7.1 could be proved using Theorem 6.3 and Theorem 6.5
of [2] if the clique number of G is bounded. Here we will include a different proof that does not
use this assumption.

For a graph G a function w : V(G) — [0, 1] is a normal weight function on G if w(V(G)) = 1,
where for X C V(G) we denote >, cx w(v) by w(X). Let ¢ € [0, 1] and let w be a normal weight
function on G. A set X C V(G) is a (w, ¢)-balanced separator if w(D) < ¢ for every component
D of G\ X. The set X is a w-balanced separator if X is a (w, %)—balanced separator.

The following result was originally proved by Robertson and Seymour in [20], and tightened
by Harvey and Wood in [17]. It was then restated and proved in the language of (w, ¢)-balanced
separators in [3].

Theorem 7.2. Let G be a graph, let ¢ € [%, 1), and let d be a positive integer. If for every
normal weight function w : V(G) — [0,1], G has a (w,c)-balanced separator of size at most d,

then tw(G) < 7d.

We now prove the main result of this section.
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Proof of Theorem 7.1. We start with the following.

(16) Let w : V(G) — [0,1] be a normal weight function on G. Then G admits a (w, 5)-balanced
separator of size at most rp + (rp)?2°Uoe(r)+Viognlogr)

Let G1 = G, Xg =0 and w; = w. Fori € {1,...,p}, Assume that X1,..., X, 1,Gq,...,G; have
already been defined and proceed as follows. Let (7}, x;) be an (F,r)-tree decomposition of G;. It
is well known (see e.g. the proof of Lemma 7.19 in [14] or Theorem 2.7 in [10]) that there exists
t; € V(T;) such that w;(D) < 3 for every component D of G\ x;(t;). Let X; = x;(t1) \ L(F(G))).
Then |X;| <.

If i < p, define G;11 = G; \ X; and w;11(v) = #}Sﬂwz(u) for every v € G;1. Then w;;; is a
normal weight function on G;,1, and we repeat the proé:ess to define X, 1. We stop when ¢ = p
and X, ..., X, have been defined.

Next, let P be the set of all g-slim pairs (v, ) such that v € X; and v € X for some 1 <i <
i' < p. For every (v,v') € P, let X, be a v-v'-separator in G of size at most 2°(°8(r)+vlognlogr)
given by Theorem 6.3. Let X = Uj_; Xi UU(v)ep Xow. Then | X| <rp+ (rp)?25Uog(r)+Vlognlogr)
We show that X is a balanced separator in G. Suppose for contradiction that there is a component
D of G\ X with w(D) > 1. Then w;(D) > 1 for every i. Since x(¢;) is a w;-balanced separator in
G, for every i, it follows that for every i € {1,...,p} there is v; € X; N C(F(G;)) such that v; has
a neighbour in D (in fact, v; has a neighbour in D N x;(¢;) N L(F(G;))). By Theorem 5.1 there
exist v,v" € {vy,...,v,} such that (v,v") € P. But there is a path from v to v’ with interior in D,
contrary to the fact that D C G\ X,,s. This proves (16).

From (16) and Theorem 7.2 we deduce that
tw(G) <2 <rp + (Tp)225(1°g(T)+*/W)>
< 4(Tp)225(10g(r)+\/W)
< yA95(log(r)++/lognlogr)
_ 99log(r)+5IognTog T

8. BOUNDING THE TREEWIDTH OF C;
In this section, we prove the main result of this paper, which we restate.

Theorem 1.2. For every t € N, there exist € = e(t) € (0,1] and ¢ = ¢(t) € N such that every
n-vertex graph G in C; satisfies tw(G) < 268",

We follow the general road map of [6], but we phrase our arguments in a slightly different
language. A star-coloring of a graph G is a proper coloring such that the union of every two color
classes induces a star forest in G (that is a graph where each component is a star or a singleton).
The star chromatic number of G is the minimum k such that G admits a star coloring with & color
classes. The following is immediate from Theorem 11 of [6] and Ramsey Theorem:

Theorem 8.1. For every t € N there is an integer di = di(t) such that every graph in C} has
star-chromatic number d.

We will also use the main result of [6]:
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Theorem 8.2. There exists an integer dy such that for all t,A € N, every graph in C; with
mazimum degree at most A has treewidth at most (tA)%.

Finally, we need the following result of [8]:

Theorem 8.3. There is an integer ds such that every graph G contains a subcubic subgraph of

treewidth at least %.

Proof of Theorem 1.2. Let d; be as in Theorem 8.1, and let C1,...,Cy, be the color classes of a
star coloring of G. For i,j € {1,...,d1} let Fj; = G[C; U Cj]. Then Fj; is a star forest. Let
Fjj be the graph obtained from Fj; be removing all isolated vertices; write E;; = E(Fj;). Note
that Lj; is ‘active in G if some vertex of G is incident with more than three edges of E;;. We
define the dimension of G to be the number of pairs (i, j) for which E;; is active, and denote the
dimension of G by dim(G). Let p,q be as in Theorem 5.1, let dy be as in Theorem 8.2, and let

ro = max {w(t, q), (3td%)d2}.
(17) If dim(G) = 0, then tw(G) < ry.

Since dim(G) = 0, it follows that the maximum degree of G is at most 3d?. Now (17) follows from
Theorem 8.2.

Let d3 be as in Theorem 8.3. Next, we recursively define a sequence of integers rq,...,7,4 2.

1
og(r; logds n og(r; log?3 (n)) log(n
Having defined rq,...,7;, let m+1:291g( g™ )+5\/1 g(rilog® () log( )).

We will prove by induction on dim(G) that tw(G) < rgimc). The base case is (17), thus we
assume that we have proved the result for graphs of dimension at most i, and that dim(G) =i+ 1.
Let g, jo € 1,...d; be such that E; ; is active in G.

0J0
(18) Let Gy be an induced subgraph of G with tw(Go) > r;log® n. Let G' be the graph obtained
from Gy by contracting the edges of Fy;,(Go). Then tw(G") < r;log™ n.

Suppose not. By Theorem 8.3 G’ contains a subcubic subgraph G” with tw(G") > r;. The third
and fourth paragraphs of the proof of Lemma 7 of [6] show how to construct an induced subgraph
H of Gy that contains G” as a minor, and such that every vertex of H is incident with at most
three edges of E; ;.. It follows that tw(H) > tw(G") > r;.

We now show that dim(H) < i and get contradiction. First observe that C1 NV (H),...,Cg N
that the set £, ;, NV (H) is not active in H. Moreover, if the set E,, is not active in G, then the set
E, NV (H) is not active in H. Since E;j, is active in G, we deduce that dim(H) < dim(G) = i+1,
a contradiction. This proves (18).

0J0

(19) G is (Fyyj,, i log™ n)-based.

Let G be an induced subgraph of G. We need to show that Gy admits an (Fjj,, 7 log® n)-based
tree decomposition. Let G’ be the graph obtained from Gy by contracting the edges of Fj ;,(Gbo).
Then every vertex of G’ is either a vertex of G or corresponds to a component of F; j, (Gy); we call
the latter kind of vertex a star vertez. Let (T, x’) be a tree decomposition of G of width tw(G’).

We construct a tree decompositon (7', xo) of Gg, where for every ¢ € T, xo(t) is obtained from
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X'(t) by replacing every star vertex with the component of G(F;,) to which it corresponds. Since
we know by (18) that tw(G") < r;log™ n, it follows that (Tp, xo) is an (Fj,j,, s log™ n)-based tree
decomposition of Gy, and (19) follows.

070

Now, in view of (19), Theorem 7.1 implies that tw(G) < r;1, as required. This completes
the inductive proof that tw(G) < Tgim(c)-

We now bound r;. Let ¢y = ro + 18d3. Now we show that r; < 916%co log ", It is enough to
prove that logr; < 16% logl_l/ *n. To do so, we proceed by induction. The base case trivially

holds as ¢y > 7. For i > 1, let ¢; = 16'cy and ¢; = % By the induction hypothesis, we have that

1-1/2%

logr;y1 <9 log(QCi log! =) (n) logd3 n) + 5\/(01- log(l_ei)(n) + log (logd3 (n))) log(n))

< 9¢;1log"' =) (n) + 9ds log log n + 5,/c; log" /2 (n) + 5\/d3 loglog(n)log(n))

< 14c;log'=/*(n) + 9ds loglog n + 5\/d3 log log(n) log(n)
< ey log! 2 (n) + ¢, log~**(n) + ¢, log!~*(n)
< 16¢; log'=/2(n)

Setting ¢ = cg2 and € = €;2 completes the proof.
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